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ABSTRACT
In this paper, we consider stabilisation for a cascade of ODE and first-order hyperbolic equation with
external disturbance flowing to the control end. The active disturbance rejection control (ADRC) and
sliding mode control (SMC) approaches are adopted in investigation. By ADRC approach, the distur-
bance is estimated through a disturbance estimator with both time-varying high gain and constant
high gain, and the disturbance is canceled online in the feedback loop. It is shown that the resulting
closed-loop systemwith time-varying high gain is asymptotically stable and is practically stable with
constant high gain. By SMC approach, the existence and uniqueness of the solution for the closed
loop via SMC are proved, and themonotonicity of the ‘reaching condition’ is presented. The resulting
closed-loop system is shown to be exponentially stable. The numerical experiments are carried out
to illustrate effectiveness of the proposed control law.

1. Introduction

Stabilisation for systems described by partial differential
equations (PDEs) is a key issue in distributed param-
eter control systems in the last several decades, see
Chen, Delfour, Krall, and Payre (1987); Dos Santos,
Bastin, Coron, and d’Andrea Novel (2008); Krstic and
Smyshlyaev (2008); Komornik and Zuazua (1990); Luo,
Guo, and Morgul (1999) and the references therein. For
PDEs with boundary control matched disturbance, sta-
bility problems are recently studied in Cheng, Radisavlje-
vic, and Su (2011); Ge, Zhang, and He (2011); Guo and
Jin (2013a, 2013b); Guo and Liu (2014); Guo and Guo
(2013); Guo, Zhou, Alfahaid, Younas, and Asiri (2014);
Liu, Chen, and Wang (2016); Liu and Wang (2015); and
Pisano, Orlov, and Usai (2011). Recently, stabilisation of
a heat equation coupled Ordinary differential equation
(ODE) system was considered in Wang, Liu, Ren, and
Chen (2015), where the authors obtained the exponen-
tial stability by using sliding mode control (SMC). In
this paper, we consider stability for an ODE system with
one-dimensional hyperbolic equation actuator dynam-
ics where the external disturbance flows to the boundary
control end. To be motivated, let us consider a controlled
ODE with disturbance described by

Ẋ = AX (t ) + B(U (t − 1) + d(t − 1)), t > 0, (1.1)

where A is an n × n matrix, B ∈ R
n×1, U(t) and d(t) are

the control input and the external disturbance, both with
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a time delay normalised to be one. Let

z(x, t ) = U (t + x − 1) + d(t + x − 1), x ∈ (0, 1).
(1.2)

Then, z(x, t) satisfies a one-dimensional hyperbolic
PDE:

zt (x, t ) = zx(x, t ), x ∈ (0, 1), t > 0. (1.3)

So the control problem (1.1) can be reformulated as a cou-
pled ODE-PDE system of the following:

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Ẋ = AX (t ) + Bz(0, t ), t ≥ 0,
zt (x, t ) = zx(x, t ), x ∈ (0, 1), t > 0,
z(1, t ) = U (t ) + d(t ), t ≥ 0,
X (0) = X0,

z(x, 0) = z0(x), 0 ≤ x ≤ 1,

(1.4)

where the PDE part is considered as controller and the
original control plant ODE is connected with the PDE
through boundary output of the PDE. It is seen that the
time delay disappears in the new formulated system (1.4).
This point of view clearly shows the infinite-dimensional
nature of the delay systems.

In this paper, we consider stabilisation for a gen-
eral cascade linear time invariant system and first-order
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hyperbolic partial integro-differential equation actuator
dynamics described by

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ẋ (t ) = AX (t ) + Bw(0, t ), t ≥ 0,
wt (x, t ) = wx(x, t ) + g(x)w(0, t )

+
∫ x

0
f (x, y)w(y, t )dy, x ∈ (0, 1), t > 0,

w(1, t ) = U (t ) + d(t ), t ≥ 0,
X (0) = X0,

w(x, 0) = w0(x), 0 ≤ x ≤ 1,
(1.5)

where X ∈ R
n×1 and w � L2(0, 1) are the states of ODE

andPDE, respectively,U ∈ L2loc(0, ∞) is the control input
of the entire system, A is an n × nmatrix, B ∈ R

n×1, and
d(t) is the external disturbance. It is supposed that the
ODE part�(A, B) is stabilisable, and the disturbance d(t)
is uniformly bounded, i.e. |d(t)|�M for someM> 0 and
all t � 0. We will drop the obvious domains for both time
and spatial variables throughout the paper.

The objective of the present paper is to design feed-
back controls that can stabilise system (1.5) depicted in
Figure 1 in the state space H = R

n × L2(0, 1) by reject-
ing disturbance. First, the inner product of H is defined
by

〈(X1, h1), (X2, h2)〉 = X�
1 X2

+
∫ 1

0
h1(x)h2(x)dx, ∀ (Xi, hi) ∈ H, i = 1, 2. (1.6)

We proceed as follows. In Section 2, we first transform
the original system into an equivalent systembybackstep-
ping method. The well-posedness of open-loop system
is discussed. In Section 3, we first design a time-varying
disturbance estimator and show the asymptotic stability
of the resulting closed loop and then a constant high-
gain disturbance estimator and show the practical stabil-
ity of its corresponding closed-loop system. Section 4 is
devoted to disturbance rejection by the SMC, for which
the existence and uniqueness of solution are proved, and
the monotonicity of the ‘reaching condition’ is presented.
Some numerical simulations are presented for illustration
in Section 5.

2. Backstepping design and well-posedness

First of all, for system (1.5), if d(t) is absent, then the
system is stabilisable and the state feedback control can
be obtained by the backstepping method as Krstic (2009,
Theorem 14.7),

U (t ) = KeAX (t ) +
∫ 1

0
k(1, y)w(y, t )dy, (2.1)

where K is chosen so that A + BK is Hurwitz, and k(x, y)
satisfies⎧⎪⎪⎪⎨
⎪⎪⎪⎩
kx(x, y) + ky(x, y) =

∫ x

y
k(x, ξ ) f (ξ , y)dξ − f (x, y),

k(x, 0) =
∫ x

0
k(x, y)g(y)dy − g(x) + KeAxB.

(2.2)
The existence of solution to the kernel Equation (2.2) can
be found in Krstic (2009, Theorem 14.6).

Following an idea of Krstic (2009), we introduce an
invertible transformation:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
X (t ) = X (t ),
v(x, t ) = w(x, t )

−
∫ x

0
k(x, y)w(y, t )dy − KeAxX (t ),

(2.3)

underwhich, the original system (1.5) is transformed into
system of the following:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ẋ (t ) = (A + BK)X (t ) + Bv(0, t ),
vt (x, t ) = vx(x, t ), x ∈ (0, 1),
v(1, t ) = U (t ) + d(t )

−
∫ 1

0
k(1, y)w(y, t )dy − KeAX (t ),

X (0) = X0,

v(x, 0) = v0(x).

