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Atmospheric turbulence typically impairs free-space optical communication systems, particularly those using
mode-division multiplexing, by causing detrimental crosstalk among higher-order modes. This interaction can
also be harnessed through mode averaging at the receiver and transmitter to passively counteract turbulence effects.
Mode averaging involves the simultaneous transmission and detection of multiple, strategically selected modes.
Prior research on mode averaging—often referred to as modal diversity—primarily selected modes by using the
spread of crosstalk among modes. In this study, we show that it is crucial to include the impact of mode-dependent
loss. This is demonstrated by identifying optimal two-mode combinations that maximize received power while
efficiently utilizing mode space. The optimal combinations assessed include pairs of orbital angular momentum
(OAM), Laguerre-Gaussian (LG), and Hermite-Gaussian (HG) modes, as well as mixed pairs of LG and HG modes.

Interestingly, it is shown that the optimal combinations are not always the neighboring modes.
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1. INTRODUCTION

The use of higher-order modes such as orbital angular momen-
tum (OAM), Laguerre-Gaussian (LG), and Hermite-Gaussian
(HG) in free space optical communication has garnered signifi-
cant interest [1]. A prominent area of study within this domain
focuses on the transmission of superimposed modes, with each
mode conveying distinct signals. This technique, known as
mode-division multiplexing (MDM), aims to enhance the
signal capacity [2]. However, its effectiveness is limited to short
distances with minimal atmospheric turbulence, as higher-order
spatial modes are prone to interference from turbulence, leading
to crosstalk and errors [3].

Crosstalk involves the unwanted spread of energy from a
transmitted mode to adjacent modes, diminishing the energy
and intensity of the original signal. This phenomenon, coupled
with mode-dependent loss (MDL) or fading, reduces the aver-
age received power of the signal and can lead to detection failures
in free space optical (FSO) systems, manifesting as fading
errors [4].

Efforts to mitigate these fading errors have led to the explo-
ration of various strategies. These include adaptive optics [5],
multiple input multiple output (MIMO) digital signal process-
ing (DSP) [6], aperture averaging [7], and spatial diversity [8].
The complexity and cost of the required hardware limit the
use of these mitigation techniques in practical FSO systems.
Another technique is modal diversity, which capitalizes on the
statistical independence of different modes [9]. Its use in FSO
systems is limited as the technique is not yet fully understood.
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A method similar to both modal diversity and aperture aver-
aging involves transmitting and/or receiving several adjacent
modes to mitigate the fading errors caused by MDL [10]. This
method allows for the recovery of the power that has been cou-
pled into adjacent modes [11], effectively collecting more light
inasimilar way to how aperture averaging does [12].

Although sometimes referred to as mode diversity, we prefer
to call this technique mode averaging, as we are not leveraging
the statistical independence of different modes in turbulence for
diversity gain. Itis more similar to aperture averaging than itis to
modal diversity [7,12].

Mode averaging can be applied in various configurations: at
the receiver by transmitting a single mode and detecting multi-
ple modes [13,14], at the transmitter by transmitting several
modes encoded with similar data and detecting only one [10],
or simultaneously at both ends. Mode averaging at the receiver
and transmitter involves transmitting multiple modes at the
transmitter and receiving those modes at the receiver. As these
modes pass through turbulence, power is lost from the transmit-
ted modes via crosstalk into other modes. However, in a mode
averaging system, some of the lost power remains in the system
as it is coupled between the transmitted modes and received
with them. The total received power, thus, comprises the power
retained in the transmitted modes and the power coupled into
them through crosstalk. The benefit of using mode averaging
compared to many of the mentioned turbulence compensation
techniques is that it passively compensates for turbulence.

Mode averaging at both the receiver and transmitter has been
shown to decrease the average bit error rate (BER) when two or
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three OAM modes are transmitted and received simultaneously
compared to a system that only transmits a single mode [15].
Other studies have combined mode averaging with spatial
diversity and/or MIMO [16-18], demonstrating an enhanced
link robustness through a decrease in the outage probability.
Two other studies combined mode averaging with MDM,
showing that using mode averaging in addition to MDM helps
decrease the BER and outage probability of a system using
MDM [19,20]. Since mode averaging is likely to be utilized
alongside MDM, in this work we limit ourselves to pairs of
modes, leaving other (pairs of ) modes for MDM [15,17,18].

While previous studies have demonstrated that incorporating
more modes generally leads to better performance, utilizing
just two modes for mode averaging at both the receiver and
transmitter still yields significant improvements compared to
a system without mode averaging, when comparing outage
percentages [15,16]. The performance gain from using two
modes is substantially larger than the additional gain achieved
when increasing from two to three modes in a mode averaging
system.

Many of the studies discussed are proof of concepts show-
casing the use of mode averaging/diversity to improve the
performance of communication systems in turbulence. In this
work, we aim to advance these findings by optimizing mode
averaging through a deeper understanding of its underlying
mechanisms. The open challenge for mode averaging is the
choice of modes that lead to the most optimal results, particu-
larly if we wish to use pairs of modes to ensure that there are
enough mode groups that can be used to transmit different
signalsin MDM.

