X be the left invariant vector field” on O(n) determined by z. By proposition 2,34
we need only show that ¢'X € O(n - 1) for all t € R. For this it is sufficient to prove
that the tangent vector to the curve ¢ —s B(eX) in §71 s identically zero. for then
3(etX) = €n Which implies that ¢'X € O(n - 1) for all t. The tangent vector to the
curve at t is

d"i(-"expu\') = d(”exph\' o i; o lexp(—t.\'))(xexpu\')
= exprx © d3(X (€)) = djexpex 0 di(z) = 0.

(X, notation from definition 2.3) thus dA is everywhere non-singular and the theorem
is proved. a

We have therefore shown that the sphere "1 is in a natural way diffeomorphic to
the homogeneous manifold O(n)/O(n - 1).

Remark 2.35. By a similar argument, one can show that there is a diffeomorphism
of the sphere §"=1 with the homogeneous manifold SO(n)/SO(n - 1).

Proposition 2.36. Let # be a subgroup of the Lie group . If ¥ and G/H are
connected, then i is connected.

Proof. Assume that
(2.6) G=truV

where the {7 and V are ndnompty subsets of . Then G//H = m({7) U (V) where
7(U) and = (V) are non-empty open subs>ts of G/H. Since (//H is connected, there
must be a point o H of /H such that

(2.7) oH € xn(U)nn(V).

Now, equation (2.6) implies that e/ = (sl N U)U(eH i V) where (eH N U)
and (eH N V) are both open subsets of o H (since H has the relative topology).
By equation (2.7), both (a¢H N U) and (eHN V) are non-empty: thus, since o} is
homeomorphic with # and therefore connected, it must be the case that (e H Ol N
(eHNOV) # 0 which implies that U/ NV # () which proves that (7 is connected, [

Theorem 2.37. The Lie group SO(n) is connected for n 2 1 and O(n) has two
connected components (n . 1)

Proof. To prove the connectedness of SO(n) we proceed by induction.

Since SO(1) =1 x 1 identity matrix, it is connected. Assume now that SO(n - 1)
is connected. We know that SO(n)/SO(n ~ 1) is diffeomorphic to S"=! which is
connected, SO(n 1) is a closed subgroup of the Lie group SO(n). By the previous
proposition we are done.

To prove that O(n) has two components, note that every matrix in O(n) has de-
terminant 1. The orthogonal group can be written as the following union of two

"See the first part of proposition 2.26. Since O(n) is a Lie group if we denote by g its set of jeft
invariant fields, there exists a (Lie algebra) isomorphism a : g = O(n),. Let X = a~'(z)
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non-empty disjoint connected open subsets : O(n) = S0O(n)u a50(n) where

el T s
Ul g D
aT= :
0 0 0 1
Thus O(n) has two components. a

To end this section we prove another theorem. The result of this theorem is of
secondary importance to the proof. The particular result we shall use (see propo-
sition 7.16) the fact that any element in Glin)t = {0 € Gl(n)[deta > 0} can be
Jjoined to the identity matrix by a continuous curve,

Theorem 2.38, G'l(n) has two components,

Proof. If Gl(2)~ = {a € Gl(n)|dete < 0},Gl(n)* and Gl(n)~ are disjoint, open,
homeomorphic subsets of G'l(n), so it suffices to prove that Gil(n)* is connected.
This will be done by constructing the contiruous curve mentioned previously,

First we show that each element of Gl(n) has a polar decomposition, that is, each
o € Gl(n) can be expressed in the form o = PR where P is a positive definite
symmetric matrix and R & O(n) (recall that all the eigenvalues of a symmetric matrix
are real and that a symmetric matrix is positive definite if each of its eigenvalues
is strictly positive). Let a be an eigenvalue of the symmetric matrix oo’ with
eigenvector v € R*. Then according to equation (2.4), if (,) denotes the standard
inner product in R",

(e, 1) = TR ey e IR s
a(v,v) = (oo’ (v),v) = (& (v),aT(v)).
Consequently, a > 0, and since oo7 is non-singular, we must have a > 0. Thus ool

is a positive definite symmetric matrix. Because o7 is symmetric, there exists an
orthogonal matrix 3 & O(n) such that the matrix

(2.8) saal 37
is diagonal. Because the eigenvalues of oo are all positive, the matrix of equation
(2.8) has a square root (BaaTaTy1 /2, |6y
(2.9) P = 3T (3aaT5T)! /23,
and

R=P'o.
Pis a positive definite and symmetric. By equation (2.9) we have that F? = gal
and thercfore that

