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ABSTRACT

In this research a finite element analysis program was developed for the modelling of general
compresgible Euler flows. An explicit Taylor-Galerkin algorithm was wsed as the flow solver and
was used in comjunction with a flux-corrected transport algorithm in order to obtain high shock
resolution without numerical oscillations and overshoots. The solver was applied o two and three
dimensional geomefries. An axisymmetric extension of the Taylor Galerkin algorithm was also
developed.

For the two dimensional code, a fully automatic mesh generator was implemented which was able
to generate meshes for completely arbitrary peometries, as well as an adaptive refinement algorithm
which pe forms an etror analysis on the solution and refines and coarsens the mesh appropriately
in order to meintain an optimal mesh resolution, T‘;e automatic mesh generator dramatlcally reduced

- problem setup time and tha adaphve refinement hlgonthm reduced compyter time by up to 90%

A number of test cases were performed covering a wide range of compressible flows including *
steady and unsteady flows in air, nsing the ideal gas model, and shocks in liquids, using the Tait

‘model. Within the limitations of the inviscid and real gas assumptions made, accuraie results were
obtained.
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1. INTRODUCTION

The purpose of this research was to develop a computational fluid dynamics (cfd) program for the
modelling of compressible fluid flows. Incompressible flows are not considered in this work as
fundamentally different approaches are generally taken in their analysis.

The major criteri# of this research was that of generality. The program %o be developed had to be
a general purpose tool that could be used to modet an as wide _fange of compressible flow problems
as possible, It was to bé. applied to both steady flow apﬁlicaﬁons, as typical in high speed
aerodynamics, and unsteady flows, as typical in explosive pheﬁomena. All types of geomeiries, two
dimensional, three dimensional and axisymmetric, were to be modelled. One of the most important
eriteria was hat the code had to easily be able to handle complétely arbitrary flow geometries,
possibly with curved and interior boundaries, that is with holes in the domain. This criteria arose as
many existing codes have difficuity handling complex geometries due to the fact that these schemes
are based on structured prids which do not readily accommodate arbitrarily complex flow domains.

A fairly unique application that was also of interest was that of modelling shock wave phenomena
in liquids™2, Liquids are usually modelled as being fncompressible but liquid shock wave phenomena
are the result of the compressibility effects of the liquid and hence in this case have to be taken into
account. The program therefore needed to be able to model different mediums, requiring the use of
different equaticns of state. Tupically gases are modelled using an ideal gas equation of state and
compressible liquids are mo..iid using the Tait equation of state?.

As it would not be practical in the context of this work o develop a code that cuuld handle every
possible compressible flow situafion, certain limitations were made. The most fimdamental
assumption made was that viscous effects would be neglected, that is, the fiow is inviscid. This is
a widely used assumption when modelling compressible flows mainly because visccus effects tend
to play a less dominant role than in incompressible flows. This is especially the case in highly
transient problems where boundary Iayers and viscous vortices do not have sufficient time to
develop. Another simpiification made for modelling air flows is the assumption of ideal gas
behaviour. Gases at higher pressures and temperatures fend to deviate from ideal gaz behaviour, at
which point some form of real gas model would be more appropriate.
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The equations that describe the above iﬂvisd: v""'*gressibie flow problems and hence for this wotk
need to be solved, are the compressible Enler eguations.

1.1 Namerical Solution Schemes
There are a wide varicty of schemes available for solving the compressibie Euler equations. A brief
review of some of the families of techniques is given below.

Finite difference methods were at one time the most widely used schemes and due to their simplicity
are still popular. These are structured schemes ‘based on an orthogonal grid of points. Typically, |
central é}ifference approximations are used fo appreximate the space derivatives and a Taylor series
used to approximate the time derivatives, Scheme: include those of MacCanna;ks, which was the

"standard scheme during the 1970s, and the more modern implicit scheme of Besm and Warming”.

Finite difference methods, primarily due to their orthogonal erid structure, are relatively simple to
implement and generaily computationally efficient. Their main mitation, which is also due to their

. o:'ﬂlogona] grid structuce, is their inflexibility in accommodating complex geometries.

Finite volume schemes® are unsiructured schemes which are based on a mesh consisting of triangufar
or quadrilateral cefls in iwo dimensions and tetrahedral or hexahedrat cells in three dimensions. With
this approach the conservation laws in integral formulation, that is, in the form of the Re)mclc.l.’s
transport theorem, are discretised directly ifito physical space. These schemes to some extent involve
a more physical interpretatioﬁ of the compressible Euler equations as opposed to a purely
mafitematical approach, Typically the flow variables are approximated within eack: cell by 2 constant
or linear discontinuous interpoiation while fluxes are evaluated on the boundaries of the cells.

Spectral methods® are highly regarded for their ability to resolve fine flow features and are frequently
applied fo incompressible flow problems invzlving flow instability and turbulence. These are high
order methods which usually use & Fourier trigonometric or Chebyshev polynomial series to
represent the solution. Their application to compressible flow problems have been limited primarily
due to their poor resolution of disconinuities. Improving this is a current field of research’ but these
tockniques have not yet reached the stage of development where they could be considered as a
practical method for solving general compressible flow problems.



Finite element schemes® are unstuctured schemes originally developed for structural analysis and
later applied to general field problems. Essentiafly the domain is divided into discrete elements, as
in the finite valuige case, with the flow variables being approximated by an interpolation polynomial
within~Zach element, typicaliy for compressible flow calculations a Linear interpolation is used,
thtr;-gh for other types of problems higher order interpolations are nermal. The differential equations
ere then cast into a weighted residual or variational form. Major advantages of finite element
Schcmes are theiv ability to accommodate complex geometries and their natural handiing of boundary
conditions, both of which are frequently problems in other approaches. The finite element approach
has to-a large extent become the de facto standard for modelling problems in structural mechanics
and is becoming increasingly popuiar in fluid mechanics.

Structured schemes can be applied to complex geomeiries through various methods, One technique
is 1o cover ﬁﬁyhole.region with a grid and then to delete sections of the grid which fall ouiside the
ﬂowz'démaiﬁ.- Difficulties then arise with cells that lie on the boundary and must then be only
partially deleted’. Another approach is to subdivide the domain into blocks, possibly curved and
distorted if necessary, and then mapping the structured grid into each block. This is typically referred

to as domain decomposition or block structuring’, Examples of domain decomposition schemes

include spectral element schemes", which are based on the spectral methods described above, ad
chimera overset schemes™ where different blocks, instead of having to be adjacent to each other, are
allowed to overiap, A third approach is to derive the scheme in terms of generalised orthogonal
coordinates’™ which are more readily adapted to curved boundaries than rectilinear coordinates.

While it is possible to apply structured schemes to inodel arbitrarily complex geometries, using these
schemes in this context can be complicated and tedious. Further development in structured schemes
are necf‘:ssaty if they are to become widely used for complex geometry problems In order to avoid
these difficulties it was decided to use an unstructured scheme as the basis for this program. Both
finite volume and finite element schemes, both being unstructured schemes, were therefore
considered as possible candidates for implementation. Both schemes appear equally competent in
modelling compressible flows and both approaches could have equally well fulfilled the criteria of
this research, The finite element method tends to be a more mathematical approach whereas the
finite volume method conld be regarded as a more engineering type approach. The finit~ element
scheme was chosen but this would have to be regarded largely as a decision based on personal
preference rather than any strictly objective criterion. '



There are three main families of finite element schemes that have been apﬁlied fo compressible

flows, least squares™, Streamline Lipwind Petrov Galerkin (SUPG)* and Taylor-Galerkin'™

s(hemes. While all of these are applicable to both transient and steady flows there has been very
little research on the application of least squares and SUPG methods to transient flows, The Taylof?

Galerkin method has been appiied extensively to both steady and unstead& flows and it was on this

basis that "¢ it was chosen. An existing axisymmetric version of the Taylor-Galerkin algorithm was
not found w0 an axisymmeiric extension of this algorithm is derived in this work.

Ore of the bigges: roblems encountered in virtnally all numerical schemes when modelling
compressible flows, is the existence of numerical instabilities and overshoots in the presence of

disconfinuities, for example shock waves and contact discontinuities, in the solution which eventually

cause the entire solution to become unstable. These instabilities are typically stabilised by adding
ificial viscosity or diffision to the solution, resulting in the discontinuity being smeared over
4everal elements. In order to maintain stability while maintaining high shock resolution the Taylor

" Galerkin algorithm is used in conjuaction with a flux-corrected transport (FCT) algorithm®%.

Another choice that oeeded o be made was whether to use either an explicit or implicit

implementation of the algorithm. For & single time step, explicit implementations are¢ by far more
efficient but are sabject to a very stringent étability criterion which limits the magnitude of the time
step that can be used. This criterion is based on limiting the distance any wave can propagate to
some proportion of the smallest mesh intervai, essentially & wave must not be abie to jump over any
element during g time step. Implicit implementations require the solution of a matrix system of
equations and are therefore computationally more expensive, but the restriction on the size of the
timestep is removed. Certainly in highly transient problems, due to the rapid change ! the solution
with respect 1o time, it order to maintain time accuracy a very small time step would have to be
used anyway, so the stability criterion is not a serfous restriction. When using the algorithm to time
step the solution to steady state the restriction is more limiting but not seriously so as high speed
flows tend to converge rapidly to steady state. The areas where explicit algorithms would be
seriously limiting would be in the handling of viscous fiows where viscous boundary iayers and
vortices take some tir o develop and a stability criterion based on wave propagation speeds would
be totally inappropriate, Implicit implementations of the Taylor-Galerkin algorithm do exist?’, but
for the Euler flows at were to be modelled an expiicit algorithm was considered to be more
appropriate. "



1.2 Mesh Generation

All numerical schemes require some form of grid or mesh to cover the geometry. The Taylor-
‘Galerkin scheme implemented uses a triangular mesh in two dimensions and 4 tetrahedral mesh in
three dimensions. This is not a fundamental requirement as it is possible to nse quadrilateral and
hexahedral elements. Manual and semi-automatic methods of generation of the finite element mesh
is time consuming and tedious creating difficulties similar to that encouniered when using structured
schemes. The most common ;nethod of mesh generation is the use of parametric mapping
techniques™®, This requires the user to divide the flow domain into arbitrarily shaped quadrilateral
(two dimensional) or hexahedral (three dimensional) blocks which the mesh generator then
subdivides into finite elements. However if this approach is used, not oaly is it time consuming for
the analyst setting up the problem to subdivide the domain into blocks, but then the justification of
using an unstructured scheme iz lost as a structured mesh could then just as well be used within each
of the quadrilateral/hexahedron blocks. '

1t would I‘g_uwevér be desirublz for the analj(st just to defive the boundaries of the domain and for
the mesh generator to automatically generate the triangular mesh. Two approaches used to do this
are Delauney triangulation® and the advancing front method®>** which have both been applie:é'-;. to
the generation of trianguiar and tetrahedral meshes. Delauney triangulation requires an existirféket
of nodal! coordinates which it then triangulates. The advancing front technique generates nodéé and
elements simultaneously which eliminates the need for a separate algorithm for the creation of nodal
points. The advancing fromt algorithm has also been widely used for the creating meshes for
tompressible flow problems and to the Taylor-Galerkin method in particular #nd was chosen on this
basis. This does not mean to imply however that Delauney triangulation is inappropriate for these
type of problems.