One of the methods previously used to determine OAM
mode combinations involving two to six modes calculated
the correlation coefficient of the fluctuation of the intensity
of an investigated mode and the crosstalk that has spread into
surrounding modes [14,15]. The modes whose crosstalk
had the lowest correlations were chosen as the “best” modes
with which to combine the mode that was being investigated.
Another method which combined three modes simply took into
account the spread of crosstalk between modes [20]. Combining
modes using either of these methods showed an increase in
performance compared to when the system utilized only a single
mode.

Nevertheless, while it is a natural assumption that neighbor-
ing mode combinations would result in maximal performance
for receiver and transmitter mode averaging due to their prox-
imity and potential for power coupling, this is not necessarily
the case. We assert that the best mode combinations are not
simply those that are nearest to each other, as others have inves-
tigated, but must be selected with consideration of their overall
impact on received power, taking into account both crosstalk
and MDL.

The study demonstrates this by determining the optimal
mode combinations for receiver and transmitter mode aver-
aging that maximize received power at different turbulence
strengths, using both simulations and experiments. The optimal
mode combinations are then implemented in a mode averaging
system, and the received power is compared to that of a sys-
tem without mode averaging as well as to a system with mode
averaging using mode combinations from previous papers to
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demonstrate the effectiveness of mode averaging using optimal
combinations.

We focus on the use of OAM mode pairs due to their relative
ease of generation and detection, as well as their popularity.
However, other higher-order modes could prove beneficial;
thus, simulated results are also shown for LG-LG and HG-HG
combinations. Additionally, previous studies have shown that
there is a possible difference in the effects of turbulence on
HG and LG modes [9,21,22] and have described the com-
pleteness property (described in Section 2), which provides a
kind of implicit mode averaging among different mode bases.
Therefore, we also briefly investigate mode averaging using
LG-HG combinations.

2. BACKGROUND

For the reader’s convenience, here we provide a brief sum-
mary on the modes we used (Section 2.A) as well as turbulence
(Section 2.B), with detail in papers such as [3,23].

A. Higher-Order Structured Modes

Gaussian beams can be modulated to create higher-order scalar
modes [24]. Two of the most well-known higher order-mode
sets include the LG mode set and the HG mode set [24,25].
These mode sets represent a group of solutions to the paraxial
Helmholtz wave equation solved using cylindrically symmet-
rical (p, @, 2) coordinates and Cartesian (x, , z) coordinates,
respectively. The LG mode set at z = 0 can be represented by the
following equation:

1€l 2 2 .
LGy (0. $) = Ci(52) Ly Gor) exp(—£5) exp(—ilg).
(1
On the other hand, the HG mode set can be represented by
the following equation:

2 2
HG,,,(x. ) = CIS H, (52 H, (52 exp(=55). (2)

Llfl() is the Laguerre polynomial, and H,(-) and H,,(-)
are the Hermite polynomials. wy is the beam waist at z=0.
LG beams are characterized by two parameters, namely the
azimuthal index or topological charge (€) and the radial index
(p) [25]. £ defines the number of rotations of the phase about
the optical axis, and p affects the number of rings (radial nodes)
in the intensity profile. When p = 0, the set of modes is known
as the OAM mode set [25]. HG beams are characterized by
the 7 and 7 parameters, which define the number of rows and
columns in the beam, respectively [24].

Beams that have the same beam propagation factor, M2,
diverge similarly, and so the size of the beam at the receiving
aperture is the same (ignoring turbulence effects). This is impor-
tant in a mode averaging system where the size of the receive
aperture is likely of key importance, and so modes with similar
or lower beam propagation factors would be desirable although
not necessary. M? is given by [26]

M=n+m+1=2p+ L]+ 1. (3)

Any mode from one orthonormal basis can be expressed as
a linear combination (weighted by phase and amplitude) of
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modes (with the same beam propagation factor) from another
basis [27]. This is known as the completeness property and
allows an LG mode to be transformed into a set HG modes using
the following equation:

N
LGn(x, 3, 2) = Y i*b(n, m, HDHGN_ 4 (x, ¥, 2),
k=0

(4)
where

1
b(n, m, k) = [%]2% x 11— 0" (14" l,<o-
(6)
In the equations, N = M? — 1,and 7 and  are used to char-
acterize LG modes rather than £ and p. However, the indices
can be recovered using £ =7+ m and p = min(n, m). The
power weightings and phases of HG modes making up some LG
modes can be seen in Fig. 1.

B. Spatial Modes in Atmospheric Turbulence

Atmospheric turbulence is caused as a result of air of different
temperatures and density mixing. This causes random space
and time-varying changes in the refractive index of the air [28],
which aberrates laser beams propagating through these regions.

