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Abstract

Aerial manipulators are flying robotic systems that consist of a multi-rotor vehicle tailored

with one or more manipulators. These systems are promising for contact inspection of chemical

plants, boilers, tunnels and chimneys without human intervention. They require sophisticated

control algorithms for control and stabilisation of complex varying dynamics due to the flying,

manipulating and interacting with the environment. The dynamics of an aerial manipulator are

treated as two subsystems, the quadrotor and the manipulator. The quadrotor dynamics are

extracted through the Newton-Euler algorithm using quaternion-based orientation instead of

Euler angles. The manipulator dynamics are extracted using the recursive Newton-Euler equa-

tions for purposes of handling the floating-base effect. A classic impedance control is a widely

used effective control for contact force tracking but it requires the location of the environment

relative to the end-effector and the environmental stiffness to be known precisely, and mostly

the desired force as a constant. In contact inspection without human intervention, the environ-

mental properties (geometrical and mechanical) are uncertain, causing the classic impedance

control method to be less effective. Presented in this study are: an adaptive variable impedance

control (AVIC) for force tracking combined with the integral linear quadratic regulator (LQR)

for the quadrotor and proportional-derivative (PD) for the manipulator’s navigation control.

AVIC has the capability to counteract for environmental uncertainties by varying the impedance

parameter (damping coefficient) on-line corresponding to the force tracking error. This control

has been utilised effectively in industrial robot manipulators for a stable force tracking perfor-

mance. So far in the literature, AVIC together with integral LQR and PD controllers have not

been applied to aerial manipulators as a control strategy. Since the aerial manipulator is a cou-

pled system, a linearisation process was performed on the quadrotor dynamics coupled with the

manipulator to achieve a fair approximation of the non-linear model. This study has improved

force tracking abilities through the implementation of AVIC that allows the aerial manipulator

to achieve a desired contact force on the inspected contour while the quadrotor remains in

a stable position. Finally, the developed system was simulated using MATLAB/SIMULINK

program and the attained results proved the effectiveness of the strategy in comparison to the

classic impedance control.
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Nomenclature

αi The manipulator’s angular acceleration of link i.

ω̄ Angular velocity of the quadrotor expressed in the word-fixed frame {W}.

q̄ The quaternion representing the quadrotor’s orientation in the world-fixed frame

{W}.

~̈r The acceleration vector of the quadrotor expressed in the world-fixed frame {W}.

˙̄r Velocity of body frame {B} with respect to the world-fixed frame {W}.

~̇rBEB Velocity vector for frame {E} with respect to body frame {B} expressed in body

frame {B}.

ṗe Linear velocity of frame {E} in the world-fixed frame {W}.

q̇ The (2× 1) Vector of the manipulator joint velocities.

ẋ, ẏ, ż The quadrotor’s velocity along XW , YW , and ZW , respectively.

ηB The torque vector exerted on the quadrotor due to interconnection with the ma-

nipulator.

{0} The manipulator base-fixed frame.

{B} Quadrotor body reference frame.

{E} Frame attached to the end-effector.

{i} The frame rigidly attached to link i of the manipulator.

{W} World-fixed reference frame.

ωe Angular velocity of frame {E}.

Ωi The angular velocity of each propeller.

ωi The manipulator’s angular velocity of link i.

ωx The angular velocity around the XB axis.
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ωy The angular velocity around the YB axis.

ωz The angular velocity around the ZB axis.

ωBEB Angular velocity of frame {E} relative to body frame {B} and expressed in {B}.

Φb The triple XYZ roll-pitch-yaw angles.

τ The joint torque vector for the manipulator.

τi The torque acting on link i.

τext The torque vector due to environment interaction.

~Γ The torque input vector representing roll, pitch, and yaw torque.

~ω The angular velocity vector of the quadrotor expressed in the body frame {B}.

~r Position of body frame with respect to {W}.

~rBEB Position of {E} with respect to {B} expressed in {B}.

~U The vector inputs to the quadrotor dynamics.

~X The vector states for the quadrotor.

ac,i Acceleration of the center of mass (COM) for link i.

ae,i Acceleration of the end of link i.

bk The propeller’s drag coefficient.

bt The propeller’s thrust coefficient.

C(q, q̇) The Coriolis matrix of the manipulator.

D(q) The inertia matrix of the manipulator.

fi The force applied by link i− 1 to link i.

fW The force vector exerted on the quadrotor due to interconnection with the manip-

ulator.

g The gravitational acceleration.

g(q) The gravity vector of the manipulator dynamics.

Ii The manipulator’s moment of inertia for link i.

J The quadrotor’s rotational inertia matrix (assumed diagonal) with respect to the

body frame {B}.
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J(q) The manipulator Jacobian.

Jxx The quadrotor’s rotational inertia about the XB axis.

Jyy The quadrotor’s rotational inertia about the YB axis.

Jzz The quadrotor’s rotational inertia about the ZB axis.

l The length of the quadrotor’s arm.

li The length of link i.

M The mass of the quadrotor.

mi The mass of link i.

Mt Total mass of the aerial manipulator.

Mu The conversion matrix between squared motor speeds and resulting outputs of

thrust and torques.

pe The position of {E} with respect to {W}.

q A (2× 1) Vector of joint angles of the manipulator.

q0, qi, qj, qk The quaternion elements representing the quadrotor’s orientation in the world-fixed

frame {W}.

RE
B Rotation matrix from end-effector frame {E} to body frame {B}.

RE Rotation matrix from end-effector frame {E} to world-fixed frame {W}.

Ri+1
i The rotation matrix for rotating an object from frame {i+ 1} to frame {i}.

RB
W Rotation matrix for rotating an object from body frame {B} to world-fixed frame

{W}.

ri+1,ci The displacement from COM of link i to frame {i}.

ri,ci The displacement from frame {i− 1} to COM of link i.

ri,i+1 The displacement from frame {i− 1} to frame {i}.

TB Rotation matrix that transforms Euler rates to angular velocities expressed in the

body frame {B}.

U1 The net thrust generated by the propellers.

U2 The net torque generated by the propellers around XB.

U3 The net torque generated by the propellers around YB.
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U4 The net torque generated by the propellers around ZB.

vb The generalised velocity of the quadrotor.

ve The generalised end-effector velocity.

vBEB A (6×1) Vector of the generalised velocity of the end-effector with respect to body

frame {B}.

x, y, z The quadrotor’s position along XW , YW , and ZW , respectively.
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Chapter 1

Introduction

In the recent years, researchers from the field of aerial robotics have grown interest for aerial

manipulation, investigating control algorithms for vertical take-off and landing of unmanned

aerial vehicles (UAVs) that are equipped with a gripper or a robotic arm. A UAV with a

manipulator or multiple robotic arms is an aerial manipulator with similar features as shown

in Figure 1.1. The manipulator (serial or delta type) allows the vehicle to pick-up and trans-

port objects to a desired location, perform maintenance and/or repair infrastructure, or even

for water quality sampling [24]. These tasks are can be performed in places where access is

restricted for crew personnel and/or ground robots.

1.1 Motivation

Traditional UAVs are used for surveillance and remote monitoring in rescue missions and dan-

gerous environments. Inspection and maintenance of dangerous infrastructures such as tunnels,

bridges, industrial plants, power lines, including communication towers can be expensive and

dangerous for qualified inspectors or any crew member, however, it can instead be performed

by robots. The use of aerial manipulators enables the performance of inspection, maintenance,

or assembly operations at any point in space, which presents an advantage over ground robot in

areas hard-to-reach [8]. The goal is to develop a simulated prototype of an aerial manipulator

that can perform a wide variety of autonomous tasks, mimicking and extending the capabilities

of mobile ground robots in the manufacturing sector.
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(a) Quadrotor with bottom-attached serial manipulator [1]

(b) UAV with top-attached serial manipulator [3]
(c) UAV with bottom-attached delta manipulator
[18]

Figure 1.1: Sample of aerial manipulators
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In general, multi-rotor vehicles are under actuated systems as they only have four independent

control inputs available over six degrees-of-freedom (DOF) which are three translational, three

rotational. This under-actuation can cause unexpected variations in the end-effector orientation

but can be addressed by considering the system’s dynamics in the trajectory planning phase

[4]. Every vehicle has an attitude, altitude and position control, and a collision avoidance tech-

nique. Attitude control is for keeping the orientation of the vehicle at a preferred value while

altitude control keeps its distance to the ground at a desired value. Rolling and/or pitching

the vehicle performs the position control to keep it on the desired point (x, y).

Aerial manipulators are promising for contact inspection of railway infrastructure, chemical

plants, boilers and chimneys without human intervention. Contact inspections can be classified

into three types as: periodic, special and damage inspections especially for railway infrastruc-

tures like bridges, tunnels, etc. The first two types of inspections are used to monitor the

infrastructure’s quality following international and/or national standard requirements. Whilst

the damage inspections are typically performed after a disastrous event has occurred [4]. Dur-

ing contact inspection the aerial manipulator will make physical contact with the environment

to detect construction faults and defects. A sensor tool can be mounted as an end-effector for

data collection such as strain gauges, tilt meters, eddy currents, ultrasonic sensors and other

various sensors for non-destructive testing (NDT) methods [4, 33].

Therefore, the aerial manipulator requires a sophisticated algorithm for control and stabilization

of the complex varying dynamics due to the flying, manipulating and interacting with the

environment. When the end-effector makes contact with a rigid surface, contact forces are

experienced by the manipulator and the quadrotor due to coupling effects. These contact forces

increase the complexity of the system dynamics and can be measured by mounting a force sensor

on the quadrotor to track precise contact force [4]. A number of control philosophies have

been proposed and investigated to address the complexity of aerial manipulators in contact

inspection. The aerial manipulator can be modelled by considering the manipulator as an

external perturbation exerted on the quadrotor or by developing entire kinematics of the whole

system to compute the dynamics [8]. The contact forces can be modelled for simulations to

consider their effects on the quadrotor stability during contact inspection.
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1.2 Literature Review

Most common controls for aerial manipulators are back-stepping and Cartesian impedance

control. The impedance control theory is often used in vehicle-environment iterations. The

model based controller uses the exact dynamic modelling and the actual values of the system

parameters [34]. A back-stepping approach is developed to perform trajectory tracking control,

for validity of the tracking error, its storage function should satisfy the standard Lyapunov

condition [31]. Other innovative controls referred to in this section were developed for aerial

manipulators for purposes of automating manipulation systems.

1.2.1 Control algorithms for contact inspection

Jimenez-Cano et al., [3] obtained dynamic models of a multi-rotor (with eight rotors) and

robotic arm of 5-DOF for contact inspection from the Euler-Lagrange formulation. This deriva-

tion of the Euler-Lagrange equations starts as the difference between kinetic and potential en-

ergies of the system with the robotic arm at the top of the multi-rotor as seen in Figure 1.1b.

A control technique known as variable parameter integral back-stepping (VPIB) was used for

attitude and global position stabilization of the vehicle considering the arm in operation and

contact forces with the environment [3]. This is because the controller provides good dynamic

response and its parameters vary accordingly with the manipulator’s dynamics. The dynamic

effects due to the physical interaction between the end-effector and the environment were de-

scribed using a Hunt-Crossley interaction model [36]. The vehicle was simulated for forward

flying and moving the arm comparing the VPIB controller to a standard proportional-integral-

derivative (PID) controller. The prototype was tested with an ultrasound sensor head as the

end-effector inspecting a structure (bridge). It was found that adding an extra force to main-

tain contact long enough decreases the vehicle pitch and roll oscillations instead of the aerial

manipulator being unstable [3].

Lippiello and Ruggiero, [44] revised the Cartesian impedance control to realize a desired dy-

namical relationship between the platform motion and the exerted external forces on a 3-DOF

robotic arm. The dynamic model of the platform was derived in a symbolic matrix form through

the Euler-Lagrangian formalism. The quadrotor with a 3-DOF robotic arm was subjected to the

contact forces and external disturbances and then simulated through the MATLAB/SIMULINK

environment. A non-linear robust adaptive Cartesian impedance control was also proposed for

a similar platform by Sharifi and Sayyaadi, [34] and the control proved to adjust the end-

effector impedance and guaranteed stability during the environmental (wall) interaction. The

proposed controller utilises the impedance control theory, adaptive control theory for robust-

ness to parametric uncertainties, sliding-mode control, and adaptation law in joint space for

reducing calculation complexities [34]. The simulated scenario models a ‘peg-in-hole’ task envi-

ronmental contact and the force sensor measurement becomes non-zero when the end-effector

position exceeds a certain value in one dimension, meaning the environmental (wall) contact
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begins. But the controller was not developed for tracking a desired force, rather, it regulates

the measured force and maintains the resulted position and orientation thereafter.

Nava et al., [13] proposed a quadratic programming (QP) optimization as force control tech-

nique for aerial manipulators in physical interaction with the environment. The strategy can

perform different manoeuvres without violating physical limitation like contact maintenance,

and minimum propeller speeds. The experiments used an aerial vehicle that had six coplanar-

center propellers that guarantees full local actuation of the vehicle’s dynamics. The effectiveness

was demonstrated through three different tasks, one of them was exploiting contacts for high

acceleration motions. The control strategy employs the force-torque(FT) sensor to attain direct

force feedback .

A control architecture for an aerial manipulator which integrated the delta manipulator and a

quadcopter was proposed by Chermprayong et al., [37] for application of high precision tasks in

aerial repair experiments outdoor. The system was demonstrated with a repair mission of holes

and cracks patching on a the oil pipe using automated depositing technique for two-components

of LD40 polyurethane foam on the damaged section. This aerial system has the actuators of

the manipulator directly mounted on the quadcopter frame which reduces the disturbance the

quadcopter in comparison with the serial manipulator aerial systems. Another control is a

hybrid approach system which allows the vehicle to physically interact with the environment

that was presented by Alexis et al., [20]. The UAV’s dynamics changed drastically during

physical contact, the hybrid automata was used to capture. The designed hybrid model had a

predictive control technique that considered the system dynamics and self-imposed constraints,

which resulted in a stable system during transitions and with optimal responses.

1.2.2 Control algorithms for path tracking

Kobilarov [31] proposed a non-linear trajectory control of an aerial manipulator by employing

free flying dynamics incorporating the back-stepping control. The approach provides an alter-

native coordinate-free geometric algorithm that eliminate discontinuities. It could serves as a

guideline for utilizing tasks that must track the system’s center of mass and simultaneous track

the and the end-effector position, without considering the uncertainties and control input limi-

tations. Chee and Zhong, [23] proposed an implementation of a non-linear complementary filter

and (PI) rate controller for attitude estimation and stabilization. Collision avoidance technique

and altitude strategy required four infra-red sensors and an ultrasonic sensor, respectively. It

was recommended to add sensors like a laser range finder to map terrains effectively improve

the control’s capability of the aerial manipulator.

Behavioural control was also proposed to guarantee that the aerial manipulator for coordina-

tion and management of complex tasks with different behaviours encompassed in a direct and

beneficial way [21]. This control makes use of elementary behaviours, compound behaviours
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(combination of elementary behaviours with a priority sequence) and the supervisor mode (re-

sponsible for changing between behaviours) based on the aerial manipulator and the state of

the surrounding area (environment). Figure 1.2 shows four main modules that the motion con-

troller had. It uses a PID controller and a mechanism to counterweight the arm movement [21].

The different modules handled different tasks; sensors information was devised and executed

within the estimator module.

Figure 1.2: Block diagram for behavioural motion controller [21]

In the attitude control, there were two limitations; first, the mechanical limits of the displace-

ment compensation system that restricted the movement and second, the mechanical compen-

sation was not quick to yield desirable performance due to physical and software limitations

[21]. To resolve these, the use of brush-less motors was recommended for quicker response and

added an appropriate fixed value to the control to compensate the effect of the manipulators

weight on the vehicle [21].

