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Abstract

Faculty of Science

School of Mathematics
Master’s of Science in Mathematics

Bipartite Ramsey Number of Cycles
by Ronald J. Maartens, Elizabeth Jonck and Amukelani B. Tivane.

The Ramsey number R(Hy, Hs) of two graphs H; and Hs is the smallest positive in-
teger n for which every red-blue coloring of the complete graph K,, of order n results
in a subgraph of K,, isomorphic to H; all of whose edges are colored red (called a red
Hy), or a subgraph of K, isomorphic to Hy all of whose edges are colored blue (called
a blue Hs).

The s-bipartite Ramsey number bs(Hy, Hy) of two bipartite graphs H; and Hs is
the smallest positive integer ¢, with ¢ > s, such that every red-blue coloring of the
complete bipartite graph K,; results in a red H; or a blue H,. For s = ¢, the s-
bipartite Ramsey number is known as the bipartite Ramsey number, which we denote

by b(Hl, HQ)

In this dissertation we investigate b(Ca,,, Coy,) and bs(Coyp, Cay,) for m > 2 and n > 2.
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1 Introduction

1.1 Graph Theory

The reader is directed to the textbook Chromatic Graph Theory by Chartrand and

Zhang [1] for all definitions and notations not mentioned in this chapter.

1.1.1 Introduction to Graph Theory

A graph G is a finite nonempty set V(G) of points which are commonly known as
vertices (also known as nodes, singular vertex or node) together with a set E(G)
(possibly empty) of pairs of distinct vertices of G called edges. An edge (also known
as a link) is represented as a line between two distinct vertices and these vertices are
said to be adjacent. Edges are adjacent if they are incident to a common vertex. A
graph can be represented by G = (V, E) where V' = V(@) indicates the set of vertices
of G and E = E(G) the set of edges of G. Note that we can omit the “G” if the graph
under consideration is clear, e.g. V instead of V(G). Adjacent vertices can also be
referred to as neighbours of each other and so the set of neighbours of the vertex y
is called the neighbourhood (formally known as a open neighbourhood) of y and is de-

noted by N(y). The closed neighbourhood of y is defined as the set N[y] = N(y)U{y}.

The degree of a vertex y in the graph G, denoted by degg(y) or just d(y), is the num-
ber of vertices in GG that are adjacent to the vertex y. Alternatively, degs(y) can be

defined as the number of vertices in the neighbourhood of y, that is, dega(y) = |N(y)].

The number of elements in the set V' of graph G is called the order of G and is
denoted by n = |V(G)|, while the number of elements in the set E of G is called the
size of G and is denoted by m = |E(G)].

A graph G’ is a subgraph of G if V(G') C V(G) and E(G') C E(G). Thus G
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contains G’ and it is denoted by G’ C G. If V(G') # V(G), then G’ is a proper
subgraph of G, while if V(G') = V(G), then G’ is a spanning subgraph of G.

Suppose that S is a set of vertices such that S C V where G = (V, E). We say
that G < S > is an induced subgraph of G if the vertices of S are adjacent in
G < S > if and only if they are adjacent in G. We say that G < S > is a subgraph
of GG induced by the vertex subset S. We define an independent set as a vertex set of

a graph that has no two adjacent vertices.

Graphs G and G’ are isomorphic if a bijection ¢: V — V' exists such that two
vertices x,y € V are adjacent in G if and only if ¢(z) and ¢(y) are adjacent in G'.
This bijection is called an isomorphism and is denoted G = G’. For example, the
bijection ¢: V' — V' defined by ¢(21) = ya, d(x2) = y2, d(x3) = Y6, d(x4) = ¥1,
¢(z5) = y5, and ¢(z6) = ys is illustrated in Figure 1.1. Here we see that G and ¢(G)
are isomorphic since the requirements of the definition of isomorphism are met. See

for example that ¢(x;) = y4 and ¢(x2) = y, are adjacent in ¢(G) since x; and x5 are

adjacent G.
xq X3 Y1 Yz bk
Xg X3
Xg Xy Va Vg Ye
G o(G

Figure 1.1 Isomorphic graphs.
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1.1.2 Paths and Cycles

A path on n vertices is a graph, denoted P, for n > 2, which has the vertex set
{1, 29, ...,x,} and edge set {z;x;11|i = 1,2,...,n — 1}. If path Ps = z1, 29, ..., x5,
then it is said that Ps is a x1 — x5 path. Two vertices x; and xo are connected if the
graph G contains a x; — x9 path, and G is called connected if G contains a x; — o9

path for every two vertices x; and x5 in G.

A cycle is a graph with the vertex sequence w1, xs, ..., T,, z1 wherein no edge is re-
peated. A cycle is also defined as a 1 — x5 path with the edge z1x5. The length of
a cycle is the number of edges in a cycle. A cycle with the length & > 3 is called
a k-cycle; consequently a cycle with even (odd) length is called an even (odd) cycle.

The notation C), is used to indicate the cycle of length n.

1.1.3 Trees and Forests

A tree is a connected graph that does not contain any cycles and a forest is any graph
without cycles. The order of a tree is n and its size is m = n — 1. The notation T},

will be used to represent a tree of order n.

1.1.4 Bipartite Graphs

A graph G is a bipartite graph if the set V(G) can be partitioned into two subsets
X and Y such that every edge xy in the graph G joins a vertex x of the set X and
a vertex y of the set Y. The vertex set of the bipartite graph can be expressed as
V(G) =X UY with X NY = (). Note that a bipartite graph G cannot contain odd
cycles, in fact, bipartite graphs are characterized by the following property.

Proposition 1.1 [1]
A graph G = (V, E) is bipartite if and only if G has no odd cycles.

13



1.1.5 Complete Graphs

A graph G containing n vertices is complete if every two vertices of G are adjacent.
The complete graph is denoted by K, and has (Z) edges in total. The subgraph K,
where p < n, of a graph G is called a cliqgue. The graph G* is called the complement

of G it V(G°) = V(G) and E(GY) = E(K,) — E(G).

A bipartite graph G with the vertex partite sets X and Y is a complete bipartite
graph if every vertex of the set X is adjacent to every vertex of the set Y. The
complete bipartite graph is denoted by K, where z is the order of the set X and y
is the order of the set Y. Hence the order of K, , is n = x +y and the size is m = zy.
We say that a complete bipartite graph K, , is a star if x = 1. A balanced complete
bipartite graph, denoted (3, A), is a complete bipartite graph K, , where z =y, § is
the maximum length between connected vertices in graph G and A is the maximum

degree of a vertex in graph G.

1.1.6 Edge Colorings

The edge coloring of a graph G is an assignment of one color per edge of the graph
G from a set of possible colors. Actual colors such as red, blue or yellow are used
when a small amount of colors are used, otherwise the color x;, where 1 < i < k for
some finite integer k, is used. A coloring of a graph G that makes use of k colors
will be referred to as k-edge coloring. The edge coloring is referred to as proper edge
coloring if adjacent edges are colored differently. A red-blue edge coloring of a graph
G is a coloring of the edges of G in which every edge is colored red or blue only. An

example of a proper y4-edge coloring is given in Figure 1.2.
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Figure 1.2 y,-edge coloring.

For the purposes of this dissertation we will make use of a red-blue coloring of the
edges of graph G whereby we use a dotted line to represent an edge colored red and
a solid line to represent an edge colored blue. Note that the red subgraph Gg of G
(the graph induced by the edges colored red in GG) and the blue subgraph Gg of G
(the graph induced by the edges colored blue in GG) are complements of each other in
G.

1.2 Ramsey Theory

On the social media platform Facebook, there are certain types of relationships. As-
suming that there are at least six people on Facebook, then either each Facebook
user has at least three people that he/she is friends with or at least three people that
he/she is not friends with. In Graph Theory terms, this means that if each edge of a
complete graph Ky is colored red or blue, then every vertex of Ky has at least three

blue edges or at least three red edges incident to it.
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However, the Facebook statement above is not true for complete graphs of order
less than six. In a group of six people on Facebook, each Facebook user can have at

most five friends, resulting in the possible cases.

Case 1: The Facebook user has five friends.

Case 2: The Facebook user has four friends and one person he/she is not friends with.

Case 3: The Facebook user has three friends and two people he/she is not friends

with.

Case 4: The Facebook user has two friends and three people he/she is not friends

with.

Case 5: The Facebook user has one friend and four people he/she is not friends with.

Case 6: The Facebook user has five people he/she is not friends with.

From Case 1 to Case 3 the Facebook user has more than three people that he/she
is friends with and from Case 4 to Case 6 the Facebook user has more than three
people that he/she is not friends with. Now let us consider the six Facebook users.
Suppose we draw lines joining every pair of users and color them blue if the users are
friends and red if the users are not friends. We find that we have colored 15 lines
in total and, more interestingly, we find that we always have three lines of the same
color drawn from each user. This means that every Facebook user will always have
at least three people that he/she is friends with (blue lines) and at least three people
that he/she is not friends with (red lines).

16



The branch of mathematics called Ramsey Theory is named after the mathematician,
economist and philosopher Frank Plumpton Ramsey (1903-1930). His first recognized
work was the paper The Foundations of Mathematics which he completed in the year
1925. In 1928, Ramsey [2] presented his second paper to the London Mathematical
Society titled On a problem of formal logic. From this study, he observed (in Graph
Theory terms) that for all positive integers m and n, there is an integer r such that
if each edge of K, is colored either red or blue, then there will either be a red K,, or
a blue K, in K,. Note that the number of colors are not necessarily limited to just

two. Ramsey’s formal theorem in Graph Theory is as follows.

Theorem 1.1 (Ramsey’s Theorem)[1]

For positive integers ni,ns,...,ng, with k > 2, there exists a positive integer N,
such that if the edges of Ky are colored with k colors, then, for some 1 <1¢ <k, Ky

will have a subgraph K, such that every edge of this K, is colored by color .

Ramsey’s theorem gave rise to the study of different versions of his theory done

by other mathematicians and researchers, even today.

1.2.1 The Ramsey Number

Let H; and Hs be complete graphs. The Ramsey number R(Hi, Hy) = n is the
minimum number of vertices of the complete graph G = K,, such that for every red-
blue coloring of the edges of G there is a complete subgraph of GG that is isomorphic
to Hy, where all of its edges are colored red, or there is a complete subgraph of G
that is isomorphic to Hs, where all of its edges are colored blue. Note that by the

natural consequence of symmetry of graphs, we have
R(Hl, HQ) - R(HQ, Hl)

17



A popular example in Ramsey Theory is R(K3, K3) = 6 which is also a solution to

the Friends and Strangers Facebook example we discussed previously.

We first prove the lower bound R(K3, K3) > 6 asin [2]. Let V (K5) = {x1, 29, x3, 4, 25}
and define a red-blue coloring of the edges of K5 by coloring each edge of the 5-cycle
induced by the vertex set {x1, %2, x3, 24,25} red and the remaining edges blue such
that we avoid a red K3 or blue K3; see Figure 1.3. The upper bound is proved through
the observation that in Kj, any vertex must be adjacent to at least three edges of the

same color. See the detailed explanation in the Facebook example above.

Figure 1.3 Red-blue coloring of the edges of K.

A list of some known classical Ramsey numbers R(K,, K;) for 3 < s < t is given

below.
o R(K3, K¢) =18, R(K3, Ky) =9, R(K3, K5) = 14 [3].
[ R(Kg, Kg) = 36 [5], R<K3, K7) =23 [4], R(K4,K4) =18 [4]
o R(K;, Ks) = 28 [5], R(Ky, K5) = 25 [6].

Although Ramsey’s original theorem was in terms of cliques only, the above result

can be generalised to any two subgraphs.
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1.3 Bipartite Ramsey Theory

Bipartite Ramsey numbers are similarly defined as Ramsey numbers but instead of
having a complete graph being colored, we will color a complete bipartite graph.
Given bipartite graphs H; and Ha, the bipartite Ramsey number, denoted b(H;, Hs),
is the least positive integer r such that there exists a subgraph G of K., such that G
is isomorphic to H; where all of its edges are colored red or isomorphic to Hy where

all of its edges are colored blue.

The idea behind Bipartite Ramsey numbers dates back to Zarankiewicz [7] who lived
from 1902 to 1959 and considered the least positive integer z = z(s,t,m,n) such
that any subgraph of K, with z edges contains K,,, as a subgraph. The numbers

z(s,t,m,n) are referred to as the Zarankiewicz numbers.

For positive integers m and n with m < n, Beineke and Schwenk [8] studied the
bipartite Ramsey number by(m,n) which they denoted by R(m,n). The bipartite
Ramsey number b(m,n) or by(m,n) is the least positive integer b such that if the
edges of Ky are colored with red or blue, then a blue K, ,, or red K,,,, will always
exist (Goddard, Henning and Oellermann [9]). Beineke and Schwenk [8] proved that
b(Cy, Ky,) < 4n—3, b(K3, K3) = 17, b(K3, K,,) < 8n—>5 and b(K3, K,,) > 8n—7 while
Irving [10] improved the upper bound to b(K3, K,,) < 8n — 7. Beineke and Schwenk
[8] also conjectured that b(K,,, K,) = 2™(n — 1) + 1 which Irving [10] disproved by
showing that b(Ky, K,) < 48. However, Thomason [11] proved part of the conjecture
by showing the upper bound b(K,,, K,,) < 2™(n —1) + 1.

It is known that b(Cg, Cs) = 6 (Zhang, Sun and Wu [12]) and hence it follows that a

complete bipartite graph of order 6 +6 = 12 contains either a red Cg or a blue Cg. A

detailed and more simplified mathematical proof will be given in Chapter 2.
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Note that the bipartite Ramsey number b(H;, Hy) will not exist for non-bipartite
graphs H; and H, because there are no odd cycles in a complete bipartite graph
K, ,. In mathematical terms, we denote this by b(H;, Hy) = oo. The existence of
a bipartite Ramsey number b(H;, Hy) where H; and H, are cycles requires both of

them to be even cycles.

Many researchers have studied bipartite Ramsey numbers although the calculation of
these numbers is difficult. It is known that b(Ks 3, Ko 3) = 9, b(K3 4, K5 4) = 13 and
b(K373, Kgyg) - 17 [12]

A popular result is b(Ks 2, K22) = 5 by [8] which we translate into b(Cy, Cy) = 5.
A popular recreational problem to do with bipartite Ramsey theory is stated by Ole-

jniczak [13] as follows.

Suppose, for some positive integer r, that r girls and r boys are invited to a party
where each girl-boy pair is either acquainted or strangers. What is the smallest such
number v that guarantees that there exists a group of six people, three girls and three
boys, such that either (1) every one of the three girls is acquainted with every one of
the three boys or (2) every one of the three girls is a stranger to every one of the three

boys?

Solution: b(K3’3, K373) =17 [8]

The proof of b(Cy, Cy) = 5 and other results of cycles will be given in Chapter 2.

20



1.4 s-Bipartite Ramsey Theory

We already defined the bipartite Ramsey number b(m, n) in Section 1.3 which is sim-
ilarly defined as by(m,n). This variation of the bipartite Ramsey number will now
be generalized. For a positive integer s, the s-bipartite Ramsey number bs(H;, Hs)
of two bipartite graphs H; and Hs is the smallest positive integer ¢, with s < ¢, such
that every red-blue coloring of the edges of the complete bipartite graph Kj; results

in a red H; or a blue Hs.

Bi, Chartrand and Zhang studied the s-bipartite Ramsey numbers in their paper
called Party problems and Ramsey numbers [14]. They were interested in studying
the bipartite Ramsey numbers where each subset of vertices X and Y of the complete

bipartite graph V(G) = X UY is of a different order.

An example of the above is b3(K32, Ko3) = 10 [13] of which the lower bound is
illustrated in Figure 1.4 below. Note the lower bound b3(Ks 2, Ko3) > 10 is achieved
by a red-blue coloring of the edges of K3 that avoids a red subgraph K55 and a blue
subgraph Ks 3 of G = K39. To determine this lower bound, we color four edges that
are incident to all the vertices from the set U = {uy, ug, ug} blue in such a way that
only three vertices from the set W = {wy, ws, w3, ..., w9} are incident to at most two

blue edges.

The complete bipartite graph K>3 requires that at least three vertices from W are
incident to three blue edges that are also incident to two mutual vertices from the
set U, but we have that three vertices of W are incident to two blue edges, hence
avoiding a blue Kj33. We color the remaining five edges that are incident to every
vertex from U red in such a way that the remaining six vertices from W are incident

to at most two red edges. We observe that no two vertices of U are adjacent to two

21



common vertices of W, hence avoiding a red K3 . Note that each solid line represents
a red edge and each dashed line represents a blue edge in the red-blue coloring shown

in Figure 1.4.

Figure 1.4 Red-blue coloring of the edges of Kj,.

The recreational problem stated in [14] that is associated with s-bipartite Ramsey

theory is as follows.

