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Chapter 7 : CONVERTING CHORD-LENGTH DISTRIBUTIONS TO  SIZE

(a)

F|g;ure7.32: (&) th e  first moment function of the chord^length disnibutions measured from

different tockstrearas £2; which have been eroded, (b) The same ^ t a  as in (a) except the 
° distributions have been irastsformed toto density functions.
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7.6 INTERPRETATION OF THESE NEW MEASUREMENTS

The question that needs to be answered i s : "Are these moiphological and moment size measurements valid and 

of any use to the mining industry, and can they be used for process control ?" The answer to these questions 

depends on exactly what is required by industry.

For example in autogaious milling it has been suggested that a  measure of the number or relative frequency
I ‘ '

occurrence of large rocks in proportion to small rocks is required. Weighted distributions, first moments, 

opening and erosions can provide this information. With opening, for example, a foint on the % axis must be

selected which corresprsids to the lower pcAtt of Ute rangq of larger rock that is of interest, and occurrence of
:

larger rock will result in the first moment function extending beyond this point, (see figure 7.27).

With morphological sizing transforms it tqust be noledThiit the resultant data retlecls the size chstribution with 

respect to the shape of the probe chosen. TTtis is an extiemely important concept because the user can dien 

define a probe of a certain shai», for examnt«, a  vtrtical of ehenfar probe, and the size distributions will reflect
/ ' li’ 'll ■■

dsc sizes of objects similar in sha;^and Wim the same rel'Olre orientation of the irobe. Thus for a morphol­

ogical measurement insensitive to the orientation of the rocks, a spherical probe should be used.

. i '
The measure of pt, ctmid also be linked to the n-n 'faer end size of the rocks above the size point D ^ k L  .

Aitematively the first momatt of the chord length distribution can be used to estimate the average rocksize. 

From the cumuladye chMd-length disiribufion F il)  the slope near the origin appear to vary with the average 

size or amount of smallo* roc± and m y  other po^ t at size i. =saD can be used aS some o f die "percentage
'i ,

passing as certain size".

There is ultimately an infinite range of different measuremenis which can be extracted depending on the 

application. The inteipetation wid correlation of this metffiured image data <0 sieve! size has to be esiablished

through expiairaentttkm. Rjrhaps the indepentksnt variable (usually sieve size) wish which this transformed
 ̂ ' i

data is to be compared should not neccssiwiiy be sieve skie, but some other mill control variable, which is\in 

line with the new philosophy developed above. Knowledge of the explicit relatirm^ip betw s^ die parameter 

and sieve size is of secondary importance to the fact that the measurement e x tra ^ ^ '^ a n e te r  exists and is 

relaied40 size, is taefiii, repeatable, and reliable.
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7.7 SUMMARY

The craiversion of weasurements on images to sieve size is a difficult and inherently ambiguous task 'vith all 

transfomations introducing bias of some form. In this chapter direct inversion and deconvolution meUiods 

were ased as a means to transform the chord-length distribution to equivalent sieve or mesh size distriliutions, 

Tne difficulties and inherent ambiguities in this inversion process does not allow for these methods t o u s e d  

to mfer rock size with great accuracy. As a  consequence it is proposed to transform the chord-lengih diita to a 

form that is understandable and useful rather than synonymous with sieve size, Utis philosophy led to the 

developmmJt of moment methods for transforming and analyzing cliord-length distributions which intuitively 

behave reasonably and in accordance with changing roi± size.

Established methods such as constrained-imear-inversion and King’s method produce distributions which are 

logically coirect although quantitatively inaccurate. The cumulative and weighting methods developed appear 

to reflect ftp size distributions of the rocks with better accuracy quantitatively, although the meaning of die 

quantitative measurements from th e^  transformed chord-length distributions is debatable and still meds to 

interfmsted correctly. The new weighting method produces bell-shaped distributions that correspond, although 

not accwately, widi the sieve-size distributions.

Wift all these new trMSforfned distributions, there are difficulties in distinguishing between the visrious 

quantities of smaller rock, and inferring the amount of larger rocks is complicated by the large variations 

caused by insufficient sampling.

The raw chord-length distribt^ftons measured show a sharp and narrow peak in the region of ^hort chords and 

it is assumed t o t  this peak forms part of t o  problem of understanding and transforming the chord data. Monte 

Carlo simulations of random linear intercuts on irregular shaped bodies show that no shaip peak is expected 

in t o  lower chord-lmigih regions. Thus t o  peak has to be attributed to, i) experimental mror, ii) extraordinary 

angular particles tested in this work, iii) tlie fact t o t  t o  erroneous segmentation modifies the rock outlines to 

be more angular than their natural appmumtce, and tv) t o  fact t o t  t o  chord probe lines are adjacent to one 

another. However with regard to the short chords and small particles, DeHoff and Rhine# (1961) in iheir paper 

on t o  detection of t o  numbo: of particles per unit v o ta e , comment that t o  measurement of small par ticle 

outlines intreduces t o  largest « ots b^ause to y  ate t o  most difficult to measure.
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Observation of the results of most df Uie different transformations show that there is inherent instability and 

uncertainty in determining the size distribudon of the smaller rocks in the size range being analyzed. King’s 

method reveals oscilMons in the region o f .smaller rocks, and with the moment method there appears to be no 

method of clearly disdnguishing between the amount small rocks in each different distribution.

In the light of these problems a new philosqjhy is proposed which frees the evaluation of rocksize from the 

limiting objective of aiming far estimating sieve size. Any other sizing parameter, as long as it obeys 

Matherons sizing criteria and it useM to die application, may be considered a measure of rocksize.

Tlie first moment of chord-length ^ ttibu tion  has been found to be linearly related to average rock size and 

thus average rocksize can be measiued within certain limitations, this being the variance about die mean which 

is function of rock size and the number of chord samples.

