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In the field of forward error correction, the development of decoding algorithms

with a high error correction performance and tolerable complexity has been of

great interest for the reliable transmission of data through a noisy channel. The

focus of the work done in this thesis is to exploit techniques used in forward er-

ror correction in the development of an iterative soft-decision decoding approach

that yields a high performance in terms of error correction and a tolerable com-

putational complexity cost when compared to existing decoding algorithms. The

decoding technique developed in this research takes advantage of the systematic

structure exhibited by linear block codes to implement an information set decoding

approach to correct errors in the received vector outputted from the channel. The

proposed decoding approach improves the iterative performance of the algorithm

as the decoder is only required to detect and correct a subset of the symbols from

the received vector. These symbols are referred to as the information set. The

information set, which matches the length of the message, is then used decode the

entire codeword.

The decoding approach presented in the thesis is tested on both Reed Solomon

and Low Density Parity Check codes. The implementation of the decoder varies

for both the linear block codes due to the different structural properties of the

codes.
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Reed Solomon codes have the advantage of having a row rank inverse property

which enables the construction of a partial systematic structure using any set of

columns in the parity check matrix. This property provides a more direct imple-

mentation for finding the information set required by the decoder based on the soft

reliability information. However, the dense structure of the parity check matrix of

Reed Solomon codes presents challenges in terms of error detection and correction

for the proposed decoding approach. To counter this problem, a bit-level imple-

mentation of the decoding technique for Reed Solomon codes is presented in the

thesis.

The presentation of the parity check matrix extension technique is also proposed

in the thesis. This technique involves the addition of low weight codewords from

the dual code, that match the minimum distance of the code, to the parity check

matrix during the decoding process. This helps add sparsity to the symbol-level

implementation of the proposed decoder. This sparsity helps with the efficient

exchange of the soft information during the message passing stage of the proposed

decoder.

Most high performance Low Density Parity Check codes proposed in literature

lack a systematic structure. This presents a challenge for the proposed decod-

ing approach in obtaining the information set. A systematic construction for a

Quasi-Cyclic Low Density Parity Check code is also presented in this thesis so as

to allow for the information set decoding. The proposed construction is able to

match the error correction performance of a high performance Quasi-Cyclic Low

Density Parity Check matrix design, while having the benefit of a low complexity

construction for the encoder.

In addition, this thesis also proposes a stopping condition for iterative decoding

algorithms based on the information set decoding technique. This stopping con-

dition is applied to other high performance iterative decoding algorithms for both

Reed Solomon codes and Low Density Parity Check codes so as to improve the

iterative performance. This improves on the overall efficiency of the decoding al-

gorithms.
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CHAPTER 1

Introduction

1.1 Introduction

Forward error correction is an error control strategy used in communication sys-

tems, for data sent from the transmitter to the receiver. Forward error correction

decoding techniques are used to detect and correct errors at the receiver which

are introduced during transmission through a noisy channel. Error correction at

the receiver is very important as it saves on power that would be wasted on re-

transmission, especially with the constant, rapidly increasing exchange of data in

today’s world.

There exist two main classes of codes used for the purposes of error correction;

linear block codes and convolution codes. Linear block codes are favoured for prac-

tical applications due to their advantageous linear properties, easy encoding pro-

cedures and efficient decoding algorithms. Examples of popular linear block codes

used in error correction include Bose-Chaudhuri-Hocquenghem(BCH)[1], Reed-

Solomon codes [2], Low Density Parity Check codes [3] among others.

Reed-Solomon (RS) codes are a popular class of non-binary linear block code [2]

that were developed by Irving S.Reed and Gustave Solomon [2]. This class of

code has a wide range of applications that include telecommunications, storage

devices and even space technology. These codes are largely popular due to their

favourable algebraic properties which enables good error detection and correction

with implementable decoders. Based on the good error detection performance of

this class of code, there has been a lot of research on the performance analysis

based on efficient encoding, decoding and overall design.

1
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There are many techniques used in the decoding of RS codes. Most of these de-

coding techniques are either classified as hard-decision decoders or soft-decision

decoders. Hard-decision decoders that decode up to the minimum distance, such

as the Berlekamp-Massey (BM) algorithm [4] and the Euclidean algorithm [5],

have been shown to efficiently perform error correction on the received vector of

RS codes that are outputted from noisy channels. However, if soft information

is present, a decoder that utilises this performs better [6]. Examples of the RS

decoders that utilise soft-decision decoding techniques include the widely used

Koetter and Vardy (KV) algorithm [7], the Adaptive Belief Propagation (ABP)

algorithm and the Parity check Transformation algorithm (PTA) [8]. These soft-

decision decoders give significant gains over hard-decision decoders, but this comes

at the cost of computational complexity.

This research focuses on the development of an iterative soft-input soft-output

decoding algorithm that is able to yield a good error correction performance while

running at a relatively lower complexity when compared to existing high perform-

ing decoders. The decoding approach presented in this research takes advantage

of low complexity techniques to detect and correct an information set [9] [10] of

symbol or bits during the iterative decoding process based on the soft information.

The information set is made up of a subset of symbols or bits in the received vec-

tor. The length of the information set varies based on the rate of the code. The

information set obtained by the proposed algorithm is used to decode the entire

received vector. This decoding approach aids in increasing the efficiency of the

decoding process by reducing the decoder complexity. This is because it only has

to successfully decode a subset of symbols in the received vector as opposed to all

of the symbols in the received vector. To measure the performance of the proposed

algorithm presented in this research, simulations are run with the results compared

to the ABP [6] and the PTA [8] decoders which are considered as high performing

iterative soft-input soft-output decoding algorithms for RS codes. The decoding

approach presented in this research is also be implemented as an additional stop-

ping criteria for both the probability domain[1] [3] and the log domain [11] sum

product algorithm (SPA) when applied to Quasi-Cyclic Low Density Parity Check
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Codes (QC-LDPC).

1.2 Motivation and Problem Statement

Soft-decision decoders used for RS codes give a good error correction performance

but at the cost of some form of complexity. The ABP algorithm gives a significant

gain compared to hard-decision decoders and the widely used KV algorithm, but

this comes at the cost of a high computational complexity [6], [12]. The PTA

algorithm has also been shown to be a good decoder while outperforming the KV

algorithm [8]. This is at the cost of the algorithm running numerous iterations

[13], therefore making the PTA a computationally intensive algorithm.

A similar case is also seen in the decoding of the Low Density Parity Check (LDPC)

codes decoded with the belief propagation algorithm. LPDC codes [14] have been

shown in literature to attain a near Shannon limit performance [3] but this is at

the cost of computation complexity [11]. Part of the reason decoders based on

belief propagation work so well with LDPC codes is due to the sparse nature of

parity check matrices.

This research focuses on the development of a low complexity iterative soft-input

soft-output decoding approach for RS codes and a subclass of LDPC codes referred

to as Quasi-Cyclic Low Density Parity Check (QC-LDPC) codes. QC-LDPC codes

are selected for this research largely due their simple implementation by use of

shift registers and their good bit error rate (BER) performance when transmitted

through a noisy channel [15].

One of the hindering factors of the implementation of the decoder for QC-LDPC

codes is the lack of parity check matrices defined by a systematic structure for

the class of code. Construction of most QC-LDPC codes focuses on ensuring the

cycles on the Tanner graphs do not have cycles smaller than a length of 4. Hav-

ing cycles of length 4 in the Tanner graphs that define the parity check matrix

hinders the exchange of soft information during the decoding of LDPC codes [15].

This leads to a loss in terms of error correction performance of the LDPC code

[1] [11]. Due to the focus on the length of cycles on the Tanner graph, research
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on systematic construction of QC-LDPC codes is not common. Also, systematic

constructions of QC-LDPC are inhibited due to most QC-LDPC codes not having

a parity check matrices defined by a full rank. This is because of the large size of

the parity check matrix.

A parity check matrix with a systematic structure is important for the develop-

ment of the proposed iterative soft-input soft-output decoding approach. This is

because the systematic structure is required for the use of information set decod-

ing. Part of this research, therefore, focuses on the construction of a QC-LDPC

code defined by a parity check matrix with a systematic structure. This contribu-

tion not only benefits the implementation of the proposed iterative decoder, but

also provides an option for error correction application with a QC-LDPC code that

has the benefits of a systematic structure. The benefits of a systematic structure

includes obtaining decoded information that does not need to be converted into

user data at the receiver and a simple encoder construction.

The “complexity vs performance” tradeoff is quite common in the field of telecom-

munications when it comes to the selection of appropriate decoding algorithms.

This research focuses on the development of a decoding technique that iteratively

utilizes the soft information outputted from the noisy channel to yield a high

error correction performance at a reduced computational complexity cost. The

development of a reduced complexity decoding scheme is done with the aim of

eliminating the current “complexity against performance” trade-off that is used

during the decoding process. This would enable efficient use of error correction

codes for a wider range of applications in high speed data communication and

digital storage systems.

Research Question

Based on the highlighted problem statement this research attempts to answer the

following question.
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• What forward error correction techniques can be applied to linear block codes

to reduce complexity while maintaining a good error detection and correction

performance during the iterative decoding processes?

Based on the implementation of the proposed techniques, this research also addi-

tionally attempts to answer the following questions

• What performance is attained from the proposed iterative decoding processes

when implemented for different code rates?

• What performance is attained from the proposed iterative decoding processes

when applied to both a bit and symbol-level?

• Is it possible to improve the iterative convergence rate of the ABP [6], PTA

[8] and the SPA [1] [11] decoders while maintaining the error correction per-

formance using information set decoding techniques as an additional stopping

condition?

1.3 Research Objectives

The main objective of this research is the development of a decoding approach

that is able to maintain high error correction performance while working at a

complexity that is considered to be tolerable. This is done for the sole purpose

of increasing the efficiency of the decoding process of linear block codes at the

receiver for the wide range of application in different communication systems.

The main research contributions presented in this research are as follows:

1. Development of an iterative soft-input soft-output information set decoding

algorithm that utilises the systematic structure of the parity check matrix of

a RS code working at a bit-level with a reasonable computational complexity.

2. Development of an iterative soft-input soft-output information set decoding

algorithm that is applied to the symbol-level dense parity check matrix of a

RS code with a reasonable computational complexity.
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3. Development of a systematic QC-LDPC code with a reasonable construction

complexity.

4. Improve the iterative convergence rate, without a significant addition to

complexity, of the ABP, PTA and Belief propagation algorithms through

the use of an additional stopping criteria.

1.4 Organisation of the Thesis

The rest of the thesis is structured as follows:

In Chapter 2 a basic overview of the forward error correction principles used in

the research is presented. The literature presented in this chapter also covers the

different decoding techniques used in the error detection and correction of RS and

LDPC codes. The basic idea of how the systematic structure of the code is used

to obtain the information set required by the decoder is proposed in this chapter.

The simulation setup used to arrive at the conclusion presented in this research is

described in Chapter 2 as well.

Chapter 3 presents an overview of the related works in literature, mainly focus-

ing on iterative soft-input soft-output decoder implementations on RS codes at a

bit-level and a symbol-level. This chapter also provides a literature survey on the

construction of systematic QC-LDPC codes.

Chapter 4 proposes the implementation of the proposed decoder at a bit-level

when applied to RS codes. The implementation of an additional stopping con-

dition which yields an improved iterative convergence rate during the decoding

process when applied to the ABP and the bit-level PTA is also presented in this

Chapter.

Chapter 5 presents the implementation of iterative soft-decision information set

decoding on a RS code at the symbol-level. This implementation is made possible

with the aid of parity check matrix extensions. Work on an additional stopping
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condition is also carried out in the section when applied to iteratve soft-decision

symbol-level decoders.

Chapter 6 looks into investigating the implementation of information set decod-

ing techniques as an additional stopping criteria for binary systematic QC-LDPC

codes. A systematic approach to the construction of QC-LDPC codes is also pre-

sented in this chapter. An analysis in terms of performance and construction

complexity of the proposed decoding approach is investigated in this chapter as

well.

Finally, the contributions presented in the thesis are summarised and concluded

in Chapter 7.



CHAPTER 2

Basic Forward Error Correction Principles

Important to the Research

2.1 Introduction

The purpose of this chapter is to introduce and establish notation used in Forward

Error Correction related to this research. This chapter presents the definitions of

Reed-Solomon (RS) codes and Low Density Parity Check (LDPC) codes. This

chapter also give a brief overview of the different iterative decoding techniques

used for both RS and LDPC codes. The importance of the systematic structure

of linear block codes and how it assists in the decoding process is also discussed

in this chapter.

The rest of the chapter is structured as follows; The basic concepts of forward

error correction used in the research are presented in Section 2.2. Reed-Solomon

codes and LDPC codes are defined in Section 2.3 and 2.4 receptively. The various

decoding techniques used in error correction of linear block codes are discussed

in Section 2.5. High performance error correction iterative soft-decision decoding

algorithms are presented in Section 2.6. The importance of the systematic struc-

ture of linear block codes when applied to this research is presented in Section 2.8.

The simulation setup that is used to test the error correction performance of the

proposed iterative decoder is described in Section 2.9. A summary to this chapter

is given in Section 2.10.

8
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2.2 Forward Error Correction Overview

In telecommunications, forward error correction is the study of detecting and cor-

recting the errors found in data transmitted over an unreliable noisy communica-

tion channel. The message to be transmitted is encoded by the sender through the

addition of redundant symbols to form the codeword. This redundancy is utilized

in the decoding process by enabling the receiver to detect a specified number of er-

rors that may be found in the received message outputted from the noisy channel.

Error correcting codes are often referred to as linear codes. Important forward

error correction principles are now defined:

• Galois Field(GF): A field is a set of elements where by the addition, sub-

traction, multiplication and division operations can be performed on any

number of elements in the set with the results being an element in the same

set. A Galois Field (GF) is a field that contains a finite number of elements.

This field is usually denoted as GF(qm), where m is a whole, non-negative

number and q is a prime number. All arithmetic calculations are performed

using modulo-q operations. In forward error correction, all the possible sym-

bols of a transmitted codeword c are elements in a the field GF(qm).

• The primitive element of the field: For the field GF(qm), there exists at

least one special element referred to as the primitive element and is denoted

as α. The primitive element is defined as any nonzero element in the field

with the order (qm − 1). This means that any nonzero element in the field

GF(qm) can be represented as a power of α [16].

• Linear block codes: There are a subclass of linear codes that encode data

in blocks. These codes are denoted as (n, k) linear block codes, because

a message with k symbols is input into the encoder and a codeword of n

symbols is obtained at the output of the encoder, where n > k through the

addition of parity symbols. This codeword is what is transmitted across

the noisy channel and received at the demodulator. For the field GF(qm), a

(n, k) linear block code C contains a set of (qm)k codewords[1]. Examples of



Chapter 2. Basic Forward Error Correction Principles Important to the
Research 10

linear block codes include Hamming Codes, Reed-Solomon Codes and Low

Density Party Check codes. The parameters used to define linear block codes

are as follows:

Definition 2.1: For a (n,k) linear block code C, k denotes the number of

information symbols in the message.

Definition 2.2: For a (n,k) linear block code C, n denotes the total length

of a codeword c.

Definition 2.3: The parity symbols of a linear block code are defined as

the number of redundancy symbols per transmitted codeword. The number

of parity symbols are expressed as:

n− k. (2.1)

Definition 2.4: The code rate R of a block code is the ratio of the infor-

mation symbols k to the codeword symbols n. It is represented as

R =
k

n
. (2.2)

From (2.2), it can be seen that more information symbols can be transmitted

for higher code rates.

Definition 2.5: The Hamming distance between two codewords of the

same length is defined as the total number of positions in which the two

codewords differ. The hamming distance between codewords c1 and c2 of

the code C is represented as

dh(c1, c2) (2.3)

Definition 2.6: The minimum Hamming distance, dmin, of a linear block

code is expressed as [17]:

dmin = min{dh(c1, c2) : c1, c2 ∈ C, c1 �= c2}, (2.4)

The minimum distance dmin of a linear block code can be used to determine
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the number of errors that the code can detect or correct. In general, a linear

block code can reliably detect ε errors where:

ε ≤ dmin − 1. (2.5)

Definition 2.7: The Euclidean distance is defined as the sum of the

squared distance between two points in signal space. For example, the Eu-

clidean distance between the two signal points a1 and a2 in one dimensional

is computed as [11]

dE(a1, a2) =

√√√√ n∑
j

(a1j − a2j)
2, (2.6)

where 1 ≤ j ≤ n.

Definition 2.8: A Maximum Distance Separable (MDS) code is a special

class of linear block codes whose minimum distance, dmin, can be defined as

dmin = n− k + 1. (2.7)

MDS codes are able to correct the largest number of errors for a given code

based on the code rate R. MDS codes also have the property

n− k = 2λ, (2.8)

where λ represents the minimum number of correctable errors per transmit-

ted codeword, and is represented as

λ =

[
dmin − 1

2

]
. (2.9)

The condition defined by (2.9) is referred to as the Singleton bound [18].

Reed-Solomon codes form the most essential class of MDS codes [17].

• The Generator matrix(G): This is a matrix whose rows are defined by

a set of k linearly independent codewords of the (n, k) linear block code C,
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and has the dimensions k×n. The Generator matrix is used in the encoding

process by adding parity symbols to a message u (of length k), to obtain the

codeword c (of length n) as shown in (2.10)

c = u×G. (2.10)

• The Parity check matrix (H): An (n, k) linear block code C exists in a

k-dimensional vector subspace, because it is made up of (qm)k codewords.

Therefore, there exist an (n−k)-dimensional dual space to C [1]. The parity

check matrix H, with the dimensions (n−k)×n, is defined as the dual code

of the generator matrix G. This means that G and H must satisfy

G×H� = 0, (2.11)

where H� is the transpose of the matrix H.

• The Syndrome (S): For a given codeword c to exist in the k-dimensional

subspace of the code C, it must satisfy

S = c×H�, (2.12)

where S is a zero vector of length (n− k) if and only if c is a valid codeword

of the code C. The syndrome calculation in (2.12) can also be represented

in terms of the scalar product as shown in (2.13) [17]

Si = c ·Hi, (2.13)

where 0 ≤ i ≤ (n − k) represents the rows of H. During iterative decoding

processes, the syndrome is often calculated with the received vector to check

if it is a valid codeword.
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• The systematic structure: The systematic structure of the G and the H

matrices is of the form shown in (2.14) and (2.15) receptively

G = [I Q] or G = [Q I], (2.14)

H = [Q� I] or H = [I Q�], (2.15)

where Q represents the parity submatrix of dimensions k × (n − k). The

submatrix I is an identity matrix of dimension k × k for G and (n − k) ×
(n − k) for H. This structure is very important for the implementation of

information set decoding 2.8.

2.2.1 GF (2m) arithmetic

The decoding technique developed in this research works based on the additive

inverse property of the field GF (2m) [17]; For any element αz in the field, where α

represents the primitive element of the field and z is either −∞ or 0 ≤ z ≤ (2m−2),

αz + αz = 0. (2.16)

The other important GF (2m),but basic, arithmetic expressions required for this

research include; for any element in the field αz when multiplied by the 0 symbol

(α−∞) in the field gives a 0, as shown in (2.17). Also any element in the field αz

when multiplied to the multiplication identity 1 (α0) in the field gives the same

element αz, as shown in (2.18)

αz × 0 = 0, (2.17)

αz × 1 = αz. (2.18)
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2.3 Reed-Solomon Codes

Reed-Solomon (RS) codes are a popular set of cyclic linear block codes that are

often used in practical systems. More than 50 years after they were developed

by Irving S. Reed and Gustave Solomon [2] RS codes are still one of the more

popular class of linear block codes used in error correction. RS codes are largely

popular due to their favourable algebraic properties. They can also be defined

as Non-binary Bose, Chaudhuri and Hocquenghem (BCH) codes and are widely

used in correcting random symbol errors, burst errors, and erasures in digital

communication and data storage systems [17].

2.3.1 Definition of Reed-Solomon Codes

The Generator polynomial and the Parity Check polynomial

A (n, k) RS code can be defined by the generator polynomial g(x) and the parity

check (dual code) polynomial h(x).

The generator polynomial of a RS code over GF(qm) of length n = qm − 1 has a

degree of (n− k) and can be expressed as [16]

g(x) =
n−1∏
i=k

(x− α−i). (2.19)

The parity check polynomial h(x) is obtained using a similar calculation as that

of the generator polynomial g(x). The parity check polynomial h(x) has a degree

k and can be calculated using (2.20)[16]

h(x) =
k−1∏
i=0

(x− α−i). (2.20)

From (2.19) and (2.20) it is important to note that the roots for the polynomials

g(x) and h(x) are disjoint. This means all the possible roots αi are involved in the

calculation for both polynomials.
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The Generator Matrix and the Parity Check Matrix

From (2.19), the generator polynomial g(x) can be rewritten as

g(x) = (x− α−k)(x− α−(k+1))...(x− α−(n−1)), (2.21)

g(x) = g0 + g1x+ ...+ g(n−k)x
(n−k). (2.22)

Based on the properties of cyclic codes, the generator matrix G of a (n, k) RS code

can be created by cyclically shifting the coefficients of the polynomial k times to

give the form shown in (2.23) [16]

G =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

g0 g1 g2 ... g(n−k) 0 0 ... 0

0 g0 g1 g2 ... g(n−k) 0 ... 0

0 0 g0 g1 g2 ... g(n−k) ... 0
...

...
...

0 0 ... 0 g0 g1 g2 ... g(n−k)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (2.23)

The parity check matrix H can also be obtained in a similar way to that of the

generator matrix. Firstly, the equation for parity check polynomial is expanded

from the form shown in (2.20)

h(x) = (x− α0)(x− α−1)...(x− α−(k−1)), (2.24)

h(x) = h0 + h1x+ ...+ hkx
k. (2.25)

The parity check matrix is then created by shifting the coefficients of h(x) (n− k)

times as shown (2.26) [16]

H =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

hk h(k−1) h(k−2) ... h0 0 0 ... 0

0 hk h(k−1) h(k−2) ... h0 0 ... 0

0 0 hk h(k−1) h(k−2) ... h0 ... 0
...

...
...

0 0 ... 0 hk h(k−1) h(k−2) ... h0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(2.26)
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2.4 Low Density Parity Check (LDPC) Codes

Low Density Parity Check (LDPC) codes get their name from the low density of

non zero elements in their H matrices. Due to this fact, the different types of

LDPC codes are completely defined by the sparse nature of their respective H

matrices. This class of codes were discovered by Gallager in his PhD thesis [14] in

1963 but due to their computational and implementation complexity at that time

they were mostly ignored. Research on LDPC codes was resurrected in the mid

1990’s when they were popularized by Davey and MacKay who proved these codes

had a near Shannon limit performance, while decoding using probabilistic soft-

decision decoding algorithms, and other advantages of block codes with low density

(sparse) parity check matrices[19]. Since then there has been a lot of research on

the performance analysis based on construction, efficient encoding, decoding and

overall design of these codes for various applications in digital communication and

storage devices.

2.4.1 Representation of LDPC codes

When representing LDPC codes, there are 2 categories that are considered. An

LDPC code can either be a regular LDPC code or an irregular LDPC code. A

regular LDPC code is a LDPC code whose parity check matrix is characterised

by having the same the column weight and the same row weight. On the con-

trary if the parity check matrix of the LDPC code has different row weights and

different column weights, then the code refereed to as an irregular LDPC code.

For both regular and irregular LDPC code constructions the following structural

constratints are imposed on the structural property on the parity check matrix:

no two rows or columns have more than one position in common that contains a

non zero element [11]. This structural property is refereed to as the row-column

constraint. This constraints ensures that a girth of length 4 is not present in the

Tanner graph representation of the LDPC codes [20]. Having a girth of length 4
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negatively affects the error correction performance of the LDPC code. This is be-

cause it increases the chances of the algorithm getting stuck at pseudo-equilibrium

points during the exchange of the soft information in the iterative decoding process

[1].

2.5 Decoding Techniques Used in Error Correction of Lin-

ear Block Codes

2.5.1 Symbols-Level and Bit-Level Decoding

Soft-decision decoders for RS codes working in the field GF(2m), can be divided

into two categories. They can either be symbol-level decoders or bit-level decoders.

Most soft-decision decoders for RS codes work on a symbol-level. Symbol-level

decoders work on the 2m − 1 symbols of the elements in the field during the

decoding process, with the arithmetic being done in the field GF(qm). Examples

of soft-decision decoding algorithms implemented on a symbol-level can be found

in [7, 8, 19]

When working in the field GF(2m) each symbol can be expressed in the form of m-

bits. Due to the field GF(2m) being an extension field of GF(2), calculations with

the bit representation of the code are carried out using the modulo 2 operations.

Bit-level decoders work by first converting a codeword of length n into its bit form.

This yields a vector of length nm, where nm = n × m. The codeword in its bit

form is then used in the decoding process. The conversion of the symbols to bits

is not only performed on the codeword but also on the H matrix by means of a

binary image expansion [6] [21].

• Definition 2.9 : In order to understand the binary expansion its important

to note that each element αz of the field GF(2m) can be replaced by a

corresponding m × m binary matrix Bz, where B is denotes a companion

matrix of the primitive polynomial which creates the field GF(2) [21]. The

binary image of the H matrix is obtained by replacing each element in the
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matrix with their corresponding companion matrix to give a binary matrix

with the dimensions (nm− km)× nm where km = k ×m.

Research performed on decoding algorithms at a bit-level can found in [6, 12, 22–

26].

2.5.2 Information Set Decoding

Information set decoding is a decoding technique that was developed by Prange

[9] and was used in the decoding of Cyclic codes. This decoding approach works

by using a set of k linearly independent bits from the received vector to construct

a unique codeword of the code [10]. The k linearly linearly independent bits

are referred to as the information set with remaining (n − k) bits being erased.

The information set is used to reconstruct the (n − k) bits by reencoding the

information set and using the new codeword to locate the errors in the received

vector [10]. Research carried out on the information set decoding approach has

led to different implementations and modifications for its applications on linear

block codes [27–32].

2.5.3 Hard-Decision Decoding Techniques

2.5.3.1 Reed-Solomon Codes

A typical hard-decision decoder for RS codes can correct errors up to:

λ =

⌊
dmin − 1

2

⌋
=

⌊
n− k

2

⌋
. (2.27)

Decoding algorithms for RS codes that maintain the λ error correcting bounds

are given the name Minimum distance decoding (MDD) algorithms [17]. Hard-

decision decoding algorithms for RS codes based on the minimum distance include
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the the Euclidean algorithm [5], Berlekamp-Massey (BM) algorithm [4] [33] and

the Berlekamp-Welch algorithm [34].

2.5.3.2 LDPC Codes

Hard-decision decoding algorithms for binary LDPC codes are generally referred

to as bit-flipping algorithms. The basis of the bit-flipping algorithms is that an

incorrect bit in a codeword is contained in a large number of parity-check equations

with no other incorrect bits. Each of these correct bits are used to calculate the

value of the incorrect bit. The sparse nature of the H matrix assists in spreading

out the bits into checks so as to reduce the chances of two parity-check equations

containing the same set of codeword bits [35]. However, the bit-flipping algorithm

is not perfect as the occurrence of an overlap in the parity check equations proves

to be detrimental to the algorithm.

2.5.4 Soft-Decision Decoding Techniques

Most of the widely used high performance decoding algorithm utilize soft informa-

tion obtained from the noisy channel to perform error correction of the received

codeword. The soft-decision decoding techniques used on the received information

include,

1. Maximum Likelihood (ML) decoding: This technique works by using

a received vector r obtained by transmitting a codeword c through a noisy

channel, and maximizing the probability P (r|c) to obtain the decoded code-

word ĉ as shown in (2.28)[11][35].

ĉ = argmaxcεCP (r|c). (2.28)

2. Maximum a posteriori (MAP) decoding: This technique works by

maximizing the a posteriori probability (APP) of the codeword c. The de-

coding works by selecting the codeword with the maximum APP probability
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as shown in (2.29) [11][35].

ĉ = argmaxcεCP (c|r). (2.29)

3. Iterative decoding: This technique decodes in an iterative manner to yield

the precise approximations of P (cj|rj) (where 1 ≤ j ≤ n) by using repeated

operations. These operations can involve either ML, MAP or other processes

to decode the received vector[35].

In general for both cases of RS and LDPC codes hard-decision decoders have

been shown to yield losses, in terms of error correction, when compared to soft-

decision decoding techniques [1, 6, 8]. For example, the loss incurred by hard-

decision decoders when compared to optimal soft-decision decoding is believed to

be 2-3dB [6]. For this reason, soft-decision decoding algorithms for RS codes has

been of particular interest of research for both practical and theoretical reasons

[6, 7, 25, 26, 36–39]. Based on the gain yielded by soft-decision decoders when com-

pared to hard-decision decoders, this research will focus on soft-decision decoding

techniques and how to improve on them.

2.6 Iterative Soft-Decision Decoders

2.6.1 Belief Propagation

2.6.1.1 The Belief Propagation Algorithm for LDPC codes

The belief propagation (BP) decoding algorithm for LDPC codes is a symbol by

symbol soft-in soft-out process and is also commonly referred to as the Sum prod-

uct algorithm (SPA). The underlying structure that enables the efficient decoding

of LDPC codes with the BP algorithms is the fact that the H matrix of an LDPC

code can be represented in the form of Tanner graph [1]. In the Tanner graph rep-

resentation, each column defines a variable node and each row is used to define a

check node. The BP algorithm involves iteratively processing the received symbols
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to improve the reliability of each decoded code based on each parity check sums

computed from the hard-decisions of the received symbols based on the sparse

parity check matrix H of an LDPC code. The computed reliability measures of

code symbols at the end of each decoding iteration are used as input for the next

iteration. This process is repeated until a certain stopping condition is attained.

There are two main versions of the BP algorithm used for the decoding of binary

LDPC codes are

1. The Probability-domain BP algorithm

2. The Log-domain BP algorithm

The main difference in the two versions of the BP algorithm is in the type of soft

information fed into the decoder. As their names suggest, the probability-domain

BP handles soft information in the form of bit probabilities while the log-domain

BP algorithm handles soft information in the form of log likelihood ratios (LLR).

It is important to note that this research focuses on the decoding of binary LDPC

codes. Therefore, the binary version of the BP algorithms are now described.

The probability-domain BP algorithm has 2 main stages, the check node update

stage and the variable node update stage. For 1 ≤ i ≤ (n− k), 1 ≤ j ≤ n and a ∈
GF (2), the probabilities paij and eaij are iteratively updated during these 2 stages.