The strength of turbulence can be conveniently characterized
by the Strehl ratio (SR). It is a measure of the (on-average) ratio
between the intensity of a Gaussian beam with and without the
effects of turbulence. The SR is a value between zero and one
with lower SR representing higher turbulence strengths. SR is
defined by [3,29]

— ()
SR 1p(0) °

(6)

where (7(0)) is the average on-axis intensity of the beam
with turbulence and 7(0) is the on-axis intensity without
turbulence.

As mentioned in the introduction, spatial modes are suscep-
tible to the effects of atmospheric turbulence [3]. Turbulence
causes power within a transmitted mode to couple to its neigh-
boring modes, causing crosstalk. The effect of turbulence on
a mode is often characterized using a crosstalk matrix, which
shows this spread of power between modes and is calculated
experimentally using modal decomposition. Modal decomposi-
tion involves determining the sum of modes which constitute a
given field by measuring the amplitude weightings and phases of
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those modes [23]. It is possible to express any field as a sum
of modes which are within a complete basis. This can be

described by

Ux) =) ¢, V,(x), )
where U(:) is the field that is being expressed as a sum of other
modes, x is a vector describing the position of a point, subscript
n describes the mode indices, ¢, is the expansion coefficient for
mode 7 of a particular basis, and W, (x) is the mode 7 within the
complete basis. The expansion coefficient is a complex number
in which the amplitude describes the degree to which the field
correlates to the basis mode. Modal decomposition is performed
by determining the inner-product between the field and the
modes making up a complete basis, and is described using the
following equation:

= (W, |U)=[ dE*x Vi (%) U(x). (8)

In this equation, W’ (x) is the conjugate of W,(x). The
inner product can be used to determine between which modes
crosstalk occurs by measuring the correlation between the mode
that has passed through turbulence and the adjacent modes.

¢, for the transmitted mode can be used to determine the
MDL of the mode. The MDL, which in a sense is a measure
similar to SR but for higher-order modes, measures the appar-
ent attenuation of a mode due to crosstalk [3,6]. It is given
on-average by the following equation:

MDL,=1— <§—O> (9)

This equation calculates the decrease in the intensity of a par-
ticular mode 7, where S, is the intensity of mode 7 in the presence
of turbulence—this is to ¢; when mode 7 is transmitted. Sy is the
intensity of the mode in the absence of turbulence.

3. EXPERIMENTAL METHODOLOGY

In receiver and transmitter mode averaging, two modes are
transmitted and detected simultaneously. Selecting optimal
modes for combinations at both the transmitter and receiver
is crucial for maximizing performance. In this study, optimal
modes for a select set of OAM, LG, and HG modes used within
a two-mode mode averaging system are determined. The modes
utilized in the study can be seen in Table 1 and have been selected
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(a) The power weightings and (b) the phases of HG modes making up different LG modes determined using Eqgs. (4) and (5).
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Table 1. LG,‘; and HG,,,, Modes That Are Investigated

M? LG modes HG modes

1 LG) HGyo

2 LG, LG, HGy;, HGyo

3 LGy, LGy %, LGy HGo,, HG11, HGy

4 LG}, LG, LG, LG;'  HGs, HG 2, HGy;, HG3o

5 LG, LGy %, LGS, LG, HGes, HGy3, HGy, HG3),
LG;? HGyo

6 LG;,LG;°, LG),LG,", HGys, HG 4, HGy3, HG3,,

LG}, 1G)? HGy;, HGs

based on alimitation on the maximum beam propagation factor
imposed by the various apertures of the experiment [30].

The “best” mode (optimal mode) to combine with a given
mode (chosen mode) at different turbulence strengths is
determined by measuring the received powers of all possible
combinations for the given mode using the select set of modes
shown in Table 1 in a mode averaging system. This means that
the two modes in a mode combination are transmitted simul-
taneously into the turbulent channel and the power received
from these modes is measured simultaneously. The mode com-
binations include two OAM modes, two LG modes, two HG
modes, or an LG and HG mode. The maximum received power
for each mode using the optimal combination is also compared
to the power received when the mode is transmitted and received
independently. The OAM mode combinations are explored
through both experimental and simulation methods, while the
LG and HG modes are investigated solely via simulation.

The measurement setup used can be seen in Fig. 2. It allows
for the generation of a mode or mode combinations, the addi-
tion of turbulence, the propagation of the mode combination
(when required), and the detection of modes and the powers
within modes via modal decomposition.

Modes for systems using no mode averaging and mode
combinations for mode averaging are first generated.
Experimentally, this is performed by a beam with a wave-
length of 520.2 nm by the first SLMs. In the mode averaging
system beams are combined with equal weightings necessitating
equal power distribution among the modes. In the simulations,
powers are normalized, while experimentally, mode powers are
adjusted to match the power of the Gaussian beam by modifying
the grating depth on the first SLM.

