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Abstract,

A very general Method of Centres algorithm with proven
convetgence is congidered. The Theoretical Method of Centres
of Huard, the Method of Centres with Upper Bounding Functions
of Huard, the Linearized Method of Centres of Huard and a
wmodification by Pironneau and Polak are particular cases of
the general algorithm,

An extension due to Hoshino to the Qwfunction of Fiaceo
and MeCormick is then considered. Using 2 function defined
by Hoshine it is then shown that the Method of Centres algo-
xithm can be applied to a certain class of problems with

equality conptraints,




INTRODUCITON.

In this essay we are concerned with the problem of minimizing
some function £°(x): R" + R where the varishles x e¢R" are
constrained to belong to some non-empty set A < EAR

The methed that we are interested in here, to obtain the solution
to this problem computarionally, is referred to as the Method of
Gentras. The Method of Centres operates with movimg truncations of the
constraint get. Comvergenee to # minimum solutiop uf rhe problem ig
controlied by a sequence {£7(x)} of truncation levels. Each of the
points {centres) * is obtained by the unconstraiped maximization
of a distance function which characterizes some distamce fyom the peint
%, to the boundary of the truncated constraint set,

The Method of Centres was initially proposed in 1964 by Husrd [111,
It was then explored theoretically and computatiomally by Faure and
Huard [33,04], Bui-Trong-Lieu and Huard [1, Huard [121, (137 and
Tremolieres (221, Mifflin {16], Denel and Huard (2], Pironneau apd
Polak £18] proposed modifications to improve the rate of convergance.
Lootsma [15] pointed cub that it is a variant of a barrier (penalty)
function method without any arbitrary parameters. One of the distance
functions provides the movinsg truncations counterpart of the
Logarithmic Barrier Function techtnique ariginaily praposed by Frisch
[ 8], Huard (14] treated the convergence of this method using
approximate centree, and he related this method to certain other well
known sethods. Polak [19] described various possible versions of this
method and included some numerical examples. Fiacco and McCormick [5],

[6] developed a distance Function which they called the Q-function.




Hostino [10] proposed an extension of the G-function to include a
parameter which is chosen to accelerate convergence. Folak, Mukai and
Pirvonnesu {207 applied the Method of Centres to solve the optimal
control problem.

In this eseay, after some preliminary assumptions and definitious,
we state a general method of centres algovithm and we prove that it
converges. Special cases of the general algorithm sre then considered.
The first particular case if the Theoretical Method of Centres of
Huard [12], which is a generalization of the algoritbm initiallv pro-
posed in [11]. Piromneau and Polak { 18] showed that this algorithm has
linear convergence, This algerithm requires the maximization of the
diatence function which can be quite time consuming. We truncate the
segrch for a point x' which maximizes the distence function by segreh~
ing for a polaz whict is an e distance from x' by using approximate
centres,

We then congider simpler upper bounding functiong. Approximate

centres are cousidered again. The variant obtained by considering

upper bounding functions is etiil a fairly general algorithm, since by
particulaxizing v *ril) further Buard T14) gets at the Lineavized
Metitod of Centres of Huard (13} as well as other welleknown methods.
We then consider the wodification to the Linearized Method of Centres
proposed by Piron-ean and Polek [12}, This has the effect of increas=
ing the rate of convergence, ‘

The Q-function inveatigated by ¥isecco and McCormick [51,061 is o
then extended te define a new distance function proposed by Heshino
£10}. Hoshino asgerts that the new distance function demenstrates
a marked improvement in convergimce over the distence Sunction

proposed in [12],




Pietrykowski {17] considsred am exact potential method £ar coustrained
mimima. Thie has 2 major disadvantage Srom a computational puint of
view. This was overcome by Hoshino [ 10] who considered 2 new function
which ennbles us to use the Method of Centres algerithm te solve a
cerzain ¢lass of problems which have inequality constraings. The:
result of Hoshine's broadens the scope and rauge of spplicability of

of the Method of Centres algerithm considexably.




1. DEFINITIONS, ASSUMPTIONS AND kRELIMINARY RESULTS.

STATEMENT OF PROBLEM

The mathemarlcal programeing problem is to detexmine a vector
* * % * ’
X (xl,xz,“,.,xn)T that solves the problem

wininide £°(x) @€y

.0 i
subject to £ (x) £ O (1.2)

vhere restrictions on the functions £1 E™% RY, L v 0. ,m  wiil
be defined later,

Define the comstraint set by

el x50, 00 Lo } (1.3)

ANSUMPTIONS

Al.) We assume that there is a point ®, € G guch that the set

C'ex,) defined by

crimd 8 U r B0 - ) 5 0, £ £ 0, L% Lem )
¢ (1.4

is compact and has an interior,

This assumption iy egsential, since without it the method of
centres camnot be applied ro preblem (P,1), It also ensurcs that

2 solution to the problem cxists,

A2,) We agsume Lhat
{3) the set ¢ delfined in (1.3) bas an interdor and that
the closure of the interior of € {s c:ixxal e G,
(i) for every x o7, the dnterior of €, £i(x) <0,

iom Lyaeyme

i




The yeason for A2,(i} is that givem a point *, ¢ Cy the Method
of Centres picks as its successer a point x in the intericr of the
sat G‘(xo), ond hence it can find an optimal point for (P.1) enly
if that point is im the closure of the intexior of C. The resson for

A2,(i1) will become clear later when we define an " Pedistance',

AN _TrDISTANCE

Let % be a set whose elements are the subsets of X% and let

@ R x ¢ » R} Be a real Zunction,

Notatipni The interior of 4 sot Eo & is demotnd K} ond the

boundary is devoted by TFr(E),
Definition 1,1: o is called on Fedistance on R" x & if it eatisfies
(i) dlx,BY =0 ¥5 «p, ¥xc Fr@E),
(1i) dx,8) >0 %u g, ®xe B,
(lil) VB¢ %, ¥WE'c % Be E', then, ¥ x ¢ E, there exists a
sealar p{x) » O psuch that
dixB) 8 plxddlx, B,

Definition 1,2: An Fedistance d is said to be regular it i sacie-

fies in addibion
¢iv) ¥ sequences { By St ke B boand { e R" kN } such
thaz

s Kl B¢

L
o
FeBe T Py

wo have that d(xk.uk) +0 a8 ko

e




Examples of repular F¥-distances.

Let assumptions Al and A2 hold, and let £': R®+R}, imo0,..m

be continuous real functiovus. Define
tdiea) s fepeker ) 1.5

KA (ee™, sup (£ 20 ) (1,6)

*
where x i the solution to (P.1), which ewists by assumption. Let

4 4 ¢
Bpap = G ® C1(x)

Then each of the following functions
: (1.7
() 4060 (1)) = minl £20x)) » £°G), = E 00, 1w 1,00m ),
o
W8) 0,6 x)) = (%) = 5700 ) & dwy  we
1=

is a regular Pedistance, defined on K" x %, where LA

Proof: The following proof holds for both the functions defined
abuve; Let Xy * ¢
(63} A0%,C7 (=) = 0 for all x« PriC'(x)) hy inspection.

(4) et x (81 ))% Them, by AZ.(11),

o0 - ) 40, and 2 0, v e t,.m

k4

ey« 1 > 0, and o >0, ¥im ity

B

42,8 (2 ) » 0.
(1if) € x) oot ()

e B g 0D .

= ) - 1) 8 100 - O, ¥ xe G xy

= A0 R 5 AU ED), ¥R x). :
(iv) Consider an infinite sequence { o ¢t kcN } and the

sequence of corrosponding Gy = C'(x.) such that, ¥ kcWN,

) 2 ) 2 06D




%
where x minimizes fo(x), % % e, Then
F © A0 '
01 O A Burs % ® Gy 4 B
Now, because to(x) has a lower hound,

f”(x*) PR

Hence,
fn(xk). » %) 2 26N e ko w, and
Frd » 8200 ¥k oew,
Lot
4 %
EECla) 49, because x ¢ GH(x),
Thergfore,

By 7 By PE.
We now have
) - 200,) * 0 a8 k4o, kW
i d(xkn,c‘(xk)) 0 ag ke, koW
B d(ka,Bk”) +> 0 as k + @, ke Ny

Assume that the funetions fi(x), i@ 0, ,m have continuoug
derivitives, The derivitive of the function defined in {1,7) is not
eontinuous in goneral, Therefore thia function is not convenient for
nunerical saxinization, but the functien defined in  (1,8) gives a
suitable digtance functlion that hes continuous derivitives,

£ the ﬁi(x), 4w 8y axe covvex functions, then vhe
function defined dn  (1.7) ie concave, while the functlon defined
{n (1.8) fs wot

11y avi, The oxyp don given 4n (1.8)
1s analogous, up to a logarithm, to the logariibmic potential of the
well kaown Method of Prisch [4], but 1te behavior In the process of
computation is very different, the derivitives being teken into com-

sideration not being infinite,




2, A GENERAL METHOD OF CENTRES ALGORITHM.

GENERAL MUTHOD OF CENTRES ALGORETIM,

The algorithm which is presented in this section will play a central
role in the next few chapters, where certain perticular cases will be
discnssed, The algovithm, which is btated below, is not as general as the
algorithm described in Huard (147,

We will sesume that Al and A2 hold. Consider the folluwing
probiemt
minimize £°02)

(®.2)
subject te x5 CNB

where £7 i3 a continuous function ¥ %:0nB, ¢ i defined in (2.3)
and B eR™ is some ot such that
W ®nB g,
(1) there erists an X ¢ € euch that Cx 0B is compact and
has an interior.
The following hypothesis is made for € and B:
W *nBnasass CaBnA=d, ¥AeR open.

Let d be a regslar F-distance,

Algorithm

0, Bet k=0, Select x,c CoB such that AL is satisfled.

*
Lo @) b =g, st ® 2w, Btop,

Otherwise go to 2,

2, Determine an a4y GHm ) a B such that

Ay, 400" (5,03 2 alx,Ctx )Y, ¥ #u G ) n By
3. Petermine xkﬂ.;c'(x‘;”)n B,

4, Bet k= k+L and return to 1.




Iheorem 2.1: Let the above assumptions hold. If the sequence {m}
congtructed by the chove algorithm is finite, then the last element is
cptimal for (P2). Otherwise, if the sequence is infinite it has aecum~

wlation ppinte, all of which are optimal for (P2).

Proof: The algorithm st - if (c-(xk))"n Bug,
= %0l x 1 120 = £x) <0 }oB =4,

“ enfx: £ « £°0n) <0 b=y by hypothesis

§

there does wot exist an % €0 0B such that
20 < 200
Hence He is an optimal golution,

By inspection we wust have C' {x ) c'(xk), kow0,1,2,00000
Since C’(xu) is compact and since Fpq € C'(xk) < c'(xo), the infinite
sequence (xk) must contain accumulation points. Suppose there exists
some subsequence which converges to the point PR i.e. & x for
€ ¢Re{0,1,2,....), Wo show that x is 4 solution to problem (P.2).

We have from Steps 2 and 3 that

Oy o eVt 0 0, ¥
Fn) 2 F ) 3 G ) 2 B 00D
where x* i a solution to problem which cxists by assumption AL,

Therefore, by the continuity of £°

we have that the sequence £°(xk)
tends to the limit
» *
() & £70x)

as k increases, and

£0n) 3 7@, ¥ k. @
We now prove that

@ N e b (2.2)
1 not, thun thore exlats some £ ¢ @ e ab, (2.3)

We have

Ben By v ot (R

et

'

P ——




10 4 k)

‘ o
e szkn B, x& pxkﬂn B,

Suppose 3 € (¢*())°0 B, ¥ k €N, We show this is not possible.

Since d is a regular f-distance,

d("f:’E\c) + 0, when k -+ &. (2.4)
We have from (2.3), !

- 3
0 < a®,crxn
2 oo B with o, <0 since £'(x) B
£ oo‘d(xl::'g‘k) since ¥ menimizes d on

Ekﬂ B,

Therefore,
0t a1 (0) 5 b Ldlxy B i
whick contradicts (2.4).
S0 there exists some flmite K's B such that
#e CEn®n, wkz K i
This faplies thet theve exists some finite k' ¢N such that
P) £ 060, x e @B, w2 K
5 SN , .
This contradicts (2.1}. Therefore,
(Cr(x))°n B = ¢,
o ®nlx: £ - ©°6) <03aB =4, ;
= Gl x 1 £°00 ~ £°00) <0 InBo= ¢, by (B),
o, ¥y, o0 : i
wo O6M)ia €900  since G0B w9,

- Put) - 60, !



3. A THEORETICAL METHOD OF GENTRES: fuard [121.

The Method of Gentres to be studied in this section, which is a
generalization of the algorithm of Huard given in [ 111, is a conceptual
algorithm, since, if we use the distance function defimed in (1.7)
the maximization of the distance function cannot be expacted tu be
accomplished in a finite number of digital computer operations. However,
it leads naturally to several implementable algorithms.

Consider the problem (PF.1), where fi: > Ry i =20,...m zre
continuous functions satisfying assumptions Al,AZ. Let B c R™ be
compact, large emough to contein G,

Then we need the Following hypothesis to be satisfied:
(H) ®aa=gm= ¢ NA=d, ¥AheR®, open.

In the following algorithm Huard uses the f-distance defined in
equation (1.7}. Let the point X C. Intuitively, for point x¢ c'(xk)
the function d(x,c'(xk)) is the "distance that khe point is from the
closest boundary of the set C'{x)". To find the "middle" or centre
of the sec C'(x,) we need to maximize the distance function i.e.

we need to find an x' euch that
A0, (1)) & Ale, L (xD) P xR OO

This process is equivalent te findiag & solution <d(xk+1’c'(xk) ,xkn)

of the problem

nak { G0 () 1 £205) = €20 3 4y = 10 2 4 L L)
(ddx,a! G ) %) (3.1

For a geometrie interpretation see rig. 3.1,
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) - P = 7

Figure 3.1, Suppose we have some distance d. The shaded nrea yepresents
TS the points whieh fall into the region
pefxs ) - P 2d, ~fedielm } :
tlearly d cen still be increased, Lut if it is incresded
ingefinitely, at some stage, D = ¢, The i s to mewiudse
& such thet D # 9.

¢
1
i

(x) = f°(xi)

fl(x) =

Figure 3.2
plat oA

[ —
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In the following algorithm Steps 2 and 3 of the general algorithm

are combined into one step i.e. ":Zn and X4p 9re the same points.

Remark: If d(x,C'(x)) - 0, ¥ xe6'(x)) then € x )%= ¢ by
inspection.

Algorithm
0. Set k = @, Select K€ € satisfying Al, A2,

1. Compute & solution (d(xkﬂ,c‘(xk)),xkﬂ) to the problem defined in
3.2)

20 TE dln, 00000 = 0, see X = . Stop,

Otherwise, set k = ktl and go to Step 1.

Theorem 3.1: Let the above assumptions hold, If the sequence {xk}
constructed by the above algovithm is infinite, then it has aceumulation
peints, all of which are optimal for (P.1). If the sequence (xk} is

finite, then the last element is optimal for (P,1),

‘The above theorem follows as a result of theorem 2.1, Gonvergence
can also be proved uging & proof of Polak {103,
In addition to the previows assumptions in this section, assume

that the funetions fi(x), i@ 0,.0.,m are all coavex,

Remark: The convexity of the f’"(x), i=0,.,.,m dimplies that C is

convex. This means that V¥ x  such thet G'(x) # ¢, C'(x) i a econ~

vex set which is compact and has sn intexlor by Al.
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~Jheoren 3.2: Aesume that 41, A2 are satisfied. Let the functions

#55 8" R, 1m0, be continuous and concave. Then
€ == ¢nlx: 20 - 1°G) <0 = 4
Proof: We prove the logical equivalent i.e.
Cals s £2) = () <0} & 4 =m0 G)° 4 4. 0.2

Let ¥ €C such that £(H <0, 1 =1,,..,n @9

where £ exists by A1, A2 Let $¢8 0 { x .%o - £5¢%) <0 }

This exists by (3.2), Then,
2% - @ <o (3.4
fH o, imtm (.5
We assume Cothevwise the theorem would be trivislly verified),
£49.
Let 8 be any ecalar, 0 & 0 £ 1, and x(¢) be a point defined by

x(6) » R+ (1= 0.

The convexity of fi(u), i®ly...,m implies that

theey) < 0tk ® + @ - 0E@ vie Lo
(3.3),(3.5) <dmply
trex)) < 0, 3.6)
The convexity of £°(x) implies that
£0)) 5 02°®) + 0 - 0D
=0 2@ - G+ °®

and by (3.4)
xE)) - @) <0 we o088 § 3.7




|
|
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where
§= (225 - B ) £® - 2 ) > 0,
(3.6),(3.7) imply that

(€% 4 4.

The above result meens that the hypothesis (B}, used in the proof
fox convergence in Theorem 3.1, is sutomatically satisfied for convex
functions.

Pironneau and Polak (18] have studied the rate of convergence of
this algorithw with further restvictiona. Their results are stated here
in the form of two theorews, for completemess. The first theorem con~
cludes that this Method of Centres algorithm convergas at least linearly,
the second, that it converges at most lindsrly under the additiomal
aspumptiont

(4) ‘there exists & compact convex sat c"(xD) conralning C'(x )

in ite interior such that the function £ is strictly convex
in €=
This assumption implies that the solution to the problem is unique,

where the solution exista by Al.

Theorem 3 Let {xk) be an infinite sequence genmerated by the last

algoritim {n eolving problem (P.1), and suppose that the above sssump-'
tione are satiafied. Them, given any o €{0,1), there exists an integer

ky(s) such that X
O, 0 - Oy 5 (1 - TP )£ - £ ) ¥k k@

where x* jg the unique solution of ®.).




)

- m :
P Ruin e ) abele® .o, } kit no
1=0 im]

n :
I ateat,a20, age™) (3.9)

-
@

o & (1,0,0,000.,0) (B

Note that the A's are optimal multipliers.

Theorem 3.4: Let {x) be an infiniee sequence generated by the last

slgorithm in solving problem (P.1). Let % be the solution to the

problem and let A° be dofined as in  (3.8). If the sbove agsumptions

ore satisfied, then either 10 = | and the sequence [t‘°(xk)} converges
N LIS 0

superlinearly to £7(x), or A% < 1 and there exists an integer ky

such that

Pl - 1265 2 (1 TR0 26N ¥Rakg,

THE USE OF e ~ CENTRES.

In practice, approximate versions of the previous algorithm have
been found to beo rather inefficient, becsuse even an approximate cal-
culation of a Fal defined in (3.1} is quite time consuming. Thie
has lad to the devqlupmunt of methods which truncate the search for a
point x satinfying (3.1) whon ons finds a peint x' which ia
within a distance « from the point x, where & ia made progreseiv—

ely amaller,

N .
Definleion 3.1¢ Given an f-diseanca d, defined on R™ % I, 4 set
Bel and a nomber ¢ auch that O g « § sup { d0GE) : xR} we

call the e ~centre of B (w.r.t. d) every poiat xte B such that
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alx';R) < sup { d(x,E) : x<E }

If & =D, -such a point is called g centre of E.

Algorithm.
0. Set k=0, Select *,¢C satiafying Al, A2,
1. Compute a Hpep) € C'(xk) such that

A, 100" G0 D) 2 max £ 40,8 ) 5 £2x) - £°00) 2 ¢,
(dx,0! 0),%)

SE 2, e Liign Y - g
where the ¢ x form e sequemce of strictly positive values temding

to zero ag i+, and puch that A0, 10 (1)) = g > 0.

20 IE A(a00N(%)) = 0, 6 # 0, met X . 10 StOP

Otherwise set k o k+l and recurn to Step 2.

The vonvergence of thle algerithm con be proved in much the same
wiy as convergence was proved for the general algerithm in Theorem 2.1,

We naed to reconstruct the ressening after (2.4) as follows:

We have from (2,3},
0 < af,cte)
$ ”o‘d(g’ﬂ‘k) with Py ® 0 since c'(§) kK Ek
I3 po.( d(xk,E,‘) * ek_l) since B noximizes d  to
within g jon By.

Therefore,

-3

< AR,01 ) £ 0, L dlr ) ¢ vy (3.9)
However,
d(xk,ﬁk} + 0, g o

contradiets (3.9). The rest of the proof holds for G * 0 ag k- e,

g e T e



i
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4, THE METHOD OF OENTRES BY UPPER-BOUNDING FUNCTIONS: Huard 4.

In this section a very geneval procedure is developed using an upper
bound of the f-distance. It will be ghown in the next section how this
can be particularized to the Linearized Method of Centres described by
Ruard in £13].

Agpume the functions fi(x): R+ R, {=0,.,m are continuous and
conver, and that £°(x) attains ite minimum on the set CnB at '

Buppose that di B x §+R is a continuous regulay fedistance on
® x & satistying

(v) d{x,E) <0 ¥ xfE, %¥exn, . (41

For simplification we shall conaider € to be a subset of R*
ingtead of ¥ .o, we shall consider s function dr R® x R% + R instead

o

of the function d:B" x R » R, B is sowe campact subset of R,

pefinition 64.1: Define d't R" x &" x £" + R to be & continuous Func~
tion aatisfying:
€3] d'(x.y.c'(xo)) 2 4,01 (5D Fyel, ¥xa Grix)n B
¥ %y G such that Cix) = 9,

(i8) A'x,x,6'(x)) =0 ¥xgl,
Gil)y ¥ arn, ¥bcB fixeds
d(x,0° () £ 0, ¥xalahl

e d'(x,a,6'(0)) 50 ¥xefobl)

Remark: 4(r,y,0'(x)) = 0 ¥ yoB, ¥ xe Cx)h B
s d(mGHxd) =0 ¥xeCll B by ()

= @)= b () 0B




¥
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Algorithm,
6. Sat k = 0. Choose a point *ye C B, Choose a consthnt o 2 1.
1. Determine y, ¢B such that

LI R L M SR e P S A

{Por instance maximining 4'(y,x,C (x)) om C 0 B oron B).
*
IE 4y %0 (4)) = 0, set X = x. Btop.

Otharwise go to Step 2.
2. Datermine X{wle[ ®o¥ ] auch that
dlrp, 6700 )) 2 d0n,C'(x)) ¥ x clxnd.

3, Detewmine ¢ C'(xg  dnB.
(For inscance minimizing £0(x) on Lxl, .m0 n €050

Sot k m k+l and return to Step L.

Figare
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Remark:
(i) B convex =» ka,yk] < B
(5) dlny 4,0'(x)) 2 d0g,0' (x)) = 0
= by (1) thet xl e C'(m)nBcCnB
e Pl 2 065N
and so c‘(xl‘w»l) nBd4é

This algoritbm falls within the ambit of the Genevsl Method of
Centres desexibed in Sectiow 2 for which convergence bas baen proved.
Howevar, the algorithm is conceptual because of Step 2, which can be

shmplified, fonally, ueing , This givess

Algoz:ibhm.
0. Set k = 0. Select s point %€ C 0 B, thoose a constant « 2k
1, Determine ykeB such that
Bl Uy 26 ) 2 41X D) By ed,
I8yt () 2 0, see & @ m Stop,
Otherwlse go ko Step 2.

2, Determine x’iﬂs L’xk,yk'l guch that

W0 D) mer L dlC ) ¢ £l - 20 2 4,
(80,8 Oy D)%) R SR RS I LS
with € + 0 a8 k+w. '

3, Determine ¢ G ixpeq) O Be

8ot k = k+l and roturn to Step 1.

|
i
]
i
|




Theorem 4.1: Let the functions £ (x), i = 0,,..,m be comvex and con~

tinuously @ifferentiable. Suppose our assumptions are satisfied, Thern the
saquence {x }, if it is infinite, generated by the previous algorittmw
has accumulstion points, all of which are optimal, If the sequence is

finite, then the last element ia optimal,

Proof: The proof of convergence follows from Theorem 2.1 and remarks
concerning convergence made after the Algorithm using c-centres at
the end of the last section,

We need to show that in the infinire case, the e, defined by

g = max { 20%,61 (1)) ¢ 100 - 0G0 2 4,
= 2 d, Lm Lo ) A0y 0t )

tends ta zexo when k - w,
1. Firatly, we prove that

atay, 0 (g)) > 0.

Kyt G o> £00el ) ¥ £00k)

Hy ¢ G ) o tn("lwl) & fo(xl’:ﬂ.)

Kpy§ G NE Ou’y s 20,
w0 2 ) w gy 2 L6
R Y o Y )

g,y 0@ as kb e, Ke¥,
e %) - £90R) 00

£, - 2@ -0 28 kb m, ko,




Kow, ¥ ke N

O 2 € 0q,) P € (x ) C'R),

Fiep © PO C0g, )

and d is a regular f-distance. This implies that

Alryeq4C" (5 D) + 0 as k + o, keN.
Similarly

dl],15C" (1)) > 0 as kv w, Een. *.3)
2. Secondly, wd show that there is a subsequence for which

lin '@y ,%,0"(x)) s 0, vhen k + =, ke < .

The point (:%,yk) belongs to the compact set A 0 B x B, Heumce, there

exists S ¢N such that:
* *;c €ANB
yk»§63 when & +®, k€S SN,
On the other hand, ¥ 0¢ [ 0,1] fixed, ¥ kN, by definition of =l .
dlx + By, 0,00 (5 )) € dlxg,,,C0 (%))

which gives, taking the limit k + », k<8, with fixed 6, d being con—
tinuous, that

alx +0(=x),0' () € 0, ¥ 0el0,11.
Thie gives, by Defindition 4.1 (1i1),

a' (e + 8(33),%,0' () s 0, voeelo,ll

H
€
i
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Setting © = I, ve have, since d' is continuous,
Ha o d' (0,07 0q)) S 0, when K+ w, keS. [

3. 'Finally, we show that &, + 0,
Let ¢ be 2 point of G'(xk) which maxinizes d(x,(l'(xk)) on
c‘(xk) n B, Such a point exists because d ic continuous, B is compact,
CHlrd 0B Eg, and by (4.1) 6008 (x)) <0 ¥ xdet ()
We have from (4.3), thar alm} ,.6'(x)) +0 as ke, keN.

Also, since ckgc'(xk) n B,
0 5 dley,0' ()
< 8 e ,% .0 (n )
5 u.d'(yk,xk,c'(xk)) by definitiecn of e (4.5)
Taking ¥ @, k ¢S, because « 2 1 we have from (4.4),(4.5)

ale, 7 (x)) + 0 a8 K+ w,
Thus )

e A58 IrD) = 4,8t )Y 2 0

tends to zers as k + =, k ¢S,

The algorithms outlined in this seckion are fairly general, since
by particulerizing them skill further Huard [ 14) manages to get at the
well~known methods of Zoutendijk [23), Frank aud Wolf {71, Resen [21],
and, in particular, the Lineavized Method of Gentres, Huard {13],which

is coversd ism the next section.

;
|
4
i
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Se THE LUNBARIZED METHOD OF CENTRES: Huard (141,

Let Al, AZ be satisfied, B be a convex set which is large
enough o contain ¢ in its interior, Assume that the functions
)1 B+ R, i = 0,...,m are contimuously differentiable and
convex. Let x* be 2 point minimizing £°(x) on C, %,% G
Define

4Oy, ) A min { £20x) - 0y - oy, de L}

where 5.1)
2200,y) 2 2% + 7£%() Geoy) (5.2)
oy & iy s vt om)  wisL0m 5.3

We now show that the conditions of Definition 4.1 are satisfied

whetre, because the functions are couvex,
oy s oo ¥i=0,...,m,
() 4,0tk = min £ 290 ~ 20y - Fly), L= dem )
2 min { £20) - 200, - £, i % Lum b
- d(x,c'(xo)).
(1) 4%, (0) = min { 03 - G0, L= 1w )}
=0 ¥ x¢ G,
(iii) Consider a €C, b¢B such that

d(x,C'a)) £ 0 ¥ xela,b]

|
H

e e e s St —cregt T
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It is easily verified that
v£°(a) /(bva) 2 O

and/or there exists at least one i€ {1,...,m} s‘uch that
v (a). (5-a) 2 0.

Hence, from (5.1) - (5.3), d'(x,2,6'(a)) is decreasing at a point

% on La,bl, Since d'(a,a,C'(a)) = 0 we have that
d'(x,a,6'(a)) 0 ¥ xela,bl,

.Aleo, it is easy to.show that d'(x,y,C' (2 )} is & conrinuous
function, because the functions VE'(x), i = 0,...,m are continuous

by assumption.

Set x = e Therefore, from the above, we can replace Step 1
in the Algorithm for the Method of Centres by Upper Bounding functions
withy

Choose o = 1 and solve

max Cmin { < = 7E2(x), B >, = £ = < E®, b >,

hes i=t0.,m}) (5.4)

where 8 is any subset of R" containing the origiu in its imterior.

Lot 1O(x):R® 4 R be defined as the solution to  (5.4), where

s {her™ b g1, im0, 0 (5.5)




Theorem 5.1: ‘Suppoee that h(x)€8 is such that

180G = min { ~<VE°(x) hw)>,~£ (O ~<VE (1) B)>, 1,0 m} (5.6)
Then (i) (h°(x),h(x)) {is optimal for the linear programming problem

maximize h%(x) (5.7)
subject to

= B2 ~ <wE®(0) B> 3 0 (5.8
-1 = £ - e G 3 0, dx L@ (5.9)
el g1 Cielm (5.0

1) 1f (%0 ,h(x)) ie optimal for (5.7) - (5.10), it satis-
fies (5.6). {

Proof: (i) b setisfies (5.10), by definition of §. Since h° satis-

fies (5.6) we have

0= min { - <WE°00, h(x) > = 1000, - £560) - vl woo >

0%, = L,eem )

which implies that (h(x),h(x)) satisfies constraints (5.8)
and  (5.9),
Assume that h°(x) does mot maximize (5.7) such that (5.8) -

(5.9) are satisfied. This fmplies that theve exista & > 0 s.t.
- < VER(x), b x O(x) + 8
wtt) - <, b 10 4G, Fiw i, m

Hence equallity doesn't hold in (5.6). Contradiction.




(£4)  Suppose that (h°(x),h(x)) is optimal for (5.7) - (5.10).

(5.10)  implies that h(x)€S. (5.8),(5.9) imply that
o o
= < VE(R)s B> 2 hO(x)
S £~ < vE@, b 2 bW, 4= 1.,
Hence (5,6) holds as 4°(x) maximizes the RHS, so that equality

holds.

Let ©%(x) be the maximum value of h%(x) such that constraints

(5.8) - (5.10) are matisfied for x Iixed.

5100 % s o :
Theorem 5.2: R°(x) =0 iff x is optimal.
Proof: From the linear propramming problem we have

500 = max { h200 ¢ < WO, hGO > £ - 1O, £h(0

o .
(h7.h) + e VE(R), B > s - 100, § = T,em b,
This is equivalent to finding

<50 = min § 6O ¢ < VEUC0), b0k v 5 106, Pl
¥, hy < yel o :
e eveloo, ne > £ 100, Lo Ly b

Then. because oi vor sssumptions at the begimoing of this chapter
it is straightforward to veriiy that the condivion of the Scrong
Buality Theorew {(Appendix  A) arv satisfied by the above problem.
Theratore, £rom (A.A),

< 50 = max { dnd £ 0700+ aCC %00 h0r = 10 )

o I .
w0 @WHR ¥ ey b evrt e - 60 ) b
= :




amax(lni((1.,2u )h(x)+2uf(x)

w20 (0°,h)

+'Z whent (80> 1.
i=0

b )
Now, by (3.A); problem (2.A) has at least one solution, and by (11.A4)

_E0ey L m o,
BUx) = max { (1~ Y u M)+ z wietao + § wteoet o ,noos |
=0

uz0
Ld H

=,

i=0
1Y

o
="“=‘X(.>,\ll(x)l,u B

wo 1

Now it can be seen from (5,11) that

w0 wxre

e

m

=)

whurt () =

0}

0,
Z whost sy = 0 1 (5.11)

{5.12)

kd P *
suppose now that ® «C and R(x) = 0, Then from (5.11) theve

exists uz O such that

Wzt

i n p
el =0, ¥ Gtey,
o

e
P

1=0

Fyom the eenvexity of the functions

i(x) S(x)>«vl (x),xnx

which,boeause of  (5.13), becomes

"

5ol e
!

b

=0

If W’ =0, then A2(D) s contradicted. Therebore

from the fuet that o

Oty - 90 ¢ 0 ¥ x auch that

O ¥x

*
foen £0x)

ju vrtie™) = 0,

i,
1= 0,000m

) we have from

N

(PG - 1w

(3.14)

s ¥ xeRY i=0,,.,m,

{5.13)

¥ xe KN (5.14)

i® > 0, Now

tha

£ 0, im0y, ,m,
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&,
So we have that x  is optimal for (P.1).
* n
Let x be optimel far problem (P.1). Then, by the well known

- - 1
Rubn-Tucker conditions there exists sn optimal miltiplier A €R™

guch that

mn ¥ " m
I oata® ae, 3 oabete™ eo, T A a0 ()
is1 =0 i=0

s

and (3.11) and (5.15) imply that HOG) = 0.

Remark: From (5.12) we tave thac FO(x) 2 0 ¥ x¢C.

‘We replace Steps 2,3 in the Algorithu for the Method of Centres

by Upper Bounding Functioms with the Step Size dotermizacion problem

max gy |o£700) = 5000 + b)) 2y, - £+ uhGy)) 2 4y,
(o Pelam) (516

and xp o and ¥ eo=ineide.

LLEWE S

) = - e vtx) |

£x) @ 10w

b




The purpese of the aubprobliem (5,7} - (5,100 ac iteration k+l
is to find & vector which points into the region C'(x,), and (5.16)
gives us 2 point Kepy in c'(xk), See Tigure 5,1, Xt can be seen
that the Linearized Method of Centres is closely relaked to Zouksn~
dijk'a Method of Feasible Directions,

The previous discussion gives ust

Algoelelm.

0. Set k= 0. Select xOfC.

Lo Set xoew Soive (5.7) - (5,100 to obtain (8°(x,),h(x)).

o *
2. 1t b (xk) =0, set x = F Stop.

Othervise go to 4.
3 Compute solurion (o) to (5.16),

G Set moy e kb ahGa).

Stk

k41 anmd return te Svep 1.

That this algerithm converges for the infingile case aud that its

amd

points of Aceumetation are optiml van be scen from Theorom 5
Theorem  2.1.

Pirooneau aud Polak 130] mote thar they have been able to show
that the ahove algerithm converpes nt leant as fast us 1/ & with
the above asswaptions steengthened s1ightly to mike 7(z)  srricely
eonvex in Ll neighbuarhond of the npl,imuu\l Thoy aleo sbow chat the
atporittm did net eonverge Haearly nder thene agsumptions, for a
sperifie eage, They then propesed o modiffed Method vf Gentres which

exhibita improved convergence, This s oobliped In the sext section.




6, A MODIFIRD METHOD OF CENTRES: Pironmeau and Polak 1181,

A 2RRLln) MATROD OF CENTRRES:

Consider the problem (P.1) where the functions f£2Ce}R®+ R,

i=0,...,m are continuously differentiable end convex, satisfying

AL, A2, Define k°(x) by

00 & uax {1000 « 0%« VP, hw) > £ e KOG, £R0
@,
+ < Vb, hGx) v g - 10D, 1= L,um ) (6.1)

Algorisha,
0. Sert %k = D, Seloct %, € [\
1. Computa a solution (h’(r),hG)) o
2 .
e B A IR R R R )
°,hy i o

@ cevta), b et i s Loaan ) (6.2
2 1F K%)= 0, et 1 < Stop.

Otherwise go te 3,
3. fompute a solutien ( d{x,,,6'(x)), ulm) ) to

mas 000 ey 3 E70m) - 00e ¢ untad) 2 9,

(a0,6* )y m) - fi(xk + b)) 2 dy 4w Lwm b
Loset Xyt E + h(xk)'

mn+l  constraints, while (6.2)

got k= kel and return tn Slep 1.

Hote that (5.7) = (5.10) ip a linear prograuding problem with

in n yuadratic problem with ¢l

conrtraings.




Thegren 6.1: k°(x) = o i X

is optimal,

The above result can be proved by amending the proof of Theorem 5.2

slightly. Otherwise the reader should comsult [18). Also

: a0 wxec..

() 4. omme that there exists o' > 0 and w'e (0,1) ouch that

2 2
<7 25wy 2’|yt v yert v x st e000,
Bx

*o,
vhere x s the unique solution to (P.1) and C is as before.

The above assumption guaraniees strict convexity in the neighbour~

* "
hood of x , a solution to (P.1). Hence % 18 unique, Piromneau and
Polak [18} show that this algerithm bas linear convergence. The result

i given here for completeness. The proof can be found in (181,

Iheoyem 6:2: Let {x 1 be s sequence gonerated by the above algor-
-ithm {n solving problem  (P,1), Suppose that the ansumptions made at
the begiuning of the chapter asd (1) are watisfied, Then x - ¥°
tivearly an % w (%) > 176" Huearly @ k o=, in accordanes
with the fotlowing bosadst Glven any v (0,1), thore uxises K (v),

C () » 0 mueh rhat
- R
o~ d s (1 T Ean o veaky
% i » o
" ;
i“(xkﬂ) w9y {1~ 59 ‘II: (Z-ﬂ)' M f"(xk) - l'o(x*)) LT NON

where n® Is defined in (),




a8 p
o n '
P lhmin (<nes: ) aldlay w0, T alvete®) = o,
1=1 %
B 3
Toav e, azo, aer™iy,
im0

e % (1,0,0,.,..,0) ¢ R, :

4 i,
L2mex { 1, M, i=0,i..,0}, where
i oy *
whewmax { {2, @] oxenet et
ax i

The Modified Algorithm is not implementable computarionally because
of the exact minimization required in Step 3. Piréuneau and Polak [181
congider the application of a Golden Section Search to the function P
dh i R~ R defined by

dy = m)}';n C%0x) = #9500 + i), - £10x, ¢ unGrd), 4= 1w )
to find two points u(xk), u'(xk) wikh p'(}ck) > u(xk) > 0 such that

Lulx)yn' ()] containe the maximizer of dy, and such that
a0 d) 2 BU () = 3 Gy 3eve i Y kx>,

where g » O, dh is just the distance fupction defined in (1,7) along
the vector h(x.k). It is proved in (181 that the algorithm still conver=

ges to the unique solution to Lhe problum, and that it doen so linearly.




7. A METHOD OF CENTRES ALGORTUEM WITH ARBITRARY PARAMETERS:

Hoshino [101.

Fiaceo and McCormick [51,[6] proposed a distan function in

7 (x,) which is defined by
G = (£ - 2w )-lv ? ) )~1 (7.1
e Hy 15

aud they used this Q-function for their Sequential Unconstrained
Minimization Technique (SUMT). It can be seen that if the functions
fi(x), 3w 0,...,m are convex then Qx) s convex.

If we were to consider the inverse of the Q-function.then we
would have a covcave function in C'(x,) which would be identically
zero for all points xn:?r(c‘(xk)). Algo, it would take on positive
valves for all x £(C'(x))®, We therefore consider the new distance

funetion defined by

-l n i -3
! =0 (Pm) - @) - (£ ) wxe © N
B (4 0) = e (£ x i.zl X e (1 (x

= 0 ¥ xePr(C (%)) (7.2)

where % is a positive arbitrary parameter, used ro accelerate the
rate of convergeuce. Outside c'(xk) it is convenient Lo let dk(x)

ke the function
400 = min { £20) = P20, - QLG L Leon . (7.3)

Rewarks.
() e £iGu, i = 0,...,n be convex functious. Then (7.2)
implies that d& (x) is a convex funcghn in C'(x). There~
fore any maximum of dk(x) in C‘(&k)w is the global maxi-~

mun. When x is in C‘(xk), then dlc(x) given by (7.3) is




a5

not less than that given by (7.2), and the function which
is defined to be the smallest of concave functions, is
concave (i.e. no points of inflection ). Thus the extension
to dk(x) given by (7.3) preserves the concavity, This
coneavity property is helpful! for the unconstrained maxi-
wization, for it permite points outside C'(x) tobe
accessed in the course of a linear search, although the

centres are confined to CHx .

(i) 400 = ) = 260 when ) ~ 20 5 - i
) [
400 = - w00 when - a oo 5 22 - 00
and - o £ ) € - o (0

5= 1,0ie1,ie1,..,m

Therefore the magnitude of the distance function tends to
vary less than (1,8) for which there are dangers of over-
£low and underfloy. [his ig dasirable for numarical treat-

ment.

(iii) Tue derivitive of uk(x) is continuous at the boundary
points of C'(x) where only ome of the functions

£20x) ~ €700, EG), L= dye.,n ds zero,
Comsider the Barrier (interior penmalty ) functien of the form
o -1
B = 2w -] () .8
i=1

described by Fiacco and McCormick L8], where r denotes a positive

controlling parameter. Let the £°(x), i = 0,...,m be convex functions.

i
i
1
I
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B.() is a convex function with B (x) ==, for sny x €Fr(C), Then
there exists a point x €C wminimizing (7.4) over ¢ for amy r > 0.
This is due to the second term in the expression which presents it-
self as a barrier in order fo prevent violation of the constraints.
In eddition to convexity assume that A1, A2 are satisfied, and
that the functions fi(x), i= 0,...,m have continuous first order
partial derivivives. Then the gradiemt of dk(x) vanishes at the

centre xkﬂ’ whence

-1 m . 2
V) o (1) = 0, 03 Taet o 0/ (e ) 0
it

) 7.5
Obviously the point ¥y solves the equation
vk, ) - rz.'flv?(xk,l)/u"<xm>>2 =0 .6
ik
For r given by
5 (P - P ) e a.n

Then it can be shown,l 151, that the sequence (rk) generated in this

reasing, null

wmanper is & ic, noni

Hoghing considers L% given by
o a ok - @8
= T (£00, ) - £ () )izl CE n,0 ) .
vhere T forms & null sequence, Then

i a
B (g - ) Cx L (0 ). .9




37

Algorithm,
Q. Set k = 0. Seleat xoe .
%. Compute a solution Myt cc'(xk) auch that
4 0qp) 2 4 ) ¥ x
where d, (%) is given by (7.2) and (7.3), and a by (7.8).
{From remark (i), the solution which maximizes dk(x) will lie
in C'(x.k)).
*
2, If dk(xkﬂ) =0, set % = Xy Stop.

Otherwise set k = k+#1 and return to Step 1.

The convergence of thig algorithm to auw eptimal solution follows

from the proof of Theorem 2.1, or, alternatively,can be deduced from

rhe diseuseion before the algorithm and Theorew 8 in Fiacco and

McCormick [ 61,

General results about the convergence rate of the Method of

Centres using the distaace function (7.2) arce not known, However,

under the additional sssumptions:

(13 £, 1= 0yeopm are linear functions,
(ii) only cne vector x snlves the problem,
(iii) the effect of inactive constraints on d, (x) is iguored.
In fact this effect tends to zero &s the solution is

approached.
Then Hoshino [91 anuerts thats

(1) when @ s given by (7.8), then the geometric distance




from’ X £0 is greater than or equal to T times
) the winimum geometrical distance from Keyp £O 2 constraint.
{ii} All the centres %, lie on a fixed straight line. This can
be used to accelerate comvergence,
(ii4) 1f T is kept comstanmt for all the masimizations, and LY
is given by {7.8), then the guometxical digtance from the
centre % . to the solution x' decreases by the factor

1/(14r)  onm each iteration.

Implementation of the atgorithm,

It can be seen that a major drawback to implementing the above

algorithm {s that at each iteration we should like to set

(7.10)

L
. o © i
H = Tl £700,) - £ )izlllf [CY]

where rg is constanc, However, this expression contains fl(xkﬂ)’
im D,.‘..m. But L ig as yet unknown and this would result in many
trials for different o 's to determine the value (7,10). Therefore,

in place of o) we uae the quantity
& Oy - 20, ) ] W)
a7 g 80y SRR RIACRE
Then the additional assumptions (1),(ii),(iii) give,l9],
. n ) - Il
yla g = (ol )™

I g s, then w2 e > g @I m <o the
o < &k - ‘;‘k 1 S0 (;k changes siowey than [0 Thig {s an approxi-

mate velation between o and o
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o accelerate convergence, compute a point Yy where the boundary
of the feasible region is f:uL by the line through % and X, . See
Step 3 of the General Method of Centres algorithm.

For g more detsiled description of the above results and some
actual programming results, the reader should consult [101, The test
results in [10] show that the Method of Contres algorithm using the
distance function defined in (7.2), (7.3) has a marked improvement
in the rate of convergence over an zlgorithm using the distance

function defined ia {2.8).
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To accelerate convergence, tompute a point Ve where the boundary

of the feasible region is eut by the line through x, ‘and See

5 Ly
Step 3 of the General Method of Cemtyves algovithm.

For & wore detailed description of the above results and some
actual programming results, the reader should consult [10]. The test
results in (101 show that the Method of Centrebs algorithm using the
distance function defined 1n (7.2), (7.3) bhas a marked {mprovement
in the rate of convergence over an algorithm using the diatance

fonction defined in (1.B). ki
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8. EQUALITY CONSTRAINIS AND THG MifHOD OF CENTRES: Hoshino [103.

Consider the problem described by

winimize £°(x) (8.1)

®.4) subject to  Fh(x) €0, d=1,...m (8.2)
i .

£9x) =0, iewm+l,.,,m 8.3

Clearly the interior of the feasible region defined by the copstraints
is empty, and so (P.4) camnot be handlad by our Method of Centres in
its present form.

In order to solve (P,4), Piotrykowski [17]1 minimized the poten=

tial function
o o i e
plx) = w%(x) + ] posC £ )+ T £ )] (8.4)
i=l iemyel
where U is & pavsmeter and where

pos(r) = 1, T+ 0

0, 130 (8.5)

One disadvantage that (3.4) hos from Ehe computational point of view

is that plx,p) is ney-differcntciable at some polnts. To overcome

this difficulty, Hoghino (20) considera the additional constraint
o s 0 1 0w, .,

(8.6}
) 5« 67000 1= im0
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Consider solving (P.4) with the additional comstraints by
winfmizing

BCxa) » max (e + £ )
i=1,,,2n

= ueG) + max( £h) ). ®.n
i

Theorem B.1: Let tue Lunckions fi(x), i = 0,..,m be coutinuously
differentisble and lot the gradient vectors VEN(x), i = i,...,m be
Lineaxly independent, Then there is o resl number 7 » O such that
For 0 <y <, the minimum point x(u) of p(x,1) colncides with

the solution x* of (P.4).

Proof: Firstly, supposae x(u) lies In the interior of the infeasible
reglon. Then there {s an © > 0 auch that every x CN (x(w)) belongs

£o the infeagible regios. From the defimition of =(n)
WEOG) + maxd 10 ) 2 wEPG0) + max( £ (e ). (8.8)
i i

Let %’ Dbe such that

B 2 { max( ) ) - max( ) 37 1wt - =]
i i

takes ity maximm value at x', ¥ xc N (2G0), which is denoted by M.
i
Now from f8.6) aud the independence of the vectors VE(x),

12 Lo

Mz 171 » 0 when max{ fi'(x(u)) y 0.
i
Therefare, from (8.8) we have that

. vi
w( £ - 1) ) 2 mas e ) - nax CF )
e w( 200 = P00}/ lra - xll 2o (8.9)




EY3

o . . =
As £ (x) s differentiable, there exists constant N such that

{1200 = 2wwn] ) Nxt) «xf] < # for X eN, (26

If we choose u such that y < /M ¢ [, then wf < N which

contradicts (8.9). Therefore, x(n) is not interlor to the feasible
region for 1 < i

It follows that when O <y < then the vector x(i) minimizes

Ftrp) and alao sarisfies the condition max { £5(x(u)) ).= 0.
i

ive. ®(y) minimizes FO(x) subject to the constraints,

We have shown above that if we minimize p(x,u), the solution

wiil also be a solution to (P.4).

Minimizing plx,p) given by (B.7) is equivalent to caleulating

an x and scalar @ to
minimize 0

subject to 0 & W) £ 0R), 1= Len2m
Define
0= 0= W (w).
Then the preblem becomes
pinimize 205,00 = w70 + 0 (8.10)
(.5}

ubjoct to £ =050, 1 L (8.11)

to which the Methed of Centres can be applied dizectly.
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Gorresponding to the distance functios given in (7.2), each

; iteration calculates (xk.‘_l, k+l) Erom (xk,ek) by minimizing

the distance function dk'x,e) defined by
(4 x,0) = g (° o) L
G (4 (s 4 E 00 ~ £2@,m) T+ ] (e - Fey .. aan
i=1

The above tesults will emable the Method of Centres to be
appiied to selve a far wider vange of probleme than has been

i realized previously,

CONCLUSTON,

Um haye acen that the method of centres is a tectnlque which
computes the least value of £(x) subject to (1.2) iteratively.
Each iteration secks a value of % that maximizes a distance function.

Ir is found, in generel, that the convergence by the method of cenmtres

is rather slow. Nevertheless, it hos been found to give accurate
solutions, Another attrvaction is clearly, except in the case of
equality constraints discussed in the last chapter, the faet that at
sach iterarion we have o Ieasible solstion to the problem.

Glearly the rate of convergence is dependent on the choice of
diatance funrtion. This is an arca of considerdble interest, Tor the
theoretical method of centres, Heard 117, [12] proposed the use of
the distance funcrions defined in equatioms (170 and {1.B ).
Pironnesu and Polak [ 18] have investigated the rate of convergence of
thia mlgoxithm. MIFF1in 7161 snd Desiel and Woard {21 have comsidered
the advantapes of introducing parameters inkoe equations {1.%),(1.10)
i in sn effort to improve convergence. Huard [14] consideved the method

of ventres algorithm weing simpler upper bounding functions for the




distence function. He then particularized this algorithm to obtain
the linearized method of centres of [13], and also related the method
of centtes to the well~known wmethods of Zoutendijk [ 23], Rosen [21]
and Frank and Wolf [71, Pironmeau and Polek [18] showed that for a
certain example, the algorithm of 13 did not converge linearly. They
proposed a modification to the algorithm which had the effect of
improving the convergence.

Hoshino [10] extended the Q-funetion of Fiacco and McCormick [53,
[6] by introducing a parameter o+ The rate of convergence of the
algorithm has been lnvestigated in the linear case by Hoshino {91,
The extemsion to the nonlinear comver case and more general functiens
is an area for furthet research., Differvent cholces for «, may alse
be studled from the viewpoint of imvestigating the rate of convergence,

and posgibly obtaining a botter o, for computational purposas.

Polak [19] hae considered scarching foxr 'desiraple' points. This
enables certain hypothesés which we made to be relaxed or discavded,
He has shown that the elgeritbme of (111, [12], [13] converge'te'a
desirable point even when a 'golden section acarch' is used. |
Bui~Trong=Licu and Huard 1) treated the method of centres in ‘
abdract spaces. Polak, Mukai, and Pironnesu [20] bave considered the
nmethod of centrea in solving optimal contxol problems.
Finally, it has been seen that a certain class of probilems with
equality copstraints can bo tranaformed into equivalent problems with
inequality constrainta, This mot only broadens the field of applica-
bility of the merhoed of centres consigerably, hu‘r algo means that
interior penalty function mevhods can be npplied dirvectly to solve

certain problems with equality conatraines.
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APPENDIX ¢ The Strong Duality Theorem ( Polak and Pirommeau [181).

Consider the problem

minimize £(x)

{B.1) {1.4)

subject ta £'x) £0, i=1,..m

i 7
Assume that the £ 1 R + R are comvex and contimuously differen-

tisble for all {. Then the dual to (P.1) is given by

m 4
max L ingl 220 + ) el 1 (2.8
w0 x iml

where ueR™
Now suppose that (P.1) has at least one solution and that A2

is satisfied. Then
#) (1) problem (2.4) has at least one solutiom, (3.5)

B o X

(11 max { dnf { %) + [ B0 B = win { 2% £ 2 0,
uz0 x i=1

i=10m b 4.4)

- *
(iii) for amy solution u to (2.A) and solution x te (2.1),

n : s
") v win (200 + | Fem b (5.8)
* 1=

b) Avector @20 in K" is a solution of (2.A) Iff there
exists x*s. ¢ such that
RN b e a ‘i‘ e L 6
[¢A] fa(x)+Xu[(x)=min{f(x)*.lu£(x) N Y
i=l N g

(4 e =0, 1= Loom .8
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Note that if = and \:z 0 satisfy
o By e
v (x) # ill wWVE (x) - 0, (8.4)
cthen x is 2 solution to
o Fomid
min { £00) + ] o'e*e) ). 9.4)
* =1
thus, if there exiscs 8 solution % to
wia £ €26 + § Gielgn 3
. i ’ (10.4)
*
then for any x a golution tp problem (2.1),

o, & o mo
20 mwax { 200 + ] wiete | 1% + § olveti =0,
uz0 inl i=}
x (1t.4)
Thig theovem is a particular case of the atrong duality theorem
stated in 'Geoffrion, A., Duality in Nonlinear Programming, Working
Paper Ro. 150, Uaiv. of Calif., Loa Angeles, Western Management Science

Institute, August 1969'.
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‘Abstract.

The theory required for the proof of the Hafin-Banach Theorem
i{s develeped. This theorem in its geometric form leads to the
seperation theorems for convex sets.

The theory of conjugate functions and sets is then developed
Tenchel's Duality Theorem is derived, maléing use of the Seperating
Hyperplane Theorem, Lagrange Multipliers are discussed, and the
Seperating Hyperplane Theotem is then used to develop 2 global
duality theory for constrained optimizarion problems.

Gateaux and ¥rochot diffarentials sre nest defined. Femchel's
Theorem ig then employed to derive the Kubn~Tugker conditions fex .
constrained optimization problems. Finally, a Duql Theorem and its

cotvetae are prosented for o ciass of fwnetlena savisfying cortain

constraint qualifications.




1, INTRODUCTTION.

In mathematical programming, a duality theorem gives a relation—
ship betveen a constrained minimization problem and a constrained
maximization problem. the two programming problems, ome of which is
called the primal and the ather the dual, are related in such a way
that the existence of a solution Lo one of these problems ensures the
existence of a solution to the other. Furthermore, if a solution
exists, the optimal function values for the two problems are equal.

1t is our inmtention to develop a duality theory for convex non~
linear programming, using a functional analysis approach. Punctional
analysis iz the study of veetor spaces resulting from a merging of
peometry, linear algebra, and analysis. Its appeal a¢ a unifying
discipline svems primarily from its geemetric character. Most of the
principal results in functional analysis are expressed as abstractions
of intuitive geomerric properties of ordimary 3~D space.

The following 4 chaplers Follow the presentation given by
Luenberger (18) fairly clusely. ¥n the vext chapter definitions of
veckor epaces, fonvex sets, transformations, Banach spaces and Hiibert
spaces are glven. The third chapter is concerned with the develupment
af dual spaces, and the central matbemavical result of this essay, the N
Habn-Bunach Theovem, s proved, Fhis resulb is nsed to proye the
seperating rheorems for convex sms,

A discussion of convex and  concave funetionals, conjugete convex
and conjugate concave [unctionals, and vonjupare sers, follows. The
Seperating Hyperplane Thearem is then used to prove Fenchel's Duality

Theorem. In the Fifth chaptor Lagrange weltipliers are covered brielly,




and the Seperating Hyperplane Theorem is used to prove the Lagramge
Duality theorem for global constrained optimization.

Conugrained optimization For differemtiasble functions is covered
in the last chapter. Gatesux and Frechet differentials are defined
and their relation to subgradiests lp discuseed. Purther properties
of conjugate functionals are derived which are used ia a derivation
of a generalized Ruhn-Tucker theorem for couvex fudchions natisfying
Slater's constraint qualification. The Kulm~Tucker conditions are them
used to establish a duality theorem. The converse theorem is also
derived, providing that the deal problem satisfies certain constraint
qualifications. Finally, it is shown that if the primal problem has
& quadratie objective function and linear constraints, lts dual
problem can be transformed in:o s maximization problem in a fipite-

dimensional BEuclidean apace,




2. LINEAR SPACES.

2.1 The Definition of & Vector Spece.

A vector apace X is a aet of clements called vectors, together
with two operations. The first operation is addition, which associates
with any two vectors x, y¢ X a vector x+y¢X. The second operation
is scalar multiplicacion, which associates with any vector xeX and
any scalar & a4 veetor ox. The act X and operations of addition

and acalas multiplieation satisfy the fullowing axioms:

{d) x+ymsy+x commutative law,
(41 (x+y)raox+{y+2) associative law,
(1ii) there exists Ov¢X auch that %+ 0 = x, ¥ xc X,
g (1v) ol x+y) = ax+ ay,

) Ca+p )= gx+ Bx " disrributive laws,
vi) C(axglxea{f*xx),

Wil) 0« x =0 Lxx=x, ¥R K

2.2 h s Linear Combinations and Linear Manifolds.

Definitiont A nonempty subset ¥ of a voctor space X is said

te be a subspace of X i, Far w, B- €, X,y Mo ax + By ¢ M,

Nore: 0o M.

2.2.2 Lemmat Lot ¥ and N be mubspaces oi a veeror apaee  X. Then

Mo N {8 a subspace of X

Proofs M n N# 4, since 0 iy contained in subspaccs M. M.

X ¥ M0 X > %,y M and x, yel




=> ox + Byc¥ and ax + By N, o, 8c¢

Cux o By Moo M

2,2.3 Definition: The sum of two subsets S and T in & vector
space, denoted S+F, consists of all vectors of the form s+t,

where acS§, teT.

2.2.4 Lemma: Let M and N be subspaces of a vector space X, Then

M+N is a subspace of X.

Proof: Clearly 6c MeN.,

Let X, ye M#N. Then there exists myy w, M, o '“z‘“ such that

1
%= my+omg, Yﬁm2+ nZ.Therefure,
ox # By =al(m 40y )+ B(my +n,)
= (am + 8m) ) + (any + Bny )
=m +n, where m ¢M¥, n N,
o o ) o

= m+u, where me¥, ncWN,

2.2.5 pefinition: A iinear combination of the vectors Aps Kypeers Xy

in a vector space is A s 0f, { * oo toX
0 a Fid is a sum of the form oy 9%y o,

2,2.6 D ot A necessary and sufficient conditien for the set of

Veckors Xy, Kggue.s X Lo he )inearty independent, is that the
&

a0

expression ) mx =0 sg =0 ¥k=1,
e K *
2.2.7 Definition: Let 8 be a subset of the vector space X, Then
the set [8 ), the subspace generated by S, consists of all vectors

in X which are linear combinations of vectors in 8.

!




HNote: (i) That [S] is a subspace follows from the Faet that a

linear combination of linear combinations is a linear combination.
(i1) [81 is the smallest subspace containing §, in the sense

that 3f M is a subspace containing 8 (i.e. it must contain all

linear combipations from 5), them M contains [SI

2.2.8 Definition: A vector space X is the direct sum of two sub—

spaces M and N, if every vector x¢ X has unique representa-
tion of the form x = m + n, mo M, unc i, Noration: X =18 8.

2.2.9 pefinition: The translation of a subspace is said tu be a

linear manifold. A linenr wanifold can be written as
Yex +ME (g inmx vty;y-M)
o . N o *
A linear manifold is not s linear subspace, s O is not neces-

sarily a member af it. For the hasic concepts of a vector space, an

established standard is Halmos [71,

2.3 Convexity and Con

2.3.1 Definition: A set X in a linear vector space is convex if,

given xyv Xy Koo ey b (madkge Ky 04 a8 L

Note that subspaces and linear manifolds ave cowvex. The ompry

set is considered to be convex, The following result is elementary:

2.3.2 Lemma: Let 4 aud K be cowvex sebs in a vector space. Then

(1) ak={x:x=k, keK 1} is convex for any sealar a.

(ii) K+ G is caonvex.




2.3.3 Lemma; Let C be a collection of convex sets. Then f\' K
is convex. “
Proof: Let G = f\\ K. If € = ¢, then we have the cesult tvivially.
¢
Let 81> Byc 6, and a :0sas 1.
Then gy, §,7K for all 'K:C. Since K is convex,
ag; * (I=edpy« K for all KeC.

Thus ag) + (T-algye C.

2.3.6 Definition: A set © in a linear vector gpace is said ta be

a come with vervex at the origin if x¢8*» ax¢C Va2 0.

A cone with vertex p  is defined as a tramslation p + C

of a
cone € with wartex at the origin.

2.4 Hormed Lise

2.6.1 Definirion: A normed linear vector space (X,[[+]]) is a rea

or complex linear space X and a function [f«f| + X »®
baristyivg

Gy |Ixfj a0 $xox and [[x]] =0 irf ==,
i1y axl] = fado(ix]] ¥ % %, &R or 6

iy xoe v =il > vl #2002

In a normed Linear space ||¢|{ = [vi] = ||z ~ ¥l

for

dny Luo VECEOrs X, Y.