The notation paij is used to represent the probability that bit j of a is a, given

the information calculated based on all the check nodes except for the check node

i. The notation eaij represents the probability that the syndrome check at row i

of H is satisfied if bit j of a is considered fixed at a. It is important to note the

values of the probabilities paij and eaij are associated with each nonzero element in

the H matrix[3]. The pseudo code run for iteration f of the probability-domain

BP algorithm can be seen in Algorithm 1[1] [3].

The log-domain BP algorithm works in a similar way to the probability-domain

BP algorithm, as it utilises both the check node update and the variable node

update stages to correct the extrinsic and intrinsic information respectively. The

pseudo code run for iteration f of the log-domain BP algorithm is presented in

Algorithm 2 [11].
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Algorithm 1: The Probability-Domain BP algorithm

Input: The received vector, r, from the channel. The probabilities P (cbj = 1|rj)
and P (cbj = 0|rj). The maximum number of iterations fmax is set. Set
f = 1.

Output: The decoded vector r̂.
Initialize: the probabilities p1ij and p0ij are set to P (cbj = 1|rj) and P (cbj = 0|rj)
respectively for all (i, j) with Hi,j = 1.
repeat

• Check Node Update:
The extrinsic information, eij, is computed as

δeij =
n∏

j′=1,j′ �=j,H(i,j′)=1

δpij′ ,

where δpij = p1ij − p0ij.

Set e0ij =
1
2
(1 + δeij) and e1ij =

1
2
(1− δeij)

• The Variable Node Update:
The intrinsic information is computed as

p0ij = 
ijP (cbj = 0|rj)
(n−k)∏

i′=1,i′ �=i,H(i′,j)=1

e0i′j,

p1ij = 
ijP (cbj = 1|rj)
(n−k)∏

i′=1,i′ �=i,H(i′,j)=1

e1i′j,

where 
ij = p0ij + p1ij.

• Updating the ”Pseudoposterior” Probabilities:
the ”pseudoposterior” probabilities, paj , are given by

p0j = 
jP (cbj = 0|rj)
(n−k)∏

i=1,H(i,j)=1

e0ij,

p1j = 
jP (cbj = 0|rj)
(n−k)∏

i=1,H(i,j)=1

e0ij,

where 
j = p0j + p1j .

• The Hard-Decision Vector
The hard-decision vector, r̂, is computed as

r̂j =

{
1 if p1j > p0j ,
0 if p1j < p0j .

• Syndrome Check:
S = r̂ ×H�.

• Stopping Criteria:
if S = 0 then
break

else
f = f + 1

end

until f = fmax
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Algorithm 2: The Log-Domain Belief Propagation Algorithm

Input: The received vector, r, from the channel. The probabilities P (cbj = 1|rj)
and P (cbj = 0|rj). The maximum number of iterations fmax is set. Set
f = 1.

Output: The decoded vector r̂.
Initialize: Obtain the LLR values, Lj = log

P (cbj=1|rj)
P (cbj=0|rj) , based on the channel

model. Set L(pij)
(1) = Lj for all (i, j) with Hi,j = 1.

repeat
• The Check Node Update:
The extrinsic information, L(eij), is updated based on the LLR values.

L(eij)
(f) = 2tanh−1

(
n∏

j′=1,j′ �=j,H(i,j′)=1

tanh
(

L(pij′ )(f)

2

))
.

• The Variable Node Update:
The LLR values Lj are updated based on the extrinsic information,

L(pij)
(f+1) = Lj +

(n−k)∑
i′=1,i′ �=i,H(i′,j)=1

L(eij)
(f),

• Total LLR values:

L(T )j = Lj +
(n−k)∑

i=1,H(i,j)=1

L(eij)
(f),

• The Hard-Decision Vector r̂

r̂ =

{
1 if L(T )j > 0,
0 if L(T )j < 0.

• Syndrome Check
S = r̂ ×H�.

• Stopping Criteria:
if S = 0 then
break

else
f = f + 1

end

until f = fmax

2.6.1.2 The Adaptive Belief Propagation Algorithm

The Adaptive Belief Propagation (ABP) algorithm [6], is an extension of the belief

propagation algorithm for low density parity check (LDPC) codes adapted for

linear block codes defined by High Density Parity Check (HDPC) matrices (like

RS codes)[40]. The ABP is a MAP decoder that can be applied at both a bit and
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symbol-level for a class of nonbinary codes. In [6], the ABP algorithm was shown

to significantly outperform the widely used Koetter and Vardy (KV) [7] algorithm

which is considered to be a high performance soft-decision decoder for RS codes.

The bit-level ABP algorithm

To understand how the bit-level ABP algorithm works consider an (n, k) RS code-

word, c. The codeword is expressed in bit form to give the vector cb. The H

matrix, with the dimensions (n− k)×n, has a binary image expansion performed

on it to give the matrix H. The vector cb is then transmitted through a noisy

channel after being mapped onto signals using a selected modulation scheme. At

the output of the channel a received vector r is obtained and is used to create an

LLR vector L,

L(cbj) = log
P (cbj = 1|rj)
P (cbj = 0|rj) , (2.30)

where 1 ≤ j ≤ nm. The vector L is then fed into the ABP algorithm. For the

iteration f , the ABP decoding algorithm is summarized as follows:

1. Find the absolute values of L to obtain the vector |L|

2. The values of the vector |L| are sorted in ascending order and the swapped

indices noted

3. Based on the swapped order of the indices from the sorting of the vector |L|,
the matrix H is row reduced such that the least values of |L| will match the

identity submatrix.

4. For iteration f , belief propagation is now carried out on the vector L using

the row reduced matrix H. This is carried out to generate the extrinsic LLR

vector Le,
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Le(cbj)
(f) =

(nm−km)∑
i=1,Hij=1

2tanh−1

⎛⎝ nm∏
j′=1,j′ �=j,Hi,j′=1

tanh

(
L(f)(cbj′)

2

)⎞⎠ . (2.31)

5. The LLR bit reliabilities are then updated using

L(cbj)
(f+1) = L(cbj)

(f) + ηLe(cbj)
(f), (2.32)

where η is the damping coefficient and is of the value 0 < η ≤ 1

6. Hard-decision detection is performed on the vector L(f+1) based on (2.33).

The hard-decision vector is then used to calculate the syndrome.

r̂ =

⎧⎨⎩ 1 if L(cbj)
(f+1) > 0,

0 if L(cbj)
(f+1) < 0.

(2.33)

7. The iterative process continues until the syndrome is satisfied (S = 0) or

until the point when the maximum number of pre set iterations is reached.

The symbol-level ABP algorithm

The symbol-level ABP decoder works in very similar way to the bit-level ABP,

with the main difference being in how the parity check matrix is adapted. The bit-

level ABP performs its adaptation on the binary image of the parity check matrix,

H, based on the bit reliability information. This is different from the symbol-level

ABP which performs it adaptation on the parity check matrix, H, based on the

symbol reliability information. Once the H matrix is adapted, the binary image

expansion is carried out to create the matrix H. However, it is important to note

that the adaptation of the matrix H is performed once at the initialisation of

the algorithm before (2.31) and (2.32) are iteratively repeated, using the bit LLR

values and the matrix H, until the syndrome is satisfied or until the point when

the maximum number of pre set iterations is reached.

Due to the symbol-level ABP only adapting the H matrix once, it is less complex
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when compared to the bit-level ABP which transforms the binary matrix H every

iteration based on the soft information in the vector Lf . However, the reduced

complexity of the symbol-level ABP comes at the cost of a reduced performance

in terms of error correction when compared to the bit-level ABP as seen in [6].

2.6.2 The Parity Check Transformation Algorithm

The Parity check Transformation Algorithm (PTA) algorithm is a symbol-wise

soft-decision decoder that utilizes the reliable information from the channel to

transform the H matrix by performing row operations. The PTA is an iterative

decoder that works by repeatedly correcting reliability values to obtain the decoded

message. In [8] [41], The PTA was shown to outperform the widely used KV

algorithm. However, these gains in decoding performance of the PTA come at

the cost of the algorithm running numerous iterations during the decoding of the

received vector, especially for low SNR cases.

To understand how the PTA algorithm works, consider a codeword c of an (n, k)

RS code whose symbols are transmitted across a noisy channel. The received

vector r is outputted from the channel and is used to create a reliability matrix

β. The matrix β is then fed into the PTA decoder. The PTA decoder works

iteratively and performs the following steps during each iteration.

1. Sorting the Symbol Reliability: A vector containing the maximum reliabilities

in each column of the matrix β is obtained as shown in [8] and is represented

as.

A = [A1, A2, ..., Aj] (2.34)

where Aj = argmax(βj). The reliability vector is then sorted in ascending

order with the original indices being noted and stored in the vector Y as

shown in (2.35).

Y = [Y1, Y2, ..., Yn] (2.35)

The k highest values of the vector Y are used to represent the reliable symbols

and their indices and stored in the vector K. The remaining (n− k) values
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are assumed to be unreliable and the indices are stored in the vector U as

shown in (2.36)

U = [Y1, I2, ..., Y(n−k)],

K = [Y(n−k)+1, ..., Yn].
(2.36)

2. Transforming the H matrix: The H matrix is then transformed by perform-

ing row reduction operations, such that the identity submatrix matches the

indices in U and the dense parity submatrix matches the indices in K. The

transformed parity check matrix is denoted as H
′
.

3. Finding the syndrome checks: Hard-decision detection is carried out on the

matrix β to obtain the vector ĉ. The syndrome vector, S, is then obtained

by finding the scalar product of ĉ and the rows H
′
as shown in (2.37)

Si = ĉ ·H ′
i , (2.37)

where 1 ≤ i ≤ (n− k) and H
′
i represents the rows of H

′
.

4. The Correction Step: For each corresponding row of H
′
if Si �= 0, the partici-

pating symbol reliabilities indexed by U and K are subtracted by a correction

factor, δ and δ/2 respectively. This is performed to reduce the chances of

these indices being selected and stored in the vector A for the next iteration.

For the case when Si = 0 on a given row of H
′
, the participating symbol

reliabilities indexed by U and K added by δ and δ/2 respectively. This re-

inforces the selection of these reliabilities to be store in the vector A for the

next iteration. The corrections on the selected symbol reliabilities carried

out during each syndrome check are summarized in (2.38).

Aj =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

AUi
+ δ if Si = 0,

AK + δ/2,

AUi
− δ if Si �= 0.

AK − δ/2,

(2.38)
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The corrected reliabilities in the vector A are then updated to their corre-

sponding positions in β, in preparation for the next iteration.

5. Stopping Condition: The procedure is repeated until all the values in the

syndrome vector S = 0 or a negative value is updated to the matrix β.

2.7 Algorithm Complexity

The complexity analysis for the algorithms is represented as a measure of the

computational complexity cost. The computational cost is expressed in terms

of the Time complexity. The time complexity provides a good measure of the

complexity cost as an order of the rate at which the number of operations increase

as the input size gets bigger. This order as referred to is the big O notation (O).

The use of the big O notation in reading the time complexity provides a measure

asymptotic efficiency. That is, big O notation is a measure of how the running

time of an algorithm increases with the size of the input in the limit, as the

size of the input increases infinitely [42]. This means the time complexity is a

representation of the worst-case number of operations required by an algorithm

to compute a given function. For example, assume an algorithm with the total

number of operations given in (2.39)

(M ×N3) + (N2 ÷N) + (M ×N) + 9. (2.39)

From the definition of the worst-case number of operations, the time complexity

of the algorithm can then be represented as the order

O(M ×N3). (2.40)

This is because, as the term N3 grows to infinity, the total complexity of the algo-

rithm represented in (2.39) is dominated by the function represented by (M×N3).

When comparing algorithms, the best option is often the one that is asymptoti-

cally more efficient for all but very small inputs [42]. In FER, the complexity cost

of the decoding algorithms is often a measure of the time complexity[12, 43, 44].
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When analysing the complexity cost, noting the number of ’additions/subtractions’

(+/−) and the ’multiplication/divisions’ (×/÷) can also be used to measure if the

algorithm is computationally intense. Algorithms with more (×/÷) than (+/−)

are considered to have a higher computational complexity cost.

Additionally, this research will also measure the complexity cost as a function of

the total number of the operations and the average number of iterations required

to decode to supplement the time complexity analysis. The extra analysis is car-

ried out because this research aims to study the effect of a reduced convergence

rate to the complexity cost of iterative decoding algorithms.

2.8 Importance of the Systematic Structure of the H Ma-

trix in this Research for the Decoding Process

To better understand the foundation of the decoder, the importance of the sys-

tematic structure to the decoding scheme and how it relates to (2.16) is discussed.

Assume the H matrix for a given code in the systematic form is expressed as

H = [I Q], (2.41)

and has the form shown in (2.42)

H =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

α0 0 0 0 0 α8 α14 α3

0 α0 0 0 0 α4 α1 α5

0 0 α0 0 0 α2 α4 α8

0 0 0 α0 0 α3 α8 α2

0 0 0 0 α0 α5 α4 α1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (2.42)

A valid codeword c is defined by the matrix H is presented in 2.43

c = [c1, c2, c3, c4 , c5, c6, c7, c8]. (2.43)
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Because c is a valid codeword, the syndrome S is a zero vector and is found by

getting the product with the transpose of H as shown in (2.44)

S = c×H�. (2.44)

Equation (2.44) can also be found by getting the scalar product of c and H as

shown in (2.45) [17].

Si = c ·Hi =
n∑

j=0

cj ×Hi,j = 0, (2.45)

where 0 ≤ i ≤ (n− k) and 0 ≤ j ≤ n represent the rows and columns of H. The

expression in (2.45) can be rewritten as shown in (2.46)

S = [c1, c2, c3, c4, c5, c6, c7, c8]·

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

α0 0 0 0 0 α8 α14 α3

0 α0 0 0 0 α4 α1 α5

0 0 α0 0 0 α2 α4 α8

0 0 0 α0 0 α3 α8 α2

0 0 0 0 α0 α5 α4 α1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

0

0

0

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(2.46)

From (2.17), it can be seen that anything multiplied by a 0 in the field gives a 0.

Therefore, if the symbols that do not multiply with the 0 found in the identity

submatrix in the scalar product calculations are considered, the solution for the

syndrome will still be the same. It can also be seen from (2.18) that any of the

symbols of c that will multiply with α0 along the diagonal of the identity submatrix

will remain the same.

For each row Hi, the symbols ci that is multiplied with a non zero element in H

is referred to as a participating symbol. Therefore, the syndrome calculation in

(2.46) can be found using only the participating symbols for the corresponding
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indices for each row Hi as seen in (2.47)

[c1, c2, c3, c4, c5, c6, c7, c8] ·

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

α0 0 0 0 0 α8 α14 α3

0 α0 0 0 0 α4 α1 α5

0 0 α0 0 0 α2 α4 α8

0 0 0 α0 0 α3 α8 α2

0 0 0 0 α0 α5 α4 α1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= c1 + (α8 · c6) + (α14 · c7) + (α3 · c8) = 0

= c2 + (α4 · c6) + (α1 · c7) + (α5 · c8) = 0

= c3 + (α2 · c6) + (α4 · c7) + (α8 · c8) = 0

= c4 + (α3 · c6) + (α8 · c7) + (α2 · c8) = 0

= c5 + (α5 · c6) + (α4 · c7) + (α1 · c8) = 0

,

(2.47)

Applying (2.16) to each of the row equations shown in (2.47),

c1 = (α8 · c6) + (α14 · c7) + (α3 · c8),
c2 = (α4 · c6) + (α1 · c7) + (α5 · c8),
c3 = (α2 · c6) + (α4 · c7) + (α8 · c8),
c4 = (α3 · c6) + (α8 · c7) + (α2 · c8),
c5 = (α5 · c6) + (α4 · c7) + (α1 · c8).

(2.48)

In summary, because of the systematic structure of H, it is possible to find an

information set of symbols that match the identity submatrix by finding the scalar

product of the rows in H and the corresponding participating symbols indices of

c.

The decoding approach presented in this Section is important to this research as

it provides the basis on how the information set is used in the decoding process.

However, for this decoding approach to work all the symbols in the information

set have to be correct. This is very hard to determine due to the complete dense

structure of the parity submatrix in H. This means that a wrong symbol in the

information set [c6, c7, c8] would incorrectly decode the subset [c1, c2, c3, c4, c5] using

(2.48).

2.9 Framework for Simulations

This section provides the scientific methods and approaches used in performing

the research simulations and presentation of results. This Section also looks into

the approaches used in obtaining the soft information that are derived from the
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received vector at the output of the channel. The approaches to obtaining the soft

information differ depending the channel model and the modulation scheme used.

Obtaining of the soft information is very crucial for this research as this is what

is fed into the decoding algorithms.

2.9.1 The Channel Model

Simulations tested for all the algorithms are run for both RS and QC-LDPC codes

transmitted through an AWGN channel. With this regard, this section covers the

channel model used in this research.

For an AWGN channel, the general expression for the received coded sequence can

be obtained as shown in (2.49)

r = v +N , (2.49)

where v represents the transmitted (modulated) coded sequence of length n with

the constellation representation of the symbols or bits and N represents additive

white noise. The received vector r has the same length as v.

When transmitting signals through an AWGN channel using a M-QAM modula-

tion scheme (2.49) can be rewritten as

r = vΓ +N, (2.50)

where Γ represents the normalising factor and is obtained as shown in (2.51)

Γ =
1√

2

3
(M− 1)

. (2.51)

For an Additive White Gaussian noise, the probability distribution function can

be summarised as in (2.52)[1]

P (vj = a|rj) = 1√
2πσ2

e
−(rj−vj)

2

2σ2 , (2.52)
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where a ∈ {0, 1}, 0 ≤ j ≤ n, the variance σ = N0

2
and each element vj is inde-

pendent, identically distributed with zero mean. N0 represents the noise spectral

density.

2.9.2 Obtaining Bit Probabilities and Creation of the Reli-

ability matrix using a Binary Phase Shift Key (BPSK)

Modulation Scheme

In this section the approach used to obtain the reliabilities for the binary code-

words, used in the QC-LDPC tests, transmitted using a BPSK modulation scheme

is discussed. The technique used to obtain the bit probabilities is similar to the

approach presented in [1]. Consider a binary codeword c of length n of the form.

c = [c1, c2, ..., cn] (2.53)

The codeword c is then mapped onto a binary phase shift keyed (BPSK) signal

constellation to get the transmission vector v which also has the length n. For

1 ≤ j ≤ n, the transmission signal vector v can be represented as a bipolar

sequence. That is, if the bit cj = 1 then it is mapped onto vj = 1 and if the bit

cj = 0 then it is mapped onto vj = −1. The received vector r is obtained from v

after being transmitted through an AWGN using (2.49) and is represented as

r = [r1, r2, ..., rn] (2.54)

The channel posterior probability that the bit cj = 1 given the information in rj

can be obtained by rewriting (2.52) to give

P (cj = 1|rj) = 1

1 + exp(−2rj/σ2)
(2.55)

It is assumed that P (cj = 1) = P (cj = 0) = 1
2
[1]. Therefore, the channel posterior

probability that the bit cj = 0 given the information in rj can be calculated using
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(2.56).

P (cj = 0|rj) = 1− P (cj = 1|rj) (2.56)

The probabilities can also be used to find the Log Likelihood Ratios (LLR). The

general equation to obtain the LLR value is expressed as (2.57) [11]

LLR(cj) = log

(
P (cj = 1|rj)
P (cj = 0|rj)

)
. (2.57)

Using (2.55) and (2.56), The LLR values obtained from the calculation in (2.57)

can be rewritten as (2.58)

LLR(cj) =
2rj
σ2

. (2.58)

2.9.3 Obtaining Bit Probabilities and Creation of the Re-

liability matrix using a 16-QAM scheme

The RS codes used for the simulations are created in the field GF(24). The code-

words generated in this field are of length 15 and are considered to be short codes.

The main reason this research focuses on short codes is so that comprehensive

tests can be run on the algorithm, under different conditions, with the available

computational power.

The experimental setup for the simulations involves transmission of a codeword

through an Additive White Gaussian Noise (AWGN) channel using a Quadrature

Amplitude Modulation (QAM) scheme. The main reason the QAM modulation

scheme is selected for this research is because it is more power efficient when

compared to the Pulse Amplitude Modulation (PAM) and Phase Key Modulation

(PSK) scheme [45]. It is also important to note that M-QAM yields a better

performance for the same SNR value per symbol when compared to M-PSK [45]

[17]. Rectangular M-QAM signals are also used in the mapping of the symbol

constellations because, for M ≥ 16, the average transmitted power required to

attain a given minimum distance is only slightly greater than the average power

required for the best M-QAM signal constellation [45].
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2.9.3.1 Gray mapping for the 16-QAM constellations

Each constellation point on a 16-QAM modulation scheme is used to represent an

element in the field GF(24). Each element in this field can be represented using

four bits which are denoted as b0,b1,b2,b3. The constellations are mapped in such

a way that the bits b0,b1 represent the points on the real axis and the bits b2,b3

represents the points on the imaginary axis. The representation for the mapping

can be seen in Table 2.1.

Table 2.1: Bit representation for the In phase and Quadrature components in
the 16-QAM modulation scheme .

b0 b1 I
0 0 1
0 1 -1
1 0 3
1 1 -3

b2 b3 Q
0 0 1
0 1 -1
1 0 3
1 1 -3

where I represent in phase (real) components and Q represents quadrature (imag-

inary) components. This representation is used to create a constellation mapping

points as shown in Table 2.2.

Table 2.2: Bit mapping used to create symbol positions on 16-QAM constel-
lations.

symbol b0, b1, b2, b3 constellation symbol b0, b1, b2, b3 constellation
mapping mapping

0 0 0 0 0 1+1j 8 1 0 0 0 3+1j
1 0 0 0 1 1-1j 9 1 0 0 1 3-1j
2 0 0 1 0 1+3j 10 1 0 1 0 3+3j
3 0 0 1 1 1-3j 11 1 0 1 1 3-3j
4 0 1 0 0 -1+1j 12 1 1 0 0 -3+1j
5 0 1 0 1 -1-1j 13 1 1 0 1 -3-1j
6 0 1 1 0 -1+3j 14 1 1 1 0 -3+3j
7 0 1 1 1 -1-3j 15 1 1 1 1 -3-3j

The Gray code constellation mapping for the 16-QAM modulation scheme based

on Table 2.1 and Table 2.2 is illustrated in Fig 2.1.
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Figure 2.1: 16-QAM constellation plot with gray coded mapping.

2.9.3.2 Bit Probabilities for a 16-QAM Modulation Scheme

Once the RS codeword is transmitted using a 16-QAMmodulation scheme through

an AWGN channel, a received vector r is obtained using (2.52). Each element rj

of the vector r has the form shown in (2.59)

rj = rrej + rimj
, (2.59)

where rrej represents the real component of the element rj and rimj
represents the

imaginary component of each rj.

From Table 2.1 and Fig. 2.1 it can be seen from the 16-QAM constellation mapping

that the bit b0 toggles from 0 to 1 along the real axis, i.e when

• b0 = 0, toggles between 1 and -1 on the real axis of constellation mappings
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• b0 = 1, toggles between 3 and -3 on the real axis of constellation mappings

From this, the conditional probability of that b0 = 0 given the received element rj

can be derived from (2.52) using the values -1 and 1 respectively and is given as

P (b(j,0) = 0|rj) = 1√
2πσ2

e
−(rrej−1Γ)2

2σ2 +
1√
2πσ2

e
−(rrej+1Γ)2

2σ2 (2.60)

Applying (2.60) to when b0 = 1 for the values 3 and -3 respectively gives

P (b(j,0) = 1|rj) = 1√
2πσ2

e
−(rrej−3Γ)2

2σ2 +
1√
2πσ2

e
−(rrej+3Γ)2

2σ2 (2.61)

Using the approach in (2.60) and (2.61), the equation for the bit probabilities for

the other bits can be calculated. Firstly, the positions in which the respective

bits toggle on the constellation mappings from the Fig. 2.1 and Table 2.1 are

determined. Once the positions are obtained, the conditional probabilities can be

calculated as follows:

for b1, when

• b1 = 0, toggles between 1 and 3 on the real axis of constellation mappings

• b1 = 1, toggles between -1 and -3 on the real axis of constellation mappings

P (b(j,1) = 0|rj) = 1√
2πσ2

e
−(rrej−1Γ)2

2σ2 +
1√
2πσ2

e
−(rrej−3Γ)2

2σ2 (2.62)

P (b(j,1) = 0|rj) = 1√
2πσ2

e
−(rrej+1Γ)2

2σ2 +
1√
2πσ2

e
−(rrej+3Γ)2

2σ2 (2.63)

for b2, when

• b2 = 0, toggles between 1 and -1 on the imaginary axis of constellation

mappings

• b2 = 1, toggles between 3 and -3 on the imaginary axis of constellation

mappings



Chapter 2. Basic Forward Error Correction Principles Important to the
Research 38

P (b(j,2) = 0|rj) = 1√
2πσ2

e
−(rimj

−1Γ)2

2σ2 +
1√
2πσ2

e
−(rimj

+1Γ)2

2σ2 (2.64)

P (b(j,2) = 0|rj) = 1√
2πσ2

e
−(rimj

−3Γ)2

2σ2 +
1√
2πσ2

e
−(rimj

+3Γ)2

2σ2 (2.65)

for b3, when

• b3 = 0, toggles between 1 and 3 on the imaginary axis of constellation

mappings

• b3 = 1, toggles between -1 and -3 on the imaginary axis of constellation

mappings

P (b(j,3) = 0|rj) = 1√
2πσ2

e
−(rimj

−1Γ)2

2σ2 +
1√
2πσ2

e
−(rimj

−3Γ)2

2σ2 (2.66)

P (b(j,3) = 0|rj) = 1√
2πσ2

e
−(rimj

+1Γ)2

2σ2 +
1√
2πσ2

e
−(rimj

+3Γ)2

2σ2 (2.67)

It is important to note that the positions for b0 and b2 are identical except for the

fact that b0 is in the real axis and b2 is in the imaginary axis. The same applies

for b1 and b3. Therefore, the conditional probabilities for these bits have the same

equations that differ only by using the real and imaginary components depending

on the bit.

The Bit-Level β Matrix for a 16-QAM Modulation Scheme

The bit probabilities are used to create the bit-level β matrix used for implementa-

tion for both the proposed decoder and the bit-level PTA algorithm. The bit-level

β matrix for the 16-QAM modulation scheme, where n = 15, is expressed as shown

in (2.68)

β =

⎡⎣ P (b(0,0) = 0|r1), P (b(0,1) = 0|r1), ..., P (b(15,2) = 0|r15), P (b(15,3) = 0|r15),
P (b(0,0) = 1|r1), P (b(0,1) = 1|r1), ..., P (b(15,2) = 1|r15), P (b(15,3) = 0|r15)

⎤⎦ .
(2.68)
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The Bit-Level LLR Values for a 16-QAM Modulation Scheme

Using the equations for the positions of the bits and (2.57), the full list of general

equations for the LLRs used in the implementation of the ABP algorithm are given

as

LLR(b(j,0)) = ln

⎛⎝e
−(rrej+3Γ)2

2σ2 + e
−(rrej−3Γ)2

2σ2

e
−(rrej+1Γ)2

2σ2 + e
−(rrej−1Γ)2

2σ2

⎞⎠ , (2.69)

LLR(b(j,1)) = ln

⎛⎝e
−(rrej+1Γ)2

2σ2 + e
−(rrej+3Γ)2

2σ2

e
−(rrej−1Γ)2

2σ2 + e
−(rrej−3Γ)2

2σ2

⎞⎠ , (2.70)

LLR(b(j,2)) = ln

⎛⎜⎝e
−(rimj

+3Γ)2

2σ2 + e
−(rimj

−3Γ)2

2σ2

e
−(rimj

+1Γ)2

2σ2 + e
−(rimj

−1Γ)2

2σ2

⎞⎟⎠ , (2.71)

LLR(b(j,3)) = ln

⎛⎜⎝e
−(rimj

+1Γ)2

2σ2 + e
−(rimj

+3Γ)2

2σ2

e
−(rimj

−1Γ)2

2σ2 + e
−(rimj

−3Γ)2

2σ2

⎞⎟⎠ . (2.72)

2.9.3.3 Creating the Reliability Matrix (β) at A Symbol-Level Using

a 16-QAM Modulation Scheme

The construction of the reliability matrix for a RS code used in the symbol-level

16-QAM decoder implementations and simulations is now discussed. The Distance

Metric (DM) presented in [46] is used. Assume an (n,k) RS code C mapped onto

a 16-QAM modulation scheme to get the transmission signal v. The signal v

is transmitted through a noisy channel to obtain the vector r as shown in (2.50).

The first step to creating the reliability matrix involve using the Euclidean distance

equation shown in (2.73) to create the matrix B.

B =
√
(real(rj)− real(vαz)Γ)2 + (imag(rj)− imag(vαz)Γ)2, (2.73)

where B is a matrix with the dimensions 2m×n and vαz represents the transmission

constellation for the GF(2m) symbol αz. The notation z = −∞ or 0 ≤ z ≤ 2m− 2
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and 0 ≤ j ≤ n are used to represent the rows and columns of B respectively. The

reliability matrix β is then obtained by applying (2.74)

β = exp(−B). (2.74)

2.9.4 Simulation Model

2.9.4.1 Symbol Error Probability

In spite of the high performance error correction implementations at the demodu-

lator, some errors can still go undetected. In this section, the probability of error

for a 16-QAM modulation is discussed [47] [48].