Automatic mesh generation was only applied here to the generation of two dimensional triangular
meshes. Although three dimensional versions of these mesh generators do exist® ' which generate
tetrahedral elements, they were not implemented in this work. Instead the parametric mapping
approach described in Zienkiewicz***" was used to generate the three ditnensional tefrahedral meshes,
This was chos~n purely on the basis that it is easier to implement as it does not appear to have any
other advastages,



1.3 Solutfion Adapfive Meshes -

If a computationatly efficient algoﬁthm is wanted, having optimal mesh resolution becomes
necessary. The mesh needs to be finer in areas of rapid changes in flow variables and ideally coarser
elsewhere, If the mesh is not fine ep~ugh in areas with features with steep gradients, these features
will not be adequately resolved. if the mesh is too fine iix areas where the flow is staooth, that is
where gradients are small, a lot of computational effort is wasted on the excess elements. In general
for these types of probiems it Is impractical for the analyst to fry to create and maintain an opiimal
mesh. In addition, with transient problems where the solution changes continually no single optimal
mesh exists. Typically the usual approach it fo use a uniformly fine mesh over the whole domain,
in an attempt to obtain the desired accuracy, despite the fact that this is computationally expensive.

The geneal appraaéh behind solut w adaptive meshes is for the compirter to determine the optimal
mesh resolution and to automatically adapt the mesh accordingly every few time steps. The optimal
resolution is determined from an error analysis that is performed on the solution at the current time
étep. There are two main approaches of adapting the mesh. One is fo use the aufomatic mesh
generator which created the initial mesh to remesh the domain™ ***, with thel\'.size of each element
created being calculated based on the error on the previous mesh. The other approach is the adaptive
refinement™ approach which refines the mesh by subdividing existing elements into smaller elements
and possibly coarsening it again at a later stage. A third possible, though not widely used, approach,
is the r refinement method® where a mesh is stretched and distorted, without increasing the oumber
of elements or nodes or the way they are connected, m an attempt to create an optimal mesh
distribution. This approach however has not proven to be very flexible.

The computational expense in regenerating the entire mesh is considerably higher than subdividing
elements in the initial mesh into smaller elements. Though implementations of automatic mesh
regenetation have been developed specifically for transient problems®* where only the appropriate
sections of the mesh are regenerated, it has problems with accurately interpolating the solution from
the old to the new mesh. Automatic mesh regeneration however has been very succesefully used in
steady flow problems when the mesh is only regenerated a few times and as only the converged
solution is of interest, loss of accuracy in interpolating the solution betwecn the old and the new
nieshes is not serious: Adaptive refinement techniques, however, are fast and have been démonsh'ated
to work well with both transient and steady flows. The adaptive refinement algorithm of Léhner™



was chosen havmg successfuﬂy ’been apphed to smular flow problems to thdke which were nf
mterest here.

Using an aufomatic mesh generator in conjunction with some form of avtomatically adaptive mesh
has the advantage of reducing the analysts role in the solution process. Ideally, the analyst should
only need to suppfy the minimum information necessary to define the problem, with the computer
handiing th: meshing and solution details. This approach, essentially treatiﬁg the solver as a 'black
box’, into whick a problem is put and a solution obtained without further intervention by the analys,
is taken with the two dimensional code implemented in this work.

1.4 Thesis ontline

The topics in this thesis are dealt with in the same geneml order that they are trented in this
introduction. In chapter 2 the Taylor-Galerkin algorithm 1s described and its extension to
axisymmetnc flows and liquid shocks derived. The advancmg X‘ront automatic mesh geperator is
described in chapter 3 and the adaptive refinement algoritim in chapter 4. Algorithm logic is
emphasized and programming details minimised in these chapters. Cotaparisons of numevical resulis
with analytical ard experimental results are performed ia chapter 5 where the application of the finits
element code to general flow problems is also demonstrated. In Appendis A, all the finite clement
equations used in the program are integrated and expanded into fisll matﬁx form. In appendix B,
auxiliary algorithms such as contour plotting and three dimensional viewing are describex.

-
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2. FINITE ELEMENT SOLVER

2.1 Iniroduction

The finite element solver used in this work is an explicit Taylor-Galerkin pmcedufe originaily
developed for convective transport problems by Donea' and extended to non-linear hyperbolic
equation systems by Lohuer, Morgan and Zienkiewicz" who later applied it specifically to
compressible Euler flows". A slightly modified version of the Teylor-Galerkin algosithm was applied
to three dimensional compressible Euler problems in Peraire et al’, which is the implementation
used here for both the two and three dimensional problems. An implicit version of the Taylor-
Galerkin algorithm is described in Hassan et al®!,

The basic approach of the T aylor—Galerkin._. algorithim is to discretise the hyperbolic equation system
in space using a Galerkin weighted residual procedure and to discretise the equations in time using
a second order Taylor series. In the implementation of Peraire et al'® used here, the Taylor series is
replaced by a central difference approximation, however the effective change in the algorithm is
minimal and it is still regarded as a membar of the Taylor-Gajerkin family of algorithms.

In this chapter the Taylor-Galerkin procedvre is derived and extended to deal with axisymmetric
flows. The use of the procedure in conjunction with the Tait equation of state is also described. The
Taylor-Galerkin scheme, like al high order schemes, will experience Gibbs like »sciflations and
overshoots in the vicinity of discontinuities, It is therefore used in conjunction with a flux-corrected
transport (FCT) algorithm®® which is used to stabilise the solution in the vicinity of shocks while
still obtaining high shock resolution.

In appendix A all the finite element equations in this chapter are integrated and expanded into full
matrix form,

2.2 The Compressible Enler Eguations
The compressible Euler equations for inviscid compressible flow in three dimensions, a hyperbolic

system of equations, can be expressed in conservation form, wsing the summation convention, as
follows |



o

e iy i=1, 2, 3 1
% i=1, 2, 1)
where x; is the coordinate direction and
61 [ ox,
pH, i, + pby
U = [oly] F, = |pust; + py " @
Py pug; + pds
pe] | #(pe + p) |

where 5 is the Kronecker delta, u, , u, and u, are the fluid velocities in each coordnmte direction,
p is the pressure, p tﬁe density and e the specific internal energy. The first row in the above system
of equations is the conservation of mass equation, the mext three rows are the conservation of
momentum equations for each coordinate direction, and the last row is the conservation of energy
eguation. U is the vector of conservation variables for which the system is solved. The two
dimensional Euler equations are obtained simply by leaving out the third momentum equation and
summing i from 1 to 2.

The above set of equations is completed by an equation of state, from wh'ch the pressure (p) nthe

conservation of momentum and energy equations is calculated,
2.2.1 Equations of state

For compressible flows in air, the isentropic equation of state for a ideal gas is

L (f}.]? | 6]
5 £y :

where vy is the ratio of specific heats (y = 1.4 for air). The ideal gas equation of state can also be
expressed as



%

which for use with the compressible Enler equations in the above form is more

appropriately expressed in terms of the conservation variables as follows

p={ = ple - %uini) ()

The isentrdpic equation of state for liquids can be written in the following form known as the Tait

equation of state'?,

"P:*Bm[fg)" | ®)

.pl+B,.- Py

where B and v are empirically determined constanis. It must be noted that v is no longer the ratio
of specific heats as in (3). It can be seen that the Tait equation of state (6) is obtained from the

~ perfect gas equation of state (3) by replacing p by p* defined below

pl"=p " B . Q)

In va"ss;ent:e:-ﬂ:«ér Tait equation is obtained by adding an offset pressure (B) io the ideal gas equations,
The Tait equation is therefere assuming that a liquid behaves like an ideal gas at very high pressure.
This substitution can be made in any equations derived using the perfect gas equation of state to

- convert them to Taif equation models.

Equation (5) then becomes
P'=p+B=(1 - Dple - 5um) ®

By using the equation of state in the above form, all the substitutions for pressure are automatically
performed in the Euvler equations. It is therefore possible to perform simulations using the Tait
equation without making any modification to any of the equations or the solver as Iong as the initial
conditions are calculated appropriately.

10



2.3 Finité Element Discretization

‘The finite element discretisation of the above system will now be described. Equation (1) is cust in
a Golerkin weighted tesidual form® |

au _ 9F | | .9
fn(a: ax)Ndn = 0 .

* where the integrations are performed over the element ‘area and N; are the finite clement shape
functions, which in Galerkin formulations are also used as the weighting functions. Applying the
Gauss divergence theorem to (%) : '

Y

s N do = | fn-.i a2 - [FaNar (10)

where the integrations over I are performed over the boundary and n, is the unit cutward normal to
the boundary. From here on, the following finite element interpolations ave used for U and F,

U=UN,, F =F{UN, | | an

Substitoting these into (10) :
;k dr = [ F,—!dn [ Fadgr (12)
where M, , the consistent mass matrix, is defined as

= anijdn (13)

A centra] difference approximation is then applied to the time derivative. In previous versions of this
algorithm'™"’, a second order Taylor expansion was used instead,

11



U“l+1 aN, m—% r 14
Mtk fF dn-fF, nNAT | a9

The consequence of this central difference approximstion is that the fluxes now need to be evalvated
at time n+1/2. For this to be done, an approximation to the solution at time a+1/2 needs to be
evaluated. The following approximation to 5U, the half timestep solution, is obtained by substituting
the partial derivatives of U in equation (1) with differentials. o

~Ap OF, ' .
su = ~hEf | (15)

where 5U, is constant actoss each element and discontinuous between elements. A piecewise linear
discontinuous approximation to U™ js then obtained as follows '

+l :
U7 - un s 8y, #6)
The values for the fiuxes to be substituted info equation (14) are calculated using the above value:

1 1
Bt n+— 1

This imp'ementation of the Taylor-Galerkin procedure is referred 1o as a two step algorithm, since
the solution is obtained in two main steps, first an approximation of the solution at time n+1/2 and
then the evaluation of equation (14) which will give the solution at time nt1.

Once all the integrations have been performed, equation (14) can be assembled in the following

mairix form :
MyAU, = RHS, (18)

This being a fully explicit algorithm, this system is never assembled to create a full matrix equation
system but is solved explicitly and iteratively as follows

12



(MYAU] = (3 (RHS, - (M, - MD AU, | (9)

where t is the iteration number with T° =9, subscript § represents assembled nodal quantities and
subscrip! e represents unassembled element quantities, the so called element contributions which are
referred fo fater in the flux-corrected transport algorithm. M; is the lumped mass matrix which is
obtained by summing up each row of the consistent mass matrix and assiguing this value to the
diagonal. Essentially the elsment contributions are calculaied on an element by element basis
{represented }3} the right hand side of the above equation) and then assembled into the solution

. vector. Thiz pmcess ie repeated for each iteration. Three fierations are performed when time accurate
solutions are nieeded for transient problems but when only the steady state solution is of interest, only
onz iteration needs to be performeid.

2.4 Axisymmetric Implementation

fn cases where 'boih the domain geometry and the flow conditions are axisymmetric it is convenient
to represent this essentially three dimensional situation in two diensions by only modelling 2 plane
through the axis c;f symmetry. It must be emphasized that the axisymmetric assumption can only be
used when the flow is also axisymmetric as an axisymmefric geometry can have non axisymmetric
flow éunditions, for e;cample, a cone inclined at an angle to the flow. It is then necessary to add a
sourct; term to the Euler equations to compensate for three dimensional effects, essentially as the |
. fluid flows outward axially the expansion of the flow must be taken into account, An axisymmetric
implementation of the Taylor-Galerkin algorithm was not found, but fortunately it is easy to medify
it to accommodate extra terms in the hyperbolic equation system. The axisymmetric! form of
equation (1) is written

o, Es " @0
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s--4 ™ an
r} pv? !
pe + p)

. inthe aﬁavg essentially 2D set of equations the X axis is the axis of symmetry and the y axis is used

T,

a5 the sadial axis and v is the fluid velocity in the radial direction. As can be seen above, the scurce
term IS only. gon zero when the rédia! velocity is non zero. The source term is also inversely
proportional to iﬁﬁ--&!is_tancc ﬁ'ém the 't.adius. The finite elemeni formulation follows similarly to
before, Applying the Gatetkin weighted residual formulation to (20) gives

ffaU -&.--s]zvda 0 L | @

Applyin_g the Gaoss dwm*genw thesirem gives

aN .