Moi|)ho!ogical opening and erosions were used as examples of new methods for sizing the rock "projections" 

in images. The results of these operadons show that these operations do produce size measurements which vary 

logically with sieve size and on average do obey Matherons criteria. These methods thus provide motivation 

for evaluating rocksize distribution according to a different interpretation of size.
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/

8 CONCLUSION AND BECOWliyiENDATIONS

8.1 SUMiWi^Kr<|F WORK UNDERTAKEN

The determination of the size distribution of rocks on a moving convryor belt is an important measurement for 

the mineral processing industry, and in particular for the control of comminution and crushing processes, A 

reliable instrument to measure the size distribution of rocks on conveyor belts has generally not been readily 

available to the mining industry bccau;® of poor performance of commercially available systems and misap­

prehensions about the underlying principles used, specifically chord-length intercepts. These factors have 

motivated an invesripticn of the principles underlying an online rocksh® measurement, and the feasibility ^  

limitations of consttuciing such an instrument based on machine visidh.

In this tlMssis the principles of estimating the size distribution of ideal particle system from populations of lower 

dimensional measurements are presented, and extendewi to the rocks as found on conveyor-belts. ITie 

rockstream which consists of arbitrary shaped rocks of random size packed together, is assumed to be a sto­

chastic process, characterized by its rocksize distribution, which is a random variable.

Any mediod for deteamining rocksize distribution must rely on remote sensing and the modulation of probing 

radiation, and the subsequent analysis thereof. Computer vision techniques using the visible spectrum ^ e  

motivated as the best method for probing the rockstream. The detennination of the size distribution of the 

rockstream from images returned by remote sensing, is a non-trivial problem that cannot be solved analytically. 

This stems from the complexities of modelling the dynamics of the rockstream, and linking the image data to 

teal physfca! prorerdes of the rockstream.

Computer vision and image-processing tecliniques which have been selected as the semsing methodology, can 

only provide one- or two- dimensional data which ultuhately has to be tsansfoisned into three-dimensional data 

such as .sieve size. This uansformation can be realized through the use of steredogical methods. However most 

sterciolojdcal size tmnsformatiems are applicaUon specific, or derived for ideal particalaie systems where the 

particles are uniformly and sparsely distributed in space, and are simple in shape. The rocks on tlie conveyor 

belt do not conform to diis model and thus such models can only be applied to the rocksize problem with 

extremely limited success.
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The failure of existing techniques to effect a reliable rocksize measurement has inspired a heuristic and 

experimental approach towards solving this rocksize problem, which in turn has led to the development of the 

moment and morphological transformations which produce time varying size data indicative of rock size. 

Although this data is not the full sieve size distribution, it is closely related to sieve size.

The size transformations developed, measure chord-length distributions on transformed areal projections of the 

segmented images of rockscenes. Image processing techniques, using pre-filtering, edge detection, 

thresholding, and mathematical morphology have been ctmbined to perform adequate segmentation and rock 

boiHidary detection for the purpose of measuring chord-length distributions. Chord-length distributions are 

select^ as the basic parameter measurement because of the ease of computation, and experimental evidence 

which sttongly suggests that the effect of edge and segmentation errors are I^ s  severe for chord-length 

measurements than areal measurements.

The measBrement of acciuate chord-length or area dishibutions depends entirely on the precise and error-free 

d^ermination of the boundaries of the rock projections. However the identification and segmentation of rock 

images to derive their edges is inherently error prone because of the random nature of the rockscenes which 

vary with time. The stochastic nature of the rocks, as well as the serious problem of occlusion guarantees dial 

any edge of areal pattern will be noisy, and that any parameter measurement will be inaccurate. The errors in 

the edge p^jterns is minimized through the use of edge correction techniques which make use of a-priori 

knowleilge of the most probable shape of the rocks. However the edge detection and coxrertion procedures are 

limited and cannot be significantly improved because of tealtime and cost constraints of a practical insiramenL

In addition to segmentation constraints introduced by the natural limitation of the complexity of the edge 

detrition and COTrection algorithms that can be employed, hardware constraints also impose serious limitations 

on the ability of the system to sample the rockstream for rocksize estimation. Limited sampling affects the 

determinadon of the statisdes of the chord-length distribudons, their variances, and the level of confidence in 

the measurements. The chord data from at least a few images should be averaged to give a reliable indicadon 

of the trends of the rocksize distribuiiton.

Direct inversion, constrained-hnear inveraion, as well as King’s methods are used to perform the conversion of 

chord-lengUi distiibinkjns to These methods are fairly unstable and require itetadon in orda: to force the 

resultant rocksize & m  to be n i^ in g fu l ie no negative disisributions. The problems with these medtods are 

attributed to erroneous chord-length data, to which inversion transform^mis are extremely sensitive.
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The utilisation of inversion techniques arises from the goal of deriving sieve size distribution. Sieve size is only 

one of many methods for describing particle size. It is thus hypothesized that alternative size desorptions 

which ptecliv’'', the use of ambiguous inversion methods may be more useful in deriving size data for control 

systems. Supporting this hypothesis is the inescrqjable fact tlmt rock edge detection will never be perfect and 

that the measurement process is highly ambiguous because of the dependence of an imaging system on the 

surface characteristics of the rockstream.

This thesis thus d^cribes moments, and weighted moment functions, developed as aiuamatives to sieve size. In 

particular the average sieve size of rodcstreara can be estimated from tte  first moment of the chord-length 

distributions with a variance of between 5% to 25% over a size range of 6:1. The variance depends on the 

relative size, of the rocte and the resolution of image system.