Proof

sl = [t = 1lx = ¢yl = T

s sl Uyl = Hgll = 1= vl




: 2.5 Opey and Glosed Sets.

2.5.1 Definition: Let P be a subset of a normed space X. peP is
an interior point of P Lif there is an & > O such that all

vectors xcN(p,e) & { x 1 Jlp ~ »l| < £} are also members of B.

o
28 {p:p is an interior point of P }.

2,5.2 Definitio

Aset P is upen if P s P,

2,5.3 Definition: A point x¢X is said to be a closure point of a
set P if glven ¢ » O, theve is a poing pcP  satisfying

Ix = i) < oo
F&yx:x isaclosurc point of D }.

2.5.6 Delinirions A set P is closed if ¥ 3 B.

Suppodv P fx « set coutained in a liaear monifoid V. p. P is
an interior point of P relative to VU (here §s an o > 0 such
that all veciors %oV sarisfying Jx = p]| < ¢ are also mewbers of
P, The set P is satd to be open relative to ¥V If every point in F
iz an interior peint of P relavive to V.

U v ds the clovel lHocar manifold ponerated by P, i.c. the
intrravetion of all closed Liuesr manitolds contaladng ') then x
ia a relative interior paint of B ir it is an interior point of P
relative to manifndd V., Similar meaniug is piven Lo velatively

closed, cte.

i
1




2.6

2.6.1 Definitiu Let X and ¥ be linear vector spaces and let
D be a subset of X. A rule which assoclates with every element
%¢ D an element ycY I8 said to be a transformacion from X to

¥ with domain D fe. L i De XY,

If y corresponds to x under T we write v - "'x).

2.6.2 Befinition: 10 for every yo¥ there is at most one xeb for

which T(x) = y, the transformation T is said to he ope~to-one.

2.6.3 Befimitivn: If Tor every yo ¥ there is al least one %« D

sueh that T(x) = v, T is said to be ente,

2.6.4 Definition: A tramsfovmation from a vector space X into the

i

space of real {or compiex) sealtrs 54 said 1o be a functional.

2.6.5 P

nirion: A tramsfon

slion T mapping a vector spaee X

jnte a werter spare ¥ kv said to be Hoear if for every Xps %y

%, and all sealars ag ny we bave

'l(rz!x‘ + "z“;’.) = .lt'r(xl) + ll!'l'()‘z).

2.6.6 De A transtormation T wapping a normed space X

at ®o X if for every

inte a normed space ¥ I8 continwas

6 oo Oy there exists & » 0 such that

= x ] <e o Hroo =t < 6




2.6.7 Lemma: Let (X,0[°{{) and ,11<}1) be normed spaces and :
T : X7 Y be a linesr operator. Then T is continuous >

sup L [|mxelf ¢ xex, [lsll s 1} <m,

Broof: T is continuous., Therefore it is continuous at ©. Let & > O,

Then there exists & > 0 such that

He-oll <6l wmll <c,
ol <a= llndl <, ; i

Let zeX with |fz|] £ 1, Then

1/2)al| s 872 < 8,
56 Hrcewnall < e,

Hence |Ize}} < 2e/8.

Hence sup { Huxll ¢ xe %, [1xl 5 2 ¥ 5 2608,

2.6.8 Qoroliary:r If T : X+ Y is a lisear operator, and if T is
eontinuous, define
Hzll & sup € Hrxll s xexy |zl s 13
B gne tme flexl) s mlisl], ¥xex . 1
men  mell s Hnl el xd] % xex. " ;

proof: If <X, x # 0, |1/(]|x[]1] € 1. Then

Peall s Uadimep € Mool s 2oz 2 Hal) s n
feecdinf {4 . |[1a)] s ullx]], ¥ xex )

zoeup el exex o Pl s 1 0

1 oxeX, xF 0, Hx[{ £1, Thea ||mx|| g M.
dee, sup € []Txl] ¢+ ek ¢ fx] 21}

<ot {0 [Iex[] s uiix}] vxex )
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2.7 Banagh Spaces.

2.7.1 Definition: A sequence {x ) in & mormed space is said to be
a Cauchy sequence if Hxn - me >0 as n, m~+ > i.c. given

& > 0, there exists N euch that “"n - xmll <e ¥n,m> N,

Note: In a normed space every convergemt sequence is. a Caachy saquence,

however, a Cauchy seq wmay not be .

2.7.2 pefinirien: A space in which overy Cauchy sequence has a limit

(and is therefore couvergent) is said to bs complete.

2.7.3 Definitiont A sct K in o normed space X is s&id to be

cempact 1€, given an arbivrary sequence (xu7 in K, there is a

subsequence {x“ } converging to an element x4K,
i

Noter In finite dimensions, compactness % to heing closed and hounded,

but this is not necessarily true in a general normed space.

2.7.4 pefinition: A complete normed linear vector space is called a

Banasch spave.

2,8 Hilbert Spaves. ' .

An Hilbort space i a specinl form of aormed space having oo
inner product defined which is analogous to the dot product of twa

vectors in analytic geometry.

An inper product.on a linear apace X is a

2,8.1 Definit

function <e,*> 1 X x ¥+ ¢ (or R), satisfying




e

(i) <x,0 >0 and <x,0 =0 iff x=9,
(ii) xp b By, w 0tx, Y ¢ B<xy,,

(i) <x,p = 5%,

Then (X,<*,+>) is called an imner product space.
N

otes (1i) shows that for fixed y, the funetion <x,y> is lineer

in %,

2.8.2 Lomma ( The Cauchy Schwaxz Ineguality )i Let (X,¢v,+») be

an imner produck epace. Then

tenpel s fiallolyl]l ® %, yex whore [is(} » 50w
and lexyy>| = [1x]{lly]] 1f¢ ye=px,Bc@, x#eo.

Brogf: There 1s an «« € such that ol = 1 and {<x,p»| = a<u,y>.
Then <bax + y,tax + y> 2 0 ¥ resl v,
- 2]]x) 2 ¢ ernnys + oyt + (1]}

= I i1? +ardenp) » i1
Hence the dlseriminaut 5 0, so

eyt s [l 12419112
snd the discriminant = 0 {Lf there 18 an unique real root £
Thereore J<x,y>| = [lx{|+]|y]] iff

<t0ux *Yabax by . 0 Iff

Lo ¥y e 0, ies ¥y @ B,

2.8,3 Definitiens & complete imner product space is called an Hilbeve

space M,




2.8.4 Deffnition: If x, ycH, and if <x,y» = 0, then x is urtho=

gonal Lo y and we write x ] y. l

¢ M is a nonewpty subset of B, write

WA {meninly VyeNd, i

i ;
2.8.5 Lemmas If M is a nonempty wubset of ¥, then M is a closed i

s . L
linoar subspace of M, satisfying M**u #* and M nu*e (0},
Proof: M* is a linear apace;
%y xszl. LI A
"> <o) * Bioy> = 0Ky, Y b Bery,yr w0 iF yoM, i
Therefure ax; + Bx,¢ (5
u* ie closed:
Lec (s 3ed' and fer [|x, = || +0, ¥eR. If yrM, then
Jex,yr] = |exyys ~ 0] & [ex « %73
s [~ xnll-Hy[[ Catchy's inequalty
> 0.
So meit s ¥ closed,

Ai

Wt oo why

1
Lot x oM. .

Then y M 5 <xyyn 8 0, 80 <y,x> @ O,
L
8o % ot

wnute ol
If zuM o M% then <zym> = Q.

Sa %= O i

|




2.8.6 Lesma: Let H be a Hilbert space, and let B be a closed

linear subspace. Thea H =E 0 E.

Proof: E o E* = (o},
Let xe¢H and let 2<% satisfying

Hx = zl| = io6{ [fx - y|| ¢ yeE 3.
Show x ~yeX*, 17 yek,

Hx=all® s llx-2~ay|® as B is a closed linear
as £ is a closed limear subspace, Hence

s =241 ¢ [lx - 2 1% ~ 2Re Gex - 5,y + Ia]z“y[f‘z-
Let @ @ t<x - 2,y>, t¢ R, Then wo h:.\.ve

as CEy[E - 20 ) fox - myys]?
and bevause t 1s an arbitrsry real number,

<X = Yy = 0,

.
Therefore, % ~ z2¢¥ .

For & general discussion of funcrional snalysis, the veader
should refer to the excellent introduction by Simmens 25+ Other
important referances include Douglos {31, Riesz and Sz-Nagy (213,
Dunferd ond Sclwarts (471, Kelley ond Nawloka (167, and Bilie and

Phillips (9],
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3. DUAL SPACES.

The modern theory of optimization in normed linear spaces is

largely centred about the intevrelation between a space and its corres~

ponding dual ~ the space consisting of all continucus linear funeiion-

els on the origine) spave. In this chapter we consirer the genecal
construction of dJual spaces and develop the centrsl theorem of this

essay, the Hahn-Banach Theorem,

3.1 Linear ¥unctionals.

If X and Y aras normed spaces, we let L(X,Y) or B(X,¥)

depote the set of continuous lineas operacors from X iato Y.
3.1.1 Definitions If X 48 a normed space, let

X R Lx,0) iF X i over ¢

= L{X,R) if X is over R.
* 3
X is called the dunl of X, end its elements are comtinucus

linear functionals.

xR .
The valve of the linear functional x 1 X 4t the point x&X

- *
is denoted by x (x) or by «<x,x >,

3.1.‘2 Definition: Au igometry ¢ ¥+ X iz a function auch that

lrs = Tl = |lx = s} ¥ % vex,

We now show that in an Hilbert space, bounded linear funstionals

are genarated by plements of the spage itself, and that all bounded




¢
¥
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linear functionals on an Hilbert space are of this form.

3.1.3 Theoram ( Riesz }: Let R be an Hilbert space, and for sach

y da H, define Ey by fy(u) = <x,y>. Then the map °

%
¥+ fy T H+ H is an isometric conjugate linear operator ( from

H® onto H). i E

Proof: ¥For each y, Ey is a linear functional, and

le ] = fexof & [1=l]+[yl]  (Cauchy Schuare), ; ;
¥
80 lehl < Hyll. :

L&, @] = <y« Ist1% g0 Llg 4l 2 1l :
Therefore ||fyH » ||y]] snd so the map is jeometric,

fuymz(x) B o<x,ay ¢ B2> = GOR,¥> + Pex,z>

- Eﬁy + Efz, 20 the map is conjugate linear.
Let £ cH*, and suppose £ # 0,
Let Ewher £ (={xeH: £(x) "0} ), Then U= 0E" by
Theorem 2.8.6, and B* ¥ (0} because E ¥ H.
Lotz (£6)eR% We shall show that £ = £, for some ac . “

If thie holde, then o Y

@) = £ ) = < = 3 jul (A

Lot e I, Then there fa n weE, Bc¢, such that x = w + fz.
Then £(x} = pfla) because £{w) = 0

a gillzl[? by cholee of o

= fezyumd

ey + fz,az>  bocause W | 2z

5 <X,aE> = £, i
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3.2 The Hahn-Bamach Theotem.

Most nf the theory of dual spaces rests on the Hahn-Banach Theorem,
which asserts that emy functional defined on a linear subspace of a
normed linesr space can be extended linearly and continuously to the

whole space without increasing its norm.

3.2.1 pefinition: let £ be a linear functional defined on a subspace
¥ of s vector space X. A linear functional F is said to be an
extension of £ from M to N if
(i) F is defined on suhspace N > M,

{(ii) Fx = £x, ¥ xeH,

3.2,2 Definition: (a) A relation R on a nonempty set o is said |
to be a partial order if
) xRx ¥xe@

(i) xRy, yRz = xRz,

(b} A partially ordered set 0 is said t6 be totally ordered

if x,y€R *» xRy or yRux,

(e} An element xe¢ £ is said to be an upper bound for a subset

F oof @ if xRy ¥yeF.

{d) An element x¢ 2 is said to be meximal if y<Q, y Rx
= xRy,

3.2.3 Zorn's Lemma: If each totally ordered subset of a partially
ordered set has an upper bound, then there is a maximal element

of f.




17

3.2.4 The Hahn-Banach Theorem::

Let X be a real linear mormed space
and Y be a subspace of X, and let p : X+ R be a function
satisfying
) plx+y)splx) +ply) V¥x, yeX

(i1) p( ax ) = ap(x) $az0,

If £ is & linear fumctional on Y satisfying E(y) 5 ply),

¥y €Y, then there is an ectension P of f to X that satis~

fies P(x) £ p(x) ¥ x din X.

3.2.5 Lemma: The theorem is true if X = ¥ + Bx .
Proof: We weut am F z X+ R linear that satisfies

Fo(y + uxo) < ply + axo) ¥ o€k, ¥y in Y. {3.1)
pividing by |a] , o # 0, we obtain the equivalent condition

IACAENE SIS ARN] (@ > 0)

By - %) s ply = %) (<o), ¥ye¥
(renaming -y » y/[al, ¥ = y/la|). This is equivalent to

Flx ) 5 £(n) + plx, = y)
{3.2)

and E(y) = ply = %) £ F (%)

because F_ is to be an extension of f. Thus we cau chooge F,
to gatiefy (3.1) Lff there is a real number Fo(xa) that
sarisfies (3.2).

If there is & resl number B = Ya(xo) satisfying (3.2), we define

F°=X"V*R"D"R’y*“"q*“’"*“"o("o)

z




ig

and this is linear and satisfies (3.1 by (3.2).

The inequalities (3.2) hold for some real Fo(xo) iff

sup L £Gy) ~ ply = x) 2 yeY ¥ s dnt { £(z) +px, -2) tze¥ b,

1

$o we must show 3
)

!

£y ~ ply - %) s £(2) + pla, ~3) ¥y, ze ¥, 1

Copsider £(y) - €(z) = £(y ~ 2)
< ply - z)

2 ply = x )+ p(x, - 3.

Proof of thearem: Let @ = set of all extensions

g of £ to linear i
subspaces Dom g 2 Y eatisfying g(z) % p(z), ¥ z in Pom g, ‘
Detine gy 2 g, iff Dow g >Domsg,, snd g ie an extension (%) ‘
of gy, Then @ is # partislly ordered nomwempty Qet that satis~ B

fips the conditions of Zorn's Lemma,
Let ¥ be a totally ordered subset of R, Let

Zw= U{Domg:ge¥}.

¥
v
§
5

Then Z is a iinear subspace of % because ¥ is totally

ordered. Define g ¢ 2R by

g,(s) = g(s) if z€Domg for ge¥.

g, is well defined, by (*). Then EN is a linear functional and

zc(z) s plz) ¥z in 2 = Dom g,

Furthetr, £, ig in 0 and is an upper bound for ¥.




Let F be a maximal element of R which exists by Zoxn's Lemma.
If Dom ¥ # X, then we can contradict the meximality of F by

applying the lesma with £ =% and Y = Dom ¥,

3,2.6 Corollary: Lat £ be & bounded linear functional defined on &
subspace M of a real normed vector space X, Then there is a
bounded linear funckional ¥ defined on X Wwhich is an exteusion

of £ and which has norm equal to the morm of £ om M.

Proof: Take p(x) = |{ei}lla}} in the Hahn-Banach Theorem,

3.2,7 Corollaxy: Y¥f X is 4 normed linear space and x is a non~
®
zero vector In X, thes there exists a funetional £ in X

E@ wuch that £ (x ) = Hxgit ana )£ )} =1,

Proof: Let Y = {ax,} be the linear subspace of X apamned by X
aud define £ on ¥ by flax) = allx }[. Clearly, £ is a fune-
tional on ¥ euch that £(x) = [ix || ed }l£}] =1
By the Hahn-Banach Thecrem, £ ¢an be extended to a functional

*
fo in X with the required properties.

*
Among other things, this result shows that X  seperates the
vectors in X3 for 1f x end y ave any two C. ‘ot vettors so
*
that x - y # 8, then there exists a functional £ in X such that

£(x ~y) # 0, or equivalently, £(x) # £(¥).

H
i
i
t




3.3 The Second Dual Space,

L * *, *
Let % €X', <x,x> denotes the value of the functional x  at !
. N * *
the point x €X. Now, given XE€X, £{x ) = <x,x > defines a functional

*
on the space X . The functional € defined on X° Ls linesr, since

* *,
x Pt B<x,x2>
= a£(y) + BEG). :

L *, * *
Blaxg + Bxy) = <x,0x) + Ba,> w o<z,x

Furthermore,since

126N = fond®) g i {1141

it follows f1ell = 1[«ll. By corollary 3.2.7, there is a non zero i
x* ux* such that
*
x> = |l ]2,

so Hetl = 1=l[.

Thus, depending on whether ve comsider x or x' fixed in <K%,
both X and X' define bousded lipesr functionsls ou each other,
vhich wotivares the symmetric notation <x,x*>.

Binee the conmjugate epace X* of a normed linear spate X is
itself a normed linear vector space, it is possible to form a dual
spaca (X" of x*. Ve denote this space by X, and call it the
second dual space of X, Bach point in X gives rise to a functional . H
A in ™, 2t o ox®, then «,x™> io called the natural mapping
of ¥ dnto X, d.e. 6t XK1 400 = x™ uaps mesbers of X
into the Zunctionals they genevate on Iy throvugh the geometric nota-

tion. This mapping is linear, norm preserving, but, generally, not omto.

o
3.3.1 Definition: A normed linear space is reflexive if X = X .

s ® ek
3.3.2 pxample: Any Hilbert space is reflexive. H =R =H .




3.4 The Seperation Theorems.

There ig a major differ

between the h vaken
in the remainder of this chapter and that takem in the preceding sec~
tion. Lineax functionals, rather than being visualised as elementa of
a dual space, are viemalised as hyperplanes genevated in the primal
space. Luenberger points out that tbis difference combines the rele=
vant aspects of both the primal and the dual into & single geometric

image, and thereby frees our intuition of the burdes of visualising two

distinct spaces.

3.4.1 Definirion: A byperplane in a normed space X is the set
§ x6X : ¢x,x> =a } for some a€Q, $ex’,
Luenberger: A hyperplanme H in the limear vector space X is
4 saxfmsl proper linear manifold, i.e. let ¥ be a lipsar
manifold such that H $ X. Then if V is any linear manifold

containing M, either V=X or V=H,

The geomerric form of the Hahn-Banach Theorem, in ita simplest
form, says that given a convex set K containing an interior point,
and given a point %, nob i;\ ;, thexe is a closed hyperplame contain~
ing %o but disjoint from XK.

We inbroduce a sublinear functional in the epace that depends on

the shape of K.

3,6,2 Definition: het K be & convex set in a pormed linmear vector

°
space X, and suppose ©4 K. Then the Mivkowski functional p of

K is defined on X by

o) B af (v ¢ x/rek, r>0M

i
{




22

IE K were the umit sphere, n_ a pouut such that }]x}} = 1,

°
then for avery =x¢K,

* * * *
<wixgy s [ (1xl] < Hatl - ]} = x it

by the Habn-Banach Theorem. f.e, { x : <x.x:> - <x:,x:> } is s hyper-
pisve disjoint from the interior of the unit sphere,

In the general case, p{x) defines a kind of distance from the
origin to X wmeseured w.r.t. K; it is the factor by which K must be

expanded so as to include x.

3.4.3 Lemma: Let K be a convex set contsining @ as an interior
point. Then the Minkowski functional p of K sarisfies
1) «> p(x) 20, ¥=xecX,

(11) plox) = ap(x) for « >0,

i) plx) + %,) 3 p(x;) + p(x,),

{iv) p is continuous,

o
() Ko{x:pmlal), K={xipt)<l}

Proof: (i) Since ¥ contains a sphere sbout @, given x, there is
an r > O puck that x/re K. Therefore p(x) <« ¥x,

Chviously pix) 2 Oy

(ii) For « > O.
plox) = inf { r 1 ax/rck, ¥ >0}
= inf { ar' ¢ x/v'ek, r'>0}

o oinf { x' ¢ x/rtek, rte 0 1= aplx).
(i11) Given x;) X5, 62 9, choose Ty, Ty such that

R
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By OB p0G/r) < 1 s0 x/rie R, Lee rar tr,

By the convexity of K,
(ry/m) Gyl + (ep/r) (ry/2y) = (xy + xy}/x ¢ K.
Thus p(xl +xy fx) 2 1. By (id),
plry +x)) 2 ¥ < pliy) + plxy) + 2E;
giving the resulr, as e is arbitrary,
(iv) Let & be the radius of a closéd sphere centred at O and
contained in K. Then for sny xe¢X, ex/){x]| eK, thus

@ plex/|[x]]} < 1. By (15), pG) 5 (We|x||. 46 p is

vontinucus at @, From (iid)

P) = plx =y + y) < plx = y) + py)
p(y) = ply = x + %) 5 ply = X} + px),
or -ty - %) < pla) - py) s plx - )

from which continuity on X follows From the contlsuity at @.

(v) Follows from (iv).

3.4.6 Mazur's Theorem: Let K be a convex set having a nonempty
interior in a real nmormed linear vector space X. Suppose V s
a linear manifold in X containing no interior poiots of K,
Then there ia a closed hyperplana in X containing V¢ but
containing no interior peints of K. i.o. thers is an element
x* .sx*, and a constant ¢ such that <v,x“> mc ¥VveV and

M o
<k,x » < ¢ ¥kek,

i+

i
v
)
!
i
3
i
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Pxoof: By appropriate translation, assume © is an interios point of

B. Let M be the subspace of X geperated by V. Then V is a
hyperplane in N and does not contain ©. i.e0 ¥ ds a trans-
lation of a subspace N ip M, say Vex +N,

°

Now %, { KX, bechuse ® 4V, so [xo + N) =M, Por xeM,

¥ Tax, +m, nel, define linear functiomal £ on M by
£} 29, Then V= { x: £(x) =1},
Let p be the Minkowski functional of K. Since V containa no

interior points of ¥, £(x) = 1 s p(x), ©x eV,

i
3
H

For o > Q, £4ox) = & 5 plax) by homogensity
8 <0, £{ux) 5 0 2 plux) ¥xev,
‘Thus, £Hx) g px) ¥ xeM. .
b By the Hahn~Panach Thecrem there is ap wxtemsion F of £ from :
M ote X with £{x) < p(x). Lot H={ x ¢ F{x) = 1 }. Since
P(x) 3 p{x) on X and since by Lemms 3.4.3 p i3 continuous,
F is conrinuous, F(x) ¢ 1 for xag. Therefore H 15 the

dasired closed hyparplane.

3,4.5 pefinition: A closed hyperplane K in & normed space X is
said to be a suppert (or supporting hyperplane) for the convex
set K if K 18 contained in one of the clesed half spaces

determined by H and H containg a point of K,

3.4.6 Theorem { Support Theowem ): If x dis not an intarior poinst
of a comvex set ¥ which contsine intevior polnts, there is a
closed hyperplane B contalniog % such ¥hat X lies on ome

aide of H.
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3.4.7 fTheoren

( Eidelheit Seperation Theorem ): Let K, &, be
convex sets in X guch thar K, has interior points and Ky
containa no interior points of K« Then there is a closed hyper-
plane H seperating K, and K. i.e. there is an 2 ex’ such

*

that BUP <A, > g inf <x,x*>.
x& Kl X gk,

In other words, K, 4nd k, ltle in npposite half epaces determ~

ined by H.

Proof: let X = Kl = Ry, then X contains an interior point, and @
is not one of them. By the Support Theorem, there is an x"l.fxw.
* ®
% # 0 such that <x,x > 5 0 for % K.
* *
Thus for Xy eKl, x, eKz, <K% > % <x2,x .
i.a. thers is a real number ¢ such that
® s *
BUp €X,x » g e g inf <x,x >.
xt Kl xe KZ

The desired hyperplane fs H = { x : <x,x*> » o).

3.4,8 ZTheorsm: If K 14 a closed convex set in & normed space, then

K is equal to the Intersection of all the closed half-gpaces that

contain it.

The above theovem 18 often regarded as the geometric foundation

of duality theory for convex sets. By associoting closed hyperplanes
*

(or half-apaces) with clements of X , the theorem expresses a conwvex

*
set in X as a collection of alementa im X

.




4. CONJUGATE FUNCTIONALS AND DUALITY,
NCTIONALS AND BUALITY.

In this section we consider conves and concave functionals, from
which we obtain a global theary of optimization. This development is
baged on the geometric representation of a nonlinear fupctional in
terms of its graph, and builds on tha theory of convex sets. The inte~
resting theory of conjugate Functionals produces 4 duality theory for

: a class of optimization problems.

4.1 Genyex and Concave Fupctionals,

SPEIRA. A0S oncave tunct)

41,1 Dpefinition:

(1) A zenl valued Functionsl f deffoed ou & convex subsst €

of a linear space is convex if
r(uxl + (1-u)x2) Fy ur(ggl) + {lm)f(xz), Wy, ¢ € and o oe(0,1).

(i1} If sprrier inequality holds whevever £ 4 %yy then £ is
strictly convex.
(1ii} A veal valued funetional g defined on 2 convex set is said

to be (strictly) concave iF -g is (strictly) convex.

4,1.2 Definition: & proper convex functional £ on o vecter space X
1s an everywhere defined convex funesionsl with values (ve,m]
not all identically +» , {.e. £{x) < ¢» for at loast one x« X,

and  F(x) > == Tor every ¥ ¢X.

A Finite-valued convex functional defined on 8 nonempty canvox set
G in X caun always be extendad to a propen convax funcional on X by

aseigning the value 4= to it outside of G,
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i A4
! .1.3 inition: . i
4 Definition: Let £ be a functional on the vector space X. !
‘ (1) If there exists an %¢ X such that
! !
£R) = min £(x), 1
x¢ X Ri
then X is a global minimun for £, :
(ii) 1f thexe exiats an ¥ e X such that
XeNGE,E) aX o> £(x) 2 1(R), :
then X is a local minimum for £, :
i A.1.4 Lewmas Let £ be a convex functional defined on a convex
subset € of a normed space, Let w = inf £(x), Then
®6Q ;
(i) The subset 0 of U where E{(x) =y, is convex.
(i) If % is « local minimm af £, then £(3) »u and, hence §
i
X is & global winimum, %
4
Proof: ,
(i) Lot xy, ¥ cf, Yhon for Osasl ¢
b
flooe; + =a)xy) 5 aklx;) + (l-a)£(x)) = . ;
!
!
Also, Rys Xy o axy b (10n)x2c 4 v,
Therefore, f(mty + (1=a)%) ) & .
Hence flax, + Q=a)5y) @ 4y
(i1) Suppose thet N ls a noighbourncod about ¥ in which H

wioimizea £. For sany xltc thers exists x¢N such that
% m gk ¢ (m)x) for some @, 0485 L

then F(R) ¢ £(x) S af () + () lx)

fooe £R) 5 £0x)s ;
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Me mow reduce the study of comvex fuctionals to the study of

convex sets by considering the region abave the graph of the fumctional.

4.1.5 Definition: Let ¥ be s convex functionsl defined on a convex

set C ¢ X, where X is & vector space, Define L£,81 By

(5,61 8§ (o) e RN K s xe Gy G 61 b o

Example: Figure 4.3

2{x)

4.1.6 Lemma: [£,C1 ig a convex 3et.

Propf: Let (rl,xl), (rz,xz)aCE,C], R AR
alryaxg) + (L-g) (ry.xp) = (azy + (Lma)xy,omy + (Lmadx,) o
How ok, * (rudnye € becsuee G is convex.
E(x)) 5 % £(xy) % Ty Therefore,
£ax, + (t-0)%,) € af(xl) + (=) £(x,)
< arg ¥ (1-e)x,e

i.e. a(rl.xl) + (1wa) (xgs%)€ ££,6}.

e e i
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We now discuss the properties of the ser Ie.q.

4.1.7 Theorem: 1f £

. °
in a novmed space X and G has a nonempty relative interior C

18 8 convex fumetional on the convex domain C ;
B
£

’ ¥

then the convex set [£,d] hes a relative interior point (e 0% ) ‘
o

iff f is continuous at the point x €. §

°
: Progf: Assume that £ 1is coatinuous at a point x ¢ C. Note that
Freok o
v({#,6]), the linear manifold gencrated by [£,6) is equal to b

Rx v(C). Given €, G < e % 1, there iz a & > O such that for

-2
. ®eN(x,,6)Nv(C) we have xeC and 16 = £ = e ;
ég Let ¥ ® £(x) + 2. Then the paint (v ,x)e [£,(] 1is a velative )
interior point of [£,6), since (r,0)¢ [£,¢] for [r-e ) <1 i

amd X € Nix,,8) nv{o), i

Hou suppose that {r,,x)) i an lurerior point of [£,C]. Then
thare is € ” 0, 60 > 0 such that for xaN(xo,so)n v({C) and ;i

]r—roI <&, wehave ¥ 2 £(x). Thue £ i bounded above by
f(xo)drso oun the neighbaurhosd N(xo,so)r\u(cl.
Without loss of generality, assume x = é, f(xa) = 0, For any

€, 0 <g <1, apd for any =% € H(xo,zsc) v (C)
EGx) = £{(1-)0 + e(1/e)x) s (1-e)E(@) + ef((1/e)x) % eey
where € is the bound on £ in N(xo,aa)n v{C}. Further, |

0 = £(o) = £{{1/2kedx + (1 - L) (=Ve)R)
< (Ve + (- Yai(-1/ax.

So  £(x) 2 ~ef{(~1/e)x) 2 ~e€,. Therefore for x € N(x ,ed.)n W),

we have |£(x)] s so . Thus £ 18 continuous at X .




4.1.8 Theoramt

Proof; Without loss of ganerality assume

o

A couvex functional £ ‘defined on a convex domain ©
. . N 2 1
and continuous at a single point in the relative interior € of :

i ]
£ 1is comtinuous throughout C. i

o
£ is continvous at @¢C

£() = 0. By restricting our attention to v(C), we may assume &
has interior points rather than relatwe mtanwr podntsy

Let y be sn arbitrary poiat in c Since c is (relatively)
open, there is & 8 > 1 such that By (u. Given ¢ > 0, et &§ >0
be such that |[x|| <& implies [£(x)] < c. Thew for

e = yi} ¢ = 2/R)6 we have
z =y + (L~ Vg = Uatey) + (1~ Lfp)x
o
for some xeC with [|x]] < & Thus 2¢¢ and

£(z) 5 UBECRY) + (1~ UB)E(R)
< 1/BEay) + (1~ U/Be.

Thus £ is bounded above in the sphere |z - yi} < (1~ UB)E.
Therefore, for r sufficiently lavge, the polot (r,y) is an
interior point of [£,C]. Thus, by Theovew 4,1.7, £ is conti-

aous BE ¥.
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4.2 Gomjugate Convex Functionals and Support Funectional
. « s

We now investigate the dual represemtation of the set [£,0] in
texws £ closed hyperplanes. From this we obtein a very general duality

principle for optimization problems.

4.2.1 Defipition: Let £ be a convex functional defined on a convex

aset C in a normed gpace X. The conjugate et ¢* s defined as

* A Al *
T ex" s sup (™ - £ ) <)
xeC

. *
and the functional ' conjugate to £ is defined om C by

) § e o - 200 ).
xeC

4.2.2 Definitdont
* %
(A b et iR x X s e Xt £ ss

4.2.3 Lemmat
N *o, : LN
(i) £ is a convex funcrional and C i a convek set.

L *
(43} [€,E'3 is a closed convex subser of R % L4
* * *
Proof: (i) Lat *ys Xy 4%, 8nd ot 0.<d <L

sup ( <x,ax§ + (1-m)K;> - E£(x) )
RED

= sup { al <x,x’;> ~ £{x) )+ (1-a)( <x,x;> ~ £(x) ) }
x60

»
5 amup ( (x,x’;> LBy )+ (emdevp (Smpr = EG ).
2eC %2 C

* ¥k
(i) Let ((si,xt)} ba & sequence from [f ,C 1 such that

(o050 » (o) as 1w Ten ¥ ¥xES,
> *

L <x. xﬁ> . f(x). Letting 1w, 82 x> £(x),
spaf [CHR R
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4.2 Gonjugate Convex Yunctionals.and Support Functionals.

We now investigate the dual vepresentation of the set [£,¢] in o
terms of closed hyperplancs. From this we obtain a very gemeral duality

principle for optimization problems,

4.2.1 Befipition: Tet I be a convex functional defined on a convex
eec € in 2 notmed spave X, The conjugate set € is defined =8

HA k%
C=(xex:aup(<X,x*>—f(x))<w}.
%€

M X N
and the functional ¥ conjugate to £ is defined on C* by

") aup Canx® - £00 ).
xet

4,2,2 Dekinition:

(M A erx g s K s, £ 20 )

4.2.3 Lemma:
N * *
(i) £ is a convex functional and G is & convex get.

*
(i) [f*.c*] £3 n closed convex aubset of R x X .
Progf: (1) Let x:, xz \.X*, and wt G < e <1, I
sup ( ’x,uxt + (l-u)x} - £(x) )
EX Y]
*
w g Al ey = 600 )+ (o) (animy> = £69 )
®EC .
* *
$ asup ( Kyhy> - £0x) ) + (1-u)sx{p‘( <X, Xy £(x) ).
X C xe ¢
* kK
(il) Let {("i'“i” be & sequenca from [f ,C 1 such that

hd :
(Bi,x:) s (a,a) as & oom Then VI, BxEC,

*
o Fod ey - £00. Letelng > o 8 2 £,

|
f
|
|




¥ x¢ C. Therefore g 3 g

*
2. upc( x>~ £(x)), ie. x€ 0,
s2f (x),

x<

4.2.3 Definition: Given any convex et C ¢ X, define £(x) 50 on G. k*

The dusl set to [£,6] da of the foru [h,c*] where

*
B(x') = sup <x,x*)
xel
: *
and the domain € is the set of vectors for which
*
SUP €X,x > < o
x¢@

*
Cail h(x ) the support functional of the set G, !

We write [£,61 =[£",6": We now ostablish # relationship betwean the
conjugate funetional and seperating hyperplanes. On R x X, closed
hyperplanes are represented by
8r + <x,x*> =k

where 8, k¥ and x* determine the hyperplane. A hyperplane is non~
vertical for the defining tinear functional (s,x*) if 9 # 0. We P
restrict our attention to nouvertical hyperplases, and without any ;
further loss of generality we consider only those linesr functionals of
the form (-L,x*). Any nonvertical closed hyperplane can then be obtai-
ned by appropriate cholce of & and ke

Now as k varles, the solucioms (r,x} of (x,x“) ~rmk des~
cribe parallel hyperplanes in R x X (See Fiz 4.2). Now £t o
the supremum of the values of k for which the hyperplane intersects

(5,61, thus <> = x @ G s o support byperplane of [£,Cl.




£(x)

* %, %
< x xer ® L {x )}

R ™~

LR i
deee P{x) 2k y

D
e P Y= osup k

e e

*

KXy >=1r = 0 s

= oup {<x,%x >=(x})}
et

A ¥

*, v
= <Hpan o rlxy <0

*,
TSR K>

1

Fignre .7, ¢

The most iwportant interpretation of the conjugate functional for
application to optimization problems is that it measures the vertical
digtance from the origin to the support hyperplane, i.e. the hyperplane
‘:x,x*'» - f*(a*) intersects the vertieal axds {( x =0 ) at

C= M, 00,

* * W .
Remark: Given the point  (s,x ) ¢ If ,C 1, associale the half-space
consiating of all (r,x) . R % X satisfying
%
XK P w58,
Then the et 1E50%T  associatos those (nonvertical) halfspaces

*o R 4
that contaln the set [F,07 Bemeo LI ,6°1 ds Lhe dual vepresentation

of [£,¢0
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4.3 Conjugate

Functionals.

K031 beling

fon:

Given a concave Tunetiona) % defined on a convex

subset D of a vector space, define

et 80 e s xen, s gt 3

4.3.2 Leomat 5,01 is a convex sat. f
i
Prouf: Similar o that for (I,0l. i
3
|
4.3.3 Definieion: TLet g be a concave functional on the conves set i
0 i
D. The conjugate set B ig defined as 4
! i
* It
sinf (ex,x > - g(x) ) > -« } i
X f
B
* j
and the functional g conjugate to g is defined ag i
LK . * ¢
B Bt Cox® - 500 ).
X B
ce L *o :
Toean be verif{ed thar B is convex and g is concave, Write
% A
[EB R FAN U
Norer  Our noiation doevs not distiguish completely between convex and
4
vencave tanctionals. 16 aust bo made elear which is being employed iu :
i
any piven cowexl, ' ¥
The interpretation of coneave conjugdte Funetionals {s winilar to
* % :
that for ronvex eogjugate fonclionala The hyperplane <xg > =7 = g (x)
s, N +
supports the ser | g0, Furthermore, = g () is the lutercept of
that hyperplane with the vertical axis.
.
. 1
B i




ki

4,4 Bual Optimizarion

LProblons,

We AR | i 3
now apply the theory of conjugate functionals to optimization.
Let £ be a convex funetional over convex set € aud g be a concave
funckioudl over convex set B, We sapk inf ( L(x) ~ g{x) )
¢nbD ’

foure b, 4
oAb

-

- peail

We wish to tind the minimal vercical seperation between the sots
{See Fig. 4.7). This is evquivalent to finding the magimal vertieal
seperation of two paraliel byperplanes supporting [£,6] and [g,Dl.
LR ® ok . '
There¥s « g {x ) - { (& ) is the vertical seperation of the two
hyperpie

Aol Thearem  ( Fenchel Mualfty Theorem )i Lel f, g he convex and

conenve funetions vospeetively on the convex sets G and D in

normed gpree X. Lot G nD  contain points dn the relative interior of

;'
!
J
i
|
L
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Coand b and e :
I E R e Ual faye nopempty interior. Let

uo=in € rfx) - cw
xeCnp @~ glx) ) < =,

Then
FEIE CEM - g0 ) mmax (50N - 26 )
xcanp =< ¢%n p?
where the maximum ou the right is nehieved by some xksc*n D’e
o .

If the infinum pn the left is achieved by some x ¢ G nDh, then
o

¥*
max { <x,x> - F{x s a
o Ly ) ) = <n x> £(x )

and i o | *.
;':l‘“D( X 7 BK) ) = exxr - plx ),

Proof: By definition, ¥ x" ¢ ¢*n b¥, xe cn

" 2 s - £{x)
g*(x*) & exs - &(x).
Thus
£ - g0 2 g 6 - e,

Henee

i CEX) - 500 ) = sup e - et

EEASID] xeGnb
No!;, the convex ser | Pu,01 ds 4 vertieal displasement of [£,C).
By dofinition of y, the soks [ fe,0T and Lg,D} have disjoint
relative fnterlors, however arbitrasily close. Since one of these
sets has nonewpty interior, there {n o cloaed hyporplane in R x X
seperatiog theme This hyperplane cannet be vertica) othexwise its
vertjcal projoction on X wonld seperate € and D, .

This nonvertical hyperplane can be represented an
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[KTRCTRRN TP
) Ry EaXoe = f =0}, For some x:rX*, cc Ry

Now gince [g,D] {jes below, ang maybe on, this hyperplane

N %
o= v - a g e E
;‘:fn( > B ) =g (k)
Likewise
e mup (ool - £ ) = £ o’ - N
xe 0 e o
Therefore,
%k ¥, %,
wg () = F )
i.e. there is an x:r o*n ot such that

inf ~ P
(‘t“nn(f(x) B(x) ) g (x) £z ).

Therefore the equality in the theorem is proved,

If the infivum y s achioved by seme X, CAD, then <5("o)"‘o) €

Cfey, 100 5,0, and (@{*,),% ) liea on the seperating hyper-

plane.

In applying this thearem to minimize a convex functional f on a
convex domain U { the set ¥ represesting constraints ), take € = X
and g o 0 in this theorem.

Conjugate funciionals on finlte-dimensional spaces wore introduced
by Feachel {81, For an excellent presontation of this topic, cowsult
Kariin {14]. Some extensions and reluted disenssions are to be found
in Rokafellar {29, Radstrem [20] and Whinscon [28], Ravlin {13)-[us],
Luenburger [18] demonntrate how the wellvknown Min-Max Thoorem, of
special importance in  Game Theory, can be devived from Fenchel's Dual-
ily Theorem, for rellexive spaces.

We nhall make use of the Fenchel Duality Theorem later vn in

this casay to obtain a duality theary for a class of optimisation problems.




i
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5. IHE GLOBAL THEORY OF CONSTRAINED OPTIMIZATION AND DUALITY.

The general optimization problem treated in this essay is to
minimize a functional f within a given subset of a vector space.
Legrange multipliers will dominate our attention, ss they somehow
always unscramble a difficult constrained problem.

Although we have eucountered Lagrange muitipliers at several
points in rhe last chapter, they were tremted as the rasult of certajn
duality calcultions. It will be seen that the Lagrange Multiplier. can
be suws . pivted a8 8 byperplane. As a vesult, it may be suspected that
the theory is simplest and most elegant for problems invelving convex
function. Indeed this is so. In bhis chapter, we therefore consider
a global or convex theory based on the geomstric interpretation in the
eofstraint space where the Lagrange multiplier appears as a seperating

hyperplane.,

5.1 Pogitive Gones and Convex Mapplings,

5.1.1 Definitien: Let P be a convex come in a vecter epaco X, For
%, y =%, write x 2y (w.r.t P) if x-y ¢P, The cona defining this
relation is called the positive cone in X, The cone N =~ P is

called the negative cone in X and we write y § x for y-x¢N.

5.1.2 Defipitionr Given a normed space X together with a pesitive
convex tone P © X, Define a corresponding come Pa in the dual

*
space X by

*
P"Q(x*px*:<x,x>z0. ¥ xcP




5.1.3 Lema: Let the positive cone P in the normed space X be

closed. Tf xc¢X satisfias <x,x*> 20 ¥ R 9, then =2 8.

Proof: Assume X ¢ P. Then by the seperating hyperplane theorem,
. * %
there is & x «X  such that <x,x*> < <p,xﬁ> ¥ p€EP,

s *
Since P is a cone, <p,x > can never be negative, otheruise

% *
| <tx > 2 <ap, x> for some a > 0, Thus x 2%, Also,

N * *
inf <p,x > = 0, 80 <x,x > < 0,

i pel
i 5.1.4 Definition: Let X be a vector space and Z be a vector space

having positive cone P, A mapping & : X+ 2 is said to be
convex ’if the domain @ of G is a convex set, and if for

o :0<ac<i,

f

\ Glaxy 4 (1-a)x,) £ a6(x)) + (1-0)6(xy), V%), %pe
5.1.5 Lemma' Let © be a convex mapping as defined shove, Then for
H every z:7% the set { x: %« R ; 6{x) s 21 1is convex,

Proof: Lot %, %, cl x i %e@: Gix) sz L

2 because f is conven. For a 1 0 <a <1,

Then % + (ludx, v
G(«x1 + (lwx)xz) & uﬁ(xl) + (lva)C(x,)

£ oz + (leadz = 2.

o
|




5.2 Lagrange Multipliers,
Consider the problem
minimize £ (x)

eubject to  G(x) s 9, xef.

@ is a convex subset of
convex functional on Q. g
normed space %, having positive cone P,

Imbed the above problem in the family of problems
minimize £(x)
subject to  G(x) <z, x2Q, where zeZ,

bDefine TeZ as

A

P2 { z: There is an x¢Q with G(x) ¢z },

solution.

5.2.1 Lemma: T is a convex set.

Proof: Let

and G(xz) £ 7y Then for 0 < a <1,

Glox; + (l=p)x,) £ ozy + =)z,

5,2,2 Defimition: On the set I, define the primal fupcticnal w

(which may or may not be finite) as

wlz) = inf { £(x) 1 xem, 6(x) §3 ).

the vector space X, £ is a real valued

is a comvex mapping from R into the

i.e. the set of z sueh that the problem has at least one feasible

Ze At To i.e. there exists ), %y€ @ with G(xl) 2 7




T '

The original problem can then be regarded as determining the
value w(®).

5.2.3 Lemna: The functional w is convex,
Pragfs wlazy + (l-adz,)

S LR ke s 600 5 oy ¢ (Ladzy )

sinf { £(x) :+ x = axy & (la)xy, de 9, xye 81

Glxy) s 24, 6(xy) 5 7y }

s oinf { L) %60, Glxy) 5 =y

+ (la)inf { £(x)) = x,e0 ¢ Glxy) < 25 }

2 u.mlzl) + (1~u)m(7.2).
5.2.4 Lemma: The functional w is decreasing. i.e, if 4y 8 7
then w(z)) 2 wlzy),
Prouf: @z} = dnf { £(w) 1 xe0 1 60 g2) )

2inf (€00 ¢ xem 1 GO € 5y b= wlzy).

s
TR e,
<z,

V.
v =4z,
fe)




i
i
1

4z

Since ® is convex it has a supporting hyperplane at z = ©, and

lying below w over all z. By adding an appropriate linear functional
M .
ez €0 0(z), the resulting combination w(e) + <a,ap is winimized

: 1 P N * N
at 2z = 8(Sec Fig. 5.1). The functional z_ fie the Lagrange multiplier

for the problem; the tengent hyperplane illustrated in Pig. 5.1
corresponds to the elament (l,z::) eax 2t

Lagrasge multipliers for problems having inequality constraints

weve first treated exptleitly by Johm [12] and Kubg and Tucker [17].
5,2.5 Thegrem: Let X be a lincar vector gpace, % a normed space,
% a convex subset of X and P the positive come in Z. Assume
P contains an interior point. Let

fig>R, G:Q-2, £,G convex,
Assume there exists x,©Q for which 6(x) < 8. (i.e. Glx) is

an interior point of W = « P), Let

uy ® inf I{x), subject to x¢@, G{x) 5 0. (5.1}
» . *
Assume 1 « = Then there is an element z 2 @ in I such that
%
o = ial LEGR) 4 <G> oo 5.2
ETE )

Furthermore, if the infimm is achieved in (5.1} by an X Ry

G(x“) 5 0, it is achivved by x/ in (5.2) and
*
x> = O (5.3)
Proof: Tn Rx 7, define

Aa { (24 17 x (), 2 2 6(x) for some xe @ L

Be{ (rya) s Ean,Bs0 )

A and B are convex, because £ and 6 uare convex.




i
1
i
i
|
i
i
i

X

By definition of u , A containg no inmterior points of B. Now,

N contains an interior point, therefore B coovains an inte~
rior point. Applying the seperating hyperplane theorem, there

*
sxiavs 0 # (o) cR % 2 such that

* *
PRI RN + <z,
o1 10307 3 To¥y * <pEg

for (ry,zy) A, (ry,zy) . B, From the nature of B it follows
*
that r 2 0, z_32 0, Shaw that x_> 0.
o ° a

(4,30} ¢ By therefore
*
LA A tdo ¥ (r,z)s A

®
Suppose that T, = 0. Then, in particular, <c(x1),z°> 20 and
*
z, # 0. Since G(x) is an interior point of W, i.e. 6(x,) < 0,
* * *
and 2, % Oy it follows that <G(v.1},z°> < b Uf <G(x1),z°> 20
= 645} 2 0 by lema 3.1.3), Contradiction,
Therefore, © 0, Take r, = 1 (vithout loss of generality). Then
*
\zogini { r-»rv.,z°>)
{rya)e &

g int  (£0x) ¢ <G(x},z:> M)
xR

PO O 15 SN )

o
xe s
G20
X *
fem, n, imn Cfeay » eBlx),z> ).
%

If there exists an x  Such that Gx) s 0, 0, = £(x,) then
S s £ ExD =
b, ¢ Ele) * “Blx org> & TR = v,

k3
e <G >0,
and henee ‘G(xn)wu

(
i
§
i




No:

typical of the asgump|

i

2t The condition ¢
@) <o

v called a regularity condition, is

tiong ¢ . .
M8 that must be made in Lagrange multiplier

theorems. It guarantess ¢
Suarantecs that the seperating hyperplanc is nonvereical.

fien £, # 0,
5.2.6 Gorpllary:

and assume that
. ®

X av
o At

Lagrangian

LGx,a™) = £ » <6(x),z">

has a eaddle point, i.e.

*. * *
Mxa2) s L ez) 5 L(x,5)

Proofs Prom (5.2, L& ,eh)
e

* *
Blxam ) = x4z )

¥,
¢ Llx,z ), and

* *
= (X F,z - e B
e J,z Gx )z,

=R ),

%

0,

»

by

(5.3),

An eguality constesint of the form H(x) = @, with

bel the conditions of Theorem 5.2.5 be satisfied

hieves the constrained miminum. Then there
is a z, 2 O such that the

*
¥xef, 2 20,

H(x) & Ax = b

where A3 X + ¥ is pqaivalent te two convex inequalities H(x) £ 0

and -~ M(x) g 5, amt can be included in the conatraints

G(x) £ 0.

Howpver, thene eanuot be inciuded trivially in vhe sbove theorem us

there never exiats

e Lueaborger ),

which satisfivs Hix)) <0 and -H(x;) <@

Tt should be noted that we are primarily coucerned with the part

played by Lagrange

intention to glve, or

Lagrange msltiplicrs and of the problem

maltiplivrs in Duality rheory. Thue it is not our

exploit,all the geometrie propertias of the

, in this essay.
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5.3 Duality.
Consider again the hasic convex programuing problem
minimizge  f(x)
subject to  Glx) ¢ B, xeq,

1
£, Gy, & are convex, As previously, defipe

A

wle) 5 inf L £(8) 5 6(x) g Z, xR}, (5.4)

and let B, wl@).

aln)

", inowral tu the maximm ineereept with the vercical axis of
211 vloned byperplaves lying below o (Ses Fig, 5.2) that hyperplane
being determined by the Lagraoge multiplier of the probtem,

Befine the dual fanctionsl ¢ corresponding to (5.4) to he

*
defined fu rhe posilive cope fu 4 an

*
6™ A int (100 R0 ,E ),
EANY




L1

5.3.1 Lemma:

The dual funetional is concave and can be exprassed as

065"y = int Culz) + <22 ).

ze

Prooft a :0<a< 1, z:, z;( Z*.

¢ (uz: + (1-«)::;)

"

3

¥

*
For any 2 20, zel,

Inf (100 + <00 ae] + (Ladap>
x il

inf (af(R) + act(x),epr ) + inf ( ()£
xeQ xr

+ (1)<G00 gy )

wp(ay) + ()i (og)e

802 = faf (ELO ¢ <GS )
)

Sl (£ + g™ s Gl 5z, 2€9)

*
= {a) v 2,5 >,

Now, for auy Xy 1, with 7 = G(xl)

fFlx,) + Glr

jaf { £(x) + wEy

®
wlag) # <uger

Thernfore

o) inf ¢ (e + s )
by

Thus

") dar Cata) +
M

%

16(x) 5 2y, X0 8 ]




e
|
,

w7

Therefore, ¢ is essentially the conjugate functional of w.

Although there is a sign discrepancy, the comcepts are the same.

(1,6 R x 2° deternines a family of hyperplanes in & x 2, eack

Wyperplane satiafying © + <o,e" = k. For k = ¢(z%), this hyperplene
supports the set [w,I), the vopion above the graph of . Furthermore
at =0, v = 805 hence #0G") In equal to the invevcept of this

byperplane with the vertical axis.

5.3.2 Theorem { Lagrange Duality Theorem ): Let % be a vector

space, 2 he a4 vormed space, € 8 convex subset of X, £, §

convex, sweh that £ 14 X > R, © : X > %, Suppose there exists

# such that G(x)) <0 and that
¥,e il DI 1 600 s 0, %}

iz finite. Then

ot s max 4 e (5.5
ERRH z*"»
[HESE

%
and the maxime on the right iz achivved by same By B 9.

it rhe

finue on the ieft in achioved by some X« i, thon

A “ B 3 $nimizen
AT 0 and o, minimiz

B
Yx) + ,v(:(x),z“‘, X 8

oo
Froofs Let zou O
%
fof C FQx) v Gladee o)

ER

. *
Gogar (I v saim),e t)
Xl
[de3rg
ginf 0® T e

Kb
[E3-0]




4g :

¢ *. ‘
fees maz 9z )y 2y ,
o

7z &l ;

Conversely, Theorem 5,2,5 ’

entablishes the oxistence of u' which

gives equallty. The remainder of the theorem is also proved in i

Theorem

Sinte w is decrcasing, w(n) g w(z) for zx 8, Hence, an

.
alternative sywmiric formulation of (5,5) { 5

5) ds

. *
i wls) = mex 4z ),
g )

z 20

lo: As a simple application of the duality theorem, Wi

ealenlate the dual of the quadratic program:

minimige ixTQ K =~ th

subjoect to Axs o,

i . .
where w0 RV, to be determined, b v &%, ¢ K™, A is an mx n
@watvix, amt Q is an o x n posicive definite symmetrie matrix.
Assuming there is au % satisfying Ax s ¢, the problem is

equivatent to
war win € 48TQ x - 6%+ 2 (ax -0 ).
A%
The mivimization over x i unconstrained and attained by
- N
xe ) (b AYD)

Substituting this above, the problum becomes

max (= e a - aTa - iy,
Aut)

where poaqhl ae




Thus the dual is also a quadratic programming problem, Note that
the dual problem may be much easier to aolv"e than the primal problem
since the constraint set is much eimpler and the dimension fs smaller
if w<on.

The approach presented in this chapter, which required no differ~
entiabilty assumptions, was devaloped by Slater (26 and sxtended to
infinite-dimensional spaces by Hurwitz [11], In fact, our presentation
closely follews Hurwltz, For some intereaving extensions, see Arrow,
Hurwitz and Uzawa 1] . In the absenca of convexity constraints and
an interior point, if the hyperplanc does exist, the Lugrange technique

for location of the optimum still applies. See Gould £81,
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6. THE LOCAL THEQ Y
THE HEORY OF CONSTRAINED OPTIMIZATION AND DUALITY.

sttt AL 20N ARD DUALITY,

Historically the local theory of Lagrange multipliers, stated in

dilterential form, predates the global theory presented in the last

chapter by almost a century. Its wider range of applicability, and ite
generil convenience for wost problems, continuss to mako the local

theory the bettor known and mont used of the two,

6.1 Gateaux and Frechet Differemtiale,

Let X be a vector gpace, Y a normed space, and T a travs-

formation defined on a domain D ¢ X, with runge R &Y,

Let %0 awd lot b be arbitrery in X. If
STOGLH) = tim L (Ot + ah) - T(x) )
LR
exisre, it {8 called the Gateaws differential of T at x with
invrement  h, 1F the Hmit exists for each heX, T is said to be

Cateauk ditfuroutiahie At X,

(i3 Tt wakes sense to coosider the above limit only i€ xtahe D
tar a1l o« sulFiciently small, The 1imit i taken in the

neual gense of nomm convergence {n Y,

[§33] Jixed ®e D, b reparded as o variable, the Gateawx

tesrorential defines a tragsformstion frow X te Y. In the
case of T linear, 870 = T
(iii) By far the mest Prequent application of thie definition is

in the case where Y la the vesl 1ine, and hence the trame=




formation veduces to a functional on XK. Thus if £ is &

functional en X, the Gateaux differential of f, if it

exists, is

SEGGRY = @ f(x + am)|
a=0

and for each fixed x¢ X, 8%£(x,h) is a functional w.r.t.

the variable heX,

The Gateaux differential gemcralizes the concept of the direc-
tional derivirive familiar in finite dimensions, The existence of the
Gatewux diffevential fs a rather weal requirement, however, since ite
definition requires no morm on X; hence properties of the Gateaux 3§
differential are not easily related to comtinuity, When X is normed

a more satisfactery definition is given by the Srechet differential.

Let T be a transformation defined on an open
domain B in a formed space X and haviog range in a normel
space Y. L[ for fined xop and heX there exists &T(x3h) e ¥
whink is linear .nd continuous w.r.t. h such that

tim TGy = 1) = sTeumll g,

fli-o Tl
Then T {6 said te be Freshet differentioble at ® sand 8T(x;h)
is said to be the Prechet differential of T at % with jnere=

went b

We use the same nymbol for Prechet and Gateaux differentials,

sined it is uduaily apparent {rom the context which is meant.

Suppose that the transformation T defined on an open dowain

DX is Frushet 4ifforentiahle throughout P, At a fixed point xeD




the Frechet differential 4T(x;h) {a by definition of the form

ST(x;h) = <h,A> where A is a bounded linear operator from X to Y.

Thus, a6 x varies over D, the correspondence x + A defines a
x

transformation ‘D into the normed Iimeai space B{X,Y); this rrans-

Farmation is ealled the Frechut derivitive ' of 'T, Thus we have,

by definition, 8T(xh) = <h,T' (x)>. ‘

6,1.3 Def

tion: 1In the special case where the original transforma=
tion is a functional £ on X, we have SE(xjh) = <h,f'(x)>

®
where f'(x)*X for each x. The element f'(x) is called the
gradient of f at x, and {s denoted V£(x) rather than £'(x}.
©.1.4 Lemma: 1f the tyamsformation T has a Frechet differential,

then it is unique, :

Eroof:

pose hath 4T(x:k) and 4'T(x;h) satisfy the requirements

to be Frecher differentials, Then

ertasn) = #eam )] o Hroan = 160 - st
+ e - T - 8" Gam . :

or TGty - aregm || = oclinl .

Simee  AT(ash) = #'T{x;h) is bounded and linear in h it must

be zern.

Befinition: Let § be a convex functional defined vn & normed
Befinition boe o . '
space K. Au clemont w,cX 16 83id ko be 1 subgradient of I
" * ]
ae gy if .
£(x) = f(xo) 2 XX ¥ xe X

Denvte the set of subgradients of € at x by ().




|

6.1.6 Lemma: If f thgs a d i
. gradient Vf(xo) at x  in the sense of

Gatea 'y .
aceau or Frechet, then the subgradient ia equal to the gradient.

*
Proof: Let X, be a subgradient ar ®,» Then

- *
T - flx) 2 <o ¥xox,

o+ Ah. Then

VACIG a0 - 16 ) 2 <y,

for every y and A > 0, Taking the limit as A » 0 through

posikive values
*
STx 59) = <y3Rg>
and by definition
e ®
AR TN
*
for all y. For this to hold VE(x) = x.
Remark:s I ¢ has a gradient. ¥F(%) at x in the sense of Gateaux
or Frevhet, then the tve provius lemmas pive M) = {VL()},
K3 # N
Newz, frem the definitions of £ and {x), x « 8F{x) Liff
Xk *
FE) 4 £ @) 5 X o 6.0

Subgradivnts of the eaneave Tunction g have analogous properties

(uith the defining inequality in (6.1)  vaversed),

6.1.0 1 anf o= alaf) for & = 0,

Proot: Follows immediately from the definition of subgradient.
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6.2 The Kuhn~Tucker Condirions
e b e S ALY 6

To obtain the well known Kuhn-Tucker conditions for the constrained

optimization problem that we have been considering, we shall follow the

approach used by Rockefollar 124, We shall make use of Fenchel's

puality Theorem.

6.2.1 Definition: A convex functional h is the indicator of a

convex get € in X if

h(x) =0 x.C

6.2.2 Theorem: Let f and g he a proper convex and proper concave
Functionals respectively. Assume that either f or g is conti~
auous 4t some point where they are both fiunite, Then X 15 a
point where f - g achieves its minimum over X iff RL(Gx) and

- it -
%) have some X in cowmon, Morcover, such vectors X are

ag
. N * * : . 1o
then precisely the puints vhere g =~ £ achieves its minimum

®
over X . !

Let A= { s L(x) <=}

Boodoxsogix) oo by

wiy by ase

mpt.ion there existe an X A0 B whwre £ and g

are both tinite and one i continucus; say g« Thais N

woa Flx) = lx) <
a
inui i 2 3 . . Therefore, from
and the continuity of p weans chat x. B # §» Therefore,

Fheorem 4.1,7 we have that [ g,Bl has pouwempty relative interior.




1
Now we have i

* % %

L T IR QTS SR N i
xe X ¢

LD . *

800 = inf Lanx™ <500 b g ™ ~ gm ¥ oxex i
Xe X ’

ie, E(x) + I*(x*) 2 g{x) + g*(x*).