For QAM schemes with Gray mapping in Gaussian noise, the probabilities can

be expressed using the error function. The error function, erfc(y), for an AWGN

channel can be represented as [16] [11]

erfc(y) =
1

2π

∫ ∞

y

eμ
2/2dμ. (2.75)

Consider the 16-QAM alphabet based on Table 2.2 shown in Fig. 2.2

From Fig .2.2, there are 3 distinct decision regions. The first decision region of

the four inside points (o0, o1, o4, o5) are considered. In this case, the probability of

error is

P (error|oî in the inside) = 2erfc

(
Γ

√
Es

N0

)
− erfc2

(
Γ

√
Es

N0

)
, (2.76)

where 0 ≤ î ≤ 15. The second decision region are points in the corner regions

(o10, o11, o14, o15). The probability of error in this region is expressed as

P (error|oî in the corner) = erfc

(
Γ

√
Es

N0

)
− 1

4
erfc2

(
Γ

√
Es

N0

)
. (2.77)

The third decision region are located at the points that are not in the inside or

at the corner (o2, o3, o6, o7, o8, o9, o12, o13). The probability of error in this region
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Figure 2.2: 16-QAM alphabet and the corresponding decision regions.

is computed as

P (error|oî not inside or corner) =
3

2
erfc

(√
Es

10N0

)
− 1

2
erfc2

(
Γ

√
Es

N0

)
. (2.78)

All the symbols (4 in the middle, 4 in the corner and the remaining 8) are assumed

to be equally likely [48]. Therefore, the total probability of symbol error for a 16-

QAM modulation scheme is represented as [47]

P (error|16−QAM) = (4× P (error|oî in the inside)) + (4× P (error|oî in the corner))

+ (8× P (error|oî not inside or corner)).
(2.79)

To obtain the joint symbol error rate, the average error is calculated as shown in

P (error|16−QAM)

16
(2.80)
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The probability of symbol error in (2.80) can be further reduced to [47] [48]

P (error|16−QAM) = 2

(
1− 1√

16

)
erfc

(
Γ

√
Es

N0

)
−
(
1− 2√

16
+

1

16

)
erfc2

(
Γ
Es

N0

)
(2.81)

2.9.4.2 Simulation setup

The error correction performance are measured in terms of Symbol Error Rate

(SER) and are tested across a range of signal to noise ratios (SNR). The SNR

values are measured in terms Es/N0 for the SER simulations, where Es represents

the average energy per transmitted symbol. The value of N0 = 1 for all the simu-

lations and represents the noise spectral density.

In order to test the simulation set up, 10,000 random uncoded codewords with a

length of 15 symbols each are transmitted through a 16QAM modulation scheme.

The soft information is decoded using hard decision detection based on maximum

likelihood. This test is carried out to ascertain if the results run using the simula-

tion setup match the theoretical results obtained using (2.81). The received vector

outputted from the channel is used to compute the different representations of soft

information computed presented in Section 2.9.3.2 and Section 2.9.3.3. The pseudo

code of the simulation set for the uncoded transmission is found in Algorithm 3.



Chapter 2. Basic Forward Error Correction Principles Important to the
Research 43

Algorithm 3: Pseudo code for the symbol error probability (Uncoded) curve

Initialize: Set SNR = 0. Set ccount = 0, where ccount represents the codeword
count. Create vector Nerr. The vector Nerr has the length of the SNR range
(from 0 to 20)
Input: Empty vector Nerr.
Output: Vector Nerr filled with the total number of errors for each SNR value.
repeat

repeat
• Generate codeword
A random codeword, c, of length 15 in the field GF(24) is created.

• Modulation:
The 15 symbols in c are mapped to their respective constellation points
based on the Gray mapping for a 16-QAM modulation scheme illustrated
in Fig .2.1

• Transmission:
The modulated signal is then transmitted through an AWGN channel using
(2.50)

• Output of the channel
The received vector, r, is then used to create

1. The bit-level probability matrix,β1, as shown in (2.68).

2. The LLR values, L, as shown in (2.69), (2.70), (2.71), (2.72).

3. The symbol level reliability matrix,β2, as shown (2.74)

• The Hard-Decision Vector
The hard-decision vector is computed as:
• For β1 and β2 use (2.28)
• For L use (2.33)

• Error check
The hamming distance is computed for β1, L and β2 as
dh(cb, ĉb), dh(L, L̂), dh(c, ĉ) respectively

• Storing the errors:
Nerrβ1(SNR) = Nerrβ1(SNR) + dh(cb, ĉb).

NerrL(SNR) = NerrL(SNR) + dh(L, L̂).
Nerrβ2(SNR) = Nerrβ2(SNR) + dh(c, ĉ).

until ccount = 10000

SNR = SNR+1

until SNR = 20
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The outcome for the tests comparing the simulated results for the uncoded code-

words generated using Algorithm 3 with the theoretical limit for the probability

of symbol error can be seen Fig. 2.3.

0 2 4 6 8 10 12 14 16 18 20
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100

Figure 2.3: Uncoded simulation graphs using different types soft information

It can be seen in from Fig. 2.3 that the uncoded symbol error graphs, for the dif-

ferent types of the soft information, generated from the simulation setup matches

the theoretical graph for the uncoded symbol error probability. The results in

Fig. 2.3 show that the simulation setup presented in this section is suitable for the

carrying out the tests to measure the error correction performance.

2.10 Summary

This chapter provides the core pillars and foundations which are used in the de-

velopment of the ideas and contributions presented in the following chapters. It

is important to also note Section 2.8 focuses on the importance of the systematic

structure of linear block codes and how it applies in obtaining the information

set for the proposed decoding technique. Section 2.9 looks into the setup used in



Chapter 2. Basic Forward Error Correction Principles Important to the
Research 45

running of the simulations and obtaining the results for tests carried out during

the research. This section is important because the conclusions arrived at during

the research are closely linked to the results obtained from the simulations run on

this setup.



CHAPTER 3

Literature Review

3.1 Introduction

This chapter presents the literature survey that has be carried out on iterative

decoding schemes when applied to RS codes on both a bit-level and symbol-level.

The literature survey mainly focuses on relevant papers with regards to the im-

plementations of the proposed iterative soft-input soft-output decoding schemes

when applied to RS codes. Literature survey on the systematic construction of

QC-LDPC codes is also carried out in this chapter.

3.2 Information Set Decoding

Information set decoding was first presented by Prange [9] for the decoding of

Cyclic codes. Since then, the algorithm has had different modifications for ap-

plication in error correction of linear block codes [10, 28–30] and Cryptography

[27, 31]. In all its forms, information set decoding uses k linearly independent bits

or symbols from the received vector to re-encode a unique codeword during the

decoding process [10]. The k symbols or bits used to obtain the unique codeword

are referred to as the information set. In most cases, information set decoders

make use of either the G or the H matrix to re-encode the unique codeword.

In the original implementation of the information set decoding approach presented

in [9], Prange assumes a k-dimensional subspace that exists in the n-dimensional

vector space of the code C over the finite field GF(qm). This k-dimensional sub-

space is denoted as Ck. When a codeword c of the code C is transmitted through

46
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a noisy channel, a received vector r is obtained at the output of the channel. The

information set is then defined as the any set of k symbols of Ck that match a sub-

vector of symbols obtained from the hard-decision vector r̂. The information set

decoding technique is used to construct the closest codeword ĉ from the subvector.

If the distance dh(r̂, ĉ) is small enough then ĉ is taken as the decoded codeword.

This hard-decision implementation of obtaining the information sets was used in

the decoding of Cyclic codes.

In [49] the approach to information set decoding is updated to work with soft infor-

mation. The decoding technique presented in [49] incorporates Ordered Statistics

Decoding (OSD) and reprocessing to obtain a list of candidate codewords from the

information sets. The OSD approach used in [49] involves sorting the probabilities

of the received vector outputted from the channel in an ordered sequence. The

sequence of the soft information in the received vector is sorted in a decreasing

order. The G matrix is then modified based on the ordered sequence to form the

matrix G+. The k symbols indexed by the most reliable soft information are set

to match the linearly independent columns (identity submatrix) of G+. The first

candidate codeword, ĉ, is then computed using the information set obtained from

hard decisions made on the k symbol indexes matching most reliable information

and the matrix G+. This codeword is considered to be a hard-decision decoded

estimate. Reprocessing is carried out on ĉ to obtain the rest of the candidate code-

words required for the list decoding stage of the decoder. For i < � < k, order-�

reprocessing is defined as all possible � permutations of the information set of bits

in ĉ. Each permutation of the information set is used in the reconstruction of a

candidate codeword. The squared Euclidean distance is then obtained between

ordered received vector and the candidate codeword. The candidate codeword

with the smallest distance is taken as the decoded codeword. In [49], this decod-

ing technique is said to yield a good error correction performance when applied

to different classes of binary codes including Golay codes, Reed-Muller codes and

extended BCH codes. However, the complexity of the decoding process increases

with larger values of k. This is because the decoder requires
∑�

ı=0

(
k
ı

)
candidate

computations in order to carry out the order-� decoding [49].
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Research carried out in [28] builds on the work performed in [49] to improve on

the order reprocessing technique used to obtain the information set. The process

of computing the first candidate codeword, ĉ, is identical to the OSD method

presented in [49]. The full list of candidate codewords are then obtained through

the construction of different information sets by replacing subsets of positions in

the most reliable indexes with positions outside the original information set. This

decoding technique is shown shown to yield a performance gain in terms of error

correction when applied to extended BCH codes and compared to the Chase de-

coder in [28]. The performance gain in error correction is more pronounced when

the larger order reprocessing versions of the algorithm are used. This decoding

approach experiences similar complexity issues as the decoder presented in [49],

especially with the larger order reprocessing versions of the decoder. The larger

order reprocessing versions of the decoder have a higher complexity cost because

more subsets are used to construct more candidate codewords from the different

information sets.

A different approach to decoding with information sets using soft information is

presented in [50]. For this implementation, the (n− k) set of most plausible error

patterns are represented in the form of ellipsoids in Hamming spaces. Once the

erroneous positions are identified, the information set of k bits are then used to

re-encode a candidate codeword in each trial of the decoding process . Finally,

the candidate codeword that is closest to the received vector is selected as the

decoded codeword. For the set of reliabilities p = [p1, ..., pn] obtained from the

received vector, the ellipsoid Θ(p, ξ) of radius ξ is defined as

Θ(p, ξ) = {a′ ∈ Θn
2 |
∑
j

pja
′2
j ≤ ξ}. (3.1)

In [50] a minimal ellipsoidal covering T (n, n−k,Θ(p, ξ)) that covers the ellipsoidal

Θ(p, ξ) of exponential size 2n−k using the least possible number of (n− k) subsets

is designed, where T (n, n − k,Θ(p, ξ)) represents a covering set of vectors with a

minimum weight of (n−k). This decoding approach has an exponential complexity
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2n∂ . The exponent ∂ is defined as

∂ = (1−R)(1−H(
γ

1−R)), (3.2)

where R is the code rate, H is the entropy and γ is the relative Gilbert-Varshamov

distance [16, 51, 52]. The exponential growth in complexity leads to a much slower

decoding time especially for codes with higher values of k [32].

A sub-optimum soft-decoding for linear block codes that is based on information

set decoding is proposed in [32]. This decoding approach is based on the informa-

tion set decoding technique presented in [53]. The decoder works by re-encoding a

list of candidate codewords using matrix G+. Matrix G+ is obtained by adapting

the G matrix based on bit reliabilities in the information set. In the list decod-

ing stage of this algorithm, a candidate codeword is assumed to be correct if it

is determined to be in the Voronoi region. The Voronoi region is defined as the

set of vectors that are closest to the transmitted codeword. The candidate code-

words are determined to be in the Voronoi region based on the stopping condition

computed in (3.3) ∑
j′∈Q

Υ′
j ≤ 0, (3.3)

where j′ represents the indexes of the vectors (Υ) in the Voronoi region and Q rep-

resents the vectors, Υ, of dmin indexed by j′. The list of codewords are generated

by adding erasures to the information set. The erasures are introduced by flipping

each of the bits in the information set once . After every bit flip, the altered

information set used is to re-encode a new candidate codeword. This decoding

approach is shown to yield a performance that matches the Viterbi algorithm [17]

in terms of bit error rate (BER) when applied to Golay codes. The error correction

performance tests for the decoder proposed in [32] are only consider for coderates

not higher than
1

2
. This is because for larger coderates the Voronoi region is larger.

This results in in an increase in the combination computations in the information

sets required during decoding. The complexity cost of the proposed method in

[32] can be represented as a linear function of k [32]. Reduced complexity variants

are also proposed in [32], but this operate at a reduced performance in terms of
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error-correction when compared to the original implementation.

In [30] a FPGA implementation for information set decoding is presented when

applied to RS codes. Besides the FPGA implimnetation, part of the novelty of

the approach proposed in [30] is that information set decoding is applied to a

class of nobinary codes. Most of the implementations presented in literature, to

that point, had applied the information set decoding techniques to binary codes.

However, it is important to note the decoding method presented in [30] is not

applied at the symbol-level but instead implemented at the bit-level. The decoder

is able to work at the bit-level by performing a binary image expansion [21] on the

H matrix and converting the RS code into its bit form. The proposed decoding

method in [30] is based on a modified OSD implementation of the information set

decoding technique used in [54]. The list of candidate codewords from the OSD

are obtained using order-1 reprocessing [49]. This involves flipping every bit in the

information set once to obtain the different subvectors, of length k ×m, used in

the re-encoding of the candidate codewords. The main difference with the OSD

approach presented in [30] when compared to the approach used in [49], is that the

re-encoding of the candidate codewords is carried out based on H instead of G.

The proposed OSD algorithm is further modified to enable an efficient hardware

implementation and to reduce the complexity cost of the decoder. The modi-

fied algorithm determines if the next bit is to be flipped based on the syndrome

weight. A threshold is set on the syndrome weight in the initialisation of the OSD

algorithm to assist in the decoding process. Instead of computing the hamming

distance, the decoded codeword is determined by selecting the candidate codeword

that yields a syndrome weight below the set threshold value. The modified OSD

algorithm is shown in [30] is able to yield a performance gain in terms of frame

error rate (FER) when compared to the hard-decison decoder based on HDD IP

core for RS codes [55].

Information set decoders when applied to linear block codes, as presented in the

literature, utilise list decoding techniques to obtain the decoded vector. Therefore,

in spite of information set decoders being generally less complex than other de-

coding techniques [10] [56], the candidate codewords used in the list decoding are
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obtained by performing combinatorial computations which add to the complexity

of the decoding approach. This is especially true for larger values of k [28, 32, 49].

Also the use of list decoding ensures that information set decoding algorithms

that utilise soft information are soft-input hard-output algorithms. Work in this

research proposes the use of iterative decoding to obtaining the decoded vector

using the information set, based on a soft-input soft-output approach. The soft

information is corrected based on a message passing algorithm that assists in iden-

tifying the incorrect symbols in the information set. This approach reduces the

complexity cost of the decoder because no combinatorial computations are require

to create a large list of candidate codewords. Instead, the symbols in error are

corrected directly based on the extrinsic information.

The proposed information set decoding approach presented in section 2.8 is able

to take advantage of systematic structure presented by the H matrix of the code

at the symbol-level. However, the complete dense structure of parity submatrix

of H ensures all the symbols of the received vector that form the information set

participate in every syndrome check. This adds to the difficulty in detecting and

correcting of errors in the information set of symbols used in the decoding pro-

cess. Due to the challenges presented by the dense structure of the H matrix at

the symbol-level, the proposed decoding approach will be first implemented at the

bit-level so as to take advantage of the sparse structure of the binary image of the

H matrix.

Research on information set decoding techniques that iteratively utilise soft in-

formation input into the decoder with the ability to output the corrected soft

information has not been explored in literature. With regards to this, the im-

plementation of a soft-input soft-output iterative decoder for RS codes, based on

information set decoding is presented in this research. This decoding approach

is proposed with the aim of taking of advantage of the reduced complexity that

comes with an information set decoding implementation [10] [56]. The proposed

approach takes advantage of the systematic structure created from theH matrix to

iteratively correct the soft information during the decoding of the received vector

with the aid of information set decoding techniques.
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3.3 Reed-Solomon Decoders

Reed-Solomon (RS) codes are a class of non-binary Bose-Chaudhari-Hocquenghem

(BCH) which were developed in 1960 by Irving S. Reed and Gustave Solomon [2].

RS codes have played an important role in the telecommunications revolution.

Reed-Solomon codes posses favourable algebraic properties which has allowed for

numerous applications in telecommunications and storage devices. Development

of numerous decoding schemes to help improve the error correction performance

of this class of code for its various applications has been of much interest.

Decoding schemes for RS codes fall into two categories. They can either be hard

decision decoders or soft decision decoders. Hard decision decoders, based on

the minimum distance principle, have proved to work efficiently with this class

of code due to the fact that RS codes meet the Singleton bound [17]. Some of

the standard and widely used hard-decision decoders for RS codes include the

Berlekamp-Massey (BM) algorithm [4][45][33], the Euclidean algorithm [5] and

the Berlekamp-Welch algorithm [34].

The BM algorithm is a popular hard-decision decoder for RS codes with numer-

ous research works on the decoding of RS code being dedicated to improving the

performance of this algorithm [57–63]. Some of the improvements into the BM

decoder are implemented in [62] with the aim of reducing the complexity and the

latency of the decoder. The proposed modifications were applied to full RS codes

and and also adopted to shortened RS codes. The reverse BM decoding algorithm

is presented in [62] with the main of aim solving the partial-inverse problem. The

partial-inverse problem occurs as a result of the alternative key equation which

generalise naturally to polynomial remainder codes [57], [60]. The solution to the

partial-inverse problem presented in [57] is an algorithm that coincides with the

BM algorithm except that it processes the syndrome in an inverse order, hence

the name reverse BM decoder. Work carried out in [63] gives a more detailed

derivation of the partial-inverse problem and the reverse BM decoding algorithm.

More recent work carried out in [64] presents a different viewpoint of the BM
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algorithm which is more similar to the Euclidean algorithm [5]. The proposed ap-

proach is simpler than the Massey formulation and can be used to better explain

the BM algorithm in course presentations. In spite of the efficient implementation

of the hard-decision decoders for RS codes like the BM algorithm, whenever soft

information from the channel is used in decoding, a significant performance gain

is exhibited when compared to hard-decision decoding techniques [1, 6, 8]. With

this regard, work carried out in this research focuses on soft-decision decoding

techniques.

Algebraic soft-decision decoder like the Guruswami and Sudan (GS) [65], and its

modification proposed by Koetter and Vardy (KV) [7], are able to correct errors

beyond the Singleton bound [18]. However this performance comes at the cost

of an increased computational complexity [41]. There are several techniques that

have been proposed in literature with the aim of reducing the computational com-

plexity cost of algebraic soft-decision decoders [44, 66–68]. This complexity can

become prohibitively large when greater coding gains are required [6].

The Chase decoder [69] has also been extensively modified in literature [67, 70–74]

with aim of improving the performance of the decoder. The most recent work on

the Chase decoder is presented in [43] and is based of the work carried out in [72].

This modification of the Chase decoder is a soft-input soft-output and it involves

implementation of the test vector generation using multivariate Bernoulli (Multi-

noulli) distribution [75]. This version of the Chase decoder obtains the required

parameters by exploiting the void space between constellation points and the q-ary

modulation. The decoder implements soft-decision techniques but also employs

the use the hard decision BM decoder in the algorithm. This makes the algorithm

a double decoder which adds to the overall complexity. The modified Chase de-

coding algorithm in [43] is shown to yield a good error correction performance,

however this is at the expense of complexity. The decoder has an exponential com-

plexity which can be prohibitively large when applying it to large codes. This is

in part to the algorithm employing list decoding techniques and search algorithms

to obtain the decoded vector. The complexity for the symbol-level version of the

algorithm can be reduced to a polynomial complexity. However this is only under
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the condition when the K-D tree algorithm [76] is adopted to generate unique

test-vectors.

Iterative soft-decision decoders are able to fully utilise the soft information by

continuously applying corrections to the received vector outputted from the chan-

nel [16]. This enables the iterative soft-decision decoders to converge to the most

likely codeword. Due to iterative decoders being able to converge to a code-

word with a good error correction performance and a reasonable complexity, when

compared Algebraic and list decoding techniques while handling soft-information,

work presented in this research will focus on iterative decoding techniques. Itera-

tive soft-decision decoders for RS codes include the Adaptive Belief Propagation

algorithm (plus its various modifications) and the Parity check Transformation

Algorithm. Iterative decoders for RS codes are covered in Section 3.4 and Section

3.5.

3.4 Bit-level Iterative Soft-decision Decoding of Reed Solomon

Codes

Implementation of soft-decision decoding techniques for RS codes has been an area

of active research for a long time [6–8, 12, 25, 26, 39, 77–81]. Soft-decision decoders

for RS codes working in the field GF(2m), where m is any positive integer, can be

divided into two categories. They can either be symbol-level decoders or bit-level

decoders. Most soft-decision decoders for RS codes work on a symbol-level. Some

of the high performing symbol-level decoders include the widely used Koetter and

Vardy (KV) algorithm [7] and the Parity check Transformation algorithm (PTA)

[41] [8]. Previous research works on soft-decision decoders have shown gains, in

terms of error correcting performance, attained when working on a bit-level com-

pared to symbol-level [6, 12, 24, 82], however this is often at the cost of a higher

computational complexity. In addition to the good error correction performance,

the bit-level implementation of RS codes allows for the code to be used in situa-

tions where decoders are required to make use of bit based soft information [22].

Soft-input soft-output bit-level decoding of RS codes is first proposed in [22]. The
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research work in [22] was motivated by the gains achieved in terms of error cor-

rection performance attained by using soft-decision decoding over hard-decision

decoding [6, 45, 83, 84]. In spite of the gains in error correction, the complexity

cost of soft-decision decoding at that time made utilisation of soft information

during the decoding process prohibitive. The aim of the bit-level implementation

was to develop an efficient decoder for RS codes that could make full use of bit-

based soft-information, which was the main drawback of RS decoding algorithms

for their applications in satellite telecommunications at the time [85]. The bit-level

implementation in [22] is made possible through the decomposition of RS codes

into BCH sub-field subcodes which are glued together using glue vectors. In spite

of the decomposition of the RS codes significantly reducing the trellis complexity

of maximum likelihood decoding, the complexity still increases exponentially with

code length and dmin [6]. This makes the decoding approach presented in [22]

infeasible for practicable long codes.

In [6], a highly successful implementation of an iterative soft-input soft-output

bit-level decoding algorithm is presented and referred to as the Adaptive Belief

Propagation (ABP) algorithm. The ABP algorithm is shown in [6] to yield signif-

icant gains in terms of error correction when compared to other widely used RS

decoders. Based on this, all implementations of iterative bit-level soft-decision de-

coding algorithms for RS codes are in some way a variation of the ABP algorithm.

This section, therefore, gives a review in to the literature on the different bit-level

implementations of the widely used ABP decoding algorithm.

The ABP algorithm is first presented in [6] by Jing Jiang and Krishna R. Narayanan

with the aim of effectively applying soft-decision iterative decoding techniques to

linear block codes defined by a H matrix with a dense structure. The iterative

decoder selected for this implementation was the belief propagation algorithm due

to its near shannon limit performance when applied to LDPC codes [3] [86]. The

dense structure of the RS code H matrix presented implementation challenges for

the decoder. This is because the belief propagation algorithm is designed to take

advantage of the sparse structure presented by the H matrix of the LDPC code

so as to decode the received vector efficiently [87]. Before the belief propagation
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algorithm is used in the decoding of RS codes, a binary image expansion [21] is

performed on the H matrix so as to make it sparse. In addition to working at

a bit level, the ABP decoder also iteratively adapts the binary image of the H

matrix based on the bit reliability information to improve the error correcting

performance of the algorithm. The adaptation is done in such a way that the bits

considered to be unreliable match the sparse identity submatrix of the adapted

binary image of the H matrix. Adapting the matrix in this way prevents the de-

coder from getting stuck at psuedo-equilibrium points [6] due to the reduced use

of unreliable information in the message passing stage of the decoder. This results

in a significant improvement in the convergence behaviour of the bit-level iterative

decoder.

The generic form of the ABP decoder presented in [6] works by first converting

the bit reliabilities of the codeword into their corresponding Log Likelihood Ratios

(LLR). The H matrix in its binary image form is then adapted based on these

LLR values using Gaussian row reduction techniques. Belief propagation is then

applied to the soft information based on the adapted H matrix, as presented in

(2.31),(2.32) and (2.33), to decode the received vector. This ABP implementation

proposed in [6] has been shown to yield a significant gain when compared to widely

used RS decoders including the KV algorithm, BM algorithm and the Algebraic

hard-decision decoder. However, the gains achieved by the ABP algorithm come

at the cost of a high computational complexity [6, 88]. The complete process of

decoding the received vector using the generic form of the ABP algorithm is ex-

plained in Section 2.6.1.2.

Further modifications are made to the ABP decoding algorithm in [6] with the

aim of either improving the error correcting capability or to reduce the computa-

tional complexity cost of the decoder. A variation to improve the error correcting

performance of the ABP decoder based on preprocessing [89] [90] is one the mod-

ifications proposed in [6]. This technique is similar to the reprocessing carried out

in [28] for the OSD algorithm in that it utilises different groupings of the unreli-

able bits to assist in the decoding of the received vector. That is, the algorithm

switches some bits that are considered reliable with the unreliable bits near the
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boundary of the two sets of bits during the decoding process. The preprocessing

approach used in obtaining the different groupings of the reliable bits for the ABP

decoder is presented in [89]. The matrix adaptation in then carried out on the

binary image of H based on the new groupings of the bit reliabilities. For each

iteration the decoder is run, a new estimated codeword may be obtained due to

the difference in the adapted binary H matrix used. Similar to the OSD decoder

presented in [28, 30, 49, 54], all the estimate codewords are kept in a list and finally

the most likelihood codeword is selected as the decode codeword [6]. In addition,

the algorithm also works alongside a hard-decision decoder. The hard-decision

decoder corrects the vectors outputted from the ABP decoder for every iteration.

The estimated codewords outputted from the hard-decision decoder are also added

to the list of possible decoded codewords. This version of the algorithm is rep-

resented as ABP-HDD(f1, f2). The notation f1 refers to the maximum number

of iterations required to decode by a single grouping of the bit reliabilities, while

the notation f2 refers to the number of decoding rounds based on the different

groupings. This implementation of the ABP results in the decoder running for a

maximum of (f1 × f2) iterations. This implementation of the algorithm is shown

in [6] to yield the best error correction performance of all the versions of the ABP

decoder presented in the paper. However, this version is significantly more com-

plex due to the numerous iterations required during the decoding of the received

vector and the use of double decoding techniques through the implementation of

a hard-decision decoder. The numerous iterations increases the complexity of the

ABP decoder through the additional computations carried out, in each iteration,

for the Gaussian elimination process and belief propagation operations. The ex-

tra computations required in the hard-decision decoding also contributes to the

increased computational complexity cost.

Another modification presented in [6] is the partial reliable bit updating version

of the ABP algorithm. This version of the algorithm is presented with the aim

of reducing the computational complexity cost of the ABP decoder. The main

difference between this version of the ABP and the generic implementation of the

decoder is seen in the bit updating stage. This version of the ABP updates the
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all the unreliable bits and a subset of the reliable bits close to boundary with

the unreliable bits. That is, a specified number of bits that are considered to be

the most reliable, and further away from the away from the boundary with the

unreliable bits, are not updated during the decoding process. This is carried out

because the main floating point operating complexity comes from the computation

(2.31), which calculates the extrinsic information in the reliable part based on the

more dense parity submatrix in the binary image of H [6]. Therefore, the extrinsic

information of the set of bits further away from the boundary with unreliable bits

is not computed. This results in a reduced cost in computational complexity of the

ABP. However, it is important to note the reduced computational complexity cost

achieved by this implementation results in a performance loss in terms of error

correction when compared to the generic version of the ABP as shown in [6].

The use of the ABP algorithm is also incorporated with a hard-decision decoder in

[6] and [81] so as to improve the error correction performance of the decoder. The

version of the ABP in [6] considers an implementation where the ABP runs until

the maximum number of iterations, fmax, is reached in order to obtain a list of

candidate codewords outputted from the hard-decision decoder in each iteration.

This is carried out because the codeword returned from hard-decision decoding

may differ from the codeword obtained from the maximum likelihood decoding

approach utilised by the ABP algorithm. After all the iterations are run, the ABP

decoder selects the most likely codeword from the full list of candidate codewords.

This decoding approach has the advantage of being unable to perform worse than

either the ABP or the selected hard-decision decoder. This decoding approach is

implemented in [91] using the ABP and the Berlekamp-Massey (BM) algorithm

[4] and denoted as the ABP-BM decoder.

In [81] a simplified Chase type decoder [69] is cascaded to the ABP algorithm in

each iteration of the decoding process. One Chase type decoder is run before the

ABP such that if it succeeds to find a valid codeword, the iterative process of

ABP algorithm can be avoided. The second Chase type decoder is run after each

ABP update and acts as a stopping condition for the iterative decoding process

when a valid codeword is obtained. The additional stopping criteria defined by the



Chapter 3. Literature Review 59

Chase type decoder improves the convergence behaviour of the ABP algorithm.

The ABP-Chase decoder is shown in [81] to outperform the ABP-BM decoder

in terms of error correction capability. The decoding approach presented by the

ABP-Chase decoder is still more complex than the generic ABP implementation.

This is because it is essentially a double decoding scheme. Therefore, the compu-

tations carried out by the Chase decoder add to the total complexity cost incurred

by the ABP algorithm.

A hybrid implementation of the ABP decoder with Algebraic Soft Decoding (ASD)

is presented in [91]. The algorithm utilises a list decoding approach and is denoted

as ABP-ASD. The ABP-ASD decoder works by generating a list of candidate

codewords at the end of each iteration. If a decoding success is achieved by the

ABP-ASD at the end of an iteration, the candidate codeword is added to a global

list of codewords. The decoder stops when the number of iterations required to

decode the received vector f1 = fmax. If there are multiple codewords in the global

list, then the list decoder outputs the codeword with the shortest Euclidean dis-

tance from the received vector. The preprocessing approach presented in [6],[89]

can also be used to improve the performance of the decoder. The preprocessing

approach allows for f2 parallel ABP-ASD decoders, each performing list decoding,

to form at most f1×f2 codewords. In [91], the algebraic soft-decision decoder used

alongside the ABP is the KV algorithm. The KV algorithm acts as the multiplic-

ity assignment scheme for the ABP-ASD decoder. That is, the soft information

after the ABP update in each iteration is used by the KV algorithm to make the

multiplicity matrix. The multiplicity matrix is then fed in to the modified Gu-

ruswami Sudan (GS) algorithm [65] [92] to obtain the candidate codewords used in

the list decoding stage of the ABP-ASD decoder.The ABP-ASD decoder employs

a similar double decoding approach to that presented in [81]. This increases the

computational complexity of the decoder as the computations of both the ABP

and the KV decoder are considered in the total computational complexity cost.

A reduced complexity version of the ABP-ASD is also proposed in [91]. This ver-

sion works in such a way that the complexity cost of the Gaussian elimination
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process is only significantly experienced in the first iteration. However, the com-

plexity incurred by utilizing KV decoding after each ABP iteration is extremely

high [88] [93]. The ABP-ASD is shown in [91] to yield an error correction perfor-

mance gain when compared to the ABP-BM decoder.