Islam and Okasha, [30] provide a comparative study between the linear quadratic regulator

(LQR), model predictive control (MPC) and proportional-derivative (PD) controllers on the

quaternion orientation quadrotor rather than the Euler angles orientation. The study compared

the strategies and recommended appropriate environment for each strategy’s capability. The

LQR was defined as an optimal control method applicable to linear systems that allow the

tuning of proportional-gains to minimise a performance function [30]. The LQR was demon-

strated to offer quick responses and efficient tracking for a disturbance free system and was

recommended for indoor applications. This is because when the disturbance was introduced,

the LQR and PD showed lower tracking efficiency compared to the MPC [30]. The MPC was

found to be slightly more efficient than the LQR with respect to control effort during the dis-

turbance. Constraints handling at the control input once more, the MPC required lower control

effort and rendered lower fluctuations in comparison to the LQR and PD strategies.
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A differential flatness-quaternion technique was proposed by Choutri et al., [22] to enable the

quadrotor to track a reference optimal path while avoiding any discontinuities that may occur.

The LQR controller guaranteed the trajectory tracking through a double loop control structure

for position regulating and the attitude strategy. The position controller outputs the position

values which are used to compute the desired quaternion via the quaternion error for the atti-

tude strategy [22].

Reyes-Valeria et al., [10] presented a quadrotor dynamics under the Newton-Euler algorithm

based on quaternions for attitude and the corresponding control used the LQR with gain

scheduling technique. Here, the LQR was used to obtain two gain matrices, for when the

quadrotor was far from the reference trajectory and when the quadrotor was already tracking

the reference trajectory. This is because higher gains are obtained for approaching the refer-

ence trajectory in one dimension but also results in an oscillatory error in another dimension

[10]. Hence the use of gain scheduling technique to switch between the two gains depending

on the set tracking error limit. The proposed control was tested through simulation with real

parameters and demonstrated that unit quaternions can effectively substitute Euler angles for

attitude control [10].

Gain scheduling is further analysed by Okasha et al., [32] to improve hindrances when using

the LQR controller by investigating saturation limits of actuators, altering operating points

continuously for complex trajectories and possible control input’s chattering. The quadrotor

dynamics were extracted through the Newton-Euler algorithm based on Euler angles represen-

tation of the attitude. The quadrotor model considered the aerodynamics drag and moments,

and the gyroscopic rotor dynamics [32] to fairly model a real application. This model was

linearised 12 times for different values of the heading angle to form 12 operating points for the

gain-scheduled control and a continuous gain control. The former was demonstrated to have

discontinuities and scattering in the control inputs during the transitions operating point to

the next. The latter control evaluates the 12 gains and executing them as a continuous control

function proven to eliminates the scattering and discontinuity problems in the control inputs

[32]. Tracking steady state errors were present in all the simulated cases. Reduction of these

errors can be achieved through proper selection of Q and R matrices, and an integral action

can be incorporated in the LQR control to obtain zero steady state errors [32].
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1.2.3 Manipulator controls

More than 15 years ago, Indrawanto et al., [15] presented a robust control (that adapts the

impedance) for industrial robot manipulators to obtain fast and accurate force tracking for

high productivity using the model reference adaptive control to attain a stable and converging

tracking errors. A mechanical impedance is the regulation of relationship between position and

force, and it is represented as second order impedance in Laplace domain as:

F (s) = (Ms2 +Bs+K)X(s) (1.1)

where F (s) and X(s) are force and position respectively. The impedance parameter K, B, and

M being the desired stiffness, desired damping, and desired inertial of the manipulator respec-

tively. From Equation (1.1), it can be seen that the desired impedance is linear and of second

order. This is because second order systems are well understood and attaining measurements

used for control loop pertaining to higher state variables is challenging for higher order systems

[15]. The proposed controller improved force tracking capabilities, with oscillation problems

due to derivative noisy force signal. The recommended solution was to implement a force esti-

mator to predict the derivative force signal instead of using a simple derivative filter.

Duan et al., [9] proposed a force tracking strategy called adaptive variable impedance control

(AVIC) for an industrial robot. This exploits the advantages between the adaptive control

and the variable impedance laws. The proposed control performed dynamic force tracking in

uncertain environment [9]. The control algorithm was also capable for dynamic desired force

(cosine) tracking in addition to tracking the constant and linear desired forces. Their simula-

tions did not consider any disturbances but an abrupt change of the environmental stiffness was

considered three times within 10 s of the simulation. This was to affirm the robustness of the

classic impedance control through uncertain environmental stiffness. The robot end-effector

was modelled as a mass-damper system while the environment was considered to be rigid (only

a spring system).

Lin et al., [45] also introduces the second order impedance control on a complaint flange sys-

tem for force tracking, where MATLAB/SIMULINK platform was employed to validate the

proposed control thereafter. The methodology that was used started with the establishment

of the model, attaining the complaint system and verifying its stability. This was followed by

understanding the correlation between the end-effector and the environment and the selection

of control algorithm. Then, theoretical analysis and simulations were performed for the explo-

ration of varying of impedance parameters within the system [45]. Finally, experiments were

carried out using the adjusted parameters from simulation results and the obtained outcomes

showed good response performance.
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Yeol et al., [19] presented a tentacle system devised for mobile manipulation applicable for

mini-AUVs and kinematic analysis for single DOF tentacle system. The operational space

formulation was employed on the end-effector for a non-redundant manipulator, taking into

account the gravitational forces, centrifugal and Coriolis forces of the end-effector [3]. A hyper

redundant manipulator was designed for manipulation and considering manipulator effects as

disturbances to the quadrotor with the hovering configuration [43]. Newton’s law was employed

for the dynamics of the quadrotor in a body-fixed coordinates. Inverse kinematics computes

the appropriate joints of the manipulator corresponding to the identified positions such that

the end-effector reaches the desired pose with less solving time.

1.2.4 Aerial Manipulator

Samadikhoshkho et al., [48] presented four different non-linear control strategies for aerial ma-

nipulators to analyse the efficiency and performance level in terms of robustness, accuracy and

control effort for each strategy. The proposed semi-optimal strategy essentially consists of an

outer loop based on LQR and inner loop based on feedback linearisation applied on a dynamic

model derived from the Euler-Lagrangian formulation. Simulations on a quadrotor fitted with

a 2-DOF manipulator were performed to illustrate the comparison in the with and without

modelling uncertainties for complex manoeuvres. It was found that all strategies showed sim-

ilar performance when restricting control effort without system uncertainties, but in terms of

accuracy, the hierarchical strategy showed low performance because it presented substantial

fluctuations in the roll and yaw motions [48]. In the presence of system uncertainties, the hier-

archical strategy does not perform satisfactorily, although it was able to control the second joint

of the manipulator better than the other three strategies. The sliding mode strategy handled

the uncertainties better for control of the first joint of the manipulator. The results further

showed that the sliding mode and the semi-optimal strategies provided good performance for

the quadrotor control [48]. Further analysis demonstrated that the semi-optimal and sliding

mode strategies outperformed the other strategies in accuracy and robustness, as well as the

control inputs. Nonetheless, the other strategies also can be used in low levels of uncertainty

to provide reasonable performance [48], especially for control of quadrotors.

A dual quaternion-based model was presented by Abaunza et al., [14] for a quadrotor with a

2-DOF robotic arm attached at the bottom of the vehicle. The dynamic model was extracted

through the Newton-Euler algorithm. The use of dual quaternions resulted in a simplified cal-

culations of the inverse kinematics since multiple transformations could be reworked by simply

using only the quaternion multiplication and additions [14]. Simulation results showed that

the end-effector was stable and converged to the desired values and a flight experiment was

performed outdoor considering only for translational velocity in the X and Y axes. This was

because it was challenging to perform outdoor, since substantial perturbations would affect the

quadrotor behaviour [14]. The quadrotor was also claimed to compensate the effects from the

manipulator.
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Looking deeper in the literature, the aerial UAV’s mass distribution changes during manipula-

tion tasks performed by the manipulator, which result in varying the dynamics of the system.

For contact inspection, the manipulator’s end-effector has to be in contact with the environment

long enough to take sufficient measurement readings. Recent work showed a possibility of the

aerial manipulator being capable of this requirement using VPIB control technique. Further

exploration can be investigated with employing the impedance control theory on the manipu-

lator’s end-effector for projecting a desired impedance while interacting with the environment,

which permits the varying of impedance parameters separately from the dynamics model [34].

Impedance control theory is mostly used to permit industrial robot manipulators to interact

with the surroundings. Many robot applications such as de-burring and polishing, require con-

tour following motions [15]. The manipulator is expected to apply a desired force normal to

the contour, whose geometry and location are partially known, while moving along the contour.

Currently, ground robots are well equipped to perform such tasks without human intervention

[9],[15]. Hence, the recent increase on research for aerial manipulation of which most are fully-

actuated multi-rotors UAVs [13],[3].

Now to the use of aerial manipulators for contact inspection, the literature is focused more on

the robotic arm doing the inspection while the UAV is on-hover mode. The aerial manipulator

flies forward toward a surface and hovers, allowing the robotic arm to do inspection through

contact with the surface [29], [3], [44]. Depending on the robotic arm’s available DOF and

length of each link, there could be certain limitations on the area to be inspected. In fact, the

end-effector has to be off-contact after inspecting one point and allow the vehicle to stabilize,

then in-contact again for the next point in the limited area. In this manner, some points would

be missed for inspection of an environment such as bridge surface, and the process would take

long to finish the job. The end-effector can be set do a continuous inspection on the limited

area, while the vehicle tracks a given contour not just sliding or docking on the wall or surface.

Yüksel et al., [7] in 2015 have shown such interaction with an elastic joint in aerial physical

interaction, the experiments did not discuss or show that force tracking was achieved. The goal

was to have “... a stable flight, while quadrotor equipped with the arm is sliding on the blue

surface in a stable manner.” The set-up of this aerial manipulator was not considered as full

system in terms of the coupling due to the dynamical effects of the quadrotor on the arm and

vice versa, but considered these effects only as disturbances [7]. Again, Yüksel et al., [6] in

2019 presented physical interaction of a quadrotor fitted with a rigid tool of one DOF sliding

on an uneven dome but this time measuring the contact forces using a FT sensor fitted on

board of the quadrotor. The goal was to establish that reshaping system’s inertia can result

in a better contact profile, while the quadrotor slides on the dome. This can be applicable for

rapid surface inspection, cleaning or painting task.
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In the literature, Alexis et al., [20] investigate interaction between aerial robots and their en-

vironments through contact for docking and sliding on walls. A pentagon airframe AIRobots

CoaXial-rotor was developed for docking and can withstand impact forces. The proposed

control strategy achieved optimal manoeuvring and minimised undesired behaviours. Stable

docking and sliding on walls in a controlled manner while retaining contact were experimentally

verified [20]. Fumagalli et al., [29] also presented an aerial manipulator with a custom-made

manipulator devised remote inspection through contact interacting with an industrial plant.

The passivity-based control maintained the end-effector in the desired positions (lateral and

altitude), and it docked on a wall-like surface through the end-effector applying a certain force

[29]. A gazebo environment was presented to model aerial robot, performing physical interac-

tion with the surrounding virtual walls by Naldi et al., [39], using impedance controller on a

ducted fan prototype. On these works, the aerial manipulator is either a linear actuator or a

delta manipulator, but not the serial manipulator. Furthermore, the vehicle must tilt to wield

the desired force to the wall due to the under-actuated nature of the system dynamics.

Many of the aerial robots mentioned above have the manipulation system that slide on a vertical

surface for inspection, but not much for the robotic arm that would allow for contact inspection

of a curvy surface such as boilers, bridges, etc. Yuksel et al., [6] presented a case that slides

on an uneven surface for a quadrotor with 1-DOF rigid tool attached on top. The proposed

control was considered as a low-level control, only responsible for regulating the aerial physical

interaction but not developed for force or position trajectory tracking [6]. Nonetheless, the

controller could be used together with a high-level (PD) controller for the quadrotor position

tracking.

In this dissertation, the AVIC strategy used for industrial robot manipulator to achieve dynamic

desired force tracking will be utilized for aerial manipulator. The AVIC for force tracking

of the 2-DOF serial manipulator on top of the quadrotor, while implementing the integral

LQR (quadortor) and PD (manipulator) controllers for navigation control. The AVIC has a

technique to compensate for environmental uncertainties by varying the impedance parameter

(damping coefficient) on-line corresponding to the force tracking error. This strategy has been

utilised effectively in industrial robot manipulators for stable force tracking performance, but

it has not be applied to aerial manipulators. This strategy will improve contact inspection

for dynamic force tracking in uncertain environment without using learning methods. It’s

a simpler adaptive impedance control to implement by adjusting one gain on-line through

the force feedback. It was demonstrated through experiments that the AVIC achieved force

tracking on a complex surface which consisted of a sine surface and a flat surface, which had

different stiffness [9]. This application can mirror a contact inspection of an infrastructure

surface that contains different stiffness like concrete, bricks and cement. The LQR controller

has not been used frequently for aerial manipulators, but it has been utilised numerous times

for quadrotors’ navigation control without incorporating a manipulator. This may be due to
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LQR limitations for stability in the presence of model uncertainties, but Reyes-Valeria et al.,

[10] recommended some measures to address steady state tracking error by implementing the

integral action and a proper selection process of matrices Q and R. The LQR is an optimal

control that is easy to implement for linear systems while respecting the control effort. Since

the manipulator has 2-DOF, it can be used to compensate the end-effector position tracking

when the LQR falls short to within 0.5m of the desired quadrotor position. The dynamics

of the moving aerial manipulator (quadrotor and manipulator during inspection) will be more

complex and will require much consideration for the quadrotor’s stability. The uncertainties

on the environment, namely dynamic environmental location and/or unknown environmental

stiffness, may introduce dynamical inputs to the control dynamics. Therefore, these unknown

dynamical inputs will be considered to simulate a more practical situation.

1.3 Problem statement

Contact inspection using aerial manipulators is useful because they can be deployed to sub-

stitute or assist crew members in various applications that are considered very dangerous, in

restricted areas, and/or very costly due to the necessity of highly trained specialists. In addi-

tion, they can avoid halting of work due to closers to the infrastructure being inspected resulting

in less inconveniences and high productivity. Current contact inspection methods use ground

robots, crew members with specialised trucks to perform the inspection with various NDT tools.

Aerial manipulators have been proposed to do such contact inspection but the majority of the

scenarios is for sensor installation that only requires the quadrotor to hover during contact

and tracking constant forces. To track desired dynamic forces while the end-effector follows

a contour in-contact with the environment introduces control difficulties for both the quadro-

tor and end-effector position, especially for serial manipulator as chosen for this dissertation.

Therefore there is a need for improved dynamic force tracking in the presence of environmental

uncertainties and the position controls should be able to compensate accordingly the resultant

coupling forces.

1.4 Aim and objectives of dissertation

In the field of robotics, there are developments to fully automate the inspection system to

improve quality of products or services in manufacturing, or inspection of dangerous infras-

tructures. This study aims to track a desired contact force through the utilization of the AVIC

strategy for the aerial manipulator to follow a certain contour to be inspected. Can the inte-

gral LQR controller regulate the UAV during the manipulator’s end-effector physical contact

interaction with a rigid surface and following a certain contour that requires the UAV to be

off-hover mode? The following can be listed as research objectives:

• To implement an adaptive variable impedance control for aerial manipulator (with the

manipulator at the top) to obtain force tracking for contact inspection.
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• To assess the AVIC’s effectiveness in uncertain environments including for unknown stiff-

ness and/or uncertainty to the environmental location during contact inspection.

• To evaluate the quadrotor’s position tracking (including slope and cosine surfaces) with

and without contact inspection.

• To compare results obtained from the proposed control approach and the classical impedance

control.

The main contributions are the implementation of an AVIC together with the integral LQR

and PD controllers for aerial manipulator to achieve better force tracking performance in com-

parison to the classical impedance control. And the demonstration of the quadrotor’s position

tracking capabilities using the integral LQR controller during contact inspection.

