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Abstract

In this short paper, we investigate the consequences of observer dependence of the
quantum effective potential for an interacting field theory. Specializing to d +2 dimen-
sional Euclidean Rindler space, we develop the formalism to calculate the effective
potential. While the free energy diverges due to the presence of the Rindler horizon,
the effective potential, which is a local function of space, is finite after the necessary
renormalization procedure. We apply the results of our formalism to understand the
restoration of spontaneously broken Z, symmetry in three and four dimensions.
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1 Motivation

Ever since the discovery of Hawking’s seminal result on black hole radiation [1],
there has been a tremendous amount of research in trying to understand the quantum
origins of the horizon entropy. While a significant amount of effort has been devoted
to the calculation of black hole entropy using the microscopics of the quantum field,
the central object of interest has been the calculation of the quantum effective action
in the Euclidean version of the relevant spacetime. This calculation is made even
more tractable if one instead considers the spacetime as perceived by a uniformly
accelerating observer in flat space, i.e. Rindler space [2, 3]. Rindler space has an
observer-dependent event horizon, and it essentially captures all the salient features
of a real black hole spacetime without the accompanying mathematical complexity.
While most of the work [4—8] and recently [9] have focused on the calculation of
effective action, certain aspects of the quantum field theory are more ideally captured
by the structure of the quantum effective potential instead. This has been attempted
by [10-12] previously. However, these approaches are not general and fail to capture
the correct behavior in dimensions other than the usual four. We, in this work, aim
to remedy this issue and unravel certain subtleties related to the calculation of the
effective potential in Euclidean Rindler space. In the later part of our paper, we apply
our results to understand the observer dependence of the quantum effective potential to
better understand the general covariance of the phenomenon of spontaneous symmetry
breaking (SSB) in arbitrary dimensions.

It is well established that the vacuum state of a field depends on the observer [1, 3,
13]. However, this does not imply that SSB or the associated phase transition is also
observer-dependent. SSB involves additional dynamic features such as long-range
order and the presence of Goldstone modes. In this paper, we analyze SSB from the
perspectives of both inertial and uniformly accelerating observers, demonstrating that
the symmetry broken in the inertial frame is restored for a uniformly accelerating
observer above a critical acceleration. This result further reinforces the thermaliza-
tion theorem [14, 15] and highlights that the Unruh temperature can induce concrete
physical phenomena like phase transitions.

The paper is organized as follows. In Section 2, we introduce the scalar field theory
model and compute the one-loop effective potential in the Rindler frame, including a
detailed discussion of the renormalization procedure. In Section 3, we use this result to
study SSB in a single scalar field theory with ¢* interactions and show that symmetry
broken in the inertial frame is restored for a uniformly accelerating observer above
a critical acceleration. Section 4 summarizes the results and discusses their physical
relevance. Two appendices support the main text: Appendix A presents a parallel
analysis of symmetry restoration at finite temperature using the heat kernel method,
and Appendix B details the approximation method used in our calculations.

2 Effective potential in rindler space : the set up

The effective potential is the essential mathematical tool to understand different quan-
tum effects related to the vacuum state of a quantum field theory [16—18]. In this
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section, we calculate the effective potential in the Rindler frame for a free massive
scalar field with the Euclidean action

2
S = fdvx (%g’waﬂqﬁavqﬁ + n%qbz) : (D

where dv, = d?*?x /g is the d +2 dimensional invariant measure. Using saddle point
approximation, one can integrate over the quantum fluctuations around classical field
configuration leading to the effective action of the theory [17-19]. The corresponding
Euclidean effective potential is

1 1
Vegy = 5mie + 3 log (=V2 +mj). ®

where V? is the Laplacian operator. We can rewrite the last expression in Eq. (2)
using the coincidence limit of the Euclidean propagator G (u, m?) as [9, 20-22]

1 1 [m
Verr = Em%d)z + 5/0 dm® Jim, Gu,m?)

1
Eméqsz + Vi, 3)

where u is the invariant length element, and in the second line of Eq. (3), we use V;
as a shorthand for the integral. The coincidence limit of the propagator naturally leads
to ultraviolet divergence in the effective potential, which has to be renormalized.