Bit-level adoptive belief propagation techniques are explored for double and triple

parity check RS codes in [94]. The work derives parity-check equations that posses

a specific GF(2) structure. This inherent GF(2) structure, obtained from the

derivations, enables representation of a compound binary Hamming code from

the non-binary parity-check equations. This approach enables Belief-Propagation

decoding of (n, n − 2, 3) and (n, n − 3, 4) RS codes. Results run in [94] show a

favourable performance of the decoder when compared to the BM and the KV

decoder. However, this approach is only effective for the derived expressions for

parity check equations with the roots αz∗(0 < z∗ < 3) over GF(2m). This is be-

cause these parity check equations are viewed as compound Hamming codes over

GF(2). When applied to non-binary cyclic codes with roots more than 3, the de-

coding performance is not as good as expected [94].

Research carried out in [25] proposes an ABP implementation with Informed Dy-

namic Scheduling (ISD) [95–97]. This version of the algorithm is based on the

Residual Belief propagation (RBP) [95] algorithm. The dynamic scheduling is

done with the aim of ensuring the least reliable bits receive more updates while

simultaneously limiting their unreliable influence. This is achieved by updating to

the least reliable bits using the important messages. The importance of the mes-

sage is measured according to a metric referred to as the residual [25] [95]. This

decoding technique is shown to yield a good error correcting performance in [25].

However, the algorithm requires numerous iterations and utilises double decoding

techniques through the implementation of a non-binary algebraic hard-decision

decoder in the iterative decoding process. This approach, therefore, adds to the

complexity cost of the modified ABP decoder.

Iterative soft-input soft-output decoders for RS codes working at a bit-level that

are not based on belief propagation have not been investigated in literature. One

of the contributions presented in this research is the implementation of a bit-level
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iterative decoder, for RS codes, that corrects the soft information outputted form

the noisy channel without the use of the belief propagation algorithm. Implemen-

tation of belief propagation is avoided in the proposed decoding technique due to

the high computational complexity cost presented when using the ABP algorithm

[6, 88, 98, 99]. The decoder proposed in this research is a message passing algo-

rithm, that takes advantage of the sparse structure presented by the binary image

of the H matrix to decode the received vector. Information set decoding is im-

plemented in the proposed bit-level decoding approach with the aim of improving

the iterative convergence rate during the decoding process. An improved iterative

convergence rate contributes to a reduction in the computational complexity cost

as it reduces the total number of operations carried out during the entire decoding

process of the received vector.

3.5 Symbol-level Iterative Soft-decision Decoding on a Dense

H matrix of Reed Solomon Codes Based on Informa-

tion Set Decoding Techniques

Work in this research focuses on the development of a decoding schemes that utilise

information set decoding techniques to increase the efficiency of the decoder. This

is mainly achieved through an improved iterative convergence rate while detecting

and correcting errors in the received vector. Symbol-wise iterative decoding for

linear block codes is based on the use of reliability information at the input (soft-

input) to produce soft-information at the output (soft-output) [16]. For RS code

there exist soft-input hard-output iterative decoders such as the ones presented in

[77, 100]. However, its often desirable to have the soft information about the reli-

ability of the decisions [16]. This is especially true for iterative decoders because

for each iteration, after the first iterations, new reliability information based on

the extrinsic information is incorporated during the decoding process [16].

A soft-input soft-output iterative decoder is presented in [101] for a concatenated

scheme [102], with a Convolution inner code and a RS outer code. The iterative

decoder combines the iterative decoding scheme for block Turbo codes [103] and
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the iterative decoding scheme for a Convolution Turbo code [104]. This decoding

approach is able yield a coding gain of 6.6dB for a BER of 10−5 while transmitting

through an AWGN channel using a binary modulation scheme. It is important

to note the complexity of this decoding approach increases with d(min). This in-

creases the cost in computational complexity when decoding codes of a longer

length. Also, it is worth noting this decoder implementation has only been ap-

plied to concatenated RS codes and not general RS codes.

Iterative soft-input soft-output decoding techniques for RS codes is difficult to

implement [26] due to the dense structure of the symbol-level H matrix [6]. The

first successfully iterative soft-input soft-output decoding technique for RS codes

was the ABP decoder [81]. This was mainly due to the algorithm being imple-

mented on a bit-level, which takes advantage of the sparse structure presented by

the binary image of the H matrix. Based on the successful implementation, most

iterative soft-decision decoders for RS codes are in some way a variation of the

ABP algorithm and work on a bit-level [6, 12, 25, 26, 81]. These variants have

been able to yield a favourable error correcting performance when compared to

the ABP algorithm, however this is at the cost of a high computational complexity

[6, 81, 88]. Working on a bit-level, with a larger H matrix, and applying Gaussian

row reduction operations in each iteration contribute to the computational com-

plexity cost of the algorithm [81].

In an attempt to avoid the computational complexity cost of iterative decoding

attained from working at a bit-level with soft information, research into the imple-

mentation of iterative symbol-level decoders lead to the development of the PTA

algorithm [8]. The decoder works by transforming the H matrix of the RS code

based on the soft symbol reliability information. The reliability information is then

corrected based on the syndrome check equations so as increase the likelihood of

the correct symbol being selected. This process is repeated iteratively until the

most likely decoded vector is obtained. The main novelty of the algorithm is that

it is able to correct the soft information outputted from the channel based on the

dense symbol-level H matrix. The PTA algorithm has been shown to outperform

the KV decoder and the BM algorithm [8] [41]. However, due to the same dense
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structure of the H matrix, the algorithm requires numerous iterations during the

decoding process to achieve these gains in the error correction performance [13].

The numerous iterations required during the decoding process add to the overall

computational complexity cost of the PTA decoder.

The dense structure of the H matrix has also presented a challenge in the symbol-

level implementation of the information set decoding technique proposed in this

research. The complete dense structure of the parity submatrix in the H matrix

makes it difficult to detect and correct any error that may occur in the information

set of symbols. Obtaining the correct information set of symbol is very important

because even one wrong symbol in the information set will lead to incorrect de-

coding of the entire group of symbols outside the information set. A symbol-level

implementation of the proposed decoding approach is crucial to this research due

the reduced computational complexity cost attained from working at a symbol-

level when compared to working at a bit-level.

Due to the challenges presented from having a dense structure in the G and H

matrices of nonbinary codes, like in the case of RS codes, investigation into the im-

plementation of information set decoding using iterative soft-decision techniques

at the symbol-level (nonbinary) has not been fully explored in past literature.

Work done in this research presents a decoding approach that allows for iterative

soft-input soft-output decoding of the information set on a dense symbol-level H

matrix without the use of the binary image of the code. The proposed decod-

ing technique extends the parity check matrix with aim of adding sparsity to the

dense H matrix at the symbol-level. The extensions to the parity check matrix

are made up of low weight parity check equations that are added to the original

symbol-level H matrix. The weight of all the parity check equations, added to

the H matrix, matches the minimum distance of the code. Each extension to the

parity check matrix has the same dimensions as the original H matrix. This en-

ables the columns of the parity check extensions to be arranged in such a way that

each extension has a different information set. The use of different information

sets in each extension, coupled with the added sparsity of the extended H matrix,

allows for efficient exchange of the soft information during the decoding of the



Chapter 3. Literature Review 64

received vector. This results in the reduction of the number of iterations required

in the decoding process, which in turn yields a lower computational complexity

cost for the proposed decoder. Therefore the use of the extended matrix allows

for a suitable implementation of the proposed information set decoding technique,

which results in the realisation of a symbol-level soft-input soft-output iterative

decoder for RS codes.

3.6 Information Set Decoding on a systematic Binary QC-

LDPC code

Low density parity check (LDPC) codes are a class of linear block codes with im-

plementable decoders that provide a near Shannon limit performance, on a large

set of data transmission and data-storage channels. After the discovery of these

codes by Gallager in 1962 [14], these codes were largely ignored for many years

due to their computational and implementation complexity. In 1981, work done

by Tanner on generalized LDPC codes developed a graphical representation of

the codes [105]. This study was important as it has greatly helped in the under-

standing of decoding LPDC codes. Research on LDPC codes was resurrected in

the mid 1990’s when they were popularized by Davey and MacKay who proved

these codes had a near Shannon limit performance and other advantages of block

codes with low density (sparse) parity check matrices[19]. Since then there has

been a lot of research on the performance analysis based on construction, efficient

encoding, decoding and overall design of these codes for various applications in

digital communication and storage devices.

LDPC codes can be constructed in either one of 2 ways. The LDPC constructions

are based of random constructions or based on structured algebraic construction

[106]. LDPC codes based on random construction techniques [3, 107–110] have

been shown to yield a good error correction performance in literature. However,

they are not easy to implement in hardware due to considerable storage space

needed for irregular connections between the variable and the check nodes in the

Tanner graph [106]. As a result structured constructions are favoured for practical
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applications.

One of the frequently used subclasses of non-random LDPC codes are the quasi

cyclic (QC) LDPC codes. This is largely due to their simple implementation by use

of shift registers and their good bit error rate (BER) performance when transmit-

ted through a noisy channel [15]. QC-LDPC codes have the advantage of yielding

a performance comparable to randomly constructed LDPC codes while having a

structure that easily allows for hardware implementation [111]. The quasi-cyclic

structure possessed by this class of LDPC codes also enables parallel decoding

which allows for the tradeoff between the decoding throughput and implementa-

tion complexity [111]. As a result, much of the research on QC-LDPC codes has

focused on the different constructions of parity check matrices and more efficient

implementations for different applications [11, 15, 112–115].

Some of the commonly used QC-LDPC codes in literature are the codes defined by

the construction based on field partitions [116]. This construction works by parti-

tioning the elements of the field GF(2m) into two disjoint subsets. The elements of

the base matrix is the calculated by getting the sum of the two subsets as shown

in [20]. The base matrix is then expanded to form the H matrix by performing a

q-ary (where q = 2m) matrix expansion to create circulant matrices from the each

element of the base matrix [11] [15]. QC-LDPC codes have also been constructed

based on the minimum-weight codewords of an RS Code with two information

symbols [117]. As the name suggests, this construction techniques uses algebraic

methods to construct the base matrix based on the minimum-weight of two Reed-

Solomon codewords over GF(2m ) with two information symbols. The base matrix

is formed in a (2m−1)×(2m−1) square matrix with zeros along the diagonal. The

rate and the length of the QC-LDPC code can then be adjusted by an appropriate

selection of a submatrix, starting from the first row and column, to perform the

q-ary matrix expansion. Progressive Edge Growth (PEG) techniques have also

been used in the construction of QC-LDPC codes [118]. The PEG algorithm is

a technique of LDPC code construction which looks to optimize the girth during

the edge growth [119] [120]. The PEG algorithm is able to generate large cycles

each time a new edge is place on to the Tanner graph, however it cant guarantee
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if this is the best possible tanner graph [118]. Improvements are made to the PEG

algorithm for implementation with QC-LDPC codes in [118]. These modifications

reduce the presence of error floors in the performance of the QC-LDPC by effi-

ciently eliminating short cycles in the Tanner graph. An algebraic approach based

on the conjugates of primitive elements over finite fields is proposed in [115] to

construct QC-LDPC codes. This construction works by creating the base matrix

finding the conjugates of the root of the primitive polynomial of degree m in the

filed GF(2m). Research in [115], proves that the conjugates root of the polynomial

of degree m are also root of the same polynomial and are all elements in the field.

The base matrix is a square matrix, of dimension e∗ × e∗ (where e∗ ≤ m) filled

with the conjugates of the root for the primitive polynomial.

These QC-LDPC constructions, like most QC-LDPC codes, are defined by parity

check matrices that have a non-systematic form therefore losing some of the ad-

vantages that come with this structure. This is due to the fact that the H matrix

does not posses a full rank. The advantages of having a systematic structure is

that the decoded information does not need to be converted into user data at the

receiver. This ensures less encoding complexity as it only involves the adding of a

matching identity submatrix to the transposed parity submatrix.

Research carried out on the construction of LDPC codes defined by a H matrix

with a systematic structure is presented in, but not limited to, [121–123]. However

these constructions do not have the quasi-cyclic structure, and therefore do not

possess the advantages that come with this structure.

Examples of QC-LDPC codes with a full rank include the codes that form the basis

of communication system standards like the IEEE802.11-2012, IEEE802.16-2009

and ITU-T G.9960 [124]. This codes however do not posses a systematic structure.

This means Gaussian elimination can be used in the encoding process but it tends

to give a more dense generator matrix that is not in circulant form. This presents

implementation challenges for codes of a longer length [125]. In [15], Gaussian row

reduction is used to encode and also maintain the circulant and sparse structure

of the code. However, with this technique, a systematic encoder is only applicable

for cases of a LDPC code defined by a parity check matrix with a full row rank.
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Work carried in [125] presents an efficient practical implementation of a QC-LDPC

code constructed using the approach presented in [15].

Work in [126] presents the construction of QC-LDPC code with a H matrix that

can be used to generate a systematic codeword. However, the H matrix for the

QC-LDPC code presented in this research is a regular LDPC code with a node

degree 2 on the Tanner graph. This type of construction is not suitable for the

information set decoding approach proposed in this research. This is because the

information set decoding approach requires a node of degree 1 on the Tanner graph

for the identity submatrix. A node degree of 1 ensures that the bits matching the

identity submatrix do not actively participate in the extrinsic information calcu-

lations. This justifies the erasing of these bits when using the information set

to re-encode the codeword. Also, the construction presented in [126] is limited

to a degree 2 at each node. This presents a problem when more connections are

required at each node of the Tanner graph.

Work carried out in this research presents the construction of a QC-LDPC code

defined by a parity check matrix with a systematic-circulant (SC) form. This is

achieved by using the underlying idea presented in [8] [127], to obtain the gener-

alized form of the reduced complexity row reduction technique. This construction

gives all the advantages of having a systematic structure while maintaining the

sparseness and quasi cyclic properties of the LDPC code. Information set decoding

techniques are applied to the proposed systematic construction of the QC-LDPC

code through the aid of an additional stopping condition during the iterative de-

coding process. This is done to reduce the number of iterations required during

decoding of the received vector.



CHAPTER 4

Bit-level Implementation of the Proposed

Soft-Decision Decoder for Reed-Solomon Codes

4.1 Introduction

This chapter provides the techniques employed in the development of the pro-

posed bit-level implementation for the iterative soft-input soft-output information

set decoding algorithm. From Subsection 2.8, it can be seen that an information

set made up of any k symbols from the received vector can be used to successfully

re-encode the decoded codeword by taking advantage of the systematic structure

of the H matrix. This decoding approach especially lends itself to RS codes. This

is because a rearranged systematic structure can be obtained using any set of

columns of the H matrix due to their full row rank inverse properties [127]. How-

ever, this technique can only successfully decode the entire received vector if and

only if all the symbols in the information set are correct. If even one of the sym-

bols in the information set is wrong, the decoder will fail to correctly decode the

received vector. The challenge in correcting the information set symbols, for RS

codes, is largely a results of the complete dense structure of the parity submatrix

of H. Therefore, the proposed decoding algorithm is implemented at a bit-level so

to take advantage of the sparse structure attained from the binary image of the H

matrix. Preliminary tests to assist in design and implementation of the proposed

decoder are run on the PTA algorithm at a bit-level.

Decoding the received vector using the information set decoding approach enables

the proposed algorithm to run less iterations. This is because the proposed al-

gorithm does not have to ensure all the bits are correct before it can break the

68
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iterative decoding process. As a result, the time required to decode is reduced

which in turn helps improve the efficiency of proposed algorithm during the de-

coding process. The proposed decoding algorithm is able to effectively implement

the information set decoding technique with the aid of an additional stopping cri-

teria that is referred to as the decoding condition which is defined in this chapter.

This chapter also presents the implementation of an additional stopping criteria

based on information set decoding techniques to the ABP and the bit level ver-

sion of the PTA decoder. The additional stopping condition assists in reducing

the iterations required to decode the received vector. This results in a reduced

complexity version of the soft-decision bit-level decoding algorithms. The reduced

complexity is achieved while maintaining the error correction performance of the

decoders.

The proposed iterative decoder is benchmarked against the generic version of the

ABP decoder as opposed to the ABP-HDD(f1, f2) modification [6]. This is due to

the high complexity cost of the ABP-HDD(f1, f2). The ABP-HDD(f1, f2) always

runs for a total of (f1 × f2) iterations even when under higher SNR conditions.

The algorithm works more like a list decoder instead of an iterative decoder while

using double decoding techniques through the addition of a hard-decision decoder.

This means the ABP-HDD(f1, f2) does not necessarily converge to a codeword

in the same way the generic version of the ABP does. As a result benchmarking

with the ABP-HDD(f1, f2) will always give a better iterative performance, for

the proposed iterative decoder, resulting in a less computational complexity cost

especially for the higher SNR values. The generic version of the ABP works as an

iterative decoder and is believed to give a fair comparison in terms of the com-

plexity analysis and error correction performance.

The rest of the work carried out in this chapter is structured as follow: Section 4.2

presents the preliminary test run on a modified version of the PTA algorithm that

works on a bit-level. The preliminary tests are used to aid in the implementation

of the proposed bit-level decoder developed in this research. A detailed description

on how the proposed bit-level decoder works is given in Section 4.3. An analysis
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of the proposed bit-level algorithm and simulation results are presented in Sec-

tion 4.4. A complexity analysis of the proposed bit-level decoder is investigated

in Section 4.5. The proposed technique used in the implementation of the infor-

mation set decoding approach is proposed in Section 4.6 and Section 4.7 gives the

conclusion to the findings obtained in this chapter.

4.2 Preliminary Tests

The preliminary design and implementation of the proposed decoding algorithm is

presented in this section. The preliminary design is aided through the modification

of the PTA decoder to enable a bit-level adaptation of algorithm. Simulations are

run to test for the performance difference, in terms of error correction, of the PTA

algorithm when applied to the bit-level sparse H matrix compared to the dense

H matrix at the symbol-level. Performance gains at the bit-level would provide

an additional motivation for the bit-level implementation of the proposed decoder

beyond just the current implementation limitations attained by working with the

dense H matrix at the symbol-level.

The performance of the bit-level implementation for the PTA algorithm in this

chapter is measured in terms of Symbol Error Rate (SER) for a range of different

Signal to Noise Ratio (SNR) values. An analysis with the aim of determining the

optimum performance conditions of the proposed bit-level implementation of the

PTA algorithm is also carried out in this chapter.

4.2.1 Bit-level Implementation of the PTA Algorithm

Modifications applied to the PTA algorithm to enable the bit-level implementation

are now discussed. For purposes of notation, the PTA algorithm implemented at

the bit-level is denoted to as PTAbl.

It is also important to note, for the field GF(2m), a symbol-level H matrix with

dimensions (n− k)× n will have a binary image matrix H with the dimension of

M ×N , where M = (nm− km) and N = nm.
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4.2.1.1 Modifications in the H transformation step

As seen in Section 2.6.2, the PTA decodes the received vector by performing

corrections to the reliabilities in the matrix β. Therefore, the algorithm does not

directly utilize the algebraic properties of the RS code. However, it does take

advantage of the structural properties of the H matrix. This is because the H

matrix of an (n, k) RS code has a set of (n−k) independent columns regardless of

the order of columns selected [127] [128]. This assists during the transformation

step of the PTA decoding process. After a binary image expansion is performed

on H, the new binary matrix H lacks this property. However, the new binary

matrix H still possess a full row rank. This means that for matrix H, with the

dimensions M ×N , there exists a total number of M independent columns which

can be obtained through row reduction. However, there is no guarantee that

these M columns will run consecutively to form an exact identity matrix after

the row reduction is carried out. With regard to this, the modification to the H

transformation step can be summarized as follows:

• The received vector is first converted into its bit form based on a selected

modulation scheme. The β matrix is now constructed with only 2 rows to

represent either a “0” or a “1” for the hard-decision detection. For a 16-

QAM modulation scheme with Gray mapping, this process of obtaining the

β matrix is explained in Section 2.9.3. To ensure that each column in β

adds up to one as in the case of [8], the value of the reliabilities are scaled

to obtain the matrix β(scaled) as shown in (4.1)

β
(scaled)
(g,j) =

β(g,j)∑
βj

, (4.1)

where 1 ≤ g ≤ 2, 1 ≤ j ≤ N and β(g,j) denotes the entry in gth row and the

jth column of β. The vector A is obtained in the same way as (2.34) and

shown in [8]. The vector A is then sorted in ascending order. The rearranged

indexes are noted as well and stored in the vector Y as shown in (2.35).
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• Matrix H is then transformed based on the rearranged indices in the vector

Y . The independent columns in matrix H are represented by the columns

that match the identity submatrix after the transformation. These columns

are now used to represent the indexes U and the remaining indexes are used

to represent the K indexes.

4.2.1.2 Modifications to the correction step

Working at a bit-level means working with a binary parity check matrix that is

more sparse than a regular H matrix for an RS code. For the symbol-level H

matrix of a RS code, the identity submatrix is largely sparse with nonzeros only

along the diagonal. The parity submatrix is completely dense with no zero ele-

ments. As a result of the contrasting differences in sparsity of the submatrices in

the H matrix, in its partial systematic transformed state, the symbol-level PTA

uses different values of δ in the correction step for each submatrix as shown in

(2.38). This enables larger corrections to be made to the indices of the identity

submatrix because each index only participates in one syndrome check equation

during the syndrome calculation. This is opposed to the indexes matching the

parity submatrix which require smaller corrections due to these indexes partici-

pating in all the syndrome checks equations in the syndrome calculations.

When working at a bit-level, the matrix H is considered to be sparse in both the

identity and parity submatrices in its transformed state. This ensures that not

all the bits, in both the identity and parity submatrices, participate in every syn-

drome check calculation. Therefore, the need for small corrections in the parity

submatrix is eliminated. Therefore, the PTAbl is implemented using a single δ

value to correct the indices of the reliabilities that match both the sparse identity

and the relatively sparse parity submatrices during each iteration of the decoding

process. The modified correction step is now summarised as

Aj =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
Ati + δ if Si = 0,

Ati − δ if Si �= 0.

(4.2)
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where ti represents a subvector in Y of indexes matching bits in the ith row of H+

that participate in the syndrome check equation. The bit indexes represented by

ti can be expressed as

ti = {N : H+
(i,N) = 1}. (4.3)

4.2.2 Results and Analysis

Simulation results for the PTAbl algorithm are presented in this section. These

simulations are carried out to obtain optimum performance conditions of the al-

gorithm. The performance of the PTAbl decoder is also compared against symbol-

level implementation of the PTA .

4.2.2.1 Algorithm Analysis

The performance analysis of the PTAbl decoder is first investigated based on the

new implementation using a single δ to correct the reliabilities. The performance

of this implementation will be compared to the original case when different δ values

are used to correct the reliabilities matching the participating U and K indices in

each syndrome check at a bit-level. A (15, 7) RS code is used in this simulation,

with the symbols being transmitted through an AWGN channel using a 16-QAM

modulation scheme with Gray mapping. A value of δ = 0.001 is used with both

PTAbl implementations. Results for this simulation are shown in Fig. 4.1.

From Fig. 4.1 it can be seen that the single δ implementation performs better than

the original implementation that requires different δ values for correcting the U
and K indices. The PTAbl implemented with a single δ yields a gain of about 0.5dB

at an SER of 10−3 when compared to the PTAbl with original δ implementation.

This result supports the hypothesis presented in section 4.2.1.2 that, to obtain an

optimum performance, a single δ value is required to correct the reliabilities due

to the sparse nature of both the identity and the parity submatrix of H. For the

rest of the simulations the PTAbl decoder is implemented with a single δ.

A further investigation on the performance of the PTAbl based on the value of δ is
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Figure 4.1: Performance comparison of the PTAbl based on the different δ
implementations.

conducted. A similar test was performed in [8] for the symbol-level PTA. This is

carried out to study the effect that the size of δ has on the case of the sparse binary

H matrix. A (15, 7) RS code is again transmitted through an AWGN channel using

a 16-QAM modulation scheme with Gray mapping. These results can be seen in

Fig. 4.2.

Fig. 4.2 shows that values of δ < 0.01 all yield a very similar performance. This

gives a different result when compared to the symbol-level implementation in [8],

which shows an increase in error correction performance the more the values of δ

decreases. The reason why larger values of δ, for the bit-level case, work the same

as the optimum value of 0.001 shown in [8] is once again due the sparse structure

of matrix H. For the symbol-level PTA, all the indices matching K participate in

every check, due to the complete dense structure of the parity submatrix. This

means that the K indices are corrected based on (2.38), regardless if they are right

or wrong, depending on the result of the syndrome check equation for each row of

H. Therefore, a smaller value of δ is required for the correction step to obtain a

more accurate result. This is because the small values of δ ensure the additions
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Figure 4.2: Performance comparison of the PTAbl based on the value of δ
used.

and subtractions made during correction do not largely change the values of the

reliabilities which could cause the decoder to select wrong symbols that also satisfy

the syndrome checks. This is not the case for the binary image of the H matrix.

As mentioned in section 4.2.1.2, the sparse structure of H ensures that not all the

indices matching K take part in every syndrome check calculation. This means

that only the participating K indices are corrected during each syndrome check.

Therefore, larger value of δ, not exceeding 0.01, can also be used in the decoding

process for the PTAbl and still yield an optimum performance. This proves to be

advantageous as larger values of δ enable the PTA to decode the received vector

with less iterations [8].

4.2.2.2 Performance Analysis of Half Rate codes

A performance comparison between the PTA algorithm when implemented on a

bit-level and symbol-level is now presented. The same simulation parameters are

used as in the case for Fig. 4.1 and Fig. 4.2. The PTAbl is run with a correction
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factor of δ = 0.01 while the symbol-level PTA is implemented with a correction

factor of δ = 0.001 as used in [8]. The results of the simulation are shown in

Fig. 4.3.
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Figure 4.3: Performance of the PTAbl compared to the symbol-level PTA for
a (15, 7) RS code

From Fig. 4.3, it can be seen that a significant gain is experienced when the PTA

is implemented on a bit-level when compared to that of the symbol-level. The

PTAbl algorithm outperforms the symbol-level PTA by well over 4dB at a SER

of 10−3. Working at a bit-level means, that for the same field, the decoder uses

a larger parity check matrix to decode a longer received vector than the case of

a symbol-level implementation. That is, an increased complexity cost is inured

when using the PTA algorithm to decode the received vector at a bit-level when

compared to the symbol-level.
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4.2.2.3 Performance Analysis of High Rate codes

An additional simulation is carried out to test the performance of the PTAbl algo-

rithm under high rate conditions. For this simulation, a (15, 11) RS code is once

again transmitted using a rectangular 16-QAM modulation scheme with Gray

mapping through an AWGN channel. The PTAbl is still corrected using a single

value of δ = 0.01, while being compared in terms of SER performance against the

symbol-level PTA running under the same conditions as those used for the half

rate codes. The results for these simulations are presented in Fig. 4.4.
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Figure 4.4: Performance of the PTAbl compared to the symbol-level PTA for
a (15, 11) code

Fig. 4.4 shows that the PTAbl algorithm yields a SER performance gain of about

3dB when compared to the symbol-level PTA algorithm at an SER value of 10−3.

The gains obtained by working at a bit-level, once again, come at the cost of

computational complexity when compared to the symbol-level implementation.
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4.2.3 Conclusions From the Preliminary Results

The bit-level implementation of the PTA decoder significantly outperforms the

symbol-level implementation of the PTA. The algorithm takes advantage of the

sparsity provided by working at a bit-level to facilitate more efficient message pass-

ing of the soft information. However, this improved performance of the bit-level

implementation of the PTA decoder comes at the expense of additional complexity

when compared to the symbol-level implementation. This is because, for the same

field, to the bit-level implementation of the PTA decodes a longer received vector

with the aid of a larger parity check matrix when compared to the symbol-level

implementation.

Due to the improved performance of the PTA algorithm at the bit-level, the basic

implementation and design of iteratively obtaining the information set required

in the decoding process by the proposed decoding algorithm is based on a similar

approach.

It is important to note that the performance gain obtained when comparing the

PTAbl and the symbol-level PTA is not considered a fair comparison due to the al-

gorithms working on different levels. That is, bit-level decoders use binary schemes

to perform error correction as opposed to the symbol-level decoder which use non-

binary algorithms. Further simulations performed in this research compare bit-

level decoder separately from the symbol-level implementations for the purpose of

giving a fair comparison in the results obtained.

4.3 The Proposed Decoding Scheme

To understand how the proposed decoder works, the relevant notation is first

established. The decoder works on a bit-level, this means a binary image expansion

is performed on H to obtain H. For ease of notation, M = (nm− km), N = nm

and K = km.

A RS codeword c in the extension field is now considered. The codeword c is

transmitted using a selected modulation scheme through a noisy channel. The
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soft information received at the output of the channel is then used to create the

reliability matrix β. The matrix β has the dimensions 2 × N , where the 1st and

2nd row of β represent the reliability of the selected bit index being a “0” and a

“1” respectively as shown in (2.68).

Once the matrix β is created, each of the columns is then scaled using (4.1). This

is carried out to ensure that the reliabilities in each column of β add up to 1

before being fed into the decoder. For each iteration of the proposed algorithm,

the decoding process can be summarised by the following steps:

1. Finding the maximum bit reliabilities: The maximum reliabilities in each

column of β are identified and arranged in the vector A as shown in (4.4)

A = [A1, A2, ..., AN ] (4.4)

where Aj = argmax(βj), 0 ≤ j ≤ N and βj represents each column of the

matrix β. These reliabilities are then sorted in ascending order. The original

indices of the reliabilities are identified as well and stored in terms of their

ascending order in the vector Y

Y = [ Y1 , Y2 , ... , YN ]. (4.5)

The K highest values of the A are considered to be the most reliable. For

this reason, row reduction is performed on the rearranged columns of H
based on the indices of Y . An approach similar to information set decoding

technique presented in [30] is applied in that the indices of the K highest

reliabilities match the parity submatrix obtained from the row reduction of

the now quasi-systematic structure of H. The matrix obtained from the row

reduction of the rearranged columns of H is denoted as H+.

It is important to note that the matrix H has a full row rank. This means

that there exists a total ofM independent columns present inH. However, as

noted in section 4.2.1.1, there is no guarantee that theM least reliable indices

found in Y will match these columns during row reduction. This means

that not all the most reliable K indices will match the parity submatrix for



Chapter 4. Bit-level Implementation of the Proposed Soft-Decision Decoder for
Reed-Solomon Codes 80

every row reduction operation performed on H. When this happens, any M

bit indexes that matches an identity submatrix of H+ are considered to be

unreliable, and any K bit indexes that match the parity submatrix of H+

are considered to be reliable.