Turbulence is introduced via phase screens generated using
the Kolmogorov method described in [31]. Phase screens
for nine turbulence strengths are generated starting with an

R
4 O O
%_/ =
Spatial Light Spatial Light Fouri
Collimated ~ Modulator Aperture ! Modulator (L)grr:sr Camera

]

4f system

Fig. 2. The setup used to create beams, propagate the beams, and
perform modal decomposition on the beams. Experimentally, propa-
gation occurs between the 4 f system and the second SLM as shown
by the orange line. The insets show an example of the intensity of the
beam along the setup, and the diagrams above SLMs show what is
displayed without the grating on the SLM.
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SR of 0.1 and ending in 0.9 incrementing in steps of 0.1. It
must be noted that turbulence produced using a single phase
screen is not accurate for high turbulence strengths [32], but is
nevertheless a common and valid experimental approach.

For the simulations, one hundred phase screens of each SR
are generated and applied to each of the beam combinations.
Thirteen million measurements must be performed if one hun-
dred phase screens are used, and measurements are taken for all
beam combinations using modal decomposition. This can be
performed using simulations as the speed of the measurements
is only limited by the speed of the computer performing the
measurements; however, experimentally this is impractical due
to the limitations on speed imposed by SLMs. Based on the
simulations, modes that are indicative of the trends are chosen
foramore detailed experimental study.

The detailed study involves using a hundred phase screens
to determine the optimal mode combinations for two cases,
namely, the £ =—3 an £ =1 beams. Thirty phase screens of
each turbulence strength are used for the rest of the cases in order
to acquire results that would allow for a comparison between a
mode averaging system and one using no mode averaging,.

Finally, average crosstalk matrices for each mode com-
bination and for single modes are determined using modal
decomposition with the second SLM and a camera. For LG-HG
combinations, crosstalk matrices for HG modes are specifically
acquired. The resultant data allow one to ascertain the “best”
mode combinations that maximize power for a given mode
combination type, comparing these results to those obtained
when transmitting a single mode. This setup is verified by
performing modal decomposition without turbulence.

Propagation between the 4 f system and the second SLM
(indicated by an orange line in Fig. 2) varies; simulations occur
in the near-field for simplicity, while experiments are conducted
in the far-field, validated by the beam’s propagation distance
(110 cm) exceeding its Rayleigh length (10 cm). In the “thin
phase screen approximation” method used in this study, the
phase screen introduces turbulence, and in the experiment
the propagation transitions the beam from the near-field to
the far-field. This is because in the near-field, the phase screens
primarily affect the phase of the beam, while in the far-field, they
impact both the phase and amplitude, more closely mimicking
how real turbulence influences beams [33].

4. RESULTS

In this section, we present the optimal mode combinations
determined for OAM-OAM, LG-LG, HG-HG, and LG-HG
mode combinations. We also compare the received powers
when optimal mode combinations are used in a mode averaging
system to those when only a single mode is used.

A. OAM Optimal Mode Combinations

In this section, we examine the optimal mode combinations for
orbital angular momentum (OAM) modes in mode averaging
systems under varying turbulence strengths. The total powers
received with simulations when OAM modes are transmitted
and combined with other OAM modes at different turbulence
strengths can be seen in Fig. 3. Each diagram represents a specific
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Fig.3. Total powers received when an OAM beam is both transmitted and received with other beams at different turbulence strengths using sim-
ulations. The red arrow shows the transmitted mode, and the asterisks show with which mode a transmitted mode should be combined to maximize
power. In («) the transmitted mode is £ = 1, which has the lowest /%, in () £ = —3, and in (¢) £ = —5 (highest M?). At lower M? and turbulence

strengths, the optimal mode combination involves the neighboring mode, whereas at higher A#? and turbulence strengths the optimal mode is the

Gaussian beam.

chosen mode, as indicated by the titles. The chosen mode is
the mode for which we are trying to find the optimal mode that
maximizes power. The columns correspond to the modes com-
bined with the chosen mode, while the rows represent increasing
turbulence strengths from bottom to top. Each cell displays
the received power for that mode combination. The red arrow
indicates the chosen mode, and the asterisk (*) marks the mode
that maximizes received power when combined with the chosen
mode. The three diagrams shown in the figure illustrate results
for chosen modes with increasing M? values.

For the mode with the lowest M2 value [Fig. 3(a)], it can be
seen that the optimal combination always involves the smaller
neighboring mode, regardless of turbulence strength. The neigh-
boring mode refers to the mode whose £ value differs by one from
the chosen mode. In the diagram, the Gaussian beam happens
to be the neighboring mode of the chosen mode (£ =1). In
Fig. 3(b), the findings for a larger chosen mode are shown. The
optimal mode is the smaller neighboring mode only at lower
turbulence levels. As turbulence strength increases, the opti-
mal mode shifts from the neighboring mode to the Gaussian

mode. This shift occurs at lower turbulence strengths for modes
with higher M? values. When the M? value is sufficiently large
[Fig. 3(c)], the Gaussian beam consistently forms part of the
optimal mode combination, irrespective of turbulence strength.

