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*.in the laat centur} with the ma.thematxc:a,n Haa.r , who - in respange to the dmcovery

Il‘@?ERQDUG.TIQN; R

The subgect of wa,velet analys:a has recently dra.wn a grea.t deal of a.ttentmn frOm ma.the— -
mat:cal scientists in various disciplines. T i m crea.tmg a commpn hmc among ma?&hema.h- o
ﬂ&nﬂa Mﬂlmﬂ‘éﬁi and electncal eri‘émeers S :

Although ﬂm tezm w:wclei was jd'st used m, 1984 the concept of a wave!et bms ongmated

‘.f-'f

i 1873 by Paul du Bom-Rssymond of a contmuous, real—valued 2z purwfw fm,:,tion

- orthonorma.l aﬁfstem

‘-_. Qf fu:uctlons deﬁned on [0&] such t’.ha.t for amy functaon f (m) contmuous Q‘J [U 1] the 551'133

whose Founad series dwerged a.t a gwen pomi: tned tq prove the emsta;ﬁ‘.,‘ 0; a;.uther o

D ".\‘3

<f“ >h°(“’)+<fsﬁa>h1(3)+"+<f:h >fs (a:)+.._ e

T

converges to f(w) umfol:mly on [D, 1] He Was successful in dlscovenng the Haar funcﬁ'on

whlch is deﬁned m t]:ys resea.rch report \l‘\ i ._ B SR

Througﬁ’jut the twentxeth century, in f.heur work on’ functmn apmm, ma,themahma.ns\
defined functiens with sxmzla,r, or part, of the propert:es a{ the defemtlon of our present»
da.y wa,velet functxona _' R o o oL o

.-o'. o

Physxcz,sts amd experts m algnal pmcessmg were una.Wa.t'e of yhe dewelopments in ma.th- o
. ematics when, fa.ced Wlth specific. needs Wlthm their - dlsc1p1mes, they ”{fedlscovered” R

o wavelets This. ga.ve mpetus to the mathema,tlcal development of the subjacf. and an-
h 1mporta.nh advarice was made towamds the end of the last decade when Ingrid Daubechws
. oonstrudted a set of campacf.ly aupporteel arthonormal ba.sis functions #r L3(R) mthout

" the atrong dmcontinmtws of the Haar basis. These develo 1ents in mathematlca, in turn,,
led to exmtmg develoPmmt.s in mgna.l analysls and. nu;;; al analyms

G

Rﬁcently, many research papers have been pubhshed on the topxc, and severafl texts ha.ve L
emerged mchi&mg {1], 6] [7], a.nd [8] from which Ihave compﬁed this mt.roduction " e

n:?'
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. T]JJS research repmt dea.ls w:th the construct;on of the 3emz~of'thogonal sp!me m;avelet..,{__' N e
- pmueered by Charles Chui. aid Jna.n~Zhong Wang, ‘and pr&ented in Charles Chiii’s, book .
“An introducétion” to- W&velefs Orﬂwnomnl wa\*elets have been studisd By lngrxdji o
' :Daubechles nd orthonormal spline wavefets ha,va been conslsructed by Ba,tf,]e a.nd Im ane; g
'- Bsorthogonal spline wave!ets have Lien constrqcted by Oohn, a,ubechles, a.nct Fea.uveau A
~* These constructions ‘have different advantages for s:gnal processing. ' The qrthonorma.l -
B wavelets, bemg compact} smpported yield ﬁmt;e,sequences for decompc;mt),oﬁ #nd recon- SRR
~ struction algonthrﬁa ese sequences have to be quite laxge, though, it a certa.ui order .
- of smoothness and regumty s desired: 1In the tase cr‘ the aeml-orthogonal Waveleta con~
- shructed in this régearch report, a pri‘nmple called the duality pringiple- allowrs us to choosé._‘_"" SR
C either & finite reconstruction sequenice or. & finite decomposrtlon sequence, wfhzle the other, -
e B though nof ﬂmte, has exponentml deéa.% (see 12]) a,nd g0 can be tru.nca.ted o tha,t wecan i

stil] have an | effective algorithm for decomposition or reconstruction, (‘I‘hxs is discused

B linear. phase for odd m a.nd hnea.r phase for even m (vaed in [4]) Furtherrnore 3 P

= | r-:‘(cons:dered a baﬂd—pass ﬁltcr) possessas a rem.u:kable propurty called complete agg;:{ataan' o
(see [5]) i |
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in {1] section 8.5). The B-s(plme N, and B-wavelet Y, constructed in this report, have e
- the a.dva.ntaga for- hltenng apphca.trmns in s,lgna.l processmg that ‘both; have genemhsed S






| {’f: 1, 1 THE FOURJER TRANSFOBM

o .'Wevmlne-*d the followmg theorems o S

Lo

_— j. Deﬁmtmn 1 1. 1 Ths foumer transform f of & functaon, f € L’(S‘é) or f G LI( ) "'s.._ o
c --"_"ale.ﬁned by o 5 R o

f(w) (Ff)(w) ] "‘""“f(x)dw cl 1).'-_

E ”"-Tha inverse ;ourler: tmnsfarm af f wdéﬁhed fry, R e

Loy

e ':-:_u_ | o | (m) = ~2—?;g*(m)
snch thatf' =g. .

e, f(:c) = (.:P‘"‘g)(m) = 5}(5:) is tfse mverse Founer tmnsform 0f g. __

w

_'iiProof See [1] Pg 35 o SRR J

B :Note We Call f' the mﬂsctzon of- f amd it is deﬁned by*

f (w) "f(-“m), Va:e%

)

s

Cae

Y ;' (.7-'-: f (m) =L f S f(w)dw | ?.:___-- o '(;.2).-"

- Th *orem 11 The founer tmnsfom F w a aﬂe-to-one map of LQ(R) onto ztself In; T
o other words, to euery g€ L“‘{?R) z‘.here. oorresponds one. and only one f Ei L"“(ﬂi’) i gz%en. o o



Thesswm 1 '1 2. Let f E Ll(iR) 2 L’(R) Then the fonner tmnsfompf of f i m L"’(?R} o

and satzsﬁes the parseval sdeﬂtsty : B f

2_ _"‘""'-': o

Proofsee [1] pg 32 N Cn

(‘;

: < . > is the inner qroduct on L’(ﬂ%) gwen by

- ﬂ . . '

' Theorem 1. 1 3 Let f [3 Ll(?rt) satzsfy the foHowmg iwa condstwns . |

_ -8 The Jourier, series - 1 .__"_';w I (F‘)e"‘“ coniverges everywﬁere
. Thcn tfze follaunng poxsson summa:txon formula holds

sy .
4 s

.9. e

TH"E WAVELET TRANSFORM

' Deﬂmtmn 1 2 1 .[f 1,b e Lg(ﬁ) satzsﬁes the m:immmbmty cond1tmn

-'9

S _. C‘¢ = f°° J_H(w)  : ﬁ (1 s).'_---_"-_ o

then 1& i ca.lied 4 bas:c wavelet Relahve to every baalc \\a,velet 1,& the mtegral aneleti_ o

_ tranaform (IWT) on L‘(SE) is deﬁned . .
(mf) (,a) Ial" f f w(
o Ial“" <f¢(":é)>

by,

"f°ff€L“(3?),a-nda,6emandq7Ae S R R

Lo <k 'f f(fb)g(m)da:s EEEE R

- _'_1) The series- ij_,,,w f (m + 2:1-1:) comer;ges everywhere {0 game contmuaus ﬁmctwn, and_'_

@ is called a dilation parameter and bi is called a imns!mwn pammetar We can dlscretlse"’i_..z.-'_' R

\I\
oy

. the vana,b]es a and b by choosmg

bi 3= o5bn SkEZ o



(bn > U iaa pomtlve ﬁxed constant)
Bymtraducm,gthenatatlon S -_ L e
%w‘k(t) —zh,,,k.a,(f) ?,,231@(2&”7@3@1, B (1 11}

tha va.luea of the mtegral wavdet transform are gweﬂ ‘oy
. . o 3 )

(Wwf)(%,a,) =< f,fp,,%,& | (1 12):

We aa-emterested in recovenng a.ny f € I? (5?) from the va.lues of its IW’P in. (1 12) We_

Wlll see ?:ha.t thls ca.n be achlevad lf 1/) ge:nera.tes a Rzesz basis of Lz(ﬁ]

Deﬁmho‘ﬁ_ 1-:2 3 A functwn ¢ €, ,L'*’(?R) is sasd to genemte a Rzesz a’msss {dtba,j,k} wzth P
g samplmg mie bg rf both the follawmg two pro;:aerhes are: sat:sﬂed- o o
1 )The lmcar span o -

s ;Iense in L”(R) | e
E)Tﬁere emsts posdwe constants 0 < A < B < m sttch thut S o
S Au{c,.k}uu <j Eez c.,.mu.,.knz s Bn{c,.k}np o f u 14) e

* | dik QL _ S

= <’ s%s.»_-r 'J,-k e z ;_ o BT _(lii_.‘é')' o

LI generaﬁes a Ru?gaz bas:s thh bo = 1 then 11: is ca.lled an 71 »functzon \}The followmg'”'__

theowm wﬂl have a.pphca.tnons

'_ Theorem 1 2.\1 Far a,ny functwn r,ir € L‘(S‘;l) and constants 0 < A < B eo the '

h foﬂowmg statements are’ equwalent P : \"

1) {é(--k) Is € Z} smtzsﬁes the Rzesz condztzon wzth R:esz bounds A and B; i, e for:_.'
-rm;if{c,g}el2 N

A A“{“*}"w s H 2 ck.;,(._ "a B;;{c,,}n,,. (115)
G g)ﬂefouﬂerﬂ'amfomesof¢sat=sﬁes B SR R

> l?“-’*%«k)! <5 'a;e_{e. e

N "“"W .