- 23
s N 0 = ) Fqé da - [FpNgT + [ SNdQ (23)
The deriiatiops follow similarly to those in section 2.3, the axisymmetric form of equation (14) then

being

t

o U:dn._ U: m...;'. ah} m~—- 24
Myt ot = an,. Edﬂ - fT F, n,for f S; *Ndo 24

The axisymmetric version of (15), the first step of the algorithm, is then

oA (%
8U, = ZAt[axl ] 25)

The rest of the algoritlm proceeds as before to the two dimensional implementation, Using the above
formulation, axisymmetric geometries can be treated as twe dimensional geometries with the x axis

being used as the axis of symmetry and the y axis as the radial direction.

14
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25 Stability Criterien

e
L3

This aigorithm, being fully explicit, will be sub_lect‘io a Courant type stability criterion® which limits
the atlowable tmxestep, preventing the solution ﬁnm.heuammg unstable. Thir- \stabll:ty cn&enon
effectively hmlts the distance over which a wave can propryrat paty diring any time swp The follow? g

-equition must he satisfied for every element for stabdltv : _ i

o

ge T

[ S ———

(26}
V3(Jug+e)

where h, is the smallest side length of an element and B is a safety facter which is normally set to
8.4 for transient problems and 0.9 for steady/state problems. It is possible, perticularly during
iransient problem:s for flow conditions to change resulting in changes in the stability of the sofution.

Clt is therefore appropriate fo regularly calculste the timestep throughout the simulation. This is
" ustually done every five timesteps afier the mesh has been adapted.

2.6 Boqndary eondiﬁﬁlys

i

fn this algontlml 'the bmmdaxy conditions are appher‘ in 2 weak form through the beundary integral

. of {(14).:The eﬁ’ect of the boundary integral is to corl.....dn the flow variables on the boundary to the
 values specified by U™ calculated in the first step. The value of U™ used in the integral is

ey

corrected for solid boundaries by applying a linearised characteristics analysis™ .

At a solid wall the normal velocity is prescribed fo be zero. The characteristics analysis provides the
following predictions for pressure and density at a solid wall :

VY = 0

v, = v,p . '

pc = PP + vnppc (27)
- p

P =Py ¥V, "
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~ Subscripts n and t represest normal and tangential directions respectiveljf and subscripts p aﬁd c
_vepresent predicted and comected values respectively. For fiee boundaries used for inflow and
outflow, no modification is made to the value obtained for U™ from (16). If it is desired for a

bdundary to be constrained, it is only necessary to assign the appropriate values for U™ Note that
the rﬁndiﬁed_rvalﬁqé of U™ ars only used in the boundary integral.

3]

-

%7 Fh;;x-pomcted ‘Transport (FCT)

The Taylor-Galerkin algorithi, like most numerical schemes, nas difficulty in the vicinity of

s discontinu'itigs_ ‘in ‘the solution. Typically overshoots and oscillations will develop at the
o disemiti;miﬁé pventually causing the solution to become unstable and break down. The traditional

apprqich of dealing with this is to add diffusion or aitificial viscosity to stabilise the solution. This
is efi‘egtive but hasthe effect of smearing the discontinuity over about 6 to 9 clements. Oue approach
o _stabilisiﬁg the solution while stili maintaining high shock resolution is the flux-corzected transport

{FCT}algorithm originaliy developed by Boris and Book™** and multi-dimensionalised by Zalesak®.

Tt was applied to finite element computations in Erlebucher™® and Parrot and Chyistie™. It was further

* developed by Lohner ot al®* whose version is applied here.

The principle behind the flix-corrested transport algorithm is to combine two numerical schemes,
a low *cler scherre (of which Godunov’s scheme is a classic example) which has no numerical
overshodts or oscillations but a smeared shock, and a high order scheme with a high shock
resc¥ 77 but with numerical oscillations and wvershoots in the solution. The combination is
perf‘o;;aed in such 8 way that where numerical oscillations occur in the high order solution the
combin;tion is biased towards the low order soluilon but elsewhere the combination is biased

towirds the _high order solution. Essentially the diffused iow order solution is only used to the extent

that is necessary to stabilise the solution. The logic by which it predicts & numerical oscillation is-

by presuming that any osciflation in the high order solution that is not in the low order solution or
in the solution at the previous timestep (U") is numerical. The flux-corrected fransport algorithm is
able to capture a shock within two elements without numerical overshoots,

The high order scheme is simply the Taylor-Galerkin scheme described above and the low order

scheme is essentially the same scheme only using a lumped mass matrix when solving the matrix

16
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equatmns and with mfﬁlswn added. The low order solution thereff)re does not accurately resolve
dlscantmmtres but this is compensated by the hlgh order scheme.

2.7.1 Tﬁe low order scheme

The low order Taylor-Galerkin scb’éme used by Lokner® is expreésed as follows

F”‘ UL RES + DIFF / | | (28)

//

where U' is the 107 ér Sg;lltlﬂll and

DIFF = ¢ M, -/M)U" . @29
. f ___,f’t ; .
when__:{/c,} s t};’b_&lfﬁ:sion coefficient. The low order solution can then be calculated gs follows

.-'

w;, /ﬁa {Z (RHS + c /M, - Mp,U]), S (30)

In/élmre et al® a slightly more sophisticated diffusion model is used

/
/”'"p;FF = ¢S M, - M)U* 3D
5
f/ '
7»"/ where S, is the average value of the nodal values §, (calculated below) for each element (S, and §;

f’ being unrelated to S, the source term uvsed earlier).

12 M, - Mp, |;

S = (33)
‘ (E |, - Ml)e o

8, represents the degree to which the nodai value represents a local extremum and varies beiween
0 and 1. The main difference between ithese two diffusion models is that the factor S, has the effect
of concentrating the diffuosion st extrema i the soluiion and limiting it elsewhere. It can be regarded
as a diffusion limiter. However as this model is used in conjunction with a FCT algorithm which in

17



effect remove excess diffusion thié factor would presumably be redundant. Both these models were
tested with the FCT algofithm andno difference in solution was observed. As the first diffusion
modei i3 computatmnally quicker it wae used for all the tests done in this work, However if 2 FCT
alg,amhm was not being used and diffusion was used on its own to stabilise the shock without being
wsed in conjunction with a high resolution schere, the second model would give better shock
wsolgtion.. - '
In this work, a diffusion coefficient value of ¢, = 1.5 was used. The va!ut: \.:dels not critical as
ong as it is sufficient to suppress nimerical overshoots and not excessive as to cause the solution
w break dewn. As long us the coefficient is between thesé extremes, variations will not be
obser\«abie in the final solution as the flux-corrected transport algorithm effectively eliminates excess
ditfusion in the {ﬁw order solution by biasing the solution towards the high order solution,

In the following algorithm, reference is made fo the element contributions which are the unassembled
* element solutions from the higﬁ and low order schemes. The- flux-cotrected transport algorithm
~consists of the following steps : i '

272 The F

L | Compﬁzte_the high order element...f:.ontﬁﬁutions (HEC} using the high order sckeme (U).
2. ‘. Compﬁte low @er element contributions (LEC) from the low order scheme (UY).

3. Compﬁte the antidiffusive element contributions (AEC = HEC - LEC).

.4... Limit the AEC" :

AEC® = CAEC

5. Add the limited anti-diffusive element contributions to the low order solution obtaining the final
solution :

18
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The crucial part of the algorithm is the calculation of the limiter C,. The limiter is based on one or
‘4 combination of the solution variables. Here two limiters were calculated based on
~p and pe, The final limiter used is the minimum of the two limiters.

'C, = min (Cp', ¢

f‘imt a value is calculated representing the meximum and minimum values the chosen solution -
variable is allowed to reach at a node for ro numerical overshoots {o appear in the solution. For any
-node this value is determined hy the maximum value of both the solution at time n and the low crder

~ solution at time nt+1 of all the nodes surrounding that node.

U™ = max(U}, UD)

U™ = min(Uy, U l_x

The maximum and minimum nodal value of each element is then calculated

U:n‘ L= max(U A UB’ resey UN)
USSR = min(U,, Up o Uy

where A, B s s N are the nodes of clement e.

U;m = mﬂK(U;n“, z‘nug LA L] ] U,;nl')
U™ = min(U, UFS, .., UM

where 1, 2, ...., n repregenis the elements surrounding node i.
The value U™ and U are the maximum and minimum of the Jow order and previous solution of

all the nodes surrounding node i. They represent the maximum and minimum values respectively that

the solution is allowed at node i to achieve without introducing overshoots into the solution. The
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limiter which limits the anti-diffusive element contributions so that these values are not exseeded
is catculated below. i 5 '

The following pﬂrmnetgrs need to be defined ;

_ - _
P, is the sum of all pasitivchi%gative antidiffusive element contributions to node i
B : . . . \:;:] .
P’ =X max(0, AEC)
¢ .
P, =% min(0, AEC)
_ ¢ -
v-“’_ "Qi\_,is themaximum incmﬁmnﬂdecrement that can be added to the low order solution without creating
" overshoots/undershoots.

Q=Y -
oy

A matio R is obtained which is the ratio of allowable AEC to the originalfly calculated AEC (step 3).

& #

ifPFr>0and PP<0

" R* = min(1, Q*/P*)
R" = min(1, Q7P

else if Pr=0and P =0

R-l-
R-—

0
0

on

where R is the ratio ﬁf the aliowable AEC o the actual AEC,

Finally
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. C, = min(elemens ‘nodes){R"

»fAEC > D
R ,{AEC <O

The limiter C, limits the antl‘dxffuswe element conmbutlons such that no overshoots are obtained.
From experience in this work, it has been found Ib{it while this successfully stabilises the solution,
still some nen physical pumerical oscillations are found in the solution, These are very small
{typicallg"“‘zin the tegion of 1 - 2% of the solution) however contour plots are very sensitive to such
usclilatmns and thes may commonly be see\q in diffraction patterns. The following modification is
therefore proposed whlch biases the solution Yightly more to the low order solution

4
C =hC

where k is typically set to 0.95 - 0.98. C,, is then used in piéce of C, 'in step 4 of the flux-corrected

Ftransport slgorithm. This has been found fo minimise numerical oscillations without affecting

reselution too adversely.
2.8?Steady and Unsteady Solntions

A steady state solution is obtained by first setting the initial values of the solution to freestream
conditions and then using the transient algorithe  to conmverge the solution to steady state. The
solution is considered to be converged when the maximum density change at all nodes over one
timestep does not exceeds a certain tolerance. For most of the problems solved here, this tolerance
was- set t0 0.5%. This was found to be a compromtise between accuracy and excessive computational
time to converge to this tolerance. As an accurate transient solution is not required when converging
to steady state, B in the stability criterion (26) is set to 0.9 as opposed to 0.4 and only one iteration
of the matrix solver is performed as opposed to three iterations.

Unsteady solutions, generally involving a normal shock impinging on some geometrital feature is

obtained by dividing the domain into two regions, a pre shock and a post shock region, The initial
conditions before and after the shock are then defined within each region.
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3. AUTOMATIC MESH GENERATION

3.1 Introduction.

A fully automatic mesh generator was implemented for the generation of two dimensional triangular

mesies. The primary purpose of automatic mesh generstion is to reduce the amount of data input
that the analyst has to perform. All the zmalyst has to do when using an automatic mesh generator
is to describe the boundaries of the domaia to be meshed, specify the desired mesh resolution and
the mesh generator will then proceed o subdivide the geomotry into triangles of the specified size.
Automatic mesh generation is more than just & hoxury, If optimising algorithms in an aitempt to

_reduce computer time is a subject of intense research, reducing operator time, which nowadays is

c@siderabl}r more expensive, should be considered as af least as important.