(2.4)

Introduce a new control variable U0(t) by designing

U (t ) = U0(t ) +
∫ 1

0
k(1, y)w(y, t )dy + KeAX (t ).

(2.5)

PDE

ODE

wt(x, t) = wx(x, t) + g(x)w(0, t) +
x

0
f(x, y)w(y, t)dy

w(1, t) = U(t) + d(t)
w(x, 0)

U(t) + d(t) w(x, t)

Bw(0, t)

X(t)
Ẋ(t) = AX(t) + Bw(0, t)

X(0)

Figure . Block diagram of coupled PDE-ODE system (.).
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Then system (2.4) becomes

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Ẋ (t ) = (A + BK)X (t ) + Bv(0, t ),
vt (x, t ) = vx(x, t ),
v(1, t ) = U0(t ) + d(t ),
X (0) = X0,

v(x, 0) = v0(x).

(2.6)

We write system (2.6) in operator form:

d
dt

Z(·, t ) = AZ(·, t ) + B(U0(t ) + d(t )), (2.7)

where Z( ·, t) = [X(t), v( ·, t)]�, B = [0, δ(x − 1)]�, and
A is a linear operator defined in R

n × L2(0, 1) by

A[X, h]� = [(A + BK)X + Bh(0), h′]�,

D(A) = {[X, h]� ∈ R
n × H1(0, 1) : h(1) = 0}. (2.8)

A direct computation shows thatA
∗, the adjoint operator

of A, is given by

A
∗[X, h]� = [(A + BK)�X, −h′]�,

D(A∗) = {[X, h]� ∈ R
n × H1(0, 1) : B�X = h(0)},

(2.9)

and B
∗, the adjoint operator of B, is given by

B
∗[X, h]� = h(1), D(B∗) = R

n × H1(0, 1). (2.10)

Lemma 2.1: Let A be defined by (2.8). Then A
−1 exists

and is compact. Hence, σ (A), the spectrum of A, consists
of isolated eigenvalues of finitely algebraic multiplicity only.
Moreover, σ (A) = σ (A + BK).

Proof: For any given [X1, h1]� ∈ H, solve

A[X, h]� = [(A + BK)X + Bh(0), h′]� = [X1, h1]�

(2.11)

to obtain

X = (A + BK)−1
(
X1 + B

∫ 1

0
h1(s)ds

)
,

h(x) = −
∫ 1

x
h1(s)ds. (2.12)

Hence, A
−1 exists and is compact on H by the Sobolev

embedding theorem (Adams & Fournier, 2003, p. 97).
Therefore,σ (A) consists of isolated eigenvalues of finitely
algebraic multiplicity only (Müller, 2007, Theorem 13,
p. 154).

Next, we show σ (A) = σ (A + BK). Actually, for any
λ0 � σ (A + BK), let X0 be an eigenvector corresponding

to λ0. We can see that λ0 ∈ σ (A) and a corresponding
eigenfunction is given by [X0, 0]�. On the other hand,
for any λ�σ (A + BK), (λIn × n − (A + BK))−1 exists,
where In × n is the n × n identity matrix. For any given
[X1, h1]� ∈ H, solve

(λI−A)[X, h]� = [λX−(A+BK)X−Bh(0), λh−h′]�

= [X1, h1]� (2.13)

to obtain

X = (λIn×n − (A + BK))−1
(
X1 +

∫ 1

0
e−λsh1(s)ds

)
,

h(x) =
∫ 1

x
eλ(x−s)h1(s)ds, (2.14)

which means λ ∈ ρ(A) if λ�σ (A + BK). Therefore,
σ (A) = σ (A + BK). �
Lemma 2.2: The operator A defined by (2.8) gener-
ates an exponential stable C0-semigroup eAt on H and
B is admissible for eAt . Therefore, for any initial value
[X (0), v(·, 0)]� ∈ H and control input U0 ∈ L2loc(0, ∞)

and d ∈ L2loc(0, ∞), (2.7) admits a unique solution
[X (t ), v(·, t )]� ∈ C(0, +∞; H).

Proof: SinceA+BK isHurwitz, there exists a positive def-
inite matrix P such that

P(A + BK) + (A + BK)�P = −In×n.

Define a new inner product in H as follows:

〈[X1, h1]�, [X2, h2]�〉1 = X�
1 PX2

+ ι

∫ 1

0
exh1(x)h2(x)dx, ∀ [Xi, hi]� ∈ H, i = 1, 2.

(2.15)

where ι > 2‖B�P‖2/e. It is obvious that the norm induced
by (2.15) is equivalent to the one induced by (1.6). Under
the new inner product, for any Z = [X, h]� ∈ D(A),

〈AZ,Z〉1 = 〈[(A + BK)�X + B�h(0), h′]�, [X, h]�〉1
= [X�(A + BK)� + B�h(0)]PX

+ ι

∫ 1

0
exh′(x)h(x)dx,

and hence

Re〈AZ,Z〉1
= 1

2
Re

(
X�(A + BK)�PX + X�P(A + BK)X

)
+Re(h(0)B�PX )
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+ ι

2
e1|h(1)|2 − ι

2
e1|h(0)|2 − ι

2

∫ 1

0
ex|h(x)|2dx

≤ −1
2
|X |2 − ι

2

∫ 1

0
ex|h(x)|2dx + 1

4
|X |2

−
( ι

2
e − ‖B�P‖2

)
|h(0)|2

≤ −min
{

1
4λmax(P)

,
1
2

}
‖[X, h]�‖21,

where λmax (P) is the maximal eigenvalue of posi-
tive matrix P. Hence, A + min{1/(4λmax(P)), 1/2}I
is dissipative and so is for A. By Lemma 2.1 and the
Lumer-Phillips theorem (Pazy, 1983, Theorem 1.4.3), A

generates a C0-semigroup of contractions on H, and so
does for A + min{1/(4λmax(P)), 1/2}I. Therefore, the
semigroup generated by A is exponentially stable and its
decay rate is given by −min {1/(4λmax (P)), 1/2}.

Nowwe show thatB is admissible for eAt (Weiss, 1989).
Actually, a straightforward computation gives

A
∗−1[X, h]� = [(A + BK)�−1X,B�(A + BK)�−1X

−
∫ x

0
h(s)ds]�,

and

B
∗
A

∗−1[X, h]� = B�(A + BK)�−1X −
∫ 1

0
h(s)ds,

(2.16)

which is bounded fromH toC. Now, we consider the dual
system associated with A

∗ as follows:

d
dt

Z∗(·, t ) = A
∗Z∗(·, t ), y(t ) = B

∗Z∗(·, t ), (2.17)

that is,
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ẋ∗(t ) = (A + BK)�X∗,
w∗

t (x, t ) = −w∗
x (x, t ),

w∗(0, t ) = B�X∗(t ), t ≥ 0,

X∗(0) = X∗
0 , w∗(x, 0) = w∗

0 (x),

y(t ) = w∗(1, t ).