The weighed momimt functions of the chord-length distributions also provide qualitative and quantitative 

visual indications of the size distributions of the rocks. However the estimation of the lower size rrjiges of the 

rocks in a given distribution is difficult to estimate from such curves. The problem with die lower sizes stems 

from the fundamental ambiguity of determining three dimensional parameters from sections where information 

is losL and which is exacerbated by the segmentation and edge detection errors. Chord-length moment curves 

also allow for the visual display of the changing propriHtsons of a certain size class of rocks in proportion to 

anolhw.

Morphological sizing methods also provide a new insight into the size of die rocks on the conveyor belt 

Morphological sizing methods especially opemng, commute very well with the sieving process and again the 

size data extracted correlates with sieve size,

8.2 CONCLUSIONS

"‘ " f
The principles behind the estimation of the’ jsisB distribution of rocks from visual images has been formally 

^tablished. A relationship based on the probability theruy aS developed by King (1982) has been extended to 

relate parameters measured from'images of nock streams to the size distribution of the rockstream. However 

this reiaticmship cann« be expressed in a final equation because of the inttsctability of the mathemadcs for 

modelling the rockstream, and the uncertainticis and ambiguities associated with the relationship between the 

images and the rockscenes.
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Experimental evidence shows that online rocksias measurement can be made, despite the that only the top 

surface of the rockstream is sampled. Fundamental to this measurement process is the fact that chord-length 

distributions do allow for the measurement of rocksize. The full size distribution may only be estimated to a 

limited extent and is restricted by the nature of the rockstream. For example, a very muddy rockstream which 

hides most of the rock features from the camera, cannot be instrumented.

Imaging techniques have been developed dirough the marriage of many diverse techniques into a single useful 

system and which advances the universal theory that all imaging techniques should be combined where 

appropriate to solve a particular problem.

A concept has l5een proposed, that any repeatable size measurement which is appropriate to the application, 

although not fully understood, is a viable and useful measurement This leads te the hypothesis that with todays 

powerful computers an empirical and computer based solution may be more appropriate than the traditional 

analytical approach usually t^ ired  to in this work.

8.3 FUiyRE WORK

The above research work has touched upon a large number of areas in science and engineering which in 

tliemselves aij /'vast areas of research. These areas could not be covered fully in this thesis, and it is therefore 

recommended that fhe following research be undertaken in order to improve upon the measurement process 

developed here.

A major area that needs to be researched is that of the fundamental stereological tools required to measure tlie 

size distribution of particles in a non-ideal situation which iricludes occlusion and touching. A more powerful 

combined probe consisting of both point, linear and areal probes should be investigated together with the 

objective of quantifying the biases inherent in the measurements displayed here. A multidimensional probe 

should help :o minimize these biases thus making this measurement more robust and reliable. As was shown 

in chapter 3, modelling tlie rockstream, the spatial arrangement of locks on a conveyor belt, and the sampling 

mechanisms of an imaging systems are complex problems which still need to be resolved.

The image processing and object recognition algorithms as developed in this thesis do form the foundation for 

the experimental size measurement developed in thij thesis. However these imaging techniques could be 

improved upon. In particular the relationship between the rocks and the intensity pattern as captured by the 

camoi^ needs to be investigated in order to detennine more robust methods of identifymg the rocks boundaries, 

New advances in high-speed computer technology as well as the continuing research and development for
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better 3-D pattern rccopition strategies that work on natural sceneu of irregular and complex objects all bode 

well for improved rock edge detection. Neural computets and paraHel processing hardware and strategies may 

also be part of the answer to die soluticat to the rock recognition problem.

A few of the image processing areas which can be researched further, for example, are adaptive edge detection 

algorithm incorporating multi-resolution techniques, hieraichicd and pyramidal techniques for unambiguously 

identifying rocks from a global as well as local point of view. The use of colour- or multi-frequency sensing 

techniques as well stereo imaging could also have potential as far as this measurement is concerned.

The combining of the results from different image processing str^g ies including the optimization of image 

knowletfee for better imtestanding could also improve rock identification and the elimination of noise entities 

and the dosing of edge gaps,

Structured light could potentially prove a better indication of the edges of the rock and could be incorporated 

into the existing algorithms or be used as a new stand alone method for determining rock edges. The use of 

parallel bands of light can be conceptually linked to chord-length measuremehts, and may ultimately provide a 

better and faster metiiod for deriving chord-lengths. In accordance with the philosophy put forward that sieve 

size and other conventional methods may be restricting the derivation of rocksize data, perhap the disianee 

betwe«in the broken end-pomts of the structured light lines, or their actual length, could be used as the 

parameter distributions to be ttansformed to size.

Mathematical morphology has proved to be a mo« useful tool for image processing as well as estimating 

rocksize distributiott. Much more research is required in order to derive a better and faster morphological che 

measurement technique. A theory tying together size disirilnitions derived from kernels of different shape may 

prqve to be a better universal size measurement, which at present is still very diversified.

The moment and morptt .hgical methods provide useful data with which an observer can infer trends with 

regard to the size of the rocks on a  conveyor belt The extraction of quantitative information is at present 

limited, although a large amount of potential exists as far as the extraction of quantitative rocksize information 

is concerned. In particular the results from opening and tiie moment methods could be combined to give more 

reliable size data. It is suggested that in time, these extracted raeasmements could be developed to a stage 

whTO they could form a new size standard for rocksireams or evert converge to the iifeal sieve distribution.
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Appefidix A

Sdiected Definitions of Particle Size.

The table presents d uumbor different diameters with which the size of a p fie may be defined. For a 

more comprehensive survey see Allen (1981). 'j

Symbol Name Defiaidon Formula

4- Volume diameter
/

Diameter of a sphere baving*>jie same vol­
ume as the particle.