Two of the most widely used approaches for automatically generating triangular meshes are
Deleuney triangulation® and the advancing front method®®*, The Delauney approach triangulates
an existing set of nodal points in a consistent and unique manner, that is, for a given set of nodal
points, there is only one valid Delauney trianguiation. The advancing frent method, a more heuristic
approach to mesh generation, was origihally developed to triangulate an existing set of coordinates™
but later it was modified to create nodes concurrently with the generation of elements®, Either
method could have been used, but the advancing front method was chosen due to its ability to
generate nodes and elements concurrently, avoiding the need for a separate algorithm for the
generation of nodal points.

3.2 The Advancing Front method

In this work the advancing front algorithm of Peraire et al® was used. In this paper, the algorithm
was used for adaptive remeshing but in this work it was only used to create the initial mesh. The

procedure starts with the creation of a generation front. The front is a set of line segments initiaily

forming the boundary of the domain and Iater, once the generation of elements has begun, forms the
boundary between the elements already generated and the region still to be meshed. The front is
hence updated after the creation of each new element, Segments from the front form the base of new
elements to be generated. The front advances into the domain until the region is completely meshed
and the front vanishes.
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This routine is used to creats a uniform mesh with the average element side length = 8. However
this is not a fandamental restriction of the algorithm. The algorithm can be used to generate meshes
wherg 8 varies thronghout the mesh, which is app_ropriate when adaptively regenerating the mesh.

The pmcedilre pmceeds basicatly as follows :

(1) The boundacy curves a.re.divided into a set of line segments each equal in length t0 5.

2 A segmelﬁ from the genemion front is selecte ! to form a base for a new element.

(3) A list of nudeé is created representing possible connectivities that can be used to form a
triangular élement with that base. This list is ordered preferentiaily such that the node that

represents the best possible connectivity is first in the list.

{4) A validity check is performed on each of the potential elements that can be created using the
nodal list, The first node in the list that forms a valid element is used to create a new element.

(5) - The front is updated. If at this point the front is empty, the process is complete, otherwise the
procedure goey ' ack to (2)

{6) The completed mesh is smoothed in order to improve the shape of the elements,
3.2.1 Creation of the initial generation front

The boundary of the domain is described by the user by a set of linear, quadratic and cubic
parametric curves. The traditionsl finite element parametrisation® of the curves are used, so that ali
the user has to do to define a cubic curve for example is do give the four coordinates which the
curve interpolates. A boundary code (solid wail, farfield) is supplied by the user for each curve
which the mesh generator Iater applies to the clements generated along that curve.

Bach curve is divided into directed line segments, each segment having length 8. The way each line

segment is directed is important. The algorithm uses each front segment as a base of a new element,
The aigorithm needs some way of determining on which side of the line segment an element needs
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to be created, remembering that what is obvious to the human observer is in no way obvious to the
computer. The computer determines this by always generating an element to the left of the directed
line segment when facing in the direction of the line segment. This can be seen from fig 3.1, The
line segments are tﬁ_eﬁfo:e directed so that on external boundaries they go anticlockwise around the
geometry and on intcnal boundaries, that is holes in the domain, clockwise. If this were incorrectly
done, the mesh g_eneratof could stari generating elemenis on the exterior of the domain, or on the
interior of what are supposed to be holes in the domain. In ali the figures in this chapter, the
- direction of each front segment are indicated with arrows. ..

3,2.2 Selection of a front segment

One of the front segments must be selected to form the base of a new element. When elements of
different sizes are ﬁeing created, the smallest segment is usually sclected (this prevents large
elements crossing the path of smaller elements). As only uniform meshes arc of interest here any
segment can be chosen, It is convenient, purely from the point of view of data management, ic sﬁecE
the last segment recorded in the front.

3.2.3 Creation of 2 nodal Lst
In this step a list of nodes are ¢reaied each of which represent possible connections in oxder o
generate & triangular element using ﬁze previously selected front segment as a base. The nodes wre

listed in order of preference, so that the first node in the list is the preferred node,

Rirst an ideal node C is oreated (ﬁg 3.1). This is a node such that the length of each of the new
element sides that could potentially be formed with this nods is equal to 8. Then a list of nodes from

the front within some radius r (r is typically = 8) of C is created and ordered such that the first node

is elosest to C. The node C is placed at the head of the list unless

AN, <15832nd BN, <158
where A and B are the nodes of the front and N, is the first node in the list, in which case C will
be placed second in the Jist, This means that the ideal element is the preferred element unless there
is an existing node that can be selected that will form a well shaped element (prescribed by the
above condition). As one proceeds down the list, the elements created will be progressively distorted
from the idea.
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Figure 3.3 Updated front - existing node selected
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3.2.4 Validity check

Before an element can be created using one of the nodes in the above list it has to pass a validity
check. This is to epsure that any ¢lement created does not intersect any other existing element in the
mesh (though element sides are naturally allowed to coincide, see fig 3.3). The validity check is
performed by checking whether any of the two new sides created do not intersect any side of the
front. (Fig 3.4) This is adequate because none of the sides could intersect any other element without
passing through the front, the front being the boundary between the unmeshed region and gener: “ed
elements, Only intersections are forbidden. Nodes and element sides ave allowed to coincide. Tﬂe
first node which passes the test is used to create the new clamont.

Figure 3.4 Invalid clement infersecting front

. 3.2.5 Updating the front

Once a new element has been accepted and created the front has to Le updated to reflect the
inclusion of the new element. First the front segment forming the base of the new element must be
deleted, as it is now no longer on the boundary between the meshed and unmeshed dornain. Next
it must be determined whether any of the new element sides created coincide with any of the front
segiments. If it does the appropriate front segment must be defeted from the front. The updated fronts
are shown in figs 3.2 - 3.3. If at this stage the front is empty the mesh generation is complete. If not
the algorithm proceeds to step 3.2.2.
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3.2.6 Mesh smoothing

Tiough not an essential process of the mesh generation, mesh smoothing does enhance the quality
of the mesh. The mesh generated in the previous sieps will quite likely have elements whick may
be quite distorted from the ideal. Mesh smoothing procesds by moving each node, with the exception
of boundary nodes, to the centre of its surrounding nodes. Two passes of mesh smoothing are
~ performed after whicﬁ the process converges and further smoothing has little effect. (see fig 3.5

3.3 Automatis mesk vegeneration

Though mesh regeneration is not used in this work, the above algorithms extension to it will be
« described.

Es
s

o
In the above description, a single value of & is used throughout the generation of the mesh. A
dlﬁe"ent value of & could be used however for every element generated. Typically when adaptively
regenerating the teesh 8 would be determined from an error analysis performed on 2 previous mesh.
The val;le of & would then be calculated to attempt to create a uniform emror distribution throughout
the mesh. The error estimaie is generaily taken to be a function of the second derivative of density.
This results in the following requirement for the mesh size h (shown for single dimension).

d%p

=C
dx?

_hz

where C is the desired constant error.

| Automatic mesh regeneration is typically applied to steady siate problems where a new mesh may
only be created two or three times. This is duse fo the fact that mesh regeneration is a
computationally expensive process. In Probert et al* partial edaptive remeshing is used where instead
of the entire mesh being regenerated only those areas where the errcr goes nut of predefined bounds
is the mesh regenerated.

One problem with adaptive remeshing is that the projection of the old mesh values onto the new
mesh is not exact. This is not a serious problem in steady state problems where an accurate transient
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sojuticn 15 not required h\ut it does result ina loss of conservation in trgnsient problems, afféctmg
for example the speed of a shocks in the solution. Ustil this nroblem is eﬁéctwely addressea. @
_Segi 2 would be dl"ﬁeu!t to jusnfy adapnve remeshmg for transient prablems

3.4 Three Dimensiorl Mesk Genératinn
The above ;techiﬁqué is readily exiended to three dimensional tefrafiedral meshes and is done so in
Peraire ot al”®, In the three dimensional case, the goneration front is a set of planar triangles each of
which can form the base of a-"tétra!iedral element. The initial triangular front is typically credted by
a two dimensional ariangular mesh generator adapted to mesh surfaces. In the validity check, each
face of the potential tetrahedron has to be checked for intersection against any of the triangular
bo'uﬁdazy front faces, B |

o

T this ‘work,. a three dimansionai automatic mesh generator has not been impleinénted ‘Traditfonal  »
parametric mapping techmquesm“ are used to generate the three dimensional meshes. This method -
is described n appenchx B '

P A;t&matie Mesh Generation Example

_ lﬁ figures CE.-.S (a)-(f) various stages of the generation of a mesh for a rectanguiar plate with two

| __,ﬁi‘ri';?!_éi:i}ioies in it are shown. Though a fairly Qimple' geometry it would still be fairdy time

oonsir’h*ing to divide this geometry into gquadrilateral blocks for parametric mesh generatorz. The

| behaviour of the advancing front as it progresses inio the domain until it vanishes is clearly
de’munsﬁ‘ated. ' :
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Figurs S.SI{a)"Initia[ generation front forming boundary of geometry.
Number of fronis = 106

Figure 3.5 (b) Number of fronts = 99
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Figure 3.5 (¢} Number of fronts = 82

Figure 3.5 (d) Number of fronts = 38
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Figure 3.5 (¢) Number of fronts = 0, MNumber of elements = 466

Figure 3.5 (f) Completed mesh after two passes of smoothing

Figure 3.5 Demonstration of antomatic mesh generation
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4. ADAPTIVE REFINEMENT

4.1 Introduction

One characteristic of compressible flows is that within the flow domain very.high geadients tend to
exist in conjunction with relatively shallow flow gradients, for example, a shock wave may exist in
an otherwise smooth flowfield. For the areas with high flow g;radienti:, a fine mesh is required to be
able to accurately model those features while for the shaliow gradients a relatively coarse mesh will
suffice, It is not practical to manua]ly optimise the mesh &s the solution changes continnously with
time, so the usnal approach is to create a uniform fine mesh over the whole flow domain, Where
uniformly fine grids are used, the computational expense often becomes excessive so a lower overall
resolution has to be used, resulting in a poorer solution «quality, This problem is desit with by using
automatic adaptive mesh techniques where the computer repeatedly adapts the mesh in an attempt
to maintain optimal mesh resolution.

An adaptive refinement technique works essentially as follows. An initial mesh iscreated using the
automatic mesh generation technigues described in chapter 3. An error"analysis is peﬂ_‘onned on the
initial solution on the mesh and the mesh is refined accordingly, Every few ﬁm&hieps, typically 5
to 10, the error analysis is repeated and the mesh again adapted. The approach implemented here is
the adaptive refinement algorithm developed by Lihner*. Aduptive refinement techniques refine the
mesh by subdividing existing elements into smatler elements where appropriate and coarsening it
again by recovering the original element when a high resolution is no longer needed, that is when
the high gradient featuse has passed. This is as opposed to adaptive remeshing techniques where a
mesh is regenerated using an automeatic mesh generator,

Parts of the algorithm description is performed with the aid of pseudocode. This is not meant to
resemble any computer language in particular but is just used to help fllustrate the algorithm,

There are three main steps to this algorithm :

- Perform an error analysis on the solution on an existing mesh.
= Refine the mesh where the error indicator exceeds some specified value.
~  Coarsen the mesh where the error drops below a specified value.
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4.2 Error Indicator

In order for the mesh to be able to appropriately refine and coarsen itself, an estimate of the solution
error on the currert mesh is necessary. The enor indicator described by Lohner® is used here, It is
common for these types of problems for the error indicator to be a fimction of the second derivative
of some flow variable, Density is generally used, as an error indicator based on pressure wi! not
pick up contact discontinuities and sliplines, Predefined bounds are prescribed by the user for the
error indicator. If the error exceeds the upper bounds, the mesh is reﬁned. If the error drops below
the lower bounds, the mesh is coarsened.