" Proof: see {1] _1';95_’76,-_:_ e



' -'_tsan

. R R
o ’ )

. In thm aact:on we assme bo_ = 1 and we use: the no»atxon qb, k= v,blr,,;, We reshnci: our
a.ttentmn to R~ functions ¥, so that {¥;, r} is & Rlesz basm of L*(R). Axil R ﬁunctson qb

| . is c&lled the d’:ml of ql} if i aafmsﬁes the dua.hty rela;tmnshlp R P W
: B < 1;&:,1: 'hlm > = 5,1‘15&,!1; S ._ . : . : (1.17) :
i We nse the nota.txon {1,(:-’-"‘} for the dual basm of {1[:.,,&} o S
~ . Thereare Rx ﬁmcttons that do not have & dual basis. {gb’-" } genera’sed by gsome 1,6 € L*(S%) o
o __.Tlus Iea.ds to the followmg deﬁmtion of wavelets '_ L , P B

o Deﬁnltmn 1 3 1 Au Rfunctwn e,b € L*(S«E) is callﬁd an ‘R.-wavs vet ’or wa’ua;’ct) sf it has e
a dﬂal t,b € L’(ﬂ?.), in the sense tha.t {‘qb_, k} and,- {1,5_,;,} as deﬁned by (1 11y aatzsfy the_ '

} duahty refationshsp (1 17) L e L o . e
- ‘I‘wcr very mportanﬁ subclasses of R— wave!ets are the semnt ort}mgannl waveiets a.nd or-: "
. thoganat wavetets. It is easy tra charar.ter‘ae the dua.la for these classes of iunctmns

3 " Deﬁmtmn 1 3 2 Let ¢v € L2(5R) be an ’R. funat,ari( thut genemtes {gé,,;,} as, m (1 11) . g )
'-E:Tken R o

1) s caHed an ori:hogonal Waveiet of {'o,n"WaVeIe{:] :f {"‘;,k} safzsﬁes the or-

o _thonorriahty condition . o e ; R
R < "II’JJ& 1 ¢l.m > = 5 ,Iak.ma g J:k I AR G z tmls)
s ). v,b 23 cuiled a seml-arthogonal wa'vclet (or 8.0, wavelet}, sf {1!;_,1&} satwﬁes thg wnd:_“._ -
- _<¢5,:. > = 0-- ¥ #I _- ;,k ; mez. - (-71.__.19_): o
An o, n. wave!et is self-dua.l in the sense tha.t w"" = gb,,;g = qb,,,g, | kfg Z

i In the fdll_oWing theorem 'we formuiate.thie d_ual bf a a.'oiwa.veléﬁ': a

: _Theo:rem 1.3.1 Let 1,6 € L’(?R:) be an s.o wavelet cmd deﬁne ¢ via zts fauner tmnsfarm -

S (w) . - _
v,b A X I
e () zmhbtwmk)w ST & )
o Then 1,6 zs the d‘uaf of-lj: in the se'nse that o R - . L

R Y ather wom’s tke dual basas {gb""} mlatwc o {1,&,,;,} is gwen by ¢Jv" =

P -
: \_‘.,-.-

&

oL



. 'i;he dua,hty rela.honshxp (1.17) 1t- fo]lows tha.t

: Thearem 1. 3 2 Lat 'z,b be o ‘wa‘beiet wn‘.h dual ‘z,b For myf = Lg({'R) ) conszder ﬁs I WT o
L -ﬂszny both 1,6 cmd a,b as basw wavelrt auaduated at (b a) = (w“z':' j,ﬁr E z) namely :

- _’Theae twto doubly mﬁmte series ar

" ':

.'.:. ” o ._\\ R

: . ._ . f (“) = E‘xca.!s’l'mk(“* Z dﬁW’J-h("’) | (122) ’ .‘

i.kE 4

_ .ke.a

. dj,ka = <_,t 1¢.§

Ex

; ca.k _'*"-<f "i’.w,k’?-— (quf) (; 1)

e _fﬁ__ia < f ,g > '2 < f e/)_,,k S 1/;,,;, 8 g> '_ | (11 05)
IR . L skEE R )

= .Proof r.otlce tha.t the bounda: i (2) af theorern (1 2 1) guara.ni;ee that qb E L’(R) For
' '_a compleﬁeproof see. [1] PE 7? T O T 2

>= {{Wss-f) (g, 2—;), S -_-__g____ll_.2_4)-_

G then f ean be mcomtmcted fmm eather {d, k} or {c_,,k} by usmg eether af two wawelet -
| -serses in (1 22) l"ura.hemore; the. inner pm{uct of any two L"(S%) functzans tan. also be ...
a __:'-mcovcred fmm the unalagous dsscrete aamples of thezr { WT' by usmg the fomu!a .

o 'I‘he dual ¢ of a wavelet 1,6 is 1tse1f a wavelet, 1e ‘we alwa.ya consnder pmrs of Waveleta“ ]“'
I Emm the de.nmty conditzon (1) in the dm‘imtmn of a Rlesz ba.sxs, it 1 is. posszble to e:cpand
o ewery f eL’(%) |

; _called whvslet series and convergence is m L‘*‘(Sﬁ) By".' Lu

. o -In summary we have the foﬂomng sehehe for reconstmctmg a,ny f E Lz(gz) fmm dzscrete.-'j - c
o samﬁplea of 1ts mteg:ral wawelet trmsj&orui* Ty '



*‘2 1 MULTIRESOLUTION ANALYSIS 5

s

ﬂ‘

o ESCALIN FUCTIONS AND
o WAVELETS

_ The 1&&& behmd Wa.velet a.ua,lysw is the s:onstructwn of a sequence of sets. {’I(;} in L“(BE),_ S
" which, if it sa.tmﬁes the properhles below, is ca.lled 2 multlresolut.xon a.pprox:ma.tlon (MRA) -
S ofL"’(?:t) ' - : . .
A cV_«.- cV_1 c:‘vacv&
o 2) clost(m (U,ez V) = I? (.SR), -
8) f=)eV; o f2m) € Vi Jez

4)f(w)EV-*f(m+a,)e L jeZ

e “The method we use to mnstruct such a.. sequence of sets s to - d a scahny ﬁtnctzon -
46 € L’(S‘E} that genemtes such a sequence We have the followmg d L

jtiom:

Deﬁm‘bmn 2.1.1 A ﬁmctzon é g Lz(ﬁﬁ) is called a scalmg functmn sf the subspaces V
o of IP(B%) deﬁned by' | o .

- 1{’;'__:;_: 610852(&) <¢3,lg kez:}, JGZ’ L (2‘1) : o

[where %;‘(w) 22&(213——51)] | : ST
- satisfies the four properties above and if {qb( - k) k& Z} is u Riesz basis of V. We-
o say t}mt the sca?_mg fun.ctzon ¢ genemtcs a multsresaiutibn appm;cimaibn of L"'.(S‘E)’.

_ _If {QS — k) k E .3} is a Riesz basis of Tq’; then it follows ea.mly that the fanuly- |
g J’c e Z} s AITU a Raesz bas:s of V Then smce gﬁ 5 Vu C V1, and {c).‘oa,,se r ke g}
Q!
!

o

e

'.'.('L"}‘ ’



_ '._-wherez‘—e z . : W . S o _
e Thls equa.tmn ca.n also be the dﬂﬁnmg equation of- the two sca,le symboi P.g. of a. gwen
: scahng f“—“"’m’n . If {Pk} is & ﬁmte sequence then qS haa compact support a.ud in fa.ct 1f

i isa Riesz bams of ’Ef&, thera exmts a4 umque P-sequence {pn} that descmbes the two scafe '
o mIatmn LR : '

Mm Z Mﬁ 2$ k) :- _ e (2 2)

k-.--oo

o f’he scaing f’v‘@u"ﬁ ¢.. The Sequeﬂce {pu} is ca.lled 4 two sccde sﬂqﬂence of ¢ Corr& i .
- spondmg im thJs aequence we can mtroduCe the t»ibo sccu‘e sgmbol P deﬁned by

k--oc

(z) - Rils) 1= 5 z@g (23)

| WB can formulat& (2 2) by takmg ite founer tramform- L

w v

' Ep@(zw Hn - a o

- for some poaltwe lntﬂger N,ﬁ %m it can be shovm that supp(¢} {a N¢ (see [11

o I)aﬁmhon 2. 1 2 A laurent serles B,r___m a,,z is. smd to belong to the Wzt;mzr class-

128-181). S -
-, Ingeneral we wﬂl assume that the sequem:e {pk} is in 21 Iu thxs case i'.he correspondmg _
L 'twwscale symbol belongs 0 the so called ernef‘ OZass o L e

U

3f:ts coeﬁiczent sequenca {a,;} wm !1 _' L ey

Wy

3 W is an a.lgebra. in the sense tha.t if G(z) }:,, Gn2" a.nd H (z) Eu h,,,z“ for o saqhences.
 {gn} and {kﬂ}, t.hen if Q(:e:) G'(z)H (z) Z}n qnz then {qﬂ} is a.lao a}ﬂ l" sequence.

(proof: see 1] pg. 140) : -
Furthermorp, we ha,va the follomng theorem due to N ernar. .

o

Theorem 2 1 1 lct f E w ana‘ su?pnse f(z) 95 0 Vz on the wm‘ civ-cle [zl = 1 Then._ |

| '_'."'LGWaiso S

Proof: aee[I] P, 140 SR T co
- Let ¢ be & scaling 1 functlon With two-scale symbol P;,,(z) i 2,, pkz* Now cons:der any- o
pther I sequeuce {qk} and ita symbol D | e



L Tben Q i alsu m W and deﬁnes a functmn

(‘”) = Z mS 2-'5 k) o B (2 7)

1_1'.

in V1 ThJa functlon also gunera.tea a closed subspa.ce Wo in i:he same manner a8 r,b generates S

' Wu =. 0108L~(m<‘¢( ) kEE’>._

(2 8)

£

- ’We are 1ntcxe3fed in the rela.umnshlp betwaen Vo gmd Wo, both subsets of W. Obwously,

" this depends on the rela.th\JlBhlp between P“ and Q. We would hke Ei‘or reasons stated_" o -

h Iater) T/a and Wu to 'be camplementary spa.ces Uf Vl, 1 e,

=

'_ : V %J.Won TR | (2 9)'__"

: where the nota.tmn -T- means a’smct sum (Vp MWo = {0} a:nd V1 %U Wu)» In our ﬂ-ﬂa.ly Hls . o

of the reIat:onsth between P and Q 1t is useful ta construct the ‘matnx

( z) Q(—-z)

 ad .m;;aet;gmﬁ

qu
: ﬁ-omtheorem211. S

. We can construct the followmg functions G a.nd H w}uch are also in W

6 = LR P n (2113:-_7”?7'

- APQ(X) : 2‘n=—w S

o e t1E
o G e

where {g,,} a.nd (B} are in 2“ The rea,son for constructmg G‘ anct H is apparent in the SRR

- follomng theorem:

.g

(2.9 to Hold is that the continuons ﬁmctwn APQ never vansishes on the unit circle

(2:c - l)

vy ke . \ '

. boz'ds Va: € ER {g,-,} and {hn} are the sequences ma'itmned above

Mp.o(z) = [ P(z) (z) ] :

%2 {ggk_m(w k)+ haf,,.np(m k)} _-(.2.:1.2);:

L B Thédré.m 2.1.2 4 ne;:éssary and sufficient condition fbr"tke direct-gum "decbrhposdwn -

o qu[z) : detMpQ. o L . (2 10)
.Sznoe P a:nd Q are jn’ W AP,Q isin W a.nd 1f qu(z) 95 0 on ]zl s 1 theh e E W:_'

el = 1. Furthermors, if Apgle) # 0 Jor all |#] = 1 then the family [p(-—k) ke Z}
. governed by Q(z) as in (2 6) and (2 7) is a Riesz baszs of Wn, and the- dewmposdton o
; -refatzon o
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 prooksesflpg 12145, .
o _-Betﬁusdeﬁnea;qm@S) LA

" case

. oo

S S‘fppose now  that. t.wo—acale BYmbﬁl P’ and Q satlﬂfy the condltmns ata.ted in theorem Lo

_2 1.2. Then the followmg argument shows tha.t we can extend (2 9) 'c.o the more genera.l__ ' - "

.