''A<e
(j

4iit Stokes diameter The free falling diameter of a particle in 

the laminar flow region ( Re <0.2)
\ 41 ‘A

1\
Projected area diameter Diameter of circle having the same area as 

the projected area of the particle resting in 
a stable position.

d. Projected area diameter. Diameter of circle hMtig Ute same area as 
(he projected area of i k  papticle resting in 
a Ttttidom orientation. ^

The width of the minimum st^toe aperture 
thrmigh yjijch the particle win pass.

dA
"1

Sieve diameter

du ''' Martin’s diameter The mean cnotklrmgth of the projected 
oudine of the jaitiele.

'

d, Ferret’s diameter The mean value of the distance between 
pain of larallcl A gents to ttKMSrojected 
outline (rf the pmticic.

O

d, \

■ '

Pmimeter d im ^ «

0'
Diameter of a circle having the s«nefpet^ 
imeter of the projected outline of tlte par- 

. )&fe.

A''t

A.I



Appendix B

Sample ca!cu!atlo> >f weighted chord-length distributions and moments.

This sfxtion presents slinples of measured chord-iengdi distributions ^(L,) , together with the calculated

density distributions p (L-), cumulative density distributions P (L;), amplified density distributions p *(L,) as well 

as the n’th moments pj . '

TTie chord-length distributions measured are from a single image of the tdllowing size class

' (i)

(ii)

(iii)

,i|5+50mm

-38+12.7mm

ate rock material is quartzite, and all data is captured from the closed loop convenor belt system described in
) . .. ■■■' -  .. " C'

chapte: .■), Bell |eed tor tins data was approximately 0.5m/s. and the rocks were lightly sprayed with waie^, 

Tlie clodk frequency of the cdntrolier was 1.4MKz. The thord length distributions measured here were madi 

from adjacent linear pis i«s spas^d 1 pixel a^ irt The image p ro c e !^  is the centre subimage of sifte 200 by 

200 pixels of thd fuli ̂ Sil by ^12 i m ^ .  The tmi **; processing algorithm consisted of morphological edge

detection together witli mdjphMogLal edge correction as described in chapter 5. Threshold parameters are

jfc/»i*“ 0.62Sk,«« 0.250.

The calculations were made as follows “?v!.

Chord length density disttibu^ g ( Q

tion

Cumulalive density functjpn i*13S

s  P (Q
\  If

f "

/

Weighted distributions 0

n’di moments
"I.,

V \  T"'
(-■0

> ■,' , ^
J

*  //

O \
B.l
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APPENDIX B

Rock : quartzita. SIza :-75+50mm.
Tota! numbar of chords measured : 920
vi=27.7M|i?= 1733.971

L «(0) P (« P9A PB-I P l.i

01 10 0.011 0.810 0.554 28.272
52 8 0.009 0.818 0.4S2 23.513
S3 10 0.011 0.829 0.576 30,533
54 5 0.005 0.835 0.293 15.848
55 6 0.007 0.841 0.359 19.728
5S 2 0.002 0.843 0,122 5,817
57 7 0.008 0,851 0.434 24.721
5S 7 0.008 0.S59 0.441 26,596
58 8 0.009 0.867 0.513 30.270
60 8 0.009 0.876 0.522 31.304
61 0.004 9,880 0.265 16.178
62 1 0.001 0.882 0.067 4.178
05 2 0.002 0.884 0.137 8 628
64 3 0.OO3 0.887 0.C09 13.357
65 2 0.002 0.889 0.141 9.185
66 3 0.003 0,892 0.215 14.204
67 2 0,002 0,895 0.146 9.759
63 1 0.001 0.896 0 074 5.026
69 2 0.002 0.898 0.150 10.350
70 1 0.001 0.899 0.076 5.328
71 4 0.004 0.903 0.309 21.917
72 4 0.004 0.908 0.313 22.539
73 1 0.001 0.909 0.079 5.792
74 4 0.004 0913 •J.322 23.809
70 2 0,002 0.915 ,0.163 12.423
76 6 0.007 0.922 0.498 37.670

i77, 1 0.001 0.923 0.084 6.445
78 ' 2 0.002 0.926 0170 13.226
79 L 0.002 0.927 "‘.172 13.567
80 2 0,002 0.929 a , 71 13:i.1?
81 1 9.001 0.950 0.088; 7,132
82 0 0.000 0.930 C'.OOC O.SOO '
83 2 ,, 0.002 0.933 0.160 14.976
84 1 O.O01 0.934 0.091 7.670 ,
85 1 0.001 0.935 0,092 7.853
86 1 0.001 0.936 0.093 8.039
87 0 0.000 0,936 0.000 0000
88 0 0.000 0.936 0.000 0.000
89 0 0,000 0.936 0.000 0.000
90 0 O.OfKS 0936 0.000 0.000
91 0 o.oco 0.936 o.Goe 0.000
92 0 0.000 0.P46 o.ooo 3.000
93 0 0.000 0.936 0,000 O.'OOO
94 1 0.M1 0.937 0.102 0.604
95 2 0.002 0.939 0.207 19.620
56 0 0.009 0.989 0.000 0.000
97 2 0.002 0.941 0.211 20.454
98 2 0.002 0.943 0.213 20.876
59 1 0.001 0.946 0.1£» 10.653 1
100 1 0.001 0.946 0.109 10.070

B.3
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APPENDIX B

Rock : quaiUitc. Size M2.7+9.S3mm. 
Total number of chords measured : 7S03 
v i-6.115