«, The error indicator is first developed here in one dimensional finite difference form in order to

- demonstrate the concepts involved. The second derivative can be used as the basis of an indicator

of the error as follows :

E = h23|Upy ~ 207 + Uy

It is desirable for the error indicator to be dimensionless and also to be able to use preset error

bounds for a wide class of problems. The above indicator will not fill this criterion. Where strong
and weak shocks exist in the same solution it is possible that only the strong shocks will be picked
up. The appropriate eror bounds witl therefore vary from problem to problem and even at different
areas of the same mesh. It is for this reason that a normalised error indicator based on a H2
seminorm is used, which is obtained by dividing the second derivative by the absolute maxlmmn
value of the second derivative. This will eliminate the effect of magnitnde of the feature on the error
indicator, resulting in strong and weak shocks returning similar error values.

E = Uy ~ 2U) + U]
[Uny = Uf + |4, - Uy,

Eliminating the actual magnitude from the indicator does have the problem that very smatl numericat
oscillations regardiess of magnitude could retirn a large error. It is for this reason that a noise filter
is included in the etr¢ - inlicator in order to eliminate the effect of very small features on the error
indicator. The modified form of th2 emor indicator with the noise filter is expressed below,
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E = - Ut~ 2, * U
Wy = U + WU~ Uyl + e|Ug} + 21U + (UL

The terms following & are the noise filter. The appropriate value of & can vary. Initially for peﬂkct
gas flows a value of 0.05 was used and found to work well for stronger shocks but weak reflected
shocks were found to be filtered out as noise. A value of 0.005 was found to work beiter over

“stronger and weaker shocks. For liquid shocks, it was found that using this value resulted in shock

waves been dismissed as noise by the error indicator. The reason for this was that liquid shock

_waveé cause a very small change in density of the liquid ( < 1% is common) . A valve for ¢ of

0.0005 was found to be more suitable for liquid shock problems.

The above error indicator xpressed in multidimensional finite element notation is as follows :

fid

( f N, aN}
a ax,, ax,

: e«l""”‘ ey

P

-

RO

where k and 1 represent the different coordinate directions and subscripts i and j represent nodal
values, The above error indicator will refum e value between 0 and 1. In all the problems solved in

. this work the upper error bounds was set to 0.3 and the lower error bounds was set to 0.1. The fact

that the same error bounds could be used for a wide variety of problems indicate the advantage of

the above form of the error indicator.

4.3. Mesh management

For steady flow problems if is not necessary to coarsen the mesh at any stage and any refinement
algorithm developed exclusively for steady flows wonid therefore be fairly simple to implement.

However in transient problems, as flow features change position it is desirable to be able to coarsen
the mesh again. Therefdre enough information must be stored to be able to recover the initial mesh.

34



One of the basic concepts of adaptive refinemont algorithing is that of refinement levels. All
elements on the initint grid are at ievel 0 which is the coarsest level allowable. If any of these
elements are refined, that is, subdivided into four, these four flements are then at level 1. If theée
elements are again refined, the subsequent clements will be at Jevel two et cetera. '

This adaptive refinement algorithm maintains mesh consistency at all times. Examples of consistent
and inconsistent meshes are shown in fig 4.1. Where the mesh iz usually refined by dividing
elements into 4 smaller elements, consistency is maintained by transitional elements which are the
result of an element being divided inte 2 elements. It is not essential to maintain a consistent mesh
however. If an inconsistent mesh is used, it is possible to keep the solution consistent through the
use of constraint equations ia the solver.

"

Fignre 4.1 Inconsistent mesh (left) Consistent mesh (right)

P st

Fignre 4.2 Parent and son elements
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When an e'lem;ut is subdivided into four elements, the central element gets the eiément number of
the original element and is referred to as the parent element (fig 4.2). The surrounding three elements -
are referred to as the sons of that parent element and are added to the end of the element array,
These sons can later become parent elements themselves, When an element is divided into two, that
s, transiticn clements are created, one element, any of the two, is labelled the parent ¢lement and
the cther the son. Only orie pass of refinement or coarsening is performed each time the algorithm

iy ca!%d
Some of the variables and data structures used in this algorithm will now be described :

NELMS o No of elements in mesh %

“NNODES s No ef nodes in mesh

ELEMENTS (I.NELMS, 1.3)  The three node numbers for each element
COORDS(1.NNODES, 1.2)  The x and y coordinates of each node
ERROEE(!..NNODES)- The error indicator calenlated for each node in sec 4.2

MESHTRACK(i.. NELMS, 1..8)

& | "
‘This array is created which keeps track of the mesh history and cortains adequate information in
order to tetrace the refinement of the mesh. For each element in the mesh the following information
is kegt in this array. |

(1-3)  This is the list of sons from a refinement.«If an element bas no sons these will afl be set
to zero. Only sdns that have not since become parents themseives are stored. If é. parent
has only one son as a result of & 1:2 refinement the: son is stored in (1) and (2 - 3) are
set to zero, If (1 - 3) are all non zere the algorithm knows that these son elements have
not been refined further and are available to be coarsened if necessary,

@ This is the number of the parent element from which the current element originated.
{5) This s the orientation relative to the parert element from which this element was created.

The value will be 1,2 or 3 depending on its position, see fig 4.2.
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6) The refinement level of this element.

{7) Refinement code. This is to distinguish between elements involved in normal 1:4
refinements and transiiional elements created from 1:2 refinements. This 1s needed as a
different logic is used in these different cases. 0 = conventional, non transitional element,
1 = parent of a 1:2 refinement, 2 = son of a 1:2 refinement.

) Refinement level at which this efement was originally created.
4

4.4 Mesh refinement

The first step in refining the mesh, is to determine which elements need to be refined. This is done

by marking all elements that have a nade whose etror value exceeds that specified by the above atror
indicator,

REFELM(1.NELMS) =1 if clement is to be refined, else =0

In transient problems it is also necessary for the mesh to be refined around areas of high flow
gradient so that as a feature {typically a shock wave)} moves, it does not move outside the refined
arca into an area with coarser mesh resolution, This enables refinement to be carded out. every few
timesteps (S -10) as opposed to every timestep. For steady state problems no protectivé layers are
necessary as refinement is only carried out once the solution has converged to steady state, If the
converged solution is valid the position of flow features should not change once refinement has
occurred. However one layer of protection is genefally allowed for sieady state problems. The
following procedure is followed for the addition of ﬁmte__f:ﬁve layers.

- Loop over zil elements marked for refinement and mark all the nodes connécted to those
elements.

- Loop over all elements. If any node in those elements was marked in the previous step that

element must be marked to be refined, unless it is ajready at the maximum specified refinement
level.
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) The reffoement level of this element.
I '
\ _
N Refinemet code. This is to distinguish between elements involved in normal 1:4
vefinements and transitional elements created from 1:2 refinements. This is needed as a
different logic is used in these different cases. 0 = conventional, non transitionat elsment,

1 = pareni of a 1:2 refinement. 2 = son of a 1:2 refinement,
(%) Reﬁne:méaht level at which this element was originally created,
4.4 Mesh refinement

The first step in r{?ﬁning the mesh, is to determine which elements need to be refined. This s done
by masking sll elements that have a node whose error value exceeds that specified by the above error

indicaior.
REFELM(1.NEEMS) =1 if element is to be refined, else = 0

In tramsient problems it is also necessary for the mesh fo be refined around arcas of high flow
gradient so thaf as a feature (fypically a shock wave) moves, it does not move outside the refined
area into an area with coarser mesh resolution. This enables refinement to be carried out every few
timesteps (5 -10) ns opposed to every timestep. For steady state problems no protective layers are
necessary as refinement is only carried out-once the solution has converged to steady state. If the
converged solution is valid the position of flow features should not change once refinement has
oceurred. However one layer of protection is generally allowed for steady state problems. The
following procedure is followed for the addition of protactive layers.

- Loop over all elements marked for refinement and mark afl the nodes connected to those

clements.
- Loop over all elements. If any node in those elements was marked in the previous step that

¢lement must be marked to be refined, unless it is already at the maximum specified sefizement

level.
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The above two steps are repeated for everv protective layer to be added The above algorithm is now
illustrated using psendocode.

MARKER(1..NNODES} Integer array. Initiaily set to contain zeros.

FOR 1= 1 TO NELMS
IF REFELM(T) = 1 THEN : {Mark " ail nodes connected to elements to be
refined}
MARKER(ELEMENTS(, 1)) =1
MARRKER(ELEMENTS{], 2)) =1
MARKER(ELEMENTS(I, 3)) =1
ENDIF
NEXT I

FOR 1 = | TO NELMS {Mark all elements connected to nodes in the ahove
IF MARKER(ELEMENTS{, 1))=1CR  Joop for refinement}
MARKER(ELEMENTS(I, 2)) =1 OR
MARKER(ELEMENTS(I, 3)) = 1 THEN
REFELM(T) = 1
ENDIF
NEXT 1

All the elements that need to be refined have now been marked. However it is not possible to just
go ahead and refine these elements a5 the mesh will then no longer be consistent. Only a certain
number of refinement cases are allowed. Aay of the elements to be refined must be refined in one
of the ways shown in figure 4.3.

Only a timited number of refinement cases are allowed. These are shown in figure 4.3. More data
structures need to be developed at this point. First an array of all the element edges in the mesh is
needed, which gives for each edge, the two nodes that it connects. Secondly, an array needs fo be
created whick for each clement gives the three edges that are connected to it.

EDGES(1..NEDGES, 1..2) The two node numbers defining each edge
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ELMEDGES(1.NELMS, 1..3) The three edges for each element, this references the
EDGES array.. T

¥
i
i

Two adjacent elements will therefore reference the same edge.

A
AN

A—b-
A A A

. =0
1

Figure 4.3 Allowable refinement cases

The algorithm then proceeds as follows. __

A loop is performed around aH the elements. All edges belonging to elements thet have previcusly
been marked for refinement, are marked as needing t¢ be refined (using array REFEDGE). By
knowing which edges need to be refined, it now becomes passible to determine which other elements
need to be refined in order for mesh cogsistency to be maintained,

FOR I = 1 TO NELMS {This loop marks edges for subdivision}
IF REFELM()) = | THEN
REFEDGE(ELMEDGES(, 1)) = 1
REFEDGE(ELMEDGES(, 2)) = 1
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REFEDGE(ELMEDGES(, 3)) = 1
ENDIF
NEXT I

Anoﬂler loop is now performed around all the elements. For cath element the mmbar of sides that
need to be refined are checked. If no sides are to be refined, then that element do?s not t{eedto be
refined. If three edges are to be refined, a 1:4 refinement is possible. If only ong esizy is to be
refined, a 1:2 refinement is possible. The problem comes in when iwa edges need to ff‘:é’li:‘eﬁned, as
an appropriaie refinement (1;3) is not possible. The way that this is dcalt with is to mark the edge
that is not to be refined for refinement conv-eiing itto a 1:4 refinement. Of course by marking an
extra edge for refinement, this has a cross effect on adjacent elements, If any new edgés are

specified for refinement the above foop has to be performed agein to check whether valid -

refinements are still possible.

FOR I = 1 TO NELMS
COUNT =0
FOR J =1 TO 3 |
IF REFEDGE(ELMEDGES(, 1)) = 1 THEN
COUNT = COUNT + 1 | |
ENDIF
NEXT § |
IF COUNT = 2 THEN {Convert to 1:4 refinement}
REFEDGE(ELMEDGES(,1)) = 1
REFEDGE(ELMEDGES(1,2)) = 1
REFEDGE(ELMEDGES(,3)) = 1
ENDIF :
NEXT I

A new node is created on the midpoint of any edme that has beer, marked for refinement. The
existing solution is interpolated between the two points defining the edge.

Similar logic is used for 1:2 refinements. If any transitional element is to be further refined, it first

undergoes a 2:4 refinement,
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A loop around the elements is performed. For each element that has refined sides, the appmpl'iate‘-
refinement subroutine is called (1:2, 1:#%, 2:5; , 2:5, , 2:6). :

4.5 Mesh Coarsvning

For an element to be coarsened, the following criteria must be fulfilled,

- The parent and its three sons must be at the same refinement fevel. This in effect means that -
neither the parent or son elements may have sons at a higher refinement level. This will limit

fhe coarsening to either 4:1 or 2:1 coarsening cases {fig 4.4)

- 'The error indicator of afl the nodes belonging to the parent and sons must be below the required
coarssning tolerance.