RRT 2 P"m‘rT{ P-—l )T o ,)*IU”T(PT)—l
=P loa’ P~ = p~lppp! = |,

Thus R is orthogonal and ¢ = PR as we asserted.
If ¢ € Gl(n)*, then o has polar decomposition where R must now have positive
determinant, that is, R e SO(n). Let P, = tI+ (1 -t)P for t € [0.1). Then P,

is positive definite for each t, so the path t = PR is a continuous curve in Gl(n)

Jjoining o to R. Since SO(n) is connected, and therefore pathwise connected, K can
26
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non-empty disjoint connected open subsets : O(n) = SO(n) UeSO(n) where

-1 0 @ e D
0 10 0
o= .
0070 lJ
Thus O(n) has two componernts. (|

To end this section we prove another theorem. The result of this theorem is of
secondary importance to the proof. The particular result we shall use (see propo-
sition 7.16) the fact that any element in Gl(n)* = {¢ € Gl(n)|dete > 0} can be
joined to the identity matrix by a continuous curve.

Theorem 2.38. (;l(n) has two components,

Proof. If Gl(n)~ = {o € Gl(n)|deta < 0},GI(n)* ard Gl(n)~ are disjoint, open,
homeomorphic subsets of Gl/n), so it suffices to prove that GI{(n)* is connected.
This will be done by constructing the continuous curve mentioned previously.

First we show that each element of (/l(n) has a polar decomposition, that is, each
o € Gl(n) can be expressed in the form ¢ = PR where P is a positive definite
symmetric matrix and £ € O(n) (recall that all the eigenvalues of a symmetric matrix
are real and that a symmetric matrix is positive definite if each of its eigenvalues
is strictly positive). Let a be an eigenvalue of the symmetric matrix oo? with
eigenvector v € R". Then according to equation (2.4), if {,) denotes the standard
inner product in R™,
alv,v) = (el (v), vy = (aT(v), al(v)).
Consequently, a > 0, and since oa” is non-singular, we must have ¢ > 0. Thus eo”
is a positive definite symmetric matrix. Because oo is symmetric, there exists an
orthogonal matrix 3 € O(n) such that the matrix
(2.8) joal 3"
is diagonal. Because the eigenvalues of oo’ are all positive, the matrix of equation
(2.8) has a square root (Foa?37)1/2, Let
(2.9) P = 8T (BaaTsT)'/?4,
and
R= Ple.
P is a positive definite and symmetric. By equation (2.9) we have that P? = gol
and therefore that
RRT = P~toa”(P~")T = P~ a7 (PT)!
T P-l””'l")-l 50 ]'-l”['l’—l I
Thus R is orthogonal and o = PR as we asserted.
If ¢ € Gl(n)*, then o has polar decomposition where B must now have positive
determinant, that is, R € SO(n). Let P, = tI + (1 = )P for t & [0,1]. Then F,

is positive definite for each ¢, so the path t — PR is a continuous curve in Gi(n)

joining @ to R. Since SO(n) is connected, and therefore pathwise connected, R can
26
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be joined to the identity matrix by a continuous curve. Thus Gl(n)* is pathwise
connected, which completes the proof that GG/(n) has two components. a

2.5. Vector Bundles. A vector bundle. €, can be thought of as a family {E;}.ep of
disjoint vector spaces paramatrised by a space B. The union of these vector spaces
is a space E and the mapp: £ = B, p(E;) ==z is continuous. Moreover, p is locally
trivial in the sense that locally, with respect to B, E looks like a product with R™:
that is, there are open sets {{;} covering B and homeomorphisms p~ (U;) = Ui xR"
mapping each fibre £, linearly onto r x R™.

We view a vector bundle in the same light as a manifold in that it is formed by gluing
together elementary objects by maps of a specific kind. For vector bundles these
elementary objects are the “trivial® bundles, ['; x R", and the maps are morphisms
U; x R" = U; x R" of the form (z,y) = (2,9(z)y) where ¢ : U, 0 U; = Gl(n). the
general linear group.

The main result which we prove here is that the map SO(n) — S"=1 from the
special orthogonal group to the n = 1 sphere which maps a matrix onto its first
column, that is, the standard projection in the fibre bundle representation of SO(n),
is not homeomorphic to a constant. This resuit will be used in §7, theorem 7.1%.

A vector bundle chart on (p, E, B) with domain {7 and dimension n is a homeomor-
phism ¢ : p~'(U) = U x R" where [/ C B is open, such that the following diagram
commutes.