(2.18)

It is seen that the solution X*(t) of ‘ODE part’ of (2.18) is
exponentially stable, that is,

X∗(t ) = e(A+BK)�X∗(0), |X∗(t )|
≤ M0e−ωt |X∗

0 | for someM0, ω > 0 and all t ≥ 0.
(2.19)

Define the energy function for (2.18) as

E(t ) = X∗�
(t )PX∗(t ) +

∫ 1

0
(w∗(x, t ))2dx.

Differentiating E(t) with respect to t along the solution to
(2.18) and using (2.19) yields

Ė(t )

= −2|X∗(t )|2 − 1
2
(w∗(1, t ))2 + 1

2
(w∗(0, t ))2

≤
(‖B‖

2
− 2

)
|X∗(t )|2

≤ M2
0 max

{(‖B‖
2

− 2
)

, 0
}

|X∗(0)|2. (2.20)

By Taylor’s formula and (2.20), for any T � 0,

E(T )

≤ E(0) + M2
0 max

{(‖B‖
2

− 2
)

, 0
}

|X∗(0)|2T

≤
(
M2

0 max
{(‖B‖

2
− 2

)
, 0

}
1

λmin(P)
T + 1

)
E(0),

(2.21)

and
∫ T

0
E(s)ds

≤
(
M2

0 max
{(‖B‖

2
− 2

)
, 0

}
1

2λmin(P)
T 2 + T

)
E(0),

(2.22)

where λmin (P) is the minimal eigenvalue of positive
matrix P. Let


(t ) =
∫ 1

0
ex(w∗(x, t ))2dx.

Differentiate ϱ(t) to give

e
2

∫ T

0
(w∗(1, t ))2dt ≤ 
(0) − 
(T ) + (w∗(0, t ))2

2

+ e
2

∫ T

0
E(s)ds. (2.23)

Since ϱ(t) � 2eE(t), it follows from (2.19), (2.21), (2.22),
and (2.23) that

∫ T

0
y2(s)ds

≤ 2
e

[
2eE(0) + 2eE(T ) + ‖B‖2

2
M2

0|X∗(0)|2
]
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+
∫ T

0
E(s)ds

≤
[
4M2

0 max
{(‖B‖

2
− 2

)
, 0

}
1

λmin(P)
T + 8

+ ‖B‖2
e

M2
0

]
E(0)

+
(
M2

0 max
{(‖B‖

2
−2

)
, 0

}
1

2λmin(P)
T 2+T

)
E(0).

This fact, together with the boundedness of B
∗
A

∗−1,
shows the admissibility of B (Weiss, 1989). By Tuc-
snak and Weiss (2009, Proposition 4.2.5), for any
initial value [X (0), v(·, 0)]� ∈ H, control input U0 ∈
L2loc(0, ∞), and d ∈ L2loc(0, ∞), (2.7) admits a unique
solution [X (t ), v(·, t )]� ∈ C(0, +∞; H). �

3. Active disturbance rejection control approach

In this section, we apply the active disturbance rejection
control (ADRC) to estimate the disturbance in real time,
which is the key feature of ADRC. To estimate the distur-
bance, we need to transform the disturbance from PDE
to an ODE by special test function. By Lemma 2.2, the
(weak) solution of (2.7) is understood in the sense of

d
dt

〈[X, v]�, [Y, h]�〉H = 〈[X, v]�, A
∗[Y, h]�〉H

+ (U0(t ) + d(t ))B∗[Y, h]�, ∀ [Y, h]� ∈ D(A∗), (3.1)

where A
∗ is given by (2.9) and B

∗ is given by (2.10).
Equation (3.1) demonstrates clearly the infinite-

dimensional nature of PDE, and PDE (2.7) is equivalent
to a systemof infinitelymanyODEs (3.1), where [Y, h]� is
called (smooth) test function. Notice that the disturbance
d(t) appears in ODEs (3.1). We will choose time-varying
gain estimator and constant high gain to estimate the dis-
turbance.

3.1 Disturbance estimator with a time-varying high
gain

First, choose the time-dependent test function of the fol-
lowing:

[Yt , ht]� = [0, xκ(t )]� ∈ D(A∗), (3.2)

where the positive differentiable continuous function κ(t)
is assumed to satisfy

lim
t→∞ κ(t ) = 0 and

∣∣∣∣κ ′(t )
κ(t )

∣∣∣∣ is bounded for all t ≥ 0.

(3.3)

The function κ(t ) = 1
1+t is one candidate satisfying con-

dition (3.3). Substitute [Yt, ht]� into (3.1) to obtain

ẏ1(t ) = y2(t ) +U0(t )κ(t ) + d(t )κ(t ), (3.4)

where

y1(t ) =
∫ 1

0
v(x, t )xκ(t )dx, y2(t ) =

∫ 1

0
v(x, t )xκ̇ (t )dx

−
∫ 1

0
v(x, t )κ(t )dx. (3.5)

It is seen that (3.4) is an ODE with control U0(t) and dis-
turbance d(t) for which we can apply ADRC approach
for lumpedparameter systems to estimate the disturbance
(Guo & Zhao, 2011). To this purpose, we design a time-
varying, high-gain extended state observer for system
(3.4) as follows (Guo et al., 2014):⎧⎪⎪⎨

⎪⎪⎩
˙̂y1(t ) = y2(t ) +U0(t )κ(t ) + d̂(t )κ(t )

−r(t )[ŷ1(t ) − y1(t )],
d
dt

(d̂(t )κ(t )) = −r2(t )[ŷ1(t ) − y1(t )],
(3.6)

where r(t) is the time-varying gain and satisfies

ṙ(t ) > 0, lim
t→∞ r(t ) = ∞,

ṙ(t )
r(t )

≤ M, ∀ t ≥ 0 for someM > 0. (3.7)

Function r(t) = 1 + t is one candidate satisfying condi-
tion (3.7). The system (3.6) is served as an state feedback
disturbance estimator for system (2.6).
Lemma 3.1 (Guo et al., 2014): Assume that conditions
(3.7) and (3.3) are satisfied and that the disturbance d(t)
is uniformly bounded and satisfies

lim
t→∞

|ḋ(t )|
r(t )

= 0. (3.8)

Let y1(t) and y2(t) be defined by (3.5). Then the solutions
of (3.6) satisfy

lim
t→∞ |ŷ1(t ) − y1(t )| = lim

t→∞ |d̂(t ) − d(t )| = 0. (3.9)

Now that we have an online estimation d̂(t ) of the dis-
turbance, the next step is naturally to compensate (cancel)
the disturbance in the feedback loop since the operatorA

given by (2.8) generates actually an exponential stableC0-
semigroup on H by Lemma 2.2. This is done by design-
ing

U0(t ) = −d̂(t ). (3.10)
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It is seen that the control (3.10) is used to cancel the effect
of disturbance. This is just the estimation/cancellation
nature of ADRC approach. Under feedback (3.10), the
closed loop of system (1.5) becomes

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ẋ (t ) = AX (t ) + Bw(0, t ), t ≥ 0,
wt (x, t ) = wx(x, t ) + g(x)w(0, t )

+
∫ x

0
f (x, y)w(y, t )dy, x ∈ (0, 1), t > 0,

w(1, t ) = −d̂(t ) + d(t )

+
∫ 1

0
k(1, y)w(y, t )dy + KeAX (t ),

˙̂y1(t ) = y2(t ) +U0(t )κ(t )
+ d̂(t )κ(t ) − r(t )[ŷ1(t ) − y1(t )], t ≥ 0,

d
dt

(
d̂(t )κ(t )

)
= −r2(t )[ŷ1(t ) − y1(t )],

t ≥ 0,X (0) = X0,

w(x, 0) = w0(x), x ∈ [0, 1],
(3.11)

where r(t) and κ(t) are defined by (3.7) and (3.3), respec-
tively.