68.686

L *&) p m p m Pa^i

0 0 0.000 0.000 0.000 0.000
1 1311 0.175 0.175 0.175 0.175
2' 933- 0.124 0.299 0.249 0.497
3 872 0.116 0.415 0.348 1.045
4 682 0.031 0.506 0.353 1.453
5 613 0.002 0,587 0,408 2.041
6 524 0.070 0.657 0.419 2.512
7 451 0.060 0.71,7 0.420 2.943
8 327 0.044 0.761 0.348 2.787
9 301 0.040 0.801 0.361 3.247
10 223 0.030 0.831 0.297 2.970
11 210 0.028 0.869 O.KJB 3.384
12 144 0.019 0.878 0,230 2.761
13 168 0.022 0.900 0.291 3.781
14 120 0.015 0.915 0.224 3.132
IS 103 0.014 0.930 0.206 3.086
16 S3 0.013 0.943 0.205 3.273
17 75 0.010 0.953 0.170 2.887
18 72 ■■ 0.010 0.962 0.173 3.107

,,19 39 O.OOS 0.967 0,099 1.87S
20 49 0.007 0.974 0.131 2.610
21 25 0.003 0.977 0.070 1.468
22 22 0.003 0.980 0,064 1.418
23 15 0.002 0.982 0.046 1.057
24 19 0.003 0.985 0.061 1.457
2S 21 0 003 0.987 0.070 1.748
26 16 0.002 0.990 0,055 1.440
27 16 0.002 0.992 0.056 1.553
28 9 C.001 0.993 0.034 0.940
29 x\ ® ' 0.001 0.994 0.0,31 0.895
30 ^  9 0.001 0.995 0.036 1,079
31 10 0.001 0.997 0.041 1.280
32 4 G.001 0.997 0.017 0.545
33 , 5 0.0Q1 0.998 0.022 0.725
34 S '■ 0.001 0.998 0.023 0.770
SS 1 0.000 0.99S 0 005 0^63
36 O.IXH 0.999. 0.019 0.690
37 % 0.000 o .m 0.010 0.365
38 0 0.000 0.99S 0.000 0.000
39 ? X 0.000 1.000 O.OfO 0.406
40 0 n 0.000 1.000 o;ooo 0 000
41 1 0.000 1.000 0.005 0.224
42 0 O.OffiJ 1.000 0.000 0.000
43 0 0.000 1.000 0.000 0.000
44 0 ilSXJ 1.000 0.000 0.000
4S , 0 o.eoo 1.000 0,000 0.000
46 0 0,000 1.000 0.000 0.000
47 0 0.000 1.000 O.WXJ 0.000
48 0 0.000 1,000 o.ow 0.000
49 0 0.000 1.000 0.000 o.ow
50 0 0.000 1.000 0.000 o.ooc
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APPENDIX B

Rock : quarlzita. Stsa :-̂ 84-12.7mm.
Tq*"'‘ number of chords measured : 1551

vn

331.667

L «& ) pcO) P(0) p l.l pl.%

101 0 0.000 0.99S 0.000 0.000
102 0 0.000 0.9S9 0.000 0.000
103 0 0.000 0.999 0.000 0.000
104 0 0.000 0.999 0.000 0.000
1C« 1 0.001 1.000 0.068 7.108
106 0 0.000 1.000 0.000 0 000
107 0 0.000 1.000 0.000 0^000
108 ' a 0.000 1.000 0.000 c, 0.000
1C» 0 0.000 1.000 0.000 0.000
110 0 0.000 1.000 0.000 0.000
111 0 0.000 1.000 0.000 0.000
112 0 0.000 1.000 0.000 0,000
113 0 0,000 1.000 0,000' 0.000
114 0 0.000 1.000 0.000 0.000
115 0 0.000 1,000 0.000 0.000
116 0 0.000 1.000 0.000 0.000
117 0 0.000 1.000 0.000 0.000
118 0 0.000 1.000 c.ooo 0.000
119 0 0.000 1.000 0.000 0,000
120 0 0.000 1.000 0.000 0.000
121 0 o.doo f '  1.000 O.OQO o.oco
122 0 0,000 = ' 1.000 O.DOO 0.000
123 0 0.000 1.000 0.000 0.000
124 0 0.000 1.000 0.000 0.000
125 0 0.000 1.000 0.000 0.000
126 0 0.000 1,000 0.000 0.000
127 0 0.000 1.000 0.000 0.000
128 0 0.000 1.000 0.000 0.000
129, 0 0.000 1.000 0.000 0.000
130 0 0.000 1.000 0.000 0.000
131 0 0.000 1.000 0,000 0.000
132 0 0.000 1.000 0.000 0.000
133 0 0,000 1.000 0.000 0.000 ,,
134 0 0.000 1.000 0.000 0.000
13S 0 o.cao 1.000 O.OQO 0.000
136 0 0.000 1.0D0 0.000 0.000
137 0 0.000 1.000 0.000 '0.000
138 , 0 0.000 1.000 1. 0.000 0.000
11^ 0 0.000 1.000 0,C«0 0.000

' f l j P
r y /
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Appendix C
3amp!e calculation using a simplifleci varsion of King’s solution.