-for some sequence {a,}

e

L o f:+1€Vs+1 .' =

f:-l-l(fb' Zﬂfk‘ﬁ(?’“w - k)

. j,+1(2-5¢)_ Zam 2’+1(2"’w) k}
o z Eak¢(2m~k) (E V1)
| _ \-'=.-.' Eak:ﬁ(m k)—i- stb(m k)

wﬂ Z“W(gj(zh:m) k) + Z5k¢(2’(2 j:c) k)

- : where we have apphed (3 9) in aﬁep 3, the ﬁmt a:nd ser'ond terms on the r h a are i Vo | S
- and Wo respectwely. SRR S S o : - :

g for some sequence {ﬁ,}, and

where terms on the r.h 8 are in I{f a.nd Wi respactlvely L e

- Now suppose tha.t f, & V} a.ud g4 E WG, and f_, = gj. Then |

Thus. : : R . -
fs+1(w) = Zm m_k)+ zsi»pfzfm k), o

;’f

K““ =V + Wy " (2.15i-'.

f,(m) = Emcm k) Eﬁmﬁ:(z’m k) - g,(w)

4 2‘%) Eow(w = z:ﬁm(m B gjcz-:wJ:;}

g



S Therefore

X

mwwm@w   y;g¢ :qv~*

' (terma mV& and Wo respectwely) e o

"(2‘15) and (2 16) give (2:14). e -
_Now we. ca.n estabhsh the followmg a.bout the sets V and W_.,
o V.-:+1 = V+W5 SR
e = W+(V._;$“W;.,) Lo
o I _ W+HG~1+M—2+‘G—'&
_"ctc_. - a

From pmperty (2) of 2 multmesolutxon approxxmatmn we can deduce tita.tl - '_ a

. __'Lf'f  :()gwwo ’ f   g; ,:~

L2(§R) + Weak Wo+ Wi+ Lo (2 17) o

: ']'.f -[-;b( k) ke 3} is a Rqesz basis of Wu as determmed in. theorem 2.1.2 1t is: ea,ay .
to show that {¢(2~‘ ' ——ic) vk € 2} isalso a Raasz basis of V; , but we need to do more

analysis to establish i genemtes a Riesz basis of Lﬂ(m and even then we have bo _.
investigate the emstence of a dnal ¢ € L2(§R) 80 that v,b is a wauelgt functson This is the_ o

o purpose of tne follow:ng dmcuseuon

| Wa cha.nge the emphas:s silghtly and begm by cons:dermg two-scale symbo!s P.,v. and G3
- corresponding e scaling functions ¢, and §. where .

o - a7'ﬁj

({g,.} is the two~scale sequence of the tuwo-scale symbol G).

“We assume ‘that ¢ generates & MRA {V;} and 3 generates a 'MRA {I{,} of L’(&R) I we

. ge,lect Laurg.nt senes @ and H tha.t aa.tmfy

L
e
b

- sitions of L¥(R) « B | _ S
-mmwm+mﬁmwm+mw'.' o

2):9-“2 Bl=1 o (2-18)'_

f _ :' qu(z) 75 0, Aa,;;tz) =;é 0 |z] o 1, ‘ .. o - | (2 19)

o vthen accordmg £ theorem 2.1. 2 and (2 17 ) we wnll obta.m unrelated dlrect sum decompo— :



.Y

e (where W am"l Wg are spa.ces correspondmg to functions 12» a,ng qb determmed from Q a.nd

H respectwely) I

" Do make a connechon between theae t.wo decomposztlons w‘e sta.rt mth the foil%wmg
L deﬁmtmn. e BT e

P

Deﬁmtlon 2,1.3 .S‘calmg funct:ous ¢ an.d & genemﬁzng posssbly diﬁ”erent MRA s {Vj}- "
and {V;} reapecﬁvely, of Lz(ﬂi] are sasd to be dual scalmg funci:mns Qf they satzsfy the_:- E

o condz‘twn

o '.)'

o < ¢( _"‘?) ¢( k} > - fm ¢ a:-HJ)qS(.'u -hk)da: 5 5;,&, J,k E Z, (220) .

. and the follomag theorem

i _‘I‘heorem 2.1.3. Suppase P = P.;, and G* = 3 are iwo—sca!e symbota wafh cIuaZ scahnq- ST
functzons S{’ ‘“‘d 4’ mspemi’elﬁ' Theﬂ; if Q: € W are chosen fmm the class S |

cz(z) G-k (2 21)

- ::_'\%r-fs H(z) e zP(*z)k_l(zz}, S :. S - ! :

i where k E‘: W and k(z) ;é 0 far lxl =1, ‘ then th.e ﬁmctions s,b and ?,b deﬁned

!f’(z) Ee'kz o (2 22)

!b(z) Eh-kz

" Furthsrman; vl} € Wa cmd 1,3 € Wn are dual wavclet ftmctums

proof aee [1] pg 142“143 _ o o o . _ .
The followmg shows that the choxce of functmns G’ and H in theorem 2.1.3 is conmstent
. with the equations defining @ and H in (2 11) that- are needed for the ﬂecompoaluon
 relaion in (2, 12). .- ‘ e _
. -leen P(s) and G(z), we chose Q(z) =2 1tC}'(--z)It:(z:"') 80 tha.t -

&P.e(z* P(e)Q(=2) - P(~2)Q(z)
’i P(z)(~2)  G(z)k(") -z~‘@<~z)k(z*)?(-z) .
= M pyats) - Pn)G=2) |

g _—ziltp(z)G(z)+P(~z)G(—z)]

ek
[
Y
St

B I "f’i.ks%;f,m > = 5.1’.!51:‘% | J,k 2‘ m ES 3 (228)



[

e Alao, accbrdmgtO(2 11) :

o | In [1] PE 151 it is proved ‘that if ¢ a.nd 9’! are dual scalmg functxona asin theorem Z& 3 th\en
" their two-scale symbola P and G* of satisfy the 1dent1ty P(z)G(z) + P(—z)G‘(~—z) = 1
- ‘I‘herefore the above express;on becomea o

o Now the expressmn for G‘(z) in (2 11) is consistent mth our chmce of Q, for <;-'.'."_ e

o '_ which s the same as the deﬁmtmn of H(z) we bisd in (2 21)

- See sectlon 1.2, - - - ' - T
- We want algonthms for ﬁ.ndmg the IW‘I‘ values of f and for reconstructmg f from 1ts .
IWT values. It turns out that the two-scale sequences {g_,} and {B.n} from two-scale o

N

W :._'r_ :': AP|Q(z) = o (z ) .__.a

) - (= )‘10(2)’6(52)

APQ(z) " G(z)

k( '*‘)

z -—g—z)‘ = -% |
e H() Amfz) P( )’“( 2) -
. {}_.ﬁ.. 5 o R _'.-_.\ zP(—wz)k Yz )

In chapter 1 we sﬁow:ad that 1f 1}.\ a.nd. ¢ 3 La('!’R) are dua.l waﬂelct ﬁmctsons, then a.ny - | "

E L’(“R) cami be 1'epresented in tWa umque wa.velet ser:es, - | B -
- . Z< f:"!’;,k > ‘!’;,k(&‘a), E ._ | '_ (224) | AU
f(lt) Z<_f¥¢3|k > 'ﬂb;.b(ﬁ)g JRERR I (225) C

) gk

o

- where the coefﬁcmnts are the va.lues of the IWT of £ rela.twe to the basec wavelets 1,0 and _'
o z}: respecmvely, evaiua.ted at the t:me-sc,a.le pO&lthns -_ - =

o
CoA

he = (w)

symbols G* =" G and H* as given in (2.11) and (2.18) can be used for obtalnmg the

IWT values < f, 'l,bj.k > ,This computational scheme; called the decé(mpos:tzon algorithm

isa consequenc of fhe decampasztwn relation (2.12) in thearem 2.1.2. On the other hand, . _: -

~the two-scale sequences {Pa} and {g.} (from two-scale symbols P and @ as given in 2.8

- and 2.6) can be used for reconstruction of f from its TWT values. This computa.tmna.l_
‘scheme called the reconstruction algorzthm is a consequence of twwscﬂlc relatw:@s (2.2) -

- and, (2.?) Hwe wa.ni: to use 1 instead of v[) as the basic wavelet then the two-scale sequencrs

'{p,,} and {g,} are used in the decom}:osztwn algorithm and {g.,} and {Fin} are used. ) o

' in the regonstmctwu algorithm, In other: w_ords the ;-ole of the pairs ({7_,} ,{Jz_ﬂ} )

- T ¥

()



o

' 'mformtmﬂ SO E

is repla;ced by the IW'I‘ mformatmn o __ S . FA

: In wha.t follows vie only dlscuss the IWT in (2 Eﬁ) usmg ¢ as a ba:slc wa.velet For any
- ______feL’(gt) let fr; beﬂpmjechon offonto Vﬂ e E T T
--Smce C '

..'for a.n;y pomt.we mteger M fN has a. umque di; osxtmn .

. where e = {c;,} kez
cand v 70 o

o 1We mtroduce the nota.tion

{W&f (-&ﬁ ”) 31 k € 3.} :_..: _..:f.i (2 26)

L i) kery e

- ’I.‘h;s is called the duahty pnncsple m wauefet decampos:twn—reconstructwn. o e e

) \1

S

A

."—.-* WN-—-l"l" +WN-M+VNHM
A fN 5'N—~1 +9N—:z + el +,9N~M + fﬂ-ﬁ {229) ‘_,_:.dl._ﬁ._._ -

T f,(m) = Zc}, me E-) (231) L

then the decomposﬂ.mn in (2 29) is uniqueiy determmed by the sequences c’ i {c}c}

' _a.nd d-' {dfg} in (2 31) and (2 32). Again, note that: .

= {Wwf (1},2:) :,hez} (2__33).-_;-_- o




. - __:-'We can. now derwe the decomposztzon and reconstmctson algomthms EE _
+ 1) Decomposltmn algonthm S oL :, L

- __ | Tlus can be repreSented dﬂa.gramatxca]ly as follow:s

| 2) Reconatructmn algomthm ‘ :

e S 3

qS(Za' _ _Z a;__.%qi(m - k) + b;.g;,i,b(w k), | z e z Z, -

l}. R

DR = zmcz, - RPN X ) IR

e = :
’ '\{_ : Cme

Cm dN"’l dN"2 : dj}t-".-M a }
oL Lo DL e

5 . < _'» LR . e o
‘1

cN-M' ~ c:”“““‘~H L eN-t N
j’ . f}. R

'-f,:

f,fw)  =_ Zc'eé(zfm-t) L
Z:"’ [Z {a; qus(zf 1m—~k>+b:~zk¢(2f iz ’“)}]
E {E a:—akf-" } ¢(2’ o~ k) + E{Z bt—w” } ’1’(2’ K k)

: ‘|

-i'l'

_.Hencs, fmm the dccemposmon relation f, (m) = f,_.I(:a) + gj..l(wj, wfaera f}.d(:c) am;d
s _"g1_1(m) are gwen as in (2 31) and (2.32) with § replaced by j J- 1, it follows tkat

{Ea:#m" wd }¢(2J-lz-fc)+2{2:b:-md .}¢(2’"m~—k) 0

N 50 that (2 31N follows from the I Imear mdependence of {géj_;,k : k € 3 } and
. _ {¢;-1 1 kE 3} tmd the fact that V..1 N l?l'r"_,._1 = {0} .