Now, from (6.1) end its concave analogue, X c3£(X), ¥ e dg(R)

it £@ v G 5 EFS 5 @+ 6.
fen EG ¢ £ G = 5@ 4 G,

The conclusion follows from Fenchel's Dusiity Theorem and the

above digcussion.
6.2.3 Theorem: Let fl and r2 he proper convex functions on the

1

* &
at gume point where they are both finite. Then, ¥ x¢ X, ¥ x ¢ X

vector space X, Asgume that either £, eor £, is continuous

* &
Gy e s min 67 -2 e e e ) i

GE) a6 £, + £,)00) = 81,60 + 38,00, i
® & .
¥roofi- (i) For eny tized x <X, define
* g : )
£0x) = 1,0, w0 = s - 1.
Then by definition,
* %k ko k, * & N, *
() 2 fyla ), 8 @) == 1l =a)
Our hypotbesis guaranties, via Fencligl's Theorem, that i

L - # *-. * - o, K .
inf { £,00) + £u08) = <Hx Y y= n\:x xi - )= £, 1 H
%6




PO * o
But the LHS is 4 fl * £2 Y (x) by definition,

Hence, we have proved the negative equivalent of {i).
G Frow @) e 6.0, w600k 01, i

- L #x, LI
fl(x) * £ (x) + Filx=ut) £,z 2 <x,x"> - <x,x*— 2 . <x,z*>

% % . * *

for some u ¢ X . By definition of f1 and f2 thie is % to

* & * * * * R
£+ G002 5 ' 2, £ - () 5 x>,

*

and by (6.1} again, x «3( El * 1‘2 Y(x) iff there exists some

* % L *
% tX  such that x ~ 2 H)fl(x) and = € 3L, (x).

Lot £ be a proper convex functional defiued on the vestor apace
X Let 811 Byr veey By be convex functians defined on the vector
space X which are everywhere finite, continuous and Gateaux differen-

tiable, Define
pé [ Ei(x) 50, ¥i=1,...,m %

Wp assume thet the problem savisfies the following constraint
qualification which serees to exclude aingujarities which might other-

wise oceur on the boundary of the convex domain D.

6.2.4 Definition ( Slater's Constraint Qualific tiom ): & point

%¢ D satisfies Slatec's congtraint quellfication if

gy <0 W= Lo




6.2.5 Theo!

£

w  The Kubn-Tucker Theorem ): Suppose thar F is
finite at some poi i
some point x satisfying Slater's constraint quali-
fication, Then X is a point where f achieves a winimum on D

£ there exists Lagrange multiplior A ¢ R® which satisties

®
uy ~ ¥ Aove G o @),

i=1
{id) Ae® =0 forall g,
(i) Ajwo for all 1. :

Proof: Define the convex indicator functions h,(x) by
PR BER 1

h].‘(x) = if B (0) 2 0,

B0 =G g e > 0, ,

Befline aix) = hl{x) ol F hm(x}. .
Then winimizing ¥ on B s the some as minimizing £+ g on X.

foe.. minimise £ (op) on X, where - g ia a proper :omcave

functionn] finite an 0.

Now, 4t the peint x| where § ig finite and gi(xo) <0, i

i 0 beeuym, the funeriona g, bpyeeas By are all finice and

copl it

This by Pheorem 6.2.2 and the eoseave analogue ~f Theorem 62,3,

£ aehieves Pt miniwum oop D oat x5 F(R) containg an

elowent uf = by {i) - My (5) e - LN |

' Now  x,0 oh, Ca) 0fl
[¢ B (%) TR v oall x <X,
B, () by O oy

: Cleaviy, if "‘i&) w0, f.g. R{D, then My (x) @ be




We have that <o ,x>  pobsaer 5 i v, ={ x x) S0} :
B Aehieves
wakiaum on (x:
at  x. Since gy; © 0, we have from ap o MeRtary arg m<an
‘
P gy . o Lo ary arg;

using the eoutinuity and dirf(-rmmabilir.y of g
sy !

LS ICR TN 50 <0, :

(%) o ) -
1y (%) o { A Vgi(x) t A‘. 2o} qf 8 (&) =00,

It X is a normed vector spacey and £ and g are continuous

and differentiable in the sense of Frechet, then, providing the other
p asgumptions of the cheorem hold, we can writs the conditlons. of the

theoram as

w
VIR ¢ ) A Ve () = 0

dow @ v
g0, ' .

Thene veaults were devived or the eass ¥ = }8

by Kuhp and
Tackor £17 b 8 swat be ephasized that Uf the functjons are, Frecher
differconciable, Yhe constralut qualitication that we bave used in the
above theorom §u fairly reatvictive, The KubneTucker necessary cons
ditions tor optimatity ean he deeived oy oa more goueral class af )

funetiom (ioe., convesity f5 nat roquived) sacisfyiog a celaxed

sewtraing, qad il ieation ({0, satisfaccion of Slater's constraint
qualifieativn fmplies the watisfaction of the relaked congtraint
qualiticationy. Howsver, convexity i required fur the conditiona to

Be sufficfent,




!
i
|

6.3 The Dual Problem.

Suppose that £(x), si(x), L= 3,...,m are convex Functionals i

defived over the normed vector space X, which are differentisble
in the sense of Frechet, The derivitives, which ave olemants of X, i
are denated by VEG) asd Vg (0, L 1,ee.,m

The primal problem which we shall cowsider i to

minfwize f(x)

subject to g (%) £0, 1= 1,..,m.

To develop the dual problem to the primal problem above, and to derive

the duality theorems, we shall follow the approach taken by Ritter [221

€.3.1 Theorem: Suppose [(x}, gi(x), i= %,...,;m are convex differ-

entiable functions on X. Tf there exists an x X satisfying

$later’s constraint qualification and X {5 mm optimal solution

i

of the primal problem, then there exists % oK' such that (¥,X)

1w an optimal solution of the dual problem i

n
magimize £O ) By gy te 6.2)
i=i
n
pubjert to VEG) + ) 3y VR (®) =0 (6.3) .
is1

' Az, (6.4)

Prod: Lot % be an opulmal nolution to the primel problem. By the

: T
Fubn~Tucker theorem, there wxists «

sueh that
no, -
Vi(x) + iz'x v G0 = 0

Xi a].(i) a0, ¥4,

»a 0.




L1

Thus  (xA) is a Yeasibie point for the daal problen, and

. . n
AR ORI R NN
w1

For apy Mua) feasidle poing {%,2) we have from the convexity

and differentfabilivy of that

CORY = £03) & <R, VE ()~

o aRey,

A VB ) by (6.3}

¥
u -
S ‘»ié‘vl Ay ek, ()
o
& & A Ol ~ 8;(8) ) becausn g; are
conyex, ¥ i
n
H iil Ay B0 sinee - A g () 20, ¥ i

30 we have, for any dual Seasible point (x,A), that

n . »
LRSS BRI Ay o) 5 EGD = 66 4 ‘Xl K,- g, ().
i

Thee absve theorom cis nt i1 he derived  even 11 we wers Lo relax
U et idor qualiffoat jo,

b Lhe stateaent that the exintouer aof o sol-

In wrbia e entabli
Whdon be thye duaf prodden dmplies the oxistence of g eotetion to the
haa o satisfy @ cervain kind

mimal peskiee, The deadn (0,3) (6,4}

ol wonsteaial yoabitiearhim,

6.3, Eonapaist Qeallticion ef the sl Problems Lot (5,3) be
an optiaal solobion of the el problem, Thew, i i nupposed tha

that tor each §, [ § 5 1, there exiat JE0 Lerent sl mappings




B0 T 000 L 5, of e tnserval

D PIFS W
I IS

i J'O)ﬂ{)\:)\jao}

. 1 .
into X and R respeetively, such that

[63) (hj(Aj),r“uj)....,rj-"j(.\jhAj.\j“’j(Aj),..,ﬂmj(lj))

sutisfics the wouditiong (6.3),(6.4) for a,c1.
3

[¢3D] nJ.(I‘]> =X xijcij) LRITR IR TR Sy
o
(iii)

5 (%) V(” (;\‘;.! = 6. (=) tor some 8>~ 1

fa
i
This coustraint qualifigation is satisfied if thore exists a

ditferentiable mapping x « fv”“-”'»\,n) of some open neighbourhood

N of the pwint (il,...,im) into X such that X = ey, end)

and (;(xl...,.Am).x!...”xm} iy qual fragible for
LNt \i 3 '\_; s W dE bom .

wacan choeeie

T FTRNtE
. Lot i USRI
i

fr folhavd fmediateiv thar these popplge patinty the ewadiviona (1)
v (10,

GBS Bz Bappese Lt HRD gy D Lo are conves,
AT e gk fabde booet fone on K. M (R0 is 2 solution to the
dunt prodefon e fned fnovatfone (6.2 £o (0,43 wWhich satistics
Phe const raint quatitication for the dual probios, then ¥ e an
ot s :1(;“”:1'”1: 2o the primal problem, awl the extveme values

ave rqual,




1
1
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Proefs bet j, 14 G 5w

be an arbitvary, but fixed index. Ueing

the wappings of the constraint qualification of the dusl probliem

we define

n
O = Lm0y

i (Ai)gi(\\jﬂjﬂ * Rjg_j (hj O\j))-
¥

Then

u.(xj) -’w(xj) = v‘;,(i’j)(xj - 'ij) + u(‘!li - ijh

n
[igl LIERIR NGB IR
i#]

- a(hi - ijl), by dual
constraint qualificavion (15), and boeaune (ny (Ijm“ (ij). 45,
{j) is dual feasible,

= (A, Dy D0, ~ Ty 4y, =3, L
¢ ; ”"j” (J I) ¥ ‘(l\“ xJ]) by dual

wosustraint qeatificaiom (i),

Sinee 13,72 is a makinam, it follows that

Gty e i) e PP TSNS W AR
ma it - st ERHA IR s ullay - 2D

1

Sy Toen, o p Gra e
HY i . ),
" Lo, ,‘,i(.l) s, for 1§ jam

Shere vy % in 4 feasible point Fov the prisal problom, sud
. - |- N
PG Gy v f 8, b
TS

For any primal fexcible poiat  x, we have, Yrow thw converity

apd diffurentialilivy of . that

i
i
i
i
i

I
i
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£(x) ~ £(R) 2 <m-X,VE(R)>

w
: =<Ky ) A, ve, (B)>
PETIE Nt

n
== igl Ry i, ug (D>
m
2 igl N0g ) - g0 ) by conventcy
B - -,
z i£1 % 5.

Hence, for any primal feasible point x, we have that

£ 2 TG0 + @ =2,

The duality theorem evolved from Dorn [2], Wolf [291, Hansen [81,

Huard €101, and Mangasavien {197,

%.3.4 Example: Consider a primal problem which has the following

special Larm (see Bxample 5.3,3):

migimize §(8x)x - £(x} {6.5)

subject to L;(x) S a4y, 1w li.gm,

where ( and € ore coitinuoup linear funcrionels, oy ave
renl constauts and A is o bounded linesr operatbr mapping X

*
onto %, Suppose that A s the properties

t

i

! s

i () A existe and {s bounded,

| i ;

i (id)y (:\x])x.a “ (sz)x‘ for any paix x;,%yc X,

I Gii) (x 20 for any x¢X.

|

i The last property asserts that (6.5) is a convex funetion.

This problem is of particular interest because it turns out that

the dual problem is equivalent to sn m~dimensional quadratic




Y

maximization problem in n Evclidean space. Thus, the solution of
the primal problem may be obtained by the cemputational solution
of a Einite-dimensional maximization problem,

The dunl problem is as follows:

m mo,
manimize }(AR)x - £(x) + 111 A ) - 1%1 Aey (6.6)

=6 220, 8w Ln (6.7)

w
subject ta A+ ) A

= 1

The expression (6.7) follows from (6.3) since £,(0) and
£ are linear, and therefore £, () = f, £(x) = £, Because

of (8.7) the objecvive function (6.6) is equivalent to

5
-} - ¥
Hax iélxiui. 6.8}
Sinee A} exisvs, (6.7) yieids
N
x=at e T oA (6.9)
jep !

Substituring this inko (6.8), and using the fact that property
(1) of A dmplies that ti(A"rj) o £, ve have thae
the dual problem can be written as

" n -1
Loedy =i spphghy T dE@TRY

awbfeet to A, & O,

whore

Lot SoR™ be the optimal sulution. (5.9) defines o mapping whose

exiatonen was shown to be sufficient for the dual comstraint
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qualification of the dusl problem to hold. Therefore, Theorem
6.3.3 spplies and
m

Realro 7 5
i=1 *

is an optimal solution of the primal problem.

7. CONCLUSION.

Duality theory is of considerable interest, and has many applic-
ations in the fields of constrained optimization and control theory.
For certain problema, it is often a good deal easier ro solve the dual
problem than it {s to solve the primal problem, svd , providing
cercuin assumptions ave satisfied, the solutions axe equal. In the
lost suetion it was shown that if the primal problem has a quadratic
obivctive Funwtion and linear copstraints, ita dual problem can be
transformed into a maximization problem in 4 finite dimensional
Buclidean space. The duality theorem then gives directly, the solution
to the original primal problem. This case is therefore of considerable
interest because of ity potential application to continuous progrswming
problems and problems of optimnl contrel theory,

Duality theoroms supply the basis for a muber of computarional
proceduree. These proceduves, like the duality cheorems themselves,
often can be justified ouly for conves problems, but in wany cases the
baaie idea can be modificd 50 ag ko be offective for other problems,
Mo penalty funetion method emerpes as u partioularly nice Lmplement-

atio of the primal-dual phiiosoply.




In this essay we have attempted to provide a rigorous mathemat—
ical treatment of duality theory for convex constrained optimization,
Much of the theory developed in this vasay was obtuined from
Luenberger [18)1, A groat deal of the material that we have disrussed
is alse covered in the bonk by Stoer and Witzgall [27]. In addition,
it includes a very geseral extension of Fenchel's Duality Theorem,
from which several otber duality theorems, including Rockefellar's

extension of Fenchel's Theorem, are deduced.
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Abgtrack.

The basic optimal conktrol problem for a system deseribed
by an ordinary differential equation is defined. An alternative
formulation to the basic optimal control preblem, which is
regquired to establish Pontryagin‘s Maximum Prineiple, is developed.
An historical development of the necessary conditions for the
the optimality of a control system is given. The proofs of the
Maximun Princeiple by Pontryagin, Boltyanskil, Gamkrelidze and
Mischenke, Halkin, and Bryant and Mayne are then discussed in

some detail.
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1. ZINTRODUCTION.

B

The modexn theory of control is not only of interest to
mathematiclans, but has also attracted attention in many other
diverse flelds of interest.

In control theory one is lnterested in a process, i.e.,
vome action or motion which can be influenced by certain controls
o; policies. To analyse the process it is necessary to formulate
a structure called the dynamics of the process, ax a law whlcﬁ
governs the change of state. ¥his provides the means whereby one
can detexrmine the state x(&) for t > t, provided the state
is known for & = tyr Tt 48 usually required that some goal be
achieved by the procsse through a properly applied control pol~
icy, i.e., thore ils some ob!rctive. This is usually specified anm
the aeguilsition of some desired state harget for the process. One
question which arises naturally is whether or not means for inf-
luencving the process are sufficiently strong to allow the achieve-
ment of a apecified objectlve. If such means exdst, then we have
a4 properly formulated control structure.

In control problems there are gencrally several ways in
which the ohjective for a process may be accomplished, Within
the et of possibilities, toking into account imposed constraints,
it may be dasirable to systematically cheoose the 'hest' approach
with rogpest to gome performance eriterion. If with respect to
some performance critorion one soeks, in the set of all policies
for achioving mm chjective, the one that is best, then the forme

wlatlon 45 an optimal control problam. The control policy, 1£ it




exists, which solves the optimal control problem iz known as

the optimal contiol (policy) for the problem.

The conditicns which a control is required to satisfy in
order to be optiral are of considerable interest. These condi-
tions can be derived for a certain class of problems using a
classical variational approach. However, as the problem becomes
increasingly complex, this approach becomes increasingly diffi-
cult ko apply, and in certaln cases cannot be used at all.

In this essay we ave interessted in the necessary conditions
formulated by Pontryagin and his assoclates, and called
Pontryagin's Maximum Principle. These conditions are, in general,
not sufficlent, and are local in nature. An outline of the
histoxical developnent of the various statements and proofs of
the necessary cond.tions im given. In the rest of the essay we
are concerned with contrasting the proof. of the MaXimum frinciple
by Pontryagin et al [521, which is based on the construction of
the convex cones of Mothane, wlith the proofs of Balkin, [28],
£27]1, and Bryant and Mayne [131, which are based on the con-
struction of sonvex sebs, and are generallzations of the proof

by La Salle [38)] for the lincar system,




2. THE CONTROL PROBLEM.

Conglder the system defined by the ordinary differential
eguation

ke) = £(x(t),ult) &) ()

where £: R x N x Eto,tf3+ R", and § « A" denotes the control
space.
U is sald to be the class of admlssible control functions
if (4) each w e U, u: [yt £, ds a-bounded, measurable
(in the sense of Lebesque) function, and
{i1) U is closed under juxtapositlon and translation.
Assume that for each u ¢ U and each X, € R®  there exists

one absolutaly continuous function

wlk,ul0)) = x(bst iR, 000))
such that
®leule)) = £lxlemit)) mlb) £)  ace. koo [t k.0
and {2.1)

X(t ) = X

If at least one solution x(+,u) of (2.1) exists on all of
rto,tf] then we call u{*) & controt and x(+,u} a response.
Dafine )
8, 8 (5 c® 15 ts closed }:

Let < ® < Ty < Ty < »  and

G 2 Lrgrtgd + 8y




Then a control problem consists of the following five items:
an ordinary differential equation (E),
a control reglom £,
an admissible control class U,
an initial point Hor

and  a target G(+} on Crol'tl].

For mathematical yeasons we consider measurable controls.
However, measurahle controls in general are difficult Lif not
impossible to implement physically. Thus there may exist some
measurable control steering sowe point to the required target,
but not a physically 'reasonable’ control. For this reason it
is often of interest to consider restyicting U (e.g. to piece~
wise continucus functions) or vestricting 0 (e.g. to a finite

number of points).

The problem of existence and unigueness of solutleons to
(2.1} for a given bounded, measurable function u{*} is
discussed in Coddington and Levinson [15]. If the function £
satisfies the Caratheodary conditions on [tc,tf] then for
each given initial condition x(to,u) = X, there exists a
solution x{*,u) of (2.1} on Etoyth. In the usual formula-
tion of the control problem it is required that (E} has
unigueness. L£ it ig assumed that £ is either linear in x,
or continuously differentiable in x, or locally Lipschitz,
then each of these assumptions implies that, ppovided (B) has

a solution, that solution is unique.




The Optimal Control Problem.

For each us«U and unique response x{+,u) to u(-); define

tf 0
T = Jlul+33 = [ * £ (x(t,u),ult),Llde
o
where £°%: R® x'g x [trte] » Re

Then an optimal control problem consists of a control problem
together with a cost functional J.

Given an optimal control problem, let 4 4 S((B) ,8,U,x%,,6)
be the set of all controls ueU, defined on all subintervals
[tyrtel of [T4eTy] such that wu(e) ‘steexs x, to the
target', i.e., such that

*ltgrt . x sul)) e G(tf).
Then a control vcA is optimal (with respect to A) if
Jivie) 1 s Jlu(+)] ¥ ued.

Two of the major problems of control theory can now be
posged 3
(1) Exdistence : When does A contaln an optimal control?
(1i) Necessity : What properties must an optimal control

have?

The existence of ophimal controls ccouples a speclal place
in thé literature. For a general dlgcussion the reader should
congult Lee and Markus [41], for example. A¢ in the calculus
of variastlions, the existence of a control ueA vwhich minimizes
Jiu({+)1 implies the validity of certain equations - necessary

conditiong,




an Bltexnative Pormulation of the Optimal Control Problem.

The formulation of the optimal control problem gilven above
is not convenient for the derivation of the Maximum Principle

that we shall present in later sections. We give an equivalent
formulation,

Consider the non~-auk

{time dep } system
F(tew) = Elxlt,0), 0068, xlEg) = %y,

with cost functional

t
Frud = § T £%it,u) uie) ) at.
£,
o
pefine an additional phase co-ordinate *° by
o t oo
x(e) = [ £ (xlo,w) salt),rhdr,  belb el
s
e cbserve that
tw = 00 xOlegul = Tlule :
X o
£2(t,0) = £k (e,m) ult) ), te B vl
Consider the vectors :?, ¥ where
= 6P, Ee 0.
Then the above equations can be combined to form the system
% o= Tix,u,t).
The initial condition for the systew is given by

Flego) = %, = (0,x,)




while the final state is given by

;{(tf,u) = (»T,xf> .

We are now required to f£ind the admissible control ued,
L€ 1t exists, which trensfers the given inltial point ¥ %o

the point :_cf so that the intexsection of the trajectory ()
with the line L defined by

né (Eyxg) 3 £ ek}

has the smallest % co-ordinate. See Fig. 2.1, It is clear
that the autonomous optimal control problem can be formulated

in the sane way.

Pigure 2.1

- x°
U= w7y
~
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The Reachable Set. i

We shall often consider the contral problem with either &
or tf fixed in advance. For a fixed \‘:D, fixed iniltial condi-
tion x, and for each ¢ > t,s we define tha reachable eet at

time t by
wiw & {xtemg e ul)) s ue v, t, fixed 1.

The veachable cone, the set of all possible points lying on the T
graph of all responses to controls in U for fixed tn' 18

defined by
A A R ICT I N :

If u .U and to < 1 < t, assume that the restyictlon of u(+)
o [to,ﬂ belongs to U. Hence, if x{t,u) ¢ W{t), it follows
that  xf{v,u) « W{t} for each v, £ < 1 < ¢, Hence the veach-

able sets W{t) are 'sllces' or 'cross'seotions' of the reach-
able eone, as shown in Flg. 2.2. .

Clogure and convexity of the sets R.C. and W(t),

< ¢ ¢ t, may be used to establish the existence of solutions
[ 407, Roxin

to

to the optimal control problem, See Lee and Markus

[541 and Neustadt (481,
'

The Principle of Optimal Bvelutlon: I vir} is an optimal
the gtate X(t,v)

control function, then for every tu[ta,hfj
belongs to the boundary of the set W(t). L.e., the response

;(‘,v) 14es on the bowndary ORC of R.C. on fto,tf‘_].



This principle was developed independently and in slightly
different divections by Halkin [21] and Roxin (531.

Pigure 2,2
xl
W{t)
R.C. -’
L /./
/e
/
1 1 t
1 i !
) T
! i /o & © axtis
1/
2
xO

%2




3. IHE HISTORICAL DEVELOPMENT QF THE MAXIMUM PRINCIPLE.

One of the fundamental problems of control theory is that
of transforming a system from one state to another in minimum
time or at minimum cost of resources in general. There are many

) variants of this fundamental problem and many powerful approaches
ave now available for solving it. In its classical form, the
question can be treated by means of the calculus of variations.
It can also be handled guite directly by means of dynamic
programming ( Bellman (73 ).

The school of optimal control whose approach has been
largely mathematical has its inception in a 1952 Ph.D. Thesis by
D.W. Bushaw, {143, Bushaw restricted himeelf to one controlled
variable. He confined his study to bang~bang systems only, and
for the special systems studied, proved the existence of the
time optimal control for bang-bany systems. In 1353 A, Feldbaw,
{171, made the clagsical formulation of the time optimal control
problem for systems subjoct to saturation. In the same year
La Salle, {3%), made the obsexvation that the best of éll hang-
bang systems, if it exists, is taen the best of all systems
aperating from the same power gource.

Bellman, Glicksbexg and Gross, [8), considered the system
x(t) = Ax{t) + Bult) (3.1)

where § i the cube (uil s L, and restricted themselves to
the problem of starting at X and reaching the origin in mini-
mum time. The n % n  constant matrix A was assumed to have

negative real parts, B was assumed to be a constant nonslngular

¢
v
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n X 8 matrix. They proved the existence of an optimal steering
function. The form for an optimal steering function is given in
the proof. However, the form given for an optimal steering
function does not imply that there ie a bang~bang optimal steer-
ipg function. Gamkrelidze [18], £191 comsidered the same
problem, but he removed the restriction that B be nonsingular.
He proved the existence and unigueness of an optimal eontrol for
'normal' systems. The form of the optimal control was the same
as that given by Bellman, Glicksberg and Gross, and hence, in
that case, it could be concluded that the optimal control is
bang~bang.

In a series of papers beginning in 1957, Rrasovskii [321,
£331, [341 treated the more general control problem of hitting

& moving particle and studied the more general contyol system
R{E) = AlE)x(t) + Bledult) + E{t) (3.2)

whare 8 is the cwse lutl s 1, A(®) is an n % n mabrix
function, B(t) 4is an n ¥ m matrix funcblon, x and f ave
n~dimensional vector Ffunctilons. Using resnlts of Krain on the
L=problem in abstract spaces, he proved the existence of an
optimal steering function for 'proper' control systems. La Salle
[36] yemarks thakt if Krein's vesults are to be used without
nodification, the restriction Lo proper control pystems seems to
be necegsary.

La Salle [36), £37] consldered the general problem (3.2)
stated shove. He extended the results of (331, and at the same
time established the bang-~bang principle for. all control systems

where the controlled elements ave linear. Fox the control system
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(3.2}, the state x(t,u) of the system at time t is given by

t t
x(E0) = ott)x, + 016} Y(oulnidr + e(e) [ 9" lDE()ar
tO k=]
where telt ,t:l, ¢ is the fundamental matrix solution to the

equation &{t) = A(t)a(t), and ¥(t) = ¢"lt)B(t). It is required

at some time t to have x(t) = z(t). i.e. “» have

t -
wit) = {L ¥ louinar
where @

- t -
wlt) = o"ledate) - g ~ [ o"toE(oan
€,
o
A{t}, B(t) and £{t) are assumed to be continuous for L s

2 1is the set of all m-dimensional vector functions,
measurable on (ta,tf] with h.\i(t)! % 1. tet 8% be the
subset of functions in B with [ul(t)] = L. Define ‘ !

ALt
Kk} & { f ¥dwlodr t w o T},
t
o
o 4 & o ] =} 1
KO(t) B { ,fE virpu®irddr s u® € 07}, selt bl

o
whore

7 Lt regitgl » @, where u is admissible 3,

wWh{u Ity rtgl a°, where u is admissible }.

The set K(t) 48 related to the reachable set W(t), ‘:c[tn,tf]. 3
We see that the stakte ={t} can be reached in time ¢ using the

allowable steering if and only if w(t) ¢ ¥2{t). It can be proved

ki) = K2 (t)

and K{tj 4is closed and convex. This means that anything can be
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done by an admissible steering function can alsc be done by a
bang-bany function. Hence, for the system described by (3.2),
1f there iz a steering function w in 0 such that x(t,u) =
z{t) for some t > t,s then there is an optimal steering

function in © 49, Moreover, all eptimal Btearing functions v

axe of the foxm
vit) = sgn [ n¥(e) 1, telty tel, {3.3)

where n  is some n~dimensional vector, and a = sgn b means

that ot

= 1 when pt s 0, ana ab = -1 when b* < 0.

A fairly straightforward proof of Lhe above result is given
by La Balle 1371, 1381 using a theoram on the range of an
abstract vector measure, due originally to Liapunov .[421 and
asubseguentiy simplified by Halmos [297 and extended by
Blackwell [10], Using a generalization of the theorem of
Lispunov, given in 1223, Halkin 1237 extended La Salle's
result to A{*), B(*} plecewise analytic. Foyr a good text
on the material covercd so far, the reader should olonsul(:

Strauss 1801,

At the 1988 Internatlonal Congress of Mathematielans in
Edinburgh, L.5. Pontryagin announced the 'Maximum Princlple’,[507,
which wes the staxt of an oven more genezal theory. This
principle, leoading to the anlution of the general problem of
£inding a control process, optimum for rapid action, was hypoth-
esized in 1956 by Pontryagin on thoe hasis of the results of work
performed by himself, V.G« Boltyanskll and R.V. Gankrelidze. The
Maximum Principle was verified at first for individual types of

systems, and in particular, was proved in (191 for linear
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systems. EOltyanslfii Fully ‘proved that the Maximum Principle was
a necessary condlbion for optimality in relation to rapid action.
Gankrelidze [18], [19] proved theorems of existence and unique~
ness and examined the problem of synthesizing controls for linear
systems, optimum {or rapid action, The Maximum Principle was then
extended to the general case of minimizing an axbitrary function=
al of the integral function of vaxizble systems.

In ([511 therc 18 a detailed presentation of the busic
results obtalned by Pontryegin and his associastes at that stage.
The control vecktor uw is reguired to lie in a closed set, the
terminal state Ke i5 a prescribed vector, and the terminal time
is arbitrary. Pontryayin applied the Maximum Prineclple to the
iinear controlled system of the form (3,1), where @ is a general
convex polyhedron having the origin as an interiox peint. In a
series of articles, Rozonoer [56] extended the Maximum Principle
to problems in which the temminal time tf Ls fixed and X is
free. Rozonoer also established the conpestion between the '
Maximum Principle and the method of dynamic programming, and
formulatad and nroved the prindiple for ootimum processes In linesar
discrete~yime systens, inalogous to the Maxlmum Principle, A
detatled account of the resulte of the various papers written by
Pontryagin, Boltyanskil, Gamkrelidze and Mischenko is presented
in (121, The authors'rasults wore £inally collated in [521. The
Maximum Principle is proved for autononous systems. Certaln

clagsses of non-autohomous Systems are Q dnto

systems, whoere it is ragquirved that the functions ba continuousiy !
alfferentiokle w.e, k. t. The nocessary conditions ave derived for

the problem where the trajectory must remain in gome closed domaln
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of the phase space. A detailed analysis of linear, asutonomous
time-optimal problems is given. It is also shown that the basic
necessary conditions of the classical variational calculus with
ordinary derivitives folilow from the Maximum Principle.

The proof of Pontryagin and his associates is based on the
construction of the special variations which were developed
initially by Mc Shane ([44). These special variations lead to
the constuction of some convex conss. While Mc Shane uses both
strong and weak variations to construct the cone, Pontryagin et
al use only strong variations. A heuristic outline of the proof
of the Maximum Principle given in (521 is presented in the
next saction.

Boltyanskii {117 wuses piecewlse continuous functione to
give a simpler but similar proof to that in [52). However, it

only applies to problems for which
£2(x,u) > 0.

Diliberto [183 generates the cones of Pontryagin by using
vectors with not only positive, but also negative coefficlients.
He gives a nonlinear generalization of the bang-bang principie.

The problem with performance index

t,
7= ] Puutiae + glxiegd e

t

o
whoere g{+,*} is defined on a set of terminal states, was
considered by Berkovitz, [91, where a set of necegsary conditions
applicable to a wider class of such problems is derived. This
ragult is based on Mo Shane's proof of the multiplier rule for

the abnormal case of the problem of Bolza. Using a device of

i
b
i
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Valentine [58] he¢ cbtains an equivalent problem of Bolza.
Necesgary conditions from the Bolza problem are translated into
necessary conditlons for the optimal control problem. However,
this proof presupposes an extensive knowledge of the calculus of
wariations,

It should be noted that a similar Maximum Brinciple was also
obtained by Hestenes [303, using a generalized Lagrange multi-
plier rule. The development given is also an outgrowth of the
methud introduced by Mc Shane and later modified and extended to
optimal control theoxy by Pontryagin et al.

A Maximum Pringiple for the problem with performance
functional

I =gl lbg) xltg))
where g¢ is a scalar, and

t
*g (8} = It fgtx{x) wiv),mhac
o
while

t
x4} = xlt) + [ £(x(t)uir),n)ar,
)
was obtained by A. Wierzbicki [63]. This is done by modifying

the proof of Pontryagin and assuming that g is semlconvex.
$ince a function can be semlconvex even if it is not continuous,
this represents a considerable generalization of the previous

results,

Warga [61] suggests that a system that does not satisfy

the property that

Bx,0,8) = { Flxoupt) 1 ue )
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is convex, ?hould be 'relaxed', by énlarging the set of allowed
values of X(t) = (3°,%) from F(x,a,t) to the closure of the
convex hall of E(x,2,t). He then shows that the solutions of the
relaxed problem can be uniformly approximated by the solutions of
the original problem. These relaxed curves must satisfy necessary
conditions which are generalizations of the Maximum Principle. &
recently published book by the same author, [62], contains
Maximme Principles for relaxed and ordinary solutions of problems
defined by differential and functlional intugral equations, these
being a considerable extension of the results in {617. Me Shane
(467 extends the results of Warga [61] to apply to unhounded
controls, and also to time and state dependent control regions

Q = 0lx,t). Bn article by Baum and Cesari, [61, gives a simplified
proof of Pontryagin's necessary conditions by imposing some

additional convexity constraints on the sets E(x,f(¥),t).

An attempt at the unification of the intimitely connected
concepts of Young's generalized curves, [64], and relaxed
variational problems is given by Gamkrelidze in ([20]. This is
done, by introducing the related concepts of quasi~convexity and
‘ehattering' or 'generallzed' controls. A generslized control
assigns to almost every t, a probabillty measure wie, b},
Arlined on the Lebesque subsets of £, If Q lLs compact, the
sennralized controls may be considered elements of the dual space
B:(H). Yhase reduce to the conventional control w if the measure
15 wholly concentrated at  u. Using this, Gamkrelldze derives an
integral. Form of Pontryagin's Maximum Princliple, which includes
the Maximum Principle for conveptional controls as a special

cuge. If only convexity is required, then the intregral form of
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the Meximum Principle is not directly applicable to conventional

controls, but can be replaced by a version of the Magilmum

Principle with generalized controls, [64].?

Another recent approach is the use of the 'epsilon' tech~

nigue in optimal controi. The epsilon technique is at once a

'relaxation® method and a 'penalty function' method. Consider

tf 0
[ 2%y uin) e at
to

subject to the state dynamics

R{£) = £(x(t) ule),t), x(E) = xg

where x(+) may be subject to terminal conditions and u(+) is
constrained. The epsilon technique is to replace the problem by
a sequence of nondynanic problems:
For each & > 0 minimize
tros % 0
1] MR - fxe)u(e) ) e + [ F g%(x(e) ,u(t), L) at b
¢t

2¢
o ©
over the class of state functions x(+), absolutely continuous

and satisfying the stipulated initial and final conditions, and
ovar the class of control functions u(+) constrained as in the
original problem. For sach fixed epsllion, thig 'free' (free of
the dynamle censtraint) problem is simpler theoretically and
fasteor computationally. As epsilon goes to zero, we expect the
solution, 4f ik exists, to approximate the solution to the
original problem. This is in fact what happens, [2]. The relaxed
problem does not always have a solutlon. In fact, if the optimal

control problem does not have a solution, the epsilon problem

+  Mueh of the matorial sovered so far in thls seation on the
goneralizations and extensions of Pontryagin's Maximum
Principle has been obtained from Hoxn [311.
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does not have a solutlon either. The epsilon technigue has
provided a constructive derivation of the Maximum Prinaiple,

€21, €31, 051, and in particular, a constructive method for

. obtaining the Lagrange multipliers, whose existence alone Ls

usually proved.

Mersky [47] has presented an extension of the epsilon
technique of ([5]. He outlines the results cbtained in [48].
He works in the class of generalized controls in the sense of
Young (641 and Mc Shane [45]1, 8 is assumed to be a compact
set in R". So a weak* topology is used for the topology of U,
the clasg of generalized controls generated by the campact set
2 . Mersky replaces the constrained problem (P) with the
epsilon problem (PE), and proves, working in the class of
generalized controls, that there exists a solution (xE('),vE(-)
to the epsilon problem, Also, thls solution satisfies the ‘e~
Haximum Principle’. Then, az ¢ » 0, xs(-) cotverges uniformly
o x(e,v), Vv, converges weak® to v, where (x(+,v),v) is a
golutlon to the problem (P). Purthermore, the Maximum Principle
for the problem (P) can be established, provided that a certain
matriz, arising out of the constraint equations, has full rank
along the optimal solution.

A completoly different approach to deriving the Maximum

Principle has as ite baasis, the Frinoviple of Optimal Evolution.
Phig has boen used by Roxin {55] to look at Pontryagin's

necespary condltions from a geometric point of view. Halkin has
used the Principle of Vptimal Evolution to extend the proof of
©a Salle [37] to the general optimal control problemi Balkin

does not require that non-autonomous systems need to be
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trangformed into autonomous systems. This means that the functions
are not required to satisfy the property that they must be
differentlable w.r.t. t. The proofs of Halkin are based on special
variatione, which are different from the variations of Mc Shane,
and which lead to the construction of some convex sets. The convex
cones of Mc Shane are spanned by these convex sets. Halkin [24)
develops the Maximum Principle for a c¢lass of problems which
depends only on the cantrol system with initial conditions, and
not on the particular control problem. It is required that the
functions are sufficlentl: differentiable. We outline a genera-
lization of this proof, 253, in a later section, where the
differentiability conditions are relaxed. A certain knowledge

of measure theory is required. In a later result, Halkin {271
dispenses with measure theoretlcal results, by considering the
class of plecewlse contlnuous controls and plecewise centinuous
functlons, Subsequently, Bryant and Mayne [13] dmproved on
Halkin's proof by extending U to be the class of extended
piecewise continuous controls, and at the same time they

simplifled the mathematlcal content.

In the rest of this cesay, we shall concentrate on outlining
the preofs of the Maximum rrinciple by Pontryagin et al ({821,
Halkin 1257, I271 and Bryant end Mayne [131 in greater Qetail
and attempt to give the reader an intultive insight into the

approaches used in these provfs.
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4. IHB PROOF OF PONTRYAGIN, BOLTYANSKIY, GAMKRELIDZE AND

MISCHENRO OF THE MAXIMUM PRINCIPLE, £521.

In this section we propose to give an intultive outline of
the approach used by Pontryagin et al to derive the Maximum Prin-
ciple. For a more detailed 'heuristic' presentation of the Maximun

Principle, we refer the reader to Athans and Falb, (11,

Assmptilons.

Let
() 0 c @ be tine invariant
{ii) U, the set of admissible controls, be the class of all
bounded measurable vector valued functions u of ¢
which satiasfy the condttion wu{t)eR, ¥ t«[to,tf].
(148)  f£lx,ub, £ (x,0) be continvous on RB" x & ¥ T, where

fi is the closure of Q.

Stakement of Problem.

The control problam has been formulated in Chapter 2. However,
Yontryagin et al consider the autonomous preblem with system

equation of the form

)% = Blx,w.
Twe speclal cases of the control problem are considered.
gpecial Problem } @ The taxmyetb get 5 iz of the form

8w {xf} " [jboytfly

whoere G(t) 2 xg for - @<t <,

%y 18 a fized element of ®%, Thus special problem 1 is a |
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fixed-end-point, free-time problemn.

Special Problem 2 : The target set § 1s of the form

8 =8y % [ ..,

where &, is elther a smooth k-fold in R", or all of K. Thus

special problem 2 is also a free-time problem.

The only difference between the two special problems is the
difference between the foms of the tamet set. We shall first
conaider speclal problem 1 and outline the basic Maximwum Principle
for the prohlem, and then establish the trangversality. conditions

which characterize special probles 2.

The Principle of Optimality.

Thig is a quite elementary, but very useful regult, If w(+)
is an admissible optimal control on [to,tfj, and X{:,¥) <%he
corrasponding trajectory of the autonomous system which starts at
®, = () and onds at g = R(te,V), then v(+) 1is also
optimal on an interval [tl,t2]c[t°,tfj. Loosely stated, it says
that any portion of an optimal control is also optimal.

Tn the alternative fomulation of the control problem given
in Chapter 2, this means that all the R(+,u} which meet L must

‘lie shove' the trajectory generated by w(e).

A $mal) Change in the Initial Conditions and its Consequences,

1ol v(s) be the optimal contyol and x{+,v) be the solu-
tion to tho system with initial condlition =x(t)) =x = corvespond-

ing to this conbrol.Consider the new initlal point

Ko + €6, + ale),
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where is ;.
& SOME constant n-vector (i.e. not dependent on e),

e is =mall, and ofe) a vector such that
Lim ) 1o(e)
0 3 1 = 0,

The solution starting from the new initial point, generated by
v{*} has the form

R(,W + e8%0) + ofe)
where X 18 the solution of the following linear system
sty = <2 %
<EE (%8, v) ,vik)) 6% (6) > tscto,thM.l)

%

aRie,) = L3

We can view the vector 50 a8 being attached to §°= (O,xa)‘
‘ Then, £, = 8%{t) can be considered the result of moving £

| along the optimal trajectory at time Beltyrtele Lot olt,t ) be
the (n+l)x{n+l) Eundamental matrix associated with the lineaxr

H system (4.1}, Then

. £y = SR(E) = $lEar e

Thus (4.1} can be viewed as defining a linear transfomation of
the space of n+l vectors 'attached' to 3':0 inte the space of

wlo v

ors attached' to }?(t,v) ' ta[toytf]. Since small changes

in the initial conditions cause ding small ch in

the solution to the differential equey ur, all trajectories of our
aystom starting with the new initial po.ut, which meet L to
within flrst order in ¢ , will lie approximately above the

trajectory.

i
i
3
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Moving Hyperplanes.

Consider the adjoint of the linear system (4.1). This gives

2t 0 o

[
- R (4.2)
. © ¥ e

5(t) ai (x(t,v),v) i g: x(t,v),v) p(t).

becavse E°/Hx% = 0. Equivalently

e =0
2 ® 4,3
Bto = - I (x(t,v),wpom - %é(x(t,v).v)p(t)
Therefore, p”(t) is constant. i.e,, p°(t,) = p ¥ teT. Defining

HOt,up,p%) = pPf (2,0 + <p, EGk, 0> ' (4, 4)

o
we have BlE) = - %_:-_(I_(x(t,v),v,p(t) ),

Now it can be shown hy dlfferentlating w.z.t. t that

(po(t)

» 8%(t) > = constant.
pit)

fet o L bie the hyperplane passing through Eo with equation

w
Lo FE I
RN
k3

Tf (4.9 lLas Initial condition po(to) = myr BlEy) = 7y then

« {“” )] ;%o K(E,V)> =0
Pt

definos a hyperpiane T which passes throwh X{t,v) and has

the game acalar product with the veckor 6‘5 ag the vectox go
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mekes with I'o' In particular, F’o

The hyperplane X, can be viewed as the result of moving the

iy Lo implies that Et L Lt'

hyperplane L, along the optimal trajectory, as is illustrated
in Fig. 4.1.

We wish to detemmine the hyperplane passing throwgh the part-
iculax point X{t,v). If %(t,v) is a boundary of a convex set
C, then we know that there is a support hyperplane of C passing
through :-c(t,v). So we now propose to introduce a sultable
convex set which has i(tf,v) as a boundary point and which has
a support hyperplane that will be used to prove the Maximum
Principle. These convex cones with vertices at i(tf,v) will be
constructed by considexing a special class of variations pf {;he
control v{*). These cones will always lie on the same side of the

hyperplane ined by the variables, and will be

called the cones of attainability.

Figure 4.1
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Yarjations of the Optimal Control
gontrol,

Let v{k) e the optimal control defined on ok, - Choose

instants TyreerTget Batisfying the inegualities to < Ty SaenSTy
s t < tp which are regular points of v(t). (For the @efinition
of a regwlar point, see [52]. Bvery point of continulty of wvit)
is regular). Further, choose arbitrary non-negative numbers (A=
«oidt,, an axbitrary real number §t, and axbitrary {not necessar-

ily different) points. Construct the semi-interval

I=(t]Ti+:li<tsxi+a(li+6ti) by

where 1, = 8t - (Gti * o Bt LE oy =
U LV SRR IR T ¥ | Tyt T
= o8k ko scj) 1E 1y =

“[i_‘_l“--.g'l'j < Tj+1l
<8

he length of li is equal to e&ti~ When Sti = 0, the correspon-

dirg semi~interval I:L is ‘empty’, i.e., absent. Glven a suffic~

iently small e, the semi-intervals Il"" ’Js do not intersect

each other, and are all situated in the closed interval to <t

& tf, o the lefi of 1t + edt. Assuming that & satisfies this

*
condition enables us to define a contyel u (t) on t, 5 & s ttedt

*
a8 Wity = vy te ris
= vit), t} iL=,ll I

where the vy L= 1l,...8 ave avrbitra:y points contained in R,

Then u*(t) ig an admisgible control and iz dependent on g.

The Variation of the Trajectory.

Let’ Ec be the tangent veckor to the trajectory X(e,v) at

the point R . We now wish to find the position of the perturbed
¢ ©
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trajectory which corresponds to the perturbed control u (+).

*
u {7} differs from v(-) O a set with measure

s
I ==

121 W(Ty) = e Sty + . + 8t ).

For € sufficiently small, the trajectory i(-,u*) is defined on

L, T#E8€). Then it can be shown, using induction over s, that

- * - *
R(Thebt, 0} = R(r,u) 4+ BBt e )E + ehX + ale),
where &x 1is a vector independent of &, defined by the equation
- - 8
bk = F(x(7,v),vi8t + £ - F
v, i.glﬂT’Ti)(f(x“i'w'vi) E(x(ry v, viny))6t,.

The Fundamental Construstion. |

The vector A% is a .function of Vyrtg et 8t 8ty . Let
a® {1 v ,m8e, 8t 3,

and A% = d:';'a. We can regard A;;a as a related vector issulng from
the polnt X(t). If we take all possible sybols a (r is fixed),
the vectors Aia fill some set K_. It can be shown that the set

Ky is a convex cone with vertex X(t,v) - the cone of attainability.
See Fig. 4.2,

Let 1 be a regular point of the optimal contwol v(+)}, with
associated trajectory X(v,v), and T same curve issulng from the
point X(»,v), having a tangent ray p at the point X(r,v). Then
it can be shown that if the ray u belongs to the interior of the
cone K_, there exists some control u*(') such that the corres-
PUn(lihthrLlj(:ctmry 5(,u) with inttial point X , passes through
a point different from X(t,v) Of the ourve T. See Fig. 4.3,

This weans that the zay i, Aissuing from the point X(r,v)
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in the direction of the negative semi-axis does not belong to the
cone K'\:' Othexwise, taking as the curve I (and the ray p), the
¥ay W,, We can constuct some control u*(') with corresponding
trajectory which would pass throwgh ¥, ata point different
from %{v,Vv). This leads to a contradiction of the optimality of
v() e X0,

%O

constank cost plan // K1

Figure 4.2

Eigure 4.3
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properties of the Hamiltonian.

This section contains those properties of the Hamiitonian

defined in (4.4) which will later be refined to yield the Maximum
principle. Because the ray M, does not belong to the interior
of the cone K . K does not £111 the whole of 1 gence, L
has a hyperplane of support at its vertex with equation

<&, % = 0.

This hyperplane divides Rn”' into two halfspaces, the halfspace

<d, x> 5.0

containing K,[ {by a trivial modification, I|f necessary, of the

constants &1). In particular, A%eR . so that
<d,4%> 5 O ¥ AKX (4.8}

Putting Etl = Stz L Gts =0 in the deflnlng relation of
4% we obtain
A% = Fxlt, v, vir)) 6t

and hence <@, Flx (r,v) vit))ét> s 0«
Since 6t can be positive or negative we have

<& Flx(r v vith)> = 0,

or- Bz (v vit),8,d9) = 0. (4.6)

Let us write p(b,d) for the solution of the system of
equationd (4.2) with the initlal vonditions p(r,d) = &. Then the
solution p(t,d) 48 @efined throughout the interval t, S &S tg
since the system is linear. If the vector @ satisfles condition

(4.5), then it can be proved that
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REE9) ,v,p(8,3) 0%, @) = Mix(t, v ,5(e,8) (4.7
at every regular point of control v(+), where
M, 9) B (6,@) = sup Hix(t, v, u,p(t,8,p°¢,3).
us g
From (4.6), (4.7) we have that 1f 3 satisfies (4,5) then

M(x(T,v) ,Bir,d) =0 {4.8)

Finally, it is proved that if the absolutely continuous function
plt) satisfles equations (4.2) a.e. on closed interval I and
the relationship

CHE ), v,p () ,p% () = Mixlt,v),B(E)),
then M{x{t,v},p(t}) = congtant For all tel. (4.9)

The Limiting Cone.

If %, T' are reyular points of the control v(:), where
to< Tt <1 < tf, thea
rb(T,‘(')KT, & Koo
Let = be any zegular point of v{*) lying in (to'tf>' Define

()
A LR TTT

Bince @(tf,r) is a linear mapping, K_é” is a convex cone. The
£

conas KéT) form an increasing sequence: if ' < v are regular points, ’
: ) .

kT = otk R, R Bt T) BT NR
© leg TR, = Ké;)

Hence the unjon (w.r.t. all regular pointe T of the interval (to,tf))

of all cones Ké” i8 again a convex oone (possibly not closed),
£
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with vertex at X(tg,v). This cone will be demnted by X, , and we
£

1 i :
shall call it the limiting cone! It can be shown that the ray Hg 7
£

issuing fram the point E(tf,v) in the direction of the negative

(o}
semi-axis %, does not belong to the interior of the cone Ry -
£

The Maximun Principle.

¥e now combine our results to obtain the Maximum Principle.
Let (x{*,v),v{*)) be an optimal process. Let & #0 be a (n+l)

vectox. Then the cone th lies in the halfspace
<E,% 4 0
and the ray utf lies in the halfspace
<% 2 0. : {4.10)

Now, because the vector (~1,0,...,0} lies in the halfspace defined

in {4.10), we have
& s 0.

Supposs p(t) 48 a solution of the adjoint system given in (4.2)
with fnitial condition pP(ty) = . Then the functlon B(t) is

wique and continuous on Etc,tfl. The initial condition implies
po(tf) ac¢® s 0

but since the right hand side of (4.2) la independent of x°,
pOt) = constant £ 0 ¥ telt .1, (4.11)

Futthermore, since pit) 1is a solution of (4.2), and 3 #0, it

follows that p{t) # 0. The cone fb(tf,t!x(l: lles in the halfspace

<g,®> 5 0,
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or equivalently, <plte) %> < o,

since the transformat. .
ion 1(tf.r) is linear and homogeneous, +his

lies that the
1mp: cone K1 1lles in the halfspace

<Bir) & 5 0.

In other woxds, the vesbor & = Bir) satisfies the condibion i

<3,A§> 50 ASEEKT-
But plt,d) satisfles the initial condition pt,3) = &, so that

she functions P(t) and Blt,8) arve avidently identical. More-
over, from (4.6} - (4.9) it follows that

() RV, viple) 0% = Mixte,v),Bie)) ace. on [k,tp)

() Mx(e,9),Ble)) 2 0 foxr talt .ty

where, fram (4.11),
{11d) po(t) = gongtant s O for tsrto,tﬁj. .

! Conditions (1), {i1),{iil) are the necessary conditions for
the optimality of the process (x(,v),v(*)) for the special

problem 1.

The Transversality Conditiond.

The major difforence between special problem 1 and gpecial
problem 2 48 that the latber problem is a variable endpoint problem,

whereas the former is a .fixed endpolnt problem. In the latter

case we reguire relatlonships from which the position of the point

%g on the manifold &, can be Gefined. Such relatlonships- are

provided by the tranavergality gonditions, These conditions enable

i
y
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us to write k relationships in terms of the co-ordinates of the
end-point X.. Since, on the other hand, the number of unknown
parameters (in comparison with the problem with fixed ends} iz also
increased by Ik (because the position of the point Xpe8y) 18
characterized by k parameters), in conjunction with the Maximum
Principle, the transversality conditions form a ‘suffictent'
gystem of conditions for the solution of the optimal problem with
moving ends.

iet 8) be our smooth k-fold in R® and x(tgv) be the
terminal point of the optimal trajectory in R, so that x(fg V)

ES]_. Then the tangent plane

Mixlegevl) B 0 x ¢ <(0g,/00 (ele v % = xlEgv)> = O
for L= 1,2,...m% }

is well defined and is a k-dimensional plane in R® passing
through x(tf,v) . Denote the k-~dimensional plane passing through
the polnt :'c'(tf,v) as 1llustrated in Fig. 4.4, by

NG 0) & UE s Em e vm, xellxegw)y )

Figure 4.4
xO
/ The plane N(E(tg V)
Rt V)
pe
- EN
Xo

x (o)

tangent plane Lo 8,

[LICECPYAZE B
' at x{tgsV)
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very element of X
Every ° N(x(tf,v)) can be written as

i=§(tf,v)+[o]
X

where X 1s an n-~vector with the property that

aglx(t ., v) 2
<5% (f’V),x>=:0 1= 1,.,.,nk.
Bhga : .
Let S { % : there i an X in N(x(tf,v)) such that
& - x(g,v) = {O,x) }, then we can show that M is a subspace, and

N N A an
the set N4 (% : % 0% ¢ fent } is a subspace of RVL,

" ~
¥ and N are both of dimension k. Also

H(E(kg,v)) = Ribg,v) + .

since N is a mubspace of Rn“‘, the set N(ﬁ(tf,v)) is a convex
cone with X(t,,v) as vertex. Let i be the ray in the Qirection

of the negative semi~axis x° issuing from the point §(tf,v) « Then

Wik, @) 4y s (R 2 R = K(egw + %4 pe, Ko, 820,

e= (~1,0,...,0% }

is a convex cone with vertex at )?(tf,v). It can be shown that the
convex cones N(;(tf,v)) + 1 end K. o are seperated. It follows

that there ig a nonzare n+l vector (po,p(tf))T such that

(=]
,{P J, FoRlep > 20 ¥xaNGlegyv) 4

P(Ef)
° a P
i.a. < ;) X+ pa>20 W Xel, (4.12)
P(tf)}
o
and < , AE>s0 v AReR, .
pleg ). £
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since N is a subs B+l . o
pace of R™Y, 0 iz an element of N, and

equation (4.12) implies that

pO
< se» 20,

ity

On the other hand, letting 8 = 0 4ipn (4.12) implies that

{n° ] . aa
< XY 20 ¥R
pltgl,
As N is a swbspace of R, PN impiies that -heN. Thus
Po & a A
< ¢ % >=0 ¥ xN,
p(t!-;)

and we may conclude that if Sl i a smooth k-fold in R" that
{iv) <p(tf), x - x(tf,v)> = 0 for all xuu(x(tf,v)).

If $; is all of R, N is the entire half space 'below' the

el

hyperplane x- =~ %%(x +V} % 0. As the cone K mugt lie 'above®
£ t

£
this hyperplane, we can see that the vector [pc,p(tf) 17 pust be

of the form lpc,o,]T. i.e.
{(v) plty) must be the zero vector.

conditions (iv) and (v} are known as the transversality

conditions.

Extensions of the Maximum Principle to other Problems.

We have ountlined the Maximun Principle for the two special problems
mentioned sarlier. The above proofs can be adapted or extended to

obtain a Maximum Pringiple to many Al fferent optimal control i
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proflems. Most optimal control problems, in particular the non-
avtonamous case, can be tranaformed into one of the two problems
which we have consldered above. For non-autonomous control probleams
it is required that the functions he continvously &ifferentiable
w.x.t. t. The reader shouwld consult, for example Pontryagin et al
[52], Lee and Markuz [41], Hoxn 1311, to see how the Maximum

principle as presented above can be extended to various optimal

_wontrol problems.

Varaiya, [52], remarks that the book by Pontryagin et al
containg many extensions and examples, and is £:ill an important
source. However, the derdvation of the Maximum Principle glven in
the book by Lee and Markus (41l is wore satisfactory. The
approach used by Lee and Markus is closely related to the approach

wsed by Fontryagin et al which we have outlined above.

e —————
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5. HALKIN'S PROOF OF THE wmayrmum PRINCIPLE, [271.

Halkin cbtaing the hecessary conditions by a method funda~
mentally diffsrent to the method used by Pontryagin and his

assoclates. Halkin notes that he avoids some unreselved topolog—

ienl dlfficultlies encountered in the reasoning in [52].

In the remaining sections, for notational simplicity, we
shall call %, £ just x, £ ete, In order to be consistant with
the original derivations we shall consider maximizing the x
co~ordinate, where X is an n-vector {as opposed to minimizing
x° where X is an (n+ly-veotor). The minimization problem can

be transformed into an equivalent maximization problem. T 4 [0,31.
Agsumptions.

Let
(1) 8 ¢ ™ be time invariant,
{i1) U Dbe the class of all bounded measurable vector
Eunctions which satiafy the conditlon u{t)efl, ¥ te[0,11.
The totallty of the funchkion space U 18 not considered as
the stateygy space because strony assumptions on the function

f(x,u,t} have to made to ensure that for every ucU, the sclution

o x(b) = £{x(k),m(t),E)  a.e. tel0,1], (5.1)

= 5.2
xley) = %y (8.2)

exists and {s unigue.
(111) 0" ¢ U be defined as the set of all Uy for which

there exists an %, continuous and ga.e. differentiable,

satigfying {5.1), (5_.2).

s e
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{liv) Thers exists ¢ > 0 such that £(x,u.t), £, are
defilied, measurable w.r.t. u and t, uaiformly equicon-
tinucus w.x.t, x and uniformly bounded for all

lz,,u) ¢ N{x,e) x ﬂ*, where

Wixer 80 e | R 1?4 qe - £1% < 2 ), al0,10,
e

and §i  is a bounded subgset of Q.

The conditione on the differewtiability and boundedness of
the fuhction £(x,u,t) are much weaker than the assumptions made
by Pontryagin et al [52). In an sariier publication, [241,
Halkin, using the same method ap ocutlined below, obtained the
same yesults for . more restrictive class of problems. In
particular, f£i{x,u.t) was required to be sufficiently different-

iable on some subser of X x R x [0,13,
Statement of Problem.

ha problem studied by Halkin can be stated as follows:
consider a line B in X x [0,11, parallel to the x axis, and
deternined by its projection xi‘, i= lyea.,n~1 and t.= 1 on the

other axis. More precisely, B is the set
£t e atwad, L= Lonet dteR = LE (8
Hence, 1if ch* is optimal, then
(x(1,v) 1) ¢ Bs {5.4)

*
Furthermore, for any wuel with the propevty {w{la),2) ¢ B,
‘then necessarilly

i1 s . (5,5)
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The statement of the problem given here is made vp of two parts:
the contyol system with initial conditions, and the optimal
control problem for the contral system with initial conditions,
defined by (5.3) - (5.5).

The developments which follew depend only on the control
system with initial conditions, not the particular control
problem. This allows Halkin to dispense with the formal trans-
formations required in order to apply the Maximum Principle,and
to dispense with the consideration of transversality conditions
which, after such transformaticns, are needed to obtain a nonr

trivial set of necessary conditions for an optimal solution.

Remarks on_the Structure of f(x,u,t).

In contrast to Pontryagin, Halkin allows £(x,u,t) to be
dependent on the variable ¥ to be maximized at time t = 1. To
assume f{xX,u,t) independent of " ieads to very little simpli-
fication in the proof of the Maximum Principle. Also, many practi-
¢al problems show a natural dependence on th~ variable to be
maximized.

Halkin does not require the differential system to be time
independent. The problem may be transformed into the problem
treated by Pentryagin by the introduction of an appropriste arti~
ficial varlable. However, this transformation cannot ke done if
the time dependence of tha d.e.'s is not continuous. This is in
contrast to Halkin's very weak mssumptions on the time dependence
of the aifferential equations; he only requires measurabllity

w.r.t, time.

\




40

The comoving Co-ordinate Space along a Trajectory.

*
Let veU be the optimal control (which we assume exists).

penote by Y the n-d&imensional space, and introduce the non-

singular mapping Glb,w) & from ¥ x [0,11 inte ¥ x {6,131

by YR = G0t v) ( wlba) - x(e,v) ) uer’

where G(t;v) is continuous w.r.t. t and satisfies

Gle,w) = ~ Gle,v) BlY) a.e. tel0,11
Gll,v) =T
where  aft) &£ tx(e, v, vit), 0

and I is the n x n identity matrix., ¥ x [0,1] is called the

comoving co-ordinate space along the trajectory x(t,v). We have

yit,u) = ft Glt,vi{ dlt,m) + klr,wdt
where °
$(t,u) = £(x(t,v),u,t) ~ £lx{t,v),v.t)
kit,v) = £(x(t,u),u,t) ~ £(x(t,v),v,t} ~ ${t,0)

- B(E) { x(Em) - x{t,v) ).
The Approximate Trajectory.
Let y(t,u) have approximation
t
yrea = [ty lnwdr
o
yro,w = o.
Note that y(k,v) =y (k,v) 5 0 ¥ te[0,11. We have
&
gltw -yt = [ alevkizuan,
o

yio,w -y om = o
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Reachable Sets.

Congider the set w(l)

defined before and given by

ngx(l,u)zueu"}.

Consider the intersection of the set of all reachable events from

the initial event y = 0 by the trajectory y{t,u}, usU” with
the hyperplane & =

W) A (ytw e ot b

Similarly, consider the set W'(v) which is the intersection of
the set of all reachable events from the initial event y+ =0

by the trajectory y'(t,u, act” with the hyperplane t = 1: b

whw 8 ¢ y*(l,u) tueU 1.

For a linear system, W{(v} = W

Convexrity of the Bange of a Vector Integral over Borel Sests.

Halkin proves the well known result in measure theocy,

Liapunov's theorem:

If E is a Lebesque integrable function from [O0,11 into g
and i¥f B is the clags of &ll Borel subsets of {0,1], then the
set { [ £(t)dt : B « B } is convex.