2.1 A tale of two observers : the prelude

We consider this theory in the frame of an accelerated observer using the Euclidean
Rindler metric in d + 2 dimensional spacetime given as

ds? = €2dt? +d&> + (dx")? + ... + (dx)>. )

The reader should notice that we have not explicitly introduced any ‘acceleration
parameter’ usually denoted by ‘g’ or ‘«’. This is so since such a parameter can be
absorbed into the Euclidean Rindler time, making it dimensionless. The only relevant
quantity in this context is the inverse invariant horizon temperature given by 2.
The metric in Eq. (4) is nothing but the usual Euclidean space expressed in polar
coordinates. An inertial observer in these coordinates can be described as having
coordinates & = &y and T = 79. A uniformly accelerating/Rindler observer in the
same coordinate system can be described as & = &y and 7 not constant, but uniformly
varying.

The non-trivial physics of Rindler space is due to the following observation. In
Euclidean signature, the space observed by an accelerated observer is topologically
different from that of an inertial observer [15]. The inertial observer sees the space with
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the usual topology R4+, but an accelerated observer sees the space with R?*! x §!
topology, which is multiply connected. The difference in topology makes an accel-
erated observer perceive the vacuum of an inertial observer as thermal, which is the
statement of the Fulling Davies Unruh effect [3, 13, 23, 24]. In terms of Euclidean
propagators, one can define the propagator with respect to the vacuum of an inertial
observer (G2, ) as well as with respect to the vacuum of an accelerated observer (G o).
Note that G, is defined on the covering space of the Euclideanized Minkoswki space
after the removal of its origin [25-29]. The relationship between the two propagators
is given by [14, 15, 30]

G (t =)= ) Goo(t — 10 +2n). ®)

n=—0oo

From Eq. (5) one can easily deduce that G, is periodic in T — 7 with a periodicity
of 2. Comparing similar results in finite temperature field theory, one can interpret
Go, as the thermalized version of G [15].

So topologically, the problem of calculating effective potential in the Euclidean
Rindler frame is similar to the calculation of the energy-momentum tensorin R4*1 x §1
(same as finite temperature field theory) space in d+2 spatial dimensions. This problem
is addressed, and the solution is known in the literature [26, 31, 32]. The renormaliza-
tion procedure is as follows. One has to start with G, the propagator with respect to
the inertial vacuum, and integrate over the mass-squared parameter and subsequently
take the coincident limit. However, from the perspective of the accelerating observer
who perceives the space to be multiply-connected with topology R?*! x S, there are
infinitely inequivalent ways to take the coincidence limit. The consistent renormaliza-
tion procedure, which considers this subtle aspect, is implemented by subtracting the
contribution arising out of G. Therefore, we calculate the renormalized one-loop
effective potential by using Go = Gy — G instead. The physical condition we
are imposing through this renormalization procedure is to set the vacuum energy with
respect to the Rinlder vacuum to zero, as we should. Also, in finite temperature field
theory, we renormalize the free energy by subtracting the zero temperature contribution
[33], comparing with this, the above renormalization is justified as lim,; 0 Gor = G
[15]. We would also like to emphasize the following point, which can be a potential
source of confusion among readers. Note that G, is the standard flat space propa-
gator just expressed in polar coordinates [34]. So one can calculate the standard flat
Euclidean space one-loop effective potential using the same G2, . However, the renor-
malization must be performed such that the vacuum energy is set to zero with respect
to the Euclidean vacuum. This is achieved by taking the coincidence limit in the usual
space with R?*! topology and subsequently eliminating the singular contributions
by including counterterms. In our work, as inertial and accelerated observers have
different vacuum states, the renormalization of vacuum energy should be handled dif-
ferently in a way that is consistent with their vacua. Therefore, to consistently study the
physical effects from the perspective of an accelerated frame in Euclidean signature,
one has to calculate the operator expectation values with respect to Gao = G2 — Goo
instead of just G .
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Also, G2, and G have both finite and infinite parts. The infinite part of G,
matches with that of G, and gets canceled beautifully in the expression for G 5. The
crucial thing is that G A also contains non-trivial subtraction of the finite parts, which
gives the correct finite contribution to the effective potential (more details are given in
Ref. [26]). As a consistency check, the derived effective potential from G A also gives
the correct free energy and Rindler entropy density [5]. Viewed this way, we conclude
that the effects due to the presence of an event horizon as perceived by the accelerating
observer are captured by following this consistent protocol for renormalization.