There are eight girls at a party. What is the minimum number of boys who must
be invited to the party to guarantee that there exists a group of six people, three girls
and three boys, such that either (1) every one of the three girls is acquainted with
every one of the three boys or (2) every one of the three girls is a stranger to every

one of the three boys?.

The answer to the above party recreational problem is the s-bipartite Ramsey number
bs(K33, K33) = 29 [15]. That is, if there are eight girls at a party, then at least 29
boys need to be invited to the party to ensure that there are three girls and three
boys where all three girls are acquaintances of all three boys, or all three girls are

strangers to all three boys.
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Most of the work provided for the s-bipartite Ramsey theory in Chapter 3 is original.

1.5 The Relationship between s-Bipartite Ramsey Numbers and Bipar-

tite Ramsey Numbers

This section investigates the result found in [13] which gives the relationship between

s-bipartite Ramsey numbers and bipartite Ramsey numbers.

Proposition 1.2
Let H; and Hs be two bipartite graphs. For every integer s with 2 < s < b(Hjy, Hs),

bo(Hy, Hy) > b(H,, Hy).

Proof. Let t = bs(Hy, Hs) for t > s. If we take a red-blue coloring on K, then either
there is a red H; or a blue Hy. This implies that b(Hy, Hy) <t = bs(Hy, Hs). [ |

23



2 Bipartite Ramsey Numbers of Cycles

2.1 Background

The bipartite Ramsey number of two even cycles will be studied in this chapter. Refer
to Section 1.3 for notation and terminology. In addition, reference will be made to
The Bipartite Ramsey Numbers b(Coy,, Co, ) published in 2013 by Zhang , Sun and
Wu [12]. Their work is crucial for this research as they proved the general result
of the bipartite Ramsey number of an even cycle with a 6-cycle, that is, b(Cy,,, Cs),

which will be used in the generalisation b(Cy,,, Coy,).

2.2 Purpose

The aim is to continue the work of the above-mentioned authors by investigating and

finding the bipartite Ramsey number of two cycles.

In Section 2.3 it will be motivated why the bipartite Ramsey number does not exist for
odd cycles but exists for even cycles only. Section 2.4 will cover the beginning of the
investigation of the bipartite Ramsey number of two even cycles and we will give our
own simplified proof for the bipartite Ramsey number of two 4-cycles. In Section 2.5
we will investigate the bipartite Ramsey number of a 4-cycle with a 6-cycle, while in

Section 2.6 we will consider the bipartite Ramsey number of a 4-cycle with an 8-cycle.

The bipartite Ramsey number of two 6-cycles is investigated in Section 2.7. In Section
2.8 the bipartite Ramsey number of any even cycle with a 4-cycle will be investigated
and determined. In Section 2.9 the bipartite Ramsey number of an even cycle with a
6-cycle will be determined. In Section 2.10 we will investigate the bipartite Ramsey
number of two cycles where m = n and lastly in Section 2.11 a summary about the
bipartite Ramsey numbers of cycles will be given with some open questions related

to the work done in this dissertation.

24



2.3 The Existence of the Bipartite Ramsey Number of Two Cycles

To prove the existence of the bipartite Ramsey number of two cycles, reference is

made to Proposition 1.1 from Section 1.1.

The proposition translates into bipartite Ramsey numbers as follows.

e b(Coxi1,Coyq) does not exist since any complete bipartite graph under consid-

eration will never contain an odd cycle.

o b(Co, Cory1) does not exist as we can color all the edges of G blue (or red) and

so avoid an odd cycle for any complete bipartite graph.

o b(Coy, Cyy) exists and this is what we ultimately want to find, the biparite Ram-

sey number of two even cycles.

2.4 The Bipartite Ramsey Number of Two 4-Cycles

The investigation begins with the bipartite Ramsey number of two 4-cycles.

Theorem 2.1
b(Cy,Cy) =5 [8].

Proof. To prove the lower bound, let G = K, 4. We partition G into a red Cg and a
blue Cs as shown in Figure 2.1. Since we only have a red Cg and a blue Cy, we can

see that there exists a red-blue coloring of the edges of G that avoids a red C, and a

blue Cy. Thus b(Cy, Cy) > 5.

To prove the upper bound, let X = {z1,29,...,25} and Y = {y1, 2, ...,y5} be the
2-partite vertex sets of V(G) = V(K5 5). The aim is to show that every red-blue col-
oring of the edges of G has a red Cy or a blue Cy. In a Kj 5, at least three vertices of

any partite set can each be incident to at least three edges of the same color. Suppose
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that three vertices x1, z9, x3 € X are each incident to at least three red edges. Two of
those three vertices, say x, and x5 are adjacent to two mutual vertices, which creates

a 4-cycle. [ |

Figure 2.1 The red-blue coloring of the edges of K, 4.

2.5 The Bipartite Ramsey Number of a 4-Cycle and 6-Cycle

We continue our investigation by considering now the bipartite Ramsey number of a

4-cycle and a 6-cycle.

Theorem 2.2
b(Cs, Cy) =5 [16].

Proof. To prove the lower bound, we let G = K,, and we want to show that
b(Cs,Cy) > 4. In Figure 2.1 we had a red Cs and a blue Cy in the red-blue col-
oring of the edges of K, 4. Therefore there exists a red-blue coloring of the edges of

G that avoids a red Cg and a blue Cy, and so b(Cg, Cy) > 4.

To prove the upper bound b(Cg, Cy) < 5, assume to the contrary that b(Cg, Cy) > 5.
Hence the edges of G = K55 are red-blue colorable to avoid a red Cs and a blue Cj.
We define the vertex set of G as X UY = {xy, z9, ..., x5} U{y1, y2, ..., y5 } with X and

Y as the two partite sets and consider a red cycle of order ten induced by the vertices
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{xh Y1, T2, Y2, X3, Y3, T4, Y4, T5, 95}-

From our assumption we can avoid a red Cg and a blue Cy, and so we may as-
sume that z; is adjacent to any vertex from the set {ys,v4}, say we color the edge
x1y, red. However, we color the edge z3y, blue otherwise it gives the red 6-cycle
Ya, T3, Y2, T, Y1, T1, Ys. Similarly, we color x3y; blue otherwise it gives the red 6-cycle
x3,Y1, L1, Ya, T4, Y3, T3. Since Cy C G, we color the edge xoys blue to avoid the red
6-cycle xa, Y3, T4, Ya, T1, Y1, 2. Similarly, we color xoys blue otherwise the red 6-cycle

T2, Ys, Ts, Y4, L1, Y1, To €XIsts.

Edge x5y, is colored red as we may have a red 4-cycle. However, x4y, is colored
blue otherwise it gives the red 6-cycle x4, y4, 1, Y1, T2, Y2, x4 and edge x4ys5 is colored
blue while x5 is not adjacent to any vertex from the set {y2,y3}. To motivate this,
note that the red 6-cycle xs, ys3, x4, Y4, T1, Y5, x5 is formed if z5ys is colored red. It is
observed that since Cg € Gg, the edges x1y4 and x5y, are colored red. For all other
possibilities, it follows that Cg C G'g which is a contradiction to our main assumption

that b(Cs, Cy) > 5.

We now consider GGg as a two partite graph of order ten where we want to avoid
a blue 4-cycle. Since Cg C G'g, we color the edge x5y4 blue. Edge xoy; is not colored
blue otherwise it gives the blue 4-cycle vy, xs, y4, 5, y1. Similarly, x3y, is colored red
to avoid the blue 4-cycle x3,ys, x5, ys, x3. There is at least one edge between the
vertices in the set {z1, x4} and in the set {ys, ys}, say z4y3 € E(Gp), as a red 6-cycle

must be avoided.

If z4y3 € E(Gp), then we have that z1y5 ¢ E(Gp), otherwise it gives the blue 4-

cycle ys, 21,3, 4, ys. Since Cy € Gp it is observed that x; is not adjacent to any
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vertex from the set {y1, y4} and x5 is not adjacent to any vertex from the set {ys, y5}.
By symmetry x3 is not adjacent to any vertex from the set {y1,y3}, as it gives the
blue 4-cycle w3, ys, Ta,ys, x3 if x3y3 is colored blue. Also by symmetry, we find that
x4 is not adjacent to any vertex from the set {ys,ys}, as it gives the blue 4-cycle

T4, Y4, T3, Y5, T4 if x434 is colored blue.

A red 6-cycle can be avoided if any of the edges z5y3 or z5ys is colored blue. A red
6-cycle exists if the edges z5y4 and z,4y3 are colored red, see x4, y1, x5, Ys, T2, Y3, T4. In
every possible case, all the adjacencies between vertices of set X and set Y lead to
Cy C Gp which is a contradiction to the main assumption. Hence, b(Cs, Cy) > 5 does

not hold. ]

2.6 The Bipartite Ramsey Number of a 4-Cycle and an 8-Cycle

We continue the investigation of the bipartite Ramsey number of a 4-cycle with an
even cycle, and in this case consider the even 8-cycle. We first present a lemma that

is needed in the proof of Theorem 2.3 that we are going to consider later on.

Lemma 2.1
Let G be a spanning subgraph of K55 and Cs € G. Let X and Y be two partite
subsets of V(G) where X NY = 0. If Cy € G, then there exists at most one vertex

of X or Y whose degree is at most two [12].

Proof. Consider the neighbourhoods N(z;) and N(z;) for 1 <4, j <5. If i # j in
|N(x;)UN (z;)| < 3, then there are at least two vertices of set Y that are not adjacent
to x; or x; and so we have Cy C G°. Therefore the following claim can be made. The

reader is referred to [12] for the proof of Claim 1.

Claim 1: |N(x;)UN(x;)| > 4. Assume to the contrary that there are at least two ver-
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tices of set X whose degrees are at most two, say x; and 5. Since |N(z1)UN (z2)] > 4
we may assume that N(z1)={y1,y2} and N(z2) = {y3,ys}. We now consider the pos-
sible cases for N (ys).

Case 1: Suppose there is at least one vertex from the set {z3, x4, 25} that is not

adjacent to ys, say x3ys ¢ E(G).

By Claim 1, |N(x1) U N(x3)| = 4, therefore z3 is adjacent to both y3 and y4. Sim-
ilarly, by Claim 1, |N(z2) U N(z3)| > 4, so we have that x3 is adjacent to y; or ys,
and x4 is adjacent to at least one vertex from the set {ys,ys}, say x,ys € F(G) as
shown in Figure 2.2. Since Cg € G, x4 is not adjacent to y; or ys as this results
in the red 8-cycle xs,ys, T4, Y1, T1, Yo, T3, Ys, T2 if x4y; is colored red. Therefore, we
now have that N(z2) = {ys,y4} and N(z4) < 1. Hence |N(z2) U N(z4)| < 3, which
is a contradiction to Claim 1. We conclude that at least one vertex from the set

{3, 24,25} is adjacent to ys.

n Y3

Figure 2.2 The adjacency of zj.

Case 2: Suppose that each vertex of {3, x4, 25} is adjacent to ys.

We have that |N(z1) U N(z3)] > 4 by Claim 1, therefore z3 is adjacent to at least

29



one vertex from {ys,ys}, say xsys € F(G). Similarly |N(z9) U N(z3)| > 4 by Claim

1, and so x3 is adjacent to at least one vertex from the set {y1,y2}, say z3y; € E(G).

Suppose there exists at least one edge between the vertices in the set {z4, x5} and in
the set {y2,ys}, say z4y>. Note that x4 is not adjacent to y,, otherwise it gives the
8-cycle x4, ys, T2, Y3, T3, Y1, T1, Yo, T4. Since |N(x1) UN (z4)| > 4, it follows that x4 can
only be adjacent to y3 as in Figure 2.3. We observe that x5 is not adjacent to any ver-
tex from the set {y1, 4}, otherwise it gives the 8-cycle x5, y1, 1, Yo, T4, Y3, T3, Y5, Ts5-
We now have that N(x2) = {ys,ys} and N(z5) < 1, resulting in |N(z1) UN(z5)| < 3,
which is a contradiction to Claim 1. We conclude that ys is not adjacent to any vertex

from the set {x3, x4, x5}

o £y
[
) Y3 X2 Ya
I J ) 0
_
0 I3

Figure 2.3 The adjacency of ys.
By Case 1 and Case 2, Claim 1 does not hold. Therefore we have proven that Lemma
2.1 is true. |
We are now ready to present the proof of the bipartite Ramsey number of a 4-cycle

and an 8-cycle.
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Theorem 2.3

We refer to the proof of the lower bound of Theorem 2.4 which results in b(Cs, Cy) > 5
for m = 4. We will prove Theorem 2.4 later on. The proof for the upper bound
b(Cs,Cy) < 5 is considered here. Hence the equality b(Cs,Cy) = 5 follows from
Theorem 2.3 and Theorem 2.4.

Proof. Assume, to the contrary, that b(Cs,Cy) > 5. Then, there exists a red-blue
coloring of the edges of K55 that avoids a red 8-cycle and a blue 4-cycle. Since
b(Cs, Cy) < 5, we have that Cs C G. Consider now a two partite graph G g of order
ten where we want to avoid a blue 4-cycle. The vertex set V(G) = X UY is defined

where X = {x1, 29, ...,z5} and Y = {y1,y2, ..., ys }-

Note that the longest even cycle in K55 is of order ten, so assume we color a cy-
cle order ten, induced by the vertices {y1, x1, Y2, T2, Y3, T3, Y, T4, Y5, T5}, blue. Since
Cs C G, it follows that z9 is adjacent to y, and x; to y3. We observe that i,
is not adjacent to x4 and ¥, is not adjacent to x5, otherwise this produces the 4-
cycle x5, Yo, T2, y1, 5. Since Cg C G, ys is adjacent to xp, or ys is adjacent to zj,
say r1ys € F(Gp) wlog. Since Cg C Gp, y» is adjacent to x5, but this produces the

4-cycle yo, 5, Y1, T2, Yo, which is a contradiction to our assumption that b(Cs, Cy) > 5.
Now consider G as a two partite graph of order ten where we want to avoid a
red 8-cycle. Note that, since b(Cgs, Cy) < 5, we have Cg C (. Assume we have an
edge set {T1y1, Y172, Toys, Y23, T3Ys, ysx1} € E(GR). Suppose there is at least one

edge between the vertices in the set {z4, x5} and those in the set {y4, ys}, say z4ys.

Assume that x4 is not adjacent to any vertex from the set {y1, 2,93} and that y4
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is not adjacent to any vertex from the set {z1, 9,23}, since said adjacencies may
lead to the 8-cycle y4, x1,ys5, 3, Y2, T5, Y1, T4, Ys if x1y4 is colored red. We have that
d(z9) < 2 and d(y4) < 2. Since Cy C Gg, 75 is adjacent to at least two vertices from
the set {y1,y2, Y3}, say zsy1, x5y2 € E(GR). Similarly, ys is adjacent to at least two
vertices from the set {z1,xq, 23}, say ysz1,ysxs € E(Gr). We have that the vertex
set {z2, Y5, 1, Y3, T3, Yo, T5, y1 } induces an 8-cycle if ysxq,ysx2 € E(GR), which is a
contradiction to our assumption. Hence, we have ysx1,ys23 € E(GR) as in Figure
2.4 A where the vertex set {x1,y1, z2, Y2, 3,93} induces a cycle of length six with a

separate edge x4y4 outside the cycle.

I
"
. Ly
ET T Iy
£
[~
Il q’}? II
\ )
Y A\M /_5 2
.
A B

Figure 2.4 A and B.

We now have that 5 is not adjacent to any vertex from the set {ys,ys}, otherwise
this produces the 8-cycle xs,y3, T3, Y5, T1, Y1, T5, Y2, T2. S0 we have d(xs) = 2, as we
already had d(z4) < 2, which is a contradiction to Lemma 2.1. Hence x4 is adjacent

to at least one vertex from the set {y1, 2, y3}, contradicting our assumption.

If y, is adjacent to any vertex from the set {zi,z3}, then we have the 8-cycle
Ya, L1, Y5, T3, Y2, T5, Y1, T4, Y4, Which is a contradiction. Therefore, the vertex ys is
adjacent to any vertex from the set {zy,x3} since we have Cy C Gg. Let us now

consider x5. There are three cases that we observe. Refer to Figure 2.4 B where there
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is a cycle of maximum length six with the edge x4y, being incident to the vertex ys

on the cycle for Case 1.

Case 1: Suppose x5 is not adjacent to any vertex from the set {y4, ys}.

