e S s

10.2.6

will have to consider the dispersion aspeet carefully and in
some cases 'dead zone' models or cellular models may be more

suitable than the bulk diffusion model.
Self-purification in the Klip River

The general decrease in oxygen demand with distance downstream
indicates that self-purification does in fact take place in the
Kiip River. Although the oxygen demands are not high wh=2n
compared to many rivers overseas, the dissolved oxypen does drop
to the critical level required for fish life. Despite the fact
that the DO precovers rapidly to acceptable levels within the
comparitively short length of the study reach, making use of the
rivet''s self-purification properties should only be considered
with caution, In this regard modelling, as was attempted in

this study, is essential.

i B




i
v

TEFTYEMCSS

ertcan Falic BAllD Sceiacios, NoaouSevi edmsods e Duagainaloios g
. ot ek e N e e o —— -

dacer aow WREtesamose, TS B3 . AR, e TOew, R,

Iammal, .5, SSoapteric Twasoac oo I dalural  Moeahs, Woies Sese
TONSLIER, TR

Sallen, J.4.. ast @I Rbodins, NDTNceRce WO A SN oL NG Lo0,
:', .k-'t;!. L. !._(r e, Showid "_':_t_g-. W SRS, N
‘aad,

Seck, 3., ant .0 Toung, 4 dmenic mxdel S2e 2000 selaiioashias Uy &
mm-Iidal strews, Watec fes.. ¥, TSR, NN,

Srower, 4., Mqrscmal communicacion, &

Camp, T.R., fisld sclimales of cawgen Dalawe Naseters, . Sweal g,
Btv. Smes. Sco. C3wil Sog., 3 (SG5), SN, 9,

Cheveresn, G., Muthematical sodel or oxvgen dalaoe I Mwvas, Nodgis

for Suwirommental Pollution Jontrel (edited W XA, Delndngen),
o= Ardor Sciecee, WTI.

Chow, Veu Te, Ones Channel Nydmaulics, Modran-Hill, 19459,

Churehill, M.A., H.L. Slscre and R.A. Buckingbam, Prediottonn 00 strean
reseration rates, J. Sanit Bng. Div, Amer, Soo, Ol Sng., W
(s‘.). ““. ‘%2;

A

CIRIA, Cost effective sewage treatment, Keport No, 46, Vol, 2 (rovised),
1970.

De Boer, B., A moving cell simulation model of the dyvnamios of  dissolived
oxygen and related quality variables in rvivera andl bBrooks,
System  Simulation _in__Nater Resources (edited wy  U.(,
Vansteenkiste), North Holland Publ, Co,., W76,

o



134

De Boer, B., A moving cell modnl of the dissolved OXygen and

phytoplankton dynemies in rivers, Hydrol.

Sei. Bull., 24, 2, 6,
199-211, 1979,

Dobbins, W.E., BOD and oxygen relationships in streams, J., Sanit. Eng.

Div. Amer. Soc. Divil Eng., 90 (SA3), 53-78, 1964,

Dresnack, R., and W.E. Dobbins, Numerical analysis of BOD and DO

profiles, J. San. Eng. Div. Amer. Soc. Civil Eng., 94 (SA5),
789-807, 1068,

Eckenfelder, W.W., Water Quality Engineering for Practicing Engineers,

Cahners Books Intern., Inc., Boston, 1970.

Eckenfelder, W.W., and D.J. 0'Connor, Biological Waste Treatment,

Pergamon Press, 1061.

Edberg, N. and B. v, Hofsten, Oxygen uptake of bottom sediments studied

in situ and in the laboratory, Water Res., 7, 1285-1294, 1973,

Ekama, G.A., and G.v.R. Marais, The activated sludge process, Part II =

dynamic bahaviour, Water S.A. 3(1), 17-50, 1977.

Fan, L.T., R.S. Nadkami, and L.E. Erickson, Dispersion model for a stream
with several waste inputs and water intakes, Wat.
7(6), 1210-1220, 1971,

Resour, Bull.,

Feuerstein, D.L., and R.E. Selleck, Fluorescent tracers for dispersion

measurements, J. Sanit Zng. Div, Amer. Soc, Civil
(SA4), 1-21, 1963,

Eng., 89

Fischer, H.B., A note on the ore-dimensional dispersion model, Air and

Wat. Pollut. Int. J., 10, HU3=-452, 1966.