B _. _(where {g_,;}n@-d%L } are the twa~scai'e sequences correSponding ba and H“‘ reepec-';_:__-'_' .
- twely) Hence the: decamggéstson mlatson( 12) becomes e e

.'Whlch xs represented dla.gra.mataca.lly - . S «\ ' &

IR PR

r Gi Epk—mC" +qk—2;d" . ':-_; _' :(23?)



N

proof:of 2) Bg applymg tb,r wo-sca!e miatzone (2 2} and (§ 7) we kave

f,(m)

R

. I!..-

Rk
5;
?

?: [ ¢(§5“‘w 1) +dH‘¢’(2"'lm 1}] | o
[ ‘iJ 5 Eqmi(fe."z - 21 k)]
; (cr lp"-'&" + dj Qk-zf) ¢(23m - k) ' :

1 m) + 93—1(3)

d EPM#(Z’:B 21

.‘,& :

R

B I

b }_-)-_
i- ’ .-‘.. . s .I. }"’I
L



N

8.1 TH‘E CARDII\%AL B- SPLINE

I th:s cha.pter we glva an e:{ample of a mnltsresolutmn appmzsmatwn of ”(?R) and a

L sca.hﬁy functwn tha,t generates if.

.Fo'r'-a.' nOn-neéativé”integ'er’ n let. my, denote the cdﬂéc‘liibﬁ of all algebmié po!ynomzals of )

degree at most 1, and O = CYR) the collectlon of all i‘unctmns f such that f’ f_", ey L |

- f () are contlmmus everywhé\:e

_ _Deﬁnitmn 3.1.1 For each posztwe mteger m, the space ,S' of cardmal splmes of order. o
. m’and with Jmot sequence Z iz the. callechon af all functsons f € C""" such ihat the S

- regtriction of f to any mterml [k, & -+ 1) k €Z, is in LIS i.e..

- fl[k,k+1) :S.W‘mq,_:' kez AU .'(3'_11).

_ We can extend the definition to cardinal apﬁnes with knot sequence 277, j € £ and
denote by S5 the space of cardinal splines with this knot sequence. In this case, _the 3'_

- above definition applies to the. reatrlctmn f|[g,-j;, g-j()ﬂ_]_)) € Mty ke Z If 31,52,6 2 -
- - with §z > j;, then PBZ 32392 o if feSithen fe ,S‘;;f, ie if f is 2 spline functwnr "

“with knot sequence 21 E | then fis also a splm.. fwzctwn with knot sequence 243 3.

o We can deduce that Sit 82, or, more generally, we have a nested aequence
. (fj'\_

- of cardinal splmes (with §2 :~_-' 8-

> To obta.m a multn:esolutlon a.pprﬁxlmaflon of L (§R) we form the gntersectmns of tha\spa.cea |

R A R S B A

'1_6'-

CS“IC%E‘CSI T . (32)1 )

Fm



'. '.S-’ mth Lz( ) : .:. define _ P N ' o

- _Tlus gwes us a nested sequence

-_ | "'of cardmal spl‘me 3paces of LQ(%] . ' ' S '
_ :-:___It ig clear tha.’!'. _ e

_  for eVen in the trma.l case v&hen m = 1, the piecewme constant functzons on mterva.ls :'_ o
'[2"’&: 2"-’ (k *]— 1)) can approxmte a. functxon in L’(fR) arbﬁranly closely a8 J — 00, '

o To venfy property { 3) of a MRA (see ﬁrst para.gra.ph of d:tap“her "@m need to show tha.tf S
. .__f(z)eV’“=>f(2m)€‘G+1 B T
 Therefois, suppose that . . © |

' '-'_._.'.erBOmekeza.ndﬁx IR T
- R f-”:' [2"("””“ 2"’“’(19-&-1))
AR R .-"_flre—sse.zéman €y

. _we_ﬁa% SR

o f((zm)) p((zw)) o

- for some polynomla.lp of degree<m Lo S
_iIfwedeﬁne T T

BRI S m(w) pmm) T N
ﬂlﬂo,a,n& . P a o '
AT (2:&)“— (s..') T
| : | Smcea:was chosen a-rbltranly n [2_(""1”‘7 2“(’+1)(-’¢+ 1)) We ha.ve

" u S {Lf (2 )I{z—u+nk.3—{;+n(k+1)) E ﬂ‘muz : - o -"5'



andwdeﬁned by .
_ T ;,,(3) (f*g (v:) *—f f(w y)g(y)dy

E g .-i.‘:e.,‘ B o ' \ . . . .::" S . _m ' .

am Sy
Ay L

2 --_.'sm(fe’ Ic Wa,s chosen’ arbztra.nly

B La,s*.'.ly, to venfy (4) of ES MRA ‘we. tise A sirrulaz' M’gﬂment tﬁ ShOW tha.f.

f(a:)t—:-V‘“.i‘} f(x+

o .We have iound a nmlt:resoluﬁlon approxlma.tmn of L’(éR) To {ind a genemtmy scalmy ' o
funatwn we d&ﬁne uamg a comolutmn o;:emtzon, tha B—aplme functtons ' S

ul

|

Yy -

.?

1) eV“‘i“‘“‘-’.nz |

_ Deﬁmtmn 3.1 2 Let f,g =3 Ll(?:%) Then ‘the convulutmn h o_; f cmd gis glsa in LJEQ; '

e It is easy to, show that h € Ll(?ﬁ), a.nd that the convolutlon operahon is cmta.twe
o (f *g= g * f) and assoma.twe ( f *g} * g = f* {g *. u}) for L‘(ﬂ?.) functlons f,g,u. T
B Deﬁmtmn 3 1 3 Let N1(a:) Ine the chamcteﬁstw fumﬂﬁwn on. the umt mtewal [0, 1) qné g

o :_m(é}- = f_tfv,;;-_}llw;)'('m__)_' |

Clea.rly, Nm(m) has compact support WnlCh also unphes tha.t N (:c) = L’*(Rj

R Nm has severa.l lmparta.nt propertlea ]mted in- the folloﬁ mg theorem

.!_ .

.r.._._ -

/ Nm~1 :.'."'f)Niff)dt

- We call Nm th.e m“h m:der cardmal B-aplme Nm R

J:

..re.. o

':,-"-*cs;_s)ﬂ L

(3 7) o

'I‘heorem 3 1. 1 The m*" order curdmai B—sphne Nm satwﬁes the foIZowmg propsrtzes

1) for every fe C’ G° (contmnous functzons)

f f(m)Nm(:c)’aw -

- 2} far every g e C*"

- [l b,

o . f _ y(m)(m) (:v)dw = Zk_o( V‘“k (k) gfk§ .

e

R

PR - BT



 om@s o, O<eam o

DR Nalet R =1, Vee® T

N (AN = Nem@® M=ty
o 7) Carﬂmal B-splmes \Nm and’ Nm_1 are relate& by the ident:ty S

” - proof' fee [1] sect:on 4‘1 pg 81-87 - : .
'__It can be ahown [see [1] pg 88-89] thafr. it We form the seﬁ of mteger tra.nsla.tes of the'_ o

Nm(x) "". _ 1

o 8) Nm is symmetmc wztfa myect to fhe centre of zts support, ie -

| Nm( +m NJ (.._. —-m) O ._ (312) |

. s ' f:';.'

" :_.B-asphne Nm Ce R =

oo o

- then 3 is a. R.lesz basm ofV"‘
o Smularly the family o

) _Ir;,-”

- ._Our next step is to determme thq J.V\‘U“Sca.lﬂ symbol PN,,, of Ny [aee (2 3)]
F:rst note the foliomng property of the couvolutmn opera.tlon.

(f*g)t\(w) = .)'6_(9’) _,,l- .. o (316)

as cm be seen from the follnwmg computa.txon

e folls .

'._(.f *gMw) = f"" (f mf(w y)g(y)dy) "‘de

N T mg(y)( [ e y)dw) dy 'ﬂ
o J°go g\y)( -;w(t-]-y)f(t) clt) o .
= . g(y)e"““” (f.me"‘“"f(t)dt) dy

I\

T 3, = {z%Nm(zva: L) keZ} T say
' - is & R.iess bams of V"-‘ with the same R;esz bounds By the denmty pmperty Of B Rleﬂﬁ_-. e
! bas;s [See 1 13] We ha.ve : S . . )

Nm-—-l (‘c) + """—"‘"“Nm-l (m - 1)1 | - | : (311) |

= {N (:c k) keZ} - (313)

o ._Tlns means that the B—splme Nm isa scalmg functmn tha,t genera,tes the MRA in (3. 4) o
._'._[seedefnZII] - S -



) _where We ha.w.: subst:ltuted P m ~yin the thn-d step, a.nd a.;jphed Fubim’s theorem ,m
B the second step, R ﬂ S e : =
. _EWe know ﬂ"’m (2 4) tha.t we Cﬁl Wl‘lte S " :" L 1': L Y

.- where PN,,, is fha tw&sca,ie aymbOI of the scalmg fuan-lon Nm. We can now sta.te a PI'OP.
o ert.v of the founer transform of Nm S ° can or .

g

(3 1?)

o = : ,,._z(w)(M(wn’ IR PET
B T R
T e (Nl(w))m B
f@};@ knuw from defn 3. 1 3 tha.t Nl(m) is the charactenstac functmn of the mterva.l [0 1)

e

Nl(w)=fo “"“”"‘“’ SR _\ __C3"2_°):-'
-—zwe |°
'-_'1_'-‘?.13
The_reforé_ o - 1__3_;@ o
Nm(w) ) EURNN TEEUEN =)

'IE

- 3_(0
(by aubstltutxon mto (3. 19)) L & -

- 1Fub1nls theorem atates that if

f[]!f(a:.y)]dy]dz < .oo LS |
. f [ f f(w,y)dy]dm f (f ﬁ;@)’ﬁ;@ o

s

20



B . e b . L - !

o Submtutlonof(32l) mto (3"?)31%3 T TR S

S . ,-._:. -.: _‘_-' e L M g - SR -
_ T e T k..;':n. WA

ST :
. 5 dpe
i

Note tha.t for z = e“‘““!'2 we ha.ve e L SO
. . . ; 4]

B

Iﬂ*‘f he twmsza.le aequence bf Nm is denoted by { pm,;,- } then we ca.n w::te

S Pl g N e -(3-25) o

" _'_--Therefore the two-scale relatmn for &,a.rclma,l Basp}meu of onder m 13 g;ven by

wmmmwewz®~w. <;@m «-

o In wa.velet walysls we wa.ut za prOJect & ngen,ﬁunctmt; f c—: L”(éR) onto some space 'i

A aubsPa.ce of a multxresolutm approximation as dﬁﬁned in cha.ptér 2 If we kmw the .
| _values of a. ﬁxnctlon f € LB(ER) a.t all the Jnteger poinf.s, say | A

- ﬁ"ﬂl ,ge cmlld P]:o}ect f onto a caxdma,l aplme s;:a,ce.. *" by tmeans of m’gerpolatmn, We

do this using the centred ca.rdma,l B-s;;ﬂme Nm (m + ﬂ), 1.e, we detenpme the sulutmn {c;,} o |

= in the equ&txon

Z;-_oochm( +.-._J)|¢=k f_{ilf;gf o .. T -; (3 28) T

\ or rx;ore s:mply, We determme the fuﬂdameﬂtal z:ardmal splme functlon gwen by th¢ se- L

quence {Gk_} . P, D
o _‘ Lm‘(m) = Ek—-wck‘Nm(w + 5 k)
i '_: wh:ch aat.lsﬁ&a the property '

B LT

w0 that we can aolve (. 28) by fnrmmg tha lmear combmatlon

A S

b

i



| - apondmg to the scalmg fmctlons Nm, deﬁned m cha.ptel 8 ),_,»N\ el

ca T

L

. 1, .

o

) -"lr.(-..‘J
;\

Thxs cha.pter uses tha theory developt,d m chapt.er 2 to. ﬁrr}d the wswelet "““'mns corre- e o

The%rst sectxon mtroducu a cIass of functxbna lmown '*a ‘!“f ;\} - 3?73 polynommls .

wh.lch ave useful in the coﬁstructmn of sphna-\va.velehs PO b"'?é g

Q

4 1 EULER—FROE IUS POLY'WOMIALS

For posxtwe mteger " the Euler- obenma polyn ‘ma' ,,,.___‘1 () is deﬁned
) i ‘?