The vertex y4 is not adjacent to any vertex from the set {x, 23}, otherwise it pro-
duces the 8-cycle yy, 1, Y1, T2, Y2, T3, Y3, T4, ys. Hence d(ys) < 2. Since Lemma 2.1
says that there is only one vertex of degree at most two, then we have d(ys) > 3, and
so y5 has to be adjacent to x5 as well. Note that y5 is already adjacent to x; and x3.
We have that x4 is not adjacent to any vertex from the set {y1, 2, ys}, otherwise we
have the 8-cycle x4, y1, %1, Ys, T2, Y2, T3, Y3, 4 if 2411 € E(GR). Therefore, d(xy) = 2.
By Lemma 2.1 we have d(x5) > 3. Hence x5 is adjacent to any vertex from the set
{y1,y2,y3}. Note that x5 is already adjacent to y; and y,. This leaves us with the 8-
cycle, x5, Yo, X2, Y5, T3, Y3, L1, Y1, T5, Which is a contradiction to the main assumption.

We conclude that x5 is adjacent to both vertices from the set {y4,ys}.

Case 2: Suppose x5 is adjacent to just one vertex from the set {y4,ys}.

We now consider two subcases here as we mentioned before that there is at least
one edge between a vertex from the set {z4, x5} and a vertex from the set {y4, ys}.
We refer to Figure 2.5 where there are vertices of a cycle of maximum length six

adjacent to x4 and y5 for Case 2.1.

Case 2.1: Suppose x5y, € E(GR).

In Figure 2.5, the vertex x4 is not adjacent to ys, otherwise this results in the 8-
cycle ys, x4, Y1, T2, Y2, T3, Y3, T1, Y5. Since Cy C Gg, y; is adjacent to x4. Similarly ys

is adjacent to x4. Since ys is adjacent to any vertex from the set {z3,x1}, it is not
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adjacent to x5, otherwise it results in the 8-cycle ys, 2, y1, x4, Y2, T3, Y3, 1, y5. Hence,
we have d(ys) = 1. By Lemma 2.1 we have d(y,) > 3. Therefore y, is adjacent to
at least one of the vertices from {z1,xq,23}. However, if y,21 € E(Gg), then we
have the 8-cycle, x1,y4, T4, Y1, T2, Y2, T3, y3, x1, Which is a contradiction to the main

assumption. We conclude that x5y, ¢ E(Gg).

W / ols \Q.rm
Iu" H"“-\Hh:}.'j(/ IIII
| Iy |I

Figure 2.5 The adjacency of x5 and y;.

Case 2.2: Suppose z5ys € E(GR).

Figure 2.6 The adjacency of x5 and ys.

In Figure 2.6 we have vertices of a cycle of maximum length six incident to the edges

T3Y1, T1Ys, Ys5Ts, Y34 and x4ys. The vertex xs is not adjacent to y3, otherwise it results
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in the 8-cycle x5, ys, x3, y2, T2, Y1, T1, Y5, T5. Hence we have d(z5) < 2. By Lemma 2.1
it follows that d(x3) > 3. The vertex z3 is not adjacent to y4, otherwise the 8-cycle
Ya, T3, Y2, T2, Y1, L1, Y3, T4, Y4 is formed. However, x5 is adjacent to y; as we may have
a red 4-cycle. By Lemma 2.1 it follows that d(z4) > 3. Therefore, x, is adjacent to at
least one vertex from the set {y1,y2}. The vertex ys is now neither adjacent to xs nor
x3, otherwise this produces the 8-cycle ys, T2, Y1, T3, Y2, T4, Y3, T1, Y5 if X2y is colored
red. We have that d(ys) = 2 but d(z5) < 2, which is a contradiction to Lemma 2.1.
We conclude that z5ys ¢ E(GR).

Case 3: Suppose x5 is adjacent to y4 and ys.

We refer to Figure 2.7 where we have two cycles of length six with the mutual edge
z1y3. The vertex gy, is not adjacent to any vertex from the set {x1,xs,x3}, other-
wise, if yyx3 € F(GR), then we have the 8-cycle yy, z3, y2, T2, Y1, 1, Ys, T5, y4. Hence,
d(ys) = 2. By Lemma 2.1 it follows that d(y2) > 3. Thus, y» is adjacent to at least
one vertex from the set {zy, x4, 25}. We have that Cs C G in all cases, which is a
contradiction to the main assumption. We conclude that x5 is not adjacent to the

vertices y, and ys.
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Figure 2.7 z; adjacent to y, and ys.
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From Case 1 to Case 3 we have that a red Cg will exist, which is a contradiction to
the main assumption that b(Cg, Cy) > 5. Therefore, we have determined the bipartite

Ramsey number of a 4-cycle and an 8-cycle, and that is b(Cy, Cg) = 5. |

2.7 The Bipartite Ramsey Number of Two 6-Cycles

We now investigate the bipartite Ramsey number of two 6-cycles. We will make use

of the following lemma in the proof of Theorem 2.4.

Lemma 2.2

Let m and n be positive integers. Then b(Csy,,, Co,) > m +n — 1.

Proof. We now consider two cases for the values of m and n as follows.

Case 1: m # n.

Let GG; and G be the red and the blue subgraphs of K, 4,2 m+n—2 respectively. Fur-
ther let V(G;) = X3 UY and V(Gs) = Xo UY, where Y = {y;|1 <i < m+n— 2},
X; ={z;]1 <i<m—1} and Xy = {z;/m <i < m +n —2}. Then we see that

E(Gl) = {xlyla T2Y1, X2Y2, .-, xm—lym+n—2}

and

E(GQ) = {-Tmyla Tm+1Y1; Tm4+1Y2, "'7$m+n72ym+n72}'

Hence, E(G1) N E(Gs) = 0 and
E(G1) U E(G2) = {191, ToY1s -, Tm¥1; Tt 1915 s Timnpn—2Ymtn—2 )

:E(Km+n—2,m+n—2)

This implies that Cs,, € G; and Cy, € G, as the intersection between the two
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edge sets is empty. Therefore the edges of K,,1,_2m4n—2 are red-blue colorable to

avoid a red (s, and a blue Csy,. Hence b(Cy,,, Cop,) > m+mn — 1.

Case 2: m =n.

Let G; and G5 be the red and blue spanning subgraphs of K+ m—1m+m—1 = Kom—12m-1
with V(G1) = X, UY and V(G2) = Xy UY where the sets Y = {y;|1 < i < 2m — 2},
Xy ={x;]1 <i<m—1}, and Xy = {x;lm < i < 2m — 2}. Further, let

TiY; if1<4,5<m-—1,
E(Gh) = 4 2 ifm <i,j<2m-—2, (1)
Tom—1y; if1 <75 <2m—1,
and
;Y ifl1<i<m—-—1m<j<2m—2,
E(G2) = { 2y, fm<i<2m—21<j<m-—1, (2)
Tilom—1 if 1 <i<2m — 2.

Similarly to Case 1, we have that F(G1) N E(G2) = ) and
E(G1) U E(G2) = E(Kam—12m-1)

This implies that Cy,, € G1 and Cy,, € G, since the intersection between the edge
sets is empty. Therefore, the edges of Ks,_19,-1 are red-blue colorable to avoid a

red G; and a blue Gs. Hence b(Csy,,, Coy,) > 2m for m = n. [ |

Theorem 2.4

Proof. The lower bound is obtained using Lemma 2.2, that is b(Cs, Cs) > 6 for
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m = n = 3. To prove the upper bound b(Cs,Cs) < 6, assume, to the contrary,
that b(Cg, Cs) > 6 and so the edges of K¢ are red-blue colorable to avoid a red Cg
and a blue Cy. Since b(Cy, Cg) > 5 (by Theorem 2.2), we have that the edges of K 5
are red-blue colorable in such a way that we cannot avoid a red Cy or a blue Cs. Note

that an expression for V' (Kj5) is given by

V(Ks5) =V (Kes) — {76, Ys}-

X5 Xy Xz X3 Xq Xs X1 Xz Kg Xgq
© o 5 5 _»
- % . - |,-'F:" W

:\’:"- L-}: ;;__ -1::: - _'J'I L :

Ry e e o

R CUR T " '

& e @ o Py
Y5 Y1 Y32 Vi Ya ¥s V] Ya Y1 Y2

Figure 2.8 Red-blue coloring of the edges of K ;.

We refer to Figure 2.8 where there is a red-blue coloring of the edges of V' (K} 5) where
V(K5’5) = X UY with X = {ZEl,ZL’Q, ...,ZE5} and Y = {yl,yQ, ...,y5}. Note that G1
is the red subgraph while G5 is the blue subgraph of K55;. By applying Case 1 of

Lemma 2.2 we obtain

BE(Gh) = qmy, if3<i,j<4, (3)
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and
zy; f1<i<2,3<;5<4,
E(G2) = qay; if3<i<4,1<j<2, (4)

rys if 1 <q<4.

In E(Gy) we have {z;y;|3 < 7,7 < 4} and we have {z;y;|3 <i < 4,1 <j <2} in
E(G3) with the two sets containing mutual edges and so we have the intersection

Since E(G1) N E(Gy) # 0 we have an intersection of edges creating the blue 6-cycle
xs3, Y1, T1, Yo, T4, Y3, T3, Which is a contradiction to the main assumption. We conclude
that the edges of Kg¢ are not red-blue colorable to avoid a red Cs or a blue Cg.

Therefore b(Cg, Cs) < 6 and consequently b(Cs, Cg) = 6. [

2.8 The Bipartite Ramsey Number of an Even Cycle with a 4-Cycle

The bipartite Ramsey number of even cycles with a 4-cycle is now considered. To
be used in the proof of Theorem 2.5, we state the following lemma and the reader is

referred to [16] for the proof.

Lemma 2.3
Let G be a spanning subgraph of Ky 41 such that Cor € G and 41, Yk+1 ¢ V(Cox).
If 211 and yg,1 are adjacent to at least k — 1 vertices of V(Cy) respectively, then

we have Cy(41) € G.

Theorem 2.5
If m > 4, then b(Cy,y,, Cy) = m + 1 [16].

Proof. We have from Lemma 2.2 with n = 2 that b(Cs,,, Cy) > m + 1.
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We use mathematical induction to prove that b(Cs,,, Cy) < m + 1 for m > 4. Let
P(k) be the statement b(Cox, Cy) < k + 1 where m = k for k > 4. For P(4) we have
that b(Cs, Cy) < 4+ 1 =5 which holds by Theorem 2.3. The statement for P(k + 1)
will now be proved, in other words, we have to show that b(Cy(y+1y, Ca) < k + 2.

Assume, to the contrary that b(Coy1), Cs) > k 4 2, which implies that the edges
of K41 ,+1 are red-blue colorable to avoid a red cycle of length 2(k 4 1) and a blue
4-cycle, that is, Coy1) € Gr and Cy € Gp. By the inductive hypothesis we have
that b(Co, Cy) < k4 1 and so, by the definition of a bipartite Ramsey number,
there exists a red-blue edge coloring of Kj1x+1 that results in a blue 4-cycle or a
Co. € Gr. We define the vertex set {x1,y1,%2, Y2, ..., Tpra, Ypro} Where a cycle of
length 2k is induced by the vertex set {x1,y1, 2, Yo, ..., Tk, Y.} as in Figure 2.9. Now,
consider the vertices that do not belong to V' (Coyy), namely xpi1, Trio, Yrr1 and ygro.
Since Cy C G follows from our assumption, we can have at least one edge between
any vertex from the set {xyi1,zr12} and any vertex from the set {yri1,Yrr2}, say

Tri1Yk+1 1s the edge. We further assume that there is no edge between xy,; and

V(Ca).

Since G is allowed to have 4-cycles, we have that xy,o is adjacent to at least k — 1
vertices from the set {y1, 92, ..., yx} and yxi2 to at least k — 1 vertices from the set
{1, x9,...,x}. These vertices belong to V(Cy), and so, by Lemma 2.3, it follows

that Cy(y+1) € GR, which is a contradiction to the main assumption.

Hence there exists an edge between xy1 and a vertex of V(Coy), say zxr1yx € E(GR).
We have that yx,1 is not adjacent to any vertex from the set {z, x;}, otherwise this
results in the cycle ygi1, 21,91, ..., Tht1, Ye+1 of length 2(k 4+ 1). In order to avoid a

blue 4-cycle, we have that yy o is adjacent to at least one vertex from the set {1, xy},
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say Yriowy is an edge.

It is observed that x5 is currently not adjacent to any vertex from the set {yx+1, Ypr2}-

Thus, we consider the cases where the vertex z.o is adjacent or not to the vertices

from the set {yxi1, Ypro}-

Try2 Yr4+1
°

Yk+2 Tht1

T Yr—1

Lp—1

T3 ~_ 7 Yr-2

Figure 2.9 Subgraph of G.

Case 1: Suppose there is no edge between xy o and any vertex from the set {yx11, Yri2}-

We then avoid a blue 4-cycle. Therefore, x; is adjacent to at least one vertex from
the set {yri1, Yrso}, but then zy is not adjacent to yx. ;1 since Cor41) € Gr. We have
that yx.1 is not adjacent to any vertex from the set {zo, xx_1}, otherwise this results
in the 4-cycle xo, Yki1, Thi2, Yrio, T2 in the blue subgraph, which is a contradiction.
Hence y42 is adjacent to both zy and x,_;. Since Cyuq1y € Gg, the vertex xj4q

is not adjacent to any vertex from the set {y1,yx_1,Yrt12}. See Figure 2.10 for the
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vertices that are now adjacent.

L2

1

Lr—1

WE—2

Figure 2.10 Adjacency in the Subgraph of G.

If x40 is not adjacent to any vertex from the set {y;,yr_1}, then the vertices in
the set {xpy1, Trio, Y1, Yrr2} will induce a 4-cycle in the blue subgraph, which is a
contradiction. Therefore xy o is adjacent to both y; and yx_;. Consequently, we
have the red cycle x1, Y1, Tki2, Yk—1, -, T2, Ykr2, Tk, Y, T1 of length 2(k + 1), which is

a contradiction to the main assumption.

Case 2: Suppose that there is exactly one edge between xj,o and a vertex from

the set {yxi1, Yri2}. We will now consider two cases.

Case 2.1: Assume xyoyri1 € E(GR).

We define the set {x1,y1,%2, ..., Yks1, Tha2, Ykro} where V(G) = X NY = 0 such

42



that the set {z1,y1, z2, Y2, ..., Tk, Yx } induces a cycle of length 2k as in Figure 2.11 A.
To avoid a red cycle of length 2(k + 1), we have that xp1Yki2, Thi2yp—1 ¢ E(Gr).
If yr—1 is not adjacent to xpy1, then the vertices in the set {xpi1, Trra, Yb—1, Ybr2}
induce the blue 4-cycle g1, Yk—1, Tki2, Yrt2, Txr1, Which is a contradiction. Hence,

Yr_1 1s adjacent to xgy1.

Note that xpyq together with V(Cy) — xx induce a new cycle of length 2k which
1S Tpg1, Yhs T15 Y1y oor The1, Y15 Thp1- Oince Cyppry € Gr, the vertex yiio is not ad-
jacent to both vertices from the set {zy,z12}. However, it remains that the ver-
tices in the set {zk, Tx11, Yk+1, Ykt+2} induce the 4-cycle xy, Yki2, Thi1, Ykt1, T in blue
the subgraph, which is a contradiction to the main assumption. We conclude that

Tr4+2Yk+1 52 E(GR)'

Figure 2.11 A and B.
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Case 2.2: Assume xyoUki0 € F(GR).

We continue to consider the vertex set {x1,y1,xa, ..., Trta, Ypro} Where the vertices
in {x1,y1, T2, Y2, ..., Tk, Y } induce a cycle of length 2k; see Figure 2.11 B. We define
the edge set as E(Cor) = {zyi|l < i < k} U {ywia|l < i < k— 1} U {ypx1} as
shown in Figure 2.11 B. Since we have Cy11) € G, it follows that zxyxr1, Tr12y1 ¢
E(GRr). Note that since zxy; € E(Gg), between g9 and yx_; there is the path
T2, Ykt2s T1, Yky -5 Th—1, Yp—1 Of length 2(k+1). Therefore x o and y;_1 are not ad-
jacent, otherwise the adjacency leads to the red cycle xg10, Yp—1, T2, Y1, Tis -, Ykro, Thio
of length 2(k + 1). Similarly, yx1 is not adjacent to xe. Since we can have a
red 4-cycle in both instances, the vertex xy is adjacent to yr_1. Another path of
length 2(k + 1) is observed between xj,o and yo, that is o, Ygro, T1, Y1, -, T3, Ya.
Hence xp,o and y, are not adjacent otherwise the adjacency leads to the red cycle
Thto, Y2, T2, Y1, Thy -, Y2, Tiro Of length 2(k + 1). By symmetry, yx1 and zj_; are
not adjacent. Therefore, since we may have a red 4-cycle, the vertex y, is adjacent

to xx_1. We conclude that zy oyrio ¢ E(GRr).
We now consider the parity of k .

Case 2.2.1: k is even.

If k is even, then we have the sequence,

{73Yk—2, Y3Th—2, TaYr—3, YaTh—3, -, Tk 1Yk yg_ﬁgH}

to see which vertices and edges will be incident.