= (U) —— UxR"
’.l ‘/(
I
Here, my(z,y) = . ¢ is called a trivialisation. For each r € [7, we define the

homeomorphism ¢, to be the composition

or i p () L2 xR" = R"

Thus, if y € p~'(z), we have the formula

oly) = (7, 0:(y)). b
A vector bundle atlas ® on (p, E, B) is a family of vector bundle charts on (p. E'. B)
with values in the same R”, whose domains cover B and such that whenever (¢.!/)
and (¥, V) are in ® and 2 € U NV, the homeomorphism Uo7 i R — R™ is linear.
The map UNV = Gl(n) : & = 0,07 is required to be continuous. It is called the
transition function of the pair of charts (o, U), (v, V). If & = {0, U;}iea we obtain
a family {g;;} of transition functions
gi; Ui U; = Gl(n).
These maps must satisfy the identities
9ij(@)gix(x) = gir(z) A
gii(z) = Via € Gl(n). 1
A maximal vector bundle atlas @ is a vector bundle structure on (p, E' B). 5
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We call € = (p, E, B, ®) a vector bundle having fire dimension n, projection p, total
space E and hase space B. Often @ is not explicitly mentioned and we may also
abuse notation denoting € by E or E by £ where no confusion will arise.

The fibre over ¢ € B is the space p~'(z) = & = E,. We give §, vector space
structure by making each ¢,&, — R™ an isomorphism, this structure is independent
of the choice of (¢, {7) € ®. E can therefore be viewed as a “bundle” of vector spaces.

Let & = (p, E, B.®)and & = (p', E', B'. @) be vector bundles. A fibre map F : § = ¢
is a map F : E = E’ which covers a map f: B — B, that is, there is a commuting

diagram :

E-—E——»E'

S

B i B

Thus if # € B and f(z) =y, F maps the fibre over z into the fibre over y by the map
F. : & = §,. If each F; is linear we call F a morphism of vector bundles. If F; is
bijective F is called a vector bundle map. So, in particular we point out the following :
If U7 € @' and Uy € ® are such that U NU # D and if 2 € 71U N Uy, the
transition function between the different charts defined by

Bik(e) = 6, (o) Fe0T

which maps R" into R™ coincides with an element of Gl(n).

Fix a differentiability class, ", 1 < r < w. The above definition makes sense if
all spaces involved are required to be (" manifolds and maps are required to be €
maps. In this way we obtain €' vector bundles, morphisms and bundle maps.

Example 2.39 (Cosets). Consider the Lie group 5O(n) acting as a transitive group
of transformations on the manifold S"='. A projection is defined by selecting the
poiny €, € §"~" and defiring p(l) = le,. Since SO(n = 1) is the subgroup of SO(n)
which leaves ¢, fixed, the fibres are just the left cosets of SO(n~1) in SO(n). There
are many natural correspondences SO(n = 1) = 5O(n = 1), any [ € SO(n = 1),
defines one by y — [ -y. However, any two such y = -y, y = (' - y differ by the
left translation of SO(n — 1) corresponding to !=1/'. Thus the transition functions
map overlapping co-ordinates into SO(it = ') C Gl(n) and act on SO(n = 1) by left

translation.

Definition 2.40. Let &

= (p/, E', B',®'). A continuous map f: B — B induces a

bundle £ = (p, E, B, ®), denoted f~'¢’, as follows :

Form the product space B x E’ and let p :

BxE' = Band F: B x E' = E' be

the natural projections. Define E to be the subspace of B x E' of those pairs (z,£))
such that f(z) = p'(§]). We therefore have commutativity of the following diagram

E ——y

L b

B 1o B
28
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To complete the definition of &, we need to ..fine the induced vector bundle atlas.
If ' = {¢],Ul}iea, define U; = f~1(U]) and if y € p~(z), set

(210) G’z,)‘(.’/) o (‘T' o:.f(r)(."/))'

It can be shown that equation (2.10) provides a bundle structure to &, but again
since we shall not deal with this bundle structure directly the details are omitted,

Definition 2.41. Let ] = [0,1] and € = (p, E. B, ®). The bundle & x 1 is defined by
§x1=(q,ExI,Bx1 W)

where ¢(&:.t) = (p(€2), 1) and (v, Vi) € W is defined by (¢:, U;) € ® where V; = U; x 1
and v, »(y.t) = (¢is(y),t). Then the co-ordinate transformations of € x [ satisfy
9:;“7-’) = gu('r)-

Definition 2.42. Let & &' be two bundles having the same fibre and let £} and £
be two bundle maps of € into &. We shall sav that F, and Fy are homotopic (as
bundle maps), written Fy = Fy, if there exists a bundle map F : € x I — & such that
F(z,0) = Fy(x) and F(z,1) = F\(z). The map Fis called a homotopy.