2. Hard-decision detection and the Syndrome check: Hard-decision detection is

then carried out on β, using (2.28), to obtain the vector ĉb. The syndrome is

then calculated similar to (2.13) by getting the scalar product of the vector

ĉb and each row of H+ as shown in (4.6)

Si = ĉb · H+
i , (4.6)

where 1 ≤ i ≤ M is used to denote each row of H+ and each value of the

syndrome vector, S. Due to the decoder working on a bit-level, (2.18) and

(2.45) can be used to rewrite the syndrome calculation in (4.6) to the form

shown in (4.7)

Si =
∑

ĉbti , (4.7)

where ti represents all the indices of the participating bits of ĉb in the ith

syndrome check equation and is expressed as shown in (4.3)

3. Obtaining the votes: During the syndrome calculation, votes are cast for

each bit. Each bit gets a vote of either being a “0” or a “1” based on the

extrinsic information. This means, for each row, all the participating bits

except the one being investigated take part in the vote. Based on the vote,

the syndrome calculation in (4.7) is rewritten as

Si = ĉby +
∑

ĉbt′ , (4.8)

where y ∈ ti represents the index of the bit being voted for. The subvector t′

represents the set of indices in ti without the bit index y. Assuming the set

of bits ĉbt′i are all correct and Si = 0, the calculation of votes can be derived
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from the extrinsic information using (2.16) as

ĉby =
∑

ĉbt′ . (4.9)

From (4.9), ĉby is found to be either a “0” or “1”. This counts as a vote for

the bit ĉby. This process is repeated for all participating bits of ĉb in every

row of H+, with the votes being stored in the vector V as seen in (4.10)

V =

⎡⎣ V0,1, V0,2, ... V0,N

V1,1, V1,2, ... V1,N

⎤⎦ , (4.10)

where V0,j and V1,j represents the total votes each bit index gets for being a

“0” and a “1” respectively, for all the rows of H+,

4. Obtaining the confidence rating: The first step to obtaining the confidence

rating of each bit is to get the voting ratios, ϑ, as shown in (4.11)

ϑ =

⎡⎢⎢⎣
V0,1

VT,0

,
V0,1

VT,1

, ...
V0,N

VT,N

V1,1

VT,1

,
V1,2

VT,2

, ...
V1,N

VT,N

⎤⎥⎥⎦ , (4.11)

where each VT,j represents the total number of votes each bit index gets and

it is computed as

VT,j = V0,j + V1,j. (4.12)

The confidence rating, Λ, for each bit is then calculated by dividing the

voting ratios in ϑ by a value of ρ as shown in (4.13)

Λ =
ϑ

ρ
, (4.13)

where ρ represents the divisor which is a constant predefined value input

during the initialisation of the algorithm. The values in the matrix Λ can be

represented as

Λ =

⎡⎣ Λ0,1, Λ0,2, ... Λ0,N

Λ1,0, Λ1,2, ... Λ1,N

⎤⎦ , (4.14)
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5. Updating β: The values in Λ represent the level of confidence that a bit

is correct and should be updated in β. The update works by adding the

indexed confidence ratio to the corresponding reliability in β based on the

vote in (4.9) for being either a “0” or “1”. The update can be summarized

as follows

β
(f+1)

( ̂cby,j)
= β

f

( ̂cby,j)
+ Λ(̂cby ,j)

, (4.15)

where f is used to denote the current iteration number of the decoder. The

value of ĉby is either a “0” or a “1”. This value is used to identify which

of the reliabilities in β, indexed at the jth column, to update with the cor-

responding confidence rating. The notation y represents the index of the

bit considered during (4.9). All the reliabilities in β are updated based on

their participation in each row of the matrix H+. After all the N indices are

updated, β
(f+1)

is scaled as shown in (4.1) to ensure all the columns add up

to 1 in preparation for the next iteration.

4.3.1 The Decoding Condition and Thresholds

The proposed algorithm works iteratively and has two stopping conditions. The

first is when S = 0. The second is when the decoding condition is met. The

decoding condition is based on information set decoding. That is, it makes use

of a set of K bits to re-encode the decoded codeword based on the rearranged

systematic structure of H+.

The decoding condition is met if the algorithm can ascertain that the information

set of K bits with indices matching the parity submatrix is correct. If the infor-

mation set is determined to be correct, then the remaining M bits that match the

identity matrix can be decoded.

In order to understand how this works, consider the syndrome equation between

ĉb and the rearranged systematic matrix H+ in the form shown in (4.16).

S = (ĉbYM
× I�H+) + (ĉbYK

×Q�
H+), (4.16)
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where I�H+ and Q�
H+ match the transpose of the column indices of identity and

parity submatrices of H+, while ĉbYM
and ĉbYK

match the indices of ĉb that cor-

respond to the columns of the identity and parity submatrices of H+ respectively.

Due to IH+ being an identity matrix, (4.16) can be reduced further as shown in

(4.17).

S = ĉbYM
+ (ĉbYK

×Q�
H+), (4.17)

If the ĉbYK
indices are correct, the bit values of ĉbYM

can be obtained by assuming

S = 0 and using (2.16) to rewrite (4.17). This yields the expression in (4.18).

ĉbYM
= ĉbYK

×Q�
H+ . (4.18)

Due to the decoder working on a bit-level, (2.18) and (2.45) can once again be

used to reduce (4.18) by considering only the participating indices to give

ĉbYMi
=
∑

ĉbtKi
(4.19)

where ĉbYMi
and ĉbtKi

are the participating bits of ĉbYM
and ĉbYK

in the ith row of

H+ respectively.

The algorithm is able to determine if the information set with the K bits is correct

by setting a threshold. The threshold, τ , is defined as the minimum number of

syndrome check equations each of the K bits in the information set should satisfy

for (4.19) to be applied in the decoding of the received vector. The higher the

value of τ , the more confidence the algorithm has that the most reliable K indices

are correct. However, this comes at the expense of the algorithm running more

iterations.

The main advantage of using the decoding condition as a stopping criteria is that

the algorithm is able to use K bits to decode an entire received vector of length N .

This assists in reducing the number of iterations required to decode the received

vector, because the algorithm does not have to confirm if every single bit is correct

before it can break the iterative decoding process.
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4.4 Results and Analysis

In this section, simulation results for the proposed iterative decoder and its variants

are presented. For ease of notation, the proposed decoder is referred to as the k-Bit

Decoding algorithm and is denoted as the kBD algorithm.

4.4.1 Analysis of the Proposed Bit-Level Decoding Algo-

rithm

Simulations are run to find an optimum performance conditions for the kBD al-

gorithm using different values of τ and ρ. The performance of the kBD algorithm

using different values of τ is first investigated. The performance of the kBD is

measured in terms of error correction and iterative convergence rate. A nearly

half rate (15, 7) RS code is used in this simulation, with the symbols being trans-

mitted through an AWGN channel using a 16-QAM modulation scheme with Gray

mapping. The value of ρ = 50 is used for these simulations. Results for the sim-

ulations in terms of Bit Error Rate (BER) and the average number of iterations

are shown in Fig. 4.5 and Fig. 4.6 respectively.

From Fig. 4.5 it can be seen that the error correction performance of the kBD

algorithm works best when τ ≥ 7. It can also be seen from Fig. 4.6 that working

with τ = 7 presents a more efficient kBD algorithm. This is because it requires

less than half of the average number of iterations used by kBD with τ = 10 during

the decoding process, to achieve a similar BER performance.

Tests to determine the optimum value of ρ are also carried out. Similar conditions

are used for transmission of the (15, 7) RS code. The kBD decoder is implemented

with a τ = 7. The results for these simulations are presented in Fig. 4.7 and

Fig. 4.8.

The kBD with values of ρ ≥ 50 are able to achieve a slightly higher gain in terms

of BER when compared to the kBD with values of ρ ≤ 30 as seen in Fig. 4.7. The

kBD with ρ = 50 is shown to be an efficient decoder by requiring less iterations

to yield a comparable BER performance to the other versions of the algorithm,
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Figure 4.5: Performance comparison of the kBD based on different τ values
in terms of BER for a (15,7) RS code.
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Figure 4.6: Performance comparison of the kBD based on different τ values
in terms of number of iterations for a (15,7) RS code.
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Figure 4.7: Performance comparison of the kBD based on different ρ values
in terms of BER for a (15,7) RS code.
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Figure 4.8: Performance comparison of the kBD based on different ρ values
in terms of average number of iterations for a (15,7) RS code.
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with values of ρ > 50, as seen in Fig. 4.8. Based on this, the kBD with ρ = 50

and τ = 7 is used to benchmark the performance of the proposed algorithm with

other iterative soft-input soft-output bit-level decoders.

4.4.2 Performance Analysis of the Proposed Bit-Level De-

coding Algorithm

Half rate codes

In this section the performance of the kBD algorithm is benchmarked against the

PTAbl decoder and the ABP algorithm. Simulations are run on a nearly half rate

(15, 7) RS code. The ABP is simulated with the value of η = 0.05 and is set to run

with a the maximum number of 20 iterations [6]. The PTAbl is run with a value

of δ = 0.01, as this value yields an optimum performance as presented in Fig 4.2.

For these simulation a version of the kBD algorithm with a lower computational

complexity is tested as well. This version of the kBD only performs Gaussian

row reduction once on H, in the first iteration, to obtain H+. The same H+ is

then used throughout the entire iterative decoding of the received vector. This

version of the kBD is referred to as the none transform version of the kBD. This

is because it does not iteratively perform Gaussian row reduction operations to

transform H+, based on the soft bit reliabilities, during decoding of the received

vector. As a result of the reduced Gaussian row reduction operations, this version

of the kBD has a lower computational complexity cost than the original imple-

mentation of the kBD algorithm. For the ease of notation, the none transform

version of the kBD is denoted as kBDnt.

The same simulation parameters for encoding, modulation and transmission as

those used obtain the results in Fig. 4.5, are utilised for this set of simulations.

The results for these simulations are presented in Fig. 4.9 and Fig. 4.10.

It can be seen from Fig. 4.9 that the kBD algorithm experiences a gain of about

0.6dB when compared to the ABP algorithm with η = 0.05 at a BER of 10−3.

The kBD decoder also outperforms the PTAbl decoder with δ = 0.01, but with a
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Figure 4.9: Performance comparison of the ABP, PTAbl, kBD and kBDnt in
terms of BER for a (15,7) RS code.
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Figure 4.10: Performance comparison of the ABP, PTAbl, kBD and kBDnt in
terms of average number of iterations for a (15,7) RS code..
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smaller gain of about 0.15dB for the same BER value.

The kBDnt algorithm, being less complex due to its lack of iterative H+ transfor-

mations, yields a similar performance to that of the ABP algorithm with η = 0.05.

However, the kBDnt decoder is outperformed by both the kBD and the PTAbl algo-

rithm by about 0.63dB and 0.42dB respectively for a BER of 10−3. It is important

to note that the PTAbl algorithm is significantly more computationally complex

than all the bit-level decoders used in the simulation. This is because it performs

Gaussian row reduction operations to transform the matrix H for each of the nu-

merous iterations required during the decoding process, as seen in Fig. 4.10. This

provides justification for the use of the kBDnt over the PTAbl decoder whenever a

complexity-performance tradeoff is required between the two algorithms.

In Fig. 4.10, the iterative converegnce rate of both version of the kBD only differ

slightly from the ABP algorithm for the low SNR values. However, as the SNR

values increase the iterative converge for both versions of the kBD reduces faster

when compared to the ABP decoder.

From Fig. 4.9 and Fig. 4.10, the kBD is seen to be a good performing iterative bit-

level soft-decision decoding algorithm. This is because it is able to achieve gains

in BER performance, while running for fewer iterations than all other bit-level

soft-decision decoding algorithms used in the (15, 7) RS code simulations.

High rate codes

Additional simulations are carried out to test the performance of the proposed

variations of the kBD algorithms under high rate conditions.Working at a high

rate means working with a H matrix with less rows when compared to a half

rate code. That is, there are fewer syndrome check equations than in the case

for the (15, 7) RS code. This means the each of the K bits in the information

set participate in less syndrome check equations. H. With respect to this, a

new set of simulations to determine an optimum value for τ is carried out. For

these simulation, a (15, 11) RS code is once again transmitted through an AWGN

channel using a 16-QAM modulation scheme with Gray mapping. The results for
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these simulations are displayed in Fig. 4.11 and Fig. 4.12.
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Figure 4.11: Performance comparison of the kBD based on different τ values
in terms of BER for a (15,11) RS code.

It can be seen from Fig. 4.11 that the BER performance of the algorithm is the

same for values of τ ≥ 3. The main difference in the performance of the algorithm

can be seen in Fig. 4.12. The kBD with τ = 3 requires less than half of the average

number of iterations to decode the received vector, when compared to the kBD

algorithm with values of τ ≥ 5. As mentioned in section 4.3.1, the reason why

the kBD with τ = 3 requires less iterations than values of τ > 3, is because the

algorithm only has to ensure that each bit in the information set, ĉbYK
, satisfies 3

syndrome check equations as opposed to the cases when τ > 3. This enables the

kBD algorithm to meet the decoding condition with fewer iterations than when

τ ≥ 5. Also, due to the (15, 11) RS code having a H matrix with less syndrome

check equations, the value of τ = 3 when applied to the kBD is sufficient to give

an optimum BER performance as opposed to the case of the (15, 7) RS code where

τ = 7 is required for an optimum performance. Hence, the kBD algorithm with

ρ = 50 and τ = 3 is used when benchmarking the performance of the decoder

with the ABP and the PTAbl for high rate codes. No modifications are made to
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Figure 4.12: Performance comparison of the kBD based on different ρ values
in terms of average number of iterations for a (15,11) RS code.

the implementations of the PTAbl and the ABP algorithm from the half rate case.

All the algorithms are run under the same conditions as the half rate case. The

results for this set of simulations can be seen in Fig. 4.13 and Fig. 4.14.

From the results presented in Fig. 4.13, the performance of the kBD algorithm

matches the performance of the PTAbl decoder. This performance is achieved by

the kBD algorithm while running at a lower average number of iterations than the

PTAbl, during the decoding process, as seen in Fig. 4.14. The kBD also compares

favourably to the ABP algorithm by yielding a slight BER performance gain at an

BER value of 10−5. The kBDnt algorithm is also only slightly outperformed by less

than 0.1dB at a BER of 10−5 when compared to the PTAbl decoder and achieves

a similar BER performance to that of the ABP algorithm, while running at an

average number iterations that is less than both algorithms. This is important

note because the kBDnt algorithm does not require row reduction operations to

be performed iteratively, as in the case of the other bit-level decoders used in the

simulations. This justifies the use of the kBDnt, when selecting a bit-level soft-

input soft-output decoder, in the case of a complexity-performance tradeoff. This
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Figure 4.13: Performance comparison of the ABP, PTAbl, kBD and kBDnt in
terms of BER for a (15,11) RS code..
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Figure 4.14: Performance comparison of the ABP, PTAbl, kBD and kBDnt in
terms of average number of iterations for a (15,11) RS code..
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is because the kBDnt operates at a lower computational complexity cost while

yielding a good BER performance, when compared to the other bit-level decoders

used in the simulations.

The algorithm is also run for a (31, 25) RS code so as to benchmark the proposed

decoder against the results presented in [6]. For these simulations, the proposed

algorithm is also tested against one of the modification of the ABP decoder refereed

to as the ABP-HDD(20,1) algorithm. This version of the ABP works alongside

a ‘genie aided’ hard decision decoder (HDD) [6]. This version of the ABP work

iteratively however, it does not converge to a codeword. Instead it runs for all

the 20 iterations while outputting a codeword that is fed into the HDD with a

genie aided stopping condition. The ABP in this implementation therefore works

in a similar way to a list decoder. The ABP only selects the most likely codeword

if the HDD is not able to obtain the decoded vector from the list of codewords

generated from each of the 20 iterations. The result of the ABP-HDD(20,1) is

described as ‘optimistic’ in [6] due to the inclusion of the genie aided HDD. This

is because the genie aided stopping criteria already knows the correct codeword

and breaks the decoding process once the correct codeword is obtained instead

of letting the iterative algorithm converge to the most likely codeword[6]. The

genie aided HDD is added to the algorithm to prevent the decoder from running

all 20 iterations and therefore speeding up the decoding process. This is because

the algorithm is a double decoder. This means there is a significant increased

complexity when compared to the generic version of the ABP. This is especially

due to the algorithm running all 20 iterations during each decoding process, even

for higher SNR values when less iterations are required. As highlighted in Section

4.1, for reasons of complexity and also the use of a genie aided stopping criteria,

the ABP-HDD was not used in the other benchmarking simulations.

The simulations are tested using BPSK modulation and the RS code is transmitted

through an AWGN channel so as to obtain the results in a similar way to [6]

[43]. The Maximum Likelihood (ML) lower bound is obtained using the technique

presented in [16] [129]. The results for these simulations are presented in Fig. 4.15.
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Figure 4.15: Performance comparison of the ABP, PTAbl, kBD and kBDnt

for a (31, 25) RS code.

From the results in Fig. 4.15 it can be seen that the error correction performance

of the kBD and kBDnt are quite favourable when compared to the generic ABP

decoder. The kBD algorithm outperforms the generic version of the ABP by about

0.5dB at an FER of 10−3. The less comples kBDnt yields a gain of about 0.25dB

when compared to the generic form of the algorithm. However, the kBD has a

loss of about 0.6dB when compared to the ML lower bound graph and a loss of

less than 0.1dB when compared to the ABP-HDD(20,1) [6], for the same FER

value. However it is important to note that the results for the ABP-HDD(20,1)

are optimistic, due to the genie aided stopping condition, while still being a more

complex decoder.
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4.5 Complexity Analysis

4.5.1 Time Complexity

In this section, the computational complexity cost for the kBD decoding technique

is compared to that of the ABP and the PTAbl algorithms. The complexity cost of

the bit-level soft-input soft-output decoders is measured in terms of the total num-

ber of operations carried out for the average number of iterations required in the

entire decoding process. In order to better represent the computation calculations,

notation is established. The average row weight and column weight of the partici-

pating bits indexed by t are denoted as Wr and Wc respectively. The average row

weight of indices that match the parity submatrix of H+ are denoted using Wk.

The notation Wk is also used to denote the average row weight for computations

that obtain the extrinsic bit information. The computational complexity cost for

a single iteration of the ABP, the PTAbl, kBD and the kBDnt decoders are all

summarised in the Table 4.1, Table 4.2, Table 4.3 and Table 4.4 respectively.

Table 4.1: Summary of the overall complexity for the ABP decoder.

Decoding Stage Stage description Number of Operations

Obtaining the vector |L| Finding absolute values for
L

N

Sorting of |L| |L| sorted in ascending or-
der

N

Adapting the H matrix Row reduction of H M2 ×N

Obtaining the vector Le Calculating the extrinsic
information as shown in
(2.31)

(M ×W 2
k ) + (N ×Wc)

Updating the vector L Adding Le(cbj) to L(cbj) N
Obtaining the hard-
decision vector ĉb

Assigning one of the binary
values to each L(cbj)

N

Syndrome Check Performing the calculation
represented in (4.7)

M ×Wr

Overall Complexity of the ABP decoder

Total = N +N + (M2 ×N) + (M ×W 2
k ) + (N ×Wc) +N +N + (M ×Wr)

Time complexity = O(M ×W 2
k ) [12]
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Table 4.2: Summary of the overall complexity for PTAbl decoder.

Decoding Stage Stage description Number of Operations

Finding the reliability vec-
tor

Searching for maximum
values in β

N

Sorting of reliabilities Reliabilities sorted in as-
cending order

N

Transforming matrix H Row reduction of H M2 ×N

Obtaining the hard-
decision vector ĉb

Assigning one of the binary
values in β

N

Syndrome Check Performing the calculation
represented in (4.7)

M ×Wr

Correction step Updating the β reliabilities
based on each Syndrome
check

M ×Wr

Scaling reliabilities in β If S �= 0, (4.1) is applied in
preparation for the next it-
eration

(N + 2N)

Overall Complexity of the PTAbl decoder

Total = N +N + (M2 ×N) +N + (M ×Wr) + (M ×Wr) + (N + 2N)︸ ︷︷ ︸
if S �= 0

Time complexity = O(M2 ×N)



Chapter 4. Bit-level Implementation of the Proposed Soft-Decision Decoder for
Reed-Solomon Codes 97

Table 4.3: Summary of the overall complexity for the kBD decoder.

Decoding Stage Stage description Number of Operations

Finding the vector βmax Searching for maximum
values in β

N

Sorting the reliabilities Reliabilities sorted in as-
cending order

N

Transforming matrix H Row reduction of H M2 ×N

Obtaining the hard-
decision vector ĉb

Assigning one of the binary
values in β

N

Syndrome Check and vote
tallying

Applying (4.7) and (4.9) (M ×Wr) + (M ×W 2
k )

Obtaining the bit confi-
dence rating

Applying (4.12),(4.11) and
(4.13)

(N + 2N + 2N)

Updating β Bit reliabilities are updated
in β

M ×Wr

Checking for decoding con-
dition

Checking if τ is met by the
informational set

K

Scaling reliabilities in β If S �= 0 or τ is not met,
(4.1) is applied in prepara-
tion for the next iteration

(N + 2N)

Applying the Decoding
condition

Applying (4.19) M ×Wk - only applied in the
final iteration if S �= 0 when
the threshold τ is met

Overall Complexity of the kBD decoder

Total = N +N + (M2 ×N) +N + (M ×Wr) + (M ×W 2
k ) + (N +2N +2N) + (M ×

Wr) +K + (N + 2N)︸ ︷︷ ︸
if S �= 0 or τ is not met

+ (M ×Wk)︸ ︷︷ ︸
last iteration only

Time complexity = O(M ×W 2
k )
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Table 4.4: Summary of the overall complexity of the kBDnt decoder.

Decoding Stage Stage description Number of Operations

Finding the vector βmax Searching for maximum
values in β

N

Sorting the reliabilities Reliabilities sorted in as-
cending order

N

Transforming matrix H Row reduction of H M2 ×N - only applied in the
first iteration.

Obtaining the hard-
decision vector ĉb

Assigning one of the binary
values in β

N

Syndrome Check and vote
tallying

Applying (4.7) and (4.9) (M ×Wr) + (M ×W 2
k )

Obtaining the bit confi-
dence rating

Applying (4.12),(4.11) and
(4.13)

(N + 2N + 2N)

Updating β Bit reliabilities are updated
in β

(M ×Wr)

Checking for decoding con-
dition

Checking if the τ is met by
informational set

K

Scaling reliabilities in β If S �= 0 or τ is not met,
(4.1) is applied in prepara-
tion for the next iteration

(N + 2N)

Applying the Decoding
condition

If τ is met, (4.19) is com-
puted

(M×Wk) - only applied in the
final iteration if S �= 0 when
the threshold τ is met

Overall Complexity of the kBDnt decoder

Total = N +N +

1st iteration only︷ ︸︸ ︷
(M2 ×N) +N + (M ×Wr) + (M ×W 2

k ) + (N + 2N + 2N) +
(N ×Wr) +K + (N + 2N)︸ ︷︷ ︸

if S �= 0 or τ is not met

+ (M ×Wk)︸ ︷︷ ︸
last iteration only

Time complexity = O(M ×W 2
k )
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To create a clear perspective of the complexities of the algorithms, tables to note

the computations that involve ‘additions/subtraction’, ‘multiplications/divisions’

and ‘other’ operations are created for each algorithm. The tables only considers

the operations that are unique to at least one algorithm. For example, operations

like Gaussian elimination and the syndrome check are present in all algorithms and

are therefore ignored in this analysis. The tables with this analysis are presented

in Table 4.5, Table 4.6, and Table 4.7 respectively.

Table 4.5: Summary of the computational complexity for the ABP decoder.

Decoding Stage +/− ×/÷ other

Obtaining the vector |L| N
Obtaining the vector Le (N ×Wc) (M ×W 2

k )
Updating the vector L N N

Table 4.6: Summary of the computational complexity for PTAbl decoder.

Decoding Stage +/− ×/÷ other

Finding the reliability vector N
Correction step M ×Wr

Scaling reliabilities in β N 2N

Table 4.7: Summary of the computational complexity for the kBD and the
kBDnt decoder.

Decoding Stage +/− ×/÷ other

Finding the vector βmax N
vote tallying (M ×W 2

k )
Obtaining the bit confidence
rating

N (2N + 2N)

Updating β M ×Wr

Checking for decoding condi-
tion K

Scaling reliabilities in β N 2N
Applying the Decoding condi-
tion

M ×Wk

From Table. 4.1, Table. 4.3 and Table. 4.4, it can be seen that the ABP de-

coder and both versions of the kBD algorithm all have the same time complexity.

This is due both algorithms calculating the extrinsic information. However from

computational complexities presented in Table. 4.5 and Table. 4.7, the extrinsic
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information computation for the ABP requires (M ×W 2
k ) multiplications as seen

in (2.31) while both version of the kBD use (M×W 2
k ) additions as shown in (4.9).

4.5.2 Complexity measured in Terms of Number of Oper-

ations

Research carried out in this thesis also attempted to visually represent the com-

plexities by the decoders. The complexities graphs plotted are based on the of

total number of operations as a function of the average number of iterations run

by the decoders for each SNR value. This additional set of complexity analysis

simulations are carried out so as to investigate the effect of the iterative perfor-

mance on the complexity cost of the algorithms. The total number operations are

obtained from the equations given in Table 4.1, Table 4.2, Table 4.3 and Table 4.4

and multiplied by the average number of iterations run by each algorithm for the

different SNR values shown in Fig. 4.10 and Fig. 4.14.

From the simulation performed for the (15,7) RS codes, it is found thatWr = 14.74,

Wc = 7.86, Wk = 13.74, M = 32 and N = 60. The results using these values can

be seen in Fig. 4.16.

It can be seen from Fig. 4.16 that both variants of the kBD algorithm require less

operations than the ABP with η = 0.05 and the PTAbl decoder with δ = 0.01.

As expected, the kBDnt is the least complex of all the algorithms for the (15, 7)

RS code. It is important to note that the kBDnt algorithm is able to exhibiting

a comparable BER performance to the high performance ABP algorithm, while

being significantly less complex, as shown in Fig. 4.9 and Fig. 4.16 for the nearly

half rate RS code. The kBD is also shown to yield a tolerable complexity when

compared to both the ABP and the PTAbl. For the low SNR values, the compu-

tational complexity cost of the kBD is comparable to the ABP. However, as the

values of the SNR increase, the complexity cost of the kBD reduces significantly

faster than the ABP decoder. From Table 4.2, the PTAbl appears to be the least

complex bit-level decoder for operations carried out in a single iteration. How-

ever, the numerous iterations required by the PTAbl to decode the received vector,
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Figure 4.16: Complexity comparisons for the bit-level decoders applied to a
(15,7) RS code over an AWGN channel using a 16-QAM modulation scheme.

considerably add to the computational complexity cost as seen from Fig. 4.16.

This makes the PTAbl decoder significantly more complex than the other bit-level

decoders used in the simulations.

The low computational complexity cost of the kBD and the kBDnt, when com-

pared to the ABP and the PTAbl, is largely attributed to the iterative convergence

rate of the decoder. The information set decoding based stopping criteria ensures

the algorithm is able to converge to a codeword with less iterations. This is be-

cause the algorithm is only required to decode K bits. This is not the case for the

ABP and the PTAbl which have to decode the entire codeword of N bits before

the iterative decoding process can break.

Simulations are also run for the high rate (15,11) RS code to compare the com-

putational complexity cost for the bit-level decoders. The results for these simu-

lations can be seen in Fig. 4.17. For these simulations Wr = 22.48, Wc = 5.99,

Wk = 21.48, M = 16 and N = 60.

Similar to the results in Fig. 4.16, the variants of the kBD still perform less op-

erations than the ABP and the PTAbl during decoding of the received vector as
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Figure 4.17: Complexity comparisons for the bit-level decoders applied to a
(15,11) RS code over an AWGN channel using a 16-QAM modulation scheme.

seen in Fig. 4.17. However, there is a larger performance difference in the number

of operations run between the kBD and the ABP for the (15, 11) RS code, when

compared to the (15, 7) RS code. The main reason the kBD carries out much less

operations when compared to the ABP for the (15, 11) RS code than the (15, 7)

RS code, is due to the use of a smaller value of τ . The smaller value of τ ensures

the decoding condition is met much quicker. This reduces the number of itera-

tions used to correct the bits in the received vector, which in turn reduces the

number of operations required during the decoding process. Also, it is important

to note that the ABP requires more iterations to decode the received vector for

the (15, 11) RS code when compared to the (15, 7) RS code. This is because the

high rate code has less rows and a larger parity submatrix in H. This makes the

matrix H more dense which affects the iterative convergence rate of the belief

propagation algorithm. The results for the kBDnt are again quite favourable as

in the case of the (15, 7) RS code. This is because the significantly more complex

PTAbl decoder only outperforms kBDnt by less than 0.2dB in terms of error correc-

tion. The kBDnt algorithm also matches the error correction performance of the
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ABP, which is also has a higher computational complex cost as seen in Fig. 4.13.

As highlighted in section 4.4.2, this justifies the use of the algorithm whenever a

performance-complexity tradeoff is required.

4.6 The Decoding Condition Used as an Additional Stop-

ping Criteria for Bit-Level RS Decoders

Work carried out in this section focuses on the implementation of the decoding

condition applied to bit-level iterative decoders for RS codes. The decoding condi-

tion is incorporated into the decoding algorithms to serve as an additional stopping

criteria. This is performed with the aim of improving the iterative decoding con-

vergence rate of the soft-decision bit-level iterative decoders.

The decoding algorithm proposed in this research, is able to obtain the information

set of bits by rearranging the columns of the H matrix and using that to decode

the received vector. This approach of rearranging the columns of H to decoding

based on the bit reliability is similar to that of the ABP and the PTAbl decoders.

With regards to this, the implementation of the decoding condition works in such

a way that the existing decoders only have to find the information set based on bits

determined to be the most reliable. The stopping criteria defined by the decoding

condition is then used to find the remaining bits that are considered unreliable as

shown in (4.19). The decoders ascertain if indeed the information set of reliable

bits are correct by working iteratively. At this point (2.16) is applied and the

unreliable bits decoded. Work carried out in this section investigates the imple-

mentation of the decoding condition at the bit-level for the ABP and the PTAbl

decoders.

The main problem in the implementation of the decoding condition is in deter-

mining if the reliable bits are indeed correct. The existing way of knowing this is

if the reliable bits satisfy a minimum number of syndrome check equations defined

by the threshold τ as presented in section 4.3.1. Due to the decoders working

at a bit level, all arithmetic operations yield only two possible solutions; either a

“0”or a “1”. This increases the chances of getting a “0” from the syndrome check



Chapter 4. Bit-level Implementation of the Proposed Soft-Decision Decoder for
Reed-Solomon Codes 104

calculations, therefore, giving a false positive for the incorrect bits. To remedy

this situation, both the ABP and the PTAbl are periodically run for a specified

number of iterations before testing if the decoding condition is met.