Fischer, H.B., Dispersioen predictions in natural streams, J. Sanit Eng.

Div. Amer. Soc. Civil Eng., 94 (SA5), 927-943, 1968,

e




- .

I T

i oeatiog

135

Foree, E.G., Reaeration and velocity prediction for small streams,
J. Envir. Eng. Div, aaer. Soc., Civil Eng., 102 (EE5), 937-952,
1676.

Fried, J.J., Groundwater Pollution, Developments in Water Science, U,
Elsevier Sei. Publ. Co., 1975.

Gunnerson, C.G., and T.,E. Bailey, Oxygen relationships in the Sacremento
River, J. Sanit Bng. Div, Amer. Soc. Civil Eng., 89 (SA4),
95~123, 1963,

Halliday, J., Sludge -~ the awkward Cinderella, Paper presented to a
meeting of Munie. Div. S.A. Inst. Civil Eng., October, 1976.

Holley, E«.R., Discussion on Difference modelling of stream pollutien,
J. Sanit Eng. Div. Amer. Soo. Civil Epg. 95 (SA5), 968-972, 1969,

IBM, MPSX/370 Program Reference Manual, 3rd Ed., 1978,

Imhoff, K., and G.M. Fair, Sewage Treatment, 2nd Editicn, John Wiley and
Sons Inc., N.Y., 1956.

Klein, L.K., River Pollution I, Chemical Analyais, Butterworths, London,
1959.

Kleinecke, D., Use of linear programming for estimating geohydrologie
parameters of groundwatce basins, Water Resour. Res., 7(2),
367=37H, 1971,

Lawrence, A.¥,, and P.L. McCarty, Unified basis for biological treatment
design and operation, J. Sanit Eng. Div, Amer. Soc. Civil Eng.,
96 (SA3), 757-778, 1970.

Leslie Grady, C.P., Simplified optimisation of activated sludge process,
J. Envir. Eng. Div. Amer, Soc. Civil Eng., 103(EE3), 413-429,
1977.




136

Li, Wen-Hslung, Unsteady dissolved-oxygen sag in a stream, J. Sanit. Eng.
Div., Amer. Soec., Civil Engz., 88(SA3), 75-85, 1962.

Marais, G.v.R., and G.A. Elama, The activated sludge process, Part 1

- Steady state behaviour, Water S.A. 2(4), 1976.

McKinney, R.E., Mathematics of complete-mixing activated sludge,
J., Sanit., Eng. Div, Amer. Soc. Civil Eng., 88 (SA3), 87-113,
1962 .

McPherson, D.R., and P.J. Sharland, River water gnuality tests, Final year
investigational project, Univ. of the Witwatersrand, Dept. of
Civil Eng., 1979.

Metcalf and Eddy, Inc., Wastewater Engineering, Tat MeGraw-ilf ', New
Delhi, 1472,

Middleton, A.C., and A.W. Lawrence, Least cost design of activated sludge
systems, J. Wat Poll., Contr. Fed., 48(5), 889-905, 1976.

0'Connor, D.J., and D.M. Di Toro, Photosynthesis and oxygen balance in
streams, J. Sanit Eng. Div. Amer. Sce. Civil Eng., 96 (SA2),

SU7-571, 1970,

0'Connor, D.J., and W.(E. Dobbins, Mechanism of reaeration in natural

streams, Trans. Amer. Soc. Civil Eng., 123, p.665, 1958.

Owens, M., R. Edwards, and J. Gibbs, Some reaeration studies in streams,

Air and Wat, Pollut. Int, J. B, U69-uB6, 1964,

Phelps, E.B., Stroam Sanitation, John Wiley and Sons, Inc., N.Y., 1944,

Pitman, A.R., Bioflocculation as means of | improving the dewatering
characteristics of activated sludges, Wat, Pollut, Control,
74(6), 688-700, 1975.