Theorem 3.1: Assume that conditions (3.7) and (3.3) are
satisfied and that the disturbance d(t) is uniformly bounded
and satisfies (3.8). Let y1(t) and y2(t) be defined by (3.5).
Then system (3.11) is asymptotically stable in the sense of

lim
t→∞E(t ) = lim

t→∞

{
|X (t )|2 +

∫ 1

0
w2(x, t )dx

+ |ŷ1(t )| + |d̂(t ) − d(t )|
}

= 0. (3.12)

Proof: Introduce the error variables ỹ1(t ) = r(t )[ŷ1(t ) −
y(t )], d̃(t ) = d̂(t ) − d(t ). Then under transformation
(2.3), system (3.11) is equivalent to

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Ẋ (t ) = (A + BK)X (t ) + Bv(0, t ),
vt (x, t ) = vx(x, t ),
v(1, t ) = −d̃(t ),
˙̃y1(t ) = −r(t )ỹ1(t ) + r(t )d̃(t )κ(t ) + ṙ(t )

r(t )
ỹ1(t ),

d
dt

(d̃(t )κ(t )) = −r(t )ỹ1(t ) − d
dt

(d(t )κ(t )) .

(3.13)
The convergence of d̃(t ) = d̂(t ) − d(t ) to zero as t→ �
in (3.13) has been proven in (3.9).We need only show the
convergence of the ‘(X, v) part’ of (3.13), that is,

lim
t→∞ F(t ) = lim

t→∞

[
|X (t )|2 +

∫ 1

0
v2(x, t )dx

]
= 0.

(3.14)

This is because if (3.14) is true, then it follows from (3.9)
that

ŷ1(t ) = ỹ1(t )
r(t )

+ y1(t ) = ỹ1(t )
r(t )

+ κ(t )
∫ 1

0
v(x, t )xdx → 0 as t → ∞.

Now, we show (3.14). Similar to (2.7), we can write the
‘(X, v) part’ of (3.13) as

d
dt

(
X (t )
v(·, t )

)
= A

(
X (t )
v(·, t )

)
+ B(−d̃(t )), (3.15)

where A is given by (2.8) and B = [0, δ(x − 1)]�. How-
ever, (3.15) is exactly the same as those in Guo et al.
(2014) and Guo and Zhou (2014, 2015). Since A gener-
ates an exponential stable C0-semigroup eAt on H and B

is admissible to eAt by Lemma 2.2, and |d̃(t )| → 0 as t→
� by (3.9), we end the proof. �

3.2 Disturbance estimator with a constant high gain

Choose the test functions of the following:

[Y, h]� = [0, −x]� ∈ D(A∗). (3.16)

Substitute [0, −x]� into (3.1) to obtain

ẏ1(t ) = y2(t ) − (U0(t ) + d(t )), (3.17)

where

y1(t ) = −
∫ 1

0
v(x, t )xdx, y2(t ) =

∫ 1

0
v(x, t )dx.

(3.18)

From this, we design a high gain disturbance estimator
for system (3.17) as follows (Guo & Jin, 2013a):

⎧⎪⎨
⎪⎩

˙̂y1ε(t ) = y2(t ) − (U0(t ) + d̂ε(t )) − 1
ε
[ŷ1ε(t ) − y1(t )],

˙̂dε(t ) = − 1
ε2
[ŷ1ε(t ) − y1(t )],

(3.19)
where ϵ is the tuning small parameter and d̂ε(t ) is
regarded as an approximation of d(t), which is confirmed
by Lemma 3.2.

Lemma 3.2 (Guo & Jin, 2013a; Guo, Liu, Alfahaid,
Younas, & Asiri, 2015): Assume that the disturbance d(t)
and its derivative ḋ(t ) are uniformly bounded with up
bound M. Let y1(t) and y2(t) be defined by (3.18). Then
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the solutions of (3.19) satisfy

lim
t→∞ |ŷ1ε(t ) − y1(t )| = lim

t→∞ |d̂ε(t ) − d(t )|
= O(ε) as ε → 0. (3.20)

Moreover, for any fixed T > 0,

∫ T

0
|ŷ1ε(t ) − y1(t )|dt =

∫ T

0
|d̂ε(t ) − d(t )|dt

= O(ε) as ε → 0,∫ T

0
|ŷ1ε(t ) − y1(t )|2dt =

∫ T

0
|d̂ε(t ) − d(t )|2dt

= O(ε−1) as ε → 0. (3.21)

By (3.21),
∫ T
0 |d̂ε(t ) − d(t )|dt is uniformly bounded

in ϵ for any fixed T > 0, and
∫ T
0 |d̂ε(t ) − d(t )|2dt is

unbounded in ϵ. But from Lemma 2.2 and Weiss (1989,
Theorem 4.8), we only have admissibility with L2loc(0, ∞)

control yet not the admissibility with L1loc(0, ∞) control.
This fact will be used in the proof of Theorem 3.2 later. To
overcome this difficulty, we design the control as follows:

U0(t ) = −sat(d̂ε(t )), (3.22)

where sat(x) = min {M + 1, max {x, −M − 1}} is a satu-
rate function. Under feedback (3.22), the closed loop of
system (1.5) becomes

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ẋ = AX (t ) + Bw(0, t ),
wt (x, t ) = wx(x, t ) + g(x)w(0, t )

+
∫ x

0
f (x, y)w(y, t )dy,

w(1, t ) = −sat(d̂ε(t )) + d(t )

+
∫ 1

0
k(1, y)w(y, t )dy + KeAX (t ),

˙̂y1ε(t ) = y2(t ) − (−sat(d̂ε(t )) + d̂ε(t ))

− 1
ε
[ŷ1(t ) − y1(t )],

˙̂dε(t ) = − 1
ε2
[ŷ1(t ) − y1(t )],

X (0) = X0,

w(x, 0) = w0(x).

(3.23)

Theorem 3.2: Assume that the disturbance d(t) and its
derivative ḋ(t ) are uniformly bounded with up bound M.
Let y1(t) and y2(t) be defined by (3.18). Then system (3.23)
is practically stable in the sense of

lim sup
t→∞

Eε(t ) = lim sup
t→∞

{
|X (t )|2 +

∫ 1

0
w2(x, t )dx

+ |ŷ1ε(t )| + |d̂ε(t ) − d(t )|
}

≤ Cε, (3.24)

where C > 0 is a constant independent of ϵ.