E

Hence, 1t can be ghown that
1 *
Wivy = (] ste,wiee s wew d
o

ig convex, where

ole, 0 B gre,o { ExlE, V) upt) = E(REV),VE) ).

)
\
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Reachable Sets.

Consider the set W(l) defined before and given by

WA k(L oty

Conelder the Intersection of the set of all reachable events from
the initial event y = 0 by the trajectory y{t,u), wet™ with
the byperplane t = 1:

Wi & (v u e ot ).
Similarly, consider the set W (v)

which is the intersection of
the set of all reachable events from the initial event y+ =0

. *
by the trajectory y™(t,w), uct® with the hyperplane & = L: !

W iyt e et

For a linear system, W(v) = W+(v) N

Convexity of the Range of a Vector Integral over Borel Sets. !

Halkin proves the well known result in measure theory,

Liapunov's theorem:

It £ 48 a Lebesgue inteyrable function from [0,1] dinto i

and 1f B is the class of all Borel subsets of ({O.1ll, then the
set { f £(t)dt + B « B} is convex.
1)

Hence, it can be shown that

1 *
wheey = {0 g{t,u)dt + ue U }

is conver, where

oit, 0 b gee,v) { Elxlt, V) ant) = E{x(t,v),v,t) ).




i
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We are now in a position to outline Halkin's proof of the
Maximum Principle. The guiding idea behind the derivation of the
necessary conditlons can be understood as follows: Halkin derives
easlly a set of necessary conditions for optimality of x{«,v).

He then proves that his conclusions are 8till valid when *1+ is

a close enough approximation to Y.

1. The Principle of Optimal Evolution. See Chapt. 2,

If v 15 an optimal control function, then for every

tel0,1) the state x(t,v) belongs to the boundaxy of the set
wie) & ¢ xte) 1wty

where W(1) = W.

2. ZIhe Properties of the Boundary of W(v).

We have that
y{l,uw = 6(L,v) ( x(1m) ~ x(2,v) ),

where G(l,v) is the identity mairir. HMence W(v] is a simple-
translation of W. This translation conserves the topological
properties of the polnts in W; in particular, to a boundary point
of W corresponds a boundary point of W(v), and conversely.

Therefpre, y{l,v} = 0 4ig a boundaxy point of W(v).

-
3. The Propartics of the Boundary of W (v).

Firgtly we recall that w+(v) = W{v) for a system which is
linear in x. For the nenlinear system assume that 0 ¢ interior

of W (v). Then it can be shown, using amongst othar results,
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awer's ¥ 4 '
Brot ixed Point Theoyer ¢+ that” 0 & interior W{v). This

contradicts 2, so 0 g 4 boundary point of wh (v .

4. Properties of the Support Hyperplane to W' [§%)
We have shown previonsly that the set w'v) 18 convex.
Henge,

f y =0 iga boundary point of W'(v), there exists a
nonzera conistant vector defining a hyperplana

<r (v, y> = ¢

8.k, <n({v),¥y> s 0 ¥ oyenT vy,
Now assume that thers is a wey such that
UV} GLE, V) (L, 9) k) - E(x(E,v) ,v,8))> 2 6 5 O

for teE where E«B with u(8) > o. Introducing the vector
vaiued function

WE) = veE) b (B Gult) - vie)) v oeer TV
gives an(v),y L") x entm) > 0. (5.6)
But y+(1,‘u*) H W+(v). This contradicts (5.6}, Therefore,

«m (V) ,G{t,v) (£{x(t,v) ,m,t) = E(x{t,v),v,E))> s O,
Pefining ple) = 6% (t,v) 7w,

we havu that pf{t) 1s nonidentically zero and continuous over 'T.

t Brouwer's Pixed Point Theorem states that Lf a centinuouwe
functi n maps a closed gonvax subsot of an Buclidean space R
into itself, then it has a £ixed point. In other words, if
hix} i a eontinuous Function dofined on the slosad convex
get. A sugh that hix)gh for all . xch, then there is an
%ch  auus that hix) = X,

4 oxte) = 3 4F  eeE,
® O Af tiE,




Thei it can be shown that

PO, £lr(E, ), u,t) - Ex(t,v),vt)> 5 0 (5.7

and Be) = & e,y iy ace. ter
= -6, Ma ) )T w(v)  ave. ver

.
BT {E) ple) a.e. tel.  (5.8)

5. Proof of the Maximun Principle.

*
If the element v of 'y ig optimal, then we have from

1 that x(1,v) is a boundaxy point of W. Then from 2, 3,

Yy = 0 is a bowndary point of the set w+(v) + Fran 4 we have
that there exists a vector p(t), continuous and nonidentically
zero on T such that conditions (5.7), (5.8) are satisfied.
De fining ’

H{x,u,p,t) = <p, £(x,u,t)>

we obtain the Maximun Principle of Pontxysgin.

It was stated earlier that the results obtained did not
depend on the control problee, but the initial conditions. Nece-
ssary conditions have been derived for an element v:U* where
%(1,v} is a boundary point of the set W. If the dimension of
the set W is lese than n, then the results are trivial, since

for any uru*, the polnt x({).,u) wlll be a boundary point of W.

In the next section we shall discuss a proof by Halkin of
the necessary conditions which dispenses with measive theorgtleal

regults,

/
i
i
!
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. 'THE 11 -
6. THE MBRIMOM PRINCIPLE : BALKIN [271, pevawr amp wavse [131.

A fundamental result required to establish the necessary

conditions of optimality in the last section was Liapunov's

Theorem. Halkin, (243, proved a new result of the sane type

which enabled him to simplify the previous approach wathematic-

ally and does not contain any measure theoretlical concepts.
Agsumptions.

Let

1) 2ed be time invariant
(11) U be the class of plocewise continuous controls Eram
[Q,1) into B.

This means that each function in the c¢lass U is continuous
at every polnt [0,1] except at a Einite nuwber of polnts where
it has Efinite left and right limits, and has a finite right limit
at O and a findts left limit at 1. The preceding definition
implies, in partlcular, that every function in the «lass U is
bounded. For wet, let 0O{u} be defined as the set of points in
f0,1) at which the function u and the function £(x,u,t) are

continwus w.r.t. t.

{i11) The vector valued function £{x,w,t) is defined for
all xeR®, wr", ¥ 10,11,
(4v)  £(x2,u,t) is 2« continuously &ifferentiable w.r.t. x,

continuons w.r.t. u, and plecewise continuous w.r.t. t.
Consider the system described by

%k, = Elx{t,m ult),t) ¥ te0(w

#(0,wW = 0,
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To prevent a finite ©8Cape time, asaume
(v}  there exists a constant M < » such that

£
[E60RE L s MOXE+3) y 2er®, uep, ¥ tar0,11.

Statement of Problem.

Consider maximizing xn(l,u) subject to the control

constraint we¥ and endpoint constraints of the form
PRt
‘. sy i=1,...,r ¢ n~1.
Define sS4 {x:xe B%, ¥t = sgri=lr ).
Hence 1f weU is optimal, then
x(L,¥) ¢ 8,
and furthermore, if uell and x{l,w ¢ 8, then naepessarily,
® Lo s 1M1,

This formulation correasponds tc the Mayer Problem of the
clasgical caleoulus of variations. As is well known, problems
involving integral cost components and other forms of endpoint
congtraints can be transformed to this foxm by the ir\trod\:’tction
of éctra states. We still allow £(x,u,t) to be dependent on ="

and don't require the differential system to be time independent,

The Vaxiation Trajectoxy.

Let weU be the optimal control (which we assume exists).
Define the variational trajectory for the control w w.k.t. the

gontrol function v i

i
i




a7

vit W = it - x(t, v,
8o yl{t,v) = o,

*
Let O (w = 6{w}nd(¥). Then y(t,u is continuous w.r.t. ©

¥ te[0,1], differentliable w.r.t. t ¥ tse*(u) . and

YW = E((E,0),ut) - E(x(5,v),v,t) ¥ tcd (1)
Then deflning

levu) = £ (L, v 0,0 ~ £k, V),V

kltow) = £lx(t, 0, 0t) - £&(t,v),v,t) ~ oit, v
= AL bW ~ k() ),

Let  d: T x TR denote the transitlon matxix for the

where ae) & £z (8,9 v, k),
[
we have Plerw = AMIY(E,N + (0 + klE,w ¥ te@:éu)l;
nxn ?

system (6.1), Hence #(t,r} 4s the unigue solution of the

matrix differential equation

i) = Bk, 5 el s X,
and we have

vt = /: ok, ) ( ¢l{T,w + kir,w ddr ¥ te[0,2]
y{O,w = Q.
Foy the system which is linear in X, L.e,
x = BX b p{t W), R ]
X(t,u) # O, For the nunlinear problem, k{t,u) can be shown to
have the following properiies:
(1) fThere exists K, < @/ such that

wie) = wle).

|
i

2 .
fedt, | 8 Kplyte,mi® ¥ 60,1l s
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11) Th s
{1i) ere =Xists Ky <« such that ¥ uel, ¥ tef0Q,17,

Ve, a) ) ¢ Byly{t,u}].

It can also be shown that there exists

N < w ¥ uell and
Ee A with w(t) = v(t) ¥ te[0,1708

such that

Ixlr,0) ~x(r,0)]| ¢ NudB} ¥ 1¢(0,13.

where A iz the class of all subsets of [0,1] which are the
wion of a finite nuwber of dlsjoint intervals.
In order to approximate y{t,v)] and the effects of strow

variations in control, the following linear wmodel is introduced.
The Approximate Trajectory.
For any weU let z{t,uw) denote the wunigue solution to

Pt w) = AR zlE,W + olk,0) ¥ ted’ (w, (6:2)

2(0,q =0, (6.3}
or egulvalently, .
zle,w = [ slt, o)¢(r,mdr ¥ 42[0,1].
Then ° N
yit,w - zle,w = j0 ole,Dk(t,wWdr ¥ telO, 11,
ylo,u ~ zlo,w = 0.
Also z{t,v) = O, bocause ple,v) = O,

z{+,uw is called the approx imate trajectoxy for the variat~
ional trajectory yi+,w. This 18 well justified, since ylr,w -
2(+,u) is small whenever k(«, 0 is amall, i.e., whenever
yi+,u iz small, ox whenever the comparigon trajectory x(*, 0

18 close to the optimal trajectory XtV




The Reachable Sets.
20T, R2aA0.8 Sets
The systen reachable get at t =1 is defined by

WA X g, s wewy,

and the reachable set at ¢ =

for the systen deseribed by
(6:2), (6.3) is defined by

=

A exov c 2w fueu. .

Bguivalently the sets W, ¥ ocould be vritten as

=

= {x{l,w) tueyy,

=

={x,V +2:2¢723,

where 2= {2(L,w) s uevyl,

. + .
Define the set & of all states in § with an n®® co-ordinate

greater than *L, 9. l.e,,

sV 8 (xaxes, x™Luw > (1, ue U,

st is convex, and by definition, st

and W have no points in
common. Also, for a system linear in x, the sets W and fv are

the same.

Convexity of the Range of a Vector Integral over the Class R of

Bubsats of 10,11,

- Consider a plecewise continuous fuaotion £{t). The vector
I = [ g£(t)dt rpepresents the svarage value of the function £(t)
on the interval [0,11. The vector I 4&s also the valuve at
t = 1 of the function glt) = fo £{t)dr. If we consider the

estimation of the average I 28 a continucus process, then the
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vector g(t) may be regarisd as a certain approximation of the

fraction tI of the average vector TI. This continvous estima-
tion process is not very accurate. {f the funetion f(t} fluctuates
greatly. Instead of basing the estimation on a single 'balayage’
of the interval [0,11, we could consider a simultaneous balayage
of each of the intervals [0,%) and [%,11 and introduce a
fmctior} ql(t) defined over 10,11 py

5 5472
gt = iy £lr)dr + j% £(r)d

as an approximation of the fraction +tI of the average vector I.
This process may be refined further: for each integer k we parti-
tion the intexrval £0,1] into 2% consecutive intervals of eoual
length 1/2k and define a function gk(t) on [0,11 by
) 2K (e 226

g ft) = I

) t{r}ar,
=1 (1) /20

or equivalently by the relation

gty = [Dk £(t)dr
t

where the set D); is defined by

2 -1
k i~t , izlit
pf = U TER A,
L= RPN
Using Fourier Series methods, Halkin proves that the fwmctlons
gl((:) Fevey gk(t) ;++ become more and more accurate approximations

of the function ¢I as k increases. More precisely:
Balayage Theorem : If £(t) is a plecewise continuous functlon
fram [0,1] » R? and 4f © > O, then there exists an integer X
1
8.t \[ L Ewyae - of E(elde s e
Dk [+]
o
for all aelo,2] and all k = K.
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Consider the set

Ly = { jA £(t)at : A £ ).

where fl is the class of all subsets of [0,1]. Using the above

theorem as well as Browwer's Fixed Point Theorem enables Halkin

1O proves
#
Lispunov's Theorem : If the vector valued function £(t) is

piecewise continuous, then the set L(f) is convex.

with the help of Liapunov's Theorem, Halkin proves that the
veachable set foxr the linear system described by (6.2), (6.3),

W, 18 convex.

We are now In a position to outline the stategy behind the

proof of the Maximum Principle given in [27).

1. Exingiple of Optimal Evolution.

As hefore, we have that if v ie¢ an optimal control
function, then for every +e([0,1l), the state x(%.,v) belongs to

the boundary of the set W{t). W(1} = W.

2. 'The Fundamental Lemma.

The fundamental lemma states that:

. -
If there ig no hyperplane sepexating the convex sets § and W,

then the sets gt and W have at least one point in common.
. ~ .
For convenience three new sets 8,7 Wy and W, are introduced.

sj‘“é(x:x+x(l,v)es+}

We & e x4 R,V e WD




ongipta i

Y3

5 .
B S Ux o xbx(1,v) cow .

+ -
In other woxds, Sy, W,, W, are translations of s, W, W along
the vecter x(1,v), respactively, The gets

equivalently expressed as follows:

- -
Sy Wy, W, can be

s+=[ . n
M ¥ix =0, d=1,.,.,r and x" > 0}

Wy = {y(lw) : uev}

o = {2l s ueu s,
The fundamental lemma stated above is then equivalant to the

medified fundamental lemuma which states:

If there is no hyperplane seperating the convex sets s: and W,

+
then the sets 8y and W, have at least one point in common,

Halkin proves this initially for the case v = n~1l, making use
of the Balayage Theorem and Browwer's Fixed point Theurem. The
proof is then extended to the general case r < n~1 by consider-
ing S:, Woo ‘:?ﬂ_, the projections of the sets Sr, Wyr ;l* on the
{r+l}~dimensional space R obtained by. taking the dimensions
1, 2,.’.., r and. n of the orlginal Euclidean npace ®". This
progedure is due to Warga [611.

A8 @ gorollary to the fundamental lemma we have:

If the sets S° and W have na polnts in common then there is a

. . -
hyperplane which seperates the convex sets 8 and W.

3. The Maximyn Principle.

Let veU be optimal. Then there exists a vector valued
fanction A: T + R, defined, non-zero and sbsolutely continuous

satlsfying the diffexential eqguations




!

(1) 508 = - ageiniey ¥ teo(v)

with the transversality conditions
ay At =0

1 A% = o,

L= ekl

' and, furthermore

Gy <ple,v) A (8)> 2 <dle,w),alt)> ¥ tedlv), ¥ ucu.

By construction, 5t end W have no point in common, There-

foxe, by the above corollary there is a hyperplane seperating

s* and W. This mesns that we can choose some nonwzero ceR"

satiafying the following conditions of seperstion:

<X,e> S h ¥ xeW

+
<x,e>» > h ¥ x¢8 .

o ’n
1f we denote by S+ the clogure of the set & , then the

relation may be strengthened to
«x,0r 2 h v xu§+,

and sinee %(),v) ¢ B'a i:l, then
ex{1,v) ,e» = b

We now verify that ¢ gatjsfies the transversality conditions.

th
1£ o) le the wit voctor in the dirsction of the I axis,

then for 4 = r+l,...,n-1 we have
b
(x(l,v)mi) - A

rherefore, cletl,vyzey) o> & xliovloo




This implies that <€;so> = O, and hence c, = 0, i = r+l,.,n-1y

establishing conddtion (11). Also, since

x(1,v)+e ) ¢ Y,

<(x(l.v)+en) 1€ 2 <x(l,v) o,

Therefore, <&nse> 2 0, and o 2 0, establishing (1ii}.
pefine A: T + R® as the solution to the linear matrix

differential equation (1} with the boundary condition
M =

where ¢ 1s the seperating hyperplane nommal Introduced above.
Since ¢ # O, from the theory of linear differential eguations,
At # O, and A i3 absolutely continuous on ([G,L1].

To conplete the proof, condition (iv) is verified using
a contradiction argument. Assume (iv) Ls not satlsfied. Then

for some t'. 0(v), there exists a W@ such that
ch (vt ), 6" A (e < <3 {B(e") £ A "),

Ther by the continuity of ¢(v(+),) at ' and ), there
existy an n » 0 and g » 0 satisfying
'
aply,o) pAtede < < (W,n) AlT)> - o, for lef-Tlo< el

*
Define control uw by

¢ ik) = W) for all t such that [e'-tl < ¢

= y(t) othervise.
®
Therefore, for u el we have

1 *
k(1,0 4 2(1,u) 00 = <(x(1, V) + fo ol pln,Than) o>
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= e 4 g q(“*rﬂ,)\(de'z

v

<X(1y0) ex 4 f

1
o
1
o«b(v.r) sAlr)>dr + 2ne

= <x{l,v),e + Zne > h.

where ¢ is the transition matrix associated with the linearized

system  (6.2). Hence we obtain a contradiction that
* -
(®{1,w) +2(1,u)) ¢ w
Thus condition (iv) 1s satisfied. Since

di{t,v) =0
and  oftju) = F(x(,v),0,t) - £{x(t,v),v,t)
defining H(X,u, At} = <E{x,u,t},A(t)>

condition (i} ~ {iv) translate into the conditions of the Maximum

Principle for nonlinear systems.

Bryant and Mayne {131 give a proof of the Maximum Prineiple
similar to that given by Halkin (27)]. Their main objective was to
replace the use of Brower's Fixed Point Theorem by an easily
proven contyaction mapping theorem.

Tho fj:x:.";t wse of Brower's fixed point theorem in 271 ids
to prove the convexity of the reachable set of the linearized
system (6,1, w This is replaced by a simple constructive proof
of Liapunov's theorem. Thls requires a slightly moxe general
clasy of admissible controla than the plecewlse continuous alass
employed by Halkiny the class of extended plocewlse contlnuous

controls and funotlons, They first prove thats




|
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£ £e P® (th ;
¢ (the class of extended piecewise continuous functions,

i.e. discontinuous on a countable set), then for any scalar k

satlsfylng O s k s 1 there exlste a set AcA, the set of all
subsets of [0,1], such that

1 1
k [o £lr)dr = ]0 Elthgplr)de

where Xp* 1 tea

= O otherwise.

This represents a simplified form of Liaounov's Theorem and
enables them ko prowe that ;1 is convex.

The second applicetion of Brouwer's fived point theorem is
in proving ' ¢ funduamental lemma, making wse of the Balavage
theorem. This i3 eliminated by a strengthened Balayawe rvesult and
the use of an additional property of the linearized model of the
nonlinear system, permitting a contraction mupping theorsm to be

enployed.
The Interval set (bh)
Q set (D)

Given W « 0, partition the interval (0,11 into N egual
intervals I? 4 = 1,0, M), Within each T_, select a subinter~
val 13: way, of length A/N (0 s A % 1) Define

N
A )
by = Tie
N gl

Using this partition, Bryant and Mayne prove:

strengthened Balayage Theowem : For any admissiblo u and any

¢ = 0, there exists an N <= guch khat, ¥ A-(0,11, 3 » N,

| iam (i, = [ #erielrmdrll < el
B
1
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proof of the Fundamental Lemma.

Proof of the Iundamental Lemwma.

Suppase W is of dimension n, If not, project s* onte
the linear manifold contailning ;l and proceed with!the const~
ruction in the reduced dimension space. If V:l and S+ are not
separated, then there exists at least one point, say z*, contain=
ed in ¥ 1nt(S+)nlnt¢(W). Bince =z{l,v) M;} and z*r,':i, there exists
2 simplex § with vertices z(1l,v), z(L,ul), cevy 2llu) e W
sontaining z* a8 an interior point. Belect a closed sphere A
int § with centre zk and let 71 denote its radius., Then for
0<a <l we can define a closed sphere A® with centre az*

and radive an, whuore a%uint 8 by convesity.
Pigure 6.1

21,4y}

M‘,_"“_
e g (L)

&

z{l,v}

ar ant and Mayne construet
Mow, glven  acA%, any integer N, Bryant and May

an approgimite control u“’N asgoedated with the point a and

the integer N, fning the gtrengthoned Balayade thearem, it can

] N, ¢ @ auch that
be shown that for any ¢ » 0, thero axigte m Ny
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Ha - 21,0 |1 5 o

for alt aca” and N 2w,
()

Conslder a mapping h":; P 4 g® defined as follows:

WNa) & g o y™N L F :

v
where v 4 * (6™ a1, ;

Then using the strongthened Balayage theorem, as well as an j
interesting property of the linearized model (linearized in state),
they show that an & and N can be chosen such that h is a
contraction mapping! in the closed set a% and mapplng 2% into

itself. Hence there exists an  acA® satdsfying

hia)

implying v = g, [

Binge W and H+ are asswed not seperated, then
z*trint(.‘?*). Algo, o g, Therafore, nz*crint(8+) for  axl0,10,
and henee w2’ st. Bue ez’ = vy ¢ W, sinee §7 is by defini-
wien disjoint from W, this is a eontradietion, proving the
fundamental lemma,

The pest of Lhe proof of the Maximuu Principle follows the

some appruach as tho preceding appreuch of Halkin's,

Tho derivation by Bryant and Mayne reprosants a very uae ful
aftvanee on the derivation due to Halkin, [271. Not only axe the b
nls of extended functions still of practival intorest to the

enginecy, but the mathematical eontent ia a good deal simpler.

¥ & simple form of tho standerd contraction rpnpping theorem
statog thab & n funetion B maps n closed subset A of R
inte {i{self, and therg exietas an O {gra<y) such vhat
Fra(x)-n{s) |1 & ulla=%l1, for all ¥,%ch, then there exicks ¥

on unique point xeA which 18 & fixed point of M.
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7. {ONCLUSION.

The purpose of this ®683y has been to give a broad outline

of the development nf the necessary conditions that a process

((*, 9, v(*)) has to satisfy in order to be optimal for a certain

class of probiems. The emphasis in this presentation has been £o
give an 'intuitive understanding' of the approaches used by
various authors to obtain necessary conditions, rather than an
attempt at mathematical completeness. Df the major approaches
wovered, the proof by Bryant and Mayne was the least demanding
mathematically, and yet still applied to a falrly general class of
problems. The approach of Halkin, [27], and the epsilon approach
of Balakrishnan have been used to formulate computational tech-
niques to solve for the optimal control in {28) and {47
respectively.

The Maximun Principle is o set of necessary conditions for
the optimality of a contzrol. Suppose for some control problem we
have fowmd a control and a response 'Batmfy.tng the conditions of
the Maximun Pyinciple. Ts this control optimal? More generally,
when are the Marimue Prineiple’s neccssary conditlons also swffi-
Glent? Some answers Lo these two guoestions have been given by
Lises {391 ond Mangasarian [ 437,

A oan be oxpactod, there cxist: other necegsary conditions
for optimal controls other than the Maximum D;incipm. For exumple,
Vineont and Goh | 60] obbtaln & new necesgary conddtion o be
satisfiod at the endpoints of the trajectory.

In conclusion we remark that the Maximum Principle has heen
extendad to a widor olass of problems whero thoe dynamics considered

are often other than ordinary alfferential equations.
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ABSTRAC.

The theory of stability in the sense of Liapunov for autonomous
(oxplicit time independence) systems is developed. Analytic methods k
for counstructing Lispunov functions are outlined. In particular, the
methods of Aizerwan, Sszego and Lur'e and Letov, the variable gradient
method of Schultz and Gibson, and the Format method due to Peczkowski

are discuased.




INTRODUCTTON. H

Though originally iatroduced near the end of the last century,
the second wmethod of Liapunov may be broadly classified ae one of the
‘modern’ approaches to the solution of stability probleme in sutomatic
contzol,

The direct, or second method of Lispunov attempls to meke statew
ments on the stability of the equilibrium state without any knowledge
of the solutions of the differential equations, i.e., without uaing
the explicit form of the perturbed motions. A fumckion ¥, called the
Liapunoy function, is cxamined as a function of time. To prove stab- <
idty, it i3 sufficient to show that this ¥V function approaches zero
as time spproaches infinity. The required V function is always avail~
able for linear systems, but is sometimes difficult to find for non-
tinoar eystomd.

The purpose of this cesay is to outline the mogt important
analytic means thal are pow available for generating the requived
Liapusov function for an autonemous system. This wasay is based to a

large extént on the artlels by Schultz in [22].

The first two glve the y b definitions
and theorems, The cholce of the coordinace system in which the system
equations are oxpressed is discussed in the third chapter, Also cover-
od are the Routh-Hurwitz stability eriveria for linear systems, the
cranafer Function, and systems with a single nonlinearity.

The seution ou tho actual generation of Liapunev Functions for
autonomous aystems comprises cight major diviaions. In the lntrodue~

tory seetion we dincuss, very briofly, the Zwbov construction procedure,




However, this approsch is largely pumerical, and is not covered any
Efurther. Linesr systems are then considered, followed by 2 general
approach based on norm type V Ffunctions. Although this is rather
impractical, *he discussion serves to demonstrate that this general
approach is the theoretical justification for the usual procedure of
linearization about an operating polat. Aizerman's approach is then
shown to be an excallent metbod, that is not only simple, but often
glves good results. Follewing this, the procedure developed by Szego
is outlinod, and this is shown to extend and compliment the Aizerman
approach. The wellvknown methods of Lur'e and the vary important
variable gradiout methoed of Schultz and Gibson are then described.

The last method covered is the Pormat meshod due to Peczkowski.




1. BYSTEM REPRESENTATION AND DEFINITIONS.
FYSTEM REPRESENTATION.

Consider the system described by the equation
X(E) = EQa(E) ,6), x{e,) = % (L.1y

x(t)e R“, £: 8% % 7+ K" a nonlinear function of its arguments, A
solurion at tdme ¢ with given initial comdition %, 8t t, is
denatued by x(t;xa,:o) or simply =x(t) if no confusion can arise.
The whale solution (L2, whole function) is denoted x(',xo,I:o? ox

simply x(-).

Bofinition 1.3t The system described by equation (1.1) is called

stationary or sutenemous if £ dues not depend explicitly on <.

in this cssay we are intercsted ip antonomous systems. The
. trajectories of an astonomous System ave invariant under a tvanslation

of time,

i x(t‘:xn,tn) o x((.+T:x“‘cU+T) ¥, 24 oy e

Befinition 1,20 If A‘(xu(l,)) = 0, % &, then x(t;xu,tn) ax  for

ARANIIWERE e

any b and x, in enlied sy equilibrium solution,

T ox, in equal Lo zern, x(t;x“,tn) ig ualled the null solution.

%, i c¢alted the vquilibrium state,

Definition 1.3+ A solucion x(eix b)) ia sald to have a fialte

escape time if Hx(t;xu,ca)[] RN U R RN

We sasume that ®(t) has unique solution defined for all




telt , for each x cR", (i.e, there is no escape cime). Suffi=

cient conditions For this are ¢

(1) £ is linesr in x,

(ify ¢ ie continuously differenriable in x.

DK INITTONS OF STANILIZY.

The conept of stubility for gencral time-dependent non-linear
aystems iy vory complex, A large number of definitions exist; only the
awst useful ones, with reference to autonomous systems, will be
discussed in this section, These definitions deal with the stabiliey
of an equilibrium or a Fixed motion, with respect to the initial con~
ditions, and were discusacd rigovously by the Russian mathematician
A. Liapunov, The definitions given here follow Willems £26].

fet k. be an equilibrium state of the free dynamic aystem

R0 = Fx(0)) .2
with

Tlx () =0 for ail t. L3

Detinivion 1,41 The oquilibrium state ¥, OF the equilibriom

nolution x{t) = Bye b l‘tu.w) is crlled stabla, if for any given

t o oand ¢ » O, there exists §{&) » 0 guch that

[lx, = #,I1 < & >Ifx(l';x0,t0) - xQH $E ¥ bat

ftdm li§s The equilibrium state is called convergent if

for any ¢, there exints “1 #uch that

tx,

“x || w6 v Mm wCegx b ) mx, Ve,
o = e [ ) ) °




Definition 1.6: The equilibrium stare x, is called asymptotically

stable if it is convergent and stable,

Befinition 1.7: The equilibrium state is called bounded if there

exists B(x)) such that
Hitesxoe ) |1 <8, ¥ ezt

Defimition 1.8: The equilibrium state is called asymptotically

stable in the large if :

(i) it is stable,
(ii) it is bounded,

(iii) ir is convergent.

The definitions given above are usually referred to as upiform.
However, all stability properties of autonomous systems are uniform,
80 we omit reference to the 'uniform’ for brevity. The definitions
that we have given are compatible Ath the definitions given by

La Salle [73, for example.

POSITIVE DEFINITE FUNCTIONS.

Let V{x) be a real scalar function of the vector x and let

S ba a closed hounded region in R® containing the origin.

Definitfon 1.9: The function V{(x) 1is positive semi-definite in §
iE, for all xe§,
(L) V(x) hes continuons partial derivitives w.r.t the compo-:
nents of x,
(ii), v(©) = 0,

(i44) v{x) » 0.




Defimition 1.10: The positive semi~definite function V(x) above
is positive definite in § if condition (iii) of Definition 1.9
is strengthened to

{1i1) V{x) > 0, x# 0.

Condition (iii) of Definition 1,10 can be replaced by (See
Witlems [261),
(i10)' V&) 2 ¥(r), for all xa§, where r 2 |[x]|, nt the
function ¥(x} 3s continucus and strictly increasing, and

¥() = 0.

Byample: x¢ Rz.
Vi) = 42 is a positive semidefinite funcrion

Yy = b 4 bx is a positive definite function,
When V is in quadratic form, expressible ae
T
V(x) = x Ax (1.4)

where A is a symmetric, square matrix with constant coefficients,
the usual means of determining the definiteness of the form is

through the application of Sylvestur's Theorem,

Sylvester's Theorsm: In order that the quadratic form of the equation
{L.4) be positive definite, it is necessary and sufficient that the

determinants of the principle minors, that is, the magnitudes

Pagls | ayps app [ and fags agpens gy

Hygprnere
210 S22 fz

Bygrreares .

be posirive.




Definition 1,11: A scalar funcrion is radially unbounded if, as
Hxll + =, ¥(x) » », i.e. for any given M > O, there exists N > 0

such that V(x) > M, ¥ x such that ||x[| > N.

Closcly allied to the concept of definiteness and radisl unbounded~

ress, 1s the concept of  timple closed curve ox surface. A surface

enclosing the origin is simple if ir dees not intersect itself, and

closed if it intersects all paths tha. lead from the origin toe infiniey.

That is, a simple closed surface is topologisally equal to the surface
of an n-diwensional sphere, If V is 2 positive definite function,
then squations V = Xr Kl < K2 < KS"' vepresent a set of nested
closed surfaces about the origin in a sufficlently small region. In
order to ensure that the region extends to infinity, it is necessary
to susure that the curve V = K is closed for sufficiently large XK.
The closure of the curves V = K is agsured if we require V{x} to

be pusitive definite and radially unbounded, See Figure 1.1

URE 101, e eurves  V(x) © constant for e positive definite

fanetion whish is not radlally unbounded.

.,

&
¢




An alternative methnd of investigating the region im which ¥V = K

remains closed is to examine the gradiemt of V, which is defined as

W= aV/Bxl

BV/axn

As loug as ¥V is not zero anywhere in a region @ containing the
origin, except at the origin, them ¥ = K represents a closed surface
in @, 1f vV is zero only at tke origin, them & includes the whole
space and the function is radially unbounded.

As an example of & curve that is positive definite, and yet
closed only for values of X < 1, Letov [9] considers the function
x2
V= xi + ‘2

1+ x

b3

Here, V{(x)} i& not radially umbounded. Algo, the gradient is zero

not only at Ry =Xy 0, but at x) = 0, Xy = @,

i
i
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LIAPUNOV STABILITY TREOREMS.

In this section we consider the stability properties of the null

solution to the autonomous system

R(E) = E(x(E)) (2.1)
with

£0) = 0.
A large nuwber of theorems exist which are related to the second
wethod of Liapunov; for example, Donalson [2] 1ists 32, The original

theorems due to Liapunov, Theorems 2,1, 2.2 are applicable only to

arbitrarily small regions about the origin,

Theorem 2.1 [26]F The null solukion, or the equilibrium state at the

origin of system (2.1), is stable if there is some neighbourhoed $§
of the origin where a positive definite function V(x) exists such
that ita derivitive V(x) w.r.t. the solutions of (2,1) is negative

semi~definite in that regfon,

Theorem 2.21127,0261¢ The nuil sojution of system (2.1) is
asymptotically stable, if in some neighbourhood § of the originm
there is a positive definite funetion V(x) auch that ite derivitive

V(%) is nepative definite in that region.

Theorem 2.3 U261 If the conditiona of Theorem 2.2° ave satisfied
for atl x, and 1f V(x) 1is radlally unbounded, then the null solution

W (2.1) is asympterically stable in the large.

The gondition that V(x) be radially unbounded, to abtain glohal

asymptotic stability, cannot be waived, &s is illustrated in Fig. 2.1.




2

10

FIGURE 2.1.,

V(s) s positive definite, but not radially unbounded, Although it
decreanscs along the trajectory €, the fiotion ia unbounded.

The above theorems are overly restrictive, The requivement that
dv/dt  be negative definite, rather than semi-definite, causes
difficulties when we attempt to generate sultable Liapunov functions
for noulinear systema, This sbortcoming was overcome by La Salle

£71,081,

Theorem 2.4: The wull solution of system (2.1) is esymptotically
stable 1€, in some neighbowrbood § of the origin, there is a posi=
tive definite fanetion V(x) such that its derivitive ¥(x) along

the golutions of (2.1} s negative semi-definite in §, and such

that $(x) dova ot vanish identfcally along any solution of (2.1}

in 4, other than the null solution,

|
3




Theorem 2,5: The null solubion of system (2,1) is asymptotically

stable in rhe large if the assumptions of Theorem 2,4 hold in the

entive space, and if V(x) is radially unbounded.

Ingwersen [61 has proved a thoerem which is closely related to

Theorems 2.4 and 2.5.

Theorem” 2,61 The null solution of the gystem (2.1) s asymptoti-

cally stable in some slosed reglon § contaimiog the origin, if there

existe a positive definite function V{x) in S, such rhat

{1} one of the surfaces V = K bounds 8,
(il) " the gradient of V, VYV is not zero anywhere in 8, except
at x =0,
(iii) dv/dt is negative or negative semi-definite in §,
{iv) dv/dt is not ident'cally zerv on a selution of the system

other than the null solution,

The conditions of the above Theoarem are stronger than the condi-~ M
tiops of Theorem 2.4, hut will enable us to get some ides of the size
of the vegion of asymptotfe stability. This will prove useful later on.
If ¥V does not qual zero except at x = 0, then the reglon § u
extends Uo the entire space, and Theorems 2.5 and 2.6 are aguivalenc.

In order Lo ensure Lhat tbe selution to the equation dv/dt = O
ia not aisn a solution of equation (2,1}, it is only necessary to
subatitute the soiuwlion of this squation back into equation (2.1). In
practice this is often a trivial problem. One note of caution: in vases
where the original asystem has more uhSn one equilibrium point and
dv/dr  is seml~definite, the existance of the other equilibrium points

is easily overlooked, and a wrung conclusion is reached.




THEOREMS ON INSTABILITY.

S A ARSIARILTIY,

Liapunov's technique also yields theorems on the instability of
equilibrium states of dynamie systems, These theorems are of limited
imporrance, since one is almost always intereated in determining
stability properties. Howevor, they ave sometimes useful ko avoid 2
waste of eflort trying to prove atabllity, The following theorems are

examples of instabiliecy criterias

Thegren 2.7 £9¢7%: The null solution of the auronomows system (2.1)

is not asympuotically stable if there exists a scalar function V(x)
with the following properties in some glosed neighvourhood 5 of the
arigin,

) V¥(x} vanishes at the origin, has continuous partial derivie
tives,-and agsumes pegative values arbitrvarily close to the
origing awl

(i) the derivitive V(x) along the solutions of system (2.1)

is negative pemi-definire,
The null solutien s wnstable if, in addition, either ¥(x) {a nega-
tive definite or dous not vanish along any selution of (2.1}, except

the null sulation,

1f in the ahove thevrem, the functions V(s) and ¥(x) are

negative definite in R, Lhen the aull aolution is completely unatable,

Theorew 2,8 126 15 Suppose thar there eriste & scalar functiom V(x)

with coutinuens partial derivitives in some neighbourhoed 8 of the
arigin, such thatt

(i) V(o) = 0, and

I
i




f
'

(i)

1€ the derivitive of v{(x)

13

V(x) assumes negative values arbitrarily close to the

origin,

oxpressed as

where v (x)

(i)

Voo = aven + v,

the null solution of

2.1)

along the solutdion of (2.1) can be

is negative semi-definite in R, then

is not asymptotically stable

if a is a non-negative congtant; and

the null salutien of

tive constant,

2.1

is unstable &f a is a posi-



3. AUTONOMOUS SYSTEMS.

D TTE S1ITEMD

th
N.__ORDIR DIFFERENTTAL BOUATTONS AND LINBAR SYSIEMS

Let a free, linear autonomous system be governed by an 2 lorder

homogeneous differential equation with constane cosfficients

p{D)x = O (3.1)
where D ‘dnn(ll‘uh‘ the vperatey /e, Let

(D) = b7+ pnw’n"‘l g 3.2)

Then, with ¥ 7 R the system can be desoribed by the Eirst-order

vector differential equation

B oax (3.3)
where
[} H 9 e 0
0O 0 1 . 0
A= . : N 3.4)
0 0 0 1
Py Py TPy TPag
iee 1'&1 = Ay
®y @ Ry 3.5)
Ry T RGRL T PRy e P10’

Ahia particular choice of state varisblen is roferred to as the phase

variablen,

|




Theorem 3

The null solution of system (3.3) is asymptotically
stable if and only if the polynomial p(a) has only zeros with nega~

tive real parts.

Theorem 3.2: The null solution of syatem {3.3) is stable if and
only if the polynamial p(s) has nc zeivs with pesitive real parts,

and if the zeros of p(s) with zero real parta ave simple.

T TRANSEER FUNGTION.

Single input-gingle vutput systens are olten desgribed by their
impulse response wi(i); i.e. the cutpet Lo a upit impulse isput 6(t)
(Rosenbrock and Storey [191) when the system is initiaily in the
squilibrium state, For simplieity it Ls assumed that this equilibrium
state corresponds tu zero vutput. The cutput of a system with impulse
rvesponse  w(t) to am avhivrary input olr) is then

4
yl&) = [ x(r)uli=rddr (3.6)
o
when the syatem is jnitiatly in iks equilibrium state,

A wory common concept for deseribing siangle input-single output

systoms {8 the transfer function. Tt is defined as the Laplace trans-

Form of thu impulse respanse
o
6y o [ wltdexp(-nL)de @.n
o

where s @ o + im 18 a compiex nomber, The tranafer functlon is

defined in the region of converpence of  (3.7).




Theorem  3,3: A necessary and sufficient condition for the input-

outpit stability of the equilibrium state of & single jnput-single
output system is that the region of convergence of ite transfer fuction
includes the imaginary axis, If the system is pon-anticipative (ronse-

quently the impulse response vanishes for negative t), then
t
e(s) =g w{tdexp(~st)dt

and the input-outpit stability condition is that the ttansfer function

has no singularieies in the right half-plane or on the imaginary axis.

We have therefore that the transfer function is only a complete
description of the system if the common factors of numerator and demo~
minator are not cancelled. This can only be achieved if the transfer
funetion is determived from the differential equation of the system.
Only then can ssymptutic stabllity of the system be checked hy means
of the tramsfer function., The common zeros of numerator and dencminator
are called the hidden modes of the system. The asymptotic stabilicy
and the input-outpyt stability of a system are only equivalent «.f
there are no hidden modes with positive or zero real parts,

Tt §g apparent that a gystem should never be designed so that a
right hulf~plane pole {a cancelled mathematically by a right half-plane
zeto, This cancellation must either comsist of the removal of the
ansociated cquipment, or must be achivved physically, for instance by

moans of feodbock,
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THE ROUTH BURWITZ STABILITY TESTS.

As has been shown in the previous sections, the condition for
asymptotic stability of (3.1) {is that the cherasteristic polynomial
p(s) has only zeros with negative real parts. hlgebraic criteria have

been developed independently by Routh [20] and Burwitz [57.
The Hurwitz Stabil.itx Criteriou.

Consider the polynomial

pls) = pns“ * pn_ls“"' LT

If the zeros Zys Bgr ene s By of p(s) have negetive resl parts,

then all coefficients Pys Byy ver 2Py have the same sign. Indeed

¥,

-1 z
N T
Pa F
Phe
o R 2%,
Pa i,y

?,
22 -yt
pn

%21
are pogitive. This condition ia necessary but not sufficient. Consider
the square matrix of the nth order
By Pp-3 Poes
Fa Py Poed
8 Ppe1 Pn-y M
nele  p, Pygp v O

O T Y

i
i
]
H
¥
:
}
i
A




H is e i : .
alled the Hurwitz matrix. The index of the coefficients increases

by one along a column and decreases by two along a vow. The element h;
is

hys =P ; if 052 -3 m,

i =0 if 28<j or 2i~j>u.

The principal minors Dl’ Dz,..., Dn are the determinants

Paei P i

t

Py Ppg o ¢
=10 | R = 1,2,0..,0,
o i

0 0 e Py

i

They are celled the Hurwitz determinants. A necessary and sufficient

vondition for the polynomial p(s) to have only zeros with negative

real parts is
;

X .
)"0 >0

This the Hurwitz stability eriterion. We can assume in the sequel,

without loss of generality, that Py ie positive. Indeed, if this

were not true, thes the polynomial - p{s) should be considered, which
\

has the same zeros as p(s). Then the stability eriterion states that

the n Hurwitz determinants of ~ p(s) should be non-zero and positive.

Yor a proof of this criterion the reader should see Willems. |

The Routh Stability Criterion

A differeat, although equivalent (see Willems), procedure was
developed by Routh [20). It vequires the evsluation of the following

array, which s called the Routh array of the polynomial p(s): ;




i9

P Pyp Py e

Poei Pang Ppog s

ay a, ag . 4
hi b2 b3 o H

The fivst and the second row contnin the coefficients of the odd and

the aven parts of p(s). The elemants of the third and following rows

are computed by means of the following algorithm

a, W 3‘.‘:.1?!1:2_:_5‘_"!1:;'" o, « Pne1Poct ~ PrPo-s ;
! Pooy 2 Po T ‘
by = A% - ToPyey b, = L S :
1 , 2 = s
1
saby _ )
- h) B 32 = y e

The toral array contajus  {n+1)  rows,
The necessary and sofficient vondition for p(s) to bave only %

#oros with negative real parts, is that all the elements of the first

column of {ts Routh array have the same $ign, and that none vanishes.

SIACLE - MONLINEARITY. SYSTI

ne fle) I [

fl N Ll BT

Fioymy 3.4y Singlenonlinearity
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Gousider the single-loop system as shown in Fig. 3.1, Gibson
comments that this is oot a limited special case. Any system with any
rugber of loops and intercomnections but with only ome nonlinearity

may be reduced to this form.

ALTERNATIVE GHOICE OF SYSTEM VARIABLES.

For systems of order higher than two, the output and its n~l
derivatives, 1.e. the phase varisbles, are ofted a poor choice for
system state variables. It is #hown here that the choice of more
uatural system variables overcomes these disadvantages. Consider the
syatem based on Fig., 3.7. Note that the example chosen includes a zero
in the forward trassfer function. Choice of phase variables as the
particular set of phuse varisbles, as in Fig. 3.2 (b), leads to a

second-order equation involving the derivative of the noniinearity, as

FIGURE
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=1

v dglx,} .
A “5}_: *BODE + Salnx = 0, 3.8

he bagie diffie i

The basie difficulty with phase variaples in this example can be
anticipated from a knowledge of linear systems. I Lhig problem is
thought of in terms of the usual Routh~Hurwitz conditions for linear

systems, the coelficient of X must always be greater than zero.

1
To aveid terms inveiving the slope of the nonlinearity from appearing

as a voelficient of Hy» an alternarive choice of state variables is

made, a8 in Fig. 3.2 (¢). Prom the block dingram of Fig. 3.2 (e), the
aystem differential vquat,ons are wrikren

4;1"'-(x:,'+5x2)
. 3.9)
Ry s 2my hy

where  y = \‘(s:‘) = #yri%y). These equations may be rearvanged by sub~

stiturion tor &, tu yiewd

e

R LR
(3.0}

e

o 2g, * ”'(xl)"l‘

Svholtz §hiusirates, by means of examples, how the phose variables
can lead to trouble when trying to determine regivne of stability by
the seeond method of Lispunov, However, satisfactory results may be
ohained for certain problems through the use of phase vaviahles. He
comeents 1hat (he guality of the answer obtained when trying to
penerate the peglons of stability is thus ot merely a funntion of the
invest igators ability o manfpulate ome or orher methods of gewerating

Liapunoy functions, bul aleo on the comordinace system in which he

ehauses £y operate.

{
i




#hl. Possible nonlinearitico sssocisted with Bx, C.1,

noniinearity wust satisfy to ensure global stability, The preferred

function is the one which gives the largest range.

@.g, Constraining dv/di to initially be

WL a2 2
et + 6n)

yields a vange of
055 < wlx)) « 0510
For further lusight into the sxanple assume that y =‘r(x1) is
3 :
approximated witl autficient accuraey by y = x =% in the reglon
of interest. Thew

plx) w1 = xﬁ, and

i




|

v
---6(1( “xt’+-gixix2+x§).

v
dE 7 0 at the origin.

4 .
e Leeny xp = % 1.

In order te divide the state space into reglons where dv/dt is posi-~

Mong %, = 0, U/dt  changas sign vhen = =

tive and negative, the equation d¥/dt = 0 nust be solved in terms of
*y and xy» As X, &ppears as a squared term, it may be determined

by the quadratic formula to be

3 406 & 2.}
xl*(g1 x - xR

Wi

xy =

Values of %, are determined by substituting valwes for Xy into the
above formula. In this example, values of ¥ batween -~ 0.866 and
0.866 yield complex values for x,. For |x1| % 0,866, che curve
dv/dt = 0 is plotted in Fig. C.2, dV/dt is negative in the region

surrounding the origin and bounded on the left and right by dv/dt = 0.

7l Voe o/

~‘-'-Y<u

4av
wro

FIQURE ... tepionn of sbahility for t‘(xl) = xl(1-~x"v) in




Tn order to determine the region of msymptotic stability, the
iargest V curve that fits into the region of ¢V/de must be found.

2
The curve V = T i8 such a curve, and is illustrated im Fig. C.2.

The Method of Aizerman determined a V Ffunction that proved to
be suitable for a variety of nonlinearities. In the above example, the
regions of stability for the given system were determined for non~

lineavities as diverse us those pictured in Fig. C.i,

The Method of Alzermaw is casy to understand and to apply, However,
it has been geen that the bounds on g(xl) were determined by the
solution of a quadratic equation in the secomd-orier cases For higher B
order cases, direct soiution ig mot always pessible because of the

B order polynomial, Also,

probiom of finding the p roots of an w
if the covfficients of the given differential equations had nor been
piven as numbers, then, for n > 3, no solution would be gvailable

at ull.
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D, THE METHOD OF SZBGOD (BN

In tt e
he Alzerman approach the nonlinearity is represented by the

“best' constant K i
+ The equation, or oonligear expression, need not

have been specified, othe
pecitied, other than y « £(x)) = x,g(x)), and ene ¥

funcvion serves to define a region of stability for a variety of f(xl).
The Szego approach will be to approximate the nonlinearity by a poly-
nomial and secks to find the one best v funetion for a given specific
cage. The hope {8 that since the V funetion is tailored directly to
one unique nonlinear function, the resulting region of mtability will

be as large aa possible,

Gonsider the system described by the squation
HOEFIATONION B ) =,

whore A is sume nonlinear function of its arguments, For the ensuing

diseussion, it is assumed that A {s not a Function of one of the
variables Ryo bt the variable be B This is often a satisfactory
angumpt ion, partienlariy in sonlinear gain type problems, where x
ia mor fovolved in uny nonlinear terms.

Allow the gencrating V functien to be a general quadratic form

with variable coefficientn:
Y
V{x) = x 8(x) %

where Bx) = (o, Ggoxgd Yo 8yp = Bggy

aud the variable coefficlonts are not allowed to be functions of X,

This restriction is wade necessary by the mawner in which Bzego

constraing  dV/di. We have
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LA
Pl Y (x)S(xi,xj) * 8GR A) + g%xixxy ) x,

In this particular case, rhe above #Xpression can be written as
ay e oI T * *
TN 6y v T x0am ) 5y, 0
where the elements of the matrix S*(x»,x.)
1

have the form

&
hij(xi,x“) " 845 (“i"‘j) * Cij(’ij (xi,xj))xix,-.

where €4 ® 1 isg
=1 i#j,
® # .
a 8y 0%, %,
nd 815y 0%y) B IR
Since j<x1"xj) are polyeominl functions, the form of

* .
sij (“i'xj) is the same as the form of sij(xi,xj)- deers they are both
polynemials with the samd terms in x; . Therefore, S(Xi,x'j) has the
*
asme form as $ (xi,xi). Consequently, it is possible to investigate,

instead of the exact expression (D.1), the auxiliary equation
T, T
B = AT GOSCxg) ¢ SO DAG) ) X,

Now, if A{x) has no terms fnvelving x, them since the coeffie-
ients of S(xi,xj) do not contain 2 ¥(x) is always an algebraic
vquation of sceond degree in xy As n consequence, the equation
wex) = 0 can always he selved for %, by the quedratic formula. The
solations to this wquation define two surfaces in the phase space, and
the sign of ¥(x) changes us theae surfaces are eromsed. I thiese

surfaves are forced to colncide, Y(x) will not change sipgn in rhe

whole phase space.
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Figure D1, Saego’s metbod of coustraining dV/dt fo be uepntive semi-

depinite by Poreing the solutions Lo the cquation dv/dk = 0
to co-ineide,

This fuct is mest easily seen in two dimensions, as in Fig. D.1,
Here the solutjon of the curve ¥(x) = 0 is sinply twe lines in the
plane an shown, It is assumed arbicrarily that, in vepions M of Fig,
Dol ¥(x) 18 negative, md in reglons N it is positive, As the
eurves are hrought cloger together, the regiops N ghrink, so that
when the cutves colneide, ¥(x)} i» negative on the whole space,

1 ¥(x) is arronged as a quadratic fn x dn the Form
v o A e B b C
n n *
then if A, B, € arve treated as conslants, the roots of the cquatiow

¥(x) = 0 can be made to coinelde, if the radicel {n the usual quad=

ratic Formula cep be made equal to zexo.




ie. . 5AC = 0.

Note: This can be done by setting A= Bw 0 or B=c =0, for examle.

However, ¥(x) is not the function of interest, The function of

inkevost is dV/dt, bur &V/dc does have the same form as ¥ (x), Hence,
it is reasonable to expect that 4 V function of the same Form hat
was used in vonmection with ¥{x) wmight also yleld a av/de that
could be constrained to be at least negulive semi-definite, as ¥(x) is
constrained to be at least negative semi~definite.

Thus the problem iy started over, this time with a V funcrion
of the form detwrmined from vhe consideration of the auxiliary equation
Y(x). The coefficients of this new V Function are laft arbitrary, and
thay ave detormined by constraists on d¥/dr vhich make it av least
negative semi-definite.

Thus dv/dt  is negative or zero in the whole space, and the region
of srability is determined by the largest V surface that remains

elvsed. We now demonstrate the method by means of two exsmples.

fixapple D,1i Gonsider the systom described by the following equationst

“ooaouge Voo be
2 ?
Ve ““(XL)KL + 2 ﬁlz(xl) X)Xy Bypkae
Chu‘ume Bay © 1. This is equivalent to ehoosing @& scnle factor for V.
The auxliiary equation is
3
peo = L0y Gy = 20 4 By G 23y (e - 26) )

P &
= 28y, 0% %




i
i
i

4q

nich i -
which is arranged as 4 quadratie in ;. The Toots of the squation

¥ = 0 cm be made to coineide by setting

8%« 4, :
where
A= 2“12(“1) -2
B= zsu(xl)xl - 26050y dx zxil*
. 4
¢ 2512(’(1)"1‘

Lonstrain A and B to be zero. Then,

S1209) "y = L w ) = s xi,

Hence the V associated with ¥(x) is known and the form of v
associated with dV/dt is also known. The problem is now started over,
under the assumption that V is
4 2 2
v axy) + bx1 *oexyx, + *ye

Here a, b, c,'d are arbitrary comstants, For a = hob=1,c=12,

4 2 2
V= §x1 *oay e 2x1x2 + %5

LA
bra le.

Here V is positive definite and dV/dt negative semi-definite.

Theorem 2.6 applies, simce dV/dt is not zero alowg a trajectory, as
% 0 is not a solution of the given equations, except whem %, aleo :

equals zerc. §§ is the entire space, and thus the given cquations are ;

globally asymptotically seable.
The difficulty as well as the flexibility of the Ssego method is ;

shown up in the nexlt example.




H Exampl 21 i .
Example D:2: Consider the system described by the following equations:

“a“'(xl*cxz)a-bxz.

Then defining V to be
Vs s (x)nd ¢ 26, (x yx) 2
1T S SRR xy + 285 00%yxg % 8y, (0%,

2
* 28,50, )x %, & 835%7

1¥(x) is found to be

B0 = = whCagsb = 500, )
) : : -l gy cx, ¥ bag )z, + bey, (xy Dy
ﬁ = 892 ()%y = ayg(ey)xy = 8, Gy uxy)x, )
= Sy, Cxy + ex,y ¥ 53R Oy + ex,y )

2
- By Xy axgdxy - su(xl)xlxz.

To constrain the surfaces resulting from the equation ¥(x) = O
te coincide, set B = €= 0. In € a term in xi results which
cannot be cancelled unless s, is zero, Since one coefficient is
always arbitrary, sct 523(312) @ ], Than C = 0 vresults in

3
)

x)( %y + ok ) = 512(x1'x2>x§ ¥ o8y % E,,

33
or x:: + acxi'xz + 3':2”1"% + “1"2 = 85 (rp %)%, + 511("1)’_(1‘
i (x,) 2 then
frat%y) = B
3.2

2 2
312(x1‘x2) £ 3cx1 + 3¢ xlxz + g X+

When these known coefficients are substituted into the equation B =0,
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3
cx + 3¢2 x1x2 + ¢ xzx + szz(xl)x

=bx, + 2 2 3.3 H
9 533"1 + 3533“]*2 #* 3533c xyky ¥ 8y %y H

If terms in like powers and like vavishles sve equated, we have B

3 3 :
3eXy = sgy¥y .2) ;
3¢ xzx = 30,50, .
1y 748 3“" .3 |
3.2 A
aymy = sgpeduad .4 ;
. 33 !
B9 (X)), = bk, + 852755, B
3 i
foen 8 (k) = b ¥ s, !

33772 i
However, if equation (D.2) igz golved for 844 then the result
S35 = 3¢ does pob satisfy the remainivg equations. In each case it
can be seen that 833 ghould be of the form 234 - ke, k constant.
The fact these coefficients do not cancel means that ¥(x) is not
negative semi-definite, howevar, the form of the coeffici~nts is

satisfactory, where

2
8y18xy) = %], "1 =0, 5,0 1,

3 Z
51{8y0%,) = ch + 3o’ E t CEy
o

32 -
89y b+ 893¢ ¥ys Byy ke,

We overiock this in the hope that the terms will actually cancel

when the form of V determinad from ¥(x) is applied to 4dV/dc, The H

problem is now reworked uith

2.2 4 2 2
v alx? + ax 1“2 Foagkgky b oaRy x + agky + bwy * 2xkg b BcNg

Then evalusting dv/de, we obtain as the coefficients of:

3 3

+ azxz - 7.:\,,}{11(2 * 3314“ + Aus 2 - Za 4 %) + exy )
2

K !mlxixz + 3a2x;x2 # 2a3x1x2 + "sz - 2, ®y * oxy .
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It can be'easily checked that these can be forced to zero by choosing

2
aléi’“’2'20’“9“3°s54=203,as=lc4,n6-c,

v
50 - e~ 1)
snd Vo b

g+ 2%y 4 cx§ * (% oy ¥

V is positive dafinite for ¢ > 0 and 4v/dt negative semi-~
definixe in a menner such that Theorem 2.6 applies. Thus the system
iz globally asymptotically stable for be < I,

The resulting V proved to have 4 form which was successful in
derermining a suitsble dV/dt to demonstrate global asymptotic
stability. Schultz remerks that rhis seems to be the characteristic of
the Szege approuch, i.¢., it worke. The mathod of constructing Y(x)
to be negative semi~definite may be overly restricrive, but, as has
been seen in the exampie above, that is not & vital element of the
Szego techuique.

Schultz comments that any objection to the basic assumption (that
the nonlinearity be represented by a polynomial) on the grounds that
it may be impossible to prove global asymptotic stability for a
gystem, which is in fact plobally asymptotically stable, simply becauge
the assumption of the nenlinearity in polysomial form prodices am:
unbounded cutput for large x, is not vnlfé‘ Tn the range of physical
applicability of the syatem in question, palynomial vepresentation of

& nonlinesrity is aimost always passible,
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E, THE FIRST CANONIC FORM OF LUR'E
.

One approach to the gemeration of Lispunoy fumctions S# the use
of standard or canonic forms, Two canonic forms have been proposed by
Lurte [11] and a third by Letov [91. Gibson ‘caj remarks that while the
second and third canoniec forms are perfectly valid from o mathematical
point of view, they do not appear to be motivated by, nor spplicable
to, 2 wide range of physical control syatems. The first canonic £orm,
however, apprars to apply o wany nonlinear control systema. We shall
therafore restrict ourselves to a preliminary discussion of the fimst
canonic form of Lux'e, For a comprehensive treatment of the methods of
Lur'e and Letov, the reuder snould refer to Letov [9). Schultz remarks
that extensions due to Rekasius [18] are given adequate coverdge im the
nentinear text by Gibaom 13

Popov [16] gives three variations of camomic forms, all of which
reduce to the firat canonic form, Gibson remsrks that the advantage of
the use of such canonic forme is not merely that V functions have
been developed for them, but also that simplified stability criteria
are avaiiable, which may significantly simplify the analysis. A nusber
of simplified stability eriteria have been reported in the literaturc,
however, it i not our intention to discoss these hore. Gibson lists
ten of the mors well-known simplified criteria,

The Eirst canonic form muy be gafined by the following relation-

shipst
B o gy ¢ 2O LIRS @1
e " ; %43y ®.2)
iml
£ . ;};1 Byoy = XECe) ) .3y
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where 2. % canonic varimies
e 4 variable at input to monlinearity
' variable at outpur to monlinearity (used below)
4; shown to be negative residues at poles of G(s)

" Ay shown below o be poies of Glg)

By Al Sgh; set of constants (see below)

o
v 4. 2 @, a constent (see balow).
iwl

To show the relationship of equations (£.1) to (£.2) to & non~

linear system such as Fig. 3.1, one may write equation (E.1) as

(p+dide mm fmi,,

} where p Y dfde and we fls). Eoiving for gz, and substituting into
equation (B.2) yields
o,
. b oL
Toger Py

Fince G{s) = ~ e{9)/m(s) (see Gihson), the above aquation is

n o,
6(a) == J emie (B.4)
e BN

3f the Laplace varigble may replace the differential vperator. Thue
demonstrates that o and )‘i are defined as above, Mow if equation

{8.2) is differentisted with respect to time and equation (E.1) is

aubstituted, we obtain equation (B.3) with
b omeoh, te- 3 e ieluem (@5
PR Y &Y g

Rekasiue [18] has shown that any differencial equation in the fixst

canonic form can he represented by a block diagram as shown in Fig. 3.1
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but that the converse is true only for systems with simple poles.