To validate these simulation findings, we conducted exper-
iments under similar conditions, as shown in Fig. 4. Similar
trends as those observed in simulation findings are observed
in the experimental data for £ = 1 and £ = —3. When the M?
value is low [Fig. 4(a)], one of the neighboring modes is the opti-
mal mode. However, as the M? value of the chosen mode and
turbulence strength increases, the optimal mode shifts from a
neighboring mode to a smaller mode. As can be seen in Fig. 4(b)
where the chosen mode is £ = —3, the optimal mode changes
from the £ = —2 mode to an £ = —1 mode. Comparing these
results to the simulation results in Figs. 3(a) and 3(b), it can be
seen that there are differences between the two findings. These

discrepancies are explained in Section 5.

(a) Always Transmittedi {=1p=0 ) (b) AlwayE Transmitted: £ =-3p =10 1
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l l
Fig. 4. Total powers received when a chosen OAM beam is both transmitted and received with other beams in an experiment. In () the trans-
mitted mode is £ = 1 whereas in () the transmitted mode is £ = —3. In (2) the optimal mode is always the neighboring mode, whereas in (4) the
optimal mode changes from the neighboring modes to an £ = —1 mode as the turbulence strength increases. These results are slightly different to the

simulation results.
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B. HG and LG Optimal Mode Combinations

In this section, we examine the optimal mode combinations for
various other mode combinations in mode averaging systems
under varying turbulence strengths. Figure 5 illustrates the total
received powers for various LG-LG, HG-HG, and LG-HG
mode combinations at two different Strehl ratios: a high SR of
0.8 and alow SR of 0.4. In each plot, the chosen mode is marked
by an “X,” and the optimal mode with which the chosen mode
should be combined to maximize power is indicated by an “*.”
For LG-HG modes, multiple “X”s are present because a single
LG mode comprises several HG modes as per Eq. (4).

For LG-LG mode combinations where the chosen mode has
p # 0, we observed that the optimal mode to combine with is
consistently the Gaussian beam, regardless of the turbulence
strength. For HG-HG mode combinations, the optimal mode
again depends on the M? value of the chosen mode as well as the
turbulence strength. Ata low M value the smaller neighboring
mode forms part of the optimal mode combination. Here,
the neighboring mode refers to the mode whose 7 or m value
differs by one from the chosen mode. As the A value increases

Vol. 64, No. 9/ 20 March 2025 / Applied Optics c27

(HG,=2,m=0 in Fig. 5) and the turbulence strength increases,
the optimal mode shifts from a neighboring mode to a Gaussian
mode. Beyond M? =5, the Gaussian mode is consistently the
optimal mode. This is only the case when 7 or 7 is equal to zero.
When both 7 and 7 are non-zero then the optimal mode is
always a Gaussian as is shown in the diagram for HG,,—, ,,—0 in
Fig. 5).

LG-HG mode combinations follow similar trends to HG-
HG modes. However, only modes with an M? of less than 4
have neighboring modes as optimal mode combinations at
lower turbulence strengths (both examples shown for LG-HG
mode combinations). It is interesting to note that the mode that
is neighboring is not always the same for LG-HG modes even
when the same HG modes make up the chosen LG mode.

C. Mode Averaging Power Comparison

We compare the maximum received power for each mode when
using optimal mode combinations in receiver and transmitter
mode averaging to that of a system without mode averaging,
where only a single mode is transmitted. Figures 6(a) and 6(b)

LG-LG Modes

Transmitted mode: 1=2,p=1

SR=0.8

SR=04 1

0.5

Total Received Power

HG-HG Modes

Transmitted mode: n=2, m=0

SR=0.8 SR=0.4
0
1
2
o
3
4
5
4 5

0 1 2 3 4 5 0 1 2 3
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~
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SR=0.8 SR=0.4
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Transmitted mode: 1=3,p=0 Transmitted mode: 1=1,p =1 \
SR=0.8 SR=04 SR=0.8 SR =04 1
0.8 L
0.6 3
042
3
02"
0
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Fig.5. Total powers received for an LG-LG mode combination, two HG-HG mode combinations, and two LG-HG mode combinations atan SR
of 0.8 and 0.4. The “X” marks the chosen mode, and the “*” indicates which mode is the mode with which the transmitted mode should be combined
to maximize power in a mode averaging system. It can be seen that the best mode is either a neighboring mode or a Gaussian beam, similar to the OAM
modes. The definition of “neighboring mode” varies for different mode combinations.
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The maximum average received power for different OAM modes at various turbulence strengths in a system using (2) optimal mode

combinations in receiver and transmitter mode averaging, and (%) no mode averaging. Mode averaging improves the received power for most modes,

particularly at higher turbulence strengths.

present the maximal power received for OAM modes obtained
from the experimental setup when mode averaging is used and
when no mode averaging is used, respectively. By comparing
Figs. 6(a) and 6(b), it can be seen that even though the received
power still decreases with turbulence strength, in both figures
most modes have a greater received power when mode averaging
is used than when it is not. This trend is particularly noticeable
for modes with higher M? values and those at higher turbulence
strengths. For example, for the £ =3 mode, the percentage
increase for receiver and transmitter mode averaging as com-
pared with no mode averagingis 15.7% atan SR of 0.9 and 78%
atan SR of0.1.