One of the most important results in the study of bundles is the following homotopy
extension theorem also kiown as :

Theorem 2.43 (First covering homotopy theorem). Let &, € be twa bundles hav-
ing the same fibre and such that the transition functions map into the same gronp
G C Gl(n). Let B be normal, locally compact and such that any open cover of
B is reducible to an countable subcover (such a space is cailed a (', space). Let
Fo : & — & be a bundle map which induces a map fo: 8= B’ let f:Bx[— B
Le a homotopy of fo. Then there exits a homotopy F : € x I = & whose induced
map is f.

The homotopy F is said to cover f. The geometric idea behind the proof is to
decompose the homotopy F into a succession of homotopies each of which is small
in the sense that all motion which takes place does so inside a single co-ordinate
neighbourhood Ul of &', Since the part of & over U] is a product space and the
theorem is trivial for product spaces, the complete theorem is built up in pieces,

The proof of this theorem is lengthy and since it will not be used in our applications
in the generality stated here, a proof for the special case where B is compact is given,
This is the case that we shall require later and it is also the first step to prove the
theorem in the generality stated here,

Proof. Since B x I is compact, the covering {
{Uy x I} where {{/\} is an open covering of B and fy,... .1, is a finite sequence
of open intervals covering / such that 1, meets only 1,1 and /.., for each v =

2,...,r =1, Choose numbers

f=HU)} has a refinement of the form

0=Iu<f;<,“"\'f,-=]

sothatt, € I,N1,41,v=1,...,r=1. Weshall suppose, inductively. that F(€,, 1)
has been defined over € x [0,¢,] so as to satisfy the conditions of the theorem over
this part and proceed to extend F over € x [ e

29

]
s ey

-
rg i
Fte - Tl

4
ST O

LSRR S R

.,
- S

>
L R e G



T N A T g oo g S T - T Y T e T T —— TN

-
-
P L

For each z € B there is a pair of neighbourhoods (W, W’) such that z € W, W ¢ W’, .
and W' lies in some Uy. Choose a finite number of such pairs (W, , W.), a=1,... s 7
such that the {W,} cover B. According to Urysohn’s lemma, there is a map u, :
B = [t,,t,41] such that u,(W,) = t,4; and u(,(B\W,I,) =t,. Define o(z) = ¢t, for
r € B and

ralz) = maxfuy(z), .., ¥e(2)]; zeBa=l. .. 5
Theii
8, = r,)(;r) s T'](.I‘} S & T'S(I) = f,,+|~

Define B, to be the set of pairs (z,t) such that t, <t < 7,(z). Let &, be the part
of & x I over B,. Then

f)(t,,:f()cfl C..‘CES=6X[’,,. f,,+|].

We suppose inductively that F has been properly extended over &,_; and shall
proceed to define its extension over £,

By definition of the 7's, the set B,\B,-; is contained in W/ x [t,.t,4;] and by
definition of the W's, W, X [tyytysr] € Uy x 1, and is mapped by f into some ('J’.

¢

With j fixed in this manner, define

i
(2.11) FEert) = (¢ 1) (9100 Fl€eiT)) \ for (2.1) € Ba\Bauy.

where z = p(&;) and 7 = 7,_;(z). Notice that the right hand side is defined and con-
tinuous in the closure of B,\B,-y, and, for t = 7,_(z), it reduces to F(b,7,-y(x)).
Hence F on &,y has been continuously extended over £,. Clearly, p’F(b.t) = f(x.1t),
so F' maps fibres into fibres and covers f.

To show that F is a bundle map of &,, it suffices to prove this on the closure of

& \€u-1. Abbreviate 7,.,(z) by 7, then

g}k("” ‘Y- "ﬁ_’],j(r,l)’:’(r,!)“';,l(.'/-” - O_I,J(,“()F‘(C’;‘_lr(.'/)- t)

-1
LS i 5 AT | . ¥
= @itz ("'J./(«-.r)) ("’3.J(r.f)’ (C’k.l-‘-’/)-”) by 2.11
- ﬁ';,](r,r)F("";.L(.’/)- T)
) -1
= “";_/(;,T)Ffr,f)‘-';,-‘,(!J -)
= gix(2, Ta-1(2)) * ¥

The hypothesis that F is a bundle map of &,y in & means that g,.(z,7) vields a
continuous map into (i of the intersections of Vi x I with the boundary of B,\B,_.
It follows that that g;x(a, 7) yields a continuous map into (i of the intersections of
Vi x I with the closure of B,\B,-;. Therefore, F is a bundle map of €, into £
This completes the general step of the two-fold induction and proves the theorem for
a compact space B,