Eﬂ_l(z) ’—. (n : l)lzﬂndl}mxk—-wNﬂ ( ) zb (4 1)

where [:c] denotes the Ia.rgest mteger not exceedmg % and N,g is hhe B-sphne of order n
‘defined in the previous chapter.: : :
If n is: eﬂen then o= 2m for some. poaltl\re mtegar m and (4 1) becomea

E-_;,,.._I(z) . (gm'mf‘\)!zm—lzk_-wNﬁm(m"" k)z* - (43) - -

=1

e = e B Nanlmt R

k=---m+1

o

a.nd 1f n is add then 0= 2m + 1 for a poatwe lnteger m aml (4 1) becomes

2m+1

: -"'E'-‘:'*“(g_)} .= (Qm)lz Ek—..mNﬁmﬂ(

| ("m)lz‘“ _Z Ng,,,.,.l (2"‘2“"‘1+k) o

o

L

B : )



o ENm(z = Z sz m + k)z

L k%-.-m-inl C \\

' then

o : Ev’gm-1(z) = (2m-1)lﬂm(z) L (46) |

o= (2m lﬂzm IENm(z}

R
N

"'-a.nd we can pr(IVe some Jmporta.nt Jdentltles for EA (z) a.nd Hm(z)
o Theorem 411 The follawmy s of identities mlate ENm(z), (z)_.a'nd Ph';,;,(.z);':': | .
- 1) Both EN,,,(.?) ande(z) nez:ervamsh on [z[_l' S

8 ) S

. "PNm(e_m )'2}'

u_. . ) [/

‘Ej\}m(e""“’ﬁJ + [Pm ( fw,le)lnEN ( e wjz) = EN ( *-iw)’ ! .‘ 'Vw E%

)~ (A Tn(os) = ), Vel 91.7 o

proof

- The zdentzfy in (4 7) is an. applzcatwn of the po:ssrm* summutaon formula (1 7) [see. [1] ::':_
section 8.5]. From theorem 1.8.1, 95“ have. (1) since {Nm( - k)] :s a Rzesz baszs of V"‘

C To clerive (4. 8) we: shart unth (4 7) and apply (3 17)

.EN’ o) = ch-mle(w-i-Zar!c)P .
o SRl () 8 (“’*mw P

Ekg_m‘PN ( :u.xia.. -—-:'érk) o (w+29rk) |2

LS

.: -|PNm(e_.;w!f2.)I22karm_[ﬁ (UJ +247rk) 5 .- L | L B :
P PR, (L )) i

'.|PNm(e“mi3)[22k_-oolN ( +27r1r.) l* I

Keven o

_ __|;

i

o

| m(e“f“’”)l"‘ 5 [ (“’*2”") 2+ |P~,.,(~=-ef‘w?2_j_;2 5 ¥ (“_’-r*' 2k

S

| ( . 4) -

) = 1EN,.,(z) e (45) ;

EN,,,(e-f?*) - k-hmle(ww«rle“ ey



+ IPN”‘(HEW[R)IQEk=—m|Nm w+ +2 k I2 Lo

|PN (c uuf2)|iENm(e—iwf2)+ ‘PNm(_emswz)IBEN ( sw/:a)

To pmve (4 9) e need an efnpresszon far PNm(z) in terms of me(z) .. :

k=0

BT - el (’:'2) * 1*«=|—¢r“"’2

S

. We huve 'used the fact that m g ?) 0 < ig < m. For the ﬁrst step see (&22) o
T In the faurth step we have used the aﬂbstziutwn j= m— k o L
Thuswe have : : e L
| o —ﬂm(z e L w0
If we. rawrzte (4 8) in terms af z for z = (e'“"f’2 we obtam o - e o |
PNm(z)PNm(z)FNm(z) + Pra(= Z)PNM( - )ENm(_z) ENm(‘zz)! l-?l —"-"-.1 (& 11)
I we substitute (4 10) and ENm(z) ax z“{""'nﬂ (z) (from (4 6) ) into (4.11) we yct o
E m(PN.,.czW oy w(8) + (=) m(PN,,,(—-z))*(wz)-(m—*ﬂn (~) = xHniy o
| | | . (4.12)

' wku:h szmpkﬁﬂs o | | | | _
1-*N(Pwn,(z))’nmm cz)m*?'(PN,;.-(a-“z)_)?nm(.—z)*:= | 'z-’:"_*+‘=nm(e'=) G
."so that g - . - R .

| (PN.,,(zn“nm(z) (PNm(—z))’nm(—z) = znm z"’) T (4 14)

- Since botk sides of (4.9) are entzre functzons (bemy algebmzc palynomzals in z), tmd (4 14) N
' holds for Izl =1 they must be zdentwa! for all z : _

o An 1mporta,nt theorem about the roots of the EuIer—Frobemus polyno:mal Egm...]_ i proved
- . in. [1] sectmn 6. 4, Pg 195 l99 The statement is the followmg '

oun



| Am.zm_gdmgm_aou<Am,m<1<3m,m-1<"*<"mﬂ<“ (’“ﬁ)'

R _-wzth the substltution 3 = k-l-m Lin the last step
Wenowha,ve U iy

e LS e

- '.‘I‘heorem 4. .2 Et m be cmy posztwe mteger. . Then the E‘rdef»Frabemus pozynomial._fr- S
S Ezm-1 O.f Order Zm 1 (or degree 2m 2) ean be mﬂgn as - FEE

_' .Equa,tlons (4 2) and (4 3) ¢an be formula.ted al:ghtly dxffemently. _

E’m_ﬂz] = (2m-1)!z’""1 E Ngm(m+k)z"

: - ks-mad . o
e (2m =) 2 Ng,,.m-!-k)z"""“h"
o _ k-—m+1 L : -

3=0

Eam-l(z) _ (2m l‘j% sz(k—}. IJz . ;.. ._ (418) :

L '_ 'Sxmlla.rly 11; ca,n be shown thaj;

Ezm(z) (QM)I 2 &2m+1 (k + 5 ) ' i (419) _

C We now ha.ve thn ”maeﬁmery” needed to construct the compﬂ-CﬂY anpporﬁed 3phne~

. o wavelets. .
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. .H.: :

” 4. 2 COMPACTLY SU'PP ORTED SPLINE WAVELE'];]S

' The method used to construct cardma.l slee wa.velets is a.n a.pphcatwn of theorem 2 1. 3,_‘ f '- :

e but ﬁrst we need

fh .

. Theorem 4.2 1 Suppase thut we have, in the geneml case, a acalmg functwn $ yenemt— _'
ing the sels V; constituting a MRA of L’(S‘E)wsth a dual scalmg functzon & (see defr 2.1.3)

. generating the same MRA of L”GRL eV;=V; j&Z (where 7S are the sets gemmted:- S

- by gb) Then gb must be determmed via the foHowmg e:cpresswn' e |

DU

~e-;>

Zk"—'—ml& w + 21]'}‘:)[2

L Proof Smce qS and qb are dual saaliwig functwns, for each ne Z we imve L

) "_'.5»,01 .?.4 s ‘*_('_ f’_.-_'_‘) _’.’ j'f;“\;._'i'-mfwmq*(w)é(w) '“‘““’dw - o 3_ n .

nrE s
o =z:kw§; f e ss(w)ebtw)e-'""‘dw -

' 1

o

(w) N SN

E (ﬂsmg the parseml 1dentzty (1 5) ) in the ﬁrst step)
i foﬂow&‘ th.at

: foHowmy

Takmy Founer tmnsforma of baﬂa sades gwes

Therefore | |
¢(w +. 29rk) ;
o . _ 3(;;: + 2;1-;;) ;-m% &

k
zk=-w¢(w+2 k)g}%
J_M

A

9%

zk__mé(w+zwk)¢(w+2wk)—1*-_ RN T

We Imow thaf. r,b e Vo and ¢ € If& ‘but we have assumed V T{,, V;,- G@Z il?aemforel o
V=W S 30 ¢ & Vo and we can. ea:press 45 in tems ofq& usmg soms seguence {ak} n the_ o

(w+27rk)§"j.u__ma e—-:(w+21rk); | : (424) _

‘15("'") = Ema_makqi(m—-k) o ' (422) SR

oo e



NI

Themfora : PR
A m_ml$(w+2wk)l"' = z‘zma* L
o gﬁ(w) s
o The second step fallows fram the fact tfwt the LHStérposztwe and ihe hxst step fmm (4 23)
. Themfom S e el e
ff ("") k_—mléw‘{“z“k)ln oy ( ) S

Once & MRA of L“(ﬁ) (consmtmg 1f sets V determmed by t.he scalm,g functlon gﬁ) ha.s

.' . been determined it ia alw;:.ys possrble tu mtroduce the sets W} sa.tlsf_vnng Vi = I{,-}-Wa
L [see {2. 14)] ’I‘heorem 2.1.2 ata.tes under ‘what wnd1tlons a funct:on ¥ generates the sets

Wi e theoram 4.2.1"we have a dual Bc&hu,g function ¢ generatmg the same MRA thh

S pets 'V; Vi Vi € 2. Clearly then i;he sets W: determined by the ¥; are the same
& the sets W; detarmmed by the Vi, ie. W; = W, V;; €. Z “Theotem 2,1.3 states *

. that it is posmble here to choose dual wavelets. 'zﬁ € W and, zb € Wo 80- that the sets __ :

W are genexated by v and the sets W; are gene‘rated by P. However, as’a result of the . h

eqmvalence of the sets W and W;, the sets W; (W,) are orthogonal fi.e. if f &€ W; and

- gEWithen< fig >-— 6,,;,) and the f'a.velets -and zb a.re senu orthogonal wa.velets. (See

. definition 1. 3 2 (ng)) ‘Consider the followmg a.rgument

. Choose 'f’;,k & W; and zb;,m € W, for some 4, k, I m €z L IJ S
Since ; = =W, ¢I,mET’Vh e can wite = S LT
o zb;,m(z) = z:,,,._c,aﬁbczf -t) IR (%
for some {a,} o L
:_TherefOre | o | |
< ?ﬁs,k,_sb:@'ﬁ' = <¢j.k,2?2_wa:¢(2‘ -~t)> e
| b = Ef—-—uoat < %bgdu 'J’!.‘t > o
= Z!_—coa“a ’155," .
_; {cq, zf :,--t
- _In'stéad of( ,17) we now ha.vq :' | __
B | mm ~._—'.-"_—.-ew.q-e'wa R 08 * B

o



E _ .' Note that (4 7) SImWs tha,t EN,,. (z) >0on IEI =L

(a.n orthogona.l sum), a;ud mstea.d of (2.14} the orthogonal Sum

T{,+1 = e‘WM S (4 29)

- Conmder now I;lie sca.hng functxon N w1th ﬁm’l‘.e two-aca.ie sequence denved in (3 25) and
' :"':two-sca.le symbolm (8.22). For £ = c:a"““‘f2 (4 7) becomes o o \:‘ :

ENm(z) - Ek——fmle( +2ﬂ'k) |2 __ '--:'&[2__" ’ (4 30}

Lo .
B .