- An inconsistent mesh must not be created by the mesh coarsening.

A\ -
AN A\ =

m S Am

¥igure 4.4 Allowable coarsening cases

An element that has previously been divided into four may be coarsened again to recover the original
clement. Firstly only one level of coarsening may be performed at a time, This means that no sons
of the parent element that is to be coarsened may bave sons themselves. If they do, they would have

be cozrsened at the higher refirement level first. The parent and son clements must therefore be at
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the same level of refinement. All nodes that belong to the parent and sons must be specified by the
errot indicator as requiring coatsening,

<

S
R

Figure 4.5 Mgintaining consistency when coarsening

For a 4:1 coarsening to occur, all nodes belonging to the parent element must be deleted, However
for the mesh to remain consistent, the adjacent parent efement must also be coarsened as the two
parents share a common node (see fig 4.5). This is ensured as follows, All nodes belonging to a
parent element to be ¢oarsened is mavked. If a node is marked twice, this means that both adjacent
parent elements connected to that node are to be coarsened. Only those nodes that ém_l_nurked twice
majf be deleted. If 2 ncde is only marked once then that parent element is not allowed to be
coarsened. For a parent element to be coarsened either alf three of its nodes or two of its nodes must
be deleted (allowing the 4:2 teansition coatsening case). If a case is found that only one node is to
be deletad, coarsening is not allowed.

This can be demonstrated algorithmically as foliows :
DELELM(1..NELMS) = | if element is a parent to be deleted,
FORI=1 TO NELMS
IF DELELM(I) = 1 THEN {Mark all nodes ~onnected to pareat elements to be deleted}
MARKER(ELEMENTS(L, 1)) = MARKER(ELEMENTS(L, 1)) + 1

MARKER(ELEMENTS(I, 2)} = MARKER(ELEMENTS(I, 2)) + 1
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the same level of refinement. Alj nodes ¢hat belong to the parent and sons must be specificd. by the
error indicator as requiring coarseniug. i

. Flgure 4.5 Maintaining coﬁsistency when coarsening

For a 4:1 coarsening fo accur, all nodes belonging to the parent elemsnt must be deleted, However
for the mesh to remain cousistent, the adjacent parent element must also be coarsened as the two
parents share a common node (see fig 4.5). This is ensured s follows, AH nodes hélouging foa
parent element to be coarsened s marked. If node is marked twice, this means that both sdjacent
parent elements connected to that node are to be coarsened, Ouly those nodes that are marked twice

- may be deleted, If a node is oitly merked once then that parent element is not allowed to be
coarsened. For a parent clement to be coarsened either all three of its nodes or two of its nodes must
be deleted (allowing the 4:2 transition coarsening case). If a case is found that only one node is to
be deleted, coarsening is not allowed.

This can be demonstrated algorithmically as follows :
DELFYM(1.NELMS) = I if element js a patent o be deleted,
FOI 1 =1 TO NELMS -
I¥ DELELM(i) = 1 THEN {Mark all nodes connected to parent elements to be deleted}
MARKER(ELEMENTS(I, 1)) = MARKER(ELEMENTS(I, 1))+ 1

MARKER(ELEMENTS(], 2)) = MARKER(ELEMENTS(, 2)) + 1
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MARKER(ELEMANTS(, 3)) = MARKER(ELEMENTS(I, 3) +1

ENDIF
NEXT I
COUNT =10
FOR I =1 TO NELMS _ :
FORI=1TO3 {Count no of nodes belonging to parent to be deleted}

IF MARKER(ELEMENTS(I, J)) =2 THEN
COUNT == COUNT + 1

NEXT ¥
IF COUNT < 2 THEN {Prevent coarsening}
DELELM() = 0
ENDIF
NEXT 1

Due to a cross effect between elements, the above algorithin is performed as many times as
necessary until a final list of elements to be deleted is obtained.

The above description is quite restrictive in coarsening the mesh. Therefore once a flow featurs,
typicaily a shock, has passed, a coarse mesh will not be recovered immediately. Tt would take several
calls to this algorithm to recover the initial mesh, B

4.6 Adaptive Refinement Tests

Two demonstrations of the adaptive refinement algorithm are performed, one for unsteady flow and |
the other for steady flow. The most important issue to be tested is the reduction in computational :
requirements over a uniform refinement case. It must also be seen whether the algorithm refines and

coarsens the correct areas.

The computational time per time step is proportional to the number of clements in the mesh, An
estimate of the savings in time and memory can be estimated by comparing the meshes with a
uniform mesh with the same resolution. The adaptive refinement zalgorithm for transient problems
is performed every five timeteps and takes approximately 40% as long a5 a single timestep, therefore
the adaptive refinement algorithra itself increases the time of the entire simulation by 8%.
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4.6.1 Shock interacting with a cylinder

In this test, s Mach 3 shock is modelled impinging on a cylinder.

Mumber of refinement levels =3

Initial mesh = 1384 elements
Uniformly refined mesh = 1384. 4° = £8575 elements

Mesh 1 = 10902 eiements Mesh 2 = 7150 elements
Mesh 3 = 10856 clements Mesh 4 = 15527 elements
Mesh 5 = 13060 elements

Average mesh resolution = [(10902 + 7150)/2 + (7150 + 10856)/2 + (10856 + 15527)/2 +
(15527 + 18060)/21/4 = 12004 elements

Time of simulation relative to time taken in uniform refinement case = 1.08(12004/88576) = 14.64%

The shock in the first mesh (figd.6a) is smeared as the shock is defined on the initial coarse mesh,
Once the mesh hes been refined and a fow timesteps have been performed, it stespens naturally.

The initial mesh must be fine enough fo accuraie]ly approximate the houndary, in particular cuf;res,
as the approximation of the boundary will not increase with refinement. The fact that the cylinder
i¢ approximated by straight iines has a visible effect on the diffraction patterns. This effect can be
reduced by increasing the resclution of the initial mesh and reducing the number of refinement

%

leveis.
This problem took approximately six hours on an 80486 DX33 microprocessor. Simulaticons were
also performed on a Convex C120 superminicomputer in scalar mode which ran approximately 4
times faster than the 80486 DX33 if no other users were on the machine.

4.6.2 Steady flow over a ramp

This test models steady Mach 3 flow in a contraction in a channel. Three levels of refinement are
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performed. The uniform initial conditions are tfhl;stepped to steady state on the initial coarse mesh
before the mesh is refined. The solution is converged to steady state againp before the mesh is
cua-acdt, Thig process is repeated until the desired refinement level is reached.

A similar performance increase over uniform meshes for the steady flow case as for the unsteady

case is obtained. This problem tock 2 hours 40 minutes to run on an 80486 DX33 microprocessor.

L
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Mesh 1o 1, Elements = 10902

Density contours

Figure 4.6 (a) Time = ¢
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Mesh no 2, Elements = 7150

Density confours

Figure 4.6 (b) Time =250 us
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Mesh no 3, Elements = 10856

Density confours

Figure 4.6 (¢) Time = 500 ps
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“Meshno4, Elements = 15527

Density contours

Figure 4.6 (d) Time = 750 ps
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Mesh no 5, Elements = 18060

Density contours

Figure 4.6 (¢) Time = 1000 pus

Kigure 4.6 (a)-(¢} Mach 3 Shock Interacting With a Cylinder
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Mesh 1, Elements == 1343

Figure 4.7 (a) Converged solution on initial mesh
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Mesh 4, Elements = 9387
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Density contouts

Figure 4.7 {b) Converged solution after 3 levels of refinement

Figure 4.7 (2)-(b) : Mar". 3 flow over ramp in channel
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8. CONIPUTATIONAL RESULTS
5.1 Intmdueﬁ'&;

A computational fluid dynamics code is only as good us its ability to predict real world flow
situations. In this chapler, several computational tests are performed and compared with analytical
and experimental solutions. These test cases should provide an indication of how much confidence
can be had in the solutions provided by this finite element program.

In any numerical scheme, fwo levels of apprbxhnations are made. The first approximation is the
mathematical model used to represent the physical situation. In this case it is the compressible Buler
equations that are used. The biggest Hmitation of this model is that it does not model viscous effects,
however for the flows modelled hef:e, viscous effects are generaily considered fo be negligible. This
is especiaily the case for the transient problems involving a shock wave interacting with some
geometrical feature, as the interactions oceur over sach a short time period that viscous features such
as boundary layers and vortices have insufficient time to develop. The perfect gas approximation is
also one which would start to break down at higher pressures and temperature, For the Tait equation,
ar isothermal assumption is made which again is only an approximation,

The second level of approximation is the accuracy to which the mumerical scheme solves the
mathematical model. The most obvious example of shortcomings in this case is the fact that
discontinuities in the hyperbolic eguation system are modelled as steep gradients. The fact that this
is a high resolution code with an adaptive refinement scheme should minimise this problem though.

Wherever diccrepancies are found it could result from errors in either level of approxirration, It will
be necessary to try and determine whers discrepancies originate. The anaiytical solutions with which
some results are compartd, are based on the same inviscid flow theory on which the finite clement
solver is based. Therefore discrepancies between numerical solutions and analytical solutions will
indicate an error in the way that the numerical scheme approxzimates the mathematical model used,
When discrepancies occur between numerical and experimental results, the error could ocour at either
level of approximation. However if the code coincides with analytical solutions but does not cotrelato
with experimental solutions, then it could be considered to be due to shortcomings in the
mathematical model,



. For the most part, fairly simple test cases are used. Anaiytical solutions are not available for the
more complex casds, For these problems, only a couple of aspecis of ihe flow are used for
comparisons, in general, it is common to use various shock wave angles. Other possibilities ase the

use of pressure at various points in the flow.

A variety of flows are tested. Steady and unsteady compressible flows in air, two chmensmnal three
dimensional and axisymmetric geometries are modeiled. But most of the emphasxs is on two
dimensionat geometries with only one three dimensional model being tested, This is due to the fact
that the three dimensional code has ne reached an advanced stage of development.

5\;
An issue that must be considered is the validity of fairly simple test cases in demoﬂstratmg a codes
ability, that is, whether a code that accurately models simple solutions will als{\ give accurate
cornplex solutions. Firstly, even though a geometry may be considered as simple, dn unstructured
mesh is unable to make nse of that simplicity (which may well be an argument in favour of
structured meshes for simple geometries), For the finite element algorithm, every geometry jx ?
collection of arbitrarily oriented triangular o tetrahiedral elements. The global solution is simply an
assemblage of the solutions obtained from each element. Therefore il the solution within each
element is valid and if the global solution is assembled correctly, the whole solution should be valid
regardless of the complexity of the flow geometry or situation, In other words, the solver does nct
perceive situations to be complex or simple, whether the flow is simple or not, the same set of
calculations have to be performed. It is therefore reasonable to assume that if the soluiion can be
proven as valid for simple flow ~eometries, it can be assumed valid for complex geometries. It
should also be noted that some of the flow situations occurring in some of these simple test cases
are actually fairly complex.