The scope of this dissertation is limited to modelling and simulations only, physical prototype

is for future investigations. As such, simplifications were assumed during the modelling like

neglecting aerodynamic drag and moments acting on the quadrotor, propeller’s air density,

and the gyroscopic effects. The manipulator has two links that are assumed to be identical

and it’s base is presumed to be collinear with the quadrotor’s center of mass. The simulation

scenarios were devised in such a way that the reference trajectories can be sent directly to

the manipulator to perform certain movements while the quadrotor remains stable at desired

position. Considered constant and dynamic contact forces during physical interaction with the

environment and introduced environmental location uncertainty for two simulation scenarios.

1.5 Organisation of Dissertation

The dissertation is divided into six chapters and is organized as follows. Chapter 2 treats the

quadrotor and the manipulator as individual systems to model their dynamics, then combines

the two systems by treating the quadrotor as the floating-base for the manipulator.

The next chapter, Chapter 3 presents forward kinematics of the aerial manipulator, establish-

ing reference frames and transformation matrices between the frames to obtain positions and

velocities of the respective reference frames.

In Chapter 4, controller design is presented covering the linearisation of the unit quaternions

for the quadrotor and its integral LQR controller and the AVIC strategy for force tracking

between the manipulator’s end-effector and the environmental surface.

Chapter 5 presents the different simulation scenarios and discussions regarding the results from

the simulations. Finally, in Chapter 6 some conclusions are presented and future works on the

aerial manipulator are proposed.
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Chapter 2

System Kinematics

The aerial manipulator has to be described and modelled within a coordinate system and frame

of reference to represent its position and orientation. In this chapter, the motion of the aerial

manipulator will be explained geometrically rather than considering the forces and moments

that induce the motion. The first section covers the forward kinematics that dictate the end-

effector’s position and orientation with respect to the given values of the joint variables of the

aerial manipulator.

2.1 Forward Kinematics

Denote the body frame with its origin at the quadrotor centre-of-mass (COM) as frame {B}
depicted in Figure 2.1. And its position relative to the world-fixed or frame {W} given as a

(3× 1) vector ~r = [ x y z ]T , while the quadrotor’s orientation in the frame {W} is described by

a quaternion q̄ = [ q0 qi qj qk ]T . Denoting the angular velocity vector ~ω = [ ωx ωy ωz ]T used to

express the quadrotor’s rotational speeds in frame {B}. The rotation matrix RB
W in Equation

(2.1) rotates an object from frame {B} to frame {W} [22], [46].

RB
W =

q
2
0 + q2

i − q2
j − q2

k 2(qiqj − q0qk) 2(qiqk + q0qj)

2(qiqj + q0qk) q2
0 − q2

i + q2
j − q2

k 2(qjqk − q0qi)

2(qiqk − q0qj) 2(qjqk + q0qi) q2
0 − q2

i − q2
j + q2

k

 (2.1)

This transformation is easily reversed by taking an inverse of the rotation matrix (RW
B =

(RB
W )−1). Additionally, the expression (RW

B )−1 = (RB
W )T is satisfied because the rotation ma-

trix RB
W is orthogonal [22]. Since two quaternion components are multiplied together each time,

the quaternion q̄ and its conjugate −q̄ will both be perform the same rotation. Therefore, there

can only be two possible real quaternion entry solutions. For any given rotation, the solutions

are: the particular quaternion and its conjugate [46]. If the real (scalar) component q0 is con-

strained to be ≥ 0, then there is only one possible solution, except when q0 = 0. In contrast,

the quaternions have no discontinuity problems that are faced by the well-known Euler angles

to perform similar transformation.
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Unit quaternions are superior when performing theoretical derivations related to orientation

but they are not very intuitive for choosing problematic orientations in comparison with Euler

angles coordinate system. As such, the direction cosine matrix in Equation (2.2) can be utilised

whenever necessary to use Euler angles representation [46], although it was not used in this

dissertation.

RB
W =

 CθCψ −CθSψ Sθ

CφSψ + SφSθCψ CφCψ − SφSθSψ −SφCθ
SφSψ − CφSθCψ SφCψ + CφSθSψ CφCθ

 (2.2)

where C and S is short for cos(·) and sin(·) respectively.

φ ∈ < is the quadrotor’s roll (X rotation) angle,

θ ∈ < is the quadrotor’s pitch (Y rotation) angle, and

ψ ∈ < is the quadrotor’s yaw (Z rotation) angle.

The vector of Euler angles Φb = [ φ θ ψ ]T is the roll-pitch-yaw angles for the quadrotor in the

world frame {W} [46].

Denoting frame {E} as a frame welded to the manipulator’s end-effector [11]. Hence, the

position of {E} with respect to {W} is written as:

pe = ~r +RB
W~r

B
EB (2.3)

where ~rBEB is the vector that describes the position of frame {E} with respect to body frame

{B} expressed in body frame {B}. The orientation of frame {E} is defined by the following

rotation matrix RE in Equation (2.4).

RE = RB
WR

E
B (2.4)

where RE
B describes the rotation matrix of frame {E} with respect to body frame {B}.
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Figure 2.1: Aerial manipulator with a two-link manipulator, adapted from [46],[47]

The linear velocity ṗe of frame {E} in the world frame {W} can attained by taking time

derivative of Equation (2.3) as:

ṗe = ~̇r − Skew(RB
W ~rBEB) ω̄ +RB

W ~̇rBEB (2.5)

where Skew(·) is the (3× 3) skew-symmetric matrix operator [35] and ω̄ = RB
W ~ω denotes the

angular velocity of the quadrotor in the world frame {W}. The angular velocity ωe of frame

{E} is expressed as:

ωe = ω̄ +RB
Wω

B
EB (2.6)

where ωBEB denotes the angular velocity of frame {E} relative to body frame {B} and expressed

in {B}.
Let q = [ q1 q2 ]T denote the (2× 1) vector of the manipulator joint angles [11]. Then denoting

vBEB = [ ~̇rBEB ω
B
EB ]T as a (6 × 1) vector for an augmented velocity of the end-effector with

respect to body frame {B}. This velocity can be determined with the joint velocities q̇ via the

manipulator Jacobian J(q) such that:
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vBEB = J(q) q̇ (2.7)

From Equation (2.5) and (2.6), then the augmented end-effector velocity ve = [ ṗe ωe ]T could

be written as:

ve = JB vb + JEB q̇ (2.8)

where

vb =

[
~̇r

ω̄

]
, JB =

[
I3 −Skew(RB

W ~rBEB)

O3 RB
W

]
, JEB =

[
RB
W O3

O3 RB
W

]
where Ik and Ok denote (k×k) identity and (k×k) zeros matrices, respectively [28]. Whenever

the attitude of the quadrotor has been expressed in Euler angles, then Equation (2.8) would

be:

ve = JB QB Xb + JEB q̇ (2.9)

with

Xb =

[
~r

Φb

]
, QB =

[
I3 O3

O3 TB

]
where TB ascribes the rotation matrix that determine the angular velocity ~ω from Euler rates

Φ̇b [46], and is can be expressed:

TB =

CθCψ −Sψ 0

CθSψ Cψ 0

−Sθ 0 1

 (2.10)

Alternatively, Φ̇b can be found by multiplying (TB)−1 with a set of angular velocities ~ω. But

there exist a singularity at θ = ±π
2

radians that is inevitable with Euler XY Z coordinate

system.

2.2 Chapter summary

The system kinematics were presented, setting the frames of reference that help to describe and

model the aerial manipulator. The rotation matrix RB
W also known as directional cosine matrix

was determined using the unit quaternion representation. Forward kinematics that relate the

end-effector dynamics to the quadrotor’s COM were given together with the transformation

matrix TB that determines the angular velocity vector ~ω from the Euler rates Φ̇b. The next

chapter will discuss the modelling of the aerial manipulator.
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Chapter 3

Dynamic Model

The complete model of the aerial manipulator is a coupled system between the quadrotor

(floating-base) and the manipulator. But the quadrotor and the manipulator can be treated as

individual systems to model their dynamics. The quadrotor dynamics are extracted through

the Newton-Euler algorithm using quaternion-based orientation instead of Euler angles. The

manipulator dynamics are extracted from the recursive Newton-Euler equations for purposes

of handling the floating-base effect.

3.1 Quadrotor Dynamics

The development of the mathematical model for the quadrotor dynamics using the Newton-

Euler algorithm follows the Thesis by Neeley [46]. First, the orientation representation was

a quaternions-based instead of Euler angles based. A quaternion is a type of hyper-complex

elements that can be used to define an axis in a 3-D space after-which, a single rotation can

be performed around the defined axis. While Euler angles make use of three sequential rota-

tions around non-consecutive pre-defined axes to represent orientation [46], unit quaternions

do not have inherent singularities when expressing the quadrotors orientation [22]. Thus with

appropriate restrictions, there is only one way to represent the orientation. During differen-

tiation, the unit quaternion elements start to vanish or reduces to a constant, hence they are

computationally cheaper. This is because they mostly depend on additions and multiplications

and rarely on divisions [46]. On the other hand, trigonometric functions are necessary when

working with Euler angles. Later in the section, the conversion from unit quaternions to Euler

angles will be given because unit quaternions are a bit alien to work with in terms of choosing

orientations.
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Then, the position of the quadrotor can be represented in the world frame {W} as shown

in Figure 3.1, having an X-right, Y-forward and Z-up coordinate system. The quadrotor’s

translational position vector and velocity vector expressed in {W} are:

~r =

xy
z

 (3.1)

~̇r =

ẋẏ
ż

 (3.2)

Typically, the quaternion [46] to represent the quadrotor’s orientation in the world frame {W}
can be expressed with four hyper-complex components as in Equation (3.3).

q̄ =


q0

qi

qj

qk

 (3.3)

The resulting quaternion norm can be calculated as:

||q̄|| =
√
q2

0 + q2
i + q2

j + q2
k (3.4)

A unit quaternion can be defined as a quaternion with a norm of one [46]. Equation (3.5)

denotes a vector for angular velocities of the quadrotor in the body frame {B}.

~ω =

ωxωy
ωz

 (3.5)
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Figure 3.1: Quadrotor sketch with labelled axes, rotational motions and motors [46]

The quadrotor thrust and torques that are produced by a certain set of propeller speeds can

be attained by the quadrotor parameters, namely propeller’s thrust coefficient (bt), propeller’s

drag coefficient (bk), the length of the quadrotor’s arm l and an angular velocity the propeller

is spinning at (Ωi). Equation (3.6) [46] is a result of combining the total thrust generated with

roll U2, pitch U3 and yaw U4 torques generated by systematically changing the propeller speeds.

In reality these should depend on air density.
U1

U2

U3

U4

 =


bt bt bt bt

0 btl 0 −btl
−btl 0 btl 0

bk −bk bk −bk




Ω2
1

Ω2
2

Ω2
3

Ω2
4



= Mu


Ω2

1

Ω2
2

Ω2
3

Ω2
4

 (3.6)
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There are 13 states for the quadrotor depicted in Equation (3.7) but for unit quaternions, q0 is

restricted in terms of qi, qj, and qk to fulfil the norm requirement. Thus there are 12 free states

which will be used to linearise the quadrotor model.

~X = [ ~rT q̄T ~̇rT ~ωT ]

= [ x y z q0 qi qj qk ẋ ẏ ż ωx ωy ωz ]T (3.7)

Equation (3.8) gives the vector inputs to the quadrotor in terms of the net thrust and torques

as determined from Equation (3.6).

~U = [ U1 U2 U3 U4 ]T (3.8)

Using the Newton-Euler algorithm requires treating the quadrotor as a rigid body under ex-

ternal forces applied to its COM [10]. Assuming that there are only two forces acting on the

quadrotor namely, the gravity and the net thrust generated by the propellers, the translational

dynamics can be determined. For simplicity during controller design and linearisation process,

the drag affecting the quadrotor is presumed to be of inconsequential. The dynamic equation

[10, 46] is represented by Equation (3.9).

~̈r = RB
W

 0

0

U1/M

+

 0

0

−g

 (3.9)

When using the rotation matrix RB
W given in Equation (2.2), the first part of the translational

dynamics is reduced to be a factor of the third column of matrix RB
W multiplied by U1/M . For

the rotational dynamics, the Euler’s equation of motion [10, 46] for a system experiencing net

torques is given in Equation (3.10). Once again, several effects are deemed to be negligible for

simplicity, namely the gyroscopic effects resulting from spinning propellers, torques resulting

from accelerating/decelerating propellers, and rotational drag.

J~̇ω = ~Γ− ~ω × J~ω (3.10)

where

J ∈ <3×3 is the quadrotor’s inertia matrix with respect to body frame {B},
~Γ = [U2 U3 U4 ]T is the roll, pitch, and yaw input torques.
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Finally, the dynamics of the quadrotor [16, 22, 10, 46] become as follow:

ẍ =
2U1

M
(q0qj + qiqk)

ÿ =
2U1

M
(qjqk − qiq0)

z̈ =
U1

M
(q2

0 − q2
i − q2

j + q2
k)− g

q̇0 = −1

2
(qiωx + qjωy + qkωz)

q̇i =
1

2
(q0ωx + qjωz − qkωy) (3.11)

q̇j =
1

2
(q0ωy − qiωz + qkωx)

q̇k =
1

2
(q0ωz + qiωy − qjωx)

ω̇x = (U2 + ωyωz(Jyy − Jzz))/Jxx

ω̇y = (U3 + ωxωz(Jzz − Jxx))/Jyy

ω̇z = (U4 + ωxωy(Jxx − Jyy))/Jzz

In Equation (3.12), unit quaternion is converted into Euler angles as discussed above for easy

decision making towards choosing quadrotor’s orientation, while Equation (3.13) shows the

formula to transform Euler angles to a unit quaternion [46]. Alternatively, the Euler angles can

be found by a single integration of the rates of Euler angle Φ̇b obtained from angular velocity

~ω in the body frame {B} by the inverse matrix of transformation TB in Equation (2.10).

φ = arctan(
2(q0qi − qjqk)
1− 2(q2

i + q2
j )

)

θ = arctan(
−2(q0qj + qiqk)√

1− (2(q0qj + qiqk))2
) (3.12)

ψ = arctan(
2(q0qk − qiqj)
1− 2(q2

j + q2
k)

)

q0 = − sin(φ/2) sin(θ/2) sin(ψ/2) + cos(φ/2) cos(θ/2) cos(ψ/2)

qi = + sin(φ/2) cos(θ/2) cos(ψ/2) + sin(φ/2) sin(θ/2) cos(ψ/2) (3.13)

qj = − sin(φ/2) sin(θ/2) cos(ψ/2) + sin(φ/2) cos(θ/2) cos(ψ/2)

qk = + sin(φ/2) sin(θ/2) cos(ψ/2) + sin(φ/2) cos(θ/2) cos(ψ/2)
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The model can be tested with some inputs for thrust, roll, pitch and yaw. The center of mass

of the quadrotor is simulated to counteract the gravity effect using thrust U1 = 18N and

the plot can be seen in Figure 3.2 below. For zero inputs, the quadrotor model simulates a

free-fall motion since only gravity is acting on the object. Applying the same thrust value for

lift-off, and setting the roll input U2 = 0.002N ·m, the quadrotor take-off and lifts for about

2.5 s and then starts to fall. Similarly, the same behaviour is observed when the pitch input

U3 = 0.002N ·m is used as well. This is due to the nonlinearity of the quadrotor model, before

the linearisation process, one can use the yaw input U4 = 0.01N ·m together with the roll or

pitch input to prevent the quadrotor from crushing to the ground. Although, this will introduce

a linear angular velocity in the z- direction as well as coupling in the roll and pitch motions.

This effect is depicted in Figure 3.3, the yaw motion can be control independently although

the same thrust value was applied. It can be seen that the quadrotor COM is lifting vertically

when the yaw input is applied. This represents the quadrotor rotating around the z-axis while

gaining altitude.