Exawple Bil: Consider the system of Pig, 3,1

of the first canonie form for

and find the equations

6(8) = e BELL_

(4 2) (s¥3) (ev5 T
& partial-fraction expanaion ylelds
1/3 i 2/3

G{a) = w i -

R - R cORE
By means of equation (E.4), Gy and A, are dentified, and equation

(E.1) way be written as

ERE 2z, + £(e)
2y % = 3a, + (e

By = - Sn ¢ £(0).

From squation (£.2),

So-da b, i
e lev'i.Q Y ¥

AV function guitable for analysis of the first eanonie fovi

has been given by lur'e ag
° .
' é ORI RS AL RN Gt

where

2 7 a2
Wz conamy) @ A(AlzI +hyzp d oot A7)

LRGP, CyZontigrs ¥ oo ¥ Gy

noon o#.au
) JURE N R A 0 A
and F(nlzl,--.unzn) izil jél I




The constants "i can be either real or complex. The xeal 7‘1(" in

the above equations are designated as Ays ).2,‘.., ).s‘ The correspond-.
ing canonic varizbles may also be shown to be real. The remaining
(n~8) A; are complex conjugate paire and are designated Age1?
s Agagsterr An-l’ 1!\‘ The corresponding cemonic variables Bogireetr %
Likewise appesy as complex conjugate pairs. Consequently the quadratic
- forms ¢ and F caon only tekc on real values, and ¥ can only be
noouegative for positive values of the constants Ai' and Ci' The
quadratic Yorm ¥ will take on only nonnegative values if
() Re@) » 6 forall e l,.,n, foe, all the poles of G(s)
are in the LHP, and
(i1} the constunts a; are real Yor roeal Ai‘» and complex conjugate
pairs tor comples comjopate pates of )‘i‘
Uader these  vostrictions the ¥ funetion of equation (F.6) will take
on only womepat ive vatues 1f the soalinvar element sariafies
"
| fiode g @ foralr fel 0 £00) © 04
o
Dirterentiating vpud fon (Bo) and substiluting equatiens (£.1)
sl TEO2Y pives

1oeee b AD 2

oy ,
45"

il

P

[CR

N o alwns b sotestal no as.té make
The corants Aga vyl ay e
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the sum of the terms of eguation (5.7) not containing () either

positive of negacive definite, depending on the sign of r. It is

froquently possible t T4 ‘ ;
q ¥ possible to select L) G; snd 2; in such a way as to

make the term containing f(e) equal to nero, at the same time tetain-

ing the definitencss of the aign of dV/dt. This can be - scomplished

by setting

i=l,..,,8
(2.8)

and ie1,,..,0m8

The wolution of the above equations yields sufficient conditions
for the stability of a syetem deseribed by the first canonic form of
aifferential equationa. 3t is cormon practice and seems quite approp=

yiate 1o refer Lo vquations, such as equations (£,8), that yield

safvicient ponditions, as stobility equations.

e b umsidor the provims example E.1. Apply the V

Pctfon b wgnation  (B.0) Lo establish the Hmits of stability,

AVIAL  can be foand by subst{tating Tueo equation  (B.7).

dv

an o2 ap? o wpad
o N

2o
R LRI

TR

n 2
CCAy gy

It con b e that  dV/dL may be made negative definice by setting

the terma of F{e}  equal to gera amd by nelecting the valuas of the

t
|
i
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constants A, A g
178y M Ay as sufficiencly amall positive nusbers. In

order to prove stability, however, it ig sufficient to let

From equation (K.8) one obraing three expressions involving 8y

and ays which, when solved simulcancously, give

")

ay Fooay == 12, ,,a=u,§._

Hore: In genarsl, such o solution is nop necesgarily simple. For n

constants, n simsltaneous senlipear esmations must be solved, For

=2 the problem is mor uewally #if
Thup equacion {E.6) boecemes

i
S fiedd ¢ B2 5% ,
v (j‘ Fledde ¢ S5 ay < 16 7z, ¢

Prom oguativa (1h.7)

dv 1)
W

PRI P
RN R T
Sime® ¥ 5y positive detinite aud WY/t is uegative semi-definite,
the spatem js globally asymptetically stable provided that the
«
foniincarity satiatios [ tledde 0 ¢ el = 0, £ « 0.
" &

¥ the coustant ¥ ip the conmie wguation is posivive, (B.7)

can be wegalive definite yoder meh seaker reatrictions than che
Teguirement. that vhe term contalning Fe) be zevo, To show thia,

write (E.7) an




W 2
s (apee Ly 2
£ 1151 A gy

+C. 0 + 3
1P ¥ Az, ¢ O P * Ad%g2y )
n
- 2
(L am s o) ®.9)

B
vE@tf s, (A §
Hdm Oy Bi”aﬁ’f*j{]rjh

i

Fang (Cpg ¥ B0 + 20,1

‘ZA*A ’]7'

In order that dV/dt be negative definite, the constante Ay and €
i
must be positive, ond
Re(li) >0, 1= 2.0,

The constant r must be nonnegative, and

) =0,

n a
Ay By ¥ 200~ | oo
JH" 3 L
(8.10)

KT N

i} utl i

n
ARGEN) -—;—A—w):o 1% lisnes

Dade the sbovs pestrictions, the V. function of (8,63 will be
positive defiuite vven it the guandratic form w(zl,...,zn) is omitted,
The derivitive dV/di will then be negative semi-defirite. Equation

CELH0)  smay be replaced by

NGRS LI TR ®.11)

s

The aelation o equation (B[ wd the constraint £ £(edde 2 0
tor all |e} >0, 100 = 0, yield aufiicient condivions for asynipw
tatin stability for sany conditions. Theso are summarized by Lur'e int

.
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Theorem E.3: If a aystem describad by the first canonie form

satisfies the following conditions:
1) Ay und By ave real for i g,
"i and 31. are each complex conjugate palva for 8 < i g m,
(i1} Re(ki) >0 for i=1,,,.,n,
(i) r»> o0,

®
(iv) f) £(edde 2 6 for all o] » 0 and £(0) = 0,
¢

then this system is globaliy asymptotically stable if there exista at
least ope solution of the wet of stability eguations (E.11) with the

roots Bpaesns being real, and the roots a 2 being

B+LYT0 B

complex conjupate pairs,

Romusvasser {21] bus shown that requirement (iii) in the above

theorem can be replaced by v 2 0, a significant generalization.

We have already scen that the solubien procedure becomes increas~

ingly complox as u  incresses, Schultz [22) commente that with a large

sumber of tevms in ¥V, the cencral problem of constraining dv¥/dr o

be at least nepative semi-detinite becomes prohibivive. We will now

doserihe twe nwthods which overcome this problem by assuming a simple

quadratic ¥ (as did Szego), whero the coafficients of V can contain

hipher urder LOTmS a8 NeCoHBATY.




F. THE VARIABLE GRADIENT METHOD.

R We now distuss the variable gradient method of Schultz and Glbson

[23]. TFoxr a fletailed discussion of che vaxiable gradient method, alse

see Schultz [22], Gibson [3] and Willems (261, As the mame implies,

the varisble gradient method is based upon the assumption of a vector
¢V with n uudevermined components. The Eollowing lemma is a useful !

guide in the selection of the gradient.

Lemma F,1: A pecessary and sufficient condition such that a contine

wous vector function g(x) be the gradient of a scalar function i

@ chat the magrix

¢ i
3, 2 2g, {
B o oz !
g B g ]
& g, . 2,
B, B, By

M= . . . B
ag, 2 g
g B L
an 3')(“ ¢Xn

be symaetric, where 5y Bprener By denote the components of the

veetor function (8).

Mence, if g0 = W(x), we have, from the letaa, thaw the

foltowing (n-1)n/2 equations must he satisfied:

(F.1)

g e igd # 1o "

Since px)edr = W(x)-dx = dv(x), the integral

*
I B g(x) rdx
A




is independent of the particular path joining the points A&
of

and B
the state space. The function v way be determined from YV as a
line integral

x
v é Vyedx .2

along any pach joining the origin of the state space to the point x.

In order to emphasize the rale of the gradient Function, Theorem

2.6 is restated as:

Theorem ¥,2: If for the system of cquations x = £(x), with
£(0) = 0, there exists a region R and a resl vector funcrion W,

with elements YV, such that

(i) (BWilﬁxj) = (3leaxi),

(i1) v¥ is not zero at any poime in &, exsept at the origin,
(id) dv/de = Wi 5 0 for x #0, and dV/dc = 0. for x = 0,
(iv) dv/dt  is not identically zero in @ on a selution of the

system, other than at x =

and if the sealar funetion ¥, formed by a line integral of WV, as
X
Ve f
0
has the Following properties:

(i) it is positive defipite

(ii) one of the surfaces V = Kj, bounds @,

then the glven system % = E(x) Ly asymptotieaily stable 3in R,

Thia is simply a restatepent o Theorem 2.6 to indicate a shift

in umphasis.
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We now i icati,
e outline the formal 2pplication of the variasble gradient
method. ! J

1. Assume a gradieut of the foym

Bil
1 By 0%y + ay,G0x, + 40+ LI i
v, By 00Xy + 8, Xy Ly b, GO,
W . = . !
W anylEley + oGy ¢ 4o G i

{The al.j‘s may be written as constants until the need arises

to allow chem to be more complicated,) v:

2. From the varlable gradient, form dv/dt as av/de = WV .

s

In vonjunction with and subject to the requirements of the
ganeralizod ¢url equations (F.1), constrain d¥/dt to be at
least segative spwiedefinite,

In genersl, an sttempt is made to mske dV/dt uvegative semiw
definite in ay simple & way as possible, This may be accomp-=
lished if indefinite tevma $n dV/dt  ave eliminated, and then

in the simplest ease,

dy 2
A . N » O
dt Hxg K

where X in initially assumed a constant, If av/dt  is con~

strainel ag above, the remaining tevms in dy/dr must be

foreed to esncel, This is aceomplished by grouping terms of

ing b ot
similor atate variables and choosing the a;.78 ta force

cancellation.

18

|
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4. From the known gradient, determine V ang the region of it

closedness of v, i

This procedure will now be illustrated with examples. :

Exsmple F.3: Gonsider the second order systam

5y - _,
e
xz x2 xl y
i Teke | raE ey,
W o= i

S21%1 ¥ g%y

2, dV/dt is determined as

av e L2 _ 2 4
G T Rl ey eyr Ty ) Cagy magy ap - agyxl.

3. To sarisfy the curl eguatious
i "1:%:‘ =y xlg—:-il + ngﬁ-i;: .
Te constrain  d¥/dv  to be negutive definite, make Qg5 Whyr Uy
conatant , and set g2 Fodygy typ T 0Oy ayp = gy ¥ Gpg®pa
The eurl pquation pives
w2 7 ‘
and £inally we have :
gy g T oy PO
4. Gompute V() and check for definiteness,

12 1
CRT TWRS PREAE N ARS LI

which in positive definite for wyy > ayy > 0y

. This astablishes global asymptotic stability of the null solubien

| of the abave system of equationss




Example ¥.4:

2,

3.

Gonsider the system described by equations . (3.10).

*p= o By gl ey
Ty 7T 2Ey etk
a
o = ( u** “12"2]
S21%1 ¥ Bgg%y
av

3. AR

2
at 10 op80e) ~ayele) ) + xyx (- 30y, - e a(x)

- 2
gy +ogp8ln) ) - xp( 2ap, + 30y, ),

The simplegt manner in which dv/dk may be constrained to be
negative is if B9 = Oy = 0, Note that this ensures that the

curl equations are sutomatically satisfied, Then we have

T 2 ~ .
e oy BOIR] - 2 (- Say, v agae(g) ).
The indefinite terms in # %, way be completely eliminated if

1

)y E g agy Blxy).

Thus the gradient is known to be

‘ PRICRIN ]
2%y
1y Lo o 322 2
and Sy gy Ky = Regyey.

X Xz
11 'yt -
= o (Al )Ry dx] 4 f PR
Vo [ grpp i T

:
Wit 26 as a choice of seale factor to eliminate fractions
th 5 gy

Kl 2
veo |t gleDuidny v 3
]

¢



A = +
o long 88 x;8(6) = £0x) =y lies in the first end third

quadrants, V is positive definite. If the integral goes to «

a8 x; +®, then V is not only positive definite, but represents
2 closed surface in the whole space. dv/dt  is negative definite.
On the basis of Theorem 2,6 or F,2 the system is globally
asymptotically stable. This is understandably a better answer
than vas realized using Alzerman's procedure, since both V and
dv/dr reflect the effect of the spocific nonlinear function

xlg(x]).

We have given a resumd here of the powerful variable gradient
method, Par vur purposes we have considersd fairiy simple,.straight-
forward examples. The regder should refer te the excellent discussion
given in the artivie by Schultz [22], where fairly complex examples are
considered, and the flexibility of this approach s demonstrated, The
variable gradieat method reduces the gecond method of Liapunov te a
practical working toul for the analysis of many nontinear systems.

In the nest seetion we consider a method which does not appear to

be entirely um ©d to the variable gradient method, However, not

much information or coverane is given to this methbod fo the literature,




G.

Jefinition G,i:

diagonal omly.

Definition

THE FORMAT METHOD, [17). :

i 2PN MELHOD,

A dingonal matrix has elements on the principle i

A shew-gymmetric motrix P has ne elements on the

prineiple diagoral, and in addition

Pji - - Pi)"

For & skew-symmetric matrix,

paplag

and PEYE w0,

The format wethod was developed by J.L, Peczkowski C14,0157 and

iy based upon the following theorem.

Ihearem .31 15 D{x) is a dlugenal n x u mairix such that

DEE = V)

and i PLx)  is a veal skew=syumetric matrix sach that

LRSS

ther, i1 rhe curl equations (F.1) are satistled we bave

Becauss £2 fn pooitive, $oO will be

Vxy o VUL,

When D{x) hus only vne element, de @ 1{x), then
H . 2 2
Y = bive = dgly = L(x)

aemi=definite or definite iF

b
i




L(k) is

To generate Liapunov functions by Lhe Format mathod:

1.

e

1,

sign definite, i

Write the vector format
W (D o+ )F,

Ghoose the arbitrary Fupetio i
¥y it iong pi-‘ and dﬁ to satisfy the
eur? equations (F.3)  and then obtain P and b,
Begavse DR} may have different forms, it is customery to
assmme Firat that D(x) costaing enly the dys element (i.e.
2

VOO = @ Fy 00 U thin does oot yleld o satisfactory Liapunov

Funceion, chen ssoume thae  D(x) \»ﬂl\tainxs only the d22

element . After oxhausting afl the single clement posgibilities,

difforent forms ape then 1eied,

Crtstynet the fnnetions ¥os) aml V() = DIf,

o e drtgonstrate Pheowethod by medpa of an example,

Poamider wauple ¥ deseribed in she previeus secrion.
1

T

Write she vevtor Format,

[ A TR IS A
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L 3
=[ Tyt Ryt opA)

PXy

2. The curl equations give

) ,

D 1, + 3yl

gty 1 ey ¥ pp ) T PR )
ie. ] 4

EED

3 30p
;sz MR RE 51};; %

in the first trial omsume that p is constant. Therefors,

n

”‘;S Lx:, + Xy Ym0

The eneve equation ia watipfied if L = =  is constant. Thus

o
v = .
Pty

tateprating to obtain the Liapunoy funetions pives

5
ViR = [y ax
0

p %,

P I 2

“ pr, de, o+ PRy dn,
b 1 1 (j) 2

4
o
&

The derivitive abomyg the trajectories in
. 2
O

For p 0, V(2D in positive deliuite and ¥(x) is negative def,

for p oo 0 V) ik oepative definite and $x) G poaitive def.

Thite the aystom in plebally nsymptotically stahte for all values
of p. 1t i6 te be nated that although the Liapunov funetion of
gection F o oand Lhat given above are dillercat, they both yieid

the same veault.




2. The curl equations give

I
L R ‘5‘£§ Py )

B 3 9
L P, ..
E R R a”k, % KEI‘

In the first trial assume that P is constant, Therefore,

iy ) = 0

The curve equstion s watisfied if L = = »
e
W= .
Xy |

Jutegrating to ebrain the Liapmov funetions pives

is conatent, Thus

5
Vi) = [ wvodx
it

M *
<f Ry ey g; by dx,
4 )
st ot
* xy
4 H

The derivitive along the trajectories s

Vemy o .
Por p o 0, W) in ponitive definite and V) in negative def,
foropoe 0, Ve is mepalive definite amd V(x) s positive det.
Tl the syatem fx globally asymptotically atable Tor all values
of po 16 ds e he noted that olihouph the Liopuuov functien of

i
i
I
3
3
!
I pection € and that given above are different, they both yield
! the same resalt,

|

:
i




We have shown that there are an infinite number of V functions,
and their correspondiog tiwe derivarives, which are capable of proving

the stabilivy for linear syatems. For linaarized systems whose eigen-

volues have negative real parts, a general approach was indicaked that
always gave an estimace, although often a poor ane, of the Tegion of
stability, Yhic general approach was izflemible, in that the forms

of ¥ and dV/dl were dictated by the manner in which the state

woriablos were chusen,

The Aizerman approachk veturned to the infinite choice of dV/de,

and thersfore V, of the linear system case by approximating the none

linearity by a "best linew® gain K. fere the equation or mmlinear

Bxpr

on wred wot been speeified, viber than y = fx)) = x)5(x)),
and one ¥ Funetion served to deline a region of stability for a
variety of l‘(v.l‘x. contrasted with this was Lhe Saege approach, in
wiich the ponlinearity was appeokimaled hy a-polynomial and v was
raiforet Lo Tit the gpeeilfie case, This better fit was senonplished by
atiowing ¥ te contuain terw of bigher order then the seennd=order
verms dictated by the el quadrakie~form chotee for V. As noted, the
Spets sethod retained the Flesibiley of the Aizerman approach by
allowing  av/dr  to be constradped to ho at feaat negative semi=

definite in a varivty of waye.

. of

He then eonsidured technlgaes Lhar contained the advant ;

the aizerman aml S2epo methods Lo allow for ronsideration of non=

linearities which are oxpressible as polywemialy or generad funetious
of %, ench as f{x;), This exbended eapability was made posaible by
i i

semed thatr Vo has #

including ieteprats in V. Lurte and Letav i
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quadratic form plus an integral. Wowever, Sehultz comments that in

order to make V pgeneral wnough to cover a large variety of situations,
too many terma have to included {n ¥, Wity a large number of terms
in ¥, tie central problem of constraining dv/de to be at leagt
negative semi-definite becomea prohibitive,

Szego overcame this problom by sturtieg with a swple quadratic

¥, but allowlng each uf the cootl

ents to contdin a mmber of higher
srder terms, a8 necesrary, A similar provedure was adopted in the

Variehle Gradient avd Forms

at methods, Both wethods allewed the coeffi-~
cients of V¥ ro be nonlinear, when necesmary, which were reqoired to
satisfy the curt squationa,

Although we have ouly discussed methods fer generating Lispunov
fegetions for astonomous sydtems, and Sost research has heen conducied
in this avea, Schuliz 1221 proposad three mecheds for the selution of

wonagtonomeus syseems via Che second method of Liapunov.

we lawe shwen, there is ne set way of dvrermining the required
Liapunov tutet fon apon whivh the second methnd iy baned. However, we
have demonst ratvd LAl (here are @ sevies of systemaeic metheds that

be naed te ohiadn o repion of stabllity rhrough the use of the

sepond metleel, in the final amalysis, though, in doiog A stabilivy
analysis Tor a particular aystem, we need Lo sxpleit the properties

of the particulor

em apder vongidecat ion,
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ABSTRACT

The purpose of this dissertation is to present certain
expressions satisfied by the predicted change in cost in an
optimal control problem, and to indicate the wnifying role
that these expressions can play in control theory and com-
putation. To avhieve this end a paper by Mayne has been
used ag a basis, and the results and théme of this paper have
been expanded npon.

A partial differential equation is obtained which is
satisfied by the cost function for an arbitrary control or
contzrol policy. The Dynamie Programming Technigue is then
applied to the cost function in the neighbourhood of some
nominal or refevence trajectory. Provided that the devia-
tions from the nominal trajectory are small, this leads to
the differential eguatdons derdved by Mayne. These differen~
tial equations arxe useful for obtaining optimization algorithms
ineluding the powerful Differential Dynamic Programming
(p.D.P.) algorithms.

EFrom the differential equatlons certain exact expressions
for the change AY in cost due to a change in control are
obtained. fhese expressions, which snable two arbitrary
controls to be comparsd axe useful for cbtaining conditiong
of optimality, partioularly sufficient conditions. Fuxthex
estimates for the expressions for AV are derived, wl*ri.ch
lpad to expresslons A‘; which approximate AV. One of the

N .
approximations AV leads to a first order algorithm with




proven convergence.

The analysis is then extended to obtain new differen—
tial eguationg for problems with fixed endpoint constraints
and free terminal time; again the two controls compared
are arbitrary. The second-oxder algorithm of Jacobson is
then dlscussed. It is then shown how the problem with
terminal inequality constraints can be modified so that the
second-order P.D.P. algorithm of Jacobson is now applied to
an unconstxained problen, The flrst-order algorithm is
then extended to handle terminal ineguality constraints. L

Problems with control constraints are then considered.

Fox the vase where the optimal control is continuous for all
t ¢ T, using D.D.P. on the Hamiltcn_—dacobi~selhnan partial
differential equation, certain differential equationg de-
rived by Jacobson are obtuined. The second-order D.D.P. i
algorithm can be modified easily to solve these equations,
and a first-order algorithm omerges as a special case. For
the problem where the optimal control is discontinuous (i.e.
of the Bang-Bang type), the dynamlc programming approach is
used to dexive jump vonditions in the partial derivatives
of the cost function. Again, the second-order D.D.P, al~
gorithm can be medified to handle the bang-bang control
problemn.

Finally, the approximate expresaions A\‘; for AV are
uged to demonstrate necessary conditlons of optimality for
Stata Constrained problems and necessary and suffilcient
conditions for the non-negativity of AG for singulay
control problems. .
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INTRODUCTION.

Much interest has centered on the problem of datermining
the optimal contrel for the dynamic system described by non-
linear, ordinary differential eguations of the Fform

R(E) = £lxiv) ule),8); xle)) = %

The criterion of optimality is the minimization of the per-

formance index or Bo-called cost functional

t
Vixgbg) = T Llele) uin) b1de + Flaleg) ey,
& E
©
where the properties of £, L, F are presented in Chapter 1.
Sometimes it 15 required that x{t) and u(t) satisfy

some or all of the following constraints:

g{ult) ,t} < 0,
Pixlte) tp) = 0,
Bx(t) &) <0,

whera, g ls a p <m vector fundtlon of u at time ¢,
¢ 48 a 8 <n vector function 0f x at time Egr
8 ds a g <n vector funotion of X at time .
The object of the control problem is to choose u(t), te[ta,tfll

Buch that the necessary congtraints are satisfied, and the
cost 1s minimized.

e e e AR S



Sid.
The optimal cost is given by

t
VOx,t) = min -0 § T Lix(cd,ule),c)dr + P(xiE,) ot 1.
£ 0
ule) t
telt byl
Applying the dynamic programming technique, [1}, to the
above equation results in the well known Hamilton-Jacobi~
Bellman (H-J=B) partial differential equation:

- %{Q"‘o") eomtn §L0C,0,8) + 200,686,083
uit)

which can only be derived if the optimal cost V0 ig assumed
to have continuous partial derdvitives w.r.t., x and &. The
above partial differential equation is, in gemeral, unsolvable
analytically. The difficulty of numerical solution of the
aquation is enormous, primarily due to the high dimensionality
of the equation, which means that storage and compukaclonal
time requirements are immense,

In 1960 the L.Q.P. problem (linear dynamics with quadra~

tic performance index) was solved, [27]. This stimulated
research into sscond-variation type methods. Merriam (431,
Mitter [44], Mc Heynolds and Bryson (403 and Noton, Dyer
and Markland (451 have derived algorithme that converge to
the cptimal scolution in one step whon applied to the L.Q.P.
prohlam. On non<lineax pruklems, convergence, it it ocours,
iz rapid.

Jagobson (131 outlines the dynamic pregramming téch-
nigue, which is applied to Vb5, k) » Which describes the
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non~optimal cost in a neighbourhocod of some nominal traj~
ectory i) , defined by a nominal control u{+). Provided
the change in the state variation, éx, is kept small,
V{x+6x,t) can be described adequately by a low oxder
power series in 8x about X:t. Storage requirements of
the defining parameters of the truncated series are modest.
Iterative technigues result that determine a new control
function G+éB and thus a new trajectory x+8x such that
the new cost obtained using this control is less than the
old cost using u(*).

Mayne [33] used a similar approach for discrete-
time free-endpoint problems, though he did derive a second-
order algorithm for the continuous-time system by allowing
the disorete control problem foymulation to tend to the
continuous-~tine formulation. Westcott [51] refexred to
the method as Differential Dynamic Programming. Jacchson
£13]1,014] developed the notion of D.D.P, further, and
showed that the seoond variation methods of {401, [441
are opproximations to Mayne's ajgorithm. Mc Reynolds £41]
obtained an algorithm equivalent to Mayne's. '

Jacobson [133, [141, [181, {161 and Jacobson and’
Mayne [18) applied D.D.P. directly to continuous~time
mystems and obtailned new algorithms by allowing global
variations in the control, as opposed to weak variations.
Dyer and Mc Reynolds [61, [7] obtalned results which
were similar to those deacyibed by Jacobson [16) for

bang-bang control problems. Dyer and Me Reynolds collated
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their results in [8]. Jacobson and Mayse [18] and

n and Jacob £93 tended the algorithms des~
oribed by Jaccbson [131, [15] to discrete-time problems.

D.D.P. has also been applied to stochastio control

problems. For references, sea [181.

The algorithms mentloned above generally have one
feature in common. They invariably reguire the minimization
w.x.t. u of the r.h.s. of the B-J-B equation, for some
£ixed state x = %{.), This leads to a control which could :
esgentially be described as the optimal control for the B
state X{:). In {381, Mayne considered the case of compar~
ing any two controls or contrzol policlesz. He derived exact
expressions for AV, the change in cost resulting from a
change in the control., Using these expressions, he obtained,
by means of a straightforward differential equation approach,.
generalizations of the eguations glven previously in the
literatyre, . He also demonstrated the usefulness of the
expressions obtalned for AV in obtaining, in particular,
sufficlent conditions of optimality. Approximations A\; tao
AV were used to chtaln the necessary conditions for optima-
lity for State Constrained problems derived by Jacobson,
Lele and Speyer [261. They were also used to show hqw
necessaxy and sufficient conditions for the nonnegativity
of AG aould be cbtained for Singnlar contiol problems.

In this diepertation, we are primarily concerned with
the comparison of two arbltrary controls. The basic theoxy !

is developed in a unified manner through Differential i




Dynamic Programming. Consider the partial differential

equation

sy
T o w8, b e gl

where w denotes a contrel u, or a control policy k(s *}
which generates u(+). Vi(x,t) -denotes v oy V’/‘, aqoord-
ing to the context. The Dynamic Programming Technigue is
then applied to the above eguation in a neighbourhood of
some nominal trajectoxry *¥(*) defined by a nominal control
W(*). Then, providing the state variable 6x is kept small,
a low order expansion can be made about ¥;t. This lesds to
the differential equations satisfled by alt) 4 VX, k) -
Va(i,t) ’ Vx(i,t) 7 Vi (Est)  which were dexived by Mayne,
(36, It is then shown that ignoring certain tezms in the
differential equations satisfied by Vx(i,t) and Vxx&,t)
respectively, introduces exrors in a(t). These can be
restricted by allowing elther wezk variations in the ct)ni
trol, or, in the .case of .glokal vaiiztions: in the control,
regtricting the size of the $x's artificlally.

Prom the differential eguatlons satisfied by af{t),
we obtain the exact expressione derived by Mayne [351,
for the change 4V in cost due to a change in control.
These expreasions, which anable twe arbitrary controls to
be compared, enable us to obtain certain well known global
sufficient conditions of optimality, as well as a lowal
sufficlent condition of optimality suggested by Jaccbson




vl

in 131 e;nd proved by Mayne in [36]. Estimates. for aV
are then derived, which lead to expressions AG which
approximate AV; one of these is a strong version of the
well known second variation formula for the cost function.

It is then shown that the differential equations used
for the algorithms described by Kelley (28], Bryson and
Denham [2], Jacobson [131, [14], [15], (183, Mayne [33],
Mc Reynolds [411, Mc Reynolds and Bryson [407, and -
Mitter [441, are special cases of the equations derived.
These algorithms are outlined briefly for completeness.
Also, one of the estimates AG for - 4V leads to the first
order algorithm of Mayne and Polak, with proven convergence.

We then extend the analysis to the problem with fixed
endpoint contraim:a and free terminal time. Again, the two
controls compared axe arbitrary, which leads to new differ~
ential equations satisfiled by partial derivitives of the
cost function, The differential equations of Jacobson [13],
18] emerge as a special case of these equations. We then
outline how the second-order algorithm of Jacobson, {13],
[14], [18], can be adapted to solve tha fixed endpoint,
free terminal time problem. It is then shown how the prob-
lem with terminal ineyguality constraints cen be modifled
8o that the second-order N.D.P. algorithm of Jacobson can
be applied to an unconstyxained problem. The firsteorder
algorithm, [37], is then extended to handle terminal
inequality constraints, [46].

Problems with control constraints are then considered.

For the case where the optimal control is continuous for




b
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“vid,

all ¢ ¢ [to,tf], we obtain certain differential equations
derived by Jacobson [13], [18]. The second~order D.D.P.
algorithm can be modified easily to solve these eguations,
and a first-order algorithm emerges as a special case. For
the problem where the optimal control is discontinucus
{i.e. of the bang-bang type), the dynamic programming
approach is used to obtain certain aguations satisfled by
partial derivitives of the cost function at switching times
times tj. Algorithms for solving the bang-bang cohtrol
problem are outlined, which differ in thelr cholce of ¢
and the change in switching times &t, to obtain a new
bang-bang control wil.). The choice of 4t; gives jump
conditions for the partial derivitives of the cost func~
tion which arve used in the alqoxith‘m.‘

We them consider the State Constrained case with no
integral cost. It is shown that one of the approximations
A"} to AV leads to necessary conditions of optimality.
The necessary conditions of Jacobson, Lele and Speyer [263
emerge as a special ocage.

Necessary and sufficient conditions for the nonneya™
tivity of AV for singular problems are then ontlined. It
is shown, Mayne [38], how one of the expressions for AG
leada directly to a strong version of the necessary condi-~
tion of optimality derived by Jacokson, [19]. The general-
ized Legendre~Clebsch necessary conditions are discussed
briefly. and sufficlent conditions are derived.

Finally, the concluding section seeks to place the

material 4 in p ive, and to areas for

future research.




CHAPTER 1

DEFINITIONS, ASSUMPTIONS AND PRELIMINARY RESULTS

SYSTEM DESCRIPTION

The continuous-time dynamic system studied in this
dissertation is assumed to be described by the following

finlte set of nonlinear ordinary differentlal equations
X(t) = £{x(t),u(t),t}; x(E) = x (1.3

where £ i3 an n-dimensional funotion (nonlinear) of its
arguments, x(t) ¢ R"  describes the state of the syatem
at any time t & [to,tf]. ult) ¢ K" represents the control
variables available at time & ¢ [to,tfl. The solution
of (1.1} is dencted x(t:xo,to,u). The solution due to
the policy k

uit) = kix{t),t), t« [to,tfl (1.2)

is denoted by x(h;xo,ta.k), l.e. x(t;xoyto,k) is the

solution of
ke) = £le(t) klxlt), 6 8)r xlk) = LI (1.3

The pexformance of the system ls measured by the per-

formance index ox "cost functlonal® :




' t,
£
V“(xo,tg) [ ft L{x (£ %, to e} yult) £)dt
(<3

+Flxlegix ot ru) ) (1.4)

where L and F are scalar functions (nonlinear) of thedir
arguments . The final time tf may be given explicltly ox
implicitly.

Similaxly, Vk (xo'to) is the cost due to policy k
and initial condition (xo'to):

t
e ey 8 J ELixtbix ot k), k(x(ix_ & k) £}, £)dE
o' o £ o' o o' o
LR EALVTE SN S AP I {1.5)
The object of the control problem is to choose
ult) £ & [ty,ted, s0 that certain constyaints (te be dis-

cussed later) are satigfied and v given hy {1.4) 4is
minimized. (8imilaxly, for the policy k).
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IX  BASIC ASSUMPTIONS

The following assumptione are necessary at varlous

stages in what follows. The bracketted statements are

the extra assumptions required when a policy k wather H
than a control wu ig being conaldered,
The set 8 ¢ R" x R x T, whexe T & [tyite] is

defined by

54 {x,u,2{x ¢ R%u ¢ Byt ¢ T} where @ ¢ R 4s i
bounded.

HL  £(x,u,t},Lix,u,t} Fix,t}) and their partial derivatives
w.rot. X (Wb (x,u)) uwp to order s exist and are
continuous in  (x,u,k) for all (x,u,t) ¢ 8. (kix,t)
and its partial derivitives w.r.t. ,x up to oxder =

exigt and are continuous in (x,u,t) for all (x,u,t) ¢ 8,

axcept at a finite number of times whers they have left
and right limits).

2 [fEeeu e || s wilixl {4y, M <= for all (z,ut) €8
etk e, e ] < Ml x]]+l), M <=  for all x ¢ &7,
tog Tha

H3 The partial derivitives ft(x.u,t), Lt(x,u,t), By lx,t)

axist and are continuous in (x,u.t) for all (x,u,t) e 8.




When H1,H2 include the bracketted statements they
will, when necessary, be referred to as H1A, H2A.

Let G denote the c¢lass of plecewlse continuvous Luna-
tions from T dinto Q. A function is defined to be piece-
wise continuous if it is continuous except at a finite
number of points where it has finite left and zight liwmits,
and has a finite right limit at t, and finite left limit
at ter

Let f§{u) dencte the set of poinkts in T at which

u is continuous.




11X PROPERTIES OF TRAJECTORIES Halkin [121

AR BFp Lm0 OF TRAJECTORIES

We now state a standard result, the proof of which
can be found in any good book on ordinary differential

equations. See for example [4].

PROPOSITION 1.1 Let H1, H2 be satisfied, s = 1 for

all u e & there exists an unique solution x(t;xo,to,u)

to (L.1). x(t:xoto,u) is ansolutely continuous and

differentiable over o{u).

NOTE: H2 prevents the possibility of a finite escape time.
The following lemma, stated without proof, will be

used a great deal later, especially to show under what con-

ditions any approximations we might wake are good.

PROPOSITION 1.2  (Generalized Gronwall's Inequality).

Suppese that £(t) ig a real-valued continuous and piece-
wigse differentiable function defined over T, that g(t)
ig a real-valued piecewise continuous function defined over

2, and that L 4is a vonstant. 1£
£(£) 5 LE(L) + glb)

for all t ¢ T for which f£(t)} is differentiable and g(t)

is continuous, then

t
£(&) 2 o F(g(0) + f e MTgir)ar)  for all & e T.
o]




Proof. see [12]

PROPOSITION 1.3 Let H2 be satisfied. Let u e G. Then
there exists an N ¢ (0,%) s.t.

Hxteimgkw ] <.

Proof. Follows from H2 and an application of the Gronwall
inequality. .

We have defined the trajectory x(t;xo,toyu) corres—
ponding to the wontrol function wu(t). Iet x(t) denote

x{E1x, b0, K () demote xltrx,,t B), and
sxee) & xit) - F(e) (1.8
The vector valued function &x(t] is valled the varia-

tional trajectory for the control function u(t) w,r.t. the

control function (k). We then have

BR(E) = £init),ultd, b} - £(X{E),H(k), ) For all

Eoe 0(u) a 00 (.7

befine

A (L) 4 £(R(E) wlt), k) = E(R{t),T(L) &) (1.8)
Kt B £(ele) uie) 6 - SR8, 8L ,0) = AEle)
- £, (i) 06,8 8xtt)  (1.9)

i
|
i
i
i
¢

e e, X5




Adding and subtracting like terms

SR(E) = £lxle),ule), 6] - £E(E),MA(R),E) + £ (R(t),ulk),E)6x(t)
- £ R(6),T1E) 1) dxl) + £R(E) ult), k) ~ £0R(E) ult) k)
+ £ (R(E),F(6), ) = £ (E),u(L),4)

and rearranging

SR{E) = £(R(E),T(e) 1) 8x4E) + £1XB),ult),0) - £0RIE),HME),4)
+EOR(E) ult) 8] = £(R () ,B(8) ) ~ E(R{E),u(),8)
+EE),E(E),8) = £, (RE), 8 (t)  £)8x(t)

we can write
Sk(e) = £ (F(e), A6}, 8) 8tk + AE{E) + kit,u, ), (1.20)

From the theory of difforential eguatlons, if ¢(t,g,)
is the transition matrlx for 8X(t) = £, (X,G,t)ex(t) ,
then

t
Sx(t) = oft,t )ox{L,) + It St ) (AE(T) + kir,u,8))dr (1.11)

o for all t & T

where O6x(t,) =0 when xltg) = R(t,) = x .

L)
Let the metric &:G6 x ¢ + R be definad by

) 1.
a(u,® é]tf Hute) - dte)flae . (1.12
Q
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Then, we also have
‘ [Itf Hute) - G0k | [2at/ e -t y7% = dlu, @)/ (6t 1.13
5, u [ {tgmto) won) /(Eg-t ). (1.13)

The following definition of distance is employed by
Halkin [22]. PFor E & T, let u{E) be the length of
set E. If E = {t,t e T, aft = (L)} , then

4y fa,d) = u(e) . (1.14)

We now prove uniform boundedness of variational

trajectories.

PROPOSITION 1.4 Let HL, H2 he satisfied, 8 = 1. DLet

w24 ¢ @, If either

[¢3] fu(x,u,t) exists and is continuous in {x,u,t) for
all (x,u,t) «8, and afw,¥) se
or (1) 4, (u,8) = &

then
Jisx(t) i} ¢ eg, 0 < =, for all & e T .

Proof (i) From Proposition 1.3 we have that x(tix .t ,u)
is uniformly bounded over %, for all u e G. From H1, H2
and the fact that fu(x,u,t) exigts, we know that there

are constants ©,,C, ¢ = s5.&,
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1€ (ete) sute),0) = £0e(e),uit), e ] s oyl joxie)]]
THEGR (L) yu(E),b) = £(X(£),G(L) k)] s o) fute) - B}l .

From Proposition 1.1, the scalar function. |[x(t) - x{t}]|

is continuous over @(8) a 8{u). Thus

& It ]] < Hxw - %0l ,
= || E(x(e) ult) k) — £(R(6),a(8) 61| ¢
s |1 ete) ule),8) - £(x(E) ult) 63 ]|
+ [JEGRIE) ;ule) v 8) = E(R(R),T(8),8) (]
s o] isxe) || + o f|RtE) ~ wivd}] .

Applying the Gronwall inequality gives the result.
(31) We bave []E(R{t),ult),t) - {X{L),B(t) &)} s By,
Then, for all % ¢ 0(u) n B(W) v

& tixe) - 2@ s erlfxte) - B0 ] + coxtm

where T is defined as beforve, and ¥(E) is the charac~
teristic function of the set B. d.e. a functlon equal i‘)
o one when t ¢ E, -and zero when t ¢ T\B.

By applying Gronwall's lneguality, we obtain

t
flsxted ]| s o L X (E)dr for all t e T, o <w.
o

i.e. [lox(e)|] sce., 0 <
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Approximation Trajectory

For every u s G, let ox(t) be a vector function
of t defined and continuous over T, differentiable

over @{u) n 8{(i) and s.t.

6R(E) = £, (RMe), Tk}, £)6(E) + BE(t) (1.15)
fx(t) = 0 (2.16)

where A€(t) is defined in eguation (1.8).

~

8x(t) is called the approximation trajectory for the
variational trajectory. Then, letting #(t,t,) be the

transition matrix associated with fx(ﬁ,a,t) y gives
-~ t
82 (t) =j L, AL ()T (1.17)
i)
Thus

N t
Sx (k) = Sx(t) = I 8 (L, T)k{T,u, N dr for all t e T.

t

° (1.18)

PROPOSITION 1.5, Let Hl, H2 be matisfied, & = 2. Let

e G Then

(i) there exists a Ky < & s.t.

|[xtr,u,@ ] s K| |6x(E)]]*  for all t ¢ T\E
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(11} there exists a K, < » s.t.
Phetroa, @) ]| s gyjfox(e) [l for all t e T.

Broof. (i) . By definition of &x(t), and from Proposi-

tion (1.3}, there exists K < o s,&. : [
11exe}]] s x for all t & %
and from {1.9)

kit @) = £0xt) ule),t) - E&XE),U(E),t) ~ Af(e)
- £ (R (6,6 e 6xlE) .

Now, for all & e T s.t. ult) = a(t),

k{t,u,u) = E(x(£),8(e), 6} ~ E(R(E), ML)t}
- £ (R (£} B (E) 1) 6x()

Thus

kb, ) = E(R(E) + 6x(),6(8),8) - £(X(6),T(t),t)
) = B AR BE) ) Ox(E) .

i
|
f

Denote the RHS by the vector function ¢ (t:dx(t),q). : !
Clearly qz(t;o,ﬁ) = 0, and becaugse of our assumptions -
\Ht;sx,ﬁ) has secvond partial derdvatives w.x.t., éx(t),
which are continucus w.r.t. Sx(t) and plecewise continu-

ous w.r.t, t. Then o

Sx(t) + pltyéx(e),q)
Sx(t) = O '

Vit Sx(e) ,8) = {%%—;—%ﬁ‘“”'“’)
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and there exists K < w g, k.
Mot exte) @[] < x, | |sx(ey ]| wE e T

and  Wx(t) with ||éx(t)]| = K.

Now
[ag(c;sxit),x‘n“ -6
adx(t) sx(t) = 0
and so
1wt 8xte), @) | 5 %, | [ax(e) {2 Ve e T, ¥ §x with

Hexte) || s &

dees Ikte,e,® || € K [Hex(e) |2 Wwa,u e 6, ¥ ¢ T\E.

(14} B(e,u, @) = £(X(E) + Sxlt),ult),t) - £(X(£),0(t),t)
= £ AF(R),B{E) ,£) Sx (k)

Denote the RHS by the vector function  ¥{&,8x{t),w. Clearly

${t,0,u) = 0, and because of our assumptlons, ¢(t,dx{t),u)
has a derivative w.r.t. &x(t) which ils bounded W& ¢ T,

Wy ¢ G, and Wixlt). s.t.

[1ex(e) | = x.

Hence, there exists K, < » s.t.
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Hetesxte) ) || s &, ||8x]| ¥ eT uec and
Sx(t) s.t. |Isw(e)]] < x,

ie.  fIk(e,u,d) ] s Ry} |6x(e)|| Vb e T, uw,deq.

It can now be seen that Sx(t) - 6x(t) 1 small when-
ever k{t,u,® is small; i.e. from above result whenever
Sx(t} 4s small; i.e. whenever the twp trajectorles x(t)
and ®(t) are clese together, Intuitively we can see
that if u(E) 1s "made" smaller, i.e. L u(t) = G(t)
over & larxger subset of T, then &x(t) is made smaller
{Proposition 1.4}, and then by Proposition 1.5, a;(t)
approximates &x(t).

PROPOSITION 1.6, Let Hl, H2 be satisfied, s = 2. let

W, ¢ B, If either

{i) fu(x,u.f.),fxu(x,u,t) exist and are continuous in
{x,u,t) for all (x,u,t} ¢ 8 and d(w,u) s &
or (i1} dl(u.\:) ES
then

[lexit)y ~ Sxlt)|| s ce? , c <@, ¥t e T
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Proof. (1)  pefine z(t) & ox(e) - 5;(t) .
Then z(to) = 0,
80, fxom (1.18)

a. (¢ =
2(t) = —d'E[J' ¢ (L, )kt ,u,u)drl
€,
o
t - - - e
= [ g Em Em B k@D + ke
+,
L]
= £ (R(E),LE) B) (Bnlt) = R(6)) + kit,u, D)
= Elxule),b) - ERIEDult) &) - £, G (6) ), )8k(t)
= £ (B00) 0 () £ BxiE) - £ (R(8),E(0),6)8%(6) + 2(t)
where Hatest] ¢ B 8x(e)]}? Xy <=
< Rye? from Proposition 1.4, K, ¢ =.
Hence

B(e) = £ (R(E),Bit) B2k} + xit)

+LE (R(E) cult),6) ~ £, (R(e),W(k),£)16xle) .

& e ] s [HEe]] fox all t ¢ 8(a) o 6(d)
s g ey ) e[ [ let ] + [hete ]
+ Rgffate) = deed ] [exter]] .
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Applying the Gronwall inequality gives the result.

{11) We have that

2(E) = £ (R(6),8(t),t)zlt) + k(b B
z{t,) =0
te. llaw)|] s j:f Ku]ato ] lax + ﬁf [k (eud]lar
o o {1.18)

How

te - w -
[ F lxten, ) ] far = J' Pk Cepu it [ far + f Jletr,e,@ar
£y E /8

from Proposition 1.5 (i}, there exists X, ¢ = g.t.

Ikt udd || s Ky Hox(e) |2 for all t e T\E
and 1.5 {i1), there exists K, < = s.t.
|hede,o,m )] s K| [Sxded i} for all ¢ ¢ B.

From Proposition 1.4 (11), we have,remembering aluen) = w(E)},

ty .
(2 tixem@iler s wet
to

¢
Applying an integral version of Proposition 1.2 to equation
{1.19) gives the result.

The hypothesis in Proposition 1.4 (4}, (1.6 {1}) can be

xeplaced by

(1) HIA, H2A are satisfled, s = 1, {s=2) and d{u.D) = ¢,




PROPOSITION 1.7

{i}

(11)

Praoof

(i)

{11)

Using the proof of Proposition 1.6 {i) we have that an extra

»16.

Let u,B ¢ 6. If either

Hl, H2 are satisfled, 8 = 2, £ is linear in u, and
a(u,3) s & or dy(u,8) 5 &, or )

H1A, H2A are satigfiled, s = 2 and ||u{t)-G(t) ||« ¢
for all t ¢ .  Then

[sx{e)~sRkte) || s ce?, ¢ < =, ¥E € T

where 8%(t) 15 the solution of

BR(E) = £, (E(t) A (6) )8R (1) 4E, Fie) ,BME) b1 6w 1.20
sxfe ) = 0 1.21

and

sute) 4 age) - @o

AE{t) = £ (R(t) () ,£)6ult) and the result follows
imnediately [rom Proposition 1.6
AE(L) = £ (k(t),B(E) .t} Sule) + x(k)

where |[zit)il 5 xie?, K <e

Therefore
. 9 .
sxte)=akie) = [ e DT @ rxo)las
to
80
€ .
B0 = [ £, Gi6) B89 018, C b0, B () AT
t .
©

+ k(t,u,8)+x (k)

= £ (Rt Gk B2 le) FkiE,u,0) +rie)

tarm of norm Kee® ig introduced.

:
|
:~
2
i

i
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CHAPTER 2

PROPERTIES OF THE COST FUNCTION

1. DIEFERENTIABILITY OF THE COST FUNCFION : Mayne [351.

SemastRRisoReane L OF SHE COBT FURCIION

PROPOSITION 2.1 Let Hl, H2 be satisfied, u ¢ 6. Then

(1) Y x () ,b) and it partial derivatives w.r.t. x up
to order s exist and are continuous in (x,t),

{1d) V‘é(x(t) #t) and its partial derivatives w.r,t. X up
to order s-1 exist and axe continuous in {x,t).,
e#xcept where u is discontinuous.

Let H1A, H2A be satisfled. Then

(113) vE(x(),t) and its partial derivatives w.r.t. x up
to oxder s exist and are continuous in (x,t),

{iv) V’é(x(t) -t} and its partial derivgtives w.r.t. x up
to order s-l exist and are continuous in (xs,t) v
except where X is discontinuous.

proof: Consider V™ (x(ti),t1), and the following systen:

2z} = glz(t).t))
whare

2e) & (x (e) xle))

gle) & (nixqe) ute) b, £0xiR) ui0)e))
F Y- *o(t) = L(x{t),udt), 8.
Then, £

aen & it

Bx, (L) % () 4 Xy (E) + Fx)

wa have

V(e ) = Bl bzl )

{2.1)

{2.2)

{2.3)

(2.4)

L
i




.18,

and ¥ is B times contlnuously differentiable.
(1} (McShane 1421, Theorem 69.4).
Let z{tiz,ty) denote the solution of equ (2.1)
with initial condition (z1,t:), z: given in equ (2.3).
(The dependance on u is omitted for convenlence).
#{t,%1,t1) and its partial derivitives w.r.t. zy
of all oxders less than or egual to s exist, and are
continucus in {t,4),ty) for all t,t; ¢ T, all
2y € N Setting & = tf and using equation 2.4,
gives (1).
(1) Let t,t: ¢ @{u}. Then there exists ¢ > 0 8.k,
if [6!:;] < g, u 18 continuous on [ti,ty+t;]. Let
zi denote the ith component of z, g1 the 1”‘ conponent
of g etc.
Define
etiery & iatteim rreen - 2t o ey 2.5)
Now
2 (b bty = Zi(t;y;\‘-))
vhere
Yi 8 g% (e pzystad s
e ol mghlateliny tivsen) £ 8t (2.6)
vhers
t; € [eytatdta s
How
z‘(t,y,mwi(e;z,,m)=j§1<azi/az?)<t;z1,c,)(yj—z?) (2.7
where

z'j'_ = Quzy+{l=0) {y=z1) for some O s 6 s 1,

P
:
i
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Hence, substituting (2.6) into (2.7) and using {2.5)

gives:
olsen) = 3 wu /383y (er2d e ) oo (2 (652, e w600
31 LAY AR R 1 3
Bs Sty > O, t] vty ¥ v ozy. 2) o2y
Hence f£rom the continuity of zz1 and g, zt1 exists
for all t,t, ¢ 8(u) and is given by

7y, (B12,08) 7 e, (65, b, 0908, 0t 2.8
The RHS of (2.8) and its partial derivatives w.r.t.
%z up to order s~l exist and are continuous in (z,tx}
for all t,t, ¢ 8{u), possessing left and/or right limits
at the remaining points. Allowing t + te £rom the

left, and using equation (2.4) ylelds (ii). 1‘

{iii) & {(iv) With the extra assumpiions on k,

Eixor) £ 20akixt) 6 ‘
satisfles the original assumptions on £. Hence, the

previcus discussion 1s applicable to vk, a
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11 PARTIAL DIFFERENTIAL EQUATION FOR THE COST FUNCTION

PROPOSITION 2.2: Let H1l, H2 be satisfied, u ¢ G. Then

SVLGR(E) 8) = BOxCe) () VI k(e 48] ,€) (2.9)

for all t ¢ 6(u), where

Bix(t) ult) ,a(t),t) éL(x(t:) satt) ,6) + 2T () £l e) i) 8

{2.10)

For all ¢t ¢ T - 9(u), the left and/or right limits are
given by the same expression with u{t) having the corres-—

ponding left and/or right limits,

Broof: From (L.4)

£
Va0 = [ Lo um,meeraieg g (.11
t

Now we apply the Dynamic Programming Technique to
eguation (2.11).

“ At tg
Vixit) b)) = I Lix(t) afr) xidr + f Lix(7) alr) ,0)dT + F(Egh )
t AL

thAE
= { Lix(t), wlt), thdr + ¥V "{x(t+at) ,ttar)
€

trbt u
= [ T{x{1) B{1) pdr + V (ebAx, tHAt)
t

Now, make At small, and approximate u{r} over [t,t+4t] by
the constant value u{t}), wiere Eor any £; ¢ T ~ 8fu),
s ‘ [ ST S AN Then
YR (x(e) ) = Lix(e) ult) 2) At + VO (arax, eeit)
Now, because of our assumptions, expand
v% (x+Ax,t+ht) in a power series about the point (x,t) for

all & e 9(u):




3
b
i
¢
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V() ) = L) ui) ot + Vel 8 + %tﬂ(x(t) Aae

e +<VR0RE) 16 EO(E) uiE) 4> B + O(ALR)

e (x(e) L)AL = Lix(E) ult) ,£) ot

+ YRR ) £ Ge(e) kD £ 20E + Ot

ve, a»v“/at are independent of u{t}, Dividing by At and
allowing At to tend to zero, using equ (2.10) gives the

yesult. o

Hote: We cannot expand ve (x+AX,t+At) in a power series

about the point (X{(),t;}, say, where t; ¢ T - 8(u},
because V‘: is not continuous in (x,t) at t, - from Propo-
sition 2.1 (i1).

If HiA, H2A are satisfled for some poliey k{x,t).

then we have
—%-E"f(xm J8) = BOelE) k() ,8) VA Gele) 16,8 (2.12)
for t ¢ 8(k), where

ROECE), Ok (E) 80 ME) ,8) & Bixie)Kkixit) 6 8
+ )\T(t)f(x(t) ixle), ) b)), {2.13)

;
i

s g e




IIT THE ADJOINT DIFFERENTIAL EQUATION

Usually in the control literature, the solution X (t)

of the adjoint diffevential equation is given. Define

4

.22,

= A H - .
ey = vy Eie) .6 (2.14)

= A N -
Feo) = v (Re) b, (2.15)

PROPOSITION 2.3 : Let G e G

{1)

{1}

Proof

(1)

Let Hl, B2 be gatisfled, s = 2. Then X(t) is the

golution of
“ltw) = B ee) 8 K0 6, ¥ b et (2.16)
Rleg) = Fo(R(ty) ,ty) (2.17)

Let HLA, H2A be satisfied, s = 3. Then B(t) is

the solution of
B = Gie) e X6 4 + B Fio) FE

+BRIE &) AWM ), ¥ €T (2.18)

Bleg = Fxx(;c(i'f) g ) (2.19)

FvlRie) ) = vE G0 HVL G R, EE) 0
aznd by Proposition 2.2
V3R ) = BEE)E 1) VR 0,0

= LEE(E) G ) +V‘,-“G(t> A ER(E),BLE) 1)

for all t ¢ 0(l), and 80

B G, 0 =BG A T 0 o Fe RIS 220

(2.20)
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Substituting equation (2.21) into eguation (2.20) gives
equation (2.16), for all ¢ ¢ 8(W). The result follows
from Proposition 2.1{(1). ~

A LS G 0 =V & FEE G 06 ) 1)
A 5z (K8 £ et (K (E) #E) 121 mi(x(t) /EVE; Gr(E) ult) o)
and from equation (2.21)

v B R 1) =B Gl B (1) 8 + £ G, Bit) B (8

+ B £, Get) ute),t)

n -
4+ g GRE) ) E ) Bl )

g KEEy 1
Substituting (2.23) into equation (2.22) gives the

result.
a

{2.22)

(2.23)
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IV EXACT DIFFERENTIAL EQUATIONS FOR Vi (x(t) k) ,Vxx(i(t) )

It is the purpose of this section to obtain the general
differential equations obtalned by Mayne [36]. for \‘lx(i (;) L)
and V. {X(t) ,t), where V denotes V" or v* according to the
context. However, we shall use a dQynamic programming
approach, similar to that used in [133, [15], [1B1,.extept
that we will compare two arbitrary nonoptimal controls

u, U e G

We will need the following results:

a%vn‘;m k) = VAR .e) kY (R(E) ) E LR L) ) (.29

A G, =V G0+ v G0 EERLERn (2,28

T, 1) =V R )+ <V ) 8 E () Em 0> (2.26)
Define

ate) = VIEE) ) - VHEW) 8 (2.27) &
where V denotes V¥ or Vk according to the context. We

have, from eguation (2.27) that

& o= alty).
Define i
AME) = VG (E) 8 (z.28)
PLE) =V, Gile),t) (2.29)

assume that the cost V™ (x,t} is 'smooth enough® to
allow a power series expansion in §x about ®{t), the tra-

Jectory assoclated with the control G(t). Expanding to
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first oxder

s WE =

VO kR, 8) = V(R .t)-PVx(x(t) A)8x + higher order texms in 6.
Substituting into equation (2.9}, we have, in texms of
the trajectory (t):

- St 0 ~ BREm e B0 (2.30)

= LK, 0,8) + Vo Eot) & Vg, (hrt) B + HIO) £ Ghrbxyu b)>

I£ 8x is sufficlently small, then equation (2.30)
can be expanded to first order in §x with error O(&x*).

At this stsge we introduce the concept of weak and
strong variations. Define a weak variation in the
followlng way:

If we have a trajectory k(t),t ¢ T, then 8x(t) is

a weak variation of X(t) iff

([ex(t)ff = ¢ ¥toe T (2.31)

fegcedll s & e P00 Vbl {2.32)

A strong vaciation 1s when only condition (2.32) holds.
How to restrict the size of the §x's artificially for
strong variatlions will be discussed later in Chapter
GeITwd,

Expanding the cost v*{,t) to second order about

%(t) and substituting the result into equation (2.9)
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gives, in terms of X(t):

(x,,t)'-Vu(x,t)6x—’§<6x.v;“m(§,t)6x>+ B} .33
STER,U )V (R e, Gt a0 6x5:;+ﬂ (©) /£ (Erexsu,£)>

We use these squations to obtain differential equa-

tions for a(t), A(t) and P(&). Throughout the next

result we assume that the 6x's remain small enough for

our expansions to be true. ¢

PROPOSITION 2.4: Let u,i e G. i

) Let Hl, H2 be satisfied, 8 = 2. Then, if the above
agsumption is satisfied, a(t), A(t) ave the solutions

of
~ &{t) = B{R(E)uit) A(6),8) - HER(E) A(E) A(0) 8)  (2.34)
= A = HR(R) ult) A Le) ot + R(R)AELE) (2.35)
with boundary conditions
altg) =0 (2.36)
Atg) = P (Rlkg) tg) (2.37)

(11} het Hl, H2 be satisfied, » = 3, Then 1f the above
assumption ls satimfied, P(t) 1s the solution of
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“Bee) =B (e a0 h e el ) ute) R4

- n
*PEILEE a0 04 T v;‘mimt) A1, (0
with boundary conditions
Pleg) = By (Rl st
Af(t} is defined in equation (1.8

Pyoof:
[£8] Expand the RS of egu (2.30} to first order in
Then, for §x sufficiently asmall, we have, using

equ (2.27):

- 3P Gm b - B - StEe e

= HGEE) mle) () 6) L GEEED (k) pALE) 1) Se (1) 6%,£ (R {E) () ,2)>

{2.38)

(2.39)

8.

Since equality holds for all §x sufficiently

small, we may equate like powers of §x. This ¢

- BvtGm ) - B = nEo nm o

- L ) =B Gl ue), M) 02 0 EE® uw)

Now, because

SRR 0 = - ) 30 8

ives

&)

we have from eguations (2.24) ~ (2.285), equations

(2.34), (2.38),

}
B

;
)
i

|
|
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Ta prove the terminal conditions
alegl = ViRitg) b - VP (Rieg) 8y
= FiE(eg) by - P(RL,) £g) = 0
Meg) = ViR(b) 80
=y Rty sty

{14) Bxpand the RHS of equ {2.33) to second order in
%, Then, for &x sufficiently small, we have,

using egu (2.27):
- LG 0 - B - B GE 0 - v, f G
=HE) U0 3 (6) 04, (), WE) D) /6 S0 () S, EGRAE) ule) b)>

45, (5, (RED (000 (6) ) + BID)E, GR(E) e )
AL G WG ML) 18I 6>

Using equs (2.34}, (2.35), ve are left with the coef-
ficlents of {(6x?). Finally, using equ (2.2§) gives

(z.38),
The terminal conditlon:

Bleg Bvl Gileg) g = iy (Rlbg bg)

;
1
|
|
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The differential equation for V:(J_:(t) «t) has a
term involving v;:x(;i(t) st} This term arises because
we are interested in the rate of change of V: not
along x, the trajectory generated by u(t), but along X(t).
The d.e. for V3 (X(t),t) is given by (2.38).

In the rest of this section we concern ourselves
with ootaining differential equations for alt,
VGt 4), VE (x(),8) vhere K(x,t) is a palicy which
generates (x{t},n{t)).

Suppose that we have a control B{t) ¢ G with asso~

ciated trajectory ¥(t}. Then agsume
R{x(E) k) = k{X+8x,t)
= R(EE) + Ky (R0 6xrkbuTk (R,E) 6% (2,40)

to gecond order in 8%, assuming that 4% is small enough.
Now, in the same way as before, assume that
Vk(x(t) +£) s 'smooth enough! to allow a power series

expansion in éx about (L), Expanding to second ordexr
v Gty = VR (R, 0VE (R, 0 Sk VE, (R, 0 ox
+ higher order terms in §x

Substituting into equation (2.12), using equ {2.27):
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2 AG 2 = -
- R 0 -3 - Bk 0 6 weox LK G 4 s+

= Lsn (e, t) 1) + <vEGhe) 4 VE, Ger s

+ W G Bt HO) , £ b e (R, ) )5 (2.41)

8ince we have not 1 any ons
this equation is still valid globally.