Unlike the effective action, the effective potential is a local function of space and
therefore is finite after renormalization. Turning now to the formal expressions for
Go and G, one can always calculate these propagators using the Rindler [35] or
from optical metric modes [4, 36]. For a d + 2 dimensional Euclidean Rindler space
with the metric Eq. (4), G A in the coincident limit is given by [37]

dk dv J——
Gs= [ Sy K2 (€, ©)

where ;= vk% + m? and K;, (z) is the modified Bessel function of second kind.
One can calculate the total free energy (or the effective action) using Eq. (6) [9]. Since
this free energy gives the correct entropy for the Rindler space [5], we can expect to
arrive at the correct effective potential using Eq. (6) in Eq. (2).

One can do the ‘v’ and ‘k’ integral in Eq. (6) by separating the ‘v’ dependence
in K;,(z) using Eq. 2.1 in [38] and the integral identity (p. 693, Eq. 6.596,3 in Ref.
[39]). The resulting integral can be expressed in terms of elementary functions using
(p- 917, Eq. (8.432,6) in Ref. [39]) as

1 *  du ® ds —£2m2s — cosh(u/2)2
Ga = 7 > e e 5, (7)
2 (4m)2 &4 e +usJo g3t

where we introduced renormalized mass m. One can calculate one-loop effective
potential using Eq. (7) in Eq. (3) as

-1 *® du *® ds — cosh(u/2)?
Vi = / [ e—azseis ’ 8)
0 0

(4r) 3+ gd+2 2 +u? 442

where @ = mé&, and we subtract out the field independent term coming from limy .o Vi
term. It turns out that there is no closed-form expression for the complete integral in
Eq. (8). However, one can derive an approximate result given as (see Appendix B for

more details)
d 1

2 a2

&4z 3 gd+2
(4m) 3 a2 £
This approximation is particularly effective for limiting values of « and gives accu-
rate qualitative behavior and using this result, we can study the behavior of effective
potential for observers who are moving with both high and low acceleration values.

Vi~ — Kd+l QQa). )
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Also, we can check the validity of our approximation by comparing these results with
the field theory results at finite temperatures (see appendix A).

2.2 Observers with high values of acceleration ford = 1, 2

Near horizon observers are the observers with high acceleration. We can study this limit
by taking ¢ — 0 in Eq. (9). This limit is equivalent to the high-temperature limit in
finite temperature field theory. It may be tempting to perform a Taylor series expansion
around o = 0 in Eq. (8). However, as a function of «, V1 is not analytic at « = 0 as the
’s” integral diverges for n'" Taylor term when n > d /2 + 1. Nevertheless, it still gives
the correct leading order term for the four-dimensional case. For four dimensions,
d = 2, the second term in the series expansion around @ = 0 in Eq. (8) gives (after

restoring m and &)
2

. m
lim V1

w0 ' 967282 (19)

One can now take the interpretation that an observer with the trajectory given by
constant & perceives an Unruh temperature of £ = 1/27 7. We immediately observe
that Eq. (10) agrees with the field theory results at finite temperature (see Eq. (26)).
However, this procedure fails for other dimensions. So for general dimensions, one
can study the near horizon limit using Eq. (9) as a good approximation for the effective
potential. For three dimensions, taking d = 1 and (o« — 0) in Eq. (9) gives

2 2

m m 2.2
gz (1= 70) = gosg tou (7€), an

lim V| ~

a—0
where yr is Euler gamma and we remove the terms independent of m. Considering
the Unruh temperature £ = 1/27 T, one can compare Eq. (11) with that of finite tem-
perature results ( see Eq. (25)). The temperature dependence of the effective potential
perfectly matches that of finite temperature results (see Eq. (25)), with only the coef-
ficients not agreeing perfectly at this order of approximation. This can of course be
improved by considering higher-order corrections. Similar calculations in four dimen-
sions, i.e, d = 2 and « — 0 in Eq. (9) gives

. m?
lim V;

a—0 ~ 167'[3%'2. (12)

Which is a sufficiently good approximation of Eq. (10). Eq. (9) can in fact be used
to study the behavior of effective potential in Euclidean Rindler space in general
dimensions.