F"'

137

Ramalho, R.S., Introduction to Wastewater Treatment .rocesses, Academic

Press, London, 1977,

Rinaldi, S., R. Soncini-Sessa, H. Stehfest, and H. Tamura, Modelling and
Control of River Quali , . McGraw-Hill, 1979,

Smart, P.L., and I.M.S. Laidlaw, An evaluation of some fluorescent dyes

for water tracing, Water Resour. Res., 15 1), 15=-33, 1977.

Republic of S. Africa, Regulation 553, Regional Standards for Industrial
Effluents, Government Gazette Extraordinary, No. 217,

5 April, 1962.

Stephenson, D., Optimal planning of regional wastewater treatment,
Modelling the Water Quality of the Hydrological Cyecle, Proc.
Symp. I.I.A.S.A. and 1.A,H.S5., Baden, )78a.

Stephenson, D., Personal emsmmunicatie=m, 1978L,

Stephenson, D., Direct optimisation f Muskingum routing coefficients,
J, Hydrol., 41 (172), 1€i-165, 1979,

Strahler, A.N., The Earth Scienses, 2ncd Edition, Harper and Rowe Intern.,

1971,
Thackston, E.L., and K.B., Schnelle, Predicting effects of dead zones on
stream mixing, J. Sanit Bn.. Div. Amer., Soc. Civil Eng., 96

(SA2), 319-331, 1970.

Thomann, R.V., Systems Analysis and Water Quality Management,
MeGraw-Hill, 1972.

Velz, C.J., Applied Stream Sanitatiorn, Wiley Interscience, 1970.

Walker, L.F., Hydraulically conﬁrollxng sclida retention time in the
activated sludge process, J. ¥Wat. Pollut., Contr. Fed., #43(1),
1971,

sy







ks e e e e s sl e o it B et ST

A

APPENDIX A

DERTVATIONS

Al DERIVATION OF BOD-DO COUPLED EQUATIONS
Decay SdxA
KBAdx

\;> //A/\Q\Tv

,!;0\

i

)

flow in x direction (L3 T~

3 ; velocity in x direction (L )
B z concentration of pollutait (M L-a)
A = cross-sectional area of element (L2)
dx = length of element (L)
| € = longitudinal disperson coefficient 2"

= decay coefficient (T-1)
2y g
= source/sink of pollutant (ML - T 1)

The net increase of pollutant in the element is given by:

Adx dB = dt (S Adx +« BQ - (B «+ S dx) (Q + 3% dx)
B B
L - KB Adx - A € :; + A€ 3;

' oA B
é; + ( ; 7 € 3; ) dx)




A2

3implifying and ignoring cecond order differentials,

Adx dB = dt[(SAd::-(Bg-gdx+Qg—de)-KBAdx
A - 9B
G € =
+3x€§x dx)]

Dividing throughout by A dx dt and resrranging,

a8 B 20 Q 2B _1 9 (2B, 3
a’KB’Ag'?‘A%'A (A€25) - 5 = 0

t ax
For a uniform channel A and € = consatant and if Q = constant
OB B 528
—-+xe¢u}- “€%=.3 = 0 A1

t - Ix°

For BOD the equation becomes:

2
ek € 2L - UQ% - K.L +

. S A-2
it axé aJ 1
Whe. el = concentration of BOD (ML-3)
K1 s deoxygenation coefficient (T-1)
= source /sink term for BOD (ML'BT-1)

If a reaeration term is included and with the biodegradable
oxygen demand governed by the BOD concentration a simiiar
equation can be written for the dissolved oxygent

2
oc | 20D _ € ,
5t z € 5 - G U;x - K1L + K2 (Cs - C) + P A-3
X
Where C s concentration of dissolved oxygen (ML'3)
K, = reaeration coefficient \T-1)
Cs = saturation concentration of dissolved oxygen
)

w3}
= dissolved oxygen sources and sinks (ML 3T )

K.L = decxygenation term from equation A-2




A3

For describing the dissnolved oxygen saf curve, it is often
preferabl~ to express equation A-3 in terms of the dissolved

oxygen deficit:

2D e e, oD : - ;
4.4 - 2 P o S8 « P -4
at & 5 U'—ax + K1u ZD P A
ox
Where D & C - C = dissolved oxygen deficit (ML-B)
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A2.1
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Al

DERIVATION OF THE FINITE DIFFERENCE APPROXIMATION TO THE COUPLED
EQUATIONS

Finite difference methods

Finite difference methods are used to sclve problems invelving

partial differential equations, such as the BOD-DO coupled

equations, where wnalytical solutions are either not available

or too restricted in tu-~ir use. The method involves making use

of finite differences to ap,roximate the partial differentials.
The smaller the differences us.d in the c.amputation, the closer

the finite difference soiutlon will be to the true solution;

but % balance has to be struck here between the addition.l
computational effort required when using smaller differencrs and

the degree of accuracy required.