We also obtained simulation results for the maximum
received power using LG-LG and LG-HG mode combinations
atan SR of 0.6, as shown in Fig. 7. The figure also displays the
maximal power for LG modes with no mode averaging and for
LG-LG mode combinations which lead to the least amount of
power in a mode averaging system. By comparing the received
power with and without mode averaging in Fig. 7, it can be
seen that mode averaging using both LG-LG and LG-HG

LG-LG Mode Averaging: Best Power

optimal mode combinations results in higher received power.
Additionally, when mode averaging is performed using mode
combinations that minimize power, the received power is less
than that of a system without mode averaging. The decrease in
the power received when the worst mode combinations are used
as compared to when the optimal mode combinations are used
can range between 22.1% for a Gaussian beam and 30.7% for
al =1, p =0 modeatan SR of 0.9, and between 61.3% for a
Gaussian beam and 116.42% fora ¢ =1, p =2 mode atan SR
of 0.1.

For modes where the optimal mode is not a neighboring
mode, using the optimal mode instead of neighboring modes
can lead to an improvement in received powers. Figure 8 shows
that even though for OAM modes at lower turbulence strengths
this improvement is quite small, it increases as the turbulence
strength increases. For example, for an £ =5 OAM mode the
difference can range from 1.26% to 21.26%. For LG modes this
improvement can be quite significant. For an LG mode with
p =2and € =1, the percentage improvement can range from

12.68% at an SR of 0.9 to 71.78% at an SR of 0.1. This is also
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Maximum received power for each transmitted LG mode at an SR of 0.6, comparing four scenarios: (a) mode averaging with the opti-

mal LG-LG mode combination, (b) mode averaging with the optimal LG-HG mode combination, (c) no mode averaging, and (d) mode averaging
with an LG-LG combination that minimizes power. It can be seen that mode averaging using the optimal LG-LG and LG-HG mode combinations
perform better than no mode averaging. However, if the least optimal modes are used, the resulting power from mode averaging may be worse than
without mode averaging.
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LG-LG Mode Averaging — SR = 0.8 10

Percentage Difference (%)

Fig.8. The percentage difference between the power acquired when the optimal mode is used and the power acquired when the neighboring mode
is used for OAM-OAM and LG-LG mode combinations in the simulations. At low turbulence strengths the difference is low; however, as the tur-
bulence strength increases the percentage becomes significant. This is, particularly, the case for LG modes with larger p values. It must be noted that

when the percentage is 0% the optimal mode is the neighboring mode.

the case for HG-HG and LG-HG mode combinations though
in some cases it is difficult to define what a neighboring mode is.

5. DISCUSSION

In this section, we discuss the implications of our findings
for OAM-OAM, LG-LG, HG-HG, and LG-HG mode

combinations, and how they relate to previous studies.

A. OAM Mode Combinations

In the Section 4, we showed that for all mode combinations
at lower M? values and lower turbulence levels, the optimal
mode is a neighboring mode. However, as the M2 value and/or
turbulence level increases, the optimal mode often changes.
This indicates that optimal mode combinations depend on both
the M? value of the chosen mode and the turbulence strength.
Consequently, the optimal mode combination is not always the
neighboring mode, contrary to suggestions in previous studies
[14,15,20].

It is not surprising that at lower M? values and lower tur-
bulence strengths the optimal mode combination is the
neighboring mode. Typically, crosstalk from the chosen mode
predominantly spreads into neighboring modes, so combining
with neighboring modes should theoretically result in higher
received power [34].

However, it is unexpected that only the lower neighbor-
ing mode is the optimal mode in our simulations, as crosstalk
should spread symmetrically into both neighboring modes [28].
Additionally, the shift in the optimal mode as M? or turbulence
increases deviates from expectations if crosstalk were the only
factor influencing the received power, suggesting that other
factorsare at play.

These observations can be explained by considering the
mode-dependent loss (MDL) of the modes [the amount of
power lost from the modes calculated using Eq. (9)]. In this
study, performance is measured using the received power,
which is directly affected by MDL. In receiver and transmitter

mode averaging, the laser power is divided equally between the
two modes at the transmitter. The MDL of these two modes
contributes equally to the average MDL of the system. As a
result, it becomes favorable to choose modes with lower A2
values and, consequently, lower MDL to minimize the aver-
age MDL. The crosstalk that spreads between the two modes
in a mode combination can also decrease the average MDL.
Therefore, the objective when selecting optimal modes is to find
the combination that lowers the average MDL the most.