The remainder of the proof for the general case can be found in [35] page 50. O

Theorem 2.44 (Secoud covering homotopy theorem). Let & = (p/, E', B', ®') and
R be a C,-space, and fo: B — E'be amap and let f: B x [ -+ B’ be a homotopy of
P fo = fo. Then there exists a homotopy f: B x I = E' covering f (that is p'f = f).
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Proof. Let € = f;'¢ and let Fy : € — &' be the induced map. Let F:&x I — €
be a covering homotopy (see theorem 2.43) of f. Define the cross secticn o of £ as
o(z) = (z, fo(z)). Then Foa = fy. Define f(z,t) = (a(z),t). It follows that f is the
desired homotopy. C

A map f: X — Y is called reducible if it is homotopic to a map of X into a
proper subset of Y, otherwise it is called irreducible. It is called inessential if it
is homotopic to a constant map: otherwise it is called essential. A space is called
reducible (irreducible) if its identity map is reducible (irreducible).

Theorem 2.45. Let & be a bundle in which E is a (/,-space and p : E — B is
reducible. Then E is reducible.

Proof. We have only to apply theorem 2.44 to the identity map of E. O

Corollary 2.46. If £ is irreducible, so also are p and B. In particular, if B has
more than one point, then p is essential.

Proof. Since b reducible implies p reducible, the corollary is immediate. i

Remark 2.47. It is easy to see (see remark 2.55) that a compact n-manifold i<
irreducible. As a consequence, this corollary applies to the bundles constructed out
of coset spaces of compact Lie groups.

We have already seen that SO(n)/SO(n — 1) = §"=! and SO(n) is a bundle over
S"=1 with fibre and group SO(n - 1). Corollary 2.46 shows that the projection of
SO(n) into its S™~! is not homotopic to a constant.

2.6. Oriented Vector Bundles. Let V' be a (real) finite dimensional vector space
of dimension n > 0. An orientation is an equivalence class of bases where the co-
ordinate change has positive Jacobian. If dimV > 0 there are two orientations.
denoted w and —w.

An oriented vector space is a pair (V,w) where w is an orientation of V. Given (Viw)
and (W, '), an isomorphism £ : V' — W is called orientation preserving if L(w) = o'
otherwise it is called orientation reversing.

The standard orientation p" of R, n > 01is [e,, .. .€,] where ¢; is the i-th unit vector.
Any n dimensional submanifold of R” is also given this standard orientation.
Let £ = (p, E, B) be a vector bundle. An orientation for € is a family w = {w;}zen
where w; is an orientation of the fibre £, such that € has an atles ¢ with the property
that if ¢ : EJU — R" is in & then

o2 (Ezywz) = (R, ")
is orientation preserving. We call w a coherent family of orientations of the fibres.

If & has an orientation w, then € is called orientable and the pair (&, w) is an ortented

bundle.

Let M be a manifold. M is called orientable if TM is an orientable vector bundle.

An orientation of M means an orientation of TM. An oriented manifold is a pair
31
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(M,w) where w is an orientation of M. Define —w to be the orientation of M such
that (—w); = —w;, as orientations of M, for all z € M

If (M,w) and (N,8) are oriented n-manifolds, the product orientation of w x @ for
M x N assigns to (z,y) € M x N the orientation w, & 6, of M, & N,,.

Each orientation w of M determines an orientation dw for dM as follows : For
z € dM, choose a positively oriented basis (€;,....€,) for M in such a way that
€2,... .6, are tangent to the boundary (assuming n > 2) and that ¢; is an “inward”
vector. Then (€y,....€,) determines the required orientation of dM at z. 1f n =
1 then each boundary point r is assigned an orientation -1 or 41 accordingly as

positively oriented vectors at z point inward or outward.

Let @ be an orientation of M. We usually give M x [ the product orientation
w = 6 x p' where, p! is the standard orientation of /. Since the induced orientation
faces inward along the boundary,

OwlM x0=0 and 0OwM x1=-6.

We shall frequently speak of “the oriented manifold M™ not naming the orientation
explicitly. In this case, 9M and M x I are also oriented manifolds, as is any sub-
manifold of M of the same dimension. If —M denotes the manifold M with opposite
orientation, then

OMxl)=(Mx0)U (=M x1)
as oriented manifolds.

Let S ¢ M be a ('"*! submanifold. The algebraic normal bundle of S in M is the
'™ quotient bundle TsM/T'S; it is canonically C'" isomorphic to T'S.

Theorem 2.48. The algebraic normal bundle v of M in M is trivial and therefore
orientable.

2.7. The Degree of a Map. One of the most important tools in differential topol-
ogy is the degree of a map f: M — N, where M and N are compact n-manifolds. N
is connected and OM = dN = (. This degree is an integer if M and N are oriented.