Proof: Introduce the error variables ỹ1ε(t ) = ŷ1ε(t ) −
y1(t ), d̃ε(t ) = d̂ε(t ) − d(t ). Then under transformation
(2.3), system (3.23) is equivalent to

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ẋ = (A + BK)X (t ) + Bv(0, t ),
vt (x, t ) = vx(x, t ),

v(1, t ) = −sat(d̃ε(t ) + d(t )) + d(t ),

˙̃y1ε(t ) = −1
ε
ỹ1ε(t ) − d̃ε(t ),

d
dt

d̃ε(t ) = 1
ε2
ỹ1ε(t ) − ḋ(t ).

(3.25)

The convergence of d̃ε(t ) = d̂ε(t ) − d(t ) in (3.25) has
been proven in (3.20). We need to show only the conver-
gence of the ‘(X, v) part’ of (3.13), that is,

lim sup
t→∞

Fε(t ) = lim sup
t→∞

[
|X (t )|2 +

∫ 1

0
v2(x, t )dx

]
≤ Cε, (3.26)

where C > 0 is a constant independent of ϵ. This is
because if (3.26) is true, then it follows from (3.20) that

lim sup
t→∞

|ŷ1ε(t )| = lim sup
t→∞

|ỹ1ε(t ) + y1(t )|

≤ lim sup
t→∞

|ỹ1ε(t )| + lim sup
t→∞

∣∣∣∣
∫ 1

0
v(x, t )xdx

∣∣∣∣ ≤ Cε.

Now, we show (3.26). Similar to (2.7), we can write the
‘(X, v) part’ of (3.13) as

d
dt

(
X (t )
v(·, t )

)
= A

(
X (t )
v(·, t )

)

+B(−sat(d̃ε(t ) + d(t )) + d(t )), (3.27)

where A is given by (2.8) and B = [0, δ(x − 1)]�. Since
for any given ϵ> 0(< 1), by (3.20), there exist T0 > 0 and
C1 > 0 such that | − sat(d̃ε(t ) + d(t )) + d(t )| < C1ε for
all t � T0. Since B is admissible for eAt , we have

∥∥∥∥
∫ T0

0
eA(T0−s)

B(−sat(d̃ε(s) + d(s)) + d(s))ds
∥∥∥∥

≤ CT0‖ − sat(d̃ε(s) + d(s)) + d(s)‖L2(0,T0)
≤ CT0T0(2M + 1)2

for someCT0 that is independent of d̃ε(s) and d. In above
inequality, we have used the boundedness of saturation
function, because without using the saturation function,
we cannot get the boundedness of ‖ − (d̃ε(s) + d(s)) +
d(s)‖L2(0,T0) due to (3.21). On the other hand, since eAt
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is exponentially stable, and B is admissible to eAt with
L2loc(0, ∞) control and hence is admissible to eAt with
L∞
loc(0, ∞) control, by Weiss (1989, Proposition 2.5), we

have∥∥∥∥
∫ t

T0
eA(t−s)

B(−sat(d̃ε(s) + d(s)) + d(s))ds
∥∥∥∥

=
∥∥∥∥

∫ t

0
eA(T0−s)

B(0♦
T0

(−sat(d̃ε(s) + d(s)) + d(s))ds
∥∥∥∥

≤ L‖(0♦
T0

(−sat(d̃ε(s)+d(s))+d(s))‖L∞(0,∞) ≤ LC1ε,

where L is a constant that is independent of u(s), and

(u♦
τ

v )(t ) =
{
u(t ), 0 ≤ t ≤ τ,

v(t ), t > τ.

Noting that the solution is given by
(

X (t )
v(·, t )

)
= eAt

(
X (0)
v(·, 0)

)

+
∫ t

0
eA(t−s)

B(−sat(d̃ε(s) + d(s)) + d(s))ds

= eAt
(

X (0)
v(·, 0)

)
+ eA(t−T0)

×
∫ T0

0
eA(T0−s)

B(−sat(d̃ε(s) + d(s)) + d(s))ds

+
∫ t

T0
eA(t−s)

B(−sat(d̃ε(s) + d(s)) + d(s))ds

and ‖eAt‖ ≤ M1e−ωt , we can obtain∥∥∥∥
(

X (t )
v(·, t )

)∥∥∥∥ ≤ M1e−ωt
∥∥∥∥

(
X (0)
v(·, 0)

) ∥∥∥∥
+M1e−ω(t−T0)CT0T0(2M + 1)2 + LC1ε,

which leads to limt→∞ supEε(t ) ≤ Cε, where C > 0 is a
constant independent of ϵ. �
Remark 3.1: The time-varying, high-gain estimator can
reduce the peaking value in the initial state, but it is not
robust and amplifies the noise, whereas the constant high
gain can filter the high frequency noise yet brings the
peaking value problem. From practice point of view, a
recommended control strategy is to use the time-varying
gain first to reduce the peaking value in the initial stage to
a reasonable level and then apply the constant high gain.
This will be explained numerically in Section 5.

4. Slidingmode control

To compare with ADRC approach, we use the SMC to
reject the disturbance d(t) that satisfies |d(t)| � M for all
t � 0 for someM > 0.

We continue to consider system (2.6). First, set the
sliding mode surface as

Sv =
{
(X, h) ∈ H :

∫ 1

0
xh(x)dx = 0

}
,

which is a closed subspace of the state space H. The cor-
responding sliding mode function for system (2.6) is

Sv (t ) =
∫ 1

0
xv(x, t )dx. (4.1)

On the sliding mode surface Sv(t) � 0, system (2.6)
becomes⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ẋ = (A + BK)X (t ) + Bv(0, t ), t ≥ 0,
vt (x, t ) = vx(x, t ), x ∈ (0, 1), t > 0,∫ 1

0
xv(x, t )dx = 0, t ≥ 0,

X (0) = X0,

v(x, 0) = v0(x), x ∈ [0, 1].

(4.2)

Define the operator A: D(A)(	Sv) → Sv as follows:
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

A[X, h]� = [(A + BK)X + Bh(0), h′]�,

∀[X, h]� ∈ D(A),

D(A) =
{
[X, h]� ∈ Sv ∩ (Rn × H1(0, 1)) :

∫ 1
0 xh′(x)dx = 0

}
.

(4.3)

It is easy to show that for any [X, h]� �D(A),A[X, h]� �
Sv if and only if h(1) = ∫ 1

0 h(x)dx. Thus, we can rewrite
A as⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

A[X, h]� = [(A + BK)X + Bh(0), h′]�,

∀[X, h]� ∈ D(A),

D(A) =
{
[X, h]� ∈ Sv ∩ (Rn × H1(0, 1)) : h(1)

= ∫ 1
0 h(x)dx

}
.

(4.4)

The system (4.2) can be rewritten as

d
dt

[X (t ), v(·, t )]� = A[X (t ), v(·, t )]�,

t ≥ 0, with [X (t ), v(·, t )]� = [X0, v0]�.