2.3 Observers with low values of acceleration ford = 1, 2

Now we consider the other limit, the observer who accelerates slowly and stays far
from the horizon (¢ — oo in Eq. (9)). In three dimensions, takingd = 1 and @ — o0
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in Eq. (9) gives

1
8—20{6{ 3

lim V| % —————. (13)

a— 00 872 £ 3
One can compare this result with the finite temperature results in Eq. (27) by taking
the Unruh temperature (§ = 1/2nT). The leading exponential decay behavior is the
same as that of finite temperature. However, polynomial powers of the temperature
change by a factor of 1/2. This may be because of the approximation scheme we are
using. In the case of four dimensions, similar limit yields

e 2y

aleoo V] ~ —W

(14
Therefore we conclude that for a slowly accelerating observer with proper acceler-
ation ‘a’, the corrections to effective potential are exponentially suppressed by the
Boltzmann factor e~"/¢, Since, exponential suppression is the leading order behavior
of the modified Bessel function (lim,_, . K,(z) ~ e~%). So from Eq. (9), one can
expect this behavior in arbitrary dimensions as well.

3 Symmetry restoration in 1¢p* theory

We now apply our results to investigate the special case of understanding whether the
breakdown of discrete Z, symmetry is restored for a certain class of observers. It is
standard procedure to study spontaneous symmetry breaking using effective potential
[17, 18]. Armed with the results from the previous section (section 2), we can now
easily understand spontaneous symmetry breaking in the Rindler frame. As the Rindler
frame is another coordinate system for the standard flat space, comparing it with the
standard flat space results can help to understand the frame dependence of spontaneous
symmetry breaking. So we consider a self-interacting massive scalar field theory with
the action

L m(z) 2, M0 g
S= [ dvy 78 0,90 + 7¢> + Zd) . (15)
The corresponding one loop effective potential is
1 A 1
Vers = 3mi? + 4—?¢4 + 5 log <—v2 + M2) , (16)

where M? = m% + Ao$?/2 and ¢ is a constant. Note that the V| corresponding
to this effective potential (Eq. (16)) differs from the V; in Eq. (3) only by the formal
replacement m(z) — M?. Therefore, for arbitrary dimensions we can take Eq. (9) as
the V; for the interacting field theory by replacing m(z) with M? as

d+1
2 m? 4+ rgp?/2) * A

Vix - d+2 3 ( d+3/ ) Ka (28,/m? + =92 ], (17
Ay 2 w2 £ 2 2
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where m and A are now the renormalized parameters. From Eq. (17), we can see that
the effective potential is explicitly dependent on & or the trajectory of the acceler-
ated observer [11]. So the re-normalized parameters of the theory, like mass, can also
depend on the observer, which point towards the observer dependence of the spon-
taneous symmetry breaking in the system. Also, we can interpret the result for the
effective potential in the following way - Consider discretizing the radial coordinate
in the Euclidean Rindler frame. At the each radial lattice point say “i”(with the usual
rotational invariance) we have a different form of the effective potential dependent on
the label “i”- i.e. each observer fixed at such a lattice point “i’perceives a different
effective potential and therefore a different coefficient of ¢2. It is well known in the
literature that in standard flat space, the vacuum state configuration of a scalar field
in A¢>4 interaction breaks the Z, symmetry for m? < 0[17, 18]. It is also known that
at finite temperatures, this symmetry is restored above a certain critical temperature
[40-42]. By appealing to the thermalization theorem [23], we therefore can expect
similar restoration of broken symmetries in accelerated frames as shown in [10, 12].
Similar to the finite temperature calculations, we can calculate critical acceleration for
the symmetry restoration by imposing [41]

2y,
FVepr|  _ (18)
g2 lp=0
It is important to note that the Euclidean and Lorentzian effective potentials differ
only by an overall constant [43]. Therefore, as evident from Eq. 18, the Euclidean
effective potential can be equivalently used to study symmetry breaking in place of
the Lorentzian one. In Eq. (18), we defined the critical acceleration as the one which
vanishes the re-normalized mass. Considering the effective potential as discretized
along the radial direction, the condition (Eq. (18)) should be thought of as imposing a
renormalization condition for absorbing the quadratic divergence at each such lattice
point. Using this (Eq. (18)) in Eq. (17) with m? < 0, one can calculate the approximate
critical acceleration in four dimensions as

3
g2 = 10 2 me (19)
A
where we choose the trajectory & = 1/a.. This (Eq. (19)) critical acceleration in the
near horizon limit (m& — 0) reproduces the results in [10, 12] within the limitations of
our approximation. It is important to draw attention to the fact that the methods used in
[10, 12] do not generalize to arbitrary dimensions and actually yield incorrect results
for dimensions other than four. In reference [12], authors calculated the critical accel-
eration using Taylor expansion as discussed in subsection 2.2, this procedure fails in
the following two ways in dimensions other than four. First, it fails to obtain the correct
functional dependence of the effective potential in the m& — 0 limit. Second, in four
dimensions, the divergence part of the effective potential naturally separates despite
performing this Taylor expansion in mé£ at the leading order, which doesn’t happen in
other dimensions; one needs to specify the renormalization procedure. One can easily
understand this in three dimensions, the critical acceleration in three dimensions by
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taking d = 1 in Eq. (17) and using Eq. (18) is