Besides the evaluation problems, a few computational tests of general flow problems are performed
as a demonstration of the algorithm’s ability. They are supplied to demonstrate the code’s abiiity'-.".to
model complex geometries which was a major criteria of this work, No experimental or analytical
solutions are provided for these problems,



5.2 Wedge Reflections - AN

In these tests, the interaction of incident shock waves and wedges are mudelledf‘i?;:e results are
compared with experimental tests performed by Ben Dor and Gla=s®, Three tests are performed,
each producing a different type of wedge reflection. These are a regular reflection, a simple Mach
reflection and a complex Mach reflection. In their paper, Ben Dor and Glass advocate these
experimental results as providiﬂg good test cases for mumerical solutions,

These tests were performed in Atgon. Argon is nsed in these tests because it maintains perfect gas
behaviour for a greater range of pressures and temperatures than air, A low pressure (15 Torr) was
used in the main test section. This has the advantage that overall prossures are reduced, fo the benefit
of the peifect gas assumption but this also makes it easier to achieve high Mach numbers in the
shock tube,

Gas : Argon

v =5/3 = 1.667

R = 208.1

T, = 300K

P, = 1996.5 Pa (15 Torr)

All angles are measured to an accuracy of 0.2°,

Table 5.1 Computational and Experimental Results For Shock Wedge Interactions

, -
o M Experimental Computational
| v x ¥ %
60° 2,03 125.5° . 125.8° ]
20° 2.82 79.9° 35.6° 80.6° 35,50
30° 5.29 112.2° 40.6° 107.5° 40.8°
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The first test (Mz 2.03, 8 = 60°) models a regular reflection, the second test (M= 2.82, 8 = 20°) a
simple Mach reflection and the third test (M= 5.29, 6 = 30°) a complex Mach refiection,

The second triple point trajectory argle (y*) for fhe complex Mach reflection problem was not used
as & comparison because even though the complex Mach refiection phencmena is clearly observable,
it is difficult to locate with any precision on either the computational or experimental solution the
precise location of the 'kink’ that is needed to determine the angle,

Though the geometries are simple, the flow situations arising, especially the complex Mach reflection
are actually fairly complex and therefore provide fairly good iest cases.

In general, the results correlate very well. it is only in the complex Mach reflection case that the
angle of reflection showed some discrepancy with an emrror of 4.7°. As this is a fairly high Mach
number test, it is quite likely that real gas effects have stared to have an influence. This does seem
to be the most probable cause as the lower Mach number tests gave pood results. The surprising
aspect ~as that the second triple point trajectory angle was still very accurately pedicted. The
numerical test did however correctly predict the complex Mach reflection tonfiguration.

This problem does require further analysis which is not performed here. One possible approach is
to model the problem using an alternative numerical scheme and to see whether the same
discrepancy occurs. Another option would be to investigate the behaviour of Argon under these
conditions and to attempt to use some form of real gas mode! to simulate the problem. However this
is beyond the primary purpose of this wo.k. |
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Density contours

Pressure contours

Figure 5.1 Regular reflection (M = 2,03, B = 60°)
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De.nsity contours

Pressure contours

Figure 5.2 Simple Mach Reflection (M= 2.82, 8 = 20°)
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Density contours

Pressure confours

Figure 5.3 Complex Mach Reflection (M = 5.20, &= 3(0")
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5.3 Steady Supersenic Flow over Wedges ~ad Cones

Modelling sicady flows over ‘wedges and cones ars convenient fest cases for which very good

analytical solﬁtions: exist. The parameter useil as an evaluation is the wave angle, Two tests are

performed for'wedges and two for cones, with the same angles and flow conditions for the wedges

and cones. These are very simple flow situations. As these are compared with analytical resuks, with
the same inviseid, perfect gas assumptions, idsally an exact solution should be obtained from the
simulation. The anafytical solution for the wedges was caleulated from White"® and the anaiyhcal

solution for the cones were detennmed from tables in John?l.

Figure 54 Schematic for sfeady flow over a wedge

Table 5.2 Analyticaf and Computatipnal Results For Steady Flow Over Wedges and Cones

T . Analytical Computational
GEOMETRY [ MACH NO 8 '
WEDGE 22° 3 40,7° 40.4°
WEDGE 10° 2.5 32.6° 322°
CONE 22° 3 31.4° 3La
CONE 10° 2.5 25.4° " 25.6°

Though the analytical and computational results are very close, for the wedge results the
computational angle is consistently less than the analytical angle. This is likely to be due to the fact
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the solution has not fL ¥ -'Lénverged to steady state. A convergence tolerance of 0.5% was set for
these tests. Tests run for poorer tolerances showed greatér underprediction of wave angles.

This was tested bf specifying a higher convergance folerance for the cone problems. In this case the
tolerance is set to 0.2%. The problem with underpradiction is solved and the numerical errors are -
less than the measurement errors. However the cone solutions took more than twice the time fo
converge 1o steady state.

The reason that converging to the higher tolerance is so computationally expensive is due to the fact
as the solution starts converging, the time scales involved get Jonger and longer but the timestep is
still restricted by the stability criterion. In other words, a hundred timesteps could be performed with
very littie change in the solution. H is at this poiﬁt\. that an implicit solver would be appropriate as
very large timesteps vould be potformed, A vpssibiliy i for an explicit solver to be used until the
solution converges to 2% during which time th solution chapges fairly rapidly with time and then
for an implicit solver to converge the solution further to the desired toleratice.

The reduced deflection for cones as compared to wedges for identical flow conditions and angles
is immediately obvious. This is because the cone is less of an obstruction to the flow as it can go

around the cone and expand radially.

These tests were run with differing resolutions. As the only feature of the flow is a single ohlique
shock, the resolution should have no effect on wave angle predicted,
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Figure 3.5 Steady flow over wedge - density contours (M = 3, 6 = 22°)

hi

Figure 5.6 Steady fiow over wedge - density contowrs (M = 2.5 6 = 10°)
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Figure 5.7 Steady flow over cone - density contours (M = 3.0 6 = 22°)

_//

Figure 5.8 Steady flow over cone - density contours (M = 2.5, 8 = 10°)
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5.4 Liquid Shock Waves

Liquid shock waves have not been extensively modelied numerically, in fact even expeliiinentaliy
the work at this stage has been limited, This is one of the few situations where a Tiquid would be
modelled as being compressible, With a liquid shock, very high pressures are obtained though fluid |
velocities behind an incident shock are small.

Computational fests modelling skock waves in Fluorinert FC43 and water were performed. FC43 is
a low sound speed liquid that is commonly used in transformers. The low sound speed makes it '
possible to genecrate very low speed shocks making it easier for transducers to make measurements
and also for non-linear effects to become observable at lower Mach numbers.

With fluorinert FC43 as the medium two tests with different incident shock strengths were performed
of regular reflections off a 45° wedge (figs 5.10 ard 5.11). These tests are only compared with
analytical results as appropriate experimental results were not available.

The Tait equation of state, described in sec 2.2.1, is used for these tests
Parameters for Tait equation for FC43:

n= 142
B = 567

Figure 5.9 Liquid shock wave angles
Table 5.3 Analytical and Computational Results For Liguid Shock Wedge Reflections.

% P (bar) e W natyticat ¥ computations!
1.046 100 45° 49.73° 50.1°
1111 250 ST 58.72° 58.5°
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Wha he noticed that even though post shock pressures are very hxgn, the Mach numbers ace
very low: Fhls is typical of liquid shock wave phesiomena. For water, the Mach mumbers for the
same post shock pressures are even lower, M = 1.633 for 100 bar and M = 1.084 for 250 bar.

The comparisons are accurate to within the toleranve of measurement. As with the steady flow :
models discussed before, hoth the analytical solutions and computational sojutions are based on the
compressible Euler equations. If they did not wmatch up, it would have to mean a mistake was made
either snalytically or nomerically, Bt doesn’t demonstrate the ability of the code to predict real
fluorinert FC43 shocks. This would be dependant largely on the validity of the equaﬁon_gf. state

used.

A shock wave focussing problem in water, performed experimentally in Miiller’, is performed
computaﬁmally and compared to the Schlieren photographs from Miiller’s experiment.

The equation of the parabola used to focus the shack wave is as follows :
2 = afix + §) (f = 10mm)

where f is the focal distance. The diameter of the parabola is 56 mm but the diameter of the
windows throngh which the Schlieren photographs were taken are only 46 mm in dismeter. This
must be taken into account when comparing the computational and experimental results, As the
problen: is symmetrical about the vertical axis, only one half of the geometry is modelled, The Mach
number is 1.0006 which produces a post shock pressure of 7 bar.

The Tait equation parameters for water are :

B = 2055 bar
n=7.44

The isopycnics are shown in figure 5.12 and the Schlieren photographs in fig 5.13. Unfortunstely

the times at which the photographs were taken did not match up exactly with the time intervals at
which computational results were obtained but otherwise 2 good correlation is revealed.
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tocussing - computationsl isopycnics

Figure 5.12 Shock wave



Figure 5,13 Shock wave focusing - Schlieren photographs



5.5 Three Dimensional Steady Supersonic Flow

A thee dimensional version of the finite element code was implemented, but it was not refined to
the same extent as the two dimensionsl code. This was due to the fact that a three dimensional B
i slementation is considerably more complex than a iwo dimensional implementation, This is not
so much due to the actual solver which extends resdily to three dimensions but with the three
dimensional geometry that is involved, Aspects fike mesh generation, adaptive meshes and post

processing is considerably more complex in three dimensions than in two dimensions.

A parmneﬁc mesh generator was implemented to gencrate the tetrabedral meshes. Three dimensionat
viewing algorithms were developed as well as a slicing algorithm which could display the contours
on a plane slicing the geometry. These algorithms ar¢ described in Appendix B.

The geometry is that of a finite width 22 degree wedge in a supersonic wind tunnel. The wedge
occupies half the width of the tunnel and the freestream velocity is Mach 3. Even though this is a
three dimensional geometry, the flow on ilie wedge against the side wall is essentially two
dirnensional and betcomes three diinensionai as one moves away from the wall. The wave angle
against the wall is used as a comparison.

The geometry an;i surface mesh is shown in fig. 5.14 and 5.15, In fig 5.16 the contours are displayed
on a plane by the side wall against the wedge, This represents an essentially two dimensional flow
situation. In fig 5.17 contours are displayed transverse to the wedge, These contours would be sirilar

along the length of the wedge.

Computational = 40.4°
Analvtical = 40.7°

The discrepancy is the same as that obtained in section 5.3 where the error was due
to incomplcte convergence. Though more comprehensive results for this fiow situation
was not available, the flow does appear in general to be physically comect. The
expected vortex as the flow spiils over the side of the wedge is clearly visible.
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Figure 5,14 Thyee Dimensional Flow Geometry

-
SR o)

Fignre 5,15 Surface Mesh



Figure 5.17 Density contours - transverse to wedge
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5.6 Steady supersonic fow over a cylinder

A test is performed of steady supersonic flow over a cylinder. This is a symmetrica! problem so only
half of une cylinder is modelled, This is the same geomefry as modejled in section 4.6 with an

moving shock wave,

No analytical or experimental solution was obtained for this problem. This was to test the
performance of the steady state solver in slightly more complex flows than that of the wedges and

cones performed previously.

To demonstrate how the solution converges from uniform flow conditions, the solution is shown at
various stages of convergence. The solufion is considered fo be converged when the maximum
density change at all nodes over a time step is less than 0.5%. This will be referred to as the
convergence folerance. Convergence to stéady state is only performed on the coarsest mesh after
which the mesh is refined. It is clearly obvious how the initial convergence is fast and then proceeds

to slow down.

This problem is one where the inviscid assumption clearly breaks down. It would be reasonable to
expect that there will be flow séparation and a vortex behind the cylinder. No such feature is
predicted in the Enler model. It is reasonable to assume that whenever flow separation occurs, the
validity of the inviscid assumption v#ould start to break down. That is, if only the front haif of the
cylinder is being modelled, it would be acceptable to use an inviscid solution.

Clearly, for more general steady flow problems, it would be necessery to modify the solver for a full
Navier-Stokes solution, and also tn use implicit time integration.