" The dua.l aca.hng functmn Nm of Nm gener&tmg the sa.me MRA a8 N ca.n be deﬁned'_ o ':

) 'usmg (4*20) in ’ﬁhﬁorem 421 and identmy (4 7)

ﬂ ﬁm . Nm(w) D= e-'iwlz ' = (431) g

The two—scale aymbol G“ G"‘ can be determmed from S Y S
e T Nm(w) RS B EEE

| EN (3"') m(w)

NI ( PNm(s)ﬂ.( )

R Enm(z)
As mentioned in. sectmn 2 1 thls can be used a8 the deﬁnmg equatmn for G“ Hence

0 .

PN,,, (z)N (w /2)

- " -""."‘:_G*(z} = EE?((;))P u(2). | : - (4 32} o
In theore:m 2 1.3 we chose the two-aca.le symbol Q for a wa.velet .¢, rela.tWe to 2 calmg' L
functmn ¢ from the class o . T ;

P i . . : (2’) - "‘1G(-z)k(z§) : .. :.. :. ,. | (4 33) )

wherekeWa,ndk(z)uOfor]zL-l._f__-_. o e

If Q(2) determines a wavelet /2 rela.twe to t-.he sca.hng functnon Ny then we can express it -
in terms of the Euler-Frobemus polynornial Em_1(z] using equa.t:on (4 32)

o) = B k=1
= gg(gg)m, =1

Therefore, récalhng (3. 23) a.nd (4 ﬁ) we. have T a --_.{?g_.'_

[

e g
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'-r.]

oo
IR '_'.' T, (z’)
: Ezm_:{.("'z) __z)l-lh (z»-—-l)
: 1(23 z!l—ﬂm

- G

_ISubstltutmg (4 34) mto (4 33) gIVes P

2m--—1(z.2_)_ o

Q(z) o (.1 ) E-,y,,,.%( z)E"’("g)

_”wherekew, __ k(z)#Im]z]"‘—.l : : o

R 'For the wa.velet 1 determined by Q(z) to ha.ve compact aupport the sequence {q,,} deter- T

SR rmned by @ must be ﬁmte, ie. I's(z’) must he chosen ao tha.t Q(z) i a gblynonual ‘\ee
aectmn?l 1] S T .

'_"'ﬁpppose a is & zero of Egm..,(z ) Then (—-a) is a.lso & zer0. (beca.use Egm_l(o:’) =
o Esm-—l ((’“a)g)) le we could wnte L

' for some remamder polynomlal Rl(z) Notloe fmm theorem 4.l 2 thau the 2o pf"'

-Egm-l{z) are all negative, which implies that. the zeros of E‘Rm-sl(-Z') are all positive,

. and so onIy\one of the terms (z_ — ') (z + o) may be & comrnon xa.ctor mth Egm_1(‘—z) S
- Hwewereto cancel this term, the remaﬂmng term (2 ~ a)Rl(z"‘) or (24 a)Ry(2?) would_ el
" ot be & a polynOrmal consisting of powers of 2% (the highest order term is odd) and so .
could not ca.nc,el with k(22). Therefore, to. choase k(a’) so that Q(z) ina polynormal tis -

- __-'necﬁssary a.nd sufﬁcaent tha.t k(zﬁ) con{;&ng a,factc,r Eam—l( Nie ¢

R ; S M= coz““Ezm—l( y . um
: where € m a nonnzero constant a.nd no 1s any pomtrve mteger o
Hwe choose ep = -{-m iy 2 and ﬂ.g =1 then (4 35) sunplines to .

Qm(z) = zn_'_wgnz :..-.-_ (4,38) .

. _(Where we have used (4 18)) a.nd We can deﬁne o .. - hi, Sw
S Ynlz) = z,m_wqmm(zm w9
_ uamg the sequence {q,; in (4 38) f,bm s ca.lled the mik order B—wuuelet -



The sequence {qn} ca,n be deisen:runed exphmtly o _. ) : a:r :

1 ’, m 2m—2

9> Nsatk+ l)c—z)*

. | Em-méz : :;_ :__2 (

_ f.l"-—_-,' -

e 2,“_1 E ( ) (—‘z)..‘. Nam(k + 1)(_ z)e

e '2m-'2

Sl

i=0 k=0

= h—m( I)sz;l( ()Nm(] -—»{“l'l))

‘\

' _' : where we ha.d the subat:tutmn i= k + l in the. last st.ep

-._--',Qn%Ofor a

Therefore

‘Sigee

'forr-—mrm@«w) o - SRR | ;
- (we only need to conmder the smaﬂest a.nd hrgest va.lues of I) [see (4 ) of theorem 311 ]

e
The sﬁpport of 1}.‘1,,. can a.lso ’oe detenmned

| - .wpp.wm_[ozm] o o
'by (3}oftheorem311, R R ol S

.' '-1e.qﬂ;£0fotn Olm S — 2

- _ Therefore

' i/’m(a:) 75 0 when Nm(2a: - n) #0 for somme n = G o _ 2.

"'_when0<2:'n-n<m n=0,v 317:. .9,
. Consider exbreme cases -
_ (1) n=0and SR S
: (2)7’3 3m 2” o ' o o . "? S
 The o Ly

- Smed

suppNy = [0,m]; agaan by (3) of theorem 3.1 1,

-Therefore C e N o PR

¢m7£0 o o s

l)0<2w <

o

| a»m(m - Y _mtzm n) = (wis)

i )szm D 7 R
q!'l =3 T z;o ( )Aﬁzm(n . 1 ) I) . (446) _:.

for1=0m(44{}) 01' . LT s S
- St D < mAlm < 2m ZEE . '(4.42‘)' R

CoL



"-':_-'2)0<2m—(3m 2)<m
el m+1{m<2m - 1.

_ -Therefore ¢m(m} ?5 0 lf 0 < :r: < 2m 1 (cambmmg (1) a:nd (2))

' supp-!)m [B 2m 1] s o | ol (4’14)

: The results m th:s sectmn can be summa.nsed m the followmg theorern .

. '_-.Theorem 4.2 2 Lei m ?Je any pos;twe mteger Also Iet Nm be the m"*" mdar cc:rdmal:' j
. _'B-»spline aid P the. B-wavelet defined in (4. 39) with coe,fﬁc:cnt seguence given by (44.4(1) '_
' Then {‘l,bm(‘ ~k) 1 k€ Z }is u Riesz basis of Wg (the wave!et ghace _genemted by 11:9,)

"""_"Furth;rmorc ﬂ,bm ﬁas mmpact suppam‘ giver bg anppe/:,,. [(},,Q.m 1] | '

:"i.r . : r"

I I

L 11_1’ _;he.next.ae__eti_cﬁ -t_h_c' dual ﬁay@etsfbﬁ"‘m-tiéﬁﬁ@d jn _-téxhis ._.of iﬁt_éfpolatimi splines.

S

BT



.' sat,isfymg o

- :_Thé_:qfdre -

.'4 3 CON STRUCTION OF A D'UAL WAVELET

) ‘I‘he sca.hng function Nm genera.tes a MRA of Lz(ﬁ) with seta V,',. In thﬂ previous sectxon' :
_-_-:the wayelet funct:ons Y mth comnact. support tha.t generat.e the orthogonal spaces w;

o S V,+1 = aaW,, Vgez o (445)_.”
were deterrmned n thm section the splmé fnnctmns Pim tha.t do :uot have compact sup-

port (for m 2) that also generate the sets W_" are deterrmned as well a8 the rela.tlonslup .
of these functions with the dua.l P OF P ' : : o

.._.-Ifeq‘ia,tmn(éﬂiﬁ} Jaqpplaedform—l then - L - -
R = (ﬂ)#[(ﬂ)m(nnw(),Nz_(a_;)']' ey
B | =. —(Na 1)+N2(2)) S
An apphcatmn of deﬁmiuon 3 1 3 for m 2 shows tha.t

-z 6 1<a:<:2 '.

O Q0 =1 .'1'1_;:.”‘1'-' _
CSo,by(ad3) | o
Ch(s) = M) +aM(Ze-1) (449)
= "N1(2fa)-'-?N1(2ﬁ.,‘;-'-. o o
. { 1 ngm_zg}
o =Y o i<g<l |
¢H == 1y is called the Haar wavelet. ' o
It follows from (0) in theorern 3,15 thas vﬁy is related to the derwatlve of the second_ '

o order cardinal B~ap11ne Ng, na.mely

nls) = Ny2e) = N1(2m) N1(2r.~:-~1) o (4501.__

_ The B-spline .1\ can be viewed as a,cfunda.mentai cardma.l sphne [see (3 29)] I‘n fa.ct, the
o second order cardinal splme Ly i defined by: - :

o dpfe) = Nz(m 1) . --T_:ﬁ"__‘1"%_(4.51)-

2



) i
woidl

So |

: Deﬁﬁﬁ  _

- -"ﬁ\‘.“ . .
. N N . a .
o co ey LHE

Fur{'.hermare, mth an apphcatlon aga.m of {6) in thgrem 3. 1 1 ” -. e [ _ _' ' a 2 )

L’(f) = —*Nztx 1), L
;.#”ANI(wH) o e
S N1(:s+1) Nl(m)

RV o
u L &

| L2(2m - 1) ' Ni(Za:) N1(2:c 1), o | __ ":_(4;:'52)_ :

' wh:ch gwes an eqmva.lence between ';b;,r(:c:) and I (2:u - 1)

) = L@,

o Thls sta.teme.nt ca,n be genera.haed in the follomng f.heorem

_ 'Theorem 4,3 1 Let {V“‘} be the MRA of L*(ﬁ?.) generatcd rﬁy the m"‘ arder mﬁdmal B-
apling and let {W’“ ; } €2 } denote the orthogonal camp!ementary wavelet spaces such, :
> that ' :

: where Lgm is thﬂ (Zm)”‘ o'rder ﬁmdamental cardmal splme Then wp;,m genemtes the

- .waveletsmces{W’" JEZ} e

W_,- : .. = cIosL:!(%) < 2"’ 1ﬁ;m(25m k) k E 3 > L o .I ) (455)

_ We ﬁrst uemfy that 'Pz.m E W“‘

If (6) of theorem .S' Az 1 succesfully apphed m tzmes to detemme ihe m"‘ dematwe af

the mt order cardinal B-splme then we yét o finite linear combinatson of mteger translaieau N

- ofthe delta dzatnbutwn EEREEE : -“:__r. PR

| Hsnce, for every n € Z - B

3

N{m)(m) g%(._'_i)m (E)ﬁ(mwk) =

< Nm(‘“ﬂ) ab:,m =[N (.1: n)L[‘“)(Za:—- l)d.fc R
: ( ) j"-wN(m}(w ﬂ)Lzm(2a:-—1)d:c \q\'

}'_.‘,( ol “() 2 6(s = n - k)Lgm(%-nl)d'p

- S ) -
C o s

E“-—“-—-( l)m!k\:(k) Lzm(2n+ ok — l)dg: ; % o c

I

a0

k=0 2™

3t

- gy




o __ since Lgm(l) -—’4 '5; o, I E .Z Use mfegmtzan by part;s- to get the 3ecand ssep

| ‘".:'-=_;,We snvestigate the ﬂoo-scale rslahdn af vay,m wzth mpectk Nm 2:::&— k), k e 3 , 1. e, Co
L) S

e 'we are mtereated m the I* sequence {q;,} far wh:ch

¢r,m = L‘“"(zm - 1) Ekm_quNmtzm Ie) | (4 56]-_’_- '.