Quadrotor Model Trajectory
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0

0.05

0.1

Y [m]

-100

-50

0

50

Z
 [m

]
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Figure 3.2: Quadrotor validation: Thrust against Zero Inputs
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Figure 3.3: Quadrotor validation: Thrust and non-zero input torques
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3.2 Manipulator Dynamics

The dynamic analysis of the manipulator can be performed using Lagrangian or Newton-Euler

algorithm. In the Lagrangian algorithm, the manipulator is treated as whole (subsystem) using

the Lagrangian equation which determines the difference between the total kinetic energy and

the total potential energy of the system[35, 44]. The Newton-Euler algorithm however, treats

each link of the manipulator subsystem and writing down the equations that describe the lin-

ear and rotational motions. These equations of motion for each link have coupling forces and

torques that are also present in the equations of motion for the neighbouring links [35].

To derive the equations of motion for an n-link manipulator, frame {0} was chosen as the

base-fixed frame, and frame {i} being rigidly attached to link i for i ≥ 1 [35]. The goal is

to ascertain the correlation between the manipulator joint torques τ(·) and manipulator joint

angles q(·). Commence with fi being the force plied by link i − 1 to link i [35] and can be

written as in Equation (3.14).

fi = Ri+1
i fi+1 +miac,i −migi (3.14)

All forces acting on each link can be solved by successively switching i = n, n−1, · · · , 1 [35, 47].

Then, the torque τi plied on link i is given by Equation (3.15)

τi = Ri+1
i τi+1 − fi × ri,ci + (Ri+1

i fi+1)× ri+1,ci + Iiαi + ωi × (Iiωi) (3.15)

All torques acting on each link can also be found by successively switching i = n, n− 1, · · · , 1.

Both iterations are running in the direction of descending i which is the operation called back-

ward recursion [47]. To complete the algorithm, a forward recursion is employed to find a

relationship between q, q̇, q̈ and ac,i, ωi, αi through iterations running in the direction of ascend-

ing i [47]. Equation (3.16) gives the angular velocity ωi of frame {i} in frame {i} [35].

ωi = (Ri
i−1)Tωi−1 + hiq̇i (3.16)

where

hi = (Ri
0)T zi−1 (3.17)

is the axis of rotation of joint i in frame {i} and zi−1 = [ 0 0 1 ]T [5, 47]. The angular acceleration

αi of frame i in frame {i} [35] is given as:

αi = (Ri
i−1)Tαi−1 + hiq̈i + ωi × hiq̇i (3.18)

Lastly, the linear acceleration ac,i as an acceleration for the COM of link i in frame {i} is given

in Equation (3.19).

ac,i = (Ri
i−1)Tae,i−1 + ω̇i × ri,ci + ωi × (ωi × ri,ci) (3.19)
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Finding the acceleration for the end of link i can be done by replacing ri,ci with ri,i+1 [35]

resulting in Equation (3.20).

ae,i = (Ri
i−1)Tae,i−1 + ω̇i × ri,i+1 + ωi × (ωi × ri,i+1) (3.20)

The sequence or procedure for the recursive Newton-Euler equations is listed next:

• Begins with the initial constraints for the base link as ω0 = Ω, α0 = Ω̇, ac,0 = ae,0 = v̇ in

the forward recursion [47], in Equations (3.16), (3.18), (3.20) and (3.19) sequentially, in

an increasing order of i.

• Then followed by the computation of the joint forces and torques for each link commencing

from the end-effector to the base frame using link n+ 1 constraints as fn+1 = 0, τn+1 = 0

[35] in the backward recursion Equations (3.14) and (3.15) in decreasing order of i.

The recursive Newton-Euler equations were applied to analyse the dynamics of the manipulator

shown in Figure 2.1 according to the Spong et al., [35], but for a floating-base instead of

the fixed-base (Appendix A details the step by step derivation). Physical interaction of the

manipulator with the environment will induce forces and moments Fe = [fx fy fz nx ny nz ]T at

the end-effector. But these moments and forces due to physical interaction were not considered

when deriving the dynamic equations. The transpose of the manipulator Jacobian J(q) can

relate the end-effector forces and moments to the joint torques as τext = J(q)T Fe [35]. Hence

the external torques τext is introduced to the dynamic equation of the manipulator. The closed-

form equations [35, 47] are found by solving Equation (3.15) which can be written in a matrix

form:

D(q)q̈ + C(q, q̇)q̇ + g(q) = τ + τext (3.21)

where the matrices; D(q) is the inertia matrix , C(q, q̇) is the Coriolis and centripetal matrix,

g(q) is the gravity vector and τ is the vector of the joint torques. For a 2-link manipulator with

two revolute joints, these matrices are given as:

D(q) =

[
d11 d12

d21 d22

]
, C(q, q̇) =

[
c11 c12

c21 0

]
, g(g) =

[
φ1

φ2

]
, τ =

[
τ1

τ2

]
(3.22)
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3.3 Dynamics of the Aerial Manipulator

Presuming that the base of the manipulator is collinear with the quadrotor’s COM, consider

the initial conditions listed next for the base-fixed frame {0} [47].

v0 = RW
0 ~̇r, ac,0 = RW

0 (~̈r + [ 0 0 g ]T ) (3.23)

ω0 = RB
0 ~ω, ω̇0 = RB

0 ~̇ω (3.24)

where ω̇0, ac,0, ω0, v0 are; the angular and linear accelerations, and angular and linear velocities

of the quadrotor with respect to the base-fixed frame {0} as in Figure 2.1 and matrices RW
0 ,

and RB
0 can be determined as:

RW
0 = RB

0 R
W
B , R

B
0 =

−1 0 0

0 0 1

0 1 0

 (3.25)

The recursive Newton-Euler equations permit the extraction of forces and torques exerted on

the COM of the quadrotor resulting from being coupled with the manipulator. The force f1 and

torque τ1 obtained in the manipulator dynamics for frame {1} can be expressed with respect

to the base-fixed frame {0} [47] as in Equation (3.26).

f0 = R1
0f1, τ0 = R1

0τ1 (3.26)

where R1
0 is the rotation matrix that transforms an object from {1} to base-fixed frame {0}

[35] and can be computed as follows:

R1
0 =

cos q1 − sin q1 0

sin q1 cos q1 0

0 0 1

 (3.27)

The transformation of forces f0 and torques τ0 in the base-fixed frame {0} to the world frame

{W} and the body frame {B} is done through the rotation matrix RW
0 and matrix RB

0 , re-

spectively. This is because the quadrotor model has foreign forces expressed with respect to

the world frame {W}, while the foreign torques are expressed with respect to the body frame

{B} [47]. The resulting linear motion, considering the force fW plied on the quadrotor due to

interconnectedness with the manipulator, is given by:

~̈r =

ẍÿ
z̈

 =


2T
Mt

(qoqj + qiqk)− fW,x

Mt

2T
Mt

(qjqk − qiqo)− fW,y

Mt

T
Mt

(q2
o − q2

i − q2
j + q2

k)− g −
fW,z

Mt

 (3.28)
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The rotational motion considering the coupling torque ηB is given by:

~̇ω =

ω̇xω̇y
ω̇z

 =

(τx + ωyωz(Jyy − Jzz)− ηB,x)/Jxx
(τy + ωxωz(Jzz − Jxx)− ηB,y)/Jyy
(τz + ωxωy(Jxx − Jyy)− ηB,z)/Jzz

 (3.29)

where the force vector fW = [ fW,x fW,y fW,z ]T and the torque vector ηB = [ ηB,x ηB,y ηB,z ]T

satisfy the the following relations [47]:

fW = (RW
0 )−1f0, ηB = (RB

0 )−1τ0 (3.30)

The complete model can now be simulated and analysed for correctness. First with zero inputs,

the center of mass of the aerial manipulator is shown in figure 3.4. It’s not a controlled motion,

gravity is acting on it as well as the interaction forces and moments are inducing motion in the

x and y directions. To begin validation, one must impose constraints on the model like limiting

motion in the z- direction to be positive when gaining altitude. Limiting the joint angle q1

between 15◦ and 165◦ to prevent the first link from colliding with the quadrotor base. At this

stage, manually setting the inputs to resemble controlled motion can prove to be very difficult.

The model is very complex and coupled, hence there is a need to linearise or streamline the

control inputs such that the motion can be predicted.

28



Figure 3.4: Aerial manipulator validation: Motion for zero control inputs

3.4 Chapter summary

The modelling of the aerial manipulator was performed by first treating it as two subsystems,

namely the quadrotor and the manipulator. Quadrotor dynamics were derived employing the

Newton-Euler algorithm with a quaternion-based orientation for a X-right, Y-forward and Z-up

coordinate system. While the 2-DOF manipulator dynamics were analysed using the recursive

Newton-Euler equations. The gyroscopic effects resulting from spinning propellers, rotational

drag and torques resulting from accelerating/decelerating propellers were deemed to be negli-

gible for the quadrotor dynamics. After obtaining the manipulator dynamics, the base of the

manipulator was presumed to be collinear with COM of the quadrotor, in order to model the

manipulator with a floating base.
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Chapter 4

Controller Design

This chapter discusses the control system based on the AVIC technique for the manipulator

and an integral LQR control for the quadrotor. Figure 4.1 depicts the overall control architec-

ture for the aerial manipulator. The AVIC strategy establishes a desired dynamic correlation

between the end-effector position and the contact force resulting in a modified trajectory that

can be fed into the PD position control. The dynamics of the aerial manipulator require a

control algorithm that considers the effects from each subsystem (quadrotor or manipulator) to

the other due to the interconnectedness. For example, how the quadrotor accelerations and ve-

locities influences the motion of the manipulator, and reversibly how the interconnection forces

and moments exerted on the quadrotor’s COM from the manipulator influences the behaviour

of the quadrotor.

 

Manipulator AVIC 

Strategy 

Quadrotor 

+ 

Manipulator 

Environment 

Interaction 

Quadrotor 

integral LQR 

Controller 

Manipulator PD 

Control 

𝑭𝒆  

𝑿𝒓 

𝑿𝟐 

𝝉 

𝑼 

𝑿𝒅 

𝑿 

𝑿𝟐𝒅 𝑭𝒅 

𝜼𝑩, 𝒇𝑾 

𝒂𝒄,𝟎, 𝝎𝟎, 𝝎̇𝟎 

Figure 4.1: The overall control architecture for aerial manipulator
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4.1 Quadrotor Control

Since the quadrotor is an under-actuated system due to having only four inputs (rotational

speeds from the four propellers) to control the six state variables is not straightforward. There-

fore, it is common to control the movement in y and x- direction through controlling the pitch

and roll rotation, respectively. The objective for optimal controls is to ascertain a control signal

such that the system being regulated can attain physical constraints and minimise a perfor-

mance function [42]. Here, the well-known linear quadratic regulator will be employed to attain

the control input that will minimise the quadratic performance function for the quadrotor’s lin-

ear model. The linearisation process that was presented by Sabatino, [12] for a quadrotor’s

dynamics with Euler angles representation was utilised to linearise a quaternion-based orienta-

tion system, which begins with a state-space model described below.

State-space model

The state’s vector from Equation (3.7) can be re-organised as follows:

X = [ x y z q0 qi qj qk ẋ ẏ ż ωx ωy ωz ] T ∈ < 13

The dynamics of the quadrotor from Equation (3.11) can be reworked in the state-space form

[12]:

Ẋ = f(X) +
4∑
i=1

si(X) Ui (4.1)

where function f(X) is determined as:

f(X) =



ẋ

ẏ

ż

−1
2
(qiωx + qjωy + qkωz)

1
2
(q0ωx + qjωz − qkωy)

1
2
(q0ωy − qiωz + qkωx)

1
2
(q0ωz + qiωy − qjωx)

0

0

−g
ωyωz(Jyy − Jzz)/Jxx
ωxωz(Jzz − Jxx)/Jyy
ωxωy(Jxx − Jyy)/Jzz



, (4.2)
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The function si(X) is set as:

s1(X) = [ 0 0 0 0 0 0 0 s8
1 s

9
1 s

10
1 0 0 0 ] T ∈ < 13,

s2(X) = [ 0 0 0 0 0 0 0 0 0 0 1
Jxx

0 0 ] T ∈ < 13,

s3(X) = [ 0 0 0 0 0 0 0 0 0 0 0 1
Jyy

0 ] T ∈ < 13,

s4(X) = [ 0 0 0 0 0 0 0 0 0 0 0 0 1
Jzz

] T ∈ < 13,

with

s8
1 = 2

Mt
(qo qj+ qi qk),

s9
1 = 2

Mt
(qj qk− qi qo),

s10
1 = 1

Mt
(q2
o− q2

i− q2
j+ q2

k).

Linearisation

To linearise the quadrotor model, the control input vector from Equation (3.8) can be renamed

as: U = [U1U2U3U4] T ∈ < 4. The process for linearisation is developed around an equilibrium

point X̄, with the allied fixed input Ū that satisfies the following algebraic system [12, 42]:

0 = f(X̄, Ū) (4.3)

To perform the linearisation, an equilibrium point for the quadrotor in hover mode is determined

as follows [22, 10]:

X̄ = [ 0 0 0 1 0 0 0 0 0 0 0 0 0 ] T ∈ < 13 (4.4)

From the equations of motion (3.11), the equilibrium point in Equation (4.4) requires the

constant control input value to be:

Ū = [Mt g 0 0 0 ] T ∈ < 4 (4.5)

This result is the thrust needed to cancel the quadrotor’s weight and the manipulator’s weight

hence Mt (being the aerial manipulator’s total mass). Thus, the hovering configuration of the

system is guaranteed. After the determination of the equilibrium point X̄ with the matching

control input Ū , the matrices allied with the linear system can be obtained after performing

some partial derivatives as the following:
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A =
∂f(X,U)

∂X

∣∣∣∣
(X,U)=(X̄,Ū)

=



0 0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1
2

0 0

0 0 0 0 0 0 0 0 0 0 0 1
2

0

0 0 0 0 0 0 0 0 0 0 0 0 1
2

0 0 0 0 0 2g 0 0 0 0 0 0 0

0 0 0 0 − 2g 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0



(4.6)

B =
∂f(X,U)

∂U

∣∣∣∣
(X,U)=(X̄,Ū)

=



0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0
1
Mt

0 0 0

0 1
Jxx

0 0

0 0 1
Jyy

0

0 0 0 1
Jzz



(4.7)

The forces and torques exerted on the quadrotor due to interconnection with the manipulator

can be considered as the disturbance to the quadrotor subsystem control and set as d:

d = [fW,x fW,y fW,z ηB,x ηB,y ηB,z]
T ∈ < 6 (4.8)
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D =
∂f(X,U, d)

∂d

∣∣∣∣
(X,U)=(X̄,Ū)

=



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0
1
Mt

0 0 0 0 0

0 1
Mt

0 0 0 0

0 0 1
Mt

0 0 0

0 0 0 1
Jxx

0 0

0 0 0 0 1
Jyy

0

0 0 0 0 0 1
Jzz



(4.9)

For implementation purpose of the linear model, the state vector is modified to a (12×1) vector

ξ as:

ξ = [ x y z qi qj qk ẋ ẏ ż ωx ωy ωz ] T

Then the linear system is found to be:

ξ̇ = A · ξ + B · U + D · d (4.10)

ẍ = 2gqj +
fW,x
Mt

ÿ = −2gqi +
fW,y
Mt

z̈ =
fW,z + U1

Mt

q̇i = ωx/2

q̇j = ωy/2 (4.11)

q̇k = ωz/2

ω̇x =
U2 + ηB,x

Jxx

ω̇y =
U3 + ηB,y

Jyy

ω̇z =
U4 + ηB,z

Jzz
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The linear system is then simulated with zero inputs to check whether the quadrotor’s COM

will remain in the initial position without any disturbance. Each torque inputs were tested

and the quadrotor behaved as expected, the roll and pitch torques affecting the y and x-

direction respectively. Figure 4.2 shows the quadrotor tracking set-points after some tuning

of the control inputs. Considering the manipulator disturbances on the quadrotor, the joint

angles were set to remain in their initial conditions. Setting zero control inputs to the system

results in the motion depicted in Figure 4.3. The aerial manipulator’s COM is seen to be gaining

altitude although the control inputs are zero, this is because the interacting forces and moments

are not always zero during the simulation. fW,z for example, begins at a non-zero value and

remains non-zero during the simulation. Due to the coupling between the manipulator and the

quadrotor, the manipulator needs to be linearised as well to have the aerial manipulator ready

for manoeuvrability.