Case 2.2.2: k is odd.
If k£ is odd, then k — 1 is even and k — 1 is divisible by 2. Note that the indices are
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increasing along the cycle in an anti-clockwise direction, see Figure 2.11 B.

We have that

L3Yk—2, Tk—2Y3; LaYk—3, -y Ve 1 Yki3, Y1 This € E(Gp).

Since we can avoid a red cycle of length 2(k+1), the vertex xj o is not adjacent to any
vertex from the set {yi,ya, ..., yx}. Also, since we may have a red 4-cycle, the vertex
x4+ is adjacent to at least k — 1 vertices from the set {y1,y2, ..., yx}. By symmetry
Yr+o 18 adjacent to at least k — 1 vertices from the set {1, xs, ..., 2} and by Lemma
2.3 it follows that Cyx4+1) € Gg, which is a contradiction to the main assumption.

Now we know which vertices and edges will be incident.
Case 3: Suppose that z. o is adjacent to both .1 and ygio.

We consider the vertex set {1, y1, %2, ..., Yk+1, Tka2, Yr+2} Where a cycle of length 2k
is induced by the vertex set {x1, 41,2, Y2, ..., Tk, Yr } and where a 6-cycle is induced
by the vertex set {21, Ykt2, Trt2, Ykt1, Thr1, Ui }; see Figure 2.12. Since Coiy1) € G,

we have that

Tk_1Yk, Thr2U1, ThroUr & E(GR).

If xx_1 is not adjacent to y; in the red subgraph, then it leads to the blue 4-cycle
Tk—1,Y1, Thi2, Yk, Th—1, Which is a contradiction. Therefore, x;_; is adjacent to y;
in the red subgraph. By symmetry, the vertex y, is adjacent to xp. However, it
remains that the red cycle of length 2(k + 1) exists, which is induced by the vertex
set {Yk1s Thits Uks Thy Y25 T3y oory Yb2, Tho1, -, Y2, Thi2 }, & contradiction to the main

assumption. We conclude that xy o is not adjacent to the vertices yi1 and yxo.
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Thyo Yk+1

€T Yr—1
Y2 Lk—-1
€Ty ~_ e Y2

Figure 2.12 x;.,, adjacent to y;,1 and yi.o.

By Case 1 to Case 3 we see that the assumption b(Co(ri1y, Cs) > k + 1 does not
hold thus proving the upper bound b(Co, Cy) < k + 1. Consequently, we have that
b(CQm,C4) =m-+ 1. |

2.9 The Bipartite Ramsey Number of an Even Cycle with a 6-Cycle

We now consider the bipartite Ramsey number of an even cycle with a 6-cycle. We
introduce the following lemmas that we are going to use in the proof of Theorem 2.6.

The reader is referred to [12] for the proof of Lemma 2.4.

Lemma 2.4

Let G be a spanning subgraph of Ks3. If Cs € G, then P35 C G.

For the purposes of proving Lemma 2.5 below, we define G to be a spanning sub-

graph of Ky 343 for k > 3 such that Cyp41) € G and Cg € G¢ and define our even
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cycle as Co, = {x1, Y1, -, Th1, Yk—1, Tk, Y }. For two subsets, X and Y of V(G), we
define the bipartite graph Hoi i3 to be the combination of a cycle of length 2k and
a cycle of length four with a mutual vertex x; where ¢ > 1 and the bipartite graph
Hypi 4 to be the combination of a cycle of length 2k and a path of length five with a

mutual vertex x; where ¢ > 1. To prove Lemma 2.5, we introduce the following claims.

Claim 1: H2k+3 Z G.

n

P S |
ygd/r l\ﬂ_-!.rt_ Y41
r
\

i r.r.'— 1

i K{/
Yk ; )/5 k=1 Ykio

-‘,ﬁ-
-

Figure 2.13 The graph Hy, 3.

Proof. Assume, to the contrary, that Hory 3 C G. Let Haiyg be the combination of
a cycle of length 2k, which is xy,y1, 22, Yo, ..., Tk, Yr, 1, and a cycle of length four,
Th, Ykt1, Tht1, Yk+2, Tk, With the mutual vertex . Since G is a subgraph of Ky 3543,

we have xp9, T3 and yri3 as the vertices not in Hop. 3.

Note that we give only one example of a cycle of length 2(k+1) because we found that
the structure of the contradictory cycles is the same, that is, the cycles are induced

by similar sets.

We have assumed that Cy € G¢ and so by Lemma 2.4, we have from the subset
of G that Py C G < {Tki1, Tha2, Tha3s Yk—1, Yk, Ykss} >. We observe that zy,q is
not adjacent to yx_1 or yx, otherwise the vertex set {xr11, Yk, T1, Y1, - Yb—1, Tk, Yks2 t

may induce a cycle of length 2(k + 1). Also since Cy11) € G, we may consider the
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following cases. Note that we decided on these cases based on the adjacency in the

vertex subset of P;.

Case 1: ;.9 is adjacent to yr_1 and yp 3.

Assume xj - is adjacent to y,_1 and yx3. Then, we have that each vertex from the set
{Yk+1, Yrs2} is not adjacent to any vertex from the set {x1, xy_1, Ty 4o}, otherwise a cy-
cle of length 2(k+1) may be induced by the set {xx, yr, T1, Y1, -, Th—1, Yb—1, Thr2, Y2}
if x50 and yp.o are adjacent. Similarly, yxy3 is not adjacent to xy_;, otherwise the
vertex set {Yr_1, Tk, Yk ---s Th—1, Yk+3, Tr+o} may induce a cycle of length 2(k + 1), a

contradiction to our assumption that Cyu41) € G.

Since Cg € G¢, by Lemma 2.4, we have P3 C G < {x1, Tp_1, Thr2, Ykt1, Ykt2, ki3 ) >-
Since most of the vertices in the subset of P; are not adjacent to each other, we are
left with y,.3 having to be adjacent to x;. We observe that y; is not adjacent to both
vertices from the vertex set {xy,zyi2}, otherwise a cycle of length 2(k + 1) will be
induced by the vertex set {z1,y1, 2, Yo, ..., Tk, Yk, Tha2, Yrt+3}. Consequently, we have
Py & G < {x1, %51, Tki2, Yk, Ykt1, Ys2} >, but by Lemma 2.4, Cg C G¢ where the
cycle of length six is 1, Yk, Tr—1, Yk+1, Thi2, Ykto, 1, & contradiction to our assump-

tion that Cg € G°.

Case 2: y;_; is adjacent to xp,o and 3.

Assume y;_1 is adjacent to xgio and xp.3. Then, we have that each vertex from the
vertex set {yri1, Yrro} is not adjacent to any vertices from the set {xy_1, Tpi0, Tris},
otherwise the vertex set {zx, Y, T1, Y1, .-, Th—1Yk—1, T2, Ypr2} may induce a cycle of
length 2(k + 1) if xpioyrse € E(G). Since Cg € G¢, by Lemma 2.4, we have that

Py C G < {Zp_1, Tryo, Trgs, Ye+1, Ykt2, Yrts) >. Hence, from the subset of P3 we
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are left with y,,3 having to be adjacent to at least one vertex from the vertex set
{Zk12, Tra3}. We observe that y,, 3 is not adjacent to x;_1, otherwise the vertex set
{Yk=1, Tk, Yk, -, Th—1, Y+3, Thr2 } may induce a cycle of length 2(k+1). Similarly yx3
is not adjacent to xy, otherwise the vertex set {xx, Yk, T1, .., Yk—1, Tk1+2, Yk+3 } May in-

duce a cycle of length 2(k + 1).

We have that y, is not adjacent to any vertex from the vertex set {xjio,Tri3},
otherwise we may have a cycle of length 2(k + 1), yx, 1, ..., Yk—1, Tk+3, Yk+3, Thr2, Yk-
Therefore Ps € G < {xk_1, k12, Tht3, Yk, Yb+1, Ykt+2} >, but by Lemma 2.4, Cy C G°
where the cycle of length six is xx_1, Y&, Tra2, Y1, Thi3, Ykr2, Th_1, & contradiction to

our assumption that Cg € G°.

Case 3: ;.9 is adjacent to yi_1 and y.

Assume xp,o is adjacent to yr_1 and yi. Then, each vertex from the vertex set
{Yk+1, Yr+2} 1s not adjacent to any vertex from the set {1, zx_1, 12}, otherwise we
may have a cycle of length 2(k + 1), 1, Y1, oo, Th—1, Yk—1, Ths2, Yks Th, Ykt 1, T1. Since
Cs € G° by Lemma 2.4, we have P3 C G < {1, %k 1, Trio, Yrs1, Ybr2, Ykt3} >
We are left with yi.3 having to be adjacent to at least two vertices from the set
{x1,Tp_1, Tryo}, however yi 3 is not adjacent to xp, 2, otherwise a cycle of length
2(k + 1) will be induced by vertex set {xy, Yk, .., Tk—1, Yk+3, Tkt2, Yk—1}- Lherefore,

Yr+s 1s adjacent to x; and xg_1.

Similarly, since Cg € G¢ by Lemma 2.4, we have from the subset P; of G that
Py C G < {xk, ka1, Thas, Y1, Yk, Ykrs} >. We have that x; is not adjacent to
one vertex from the vertex set {y;, yrr3}, otherwise we may have a cycle of length
2k + 1), X1, Y1y ooy Tho1, Ykt3s Thy Yk—15 Thi2, Yk, T1.  We also have that xpyq is not

adjacent to any vertex from the vertex set {y1, Yk, Yr+3}, otherwise the vertex set
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{Yk, T1, .oy Tk, Yka2, Tor1} will induce a cycle of length 2(k + 1).

If 2443 is adjacent to both vertices from the vertex set {y, yr+3}, then the vertex set
{1, 2, Y2, .oy T1, Y13, Thrsp Will induce a cycle of length 2(k + 1). We are left with
Zr13 having to be adjacent to y;. We observe that x; o is not adjacent to y;, otherwise
the vertex set {y1,Z2, Yo, s Tk—1, Yk+3, L1, Yk, Ths Y1, Thr2, Y1} Will induce a cycle of
length 2(k + 1). Hence, we have Py € G < {Zj11, Tri2, Thi3, Y1, Y2, Ykss} >, but by
Lemma 2.4, Cy C G° where the cycle of length six is 11, Y1, T2, Y2, T3, Ykts, Thil,

a contradiction to our assumption that Cg € G°.

Case 4: y, 3 is adjacent to zp.1 and xgo.

Assume yy 3 is adjacent to xxy1 and xp,o. Then, we have that each vertex from the
vertex set {x1, rx_1} is not adjacent to any vertex from the set {yx.1, Yrr2, Ykrs}, oth-
erwise we may have a cycle of length 2(k + 1), x1, y1, 2, Y2, -, Thy Y12, Thtr1, Ybt1, T1-
Since Cg € G°, by Lemma 2.4, we have P; C G < {x1, Tp—1, Thr2, Ykt1, Yk+2s Yk+3 ) >-
We are left with x5 having to be adjacent to at least one vertex from the vertex
set {Yki1, Ykro}, SaY Trioypr1 € E(G). Also, since Cg € G, by Lemma 2.4, we have
Py C G < {x1, k1, Tka3, Yrs1, Ykros Ykrs} >. We are left with x5 having to be

adjacent to at least two vertices from the vertex set {yx11, Yri2, Yrr3}-

We observe that .3 is not adjacent to any vertex from the vertex set {yx—_2, Yx—1, Yx }
otherwise the vertex set {xy, Yk, T1, ..., Yk—2Tk+3, Yk+3, Tha2, Ykr1} Will induce a cycle
of length 2(k + 1). We also have that each vertex from the vertex set {xpi1, Tri2}
is not adjacent to any vertex from the set {yr_2,yr_1,Vr}, otherwise the vertex set
{Yk, T1, Y1, .-, Tk, Ykt 1, Thro b Will induce a cycle of length 2(k+1). Therefore, we have
Py & G < {xps1, Thro, Thrs, Yo—2, Ye—1, Yk} >, but by Lemma 2.4, we have Cg C G°

where the cycle of length of six is xg11, Yk—2, Trr2, Yk—1, Thi3, Yk, Tra1, & contradiction
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to our assumption that Cg € G°.
Case 5: yp.3 is adjacent to xpio and 3.

Assume y,,3 is adjacent to xpyo and xg,3. Then, we have that xy,; is not adja-
cent to yr_1 or yg, otherwise the vertex set {zk, Yk, T1, Y1, -, Th—1, Yb—1, Thrl, Y1}
will induce a cycle of length 2(k 4+ 1). Since Cs € G¢, by Lemma 2.4, we have
Py C G < {Tks1, Tha2, Thaz, Yk—1, Yk, Yrs1}t > If y and y._1 are adjacent to both
vertices from the set {zyi2,Zr4+3}, then we may have a cycle of length 2(k + 1),
Yk> T1y s Y1, Tha2, Ybt3, Tra3, Yr- Lherefore we are left with y,,; having to be adja-

cent to at least one vertex from the vertex set {Tyi2, Tx13}, say Txio2ypr1 € E(G).

We observe that y; is not adjacent to xp.o or xy,3, otherwise a cycle of length
2(k + 1) will be induced by the vertex set {yi, T2, Y2, ---s Thy Y12, Thi1s Ykt1, Thi2 )
Hence Py € G < {%kyi1, Tki2, This, Y1, Ys—1, Yk} > but, by Lemma 2.4, we have
Cs C G° where the cycle of length six is X1, Y1, Tri2s Yk—1, T3, Yk, Thr1, & contra-

diction to our assumption that Cs € G¢. By Case 1 to Case 5 we have Hop 1 € G. N

Claim 2: H2k+4 g G.

h
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A
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Figure 2.14 The graph Hy;. 4.



Proof. Assume, to the contrary, that Horiqy € G. Let Horiq be the combination of
a cycle of length 2k, which is xq,vy1, 22, Y2, ..., Tk, Yr, T1, and a path of length five,
Yk+3, Tk, Yk+1, Tht1, Yk+2, With a mutual ;. Since G is a subgraph of Kj 343, we

have zp.o and x5 as the vertices not in Hogy4.

Note that we give only one example of a cycle of length 2(k+1) because we found that
the structure of the contradictory cycles is the same, that is, the cycles are induced

by similar sets.

We observe that 5. is not adjacent to any vertex from the set {yx_1, yx}, otherwise
this may create a cycle of length 2(k+1), yg, T1, Y1, .-, Tk, Ykt1, Tha1, Yr. We also have
that xp,1 is not adjacent to 3, otherwise we may have the combination of a cycle
of length 2k, z1,vy1, z2, Y2, ..., Tk, Yk, £1, and that of length four, xy, yr13, Thr1, Yei1, Tk,

with a mutual x, which will be Hy, 13 C G, a contradiction to Claim 1.

Since Cg Z G°, by Lemma 2.4, Py C G < {&py1, Thto, Thtss Yo—1, Yk, Ykrs} >. We
have that one vertex from the set {xy 2, zr13} is not adjacent to both vertices from
the set {yx_1,yxr3}, otherwise the vertex set {xg, Y, ..., Tk—_1, Yr_1, Yr+s} will induce
a cycle of length 2(k + 1). Since Cy(x4+1) € G, we consider the following three cases.

Note that we decided on these cases based on the adjacency in the vertex subset of Ps.

Case 1: ;.9 is adjacent to yr_1 and y.

Assume xyo is adjacent to y,_1 and yg. Then, each vertex from the set {yxi1, yrr3}
is not adjacent to any vertex from the set {xy, 2y 1, Zx12}, otherwise the vertex set
{Zr, Yy ooy Th—1, Yk—1, Thro, Yk} Will induce a cycle of length 2(k + 1). We also have
that 4o is not adjacent to any vertex from the set {zy, x;_1 }, otherwise the vertex set

{Z1,91, T2y ooy Yk—1, Tk, Yt 1, Thr 1, Yks2 } Will induce a cycle of length 2(k + 1). Hence
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Py & G < {1, Tp—1, Trt2, Yrt1, Yrt2, Yrrs} > but, by Lemma 2.4, we have Cs C G°
where the cycle of length six is =1, yxi1, Tx—1, Ykt2, Thr2, Yk+3, 1, & contradiction to

our assumption that Cs € G°.

Case 2: y;_1 is adjacent to zp.o and xgy3.

Assume y,_; is adjacent to xyo and xy, 3. Then, each vertex from the set {yx11, Yrr3}
is not adjacent to any vertex from the set {xj. 2,713}, otherwise the vertex set
{Tk, Yk, T1, .o, Ys—1, Tht2, Yk+3} Will induce a cycle of length 2(k + 1). Also, y is not
adjacent to xy 1, otherwise the vertex set {yx, 1, ..., Yk—1, Tk, Yr+1, Try1 ; Will induce a
cycle of length 2(k+1). If y;, is adjacent to one vertex from {xy o, 13}, then we get
a graph similar to that in Case 1 which was proved to be a contradiction above. We
have that ;. is not adjacent to yi,3, otherwise we have the combination of a cycle
of length 2k, z1,y1, %2, Yo, ..., Tk, Y, 1 and that of length four, z, yr13, Thr1, Yei1, Tk,
with a mutual xg, which will be Hy,y3 C G, a contradiction to Claim 1. Hence
Py & G < {%p41, Try2y Thi3, Yks Ykt1, Yzt > but, by Lemma 2.4, we have Cg C G°
where the cycle of length six is g1, Yk, Tra2, Ykt1, Thi3, Yris, Thil, & contradiction to

our assumption that Cg € G°.