-'If we can dete#mme such a seqnence then we wo-utd hcwe estahlsshed that -zﬁ;,m € VE and'_“ R o

- the above r\:.suH mouhi msure that gb;, € Wn,

W

o I{eepmg the same notatsan as in( 3 29)

' Lin(®) = TRl **"JN,m(m +m - k) T sy

o By mpeatedly applymg (5*) o_f theomm 9114 follaws that

s
__ R = EH)"( )Nm(m k)

_ So ef we dﬁemntzate (4‘57) m tzmea we fmﬁ; - _ o

o z_b:ﬁ(m)_ ‘m’(zm 1) < op _mc(m}Né',:)(% 1+m k) DR
e = z:k“_wcgam)z 1)t (h) N(m)(% __“1 +m k— !)

L,

_.:1

. i ,?:_'_'mq,, m(zm n) . .
We crm determme the two-scale symbai Q'f canespondmg to the two-scale aeqmnce {‘EZ}
Qf(z) =  E n=aoog;t:zn e R (4»59)
= (B )cmm) o |

=0

_5;3,__,‘,o (E( 1):( ) gzm;z,wmm)
e (S () 4

: : -- .'"—" '.Ez”mﬂ(l - z)"za“wmc('sm)z‘! R I
In the tkmf stﬂp we used’ the 3tsbst£tﬂtson¢' me 7 — S Y S *, L

[ .

|

"“’() = (ANémti’)(w) ECOR

Form me mterﬁolatory property Lgp(1) = 5;,@ it fa?lows fﬂam ( 4. 57) th a \ o

J | :."} - ?; Ek_“m m) sz(t + m - k) _ 1?5 0 - .: (4 ﬁﬁ)

o



. 7 Themjbre

We oan estabhsh the followmg zdantzty / \ T o
L fi=l - . BT
( 2 N‘,;m(m + k) ) ( oo (3‘“)2 ) .. = Zk"‘—mznn-oasz m+ k E‘Em)zﬁ-?h . ..'. L

'

= o?.—.-w n=-:mN2m(m+l n]csfm)z

o = n:—goN2m(m +I ‘n)c{z”‘}z‘h - e

i} In the secaud step we }mve aubstztuted 1 = 9 + k and m the thzrd and ﬁnal ateps twed::'-- SR
equatwn( BU) - : : - _ _

E—m+1 sz(m F k‘z"
Aprfvmmw (459) pves _' B

o« (z) g “g‘;;"(;j‘ o ey
) Let us wnsm&’t the 3ei' .- T O S .

: - ‘ ‘o d‘ost(m) {"!’Im(ﬂ’"*’“) ke‘g}

_ '; Q'?um we knowﬁwn the ﬁrst :part af thss pwof that Wg C: Wo Homver, sf we ﬂan estab)gzsh -
'_th.at . e S : e ; 5

o T/i_-%-i-wn
e, it e b W =W,
. Thwsswhare we need theomm 212 ST S

Smca the “‘"’"'““13 39""‘5"1 "f) N 8 9’“’8“ 5!! (3 23), we can wmpa‘ée the dcte?}mman# o

| qut deﬁned in (2 10)

K e (__,z)-m-}-'lfl_[_z)zm;(z)-m-l-l(l__z)ﬁl\n“ "‘ _
o T R T PG

Recalffrom Seﬂt‘lﬁﬂ 4 1 that Hm(z) [ sm"’lEN (z) Thus -

ot (P (P
‘“"" i (nf,c-z) nmé))

tf n

i



"is o Riesx ba‘sss' of V“’_”‘-‘-’.

T ._ . = 2m-‘t m(z)(PNm(z))g Hm(“ﬁ)(PNm(—z))s y
0 Hm(z)ﬂm(—zl CTRREE ._.“-
o = 2m—1 zENm(zs)
ENm("'z)ENm(z)

- where the thmi step is an appfzcatzon of ;dem‘zty (4. 9) in them*em 4 1. 1

(1) of theovem 4.1.1 states that E(z) never uamsﬁcs on tké unit czrcle. Themfom it follotos, -

 that Apg(z) #0. on|z| =1,
_The resul‘t n tkeoram 2.1.8 sb s thm‘ we fzave completed the: proof of thss tkeomm. '

R We now estabhsh tha,t the famﬂy {v};;‘m(?m k) k€ z } 84 R.msz ba.sls of W,, i E Z
-~ We begm 'by‘ deﬁmng the spa.ce _ ' :

o .l/-/‘ : '. o -': * VZm.{l_ iz {8 ng . S(k) ’ N E z} - . (4 63)

- : of car&.ma.l splines of order 2m with knot sequence lz and va.mshmg akb all the lntegers e
Itis clea.r ﬁhat the :Eunctlon S : _ o R

- Uana )'.= ""‘Lamfzw—-l) e ' §; (4 34)-"- L

| is in V; Zm0 a.nd sq are al.l it mteger transla.tes In fact we have the next result R

D

Theorem 4 3 2 For each m, the famafy

o prnaf TO 3];aw ﬂm}, thg ngar span af the fumdy n (4 65) is dense n Vzm'a we let G 6‘ :.

Vz""" be chosen arbstmrsly. Then by applying theovem 5.1.1 {2), we have .

fmawmmmw~na-ﬂrﬂm*()mk+d  ,;:ez;ﬁv@ﬁi"

(aanseguently, mce it is clear frvm thearem 8, I 1 (6‘) that G{“”q is in V"‘ ‘the Qderwation_f_ o

- tn (4.66) shows that G 4s orthogonal t&* the subspaca V'“ of Vl amd hence lies in Wn

| _ Bythevrem(d:.ﬂl) wahave v T

) = S tabinle ) 7 Cud

for some semuence {an} €. LA
. .‘u:to, observe fmm the deﬁmﬁon (4.64) of \1‘2,,, we have L s
e - Y e
36



R

..30that . Y . o
| ” Dm{G(‘”) Em_man%m(m ﬂ)} = 0,_ | me?R C o (489)

where D*”‘ denqtes the m* order dsﬂerentml apemtor. Smce V""'“l canswts only of fune-'-'-' |

R t:ons in L2(§R) that va.msh at Z, we ha.ve

| '_Ta ahaw that the baszs in (4 65) :s q Rzaﬂz basss we note that _' S

‘Psm(’w) : =§”-Lgm(2 -—1) _ | . (4;,.71)
- f"" "“"’Lgm(% - 1)43; |

R gm 2J'°°°° —wfs+1)[2L2 (y)dy B

_:r

nﬂ |

o) %-= Fe e DT

IR J':j : fmwe“"""zic—hmck )Nnm(l+m k)da:

B T
S “"“‘Nz (w)Ek——mc(?m) ek

Il.

Themfore . ﬁ s

o : (2
| Upon ¢ubshwtaan of (4,72) into (4.7 j we ham |

‘Dzm(w) =2 2’"’“"1 '(m"”"’” (2“’ (9"‘) —-ikw)'?) ﬁam(-g-) '. _"':@._73.) :
ﬁvm whwh stfonawa that - o o

zk=_mlmm(w.+ m)l’- e

Lg’" (2) = ""’mmNz (@ ) ?e?—-m (am) --l(w!i!)k LR O -

Ek—-m(‘l?zm(w + Zwk))(ﬁ’mw + zﬂk)) "

L 2"3’“’"22 ——;o(bgp—mc(zm) -:J..-‘.L.ﬂ)( j

i

=-oo J

Dhem (2 o) ) (et [ (222 iﬁ]
B (Dd™ e"‘”’”)’) (e o () I8

',_,.__._' .~2m+3 i, y[2 SN 2 B —
- m(wjz + 2| z;: - B, o + Isz(w/2+ 27rk+'ﬂ')| L‘z‘;_m @ (_z))g

{%)e_u&‘h&.)lﬁg (w“'l"?'ﬂ'k) |2

-2m-2

Y



Lo

.. forz—‘e"i""/z : S S _ . _ B o
. By the positivity of EN,,,(z} on thc unat czrcle |z| =1 (see theamm 4 1.1 (I)) tha result in
o theorem 1 2. 1 teHs us that the set in-(4. 65) B Rsesz baszs of V""*" " _

- __-whereH z) H“‘i for |z}-*1 ) ;
' In v:ew of the dual reia.tmnshap (4 31) for Nm We have for 7= e"“"l 3

o

-_,_‘ . . L=

(Enm(z))” (‘ENm( z))

- As a con:sequence of theorema 4 3 1 and theorem 4 3.2 we have the followm £ result

'l

B ’I‘heorem 4 3 8 For each posstwe mtegerm, tké m*" order da_ﬁerentml opcmtor D“‘ maps
the sph‘ezc apace T?z’”‘“ one—to—ane am‘o the waﬂelet space W'“ In addsteon, the Rzeaz basis -

_ {\Ilgm(~ k) 1 keZ} of ! V”""D mmﬂponds to the Riesz bcms {if:; m( — k) k € 2 } af

- 'W“‘ ma. the mlation ¢;,m = Dm‘hm

s | | We a.re now a.ble to dbterrmne the dua.l wa,velet 'gbm of the B-wavelet ¢m deﬁned in the
R prewous aebtlan.

Rl

.' We ha.Ve a.n equatmn in theorem 2, 1 3 to def.emune the irwo-acale symbol H . of e,b relatlve

&

B _"-’Ta obtam tha last ste;; we have apphed the adentatu m. (4.6‘2), usmg 4= 'en;wfz tmd t&e
L pos:tmty be(z) on 1:3|=1 ' . R SRS
o (Then smce D e e T S A,
), P Emm(z) = -mmam(wm m)l* o ew
"':_'_.'(47)forz—e-‘wf9 weyet - . S o e

k_-mwmcwz«k)i* = 2'”"*""{ E”’"‘(’" + 'E”’“‘( = } R (476) S

\, xbm(w) ) (;['(z)ﬂrm(*) | o (473} \_

- Bg g .

s .

o_ ?z'f;m(w) = Q(Z)Nm( ): o '_';eﬁiwﬁ : |
' ' _3—m+1 o l"

"' (1"'3) E (z) ‘m( )

" The twmscale 93' mbol Qf(?‘) in ( 4 62) determmes the relatlonshlp between Nm &nd 'ibf " o



L '.We can substltute (4 79) mto (4 78) to estabhah a relatlonshlp behveen the dual wavelet _' . _

e C s

D=1

B ﬁrm() ab:.m(w)( )mENm(z) e am

R T .
) ""_: . .