0 5 10 15 20 25 30 35 40 45 50
Time [s]

0

0.5

1

1.5

2

2.5

3

3.5

P
os

iti
on

 a
nd

 v
el

oc
ity

Quadrotor Linear Model

om-z
z
x
y

Figure 4.2: Quadrotor validation: Testing the quadrotor linear model
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Figure 4.3: Aerial manipulator validation: Zero control inputs to the quadrotor

The quadrotor’s subsystem’s output for feedback control, Y output vector is chosen as follows:

Y = [x y z ωz]
T

alternatively, state vector can be mapped to the output vector as:

Y = C · ξ (4.12)

where

C =


1 0 0 0 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1

 (4.13)
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Controllability and Observability

In modern control system theory, there are two very important notions, namely controllability

and observability that were pioneered by R. Kalman in 1960 [12, 42]. These notions can be

defined roughly as in the following:

• Controllability has to do with the possibility to ascertain a system’s control input U(t)

that can yields any desired final state ξ(tf ) from an initial state ξ(t0) within a finite time

[35]. If it is possible, then the system is deemed to be controllable.

• Observability has to do with the possibility to ascertain the system’s state ξ(t) by mea-

suring only the system’s output Y (t) over a bounded interval of time t0 ≤ t ≤ tf [35]. If

it is possible, then the system is deemed to be observable.

To check observability and controllability for a linear time-invariant (LTI) system can be corre-

lated with an appropriate linear systems of algebraic equations [12, 42], matrix O and matrix C,
respectively. If these matrices are solvable, each will have a solution if and only if the matrix’s

rank is full. From the linear model in Equation (4.10) the dimensions are: ξ ∈ <12, A ∈ <12×12,

B ∈ <12×4 and from Equation (4.12) are: Y ∈ <4, C ∈ <4×12. The controllability matrix C
[12] is expressed as:

C(A,B) =
(
B AB A2B · · · A11B

)
∈ <12×48

The B matrix can control the A matrix if and only if the rank of C(A,B) is equal to 12 or has

full rank [12, 42]. The observability matrix O is expressed as:

O(A,C) =



C

CA

CA2

...

CA11


∈ <48×12

The C matrix can observe the A matrix if and only if the rank of O(A,C) is equal to 12 or has

full rank [42]. To check the rank of these matrices, simple commands were used in MATLAB,

namely rank (ctrb (A,B)) for controllability status and rank (obsv (A,C)) for observability sta-

tus. The linear model was found to be observable and controllable, thus the LQR could be

implemented for the quadrotor.
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4.1.1 Controller implementation

The objective for optimal controls is to ascertain a control input such that the system being

regulated can attain the physical constraints and minimise a performance function [35, 12]. As

such, the desired performance can be achieved without requiring any maximum magnitude of

the control inputs, and thus protecting and/or extending the motors’ product life. The con-

trollable linear system of the quadrotor without considering the effects of manipulator coupling

can be re-expressed as:

ξ̇ = A · ξ + B · U (4.14)

It is known that when using state feedback, one may achieve arbitrary closed-loop poles

by choosing the feedback gains appropriately [35]. A gain matrix K can be selected to

place eigenvalues of matrix A − BK, in such a way that the state feedback control input

U(t) = −K[ξ(t) − ξref (t)] will stabilise the closed-loop system [42] to transfer the system’s

state ξ(t) to the reference trajectory ξref (t). The selection of this K can be performed manu-

ally for small and simple systems, but not so much for complex high-order systems with multiple

degree of freedoms like the quadrotor.

The linear quadratic regulator (LQR) will be used for the feedback gain selection process. It

is a linear quadratic because the performance index is quadratic in nature to control a linear

system [35]. The main purpose is to determine the corresponding control input U(t) such that

the performance function [10, 12] in Equation (4.15).

J =

∫ ∞
0

{
[ξ(t)− ξref (t)]T Q [ξ(t)− ξref (t)] + U(t)TRU(t)

}
dt (4.15)

is minimised, with Q ∈ <12×12 and R ∈ <4×4 being positive semi-definite matrix and positive

definite matrix, respectively [12]. The matrix Q can be perceived as the penalty and/or reward

for the states. The matrix R can be perceived as the penalty and/or reward for actuators or

control effort. Altering matrices Q and R appropriately alters the placements of the closed-loop

poles [42], therefore influencing the system’s dynamic performance.

The control input U(t), which minimises the performance function, is the state linear feedback

control:

U(t) = −K [ξ(t)− ξref (t)] + Ū (4.16)

and the gain matrix K is determined as:

K = R−1BTS (4.17)

The matrix S is the unique symmetric positive definite matrix executing the so-called algebraic

Riccatti equation [35, 42] of the form
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0 = ATS + SA− SBR−1BTS + Q (4.18)

The solution to this algebraic equation can be found by Riccatti’s method through the use of

LQR function command in the Matlab environment as:

K = lqr (A,B,Q,R)

The corresponding closed-loop system ξ̇ = (A − B · K) · ξ is deemed to be asymptotically

stable when K = R−1BTS [12]. Thus, the gain matrix K can be used to track a reference

r(t) = [xref (t), yref (t), zref (t), ωzref (t)]
T . Considering the output measurements, ξref calculated

using the reference signal r with:

ξref = CT r,

where C is as given in Equation (4.12). The block diagram is depicted for LQR control archi-

tecture in Figure 4.4.

Figure 4.4: Block diagram of the LQR controller, adapted from [42]

Recall that the quadrotor model was linearised about the equilibrium point (X̄,Ū) for hovering

configuration. The stability of the devised strategy is only guaranteed in the neighbourhood

of the equilibrium point. As such, gain scheduling [38, 32, 42] is employed to ensure the sta-

bility of the system, for trajectories that would require the quadrotor to deviate away from

the equilibrium point. Nonetheless, in this study, the trajectories are assumed to be in the

neighbourhood of the equilibrium point.

The matrix Q and R were obtained through trial and error during simulation tests and are

diagonal with the form:

Q = diag (100, 100, 20, 1, 1, 20, 0, 0, 0, 1, 1, 1) (4.19)

R = diag (0.5, 0.1, 0.1, 0.1)
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where Q entries represent the penalty amount to be applied to the states in the performance

function from Equation (4.15). Entries that correspond with position (x,y) are the highest to

penalise the position tracking error more strictly. The entries that correspond to ẋ, ẏ and ż

are set to zero, since they can not be measured directly for most UAVs, but are determined

via differentiation of the measured position [46]. The Q matrix can be used to specify which

states are important and/or unmeasurable. On the other hand, the R matrix can be used to

tune the aggressiveness of the controller. Thus, the R entries represent the penalty amount to

be applied to individual control inputs. The entry that corresponds to generated thrust is 5

times the rotational torques inputs, meaning the control effort for thrust is more restricted.

So far, the LQR control is only a corrective effort that is proportional to the error, thus the

controller will inherently have steady state error and effect of perturbations more especially for

the nonlinear model. To overcome such limitations, the LQR controller is equipped with an

integral action by incorporating an extra state variable [38, 26, 42] as:

ν̇ = Y − r (4.20)

where Y = [x y z ωz]
T is the output vector given by Equation (4.12). Augmenting Equation

(4.20) with the quadrotor dynamics to devise a feedback control input U for the augmented

system in Equation (4.21) to ensure stability.

ξ̇ = f(ξ, U, %), (4.21)

ν̇ = C · ξ − r

at the equilibrium point(ξ̄,ν̄), where ν̄ results in the required Ū . % ∈ <ρ represent the unknown

constant vector of disturbances, and an assumption can be made that for each pair (r, %)

∈ Dr ×D% there is a corresponding pair (ξ̄,Ū) [42] that fulfils the following constraints:

0 = f(ξ̄, Ū , %),

0 = Cξ̄ − r

for any given reference signal r(t). It can be shown that the next control input can be used:

U = −K1(ξ − ξ̄)−K2ν + Ū

or since ξ̄ = CT r at all times, then the control input can be expressed as:

U = −K1(ξ −CT r)−K2ν + Ū

that will be used to stabilise the non-linear model given in Equation (4.21) at the equilibrium

point ( ξ̄ , ν̄ ), where K1 ∈ <4×12, K2 ∈ <4×4, and can be generalised as K:

40



K = (K1 K2)

which is determined such that Ã − B̃K matrix [38, 26] is asymptotically stable, with the

augmented matrices as:

Ã =

(
A 0

-C 0

)
, B̃ =

(
B

0

)
(4.22)

and the matrices A, B, C are attained from Equations (4.10)and (4.12). Figure 4.5 shows the

integral LQR control architecture in blocks as in simulink.

where do the manipulator disturbances come in?

Figure 4.5: Quadrotor’s block diagram for the integral LQR controller, adopted from [42]

To attain the matrix K for the integral LQR, consider the augmented state vector:

ζ =

[
ξ

ν

]
Following the LQR selection process, to obtain an appropriate gain matrix K, the performance

function in Equation (4.15) can be computed as:

J =

∫ ∞
0

[
ζ(t)TQζζ(t) + U(t)TRU(t)

]
dt (4.23)

where the matrix Qζ [42] is expressed as:

Qζ =

[
Qξ 0

0 Qν

]

The matrix Qξ ∈ <12×12 is perceived as the penalty for the state vector ξ which is similar in

Equation (4.19), and the matrix Qν ∈ <4×4 can be perceived as the penalty for the extra state

vector ν. The Qν entries were also obtained through trial and error and the penalty amounts

as:
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Qν = diag (100, 100, 100, 100)

To exemplify the effectiveness of the proposed integral LQR control, the first simulation scenario

will show trajectory tracking of constant position values considering the interconnection with

the manipulator without physical contact with the environment. The next section covers the

position control of the manipulator.

4.2 Position control

Finally, after controlling the quadrotor which is the floating-base for the manipulator, the

next action is to design a position controller to regulate the manipulator’s movement. A

control strategy called computed torque controller is applied to regulate the position of the

manipulator end-effector [2, 35, 47]. In robotic manipulators, this strategy is an effective

feedforward disturbance rejection that compensates through the non-linear system’s inertial

D(q), Coriolis C(q) and gravitational g(q) forces [35]. The joint torques can be computed

[2, 47] depending on feedback linearisation of the coupled system dynamics given by:

τ = D(q)Uq + C(q, q̇)q̇ + g(q) (4.24)

where,

Uq = q̈d +Kdqėq +Kpqeq (4.25)

The Kdq and Kpq are the derivative and proportional gains respectively. These gains form

the PD control that accepts the joint angle error between the desired joint angles and the

measured joint angles. In Figure 4.6, the simulink control model is displayed with the PD

controllers for joint angles and its outputs are sent to a function that compute the required joint

torques. The sensed quadrotor dynamics, mainly the angular and translational accelerations

and angular velocity are fed back into the control to compensate the floating-base movement

for the computed joint torques.
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Figure 4.6: Simulink block diagram for the manipulator PD control

The inverse kinematic block in Figure 4.6 computes the desired joint angles from the AVIC’s

output position (x2d,y2d) as given by Equation (4.26) [35].

w =
x2

2d + y2
2d − l21 − l22
2l1l2

q2d = arctan

(√
1− w2

w

)
(4.26)

q1d = arctan

[
y2d

x2d

− arctan

(
l2 sin(q2d)

l1 + l2 cos(q2d)

)]

An attempt was made to use the LQR control for both subsystems. As it will be shown in

Chapter 5, the LQR does not respond fast enough to act as an inner-loop for the manipulator’s

position control. Thus, the force tracking for contact inspection was found to be undesirable.

Details of these findings are not included since the force tracking had high overshoots and long

settling time.
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4.3 The Environment model and Contact Forces

To account for external forces acting on the end-effector, a component of the environment will

be expressed in the dynamic system whose interaction forces will influence the quadrotor as

well. Widely, the environment is presumed to be rigid and is modelled as a linear spring with

a spring constant Ke as in Equation (4.27) [6, 9, 15].

Fe = Ke(Xe −X2) (4.27)

where Fe is the 6 × 1 force vector between the end-effector and the environment, Xe is the

location of the environment and X2 is the end-effector measured position trajectory. This

contact forces can be transformed into contact torques using the manipulator Jacobian and

hence the term τext in the dynamic Equation (3.22) for contact torques can be determined by

Equation (4.28).

τext = JT (q)Fe (4.28)

where

JT (q) =

[
−l1 sin(q1)− l2 sin(q1 + q2) l1 cos(q1) + l2 cos(q1 + q2) 0 0 0 1

−l2 sin(q1 + q2) l2 cos(q1 + q2) 0 0 0 1

]
(4.29)

JT (q) ∈ <6×2 is the transpose of the manipulator Jacobian. The Fe vector resembles a FT

sensor, but only the forces in the x2 and y2 axes will be simulated.

Figure 4.7 depicts orientation error for contact normal force on a non-planar environment for

two-dimensional contour tracking task. The nominal normal direction is along the yt-axis, but

the real contact normal is along yr-axis, which is due to the angular orientation error θt and

it’s approximate is given in Equation (4.30) [27]. This means that the measured force f is

not aligned to the yt-axis completely, but has fxt component along the xt-axis. In practical

situation, the fxt component will be disturbed by surface friction.

θt = arctan(
fxt
fyt

) (4.30)
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Figure 4.7: Orientation of contact normal force [27]

The orientation error θt is exploited to align the desired contact force fd with the measured

contact force f in-line with yt-axis of the task frame.

It is okay to cast manipulator reaction forces on the quadrotor as disturbances. We however

need to know how the quadrotor (base) forces are handled in the control of the manipulator.

4.4 Impedance control of the Manipulator

The aerial manipulator will be interacting with the environment for contact inspection. The

goal in this section is the implementation of the AVIC strategy that was proposed by Duan et

al., [9] for industrial robots. The block diagram for the AVIC strategy used in force tracking

is displayed in Figure 4.8. The inverse kinematic block computes required joint angles qd with

respect to X2d(t) as in Equation (4.26). The end-effector position X2(t) is computed by applying

the forward kinematics on the measured joint angles q.
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Figure 4.8: The adaptive variable impedance control architecture, adapted from [9]

The blue border in Figure 4.8 represent the AVIC strategy which will be discussed after the

classical impedance control has been derived. The Xr(t) and X2d(t) representing the reference

trajectory and the modified trajectory, respectively. Assuming that the manipulator PD control

guarantees stability such that X2d(t) = X2(t), the end-effector position error due to physical

interaction can be expressed as E = X2 − Xr = X2d − Xr. Therefore, Equation (4.27) can

be rewritten as Fe = Ke(Xe −X2d). Expressing the desired force as Fd and the force error as

∆F = Fe−Fd. Equation (1.1) can be expressed as a transfer function Z(s) = 1/(Ms2+Bs+K)

[9], then the target impedance [4] can be computed with:

M
d2E(t)

dt2
+B

dE(t)

dt
+KE(t) = ∆F (t) (4.31)

where M , B and K are the impedance parameters for the manipulator’s end-effector. The

reference trajectory Xr(t) consist of x2r and y2r in the end-effector frame {E}, thus each

Cartesian variable is said to be independent [9]. Considering only one-dimension to derive the

impedance control, the force tracking error δf can be written as:

δf = −fd + fe = −fd + ke(ye − y2d) = −fd + keye − ke(y2r + z(s) δf) (4.32)
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Substituting z(s) = 1/(ms2 + bs+ k) into the tracking error (4.32), leads to:

δf(ms2 + bs+ k + ke) = (ms2 + bs+ k)[−fd + ke(ye − y2r)] (4.33)

From Equation (4.33), the force tracking error at the steady-state [9, 4] can be determined as:

δfss =
k

k + ke
[−fd + ke(ye − y2r)] (4.34)

To ensure zero steady state error, the reference position trajectory must meet the following

constraint [9]:

y2r = ye −
fd
ke

(4.35)

The constraint in Equation (4.35) requires precise knowledge of the environmental location

ye and the environmental stiffness ke, for reference position trajectory y2r to compensate for

position deviation due to the exerted force on the environment. The environmental informa-

tion can not be known before hand entirely in practical application [9, 4], which would result

in an unstable force tracking situations. Furthermore, these physical interactions will influ-

ence the stability of the aerial manipulator. This is the reason for the implementation of the

AVIC strategy that guarantees stable interaction between the manipulator end-effector and the

environment.