Finite difference procedures may be either explicit or implicit
In explicit computations, the value

explicitly from values
The procedure calculates
implicit

or a combination of both,
at a certain time step 1is calculated

calculated at the previous time step.

step to the next, In

values from one time
computations, each value is calculated implicitly from adjacent
values which are not yet known and all values are solved for

simultaneously. The x-t diagram below show how a point F may be

calculated by each method.

|

/,

|

41

I
|
|
|

Explicit Implicit

The implicit method has the advantage that it is unconditionally

stable (see section A2.2(b)) whereas the explicit is not.

14+l
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However the implicit system of simultaneous equations may become
very cumbersome for large problems, r=oquiring large amounts of
storage on the computer, and does not have the flexibility of
explicit methods. Explicit methods were employed for this study
and therefore no further consideration will be given to implicit

methods.

The standard finite difference approximation

The partial cjifferential equations for the BOD-DO balance are

given by equavions U.8:

oL gL _ oL " ;

ot 2 5 > Ué;—-K1 L+3S 4.8a
X

b | 63_2_D,u-bl)-|(o+|( L +P 4.8b

ot b ax2 ox 2 1 - 3

If we consider the finite different grid with the two
independent variables distance x and time t forming the axes as
shown in figure A2.1, then the BOD concentration at x = i and
time n can be eatimated from equation U4.8a, wusing the
concentrations at time n - 1, by means of finite difference

approximations to the partial differential terms.

e s e s okt B

Fig. A2.1 Finite difference grid for solution of the BOD-DO

partial differentinal eouations

S




A6

the standard finite difference

Using backward differences,
approximations to the BOD partia) differentials are as follows:

JL " Li,n i ":-1,n
5; ax
s
? ; = (L1+1,n lL,n) 2 (Li, i l'1-1,n)
ax 2
aAx

= i+1,n i,n
)
ax
%% = b net * Li,n
at

Thus equation 4.8a in terms of finite differences becomes:

L jioe L i (L 1 -
i,n+ i,n = € i+1,n 1y
at ,\‘?

Solving for L this becomes
i,n+1

(E+Uax) uat
L 8LVl SR Ll-\,n‘ (1-2€% ag by

1,“41 .ﬁx‘ [_\xA
€At
+ ) L101,n + Sat
ax
z 2 L
or Ll,n+1 Al Lx-l,n + A2 1 ’ + A3 $ o1,
+ AtS A2.1a
£ +llax
Where A1 = ( 5 )at
ax
2€at Uat
5 g u Juat
A2 z (1 5 v l\1.t)
AX
A3 s St
e
ax

-
e
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Initial conditions

The initial conditions, L1'1, at all points al@ng the x axis
must be specified. These conditions do noct have to be known
accurately as, provided a sufficient number of time steps are
used before a resu!t is obtained, any inaccuracies in the

initial conditions will disappear from the computation.
Upstream boundary conditions

The upstream boundary conditions, Lo n® are specified by the
’

input at the upstream end.
Computation

For each successive time step, the BOD values of the previous

time step, L starting with the initial valuea, are used to

£in”

calculate the next row of BOD concentrations, L from

iyne1’
equation AZ2.1a. After the BOD's for a time step have been
calculated, the values obtained are used in the dissolved oxygen
computation which proceeds parallel to the BOD computation in a

similar manner, using equation A2.1b.
Downstream boundary conditions

At the end of each time step, an additional pseudo - BOD and DO
value must be calculated bLzyond the furthermost downstream point
of interest for use in the next time step computation. Such
points may be either assigned a zero value (Dresnack and Dobbins
(1968)), or put equal to the preceding point, or extrapolated
from the preceding two points., For this study extrapolation was

used.

e

e ———
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Some problems associated with the standard finite difference

approximation

(a)

Backward, central and forward differences

In the above finite difference approximations, backward
differences were used for the first order differential. An

alternative would have been to use forward differences as

shown below:

A T e 1
ox ax

This however leads to problems when the numerical technique

is applied.