{2.41) is generally impossible to zolve numerically
because of the possibliity of infinite storage space
required for the parameters of the power series expan=-
sion., Howaever, 1f fx is sufficlently small, then
Vk(;u-sx,t) can be expanded to second order in 6x with
error {§x%). Equ (2.41) becomes:

~ 2o i) e - RSk 0 sesn B Gited 6

= Tk e Gan ) 8) +<0E G, E) + VS, Ghe ox

+ AU Gt S £ Gor s (R 81 1) (2.42)

We are now in a positlon to obtain differential
equations for a(t), V§(§,t), V];x('i,t). Again, we assume
that the 8x’s remain small enough so that the expansions
we make w.r.t. 8x are valid. (For the oase of strong
variations, we restrict the aize of &x artificlally using
3 procedure explained in detail in Ch 5~II, and intuitively ;

pased on the result of Proposition 1.4).
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Define

A -
R{E) = k, (X(£),¢) (2.43)

A -
YE) = Ky, (i) ,t)' (2.44)

PROPOSITION 2.5 Let HIA, H2A be satisfiled, s = 3.

Let G ¢ G. Then, providing the sbove assumption holds,
alty, A{t) and P(t) matisfy the following differential

equations:
= AlE) = HEE) &G 1) A8 8] = BEQY D) ALE) &) (2.45)
= hie) = B G &) £ AL 8} + PlE)AELE) (2.46)

+ K0, () KGR ) A ) 1)

Ble) = b GRle) k(R ) A (6 1R GR(E) KGRI 8) DB CE)
+ P £, (RIE) e (REE) /1) 8]
o KH) [, (Rle) e RIED 18] A () (£)HEL G(E) RGEED 18) BB (8]
- U, (RO (6 DA (6) )R (D e GieEd 18 IR (0 TR (6D

+ KT(t7Hw(§(t) R(X(E) £) A L) LKL

LI .~
+ 2 B (R() B () ) A L8 )y ()
=

TV G g (2.47)
+ 5 (X (1 .
1 mi M ¢
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with boundary ‘conditions

alt) =0 (2.48)
Megh = F (R e (2.49) -
Bitg) =P (R(tg) ,ty) (2.50) o

where

AFIE) = EE) kG 8,8 - £EE A1) ,8 (2.51)

itk

and Hi ls the ithccmponent of I-I“. Yy is the compo-—

nent of vy, Afj_ is the ith womponent of Af etc.
Proof: From equ (2.42) we have

- B - o) - B 0 ox-cax B by x>
= H(wtEx k(6,8 ALE) B) +<P(t)8x
S G t) 66, £ (e K (0K, 8) (8] > (2.52)

Fxpanding the RES of (2.52) about X k(¥(t),t), we obtain.

BEREH AL

B, G (R DA 142 (6) E R ke (e ) o (e, R A x>
+ B ) ) () >

+ R &, (1, RR G At + £ Gk D P(E) 8>
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+ eax(a GRG ) MY + £GP 0) Kb 6o
+ B S8 Ge ko (610, £)K ) x>
+ ety (B, G, 6 A LA, R R (I E GRG0 ) 6x>
+ RO (%6 bxbx, £ (R (R,8) 1) > + higher order temms.
Now, for all 8x sufficiently small, the higher order

terms can be naglected and the coefficlients of like powers

of 6x on the LHS and R¥S of egu {2.52) may be equated:

- 3R - B = nEkdE A A

@]

o

- kG =B GRG0 AL + PRERKGEY

* F OB ERED A0
SR G = RREN A S SRR DR
+ R E, EREL 0
+ K (0 [, Rk () A R (R K (K, 8) )R (6))
B (R 8] A )40 G ) 00208 TR

+ K () G G A EIE)

n . n - - -
- iﬁlﬂém,k(:c,t) .x,t)vi(c)+iilxd‘mi(x,t)£(x,k(x,:) -




.32

Using (2.24) - (2.26) in the above equations, gives
aquations (2.45) ~ ({2.47).

The boundary conditions : see Proposition 2.4.

The equations obtained above are the same as
those obtained by Mayne [36], which are the nonoptiwmal
version of those derived by Jacobson [13}, {151, [18].

|
i
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v APPROXIMATE. DIFFERENTIAL BQUATIONS FOR

Ve (R(E) 6], V. (R(t),t)s. Sayne [351.

Proposition 2.4 is not useful computationally for a
first order algorithm because of the appearance of the
V:x()-c(t) +£) term which is found by solving equations
{2.38 and (2.39), In the following result we estimate
the exvor arising in a(t), A(t) from the ommission of

a -
the Vo (¢ £)AL(E) term.

PROPOSITION 2.6: Let Hl, H2 be satisfied, s = 2. If either

{1) fu(x,u,t) exists and is continuous in {x,u,t) for
all {x,u,t) € 8§ and 4{u,d) § ¢, or
(14) d&fu,d) s e,
then, &(t), Mo + where:x
~é(t) = Bk ale) ,i {t) &) - HEL) Al ,i(t) +t)
Fw = H (X (8) ulE) YRR
with the usual boundary conditions
alty) =0
Mg = r (Rl e
are the estimates for a(t), a(t) defined by (2.34),
{2,35) such that
Jale)~deis me?
IME-R el s ce o<

Proof

~Selale)-B()) = BN HEEA 0 -BE ) 0 HETAL

(2.53)
{2.54)

{2.55)

(2.56)

(2.57)
(2.58)
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= LG, ATE 0,04 (7,5, 0 -0 TE R 8, 4)
L0, AN (G, 64T G B - B
= D) 0 TAE () .

‘a ~ - o
“E(M’c)-h(t)) = U (X004} -H (%0, R, £) 42 (€) AF (1)

= LR ) mE) A TA A (0] 42 () 2F (1)
@ el s e ljuw-am @ < ®

W) Ewll se,c<w veE, AW =0, £ E

Applying Gronwalls inequality gives (2.58). Using

{2.58) and applying Gronwalls ineguallty again gives {2.57) i
o] i

i
Proposition 2.5 is not useful computationally since
the third order partial derivative of V{(X,t) w.x.t. x v
is not known. In the following theorem we estimate
the error arising from the omlssion of the unknown quan~
T oo
titlies Vxxx(x;t)l.\f(t) . :
pefine A -
uMe) = k(x(L),t). (2.59)

PROPOSITION 2.7: Let HIA, H2A be satisfled, s = 3. If either -
{1) fu(x,u,t) exists and is contlnuous in (x,u,t) for all \
(x,u,8) ¢ S, and a{w*, @) ¢ e, or
(31) dtur,B) s &
then a(t) 7 (6) (k) , Whowe:
~i(e) = BEE WA 0 - G S S (2.60)




Sy =

$w =

+37.

B Gst) wie) Aoy 0 + K eom Giw wem e o @.69

+ Bty af e

B G ur Aw i+ £&e v 0bw

+ Ble) £ (GRee) ¥ 6 )

+ ¥ () [, R0 w0 R 1) + £ G ot ) B i)

* B G, 0 A e+ F G ot (0 0 ) ki

+E O G 0 0 e ke

n ~ ’
* 121}1“(;“‘) A ) M) )Y () (@.62)

with the usual boundary conditions

aleg)
k(tf)

Bregd

= 0 (2.63)
= FelRite) k) {2.64}
= B (R{be) obg) (2.65)

are the estimates for a(t) ,A(t),P(t) given by squations (2.45) -

{2.47)

Hat)

T
[REZ(5]

Proof

such that

- 8e)fls e (2.66)
- olls ae? (2.67)
~Pwlls ey €118, 18y < (2.68)
da 2 - 2wy T

~gplate)=ae)) = LA =2 (eI 1AL (2.69)

- L 0m-Rim)) = BB () M) )R () () Aty 1

+ KPR M, (RCE) o (6] /A (£) /) -H, (RE) o () Rte) 1)
+ [P - B)IAE ()
= £, (0) ot (0) 0+, (R0t v ) R T (e -Re)

+ [P ~ P(ey IAE(R) (2.70)




.

~GeO-BE) =, G0 ari A Aot () o () A g 0

+ R (1) ,4) B (0) it

+ @ E)-B)E, G w0 ,

+ KN OIE @) o 1,2 00 -5 (0D w160 5 (60 )
+ £LBE) 0 b e (B

+ TR, RO b (8) A ) 0, (ReE) o te) A ) 89 ;
 ED (AR o () 1) (¢ ~B (1) TPkt

+ K LH (R0 0k (8 A be) 1) Hy Gt o (0 5 (8 ) IR (e

n o~ - &
+ EIRR w0 M08 = K6 w0 Ao 0 (0
n
* I Vg (R0 02 0
_ n o T -
- 2 R e G

HLE (g 4, Gt K01 (R (6B 8]

@) (6 ILE, ok ) +F, (et )R (1) ]

n
2 Ly T % s
L AATK (RNE (Reuk ) (X0 R KLE)
PR Y gy O Ky !

+ £, (ot e)yy (8]

n
= 2 VR RN (6)
P B

7 ogApe o b G ol 6
= ] +
£y a8 E g B0 BIBE,
+ LB Gy 148 (R )R IT R (0} -B 1))
+ ()DL, (R 4148, Ryt EIR()] @70

where, begauge of our aspsumptions, the Gi(‘t? y 1=, .oon

are plécewise continuous functions.
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Equations (2.69) - (2,71) have terminal conditions of
zero at time e

Now, from the asstmptions on £, for all t ¢ T
Bl s o flurte) -~ Sqe)ff 1y <o
From the continuity of 3%V (x(t) r\:)/‘axi’ax.']a.‘k w.r.ot. (x(E),t)
(Bee Proposition 2.1}, and the continuity of E(t) w.r.t. €,
3Vxx<§(t) 1£)/3%) is continuous w.r.t. £ ¢ T and hence boun-

ded. Therefore
n . .o
Hizi(avm(x(t);.t)/aximfi(t) I s e e (e)=T(e) ]| , Ty <o

Define z(t) to be the nin vector with components
Ay te), P;j‘t)' i3 = ), ..on oand 2{t) the corresponding
vector constituted from A{e), P{t).

Then, for all ¢ ¢ 8(u*) n B(u)

. n
- Feta By = B st B0 T + AENCENS
. =1
whaere the matrix H{t) is plecewlse continuous and the
veetor hk(ty s k=1, ., n is contlinuous in T. Bence z{t)
is continuous and plecewise differentisble in T. Applying

Gronwalls lnequality to eguation {(2.71) where

(1) AL f] s T Jlurie) - Teed ) Ly <w®

(1) |[Afe) ] = Tas & ¢ B, Ly € m) AE(E) =0, b E.
we obtaln
Hete) -2t )l & Byer Ly < om

Hence )j!‘(‘t)-f’(t) | = a,n €, < =,

Using the sbove result in equ (2.70) and applying Gropn-
walls inequality yields egu .'.67}. Then, using (2.67) in (2.69)
and applying Gronwalls inequality again, ylelds (2.66)

J D

¢
§
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VI EXACT EXPRESSIONS FOR AV Mayne {36].

Because W, U are arbitrary members of G, they can be
interchanged in the previous section. However, We now
have for a{t}
ate) £ v e ) - vixte) 8 (2.72)
where V denoctes VE2 ox v’? acoording to the context.
Clearly, we still have

a(t°3 = 4V,

PROPOSITION 2.8: Let Hl, H2 be satlefiled, s = 2.
Tet w, 0 ¢ 6. Then a(tj, v,‘:(xm (1t} are the solutions of

- &lE) = B ) W) 6 ) H () G Witaitd k) ) 2,79
= VR0 ) = B e(e) B0 W ACE) 8D R4V (R(E) ) AF (6D (@.74)
with boundary conditions

alty) = 0 (2.75)

Volxited bg) = Fy(aliy) by 12.76)
wherxe

A -

A€y {E) @ FU(L) U}, 8} ~ fix{t),u(t), &) (2.77)
proof  Iaterchange {%,w) with (%,8) in the proof of
prroposition 2.4, n

Suppose wo use polivy K(R(t) £} to generate (&,f)
Let Ririe) ) = Rooesx, )
o Ktk G Gavht B ot 8 (2.70)
to second ordor in &x, aspaming 8x is small enough, Define
- Ao
B(k) = kydx(t) L) (2.79)
A

Fie) = Ry (x(el,t) (2.80)

i
1




-4k,

PEQPOSIVION 2.9: Let HIA, HZA be satisfied, s = 3.

Then a{t} satisfles the following equation

-ALE) = HORE) nibh ARG 1) 8 - Hocw) Rl 4) ,Vi‘:(x(a )8 (2.8

altg) =0 (2.82)

. -
and VE(x,b) . VE On,8) satisfy equations (2.46) and (2.47)

with (x,%{x,},R, ) replacing (X,%(%,t),K,v).

Proof See the proof of Proposition 2.5,

)

{14}

(13iy

(iv}

o
Let Hl, H2 be satisgfied ¢ = 1. Then we have
£
av = L CH{ELE) ju i) ALE) B -HIR(E) B8} ,A(0), 1) JAE  (2.83)
°

from Proposition 2.4,
te - -

& ={ TH{x(E) (e :V;:(x(t) ft) eEI-R(E) T iE) :V:(x(t);t),t)]ﬂt i2.84)
o

£rom Proposition 2,8.

Let HLA, H2A be satisfied, & = 1. Then we have

te o - - -
& = ; £fll(x(‘c) e (wlt) ) o2 (k) ) -REe(E) 0l () 1) lat (2.,85)
to

from Proposition 2.5,

£ o
= f [Hix{e) yuit) ,V];b,:(‘t) 48} )R (e) Rixie) ) :VE(x(t) 4t it

° (2.86)
From Proposition 2.9,

These expressions for AV are the same as those given

by Mayne [36]. They are used in further chapters to estab«

1ish conditions of optimality.

b

i

h
i
{
|




|
1

+42.

GHAPTER 3

SUFFICIENT CONDITIONS OF  OPTIMALITY

Our approach contributes nothing to the discussion
of obtaining necessary conditions. Phe major difficulty
is proving [Halkinl the existence of a separating hyper—
plane between the reachable set of the linearized system
(equa (1.15}, (1,16)) and the set which is the intersec—
tion of the set of decreaged costes and the set of permis-—
sible final states. )

However, the expressions we have obtained for AV
are far more useful for proving the sufficiency of the
minimum principle, i.e. that if there does ‘nat exist
Uy ¢ b, £ ¢ O(i) soch that H(R(t)) w1, (k1) £1) <
(H(%(e ),ulty) (), &) then U is optimal. Satisfaction
of the minimum princlple is, of course, sufficlent for
optimality only for problems of special structure.

f GLOBAL BUFFICIENCY RESULES

We give the resules from Mayne {361,

1o £ L. ¥ iinpar in x

Conglder the system defined by:

£(x,0,t) = AlR)x 4 §{u,t)
Lix,uet) = me(e)x + 0u,t)

Fx) = nTx
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where A, §, m, § are continuvous.

B G, = nie) + A% (At
which is ind of x. S WE e, Vx e R,

we have

i g 4
VROt(e) 8) = VEEE) 8 = B

. If we now use equation (2.84), with A (t) rePlaéinq
V‘,’:(x(t) +t) , we see that the satisfaction of the minimum
principle by {E,E) implies

AV 2 O for all W ¢ G.

2, £ Mnear in x; %, ¥ convex in x
Let § be defined as above, and L, ¥ by
L{x,u,&) = nix,t} + 6(uk)
F{x) = £ (%)
where n, £ are convex in x and L, F satlisfy Hl, H2, 8 = 2.
Then
£, & nRE) 8 + IEGE) 18 BRI + 00 )
st = Bt
Boo SR + k) R
Fix) ®EM.
Then, i€ U denotes the cost with L replaced by i, v by
#, we bave
Pty = Pyt
Vg bl 2 T 6g) Voe 6

Therefore




o . 0 P pery
VHx ity - Vgt = Tyt - gt eneo.
fe. AV =z o ¥ ueG.

But, from the previous example, satisfaction of the mini~
mum principle by (¥,3) implies 4% » 0, and hence
AV 2 O for all u ¢ G.

3. Terminal Constraints

Consider the problem immediately above, with the
added terminal constraints

*#{tg) = Xe.
Assume (X,0) satisfy the minimum principle for the

modified problem with terminal cost
Fx) = Plx) + aT(x-xf)
and no constraint, iL.e. with
Rleg) = Folxle) + ¢
Since, for all w « G such that x(tg) = Xg the
total cost for the original and modified problems are
the same, satlsfaction of the minimum principle implies,

as before, that AG e O and AV 2 O for the problem with

teiminal cost, B

Assgume now that we have a terminal inequality con-
straint:

me(t:ﬁ) -b s €.

N

i
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Assume that (%,3) whexe
o"k(tg) = b
satisfy the minimum principle for the modified problem
with terminal cost
Fix) = F(x) + clax-b]
for sume scalar ¢ > 0, and no constraint, i.e. with
Meg) = B (Rieg) + co,
Sinve, for 81 u ¢ & satisfyir;g the terminal constraint,
olaTxteg) bl = ofa’ (a(tg)-Rixg)1 s 0
we have
Flx) s F{x).
Hence, aoptimality of (?(,G) for the original problem

follows.

4. £ linear; L, F Quadratic

Consgider the system
#{x) = B{t)x(e) + Bl{tjult), #{ty) =0

with
Lix,u,t)

¥{x)

oy x + ¥y

EC N 14

yRgx
where A, B, {§ are plecewlse continuous, Q,Qf 20
Conasider the policy:
Rzt = K(B)X
x(e) = -s"{eye ()

where P{t} i5 the solution of the normal Riccatl equation,
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assumed to exist in (to,tf) . Then it 1s easily shown
that v 18 quadratic in x.

Ve ix,t) = 10lp ity x
so that

VEGLE) = Bltx

v';,ﬁ(x.t) = Pie).
In fact P(t) is the solution of equ (2.47), along any
&,8), since V. 1s zero.
Prom eguation (2.86) the cost v¢ (#yrto) Vk(xo.tc)

for any v ¢ & is given by
£,

£ i 2 i
v = f [H{K,u,VE(2,2) ,8) = BOGK (X,8) Y (x,8) ,6) Jat

t

0

tf ”® .

= ] tae ) x + amTa + xTp (6) fAxeBa)
t
©

- Qe % ~ KT (E)K(E)R

- xTp (£) {a+BX(t) IxTat
&

£

= f oxuTu + T (B - 2R (BBEIK(E)X
t
° - pTRT (£) K (£) X1t
tg

= J x0T - xTKT (50 + kKT (E)R (k) edae
tO
tg

- ! Bru () ~K (£) % (8) 17w (k) ~K (£} x (L) JaE = O,
t,
0

Consider now the addition of a temminal constraint

x(tg) = Xg.

i
i
2
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We deal with this by considering a modified problem with
texminal cost

fon) Brgn + Flrexg).
Consider the policy
Elx,8) = u* (&) +K(£) % (t)
wite) = ~B% ()2 (1)
ki) = -sT(e)p(e)
where
vE,0) = x4 aw)
vE (x8) = B(8)
Then, we have from equ (2.35), with X(t) = 0 G(t) = 0
-i(t) = HERCERuk (6) A (), £) 42 () (£ (X 0k ) ~£ (R, T,8))
= taT(e) + x(e BT () 30 (e
with boundary condition
A(tf) = oo,
and P(t) is the solution of the normal Ricecati equation

agsumed to exlst on T. Hence:
O RE) = Mlex(e) 4 B(R)uM(E),  x(tg= 0O
urie) = ~BT(E)A(E) and A (E) = A(E) + Blt):
-ie) = AT, AlEg) = o
If #(t,r) is the transition matrix associated with
Ay (&), then

%(kg) = L: &ty T)B(T) N (T)dT
o




e
= -J ¥ (tm)B (0BT (1) (1) de
AN .

t,

€

- —Jt ¥t BB (187 (kg mar o i
Q

&
= -Wlkg et e 5
where W is the controllability matrix corresponding to !
(a1 (8) ,BLE)) . :

As before, we have from equ (2.86), for any 6 ¢ G

t
£ i i

v e L Ehonrin i tvE i, )37 anw)
©

. & T o
= - AR TR-1vE (1) 2 (D) Jae ¢
te '
f [T (FraT) Bu-4ETR- Py B e
3
(-]

)

£ .
£ ot P

= I oo TR e 5k R Ja e ) i
£
(]

t
£ B
f siu(e)~F o, Tiu e K ix,0) a2 0 :
o

Therafore, k is optimal for the modified problem (i.e.

AV = 0 for all u ¢ G). Thus X 48 optimal for the origi-

nal problem wlth texminal congtraint:

zlte) = “Witg, ke = g

Obviously, if the system is completely controllable, X

may be arbitrary.¥or ¢ = ¢;, say, the resultant policy I
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- Y &
k satisfies Vv (xo,to) 2 Vk(xo,to) for all

x(tf;xc,to,u) = "W(tf,to) Cia

5. The Welerstrass FExcess function

1

For rhe caleulus of variation problem of choosing

an optimal curve, the syatem dynamies are:
x(t) = u(t)
ie. H(x,u,0,k) = Lixat) + 2% i
Let K be a policy which satisfies our assumptions,
and also
autx,i(x,t)v:’j(x,t) ) =0 forall meR”, teT,
Hance .

VE(,6) = g Rt 8

From egu {2.86)
e
Aij‘ B(x(t) ult) Kixle),0) L) de
t
©
where

A

E{X,0,0,6] 5 LUK )DL, w k) =Ly (X9, 6) (u-w)

is the Welerstrass Excess function. Clearly the non~- i
negativity of B for w = K(x,t) for all x ¢ B%, + &

is a sufficiont condltion for the global optimality of k.

= Bellwen and Dreyfus [17,

~ Bellmon Retu

weom {2.84),4f there exists & U, sabisfying H1, H2 and

B0t V(60 ,0) 2 Bl B0y k) ,8)
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for all (x,u,t) e S, then V“(x,t) = v“(x,t) for all
ned xecR, ter,

We have from Proposition 2.2
k) = e T R 5
¢ XE) = BV (%, L) 8) ¥t e 0(u).

Now suppose that the optimal control for state x(t)
is continuous, and denote the optimal cost function for

the state x(t), by vO(x(t),t). Then we have

VOx(E) ,t) = min H(x(k) u(k) vO(x(t) ,t) &) Wt eT.
€ ueG *

=~ the H-J-B eguation.

Using the above equation in place of (2.9) Jacobson
ocbtalns opcimal versions of the equations given in Propo-
sitions 2.4, 2.5 in the sense of a maximum reduction
in cost.

It can be shown (sce Chapter 8) that if the optimal
control is discontinuous, then Proposition 2.1(1) does

not necessarily hold for Vix(x(t) ).
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I A YLOCAL SUFFICTENCY THEQREM FOR STRONG VARIATIONS

IN _ CONTROL

LEMMA 3.1: Let %, W denote clomed, bounded subsets of
8% ana & respectively. Let ¢ : ZxWxT + R, and its
partial derivatives w.r.t. {%,w) be continuous, except
at a finite number of points in T, and satisfy, for some

¢y < w3

(1) ¢lz,0,t) =0 for all (z,t) ¢ ZxT

i) fo (zo.t) ]l s e ffall?  for all (z,4) ¢ zxT

(114) ¢, (0,0,8) > O for all & ¢ O

(iv} ¢lo,w,t) >0 for all . (w,t) ¢ WxT a&.t. w # 0.

Then, there exists an ¢3 > O and an a > O 8.k,

B{x,w,t) 2 waW +z

for all {z,w,t) « 5 x Wx T a.t, Jlzll s £y where

el woen Heli? Qlwil® .
Proof:  From (141} ond the piecoewise continuity of
Gopg {01002) there cxists 1 » 0, 01 > 0 B.t.

P
for all (z.u,k) & % x Wx T st |zl < ey fwll ¢ =14

Hence, for all |lw|l + €1, we have from (3.1) and (1)

¢ 2w,k o TV R 8D (2,0, 80w

{zyw, k) = X~ O {3.1)
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Prom (iv) and the continuity of §{+), there exists an
€3 > 0, ay > O such that
dlz,w,t) 2 an

for all (z,m,t) ¢ & x Wx T s.t. (2]l < er, |[w] >e1.

Let d be defined as

A
4 2 max wiw

wew
The lemma follows from (ii) (Hﬂ'a(z,o,t)wu s aaflz|Pliwlh

with ¢4 = min Iey,eed, o = nin fayae/dl.

LEMMA 3.2: Let H1A, H2A be satlsfied, s = 3. Let

W, ¢ G6. Define $(+) by

oz, 8 Bl +ex B (D4R () Sx,v’;&(t)-»sx,t) &)

<R () 45,064 (6 8 U GE (0482, ) (1)
where

A - -
w o= g(e)=aiey-Rix)ox.

Then, if there exists an e v O g.t. a{u,) s e,

G{aR{E) wit) £} » aw IU:)w(‘:.)*-r(t;) (3.2}

whare
lrcey] & elatu,@1°, 13.3)

Also, there exlets a G < © s.t.

te

C e -
J wo(blw(t)dt & etd(u,u) 1%,
o
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Proof: Consider the system

k() = glx(e) ,wit),t), x(t) = x,
where

A - -
GUxw, 8 = £(x,wrl (L) +R (L) (%=X (£)) ,t)

f w(t) # 0, the corresponding trajectory is X (t};
if w{t}) # 0, the corresponding trajectory is x(t).
Since g(+) satisfles the hypothesis of Proposition
1.44i8),
ot} | = crdtw,o) o <=
where Sx (k) IR T

Hence, for gome ¢y < o

du,d) s asdlv,0).
since wit) & u(t)=-u(t)-R(t)sx({t) and for some c, < w,
Héxted |l = esd(u ) for all t ¢ T, it follows that for
some a; < o, for all u ¢ ¢

Atw,0) s epd(u,d) .

i.e. dlw,0) ¢ ldn, i) /eq,esdtu,d) ],

Then, if dtu,d) - £, thero oxists g » O 8,t.

O | b oo T,

Now it cun be easlly shown that ¢{+} as defincd above
satisfles the hypothesis of Lamna 3.1, Honoe, it
d{u,d) ¢ ¢ (g0 that [{dx(t) ]} ¢ e, ¥t ¢ T) wo have that
8% (L) wit) ,t) satisfies equ (3.2) with [w(t}| =

s fiox(ifllwit) . So there exists a ¢ < o s.t. for

{3.4)

v
4




all £ ¢ T, u ¢ € s.t. du,W) s ¢, |r{t)| satisfies

equ (3.3)

Also
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€. t,

£ . £ ,
[ owma = [ el e :
ty to :

z e ldlw,o) 1 from (1.13)

= GLd(u,u) 12 from (3.4)

£or some € € {(0,%).

PROPOSITION 3.1 Let HIA, H2A be satisfied 5 = 3,

Tlk) ¢ dnterior of @ for all t ¢ ®, Xf for all t e T:

(1)
{1d)

{344

(iv)

HoTRLE) (), R(8) 8) = O

By, (RLE) ALY A (8) ) > 0

Hik(e) ,u, X k) ,8) > BXE) 8 X(e),4) for all

uwoc B s.t. u ¥ G(E)

The matrix Riccati dlfferential egquation

“Ble) = B (R0, T06), T (6) ) +HED (R, (E) 0B (1)
+ Bl e (ki) G )
- B o), Eeioo, e, nkn

with boundary voml.‘ltion

Birg) = P (Ritg) sty

is hounded (has no conjugate points) in 7,
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then, G is locally optimal in the sense that
1 u -
Vixg ) > vir .t ) for all u s G s.t. u # G

and d{u,d) s £ for some ¢ > O,

‘ Rie) = G BT IR, (R T 00480 (18,050 1 3.5

and X(t) is the sclution of Bqus (2.16) and (2.17).

Proof: Consider the policy defined by

Rlxe) = Gt + Rie) (e (u) k(D).

From (iv), F(t) esists for all t ¢ T, so that E is well
defined and satisfios our assumptions. From Proposition

2.5 we have, for w* = § and H (R{t), 4 (£} X{t),8) = 0
VEGR) 8 = Tie)
vE G e = Fe.
xx ’

Algo, the control u that minimizes the second order ex~
pansion w.r.t. (x,u) of H(x,u,V‘;(x,t) () aboeut (¥,8) is
G(e) + R(6) [x~%(t) ] with K(t) defined in equ (3,5).
From agqu {2.88) we have

g "

I Bz
Ay = ( TR 60,7, 83, 8) )
t
o

- WiEeaR, R (6) B2, VE (Rebx 1) ) 1ae
&

: 4
x m[ Wit wit at + J w(£)dt  Erom Lemma 3.2
to to

i
i
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where,
fe(e)] < cfatu,m7? ¥t e T.
so that
AV > %aCld(w,8) 4% from Lemma 3.2
where

I2] s eltgmtodrdu,®2°
Hence, there exists an € ¢ (o,e) s.t. d(u,¥) s ¢ implies

AV 2 ¥oSrd(u,H) 1%,

COROLLARY 3.2 There exists ¢ > 0 &.t.

VB +ex, 8 ) > TR (xre,E,) for all u e G ot

wAh, 4, e for all 8x s.t. féxl < 6.
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CHAPTER 4

YURTHER ESTIMATES OF AV Mayne [36].

Pe first derive a first order estimate of AV which will

be used later in Chapter 5-I-3.

PROPOSITION 4.1: et u,a ¢ G. If either
(1) HIA, H2A are satisfied, s = 2 and a{u,d) < e, or

{1i) H1, H2 are satisfied, 5 = 2 and d‘(u,ﬁ) s £, thenu
%
= j [H(E(E) 0 lt) X (6) £)-HE (L) B A (L) ) 1de + e (4.1)
t
(]

where |e1] s ce?, o em

and X{t), is the solution of equs (2.1&) (2.17).

Proof: From (2.84):

e 5 -

a = f TR 460 0 Vg G £ (6 3 (o 60, Vg (R, 8) 5168
t,
o

i t,
£ e
= [ iR 0 - HEE R e

£,

<
bf - -

of "o e e ) ) -, e S0 0 ) 0
t
i=4

Vi (8 (1) 18] (£t 0 ) (8,80 Towae

where x*(t) = x{t)+86x(t), O s 0 % L.
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We have from Proposition 1.4 that |{sx(t}} s ci1e, e < =,
for all ¢t ¢ T. The terms inside the second integrand i
are of the form 0{u(t))-8{G(t)). Hence the result

follows.
1 o

We now give a second order estimate of &V. The
corolliary fiollowing the result will lead to a necessary
condition of optimality for singular control problems
(Chapter 10}, Mayne [361. a further developmenit of the
corollary leads to a strong version of the usual second ;

variation formula,

PROPOSITION 4.2: Let u,§ ¢ G. If either ; j
(i)  HIA H2A are satisfied, s = 3 znd d(u,l) = g, or
(ii) Hl, H2 are satisfied, s = 3 and 4 (u,u) s ¢, then :
te b {
o= [ TAH(6) +8 (6348 (£) 62 (6) )T Sm(t) At + o (4.2) ;
tO
where |e1| s oe?, ¢ <w

xie) B x (L) =K (t)

aH(E) = H(R,u, X8 -0 RGN0
Ao s P
AH_(£) = B (%,u,4,0) -H (%,0,4,t)
A£(£) = E(X,u,t)-£(X,0,8) (4.3)

and A(t), F(t) are the solutions of (2.16) - (2.19).
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Proof: Expanding the integrand of equ (2.84) about

x{t} r.r.t. x up to second order and neglecting the second
order terms yields the integrand in equ (4.2). The neg-

lected terms are: 5
. . i

AL 0L Gt 1) e Vo (), ,8) !
~Hp (0¥ () Ve (£) ,E) ,8)
+ L O (8) u ) e)-£, (re (81, (80 183 IV (x4 (61,8

* Vg Gt () R I (xE (8) u ) ) -E, G (0) ELe) ) 0

n oz _

E Vg, (¥ (L) 6) (£ (xu ) - {x0,t) 3 16x(t)

1=y 1
where x*{t) = X{t)+68x(t); 0 < 8 < 1.

Since, from Proposition (L.4) [léx(t)]| s cie, o) < =
for all t ¢ T, and the terms inside the bracket are all b
of the form ${u(t))-$(U{t)], the result follows.
[l

COROLLARY 4.3: Proposition 4.2 holds if &x(t) is re-

placed by the approzimation $R(t) given by equs (1.15),
(1.16).

Proof: If dx{t} is replaced by 6%(t) in the integrand
of Proposition 4.2, then a Further exror of the form

t

£ - .
f 10 (u(t)) =0 (@ (1) 1 T 62 (&) -8R (£) 1aE
t

o




is introduced. Since, from Proposition 1.6,

[8x(t)~8%(t) || s cae?, ¢, < », the error is not greater

tharn cae?.
a

BROPOSIPION 4.4: ‘Let the hypothesis of Proposition

4.2 be satisfied. Then

tf T T
AV = jt [AH(t)'FAHx(t) SR{t)+8x {£)Q{t)6R(t) ot
o
+ RSR(EQIP, (x(Eg) t ) 6RMEg) + @1
where
fer] ¢ ce®, c<w

alt)

o

H (8,5t

and the wxemaining terms are as defined in Proposition 4.2.

Broof: We have from egqu (1.15) that
SRir) = £ (R(8) H(6) &) SR(EI AL CE)
where A£(t} is given in equ (4.3).
Therefore, replacing Af(t) by 8k (£)=£, (R(t),A(t),4)8%(t)

in equ (4.2), we have, from corollary 4.3 that

t,

4 . P .
o f TAH () +4H, (£) SR{L) + (SR (k) £, (xit) yule) ,t) s2ee)) "By sreey Jdttey
t,

0

where lei| s ce?, o <™




t
£

- J't L8R () +AR, () 526 -08" (01 £ G ) () B (1) 62 ()
0

+ 158" (05 6) 88 () 1487 (0 B L) 6R (1) 1k + e

£,
- [ e ee-fiolan o viome
0

<5587 025 (1) 60165887 (197 (&) 6 (£) 4458 (1) (1) SR 18D JG

R (e IF, Rty £8R0) + &
te
- J [AS () +48, () SR (MR (1) (-E5 (R8T 8) 0B (1)
t,
3
FolGEm,im,0-5e) e e
ok (6 JF, (Rit £ 8R0e) + o1

t.
£
= ! [Au(t)'i'Aﬂx(t) SREL)HESR (L) QL) 8R(E) Jat
T
o

+ 3;52(1:‘:.)1““(;&5) ,tf)éﬁ(tf)m) from equ (2.18).

Hence result

The weak version of the lasgt result ls the usual first

and gecond variation result.




st

PROPOSITION 4.5: lLet u,d ¢ G. If eithex:

{1)

an

Proof:

Hl, H2 are satisfiled s = 3, £ and L are linear in

u and d{u,d) s € or d,(a,8) % €, or

H1A, H2A are satisfied s = 3 and fJu(t)-a(r)|| s ¢
for all ¢ ¢ T. Then
3

4

W= J L GEre) () A (E) E)oule) de
£,
O

t,
£
+ J [%8\;1“ (EIR{E) 6u (£} (£) o(E) SR (£) HAER (£)Q () SR (L) Jat
]

+EORIEIE, (Rlk) ) BRI + e

where fei| s e, €1 < and

su(ey & wwr - Sy

r(e) & Ele) 8, Tw 0

4

ele) 2 ®e),E08) K0

8% (t) is the solution of equs (1.1%), {1.16} and the
romaining terms are as defined in Proposition (4.2)

and (4.3).

Expand the intogrand of Proposition 4.4 w.rx.t u

up to terms of second oxdexr. The resultant exror is not

greater than ¢pc®, oy ¢ @
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S0 far we have been concerned with comparing v* and

v, In the sequel, we will compare v with Vk, where

£ is the local linear polioy defined by

K(x,e) = Qe + R(e)Lx-x(t)1

where U ¢ G, and K is piecewlse continuous. Clearly k

generates (%,3) so that Vk(xo,to)m v“(xg,co) N

PROPOSITION 4.6: Let HiA, H2A ba satisfied, = 3,

Let w,i ¢ G. Then, if either a(u,) s e ox dy(u,d) < g,
t
At - w
AV = f [AH(t)+[AHx+P(t)Af(tH S&(t)Jdt + e ‘
tO i
lex] £ ee®, ©<w
where

AB (&) 4 H(RLE) ule) , Rie) £ -HR(E) B e1+R (1) 8248) T (0 (1)

AR (8) = W, (R} sule) X (E) 80 =B, (R{8) lE)+R (£) 82 (8) , TUE) ,8)

AE(E) = EGR(E) u(e) ,t)~£1K (), T (e)+R (1) 82 (8) &)
and %(t), F(t) are the solutions of
Ko = ) ) Ko 4 0, G B K o (4.4)

B = 1, i) 00 (k) )P L, () At yt)%:(:'((t) At 0 F ) oy

R DB (o) () Rk 400 £ Gt et £)B () )
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+ [H () 860 Kie) 1) + £L G B 0B e TR
+ Ko, (ke A T @) oR e (4.5)
with the usual terminal conditions.
Broof: T = vEEm e
Foor = vE (&),
The proof follows in much the same way as for Proposi-

tion 4.2 and Corollary 4.3 using equation (2.86) instead

of {2.84). o

PROPOSITION 4.7: Let the hypochesls of Proposition 4.4

be satisfied. Then i

t
£
e J LB () +AHLOR {£)+5548 (£)Q (k) 6% (£) Jat
t,
L+

8T (B, (R (b)) 62 (B + &

ler] s ee?, ¢ <= i
where

A - - -
Qre) = M (R(B) 2w () (AL ,8)

and the remaining terms are as defined in Proposition 4.6. &
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Proof: . See Propositlon 4.4. 0

PROPOSITION 4.8 Let HIA, H2A be satisfled, s = 3.

Let 0,4 ¢ G. If either

(1) £, L are linear in u and d{u,U)s ¢ or
ditu,Mse, or

(11) flute)~u(el = ¢ for all € ¢ T,

then o

W= It I BRI + W B REE® + o)
(=]

+ £ Ate) (6 18Ree) Jae

&,
£

+f HE R, B T pwitide + e
tC)

led] = er?y ccw

where !
A - - -

ReE) = 1y, (R Bl S 8

ot i, G Gt o

wity & ut TR s

and 8%(t) ie the solution ko egonations (L.15), {1.16),
A(t), B(t) are the solutions to cquations (4.4), (4.5)

with the wsual boundary coaditions.

Proof: Bxpand the integrand of Proposition 4.6 te second

order w.g.t. u about . o

i
¥
4
;
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COROLLARY 4.9: If, in addition

H (R(6),8(8) X (k) ,8) =0

REEIR(6)+Cle) +Ey (R0 0 0B () = 0

then

e
o = f W EIR(E W (E)dE + oy
tCJ

ferl = ce?y & <=

a.e.

Tk ¢ T

tel

{4.6)

;
b
|
|
|
i
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CRAPTER 5
OPTIMIZATION ALGORITHMS

We attempt to find a control which satisfies the
H-J~B equation, Chapter 3-I-6. The gynamlc program-

ming approach may be summarized as follows:
o
1. St VO(xltg),tg) = Fixlty) st (5.1

2. Solve the partial differentlal equation

VR IR le) 88 (e) a0 D) W) =0 (5.2)

whers

WOt} = avy minlhixit) ult) ,c}wi(x(t),t)flx(t) ale) 4] {5.3)
u

The difficuliy of the numerical solution of (5.2)
is enormous, primarily because of the high dimenslonality
of the eguaticn, which results in tremendous storage re-
quirements. The purpose of the algorithms to be presen-~
ted is to obtain an approximate solution te (5.2) using
a less direct approach, Making use of the equatinns
obtained in Propositions (2.4) ~ (2.7), we attempt to
obtair a solution using succesdive approximations to the

optimal control function.

B
¢

i
f
3
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1 THE FIRST ORDER ALGORITHMS

Propogitions (2.4) or {2.6) are used.

1. Gradient Method : Relley [28], Bryson and Denham [2].

Suppose we have a nominal control G{t), t ¢ T, with
asgociated trajectory X{t). ’
Choose u(t) to minimize H{x,w,\,t) w.r.t. w
Write

ulkl = QL) + 6n (5.4)

i.e, Sult) = arg min H(X,0+8w, A, t)
8w

A first order estimate of the minimizing Su is

su = ~eB (X80t £ >0 (5.5)

where X is the solutlon to (2.35).

Thug, we have for Su sufficiently small
~alt) = BR800 - BIK,E,4,0)
= B (3,0, (8) ,8) 8 + 0(c?)

= ey (8,4 18) 001 G B (8 1) + 0te?)

~h(e) = B (R ERou, At + P D)AE(E)

= H (X8, k) + 0(e)
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Neglecting the O(e’) and O(c) texms gives
~&lt) = ~eH (X,8,8(0) 018 (R,4,0 (8 ,8) (5.6)

“he) = B (RS (5.7
with boundary conditions

8ltg)

i

[} (5.8)
Mg = P (Rlkg) kg (5.9)
as estimates for alt), A(t) with

llate) ~ aterfl < ere?
JIate) = ReeY | s eze i€ < @

Wote that i(t) given by (5.7) is the same as X&) in
(2.16). ¥rom (5.4}, (5.5) the new control is given by

uiel = ule) - e (&40 ,8) (5.10)

Computaticnal Procedure

Step O. Choose nominal control G(t), t e T.
Run the k(t} trajectory. Store uit), %(t).

Calenlate the cost Vu(xo,tc) r and store.

Step 1. Calculate i(t) using equations (5.7), (5.9).
At the same time compute and store the gradient

Hy(%,3,5(8) 8D -
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Step 2. Choose £ > O
Using new control (5.10), integrate the state
equation forward to obtain x(t).

Calculate v (xget,)

Step 3. £ Wiyt 2 VHix Lt ), set € = €/2 and
repeat 2.

Otherwise, set u(t) = u(t) and go to L.

Steps 1, 2, 3 are repeated until optimal solution is found

or until no further improvement e¢an be found.

Remaxks

(€3] A stopping rule can be incorporated into the algo-
rithm by replacing Step 1 with:

Step 1% calenlate i(t), &(t) using equations (5.6) -
(5.9}, At the same time compute and store the
gradient H, (3,88 (8,8 .

Check the value of ]a(xo,to)| and stop if it is less
than a predetermined small positive quantity n,

n obtained from numerical stability considerations.

{(i1) . It is found that the rate of convergence becaves
very slow as optimality is approached. This is
because in the naighbourhood of the minimum of H
w.x.t. w second order terms in the Taylor series

expansion dominate, since the first order coefficient




H, is

e

tending to zexo. This means a first order

approximation to H in the neighbourhood of its

mininum is poor in the sense that it is valid for

only very small changes su.

{1ii) We might choose another estimate of the minimizing

L

{1v)

2.

du.
where

Then,

—&tt)

e. aft}

e.y. setting
Su = ~c sgn (H,) (see Dyer and McReynolds ‘[ 81)
sgn(x} = L x 20

==l %<0

for $§u small enough (i.e. ¢ small enough)
= H(R,Gt6u,),t) - H(X,8,),t)
= ~en (%,8,),8) sgn (8, (X,8,1,t))

s 0
» 0 and a(tg) =0

This implies

&Y = a{t} ¢ O, s0 we have a reductlon In cost

for H,

(%,8,4,t) #0 (1 B (X, 8,2,8) =0, then §

is a local minimum).

Control constraints of the form glu(t),t) < 0 can

be handled, provided glo+fu,t) £ O.

Jacobson's Pirst Order Algorithm {133, [15], [18],

“-s equations {2.53) and (2.54).

Let u*

= axg min H{EMALE) )
w
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We let the new contyol be given by
ut =1
{e) = W(k) t e fEg,t,d
= uk () t e [t,te]
where t; ls chosen accoxding to the Step Size Adjust-
Tent method given in Chapter 5-II-4.
The computational procedure is similar to that given
in Chapter 5-II-4,
Jacobson notes that this algorithm couvld be expected
to have a better convergence rate than the gradient methods

in view of the fact that here global changes are made in
.

Contxol constraints are easily handled by finding
the nominal control f(t) ¢ @ and
@ = arg min H(X.w, A (6} ,t)
weld
The new control is then given by
ult) = (L) toe [t rt,3
s = (k) £ oo It ol

3. polak and Mayne's First Ovder dlgoxithm [371.

Thig algorithm makes use of the estimate o we ob-
tained for AV in Propogition 4.1. It handlas control
constralnts in much the same. way as the previous algm?ithm,

Congider the case where @ i3 a closed bounded subset

of R® such that max i{ joj}m ¢ 0 s 2. The Step size
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rule of the last algorithm differs from that of this last

algorithm and enables the authors to prove‘ convergence.
Without any Loss of generality, let T 4 [o,11.

Let & be the space of eguivalence classes of functions

in G which are equal a.e.

The following hypothesis must be satisfied: HL,
H2 are satisfied, s = 2. In addition
() B fr Lys L, exist and are contimaous in §.
{i1) for any 4 ¢ é, thero exists a @ ¢ G s.t. for almost

atl & ¢
A= A - -
Al{t) e U(u,t) = arg min H{x{t) ,w,A{t] )
weld

where X(t) Aw x(t;xo,to.f!) and %(t) is the solution

+o equations {2.16), (2.17).

We have from Proposition 4.1 that for u,u ¢ G

LI -
.Ww[ {H{X,u,A,k) = HIZ,U,A,8) 1dE
fa

A -
i1s an estimate for AV = V“(xc.to)-vu(xoyto) such that

{av-aT) s ofdiu,B) 3? G < w,
For some W ¢ &, define

S 268G, 0 8

o A -

B4 = min HEWI, 0, teT (5.11)
we .

and

8
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o & v (4,%)

1

= fom(i,o,a,t)—a(;‘c,ﬁ,i,t) Jdt
1 - -

= f CE(G,£)<H(X,5,%,t) jdt (5.12)
Q

where @ ¢ G},
The purpose of the algorithm is to determine a

? ¢ G such that G(G) = 0, i.e. & 18 desirable.

Step Size Rule
H

Dafine I_eT hy
ks

4 oo o= -
= (T HG, 8 -R{R(E) ,BLL) X (E) )50 (0) }

i
i
Note the Ii{ conegists of the union of ak most a coun-
i
table number of disjoint intervals.
- A
Lot afu) @ u(lg).
u .

Now for o o (0,11, let Iuﬁ be any subseu of T having
the following properties (the last 2 of which are designed
to make I _ the unilon of a smail nunber of disjoint inter-

uil

vals) .

W g e

(4) 1% o ¢ PO, T © TG
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134) 1€ 3 s 1t

[E%3] « e {m(n),13, Tog @ Ia

(iv)  For all ae[Om@1,{tcI ' eI <t} {tel )
LU of;

(" For all ac Mm@ LI it «Tot’ & g\ Tt <'} 2 {e e 1)

Define, for 8 ¢ &, o ¢ £0,1]

A
u () e UH,L) Voo I, (5.13)
u, () = Qie) ¥Eoe TNI .

We calculate the o which gives us the ‘step length® from:

A = {a!a"snax(u.:co,umv(uw,a) sa'e@)/2} Va'e[O,01}  (5.14)

where u i3 any function satiefying (5.13).

Ihe Computational Procedure

Step ©. Select a nominal control B(t) ¢ G.

Step L. Run the nominal trajectory L), Compute the

noninal cost Vu(?to,tc) . store X, v,

Srep 2. Using boundary condition (2,17} integrats equa-
tion {2.16) backwards in time (to obtain 3(t)),
21l the while minimizing H(X.w,%(8) 6} worit. w
to obtain (), Store X(t), G{t).




Step 3.

Step 4.
B

Step 5.

8.

Compute 8{1) using (5.12),
If 8(d) = 0 Stop.

Elge go to step 4.

Compute an o ¢ o(§) from (5.14) to cbtain the

step length.

Set Wit} = u, (e}
Go to L.




II THE SECOND ORDER ALGORITHMS i
Propositions (2.5) and {2.7) are used.

The 74 {t) are set identicaily equal to zero for ail

te T, d=1, ... n.

SMALL VARIATIONS IN CONTROL !

For a detailed discussion and comparison of the
next three algorithms the reader should consult Jacob-
son, [131, [14].

1. Jscobson's Second Qrder Algoxdthm (133, (147,

Let W (k) = k{X(t),t)} vhere
u* (k) = arg m&n H(E 0,8 (4) 1)
so (R, Ree) ) =0

Write  u(g) = d(t) + Suk(e)

i fut(e) = arg min BT eruh () 8 (5.15)
0

where i(t) 18 the solution to equatlons (2.61},(2.64).

We may obtain a socond order estimate of the mini-

mizing du* by eapanding H to gecond order in Su about
@), differentiating w.x.t, Su and equating to gzero, i.e.

H(R,Be0u, 8 00) 6) = B + < 0u> + hebu o su>
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Thus

- o o
HGLEA 0,8+ B, (8,8 (8) L) 0k = 0
s

Suk(e) = - ) (3,58 (1) 01 B, (R85 (0) 0 (5.16)

This is a Newton-Raphson minimization method
which produces a good estimate of the minimizing Su* ifs
(L)  Su* is small
G4 B &S >0 vt e T, (5.17)

To ensure that Su* is small we introduce

£:0<es] into (5.16}, i.e.

sur(e) = o3l (R, 8,5 () 28, (R A ee) 00 (5.18)

Now K(t) is chosen to minimize f(t). fPherefore,

from equation (2.862) we have
Kie = 0 Gk A ) 0 U G A e G P (5.19)
and cur new eontrol lg given by:

uft) = k{x{t),r)
= uk (b} + K{t)déx

= GlE) + oéur (k) + K(t)éx (5.20)




We have from the remarks before Proposi€ion 2.5
that our equaticns are only valid for 6x small enough.
The §x's produced in T are due only to the effect of
Su¥ (t)+éult) acting through

(R48%) * = £(%48x,0+6uttdu, t)
since 8x{t)) = 0.

It 1s shown in [13], [14] that an ¢ can be found that
will limit the size of §u*,§x,8u.

We solve the following egquations:
<Aty = Bk 0 (6,860 by - HE® AL k) b (5.21)
At =B GEw v S e + Bt (5.22)

Bty = R Gite) u* (8} R (8 o) + &Em w1
+ B (REE) 0% (k) )
e G i) A W+ R e 0 B
HH, GiD % Al B G o) B T
+ ¥ (e, Gie) oo e S0 00RED (5.23)
with boundary acndit;l.tms:‘

” - 5,24
g =0 (8.24)
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Ry = Pt b (5.25)

Blrg) =7, Gtey ) (5.20°

where u*(t) = T(L) + fur(t), i

Su*(£) is given in equ (5.18), and K(t) is given in (5.19).

Computational Procedure

Step 0. Choose a nominal control u{t), t ¢ T
Run the X(t) trajectory.
Calculate the nominal cost Vﬁ(xo,to).
Store, §(t), %(t), Vo

8tep L. Guess a value for ¢, 0 < ¢ € 1.
Using boundary conditions (5.24),(5.25}, (5.26)
integrate equations (5.21), (5.22), (5.23) backwards
in tin: from te to £, all the while storing K(t),
;\‘1 By
Check the value of |a(x°,to)! and stop if ‘it is
less than a predetarmined n. n obtained from
numerical stability considerations.

Step 2. U.ing new control (5.20) integrate the state equa-
tions foiward Lo obtain x{t).
Calculate V“(xo,to) .

step 3. If Viixg i) @ Va(xo,to), set € = £/2 and go to 1

otherwise, set u(t) = u{t) and go to L.




Drawbacks

(i) We need to assume that H_,(X,G,%,(t),t) > 0 and
H;;(;tya*‘ﬁh*.x(t) +t) > 0.  In non-linear problems
along non-optimal trajectories these requirements
are often viclated with resultant failure of the
method.

{31} The procedure is complicated by the fact that if ¢
is guessed too large, the backwards differential
equations have to be reintegrated along the same
nomipal trajectory with smaller g.

This last drawback iz overcome by the next algorithm.

2. Mayne's Segond Oxder hlqor‘ithm 1333,

Use equations (2.48) - (2.50)
net wr{t) = k{R(£),t)
= G(L) + su*(e)

We have from {5.16) that

suk (8) = =gy (R, 8, (E) 81, (RB AR ) (5.2T)
Assume Su* is small, i.e. either e is small and/oxr H,
is small. Then:

A = HOEUOUR A () ) -HE DA () £)
= UGB () 0 et Ti, (R (8 6w HOte?)




A =B, Gl ) o & o 2t 0
+ PUECER, BHur 8 -£ (30,80 ]
= B G 61 (L8, () ) umen (2) £, 0,8,6) 8
A H, G T 0, A 0w 0(e)
= R AA ) DT ©E A 0w B (58,2 (8) /8

el (RBALE) )42 (6, (8,0, (6,8, (8) R0 R, T, (0) 840 (2D

(5.29)
and as above, setting Yi(t) 0, 1=1, ..n
B = B BB AR BB EHR (), (6,0
+ 0, A @+ ETor e
[ G ) L (7,02 () Tk
+ K 8, M) 0K + 0te) (5.30)

Now, jgnoring the terms O(e), O{e?), 0(c®) in (5.30),
(5.29), (5.28) respectively, we introduce an error of
the order of ¢ in P{t}, £% in A(t), € in a(t).

We choose K(t) to minimize F(t) (ignoring the o(&)

termg) . We get
R = A AR B, EAA® A RENEOT (5.1
© Qur new control is given by

WiE) = GE) + Suk () + K(E)6x(t) (5.32)
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We solve the following equations:

b = el @55 A ELAD 08 G, 65.33)

<R = nERAe . - Ko, &84 w0 (5.3

- B = H &EA 0 + FE 080 B, (&,5,5)
* O, G + L& E0BE
* I GBS+ £ G508 PR

+ K wm, G S K (5.35)

with boundary conditions

Aty =0 {5.36)
Reg = r Eieg) ity (5.37)
Bleg) = F (%) ty) (5.38)

where A(x), A(t), B(t) arve astimates for a(t), A(t) and
P(t) respectively such that equs (2,68) - (2.68) are
satigfied.

The computdtional procedure of II -~ 1 is modified in
the following way. If ¢ 1s guessed too large so that no
improvement in cost results, the backwards equatlons ;lo
not have to be re~integrated alony the same nominal tra-

jectory for smaller ¢ since they are now independent of e.
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This is not true of the 4 equation, but

alt) = -e{i~e/2) s H\I;Huuuud":' so a(t) is caloulated

easily for different g'a.

Bquations (5.34), {5.35) ave the same as those ob~
tained by Dyer and MoReynolds [8] for their successive
sweep algorithm, which is the same as the modified

algorithm above. Bee also McReynolds [411.

3. The Second Variation Algarithm. McReynolds and Bryson
{407, Mitter 443,

Consider the equations given in Proposition 2,5 whers
- 4
we recall that Vi(X(t),t) = Alt).

Let us now set
VR lE(E) 8) = A(E) ¥ B{E) (5.39)
and uh Gile) ) = B(t), as before,
Let u*(t) = k{X(t),t) where
ur (g) = arg m&n B, () F () ),
Write wk(t) = G(t)+euY .

i.e. Sur = arg min H(X,Qr6u, ) (£)+h (k) k). (5. 40)
. &u

Expanding B to second order in fu about q gives:

A
i
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HOEEU A, = H(E S, ) <, £R, GHour ,£)>
= H(?«.ﬁ,x,t)wﬂutﬁ,ﬁ,x 7t) (Bt (A t)
8GR LM, (G, 1) Guse G, ) Subus. (541

On an optimal trajectory -h = Ho 80V, =}, so

h is zero. Now, although we are not on an optimal tra-

jectory, let us assume that h is emall. We can then neg-

lect the term <h,!5fuu6u7'> as it can be considered third-
order,

Neglecting <h,f, 8u’> and differentiating the RHS of

{5.41) w.r.t. Su and setting to zero (fér aminimum) gives
By Hy 8+ £h=0
1w - -
beee Sun®) = T REN O, GEAD + L&

Now, for the same reasons as those given in II-1

we introduce £ 1 O<e£% 1 and set
Sk (1) ety (BB OB G800 + £ (8, 0B (5.42)

Assume Su* ig small i.e. elther € is small and/or Hy is small

{h is assumed small already). Then

SAlE) = S M) ~ BE )
o HG B )+ T D>
~ HEAA ) - < EGE >
= Hy (8 A L) ¢ 0T (7 b St
+ 16 B 0 e+ 0Lt

. T
= -en DGR O (0 L G, N )4 (AR 0]
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LrE (2D - L R, .
+he [iiu(x.u.x,t)JrfE(x,u,\:)hJ !\1:(”'“""'1)[ﬂu(xr“r’wt)+f\1,(xrﬂrt)b3
—ehYE T el e -
€h fu(x'u’t)Huu(x'“’)"t)'LHu(xl“rAnt)"fa(irurt)h] + 0(e?)

= gy (L 3.0 - T o] e e - -
& o/ 2068, G805 R, 000 Hy 5,0 16 T8 3, 5046338,

+ 0(e®) (5.43)

SOhE) = 8, Gl ang) + K 08 F s A 6
HRIILE RS 1) - £%,5,0)1
= Hy (R DR A, 8) + < £ (R, Bouk £)>
1) O, G, B 4,10 +60 R v 10

AR (R LE (R ardur ) - £08,5,6)]

=HEIALD + H, Gl 0o+ SEI 00
) R )+ K, R ) S

A0 LGS0+ POLEA 40

= B (R, e+ (8 e (0 T, 8 A D (R, 00h)
-cEKT ey BB A BV () £, G 68 BB 00 1T G b0

H, RAAL T 4017 (5.44)

Ble) = uxx&.ﬁ,x,t)+f§(§,a,t>9<t)+v(t)fx(ﬁ,a,u
K8 O G 4 R Bi0P () 1
+ Oy (R, 0+ G612 (8 TR ()

» I AR BRE) Ol) (5.45)




.87,

Ignoring the texrms O(e), 0(e?), 0fe?) in (5.45),

(5.48), (5.43) introduces an error of the order e in P(t),
€% in A{t) + h(t) and e’ in a(e).

We choose X(t) to winimize ${t) (ignoring the 0(c)
terms) . We get
e o= -
RE) = =M (#,8, Lo ng, 7,880 +£] Ben

2
Now, if we sat -} = Hx, we solve the following equa:
i - — T o = P
) = e (e TR, GRS ] (R B W G5 % ) (B (Ri5,5 )

+ £ AN

o =B S8

he = DGO 0T, G S0

By =1, S A0+ &P+ BLLEEY
+ K (R AR e A 0B ) ]
- A T
B G g (R, 008 (0T K ()

+ £ (e, &L 0K

with boundary conditions
Aleg) = 0
. -
Mg = Foinleg) gl
ftg) =0
Bleg) = ¥ (Rleg by
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The computational procedure will be the same as
that for the previous algorithm except that we now have
an extra dlfferential equation to solve. We have seen
that in order to derive the Becond Variation equations
we had to assume h(t) small, t ¢ T, along non-optimal
trajectories. Ag thie is only true in the neighbourhood
of an optimal trajectory Jacobson (131, [14], points out
that the Second Variation method is not second oxder in

the sense of D.D.P.

BUMMARY.

The three second-order algorithms presented to far
have the following drawbacks.

(1) H;u(i,ﬁ,}\,t} mugt be positive definite. This re~
striction is sovere since it implies that K is
strictly convex globally w.r.t. u. In many probe
lemgs we £ind that H ls non-convex globally w.r.t.

u although it is strictly convex in the neighbour~
hood of its minimum w.r.t. u.

{11) Inequality constraints on control variables can~
not be handled directly. They have to be approxi-
mated by penalty functions.

(111) Regulrement (i) sxcludes the bang-bang type of control
problem where H, ® O.

We now dicuss an approach which can overcome difficul-

ties (1) and (ii) using strong varlations in 8x.

|




4. Jacchbson's Savond Order Algorithm £131, £1s3, [181.
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GLOBAL VARIATIONS TN CON'EROL
St SRR OND IN | CONTERQL

We use equations (2.60), (2.61), (2.62) .