Figure 9 illustrates how MDL changes with M? and turbu-
lence strength. As M? increases, the beam size also increases,
making the beams more susceptible to turbulence-induced
distortions. Increased turbulence leads to more crosstalk and
higher MDL.

For chosen modes where the neighboring mode is the optimal
mode, the chosen mode has a smaller M? value. Since modes
that have a smaller M? value also have a lower MDL [as can be
seen in Fig. 9(a)], the average MDL will be low. The crosstalk
that spreads between modes helps to further decrease the average
MDL. Since most of the crosstalk spreads into neighboring
modes, the optimal mode is one of the neighboring modes. The
neighboring mode with a lower M? contributes to a lower aver-
age MDL. Thus, the optimal mode combination will include
the smaller mode.

In contrast, for modes where the neighboring mode is no
longer optimal, the chosen mode has a higher M? value or is
subjected to higher turbulence strength. This means that the
MDL of both the chosen mode and its neighboring modes is
also high. While the crosstalk increases for these modes [34], the
efficiency with which crosstalk can mitigate the MDL decreases
as M? or turbulence strength increases because the crosstalk also
spreads to more modes. At this point, it becomes more favorable
to combine the chosen mode with the mode that has the lowest
MDL—even if very little crosstalk occurs between them. This
is the case for the mode combination including an £ =5 mode
and an £ = 0 mode.

The turbulence threshold at which crosstalk ceases to be the
dominant factor in determining the optimal mode combination
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Fig.9. The MDL of the beams measured using () simulations and (4) experiments. MDL must be considered when choosing optimal modes, as
it increases with A% and turbulence strength, contributing to the average powers. The differences between the two figures explain the discrepancies

between the experimental and simulation results for best mode combinations.

depends on the specific modes involved. Future research could
explore the thresholds at which MDL overtakes crosstalk in
greater detail, potentially leading to the development of the
adaptive mode selection algorithm that adjusts to changing
turbulence conditions. To achieve this, it would be valuable to
model the relationship between MDL and turbulence strength.

The Gaussian mode typically has the lowest MDL. However,
in Fig. 4, we observe that in the experiment, modes with higher
M? values (e.g., € = 3) at higher turbulence strengths are com-
bined with the £ = —1 mode rather than the Gaussian beam.
The deviation between experimental and simulation results,
particularly the shifts in optimal modes, may be attributed to
differences in MDL. Comparing Figs. 9(a) and 9(b), we see that
in the experimental results, the MDL of the £ = —1 mode is
often lower than that of the Gaussian beam. Similarly, at lower
turbulence levels, the £ = 2 mode appears to have a lower MDL
than the Gaussian beam. This leads to the change in the neigh-
boring mode for the £ = —1 as turbulence strength increases.
This indicates that, in the experiment, a lower M? value does
not always correspond to a lower MDL, which is likely due to
experimental errors and differences in propagation distance
between the simulations and experiments. Nevertheless, the
experimental results still follow the trends described for the
simulation results.

Our findings underscore the complex interplay between
MDL and crosstalk, which varies with mode characteristics
and environmental conditions, challenging the assumption
that neighboring modes are always optimal for mode averag-
ing. In previous studies, neighboring modes were chosen for
mode combinations based solely on crosstalk considerations
[14,15,20]. Although not shown in this paper, our results indi-
cate that the mode combination yielding the second-highest
received power for chosen modes with increasing M?* values
and higher turbulence strengths is a neighboring mode in most
cases—the same combination utilized in past studies. While, in
past research, the mode combinations including neighboring
modes showed improved performance, it is likely that they did
not achieve the maximum possible performance especially for
higher turbulence levels and for modes at higher A/ values.

The improvement could be significant, as our results suggest
that the optimal mode combinations, which are not always
neighboring modes, can yield higher received power compared

to neighboring mode combinations. This means using opti-
mal mode combinations could be especially useful for long
propagation distance where turbulence levels are high [29].

Previous studies used metrics such as bit error rate (BER)
and outage probability, which means the papers are not directly
comparable to this work. It would be beneficial to use optimal
mode combinations in a communication system and measure
BER and outage probability to allow for a direct comparison.

However, if mode averaging is implemented in a com-
munication system utilizing mode-division multiplexing
(MDM), using the optimal mode for each mode with a higher
M? value may not be feasible, as it could cause interference.
Therefore, it may be more practical to use a less optimal mode
combination—including neighboring modes, as done in the
past [20].

We are also uncertain whether the neighboring mode will still
produce the second-best received power at very high A/ values.
It is likely that this will not be the case, as crosstalk spreads more
at higher M? values, meaning that most of the crosstalk may not
spread into a neighboring mode. The current study is limited by
the range of £ values used. Investigating this further could pro-
vide valuable insights into mode selection at higher M? values.