Case 3: yi.3 is adjacent to xpio and 3.

Assume y,,3 is adjacent to xpyo and xpy3. Then, we have that each vertex from
the set {yx_1,yx} is not adjacent to any vertex from the set {zy, 1, 12, Txr3}, oth-
erwise we may have a cycle of length 2(k + 1), =k, Yk, T1, -, Yk—1, Tha3, Ykt3, Tp. Since
Cs € G¢, by Lemma 2.4, we have P3 C G < {Z11, Tri2, Tr3, Yk—1, Yks Ykr1 ) > We
are left with yx. 1 having to be adjacent to at least one vertex from the set {zy12, Tr 13},
but this creates the combination of a cycle of length 2k, x1, y1, 22, ys, ..., T, Yx, 1, and

that of length four, x, Y13, Trr2, Yrr1, T, With a mutual z;, which will be Hor 3 C G,
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a contradiction to Claim 1.

By Case 1 to Case 3, we have Hopiy € G. [ |

Claim 3: (Cgk U 04) Z G.

Proof. Assume, to the contrary, that Co,UCy C G. Let g, Yi, T1, ..., Yb—2, Th—1, Th_1, Tk
be a cycle of length 2k and xxy1, Yki1, Trao, Yrr2, Trr1 be a cycle of length four. Since

G is a subgraph of K343, we have x5 and yi13 as the vertices not in Cy, U Cy.

Since Cg € G¢, by Lemma 2.4, we have Py C G < {Tk11, Thi2, Tha3, Yk—1, Yk Yka2 } >
We have that vertices from the set {xpi1,zr12} are not adjacent to both vertices
from the set {yx_1,yr}, otherwise we may have a cycle of length 2(k + 1) which is
Yk 1, Y1y s Tho1s Yk—15 Thr2s Ykil, Thol, Yp- We also have that the vertices from the
set {yr+1, Yrr2} are not adjacent to both vertices from the set {zy_1,zx}, otherwise
the vertex set {Zx, Yk, .-y Th—1, Yk+1, Tht1, Yero } Will induce a cycle of length 2(k + 1),

a contradiction to our assumption that Cyu41y) € G.

We have that xy is not adjacent to both vertices from the set {yx11, Y12}, otherwise we
may have the combination of a cycle of length 2k, xx, yi, 21, ..., Ys—2, Th_1, Tp_1, Tk, and
that of length four, xg, Yp11, Trr1, Yrre, Tr, Wwith a mutual z;, which will be Hop 53 C G,
a contradiction to Claim 1. Since Cy € G°, by Lemma 2.4, we have from the sub-
set P3 that P C G < {Tx_1, Tk, Tht3, Ykt1, Ykr2, Ykrs} >. Hence xj remains to be
adjacent to yr11 and yxy3, but this creates the combination of a cycle of length 2k,
Thy Yk> L1, -y Yh—2, Th—1, Th—1, Tg, and a path of length five, yri3, T, Yrr1, Thrt, Ynt2,
with a mutual zp, which will be Hopyy € G, a contradiction to Claim 2. Since
Coe+1y € G, we consider the following two cases. Note that we decided on these

cases based on the adjacency in the vertex subset of Psj.
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Case 1: x5 is adjacent to ygio and yis.

Assume zj43 is adjacent to yr42 and yri3. Since Copy1) € G, yrys is adjacent
to xx41. We have that each vertex from the set {xy_1, 2%} is not adjacent to at
least two vertices from the set {yxi1, Yri2,Yrss} and that each vertex from the set
{yr_1,yr} is not adjacent to at least two vertices from the set {y 1, Trr2, i3},
otherwise we may have a cycle of length 2(k + 1), Tx, Yk, 1, .-y Yb—1, T2, Yer1, Tk if

TkYk+1, Yk—1Tk+2 € E(G).

This means that any vertices from the cycle of length 2k are not adjacent to at least
two vertices from the set {Zxq1, Tit2, Tht3, Yrt1, Ykt2s Ye+3 ), otherwise Coyry) € G, a
contradiction to our assumption that Cy 41y € G. We observe that xy, is not adjacent
to two vertices from the set {yxi1, Yrro, Yktr3}, otherwise we may have the combina-
tion of a cycle of length 2k, xx, yi, 21, ..., Ys—2, Th_1, Trp_1, Tr, and that of length four,
Tk, Ykt1, Thal, Ykt2, Tk, With a mutual xp, which will be Hopi 3 C G, a contradiction
to Claim 1. Hence P3 € G < {x1,Tk_1, Tk, Yt1, Ykr2, Ykr3} > but, by Lemma 2.4,
we have Cy C G° where the cycle of length six is =1, Yr11, Th—1, Ykr2, Tk, Ykis, T1, a

contradiction to our assumption that Cy € G°.

Case 2: yi.1 is adjacent to xp and xy3.

Assume yy41 is adjacent to zy and xy, 3. Then, any vertex from set {zx.1, Txr2, Tris}
is not adjacent to any vertex from the set {yx_1,yx}, otherwise a cycle of length
2(k + 1) will be induced by the vertex set {Tg, Yk, ---s Tr_1, Yk—1, Tht3, Yr1}. We ob-
serve that yx.1 is not adjacent to any vertex from the set {x1,zr_1}, otherwise we
have the combination of a cycle of length 2k, yr. 1,21, 91, ..., Tx—1, Yx+1, and that of

length four, yri1, Tri1, Yrtos Thro, Yrr1, With a mutual ygy1, which will be Hoy 13 C G,
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a contradiction to Claim 1. If yx3 is adjacent to both x5 and x5, then this gives
us a graph similar to that in Case 1, which was proved to be a contradiction above.
Since Cg € G°, by Lemma 2.4, we have Py C G < {Tk41, Tht2, Tht3s Yk—15 Yks Ykt3 } >

Hence xy1 is adjacent to yi. 3.

We have that any vertex from the set {x1,z;_1} is not adjacent to any vertex from
the set {yri2, Yrrs}, otherwise we may have a cycle of length 2(k + 1), for example,
T1, Y1y oeey Thy Ykt 1s Thotl, Ykts, T1 if T1yprs € FE(G). Hence, by Lemma 2.4, we have
Py & G < {x1, T2, Tk—1,Ykt1, Y2, Yers ) >, since Cg C G° where the cycle of length

SIX 1S X1, Yr11, T2, Yrt2, Th—1, Yk13, L1, & contradiction to our assumption that Cs € G°.

By Case 1 to Case 2, we have Cy, UCy € G. [ |

Claim 4: (Cgk U P5) g G.

Proof. Assume, to the contrary, that Co, U Ps C G. Let x1, 41, ..., T, Yk, 1 be a cycle
of length 2k and yxi3, Txt1, Ykt1, Thr2, Ykr2 be a path of length five. Since G is a

subgraph of Ky 343, we have z443 as the vertex not in Cy, U Ps.

Note that we give only one example of a cycle of length 2(k+1) because we found that
the structure of the contradictory cycles is the same, that is, the cycles are induced

by similar sets.

We observe that at least two vertices from the set {x1,y1,x2,¥y2, ..., Tk, yx } are not
adjacent to at least two vertices from the set of vertices that are not contained in the
cycle of length 2k, which is {Zgi1, Yk+1, Thi2, Yk+2, ki3, otherwise we may have a

cycle of length 2(k + 1), Tk, Yk, T1, - Yk—1, Tht1s Yt1, Tr i Tplg1, Toraye—1 € E(G).
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We also have that x, is not adjacent to any two vertices from the set {yx11, Yr+2, Ur+3}s
otherwise we may have the combination of a cycle of length 2k, x1, 1, ..., &, Y&, 1, and
that of length four, xx, yxo1, Trr1, Ykro, Tx, Wwith a mutual z;, which will be Ho 5 C G,
a contradiction to Claim 1. Also, ;. is not adjacent to both y;_; and y;, otherwise
we may have the combination of a cycle of length 2k, xg.1, yg, 1, .., Yp—1, Tt1, and
a path of length five, yri3, Tpi1, Ypt1, Tha2, Yrr2, With a mutual z,, 1, which will be

Hs14 C G, a contradiction to Claim 2.

Since Cg € G°, by Lemma 2.4, we have P3 C G < {Tk11, Tht2, Tha3 Ykt1s Yk+2s Ykt3 ) >
Therefore, 5.3 is adjacent to at least two vertices from the set {yxi1,Yr+2, Yrt3}-
Also, since Cg € G€, by Lemma 2.4, Py C G < {Tk11, Tha2, Tha3, Yk—1, Yk, Ykt3} >
Hence x5 is adjacent to y,_1 and y; but this creates the combination of a cycle of
length 2k, xx13, Yk, 1, ..., Ys—1, Tr+3, and that of length four, xii3, yri1, Trio, Y2, Thrs,

with a mutual x5, which will be Hy,13 C G, a contradiction to Claim 1.

Hence Ps € G < {Tk+1, The2, Thas, Y1, Yk—1, Y >, but by Lemma 2.4, Cs C G° where
the cycle of length six is Ty 1, Y1, Tri2, Yk_1, Thi3, Yk, Thi1, & contradiction to our as-
sumption that Cg € G¢. Note that we chose y; from the set {z1,y1, T2, Y2, ..., Tk, U },
we could have chosen any other vertex but the structure of the cycle will still be same.

This concludes our proof. |

We now prove Lemma 2.5 as follows.

Lemma 2.5
Let G be a spanning subgraph of Kj3 43 for k> 3. If Cy, € G and Cg € G¢, then
Copsry C G [12).

Proof. Assume, to the contrary, that Cyx41) € G and suppose that
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E(CQK‘) == {I1y17 Y12, L2Y2y -y TEYE, ykx1}~

Since Cg € G¢, by Lemma 2.4 we have that

Ps C G < {@ks1, Thpo, Tht3, Yot1s Yot2s Ykt3 ) > S8Y Thi1Ykt1, Thr1Unte € E(G).

Also since Cg € G, by Lemma 2.4 we have Py C G < {xy, Tkr2, Tha3, Ykt1, Yks2, Ykt >

The following contradictions are observed.

Contradiction to Claim 1.

Hoy3 C G, if xy is adjacent to both vertices from {ygi1, Yrr2}-

Contradiction to Claim 2.
Hopys C G, if 2y is adjacent to both vertices from the set {ygi1,yri2} or to both

vertices from the set {yxi2, Yr+3}-

Contradiction to Claim 3.
(Cor U Cy) C G, if exactly one vertex from the set {xy 2,z 13} is adjacent to both

vertices from the set {yxi1, Yrt2}-

Contradiction to Claim 4.
(Cor U P5) C @, if exactly one vertex from the set {xyo, xxy3} is adjacent to both

vertices from the set {y.1,yrs3} or both vertices from the set {yri2, Yri3}-
Note that contradictions to the claims will lead to Cy41y € G, a contradiction

to our main assumption. From the above subset of P;, we have the following four

cases.
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Case 1: Suppose that yi.1 is adjacent to xp and js.

X1 Xk+2
Y
< @ O
k VE+1 Xge+1 Vi+2
Ye-1 O
Xk+3 Y
X1 k+3

Figure 2.15 y;,; adjacent to z; and z; .

We consider the vertex set {x1,y1, %2, ..., Yk12, Tkt3, Ykrs} where we have a cycle of
length 2(k + 1) as in Figure 2.15. Since Cg € G°, by Lemma 2.4, we have from the
subset P§ of G that P} C G < {Zk+1, Thr2, Thes, Yk—1, Yk, Yk+2} >. Bach vertex from
the set {xpy1, Tryo} is not adjacent to any vertex from the set {yx_1, v}, otherwise
the vertex set {Zpio, Yk, 1, ..., yrr1} will induce a cycle of length 2(k + 1). If the
vertices oy, o and Yo are adjacent to each other, then (Cy, U Cy) C G, which is a
contradiction to Claim 3. If the vertices x5 and y,.o or the vertices xyyo and ygi3
are adjacent to each other, then (Cy, U P5) C G, which is a contradiction to Claim 4.
Therefore from P, C G < {xgi1, Tkro, Thss, Yb—1, Yk, Ykr2} >, we observe that since
we have shown which vertices in P; cannot be adjacent to each other, we only have
T)4+3 remaining to be adjacent to both vertices from the set {yx_1,yx} as illustrated

in Figure 2.16 below.

59



X1 Xk+2

Y
. k
O ® O
Xk Y41 Xp+1 Yi+2
J’k—l O
Xp_1 Yi+3

Figure 2.16 x;,3 adjacent to y;_; and y.

We have P C G < {1, Tk—1, Th+3, Yk+1, Yk+2, Yk+3} > by Lemma 2.4 since Cg € G°.
If yryq is adjacent to any vertex from the set {xi,zxi3}, then we have the cycle
Thy Yk T1, Y1, -5 Tht 3, Y1, T Of length 2(k + 1) as a subgraph of G, i.e Cypy1) C G,
which is a contradiction. By symmetry, if y,,1 is adjacent to any vertex from the
set {zx_1,Try3}, then Copy1y € G which is a contradiction. And since Cyxy1) € G,
the vertex yi o is not adjacent to any vertex from the set {1, z;_1} and yx, 3 is not

adjacent to both vertices from the set {x1, 513}

Xp4z
O ® O
Y41 Xp+1 Yi+2

Figure 2.17 The adjacency of z;.3 and y.3.

If the vertices x5 and ygyo are adjacent, then (Co,UPs) C G which is a contradiction

to Claim 4. Hence, from the vertices in Py C G < {1, Tx—1, Tr+3, Yk+1, Yk+2, Yk} >,
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we conclude for Case 1 that y3 is adjacent to both vertices from the set {z1, 1},
that is, yprsTr_1, Yks3r1 € E(G). See Figure 2.17 for vertices that are adjacent to

each other.

Case 2: Suppose that yi.1 is adjacent to xp,o and 3.

X1 Xk42
Yk
Y ° O
ko Vietr Xp+1 Vi+2
Yi-1 O
X Yk+3
Xje—1 k+3

Figure 2.18 y;.; adjacent to z;,.o and zj 3.

We consider the vertex set {1, y1, %2, ..., Yk+2, Tkt3, Yk+3 }, where V(G) = X UY and
the set {z1,y1, T2, Y2, ..., Tg, Y } induces a cycle of length 2k as in Figure 2.18. Since
Cs Z G, by Lemma 2.4 we have P}’ C G < {@g11, Trt2, Tits, Yu; >. If yi is adjacent
to both vertices from the set {xpy1,Zgro}, then Hopr 3 C G which is a contradiction
to Claim 1. Also, if y, is adjacent to both vertices from the set {xy o, xr13}, then

Hy 3 € G which is a contradiction to Claim 1.

If any vertex from the set {xpio, xxi3} is adjacent to ygi o or if both vertices from
the set {xp o, Tri3} are adjacent to yyyo, then we have (Cy, U Cy) C G, which is a
contradiction to Claim 3. If any vertex from the set {xy o, 13} is adjacent to yy. s,
then we have (Cy, U Ps) C @, which is a contradiction to Claim 4. Therefore, from
the vertices in PY" C G < {&py1, Trro, Thrs, Yuy >, we are left with yx, 3 having to be

adjacent to xpyq.
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Similarly, since Cg € G¢, we have P§4) C G < {x1, Tk, Thro, Ykr1, Yka2, Ykrs}t > by
Lemma 2.4, say T1Ygt3, Tryrrs € F(G) as illustrated in Figure 2.19 where there is a

graph V(G) = X UY that contains a cycle of length 2k.

Xk+3 YVie+1 Xk+42
o {J ®
X1
@ Xk+1
Yi+3
Xk
Yik—1 O
YVi+2
Xpe-1

Figure 2.19 The adjacency of y;.3 to vertices from set X.

In order to avoid a Ch(k11), Yr+1 is not be adjacent to any vertex from the set
{1,z }. If any vertex from the set {1, x;} is adjacent to both vertices from the set
{Yk+2, Yr+3}, then we have Hy,y3 C G which is a contradiction to Claim 1. If any ver-
tex from the set {x o, xxy3} is adjacent to Yo Or Ygis, then we have (Co, UCy) C G
which is a contradiction to Claim 3. If each vertex from the set {z1, xx} is adjacent to
each vertex from the set {ypio, Yprs}, that is, x1yxro, Tryrrs € F(G), then the vertex
set {&1, Yk+3, Tha1, Ykt2s Thy Yb—1, ---, T2, Y1 } Will induce a cycle of length 2(k+1), which
is a contradiction to the main assumption. We conclude that no two vertices are ad-
jacent in P3(4) C G < {x1, Tk, Thyo, Yt1, Ybr2, Ykrs} >. Hence, ypyq is not adjacent to

Tpyo and Tpi3.
Case 3: Suppose that yi.3 is adjacent to xp and . s.