Proposition4.1: LetA be defined by (4.4). ThenA−1 exists
and is compact. Hence, σ (A), the spectrum of A, con-
sists of isolated eigenvalues of finitely algebraic multiplicity
only. Moreover,A generates a C0-semigroup on Sv. Further,
σ (A)= σ (A+BK) and σ ess(A)
σ (A+BK), where σ ess(A)
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is the essential spectrum of A. Therefore, the system (4.2)
associates with a C0-semigroup of exponential stability on
Sv.

Proof: For any given [X1, h1]� � Sv, solve

A[X, h]� = [(A + BK)X + Bh(0), h′]� = [X1, h1]�

(4.5)

to obtain

X = (A + BK)−1
(
X1 − 2B

∫ 1

0

∫ x

0
h1(s)dsdx

)
,

h(x) = −2
∫ 1

0

∫ x

0
h1(s)dsdx +

∫ x

0
h1(s)ds. (4.6)

Hence, A−1 exists and is compact on Sv by the Sobolev
embedding theorem (Adams & Fournier, 2003, p. 97).
Therefore, σ (A) consists of isolated eigenvalues of finitely
algebraic multiplicity only (Müller, 2007, Theorem 13, p.
154).

Let inner product in Sv be induced by (2.15). Under
this inner product, for any Z= [X, h]� � D(A), we have

Re〈AZ,Z〉1
= 1

2
Re

(
X�(A + BK)�PX + X�P(A + BK)X

)

+Re(h(0)B�PX ) + ι

2
e1|h(1)|2 − ι

2
e1|h(0)|2

− ι

2

∫ 1

0
ex|h(x)|2dx

≤ −1
2
|X |2 − ι

2

∫ 1

0
ex|h(x)|2dx + ι

2
e
∫ 1

0
|h(x)|2dx

≤ e − 1
2

‖[X, h]�‖21.

Hence, A − (e − 1)/2I is dissipative. It follows from the
Lumer-Phillips theorem (Pazy, 1983, Theorem 1.4.3) that
A − (e − 1)/2I generates a C0-semigroup of contractions
on Sv, and so A generates a C0-semigroup eAt.

Next, we claim σ (A) = σ (A + BK). Obviously, σ (A +
BK)	σ (A) since if λ0 � σ (A + BK) and X0 is an eigen-
vector corresponding to λ0, then λ0 � σ (A) and a corre-
sponding eigenfunction is given by [X0, 0]�. On the other
hand, for anyλ�σ (A+BK), (λIn × n − (A+BK))−1 exists,
where In × n is then×n identitymatrix. For any given [X1,
h1]� � Sv, solve

(λI − A)[X, h]� = [λX−(A+BK)X−Bh(0), λh−h′]�

= [X1, h1]� (4.7)

to obtain

X = (λIn×n − (A + BK))−1

×
(
X1 − B

∫ 1

0
eλ(1−s)h1(s)ds/

∫ 1

0
eλsds

)
,

h(x) = eλx
∫ 1

0
eλ(1−s)h1(s)ds/

∫ 1

0
eλsds

−
∫ x

0
eλ(x−s)h1(s)ds, (4.8)

which gives λ � ρ(A) if λ�σ (A+BK). Therefore, σ (A)=
σ (A + BK).

Now, we show that σ ess(A)
σ (A + BK). For this pur-
pose, by the definition of essential spectrum (Engel &
Nagel, 2000, P. 248), it suffices to prove that for any
λ�σ (A+BK),λI−A is a Fredholmoperator on Sv, which
is equivalent to showing that (i) dimker(λI − A) < +�,
and (ii) dim(Sv/im(λI − A)) < +�. Actually, assuming
that (λI − A)[X, h]� = 0, we have (A + BK)X + Bh(0)
= λX, h′ = λh. Thus, h(x) = h(0)eλx. By

∫ 1
0 xh(x)dx =

0, we can get h(0) = 0 and thus h � 0. X = 0 fol-
lows from λ�σ (A + BK). Therefore, ker(λI − A) = {0}
and dimker(λI − A) < +�. On the other hand, it fol-
lows from (4.7) and (4.8) that im(λI − A)Sv = Sv, which
leads to Sv/im(λI − A) � {0} and dim(Sv/im(λI − A))
< +�. Thus, σ ess(A)
σ (A + BK). Since A + BK is Hur-
witz, it follows from Engel and Nagel (2000, Corollary
2.11 ) that ‖eAt‖ � Meωt, where ω = max{sup{λ : λ ∈
σ (A), sup{λ : λ ∈ σess(A)}} < 0, i.e.eAt is exponentially
stable. �

Transforming Sv and Sv back to the original system
(1.5) gives sliding mode surface

Sw =
{

(X, h) ∈ H :
∫ 1

0
x
[
h(x) −

∫ x

0
k(x, y)h(y)dy

−KeAxX
]
dx = 0

}

and the sliding function:

Sw(t ) : =
∫ 1

0
xv(x, t )dt =

∫ 1

0
x

(
w(x, t )

−
∫ x

0
k(x, y)w(y, t )dy − KeAxX (t )

)
dx.

(4.9)
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On the sliding mode surface Sw, the original system (1.5)
becomes

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ẋ = AX (t ) + Bw(0, t ), t ≥ 0,
wt (x, t ) = wx(x, t ) + g(x)w(0, t )

+ ∫ x
0 f (x, y)w(y, t )dy, x ∈ (0, 1), t ≥ 0,∫ 1

0
x
(

w(x, t ) −
∫ x

0
k(x, y)w(y, t )dy − KeAxX (t )

)

dx = 0, t ≥ 0,
X (0) = X0,

w(x, 0) = w0(x), x ∈ (0, 1).

(4.10)
It follows from the exponential stability of system (4.2)
and the equivalence between (4.2) and (4.10) that system
(4.10) is exponentially stable.

4.1 State feedback

To motivate the control design, differentiating (4.9) for-
mally with respect to t, we obtain

Ṡw(t ) = U (t ) + d(t ) −
∫ 1

0
k(1, y)w(y, t )dy − KeAX (t )

−
∫ 1

0

(
w(x, t ) −

∫ x

0
k(x, y)w(y, t )dy − KeAxX (t )

)
dx.

If we choose an SMC as follows:

U (t )

=
∫ 1

0

(
w(x, t ) −

∫ x

0
k(x, y)w(y, t )dy − KeAxX (t )

)
dx

+
∫ 1

0
k(1, y)w(y, t )dy + KeAX (t ) − (M + η)

Sw(t )
|Sw(t )| ,

(4.11)

where η > 0 is an any fixed constant, then we have

Sw(t )Ṡw(t ) ≤ −η|Sw(t )|, (4.12)

which is just the finite reaching condition. It is seen from
(4.11) that SMC is always in worst-case concern where
M is the up bound of the derivative of the disturbance.