2

m +AaCK 2m —0 20)
2 " gn3 a. )

As lim;_,9 K, (z) — 400 we can conclude that the broken symmetry will be
restored in three dimensions after a critical acceleration a.. In the limit, m& — 0 (near
horizon limit) the leading order behaviour of Eq. (20) is

2

m Aac ac\
— 5+ sl () =o. @

Now considering the Unruh temperature (a, = 27 T,), one can reproduce the results
of finite temperature field theory as in [44, 45]. Also, note that one can’t obtain the
logarithmic functional dependence on the critical acceleration using a Taylor expansion
asin [12].

As in the case of finite temperature field theory [41], a precise calculation of critical
acceleration requires higher loop corrections in the effective potential [12]. But in this
paper, we are interested in the observer dependence of the spontaneous symmetry
breaking, for which the one-loop effective potential is a good approximation.

4 Summary and discussion

In this work, we calculated the one-loop effective potential in the Rindler space for
arbitrary dimensions using the exact mode functions of the Rindler space. (Eqgs. (9),
(10),(12),(11),(13) and (14)) are the central results of our analyses.

In section 2, we discuss the proper renormalization procedure and derive a simple
approximate result for the one-loop effective potential in arbitrary dimensions (Eq. (9)).
Using this result, we studied the nature of effective potential for a slowly accelerating
and rapidly accelerating observer. Looking at Eq. (9) or Eq. (8), we can conclude that
in the near horizon limit, the effective potential behaves a*2 for d + 2 dimensional
Rindler observer with acceleration a at the leading order. The successive corrections
for three and four dimensions are also studied using Eq. (9), and the results agree with
the finite temperature results. For a slowly accelerating observer, the corrections to
the effective potential due to acceleration are exponentially suppressed (Eq. (13) and
Eq. (14)).

In section 3, we extend these studies to interacting field theory and understand
symmetry restoration in accelerated frames. Using the effective potential, we studied
symmetry restoration and compared the results with the field theory results in finite
temperature. Similar calculations were done in literature with methods specific to four
dimensions only [12] or using the thermalization theorem [10, 11, 46].

In contrast, we generalize the computation of effective potential for arbitrary dimen-
sions for Euclidean Rindler space - which is our novel result. By applying to a specific
interacting field theory with a broken Z, symmetry, we conclude that the broken Z»
symmetry in the standard flat space is restored for an accelerating observer after a
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critical acceleration a. in both three and four dimensions. Since our methods allow
for similar analysis in arbitrary dimensions, we can conclude that the phenomenon of
spontaneous symmetry breakdown is indeed observer dependent.

A Finite temperature field theory using heat kernel

In this appendix, we calculate the effective potential for finite temperature field theory
using the heat kernel method. The derivation of these results using Green’s functions
has been done in Ref. [33]. The d 4 2 dimensional finite temperature quantum field
theory in equilibrium is equivalent to a Euclidean field theory where the periodicity
of imaginary time plays the role of inverse temperature. Therefore, one needs to study
field theory in S! x R4*! manifold. For a massive scalar field, the heat kernel in the
coincident limit in S' x R4*! manifold is given by

K(s,x,x) =

ZeT_S ) (22)

d+2
@ms) 2 =

In this form, one can see that n = 0 corresponds to the standard flat space heat kernel.
As we are interested in the finite temperature effect, we subtract out the flat space term
to get

K(s,x,x) = ———— Ze (23)

(4ms) 2 2y

Corresponding one-loop effective potential is given by

a2 o
1 [*®ds m\ 2 1
V= —5/0 TK(S’X’X) =2 (ﬂ) Zl 12 —zz Kag2 (mnp), (24)

where K, (z) is the modified Bessel function of second kind. One can get the same
effective potential using the method used in Ref. [47]. Using this result (Eq. (24)),
one can study the high temperature and the low temperature expansion of the effective
potential. For three dimension, taking d = 1 in Eq. (24), the leading order high
temperature expansion (mp8 — 0 in Eq. (24)) gives

im v =_ &) m’ mzl 25
o’ = "2mps T 8ap  amp 2P @

This is in agreement with the results in Refs. [44, 45]. Similar calculations in four
dimensions (d = 2 in Eq. (24)) gives