LA ‘ i |
i g 'T ‘ kil ! [
v \ l ‘
| i
{ i
? ‘ — -
I ‘ Direction of Flow
| I‘ —_—
|
o -
i=1 | i+l X

Considering a&advection only in the example shown by the

solid line above, and putting ax = Uat, we get

atU,
Li,n¢1 " Li,n i = % '(Li¢1.n- Li.n)
) Li,n+1 N ¢ Ll,n * Listin

This is shown by the dashed line in the above figure. The
reason for this inaccuracy in the method lies in the

direction of flow being in the same forward direction as

the differences.

— _'T.; — - e
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The use of central dii'ferences will lead to similar problems

gL = Li+1,n - Li-lln

ax X

atl
i,ne1 i,n 48 ((;x)(L1+1,n X L1-1,n)

—
'

—
L

- (@ o -3 U

) ax i+1,n i<1,n i,n

8 ke T M T Rt

which also gives incorrect results.

Using backward differences however yields:

ati
L1,n~1 2 Li,n 5 (/\x )(Li,n l‘1-1,n)

iy Lict,n

which is co-rect.

In the finite difference approximation to the second-order
term, both forward and backward differences must be used:

-2
QEL - Liohn Li,n i L1-1,n
3x’ ax”

equation A2.%a for uispersion only we have

and from
bimet % Ak, jetin ™ @b n® biarn? * 4400
Ox"

This however does not lead to problems in the numerical

solut‘on provided that the stability eriteria set out in

the following section are satisfied.

—_—————
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(b) Stability of “he solution

Successful numerical solution also depends on the ratio
ax. For example, considering our simple convective model,

Aot

using backward differences and putting ax = Uat we get
2

bgnel " “hpat i

In this case we get numerical instability as shown by the oroken
line in the [figure below. The condition gets progressively
worse for increasing time steps and is not dependent on the

direction of flow,

1% E
k | |
T
% \
,/ \n+l
o \
2 \
\
n \
\
\
|
i+l | i+ i*2 X

The general criteria for numerical stability in the solution of
the standard finite difference equations A2.1 are derived below.

Stability criteria

The stability of the solution of a system of finite difference
equations given in matrix form by Lm1 e MLn; where M is the

matrix

R T R ——— W

e
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can be determined from the following two theorems (Fried, 1975,

chp. 9)¢
Theorem 1: The general convergence theoren

An iterative process Xm 2 Mxm_1 + B converges
for any initial vector XO if and only if all the
eligenvalues of the matrix !i are strictly less than

one in absolute value.
Theorem 2: Gerschgoren's theorem

The eipenvalues of a matrix M = (nl ‘) are in the
§ Y

domain D defined as the union of all eircles of

centres a ind of respective radii Y a
1,1 iyd

By theorer 2 it is possible to determine the upper and lower
bounds of the eipenvalues of matrix M and hence theorem 1 can he

applied to determine the conditions for convergence,

For the system of equations AZ.la the matrix coefficients are

given by

Ay : A = (G—L}—t—,‘ + ié\!- )
Ayt X
2O Fa\s
- ) . 5 -2 — - ]2 L K ]
n? E A2 = (1 e . “Qx VIAT)
ax
e ot
3 Ax’

By theorem 2 the upper bound of the eigenvalues of M iy given by

wr
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For stability this must be less than one in absolute value (by

theorem 1), i.e.

(1-2 €8l Ly &8 g ap) o (et 10 |, 0t
AX axe . ax®
or 1 - K1‘\t < 1
Since K1 is always prsitive this is always true
The lower bound, by theorem 2, is given by
a, = (a‘ . a3)
Hence for stability
14k .yl g At > -~
Y- LHX 1
O X
This is true for At < z\tc = ax m B2.3
(2 fL + U+ —%.Ax )
aOx I

therel e

The solution of the system of equationa A2.1a is

conditionally stable.