62



Yi+2

Xg—1

Figure 2.20 y;,3 adjacent to z; and zj-.

We consider the vertex set {x1, y1, Ta, ..., Yk r2, Thi3, Ykr3} Wwhere {z1,y1, T2, Yo, ..., Ti, Yr }
induces a cycle of length 2k as in Figure 2.20. Since Cg € G, by Lemma 2.4 we have
P3f5) C G < {xk, Thr2, Thes, Yk—1, Yk+1, Yks2} >. 1f xp is adjacent to any vertex from
the set {Yx+1, Yrr2}, then we have a subgraph isomorphic to Hoy 4, that is, Hyp1gy C G
which is a contradiction to Claim 2. If xp,5 is adjacent to any vertex from the set
{Yk+1, Yrs2}, then we have (Co, U P5s) C G which is a contradiction to Claim 4. If 243
is adjacent to both vertices from the set {yii1,yri2}, then we have (Co, UCy) C G
which is a contradiction to Claim 3. The vertices y;_1 and x,2 are not adjacent, oth-
erwise we may have yi_1, Tri2, Yk+3, Th, -, Y—2: Th1, Yi—1, & cycle of length 2(k +1).
Hence from the vertices in P3E5) C G < {xg, Tha2, Thr3, Yk—1, Yk+1, Ypro} >, we are left
with x5 having to be adjacent to yx_1, that is, zx 3yx_1 € E(G), as illustrated in

Figure 2.21.
By symmetry, if ;.3 is not adjacent to yi, then we have for the path P3(6) that

Péﬁ) Z G < {Tk, Tpia, Tht3, Yks Ykt1, Yoo > and by Lemma 2.4 we have Cy C G°

which is a contradiction. Hence we have an edge 3y, as illustrated in Figure 2.21.
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Yi+2

Figure 2.21 x;,3 adjacent to y;_; and y.

Similarly, since Cg € G, we have P:,g?) C G < {x1, ks, Ths3, Ybt1, Yka2, Ykrs} > by
Lemma 2.4. If any vertex from the set {z1, x;13} is adjacent to both vertices from the
set {Yk+1, Ykt+2}, we then have a subgraph isomorphic to Hoyys, that is, Hopi3 C G
which is a contradiction to Claim 1. Just as in P3f6), if xp, o is adjacent to any vertex
from the set {yx.1, Yri2}, we then have (Co, U Ps) C G which is a contradiction to
Claim 4. Since Co(41) € G, the vertex yx3 is not adjacent to any vertex from the set
{1,743} and any vertex from the set {yri1,yrr2} is not adjacent to both vertices
from the set {z1,xr3}. We conclude that this results in no two vertices that are
adjacent in P3(7) C G < {71, Tkr2, Tht3, Ybs1, Yk+2, Yk+3 ) >. Therefore, ypy3 is not

adjacent to xp and xgyo.

Case 4: Suppose that yi. 3 is adjacent to xpio and 3.
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@ O @
Vi Xk+2 Vi+3 Xk+3
X 0 ® O
k Yie+1 Xk+1 Vi+2
Yik—1

Xpe-1

Figure 2.22 y;.3 adjacent to z;,5 and zj 3.

We consider the vertex set {x1, y1, T2, ..., Yk+2, Thr3, Ysr3} Where {z1,y1, T2, Yo, ..., Tk, Yk }
induces a cycle of length 2k as in Figure 2.22. Since Cg € G¢, by Lemma 2.4 we have
P;S) C G < {zk, Thr2, Thas, Yk, Ykr1, Ykar2} >. If yx is adjacent to both vertices from
the set {xpy0, xxy3} and if z; is adjacent to both vertices from the set {yri1,Yri2},
we then have a subgraph isomorphic to Hoy 3, that is, Hory3 € G which is a contra-
diction to Claim 1. If any vertex from the set {zyi2, zx13} is adjacent to any vertex
from the set {yx+1, Yki2}, we then have (Co, U Ps) C G which is a contradiction to
Claim 4.

Alternatively, if any vertex from the set {zj,2, 7113} is adjacent to both vertices
from the set {yxi1,yrr2}, we then have (Cy U Cy) C G which is a contradiction to

Claim 3. We thus conclude, for the path PPSB), that we have no two vertices adjacent

: 8
in ng lca< {@k, Trto, This, Yk Ykt1, Ykt ) >

In Case 1 to Case 4 we have Cyx41) € G, which is a contradiction to the main

assumption. Thus Lemma 2.5 holds. |

If we substitute k£ = 4 into Lemma 2.5, then we have the following corollary.

65



Corollary 2.1
b(Cs,Cs) < 6 [12].

Finally, from the last three results we proved, we are now able to prove Theorem

2.6 which is the main result for this section.

Theorem 2.6
If m > 4, then b(cgm, 06) =m+2 [12]

Proof. To prove the lower bound, we refer to Case 1 of Theorem 2.4 which we gave

as b(Cop, Con) > m+n — 1. Letting n = 3, we get b(Coyp, Cg) > m + 2.

To prove the upper bound b(Cs,,, Cs) < m + 2, we use the principle of mathematical
induction and define our inductive statement by P(k): b(Co, Cs) < k + 2 for k > 4.
For P(4) we have that b(Cs,Cs) < 6 which is true by Corollary 2.1. We now show
that the statement for P(k + 1) is also true, that is b(Cy(t1y, Cs) < k + 3 for k > 3.

Assume, to the contrary, that b(Cy(ri1y, Cs) > k + 3 for k > 3. Therefore the edges
of Kj4314+3 are red-blue colorable to avoid a red Cy41) and a blue Cs. However, by
the inductive statement we see that there exists a red-blue coloring of the edges of
Kjy3 k43 that cannot avoid a red Cy, and blue Cg, that is, Cy, € G and Cg € G°. By

Lemma 2.5 we have Cy;11y € G which is a contradiction to the main assumption.

Since the assumption does not hold, we conclude that the statement P(k + 1):
b(Cogrt1y, Cs) < k + 3 is true for k > 3. [ |
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2.10 The Bipartite Ramsey Number of Two m-Cycles

We consider the bipartite Ramsey number of two even cycles of the same size (m = n)
in general. Theorem 2.7 below requires statistical analysis, hence we only state it.
The reader is referred to [17] for the proof thereof. However, Corollary 2.2 [17] that

results from Theorem 2.7 is proved here.

Theorem 2.7

For each fixed 0 < v < 1 and every natural number A > 1, there exists a constant
g = B(v,A) > 0 and a natural number ng such that for every bipartite balanced
(B, A)-graph H on n > ng vertices we have b(H, H) < (1 4+ v)n.

Corollary 2.2
b(Cap, Coy) = (2 + 0o(1))n where n > 2.

Proof. Let G be a complete bipartite graph with the partite sets X and Y where
X ={x1,29, ..., 2252} and Y = {y1,y2, ..., Yon_2}. We want to show that there exists
a red-blue coloring of the edges of G that avoids a red (s, and a blue Cy,.

We partition G into a red subgraph Gpr by coloring the edge z;y; red if it satis-
fies the conditions z; € X and y; € Y for7 > 1 and 1 < 7 <n —1. Note that to have
a red cycle of length 2n in a bipartite graph, we need G to be balanced, but since

1 <j<n-—1,it follows that |X| # |Y|. Therefore we can avoid a red Cy,.

Consequently, we also partition G into a blue subgraph Gp by coloring the edge
x;y; blue that must satisfy the conditions z; € X and y; € Y for 7 > 1 7 > n.
Hence the condition for set Y leads to |X| # |Y| as it does not include the vertices
{y;]1 < j < n} which are included in set X and so we can avoid a blue Cy,. Thus
b(Cap, Cop) > 2n — 1.
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Theorem 2.7 implies the upper bound b(Cay,, Cap,) < (2 + o(1))n for sufficiently large

n. Since we have proved the lower bound and the upper bound we may conclude that

Corollary 2.2 holds.

2.11 In Conclusion

After conducting the investigation on the bipartite Ramsey number of even cycles, we

find that the following theorem summarizes all of our findings and results in Chapter 2.

Theorem 2.8

5 if m=2or 3,
b(C2m704) ==

m+1 ifm>4.
5 if m =2,
b(Com, Cs) = € 6 if m =3,
m+2 ifm>4.

5 ifm=2,

b(CQmacS) =
6 if m=3.

b(Com, Cap) = {(2 +o(1))n if m=n.
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By looking at the results combined, we see that b(Cy,,,Cs) for m > 4 in (7) and
b(Com, Coy) for m # n in (8) still remain as open questions. We hope to continue

with the topic in future studies.
The following conjecture appeared in [12] which we already know is true for n = 2
and n = 3 by Theorem 2.5 and Theorem 2.6 respectively. Through trial-and-error

looking at some specific examples, we believe this conjecture is true.

Conjecture 2.1

b(C’gm,an):m+n—1ifm>n.
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3 The s-Bipartite Ramsey Number of Two Cycles

3.1 Background

The s-bipartite Ramsey number of two even cycles is studied in this chapter. Given
two bipartite graphs H; and Hs, the s-bipartite Ramsey Number bs(Hy, Hy) is the
least positive integer ¢ such that any red-blue coloring of edges of the complete graph
K+, where s < ¢, has a subgraph H; where all of its edges are colored red or a

subgraph H, where all of its edges are colored blue.

In general terms, if b(H;y, Hy) = r for two bipartite graphs H; and Hs, then there
exists a red-blue coloring of the edges of K., which results in a red H; or a blue H,
while on the other hand, there is a red-blue coloring of the edges of K,_;,_; where
a red H; and a blue Hs can be avoided. The latter made room for considering a
red-blue coloring of the edges of the complete graph K, _;, which led to a concept

called 2-Ramsey, another type of Ramsey number.

For two bipartite graphs H; and H,, the 2-Ramsey number, denoted by(Hy, Hs),
is the least positive integer r such that every red-blue coloring of the edges of the

complete bipartite graph K,_; ., results in a red H; or blue Hs.

Previously it was mentioned that Beineke and Schwenk [8] showed that b(Cy, Cy) = 5.
If we consider the red-blue coloring of the edges of the graph K,_;,, then there is
a link between the 2-Ramsey number and bipartite Ramsey number, which is either

bQ(Hl, HQ) = Qb(Hl, HQ) or bQ(Hl,HQ) = 2b(H1, HQ) -1 [15]

For example, we will show that by(Cy,Cy) = 10 [18]. Since b(Cy,Cy) = 5 [8], it
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then follows from the definitions of different Ramsey numbers that
bo(Cy, Cy) < 2b(Cy, Cy) =2 x 5 = 10.
Further, by(Cy, Cy) = 9 [18] which, using a bipartite Ramsey number, is given by
bo(Cy, Cy) =2b(Cy, Cy) —1=10—-1=09.

We let r —1 < s and r = t in the complete graph K,_;,. It is known that the s-
bipartite Ramsey number bs(Cy, Cy) = 7 if s = 3,4 [15]. Reference will also be made
to the dissertation Colorings of Graphs and Their Applications by Johnston [19] where
the relationship between s-bipartite Ramsey numbers and bipartite Ramsey numbers
is studied. We will study bs(Cs,, Coy,) in this chapter for certain positive integers

m,n > 2 and s.

3.2 Purpose

In Section 3.3 the non-existence of some s-bipartite Ramsey numbers of two cycles
is investigated. In Section 3.4 the s-bipartite Ramsey number of two 4-cycles is
determined while in Section 3.5 the s-bipartite Ramsey number of a 4-cycle and 6-
cycle is determined. In Section 3.6 the s-bipartite Ramsey number of two 6-cycles
is determined for some values of s. Lastly, in Section 3.7, we summarize all of our

findings. Note that Section 3.3, Section 3.5 and Section 3.6 contain original work.
3.3 The Non-Existence of some s-Bipartite Ramsey Numbers of Two
Cycles

We begin our study of the s-bipartite Ramsey number of two cycles by first consid-
ering when this number will not exist. Recall that in Section 2.1 we stated that odd

cycles cannot exist in any bipartite graph. Hence the s-bipartite Ramsey number of
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any two odd cycles will not exist, that is, bs(C,,,Cp,) = oo if m > 3 and n > 3 are
odd numbers for any positive integer s. Note that the s-bipartite Ramsey number of
any two even cycles does not exist when s = 1, that is, b;(C,,, C},) = oo for m,n > 4.
This is due to the fact that a star K, does not have any cycles as subgraphs for any

positive integer t.

If s = 2, then consider X = {xy, 25} and Y = {y1,v2,...,y:} to be 2-partite sets
of vertices of G where all edges from z,y; are colored red and all edges from x,y;
are colored blue for 1 < j <t and any positive integer t. In this red-blue coloring
of the edges of Ky, a vertex from set X and all the vertices from set Y induce a
red/blue star in the two colored subgraphs, which does not have any cycles as sub-

graphs. Therefore, by(C,,, C,,) = oo for m,n > 4.

We can use the argument above for s = 1 and s = 2 to generalize that the s-bipartite
Ramsey number will not exist for any two even cycles of length four or more. Results
given below show that the s-bipartite Ramsey number of a 6-cycle and other even

cycles also does not exist if s =3 or s = 4.

Theorem 3.1

If s = 3, then bs(C,,, C}) = oo for even numbers m > 4 and n > 6.

Proof. We have to prove that there exists a red-blue coloring of the edges of G = K3,

where we will be able to avoid both a red C,,, and a blue C,, in G for m > 4 and n > 6.

Let G = K3, be the complete bipartite graph with the partite sets X and Y where
X ={x1,29,23} and Y = {y1, vo, ..., y:} for any positive integer ¢.

We begin by coloring all the edges of the vertex x3 red. This gives us a star K,
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and so we can avoid a red ), for any even number m > 4. We then color the remain-
ing edges incident to vertices xy and z9 blue which gives a complete bipartite graph
K, ;. Note that for a cycle with length longer than six to exist, we will need at least
three vertices from the set X to be adjacent to at least three vertices from the set Y.
Since we have a blue K,; we are able to avoid a blue C), for n > 6. This concludes

our proof. |

Figure 3.1 Red-blue coloring of the edges of Kj 3.

An example of Theorem 3.1 is given in Figure 3.1 for m = 4 and ¢ = 3. We observe
from Figure 3.1 a red-blue coloring of the edges of G = Kj3 3 since we can avoid a red
Cy in G as there can never exists a cycle in star K 3 and we can always avoid a blue

Cs in G as there can never exist a C in a complete bipartite graph K 3.

Theorem 3.2

If s =4, then by(C,,, C},) = oo for even numbers m,n > 6.

Proof. We have to prove that there exists a red-blue coloring of the edges of G = Ky,

where we will be able to avoid both a red C,, and a blue C,, in G for m,n > 6.

Let G = K4, be the complete bipartite graph with the partite set X and Y where
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X ={x, 29,23, 24} and Y = {y1, 2, ..., y;} for any positive integer ¢.

We begin by coloring all the edges incident to the vertices x; and x5 red. This gives
us a complete bipartite graph Ks,. All cycles with length longer than four require at
least three vertices from the set X. We are able to avoid a red (), in the graph Ky,
for any even number m > 6. We then color all the remaining edges incident to the
vertices xg and x4 blue which results in a complete bipartite graph Ky;. Again, we

avoid a blue C,, for all even numbers n > 6. This concludes our proof. |

Figure 3.2 Red-blue coloring of the edges of K, ,.

An example of Theorem 3.2 is given in Figure 3.2 where m = 6 and n = 8 for t = 4.
We observe from Figure 3.2 a red-blue coloring of the edges of G = K44 since we can
avoid a red Cg and a blue Cy as there can never exist a cycle with length longer than

four in Ky 4.
Now that we have discussed the cases where the s-bipartite Ramsey number of some

two cycles does not exist, the next step is to investigate the actual value of the

s-bipartite Ramsey number for some cycles where it exists.
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3.4 The s-Bipartite Ramsey Number of Two 4-Cycles

In this section, we investigate the s-bipartite Ramsey number of two 4-cycles for
s > 3. Note that when proving the upper bound ¢ in bs(C,,, C,,) < t, we consider the
complete bipartite graph G = K, ; and redraw it such that any vertex that does not
lie on the cycle is not enclosed by the vertices of the cycle. We define the interior
chords of a cycle to be the chords between the vertices on the inside of a cycle and
exterior and exterior edges to be the ones between a vertex on the cycle and a vertex

on the outside of the cycle, or between two vertices on the outside of the cycle.