72 m?

lim V=-—b 4 26
o0 50p% T 2ap? (26)

@ Springer



Observer dependence of quantum effective... Page110f15 115

Similarly, we can study the low temperature expansion. For three dimension, with
d =1and mB — oo in Eq. (24), gives

m
lim V=—-— "B 27
mﬂlgloo 27T,326 ( )

Similar expansions in four dimensions gives

lim V=——"__;mb (28)

mpoo ()3 g
These are in agreement with the results in Ref. [33].

A.1 Mass correction in A¢>* theory

Now if we are considering A¢* theory and interested in calculating the one-loop
effective potential, one can just replace m? in Eq. (25) with M? = m?* + %qﬁz, where
m and A are the renormalized parameters of the scalar field and ¢ is the constant field
configuration. In three dimensions, the total potential is

v m2¢2+ x¢4+ M?T M2T1 M? 29
= — — —— —log|—=)-
ST st 81 S\T12
The total mass of the system is defined as
82V’ I 30)
897 lg—o — 1
This gives
s, AT T
uw =m"+-—1log|—|. (€2))
4 m

This is in agreement with Eq. (3.4) of Ref. [44] and Eq. (4) of Ref. [45]. One does
similar calculations in four dimensions, comparing with Eq. (26)

v="gr i gt g (32)

Similar to the three dimensional case, one can calculate the mass corrections in A¢4
theory due to temperature as

w=m>+ =, (33)
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0.001

Numerical integration = Numerical integration
Approximation e Approximation
0.002
<
=
0 0
1 2 3 1 5 1 2 3 4 5
@ «
(a) Three dimensions (b) Four dimensions

Fig. 1 Plot compare the approximate result Eq. (36) with the numerical integration result for Eq. (34) in
d = 1 and d = 2 cases. Red plot shows the numerical integration result and the green plot shows the
approximate result Eq. (36) scaled with an appropriate constant

B Approximation scheme for main result

In this appendix, we show that Eq. (9) is indeed a good approximation to Eq. (8).
We essentially draw upon the inspiration of applications of boundary layer theory to
differential equations with a small/large parameter. Consider the integral

—1 0 d S d - cnsh(u/Z)2
Vi= ] / 2 - 2 / ds e e ‘ (34)
(47[)74-1 %—d+2 o THucJy 712

One can use an approximation method by first scaling s as s = «>¢ and then splitting
the integral into two parts as

-1 /e gy o [ du — cosh(u/2)?
Vi = - —e — e o
(47T)7+1 $d+2ad+2 0 t2t2 0 T +tu

oo d[ 4 co dl/l —c(ysh(u/Z)z
et - 21
+/ , T2t / n2+u2e 1 . (35)
1/a? t2 0

In the first term in Eq. (35) ?¢ < 1, so one can do the u integral using Laplace method
and the resulting ¢ integral in the leading order can be done in terms of Bessel function
of the second kind. The leading order approximation is

V ——1 —ad;l K ) (36)
1~ d+1 (Lor) .
(47r)[142r2 n3 E9T2

The correction from the second integral in Eq. (35) is of the order O (a*), so one can
safely neglect that in comparison with the leading order term. In order to obtain the
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other extreme limit for the parameter o, we now scale s = ¢/ in Eq. (34) to get

2

y _gdt2 /01 dr /00 du e coshu?
1= e 21 .2¢ '

o dt _ ©  du —a? cosh(u/2)?
+ 7 e ﬁe t . (37)
o2 12 +2 0 T4 u

Now, as ¢ — 00, one can do the first integral in Eq. (37) using the Laplace method
which gives the same result as Eq. (36). Therefore, for the two extreme conditions
considered in this paper, Eq. (9) is a good approximation to Eq. (8).

In fact, one can compare the entire function (Eq. (34)) to the approximation in Eq.
(36) by numerically integrating Eq. (34) for specific values of d. The comparison plot
is given in Fig. 1. From figure Fig. 1 one can conclude that up to a scaling Eq. (36)
is a good approximation for Eq. (34). Additionally, since this scaling depends on the
numerical coefficients, in order to get a reasonably accurate qualitative insight we can
always replace Eq. (34) with Eq. (36).
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