H*(z) ( Hmﬂé_ z)’“) ,},}im(w)

c s = - PH‘) ) ((1 )m) .J,,,,,,(w

I (D) N s BRI R
B - 2™k(") ((1 z)m) lﬁI'M(w) . ‘ . c

- (*-*1)”‘2""‘*12:"2—-‘“1&:,:11(&’), P g"-'wfﬂ'-' a

e Recall that k(z) was deﬁned for qu in (4 37) a.nd wechoseco 2= (zm_m a.nd no =1, Uamg R
::'thls expresmon for k(z"] m the a.bove gives - - '

":bm (w) (“1)m+12-m+1 (2m l)lzh‘t ( )'v"'f:m (w)

| -_= ( L9 i z-2(m+1)

Er (z*)””-m‘ 9 -

('—1) u.u(m “1)2& (gm}e—_m,‘brm(w) o | .

o (substituf-mg 2= e‘*“’f" and nsing 1dentity (. 61))
- Now we. nae t.he inverse Fourier transfonn deﬁned in (1 2)

. i fa,r, we ha.ve determlﬁ‘sﬁl the two-Sca.le symbol _PN,,, of Ny (m (3.23)) and the two-sca.la -' R o

()

:2'; -—L(;m_l e ‘“‘"'“’(z:,,,. mc@m*e““"“)z&; (w)dw o

) s .
( 2::32 (m_m ¢,t?m}"—" Ioo m(ﬂ-l-m-f-i-n)) §BI (w) dw .. .

SR _ (——:‘E‘): (:““éo (’“‘Jmpf,m(w—bm-}-l—-ﬂ))

Thm is the reqmred formuiatlon of v,b in ﬁ&rms of ¢1,m .

symbof @ ofgb,,. in (4.33) Aotoudly, we see from (4.18) that” e

R anls) w:(l 2, x)m aﬁaﬂ;m(w 1)(~—z)" R ?.f"._'(*f-;s_'i) e

’ﬁm(w) = -—-f '%m(wjdw (480)’_._'”“



chosen In (4 37) we get (for our prevmus chome of constants o and no)

The twwscale symbol G’ oi' Nm was g:ven m (4 34) We ha.ve.'__-'f- :

i a.nd the twwncale aymbol H of gbm Wa.s gmen in (4 7) In terms of our defemtzon ot‘ k(z)

H(z) = z_(l_ 2z) _zgﬁnn;(gl) e (483) o
_Wa now ha.ve ’r.he pa.lra of functlons (Nmfﬁm) and (wa,bm) wﬂ:h two-sca,le symbc»ls (P Q)

and (G H) respecl;wely, that are needed to apply the decompos:tmn a.nd reconstructmn

o algonthma dlscussed in chapter 2 (pg 11-14) to ca.rdmal splmea

i
bl

S
N "
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: Chapter 5 o
A BRIEF REVIEW OF PAPERS
- BY CHUI AND WANG

5. 1 A GENERAL APPROACI—I TO MULTIRESO-'-":--.-  :'
| LUTI.N ANALYSIS -

L

o I wﬂl dlacuss bneﬂy certmn a.spects of [2] [3], and [N rela.tmg to my reaeamch xepmt

- In [2] and [B] the authors venfy tha.t the mterpola,tory Bplme Wavelat

'a-nd theB-aphne o S ',J o |
‘cbm(-‘n) = 2m-1 H(~1)’sz(3+1) Napn (250'-93) o ()

" do generate the spacea W; determined by the MRA {V;} genera.ted by the B-aphne N
" The a.uthors first show that Y m, ¥m € Wo and establish thai each is a basis of Wy by

-+ using a similar argument to the proof of theorem 2.1.2 in this research report. In [3] the __
a.uthors continue to discuss the duahty prmc1p1e and venfy that the dual functnon ’!’ can-.

o _ba expressad in terms of- ¢I.m

. m___h

' j' i_-he class tII_ {$} o_i_‘ all functmns generating a part:.cula.r multlresplutlon ana_lyals of Lz(iR). iR

IR

with finite two-scale sequence, i.e. for each such ¢ there is some positive value N such

e



v n qﬁ(w) Z pﬁqﬁ 2&: n), L e gﬁ: .:.:.:_ (5 3)' _ s
. for % ﬂmte sequence {p"'} We mﬁy aasume w:thout loss of genera.llty that p{,, p}'g, :;é 0, so B

£ E thai- qg has compa.ct“supp{}ﬁ) [0 Né]

3 Wlth reapect to some ¢ e i> we have the foﬂowmg cleﬁniinong | L
- o | w,(w) f“mé(m-i\- y]é(y)dy o o (54} -
2) Forfmaain(l) wedeﬁne o P R L
i B R
It is clear tha.t 'm(*m) fn,('s) a.nd stzpp'y.,s c [~—N¢, N¢] 80 tha.t B¢(z) isa ﬁmte La.urent _' o
__ series, -

| 3) Let ky be the uon-negatwe mteger such that (k¢) 3& 0 but 1¢(n) = 0 for all » > k¢.
» 4) Let Ila,(z) = 2k By(2). (Ii{ence Myiea polynomml Awith degree exactly equal to 2k¢)
L 5) For any P e s lef P denotéqts remproca.l polynom1a1 Hence :

F I 'J.'.

S “_ e - 2’=¢r1¢(-) T (5 6)
- (Here m is ﬂle collectlon of all a.'lgebra.lc polynom:a,ls W‘Jl;h complex coeﬁiclents)
- 6) 2 is called | a. aymmetrlc rooL ér. (z znj a symmetnc fa.cto: of p e x ﬂ 30 74 0 md

- P(zo) P("‘ ?o)

I < general if da e <I: we call ¢ a (genera,hsed) sg;h’ne and the spaces {V;,} k & 3 splmeﬂ

- spaces-even though ¢ may not be a piecewise polypomial. Tn pa.rtmu]a.r, ifgedis a
¢ with minimum support, we vall . (generalised) B—splme In th“is paper the author =
- shows tha.t for a function o be a B-splme it is necessary and sufﬁc1ent that the two~scale S

| symbol P,s has no aymmetnc roots. Thus it turns out that the sca.Img fimctmn Ny, i8 a.'_-' L

B-spline of the MRA it generates, In fact it is alao shown in’ this papar that 11; s the only -

o generator of zts MRA w1th a finite two-sca.le sequence

| 'Innwha,t follows we lel; v e tI) denote the (genera,hsed) B. sphne of a pa.rtmula.r Mj‘?ﬁa {’W,}
' In this pa.per the a.ut.hor uges the follow:ng deﬁmtmn of a Wa.velet. o : \\
Deﬁmtmn B, 1 1 An L’(R) ﬁmctzon y ia called a wuvelet for a gwen MRA pmmded that ;\\H »

) {n(-—n) rn€ £} is a Riesz baaus oFW&,
2) The .9ymbal Junction

o



"-"'roots

- be ahown tha.t

TR T e e
. .The wllectlon of a.ll wa.velets T”ILbe denot o d by l]? S

_ Remark The a.ua.lytlcnty condltifon of Q,, nn |z[ = 1 i eqtu e.nt t@fhe éond:txm ‘tha,t S
- béth sequences. {q,'{} and {q_ﬂ} hiave exponentlal &eca.y 85 1~ ©0, Thls is 1mportant for PR

pra.ctical purposes such as apphca.t)ons fo time-frequency ana.lysm - '_ .
S _‘I‘a gwe a, charactemsa,tmn of a.ll wa.velets n € lIJ We deﬁ.ne the pol}nox;nal
e ﬂu ma}' Be fa.ctonsed a8 follows it ST e L
| . ﬁy(Z) pp(z)'\y(-vz ) - .Q::. .- : \-.:' - (5 9)
| where ,u.,, A,, E * such thaf :\,,(1) = 1 z’ does not; dmde p,ﬂz) a;nd p,, ha.s no symmetnc -

. : S, L B
e o _/

o In statmg our charactensa.tmn theorem we need the fo!,lomng Bt :ti_pn_: o ERE

_ \\“"-_-._..- S
o

A = ”*“"f‘ny(zm(z) G oy

'_ _Deﬁmtmn 5.1.2 Let A denote ihe cfaks of aH ﬁmstzons f anat _'tec in a nesyhboﬂrhaod -

-;ﬁ

| _'.':__Izl—lsuchthatf(z)aé[} on ]z[r-l. LT m e T B W

Remark fe Alfand only xflffe A Fm*l.hermoijgeA;fboth f a.m:l g arem .A. o

- The ma.m result is the followmg cha.ra.ctmzatmn theorem

C 'I‘heorem 5 1 1 Let ,u,, be as deﬁned in (5 9) Then :3 € 1]2 zf and qnly zf

Q)= nu(—Z)w-;(Z) SRR csmz«f-"

o

K

o wheré_-e'a,, e .A B |

Wy

- _Fc»r':} proof of this theorem see 4], ¥ wy € 7 then'the'w:a;velétﬁ haé'cdmpaét‘;subpbﬂ"anf v

if wy, is choden so thab wy(z) = 1 then 7 has minimum support. Under the normalisation -

_condltmn ,\.,(1) -1, the mm1mally supported 7 is unique. Thls mmxma,lly supported |

wavelet is called the B~wavelet of "‘ae mulmesolutmn a.nalysls. =

We cons1cler again the polynonual sphne setting where v is 4he mt order B-spline N .

" Then in the fa.ct.onsatmn (5.9) we hwe ,\Nm(g) = 1 80 that me ﬁNm Ta fa.ct, it - R

m,,(z) = (2;;1 "'13! (1;"’) H2m-:(z) Ley

\. : 43. o :_.“m S



9

o !

2“"((2m = 1)[)2

Do o “’ _r._\

Q"Puﬁ(z) (2m1 1)! ( ) H&lm«#l("'z) \(5.15

. which is the definition given in (4 81) of the tWO-aca.le sy\\ibol Qm Thus we hm detm_“:_ :
- mmecl the. compa.eﬂy eupported tga.velet :

2m-2

’»bm(w) = '2*,,‘%:{ ( . JT)":Nnm(J’ + 1)N§“3(2z - J) (5 15)'

EE ""ﬂ ¥

| -fAs ata.bad prevxously t]:us is {'.he mlmmally supported B-wavelegof the polynomml splme  _ '

i3

. : . .‘\ J . Hg} -—l{&j S ‘( 13){/4’
" __(note tha.t tlus is. the sa.me as Q* m (4.62} 1f we x:eca,il "’den 1t’y (4 ﬁ) ) Th:s gwes us tI; B
-__Wz;ﬂ.let L _' — : 1

L m\r,.,(x) ('“)(2::: - 1) s __._(5-.1_4)_;\
o we had Prav:ously In ad(iztxon by ehoosmg wq,m'— 1,Jwe h&ve c

Y

. -" 5 '.where IIzm__l iz t.he Euier—F&‘obemus polynomlal J:.gm_l Hence, by choosmg o L .:{‘S}
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