Theorem 3.3
by(Cy, Cy) = 7 [15].

Proof. First the lower bound b3(Cy, Cy) > 7 is proved by showing that there exists a
red-blue coloring of the edges of G' = K34 that avoids both a red C, and a blue Cj.

In this regard let X and Y be the partite sets of G where X = {z1, 29,23} and
Y ={vy1,vy2,..-,ys}. Suppose that we color three edges incident to every vertex of set
X red and the remaining edges incident to every vertex of set X blue as in Figure 3.3.
Then there is neither a blue Cy nor a red Cy. Thus, we found a red-blue coloring of the

edges of K36 where a red Cy and a blue Cy will not appear. Therefore, b3(Cy, Cy) > 6.

We now give a proof for the upper bound b3(Cy,Cy) < 7. Assume, to the con-
trary, that b3(Cy, Cy) > 7, which means there exists a red-blue coloring of the edges
of G = K37 that avoids both a red Cy and a blue Cy. G has 21 edges which are

partitioned into a red subgraph Gz and a blue subgraph Gp.
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Figure 3.3 Red-blue coloring of the edges of Kjg.

Assume, without loss of generality, that the size of G is at least 11, i.e, |E(Gg)| > 11.
We know that G is not a tree nor a forest otherwise it would be of maximum size
m < 9. Therefore, we may assume that Gg is not a tree and let Cj be the longest
cycle in Gy for an even number k£ > 4. Note that we cannot have k£ = 4 from our
assumption that G contains no red Cy’s. Since |X| = 3, we see that the longest pos-
sible cycle in Gg can only have length six. Consider a vertex set {x1,y1, T2, y2, T3, Y3}

that induces a C.

In the exterior of the 6-cycle, we have four vertices {y;|4 < j < 7} from the set
Y. Note that for a C} to exist, we need at least two vertices from the set X to be
both adjacent to the same two vertices from the set Y. Therefore, we can have at
most four edges from the edge set {z;y;|1 <i < 3,4 < j < 7}, otherwise, if we have
five or more edges, then an example is that y, and y, will both be adjacent to x5 and

x3 which leads to a red C}.

In the interior of the 6-cycle we have three remaining chords: x1ys, roys and zzy,. If
we color any of these edges red, then it will lead to a red Cy. Hence we cannot add
any more edges. This leaves us with a total number of six edges from the 6-cycle plus

the four edges in the exterior of the 6-cycle, making a total of 10 edges colored red,
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a contradiction to our assumption that |E(Gg)| > 11. This concludes our proof. W

Theorem 3.4
by(Cy, Cy) =7 [15].

Proof. To prove the lower bound by(Cy, Cy) > 7, we let G = K37 be the graph with
the partite sets X and Y where X = {x1, 29, x3, 24} and Y = {y1, ¥o, ..., Ys }. Suppose
that we color three edges incident to every vertex of set X red and the remaining
three edges incident to every vertex of set X blue as in Figure 3.4. Note that there
is neither a red C4 nor a blue Cy in Figure 3.4. We can find a red-blue coloring

of the edges of K4 where neither a red Cy nor a blue C; will appear. Therefore,

by(Cy,Cy) > 1.

V1 Y2 Y3 Va Vs Ve

Figure 3.4 Red-blue coloring of the edges of K, .

We now give a proof for the upper bound by(Cy,Cy) < 7. Assume, to the contrary,
that by(Cy,Cy) > 7, which means there exists a red-blue coloring of the edges of
G = K, that avoids both a red C, and a blue (4. G has 28 edges which are parti-
tioned into a red subgraph G and a blue subgraph Gj.

Assume, without loss of generality, that the size of G is at least 14, i.e, |E(Gg)| > 14.

We know that G is not a tree nor a forest otherwise it would be of maximum size
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m < 10. Therefore, we may assume that G is not a tree and let C; be the longest
cycle in Gy for an even number k£ > 4. Note that we cannot have k£ = 4 from our

assumption that G' contains no red Cj’s. Since | X| = 4, we have the following cases.

Case 1: The longest cycle in Gg has length six.

Consider a vertex set {z1,y1,T2,Ys, 3,93} which induces a Cy in Gi. It can be
drawn so that the vertex z, € X and four vertices {y;|4 < j < 7} from the set YV
are on the exterior of this (s, meaning that the cycle does not enclose these vertices.
We observe that we can color at most four edges incident to vertex x; red without

producing any red even cycle, therefore we only consider the following subcases.

Subcase 1: x4 is adjacent in G to all four vertices {y;[4 < j < 7}.

We can have only one edge from the edge set {z4y;|1 < j < 3}, otherwise if we
have two or more edges, then x4 and x, will both be adjacent to y; and y,, which

leads to a red Cy.

Subcase 2: x4 is not adjacent in G to any vertex {y;|4 < j < T}.

In the exterior of the 6-cycle we may have at most four edges from the edge set
{z;y;]1 <1i<3,4 <j <7} otherwise, if we have five or more edges, then y, and y;
will both be adjacent to x; and x5, which leads to a red Cy. We may have one edge
from {z,y;|1 < j < 3}, otherwise, if we have two or more edges, then it may lead to a
red C; as at least two vertices from the set X will be both adjacent to the same two
vertices from the set Y. For example, if x4 is adjacent to y; and s, then the vertex

set {x4,y1, T2, y2} will induce a red Cj.
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Note that we only aim here to determine if we have at least 14 edges colored red
in total. Therefore, we can exclude the subcases for vertex x4 being adjacent to one,
two or three vertices of Y in Case 1. Note that these possibilities are covered by

Subcase 1 by vertex x4 being adjacent to all four vertices from the set {y;|4 < j < 7}.

In the interior of the 6-cycle we have three chords xiy.,zoys and z3y; such that
if we color anyone of them red, then this will lead to a Cy. Hence, we do not have
any chords in the interior of a 6-cycle. In any subcase above we have edges from the
6-cycle, four edges added from the exterior of the 6-cycle plus one more edge making
a total of 11 edges colored red in Gg, a contradiction to our main assumption that

|E(GR)| > 14.

Case 2: The longest cycle in G has length eight.

Consider a vertex set {z1,y1, T2, Y2, T3, Y3, T4, ys} which induces a Cg in Gg. In the
exterior of the 8-cycle, we have three vertices y; € Y for 5 < j < 7, so we can have in
Gr at most three edges from the edge set {z;y;|1 <i < 4,5 < j < 7}, otherwise, if
we have four or more edges, then two vertices from the set Y will be adjacent to the
same two vertices from the set X. For example, y5 and y; will both be adjacent to

1 and z9 which leads to a red Cj.

In the interior of the 8-cycle we have the eight remaining chords: x1ys, £1ys, T2ys, £3Yy1,
x3Ys, x4y1 and z4yo. If we color any of these edges red, then we may have a red Cj.
This is mainly because if we have a 6-cycle existing in the interior of an 8-cycle, then
there will exist a red Cy as one of the subgraphs of Cg. Therefore, we cannot color
any more edges red, leaving us with a total of eight edges colored red from the cycle
plus the three edges in the exterior of the 8-cycle making it 11 edges colored red, a

contradiction to our assumption that |F(Gg)| > 14. This concludes our proof. W
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We now prove the general case for s > 5.

Theorem 3.5
bs(Cy, Cy) =5 for s > 5.

Proof. We consider Theorem 3.5 for when s = 5 and when s > 5.

Case A: s =5.
If s =5, then we have that b5(Cy, Cy) =5 [15].

First, the lower bound b5(Cy, Cy) > 5 has to proved which means we need to show
that there exists a red-blue coloring of the edges of K4 5 that avoids both a red Cy and
a blue Cy. Figure 3.5 below illustrates a red-blue coloring of the edges of G = Ky 5
where the longest cycle in the blue subgraph of GG is a Cy and where the longest cycle
in the red subgraph of G is also a Cy, while the shortest cycles are a red Cy and a
blue Cg respectively. We observe that there is no Cy in any red or blue subgraph of
G. Thus we have proved the lower bound of G = Ky 5 and so by(Cy, Cy) > 5.

Figure 3.5 The red-blue coloring of the edges of K, 5.

We now give the proof for the upper bound b5(Cy, Cy) < 5. Assume, to the contrary,
that b;(Cy,Cy) > 5, which means there exists a red-blue coloring of the edges of
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G = K55 that avoids both a red Cy and a blue C4. Note that G has 25 edges which
can be partitioned into a red subgraph Gz and a blue subgraph Gg.

Assume, without loss of generality, that the size of G is at least 13, i.e, |E(Gg)| > 13.
We know that G i is not a tree nor a forest as it would then be of maximum size m = 9.
Therefore, we may assume that Gg is not a tree and let Cj be the longest cycle in
Gr for an even number k£ > 4. Note that we cannot have k£ = 4 from our assump-

tion that G' does not contain any red Cy’s. Since | X| = 5, we have the following cases.

Case 1: The longest cycle in G has length six.

Consider a vertex set {z1,y1, 2, Yo, 3,43} which induces a Cs. We observe that
any vertex from the set {4, x5} can be adjacent to at most two vertices from the set
{y4, ys} without producing a red even cycle. We also observe that the vertices x; and
x5 cannot be adjacent to both the vertices y, and y5 as otherwise the adjacency may

lead to a red Cy. Therefore, we only consider the following subcases.

Subcase 1: One vertex from the set {z4, x5}, say x4, is adjacent in G to y, and

Ys-

In the exterior of the 6-cycle we observe that we may only have one edge in Gp
from the edge set {z;y;|1 < i < 3,4 < j < 5}, otherwise, if we have two or more
edges from the set, then at least two vertices from the set X may be adjacent to
the same two vertices from the set Y, resulting in a red C;. We may have only one
edge from {z;y;|4 < j < 5} in Gpg, otherwise the vertex set {xs,ys, 4,95} will in-

duce ared Cy. We can also have the two edges x4y3 and x5y, in order to avoid a red Cy.

In the interior of a 6-cycle we cannot color any chords red as this and the inci-
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dency of the edges with vertices from the set {1, y1, 23,93} may lead to a red Cj.
Therefore we have a total of 12 edges colored red in at most, a contradiction to our

main assumption that is |F(Gg)| > 13.

Subcase 2: In Gpg, the vertices from the set {z4, x5} are not adjacent to any ver-

tex from the set {y4,ys}-

In the exterior of the 6-cycle we observe that we can have two edges from the edge set
{z;y;]1 <i<3,4<j <5} and two edges from the set {z;y;[4 <i <5,1<j <3}
If we have more than two edges from any of the two edge sets colored red, then we
will have two vertices from the set X being adjacent to the same two vertices from

the set Y or vice versa, which leads to a red Clj.

In the interior of a 6-cycle we cannot color any chord red as the vertex set {z, y1, 3, yo }
will lead to a red Cy. Thus we have a total of at most 10 edges in G'g, a contradiction

to our main assumption which is |E(Gg)| > 13.

Case 2: The longest cycle in Gg has length eight.

Consider a vertex set {1, y1, T2, Yo, T3, Y3, T4, Y4} which induces a Cg in Gg. In the
exterior of the 8-cycle we only have the two vertices x5 and y;. We will consider the

following two subcases.

Note that if we color any chord in the interior of the 8-cycle red, then we will have a
red Cg but this also means that a red Cy will exist as one of the subgraphs of Cy, for

example x1,y1, T4, Ys, x1. Therefore we cannot color any chord inside the 8-cycle red.

Subcase 1: x5 and y5 are adjacent in Gg.
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We may have at most two edges adjacent to the edge x5ys if and only if the edge is
not of the form {z;y;|i = j}, otherwise this may create a C4y which contradicts our
assumption that the longest cycle has length eight. By Subcase 1 we have a total of

at most 11 edges in G, a contradiction to our assumption that |E(Gg)| > 13.

Subcase 2: x5 and y; are not adjacent in Gg.

We may have at most two edges from the set {z5y;|1 < j < 5}, otherwise if we
have three or more edges colored red, then x5 and x5, will both be adjacent to 1,
and 19, which leads to a red C4s. We may also have at most two edges from the set

{z;y5]1 < i <5} otherwise the vertex set {x3,ys, x4, ys5} will induce a red Cj.

By Subcase 2 we have a total of at most 12 edges in GGy, contradicting our main

assumption which is |E(Gg)| > 13.

Case 3: The longest cycle in Gg has length ten.

Consider a vertex set {1, y1, T2, Y2, T3, Y3, T4, Y4, Ts, Y5} which induces a C1o in Gg.

In a (g, we will have a Cg by coloring any chord red which satisfies the condi-
tion {x;y;|i > 1,7 = i +2}. We observe that we may color only two chords red,
otherwise, if we color more than two chords red, then the vertex set {3, ys, z1,ys}
will induce a red Cy. However, we cannot have a Cg as coloring the chord inside of a
Cho red to form a Cy will also produce a red Cy, for example 1, y1, x5, y5, v1. Hence,
in G we have a total of at most 10 edges in G, a contradiction to our assumption
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Case B: s > 5.

Since K55 C K56 C ... C K5, for s > 5, it can be concluded that by symmetry,
the results will be the same for s > 5. That is, since we cannot avoid a red Cy4 or a

blue Cy in a Kj5, we will also not be able to avoid a red Cy or a blue Cy in a K 5 as

K 5 is a subgraph of Kj,. Therefore bs(Cy, Cy) =5 for all s > 5. [ |

In their published work, Bi, Chartrand and Zhang [15] stated that bs(Cy, Cy) = s for
all s > 5 without proof. Their previous article [14] which contains the proof is not

published yet. We question their result as the following observation shows why.

Suppose that s = 5 and so b5(Cy,Cy) = 5 according to [14] and [15]. It follows
that the red-blue coloring of the edges of K55 cannot avoid a red Cy or a blue Cj.
Since K55 C Kj56, we also cannot avoid a red Cy or a blue Cy in the red-blue coloring
of the edges of K;5¢. Now let s = 6, then bg(Cy, Cy) = 6 [15] but the lower bound of
this result will be bg(Cy, Cy) > 5 where we can avoid a red Cy and a blue Cy in the red-
blue edge coloring of the edges of K5¢. However, we have a contradiction as K5 ¢ will
always contain a red C} or a blue C, from our argument above. Hence, bs(Cy, Cy) # s

for all s > 5 and, from Theorem 3.5, we have proved that bs(Cy, Cy) = 5.

Table 1 illustrates our findings for by(Cy, Cy) = ¢ where “Y” means we can avoid
a red Cy and a blue Cy, and “N” means we cannot avoid a red or a blue Cy. Since
b3(Cy, Cy) = 7 from Theorem 3.3, we see in the table that if s = 3 and ¢ = 4, then we
will be able to avoid a red C; and a blue Cy4. Also, if s = 3 and ¢t = 8, then we will

not be able to avoid a red Cy or a blue CYy.
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Table 1: Our results for b,(Cy, Cy).

3.5 The s-Bipartite Ramsey Number of a 4-Cycle and a 6-Cycle

In this section we investigate the s-bipartite Ramsey number of a 4-cycle and 6-cycle
for s > 4 as the part for s < 3 has been covered in Section 3.3. As explained previ-
ously, note that when proving the upper bounds, we consider the graph G and redraw
it such that there are no vertices inside an even cycle and that all the remaining ver-
tices are on the outside and not enclosed by the vertices of the cycle. We define
the interior chords of a cycle to be the chords between the vertices on the inside
of a cycle and the exterior edges to be the ones between a vertex on the cycle and

a vertex on the outside of the cycle, or between two vertices on the outside of the cycle.

Theorem 3.6
b4(C4, 06) =>5.

Proof. To prove the lower bound bs(Cy,Cs) > 5, let G = K, 4 be a complete bipar-
tite graph with the partite sets X and Y of V(G) where X = {x1,x9, 23,24} and
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Y = {y1,92,y3,ys}. Suppose that we color two edges incident to every vertex of X
red and then color the remaining two edges incident to every vertex of X blue as in

Figure 3.6.

Figure 3.6 Red-blue coloring of the edges of K, 4.

We find that the only cycle in G and in G g is a Cg. Therefore neither a blue Cg nor
a red Cjy exists in Figure 3.6. Hence a red-blue coloring of the edges of K, 4 exists

where we can avoid a red Cy and blue Cs. Therefore, by(Cy, Cg) > 5.

We now give a proof for the upper bound by(Cy,Cs) < 5. Assume, to the con-
trary, that by(Cy, Cg) > 5, which means there exists a red-blue coloring of the edges
of G = K, that avoids both a red Cy and a blue Cs. We know that G is not a tree
nor a forest as it would then be of maximum size m < 7 which is not true because

|E(G)| = 16. Since we want to avoid a red Cy, we assume the following cases in the

red subraph of G.

Case 1: The longest cycle in Gi has length six.