For the decoding condition to be used as an additional stopping criteria on both the

PTAbl decoder and the ABP algorithm, the pseudo code presented in Algorithm

4 is implemented:

Algorithm 4: Implementation of the Decoding Condition on the PTAbl and ABP
Algorithms

Input: The received vector, r, from the channel is used to obtain the bit
probabilities as shown in section 2.9.3.2

Output: The decoded vector ĉb.
Initialize: Set the value of τ . Set the value of fmax. Set f

ι = f ∗, where f ι

represents the number of predefined loops (f ∗) the decoder runs before the
decoding condition is checked.
Initialize: Setting up the soft-information:

• For the PTAbl, the bit reliabilities are used to create β as shown in (2.68)

• For the ABP, the bit probilites are used to obtain the LLR values as
presented in (2.69), (2.70), (2.71), (2.72).

repeat
Repeat

•Decoding :
Soft-information is fed into decoder and corrected.

until f = f ι

•Decoding condition check :
Note the values of SYK

, where SYK
represents the number of syndrome checks

satisfied by each bit in the information set, ĉbYK
, defined in (4.16).

if SYK
= τ then

compute (4.19)
else

f ι = f + f ∗

end

until f = fmax
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4.6.1 Bit-Level Implementation of the Decoding Condition

with the PTA decoder

This section looks at the implementation of the decoding condition as an addi-

tional stopping criteria for the PTAbl decoder. This set of simulations are run to

test the improvement in the iterative convergence rate when the decoding condi-

tion is applied to the PTAbl decoder. This is carried out with the aim of improving

the efficiency of the algorithm.

Half Rate RS code Simulations

The first set of simulations are performed on a nearly half rate (15, 7) RS code.

For the benchmark simulations, the performance of the PTAbl with a set number

of iterations f ι = 5 is compared to PTAbl running with no modifications. The

PTAbl with f ι = 5 is run with different values of τ to assist in finding the version

of the algorithm that performs best when compared to the original PTAbl. The

simulations are run by transmitting the (15, 7) RS code through an AWGN chan-

nel using a 16-QAM modulation scheme with Gray mapping. The results for these

simulations are presented in Fig. 4.18 and Fig. 4.19.

From Fig. 4.18 it can be seen that the SER performance of the modified version of

the PTAbl algorithm, when compared to the original PTAbl, yields a similar result

while having f ι = 5 and with τ = 1, τ = 3 and τ = 5. The difference in per-

formance can be seen in the average number of iterations each algorithm requires

to decode the received vector, as shown in Fig. 4.19. The orginal version of the

PTAbl algorithm requires an average of about 94 iterations at its worst iterative

performance to attain the SER performance shown in Fig. 4.18.

The implementation of the decoding condition as an additional stopping condi-

tion significantly improves the iterative performance of the PTAbl algorithm as

seen Fig. 4.19. This is because the decoder only has to successfully decode the

information set based on the set value of τ instead of decoding the entire received
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Figure 4.18: SER performance of PTAbl vs the PTAbl implemented with the
decoding condition defined by different values of τ for a (15, 7) RS code.
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Figure 4.19: Iterative performance of PTAbl vs the PTAbl implemented with
the decoding condition defined by different values of τ for a (15× 7) RS code.
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vector. Sorting the bits of the received vector such that the parity submatrix

matches the most reliable bits ensures that the most reliable bits, that make up

the information set, are responsible for most of the exchange of the soft informa-

tion as they participate in multiple syndrome check equations in each iteration.

This is opposed to the bits that are considered to be unreliable which will only

participate in one syndrome check equation in every iteration due to the fact the

unreliable bits match the identity submatrix. This makes the decoder require more

iterations to correct the unreliable bits when the decoding condition is not applied.

The decoding condition eliminates the need to successfully correct the unreliable

bits due to the information set decoding approach applied while decoding the re-

ceived vector. This results in less iterations required in the decoding precess.

The PTAbl with f ι = 5 and τ = 3 is the version of the proposed algorithm imple-

mentation that yields the best iterative convergence performance. This is because

the algorithm requires an average of about 5 iterations at its worst performance

to give the same SER performance as that of the original PTAbl algorithm. The

PTAbl algorithms having f ι = 5 with τ = 5 requires an average of about 8 it-

erations the worst iterative convergence performance in order to match the SER

performance of the original PTAbl. While yielding the same iterative convergence

performance to that of the PTAbl with f ι = 5 and τ = 3, the PTAbl with f ι = 5

and τ = 1 incurs a slight performance loss when compared to the original PTAbl

decoder in terms of SER.

The PTAbl algorithm with f ι = 5 and τ = 3 is able to achieve these gain in terms

of a reduced number of iterations due to the small value of τ required for the

decoding condition to be met. This performance exhibited by the PTAbl algo-

rithm with f ι = 5 and τ = 3 show that the PTAbl decoder requires an average of

about 5 iterations to decode its most reliable information from the received vector.

Applying the decoding condition, therefore, saves the algorithm from running an

additional average of about 89 iterations in order to decode the remaining unreli-

able bits from the received vector. This significantly reduces the latency required

by the PTAbl to decode the received vector outputted from the channel, which in

turn increases the efficiency of the algorithm.
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High Rate RS code Simulations

Simulations are run for a high rate (15, 11) RS code. The (15, 11) RS code is run

under the same conditions as with the case of the (15, 7) RS code. The set of

results for this simulations are presented in Fig. 4.20 and Fig. 4.21.
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Figure 4.20: SER performance of PTAbl vs the PTAbl implemented with the
decoding condition defined by different values of τ for a (15, 11) RS code.

From Fig. 4.20, the SER performance for all the decoding algorithms is the same.

Once again, the difference in performance of the algorithms is seen in terms of

the average number of iterations required to decode the received vector. From

Fig. 4.20 and Fig. 4.21 it can be seen that the PTAbl algorithm with f ι = 5 and

τ = 1 is the most efficient of the version of the PTAbl algorithm. The algorithm

requires an average of just over 5 iterations at its worst performance to decode

the received vector, while yielding a performance similar to all variants of the

PTAbl including the original version. The iterative performance PTAbl algorithm

with f ι = 5 and τ = 1 is significantly better than all the other versions of the
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Figure 4.21: Iterative performance of PTAbl vs the PTAbl implemented with
the decoding condition defined by different values of τ for a (15, 11) RS code.

PTAbl, with next best performing algorithm in the simulation being the PTAbl

with f ι = 5 and τ = 3 running at an average of just over 19 iterations. The

PTAbl with f ι = 5 and τ = 5 requires an average of just over 47 iterations at

its worst iterative convergence performance to decode the received vector. The

iterative performance of the PTAbl with f ι = 5 and τ = 5 is very close to that

of original PTAbl, which requires an average of just over 48 iterations at its worst

performance to decode the received vector.

For this high rate case, the value of the threshold can be dropped to τ = 1 and

still have a high accuracy in terms of error detection due to more bit indexes of

the received vector matching the parity submatrix of H+. This means more bits

matching the vector indexes of the most reliable information participate in the

different parity check equations. Having more bit indexes that are considered to

be reliable participating in fewer syndrome check equations due to the higher rate

reduces the chances of all the reliable bits meeting the condition of τ = 1, unless

these bits are actually correct.
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4.6.2 Bit-Level Implementation of the Decoding Condition

with the ABP decoder

Similar simulations to test the performance of the decoding condition with the

bit-level ABP algorithm are also run. The simulations are run for a nearly half

rate (15, 7) RS code and a high rate (15, 11) RS code. Both codes are transmit-

ted through a AWGN channel using a 16-QAM modulation scheme with Gray

mapping.

Half Rate RS code Simulations

The first set of simulations for the bit-level ABP decoding algorithm implemented

with the decoding condition are run on a nearly half rate (15, 7) RS code. All the

versions of the ABP algorithm with the decoding condition have the set threshold

τ = 3. However, the value of f ι is varied. The variations of the ABP algorithms

having a decoding condition with a set τ = 3 are run with f ι = 3, f ι = 5 and

f ι = 7. All the version of the ABP algorithms are run with the maximum number

of iterations set to 20. The results for this simulations can be seen in Fig. 4.22

and Fig. 4.23.

The SER performance of the ABP with the decoding condition that has f ι ≥ 5

and τ = 3 matches the SER performance of the original ABP implementation

as seen in Fig. 4.22. It is also noted that the use of the decoding condition as

an additional stopping criteria with f ι = 5 and τ = 3 significantly improves

the iterative performance while maintaining the SER performance of the ABP

algorithms as seen from Fig. 4.23. The efficiency of the algorithm with f ι = 5

can be seen as it runs an average of 5 iterations at its worst iterative performance

while the original implementation of the ABP algorithm runs for an average of

about 14 iterations at its worst.
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Figure 4.22: SER performance of ABP vs the ABP implemented with the
decoding condition defined by different values of f ι for a (15, 7) RS code.
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Figure 4.23: Iterative performance of ABP vs the ABP implemented with the
decoding condition defined by different values of f ι for a (15, 7) RS code.
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High Rate RS code Simulations

Simulations are also run for a high rate (15, 11)codes. The code is transmitted

under similar conditions through an AWGN channel as the (15, 7) RS code case.

Due to H matrix of the higher code have less rows, the value of the τ = 3. Similar

to the nearly half rate case, the variations of the ABP algorithm with decoding

condition are run with f ι = 3, f ι = 5 and f ι = 7.
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Figure 4.24: SER performance of ABP vs the ABP implemented with the
decoding condition defined by different values of f ι for a (15, 11) RS code.

All the 3 variations of the ABP algorithm with decoding condition match the

performance of the ABP algorithm. This is important to note because it means

the the ABP with f ι = 3 which averages the least number of iterations when

decoding yields a similar performance to that of the original implementation of

the ABP algorithm. This provides an improved efficiency of the algorithm as

the ABP algorithm with f ι = 3 runs for an average of about 11 iterations at its

worst iterative convergence performance when compared to the ABP without the

decoding condition implementation that runs for about 18 iterations at its worst

iterative convergence performance.
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Figure 4.25: Iterative performance of ABP vs the ABP implemented with the
decoding condition defined by different values of f ι for a (15, 11) RS code.

4.7 Conclusion

In this chapter an iterative soft-input soft-output bit-level information set decoder

is proposed for RS codes. The algorithm has two variants which both achieve gains

in terms of the algorithms ability to converge to the decoded codeword when

compared to the high performing bit-level RS decoders, while yielding a good

SER performances. The ability of the proposed decoder to require less iterations

during the decoding process largely contributes to the algorithm a relatively lower

computational complexity. For the (15, 7) RS code transmitted using a 16-QAM

modulation scheme with Gray mapping, the kBD outperforms the ABP with η =

0.05 by a gain of about 0.6dB and yields a gain of about 0.25dB when compared to

the PTAbl with δ = 0.01. The kBDnt is outperformed by the PTAbl with δ = 0.01

by about 0.35dB and yields a similar SER performance to that of the ABP with

η = 0.05. However, the PTAbl with δ = 0.01 requires significantly more iterations

to attain this slight gain over the kBDnt. Due to the iterative performance of the

PTAbl with δ = 0.01, the complexity of the algorithm is much higher than the other
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iterative soft-decision algorithms used in the simulations. This justifes the use of

the kBDnt decoding algorithm over the PTAbl decoder whenever a performance-

complexity tradeoff is required.

For the (15, 11) RS code, similar results are yielded in terms of SER performance

by the kBD algorithm and the PTAbl decoder. The performance of the kBD once

again comes at a significantly lower complexity than the PTAbl decoder. This is

largely due to the numerous iterations required by the PTAbl decoder. In spite

of the of the kBDnt yielding a similar performance to the ABP algorithm, it is

slightly outperformed by about 0.2dB when compared to both the kBD and the

PTAbl decoders. However, this error correction performance of the kBDnt decoder

is considered favourable predominately because it is the least computationally

complex algorithm of the decoders used in the simulations.

The decoding condition as an additional stopping criteria for the ABP, and the

PTAbl decoder is seen to be an an efficient decoding implementation by maintaining

the high performance of these algorithms while reducing the number of iterations

required to decode the received vector. This justifies the use decoding condition

as an additional stopping criteria whenever a reduced complexity implementation

of the bit-level decoders is required.



CHAPTER 5

The Symbol-Level Implementation of the

Proposed-Decoding Algorithm for Reed-Solomon

codes

5.1 Introduction

This chapter proposes the implementation of an information set decoding algo-

rithm at a symbol-level. Implementation at a symbol-level was previously inhib-

ited by the dense structure parity check submatrix in H. The dense structure in

the parity check submatrix guarantees all the symbols in the information set par-

ticipated in every syndrome check equation. This makes it hard for the proposed

decoder to detect and correct errors in the information set required to decode the

received vector. This is because if there is even one error in the information set

then most, if not all, syndrome check equations will not be satisfied. The research

carried out in this chapter proposes the integration of the H matrix extensions in

the implementation of the decoding algorithm with aim of solving this problem.

The use of the H matrix extensions enables the decoder to work with multiple par-

ity check matrices, each with different groupings of column indices. This enables

the decoder to obtain different information sets from each H matrix extension.

The decoder is then able to detect the correct information set based on the num-

ber of satisfied syndrome check equations from the each syndrome vector obtained

from the different H matrix extensions. That is, the number of satisfied syndrome

check equations in the different syndrome vectors acts as a measure of confidence

in the selection of the correct information set. Similar to Chapter 4, preliminary

115
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tests to assist in design and implementation of the proposed symbol-level infor-

mation set decoder are run on the PTA.

The rest of the chapter is structure as follows; Section 5.2 presents the prelimi-

nary design implementation and analysis of the proposed parity check extensions

applied the PTA decoder. The symbol-level implementation of the proposed in-

formation set decoder is explained in Section 5.3. The stopping criteria for the

decoder is described in 5.4. The performance of the symbol-level implementation

of the information set decoder, in terms of SER and iterative convergence rate, is

investigated in Section 5.5. A complexity analysis of the symbol-level information

set decoder is carried out in Section 5.6. Section 5.7 proposes the inclusion of

the decoding condition as an additional stopping criteria for the PTA decoder.

Finally, a conclusion to the chapter can be found in Section 5.8.

5.2 Preliminary Tests

This section presents the preliminary results of a proposed decoding technique

used in symbol-level decoding. The proposed technique is referred to as the parity

check matrix extension. This technique is implemented by the addition of parity

check equations with the aim of improving the iterative performance of the pro-

posed decoding algorithm. The additional parity check equations are low weight

equations that match the minimum distance of the RS code. Adding low weight

equations adds to the sparsity of the symbol-levelH matrix. This allows for a more

efficient exchange of soft information during the decoding process when compared

to using the original H matrix. Similar to Chapter 4, the decoding technique is

first applied to the PTA decoder with aim of performing a preliminary analysis.

The parity check equations used to extend the H matrix are implemented through

the addition of more parity check matrices that exist in the same dual space of the

transmitted RS code. The systematic structure of the additional H matrices is

also utilised to ensure the weight of the parity check equations, that make up the

extension matrices, meet the minimum distance so as to make the full extension

of the H matrix as sparse as possible at the symbol-level. The H matrix extension
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decoding technique is proposed with the main aim of creating a sparse matrix

that can assist in the detection and correction of errors in symbols with indices

matching the parity submatrix from the different H matrices. With regard to this,

the performance of the symbol-level PTA decoder with the H matrix extensions is

paramount to the research because it provides the preliminary design and perfor-

mance of the implementation of the decoding algorithm proposed in this research

at the symbol-level.

5.2.1 The PTA Extended Algorithim

To reduce the number of iterations required to decode the received vector by the

PTA algorithm, more corrections have to be carried out on the reliable information

during each iteration. For such an implementation to work, the parity check matrix

is extended to accommodate more corrections and efficient of the soft information.

This research extends the H matrix in such a way that the correction step involves

satisfying the syndrome check equations using more than one H matrix. Work on

the correction step is performed through an extension of the H matrix by using

2 parity check matrices, 3 parity check matrices and 4 parity check matrices. A

maximum of 4 parity check matrices is selected so as to prevent complexity issues

that may arise from using a very large H matrix in the decoding process.

To establish notation, The new matrix obtained from the original transformation

is referred to as h1. The index vectors U and K used in the transformation process,

obtained from sorting the symbol reliabilities in Section 2.6.2, are referred to as

U1 and K1. The extension of the H matrix used to enable more corrections for the

PTA decoder is implemented as follows:

1. 2nd Parity Check Matrices, h2: To obtain the second parity check matrix, h2,

different indexing vectors are used. The new indexing vectors are obtained

by swapping the last index in U1 and with the first index in K1, to form the
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vectors U2 and K2 which can be shown as

U2 = [Y1, ..., Y(n−k)−1, Y(n−k)+1],

K2 = [Y(n−k), Y(n−k)+2, ..., Yk].
(5.1)

The original parity check matrix, H, is then transformed based on these new

vectors to form the matrix h2. Therefore, the matrix h2 is a function of the

matrix H and the vectors U2 and K2 and can be expressed as

h2 = F(H, ([U2 K2])). (5.2)

2. 3rd Parity Check Matrices, h3: The implementation is similar to that of the

h2 with new index vectors U3 and K3 obtained by swapping the second last

index in U1 with the first index in K1 and is noted as

U3 = [Y1, Y2, ..., Y(n−k)−2, Y(n−k), Y(n−k)+1],

K3 = [Y(n−k)−1, Y(n−k)+2, Y(n−k)+3, ..., Yk].
(5.3)

The matrix h3 is also formed as a function of the matrix H and the two

index vectors U3 and K3 and can be displayed as

h3 = F(H, [U3 K3])). (5.4)

3. 4th Parity Check Matrices, h4: The matrix h4 is formed using the new index

vector U4 and K4, which are obtained by swapping the third last index in U1

and the first index in K1 and is shown as

U4 = [Y1, Y2, ..., Y(n−k)−2, Y(n−k), Y(n−k)+1],

K4 = [Y(n−k)−3, Y(n−k)+2, Y(n−k)+3, ..., Yk].
(5.5)

The matrix h4 is a function of theH matrix and the index vectors is expressed

as

h4 = F(H, ([U4 K4])). (5.6)
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Depending on the number of H matrices required by the PTA extension in the

correction step of the algorithm, syndrome check equations are computed on a

matrix of the form displayed in (5.16)

Hε =

⎡⎢⎢⎢⎣
h1

...

hε

⎤⎥⎥⎥⎦ , (5.7)

where ε represents the number of H matrices used in the extension.

5.2.2 Simulation and Results

5.2.2.1 Half rate simulations

The 3 types of extensions of the PTA were run on a (15, 7) RS code. The code

was transmitted through an AWGN channel using a 16-QAM modulation scheme

with Gray mapping. PTAe2, PTAe3 and PTAe4 are used to represent the PTA

extension that use 2, 3 and 4 H matrices to decode the received vector respec-

tively. The value of the correction factor, δ, used is 0.001. This is because the

PTA performs at its best with this condition [8]. The performance of the 3 types

of extension were compared against each other to determine the best performing

algorithm in terms of SER and average number of iterations. These results can be

seen in Fig. 5.1 and Fig. 5.2.

From Fig. 5.1, it can be seen that PTAe3 and PTAe2 slightly outperforms the

PTAe4 implementations at an SER value of 10−3 with a gain of about 0.4dB and

0.17dB respectively. The iterative performance of the PTAe3 is significantly better

than that of the PTAe2 as seen in Fig 5.2. The PTAe4 runs for the least average

number of iterations, however it is outperformed in terms of SER by the 2 other

implementations of the PTA extensions. The result shown in Fig. 5.1 and Fig. 5.2

is used as justification for the use of the PTAe3 in the benchmark simulations

against the PTA decoder. The performance is also tested in terms of SER and

average number of iterations. These results can be seen in Fig. 5.3 and Fig. 5.4
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Figure 5.1: SER Performance comparison of the PTA extended algorithm
with 2, 3 and 4 H matrices used to decode the received vector for a (15,7) RS

codes.
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Figure 5.2: Iterative performance comparison of the PTA extended algorithm
with 2, 3 and 4 H matrices used to decode the received vector for a (15,7) RS

codes.
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respectively.
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Figure 5.3: Performance comparison of the PTA and the PTAe3 in terms of
SER for a (15, 7) RS code.
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Figure 5.4: Performance comparison of the PTA and the PTAe3 in terms of
average number of iterations for a (15, 7) RS code.
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From Fig. 5.3 it can be seen the PTAe3 gives a similar SER performance when

compared to the PTA algorithm, with a slight gain of 0.15dB yielded by the PTA

decoder. In terms of average number of iterations, a more significant gain is expe-

rienced as seen in Fig. 5.4. The PTAe3 requires an average of about 13 iterations,

at it worst iterative convergence performance, to decode the received vector com-

pared to the PTA algorithm which runs for slightly less than 450 iterations at its

worst iterative convergence performance. This is a significant improvement in the

efficiency of the decoder.

5.2.2.2 High rate simulations

An additional simulation is performed for a high rate (15, 11) RS code. This is

carried out in order to test if the efficiency of this implementation holds up at

higher code rates. The code is transmitted using similar parameters as those used

for the (15, 7) RS code. The results for this simulation with regards to symbol

error performance are presented in Fig. 5.5 and the results for average iteration

count can be seen in Fig. 5.6.
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Figure 5.5: Performance comparison of the PTA and the PTAe3 in terms of
SER for a (15, 11) RS code.
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Figure 5.6: Performance comparison of the PTA and the PTAe3 in terms of
average number of iterations for a (15, 11) RS code.

For this high rate code, it is observed that the gain for the PTAe3 in terms of

SER yields a similar performance to that of the original PTA implementation,

with a slight gain of 0.25dB achieved by the PTA decoder. Similar to the half

rate case, the significant reduction exhibited in the average number of iterations

required to decode the received vector is maintained by the PTAe3 for high rate

codes. Therefore, it can be inferred that the efficiency of the PTAe3 algorithm is

maintained even with an increased code rate.

5.2.3 Conclusions From the Preliminary Results

The implementation of the extension of the parity check matrix improves the it-

erative performance of the symbol-level PTA decoder. The addition of the sparse

parity check vectors assists in the correction of the wrong symbols through more

efficient message passing at the symbol-level. The parity check extension decod-

ing technique enables the PTA algorithm to work more efficiently by yielding a

similar SER performance and while significantly reducing the average number of

iterations.
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The results obtained from the H matrix extensions with the symbol-level PTA

provide the basis of the design and implementation for the proposed decoder. The

low weight parity check equations used in the H matrix extensions are used to as-

sist the proposed decoder implementation at the symbol-level due to the improved

message passing of the soft information and the iterative performance.

5.3 Implimentation of the Proposed Iterative Decoding

Technique at a Symbol-Level

To better highlight the limitations presented from a direct implementation of the

proposed decoder in Chapter 4 at a symbol-level, a basic explanation of how the

decoder works is now presented. Consider an (n, k) RS code C, in the field GF(2m),

defined by a systematic H matrix with the form.

H = [I Q] (5.8)

Any codeword c of C can be divided into two parts as shown in (5.9)

cU = [ ĉ1 , ĉ2 , ..., ĉ(n−k) ],

cK = [ ĉ(n−k)+1 , ..., ĉn ].
(5.9)

The syndrome calculation presented in (2.44) and (2.45) can be rewritten as

S = (cU × I�) + (cK ×Q�), (5.10)

Submatrix I is an identity matrix, therefore (5.10) can be rewritten as

S = cU + (cK ×Q�). (5.11)

Assuming c to be a valid codeword, then the syndrome vector S = 0. This means

(2.16) can be used to represent (5.11) as

cU = (cK ×Q�) (5.12)
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In a bid to apply (5.12) to the proposed decoder, all the k symbols in cK have to

be correct. This presents a challenge in the proposed decoding approach. This

is because, for RS codes, the parity submatrix Q is completely dense meaning all

the symbols in cK will participate in each syndrome check equation for each row

of H. This makes it difficult to detect and correct the symbols that are wrong

in cK. For the bit-level implementation, due to the sparse nature of the parity

submatrix, different parity check equations containing different bit indexes of the

received vector enables an effective application of the proposed decoding algorithm.

A similar approach is required at the symbol-level to enable the implementation

of the proposed decoding technique. To allow for different symbol indexes that

match the parity submatrix at the symbol-level, more than one information set is

required for the decoding of the received vector. To facilitate the implementation of

more than one information set, parity check equations containing different symbol

indexes need to be used in the decoding process. The additional parity check

equations, having a weight matching the minimum distance of the code, are added

to H using the parity check matrix extension approach presented in Section 5.2.1.

In order to understand how the proposed decoder works, consider the same (n, k)

RS codeword c in the field GF(2m) transmitted through a noisy channel to obtain

the received vector r. The vector r is then used to create the reliability matrix

β using the distance metric method computed using (2.73) and (2.74) [46]. It

is important to note that each row in β represents an element in the field as

illustrated in [8]. The β matrix is then fed into the decoder. The steps involved

in decoding for the proposed algorithm can be summarised as follows:

1. Determining the symbol reliabilities : This stage involves storing the max-

imum reliabilities in each column of β in the vector A. This is expressed

as

A = [A1, A2, ..., Aj] (5.13)

where Aj = argmax(βj), 0 ≤ j ≤ n and βj represents each column of

the matrix β. The reliabilities in A are then sorted in ascending order

with indexes of the k highest reliabilities being stored in the vector K. The
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remaining (n− k) indexes are considered to be unreliable and are stored in

the vector U . These vectors are shown in (5.14)

U = [Y1, Y2, ..., Y(n−k)],

K = [Y(n−k)+1, .., Yn].
(5.14)

where Yj represents the symbol indexes.

2. The H matrix extension: The columns of the matrix H are then rearranged

using row reduction techniques to ensure that columns with the indexes

K match the parity submatrix. A computationally efficient way of doing

this can be seen in [127] and [130]. The matrix obtained from the first

row reduction is denoted as h1. The matrix h1 represents the first matrix

extension. Other H matrix extensions are obtained by using the general

formula shown in (5.15) to rearrange the columns of the corresponding matrix

extensions based on swapping the positions of the symbol index from their

respective vectors as presented in Section 5.2.1.

Ux = [Y1, Y2, ..., Y((n−k)−(x−1)), ..., Y(n−k)+1],

Kx = [Y((n−k)−(x−2)), Y(n−k)+2, ..., Yn].
(5.15)

where 1 ≤ x ≤ ε and ε represents the predefined number of parity check

matrix extensions. It is important to note when x = 1 the index vectors

U1 and K1 are obtained using (5.14). All other index vectors Ux and Kx,

where x ≥ 2, used for the additional extensions are obtained using (5.15).

The matrix extensions obtained from different index vectors are denoted as

hx. The complete extended parity check matrix is denoted as Hε and is

expressed as

Hε =

⎡⎢⎢⎢⎣
h1

...

hε

⎤⎥⎥⎥⎦ . (5.16)

3. The syndrome check : The hard-decision vector ĉ is obtained from β and is

used to get the syndrome, S, using the same approach shown in [8]. Each
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extension inHε has a syndrome vector denoted as sx. The syndrome equation

for each of the vectors sx is calculated by getting the product between ĉ and

Hε as expressed in (5.17)

⎡⎢⎢⎢⎣
s1
...

sε

⎤⎥⎥⎥⎦ = ĉ×

⎡⎢⎢⎢⎣
h�
1

...

h�
ε

⎤⎥⎥⎥⎦ . (5.17)

4. Symbol voting ratios : Voting for each symbol is performed during the syn-

drome calculation. All symbols, except the symbol being investigated, par-

ticipate in the vote. That is,the syndrome equation in (5.17) can also be

expressed as

sxi
= ĉ · hxi

, (5.18)

where 1 ≤ i ≤ (n − k) and is used to represent the row number in each

parity check matrix extension. Due to the rearranged systematic structure

of the parity check matrix extensions of Hε, only one symbol index of Ux

participates in each row check. Therefore, (5.18) can be reduced to the form

shown in (5.19)

sxi
= ĉti · hx(i,ti)

, (5.19)

where ti represents the indices of the participating symbols of ĉ in the ith

syndrome check equation of sx and has a length of k+1. The indices denoted

by the vector ti can be written as

ti = {n : hx(i,n)
�= 0}. (5.20)

To apply the vote, it is assumed all the symbols except the one being voted

for are correct. Hence, its presumed that sxi
= 0, which means (2.16) can

be used to rewrite (5.19) as form of the extrinsic information. This yields

the expression given as

ĉy · hx(i,y)
= ĉt′ · hx(i,t′) , (5.21)
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where y ∈ ti represents the symbol index that gets the vote. The subvector

t′ represents all the indexes in the vector ti without the bit index y. To get

the symbol vote for ĉy, (5.21) is rewritten as

ĉy =
ĉt′ · hx(i,t′)

hx(i,y)

. (5.22)

The actual value of ĉy obtained from (5.22) is an element in the field GF(2m)

and is counted as a single vote for the respective element. This is repeated

for all participating symbols in all rows of Hε. The votes are tallied for each

element in the field and stored in the matrix V as shown

V =

⎡⎣ α−∞, α0, α1 ... α2m−2

Vα−∞ , Vα0 , Vα1 ... Vα2m−2

⎤⎦ . (5.23)

The first row of V represents each element in the field GF(2m). The second

row of the matrix V has the values Vαz , which are used to represent the total

number of votes each of the corresponding elements get. The vote ratios are

then calculated as seen in (5.24), and denoted using ϑ.

ϑ =

[
Vα−∞

VT

,
Vα0

VT

,
Vα1

VT

, ...
Vα2m−2

VT

]
, (5.24)

where VT represents the total number of votes cast and is expressed as

VT = Vα−∞ + Vα0 + ...+ Vα2m−2 . (5.25)

5. Obtaining the confidence rating : The algorithm uses the confidence ratios

as a measure of confidence that a symbol is correct based on the number of

votes it gets. The confidence rating of each symbol is stored in the vector Λ

and is calculated as

Λ =
ϑ

ρ
, (5.26)
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where ρ represents a constant predefined value input during the initialisation

of the algorithm. The confidence ratios for each symbol are represented as

Λ =
[
Λα−∞ , Λα0 , ... , Λα(2m−2)

]
. (5.27)

6. Updating β: The confidence ratios are used to update the reliabilities in the

matrix β. The update is based on the vote each symbol index gets in the

voting stage. The update is performed by adding the confidence ratio of the

symbol that wins the vote to its corresponding reliability in β. This update

is performed on each of the participating symbols for every row of Hε as

shown.