Under the feedback control (4.11), the resulting closed-
loop system is

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ẋ = AX (t ) + Bw(0, t ),
wt (x, t ) = wx(x, t ) + g(x)w(0, t )

+ ∫ x
0 f (x, y)w(y, t )dy,

w(1, t ) =
∫ 1

0

(
w(x, t ) −

∫ x

0
k(x, y)w(y, t )dy

−KeAxX (t )
)
dx

+
∫ 1

0
k(1, y)w(y, t )dy + KeAX (t )

− (M + η) Sw (t )
|Sw (t )| + d(t ),

X (0) = X0,

w(x, 0) = w0(x).

(4.13)
Under the invertible transformation (2.3), the control
(4.11) becomes

U (t ) =
∫ 1

0
k(1, y)w(y, t )dy + KeAX (t ) +

∫ 1

0
v(x, t )dx

− (M + η)sign(Sv (t )) for Sv (t ) �= 0, (4.14)

and the closed loop of system (4.13) becomes

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ẋ = (A + BK)X (t ) + Bv(0, t ), t ≥ 0,
vt (x, t ) = vx(x, t ), x ∈ (0, 1), t ≥ 0,

v(1, t ) =
∫ 1

0
v(y, t )dy − (M + η)

Sv (t )
|Sv (t )| + d(t )

:=
∫ 1

0
v(y, t )dy + d̃(t ) for Sv (t ) �= 0, t ≥ 0,

X (0) = X0,

v(x, 0) = v0(x), x ∈ [0, 1].

(4.15)

4.2 Properties of the closed loop

Lemma 4.1: Suppose that the disturbance d(t) is bounded
measurable in time with the up bound M, for any initial
value [X0, v0]� ∈ H, there exists Tmax � 0, depending on
initial data, such that system (4.15) admits a unique solu-
tion [X (t ), v(·, t )]� ∈ C(0,Tmax; H) and (4.15) will keep
on the slidingmode surface Sv(t)= 0 for all t�Tmax .More-
over, Sv(t) is continuous andmonotone in [0, Tmax ]. On the
sliding mode surface Sv(t) = 0, and system (4.15) becomes
(4.2) which is exponentially stable.

Proof: Obviously, the sliding mode function (4.1) makes
sense due to v( ·, t) � L2(0, 1). Similar to (2.7), system
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(4.15) can be written as

d
dt

[X (t ), v(·, t )]� = A[X (t ), v(·, t )]�

+ B

( ∫ 1

0
v(y, t )dy

)
+ Bd̃(t ), (4.16)

where A is given by (2.8) and B = [0, δ(x − 1)]�. Next,
we claim that for anyT> 0, if d̃(t ) ∈ L2(0,T ), then (4.16)
admits a unique solution [X (t ), v(·, t )]� ∈ C(0,T; H).
By Lemma 2.2, B is admissible to eAt , we have

∫ t

0
eA(t−s)

Bd̃(s)ds ∈ C(0,T; H). (4.17)

and for all t > 0,∥∥∥∥
∫ t

0
eA(τ−s)

Bζ (s)ds
∥∥∥∥
H

≤ Ct‖ζ‖L2(0,t ) ≤ Ctt‖ζ‖L∞(0,t )

(4.18)

for some constant Ct which is independent of ζ . ByWeiss
(1989, Proposition 2.3), we know thatCt is nondecreasing
with respect to t. Let τ 1 � 1. ThenCτ1 ≤ C1. Choose τ 1 >

0 so that C1τ 1 < 1. Define the map F fromC(0, τ1; H) to
C(0, τ1; H) by

F

(
X (t )
v(·, t )

)
= eAt

(
X0(·)
v(·, 0)

)

+
∫ t

0
eA(t−s)

(∫ 1

0
v(y, t )dy

)
ds +

∫ t

0
eA(t−s)

Bd̃(s)ds.

(4.19)

It follows from (4.18) and (4.19) that for any
(X1, v1)

�, (X2, v2)
� ∈ C(0, τ1; H),∥∥∥∥F

(
X1(t )
v1(·, t )

)
− F

(
X2(t )
v2(·, t )

)∥∥∥∥
H

=
∥∥∥∥∥
∫ t

0
eA(t−s)

B

(∫ 1

0
(v1(y, s) − v2(y, s)dy

)
ds

∥∥∥∥∥
H

≤ Ctt
∥∥∥∥

∫ 1

0
(v1(y, s) − v2(y, s)dy

)
ds

∥∥∥∥
L∞(0,t )

≤ C1τ1

∥∥∥∥
∫ 1

0
(v1(y, s) − v2(y, s)dy

)
ds

∥∥∥∥
L∞(0,τ1)

≤ C1τ1‖v1(·, s) − v2(·, s)‖L∞(0,τ1;L2(0,1))

≤ C1τ1

∥∥∥∥
(

X1(t )
v1(·, t )

)
−

(
X2(t )
v2(·, t )

)∥∥∥∥
C(0,τ ;H)

, (4.20)

which, together with C1τ < 1, implies that F is a strict
contraction on C(0, τ1; H). By the contraction map-
ping theorem, (4.19) has a unique fixed point (X, v )� ∈

C(0, τ1; H), which is a solution of (4.16). Similarly, we can
prove that (4.16) has a unique solution on an interval [τ 1,
τ 2], τ 1 < τ 2. Repeating the above process, we can show
that (4.16) has a unique solution the maximal existence
interval [0, T].

Suppose that for some T > 0, Sv(t) � 0 for all t � [0,
T]. Take the inner product with [0, x]� ∈ D(A∗) on both
sides of (4.16) to obtain

Ṡv (t ) = d
dt

∫ 1

0
xv(x, t )xdx

= d
dt

〈[X (t ), v(·, t )]�, [0, x]�〉
= 〈[X (t ), v(·, t )]�, A

∗[0, x]�〉

+
(∫ 1

0
v(x, t )dx + d̃(t )

)
B

∗x

= −
∫ 1

0
v(x, t )dx+

(∫ 1

0
v(x, t )dx+d̃(t )

)
= d̃(t )

= −(M + η)
Sv (t )
|Sv (t )| + d(t ), (4.21)

that is,

Ṡv (t ) = −(M + η)
Sv (t )
|Sv (t )| + d(t ). (4.22)

provided that Sv(t) � 0 and Sv(t) is continuous in t
� [0, T]. So if (4.22) admits a unique continuous,
nonzero solution, then (4.15) admits a unique solution
[X (t ), v(·, t )]� ∈ C(0,T; H).