Let a* () = k(k(e), &) where

A
T

u*(t) = arg min H(E,u,8,t) (5.46)
a

R{t) is chosen to minimize P(t) for all t ¢ T with
'vi(t) 20 i=l,..n. So

Koy & oy, G, R 0, G 8,04l Grer 0B @3 - (5.47)

The new control is i

it} = ) te®\E

= ¥ (B} K (B[R (E) ~K(t) ] t B (5.48) o

where 1 ¢ T\ By tp o B dmplies t; < s w(E) is

chosen to ensure satisfactory cost reduction,

Step-Siza Adjustment Mothod

This has heen described in detall in {133, £153, (18],
Bubstltuting (5.48) into the state equation gives

(RAEI+ER(E)) " = £ (R0, UMRSR, b) teB (5.49)

Kt ) Hoxlt ) @ %,
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Wecaune §x(t } = 0, the §x produced by eguation is due

to the driving action of Sut = u* - n, We saw in the

onalysis of Chapter 2-4, that we need to restrict the
: of §X.

i Suppose we run along the trajectory %(t) £rom £, to
Bio ¥, S By < tge At Eime t = g, 8x(t,) = 0, Inte-
drating egqu (5.49) ovexr [t‘,’cfj, the 3% produced in this
interval will be small 4if ['tl,tf'y is swall, even for large
duwt, l.e. we use control u(t) defined by (5.48), with
EEREN A I YO )

Hotlee that §(t,) may be different Exom u*{t,) and

Theopenw prajectory will sometimes have a cormer at t, .

c4r thus dealing with the notion of strong variations,

wnse, although |Bx|l s e, it Ls not necessarily true
Rl e
Y improvement in cost on application of a new control

g o-owrf) s K(e}dx{t) is given by
! L gu
[AAET AR S A AN (5.50)

wiee predicted improvement in cost, using the new con-

carinterval [tl,tfl is given by

t - )

ERTUE If IH R a5 e - (R 0LE e) ddt] (5.51)
t
£

“hg new trajoctory s considered to be satlsiactory

it e following inequality ie satisfied
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A LICH VR csa (5,52}

In practise C is set, say as, 0.5,

C mist be greater than or agual to zerc because posi-
tive AV is inadminsible, and less than unity bectuse the
improvements In cost should not be greater than the pre-
dicted improvement. Moreover ¢ should be somewhat less
than uniry so that decisions based on (5.52) are not in-
fluenced by round off errors in the computation.

When using a digital computer we divide the interval
3nto N-) time steps {i.e. t from 1 to N). When integra-
ting the backwards eguations record the time Neff when
[i\(;c,t)l becomes different from zero. We need ta f£ind
B, =N« fl'“aff]' I£(5.52) is satisfied with N, = 1,
then a reasonable reduction in cost has been mede and
the next iteration of the main algorlthm may begin.

If (5.52) i not satdsfled, sect

N o= (N

f "N /2 o+ Ny o= N

off @l

Repeat the above procedurs. 1f (5.52) is sotisfiled,

the nert iteration is bogun. Otherwise set

Nyo® WogpNgy 1/2 + Noy = Ny e

continuing to subdivide tl,Neﬁf] in this way, we have

N, (g Nap) /2 % Nop = Mooy £ 0, s

whera N = 28, = Nege © 2 = Wogse

i
i
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Tf Neff = 1, then only r = 0 is used.

If x is increased until B, = N,ee - 1 and condition (5.52)
i%.8€313 not satisfied, then owing to round off errors,
or N being too small, oriterion (5.52) with ¢ = 0.5 may
by too severe. Then set C = 0.0 and repeat the:procedure

for determining N,. C = 0.0 only asks that 4V < O.

Summary of $.4.A.M.

Step O. Obtain from main algorithm the time Neff when
|a(¥,t)| becomes greater than n,. n, a small
positive guantity obtained from numerical stability

considerations.

Step 1. Set ¢ = 0,5,

gtep 2. Set x = 0.

step 3. N, = (NopeNor)/24gr = Noryss Moo = 2-Negs
pefine u = 4 on [1,N:]

n = a¥+K(t) 8x on {Ny,N}

caloulate the cost VvV (24,1) and hence the
improvement AV = V“(xa,l) - Vu(;ru,l)

Step 4. If Criterion —ifer > ¢ 15 satisfied, M1 is
fatd,m) |
ratigfactory. Return the improved conktrol,
trajectory and cost ko the main algoxithm.

Otherwise go to 5.




]

Step 5.

Step 6.
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IE N, = Ng - 1 or Nogg = 1 go to 6
Otherwise set r = r + 1 and g0 to 3.

If € = 0.0, stop. Wo improvement in Trajec-
tory attainable. ’

Otherwise, set C = 0.0 and 4o to 2.

The Computational Procedure

Step 0.

Step 1.

Step 2.

Step 3.

Btep 4.

Choose & nominal control G{t), + & T. Store.

Run nominal %(t) trajectory. Calculate the

cost VWix k). seore %, V%

Using boundary conditions (2.63), (2.64). (2.65)
integrate equs (2.60), (2.61}, (2.62) backward
in time from te to t,, all the while minimizing
H w.r.t. u to obtain u*(t) and K{(t). Store
u*{t}, K{t).

Note the time Nge when la{¥,t)| becomes greate:
than n.

If Neff < 1. Stop. Optimal control found
Otherwige go to 4.

Apply the S.8.A.M.

If an improved control cannot be found, then
5.8.A.M, halta computation.

Otherwise 5.5.A.M., returns an improved control

w{t), trajectory #nd cost.
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Step 5. Set U=u, ¥ = Lrges e
’ ¥ VR B = V(R et 0)

Store the new ¥, 4, v¥ (0t )

Go to 2.

X If (X,4) cbtained £rom the above algorithm satisfies l
the condition of Proposition 3.1, then the policy k pro-
duced by the algorithm is the same as policy k of the
Proposition. Hence, from Corollary (3.2), the policy
¥ is lowally optimal.

A Computational trick that Improves the Convergehce Rate T

In the algorithm the new control used is u{t)=u*+Xéx.
It can happen that K(t)$8x becomes toc large and invalidates 1
the local expansion in $u. However, ox may still be

small enough for i

Vx(x+6x,t) =V, o+ Ve

Instead of storing u*(t) and K(t) and computing u{t), store
Vx and Vg ™ calculated from equations (2.61), {2.62). [

Compute u(t) directly by minimizing, w.r.t. u

H(Rrox,u ViR b)) + Vi () 82, (5.53)

The radius of convergence of the algorithm may be i
increased.

Then Step 3 of $.5.A.M. must be modified in part

Define ult) = G(t) e [1,N))
= the u{t) which minimizes {(5.53),t € [N, ,N].
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CHAPTER §

IERWINAL _CONSTRAINTS

I. TERMINAL EQUAL.TY CONSTRAINTE WITH FREE TERMINAL TIME

In this section we consider the clasa of problems
where the endpoint of the trajectory is vequired to cbey
the following inequality

lxitg) bg) = 0 (6.1)

where ¥ is an s £ n dimensional vector function and te
is a free parameter that we may make use of to minimize
the cost.
The cost function becomes
s
Vxle ) gprty) = It LOe(T) yult) (1) ATHP (xltg) rbg)  (6.2)
°

where R(t) = £{x(k),ult) ) xlty) = x, (6.3)
and ¢{x{te) ,tg) = O.
L, ¥, £ are defined as previously.

We treat the vteminal constraints by & formal Lagrange
Multipliers technigque as follows: adjoin the constraints
{6.1) to the cost function using a Lagrange multiplier

b ¢ R®, s0

|

S EDIIRE N T SRS R sk AR
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te

At}
Vo (x(t) ,b,tf-.t) = I Lix(t) ,u(t) ,v)dr+F (x(tf) :tf)
t £

* by (x(Eg) vtg)> 6.4

o
¢
;

Assume we have some (nomdnsl} control ft),t e ¥
with resultant trajectory %{t) ted; (nominal) multipliers
B and (nominal) final time e E 4 Eto,Ef] )
Now suppose k(x,b,tf;t) is a policy which generates
a new control u{t), teT, with associated trajectory i
%88}, teT, new multipliers b and new final time tg - '
T2 ftgrtgl. Let

Rixsbobgrt) = k(Erox,brob Egot,st)
= k(i,S.Ef;t)+<kx,sx>+<kb,ab>+kt£sv;f
+<dx,kxb6b>+<kxtf,6x>ﬂtf+<kbtf’6b>&tf
+g<6x,kxx6x>+9s<6b,kbb6h>+’sktftf6t; (6.5}
to asecond order, assuming §x, b, 6tf are small enough.

All the above quantities are evaluated at E,E,Ef;t.

Define 5

a(% B, Egrt) = VEEBEt) - VRSB E ) (6.6) j

i
M




(vﬁ+a)’ =

The V5 are all

0
k)
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I -
T + wEE0R,5,0

3k -

s ¢ VL ER,E,0)>

8k .

{;"‘Vt b+ Wth,f(x.u,tp

5k .

Ve, v R LERE405
£ £

3k ok - -

TeVab 7 Vg £ ,0,4)>

3k " - .

FExe, t Vage oL (X0,0)>
£ €

3

X x s -
Vhtf+ <bee£,f(x,u,t)>

22

vE bR B

k
XX

3

k
at ' bb

+ <v§bb,f (¥,8,t)>
) xtftf'

evaluated at E,B,Ef;t.

be continuous in (x,t). Let U,u¢G.

§x, ¢b and &t, ave small enough for the expansions in the

I A 1 R R

DROPOSTTION 6,31 Let HLA, H2A, H3 be satisfied, a=3, L
In addition let ¥, ¢ and their derivatives up to order 3

Then providing the .

(6.7}

(6.8)

(6.9)

(6.10)

(6,11}
(6.12) H

{6.13)

(6.14)

(6.15)

(6.16)
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proof to be valid, we have:

(6.17)

|

e = G A ) 640 () 02 (0T G B, Rk A () 1) 618

‘ B Eg0 = v EEE TS REE e G 8 619

A EBE) =0, BB E0The@u GEISR G A8 (620

Ty B Egrt) = [, (Rt 0, (R 008, (5B, B0 1 g R Biget)
g G0t ) )48, Gk A ) 801 G B )

- T o=
+ ELGut BP0 T K (/R 0

+ Hy (e A () bk (BB B ) (6.21)

e e - - N X
Jvkxtf(x,)a,t:fn;) = [fx(x,u*,t)+£u(x,u*,t)kx(x,b,tf;t)'] v‘;tf(x,b,tf;t)
L (ot A () L Rt M8 ek, (R, E g0 »
2 G 00 1k, BTt
Tl e, BBy

o (¥ A (8 1) kxtf(i,E,Efyt) L 6.22) '\f




. = P T - -
—v’gtf(x.b,tf;t) = IV, GuB Bt £ Gt 0GB Eyit)
HH Gt A (E) K, EEgrty
- g m v o
E Gt OV, (8B Ert)] i @B, Eg)

H &k () e b, Egt) (6.23)

L) = H G A (8) 6 +EL (R £ R (£H2 (D E Gt £)
- - T oo
HH Gk A (8) 1450 G r £R (1)) K, (B, E i)
ity B, E ) T T (o A () )48 G 094801
R (B g T (e 3 () 1, R B Bt

Hy (Rour A (E) ek, (XD Egrt) (6.24)

TR o= - T (S,
B EBE) = ey, EBEOT £ Rk v B i)
HH, (¥ A (8 Ky BB Egrt)
~ - . - -
L G gV G B Bpred 1 (B Bt

4, R (£ A () )y BB Epre) (6.25)

b
i
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K oen g R
'V:ftf""b"‘f't’ = Ik (b Eet)] fﬁm,u*.t)vitf(x.b,tf;t)
HH g, K0 A () e @B Egrt)

- e T o -
s ar, GBE 0T, 6B i

e
1, &k A M, B, Egrt) (6.26)

with boundary conditions:

at®B. sy =0 (6.27)

AEQ =¥ GRED ,Ef') +LEEN EaB (6.28)
WEERBEAY = vRED E .29
v‘t‘fﬁ,ﬁ,ef;if) = B AEY Eir GBEY owy GEQ BB 6.30)
EEBE Y = BEY B (6.31)

Ve B E1ER = By GlEp B9 4 W GED EBrH G A Ep Eg

+ B EQ £ ) He (R E

EDH G A€ ) (6.32)

oy GEERR = 4Gl Ehrn GiE Fotiy

* g (B BT, o n (B B (6.33)

A

i
o
1

i

{

i
)

|

i

i

i

{

|

¢
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R(Ey = P &E B v Bl Gt 6.38) %
'
BB Iy o (6.35)
g =B (Si.u*,x('éf) ,Ef)wtt(;?(if) b, EEQ) £
i B, GLUr A (R) 1) B (1)<t Rk ) B EQ E G Q> .
B
+ 240, GRE T 1Y, G E B G B>
T2 GebEeEn) iy Gour A B >
HH, R 2 (B B £ &> w3 |
o
where |
; b e :
w2 EEEEg Y (6.3n il
A Vk -
Blt) = Vo (b, tpit) (6.38) !
4
P e
u*(t) = k{%,b, g1t} {6.39) 1
and
8506y & giFur e - GRG0 (6.40)
Provfs We have from (2.12)
= T g ) = Bkl grt) S bbbyt ) C Gy

Expand Vk(k,b,tf:t) about Tc,E,Ef to second order in
§x, 6b and Stg:




VE Geri B Tt t)

: =Ky <v§,ﬂx>+<v’l§,db> + v’;fzStE
: - <6x,\7‘;b&>> + “itf"sx’&f + qz‘gtf,watf
.
+ a4 kebio, o, 0> + sv'éftfst; (6.42)
i Thus:
VK Gt B, Bt ) = o v \7:‘¢fatf (6.49)

211 the above quantities ave evaluated at %,B,Ef,t.
We ignore the terms vxxbﬁxﬁb, vxbbébéh, Vxxdxstf,
vxbtfﬁhé'tf, Vo SEO%y vxtftht; to avoid carrying cumber-
some terxms through the analysis and then neglectinyg them
for the same reasons glven in Chapter 2 Section V.

Using expansions (6.42) (6.43), and policy
k(x,b,tf,t) defined in equ {6.5), in eguation (6.41)
gives:

'3 2k
,7k Vk k] ,'3( 3k 8b>
5w & b"‘b’ B M o
3 _ 2  resn D
-<ﬁtf,matf Lk ity weon Bk oo

bt 5
3 > - S 2
~ed 2pdt, 0o ”Eé"tfuf“’-f + higher order tems

= B Gertin e b B, Egrty £) Vi)

eyl s bw"xtfaefar HO. tame, EGRIRRGERBHDEM 0 0> (640 ¢
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Bow expand the R.H.S. of equ (6.44) to second order in

8%, 8h, St (using the expansion for k given in equ (6.5))

and then, as in Proposition 2.5 equate the coefficlents
of 8x, &b, Stf. Then using squs (6.7) - {6.16) (ignhoring
the quantities mentioned earlier) givés equations (6.17) -
{6.26) .
We now determine the boundary conditions. We have:
£

£
Fixbeg it = It Lltkmidr « Plelig g 4 g RlEg) by

Writing thiz in texms of the nominal values:

v Gsx,5 +5b,?,fmt£;t)
Egroty
- L Lse(r) () rhi P (R ghdeg) + oxEgoty) rEgrity)
+<BHoh p (RUESE ) +ox (Eghit ) sEgotg)>
Egory _
= [T et e i RGO @ Gyt gy
&

+<Brah (R () 4606 +ax (Bt ) 1EgHOE ) (6.45)
where
'£+6tf
bx(Epréeg) = f & (R (n)+sx0n) k1) )6 (6.46)
t

Congider the integral

1
o
1




ke
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E#Btf

Tlx(t) k(1) ,myar

= L(R(EQ) + 8x (B s G, B, E bt 1B ) B St
G G 46D, E bt rE ) ) B

= (Lt <y S0 4 <, Gk Sk Bbv, 8t ) > T
Ly Ty Uy St B, St >1oeg

D+ <G (@ <L, G I6EL

Consider the second term on the R.H.8. of (6.4%)

FREQ +on(Eg) + Moy 14 b

= B+, Ox(EY +ax(Egdrg)> +P be,
*F k(B +Ax(E Mty )20t +hT, SET
+Yex(E) +dlEgrbtg) By (Bx(Ey) +x(Bphdtg))>
= B+ <F, X,6x+ fétf + fx6x6tf+ fukxéxstf + fukbébStf
+ £ ke S+ E 5L+ HEE (re0Eg) 8% + BE W40t

+Ft$t£+ <F,

et SO fétt.’ﬁtﬁ + %<6x,ﬂmﬁx>

+ B B b e By B O+ My St

because, from (6.46) using (6.47)

(6.47)

(6.48)
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Ax(tf+Atf)
= [Eef
LE4E St L
*OALEHE SR, ) g avdsel.

Then, similarly, we bave for the third term on the R.H.S.

of equation (6.45)
< By o pGEY +6x(E + ax(E sty iEg Stg)>
= Bt by, Sxh o+ £ udt + £ Jc e,
+ £k SoBt + fuktfat; + 5B SEEHE £ X, TE D 6%
+ isfuﬁ*st;] + "'t‘s"‘f +, xt[smfst fJ :Stf + %\p}o{t:xdx
+ b Eoxbt %‘lrmffst% + gwttstg >
+ <6b,w+wx[6m£6tf] +, B> '6.49)
to second ordex.
All the quantitles above are evaluated at %,5,E.:%, and
u* (defined in equ (6.39)), unless specified otherwise.

Now the L.H.8. of equ (6.46) at t = tf. expanded

to second order is given by equ (6.42) with t = te.

Equating co-efficients of like powers, gives at t = ’v.

k

Yy

P
-z, + 4B (6.50)
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ko
Vg = b (6.51)
v o nacr_ayTB 5
Ve x+'llxh,f>+Ft+<b,¢t> {6.52)
o : .
Vap T Uy (6.53)
vE = T B fT (p Ty 41T T 3 ;
Kty xE g BTV E (B o) +k, TE 46 (B0, B) T i
*F b ) E (6.54) *
Vlgtf = W, ST (7 TE) 3 (6.55) .
i
x N !
Vix T Pyt Bl (6.56)
vk =0 6.57)
koL T T T
Vigey ™ Bt OB Eo ek i B) ut> i
T L . 8
R 5 i
D AT P b) £ (R R 6 ) F 200 4Y ) b £ J
T T £ :
+2ktf[Lu+fu (B, B) 4F +<B b > ! |
|
H
- j
+<£, (Fxx+b"’xx) B {6.58)
]
ot
Now since | ;
i
i
|
we have ‘ i 3
;
H(Rub A (Eg) B = b+ BB : (6.59) ..}
§
i
i i
{
%
|
i
i
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All the above quantities ure evaluated at X,B,

u¥*, unless otherwise specified.

Substituting equ {6.59) into (6.50) - (6.58) gives

poundary conditions (6.27) - {6.36). o

i
i
1
H
i
i
1
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II SECOND ORDER ALGORITHM FOR 'TERMINAL _EQUALITY

DER __ATLGORITHM FOR TERMINAL EQUALITY
CONSTRAINTS WITH FREE TERMINAL _TIME
The problem studied by Jacobson is to £ind a
A
tf,u(t) e = tto,tf] to minimize (6.4) {(we ignore the
possibility that the cost function defined in (6.4) does i

not have a minimum but only a stationary point w.r.t u) .

and to choose b s.t. equ {6.1) is satisfied. It turns
out, see [3], that V must be maximized w.x.t. b.

Let u*(t) é k(;t,f:,Ef:t) be the argument which mini-
mizes HiX,u,A{t),t)} over u ¢ G. kx'

i ke ktf are chosen
k §
Vb thti respectively, with

to winimize P(t),

1
)

kxb 5 k’btf E thf & kxx H kbb 2k [} {6.60) ; |

i p

Thig gives: | !
i
- == 1 T, 1
kx(x,b:tfit) = ‘Huu[Hux'('fuP(t” (6.81) | :
|
o -1 T,k P
kb(x,b,tf;t)'»" _Huufuvxb {6.62) :
I

- ~1 0k i |

ke (BB, Bty = SNV (663 | :

£ |

e

where it is assumad Huu(i,u* () ) 20 WE e PE g, ELd

Thus our new control is given by

uft) = u*(£) k0% +kh(5b+ktfdt£ (6.64)




l
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All the above quantities are evaluated at ;:,5,1—:5 and u¥.
If equs (6.60) ~ (6.63) are substituted into (6.17)
~ (6.36) we cbtain the same differential equations as
Jacobson, however, the boundary conditions differ.  Jacob-
xon's boundary conditions appear to be in errox.
We now need to find éb and 8t,.
Set b=b and t = Ef and solve the free endpoint problem
using the second-order algorithm of 5-II-4. This causes
AE£(t) to be zero, and because u*(t) is chosen to minimize

HGt,ualt) k) w.rit. u, we have

H (%,0%,A(8) £) = 0 ' (6.65)

Hence, from equa (6.19), (6.20) and (6.65):
VoG5, Egrt) = 0 (6.66)
VB gt =0 (6.67)
From ‘above, uging equs (6.29), (6.30) and (6.66) , {6.67)s
VK BEgity) = w(?«(Ef)‘,Ef) (6.68;

vgf(xo,s,éf;co) = HR b Mg Eg)HF, (Ryut otg)

+<B R () Eg)> (6.69)

NOTE We are now using the superscript ¢ to denote that

v (,B,Egre) is the optimal cost for’ the state ¥, which
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the optimal trajectory for B and Ef. This arises because,
for fized b and £+ the second order D.D.P algorithm of
5-11-4 f£inds optimal u®(t), x%(t), which we now call onx
new (), R(t).

When we reintroduce variations &x, &b, stf, we régquire
PlxlEAS ) 1o (Eproty) Eghoty) = 0
and for v° to be stationary w.r.t. te
o o -
th(xo,mdb,tfwtf;to) =0
Now
© o -
VUK, rbHSh kit )
O, 0 © o
= ¥ -|-<vb,6b>~|-vtflst:f+<vbt:f,5}»61:f
o o
+ %<8b,Vy, 8b> + v st2 (6.70)
‘'bb tftf £
‘provided 8- and Sty are small enough.
Thus
Q o T (T S (E 48 ey o=
v U, b Est ot ) = ¢ REMexEgstg Bpdty = 0

0 0 o
=V + Vb + Vbtfd"f
and
v@fzxo,bmb,ef«scf;to> =0 ]

=0 492 ob VO, Bt
tf btf. tftf £
o o "o
s 1 vbb Vbtf Vb
toe. =g R (6.71)
v, v v
b tb Ttebe| |t
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where Vg, Vz are given by (6.68), (6.69).
£
All quantities above are evaluated at L B, Ef’to'
£ : (0 s e s 1) is present to ensure these changes are

not too large,

Remark: ‘The cases

€8] terminal equality constraints with fixed terminal
time

(i) free terminal time (i.e. no terminal constraints)
are just special cases of the analysis of the last
two sections and the relevant differential equations
and boundary conditions can be got guite easily

from the equations of the two sections given above.

CHE COMPUTATIONAL PROCEDURE

Step ©. Using a nominal £inal time Ef and nominal control
QL) b o [to,Efj run a nominal trajectoxy.
Using a nominal set of multipliers B, calculate E

the pominal cost v“(xo,B,Ef;to) from equ (6.4)- ' 4

Step 1. Using boundary conditions (6.27), (6.28), (6.34)
integrate &, A, P backwards in- time from tg to
b, all the while storing u* (t) and ky (given by
equ {6.61)).
1 |alx,,BiEgit )] < n go to 2. B
Otherwise, use the computational procedure qf

5~It+4 to reduce |a(xg.BEgity)].




Step 2.

Step 3.
Btep 4.

Step 5.

Step 6.

Step 7.
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(i.e. treat the problam as a free endpoint prob~
lem by keeping b = b, ¢, = Eg).
When !a(xo,ﬁ,gf,to)' < n replace the old nomi-
nal trajectory by the new one and go to step 2.
Using boundary conditions (6.31), (6.32), (6.33},
(6.35), (6.36) integrate equs (6.21}), (6.22),
(6.23), (6.25), {6.26) backwards along thig tra-
jectory all the while storing kb' kt {given in
£

equs (6.62), (6.63)) in the process. Use equ {§.60). t

Calculate &b and Stf from egu {6.71).

Bet ¢ =

Apply the control u(‘c)akx(t)6x(t)+kb6b+k,tfstf

and compute a new x(t) trajectory and corresponding
Winleg) vtg)  tp = Tpoa oty

1f (‘p(x(tf),tf)l < n, compute optimal V. Stop.

Otharwise go to 7,

If there has been an improvement in the endpoint
error as meamired by |b(x(tg) b0l = |4 (R Eg|
then get X(t) = x(t)

Brew = Peya + o0

& LR 4§tz Go to L.

fhew  Totd  F
Otherwise, set ¢ = ¢/2 and go to 5.

14
z;
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BEFINEMENTS TO STEF 7 _FOR FIXED TERMINADL TIME. [é]n
TEST 1

Although &b is chosen according to (6.70) (where €
la s.t. w(x(tf),tf) is reduced) it may lie outsilde the

validity of the expansion (6.70) (where dtf = 0).

We have
vO(x _,Bsb,t_)
o’ o
= 800 Bt + Voix, Bt v x_ Bt )1 8b
=  rRit) Xy ebity) + [Vp(x bt )]

TH0 o
+ %8b Vin (xo,b,to) Sh (6.72)

Equ {6.70) and (6.72) coincide at t = 1:0-
Choose &b and evaluate the R.H.S, of (6.72). Integrate

{6.3) as described previously and evaluate V(xo,E+6b,t°).
If b lg given by: :

. o ."l,0
&b = -e[VbbT Vb

- o 4 E
= ~efVp T (Reg) kg
ther

i brovrty - i Brty)

= - T = e
= & Bt ) (emke ) R ieg) 20 T VG G, BrE VERIED A 16.73)

If equation {6.73) doee not predict the change in V to

within a given tolerance, ¢ should be reduced until it does.
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TESE 2

This is useful if it is desirsble to keep the new
trajectory in the immediate neighbourhood of the mominal
trajectory (e.g. we may wish to prevent the trajectory

from jumping to another local minimum). We have

3
£
vl bst) = ft L0 mder o e £ 0% 6t )

and
t,

. e B .
ViR B = L LGRS ) ari (G () £ (Rl sg)
Then
Wity =v0b,0 - V&bt

N .
£ - -
= L 150,00 ) L (R B et O (8g) St T (R (k) tg)

+ B0 e -Bp G kg
From equs (6.6) and {6.42), with ttg = O
W) = OB, B ) G2 Bre) sorien' S, (G, 68
+ VG B 1) St U B ) 8

Equations (6.74) and (6.73) are theoretically egual.
Thelr difference is a test of the size of §x and &b
From (6.74):
t
AV() - BV L) =I ©6° 8 -LE B d

£

(6.74) ¢

{6.75)

(6.76)(

§
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and from (6.75):
AVEE) = A (k) = oG, B, ) WDE B, ) DB ) b
+ 50V2, (.56 serexv S LB 1
* 3 B et B k)
YD 0 o) BB 0, (B ) 663
This can be simplified using equ (6.66) and {(6.68), i.e.
o -
Vp(x, /Bty = VDIE,E,0) for all £ ¢ T. Thus
AVLE) - V(e = D0 s B b g R B, ) 6x
- 50EVE, (B 1) GV () 6
+ W, (5B ) ™S, (R By db. (6.77)
Test 2 iy performed by determining whether equ (6.76)
-agrees with equ (6.77) within a given tolerance. If
the test is falled at €y then the integrution of this
‘trial trajectory' can be discontinued. &b should be
reduced, or, if &b iz zero, 6xi should be reduced by

the step size adjustment method. This test is parti=-

cularly simple to apply in cases where L(x,u,t} = O.
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IIT TERMINAL INEQUALITY CONSTRAINTS: Mayne [363.

Consider, for simplicity, the control problem with
inequality constraint:

ax(tg -bso (6.78)

Suppose the second order D.D.P. algorithm of 5-TI~4
with the terminal value of A modified from

Py (xlte) tg) o Ty (xlty) ty)tca
for some ¢ > O, yields (%0} satisfying Propesition 3.1.
U is the locally optimal control for a modified
problem, without terminal constraints, for which the

terminal cost is f‘(x(tf) .'cf_) where:
Bt 8 & Foxie) 0 ve(taby)

and b, is arbitrary. Let by = a'R(tg). Then

Flx(e) ,8) = Flxle) b)-ca” (x-R(kg))

Bence ,
Faf forall x a.t.

oa® (xR (tg)) 8 O (6.79)

Thexefore, there exists zn £ > O 8.k,
'y B
VK, ity) 2 VoK )

for all u ¢ &, B.t.

it
4
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(1) du,m) s ¢
(i) X(tf;xo,to,u) satisfles (6.79)
If ¢ can be changed to make
Tz =
ax(ty) =b
then a locally optimal solution to the original problem
will have been cbtained.
Changing c to o + &¢, |6cf <e, will change i (t) to
Y{t) + &lt), changing T(t) to B(t) + su(t), X(e) to
R(t) + 6x(t) etc.
Approximations 8%, §&, $% to these guantities can
Le obtained as follows: (see also Chapter 3-I-4).
At the end of the second oxder D.D.P. algorithm,

we have u* = 4. Therefore from equation
- %= B EAT Y - K T
where
Hu(i,ﬁ,i,t) =0
and
Altg) = Fo(xl{tg) kg + ca.
Changing ¢ to ¢ + 8¢ introduces variations, gilving
58k =y (e B Two 6T (6) B (oo 4o, Tedh )
o - T -
= B (R kdu, K B 408, (Rrén S, ) T 61
& ng Sea T = a T T
HKC () (H“(XFGX,U'I'YS\J,A,U+[f“(x+6x,u+6u,t)] 8A}

Sultg) = Sea

4
4

B
2
i
{
i
3
2

&
!
1
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Expanding the R.H.S5. of the above expression and
ignoring all terms in §x, §u and higher oxder, we have,

as an approximation to §i

88 = a¥(e)8f

with boundary condition

6X(ty) = 8¢ a.

where

Ao = o

B (E) = £ (x(t),ult) b + £ (x(B) alt) LK)
Let &u = arg min H{X+8x,+8u,3+6%,t)
du

Then, expanding the R.H,8. of the above expression and
(remenbering that Hn(i.ﬁ,i‘,t) = 0) ignoring any terms
iavolving &x, (du}?, differentiating w.r.t. §u and

setting equal to zero gives

58 = - r7 (6% ()68 (k)
where A
R(E) = A (R () B0 T8 .8

s & £ (R(E) (e} 8) .
S:;, approximatlon 8% to §x is given by
sR(E) = By (c) 63(e)+BT (1) si(t)
“oR(ty) = 0.
Then, (c.f. Chapter 3~I-4) we have

a¥siie;) = ~aTW(tg to)a de

(6.80)

{6.81}
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where &

£
, $E B @B e
©

W(tf,to) =

and @(tf.t) is the transition matrix corresponding to
Ay (E). '

Noting that if [6c| se, then |l86(t)]] s c1e for
811 ¢ ¢ T, it can be shown that |Bxity)-s%(tgll < cze?,
£y < o, Hence equ (6.£0) can be used, if aTwa # 0, to
choose a §c to reduce aTQ(tf) - b.

For pach choice of ¢ we obtaln a locally optimal
solution satisfying the constraint equation with b re~
placed by aTE(tf) . ¢ is changed, using equation (6.80),
to make a x{t

2 = b

In practice one would compute:
£,
o £ iy - -
Stegitga - | ST @ee i ma
i
whare

- s
Sh (L) 2 6ALE)/8c
=% (e 00a

is the solution of Bqu {(6.80) with terminal condition

{Equ 6.81}) replaced by:

Sh{ty) = a.
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IV FIRST ORDER ALGORITHMS FOR TERMINAL _INEQUALITY
CONSTRAINTS: Polak and Mayne [46].

It is found that if the terminal inequality constraints
are handled in & manner very, similar to the way, the Method
of Feasible Directions handles control constraints, then
the Algorithm described in Chapter 5~I~3 can be extended
to handle terminal inequality constrainis without much
difficulty.

Let Qe {ulfuh 5 r} « K" be compact, and let & be the
space of equivalence classes of functions in G which are
equal a.e.

A
Let T = [0,1] for simplicity.

The cost functional is
4 u

9o lu) = ho(x"(1))
The terminal constraints are

s Sn eIy 50 e, b
At each iteration we will only be concerned with the active
terminal_constraints i.e. those which are some ¢ away £rom
the boundary. We define the set of active constraints as
follows: Let P = (i, .. p}.

For any € 2 0, let
g B (3« plyy  -ed
To proceed further we make the following assumptions:

Let H1l, H2 be satisfied, s = 2. In addition
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1) £

0 Euxr Ty Ly, eXist and are continuous ¥{x,u,t) ¢ 8.

The functionals hi:Rn-»R, i=l,..p and their derivatives

up to second order are continucus in R°.

(ii) for all ¢ 2 o,

e e AL L
G @ =0, @, #¢

where we define
= A - -
U, (,8) = ary win max{H{%,w,X_(6) &) -HESZ (8) )
weh © °
g G Ran i (0 08 E G5 0 0 e )}
and
Xj, 3=0,.. p are the solutions to:
Tyte) = B RAR 0 0

Aj(l) = hjx(x(l))

We have from Proposition 4.1 that for u,i e G

8,0 = [:m(i,u,xj 6 ARG 1,0 Yt
is an estimate fox
Mgt £ a0y oy @
such that
Ay b 848 gt B fscfa @) <o

For U ¢ &, define

{6.82)

{6.83)

(6.84)

!
j
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A
nizmgte) = m max{li(x,w,).o,t)-ﬂ(x,u,).o,t);

gy iy AFREEX 8, 1T @)

D {(2+p)
where 2 ¢ R P! 18 a vector partitloned as follows

3
2= (g .. Ap)

Now, defining i

P N . i
"e("' = f niz,u,gu) ,t,e)de {6.85)
o

where z(k) = S35 S I ip) , our aim will be to deter~

mine an U e G s.¢t. g @) = o, i

Step Size Rule

This is very simllar to that given in Chapter 5-1-3,

For & ¢ €, ¢ » O, define 10 ¢ T by
a8 -
1 = {tePn (0,9 0) t,80s o lw} i
set m(®) 2w
13 v £

How for &« &, & » 0,00[0,1], let I3" be the subset of T

having the same properties as (1) -~ (v) of Chapter 5~I-3

(with the necessary notational adjustments). ¢ |

For % ¢ 6, & ¢ [0,1], we define the new control by

o o At : L
ua(t) € Uz(u,t) ¥t oo IE {6.86) §

o = it
us(t) = (k) Whoe T\IE
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We calculate the o which gives the new step length from
— . ) -
o (@) = {u|m=max{aET|Ago(ug ) sota (8)/2,
. [
g +ag (Y 850}, wal ¢ (0,81} ‘ (6.87)

Computional Procedure
Wie describe 4 different algorichms. In the algo~

rithn descriptlon the parameter s is set equal to 1, 2,
3 or 4 according to whether algorithm L, 2, 3, 4 is being
described.
Step 0.  Select an algorithm identification parvameter

s ¢ {1,2,3,4.3.

Choome {or compute) a nominal control satisfying

gl{u) s 0,
Step 1. If s ¢ {2,3,4}, sete= g . If s=l, set g==

(l.e. we consider all the constraints for s=1}.
Step 2. Compute the state eguation X{t).
Step 3. Set J, = {j ¢ P|gj(u) 2 ~e)

8tep 4. For all J ¢ JF compute ij by solving eguations
{6.83), (6.84).

Step 5. Compute a @ ¢ T, (§) according to (6.82)

Stap 6. Compute oE(E) according to (6.85)

IE OE(E) = 0, stop
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Step 7. If s=1 or 2 go to 9
Else go to 8

Step 8. If 6.(0) < ~¢ go to Step 9

Else, set ¢ = ¢/2 and go to 3

Step 9. Compute an o ¢ ai(ﬁ) according to (6.87)
set G(t) = uf

Step 10. If & « {2,3}, set ¢ = £, and go 2.
Elge g0 to 2.

Remarks

At each lteration, algorithm 1 solves (6.83) and
(6.84) once for the cost and once for each constraint.
Ilgorithm 2 soves (6.83) and {6.84) once for the cost
and once for each constraint within e of being violated,
e f£ixed. Algorithms 3 and 4 do the same as 2 for geveral
reducing values of ¢ until a test (Step 8) is satisfied.
Algorithm 3 resets ¢ to its inltial value €o at each
iteration, while 4 does not.

In (481, convergence has been proved for the sbove
algorithms. To implement the algorithms the reader
should consult [46], which takes into account &1l the
approximations needed to make the feasible curve Einding

sub problem finitely solvable.

E
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CHAPTER 7

CONTROL _ CONSTRAINTS

We consider the class of wontrol problems with

control constraints of the foym

glalt),t) < o {7.1)

where g is & p-vector function.

The problem is to fing u{t), £ ¢ 7, satigfying
(7.1) which minimizes

t

V“(xo,to) E thl.(x(t) /i) e)aE + Flxlty) ,tg) (7.2
whaere °

R(6) = £(x(£) yult) ,e) xleg) =%, (7.3)
Lot

it A {ult}sg(uit) &) = 0, for all t ¢ T} (7.4)

We have shown in Chapter 5 how the first order
algorithme can be modified to handle control constraints
of the form (7.1)

We now show how the second order algorithm of Chapter
5-II~4 1s modified by using a guadratic approximation to

the boundary of @.
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JACOBSONS SECOND  ORDER ALGORITHM [13], [18],

We make the following assumption: the optimal con-
trol u®(t) is continuous on the whole interval T, i.e.
if end when a control hits or leaves a congtraint it
does B0 without a jomp, as in Fig 7.1 (This clearly ex—
cludes the bang-bang probler s which are treated in
Chapter 8).

Fig. 7.1

Contral

i
2 tb

t

t by, #re bimes at which the constreint becomes savive

2
or insctive,respectively.

Aasume that the optimal cost V¥ (x(t),t) is ‘smooth
enough® to allow a power series expansion about X ().
VO Girdn 6 VO (Rt} ok VR IR, E) Bx + %<8k, VT, (Ret) 82> + huo.t. (7.5)

We may truncate the power series provided tha trun-

ocated texms are negligible,i.e. we must limit the size
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of the §x's. The Bellman equation in the neighbour-

hood of the nominal trajectory:

FI e 3 " . ;
- i - ) - <&y &0 ,00 - wkendy &6 60 i

k)
3t x e xx

= WEOLLGRER, G 1) + <, (R0 (R b, £ bk £) >3

Sl
(7.6}

i
whatre the Vxxxéxsx terms are neglected for the same !
i
reasong as glven in 2-IV and: b
!
{
_ . i
VR = VR ARV, 5] Srresn v, o) 610 (1.7

The supexscript o has been dropped for the following i

reasons:

The cost described by the truncated power series
is optimal subject to the constraint that §x remain small.
It is therefore not the traly optimal cost given that
any size of dx is allowed. If the nominal trajectory

is not gufficlently close to the optimal one (a.d we need

to restrict the size of 8x using the §.5.a.M. of Chapter .

!

5~1X}, then it is not the optimal cost.

Let §(u,t) denote the set of P(t) active constraints

at time €, for u e Q.
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PROPOSITION 7.1 Let U ¢ p. Assume that:

1) §,(8(t),£) has full rank  and 1§, 0,03, A7, & 0]

has xank B

= A - ~ a -1
Wi 08, (G, (R0, ) + b(0)g,, @,01 >0

where

it} = arg min H()?,u,vx(iw) )
el

and b is calculated uaing eguations (7.24}),
Then alt) ,Vx&,t:) N Vxx(;t,t) satisfy:

~a(e) = B8,V (R 0D b - HOEE,V, (8 )
T (R8) = B GREV, (R 0 ,0)4V, (K, 6) 48 ()

et = B, AV G RGP L, R 8

=K (0 Dh gy, (R, G ) 0 g (6,00 IR (6

with boundary conditions:
& (tg) =0
Vo ixitg) bg) = Fy(rltg) stg)
Ve (Rltg) sbg) = Fyp (elty ot
where

AE(E) = £(%,8,t) - £(%,0,t)

(7.8)

(7.9}

{7.10) ;

(7.14)

a8 i
i

(7.16)

(7.27)
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and
g T 8 = ~ o oty - -
Reeh = =[B,, (8, (6,8, 01465, 6,01 20 IR, RV, &) &
+ (BB ] (7.18)
T oy on - . =tp

266) = Loy (G 1§, o, 00 Iy (6,9, 65,60, 148, (BT gh (@] x

PN - o P

9,0 TRy, &8V, 6t EIbg @,6)1 (7.19)

Proof From (7.8):

- 5pE - B - By Geen - wad G0 o

= min CE (R3340, V, (G 1) () 4V, (3,0 62, £ (RH8x, B0, 1151 (720}
BusBiuch ) xx

For §x = 0 the R.H.B. of equ (7.20) becomes

min_ H{X, 560,V (X, 6} ,t) (7.21)
Su:U+duel I

This is in general a difficult non-linear programming
problem, which we shall assume can be solved. Let &4

minimize the above expression, and § = u + 88. If

gth,t) < 0, so @i = u¥, then the algorithm is the same

ag that of Chapter 5-TI~4.

Assume that H(t) of the constraints are active at
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time &, O < H(t) = .
so §l,e) =0 (7.22)

Adjoint {7.22} to (7.21) using a Lagrange multiplier b(t)

of dimensicn B{t) to give:

TR ALIE ) = HEAY E) )+ B @8> (7.23)

Using (1), (ii) we have, from McCormick [283,

the following equations which enable vs to determine

b and 4
B oo n 0,7, ()0 + 85 @,0b =0 (7.24)
%% = §8,8) = 0 (7.25)

How, reintroducin§ dx dnte (7.21) and §u to retain

optimality gives

LG, 0060V,

min (R0 04, (o) 8, € Gordae kb 1)) (7.26)
Susruch .

where the minimizing 6u still has to be determined.
Assume that at time £ all the constraints §(G+su,t) re-
maln active. To ensure thig b must change from b to

b + 8b.

8
i
i
i
1
¢
!
i
!
:
)
|
!
3
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Analogous conditions to (7.24), (7.25) are:

By Gl B0, G ) 6o Givdin, B0 00V, G ) 8¢

iy @4u,8) (orsb)

L
=1

(7.27)

gili+ du,t)

¥
(=]

{7.28)

Expanding to first ordex about %, § (to obtain a linear
relationship between §x and Su) gives, using equations
{7.24), (7.25),

Uy, BBV Rr8) 1)+ 19, (6,40 200 + &b

* Uy KAV, 8) AHE, RANPEIx =0 (7.29)

G, 0,6)8u =0 (7.30)
Thus
sult) = ~{H_ RV, () B8 (0,017 13, @,68h

GV G B EAOREIED L (7.3

where prion (44) the minimization of

(7.26). Using (7.31) in (7.30) gives:
i) = 6560 B, AV, R 2450, 6,60, 0,01 x
G, (0,00 gy (BB, (R,8) 20408, (G0 T 1B, R O, Gt 1)

+ £ G,/ EP (016 (7.32)
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and substituting this into (7.31) leaés tos

6u = R(t)6x, R(t) Gefined in (7.18)

Expand the expression in equation (7.26) to second
prder and substitute for éu, §b. Then, equating the
coefficients of §x with those on the L.H.S of (7.20)

gives equations (7.11), (7.12), (7.13).

Terminal conditicns : See Proposition 2.4

Remarks

(1) When B(t) = O, ¥t ¢ T, then z = I and the equa-~
tions reduce to those of Chapter 5~ILI~4.
(i1} Docal, strict convexity at ( is sufficient to en-

sure Assumption (7.9) is satisfied.

(4ii) If only one control is used, from eguation (7.30)
du = 0 if § # 05 and z = R{t) = O even if
(Huu+b§uu) % Q. Bquation (7.13) is then a linear

matrix equation.

(iv) At points where a vonstraint ceases to be active
or inactive, 2z will change discontinuously. How
ever, as G ig continuous (by assumption), only

\}xx(i,t) will have a dlscontimuity.

() On the forward run, u(t) will be discontinuous at

times of boundary points of d(t) due to the presence

b
1
t
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of the discontinuous z2(t). However, this dis-
continuity does not affect the cost to second
order. See [13],

The discontinuity in the forwards u(t) can be
overcome easily by using the computational trick
of Chapter 5-II-4,

i.e. compute

ult) = arg Eta a(x+5x,u,vx+vxx6x,t) ;

Since Vyr Vyy 3Te continuous, the u(t) generated

is continuous.

Computational Procedure

This is much the same as the wecond order D.D.P.

algorithm given in Chapter 5-IX-4, with modifications.

Step O. Choose a nominal control G(t),t ¢ T satisfying

glu,t) £ 0, ¥te®.
Step 1. Standard.

Step 2. Using boundarv conditions {7.14) - (7.16) inte-

grate equs (7.11) ~ (7.13) backward in time

from ty to t,, all the vwhile minimizing H w.z.t.
u to chtain G{t), and §.  Use eguations {7.24),
(7.25) to calculate b, which enables z and R{t)

to be caleulated using equations (7.18), (7.19)

stoxe 4, R(t).




<134,

Note the time N_ge When |a(k,t)| becomes greater

than n.
Steps 3, 4, 5. Standard.
Step 3 of 5.8.A.M. must be modified in part to
ult) = H(t) £ e [1,N.]

= 8(t) + R(L)6x € ¢ [1,N0,

Otherwise the rest of $.5.A.M. remains the same.

In this Chapter we compared the nominal control q

with the control #, where
4k} = arg min H(;t.u,Vx(;t,t):t)-
uell

We have not yet derived results which allow ua to compare

two arbitrary controls, as in previous sections.




|

CHAPTER 8

BANG-BANG _CONTROL _PROBLEMS

mmlRToOn, WUNIROL | PROBLEMS

I PROPERTIES OF THE COST FUNCTION AT SWITCHING

POINTS
Consider
k() = Elx(bixg byl ult) ) ®(E) = %, 8.1
t |
u A (e o
vix{t) ,t) = It L(x(r) pulc) ;1) AreF (x(ty) sbg) (8.2} i

vwhere u{t) satisfies for all £ ¢ T, o
WP g (k) s ud 5= 1,..m (8.3)
3 bl 3 ! . :

and uxj;r u;, 4 = 1,.. m axe constant values. '}
In this Chapter we consider the case where the
contrel law switches between the upper and lower bounds M
defined in (8.3).
Assume we have & nominal control G(t) ¢ @ satisfying
(8.3), with resultant neminal trajectory
- A - H
(e) = mlbix b u) !
Let u*({t) denote the control:

uk (k) = vVt s ftgt,) {B.4)

=" ke (b kel bost sty st
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vhere u*(t) has left and right limits of v° and v* re-
spectively at ti1, where Vv  and v+ are constant vectors
with components either ul_} oxr u? 3 = 1., m l.e, travel-
ling backwards in time from tgr T ig the time when at

B .
least one of the o of u¥(t) ch discon~

tinuously from one of the bounds to the other.

We now use a dynamic programming approach to inves-—
tigate the properties of V“* {®{t) ,£) further, in particu-
lar at ti, where u*(t) is restricted to a piecewise
continuous function of the form (8.4).

¥or the control u*(t) ¢ G defined by (8.4),

t ¢ [t,,t.) define

0R(L) b & v Riey 0 (8.5)

Let superscripts +, - denote the right and left

limits respectively of 0 at ti.

We have from egu (2.9), for t ¢ 8(u¥)

~0, (R{E) £} = R(R 0%, 0, (R(E) £} ,8) (8.6
L1+
0, (R(E) /€)= I (Rou%,0, (R, €) bhh0,, (R 0) £ (Rout 0 (8.7)
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By (K8 ) = B G0, (Ry0) 1) + 6, (KEDEGE w0,

= H (00, (R, ) o) - <M (R0t Gt 1), € o )>

3

~<EGR R Y0 B ) E R, > (8.8) i

: 4

where u¥ =y te ltyt,) i
= v et ]

For t ¢ rta,tf] the cost to go is given by

ty
f DAR(T) cu* (1) ThAT + B(RIL) 1) (8.9)
t .

which, as we can see, can he considered a function of

fy. 80, for the cost to go fort s t, define

t,
B 1) = [ RG] 0T+ DG 1)
t

t.
= [ L) k) ode + o Hx(ED 51) (8.10)
‘t

where

t
Ax(ty) = ft‘f(a‘:m Ju* (1) 1) dT ) (8.11)
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EROPOSITION B.1 Let Hl, H2, H3 be satisfied, s = 3.

Let /U ¢ G. Let u* be given by (8.4). Then

- - )
etl(x(t,) slasty) = e,:‘(x(t:,),t, iy}

= Bt 570, e sl 0 -BGE ) V0, G ) i)
(8.12)

- PO
Byp, (XlE1) starty) = e, bt s read

= H (1) 7,0, (Ren) ) vt)s () 00, Gitta) 1) )

+0,0, (K(k1) st1) BE(E) (8.13) |

Oy, FlEL) sast) = By (e b ta)
= B G V0, ik ) /) e v 0 R i) B )
+IH ) 770, (Rt )R Gee) V0, Brt) ) JEE, V0
8 (b (R l) 70, () 6 4T )8, (Rt BELES)

(8.14)
where

sree) & e, - £G Y0

Proof Introducing 4x and ¢t in the switching time ot
into equatlon (8.10) gives:
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- EyhBty
B (R, 6148ty ,4) = J Ltdx, 0% ) dx
+

0 (R{E) +ERLE) AR (R 48t ) LaiEy)

Now for &t > O, we have for t = f

- ahby -
B PSR E1HEE) b)) = Liw8x,v ,T)dT (8.15)
ty

+0 0 (£ X By AR (L 48ty ) yby+it)

where
vhoty -
Axltrbsty) = E(rensv r)dr
t

Eypanding the L.H.8. of {B8.15) to second order about
.81 for Sty > 0

8RB bkt 161) = 0 b1 ) bef 1G] Stukeo, B8ty

+ ”‘5""’;{5”‘”“’:, L (8.16)

The superscript + applies as we are approaching t; from
the right,

Expend the R.H.8. of (8.15) to sacond oxder about
§, ty. Bguation (8.15) is precisely the same foxm as
equ (6.45) in Chaptex 6 with ¥ absent -5 e* replacing F.
{To see the actual derivation in detai.. . .fer to Jacob-
son [16], Appendix).
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Then equating like coefficients of §x, 6t, one

obtains egquations
b Gty = a6 G b &
o VB eta) 1) + O (Fta)
- ot o
em__‘ X t1it) = Oy Bryta) + B (x,v 8, (,t) )
+ 6L GOEEY Y
o Vo

+ e - g _
O, g, Febstn) = B GGV ,60 (R, 4) + 6], (R(ta) ,ta)

G 0 Gt ) G, 00>

+2<85, @oba) £ GV ) PE 0 8 B R e £V 0)>

Now we have from Proposition 2.1{i) that ex and exx are
continuous in (x,t) at ti. Hence we can dispense with
the superscripts + {(and -} for Ox, exx’
Substituting ~qus (8,6) - {8.8) with u* = v oat tT
into squs (8.17) ~ (8.19) gives equs (8.12) = (B.14).

Consider §t < O. Then we have for & 4 LY
. t1 - +
B{ahdx 48t st) = -! Lix+8x,v ,T)AT
LSty

8 (R (348X (6 ) HAX (£ 4881 ) 7E1+8E2)

where

£ ~ .
AR(ty+8t,) = .-f £{x+8x,v ,r)dr
tybdt

(8.18)

(8.29)

{8.20)
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Expanding the L.H.S. of equ {8.20) aboat X,t; for 6t < O
gives equ (8.16) with superscript + replaced by -.
Expanding the R.H.S. of equ (8.20) in the same way as
equ (6.45) in Chapter & wao expanded, and equating coef-

ficients of 8x, 6ti as before, gives

- - g - -
Oh (%71 ,82) = ~HG,v rex(X.tl) ta) = 8, (it}

- - - - =
extz (Fetrsty) = —ext(x.t,) - Hx(x,v ,ex(x,t;) 1)

8 B EE N 1)

O, Frtaits) = B G0, G0 0 - o Gita)

<1, v 0, @ o) ) £ G a)>

=258, Grt) EEV R)—<E G )0 £ G0

Substituting equs (8.6) =~ (8.8) with u* = v~ at £}
into the above equations gives the result.
3]
Remark: In general, if more than one component {sav r,

whers ¥ s m) of uw* changes at t;, it may be necessary

10 consider the sepavate changes in switch times 61;11, ..
8t, for each component in the analysis above.

x
Howaver, here we treat the case where only one component

of the control switches at ti.
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II THE OPTIMAT, COSY FOR STATE (%(t) t)

We consider minimizing (8.2) subject to (8.1).
We assume that the optimal control switches between the
upper and lower bounde defined in (8.3). We investi—
gate what happens to Vo(x,t} and its partial derivatives
at the switch points, in view of the fact that the Bell-
wan P.D.E. was devived on the assumption that the v x, )
had comtinuous first and second partiel derivatives w.r.t.
% and t. At points where the control is discontinuous
neither #(t) nor the derivatives of V°(x,t) will neces-
sarily be continuous.

Consider the state x = X.
Agsume we have a single discontinuity at time ¥,. Let
Vlf(i.t) denote the optimal return function to the right
of &1, where a continuous control v' is used for
t e (t,eel.  tie. v' is the control that minimizes the
R.E.5. of the Bellman P.D.E. for the state x = %(t),
toe (6, ,tg),

Suppose congtant control v~ is used to the left of
the discontinuity. Then, for ¢ £ &, dencte the cost

to go for state X(t) by

1 - -
o7 (R{k) k1.E) = j Lix,v" thar + v G )
t

(we drop the superscript for convenience) .
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We have from Proposition 2.1(i} that at t = &)

0T (R(ta) sty k) = VT (R(EL ,b1) (8.21)
' B E () st sty) = VEGE(61) 1) (8.22)
Ve (R(ED) st1 580 = VL (R(6)) (b0) (8.23)

and from Propesition (8.1)

e;!(:’c(tn,t..-m - vtl&(t,);t,) (8.24)
Opp, (RLEL) ytsty) = V;tx (Rltg) ot1) (8.26)
Ok, (FlED) 1 st0) =V:ltl;c(tx),t;) (8.26)

where + and - denote right and left limits respectively.

Now, 0 is not the optimal return function
v7(%X,t) to the left of t; unless t; is chosen optimally.
i.e, 87 must be minimized w.r.t. ti.

NECESSARY CONDITIONS FOR A MINIMUM

A necessary condition for 8 (R(t:),tirt1} to be

minimized w.r.t. t; ls that

oy, (Rlt1) Lrstr) = 0 (8.27)
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A further necessary condition is
00 e, ®lEL) £1st0) 2 0 (8-28)

Now, introduce varlations dx. In oxder to maintain
the necessary condition of optimality for the case where
varlations $x are present it is regquired that we intro—

duce variat.ons §t, to ensure that

By, (REEX 1468, 781) = O (8.29
But
By, Derdx,tidbty sty) = O, #<0g, SX>HE o 0% (8.30)
Using {8.21) - (8.24) gives:
- - C )
By, = ~LOg ¢, (bt T <0, (Kitast) 00 (8.31)
where
0, FEetaita) > 0

his is an optimal local linear feedback controller
relating the required switch time §t) to the 3x appsaring

at t = &,

JUMP _CONDITIONS FPOR_VO(R,%)
We now zelate V;(irtx):tx)yv;x(i(hl),tl) and

Vi (Rlk2) £1) , Ve (RGt1),t2) . We have

i3
1
i
k)
!
L
i
}
i
i
1
|
J
3




-14a.

A further necessary condition is

O, e, ElE1)E17E2) 2 0 (8.28)
Now, introduce variations éx. In order to maintain

the necessary condition of optimality for the case where 'j
N 1
variations §x are present it is required that we intro-

duce variations 8t, to ensure that

gy, (Resx, 148t 7E1) = O (8.29)
But

Dtl(x+€x,t1+6tx;c‘) = Ut‘+<axt‘,6x>+9tlt‘6tx {8.30)
Using (8.21) - (8.24) gives:

- -3 - - .
8, = ~L8 {(x,t1:t1)) <ext‘(x,t,;t,),§x> {8.31} ¥

€ ity
where
Og,¢, ®rErit) > 0
This is an optimal local linear feedback controller i
relating the required switch time 8ty to the 8x appearing

ak & = &y,

JUMP __CONDITIONS FOR V°$§(t) 3
We now relate V(R(t1) &1} Yy, (Rit),e0)  and

V(Rita) 1)y Vo (Rita)s82)y  We have
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B(Rr8x, 61488 ,ty)

= (3’4-<e;us::>+(a;l Seyr<ol, ,81>8t;

- - 2 ;
£ !3<5x,8xx8x>+l,etlt=st! (8.32)

Now, substituting {(8,31) into (8.32) to eliminate &t,

gives:
1 :
o7 GRRSR b= (0] ) <07, 0x0,t1) f
1
" 4<0), - .33
= g +<ex,&x>+»ﬁ<5x,<axx-e§t‘ 8,5 65 18.33) :
€1ty 3
!
Renaming the L.H.S5. (which is how independent of t1) of +
i
(8.27) as V™ (%+8x,t), we have from equs (8.21) - (8.26) .
- -
V(R 1) = V() (8.34)
ViEe) = Vi) (8.35)
- Lot = i + o+
VelFeta) = Vi (R,83) ("xt,-"t‘x’/"t,c, (8.36)

These results were derived independently by Jaccbson
{161, and Dyexr, McReynolds [6].
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ALGORITHMS FOR SOLVING BANG-BANG CONTROL _PROBLEMS.

Consider the dynamic system described by
*{t) = £{x,u,t) = £tk b)+E, (e t)uy x(E)) = X

where £, ls an n-dimensional, nonlinear vector function of

x and ty £; is an nxm matrix funcyion of x and t, and v

is a m-dimensional control vestor which is required to
satisfy (8.3).

The problem is to choose u(t), ¢ ¢T to satisfy (8.3)
and to minimize

t
£

V(xo,to) = !t Lix,t)dt + F(x(tf) :tf)
o

Then, we have ' ]
B 0V (%,8) () = Lx,£) <V, £, (6,808, (k) u>

if (f'fvx)j,'j*:l,..m is not zere on a finite lnterval
{i.e. the problem iz singular or partially singular - see

Chaptex 10}, then H is minimized w.r.t. u if

=

b T,
vy 4 (fzvx)j >0 3 = Lyoum, (8.37)
N 2, o -
uy = 3‘ £,V )y < O EEER TR N

=

g0 our control is of the type which we have been
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discussing. We now discuss how the existing algorithms

are adapted to handle the above problem.

1. %he Gradient Method, (63, [71, [81.

Assume we have a nominal contiol {t) of the form
{8.4) with a switching point at t = t;, and assoclated
neminal trajectory *(t) s toe M. Now, because the swit~
ching time £, has not necessarily been chosen optilmally,
denote the cost by 8(X,t:,t) for state x{t), where
u¥{£) = W{t). The change in switching times §t; is
chosen to ensure that 6 (R#8x,ty+étivti) is less than
97 (K,b1rta) .

Expanding to second order:
87 (%+8x, €148t ,8y)
= 07200, 81040 Stitety, ) SR>6t
+s<5x,a;xsx>+~satmst§ (8.38)
We can chouse, for example

5ty = ~£0t‘(§ltx:t1) (8.39)

e Sty = -asgn(ot’(?c.tnt:)) (8.40)

¢ 15 chosen to ensure the validity of expansion {8,38).
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If 8ty 1s chosen according to (8.39), we have, eliminat-
ing 6t: and using equations (8.21) ~ {8.26), the follow-
ing jump conditions at t

" - + - o~ -
6 xpt1,ty) =*Ox(x.tx.-t:\)-se,:1 Geatritn) 8, (Kytarty) (R.41)

S Retrstn) =0 (%6 00 (8:42) i

If &t is chosen accoxrding to (8.40) , we have

- 4o - -
8y lketritn) =0 (Rt ) esgn (0, (%t ”“))axt; (xetastn) (8.43)

U Ghtrta) = 65 otasts) (8.44)

Computational Procedure

Step 0. Choose nominal control Bk, €T of the form (8.4).
Run &(&). Caloulate Vg etg) (500xg,t,))
store k(&) , u(t), v¥.

Step L. Choose £>0.

Step 2. Using boundary conditions (2.17), (2.19) integrate
equations (2,16}, (2.18) backwards in time until

the first switching point of H(t), to obtain

&

*
Opr Opxe
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Step 3. Compute th,e
Calculate 8., 6. from equations (8.41), (B.42) or
equations (8.43), (B.44).

Return o Step 2 and continue integrating until
the initial time.

Btep 4.

times of G(t) given by (8.39) or (8.40).
Caleulate x(t) using this control, and the new

0
cost v (xo'to)‘

step 5. If V%2 V', set e = e/2. Go to step 2.
Otherwise, set G(t) = u(t}
() = wit)

Vxg k) = Wi k). Store.

Go to 1.

The above procedure is repeated until the optimal solution

18 found or no further improvements can be made.