The fomiulae used is the solution derived for spheres as given in equation {7,31]. Note that C (M ,p ) is dssumed 

to be zero, and that p, can Ije factorized out and for convenience is assumed to be 1. ' '

In the first step the raw chord length distribution g (4 ) is !ow-i)ask filtered v/ith a 3 elemei.t moving avergae 

filter to give g/L,) where g / £ ,)= '{g (4 -i )+ # {4 )+ g {4 -> i)F 3  • The filtered distribution is then reduced to a 
density distribution p/JL,). '

The estimation of the curauMve sieve-size distrilmtion F ( D )  is then caicuiafed with the following equation 

taken from equation {7.31],f ( A ) ( L ; ) - | p ( L ) } w h e r e  •

r

i l l

 ̂ Rock: quartzite, feize: -39+25fnm 
Total number of chords measured: S20 

P=»J.2S

A gV\ S(A) .g/t,)filtered p/A) /’.(A) iP(A)

0 U.o'' 0.001 0.002 olooo 0.000 0.000
1 0.5 0,002 0.002 0.002 0.002 0.000
2 1.0 0.003 0.003 0.008 0010 -0.002
3 1.5 0.004 P.004 0.020 0,029 -0.009
4 2.0 0.005 0.605 0,040 0.064 -0.024
A 2.5 0.0# : 0.006 0.070 0.120 -0.050
6 3.0 0.001=̂ .. 6.007 6.112 0.202 -0.090
7 3.5 "0.008 .X , - . 0,008 0.168 0.314 -0.146
8 4.0 0.009 0.009 0.241 0.462 ■0.221
9 4.5 0.010 a 'S'i 0.010 0.331 0.650 -0.319
10 S.O 0;011„ 11 ib.023 0.557 1 808 -1.2.51
11 5.5 0.047 0.034 0.925" 3.249 -2.323
12 e.o 0.043 // 0.043 1.447 5.003 -3.555
13 6.5 0.041 0.040 1.966 S;396 *3.430
14 7.0 0.036 o S s 2.492 5.8S8 ■3.397
IS 7,5 0.036 0.035 3.015 6.274 -3.260
1,6 8.0 0.033 0.034 3.®3 6.886 -3.333
17 8.5 o0.0S3 o .m 4.095 7.373 -3.278
18 9.0 0.031 o 0.031 :  4.648 7.967 ■3.319
19 8.6 0.029 0.031 5.23(5, 8.933 ■3.608
20 10,0 0.033 0.030 = 6.83d 9.649 -3.810
?t |0.S 0.028 O.Cffi9 6.458 10,399 -3.941
22 11.0 0.027 0.027 7.061 10.623 '■3.^2
23 11.5 0.027 O.C®7 7.684 11.450 •3.766
24 ,. 12.0 0:027 0.027 8.S21 12.2^ -3ir1S
25 12.5 0.026 0.025 8,939 12.353 3.414
26 13.0 0T21 0.023 9:547 12.646 -3.099
27 13.5 o t o 0.022 lfii.154 13.113 -2.960
28 14.0 o f e 0.022 1̂ 1.775 13.908 -3.134
29 14.6 0.021 0.021 11.893 14.345 -2.S52
30 15.0 0.021^..^ 0.020 14.716 -2.710

15.5 0.020= 6.020 = A z m 15.730 -3.118
32 16.0,_ 0.02f 0.020 18.271 18.109 x-2.838
33 16.5^ 0.018 0.019 11.8^ 1&694 -2 .^5

17.0 0.018 I4i.503 16.41S -1.912
m 17.5 0.017 0P17 I'l lli.107 16.901 -1.794
36 18.0 0.017 0.016 A' 15.673 16.315 -0.642
37 18.5 0.014 ' 0.615 15.229 16.467 •0.237
38 19.0 0.016 0.014 15.743 15.621 l . m
39 19.6 0.012 0.013 17.239 15.466 1.783
40 o20.0 0011 0.011 17.695 14.608 3.088

F m

0.000 
0.000 
0.000 
0.000 

- 0.001 
- 0.002 
-0.003 
-0.006 
-0.008 
- 0.012 
PC47 
■0.088 
•0.134 
■0.129 
-0,128 
-0.123 
-0,126 
-0.124 
to.125 
-0.130 
-0,144 
-0.149 
0.134 

.142 
148 
129

',112 
118 

.111 
102 
118 

.107 

.102 
|k),072 
:-0iVS8 
3-0,024 
1-0.009 
0.042" 