Lemma 2.49. Let (W,w) be an oriented manifold with boundary. Suppose K C U
is an embedded arc which is transverse to dM at its endpoints u, v € JW. Let k be
an orientation of A and consider the orientation w/x of the algebraic normal bundle
of k. Then

Wy/Ky = (0w)y & Wy /Ky = = (0w),.

Proof. Let X, and X, be tangent vectors to K at u,v respectively. Then X, is
inward if and only if X, is outward; this is equivalent to the lemma. O

Let (M,w) and (N, #) be compact oriented manifolds of the same dimension without
boundaries. Assume N is cornected. Let f : M — N be a ("' mapz € M a
regular point of f with y = f(z). We say « has positive type if the isomorphism
T,f : My — N, preserves orientation, that is, it sends w; to 6,. In this case, we
write deg, f = 1. It T, f reverses orientation, then x has negative type and we write

deg, f = —1. We call deg, f the degree of f at .
32
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Suppose y € N is any regular value for f. Define the degree of f over y to be
deg(f.y) = Z deg. f. :}
J"G!_l(y) 'gvn
If f~1(y) is empty, then deg(f,y) = 0. To stress the orientations, we can write Z?
deg(f.y;w.0). ;
Lemma 2.50. Let W be a compact oriented manifold of dimension n 4 1, N a com- 1
pact oriented n-manifold without boundary and h: W — N a C"™ map. Let y € N ;
be a regular value for both h and A{W. Then deg(h,y) = 0. |
Proof. Let w and @ be orientations of W and N respectively. Let My, ... M,, be the
components of W, .
Since y is a regular value, h='(y) is a compact |-dimensional submanifold of " whose %
boundary is (h|OW)~(y). Let u € h='(y). Then there is a unique v € -l (y)v#u |
and a component arc K C h='(y) such that 0K = {u, v}. It suffices to show that u "‘
and v are of opposite type for h{oW
Let v = TW/TK, the algebraic normal bundle of K in W. Since yis a regular value, o 1
7 f induces a bimorphism @ : v — N,. There are natural identifications v, = (W), &yl
V= (OW )5+ i
Since K is an arc there is a unique orientation k of v such that k, = (Ow)y. By 7
lemma 2.49, &, = —(0w),. iy :
Suppose u is of positive type (for h{oW). Then O,.(k,) =0, forall 2 € K. It follows ”{
that
T“’}H”)(dw‘)n = ¢k,
=8,
and %
L

T(hjoW)(=0w), = ®.kK,
=6,.

Therefore, v is of negative type. This shows that [0W has equal numbers of points
O

of positive and negative type in h=Yy).

Corollary 2.51. Let (M,w) and (N,8) be compact oriented N-manifolds without
M — N homotopic ("™ maps having

boundary. Let N be connected and f,g :
common regular value y € N. Then deg(f,y) = deg(g,y).
3

Proof. There is a homotopy h : M x [ — N from f to g and one can make h C'™ g
and transverse to y. As oriented manifolds e
M x )= (Mx0.w)U(Mx1,-w). £

Fd

g

By lemma 2.50 we have
0= deg(h|d(M x 1))
= deg(f,yiw,0) + deg(g, y: —w, )
= deg(f,yiw,0) ~ deg(g, y:w.0).

5
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Lemma 2.52. Let (M,w) and (N,8) be compact oriented N-manifolds without
boundary. Let N be connected and ¥,z € N be regular values for a ('™ map

f:M = N. Then deg(f,y) = deg(f, 2).

Proof. If there is a diffeomorphism 4 : N = N, homotopic to the identity, such that
h(y) = z then by corollary 2.51 deg(h,z) = deg,h = 1. It is easy to see that this
implies

deg(f,y) = deg(hf, z).
But A f is homotopic to f, hence

deg(hf, z) = deg(f, z).

Thus if we can construct such an h, we are done. If y and = are in the same co-
ordinate, we construct such an f using the local co-ordinates. The relation between Y
and z that such an h exists is an equivalence relation on N whose equivalence classes
are thus disjoint open sets. Since N is connected. an two points are equivalent. [

Finally, note the following la: \ma which is not proved here

manifolds and f : M — N a continuous map. Then f
map- homotopic to f,

Lemma 2.53. L
can be approxim:

Let M, N be oriented compact n-manifolds, n 2 1, without boundary and N con-
nected. The previous rosults allow us to define the degree of a continuous map
f:M = N as deg(g, z) where g:M = N isaC® map homotopic to f and z € N
is a regular value for g. They also yield :

Theorom 2.54 (Hirsch [12]). Let M and N be compact oriented manifolds without
boundary, N connected. Then homotopic maps M — N have the same degree,

Because the degree of a map is easy to caleulate. this theorem provides a convenient
method for distinguishing homotopy classes. It is the only homotopy invariant for
maps into S™,

Remark 2.55. As referred to in remark 2.47. it is now easy to see that a compact
n-manifold is irreducible. Since the identity map is surjective its degree # 0 and
any map f from the manifold M to itself which is not surjective has degree = () (Jet
y € M\f(M) then f~1(y) is empty and by definition deg y = 0).