2. JACOBSON'S FIRST ORDER METHOD, [133, [163, {18],

Suppose we have arbitrary nominal control (k) satig-
fying copstrainte (8.3), with assoclated trajectory FIO
Use oquations (2.34) - {(2.37).

Suppose

wh () = arg min Hik(t) 0, (R () ,6) ,t)
w

then u'(t) is given by eguation (B.37).

xt‘frcm equations {8.12), (8.13). Store.

Caloulate the new control u(t) with change in switch
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The computation procedure is the same as the first

oxder method described in Chapter S-I-2.

3. EHE SUCCESSIVE SWEEP ALGORITHM, (61, [71, [81.

T2 Blona Y SRERER ALGORITHM

Suppose we have some nominal control @(t) of the form
(8.4) with switching time at &;, and associated trajectory I
Denote the cost by 0(X%,t1,t), ur({t) = u{t). We solve egua-

tions (2.16) - (2.19) (with X(t)=0,, F(t)=0,,).

It 0t1 # 0, choose Sty to minimize the R.H.S. of (8.32).
This gives

= - -1 of
S, 05k, (04, Mgy, 6% (8.45).

giving jump conditions

+ o+ +

M M ML (8.46)
- gt .t +
0™ Qi Oxe, "%, %7 %%, 6y (8.47)

where Otl' th' Ot;t; are given by (8.12) - (8.34).
Computational Proceduxe

$tep O. Choose nominal control B(t) of the form (8.4).
Run %(t}. Caleulate 8(Rg,ty).

store X, B, 0.

Step 1. Using boundaxy conditions (2.17), (2.19) integrate
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equations (2.16), (2.18) backward in time as far
as the first switching time of @(t).
Compute and store =

o] and store et‘, exh, etxtx using squations

(8.12)~(8.14). Compute 0., 0_ using (8.46), (8.47).
4
Step 2. Continue integrating to next switching time.
Step 3. Repeat 1, 2 until initial time.

Step 4. Integrate the state egquation forward to the first
switch.
Compute &ty given in equation {8.45) (NB at
first switch 8x = 0).

Step 5. Continue integrating and storing x(t) to tg.
Compute the lew performance index V“(xo,to) where

u(t) differs from U(t) in vespect of the switcing

times.
set QL) = ulk)
®{t) = x(t)
g =vY . Go to 1.

Repeat Steps 1 - 5 until no further improvement is made.

Remarks

{1) In general several gradient steps may have to be taken
pafore the full Newton - Raphson step could be used,
because equation (8.45) may be invalid (8t may be too

large, or Ot\‘tl £ 0), for npminal trajectory.
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{ii) The choice of the nominal control is important.

4. JACOBSO'S SECOND ORDER ALGORITEM (131, [167, [181.

Suppose we have a nominal control U{t), & e T satis-

fying (8.3), with associated trajectory X{t)., lLet i

WA () = arg min H(R(t) ,9,V, (/) ,8)
u N

where the components of u*(t) are given by (8.37).

Now suppose that the minimizing control for B+su re-
maing u*(t) except in the neighbourhood of switch points i
u¥(t).

Then, we solve, for ¢ e O(u*),
~a(t) = BTV R ) B -HE Y (R 1) (8.48)

U Gt = B (v () W, R LER £ RS0 (8.49)

St = g (i ) I RO )

A RAVEE )£ 60,0, 3. (8.50)

with boundary conditions

alty) =0 (8.51)

Y (Retg) = FylRite) kg ‘ (8.52)

Vo (rg) = Fyy(RiEg) itg) (8.53)
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The jump conditlions for t ¢ T - ¢{u*) are given by
{8.34) ~ (8.36).

EBquations (8.45) — {8,53) cannot be used computa-
Jzionally as equ. (8,50) involves Voexx In the same way
as in Chapter 2-V, we estimate the error in a(t), V, (t)
and Vo, (t) if the V., terms are omitted, [17], [181.

%e have from Proposition 2.7, for d(i,u*) s e or
dl(ﬁ,u*) £ ¢, the errer introduced into aft) is of order
e?, and into V (¢} i3 of order e®.

Owing to the neglect of the vxxx terms an error in
the ewitch times of u*, of magnitude

-1
At, = Vtztxfu Vx

is introduced; where we have AV, is of order €*. The

error introduced into a(t:) is, to second order in 4ty

2
Vo BErtRV, | BETL

However, at a switch time V‘,l = 0. Thus the exxror un-
troduced into a{t;) by At: is of ‘order .
We thus solve the followiny differential equations;

for & o 0{u¥)
SR = B0, e 0 -nE ST Gt ) (8.54)

et = B, R e el G Az () (8.85)
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Vi ot = B Gouh T Ges) 010, (R R0 E,  (8.56)

X KK

where why = b (£l(k,0) TG >0 3elm (8.57)
=d§ G D&)< 0

Equations (8.54) - (8.56) have boundary conditions:

dtty) =0 (8.58)
G G = B (Rltg 40 (8.59)
G Rrtg) = £, (Rl ey, (8.60)

ate), Vx’ Vxx are estimates for a(t), vx, Vex such that

llatey = ate)] s o’
o Got) =€ GLell ¢ coe?
[RAMER IR AN R @1 ,02,08 <.

The jump conditions foxr T ~ 0(u¥) are given by {(8.34)
= {8,36) (where all the partial derivatives of V have a ~).

Computational Procedure

The algorithm of 5~1%~4 is adapted as follows:

8tep 0.1, Standard.

step 2, Using boundary couditions (8.53) ~ (8.60) integrate




Step 3.

Step 4.

Stop 5.
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equs (8.54) - (8.56) backwards from tg to t, all
the while minimizing B w.r.t. u to obtain u*(t).
Calculate the jumps in Yoy 86 sWitch times of
ut({t). Btore w¥(t), t‘1' i=1,..p the switch

times of u*(t), and 51 = at the switch

3
Virey Ve,

times, where V are given by egu (8.13),

ey Vxey
(8.14).  Note the time W . when |a(%,t)| be-

comes greater than n.
Standazd.

Apply the 5.5.A.M. with step 3 revised in part
as follows:
Define, u = @ on [1,N}

and u, as shows below, on [Ny,N]

Standard,

DITERMINING A NEW CONTROL

slep 0.

step 1.

Bot u¥, t‘i' ({i from main algerithm.

Run forward in time using new control

uy(e) = witk), 3=),.m.  If & is reached
return to Step 3 of H.8.A.M.

Otherwigse, when a switch point of u;(t) io
reached, measure 6x(t,i) and calcoulate Gt‘i

uaing equ. (8.31)
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Step 2. If &t = 0, go to 3
!

Ig dtli < 0, backspace integration procedure by '
amount 8t and set

ugle) = ug(t’;i), €ty by e T

integrate forward to t = t S After time 'c=t:11‘
Again set vy (£) = “§(t) . Go to 3.

If Etli > 0, gset

\xj(t) = u;(cli) s be [t‘g't’1+6t’5,]
Integrate forward o t = ty +6t1 .
i 1

{xf ﬂli-l»étA 7 g integrate only to t = tf) .
i

After time t = &, +6tx ; again set uj(t) uj (t) .
i ES

Go to 3.

gtep 3. I b o« tfl return 0 Scep 3 S6AM

Otherwise return to 1.

Phis alyorichm con be extended to handle bang~bang
sontrol proplems with Fixed Endpoints and Implicit £inal
fime in tho same way that Jacobson's second-order algo-

yithm was exterded in Chapter 6. 8Soe 131, (161, [18].
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CBAPTER 9

SIATE CONSTRAINED PROBLEMS

¥ In this Chapter we use the approach of Mayne to

derive some recent results due to Jacabsan; Lele, Spesyer

{267 for state constrained problens wsing, in paxt, the
expressions for AV derived previuusly. This avoids the
difficylby of treating the differential equation as an
equality constraint. In [26] the differential eguation
is added to tha cost function by means of Lagrange multi-
plievs. )
The basic problem considered is the same as that
praviously considered except that there is no integral
cogt (I ¥ 0), only terminal cost F, and there ls an added

constraint of the foem '

§(x(t)) s 0, for all t ¢ T {9.1)

where 8 1 ® » 8" and ite derivatives up to order p are

wont inuoug. The constraint ig assumed to be of pCh ordex,
Loa. the pfh time derivative of the constraint is the first
to contaln the control variable explicitly. We also have

R(L) = E(r(t) u(e)) s x(by) = %y {9.2)

Lot (%,1) donote tha optimal solution, assumed to

oxdat. Lot §(&), yi¢) denote respectively S&(e)), ix(eh.
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syi6) £ yie) oo,

An approximation §}(t) to Sy(t) cam be obtained as the
solution to

SR(E) = A(£)8R(6) +B (68w (k)
4508 = cleyekit)

ﬂx(\:c) =0

whare

ate) &g, oo, G

sie) & g Gie Tw)
ctey & s, e

suft) & uey-Rie .

1ot Tt & viE (o) ,6) be the solution to equ (2.16),
(2.17).

PROPOSITION 9.1:  Let HLA, H2A be satisfled, s = 2,

Lot u, B¢ G. Then, if max Idu(e)l < e,
tel

AV e ey

where +

Y c-'x\

A = J W (e dultyat
tO

and Jeil s ere?

{9.3)

{(9.4)

(9.5}

(9.6)

2.7

(9.8)

{9.9})

{2.10)

(9.13)
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=T -
Ve G, S T . (9.12)
Proof: Follows £rom Proposition 4.2. a

PROPOSITION 9,2: Let HIA, H2A be satisfied, s = 2,

B, u e G Then, 1f max léu(t)i s €,
teT

(1) Nyt s ere ©1 < » for all t ¢ 1

(i1) 6y ()-8 (L)l € cze ez < m for all t e T
Proof: Sy (k) = y(t)~F(e)
= B{x{t))=8(X(t))
= 8, (F(6)) 6x + o (6x)
Sy (L) =83 (1) =8, (R(8)) (Su-85) +o(8x)

Now, because of our hypothesis, we have from Chapter

L =~ TIT that
f88 = can

fax-8l ¢ eye? 040Gy € ®

Rusutt follows. ]
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m
Let ¥y ¢ C", the space of all continuous functions
on T with norm ‘

LR Qr@ﬁ;ﬂy(wn (9.13)
€

The dual space is B", the space of m~dimenslional func~
tions of bounded variation, conkinuons from the right
and usual norm ﬂz*hﬁ, 80 that <z*,y> has the represen—
tation

t
£
<zx =[ ¥¥ (ehan (&) (9,18
t
‘0
for some n ¢ Bm, and Stieltjies integration is implied.
In the sequel we assume that € Lls convex.

Then wa have from luenberger [321:

] TON 9.3 Let HIA, H2A ke satisfied, & = 2,
T G, et (%,W) be optimal, Then there exists a
T, ® O,z @ O where Xy ¢ R', 2k ¢ ™ and [ENEUEL FEC IS
(1) rAdrezt,y> 2 0 For allu e @ (9,18)
(14)  <ak, e =0 {9.16)
{so that (L) becomas r A¥+sz*,dy> = 0)
(114} n, tho representatlion of z* is nondecreasing and

19 constant when § < 0.
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proof:  In the space W = R! x C define the sets

a2 b ((e,2)ir = aF, 2 z § for some u ¢ G}

i~

B2 {{x,2):xr <0, z < 8}
where 0 denotes the null function.
‘A and B are convex sets
B has interior posnts as ¢" has an interior
Then A n Int, (B) = ¢
suppnge thia is falss. Then there exists some u satis~
tying the hypothesis such that
AV <O, §<O.

Wo huve from proposition 9.1 that, for maxjdu(t)i < €,
t

av = e,
whers ;
*g
8 = f Weu ar, eyl s o,8?
tO

nofine U, ¢ G by
w, = \l=a)lton Osas
aqiving
Ju, = u e} = du
Them
A, = oA <O
and le,| = %" for o of the order of ¢, This implies
that -
oyt e vt e (9.17)
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If § < 0, then there exists a sphere of radius p
centred on ¥ which is contained in N- the negative cone
in €™ For 0 < 4 < I the point of is the centre of a
sphere of radius apwhich is contalped in N.

Then, because ¥ = 8(k(t)) £ 0, (l-a) > O
(1~u)§+u§ = §+u6§ is the centre of a sphere of radius
«p which is contained in N. For fixed &x,

18 (R+asR) =Feadfl = 0(a)
Then, for o sufficiently small,

8(%adit) < 0 (9.18)

t
- £
whotre wfx = uf d{t,r)B{r)du(r)dr
%,
o
e
= J (e, T)Br)Su {r)dr
o

Then (9.17) and (9.18) contradict the optimality of U,
S0 A n Int (B) = ¢ and Int (B) # ¢
Therefore, thero exists a clesed hyperplane separating
A und B, lonce thero oxists ¥, 2%, § s.t.

rurvhzk PN ] for all {r.z) < A

LRSS 6  for all {r,z} = B
As (0,0) « AnH, 8§ =0
Sotting © = AV, 2 @ 5} givos (L) .
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From the nature of B, r,z 0, z* 2 0.
For w = U, i.e. § = F (1) implies <z*,3> > O.
But 2* 20, ¥s50 implies <z*,y> £ O.
Hence, <z*,y> = O.
«<z*,2> £ 0, for all z s O implies via equation {9.14)
that n is nondecreasing. . o

Let ¥(t,t ) he the transition watrix asscclated
with A(t), defined in equ (9.7). Then, for u e G:
t
£ T
<z¥,8y> = f 897 (t)rdanlt)
)
e
a[ 8% () ey ance)
t,
o
Yot oo T
[ '(f Su” (1)B (1) @7 (£,m)driC” (k) dn (e}
o "to

B

tf tf
= J (J sul (% (ry ™ (e, 1) % (k) an ) ar
to T

By
=f suTen e (0 (v e (3.19)
t
(=]
where t
£ T
At Af o% e, anin (9.20)
T

Note that if n were diffexentiable, then )' would

satisfy the differentlal equation
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=Rty = T e e i e
but such a representation is not valid if 1 is bounded
variation. However, we shall see that by assumning cer~
tain differentiability properties we can obtain such a
representation.
We have that X(t) is the solution to equs (2.16)
and {(2.17).  Yhen

“Re = AT R X = B (Rieg) 8
Define
A -
AlE) = e X840 (1) (9.21)
A v - -
wit) % 3T A = (R LA D) (9.22)

Then w(t) is bounded variation, because A'{t) is
bounded vaxidation. Note tha: if 1 were differentiable,
we could regard wit) as beinyg the output of the followlng
system

-hie = AT e et e

wit) = 8% ()AL
1f w 45 smooth (e.g. w £ O} and this system is invertible
we could deduce the smoothness of n.  This is what in

effect will be done:
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PROPOSITION §.4: Let BlA, H2A be satisfied, s = 2.

Let U e 6. Let (%,8) be optimal. Assume
(1) B(t) ¢ interior of & for all t ¢ T.
(i) 2, > 0 (s0 we set it equal to unity)

Then
wi{t) 50 for all ¢ e T.

Proof: Because of our hypothesis we have from Propo-
sition 9.3 (setting r, = 1), that there exists z* 2 8,

z* ¢ B" ana | z*lg + 1 > O such that

a0 + <z*,89> 2 0

from (9.19) we have

e
0g a0+ I su® (£15T (6120 (E2ae
tQ
s
- [ Tatmrimeaton e
t
©

t
£
o [ Fa s e Bioar enae
+
o ‘

g
- I saT (6187 (£) A (£) At
tO
e
B f sut (tiw(e)at
t‘O

We have from (1) that U ¢ int (R), ¥& ¢ T. Thervefore
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3

T
[ vi{tlw(eldt = 0
tO
for all v ¢ G. This implies that

wit) =0 ae. teT Oy

However, w{t) ¢ B", and is thevefore cantinupus' from
the right. Therefore

wit) =0 forall teT. ’ o

Define BO... Bp_i, CD,.. <. .y B8 follows:
50 & Bee)
B, (6 & -
peg (8} = -B_(E) +ALE)B(8)
et A ore
., (e & & (e (ela)
r+i r r

PROPOSITION 9.5: Assume C and B axe p-l times and A
is p-2 times continuously differentlable. IE CrBo is

copatant (zrro} an T, for v = Q,1,..p~2, then

& CQBpgﬂon T,

ComiBo ¥ CpugBy 5 -o» B OBy,

Proofs CoBo is constant by hypothesis.
Aasume ('JiBj is constant for 143 = n < P-2,

Then ciBj + CLBj 20

{9.23)

{9.24)

{9.25)

{3.26)

(9.27)
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i.e. (Ciﬂ'cimnj = Ci(Bjﬂ'“j’

50 =
CisqBy 5 CgByyy
CnBo constant implies Cn+1Bo = Can
¥
Cn-lB; constant inplies Chnl ] Cn_lﬁz
.
W
C.B =
0Py constant implies clBh E Coan+1
i.e. Cn+1B°E Cnlil 2 L. 4 CoBrrH.

i.e. CiBj is conetant for i+d = a+l.

Hence, by induction ciBj ie constant for all i,j such
that i+3 g p-2. But Ciﬁj constant for i+ = p-2 im-
lies (8.27). o

Boflne & @ & DR (3.28)

PROPOSITION 9.6: Let (X,8) be optimal.
Asgume (without loss of genarality) that % consists of
ane boundary and 2 interdor trajectorles with entry and
exlt timo t, and xespactively.

7, & (kg by Then, let
(i) £ be continwously dlfferentiable wp to (pt1)*h

ordar in x and u, & be p times continnously
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differentiable in x.
T
(id) {5}y =1,...p be continuous on T,.
{144y CrB 20 on T, e x=0,..p-2.
Cp—ls nonsingutar gn T, . i
vl x > 0 (so set T, o= ).
(v} Gtt) « interior of @, for all t ¢ T,

Then a necessary condition for optimality of (x,7) is

H (R(E) B(E)ALE)) =0 forallteT (9.29)
whete
—X(t) - AT(tJl(t] t e Etclta)U(tb,tEJ 19,30}
~fee) = a¥ e @b £,
with
Mrg) = B{Rieg) by (9.31)
ey = aety wel .
ey = At +CT e ulky) ¢ @ = ab. (9.32)
u(t") x 0
. T =3
flE) = = (CC{L B, (1) B tew, (9.33)
@ O algewhare.
LE also
(vi} T 18 continbous acToES Y., by

{vii) Hu“itm) , o wa,b, is positive definits,

thon
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x
) r=0,.. p~2 is continuous across t,ity

and “(tu) ¢ 8 =a,bis given by

p=1 - p-i L4
0 = . - + -
CB0ey) = Cr ) (EHT Atk c
o T
+ (~1) m(:a)ap_i(tu)l nity)
Proof: Assume (1) - (v) are satisfied
(9.29) follows from proposition 9.4.
Alsos
0 = 8T ) he)
= BN A1) -
Ty ol - Pt ey of o
= BT(R) 07 (b, 6) A (ty) +J' BU{e) o7 {x, k) C7 (1) dn ().
t

Integrating by parts glves
. . Tty
o = 8o ey o gt + 50T e 0 (o m 3"

&Y

—[ g et o oinmar
t

= =T (e (i 6) + 3% (g0 A D) + T Lep)n ()
-
B g
~j Eq(t)@T(T,t)C?('r)n('r)d'r.
t

We have from (iil), CB £ O. Henoe both sldes of the

shove can o differéntiated worot &, giving

(9.34)
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[y - -
o= BRI Iy + 6T ()n ()3

£,
®
I T S
[t LT + BN 1 () (m g + B er T i)

T A - - -
=87 () e] (6 n ey - 8% (e 8%ty 6V DA (65) +cT(tb)£<tb) 1

%
* jt 8 (507 (v, 00 (vn (o) ax. (2.35)

From (iil) €,B £ 0 on T, 80 both sides of equ (9.35
can be difforentiated, giving

5T 0e] (i) # 8T (0)6% (5,00 01 (£)) + T n e

,
b
- [c 87 610% e ncnrar.

From (1ii) €, (£)B{t) % O for all t ¢ T. So we have fxom
proposition 9.5 that €, (£)B,(t} ¥ 0. Procesding ltera-

tively as abova, we have, using (iil)
0= Bl wcltn + 0P @eie 0 ) A igneg
P o g 2 T
+ 1) Jt £ (F (1,6)C) (nindr 19.36)

Now, from Proposition 9.5 if Cp~23 € 0, then
i

g OB

¢ . BEC B ¥ OB C B, oPp-1'

Pl L Y
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Therefore, from (iii) we have that C Bp is non singular.
+ Bp

2
Then, from (9.36) it can be seen that n is absolutely con~
tinuous for all t ¢ T

Also, from (9.16) we have

t.

£
J 8{x{t))8alt) =0
1
°
Thug
£a ty ty
Jsdn+] sdn+f 8ay = 0
o Ly £y
ta £
i.0. ! Bdn + I San = O
t by,

%o n s constant on [to,ta) and (tb,tfj, since 8<0
in these intexvals and n is nondecreasing.

Hence ) is the golution of

=Rt = AT (eI A Bty it )U(Eykel

-ie) = AT @) + T ofie tem
with possiblo jumps of the form

- + 2 -
M) = Aleg)  CTLE U (k,) o = aub.

whare p{e,) » 0, b n is d ing.

wWe now derive the representatlon for ﬁ(t) given in
equation (9.33).  Cartainly Rk} = D on [tk Ul ko,
because we have fzom above that n is constant over these

intervald.
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Again

wit) = B (e)M(t) where w(t) = o.
Differentiating the above w.r.t. t gives
C o= Firf s = 8T (@3t - retwnm e
where n{t) = o temTyT,.

Now CB = 0 on ¥, r and differentiation gives

0 = Bl e e + tewn 1.

From (4ii) and Proposition 9.5, we have éB! 5C B2O.
Proceeding iteratively as above, we have, using ch E 0
r = Q,..p~2

0 = CLPEI @AW FletR,, ).

From (iii) Cp-IB is nonsingular on T,y i.e. from egu {9.27}
CBF__1 is nongingular on T,. Therefore

1,

‘ .t R
n{e) —--—([C(t)Bp_l(L)] } Bp(t)l(t)-

We are now left with the problem of f£finding the pos~
sible jumps at L) t‘b' Consldey ta‘ Denote
HER(B), w(E]), A7) by H{E).  Assumptions (vi), (vii)
are now alec assumed to hold. We have from (9.29)
0 = H (+D) -1 ]
= Hylry) u A
T ~ T+ +
s BU(EME,) ~B ()M (k)

R dya Ty R T T
= [BED) = B{ED) ) M) ¥B7 () IM(B) =R ()] 9.37)
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vwhere

AeR) ~a(el) =Tl ute,), wheve ulty = oO. (9.38)

We cannot substitute %.38 into 9.37 to give us u{t,),

b = . 8 o™y @t
CB = O, ; evaluating H“(:a) Hu(ta)

gives
e e s
0 = Hy(t) ~ H (£
P . T - - -
= Bt - Breh I D) + e ~reh )
P - + NP2 - T 2
+BY D M) - MDY+ B () LR () ~ X))
P PR N S PLE - . +
= [B(r) - Bleg) 1A () + B () A (e]) ~Are)d
T i e Tyt
FEUELI A - BT A
[ U SRR O Nyt
= ABLE) = BIE) A # BT IALED) = A ()]
Ty 0T - oo tye T + Tty h ot
=B AT (R M ED) - BUED-AT () MED = ¢t (ED) ]
= (B - Bieh Tx(t')‘a-éT(t"L)n(t—) -ttt
= By al a a 2 a'”

LT S - +
~BUE AT (e LA () - Atg)] £xom (i), the continuity

of U across ta' CB = 0 on Ta'

P S ST U ST L TP P Y
= (B = Beeg) 1 adEy) = BULED A (£) = A () ) (9.39)
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Substituting (9.38) into (9.39) will not give u(ta) be~
cause CB, = C\B 20 on Ty We also have

W) - B ) = e ~deh e
Hence, positive definiteness of ¥ (t7) inplied thar U
is continuous across tye  Therefore, evaluating
(£} ~ f (%) and making use of the contimuity of @

acyoss ta' CB‘ ¥ 0O, gives:

o = pi(

s - T, - £
2~ BUED 1A + B () LALEg) ~ A ]

we algo hove

P T N S - -

UB{e ) = Ble ) ) Me,) = [ulty) ~u(e JIH, (e}
and, by (vil), we have that i is continuous across .
Proceeding ilteratively, we have, becauge of our assump-—

tions, that
(5}(&) is continuous meYoss E,, ¥ = 0,..p-2y and

- - - P SR
o= P e - Fheh e

i

Y -CS - I +
* =0PTE TN = M) (9.40)

Sungtituting {(9.38) into (9.40) gives (9.34). Similar
resi!ts hold for by, ju

We now show that Assumpiion (iv) of the above Propo-
sition 18 unnwcessary as 1t Ls ivplied by the other as-

sumptions.
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PROPOSITION 9.7: - Let assumptions (1) - (i1i), (v} ~

{vii) of Proposition 9.6 be satisfied. Then

¥, > O (and can be set equal to unity).

Proof: Assume r, = 0.

Then, from equation {9.21) we have
ME) = x T(e) + a0 o).
Thas
Meg) = r Py (Rltg) stg) .
= 0.

Agsume, with no loss of generality, that we have only

one boundary arc with entry and exit times tyr by, respec-

tively. Therefore, £rom equ (9.30)

N
A =0
Therefore, from equ (9.34) (because CBP‘l #0)
v(tb) =0
80
X(tb) =0

Hence, A{*) = O along the boundary. Thus (9.33)
fitk) =9 and r, =0,

But X, ® Q, 2* = 8, y = O contradicts Proposition 9.3

that there exists & nontrivial separating hyperplane.

Thus Ty # 0, and from Proposition 9.3, vy > 0. o

We now relate the properties af ch +a 8,
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& 25 ozuun

Lee. (8) (x(6),Bit)) = Y48 (R06)) .

and

4

]
4

&

FROPOSITION 9,8: If 8 1s p times continuously differ-

entiablie, then, for r = O0,..p

|
(8)  (R(e) () =~ C () (9.41)
ro - i . -

19) k(1) () = Cp  (E)B(£) + (( 8 ), 8) (R(®) AlE) « (9.42)
Eroofr  (5,) (R(t),B(t)) =C(t) =Cy(t) from (9.9), (9.25).
Suppose s

(81, Ge(e) LE)) =Cp(s)
Than

r+i x
U8 )y = ((8), )y

r ©
= UB) o B) + (B), 5,
£ ¥
= (B)y + (B),f,

= Co(t) + Cr(h)h(t) = Cogy (8)
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Hence, by induction we obtain (9.41). Alsc
r -1
(8Y, = (8 )0,

1 r-1
(8 ) ,f+ (8 %,

which gives (9.42). a

COROLLARY 9.9: ILet 5 be p times continucusly differ—
entiable. Then, if () (R(¥),i(t)) is independent of u,
r = 0,,.p~1, then
- -
(81, (x(t) ,ult)) = Cp_l(t)Bo(t) {9.43)
= CE)By (8]
Proof: From equ (9.42) a

Combining the results of Proposition 9.6, 9.7,
9.9 gives us the necessary conditions of JFacobson, Dele

and Speyer [26]:

PROPOSTIION 9.10: If amsumptions (i), (ii), (iii}, (W

of Proposition 9.6 are satisfied, then necessary condi-
tions for (X,¥) to be optimal for the state constrained

problem described at the begilaning of the Chapter are:

3 T
5—G=O=fu)\

where the A(+) ave gilven by
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L1 _3m
(el ¥

= T N
= £0 + s

with
Meg) = F (Rleg) kg
and
=20 s(x(t)) = 0
=0 s(E{e) <o

is a bounded function for ¢ ¢ ot

We also have, from [31, {481, that
- +,
Rt ) = H(t ).

Definition: The Hamlltonian H is sald to be regular if

along a given x{t}, A{t) trajectory (say X{t), R{t)),
8(%,u,%} has an unique minimum in u, € € T.

For the case of a regular Bamiltondan {so condition
{vii) of Proposition 9.6 holds), Speyer [48] and McIntyre
and Paiawonsky [391 have shown that U must be continuous
across tha junction, i.e. condition (vi) of Proposition
9.6 18 a pecesgary condition for (%,4) to be optimal.

Then, for t‘he case p = 1 and ¥ regular we have, from
the continuity of § that u(ty) = 0. i.e, there is no
jump in ) at the junchion polnts.

Jacobson at al relate their results [26] to those
of [31,0483.. Denham and Bryson [5], used the results
of [3] for a steepest ascent algorithm, while Speyer (481
proposed a second oxder gweep alqoribﬁm. Other important com—

putational technigues are of the penalty functlon type.
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CHAPTER 10

SINGULAR PROBLEMS

Congider the control problem as originally defined.
et (X,4) be optimal, and amsume that H{X(t),u,%(t).t)
(where X (t) is the solution of equs (2.16) and (2.17)),

is independent of u for all t ¢ 7. Obviousgly, the esti-
g

mata J AH(t)dt of AV is zero, and therefore of no use.
©

Howevar, Proposition 4.2 can be used to give a necessary

condition of optimality {(Mayne [36]).

PROPOSETION 10.1: Let @ ¢ G. If either

(1) H1A, H2A axe satisfied, s=3 and d(u,0) €8, OF

(14) HL, H2 are satisfied, s=3 and &, (u,{) s¢ and if
(%,%) are optimal, H(®{t),u,A(t},t) 4z independent
of u for all t ¢ T, then

pie) & 4T ey om (e + A2T (B (R)BE(E) = © (10,1

for all u e 2, all t ¢ T, where

Af(E) = £(R05)u,t) - £F () (1) L)

By (e = H(R(E) 0, T ee) 8) = B (R(E) oCe], T 8

and 2{t), P{t) are the solutions to equs (2.16)~{2.19).
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Broof: Assume the inequallity 10.1 is violated at
€, € 8(H), for u = v. Dpefine the contral ult) by
W) =8, 4w 8 ceme, e,
ule) = Qe v, £ e T
Hence, for t ¢ T
8R(e) = AL(E%) € [ty —c,t,]
where
(e} ¢ [b-e,t].
Since 4»(1:‘) 50 <0, there exiats an e=eg, >0 s.t.

AgT (e (t))[AEx(t) +B(E)Af(£)1<C/2<0 for all t eTy-

Hence, from Proposition 4.2, there exists an €s¢€,

auch that AV < Q. This contradicts optimality. a

The above result Jls a strong version of the condition
of optimality given by Jacobson [19].

To proceed further (in the present state of knowledge)
we have te impose the further restriction thab £ and L
are linear in u or that weak variations only arxe permitted.

Phus under conditions of Proposition 4.5, and the in-
dupendence of H w.».t. U, wé easily obtain a weak version

of Corollary 4.3:

t
£ -
e j Frerco e + 2% (1B (6 Jaltrae (10.2)
€
0

|av ~ a0 s ce?, o<
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where
cte) & B G i, X (10.)
ate) & g Gy, ,0 (10.4)
aeer & g Rew) Bee) 0 (10.35)

where X{t) is the solution to equations {2.16), {2.17),

and z(t) replaces 8%, v(t) zeplaces Su. i.e.

Z(t) = Ale)a{t) +B(E)wit) (10.6)
z{t)) = 0 (10.7)
Define
3ty & ot + 8T (1Bl (10.8)
A -
yie) B aft)zlt) (10.9)

Then {1i0.2) becomes

g

& x

a7 = { W () y (e de (10.10)
tO

one way of cvhtaining sufficient conditions for the
nonnegativity of 4% has been demonstrated by Jacobson [20].
Add to the integrand of edu (10.2)

k2T (£) B (L) TA(E) 2 (6) + B(R)VIE) ~ 2()]
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vwhere
=B = 2T w) + Bra( - o) (10.11)
Bty =p, . (10.12}
50 tg '
= T = T -
AV = jt B () a (e + k2T (BB () (A (L) 2 (k)
o

+B{t)vit) ~s{e)Nat
€
L - T
= I: (v {E)C (R 2 {t) + Ym (L) B (LA (t) 2 (8)

o
+1 i mBeve + 8B R0 + R i) e

- 12T (e ) Bnteg)

t

£ " .
- {t T (018 erz e + v ereE ce) + 85 (0B (e 2z (e ar

0

- 42 (e Benteg) (10.13)
Clearly if

[&9] thore exists ¥ satisfying (10.11) and boundary con~
dition ﬁf s 0, and

i) &te) + 3T (B o ve o ® (10.14)
(144) §(t) = O We e (10,15)
then M 2 0 on 1. '

Anothor way of obtaining sufficlent conditions for
the nonnagativity of A¥ has been demonstrated by Jacob-

Bon [22).
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Add to the integrand of {10.2}
w2 (B (LA 2(8) + BlEYVIE) ~ &(6)]

where, now, B{t) is any nxn symmetric, continuowsly dif-
ferentiable, matrix function of time. So

t
V= LI s Mo
av N {527 (8 (1) + PO A(E) + AT (0B (e} 12 (1)
o

+ vRrE () + 8% (E)p () 2 (£) YAt

-t e Bea ey

Then, if
() B +sTmBw s ove e T (10.186)
1 B + Bay + A% wBw 2 0 {10.17)
ity Breg <0 (10.18)

then AV » O on 7.
In [25], Jacobson and Speyer cbtain an 'integrated’
veraion of the sbove conditions which allows for possible

nondif lability of §. N y conditions are also

obtained, whers the gap batween the necessary and suffi-
clent conditions is minimal.

We now show how (;0.2) can be used to obtain neces-
sary comditions for the nonnegativity of. A7, We will
restriot attention to the case where £ is linear in u, L% Q,

Lot n(t) denvte the adjolnt variable for the linearized

aystem (10.6), {10.7)
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- = 2% ene + v (10.19)

nity) =0

'BROFOSITION 10.2: Let Hl, H2 be satisfied, #=2. Let

T,u 6 G.  Then k
W -iee) =T ) + (e sule)
Mg = B R{ty) b0
(11)  nle) = xg) ~ %(e)
where % (t) is the solution to equations (2,16}, (2.17).

Broof: (i) From Chaptex 2
~R(e) = B R(E) jute) ALe) B) + B (E)AELE)
= £2(X(E) 16 DA (R) + PLEIB(E)SulE)
=AY (e A + 8 ey sule).

iy ~Ge) = = AT + E e suce) - AR08
= aT(e) (et = T80 + Eeeeule)
Atg) - Tl = 0.

Hence regulb. [}
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Define
Hizvm oty 89T mz et (0 Tat) 2o +BEIv(E) ]
B (8) 4 Ho(2,v,7,t)

= &5 + B (1T ()

where Z(t) and 7i(t} are zero on T.

Define .(c.f. Chaptex ¢)

Bc(t) = B{t}

Brig(t) = =B (£) + A()B (L)
Col) = Bey)

Crpy (8) = ELLE) + C(IRLL)

r x

PROPOSITION 10.3¢ IE (C) (&), (B)(t) exizt for all
§
1

toe T, r=0,...p-1 and
) 3 - "
ECL (BB, () & (L) 7C {e)B , (£}] B 0 r=l,..p~1
then
T By =re 2 ot
H) (] = LGy (618, () + (=) ECc(t)qu 1 Jvit)
Proof: Revall that

r
W b g e ete.

{10.20)

{10.21)

{10.22)

{10.23)

{10.24)

{10,25)
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From {10.20)
By = ¢ (150 ~a'f(t)ﬁ(t)

6, (6B, (2) ~ Loy (8B, (8) 2 v (&) .

From our assumptions the texm in square bracketé is equal

to 0.  Therefore
Byt = c (0w +3T 05w

+IE, (KB, (6) = GG (0B (6T dvie) s

Using our hypothesis again and proceeding iteratively we
obtaln {10.25) n

Define

syt 8o ming @+ G0 IR e (10.26)

Then, provided the asgumptions of Proposition 10,3 are
satisfied, we have fram {10.25), (10.26)
S p

T = ey ote) (10.27)

Also, define
a0 8 nFie, (B (e Rl (6 rfe,  wn_ (9]
Yo Dy el
= (=1 FLC () By, (8) + BLt)Cpy (6]

= (0T, () (10.28)

e
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) [ T kS
(B {~1) [Cr‘llt)B!_l(t) —Br_l(t)Cr_l(t)]

P . x
(-1} LI ) (10.29)

Making use of the defining property of Cr’ Br’

r =0,1,2.. we have: !

PROPOSITION 10.4: If ¢ is comstant on T, ¥=G,..p~l,

then

p.0 °p—1,1 g cane E wl,p~1 E o.p

Broof: Qo,o is constant by hypothesis

Assume Qi,j is constant for ity = n<p-l

mij constant, implies, by (10.26

5 UG PR R L K SO £ S L PR
iBj + c:ixaj + {=1) Bicj + {-1} Bicj

i.e. (n‘:iﬂ--cimaj + Ci(—BjH-i-ABj)

L+ T

T
AT WS U L P i TR L Rl

B0
. itgrl  gT Ty iviragleT L
€yyqBym CyBgyy + D) (=B34, Cy * (1) H

ice. LT R W

Continuing as in proposition $.5, we obtain the result.
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We now consider transforming the problem defined

by equations (10.2} {1G.6) as follows:

[

o b ) -
v & w v (k) =0
- B

veley = (e} Telty) =0
st Ba (e - B (v (6

z,(t) = z{t) B, (&) = B(t)

The above transformation equationg are due to Goh [401,
411 ana are used o transform the singular problem into

a nonsingnlar one, as will be shown below,

PROPOSITION 10.5: Let (%,u) be optimal,
r

If [(H }{t)l =0 on ¥, r=0,..2p=2, and 5_{t)} and R_{t)
u u 3 4

are identically zero on T, r=l,..p-1l. Then

1) Sp(c) =0 op T

{11) Rylt) 2 0 on T

are 2 necessary conditions for the nonnegativity of a¥.

Proof: Using the tranaformation given above for r=l, the

system equations becomes:

2 (8) = AlD)z(e) + B ()Y (£) (10.30)

and AV becomes:
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&
N ~ T
A = A =f VIE(6) [z (€) +B_(6)v_(t}Iat
1 g 1 i1 o 1
2

Integrating by parts to rearrange the terms ia v,

we obtalhk
‘ i

t,
€ .
s , T :
o, = L W0-C (0)F2, () ~ STC (018, (6) ~ B (eICH () T ()
bl
=5 (G0, (1) +BL (21, (8] +FHC, (0B 8 et
FV IO T (g + W (EIC, (IBIEQY, ()
t,

‘e
= ft‘ FT-C (6112, (8) + EUR (61 V()

+ 45 (0) Y, (1))a
* P Cyleg)z, lg) + 3V 5O BV (5 (20.31)
From our hypothesis S](t) B R‘(t) are zero. By xe-

peatedly applying the transformation and, and the fact
that R (t) & O, §,.(t) ¥ O, x=1,..p-1, then '
ty
[ f (R eert 0P 817z o6+ Tr_ierv, (&)
P PR 3 AR 2 4 P
©

T :

+ gvpsp(t)vp(t))dt

v 5 Blege, teay ()
g% £ e Vg T MR

*RVEIEIC, (5B (B Y, ()T (1) T
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Wow, from {10.29), sp(t) is antisymmetric, and if
it is nonzexc, an appropriate control vp can be found
such that the term involving w‘rp deminates the other

, quantities, giving A% <o,

Hence Sp(t) % 0 on T is a necessary condtion for

the non negativity of A%

Given sp(tJ & O on ¥, if RP«;) ¢ 0, then a vontrol,

zero except on [t -e,t,], can be found such that o< 0.

PROPOSITION 10.6: Let A, G, B be 2p times continuously
differentiable, ° Then

r
[ERNEE 4 E(Hu)(h)i 20 on T z=l,.,2p~2,
w
2p=1
s_(¢) = (~LPLCR 1)) on ¥ (10.32)
P u "
. r .
(1 12 TEp(e)] 20 on ¢ rel,..2p-l.
. u
2p
Rk} = -DFE) (] o T (10.33)
u 4

¥
Proof: (i) I(Hu) (€)1 =0, rel,..2p-2 inplies that
u

L3 =0 0, ... 2p~3.

From (10,29}
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= (~1P
Sp(t) (-1} ()

PPl

= (1) P N .
(~1) ﬁzp-z,o(t) using Proposition 10.4
2p~4
= -1PLCE, ) (£)] grom (10.27),
u
{i1) Is similarly proved. o

We see from Proposition 10.5, 10.6 that
2p .
uPrEg =0 (10.34)
o

is a necessary condition for optimality. Kelley [29]
obtained a new necessary condition (generalized Legendre-

uebsch)  for non-negativity of the singular second varia~

tion. The general form of this condition {(10.34) was
obtained (apparently independently) by Relleyet al [31l,
Robing [471 and Tait [501. ’
It was shown ((31], pyg 75) that the control u cannot
appear in an odd time derivative of Hu if u is a scalar.
The genoralized Legendre~Clebsch conditlon for the
case of veckor controls was obtalned by Robbing [47] and

Goh 117, which tock the form of equ (10.34) and
2p=1
-uPr R =0 Ve T
W

{see Propasitions 10.5 (1), 10.46 (1)), Nota that for the

cage p=l, we have that
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5,(8) = (-1)%c B, ~ BIC(8) = ©
ie. & = g%
(487518 = 8% (crah) "
so cs = %",
So CB is symmetric (see Jacobmon [231, Robbins [473,
Goh L101).

Jacobson [21] showed by means of a counter example
that satigfaction of the generalized Legendre-Uebsch
necessary conditions and the necessary conditions of
[19) are, in genexal, insufficlent for optimality in
singular problems.

We now make use of these results in obtaining suffi-
clent conditions of optimality.

Consider the case when the singular control is of
first order, and R,(t) > O, 8,{t) =0 ¥t ¢ T. We use
the system and cost function defined by sguations (10.30),
{10.31) to obtain a oontrol law, and assess the perfor-
mance of this law,

Applying linear optimal control theory ylelds

v, (8} = =K{t)z, (8) (10, 35) 1

k() = R (e) 18] (1)R (6} = ¢ (8)] (10.36)

where P, (¥) 1s the solutlon, as-umed to exist on T,

of the following Riccati souation:
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-E ) =55 () +P (£)AL) - K ()R (E)R(E) (10.37)

and P, (tf) is still to be detemmined.
Using thie control law, 2% pecomes
80 = e kg (k) + ha_ (e )Chle v ey
PRS- SR | PRl LAY 1

+ W (£, (L) BlE) Y, (k) = 4z (ElIP (ega, (£

= % (o) -4k (£) O (k) < 4CE () KlEg)
+ 5K () Oy (e Bleg Kl g) ~ KR (841 12 (tg) (20.38)
Therefore, choosing
Pty =R (618 (k) + BT (B KIED) ~ K (£ E (L) BIELKIELHT
L e 10 g g Xitg £1CiEg)BlEgIKity
- x (10.39)

L€ r » O, we have from (10.38) that A¥ = O.

Wo now discuss our choice of K. From {10.37)
P B= 2% B ox @ BB - KTR‘KB
=2 8+ p a8~ 5% -c )R -c B
1 1 11 1 1 1 1
=1%p g+ P as - (8% -c )R nec B
1 1 11 1 1 R S 1

= ATPlE + 2 A8 - (BT ~¢ 1TRAETR B~ (4 T
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Now
R = (~1) e
(c_B+8%5)
1 1 1
= -nr@+Eme ¢+ am- BTN
= (=1)tés + San + 2T2%T - 57673
-1e]
-GaB = R + % + p"aTET - FTET
Therafore
; ] T T T
-F B AP B 4+ B~ ~
1 = 1 P)A (B)Pl ci) Ri [(BI)PIH
+R +EB+ 2"aTe" - 8727y
= 2% B+ e ag - (8% )T +cT - (1) 8% B
1 3 11 1 FOR Y
- x(8)8TE
=% B+ a5 - B (aB~B) +CF +aTER
- ®(e)ee B - R(e) TG
Tharefora

gt n e T s taen ke 1% 3+ 8%

fo that 1€
¥ BBl + B ieg =0 (10.40)

Fhvay
B 'y 20 for all ke T
st Ingying the pepplvenent for AV » O (sec 10.14), See

altecatmndmon § 40
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Now
R = (~1)(c B+B"C)
X 1 H
= -DEE+Er + (aB-B)TE
= (1)} +Ga + B"ATET -
80
~Eap = » + B + BPATE" - BT
Therefore
5 ¥, ki Tyl T
5B =2 B+ - -
L \B+ B AR (Blpl C]) RUBIP B
* R +8n + 87aTE% - 8767
o T T, T ]
= P e - el "
A ae - %)%+ cT - x0T B
- K(6) BTG
= 2% 5+ P am - P (a8 B + 87+ aT"
- x(e18Te B - ke 818
Therefore
~fip B+ 81 = (-8 R()1)70R B+ ET
Bo that Lif
P (t)Ble,) + & (bg) =0 .
1 £ £
then

B 6)B(t) + E(8) =0 for all & & ¥
satiefying the reguirement for AF 2 O (see 10.14), Bee

algo Jacobson [22].

(10. 40}
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Now, if P (tg) satisfies (10.40), we have
-1
XiegBley = K e8] (e )p (e Biey - © (eBlEY]
= KM 18T (e B (6) + © (e Bleg))
=¥ e (b =3
1 CTETT Mgt T e
‘Therefore, let K be given by:

EB(tf) ¢ Bl = I,

Kitg) "

X

B is any (n-w)xn matrix such that CB(tf) : BJ is non

singular.
RitglB(tg) = I,
K Blbg) =0
K i = To
Also
SleTeeg {re (e 3By ¢ BY = [BlEpBley  B(egB
8T B¥E (e r

Now we require B‘(tf) % O. (Compare this and equations

(10,37, (10,40) with (10.11) -~ (20.15).
Sufflicient conditions Ffor the positive definiteness

(somi~definiteness) of -~Bltg) awve

(1) Ble)Bleg) > 0

) - BTE e E e Bl T BB > 0 (20)
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We have from Proposition 10.1 and the remarks
after Propoaition 10.6 that CB 2 O in T is a necessary
condition of optimality. Henve we have {Mayne [361):

PROPOSITION 10.7: YLet the hypothesis of Proposition

4.2 be satisfied. Let £, L be linear in u. Assume

the solution (E,E) is singular with oxder i, i.e.
8 (6) = ~[e (t)B(e) ~BT (W), (6)] = O
R (&) = -[C ()R} +BT(6)CN(E)] » O for ail & < T,

C and B are asgumed differentisble. Then sufficient

conditions fox &% = 0 axe:

() Bleg)Bley) =BT (£ B(e)Bleg) +Cleg)Bley) > O
where B(t;) is the solution to eguations (2.18),

(2.19)
) - EB e BBl 17 e B 2 0

(114) The Matrix Riccatl differential eguation, equ (10.37)
with terminal condlticn satisfying (10.39), (10,40},
has no conjugate point in T.
We now obtain the coptrel law for vi:  Frem (10,35)

v, (&) = ~K{t)z, (8)

80 .
viE) = {8

~Rk(k)z, (£} = RiE}R, (£)
~LR(E) + K(E)D(E) 1z, (£) = R(E)B, (tlv, (&)

#

¥

R, £z, (8) = RUE)B, (E)v, ()
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where
K, 6 A ki) + xeace
Bow, for Py (tg)Blty) + ET(J_f) =0, then
Pole) Be) + () =0 for all ter, and
so K(£)B(t) =T for all teT
i.a., for all teT
K, (6)B(E) =R(£)B, {t) .
Therefore
viE) = =K (£)z(t) +X, (L)BILIV, (£) ~K(£)B, (t)v, {t)
= =K (£)z(t).
With this control law
K201 = kB2 + K0 6]
= (¥, (&) ~KEIA() J2(t) + REA () 26} +Bltv (&)]
= K, (F)2(t) + RIEREIv (L)
=K, () = KE)BILIK, (8) Iz (t)
= L'KI ) ~ II(l (£)latk) =0
8o that
Kit)z(t) =0Q 1£ I((to)z(t:o) = 0.

To abtain necessary and sufficlent conditions for
the aoptimality of the original system (i.e. AV 2 0) from
the necossary and sufficlent conditions for the nonnega-
tivity of AV, the reader should see, for example [25].

An alternative approach to the shove problem is the

trangformation approach using the transformation of Xelley.




.198.

Details of Relley's transformation are in Relley [301,
Kellgy et al [31], Speyer and Jacobson {491 and Mayne
£343.  This has the virtuwe .” a lower dimension Riccati
equation. However, Speyer and Jacabson [49] point out
that if the problem is singular of order higher than one,
then a reduction of the state gpace to achieve a nonsin-
gular problem requires repeated application of the trans-
formation technigue; which is cumbersome, especially if

there are multiple control variables.

A survey of necessary and sufficient conditions for

the optimality for a class of time-varying singular guad-

ratic minimization problems is presented in ([231-

Researchers have concerned themselves mainly with nec-
essary and sufficient conditions of optimality, and the
computation of singular extremals, with a few exceptions,
has largely been ignored, An algorithm, similar to penalty
function techniques of solving state constrained problems,
with proven convergence, has been presented by Jacobsor,
Gershwin and Lele [24] for a certain class of problems.
They point out that the technigue described is equally
applicable to the bang-bang control problems of Chapter
8, and provides alternatives to the methods descxibed in
[6], [16]. The algorithm makes use of the Second Order

D.D.P. Algorithm described in Chapter BeXE-4,




CONCLUSION

The main purpose of this work has been to expand on
the paper by Mayne, [ 36], who exhibited the central role
that the exact expressions for the change in coet due to
arbitrary controls play in both control theory and
numerical optimization.

By applying the differential dynamic programming

technique to the partial differential equation

- B 2 e,y 0,8

where & denotes sither some arbitrary control u€G, or a
control policy ki(x(«},«) which generates r')., We
obtained differential eguatlons satisfied by

alt) = VIE(),8) - VEE() 0), b T,

for some arbitrary nominal control TU(+)eG with assoclated
trajectory %{:). V denctes V° or V° accordisg to the
context. Differential equations satisfied by Vx’ Vxx were
also derived. These eguations are the same as those detilved
in [ 36]. )

For use in flirst-order algorithms the exror arising in
a(t) was shown to he of order £ for d(u,wse, & {w,W)se
when the terms involving V;x were omitted from the differ-
ential equatlion satisfied by v)‘:. The error in aft}, when
the termg involving vk were oamitted from the differential

REX

equations satisfied by vkxx’ was found to be of order e for




alk, v se, & (@,u)se, where
wk = arg min BGE,u, V0,60 6.
ueG *

It was seen in chapter 5 that the neglect of these terms
was of no serious conseguence in the computational proce-
dures outlined because the size of the 6x's had, in any
event, to be restricted; This restriction was accomplished
via Proposition 1.4, where the size of 6&x could be limi~
ted by the use of ¢ : O<esl for small variations in cont- -
¥ol, or in the case of global variations ih control, by
making  d; (9, u*)se.

Wext, differential equations were obtained which were
satisfied by

aft) = vix(t) ,b) - vix(t), ), t e T,

where, for arhitrary control w(+)eG with associated traj-

ectoxy x(+), V denotes v oor vk

according to the
context., u(¢) Ls some arbitrary control belonging to G
and K{(*,*) denotes some control policy k(%(*),*)}. This
was done to enable us to derive the erxact expressions for
AV obtained in [351, [36I1. In this dissertation we have
really, 1f anything, shown the central role the different
equations for a{t) have played; in that even the expre~
sgions for AV were derived from these equations; where
av & ate).

It was then shown how the expressions for AV could

be used Lo obtain certain well known sufficlent conditions




of optimality for an optimal control W({-) oxr a control
policy K(X(+),+). The expressions for AV glven by equ.
(2.86) also led directly to a local sufficlent condition
of optimality. In the following section, approximations

AV to the expression for AV were derived. One of the
results was used later to devive a first-order algorithm
with proven convergence. The result of Corollary 4.3 was
tsed to demonstrate necessary conditions of optimality

for state constrained problems and necessary and sufficient
conditions for the nonnegativity of A\; for singular
control problems. These are usually cbtained via the second
variation formula for the cost function dexived in Propo-
sition 4.5, The results obtained involved the ccmparison of
arbitrary controls u(*)¢G with the optimal control TON
The expressions derxived later on in the section may prove
useful in demonstrating conditions of optimality for the
control policy X(X(*),*). Mayne [36] expressed the hope
that the second orxder estimates for strong variations in

control will be useful in deriving further ov adapting

existing algorithms.

The differential equations which were derived in
Chapter 2 ~ IV are very general. Given some nominal control
W(+)eB, the eguations of Proposition 2.5, were derived for
some control policy which generates a control uf+)eG. It
was shown that the differential equations used in the algox-
jthme outlined in Chapter 5 could be derived easily from
tae general diéferential equations of Propositions 2.4 - 2.7,




Since Jacobson [13] presented his first and second-
order algorithms in 1967, and swbmequently in [ 1471, [15],
(161, [18]1, which, for the first time ensbled global varia-
tions in the gontrol to be handled (apart from Polak and
Mayne [371, [461), there has been Little further develop~
yment (eg. Gershwin and Jacobson [91) of these algorithms.
Because of the generality of the new differential egquations
it is hoped that the results will be useful in deriving
further algorithms, especially sacond~order algorithms. The
objective of the new algorithms should be to ensure that
afty} = AV < 0 at each iteration to detammine the new
control veing the differential eguations obtained in 2 -~ IV.
In the literature, thiz is achleved at present elfther by
minimizing H(%,u,A,t) w.r.t. u divectly, or by approxi-

mating the minimizing control wu(*). Then, because
- A(E) = HUE,u,),8) - BE,S,0,8) 5 alt) =0,

we have a(t)) <O.

Also, the exigting D.D.F. algorithns may require modifi~
hcations to ensure convergence in constrained problems. It
was shown in (373 how this could be achieved for the first-
order algorithm by, fiwstly. oconsildering an approximation
A\; to AV, and, secondly, by modl fying the step slze choice.
It is net unreasonable that using the step gize cholce of
(371, a convergent second-order algorithm may be derived,
possibly using a first or second-oxdex approximation to

equation (2.86).




Since Jacobson [ 13] presented his first and second-

order algorithms in 1967, and siwbsequently in . [ 141, [151,
L1631, [18], which, for the first time enasbled global varia-
tions In the control to be handled (apart from Folak and
Mayne {371, [461), there has been little further develop-
jment {eg. Gexshwin and Jaccbson £9]1) of these algorithms.
Because of the generality of the new differential equatioris
it is hoped that the results will be useful in deriving
Eurther algorithms, espesially second-order algorithms. The
objective of the new algorithms should be to ensure that
a{ty) = AY <0 at each iteration to detewmine the new
control vsing the dlfferential eguations obtained in 2 ~ IV.
In the literature, this is achieved at present sifther by
minimizing H(¥,u,A,t) w.r.t. w directly, or by approxi~

mating the minimizing control wu{*}. Then, because
- &lt) = H(E,n,),8) - BE,EN,0 ; alty =0,

we have alt,) < 0.

Also, the existing D.D.P. algorithms may reguire modifi-
.catlons to ensure gonvergence in constrained problems. It
was shown in ([37) how this would be achieved for the firvat-
ordar algorlthm by, firstly. considering an approximation
A\AI to AV, and, sccondly, by moddfying the step size choice.
Tt is not unreasonable that using the step size choice of
[ 371, a convergent second-ordey algorithm may be derived,

possibly using a first ox sacond~order approximation to

cquation (2.86).




In Chapter 6 - I new differential equations were
obtained for the problem with teminal equality constraints
and/or free temminal time, allowing comparisons of arbitrary
contrals Lty e made. These are simply extensions of the
general differential equations for the wnconstrained case.

Tt wos shown how the second-order D.D.P. algorithm of
Jacobson could easily be extended to handie problems with
teminal equality constraints and/or free terminal time, as
well as problems with texminal inequality constraints. It

is anticipated that any new secondworder algorithm that may
be presented that solves the general differential equations
presented in Chapter 2 could be extended Just as sasily to
handle terminal constraints and/or free temminal time. Note
that Polak and Mayne {461, adapted the first--rder algor-
dthm of 1371 to accowmt for terminal inmequality constraints.
Here, the const:luts are handled in a manner « imilar to that
in which the Method of Feasible Directions handlos contrel
constralnts,

Troblems with cuntrol constraints received attention.
Por the case where the sptimal control is assumed continvous
for all P, cortailn equations derived by Jacokson (131,
(181 were derived. Yhe sscond oicor algord thm of Jacobson
was then adapted to liwidle sntrol constralnts. This appears
to be the only availahle geomd-oraer D.D.P. algorithn for
handling contrel constraints dlrectly. A first-order algor-

ithm emerged as a special core of the second-order one.




We were able to compare control ;(') with W(+), where
ult) = arg min H(X,uv (5,4),5),
uefl x
and x(*) is the trajectory associated with (),
Vx(x,') satisfies equ. (7.12). We then defined

J(i,u.b,vx(?c,t) re) = BE Y, &) ,8) + <b(n) RTERT

where g(u,t) denotes the P active constralnts §(5,&) = o8
and b{*) is a ;»-dimensional Lagrange multiplier; teT. From
C331 or (381, we obtain equstions (7.24) and (7.25) which
enable u2 to determine b(:) aund :1('). These eguations do
not hold for arbitrary u. As a result general diffevential
equationg in which arbitrary controls belonging to 0 are
compared, have not yet been derived.

We then considered the case where the optimal control is
assuned to he of the bang-bang type. The dynamic programming
tachnigque was first applied to the cost Functlon to obtain
equations gatisfied by the pavtial derivitives of the cost
Function at switching points of the bang=bang control w¥(s).
It wias then shown that,for. the optimal control, the switching
timo was a parameter which could be chosen to minimize the
cost finction. This led to the jump conditions which were
derived independently by Jacobson [16} and Dyer and
Mckeynolds [61. It was then demonstrated how, if ti1 was
a neminal switching point, choice of ‘§ty,.a change in the
switching time to ensuxre 2 reduction In cost, led to differ-

ing junp conditlong which were uaed in the Gradient Mathod,




We note in passing that Dyer and McRenolds, {61, {71, (83,
proposed a successive sweep algorithm whioh made use of

the earlier jump conditions. Jacobson, {131, {161, [18],
showed that the second-order algorithm could be adapted to
solve the bang~bang control problem. Again, a first-order
algorithm emerges as a special vase. In a later paper, (243,
Jacobson, Gershwin and Lele added an integral guadratic
functional of the control multiplied by a parameter e to
the cost Function. They then outline a procedure in which
the second-order algorithm of [151 is applied successively
to the modified problem for a monotonically decreasing

sequence of “k'a‘ An important feature of this procedure

is that it appears to be the first direct application of
the powerful D.D.P. algorithms to solve the singular control
problem; the addition of the control functional to the cost

functional makes the singulaxr control problem nonsingular.

The state constrained problem with only terminal cost
{L ¥ 0) was considareci next. It was shown by Mayne, [36],
how one of the expressions for AC‘ leads directly to a
generalization of the necessary conditions of optimality ﬁ
for state constrained problems derived by Jacobson, Lele
and Speyer, [26]. This eoxpression also enabled Mayne to
prave a stronger version of tha nacessary conditions.of .
optimality fox singular problems derived by Jacobson, [1el,
Sufficlent conditions of Jaccbson, [20]1, [221, for the non~.

negativity of AV for singulay problems were outlined.




-

It was then shown how certain well known necessary condi-
tions for the nonpegativity of A‘h/' could be established,
more particularly the generalized Legendre-Clebsch condi-
tions. Mayne, [ 36], demonstrated how satisfaction of these
necessary condltions enabled one to derive new sufficient
conditions. Clearly, future regearch could be directed at
establishing new conditlons of optimality for both state
constrained and singular control problems, new conditions
for the nonnegativity of A\'} for singular pxéblema, and
investigation of the relationship between necessary and
sufficlent condltlions (see [25], [491 for example).
Also, a close connection between state constrained and
singular control problems has beon suggested by Jacobson
and Lele’r, who transformed the state variable ineguality
constraint by using Valentine's device of introducing a
Tslack variable'. They then demonstrate that portiong of
the optimal trajectory lying along the constyaint surface
B{x,t} = 0 are singular in the transformed problem. A
further connesctlon between state ",co.nstrained and singular
control problems was hinted at in [26].

In (131 Jacobson conoluded that the notion of D.D.P.
could swgest directions of research which would produce
efficient canputational algorithme for golving state con-
strained and singular problems., Except for the one algox-—

ithn‘\, £2471, for the singular problem, no othex approaches

Jacobson, D.E'{., and M.M. Lele, 'A fransfommation technigue
for optimal conty¥ol problems with state varlable inequality

copstralnts’, LEEE Trans., Aut. Cont., AC-14, No. 5, 1969,




using D.D.P. appear to have been attempted.

A feature of this dissertation which distinguishes
it from that of [361, is that a unified approach is
browght about throwh differential dynamic programming.
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