10.067 
iO.116

C.1
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APPENDIX C

u 4mm «(4) «y(4)fiterecl P/M Ptik) P m

111 55.5 0.000 0.000 26.496 0.000 26.496 1.0C0
1t 2 56.0 0 .000, 0.000 26.496 0.000 26.496 1.000
113 56.5 0  000 0.000 26.496 0.000 26.496 1.000
114 57.0 0.000 0 .0(X) 26.496 0.000 26.496 1.000
115 57.5 0.000 0.000 26.496 0.000 26.496 1000
116 s a o 0.000 0.000 26.496 0.000 26.496 1.000
117 58.5 OiQOO 0.000 26.496 0.000 26,496 1.000
118 59.0 0.000 0.000 26.496 0.000 26.496 1.000
119 59.5 0.000 0.000 26.496 0.000 26.496 1.000
120 60.0 0.000 o.eoo 26,496 0.000 26.496 1.000
121 60.5 0.000 0.000 26.496 0.000 26.496 1.000
122 61.0 0.000 0.000 26,496 0.000 26.495 1.000
123 61.5 0.000 0.000 26.496 0.000 26.496 1.000
124 62.0 0,000 0.000 26.498 0.180 26.318 0.993
125 .. 62JS 0.000 0.000 26.502 0.366 26.136 0.986
126 ‘ ' 63.0 0.000 0.000 26.505 0.372 26.134 0.986
127 63 .S 0.000 O.OOQ , 26.507 0.189 26.318 0.993
128 64.0 0.000 0.000 26.507 0.000 26.507 1.000
129 64.5 0.000 o.ooox 26.507 0.000 26,507 1.000
130 65.0 0.000 0.000 23.507 0.000 26.507 ,1.000
131 65.5 0.000 0.000 26.507 0.000 26.507  , 1.000
132 86.0 0.000 0.000 26.507 0.000 26.507 1.0P ~ -
133 66.5 0.000 (pSOO 26.507 O.00Q 26.507 i.elw '
134 67.0 0.000 t.,900 26.507 0.000 26.507 1.000
135 67.5 O.OOQ 0.000 28.S07 0.000 26.507 1.000
136 68.0 0.000 0.000 26.507 0.000 26.507 1.000
137 68.5 0.000 0.000 26.507 O.QOO 26.507 1.000
138 69.0 0.000 0.000 , 26.507 0.000 26,507 . 1,000
139 69.5 0.000 0,000 " 26.507 0.000 26.507 1.000
140 70.0 0.000 0.000 26.507 0,000 26.507 1.000
141 70.5 o.eoo 0.000 26.507 0.000 26.507 1 000
142 71.0 0.000 0 .0(X3 26.507 0.000 26.507 1.000
143 71.5 0.000 0.000 25.507 0.000 26  507 1.000
144 72.0 0.000 0.000 26.507 ■' 0.000 26.507 1.000
145 7£;S 0.000  S 0.000 26.507 0.000 26.507 1.000
146 73.0 > 0.000  , 0.000 26,507 0.000 26.507 1.000
147 73 .S o .o w 0.000 26.507 0.000 26.507 1.000
148 74.0 0.003 0.000 26.507 0.000 26.507 1.000
149 74 .S 0.030 0.000 26.507 0,000 26.507 1.000
150 75.0 0.000 0.000 ■26507 O.OOO 26.507 1.000
151 75.5 0.000 0 .0(X) 26.507 0.000 26.507 1.000
152 76.0 0.000 0.000 26.507 0.000 26,507 1.000
153 76.5 O.OOQ 0.000 28.507 ■ 0.000 ,26.507 1.000
154 77.0 .0,000 0,000 26 .5 0 7 , 0.000 26.507 1.000
155 77.5 o x  f' 0.000 26.507 0.000 26.507 1.000
156 78.0 m  \ 0.000 26.507 0.000 26.507 1.000
157 78.5 o .o w 0.000 26.507 0.000 26.507 1.000
158 79.0 0 .S 30 0.000 26.507 0.000 26.507 1.000
159 79.6 0.000 0.000 26.507 0.000 26.507 1.000
160 80.0 0.000 0.000 26.507 0.000 26 .S07 1.000
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Appendix D
Sample Calculations of Direct and CortWrained Linear inversion

In this appendix direct and constrained linear inversion technqiues are applied to two typical chord-length 

distribution g{L;) in order to estimate size distributions /(£>.) as df'siibcd in chapter 1 2 2  and 7.2.3.

Two classes of chord-lengths distributions g(Lj) are to be transformed to size distributions. 'Fhe chord-length

distributions were measured from circulating rockstreams of -50+38mm and -19+12.7mm quartzite, 'fhe 

che^-lf^g3h distributions were derived using pnorphological edge detection and correction^ and the 

diStribueoris were measured using adjacent linear probes. Bfelt speed was approximately O.Sms*  ̂ ihe kernel 

matrix presented in these caicul^titos is derived from 5 size classes of quartzite namely, (i) -75+50mm, (ii) 

>58mm, (iii) -38+25mm, (iv) -25+19mm, and (v) -19+12.7mm.

D ir^ t and constrained linear inversion use equations (7.19] and [7.25] repsectively. Hie choid-lctfgth vectors 

for jhe kernel matrice for these calculations were derived by averaging 30 Chord-Idiigth disuibutions for eadi 

size class, and then compressing the averaged chord-length vector from 140 to .5 elements by averaging blocks 

of elements according to the mapping schettie given in figure table D l.

The raw chord-length distributionsdo be transformfd are given in table D2, and table D3 presents tire com­

pressed chord-lcq^ distributions. Note that no daft other than, zero occurs after i ~ 80 and thus the full dis­

tribution to i *= 200 is not presented in tabte Dl.

As an exampl^ the -50+38mm chord-length data, the second term of the compresMd distribution is

calculated as ibUows;

Stamp-^'

87 + 65 + 62-+56-i-54+53

62.83

(,b

/
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Each term is calculated in a similar manner, and then normlaized to give where

and is the element with the maximum value in For the chord-length distribution measured

for -50+38mm the first compressed term is 51.67. The maximum value of the conmpressed value a 

#»op{l^i)-51.ft7 , thus the first and second terms are “ —=0.822 and 1.00 respeccively, see table D3.

’I’ab leD i J Table showing the particular mapping scheme for mapping elements from the chord- 
length distribution to the compressed distribution for this particular set of calculations..

elements i in g(L;}, maps to element / in

HttMf

0 - 2 1
3 - 8 2
9 - 2 0 3
21 - 52 4
53 - S

Table.;J»::  o First P  pr ints of two chord-length distributions measured from tests on the .conVeyor 
b e ltr,^^ ' , ■

A
-50+28

‘
-is+ia.?

U m
-so+es

»U
-ta+ier

A m
-19+12J ■■

A *(A)
•50+28

s(A)
•19+12.7

0 0 0 20 10 58 40 4 5 60 7 0
% 108 „ m 21 12 78 41 B 0 61 1 1
2 47 820 22 16 25 42 6 5- 52 1 0
3 87. 23 11 31 43 8 0 63 0 0
4 65 24 17 17 44 9 1 64 2 „ 0
5 62 m  o 25 12 17 45 22 0 85 0 0
S 395 ’ 26 18 16 46 20 1 66 2 0
7 Si 349 27 14 22 47 17 0 67 0 0

o 8 S3 302 28 to 14 ' 48 9 0 J 0 0
9 . 58 271 29 18 18 49 3 69 0

10 42 m 30 8 18 ’V- 50 6 0 70 0 0
11 n 246 81 8 12 51 9 0 7 l ' ''0 0
12 28 202 32 9 5 ,SD 9 0 72 0 0
13 26 221 S3 10 9 53 „ iO = = " 0 -■ ' 7 3 0 ■■'9
14 32 177 34 11 S3 54 9 0 74 0 0
15 24 159 36 S 3 55 13 1 75 0 Q
16 19 142 36 10 4 66  / s 0 73 1 0
17 25 137 37 6 6 57 f  10 

^  \  0 
59 \  3

1 77 0 0
18 21 96 . 4 6 0 78 '■ " 0 0
19 11 87 39 .... $ 4 0 ' 79 fp ■' 0
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Table D3 ; Resrilts of compresi^ing the chord-length distribution data given in table D2 using the 

mapping given in table D l.