4.4.1 The contact force tracking based on AVIC strategy

To analyse the unknown environmental stiffness: revisit Equation (4.31) to expand it with

E = X2d −Xe and ∆F = Fe − Fd, such that the new target impedance is expressed as:

Fe − Fd = M(Ẍ2d − Ẍe) +B(Ẋ2d − Ẋe) +K(X2d −Xe) (4.36)

This is a reasonable assumption, since attaining accurate trajectory Xr is a challenging task

due to the uncertain environmental properties [9]. Therefore Xr was replaced with the initial

environmental location Xe. Once again, considering only one-dimensional interaction force to

derive the AVIC strategy, Equation (4.36) becomes:

δf = më+ bė+ ke (4.37)

where

e = y2d − ye

47



For desired contact force fd = 0, the steady state constraint δfss = 0 is satisfied when y2d = ye,

indicating that the end-effector just reached the environment with zero contact force fe. But for

non-zero desired force, the manipulator will exert a contact force on the environment resulting

in y2d 6= ye, which in turn δfss 6= 0 as well, assuming the system remain stable. Setting the

stiffness k to zero has been demonstrated as a control law [9, 15] for varying environmental

stiffness, then Equation (4.37) becomes:

δf = më+ bė (4.38)

Substituting the contact force fe = ke(ye − y2d) = −kee into Equation (4.38), the resultant

impedance control law is defined as:

fd = −(më+ bė+ kee) (4.39)

Since the control law has an approximation of ke prior to the selection of the impedance param-

eters m and b, the system achieve δfss = 0 as it stabilises even for an uncertain environmental

stiffness. Equation (4.39) ensures force tracking for varying or uncertain environmental stiff-

ness [9, 15]. Substituting e = y2d − ye into Equation (4.38) in order to consider environmental

location that is varying:

δf = m(ÿ2d − ÿe) + b(ẏ2d − ẏe) (4.40)

For a task on a slope or a cosine surface, ye will be time-varying which means ẏe 6= 0 and/or

ÿe 6= 0. If the environmental location is estimated as ŷe = ye − δye, then the position error

becomes ê = e + δye. The AVIC strategy is proposed as in Equation (4.41) which adjusts the

damping coefficient but not modifying the mass coefficient of the impedance model [9].

fe(t)− fd(t) = m¨̂e(t) + (b+ ∆b(t)) ˙̂e(t) (4.41)

∆b(t) is varied on-line corresponding to the force tracking error, and can be found as:

∆b(t) =
b

˙̂e(t)
Φ(t) (4.42)

Φ(t) = Φ(t− λ) + σ
fd(t− λ)− fe(t− λ)

b

where λ is the controller’s sampling time and σ being the update rate [9]. The proof for stability

and convergence for the AVIC strategy can be found in Appendix B.
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4.5 Chapter summary

Three control strategies were discussed, namely the implementation of the AVIC for contact

force tracking, PD position control for manipulator’s joint torques and the integral LQR for

the quadrotor’s control inputs. The quaternion-based orientation system of the quadrotor was

linearised to attain the linear model necessary to implement the LQR control with an integral

action to remove or reduce the steady state errors that are inherent with LQR when there

are input perturbations. A brief discussion on the controllability and observability notions

for linear system and using the rank command in MATLAB to verify that the linear model

was controllable and observable. The LQR presented in this chapter can be considered as the

set-point tracking control which achieves perfect tracking for constant set-point, but not for

time-varying set-point. Selection of the penalty matrices Qζ and R were obtained through

trial and error. For physical interaction, the environment was matched as a linear spring.

The classical impedance control was derived first, followed by the AVIC strategy for uncertain

and varying environmental information by varying the impedance damping coefficient on-line

according to the force tracking error. The next chapter demonstrates the effectiveness of these

strategies through simulations.

49



Chapter 5

Simulation Results and Discussion

The system’s dynamics of the aerial manipulator and it’s controllers have been presented in the

previous chapters. In this chapter, simulations and results findings are detailed to demonstrate

how the objectives for the dissertation have been met. Namely; the implementation of the

AVIC strategy for force tracking in contact inspection including the capabilities to handle the

effects of uncertain environmental parameters, and the quadrotor’s position tracking capabili-

ties using the integral LQR controller during contact inspection. The first section details the

simulation studies and the results of these simulations are presented in the sections thereafter

as manipulator results focusing on the end-effector in physical contact with the environment

and quadrotor results reporting on the stability of the quadrotor’s behaviour during the phys-

ical interaction. The AVIC strategy will be compared to the classic impedance control (classic

in-short) strategy.
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5.1 Simulation Studies

The aerial manipulator’s equations of motion and the control strategies were simulated in the

MATLAB/SIMULINK program. The parameters used for the aerial manipulator can be found

in Table 5.1 adapted from [5] mostly for the quadrotor’s inertia, with the manipulator links

assumed to be identical and their moments of inertia about the joints were I1 = I2 = 1
3
m1l

2
1

[kg ·m2] adapted from [47].

Table 5.1: System parameters

Parameter Value Unit
M 1.686 kg
Jxx 0.0038278 kg ·m2

Jyy 0.0038288 kg ·m2

Jzz 0.0076566 kg ·m2

m1 0.4 kg
m2 0.4 kg
l1 0.4 m
l2 0.4 m
Ke 1000 N/m

The research aim is to achieve force tracking for contact inspection using the AVIC strategy.

The developed control should handle uncertainties due to the environment, and the quadrotor’s

stability during the inspection as the environmental forces and moments are being experienced.

Four simulation scenarios were devised for the suitability of the proposed control for contact

inspection together with the integral LQR controller for the quadrotor’s manoeuvrability.

First scenario is trajectory tracking without physical interaction, the desired trajectory was set

to track constant values (set-point tracking) for both manipulator and quadrotor’s position and

the yaw rate was set to zero, as the following:

xref = 1m

yref = 0.5m

zref = 3m,

ωzref = 0 rad/s

x2r = −0.2m

y2r = 0.399m

Second scenario, the manipulator’s position track the same set-point as in the first scenario

and the quadrotor is set to track a helix trajectory for the desired x position xref , the desired

y position yref , and the desired z position zref in meters with respect to time t in seconds:
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
xref = 0.4 sin

(
π
10
t
)

yref = 0.4 cos
(
π
10
t
)
− 0.4

zref = (1− e−5 t) · 0.25t

(5.1)

The desired yaw rate remains unchanged at zero for all simulation scenarios. The end-effector

of the manipulator was simulated to being in contact with the environment from time t = 25 s

to time t = 45 s. In this scenario, the AVIC strategy is compared to the classic strategy for

tracking the desired constant force of magnitude 2N . The end-effector reference trajectory

was assumed to be the initial environmental location as discussed in section 4.4.1, therefore an

uncertainty of 0.1% is applied to the environmental location for this scenario and the next one.

This simulates the fact that the environmental information (location and/or stiffness) can not

be known precisely.

In the third scenario, the two strategies are compared again for contact inspection with a

desired force that increases linearly (at a rate of 0.4N/s) from 0N at time t = 15 s to 4N

at time t = 25 s and maintain the high force till time t = 45 s. Meanwhile, the quadrotor

and manipulator are tracking the desired trajectories generated from cubic polynomials. The

way-points used to form the desired trajectory for the quadrotor are given in Table 5.2 while

the end-effector desired trajectory is determined using Equation 5.2. The end-effector reference

position (x2r,y2r) has three segments, namely initial position (plane surface) for time t ≤ 20 s,

cubic (slope and curve surface) trajectory p2(t) , and the final position (plane surface) from

time t > 28 s.

Table 5.2: Way points used for quadrotor’s desired trajectory generation using cubic polyno-
mials

No. t [s] xref [m] yref [m] zref [m]
1 0 0 0 0.2
2 1 0 0 0.2
3 8 0 0 5
4 11 0 0 5
5 18 5 0 5
6 19 5 0 5
7 24 5 2 5
8 30 5 2 5
9 35 5.5 2 5.5
10 40 6 2 6
11 45 6.5 2 5.5
12 50 7 2 5
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
x2r = −0.2, y2r = 0.399; if t ≤ 20

p2(t) = c1 + c2t+ c3t
2 + c4t

3; if 20 < t ≤ 28

x2r = 0.2, y2r = 0.6; if 28 < t ≤ 50

(5.2)

The quadrotor’s desired trajectories are essentially line segments joined together with the cubic

polynomials to ensure continuous trajectories that meet desired requirements like the initial and

final positions, and the initial and final velocities for each line segment. For the quadrotor, a

velocity boundary was set at 0.05m/s between way-point 9 and way-point 11 and then back to

zero for the last way-point. The resultant 3D plot of the desired quadrotor position is depicted

in Figure 5.1. The desired end-effector trajectory p2(t) = [x2r y2r]
T , its initial velocity was set

to zero while the final velocity was set to 0.001m/s. The coefficients for p2(t) Equation 5.2

were found to be:

p2(t) =

19.625− 2.6012t+ 0.1114t2 − 0.0015t3

10.274− 1.2953t+ 0.0555t2 − 0.0008t3

The resultant 2D plot for the end-effector desired position is depicted in Figure 5.2.

Finally, the fourth scenario has the desired trajectories similar to the third scenario while the

force tracking is similar to the second scenario except that the uncertainty of environmental

location is increased to 5 %. This scenario tests contact inspection when the environmental

location is more uncertain, while the previous two scenarios had small uncertainty to the loca-

tion.
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Figure 5.1: Quadrotor desired position - Scenario 3
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Figure 5.2: Manipulator’s end-effector desired position - Scenario 3
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5.2 Manipulator Results

The desired end-effector trajectory p2(t) in Equation (5.2) was obtained through cubic polyno-

mials, as seen in Figure 5.2. The end-effector moves from initial position to final position which

resembles plane-curve surface to slope surface then curve-plane surface. For contact inspection:

the damping coefficient is initially guessed as b = 18 [Ns/m] and the update rate as σ = 0.5

while the desired mass coefficient is set to m = 0.8 [kg]. In addition, the desired stiffness was

set to k = 0.8[N/m] only for the classic strategy.

The first scenario, has the end-effector tracking a plane (initial position) without physical

contact with the environment as shown in Figure 5.3. The desired end-effector position (x2r,

y2r) is fed into the inverse kinematics block to compute the required manipulator joint angles

qd. These joint angles are track by the PD controller together with the computed torques.

The gain parameters were then tuned in Simulink and are given in Table 5.3 for the 2-DOF

manipulator.

Table 5.3: Manipulator Control Parameters

Parameter Value
Kpq1 90
Kdq1 40
Kpq2 80
Kdq2 30
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Figure 5.3: End-effector position tracking without physical interaction - Scenario 1
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It can be stated that the set-point tracking can be achieve successfully, and Figure 5.4 further

shows the tracking errors of the manipulator joint angles q converging to zero quickly. Figure 5.5

shows the manipulator control input torques τ necessary to achieve the plane surface tracking.
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Figure 5.4: Manipulator joint angle tracking errors - Scenario 1
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Figure 5.5: Manipulator joint inputs from computed torques - Scenario 1
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The control effort required for this scenario can be easily achieved by the actuators of the

manipulator. The second scenario considers physical interaction while the end-effector performs

the same set-point tracking as in the first scenario. Figure 5.6 depicts the end-effector position

tracking with the actual x2 signal in the first sub-plot indicating to deviate from the desired

x2 signal. This is because during physical interaction, the inverse kinematics block receives a

signal that is the modified trajectory rather than the desired end-effector position (x2r, y2r)

and then required joint angles qd will correspond with the modified trajectory. The contact

inspection is simulated from time t = 25 s to t = 45 s.
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Figure 5.6: End-effector position tracking during contact inspection - Scenario 2

The comparison between the AVIC and classic strategy can be seen in Figure 5.7 in terms of the

joint angle tracking errors. This shows that both strategies start to modify desired end-effector

position (x2r, y2r) at time t = 25 s so that the desired contact force can be attained. This force

tracking performance is depicted in Figure 5.8. The resulting contact force being applied on

the end-effector by the environment as in Equation (4.27) is for a two dimensional task. This

resultant force f was calculated according to the well-known Pythagoras theorem as follows:

f =
√
f 2
x + f 2

y (5.3)
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Figure 5.7: Manipulator joint angle tracking errors - Scenario 2
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Figure 5.8: Contact force tracking between AVIC and classic strategy - Scenario 2
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The force tracking of 2N was fairly achieved by both strategies within 3 s of contact with the

environment. However, there is a steady state error and some force jumps when the contact

begins for the classic strategy. As can be seen from Figure 5.8, force spikes are present at time

t = 25 s for about 1 s and the force steady state error of less than 2 %, while the AVIC presents

zero steady state error and no such spikes.
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Figure 5.9: Contact force tracking errors - Scenario 2

From Figure 5.10, the control input torques τ and the resultant contact torques τext are shown

to be a little aggressive at time t = 25 s and time t = 45 s. At time t = 0 s, the control input

torques can be said to be aggressive. In practical terms, the actuators of the manipulator can

still deliver these torques to regulate the end-effector during such contact inspection.

The third scenario is about tracking a desired force that increases at a rate of 0.4N/s from

time t = 15 s to time t = 25 s reaching force magnitude of 4N and maintaining it upto time

t = 45 s when physical interaction stops. During this force tracking, the end-effector moves

from initial position to final position following the desired trajectory p2(t) in Equation (5.2)

and is plotted in Figure 5.11. The end-effector changes position between time t = 20 s and

t = 28 s. The final velocity for p2(t) was set to 0.001m/s during trajectory generation, which

means the end-effector will reach the final position moving at 1mm/s then stops.
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Figure 5.10: Manipulator joint inputs and contact torques - Scenario 2
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Figure 5.11: End-effector position tracking - Scenario 3
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Figure 5.12 and Figure 5.13 compare the AVIC to the classic strategy with respect to joint

angle tracking errors and the contact force tracking, respectively.
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Figure 5.12: Manipulator joint angle tracking errors - Scenario 3
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Figure 5.13: Contact force tracking between AVIC and classic strategy - Scenario 3
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In this scenario, the damping coefficient b was not updated leaving the AVIC strategy to adapt

and improve the force tracking error. As seen in Figure 5.13, force tracking can be attained

while the AVIC adjust accordingly to reach zero steady state in the constant force region.

In Figure 5.14, the spikes just after time t = 20 s can be seen for both strategies, however the

AVIC strategy have high tracking error when the force is still increasing but quickly reduces

from t = 25 s to zero error in 5 s. On the hand, the classic strategy does try to track but there

exist a steady state error that seems to be increasing from t = 40 s. This was expected as

discussed in Equation (4.35) regarding the classic strategy requiring precise knowledge of the

environmental properties. Retuning impedance parameters, namely damping coefficient b and

desired stiffness k could improve the force tracking for the classic strategy. For AVIC strategy

only guess the initial damping coefficient b and the adaptive law will adjust over time. It is

worth stating that, the quadrotor which is the base of the manipulator is moving from t = 11 s

to t = 18 s and from time t = 19 s to t = 24 s, corresponding to quadrotor change in the desired

x position xref and the desired y position yref , respectively. The values of these transitions

can be found in Table 5.2, specifically from way-point 4 to way-point 7. The cubic polynomial

trajectory was used to reduce discontinuities during line segments transition.

The control input torques τ and the resultant contact torques τext are shown in Figure 5.15

indicating similar aggressiveness as in the previous scenario.
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Figure 5.14: Contact force tracking errors - Scenario 3
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Figure 5.15: Manipulator joint inputs and contact torques - Scenario 3

Finally, the last scenario test the constant force tracking performed in the second scenario while

the environmental location uncertainty is 5 % instead of 0.1 % as in the last two scenarios. The

desired end-effector trajectory p2(t) as in the previous simulation scenario.