B. Other Mode Combinations

Our findings demonstrate that the optimal mode combinations
for maximizing received power using LG-LG, HG-HG, and
LG-HG modes follow the same general trends observed for
OAM modes. This similarity is attributed to MDL, which
influences the results across all these mode combinations. MDL
exhibits consistent trends with increasing M? values and tur-
bulence strengths for both LG and HG modes. Notably, for
LG modes, the radial index p contributes twice as much to
the M? value as the azimuthal index, £, as shown in Eq. (3).
Consequently, LG modes with higher p values behave similarly
to OAM modes with large £ values.

The main difference between these mode combinations lies
in the definition of the neighboring mode at lower M? values
and turbulence strength. As was specified in Section 4, for OAM
and LG mode combinations, the neighboring mode typically
refers to the mode with an adjacent £ value. In contrast, for
HG and HG-LG mode combinations, the neighboring mode
refers to the mode with an adjacent 7 or m value, depending on
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whether 7 or 7 is equal to zero. The optimal neighboring mode
for LG-LG and HG-HG mode combinations is normally the
one with the least MDL.

Determining the optimal neighboring mode for LG-HG
mode combinations is more complex due to the nature of
the mode combination. The complexity arises because a single
LG mode can be represented as a superposition of several HG
modes with the same M2, but with different weightings. This
means thata transmitted HG mode is effectively combined with
the multiple HG modes that formed the LG mode, as illustrated
in the crosstalk matrices for the LG-HG mode combinations
in Fig. 5. The differing weightings result in some HG modes
having more power than others, leading to varying amounts of
crosstalk. Therefore, the neighboring mode that provides the
largest received power is the smaller one, which most closely
aligns with the HG modes that have the highest initial power
due to the LG mode transformation. In Fig. 5, two different LG
modes composed of the same HG modes are shown, but the
neighboring modes that provide maximal power when com-
bined with the LG mode differ. If all HG modes had the same
weighting, any of the neighboring modes could potentially be
the optimal choice.

Since OAM modes are a subset of LG modes, and LG modes
can be transformed into a set of HG modes, it is not surpris-
ing that the optimal combinations for LG-LG, HG-HG, and
LG-HG mode pairs are similar to those found for OAM mode
combinations. This interrelation underscores the fundamental
nature of MDL and crosstalk effects in mode-averaging systems.

It is also not surprising that mode averaging using optimal
modes with LG-LG, HG-HG, and LG-HG can lead to a sig-
nificant improvement in received power especially for higher
turbulence strengths and large A/* values as was shown to be the
case for OAM-OAM mode combinations. The results shown
here cannot be verified with a comparison to past papers as
there is no research into using HG or large LG modes for mode
averaging.

Nevertheless, it is, perhaps, interesting that the maximum
power for mode averaging using LG-HG modes is higher than
that obtained for LG-LG modes for several cases. This is par-
ticularly significant for modes that are best combined with
neighboring modes, as it suggests that simply changing the
mode basis used to measure the incoming beam could increase
the amount of crosstalk collected from the Gaussian beam.
This advantage may imply that the HG and LG modes are
affected differently by turbulence as was shown in this paper
[21]. These findings indicate potential benefits in exploring dif-
ferent mode combinations for improving system performance
using mode averaging. Further experimental investigation into
these mode combinations would be favorable.

The study using simulations was limited by the simplified
turbulence model, which is not accurate for higher turbulence
strengths. Incorporating more complex propagation tech-
niques, such as the split-step Fourier method [32], or validating
the results using experimentation with real-world turbulence
patterns could provide further insights. Future research could
explore these avenues to enhance the understanding of optimal
mode combinations under various atmospheric conditions.
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6. CONCLUSION

In the past, mode combinations for receiver and transmitter
mode averaging were determined based on crosstalk. In this
study, we demonstrate the importance of also considering
MDL when selecting modes. This is achieved by measuring the
received power for systems using mode combinations involv-
ing two OAM modes, two LG modes, two HG modes, or a
combination of LG and HG modes, and determining which
combinations maximize power. Through this approach, we gain
a deeper understanding of the underlying mechanisms of mode
averaging.

Our investigation further demonstrates that employing
optimal mode combinations in a mode averaging system can
significantly enhance received power across all mode combi-
nations studied. The enhancement in received power is more
pronounced at higher turbulence strengths and for modes with
higher M? values. This suggests that mode averaging using
optimal modes is particularly effective under conditions where
turbulence impacts transmission more severely, such as long
propagation distances. In practical communication systems,
these improvements in average received power are significant,
as they ensure the power collected by the receiver remains above
operational thresholds over time, enhancing both reliability and
efficiency.

Our results also indicate that if random modes are chosen,
they may lead to a decrease in received power compared to a
system without mode averaging. Therefore, selecting optimal
mode combinations is essential for maximizing received power
in optical communication systems, necessitating a careful bal-
ance between crosstalk and MDL. Additionally, our findings
suggest that exploring different mode bases and combinations,
such as LG-HG modes, may offer further benefits and warrants
future investigation.
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