2.8. Homology Theory. In this sectjon. some elementary notions in homology
theory are introduced,

Definition 2.56. For k, N € N, v, ... v € R™ such that {v, - vo} k., is linearly
independent, the convex hull o of S Unyaes vk} is called the (k-dimensional) stmplexr
spanned by {vg,...,v;} and the v; are called the vertices of the simplex. The sim-
plices spanned by a subset of {vo,..., v} are called the faces of &, A simplical
complez S is a finite collection of simplices such that any two simplices intersect in
a common face. The union of the simplices of S is denoted ISI. A triangulation of
« manifold M is a pair (S, h) consisting of a simplical complex S and a homeomor-
phism h : S — M. The images of simplices, faces and vertices under & are also
34
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called simplices, faces and vertices. Identifying two orderings of the set {vg,...,vx}
of vertices of a simplex in M if they differ by an even permutation, we call a simplex
with a choice of ordering of the vertices (modulo even permutations) an oriented
simplex. The chosen orientation is called the positive orientation and the other one
the negative orientation. 1If o is an oriented simplex then denote by —a the same
simplex with opposite orientation.

Note that an orientation of a simplex induces an orientation on each face sin e the
vertices of a face form a subset of the vertices of the simplex.

Now fix a triangulation (S, h) of M and consider formal sums S nyo; where tie o
are oriented k-simplices and n; € Z. For n;, < 0 we define njo; 1= (=n;)(- 7).
The set of such formal sums with the obvious additive structure is the free abe 'an
group generated by the k-simplices and subject to the relations ¢ 4+ (=) = 0 ¢ 1d
0, + 0, = 0; + 0, that is, a finitely generated free abelian group.

Definition 2.57. A formal sum Y n;0; of oriented k-simplices is called a k-chai ..
Denote by 'y the set of k-chains. The boundary operator  : (' — 'y, is define!
by setting

k
0o = Z a;

1=0
for an orient »d k-simplex o, where the a; are the (k — 1)-dimensional faces of & with
induced orientation, and extending linearly to (.

An important combinatorial fact is that the boundary of a boundary is zero.

Theorem 2.58 (Poincaré Lemma). 0° = 0.

Since d : (' = Cy-y is by definition a homeomorphism with respect to the ad-
ditive structure, the Poincaré Lemma shows that the set B) := 0(( b)) C G of
k-dimensional boundaries is a subgroup of the group Z; := kerd = {c € (e = 0}
of k dimensional eyeles. Since (') is abelian, By is normal in (.

Definition 2.F9. H;(M,Z) := H, := Z./By. is called the k-th homology group of
M over the integers. H, is a finitely generated abelian group.

The k-th homology group can also be defined over groups other than the integers.,
For our purposes we need to define this homology over Z,, the integers modulo 2.
This is done by restricting the coeflicients of the k-simplices in the k-chains to be
elements of Z;. We shall denote tlis homology group by H (M. Z,).

Proposition 2.60. Let M be a connected orietable manifold without boundary,
then

Hw(M,Z;) = Z,
where m = dim M.
Proof. Note that B,, = 0 and thus H,, = Z,,. Suppose that a simplex @ occurs i

times i = 0,1 in an n-cycle ¢. Since the boundary is zero, the (n - 1)-faces of o have
to be cancelled by other terms in de. Thus each neighbouring simplex has to appear
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i times with appropriate orientation. Thus ¢ is the ¢ fold sum of all n simplices of b
the triangulation, all oriented compatibly. There is exactly one such chain for each
%) 30 fy, = 2, =T, a

Remark 2.61. All homology groups are homotopy invariants,
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3. SMALE'S MODEL

3.1. Introduction. The main results in this section prove, in a very general setting,
the existence of finitely many, “stable” equilibria for “most” economies. We shall
follow Smale [25].