β
(f+1)

(ĉy,j)
= β

(f)

(ĉy,j)
+ Λ

ĉy
, (5.28)

where f represents the current iteration number and ĉy is used to represent

the symbol obtained from (5.22) as indexed in the matrix β. The matrix β

is then scaled to ensure each column adds up to 1.

5.4 The Stopping Criteria for the Algorithm

The proposed algorithm repeats the steps in Section 5.3 until the stopping criteria

is met. Similar to the bit-level implementation, there are 2 stopping conditions de-

fined for the proposed decoder. The first is when all the elements in the syndrome

vector S = 0. The second stopping criteria is when the decoding condition is met.

The decoding condition is defined as the moment when the algorithm determines

that the k symbols matching the parity submatrix of any of the matrices hx are

correct. Once the proposed symbol-level decoding algorithm is able to deduce the

information set of k symbols are correct, the entire codeword can be decoded based

on these symbols using (5.12).

The proposed decoding algorithm is able to ascertain if the k information set sym-

bols are correct by setting a threshold, τ , on the total number of syndrome check

equations satisfied by a single parity check matrix extension hx. This means, for

example, if τ = 4 then only 4 elements in a single syndrome vector sx should be
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equal to 0 for the decoding condition to be met. The remaining (n − k) symbols

matching the identity submatrix are then decoded using (5.12) based on the parity

check matrix extension hx that matches the syndrome vector sx.

Meeting the decoding condition enables the proposed decoder to run less itera-

tions. This is because the algorithm only has to ensure that the k information set

symbols are correct compared to decoding the entire received codeword of length

n.

It is important to note that the value of τ is once again used as a measure of confi-

dence that the k symbols matching the parity submatrix are correct. Lower values

of τ ensure that decoding condition is met early, therefore reducing the number of

iterations required to decode the received vector. However, this reduces the error

correction performance of the algorithm because there is a higher chance that the

information set used to decode the remaining (n− k) symbols may contain errors.

5.5 Results and Analysis

5.5.1 Analysis of the Proposed Symbol-Level Decoding Al-

gorithm

In this section, simulations are performed on the proposed decoder to determine

its optimum conditions based on the different number of parity check matrix ex-

tensions. The results for the simulations are quantified in terms of Symbol Error

Rate (SER) and average number of iterations required by the algorithms to decode

the received vector. For the purposes of notation the proposed decoder will be re-

ferred to as the k-Symbol Decoder and denoted as kSD. Similar to Section 5.3,

the number of parity check matrix extensions used with the kSD algorithm are

denoted as ε.

The first set of tests involve running simulations for a nearly half rate (15, 7) RS

code. The 3 variations used for the kSD run in the simulations for this code in-

clude the decoder running with ε = 2, ε = 3 and ε = 4. All the variations of the

kSD are run with ρ = 50 and τ = 4. The code is transmitted through an AWGN
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channel using a 16-QAM modulation scheme with Gray mapping. The results for

these simulations are presented in Fig. 5.7 and Fig. 5.8.
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Figure 5.7: SER performance comparison of the kSD for a (15, 7) RS code
over AWGN channel for different values of ε.

It can be seen from Fig. 5.7 that the performance of the algorithm improves with

the number of extensions used. The kSD with ε = 4 is the best performing de-

coder out of the 3 algorithms. At an SER value of 10−3, the kSD with ε = 4

yields gains of about 0.3dB and 0.5dB when compared to the kSD with ε = 3

and ε = 2 respectively. The kSD algorithm with ε = 4 also runs for the least

average number of iterations when compared to the kSD with ε = 3 and ε = 2 as

seen from Fig. 5.8. The kSD with ε = 4 run for an average number of just over

15 iterations at its worst performance. The kSD with ε = 3 runs for just over

an average number of 18 iterations at its worst iterative convergence performance

while the kSD with ε = 2 runs for an average number of about 25 iterations at its

worst iterative convergence performance.

The proposed algorithm with ε = 4 is able yield a good performance in terms

of SER and average number of iterations because there are more combinations

of symbol indexes of the vector Kx used with the different parity check matrix
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Figure 5.8: Iterative performance comparison of the kSD for a (15, 7) RS code
over AWGN channel for different values of ε.

extensions hx. This gives the algorithm more parity check equations which yields

more syndrome vectors, sx, that are used to check if the threshold is met. Using

more syndrome vectors increase the chances of the decoding condition being met

earlier, therefore reducing the average number of iterations required to decode the

received vector. Also due to the larger size of Hε when ε = 4, the algorithm is

able to make more updates to the β matrix in a single iteration which helps the

algorithm converge to a codeword quicker.

Due to the performance exhibited by the kSD with ε = 4, ρ = 50 and τ = 4, this

version of the algorithm is used in the benchmark test for the nearly half rate case.

Simulations are also run for a high rate (15, 11) RS code to test for the optimum

conditions for the proposed algorithm. Working with higher rates means working

with a H matrix that has less rows. Therefore, the length of each vector sx ob-

tained from the syndrome calculation in (5.17) is smaller. With regards to this, a

smaller value of τ has to be used. For this set of simulations the kSD is run with

τ = 2. The proposed algorithm is run under the same conditions with the same

variants of the kSD algorithm as the nearly half rate case. The results for this
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simulations can be seen in Fig. 5.9 and Fig. 5.10.
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Figure 5.9: SER performance comparison of the kSD for a (15, 11) RS code
over AWGN channel for different values of ε.

Similar to the nearly half rate case, the proposed algorithm with ε = 4 is seen

to yield a better performance gain in terms of SER when compared to the kSD

with ε = 3 and ε = 2 as seen in Fig. 5.9. The kSD gives a coding gain of about

0.3dB when compared to the proposed decoder with the ε = 3 and a coding gain

of about 0.12dB when compared to kSD with ε = 2. From Fig. 5.10, the kSD with

ε = 4 is seen to run for an average number of just over 8 iterations at its worst

iterative convergence performance. This iterative performance is better than the

kSD with ε = 3 and ε = 2, which run for an average number of just over 10 and

just over 14 iterations respectively. Based on this result, the kSD with ε = 4 is

used in the benchmarking simulations for the high rate codes.
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Figure 5.10: Iterative performance comparison of the kSD for a (15, 11) RS
code over AWGN channel for different values of ε.

5.5.2 Performance Analysis of the Proposed Symbol-Level

Decoding Algorithm

In this section the performance for the proposed decoder is benchmarked against

other iterative symbol-level decoders. The symbol-level implementations for the

decoding algorithms are used in these simulations for the purposes of giving a

fair comparison. The decoders used in the simulations are the symbol-level ABP

algorithm and the PTA decoder.

5.5.3 Half Rate Codes

For these simulations the symbol-level ABP algorithm is run with a value of η =

0.05 and the maximum number of iterations is set to 20 at the initialisation of the

algorithm [6], while the PTA runs with a value of δ = 0.001 [8]. The simulations

are run under similar conditions as the previous tests for the kSD algorithm. The
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results for these simulations are presented in Fig. 5.11 and Fig. 5.12.
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Figure 5.11: SER performance comparison of the kSD for a (15, 7) RS code
over AWGN channel.

From Fig. 5.11, it can be seen that the kSD with ε = 4 is slightly outperformed

by about 0.15dB when compared to the symbol-level ABP algorithm at an SER

value of 10−3. The kSD algorithm, when compared to the PTA decoder, is able

to yield a gain of about 1.25dB at the same SER value. From Fig. 5.12, it can be

seen that the PTA algorithm requires numerous iterations to converge especially

for the lower SNR regions. The PTA runs for an average of about 445 iterations at

its worst performance which is a large number of iterations when compared to the

other iterative symbol-level decoders. The symbol-level ABP runs a maximum

of 20 iterations. This is because that is the cap set at the initialisation of the

symbol-level ABP algorithm on the maximum number of iterations. The kSD

with ε = 4 is able to yield a better convergence rate than all the algorithms

having a maximum of an average of just over 15 iterations at its worst iterative

convergence performance.
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Figure 5.12: Iterative performance comparison of the kSD for a (15, 7) RS
code over AWGN channel.

5.5.4 High Rate Codes

In this section, the performance of the proposed algorithm for high rate codes is

investigated. For these simulation a (15, 11) RS code is transmitted using a 16-

QAM modulation scheme with Gray mapping through an AWGN channel. The

simulation conditions for the algorithms remain the same as the case for the (15, 7)

RS code. The results for these simulations can be seen in Fig. 5.13 and Fig. 5.14.

The symbol-level ABP is shown to be the best performing algorithm in Fig. 5.13

as it yields a gain of 0.2dB when compared to the kSD with ε = 4 at the SER

value of 10−4. When compared to the PTA, the kSD with ε = 4 gives a gain of

1.3dB at the SER value of 10−3. Similarly to the case of the (15, 7) RS codes, the

PTA algorithm requires the most average number of iterations to converge to a

codeword during the decoding process with an average of about 380 iterations at

its worst iterative convergence performance as seen in Fig. 5.14. The symbol-level

ABP once again has a maximum average number of 20 iterations as it is capped

at this number during the initialisation of the algorithm. The kSD with ε = 4
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Figure 5.13: SER performance comparison of the kSD for a (15, 11) RS code
over AWGN channel.
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Figure 5.14: Iterative performance comparison of the kSD for a (15, 11) RS
code over AWGN channel.
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requires the least iterations to decode the received vector by taking an average of

about only requiring about 8 iterations at its worst performance.

Simulations to better benchmark the kSD against work carried in literature are

run on a longer (63, 55) RS code [6]. The kSD is benchmarked against the symbol-

level ABP and the symbol-level ABP-HDD. The symbol-level ABP-HDD works in

with a similar genie aided stopping criteria which speeds up the decoding process

and yields an optimistic result. The simulations are under BPSK modulation con-

ditions and an AWGN transmission. The results for these simulation are presented

in Fig. 5.15.
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Figure 5.15: Performance comparison of the SYM ABP and the kSD for a
(63, 55) RS code.

From Fig. 5.15, it can be seen that the kSD is able to yield a performance that

is similar to the generic version of the symbol-level ABP. The kSD incurs a loss

of symbol-level ABP-HDD of 0.25dB. A bigger loss, of about 2dB, is seen when

the kSD is compared to the ML lower bound. However, it is important to note

that this bound is set for bit-level decoders which explains the large gain. This is

similar to the result in Fig. 4.3 and Fig 4.4 when the PTAbl is compared to the

symbol-level PTA.
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5.6 Complexity Analysis

5.6.1 Time Complexity

The complexity of the proposed algorithm when compared to the other iterative

symbol-level soft-decision decoders is studied in this section. The notation used

in the representation of the complexities is as follows

• n = Length of the codeword/ Number of columns in H

• k = The number of information symbols/ The number of columns found in

the parity submatrix in H

• (n− k) = Number of rows in H

• ε = The number of extension used

• t = The number of participating symbols in each row. Can be calculated as

k + 1

• Wc = The average column weight of the binary image expansion of H

• Wk = The average row weight of bits in the binary image of H used in the

calculation of the extrinsic information.

The complexity of the algorithms are measured in terms of the total number of

operations performed in each iteration. The overall complexity for the symbol-level

PTA, symbol-level ABP and the kSD algorithm are summarised in the Table 5.1,

Table 5.2 and Table 5.3 respectively.
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Table 5.1: Summary of the overall complexity for the symbol-level PTA de-
coder.

Decoding Stage Stage description Number of Operations

Finding the reliability vec-
tor

Searching for maximum
values in β n

Sorting of reliabilities Reliabilities sorted in as-
cending order n

Transforming matrix H Row reduction of H ((n− k)2 × n)
Obtaining the hard-
decision vector ĉ

Assigning a symbol value
from the soft information in
β

n

Syndrome Check Performing the calculation
ĉ ·H ((n− k)× n)

Correction step Updating the β reliabilities
based on each Syndrome
check equation

((n− k)× t)

Overall Complexity of the symbol-level PTA decoder

Total = n+ n+ ((n− k)2 × n) + n+ ((n− k)× n) + ((n− k)× t)

Time Complexity = O((n− k)2 × n)
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Table 5.2: Summary of the overall complexity for the symbol-level ABP de-
coder.

Decoding Stage Stage description Number of Operations

Obtaining the reliability
vector

Searching for maximum
values in β n (1st iteration only)

Sorting of the symbol relia-
bilities

Reliabilities sorted in as-
cending order n (1st iteration only)

Adapting the matrix H Row reduction of H ((n − k)2 × n) (1st iteration
only)

Obtaining the binary image
of adapted H

Replacing each symbol inH
with the corresponding bi-
nary companion matrix

((n − k) × n) (1st iteration
only)

Obtaining the bit LLR val-
ues from the received vector

Applying the approach pre-
sented in Section 2.9.3.2 N (1st iteration only)

Obtaining the vector Le Calculating the extrinsic
information as shown in
(2.31)

(M ×W 2
k ) +O(N ×Wc)

Updating the vector L Adding Le(cbj) to L(cbj)
N

Obtaining the hard-
decision vector ĉb

Assigning one of the binary
values to each L(cbj) N

Syndrome Check Performing the calculation
ĉb · H (M ×N)

Overall Complexity of the symbol-level ABP decoder

Total =

Only included in the 1st iteration︷ ︸︸ ︷
n+ n+ ((n− k)2 × n) + ((n− k)× n) +N +(M ×W 2

k )+ (N ×Wc)+N +
N + (M ×N)

Time Complexity = O(M ×W 2
k )
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Table 5.3: Summary of the overall complexity for the kSD algorithm.

Decoding Stage Stage description Number of Operations

Finding the vector βmax Searching for maximum
values in β n

Sorting the reliabilities Reliabilities sorted in as-
cending order n

Obtaining the vectors Ux

and Kx

Swapping of 2 bit indexes
using (5.15) ((ε− 1)× 2)

Transforming matrix Hε Row reduction of each Hx ((n− k)2 × ε)× n)
Obtaining the hard-
decision vector ĉ

Assigning a symbol value
from the soft information in
β

n

Syndrome Check Applying (5.17) (((n− k)× ε)× n)
Calculating the symbol
votes

Applying (5.22)
(((n− k)× ε)× k2)

Finding the symbol voting
ratios

Summing the votes and di-
viding each vote by the to-
tal as shown in (5.23)and
(5.24)

(2m + 2m)

Obtaining the bit confi-
dence rating

Dividing the voting ratios
by the ρ as shown in (5.26) (2m)

Updating β Bit reliabilities are updated
in β (((n− k)× ε)× t)

Scaling reliabilities in β If S �= 0 or τ is not met,
(4.1) is applied in prepara-
tion for the next iteration

(2m × n) + (2m × n)

Checking for decoding con-
dition

if the threshold τ is met by
the informational set τ

Applying the Decoding
condition

Applying (4.19) ((n − k) × k) - only applied
in the final iteration if S �= 0
when the threshold τ is met

Overall Complexity of the kSD algorithm

Total = n+n+((ε−1)×2)+(((n−k)2×ε)×n)+n+(((n−k)×ε)×n)+(((n−k)×ε)×
k2)+(2m+2m)+2m+(((n−k)×ε)× t)+((2m × n) + (2m × n))︸ ︷︷ ︸

if S �= 0 or τ is not met

+τ+ ((n− k)× k)︸ ︷︷ ︸
last iteration only

Time Complexity = O((((n− k)× ε)× k2))

Similar to the bit level case, we summarize the computational complexity for the

symbol-level iterative decoders by noting their ‘additions/subtraction’, ‘multipli-

cations/divisions’ and ‘other’ operations. This can be seen in Table 5.4, Table 5.5

and Table 5.6. Once again, the tables are only filled with the operations unique

to at least one of the decoders.
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Table 5.4: Summary of the computational complexity for the symbol-level
PTA decoder.

Decoding Stage +/− ×/÷ other

Transforming matrix H
(Based on matrix multiplica-
tion [8] )

((n− k)2 × n) ((n− k)2)× n)

Obtaining the hard-decision
vector ĉ n

Syndrome Check ((n− k)× n) ((n− k)× n)
Correction step ((n− k)× t)

Table 5.5: Summary of the computational complexity for the symbol-level
ABP decoder.

Decoding Stage +/− ×/÷ other

Adapting the matrix H
(Based on Gaussian row
reduction [131] )

(2n3+3n2−5n)/6 (2n3+3n2− 5n)/6+
n(n+ 1)/2

Obtaining the binary image
of adapted H ((n− k)× n)

Obtaining the bit LLR values
from the received vector N

Obtaining the vector Le
(N ×Wc) (M ×W 2

k )
Updating the vector L N
Obtaining the hard-decision
vector ĉb N

Syndrome Check (M ×N) (M ×N)

The time complexity of the symbol-level ABP presented in Table. 5.2 is seen to be

the same as the bit-level ABP due to the extrinsic information being calculated in

the same way. Unlike the kBD, the time compexity kSD decoder is dominated by

a function that uses multiplications and divisions as seen in Table. 5.2, Table. 5.5

and (5.22). However the matrix dimension of the kSD are much smaller when

compared to the symbol-level ABP which, in spite of adopting the H matrix at

a symbol level, still performs the belief propagation on a larger H matrix at the

bit-level.
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Table 5.6: Summary of the computational complexity for the kSD algorithm.

Decoding Stage +/− ×/÷ other

Obtaining the vectors Ux

and Kx
((ε−1)×2)

Transforming matrix Hε

(Based on matrix multipli-
cation [8] )

ε((n− k)2 × n) ε((n− k)2 × n)

Obtaining the hard-decision
vector ĉ n

Syndrome Check (((n− k)× ε)× n) (((n− k)× ε)× n)
Calculating the symbol
votes

(((n−k)×ε)×(t+t2))

Finding the symbol voting
ratios 2m 2m

Obtaining the symbol confi-
dence rating 2m

Updating β (((n− k)× ε)× t)
Scaling reliabilities in β (2m × n) (2m × n)
Checking for decoding con-
dition τn

Applying the Decoding con-
dition ((n− k)2 × k) ((n− k)2 × k)

5.6.2 Complexity measured in Terms of Number of Oper-

ations

In order to vividly differentiate the complexities in the algorithms, simulation are

run to generate graphs similar to those in Section. 4.5. Similar to Section 4.5.2,

these simulations assist in providing a study on the effect of the number of iter-

ations on the complexity cost of the decoding algorithms. The graphs generated

using the complexity equations presented in Table 5.1, Table 5.2 and Table 5.3

multiplied by the average number iterations used to plot the graphs in Fig. 5.11

and Fig. 5.13.

Before the graphs are generated, the actual values for each of the notation used

is determined. For the (15, 7) Rs code n = 15, k = 7, (n − k) = 8, ε = 4, t = 8,

Wc = 7.86, Wk = 13.74 and τ = 4.

The complexity graph for the (15, 7) RS code can be seen in Fig. 5.16

From Fig. 5.16, it can be seen that the performance gains made by the symbol-

level ABP come at the cost of a higher computational complexity when compared
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Figure 5.16: Complexity comparisons for the symbol-level decoders applied to
a (15,7) RS code over an AWGN channel using a 16-QAM modulation scheme.

to the kSD algorithm. The PTA appears to be the least complex computationally

for a single iteration as shown in Table 5.1. However, similar to the bit-level case,

the numerous iterations required by the PTA to decode the received vector, as

seen in Fig. 5.12, add to its total computational complexity cost. It can also be

seen from Fig. 5.12 the kSD is able to perform at a complexity that is tolerable

when compared to the other iterative symbol-level decoders. It is also important

to note that while performing at a much lower complexity, the kSD algorithm with

ε = 4 is outperformed by only 0.15dB by the symbol-level ABP for the (15, 7) RS

code.

Similar simulations are also run for the high rate (15, 11) RS code to generate

the complexity graphs. The actual values used for the notations used in the com-

plexity equations are n = 15, k = 11, (n − k) = 4, ε = 4, t = 12, Wc = 5.99,

Wk = 21.48 and τ = 2. The complexity graph for the (15, 11) RS code simulations

can be seen in Fig. 5.17

The symbol-level ABP has the highest computational complexity cost when com-

pared to the other iterative soft-decision decoders used in the (15, 11) RS code
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Figure 5.17: Complexity comparisons for the symbol-level decoders applied to
a (15,11) RS code over an AWGN channel using a 16-QAM modulation scheme.

simulations as seen in Fig. 5.17. The complexity cost of the symbol-level ABP

significantly increases for the (15, 11) RS code when compared to the (15, 7) RS

code due to the binary image of the H having less rows and a smaller identity

submatrix. This makes the binary H matrix more dense when compared to the

nearly half rate case. The more dense structure means more bits participate in

belief propagation stage of this algorithms as seen by the higher value of Wk for

the (15, 11) RS code when compared to the (15, 7) RS code. Therefore, any calcu-

lations that requires this parameter adds to the number of operations performed

by the symbol-level ABP during the decoding of the received vector. Also due to

the more dense structure, the ability of the algorithm to handle the soft informa-

tion during the message passing stages of the algorithm is not as efficient as for

the (15, 7) RS code. This causes the algorithm to run more iterations on average.

This causes the algorithm to break on most cases, for the lower SNR values, due

to the maximum number of iterations being reached as opposed to the decoder

converging to a decoded codeword.

The PTA decoder still operates at a high computational complexity largely due to
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the high number of iterations required during the decoding of the received vector.

The complexity for the kSD when compared to the other symbol-level decoders is

more favourable for the high rate case. The complexity performance is much less

largely due to the algorithm having an improved iterative performance as seen in

Fig. 5.14. The fact that the symbol-level ABP decodes the received vector using

the binary image of H and the numerous iterations run by the PTA algorithm

also contribute to the huge performance difference in complexity when compared

to the kSD for the high rate case. Considering the kSD is outperformed by about

0.2dB for the (15, 11) RS code by the symbol-level ABP, the use of the algorithm

when a tradeoff is required in terms of performance and computational complexity

can be justified.

5.7 The Decoding Condition Used as an Additional Stop-

ping Criteria for the Symbol-Level PTA Decoder

One of the main novelties of the PTA algorithm is that it is able to work iteratively

with the soft information on a dense parity check matrix of an RS code. Working

with the dense H matrix poses a huge problem with the implementation of the

decoding condition on the PTA algorithm. This is because all the symbols indices

that match the parity submatrix participate in all the syndrome check equations,

unlike the bit-level case. This creates an issue in trying to determine a threshold

for the decoding condition to be met. To counter this problem the extended ma-

trix approach defined in section 5.2.1 is used. With the matrix extension used, the

threshold τ , is now defined as the minimum number of syndrome check equations

that should be satisfied by a single extension for the decoding condition to be

applied as described in section 5.4.

Similar simulations to those run in section 5.2.2 and section 5.5 are done with

the same conditions. From section 5.2.2 the extension of the PTA with 3 parity

check matrices, PTAe3, was found to be the best performing decoder when both

the error correction and iterative convergence rate are considered. In this section,

the decoding condition is applied to the PTAe3 with a τ = 3 and compared to the
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normal PTAe3 algorithm in terms of SER and the average number of iterations

required to decode the received vector.

The first set of simulations are run for a (15,7) RS code. This set of simulations

can be seen in Fig. 5.18 and Fig. 5.19.
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Figure 5.18: SER perfomance of PTAe3 vs PTAe3 implemented with the
decoding condition defined by τ = 3.

From Fig. 5.18 it can be seen that the inclusion of the decoding condition to the

PTAe3 is able to yield a similar error correction performance when compared to

the normal PTAe3 algorithm at an SER value of 10−3. This SER performance

yielded by the PTAe3 using the decoding condition is attained while running at

less iterations as shown in Fig. 5.19. The PTAe3 with the decoding condition

requires an average of about 10 iterations at its worst iterative convergence per-

formance to decode the received vector, while the original implementation of the

PTAe3 algorithm requires an average of about 16 iterations at its worst perfor-

mance to decode the received vector. Including the decoding condition to the

PTAe3 increases the overall efficiency of the algorithm because the SER perfor-

mance is maintained while the iterative convergence performance of the algorithm

is improved.
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Figure 5.19: Iterative performance of PTAe3 vs PTAe3 implemented with the
decoding condition defined by τ = 3.

Simulations for high rate (15, 11) RS code are also carried out. For a (15, 11) RS

code the H matrix is much smaller. The H matrix has only 4 rows. Having only 4

rows in the H matrix means there is only a maximum of 4 syndrome check equa-

tions that can be satisfied compared to a maximum of 8 for the (15,7) RS code.

Due to the reduced number of syndrome check equations that can be satisfied, the

value of τ has to be reduced as well. With regards to this, these simulation are

run using PTAe3 implemented with the decoding condition having τ = 1. The

results for these simulations can be seen in Fig. 5.20 and Fig. 5.21.

Similar results are seen in Fig. 5.20 and Fig. 5.21 as those from the (15,7) RS

code simulations. The PTAe3 using the the decoding condition as an additional

stopping criteria yields a similar SER performance to that of the original imple-

mentation of the PTAe3 decoder at a SER of 10−3. It is important to note that the

PTAe3 implemented with the decoding condition runs for significantly less itera-

tions when compared to the original implementation of the PTAe3 decoder. From

Fig 5.21, the original implementation of the PTAe3 runs an average of about 30
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Figure 5.20: SER performance of PTAe3 vs PTAe3 implemented with the
decoding condition defined by τ = 1.
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Figure 5.21: Iterative performance of PTAe3 vs PTAe3 implemented with the
decoding condition defined by τ = 1.
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iteration to decode the received vector while the PTAe3 implemented with decod-

ing condition having τ = 1 runs for less than an average of less than 3 iterations

at it worst iterative convergence performance during the decoding process. Us-

ing a value of τ = 1 enables the decoding condition to met with less iterations,

thus improving the iterative convergence rate of the decoder while obtaining the

decoded vector.

5.8 Conclusion

An iterative symbol-level implementation of the proposed soft-decision information

set decoder is presented in this chapter. The proposed symbol-level implementa-

tion of the algorithm has several variations depending on the number of parity

check matrix extensions used. The parity check matrix extensions, included to

the kSD, add to the number of parity check equations used with the received

vector during decoding. Rearranging the columns of the different parity check

matrix extensions based on the reliability information helps in identifying errors

that may be located in the different information sets that could be previously not

be found. Using the parity check matrix extensions and setting a threshold on the

number of satisfied checks by the k information set symbols improves the iterative

performance of the algorithm while yielding a good SER performance, therefore

making the decoder more efficient. Adding more parity check matrix extensions

increase the complexity of the proposed decoder for a single iteration. However,

the overall SER and iterative performance is improved. This provides a justifiable

tradeoff when choosing the number of parity check matrix extensions to use during

decoding.

The decoding condition is also implemented on a symbol-level when applied to

the PTA algorithm. Similar to the bit-level case, the implementation is able to

maintain the SER performance while improving on the iterative convergence rate

of the soft-decision decoder. This improves on the efficiency while reducing the

computational complexity cost of the algorithm.



CHAPTER 6

The Decoding condition applied to Binary

QC-LDPC codes

6.1 The Proposed Systematic Construction for QC-LDPC

Codes

Implementation of the decoding condition with LDPC codes is different from that

of RS codes. The is because for RS codes row reduction operations are performed

in each iteration so as to set the most reliable k symbols to match the parity

submatrix of the transformed H matrix. This cannot be directly implemented for

LDPC codes because the row reduction operations will make the H matrix lose

its sparse structure. The sparse structure of LDPC codes is important for decod-

ing as it helps the efficient exchange of information between nodes so as to get

reliable information on the symbols [1]. This means that a systematic structure

has to be obtained from the H matrix without losing the sparse nature of the

QC-LDPC code. This presents a challenge in the implementation of the proposed

decoding approach as most QC-LDPC codes are not defined by a H matrix with a

systematic structure. Therefore, the construction of a QC-LDPC code defined by

a H matrix with a systematic structure is required for the implementation of the

decoding condition on this class of code. The proposed systematic QC-LDPC code

construction is made possible by using a row reduction technique that is different

from the usual Gaussian operations.

152
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6.1.1 General Encoding of QC-LDPC codes

To understand how the proposed systematic QC-LDPC H matrix is constructed,

a general approach of encoding for QC-LDPC codes [15] is first presented. This

method is highly favoured as it maintains the quasi cyclic structure for both the

parity check matrix (H) and the generator matrix (G).

Notation used for the construction of the systematic QC-LDPC code is first es-

tablished. The encoding process is performed on a parity check matrix made up

of a set of (n− k)× n sparse circulants with the from of Hqc:

Hqc =

⎡⎢⎢⎢⎢⎢⎢⎣
C0,0 C0,1 ... C0,(n−1)

C1,0 C1,1 ... C1,(n−1)

...
...

C((n−k)−1),0 C((n−k)−1),1 ... C((n−k)−1),(n−1)

⎤⎥⎥⎥⎥⎥⎥⎦ , (6.1)

where Ci,j is a square circulant or zero submatrix, for 1 ≤ i ≤ (n − k) and

1 ≤ j ≤ n. A circulant matrix is a matrix in which each row is a right cyclic

shift of the row above it [132]. From this definition, it can be seen that a circulant

matrix can be completely characterized and constructed using only its first row.

This row is referred to as the generator of the circulant matrix.

The encoding technique proposed in [15] creates a generator matrix characterized

by k × n sparse circulants, in the form of Gqc:

Gqc =

⎡⎢⎢⎢⎢⎢⎢⎣
I0,0 ... O0,(n−k−1) G0,(n−k) ... G0,(n−1)

O1,0 ... O1,(n−k−1) G1,(n−k) ... G1,(n−1)

...
. . .

...
...

...
...

O(k−1),0 ... I(k−1),(n−k−1) G(k−1),(n−k) ... G(k−1),n−1

⎤⎥⎥⎥⎥⎥⎥⎦ , (6.2)

where I is a square identity submatrix and O is square zero submatrix. Gi′,j rep-

resents the new circulant submatrices obtained from the encoding process, where

1 ≤ i′ ≤ k and 1 ≤ j ≤ n. This systematic form of Gqc is only obtained when the
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matrix Hqc is full rank [15].

The encoding process involves finding the generator of the circulant Gi′,j by the

use of Gaussian row reduction operations as shown in [15]. This row reduction

computations are carried out k times as this is the number of row blocks of the

matrix Gqc.

For non full rank matrices an additional submatrix Q is added to the matrix Gqc

with the same number of rows as the dependent columns of the matrix Hqc. This

involves additional Gaussian row reduction operations and also causes the matrix

Gqc to lose its systematic structure.

This encoding technique is efficient when used to maintain the quasi cyclic struc-

ture of QC-LDPC codes. However, due to the numerous row reduction computa-

tions required it can become quite complex for larger codes.