Consider a vertex set {x1,y1, %2, Yo, T3,y3} that induces a red 6-cycle in Gg. This

cycle can be drawn so that the vertex x4 is on the exterior of this 6-cycle and so the

86



cycle will not enclose x4. We observe that x, can be adjacent to three vertices from
the set {y2,94,ys5}. Note that any vertex from the set {y4,ys} cannot be adjacent
to any vertex from the set {zo, 23} otherwise this may lead to a red Cy, for example
X4, Ys, T2, Yo, 4. Therefore we color all the edges between vertices from the vertex set
{y4,ys} and the vertex set {z3, 3} blue, and then we color one of the edges between
x1 and the vertex set {y4,ys} red. If we color both edges red, then the vertex set

{21, Y, z4,ys} will induce a red Cj.

In the interior of the 6-cycle we have the chords 1y, xsy3 and z3y; which may
lead to a red Cj if we color any of them red, for example x1,y1, z3,y3, 1. Therefore
we color all three of them blue. From the edges that cannot be colored red in the red
subgraph, we observe that the vertices of the set {yi, z4,ys, T2, Y4, 23} induce a blue
6-cycle; a contradiction to our assumption that by(Cy, Cg) > 5. Thus we have that
there is at least one edge that cannot be colored red or blue to avoid a red Cy and a
blue Cjg, for example, the edge x3y;. Therefore the longest cycle in G cannot be of

length six.

Case 2: The longest cycle in G has length eight.

Consider a vertex set {x1,y1, %2, Y2, T3, Y3, T4, Y4} that induces a red 8-cycle in Gp.
In the exterior of an 8-cycle we have that the vertex ys can be adjacent to at most
two vertices from the set Y since a red (s may exist if y5 is adjacent to two ver-
tices from the set X whose indices differ by two. For example, we have the 6-cycle
T1,Y1, T2, Yo, T3, Ys, T1 if x1y5 and x3ys are colored red. Also, y5 cannot be adjacent
to more than two vertices from set X as this may lead to a red C} since two vertices
from set X will both be adjacent to y5; and another vertex from set Y'; see for example
X4,Y3, T3, Y5, T4. This also means ys; will be adjacent to at most two vertices whose

indices differ by two in the blue subgraph, for example, x5 and x4.
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In the interior of a C's we cannot have any chord colored red otherwise this may
lead to a red Cy; for example xq, y1, x4, Y4, 21 if the chord x4y, is colored red. There-
fore we color all the chords 1y, £1y3, Tays3, Toys, T3Y1, T3ys, 4y and x4ys blue which
form a blue Cg. However, since ys is incident to two blue edges, for example yszs and
ysx4 in the blue subgraph, we observe that the vertices in the set {xs, ys, T4, y1, T3, Ys }
will induce a blue Cg. Therefore at least one edge cannot be colored red or blue to
avoid a red C, and a blue Cjg, e.g., the edge x,ys. Hence, the longest cycle in G
cannot be of length eight. This concludes our proof. |

We now prove the case for s > 5 as follows.

Theorem 3.7
bs(Cy, Cg) = 5.

Proof. We prove Theorem 3.7 for when s = 5 and when s > 5. Hence we have the

following two cases.

Case 1: s = 5.

If s = 5, then b5(Cy,Cs) = 5. To prove the lower bound, we refer to the proof
of Case 1 for Theorem 3.5. We have that we can avoid a red C4 and a blue C4 in
a red-blue coloring of the edges of G = K, 5. We observe that there exists a red Cy
and a blue Cg in Figure 3.5 while avoiding a red C; and a blue Cg. Thus b5(Cy, Cg) > 4.

To prove the upper bound b5(Cy, Cg) < 5, assume, to the contrary, that b5(Cy, Cg) > 5
which means there exists a red-blue coloring of the edges of G = K55 that avoids

both a red C, and a blue (4. Since we want to avoid a red C,, we can have the
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following subcases for the longest cycle in the red subgraph of G.

Subcase 1: The longest cycle has length six.

Consider the vertex set {1, y1, T2, Y2, T3, ys} that induces a red 6-cycle in G. In the
exterior of the 6-cycle we can have that x4 is adjacent to three vertices from the set
{y2,y4,y5}. If it is adjacent to four or more edges, then the vertex set {4, y1, 2,92}
will induce a red Cy. We also have that x5 is adjacent to at most two vertices of set Y’
whose indices do not differ by two, e.g., x5y, and x5ys5, as we only have three vertices
whose indices differ by two in set Y. Similarly, y5 is adjacent to at most two vertices
of set X whose indices do not differ by two. If x5 is adjacent to any two vertices of
set Y whose indices differ by two, e.g. x5y-, and x5y, then this will lead to a red CYy,
for example x5, Y9, T4, Y4, 5. Hence x5 and y5 are each incident to at most three blue

edges.

In the interior of the 6-cycle we cannot color any chord red as this may lead to a red Cj.
For example, x1,y1, x3, y3, z7 if the chord 3y, is colored red. Therefore, we color the
chords x1ys, T2ys, and z3y; blue. We observe that the vertex set {x1, y2, x5, y3, 2, Y5 }
induces a blue (g, a contradiction to our assumption that bs(Cy, Cg) > 5. We have
that at least one of the edges on the blue Cg cannot be colored red or blue, for exam-

ple the chord z1y,. Therefore the longest cycle in Gr cannot be of length six.

Subcase 2: The longest cycle in G has length eight.

Consider a vertex set {x1,y1, Ta, Y2, T3, Y3, T4, ys} that induces a red 8-cycle. In the
exterior of the 8-cycle we only have one edge between z; and any vertex from set Y.
If we have two or more edges, then the vertex set {xs, y1, xo, y2} will induce a red Cj.

We also have one edge between ys; and any vertex from set X, otherwise, if we have
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two or more edges, then the vertex set {x3,ys, 4, y5} will induce a red Cy. Therefore

x5 and y5 are incident to at most three blue edges.

In the interior of an 8-cycle we refer to Case 2 of Theorem 3.6 where the edges
that cannot be colored red form a blue Cy in the blue subgraph of G. However, since
x5 and ys are incident to at most three blue edges, we have that the edges of a blue
Cs together with the edges incident to x5 and ys5 create a blue Cg induced by the ver-
tex set {ws, Y4, T3, Y1, T4, Y5}, a contradiction to our assumption that b5(Cy, Cg) > 5.

Therefore the longest cycle in G cannot be of length eight.

Subcase 3: The longest cycle in G has length ten.

Consider a vertex set {x1,y1, T2, Y2, T3, Y3, T4, Ya, T5, Y5} that induces a red Cro. We
recall from Theorem 3.5 that in the interior of a C'yy we can color at most two chords
red which creates a red Cg, thus avoiding a red Cy. We cannot have a red Cy in a
red (g as the chord z5y; on the Cy makes way for the existence of a red Cy4, namely
x1,Y1,Ts5, Y5, 1. Hence we have all the remaining chords colored in blue: zsys, x2ys,
T1Y3, T1Y4, T3Y1, TalY1, Talo, T5Y1, Tsyo and xsys. We observe that the edges x4y,
T4Y2, T5y1 and x5y, induce a blue Cy. Note that if two vertices incident to an edge
x;y; are adjacent to two vertices of the vertex set that induces a C4, then this will lead
to a Cg. We observe that y3 and x; incident to the blue edge x,y3 are adjacent to x5
from z5ys and vy, from z11y,. This adjacency leads to a blue Cg, 1, y2, T4, Y1, Ts5, Y3, 1,
which is a contradiction to our assumption bs(Cy, Cg) > 5. Therefore, since an edge
such as x1y3 of the blue Cg cannot be colored red or blue, it follows that we cannot
avoid a red Cy or a blue Cy in the graph G. Hence, we cannot have the longest cycle

in Gr to be of length ten. This concludes the proof for case 1.
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Case 2: s > 5.

Since K54 C K55 C ... C K5, for s > 5, it can be concluded by symmetry that
bs(Cy, Cg) = b for s > 5. That is, since we cannot avoid a red Cy or a blue Cj in a
Ks 5, we will also not be able to avoid a red Cy or a blue Cs in a K54 as K55 is a

subgraph of Kj5 . Therefore bs(Cy, Cg) = 5 for all s > 5. [ |

In Table 2 our findings for bs(Cy, Cs) = t are presented, where “Y” means we can
avoid a red C; and a blue Cg, and “N” means we cannot avoid a red C}y or a blue Cg.
Since by(Cy, Cs) = 5 from Theorem 3.6, we see in the table that if s = 3 and ¢ = 5,
then we will be able to avoid a red C; and a blue Cy. Also, if s =4 and ¢ = 6, then

we will not be able to avoid a red C or a blue Cj.

7

< || = | €| €| =] <[]+

ca [ =l [ [Ln | &= [wa | paf

< |=|=|=|=|=|=]|=]|m
“|l=|=|=|=|=<|=|=<|w
Zlz|lz|z|=|=|=|=]|+*
Z|lZ2|Z2|(2|=2|=|=|=|w
Z|lZ2|Z2|2|l=2|=|=|=|=
Z|lZ2|2|(2|l=2|=|=|=]|™H
Z|l2|2|2|=2|=|=|=|=

Table 2: Our results for b,(Cy, Cs).

3.6 The s-Bipartite Ramsey Number of Two 6-Cycles

We now consider the s-bipartite Ramsey number of two 6-cycles for s > 5. As ex-

plained previously, note that when proving the upper bounds, we consider the graph
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G and redraw it such that there are no vertices inside an even cycle and that all the
remaining vertices are on the outside and not enclosed by the vertices of the cycle.
We define the interior chords of a cycle to be the chords between the vertices on the
inside of a cycle and exterior edges to be the ones between a vertex on the cycle and
a vertex on the outside of the cycle, or between two vertices on the outside of the

cycle. If s =5, then we have the following theorem.

Theorem 3.8
bs5(Cs, Cg) = 5.

Proof. To prove the lower bound b5(Cs, Cs) > 5, let G = K54 with X and Y as the
partite sets of V(G) where X = {x1, 29, 23,24} and Y = {y1, 90, ...,y5}. We recall
the red-blue coloring of the edges of K,, in Figure 3.2 where we have a red sub-
graph K4 and a blue subgraph Kj4. We may construct the graph K45 by adding
two blue edges between y5 and any two vertices of the red Kj4, say z; and z,. We
also add two red edges between y5 and any two vertices of the blue Kj 4, say x3 and
xy4. It follows that in the red subgraph of K,5, we have a red K;4 and two edges
ysx3 and ysx, while avoiding a red Cg. In the blue subgraph of K, 5 we have a blue

Ky 4 and two edges y5x1 and y5x4 while avoiding a blue Cg. Therefore, by(Cg, Cg) > 5.

We now give a proof for the upper bound bs5(Cg,Cs) < 5. Assume, to the con-
trary, that b5(Cs, Cg) > 5. Hence, there exists a red-blue coloring of the edges of
G = K;5 that avoids a red Cg and a blue Cs. Note that G has 25 edges which can
be partitioned into a red subgraph G and a blue subgraph Gp.

Assume, without loss of generality, that the size of G is at least 13, i.e, |E(Gg)| > 13.

We know that Gr is not a tree nor a forest as it would then be of maximum size

m < 10. We may assume that G is not a tree and let C be the longest cycle in Gy
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for an even number £ > 4. Note that we cannot have kK = 6 from our assumption

that Gr does not contain any red Cg’s. Since |X| = 5, we consider the following cases.

Case 1: The longest cycle in G has length four.

Consider the vertex set {x1,41,x2,y2} that induces a red Cy in Gg. In the exte-
rior of the 4-cycle we have three vertices from set X and three vertices from set Y.
We cannot have all three vertices from set X being adjacent to all three vertices
from set Y, otherwise this will lead to a red Cg, for example x3,ys3, T4, Y4, Ts5, Y5, 3.

Therefore, we only consider the following subcases.

Subcase 1: Both vertices from the set {z3, 24} are adjacent in G to all three vertices

from the set {ys, Y4, ys}-

We may have at most two edges from the edge set {z;y;|1 < i < 2,3 < j < 5},
otherwise, if we have three or more edges, then the vertex set {x1,ys, xs, ys, T2, Y1}
will induce a red Cs. We have that x5 can only be adjacent to one vertex from the
set {y1, 42}, otherwise, if it is adjacent to both of them, then we will have a red Cj,
for example x5, y1, 22, y3, 1, Y2, 5. We may not have any chords in the interior of
a Cy since no two vertices in any partite set of a bipartite graph can be adjacent.
This gives us a total of 13 edges colored red in GG, proving our main assumption
that |E(Ggr)| > 13. However, we observe that the edges that cannot be colored
red in Gy produce a blue Cy in the blue subgraph Gp, for example, the edge set
{z1Y3, Y35, T5Ys, YsT2, ToYs, yax1} which contradicts our assumption that G contains
no red Cg’s or blue Cg’s. Therefore, both vertices from the set {z3, x4} are not adja-
cent to all the vertices from the set ys, 34, y5 and so we cannot have the longest cycle

in G'g to be of length four.
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Subcase 2: x5 is adjacent to all three vertices from the set {ys, y4, ys}-

We may have three edges from the edge set {z;y;|1 < i < 3,3 < j < 5} where
x; may be adjacent to all three vertices from set Y, otherwise, if we have four or more
edges, then the vertex set {z1,ys, s, Ys, T2, Y2} will induce a red C5. We may also
have the two edges x3ys and x4y4. Since we cannot have any chords inside a Cy it
follows that we have a total of at most 12 edges colored red in G, a contradiction to
our main assumption that |E(Gg)| > 13. Therefore, x5 is not adjacent to all three
vertices from the set y3, y4, y5 and so we cannot have the longest cycle in Gg to be of

length four.

Case 2: The longest cycle in Gg has length eight.

Consider the vertex set {x1,y1, T2, Y2, T3, Y3, T4, ys} that induces a red Cg in Gg. In
the exterior of the 8-cycle we may have at most two edges between x; and any
vertex from set Y, otherwise, if we have three or more edges, then the vertex set
{5, Y4, 21,91, 22,2} will induce a red Cg. Similarly, we may have at most two edges
between y; and any vertex from set X. We have that x5 is not adjacent to ys,
otherwise this may lead to a cycle longer than that of length eight, namely a Cjj,

contradicting our assumption for Case 2.

If we color any chord inside a Cy, then we will have a red Cg. For example, if we color
the chord x4y, red, then we will have x4, yq, T2, Yo, 3, ys3, x4 as a red Cg. Therefore,
we may not color any chord red. This gives us a total of at most 12 edges colored
red in Gg, a contradiction to our main assumption that |E(Gg)| > 13. Therefore, we

cannot have the longest cycle in G to be of length eight.

Case 3: The longest cycle in Gg has length ten.
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Consider the vertex set {z1,y1, T2, Y2, T3,Y3, T4, Y1, T5, Y5 that induces a red Cjp in
Gr. To avoid a red Cg in a Cp, we may color the chord x5y, red. This will lead to a
red Cy, x1,Y1, %5, Yy, 1, and a red Cs, x5, Y1, T2, Y2, T3, Y3, T4, Ya, Ts. We cannot color
any more chords red as it will lead to a red Cg, for example, xs, Yo, T3, Y3, T4, Y4, To if
we color the chord zsy, red. Hence, we have a total of at most 11 edges colored red
in Gg, a contradiction to our main assumption that |E(Gg)| > 13. Therefore, we

cannot have the longest cycle in G to be of length ten.

Since K55 C Kz C ... C K54 for s > 5, we can conclude that by symmetry,
bs(Cs, Cg) = b for s > 5. That is, since we cannot avoid a red Cg or a blue Cj in a
K55, we will also not be able to avoid a red Cgs or a blue (s in a Kj 4 as Ks5 is a

subgraph of Kj .. Therefore, by(Cg, Cg) > 5 for all s > 5. [ |

Our findings for bs(Cg,Cs) = t are presented in Table 3, where “Y” indicates that
we can avoid a red Cg or a blue Cg and “N” indicates that we cannot avoid a
red Cg or a blue Cg. Since b5(Cg,Cs) = 5 from Theorem 3.8, we see in the ta-
ble that if s = 5 and ¢t = 4, then we will be able to avoid a red Cg or a blue Cg.
Also, if s = 5 and t = 6, the we will not be able to avoid a red Cg or a blue Cs.
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Table 3: Our results for b,(Cs, Cs).

3.7 In Conclusion

We have the following theorem that summarizes all of our findings for the s-bipartite

Ramsey numbers of two cycles.

Theorem 3.12
Let m > 4. Then,

oo ifl1<s<2,
bo(Cn,Cy) = 7 if 3<s<4andm=4, (9)

5 if s > 5,
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and
o if s <4 and m > 6,

bs(Crn,Cs) =5 if s=4and m = 4, (10)

5 ifs>5and m > 6.

We plan to continue to investigate the following question in future studies:
What is the general s-bipartite Ramsey number of two even cycles?

That is, bs(Capm, Coy,) for positive integers m,n > 2.
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