A traditional approach to the dynamic study of equilibrium theory, as outlined in
the introduction, involves the study of a vector field generated by the excess demand
function on the price simplex. The approach offered in this section will differ from the
classical approach in that existence of excess demand functions will not be assumed.
Instead, we work directly with the more fundamental utility functions. This allows for
added realism since there is no evidence to support the fact that individual decisions
are uniquely determined by prices,

This generality should not, however, be interpreted as the desire of a student of
mathematics to offer the most general result on purely aesthetic grounds® . Rather,
it vields all our required results while being easily extended to more sophisticated
economies, that is, economies with production?,

Consequently, the fixed or equilibrium points studied are not the classical ones ob-
tained when using excess demand functions. he vever, the extended equiltbria main-
tain all of the desirable qualities of their classical counterparts and in the special case
where utility curves define excess demand functions, the extended equilibria coincide
with the classical ones (Theorem A),

3.2. Utility Functions. Givea an m consumer, / commodity economy, define the
commodity space as P = {z = (2,... . 2') € ;v | 2 > 0 for each 7 } (we shall assume
in this section that a commodity bundle may have zero components since it seems
natural for an agent to hold a zero amount of some good). A utility function will be a
(" function u : P — R and the space of all such functions will be denoted C*(P, R).

The first derivative Du(x) at 2 € P is a linear map from R' to R and. identifying
R’ with its dual space, may be considered as a vector in R\, The second derivative
D*u(z) of u at & € P is a symmetric bilinear form.

Remark 3.1. At this stage we note the fact that no desirability conditions have
been imposed on the utility functions, that is, there is. no restriction on Du(r).

The space ("*( P, K) is now examined with the (2 strong topology, which by linearity
is defined here in terms of neighbourhoads of zero. Since £ is paracompact and R is a
metric space, such a neighbourhood N, is defined by each strictly positive continuous
function € : ” = R (see §2.1).

*Indeed, the methods presented here are not the most general - Siale [26] shows how these results
can be extended to include commodity vectors of the price equilibria which may lie o the boundary
AP of the commedity space. Also in [38] it has been shown that assumption (3.1) is not necessary.
[n that paper, where normalised gradients are no longer available, Lagrange multiphers are used
explicitly in order to relate Du,(x) and p.

“Many famous examples of economies with production show that production plans are not always
uniquely determined by equilibrium prices. To examine such economies would require a theory in
which agent's decisions were not determined by price, that is, the approach taken here,
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We work with an open set [/ C ("(P,R) of utility functions defined by
(3.1) U= {ueC*PR)|Du(z)#0, ¥z € P}.
Such utilities will exclude “unstable” preferences.
An economy is a point (r,u) € (P)™ x (I/)™ = & where (r,u) = et
Uy ..oy Uy,) With ry, u; respectively the initial resources and utility function for the
i-th agent.

The state, § = (P)" x 5,8 = {z € P|||;rl| = 1}, of an economy consists of a set
of commodities for each agent together with a price system (in this section. a price
system s allowed to have zero components).

3.3. Price Equilibria. A (classical) price equilibrium of an economy (r, u) is a state
(x, p) which satisfies

Ae 3oz =S
B. p(a;) = p(ry) fori=1,... . m=1 (note (A) and (B) imply p(a,,) = p(ry,))
C. For each i, z, is a maximum for u; on the budget set B, = {¢ € P | p(z)

p(r)}.

IA

Define, for some initial allocation r € (P)™, r = |

Zz, == Zr,. plai) =p(rs)ii=1,... m=- l}

Thus X, represents the set of attainable states relative to a budget constraint ». For
an economy (r,u), ¥, contains the classical price equilibria and the “extended price
equilibria™ which we shall now define.

e = {(.r.p) €S

Since no assumptions regarding the convexity of the utility functions are made, there
is no guarantee that these z; of condition (C) are well defined. Thus, it this gen-
eralised setting, a new set of equilibria, called the extended equilibria and denoted
E.z(r,u), is needed.

It is easy to see that condition (C') and equation (3.1) imply

C’: For each i, there is a number 2 0 such that pu; Du;(z;) = p.

(Since p is normal to the budget plane, condition (C7) can also be interpreted as
saying : 2; is a critical point of the restriction ui|Bip.) We say that (z,p) is an
extended price equilibria or (2, p) € Eer(r, u) if it satisfies conditions (A), (B) and
(C).

We make the following remarks.

1. Although some of the z; may be on 9P, the definition still makes sense,

2. It is easlily verified that E,,(r,u) > E, N [(P)™ x S). That is, a classical price
equilibrium where z; are not in 92, is also an extended price equilibrium. Thus
if the number of extended price equilibriua are finite, the same will be true for
the classical ones defined on /7.

3. There are e wmples of extended price equilibria that are not classical equilibria,
see Smale [25] example 4 section 4 (here a two person economy has an equilib-
rium at which one agent’s utility is minimised at an extended price equilibria !).
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