6.1.2 The Proposed Row Reduction Technique

The proposed row reduction method used to give the systematic structure of the

G matrix is based on the underlying idea in [127]. To better explain how this tech-

nique works, an example of a matrix X with dimensions (n− k)×n is considered.

In order to perform row reduction on the matrix X, a (n− k)× (n− k) submatrix

XI is formed with the first (n− k) columns of X as:

X = [XI | XQ], (6.3)

where XQ represents the (n − k) × k submatrix formed using the remaining k

columns of X. If the columns of XI are independent, the reduced row echelon

form (Xrref) of X can be obtained by finding the inverse of matrix XI and multiply

it by X:

Xrref = [ XI ]−1 · [ X ]. (6.4)

This row reduction technique can be applied to any set of (n − k) independent

columns of the matrix X. The columns of the identity submatrix of Xrref will

match the order of the (n− k) independent columns used in the submatrix XI .
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6.1.3 The Systematic QC-LDPC Parity check Matrix

LDPC codes are defined by their parity check matrices, H. QC-LDPC codes are

defined by a H matrix made up of an array of sparse circulant square submatrices

[133]. For the field GF(qm), construction of a QC-LDPC H matrix is based on

replacement of elements in a (n−k)×n base matrix B with b′×b′ sparse circulant

submatrices, where b′ = (qm − 1). This gives a (n− k)b′ × nb′ parity check matrix

[134]. For the construction proposed in this section, the base matrix is defined as

a (n − k) × n Vandermonde matrix, where (n − k) < n and (n − k) + n ≤ qm, is

of the form shown in (6.5),

B =

⎡⎢⎢⎢⎢⎢⎢⎣
1 α1 α2 ... α(n−1)

1 α2 α2(2) ... α2(n−1)

...
...

...
...

1 α(n−k) α(n−k)(2) ... α(n−k)(n−1)

⎤⎥⎥⎥⎥⎥⎥⎦ , (6.5)

and α represents the primitive element of the field.

The reason a Vandermonde matrix is selected is because of its full row rank inverse

properties [135]. The proposed row reduction technique is then used to reduce the

last (n− k)× (n− k) submatrix of the base matrix. This will give a base matrix

of the form:

B = [BQ | BI ], (6.6)

where BQ is a (n−k)×k submatrix and BI is a (n−k)×(n−k) identity submatrix.

A q-ary matrix dispersion [134] is then performed on the base matrix B to give a

parity check matrix H of the form shown in (6.7), where Ci,j and Di,j represents

a q-ary b′ × b′ α multiplied circulant permutation matrix [134]. Oi,j represents a
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zero matrix.

H =

⎡⎢⎢⎢⎢⎢⎢⎣
C0,0 ... C0,(k−1) D0,(k) ... O0,(n−1)

C1,0 ... C1,(k−1) O1,(k) ... O1,(n−1)

...
...

...
...

. . .
...

C((n−k)−1),0 ... C((n−k)−1),(k−1) O((n−k)−1),(k) ... D((n−k)−1),(n−1)

⎤⎥⎥⎥⎥⎥⎥⎦
(6.7)

Due to the (n− k)× (n− k) identity submatrix in B the last (n− k)b′ × (n− k)b′

submatrix of H is a diagonal matrix. D represents the diagonal submatrices in

H. The proposed row reduction technique is then used to convert the diagonal

(n−k)b′× (n−k)b′ submatrix of H into an identity matrix. The matrix H is now

of the form shown in (6.8), where I∗i,j represent an identity submatrices and C∗
i,j

represents the new circulant submatrices obtained from the row reduction.

H =

⎡⎢⎢⎢⎢⎢⎢⎣
C∗

0,0 ... C∗
0,(k−1) I∗0,(k) ... O0,(n−1)

C∗
1,0 ... C∗

1,(k−1) O1,(k) ... O1,(n−1)

...
...

...
...

. . .
...

C∗
((n−k)−1),0 ... C∗

((n−k)−1),(k−1) O((n−k)−1),(k) ... I∗((n−k)−1),(n−1)

⎤⎥⎥⎥⎥⎥⎥⎦ ,
(6.8)

This construction technique can be applied to both cases of binary and nonbinary

QC-LDPC codes.

6.1.4 The Generator matrix (Systematic Encoder)

The above matrix H is in systematic form and can be expressed as:

H = [C∗ I∗(n−k)b′ ]. (6.9)

Therefore the generator matrix can easily be created by extracting the parity

submatrix, C∗, of the H matrix and finding its transpose. This submatrix is then

dimensionally matched to a corresponding identity matrix to give the form

G = [I∗kb′ C
∗T ]. (6.10)
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The G matrix has the dimensions kb′ × nb′, and the expanded form is shown in

(6.11)

G =

⎡⎢⎢⎢⎢⎢⎢⎣
I∗0,0 ... O0,(n−k−1) C∗T

0,(n−k) ... C∗T
0,(n−1)

O1,0 ... O1,(n−k−1) C∗T
1,(n−k) ... C∗T

1,(n−1)

...
. . .

...
...

...
...

O(k−1),0 ... I∗(k−1),(n−k−1) C∗T
(k−1),(n−k) ... C∗T

(k−1),(n−1)

⎤⎥⎥⎥⎥⎥⎥⎦ (6.11)

6.1.5 Performance Analysis

In this section, the performance of the proposed structure with the construction

of a QC-LDPC code based on field partitions[20] is compared. This construction

is selected because it is a high-rate, high performance QC-LDPC code [116]. The

general technique used to create the G matrix for QC-LDPC codes shown in [15]

is applied to this construction. A rank analysis is carried out on all the QC-LDPC

codes to determine the rate of the code and assist in the construction of the G

matrix. The performance will be measured in terms of BER comparison and a

complexity analysis.

6.1.5.1 Rank Analysis

LDPC codes are differentiated from other classes of linear block codes due to the

fact that they are defined by their pariy check matrices. This means is that the

parity check matrix is first constructed before the generator matrix can be ob-

tained. Due to the long length and large size of LDPC codes, this class of code

is mostly defined by parity check matrices without a full rank i.e the H matrix

has parity check rows that are not independent. This makes finding the encoder

complicated due to the use of complex procedures like Gaussian eliminations be-

ing employed [20, 125, 136, 137]. Without knowing the rank of the H matrix,

important encoding properties such as the rate of the code cannot be determined

[15].
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An efficient way of calculating the rank of a H matrix for a QC-LDPC code with

the dimensions (M ×N) is presented in [20] and is expressed as

rank(H) = 3m − 2m −
m−1∑

�=�0+1

(
m

�

)
(2� −M), (6.12)

where �0 represents the largest integer such that 2�0 ≤ M . The rate of the QC-

LDPC code is then obtained as

R =
(N −M) + (M − rank(H))

N
, (6.13)

which can be further reduced to

R =
(N − rank(H))

N
. (6.14)

The systematic QC-LDPC construction of the H matrix proposed in Section 6.1.3

has the advantage of always having a full rank due to the presence of the identity

submatrix. This means the rank of the QC-LDPC code is the always the same as

the number of rows. Therefore, (6.12) does not need to be computed during the

calculation of the rank. This makes it easy to determine the rate of the QC-LDPC

code by directly applying (6.15)

R =
(N −M)

N
(6.15)

This also makes for a more direct construction of the G matrix as shown in Section

6.1.4. This aids in the reduction of the complexity in the encoding process for the

proposed systematic QC-LDPC code.

For purposes of giving a fair comparison, a rank analysis is performed on all the

QC-LDPC codes used in the comparison tests so as to run simulations with the

same rate.
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6.1.5.2 BER Performance of the Proposed Systematic QC-LDPC code

Compared to a High Performance code Construction

The construction of the base matrix of the QC-LDPC code are carried out in

the field GF(32). The construction based on field partitions has a base matrix

with the dimensions (8 × 24). Performing a q-ary matrix dispersion over GF(2)

yields a regular quasi-cyclic H matrix with the dimensions (248, 744) and a girth

of at least 6 in the Tanner graph. After performing a rank analysis using (6.12),

the rank of H is determined to be 171. This means that the H matrix for the

QC-LDPC code for the construction based on field partitions has 77 dependant

columns. We are now able to determine, using (6.14), that the regular QC-LDPC

code has a G matrix with the dimensions (573 × 744) and a rate of 0.77. To

achieve the same rate, the proposed construction has a base matrix set with the

dimensions (6×26). Performing a q-ary matrix dispersion over GF(2) on the base

matrix of the proposed construction yields a systematic QC-LDPC H matrix with

the dimensions (186 × 806) and a girth of at least 6 in the Tanner graph. Due

to the systematic structure, the proposed H matrix has a full rank. This means

we can directly apply (6.15) to determine that the proposed construction yields a

systematic irregular (806, 620) QC-LDPC code with a rate of 0.77.

The codes are modulated using a BPSK modulation scheme and transmitted

through an AWGN channel. The decoding algorithm used is the probability based

sum product algorithm (SPA) [138] with maximum iterations set to 50. The equa-

tion used to compute the bit error probability in the AWGN channel is presented

in (6.16) [45] [139].

P (error|BPSK) =
1

2
erfc

(√
Eb

N0

)
(6.16)

The results for these simulations can be seen in Fig. 6.1.

It can be seen from Fig. 6.1 that the proposed systematic construction matches

the performance of the construction based on field partitions for low SNR values,

while slightly performing better for higher SNR values.

An additional simulation for BER performance test was run using the less complex
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Figure 6.1: Performance comparison of the proposed systematic (806, 620)
QC-LDPC code against the non-systematic (744, 573) QC-LDPC code using the

SPA decoder.

log based Min Sum Algorithm (MSA) [11]. This is carried out to test the imple-

mentation and performance of a different decoder on the new construction. This

simulations are run on a code rate of 0.9. For this rate to be achieved, in the field

GF(32), a base matrix with the dimensions (3 × 29) is used for both QC-LDPC

constructions. After performing a q-ary matrix dispersion over GF(2), the non

systematic H matrix will have the dimensions (93× 899) and a girth of at least 6

in the Tanner graph. The rank of the matrix is determined to be 83 after comput-

ing (6.12). Applying (6.14), we are able to ascertain that the (3× 29) base matrix

constructed using field partitions defines a regular (899, 813) QC-LDPC code. Due

to the base matrices having the same dimensions, the proposed construction will

yield a systematic quasi-cyclic H matrix with the dimensions (93 × 899). The

systematic H matrix has a full rank and a girth of at least 6 in the Tanner graph.

After computing (6.15), the base matrix for the proposed construction is deter-

mined to define an irregular (899, 806) QC-LDPC code.

The codes are again transmitted through an AWGN using a BPSK modulation
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scheme. The results for this simulation can be seen in Fig 6.2.

0 1 2 3 4 5 6 7 8 9 10

10-6

10-5

10-4

10-3

10-2

10-1

Figure 6.2: Performance comparison of the proposed systematic (899, 806)
QC-LDPC code against the non-systematic (899, 813) QC-LDPC code using

the MSA decoder.

From Fig 6.2, it can be seen that similar BER performance is obtained using both

decoders. This is because the new construction matches the performance of the

non-systematic QC-LDPC code for low SNR cases while exhibiting a slight gain

for the higher SNR cases. It is important to note an error floor appears in BER

curves in Fig. 6.2 due to the relatively short length of the LDPC codes used for

the simulations [140] [141].

6.1.5.3 Complexity Analysis

The proposed construction does not only give the advantage of a systematic struc-

ture, but also offers a reduced computational complexity cost while constructing

the encoder when compared to the technique used for general construction of the

G matrix shown in [15]. This section focuses on the complexity analysis of the 2

constructions of the G matrix used for the simulations.
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The G matrix of the proposed construction is dominated by a complexity of

O(mp × kp). This is because it involves the transposing of the parity subma-

trix and the addition of the identity submatrix to form the systematic G matrix.

The high complexity cost of the QC-LDPC code based on the additive fields is

fully experienced in the general process for the construction of the G matrix,

which requires row reduction operations on each of the k row blocks of H. In

[142] the overall complexity of the Gaussian techniques, for a rectangular matrix

with the dimensions of ((n − k) × n) , is shown to be O((n − k)2 × n). There-

fore, each of the k Gaussian row reductions required for the construction of the

encoder yields a complexity of O((nb′ − kb′)2 × ((nb′ − kb′) + 1)). Additional row

reductions are also performed to obtain the submatrix Q [15], because the par-

ity check matrix does not have a full rank. This yields a similar complexity of

O((nb′ − kb′)2 × ((nb′ − kb′) + 1)).

The complexity analysis for the two constructions of the G matrix are summarized

in Table 6.1. Construction 1 is used to describe the proposed systematic construc-

tion while Construction 2 is used to describe the construction based on additive

fields.

Table 6.1: Summary of the complexity in the encoder construction.

Construction Encoding Computation Time Complexity

Construction 1 Transposing O((nb′ − kb′)× kb′)

Construction 2
k row reductions for
the row blocks of H O((nb′ − kb′)2 × ((nb′ − kb′) + 1))

Additional row reductions
to obtain submatrix Q O((nb′ − kb′)2 × ((nb′ − kb′) + 1))

It can be seen from Table 6.1 that the proposed construction exhibits less com-

plexity in the construction of the G matrix due to the fact that its most complex

procedure is the transposing of the parity submatrix H. Construction 2 however

requires several row reduction procedures. These row reduction operations can

make the Construction of the G matrix quite complex when dealing with larger

H matrices.
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6.1.6 Performance Analysis with QC-LDPC codes used in

Practical Applications

To further test the performance of the systematic construction, simulations are run

against full rank QC-LDPC codes used in WiMAX applications. The QC-LDPC

codes used in the section are the IEEE802.11-2012 codes and the ITU-T G.9960

codes. These QC-LDPC codes are defined by expansion matrices and not base ma-

trices. The expansion matrix is a matrix that maps the indexes where the cyclic

shifts starts for each square circulant submatrix that makes up the QC-LDPC H

matrix [124]. The expansion matrices for these codes are obtained from [124]. The

simulation are run for different rates and lengths specific to the expansion matrices.

6.1.6.1 Performance against the IEEE802.16-2012 QC-LDPC codes

The first set of simulation are run for a IEEE802.11-2012 code with a rate ofR =
5

6

and length of 648, R =
3

4
and length 1296. To obtain a near match in length and

rate, the proposed construction is defined by a base matrix with the dimensions

(4×21) created in the field GF(32). This base matrix is used to construct a binary

systematic (651, 527) QC-LDPC code. The results for these simulations can be

seen in Fig. 6.3. Simulations are also run against the IEEE802.11-2012 code with

a rates of R =
3

4
and length of 1296. The proposed construction uses a base

matrix with the dimensions (5 × 20) constructed in the field GF(64) to obtain a

near match in the length and rate of the code, by creating a binary (1260, 945)

QC-LDPC code with R =
3

4
. The results for this simulations are presented in

Fig. 6.4.

For the comparison test with the IEEE802.11-2012 QC-LDPC of rate R =
5

6
the

Proposed systematic construction is seen in Fig. 6.3 to have a good error correction

performance for the low SNR values. However, the code appears to suffer from

an error floor as the SNR values increase. From Fig. 6.4 the proposed systematic
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Figure 6.3: The proposed systematic (651, 527) QC-LDPC code against the
IEEE802.11-2012 (648, 540) QC-LDPC code using the SPA decoder.
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Figure 6.4: The proposed systematic (1260, 945) QC-LDPC code against the
IEEE802.11-2012 (1296, 972) QC-LDPC code using the SPA decoder.
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construction can be seen to yield a comparable performance to the IEEE802.11-

2012 QC-LDPC code for the lower SNR values. As the SNR value increases,

an error floor performance is once again exhibited by the proposed systematic

construction. The presence of the error floor results in the IEEE802.11-2012 QC-

LDPC code yielding a better error correction performance when compared to the

propose systematic construction for both the R =
5

6
and R =

3

4
. As stated in

Section 6.1.5.2, The error floors are attributed to working with a relatively short

LDPC code length. Short length LDPC code have a large presence of stopping

sets and trapping sets [140] which contribute to error floors. Techniques similar

to the work carried out in [141, 143, 144] can be explored in future research, so

as to reduce the presence of trapping sets in the proposed irregular QC-LDPC

code. Also, masking techniques [106, 111, 145, 146] can be explored to maintain

the systematic structure of the base matrix while reducing the trapping sets and

stopping sets in the expanded H matrix.

6.1.6.2 Performance against the ITU-T G.9960 QC-LDPC codes

The proposed systematic construction is also tested against ITU-T G.9960 QC-

LDPC code with R =
5

6
and a length of 1152. To obtain a near match in rate and

length of the ITU-T G.9960 code, a base matrix of dimension (3×18) constructed

in the field GF(64) is used to create a binary systematic (1134, 945) QC-LDPC

code. Results for these simulations can be found in Fig. 6.5. Simulations are

also run on the longer ITU-T G.9960 of length 1440 and R =
2

3
. The proposed

construction utilises a base matrix of dimensions (8 × 23) to create a binary sys-

tematic (1449, 966) QC-LDPC code. The results for these simulations can be seen

in Fig. 6.6.

From Fig. 6.5, the BER performance is comparable to that of the ITU-T G.9960

for the lower SNR regions but suffers from error floors again in the higher SNR

areas. However, the proposed construction performs better with the longer length

of 1449 as seen in Fig. 6.6. The error correction performance of the proposed
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Figure 6.5: The proposed systematic (1134, 945) QC-LDPC code against the
ITU-T G.9960 (1152, 960) QC-LDPC code using the SPA decoder.
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Figure 6.6: The proposed systematic (1449, 966) QC-LDPC code against the
ITU-T G.9960 (1440, 960) QC-LDPC code using the SPA decoder.
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systematic QC-LDPC code is similar to that of the ITU-T G.9960 code with the

length 1440 and R =
2

3
.

6.2 Decoding of QC-LDPC using the Decoding condition

The decoding condition is used alongside the probability based SPA algorithm

during the decoding process. The pseudo code used in the decoding of the sys-

tematic sparse H matrix for the QC-LDPC code with the decoding condition is

presented in Algorithm 5.

Algorithm 5: Implementation of the Decoding Condition on binary QC-LDPC
codes
Input: The received vector, r, outputed from the channel
Output: The decoded vector r̂.
Initialize: Set the value fmax, Set the value of τ
Initialize: Setting up the soft-information: Bit probabilities are obtained as
shown in (2.55)

repeat
•Decoding :
Soft bit information is fed into the SPA decoder.

•Decoding condition check :
Note the values of SQ, where SQ represents the number of syndrome check
equations satisfied by each bit in the information set, indexed by the bits
matching the parity submatrix.

if SQ = τ then
compute (4.19)

else
f = f + 1

end

until f = fmax

6.2.1 QC-LDPC codes Results

The simulations were run on a binary (135,30) QC-LDPC code. The bits were

transmitted across an AWGN channel using a BPSK modulation scheme. For
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these simulations the decoding condition is used alongside the SPA decoder with

maximum iterations fmax = 20. The test are run against the SPA vs the SPA

with the decoding condition to note any performance difference. The SPA has to

meet the threshold, τ = 4, before the decoding condition can be used to decode

the received vector. This results can be seen in Fig 6.7 and Fig 6.8.

0 0.5 1 1.5 2 2.5
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Figure 6.7: BER perfomance of SPA vs SPA implemented with the decoding
condition defined by τ = 2.

From Fig 6.7 and Fig 6.8 it can be seen that the SPA used with the decoding con-

dition runs slightly less iterations when compared to the SPA alone, however this

is at a reduced BER performance. The gain attained by the SPA algorithm when

used alone is not greater than 0.5dB when compared to the SPA with the decoding

condition. Similar error floors to those in Fig. 6.2 are seen in this simulation due

the short LDPC code used.

6.3 Conclusion

A systematic QC-LDPC code construction is presented in this chapter. The sys-

tematic construction of the H matrix has the advantage of having a tolerable
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Figure 6.8: Iterative performance of SPA vs SPA implemented with the de-
coding condition defined by τ = 2.

computational complexity cost while still having all the benefits of working with a

systematic code. From the simulations run it is shown, that in addition to having a

less complex encoder construction, the proposed systematic QC-LDPC code also

yields a good BER performance. However, the code also appears to exhibit an

error floor performance. This can be attributted to the fact relatively short QC-

LDPC codes have been used during the simulations. Future research can utilise

similar techniques as those presented in [141, 143, 144] to reduce the presence of

the error floors

The use of the decoding condition, as an additional stopping criteria to the short

QC-LDPC codes, is able to slightly reduce the iterative convergence rate of the

SPA decoder without a significant loss in error correction performance. However,

the implementation of the decoding condition on the binary QC-LDPC codes still

requires more work in order to confidently justify its use with the SPA decoder

whenever a performance-complexity tradeoff is required.



CHAPTER 7

Conclusion and Future Work

7.1 Conclusion

The “Complexity vs Performance” tradeoff off is common compromise made in

the field of Forward Error Correction (FEC), especially in the selection of an ap-

propriate decoding scheme. Therefore, the main objective of this research is the

development of a decoding approach that utilises various FEC techniques that are

able to work at a low complexity while maintaining a good error correction per-

formance for codes transmitted through noisy channels. This goal is accomplished

through the development of an iterative soft-input soft-output decoding algorithm

that is implementable on both a bit and a symbol-level as presented in Chapter 4

and Chapter 5 respectively.

The bit-level implementation of the proposed decoder is able to take advantage of

the sparsity of the parity check matrix presented at this level to efficiently decode

the information set required for the decoding of the received vector. The algorithm

works as a simpler form of a message passing algorithm that is able to asses if a bit

is correct by using extrinsic information to apply votes to each bit. The algorithm

is also able to improve on its iterative convergence rate by using an additional

stopping criteria referred to as the decoding condition. The decoding condition

is applied only when a set threshold, on the minimum number of syndrome check

equations each bit in the information set should satisfy, is met. The threshold is a

measure of confidence that the proposed decoder uses to determine if indeed the

information is without error. The value of the threshold determines how quick the

decoder converges to a codeword when decoding the received vector. The smaller

170
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the threshold the quicker the algorithm converges to the decoded codeword. How-

ever, the performance of the algorithm worsens when a small threshold value is

used. This is especially true for the half rate to lower rate codes. With higher rate

codes, lower thresholds can be used because more bits participate in less syndrome

check equations. This means chances of a bit satisfying a syndrome check equation

a reduced. Therefore, if a bit satisfies a syndrome check equation for a high rate

RS code, then there is a high probability the bit is correct.

A low complexity implementation of the proposed algorithm at a bit-level is also

presented in Chapter 4. The low complexity yielded by this version of the pro-

posed algorithm is largely due to the fact that the algorithm does not require

iterative transformations of the bit-level parity check matrix during the decoding

process. This variant of the algorithm is referred to as the no transform version

of the proposed decoder.

The bit-level implementation of the proposed decoder is also shown to exhibit a

good SER performance when compared to other high performance iterative bit-

level RS decoders. The iterative bit-level decoders used in the SER test are the

Adaptive Belief Propagation (ABP) algorithm and the bit-level implementation of

the Parity check Transformation Algorithm (PTA). The performance testS were

run for a nearly half rate (15, 7) RS code and high rate (15, 11) RS code. The

bit-level implementation of the proposed decoder is able to yield a gain when

compared to the algorithms used in the benchmark tests. The algorithm is able to

run with a low iterative convergence rate which results in the algorithm running

at a complexity lower than that of the PTA and the ABP algorithm. The perfor-

mance of the no transform version of the proposed decoder for the (15, 7) RS code

in terms of SER is also very positive. The no transform version of the proposed

algorithm is shown to match the high performance of the ABP algorithm with

η = 0.05. For the high rate (15, 11) RS code, the proposed algorithm matches the

performance of both the bit-level PTA decoder. The difference in performance is

seen in the complexity as the proposed algorithm is significantly less complex than

the bit-level PTA with δ = 0.01 and the ABP with η = 0.05. The performance of

the no transform version of the proposed algorithm is maintained for the high rate
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case as the algorithm matches the SER performance of the ABP with η = 0.05.

The no transform version of the algorithm runs at a lower complexity than all

of the algorithms used in the benchmark simulations which would justify the use

of the algorithm without the need for a “Complexity vs Performance” tradeoff

when compared to the ABP. Based on the complexity analysis, SER and iterative

convergence rate simulations run in Chapter 4, the bit-level implementation for

the proposed decoding approach and the no transform version of the proposed

decoding approach met the objective of this research.

The symbol-level implementation of the proposed decoding algorithm is presented

in Chapter 5. The limitations presented with obtaining the correct information

set is addressed with addition of low weight parity check equations in the decoding

process. The parity check equations added to the H matrix have the lowest possi-

ble weight that can be achieved at the symbol-level which corresponds minimum

distance of the (n, k) RS code. The parity check equations added through a tech-

nique referred to as the parity check matrix extension. Each parity check extension

matches the size of the original H matrix. The parity check matrix extensions are

able to add some sparsity to the matrix Hε which enables efficient exchange of in-

formation during the voting stage of the decoding process. The decoding condition

is also used as an additional stopping criteria for the proposed decoding algorithm.

The implementation of the threshold used by the decoding condition is slightly dif-

ferent from the bit-level case. The threshold for the symbol-level case is defined

as the minimum number of syndrome check equations satisfied in the syndrome

vector S. Once the specified number of syndrome check equations are satisfied,

the decoding condition assumes the information set is correct and decodes the

remaining the (n− k) symbols. Similar to the bit-level case, the threshold is used

as a measure of confidence by the decoding condition if the information set cor-

rect. Smaller values of the threshold have a better iterative performance but this

may affect the error correction performance of the proposed symbol-level decoder.

The performance of the symbol-level implementation of the proposed algorithm is

benchmarked against the symbol-level ABP algorithm and the symbol-level im-

plementation of the PTA. The simulations are run for a nearly half rate (15, 7)
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RS code and a high rate (15, 11) RS code. For the nearly half rate (15, 7) RS

code, the symbol-level implementation of the proposed algorithm is able to match

the performance of the symbol-level ABP algorithm while outperforming the the

symbol-level PTA by over 1dB. The algorithm is able to achieve this performance

while being significantly less complex than all algorithms used in the benchmark

tests as shown in the complexity analysis. For the high rate (15, 11) RS code,

the symbol-level implementation of the proposed decoder is slightly outperformed

by the symbol-level ABP by about 0.2dB. The symbol-level yields a better SER

performance when compared to the symbol-level PTA. The proposed algorithm

at a symbol-level yields a gain of 1.3dB when compared to the symbol-level PTA.

This SER performance of the symbol-level implementation of the algorithm is once

again achieved while running at a significantly lower complexity when compared

to the other algorithm used in the benchmark simulations. Based on the SER

performance and the complexity analysis presented in Chapter 5, the symbol-level

implementation developed for the proposed decoding approach meet the objective

of this research.

Another objective of this research is to develop a decoding approach that can im-

prove the iterative performance of existing decoders. Work carried out to meet this

objective is performed in Chapter 4 and Chapter 5 for RS codes. The decoding

condition is applied as additional stopping condition for the bit-level PTA, PTAe

and the bit-level ABP algorithm. The decoding condition can be applied to these

iterative decoder due to the row rank inverse properties of the H matrix of RS

codes. The decoding condition is able to improve the iterative convergence rate of

the these decoders. The improved iterative convergence rate does not came at the

expense of a reduced SER performance. For the bit-level implementations of the

PTA and the ABP, the use of the decoding condition is able to maintain the SER

performance while running at less iterations. For the symbol-level implementation

of the PTAe, the use of the decoding condition is able to maintain the SER per-

formance of the algorithm while reducing the number of iterations for the case of

the (15, 7) RS code. For the (15, 11) RS code, the use of the decoding condition

with the PTAe once again matches the performance while significantly reducing
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the number of iterations required to decode the received vector. From Chapter

4 and 5, it can be seen that the iterative convergence rate of the ABP and PTA

decoders are improved, by the addition of the decoding condition, without an any

significant loss in error correction performance. This increases the efficiency of

these iterative soft-decision decoders. The use of the decoding condition as an ad-

ditional stopping criteria also meets the main objective of this research which is to

reduce complexity while maintaining error correction performance of the iterative

decoding algorithms.

A systematic construction for QC-LDPC codes is also proposed in this research.

This was one of the objectives for this research. This was largely in part due to

the importance of the systematic structure for the implementation of the decod-

ing condition. The systematic construction for the QC-LDC code is presented in

chapter 6 and has the benefit of having a less complex G matrix construction.

The BER performance of the systematic QC-LDPC code is also presented in this

chapter. The construction is shown to perform favourably when compared to a

high performance non full rank QC-LDPC construction and full rank constructions

used in WiMAX applications. However the construction experiences error floors

for some code rates and code lengths. More work needs to be done to reduce on

this in order to better improve the performance of the overall decoding process.

In Chapter 6, the decoding condition is also implemented on Belief Propagation

(BP) algorithm. A comparable BER performance is exhibited by the SPA with the

decoding condition to that of the original implementation of the SPA. However,

the iterative performance is only slightly improved.

7.2 Future Work

Work in this research focused on the development of a high performance decoding

approach that runs at a relatively low complexity. The decoding approach work

well, however improvements can still be made. For the symbol-level case, a more
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elegant way to obtain the low weight parity check equations used in the exten-

sions can be devised. There are several further potential techniques that can be

investigated in the selection of the index vectors used to rearrange the matrices

hx such as the use of reprocessing and preprocessing techniques. This would help

in the selection of a more diverse set of vectors used in obtaining the parity check

matrix extensions. This will help improve the performance and efficiency of the

proposed algorithm without a significant increase in complexity.

Research can also be carried out to test the coding gain the bit-level implemen-

tation of the proposed algorithm can attain from using low weight parity check

equations instead of the original H matrix as in the case for the parity check

extensions. To further improve the error correction performance of the proposed

bit-level decoder, at the expense of an increased computational complexity cost,

double decoding techniques can also be explored. The use of a hard-decision de-

coder, in a similar way to the implementation with soft-decision decoders presented

in [6, 69, 91], can also be investigated when applied to the proposed decoding ap-

proach.

For the LDPC implementation, a better implementation of the decoding condition

is still lacking. The current method does little to improve on the iterative perfor-

mance of the algorithm. Research carried out to improve this is sill required. Also

techniques similar to work carried out in [141, 143, 144] should be explored with

the aim of reducing the error floor performance of the proposed systematic QC-

LDPC code. Also Masking techniques [106, 111, 145, 146] can also be studied to

yield a low error floors while decoding. This would aid in significantly improving

the error correction performance of the of the proposed construction.
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