-50436mm

Speuf

.•19+12.7mm

0.8222812 1.0000000
1.0000000 0.7712344
0,4230769 0.2899207
0.1666114 0.0167752
0.0160981 0.0000586

The following steps progress through the calculation of the estimated size distribution f(D^) using the data

given in Uil.a D3 as input. Two methods are used, d/re-’f and constrained linear inversion where 

f  (Di) -  and jcu(A) = A+ W )''’ • A'' • respectively. Note that the the smoothing function H

used in this example is the quadratic.

1.0000 1.0000 1.0000 1.0000 1.0000

0.8938 0.9069 0.8596 0.7896 0.8287
0.3981 0.4195 0.3706 0.3472 0.3453
0.1313 0,1508 0.1510 0,0951 0.0567
0.0239 0,0160 0.0073 0.0017 0.0007

-..g

1.0000 0,8938 0.3981 0.1318 ,9.0289

1.0000 0.9069 0.4195 0.1508 0.0160
1.0000 0.8596 0.3706 0.1510 0.0073
1.000) 0.7896 0.3472 0.0951 010017
1.0000 0,8287 0.3453 0.0567 0.0007

• A « 1.9758 119980 1.9360 1.6566 1.8857 1 -1

’>1.9980 2.3215 1.9530 1.8761 1.9060 -1 2 ■1
1.9360 1.9580 ,1.8992 1.B218 1.8489 -1 2 1-
1.8666 1.8761 1.8218 1.7531 1.7796 -1 2 -1
1.8657 1.90SQ 1.8489 1.7796 1.8092 -1 1

X H -

XwO.127

0.1270 -0.1270 0.0000 0.0000 O.OOCX)

-0.1270 0.2540 -0,1270 0.0000 Q.OOOO

0.0000 -0.1270 0.2540 -O.1270 0.0000
0.0000 0,0000 -0.1270 0.2540 -0.1270
0.0000 O.OOCO O.OOCC -0.1270 0.1270

Wi
X>» 0.056

0.0660

-0.0660

O.OOtJO
0.0000

0000

-0.0660

0.1320
-0.0860
Q.OOOO
0.0000

O.OCOO

-0.Q66Q
0.1320

-0.0660
0.0000

0.0000
0.0000

-0.0660
0.1320

■0.0660

0.0000

0.0000

0.0000
-0,0660
0.0660

m
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A^‘A+AH* 2.1026 1,8710 1.9360 1.8566 1.88575 // 2.0416 1.9320 1.9360 1.8566 1.8857

X«0.127 1.8710 2.2755 1.831Q 1.8761 1.9050? X = 0.066 1.9320 2.1535 1.8920 1.8761 1.S050
1.9360 1.8310 2.1S32 1.6948 i.843.91 1.9360 1.8920 2.01312 1.7558 1.8489
1.8566 1.8761 1.6948 2,0071 1.6526 ,1.8566 1.8761 1,7558 1.8851 1.7136
1,8857 1.9050 1.8489 1.6526 1,9362] 1.8857 1.9050 1.8489 1.7136 1.8752

(A'-A+XlD-'i 8.22 „2.22 -1.73 "4.00 -5.12 14.52 3.32 -3.42 -6.77 •3.42
2.22 4.02 -0.12 -2.58 -3.80 3.32 7.02 -0.32 -4.30 -6.23

-1.73 *0.12 3.14 0.15 -1.32 -3.42 -0.32 5.98 0.32 -2.43
-4.00 -2,5« 0.15 4.38 2.54 -6.77 -4.30 0.32 7.72 3.8
-S.12 -3.8<i -1.32 2.54 8.34 -8.42 -6.23 -2.43 3.80 14.25

(*' Atxicr* **. -0 .fi^3 0.469 0.405 0,485 0,250 f*' A'» -0.765 0.730 0.649 0.766 0.430
43.261 0.340 0.317 0.419 0.120 - 0.505 0.505 0.505 0.686 0.194
0.117 0.066 0.020 0.167 -0,030 0.136 .037 - 0.005 0.298 - 0.061
0.603 -0.212 - 0.217 -0.331 - 0.146 0.775 - 0.426 - 0.335 - 0.541 -0.246
0.634 -0.246 - 0.382 -0,733 - 0.208 0.973 - 0,453 -0.625 - 1.246 - 0.344

A-' 3,707 -0.193 -10,170 -1,315 58.422
-7.152 -3.831 30698 -4.388 -36.928
-1.310 13,340 -30,740 15.499 -14.506
12.032 -23.029 20.185 1.294 11.973
-6.278 13./13 -9.973 -M.090 -18,962:

Rvtufts 0$ Olrsot (P) snd Constr Unaar Inver* 
Bton ( C U )

•S0+ 38mm -16+I2,7mm

r4/^>

0.6223 0.386 -0.726 1.0000 0.3973 -0.0682
1,0000 0.332 1.952 0.7712 0.3418 0.18K

0.48S1 0.198 1.807 0.2899 0.2038 0.1609
0.1666 0.063 -4.187 0,0168 0.0643 -0.3fe2
043161 -0.003 2.178 0.0001 -0.0026 0.2048

m
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