The force tracking and the resulting tracking error for both strategies are depicted in Figure

5.16 and Figure 5.17, respectively. Force tracking is achieved despite the 5 % uncertainty of

the environmental location. But at time t = 25 s the forces are not so smooth yet, are smooth

thereafter. The initial damping coefficient was guessed to be b = 12Ns/m for the AVIC and

the classic strategy to obtain such contact force tracking. The steady state error has definitely

increased to 3 % for the classic strategy compared to less than 2 % attained in the second sim-

ulation scenario.

Figure 5.18 shows the joint angle tracking errors for the manipulator while Figure 5.19 depicts

the control input torques and the contact torques on the manipulator. It can be observed that

the desired end-effector trajectory p2(t) get modified from time t = 25 s in both figures but the

control input torques from Figure 5.19 indicate that they do start to regulate the movement of

the manipulator from time t = 20 s following p2(t)
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Figure 5.16: Contact force tracking between AVIC and classic strategy - Scenario 4
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Figure 5.17: Contact force tracking errors - Scenario 4
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Figure 5.18: Manipulator joint angle tracking errors - Scenario 4
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Figure 5.19: Manipulator joint inputs and contact torques - Scenario 4
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The AVIC strategy outperformed the classic strategy as demonstrated through the three dif-

ferent physical interaction scenarios that can be utilised in a real-world applications. The

environmental forces and moments exerted on the manipulator’s end-effector are also sensed

by the quadrotor dynamics according to Equations (3.28) and (3.29) and these effects will be

assessed in the next section.

5.3 Quadrotor results

The quadrotor as an under-actuated system, has four inputs versus six state variables to be

controlled. It is common to control the movement in y and x-directions through controlling

roll (φ) and pitch (θ) rotations respectively. The quadrotor model was linearised about the

equilibrium point for hovering configuration. Then the integral LQR controller developed for

quadrotor dynamics was utilised for the altitude motion, for the pitch and roll motions, and

for the yaw motion. The penalty amounts for Qζ and R matrices were obtained through trial

and error method. Then these matrices were used to determine the appropriate gain matrix

K which minimises the augmented performance function J in Equation (4.23). The matrix K
consists of 12 proportional gains Kpξ for state variables and 4 integral gains KiY for measured

outputs. Table 5.4 shows the gains which were obtained through the LQR function command

in Matlab that solves the algebraic Riccatti equation. The proportional gains are comparable

with the gains obtained by Cariño et al., [16].

First scenario check set-point tracking capabilities of the integral LQR controller without phys-

ical interaction. The quadrotor was set to track for desired x position xref = 1m, desired y

position yref = 0.5m, desired z position zref = 3m, desired yaw rate ωzref = 0 rad/s. Figure

5.20 depicts the quadrotor trajectory tracking with a 3D plot for the quadrotor position while

Figure 5.21 shows the resulting tracking errors. It can be seen that the controller takes about

5 s to reach steady state of zero.

Table 5.4: Quadrotor Control Parameters

Parameter Value Parameter Value
Kpz 17.4 Kpx 45.3
Kiz -14.1 Kix -31.6
Kpż 9.3 Kpẋ 16.7
Kpy -45.3 Kpqj 64.7

Kiy -31.6 Kpωy 3.2
Kpẏ -16.7 Kpqk 24.6
Kpqi 64.7 Kpωz 3.19
Kpωx 3.2 Kiωz -31.6

66



Figure 5.20: Quadrotor trajectory tracking without physical interaction - Scenario 1
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Figure 5.21: Quadrotor position tracking errors - Scenario 1
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The rotational motions can be seen in Figure 5.22, that the integral LQR is can to stabilise the

quadrotor in about 3 s and the desired yaw rate can be tracked even faster. The fact that a

quadrotor is under-actuated can be observed by the movement y and x directions influencing

the roll (ωx) and pitch (ωy), respectively.
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Figure 5.22: Quadrotor’s angular velocities - Scenario 1
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The quadrotor’s control inputs, namely the net thrust U1 for altitude (z) motion, roll torque

U2 for y position, pitch torque U3 for x position and the yaw torque U4 can be observed in

Figure 5.23. The control efforts for each inputs are well within physical limitations for many

actuators.
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Figure 5.23: Quadrotor’s control inputs from the integral LQR - Scenario 1

The second scenario considers physical interaction when the end-effector performs the set-point

tracking. Here the quadrotor tracks the desired helix trajectory given in Equation (5.1) and the

position trajectory tracking is shown in Figure 5.24. The resulting tracking errors can be seen

from Figure 5.25 with steady state error in the altitude motion (Z-axis) this could be attributed

to the fact that the designed LQR was for set-point tracking. The LQR can be enhanced for

time-varying set-point tracking with a modified control input using the Moore-Penrose pseudo-

inversion [38]. Since the error appears to remain constant through out the simulation, the

2-DOF manipulator can compensate the error at the end-effector position. Therefore, the error

is considered to be acceptable which indicates good tracking capability of the integral LQR a

helix trajectory. It can be seen that the X and Y axes have a delay which could be attributed

to the pitch (ωy) and roll (ωx) settling time, respectively. Choutri et al.,[22] theorised that such

a delay could be due to the altitude settling time.
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Figure 5.24: Quadrotor trajectory tracking during physical interaction - Scenario 2
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Figure 5.25: Quadrotor position tracking errors - Scenario 2
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Figure 5.26 and Figure 5.27 depicts the rotational motions and quadrotor’s control inputs,

respectively.
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Figure 5.26: Quadrotor’s angular velocities - Scenario 2
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Figure 5.27: Quadrotor’s control inputs from the integral LQR - Scenario 2
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The physical interaction can be observed in both figures 5.26 and 5.27 from time t = 25 s to time

t = 45 s with the control input torques having to regulate a bit aggressive for the environmental

forces and moment and some velocity spikes in the roll (ωx) and yaw (ωz) motions. Figure 5.28

compares resulting Euler angles when the physical interaction is regulated by the AVCI and

the classic strategy. The quadrotor’s behaviour is controlled by the integral LQR even when

the force tracking is performed by the classic impedance control. The initial value of the yaw

angle ψ was arbitrarily chosen to 1.57 rad which is approximately 90 ◦ while the pitch angle

θ and the roll angle φ were set to zero initial conditions. The Euler angles are the same for

both control force tracking strategies. The yaw angle ψ is affected the most by the physical

interaction.
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Figure 5.28: Comparing the quadrotor’s resultant Euler angles between AVIC and classic strat-
egy - Scenario 2

The third scenario has the quadrotor set to track the desired trajectory computed from cubic

polynomials with the way-points given in Table 5.2. While the end-effector following the desired

trajectory p2(t) calculated according to Equation (5.2) during physical interaction with the

desired contact force increasing at a rate of 0.4N/s. The quadrotor trajectory tracking is

depicted in Figure 5.29 and it can be seen that there is an error when tracking the desired

slopes. A clear representation of such errors can be seen in Figure 5.30, where the position

tracking errors exceed 0.7m. The slopes between way-point 2 and way-point 7 with high errors

can be compared to the slopes between way-point 9 and way-point 11 with tracking error less

than 0.2m.
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Figure 5.29: Quadrotor trajectory tracking during physical interaction - Scenario 3
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Figure 5.30: Quadrotor position tracking errors - Scenario 3
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This is because the desired trajectory had a zero velocity boundary for the former slopes while

the latter slopes’ velocity boundary was set at 0.05m/s between way-point 9 and way-point 11.

This velocity boundary plays a vital role in trajectory generation with multiple way-points for

example, if velocity boundary is set to zero for a given time interval, the necessary velocity will

be used between the initial and final position. Figure 5.31 clearly shows that the translational

velocities reached 1m/s for Z and X axes at time t = 6 s and at time t = 16 s, respectively. The

Y velocity reached 0.45m/s at at time t = 23 s. Despite the high velocities from the desired

trajectory, the integral LQR is capable to track the trajectory. To improve the tracking error,

the way-points can be modified together with the velocity boundary for a particular scenario.

This scenario opened an opportunity to discuss briefly, the problem of trajectory generation.
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Figure 5.31: Quadrotor’s translational velocities - Scenario 3

The effect of physical interaction can seen in Figure 5.32 for angular velocities and Figure 5.33

for control inputs, along the roll motion (ωx and U2) and the yaw motion (ωz and U4). The

pitch torque U3 input remains steady during the contact inspection, only spikes at the start

(= 15 s) and end (= 45 s) of contact. Finally, the resulting Euler angles due to using different

force tracking strategies in the third scenario are shown in Figure 5.34. As seen in Figure

5.13, the classic strategy has the steady state error that seemed to increase. Conversely, the

quadrotor yaw angle ψ appears to decrease just after 25 s while the AVIC reached zero steady

state error and the resulting yaw angle ψ reflect the stable orientation of the quadrotor.
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Figure 5.32: Quadrotor’s angular velocities - Scenario 3

0 10 20 30 40 50
Time [s]

14

16

18

20

22

U
1
 [N

]

Control Input Thrust

0 10 20 30 40 50
Time [s]

-2

-1.5

-1

-0.5

0

U
2
 [N

m
]

Control Input Torque

0 10 20 30 40 50
Time [s]

-0.05

0

0.05

0.1

U
3
 [N

m
]

Control Input Torque

0 10 20 30 40 50
Time [s]

-1.5

-1

-0.5

0

0.5

1

1.5

U
4
 [N

m
]

Control Input Torque

Figure 5.33: Quadrotor’s control inputs from the integral LQR - Scenario 3
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Figure 5.34: Comparing the quadrotor’s resultant Euler angles between AVIC and classic strat-
egy - Scenario 3

In the last simulation scenario, the quadrotor performs the same tracking task as in the third

scenario. The position tracking and its error were also similar to Figure 5.29 and Figure 5.30,

respectively. Therefore, the analysis of the physical interaction effects similar with the second

scenario except that the environmental location uncertainty is increased to 5 % while exerting

contact force of 2N . The physical interaction is evident with spikes on roll (ωx) and yaw (ωz)

motions at time t = 25 s and t = 45 s as seen in Figure 5.35. The physical interaction requires

an aggressive control inputs in the roll torque U2 and yaw torque U4 as depicted in Figure 5.36

while the thrust input U1 smoothly reduces to about 15N . Lastly, the quadrotor’s Euler angles

are shown in Figure 5.37 and as expected, the resulting Euler angles follow the pattern from

the second scenario during physical interaction.
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Figure 5.35: Quadrotor’s angular velocities - Scenario 4
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Figure 5.36: Quadrotor’s control inputs from the integral LQR - Scenario 4
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Figure 5.37: Comparing the quadrotor’s resultant Euler angles between AVIC and classic strat-
egy - Scenario 4

From the simulations performed, integral LQR is capable of regulating the quadrotor’s six

variables despite the quadrotor being an under-actuated system. This was achieved after the

coupled system dynamics was linearised for hover mode. It was observed that there was steady

state error when tracking linear trajectories since the developed control was for set-point track-

ing which was achieved.
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5.4 Chapter summary

The AVIC strategy was implemented to achieve force tracking in contact inspection applica-

tions. The quadrotor’s behaviour was controlled using the integral LQR. The aerial manip-

ulator was simulated in the MATLAB/SIMULINK program. Four simulation scenarios were

devised for the suitability of the AVIC strategy during contact inspection together with the

quadrotor’s control. First scenario had both manipulator and quadrotor achieving the set-point

tracking without physical interaction. Then the quadrotor tracked the helix trajectory with

an acceptable steady state error in the slope tracking during the second scenario. The error

could compensated by the 2-DOF manipulator, such that the end-effector position can reached.

Physical interaction for tracking a constant force was achieved by both strategies, although the

classic strategy had non-zero steady state error. The third scenario, both subsystems tracked

trajectories generated using the cubic polynomials with different velocity boundaries. Physical

interaction increased the contact force from 2N (second scenario) to 4N at a rate of 0.4N/s

and the AVIC reached zero steady state in the constant force region. The last scenario was

some-kind of combination between the second scenario and the third scenario, except that the

environmental location uncertainty was increased to 5 %. The AVIC strategy achieved force

tracking with zero steady state error. All the control efforts necessary for stability were well

within physical limitations for many actuators.

In all the simulations, the Euler angles are not used as an inputs to any function. Rather

only the unit quaternion was utilised as the coordinate system to represent the quadrotor’s

orientation. Two constraints were imposed; first q0 was restricted to be ≥ 0 to obtain one

possible solution when using Equation (2.1), and secondly re-normalisation of the quaternions

through dividing each quaternion element with the quaternion norm ||q̄|| from Equation (3.4)

after each simulation time step to restrict the unit quaternion to be a unit norm at all times.

Advantageously, the unit quaternions can be reworked to Euler angles according to Equation

(3.12) but rather Equation (2.10) was used to determine the resultant Euler angles from the

angular velocities ~ω. It is worth noting, that the Euler angles must be restricted between ±π
to avoid unpredicted behaviours.
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Chapter 6

Conclusion and Future Work

In this dissertation, the AVIC strategy was implemented in aerial manipulation for the first time

to improve contact inspection while the integral LQR was utilized to regulate the quadrotor’s

attitude. This chapter gives a summary of the results presented in Chapter 4 and Chapter 5.

The section thereafter is a presentation of ideas for future developments.

6.1 Conclusion

The main objective of this dissertation was to achieve force tracking for contact inspection

which was obtained using modified impedance control between the manipulator and the en-

vironment. The quadrotor position was regulated using LQR with an integral action. The

linearisation process that was performed on the non-linear dynamic model of the quadrotor us-

ing unit quaternions as the orientation’s coordinate system proved to give a fair approximation

of the non-linear model. The integral LQR could achieve trajectory tracking to within accep-

tance errors. The unit quaternion can deviate its unit norm, in most instances, this results in

a bizarre behaviour of the quadrotor. To prevent such, one can re-normalise the quaternions

simple by dividing the quaternion by the quaternion norm after each simulation time step.

The position controller for the 2-DOF manipulator utilised the computed torque to perform

feedback linearisation and the PD control for the joint angles which can be determined with the

inverse kinematics to achieve good position control. The Newton-Euler algorithm was employed

to extract the equations of motion for the manipulator with it’s floating base on the COM of the

quadrotor. To achieve force tracking for contact inspection, the AVIC strategy was implemented

which performed better than the classic impedance control. The AVIC strategy has an adaptive

law for the damping coefficient and it uses a zero stiffness value of the impedance parameters.

The proposed strategy was evaluated through four simulation scenarios to demonstrate its ef-

fectiveness. The first scenario has the end-effector and quadrotor performing set-point tracking

without physical interaction. The second scenario, the end-effector performs the same set-point

tracking during physical interaction with desired contact force of 2N while the quadrotor tracks

a helix trajectory. The third scenario is another physical interaction with desired force increas-
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ing at a rate of 0.4N/s to a magnitude of 4N while the end-effector and quadrotor track desired

trajectories generated through cubic polynomials. Then the last scenario, simulates unknown

environment by assigning a 5% uncertainty value to the environmental location and the desired

force tracking is similar to the second scenario while the trajectory tracking is similar to the

third scenario.

6.2 Future Work

The scope covered in this dissertation did not test the control on a physical prototype, but

demonstrated that contact inspection can be achieved using an aerial manipulator. A proto-

type to investigate the proposed controller effectiveness will be the next step of action that

will require other considerations that can influence the stability of the quadrotor’s behaviour

such as obstacle detection and avoidance, limits to motor speeds, altitude sensor ranges, and

acceleration and force sensor noises. To extend the integral LQR for tracking a time-varying

set point, to improve its robustness and accuracy. To further improve the robustness for the

control of aerial manipulator, the backstepping control method can be designed for the entire

system to handle model uncertainties and external disturbances.
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[7] B. Yüksel, S. Mahboubi, C. Secchi, H.H. Bülthoff, and A. Franchi. “Design, Identification

and Experimental Testing of a Light-weight Flexible-joint Arm for Aerial Physical Inter-

action.” 2015 IEEE International Conference on Robotics and Automation (ICRA), pp.