Suppose that T0 � 0 and Sv(T0) = S0 � 0. Then it fol-
lows from (4.22) that

Sv (t ) = S0 − (M + η)

∫ t

T0

Sv (s)
|Sv (s)|ds

+
∫ t

T0
d(s)ds, ∀ t ≥ T0. (4.23)

Define a closed subspace ofC[T0,T0 + |S0|
5(2M+η)

] by

� =
{
S ∈ C

[
T0,T0 + |S0|

5(2M + η)

]
: S(T0) = S0, |S(t )|

≥ 4
5
|S0|, ∀ t ∈

[
T0,T0 + |S0|

5(2M + η)

] }
,

and the mapping F on � by

(FS)(t ) = S0 − (M + η)

∫ t

T0

Sv (s)
|Sv (s)|ds +

∫ t

T0
d(s)ds.
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Then for any S � �,

|(FS)(t )| ≥ |S0| − (2M + η)(t − T0) ≥ 4
5
|S0|,

which means that F�	�. Moreover,

|(FS1)(t ) − (FS2)(t )|
≤ (M + η)

∣∣∣∣
∫ t

T0

[
S1(s)
|S1(s)|ds − S2(s)

|S2(s)|
]
ds

∣∣∣∣
≤ (M + η)

∫ t

T0
max

{
1

|S1(s)| ,
1

|S1(s)|
}

× |S1(s) − S2(s)|ds
≤ M + η

4(2M + η)
‖S1 − S2‖�, (4.24)

where ‖S‖� = max{|S(t )| : t ∈ [T0,T0 + |S0|
5(2M+η)

]}.
Since (M + η)/(4(2M + η)) < 1, (4.24) shows that the
mapping F is contraction on�. By the Banach fixed point
theorem, there exists a unique, nonzero solution Sv(t) to
(4.22) inC[T0,T0 + |S0|

5(2M+η)
].

The above arguments show that when Sv(0) � 0,
there exists a unique continuous solution Sv(t) to (4.22)
in the maximal interval [0, Tmax ), where it must have
Sv(Tmax ) = 0. Notice that

Sv (t )Ṡv (t ) = Sv (t )
[

− (M + η)
Sv (t )
|Sv (t )| + d(t )

]
≤ −η|Sv (t )|, (4.25)

which is the finite reaching condition. This means that
|Sv(t)| must be decreasing in [0, Tmax ) and |Sv(t)| > 0 for
all t � [0, Tmax ). Since Sv(t) is continuous, the reaching
condition (4.25) implies that Sv(t) = 0 for all t � Tmax .
This completes the proof of the lemma. �

Returning to system (4.13) by inverse transformation
(2.3), we obtainTheorem4.1 since the closed-loop system
(4.13) is equivalent to the closed-loop system (4.15).
Theorem 4.1: Suppose that the disturbance d(t) is
bounded measurable in time with the up bound M. Then,

for any initial value [X0, w0]� ∈ H, there exists Tmax � 0,
depending on initial data, such that system (4.13) admits
a unique solution [X (t ), w(·, t )]� ∈ C(0,Tmax; H) and
(4.13) will keep on the sliding mode surface Sw(t) = 0 for
all t � Tmax . Moreover, Sw(t) is continuous and monotone
in [0, Tmax ]. On the sliding mode surface Sw(t) = 0, the
system (4.13) becomes

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ẋ = AX (t ) + Bw(0, t ), t ≥ 0,
wt (x, t ) = wx(x, t ) + g(x)w(0, t )

+
∫ x

0
f (x, y)w(y, t )dy, x ∈ (0, 1), t ≥ 0,∫ 1

0
x
(

w(x, t ) −
∫ x

0
k(x, y)w(y, s)dy − KeAxX (t )

)

dx = 0, t ≥ 0,
X (0) = X0,

w(x, 0) = w0(x), x ∈ [0, 1].

(4.26)
which is exponentially stable.

Remark 4.1: We compare the SMC approach with the
ADRC for system (2.6). In the sliding mode design, the
aim is to find a control such that the control can drive the
state of system into the sliding surface

∫ 1
0 xv(x, t )dx = 0

at finite time,while theADRCaims at estimating and can-
celling the disturbance andmaking v(1, t) as small as pos-
sible. The SMC is always in the worse-case concern and
so it is robust to disturbance, whereas ADRC uses estima-
tion/cancelation strategy and makes the control energy
much small.

Remark 4.2: Here, SMC like in Guo and Jin (2013a), Guo
and Liu (2014), Guo et al. (2014), and Wang et al. (2015)
will cause chattering phenomenon, which can be seen
from the next simulation section. It is well known that the
chattering effect is significantly reduced by higher-order
SMC (see Levant, 2005). Thus, to suppress the chattering,
possibly, we need to design a higher-order sliding mode
for PDE systems, like higher-order sliding mode for ODE
system (Levant, 2005).
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Figure . The disturbance d(t) and its estimation with time-varying gain and constant gain.
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Figure . The state X(t) with time-varying gain and constant gain.

Figure . The state v(x, t) with time-varying gain and constant gain.

Figure . The state (X(t), v(x, t)) by SMC.

Figure . The control U(t) by ADRC and SMC.
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5. Numerical simulation

In this section, a finite difference method is applied to
compute numerically the displacement to illustrate the
effectiveness of the proposed control. We notice that sys-
tems (3.11) and (4.15) are equivalent to (3.13) and (4.13),
respectively. The numerical simulations for system (3.13)
by ADRC and for system (4.15) by SMC are presented.
The steps of space and time are taken as 0.05 and 0.005,
respectively. In addition, we take

A =
(

1 2
−1 3

)
, B =

(
1

−1

)
,

d(t ) = 2 sin(4t ) + sin(2t ),

and K = (−0.6 6.4
)
so that the eigenvalues of A + BK

are −1, −2. The initial conditions are chosen as

X (0) = (1, −1)�, v(x, 0) = 4x − x2 − 1, 0 ≤ x ≤ 1.

By ADRC, the function κ(t) defined in (3.3) is taken as
κ(t) = 1/(1 + t), and the time-varying gain is taken as

r(t ) =
{
1 + 19t, t ∈ [0, 1],
20, t > 1.

The constant gain is ϵ = 0.05 and the saturate function
is taken as sat(x) = min {10, max {x, −10}}. In ISMC, we
take the design parameters asM = 10, η = 0.2.

Figure 2 plots the tracking errors for the disturbance
by ADRCwhere Figure 2(a) is with the time-varying gain
and Figure 2(b) is with the constant gain. It is clearly seen
that the peaking value from Figure 2(b) is dramatically
reduced by the time-varying gain in Figure 2(a). This is
the merit of time-varying gain compared with the con-
stant gain in Guo and Jin (2013a), Guo and Jin (2013b),
and Guo and Zhao (2011).

Figures 3 and 4 display the states X(t) and v(x, t) of
system (3.13) by ADRC with the time-varying and the
constant gain, respectively. The convergence for bothX(t)
and v(x, t) is clearly seen.

Figure 5 displays the states X(t) and v(x, t) of system
(4.15) by SMC. The convergence of X(t) and v(x, t) is
clearly seen from Figure 5(a) and (b).We can also see that
v(x, t) arrives zero state at finite time, namely v(x, t) is
finite time stable.

Figure 6 displays the control U(t) over time where
Figure 6(a) is the control by ADRC and Figure 6(b) by
SMC. It is obvious that the controlU(t) with time-varying
gain tends to the same value of controlU(t) with constant
gain. The control U(t) with SMC has an infinity many
switches.
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