Similarly it can be shown for the system of equation A2.

the solution is stable {f

Ot < ‘\t'C = : K

(c) Numerical dispersion

A problem also arises if ax is chosen to be areater than
FaN 4
for example, considering once again the simg

b that

’

le
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ATY

convection equation, and taking Ax = 2Uat we get:

by e v 2g,n * Liar,n?

-
L B

2 . } }

f ron+l |
~
) | B

|
]
f
|
‘ ‘ ‘
O “ ! | i Pre

+ X

P=1 il |

As indicated by the dotted line above, thia leads to a
dispersion taking place due solely to the numerical process.
Chevereau (1973) has poinced out that {if the partial
differential equations 4.8 are expanded in a Taylor series to
the second order it can be shown that the numerical dispersion

coef'ficient En so obtained has a maximum value whent

In order to minimise this effect, it is necessary to chooseAX
as small as possible and At as large as possible. However this
is limited by stability criteria given by equation A2.,2, which,

for convection only, reduces to

. LX
Ok .2 J

The Two-step explicit finite difference method

It is evident from the above discuasion that in order to model
pure convection by finite differences, it is necessary that

backward differences be used, i.e.




=) (L - L )

“i,n+1 P SR R N i=1,n

In addition, for stability we require that gx U and to minimize
at
numerical dispersion the ratio ax_ should be as small as possible
at
The bect means of satisfying both these cor tions would be to
O X

take 7—€ s U
“h

The approximation now becomes

gt R

which., as shown above is completely representative of the pure

nonvection process.

If we now include the dispersion term we get

At €
bgmet 0 % Msiin 2 (Ljsi,n = 2Ly o* Lyyq,n? R332

The stability criterion for convection plus dispersion from

condition A2.2, is!

1

Pat A P T 2
AL « €+ U A2

Tl O

Aax

Rearranging gives
1 ‘:, .i.:z__.'t' - + .U...'_ i
- 2l ax
AX

Claarly forax = U this condition can only be satisfied if €= 0.

At

Dresnas:s and Dobbins (1968) have sugrested a two-step explicit

procedure, which overcomes the above problem. In this methed
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the convection ; ‘ocess 18 carried out sepa,ately from the er
processes as follows:
step 13 . H b s
e [i.n l1-1.n
and L s L
o,n o,n+1
5 3 F s 1 2 2
Step 2t Ly 5., M Ly g n® MLy g+ Ml e
+ Sat
€At
Where A s =
o%

A2 2 - K] At)
A similar procedure -an be used for the dlssolved oxygen
calculation
s )
Step 1 Di,n [1-1,n
and D s D
oyn o,n4+1
S 24 o - 3 ) )
Step ¢ Li,n41 B1 01-1’n + B2 Di.n + B T{+‘,n
1 \
. Kl“i.n + Pat
Where By s Sk
AX©
B2 s T(1eg SBE < Koot
..X. [

It is convenient to compute the BOD values for a time 3step and

then use these to compute the DO values for that time step
before moving on to the next time step.

Dresnack and Dobbins propesed this method to overcome the type
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of problem depicted in the figure below, which arises from the

use of equation A2.3.

e 4

In this example At = *133‘—-
& d (uL - 2L + 1
1ined 3 i-1,n i,n “i+1,n
L 4

| —

1' |

| |
~/,f,’T\,‘1ﬂ :
i

1

——*—

|
|
5

i) 1%

- |

Obviously the concentration L should not inerease and this
effect shown by the broken line becomes progresaivelv greater
for increasing n. Although Dresnack and Dobbins failed to point
out that this was due to the fact that tue full criteria for
stability according to condition A2.2 could not be fulfilled,

the two-step method does provide a satisfactory solution to the

problem.

In their paper the example used to show the method of
computation works gatisfactorily with the same time interval At
for both steps. However, this is not necessarily the case and
it was found in this study ‘that the time step had to be
decreasea in the second computational step for larger values of
the dispersion coefficient. This is to be expected considering
the fact that the stability of the second step requires, from

conditions A2.2, that

At % S— 3 ¥

e ol

2 2
ax

-

e e
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