870-876, May 26-30, 2015.
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Appendix A

Detailed derivation of the Manipulator

dynamics

Fixing the reference frames and notations as discussed in section 3.2 for a manipulator that

is made up of two revolute joints i = 1, 2 as in Figure A.1. Denoting the joint angle with qi,

individual mass of link i as mi, and li being the length of link i. Then the distance from frame

{i− 1} to the COM of link i is expressed as lci while expressing Ii as the moment of inertia for

link i about the z axis (not shown since it’s out of the page) passing through the COM of link

i.

Since the focus is to determine the relationship between the manipulator joint torques τ(·) and

the manipulator joint angles q(·). The recursive Newton-Euler equations will be employed to

analyse manipulator’s dynamics according to the book by Spong et al., [35] but for a floating-

base instead of the fixed-base.
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Figure A.1: Two-link revolute joint manipulator [35]

The procedure for recursive Newton-Euler equations starts with the velocities (ω1, ω2) and

accelerations (α1, α2) in terms of q1, q2 together with their derivatives. Assuming the initial

conditions for the base-fixed frame {0} as ω0 and α0 being the third components from Equation

(3.24), and ae,0 = [ax ay az]
T . This is because the rotation matrix R1

0 given in Equation 3.27

does not perturb the third component of the vectors, this applies to the generic matrix Ri+1
i as

well. Using Equations (3.16) and (3.18) for link 1 and link 2, results are:

ω1 = (ω0 + q̇1)k, α1 = (α0 + q̈1)k (A.1)

ω2 = (ω1 + q̇2)k, α2 = (α1 + q̈2)k (A.2)

In the forward recursion, the following displacement vectors are necessary:

r1,c1 = lc1i, r2,c1 = (l1 − lc1)i, r1,2 = l1i (A.3)

r2,c2 = lc2i, r3,c2 = (l2 − lc2)i, r2,3 = l2i (A.4)
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A.1 Forward Recursion: Link 1

Now, the acceleration at the COM of link 1 can be found according to Equation (3.19) as:

ac,1 = (R1
0)Tae,0 + α1k × lc1i+ ω1k × (ω1k × lc1)i

= (R1
0)Tae,0 + lc1α1j − lc1ω2

1i (A.5)

=

 ax cos q1 + ay sin q1 − lc1(ω0 + q̇1)2

−ax sin q1 + ay cos q1 + lc1(α0 + q̈1)

az


Notice the simplicity of this computation when it is done with respect to frame {1} compared

with similar computation in the base-fixed frame {0}. Then the gravitational vector:

g1 = −(R1
0)Tgj = g

 sin q1

− cos q1

0

 (A.6)

where g is the gravitational acceleration. It is worth mentioning that the third component

of the gravitational vectors (g1, g2) are always zero and can be omitted. Likewise, the third

component of the force vectors are zero while only the third component of the torque vectors

are non-zero. Replacing lc1 by l1 in Equation (A.5) completes the computation for link 1 and

finds the acceleration for the end of link 1 as:

ae,1 =

 ax cos q1 + ay sin q1 − l1(ω0 + q̇1)2

−ax sin q1 + ay cos q1 + l1(α0 + q̈1)

az

 (A.7)

A.2 Forward Recursion: Link 2

The linear acceleration of link 2 is determined as follows:

ac,2 = (R2
1)Tae,1 + α2k × lc2i+ ω2k × (ω2k × lc2i) (A.8)

The first term on the right hand side of this equation can be determined as:

(R2
1)Tae,1 =

 cos q2 sin q2 0

− sin q2 cos q2 0

0 0 1


 ax cos q1 + ay sin q1 − l1(ω0 + q̇1)2

−ax sin q1 + ay cos q1 + l1(α0 + q̈1)

az


 cos q2(ax cos q1 + ay sin q1 − l1(ω0 + q̇1)2) + sin q2(−ax sin q1 + ay cos q1 + l1(α0 + q̈1))

− sin q2(ax cos q1 + ay sin q1 − l1(ω0 + q̇1)2) + sin q2(−ax sin q1 + ay cos q1 + l1(α0 + q̈1))

az


(A.9)
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Then substituting Equation (A.9) into Equation (A.8) gives the linear acceleration of link 2 as:

ac,2 = [cos q2(ax cos q1 + ay sin q1 − l1(ω0 + q̇1)2) + sin q2(−ax sin q1 + ay cos q1+

l1(α0 + q̈1))− lc2(q̇1 + q̇2 + ω0)]i+ [sin q2(−ax sin q1 + ay cos q1 + l1(α0 + q̈1)) (A.10)

− sin q2(ax cos q1 + ay sin q1 − l1(ω0 + q̇1)2)) + lc2(q̈1 + q̈2 + α0)]j + [az]k

And the gravitational vector for link 2 is given as:

g2 = g

 sin(q1 + q2)

− cos(q1 + q2)

0

 (A.11)

The forward recursion for the 2-DOF manipulator is complete therefore, ae,2 calculation is

omitted.

A.3 Backward Recursion: Link 2

Now following the computation of the joint forces and torques in the backward recursion and

taking f3 = 0 as the terminal condition. Then applying Equation (3.14) with i = 2 gives:

f2 = m2ac,2 −m2g2 (A.12)

Substituting ac,2 and g2, f2 can be written as:

f2 = m2(R2
0)Tae,0 +m2

−l1ω
2
1 cos q2 + l1α1 sin q2 − lc2ω2

2 − g sin(q1 + q2)

l1ω
2
1 sin q2 + l1α1 cos q2 + lc2α2 + g cos(q1 + q2)

0

 (A.13)

The term (R2
0)Tae,0 is a double transformation of ae,0 from base-fixed frame {0} to frame {2}

and is determined as:

(R2
0)Tae,0 =

 cos(q1 + q2) sin(q1 + q2) 0

− sin(q1 + q2) cos(q1 + q2) 0

0 0 1


axay
az

 (A.14)

Now, applying Equation (3.15) with i = 2 and noting that τ3 = 0 gives:

τ2 = I2α2 + ω2 × (I2ω2)− f2 × lc2i (A.15)
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Then substitute for ω2, α2 from Equation (A.1) and for f2 from Equation (A.13). The cross-

product f2×lc2i has its magnitude being the second component of f2, because the cross-product

is aligned with the unit vector k. Similarly, the product ω2×(I2ω2) is zero because both vectors

are collinear. Then τ2 is found to be:

τ2 = m2lc2[ay cos(q1 + q2)− ax sin(q1 + q2) + l1 cos q2(α0 + q̈1) + g cos(q1 + q2)

+ l1 sin q2(ω0 + q̇1)2 + lc2(q̈1 + q̈2 + α0)]k + I2(q̈1 + q̈2 + α0)k (A.16)

A.4 Backward Recursion: Link 1

Once again, applying Equation (3.14) with i = 1 gives the force f1 as:

f1 = m1ac,1 +R2
1f2 −m1g1 (A.17)

Transformation of f2 by R2
1 is as follows:

R2
1f2 = m2[R2

1(R2
1)T (R1

0)T ]ae,0

+m2R
2
1

−l1ω
2
1 cos q2 + l1α1 sin q2 − lc2ω2

2 − g sin(q1 + q2)

l1ω
2
1 sin q2 + l1α1 cos q2 + lc2α2 + g cos(q1 + q2)

0

 (A.18)

After transforming and doing some algebra, Equation (A.18) can be expanded as:

R2
1f2 =m2[ax cos q1 + ay sin q1 − l1ω2

1 − g sin(q1 + 2q2)− lc2ω2
2 cos q2

− lc2α2 sin q2]i+m2[−ax sin q1 + ay cos q1 + l1α1 (A.19)

− lc2ω2
2 sin q2 + lc2α2 cos q2 + g cos q1]j

Applying Equation (3.15) again on link 1. Results in τ1 being:

τ1 = R2
1τ2 − f1 × lc1i− (R2

1f2)× (l1 − lc1)i+ I1α1 + ω1 × (I1ω1) (A.20)

Now, the first R2
1τ2 = τ2 because the rotation matrix does not perturb the third component of

the vectors. Once again, the the product ω1 × (I1ω1) is zero. Then substituting the force f1

from Equation (A.17) into Equation (A.20) results in:

τ1 = τ2 −m1ac,1 × lc1i+m1g1 × lc1i− (R2
1f2)× l1i+ I1α1 (A.21)
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All these products are quite straightforward to do but tedious to follow through. Once again, the

cross-product R2
1f2× l1i has its magnitude being the second component of R2

1f2 from Equation

(A.19) because the cross-product is aligned with the unit vector k. Finally, the torque τ1 is

calculated as:

τ1 =τ2 +m1lc1[lc1(α0 + q̈1)− ax sin q1 + ay cos q1] +m1glc1 cos q1

+ I1(α0 + q̈1) +m2l1[−ax sin q1 + ay cos q1 + l1(α0 + q̈1) + g cos q1 (A.22)

− lc2 sin q2(q̇1 + q̇2 + ω0)2 + lc2 cos q2(q̈1 + q̈2 + α0)]

Now substituting τ2 in τ1 and collect terms, yields the following equations:

d11q̈1 + d12q̈2 + c11q̇1 + c12q̇2 + φ1 = τ1

d21q̈1 + d22q̈2 + c21q̇1 + φ2 = τ2 (A.23)

where the new coefficients are:

d11 = m1l
2
c1 +m2(l21 + l2c2 + 2l1lc2 cos q2) + I1 + I2

d12 = d21 = m2(l2c2 + l1lc2 cos q2) + I2

d22 = m2l
2
c2 + I2

h = −m2l1lc2 sin q2

c11 = h(q̇2 + 2ω0)

c12 = h(q̇1 + q̇2 + 2ω0) (A.24)

c21 = −h(q̇1 + 2ω0)

φ1 =m2lc2[g cos(q1 + q2) + d11α0 + ay cos(q1 + q2)− ax sin(q1 + q2)]

+ (ay cos q1 − ax sin q1)(m1lc1 +m2l1) + (m1lc1 +m2l1)g cos q1

φ2 = m2lc2[g cos(q1 + q2) + ay cos(q1 + q2)− ax sin(q1 + q2)] + d21α0 − hω2
0
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Finally, the dynamical equations of the 2-DOF manipulator can be written in a matrix form

known as Euler-Lagrange Equations:

D(q)q̈ + C(q, q̇)q̇ + g(q) = τ (A.25)

Where

D(q) =

[
d11 d12

d21 d22

]
, C(q, q̇) =

[
c11 c12

c21 0

]
, g(g) =

[
φ1

φ2

]
, τ =

[
τ1

τ2

]
(A.26)
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Appendix B

Stability and convergence of the AVIC

strategy

In this section, the constraint conditions for stability are considered for the AVIC strategy

given in Equations (4.41) and (4.42). The tracking error δf can be proven to reach zero if the

system can be asymptotically stable [9]. Therefore, substituting ∆b(t) from Equation (4.42)

into Equation (4.41), result with the following:

fe(t)− fd(t) =m¨̂e(t) + b ˙̂e(t) + bΦ(t− λ)

+σ[fd(t− λ)− fe(t− λ)] =m[ë(t) + δÿe(t)] + b[ė(t) + δẏe(t)] (B.1)

+ bΦ(t− λ) + σ[fd(t− λ)− fe(t− λ)]

Reorganising Equation (B.1) to become:

më(t) + bė(t) + bΦ(t− λ)− [fe(t)− fd(t)] (B.2)

+ σ[fd(t− λ)− fe(t− λ)] = −mδÿe(t)− bδẏe(t)

Differentiating the contact force fe = ke(ye − y2d) = −kee, leads to:

ė = −ḟe/ke (B.3)

ë = −f̈e/ke

Then substituting the position error derivatives from Equation (B.3) into Equation (B.2), gives:

−mf̈e(t)− bḟe(t) + bkeΦ(t− λ)− ke[fe(t)− fd(t)] (B.4)

+ σke[fd(t− λ)− fe(t− λ)] = −mkeδÿe(t)− bkeδẏe(t)
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Assigning f̂e(t) = keδye(t), then Equation (B.4) can become:

mf̈d(t)−mf̈e(t) + bḟd(t)− bḟe(t) + bkeΦ(t− λ) + σke[fd(t− λ)− fe(t− λ)]

− ke[fe(t)− fd(t)] = mf̈d(t)−mkeδÿe(t) + bḟd(t)− bkeδẏe(t) (B.5)

= mf̈d(t)−m ¨̂
fe(t) + bḟd(t)− b ˙̂

fe(t)

Let c(t) = fd(t)− fe(t) and also let r(t) = fd(t)− f̂e(t), then Equation (B.5) can be written as:

mc̈+ bċ+ bkeΦ(t− λ) + σkec(t− λ) + kec = mr̈ + bṙ (B.6)

Following the principle of dispersion, expanding the Φ series to an nth element [9] can be done

as follows :

bΦ(t− λ) = bΦ(t− (n+ 1)λ) + σc(t− (n+ 1)λ) + · · ·+ σc(t− 2λ) (B.7)

Typically, the adaptive compensation Φ(t−(n+1)λ) is set to zero as the initial value [9]. Hence

Equation (B.6) can be re-expressed as:

mc̈+ bċ+ kec+ σke(c(t− (n+ 1)λ) + · · ·+ c(t− λ)) = mr̈ + bṙ (B.8)

Equation (B.9) below can be attained through Equation (B.8) in correspondence with the delay

property of the Laplace transform I[f(t− τ)] = e−τsF (s) [9].

c(s)

r(s)
=

ms2 + bs

ms2 + bs+ ke + σke(e−(n+1)λs + · · ·+ e−λs)
(B.9)

The constraint in Equation (B.10) if met, will ensure Equation (B.9) is stable [9].

ms2 + bs+ ke + σke(e
−(n+1)λs + · · ·+ e−λs) = 0 (B.10)

Assuming that n is a huge number, Equation (B.9) can be written as:

∞∑
n=1

e−λns =
e−λs

1− e−λs
(B.11)

For a sufficient sampling rate λ, using Taylor expansion, one can approximate the delayed term

as e−λs ' 1− λs [9]. Then rewriting Equation (B.10) as:

λms3 + λbs2 + keλ(1− σ)s+ σke = 0 (B.12)

The Routh array shown in Equation (B.13) was attained in correspondence with the Routh

criterion [9]. If the coefficients in the first column of the array together with the coefficients in

Equation (B.12) are greater than zero as depicted in Equation (B.14), then the system stability

is guaranteed.
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s3 λm keλ(1− σ)

s2 λb σke (B.13)

s1 λbkeλ(1− σ)− λmσke
λb

0

s0 σke 0

λbkeλ(1− σ)− λmσke
λb

> 0

keλ(1− σ) > 0 (B.14)

σke > 0

Equation (B.14) can be simplified as:

0 < σ <
λb

m+ λb
(B.15)

Stable system will reach a steady-state error ess in the Laplace transform. And for convergence,

the steady-state error ess is calculated with the following limits:

ess = lim
t→∞

e(t) = lim
s→0

sE(s) = lim
s→0

s(c(s)− r(s))

= lim
s→0

s[
ms2 + bs

ms2 + bs+ ke + σke(e−(n−1)λs + · · ·+ e−λs)
r(s)− r(s)] (B.16)

If a step input with the form as r(s) = (1/s) is used, then Equation (B.16) goes to:

ess = lim
s→0

s(c(s)− r(s)) = −1 (B.17)

Two conclusions from Equation (B.17) and are stated below as:

lim
s→0

sc(s) = 0 (B.18)

lim
t→∞

c(t) = 0 (B.19)

Consequently, t→∞, fe → fd. The convergence of the AVIC strategy is established. In fact,

the desired contact force can be tracked even for a dynamic (cosine) r(s) simulated by Duan

et al., [9] achieved zero tracking error.
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