5.7 Ungteady Flow Over Wedge

This is the same problem as in Sivier et al® modelling a shock wave impinging over and around
a 55 degree wedge. This test is repeated here, see fig 5.19. This problem is interesting in that it has
an inviscid vortex which is successfully predicted by this code, see fig 5.19 (b)-(¢). Other features
include a Mach stem and a slipline which are also successfully predicted, see g 5.15(a)..
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Figure 5.18(k) Convergance to max density change of 2%
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Figure 5.18(c) Convergance to max density change of 0.5%

Figure 5.18(d) Converged solution after 3 levels of refinement

Figure 5.18(a)-(d) Steady flow over cylinder - isopycnics
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Figure 5.19 Shock over wedge - isopyenics
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5.8 Shock diffraction around 98° corner

This is the classic test case of 2 M = 1.5 shock diffracting around a 90° corner. Computational
results are compared with a laser interferogram® which is able to reveal demsity contours
experimentally. A good correlation between computational and experimental resulis is demonstrated.

Experiniental i

FLLE)

sopycnics

Figure 5.20 Shock wave diffraction around $0° corner
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6. CONCLUSIONS

A finite element aigorithm was implemented for the modelling of general inviscid compressible
flows. The following types of flows were modelled in this work : steady and unsteady two
dimensional flows in air, steady axisymmetric flows in air, fransient two dimensional flows in liquids
and steady three dimensional flows in air.

An explicit Taylor-Galerkin solver was used fo solve the compressible Euler equations. This was

used in conjunction with a flux-corrected transport (FCT) algorithm which combines an oscillatory

kigh order solution and 2 non oscillatory fow order solution in such a manner that a high shock

resolution is obtained without any non—physical' oseillations and overshoots appeering in the solution.

This algorithm was implemented for two and three dimensional flows. The Taylor-Galerkin

algorithne was also extended to deal with axisymmetric flows which involved the addition of a-
source term to o Lyperbolic conservation equations, The solver was used with the perfect gas

equation for modelling flows in afr and the Tait equation of state for modelling compressible liquids.

This algorithm is able fo provide time acovrate iransient solutions but is also used here for

converging solutions to steady state.

An advancing front auntomatic mesh peneraior was developed to generate two dimensional uniform
triangular meshes. This generator is able to handle complex connected domains with internal and
arbitrarily curved boundaries. This algorithm enabled one to take full advantage of the unstructured
nature of the finite elerment mesh, enabling complex unstructured meshes to be generated easily. This
requited the analyst to supply only the minimum information necessary to define the problem,
avoiding the traditional approach of having to subdivids the geometry into blocks before it can be
meshed..

An adaptive refinement algorithm was implemented which enabled an optimal mesh to be maintained
without the intervention of the analyst. This aigorithin refined the mesh where necessary enabling
high gradien. festeres to be accurately resolved and coarsening it again where necessary. This
avoided the usual approach of having a uniformly refined mesh which is excessively fine over large
arcas of the domain. The adaptive refinement algorithm was able to reduce processor time and
memory requirements by between 75 and 90% over solutions obtained wsing a uniform mesh,
making adaptive meshing seem almost indispensable for these fypes of problems.
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The combination of an aufomatic mesh generator and adaptive refinement algorithm ¢nabled a black
box type of approach tc be taken with the solver. The analyst is able to describe the approﬁriate
geometyy, initi&:f ﬁow and boundary conditions, that is, ke minium information necessary to define
the problem, without having fo be concerned with mesh details. This approach was found not only
to be computationally efficient but dramatically reduced operatey tihe as well. This approach s
likely to become increasihgly poputar in the future. ,‘_?":'.

The lack of an automatic mesh generator and an zdaptive mesh algorithm for the three dimensional
code proved to be its severest deficiency. Generating anything but the simplest meshes using
traditional parametric mapping techniques proved to be difficult. The fact that the resultant mesh was
non-optimal was alsc a problem especially as three dimensional problems requlre extensive
computing resources. In fact without powerful meshing and adaptive meshing routines all the power
of using an uﬁsuuctured grid;appmach was effectively lost. Certainly as structured grid schemes are
esually more efficient than unstractured grid schemes, using a structiwed grid in this case would have
been advantageous, However, further development on the meshing and adﬁpﬁve mesh techniques
would change this situation and ail the advahtages experienced with these technigues with the two
dimensional code could be achieved in the three dimensional case.

Geaerally, notwithstanding the above comments, unstmctured grids was found to be an advantageous
approach for gemer vomplex problems and further development would be needed in structured
techniques for them fo become competitive in the realm of general arbitrary geometries. '

A number of verification tests were performed comparing numerical results with experimental and
anafytical results. Where comparisons were performed with aalytical results, thaf is steady
compressible flow over wedges and cones and liquid shock wave reflections, fiie results were very o
accurate. Wave angles were underpredicted very slightly due to lack of complete convergence in the
steady state case where an implicit selver would have been more optimal enabling the solution to
be converged furt! er. It raust be stated that this lack of accuracy is not excessive and it is still viable
to use an explicit solver for steady flows. As analytical solutions and mumerica? solutions are based
on the same idealisations this does demonstrate that the solver accurately eppmximates. the
compressible Euler model.

Comparisons of computational and experimental results were performed of regular, simple Mach and
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complex Mach reflections on.wedges. ‘The angles for the re.';gular reflection were predicted exé_ictly.
The poorest prediction was the angle of reflection for a complex Mach reflection. This discrepancy
appears to be most likely due to real flow effects mainly due to the fact that the code -~ curately
predicts situations where real flow effects are clearly absent, Further examination of this would be
necessary, seeing when real effects become relevant and how to take themi inte account,

There are severzl fogical extensions that can be performed on the solver. The most cbvious i.;i the
solation of the full compressible Navier-Stokes equations which would aot only include vispous

effects but heat trausfer and turbulence modelling. If such an extension was performed, the addition

of an implicit solver would come in useful as in some situations, the Couran: -fability criterion could

become excessively restrictive. Other useful extensions could include the modelling of moving

boundaries through the use of arbitraty Langrangian Buler (ALE) implementations and the modelling

of multiphase flows. '

The science of modelling compressible flows has over the past few years approached a certain
maturity where it can now be easily used as a practical tool rather than being a problem in itself,
Masy of the latest developments in compressible flow modélling were implemented in this work.
While there is certainly scope for many more developments, the stated objective of developing a
practical ton] for modelling general inviscid compressible flows was achieved,

A wide variety of developments appear to be likely in the future, Domain decomposition methods
appear to be becoming more popular though stiil do not match the flexibility of the iillinite element
method. It is likely that research will continue in the use of higher order methods such as specﬁnl
methods and p type finite element meshes. Other possibilities is research inf> a unified approach
where a single algorithm could be used for incompressible and compressible flows.
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APPENDIX A

Al Introduction

In this appendix all the integrations of the finite element equations are performed and the matrices
are expanded fully. As the matrices for ¢ach degree of freedom are similar, all calenlations are
shown only for a single degree of freedon. Appropriate references describing the techniques used
in this chapter are Stasa™ and Zienkiewicz™.

A2 The Linear Triangular Fivite Element

The .: solution ¢ within each triangle is interpofated from the nodal solutions  with the
use of shape functions (N,), '

¢ = Niby + Npbo + Nyds

The shape fuactions can be expressed in terms of real (x, ¥) and area coordinates(L,). The area

coordinates of a point p can be expressed as follows.

A A Az
L,m,ﬂé L2=-—E?L’- L, = —P%2
A123 A123 ' Am

For @ linear trimigular finite element, the area coordinates (L;) are equal to the shape functions (N,).
The shepe functions are caleulated as follows

Ny = Ly = (a + bx + cy)
Ny =1L = (8 + bpx + gY)
My = Lo - (@ + b+ o)

)

where

a = (%) - X%)ieA
b = (v, - yl2A
¢ = (% - %)2A
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8 = (i - XyI2A
b, = (v, - ¥)2A
& = (X - X)[2A

8 = (X, - Xy )2A
by = (1 - w24
G =06 -~ x)2A

where A, the area of the triangular element is

x5

1 .
A=--1 x

2| 2 X

1 X ¥

A3 The tetrahedral finite element

The solution is expressed in terms of shape functinns as follows.

¢ = Nydy + Moy + Nopg + Na‘_ih

where

(8 + Bx + gy + d,2)
'E‘az box + oy + h2)
- (

i B i

8y + Bex + Gy + Gy2)
8 + bx + gy + &2

ST R

where ;

LS - VB&‘E

Vv,
L, = 2=
Vizas

8i



b Yo 2 - 1 ¥
- L
&y 8 Ya b 5 ¥
Ya " ¥
1 . ¥ 1
1, 1
B e = m—— 1
G = ~Ge a = gy
SR/ ¥ 1

The values at the other nodes are obtained by a cyclic rotation of the subseripts 1, 2, 3 and 4.
The volume (V) of the teaahedron is calculated as follows . '

T x %4

X% b Zd i
1 X% ¥

0 ox

TR
I
o

A4 Integration Fermulas

All intégrations over Jinear triangulay and tcfrahedral elements can be caleulated exactly, as dpposed
to numerically which is usual in finice element caleulations using differently shaped elements and
shape functions. Whenever integratioas are to be performed, area and volume coordinates are used,
Whenever a shape function is to be differentiated, cartesian coordinates are used.

The following integration formulas from Stasa’ are used.

%y 8oy alBl
LLI Lid (& + p + N

ey Byyga alflyl
_Lf-: Lty (w+p+y+2)
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;Byyydpny elplylal g
fVL, LI dV = P S 3nsv |

A5 The Two Dimensional Finite Element Algoritim

First the increment for time n+1/2 is calculated from equation (15)

ol Jé’F aF]
R Y S S
sy ‘ 2AL'QX + Y

1l

~SABE + B + BiFig + G + GFe + GFg

The integral over the; element area (equation (14}) is

o * a¥ 3
B G
1 .
=Aﬁt§(Fx1+|Fﬂ*Fx3bg +(Fy1+Fy2+Fyscl
by G

‘The boundary intetral (equation {14)) is calenlated as follows

ml ml‘
£ = —Atfr F, EnNTar - :.‘.;rj; F, aNTar

expanding : i
Ni{N.Fyy + NoFip + NoFg) Ni(NyFyy + NoFpp + NGF, y.‘i)
fr =-Atnxf No(N\Fyy + NpFipp + NGFig) laT ~Amyf P ANFy + NoFyp + NoFdiar

No(Ny Py + NQF,;Q + NoFyd NANFyy + NoFyp + NoFig)
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and integrating :

[ 1 1 1 1 1
3F 572" gh 3"
1L 1. 1 1. 1
Iy =—Atn,i Fx[ GFxg * 'EF - Al EFy; + ry
1 S 10 1
ERE 3" g

The source term for axisymmetric flow (equation (20)) is

ml
=[5 2NTda.
n .
expanding :

N(N,S, + NS, + oSy
= [ 1NN S + NS, + NoSii
NS, + M, + Mo

and irmegi‘aﬁng:
.N{%& RO _. )
o L
‘{ 12 sss)
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For the solution of equation (19) the consistent mass matrix is needed

NNy NN, NN, 211
= anijdQ = fg NEN‘I N2N2 NstdQ = “i" 2 1
NoN; Noly o] 12

The lumped matrix, obtained from summing np each row and placing the sum on the diagonal is as
follows :

160
M-2o10

001

A6 The three dimensional finife efement algorithm

The solution increment for time n+1/2 is calculated as foliows

1»3_
sUTE . g0 Oy, an]
2 ax dy oz

~SAfbFy + OFy + OF

The thiee dimensional volume intcgml from equation (14) is :

m-....

2 = AL F, 26”

d Fn+Jé aN T
Q + At
y f oz

expanding and integrating :
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o =

1 by 4 &)
Z&t{ﬁ‘, + Fp+ Fg+ Fﬂ)ba .+ E‘M(EW + Fp+ Fg+ Fy&% _
By Ca,

g

1 %

* zM(sz * Fpp + Fpg + Fﬂ)lda

&)

The three dimensional boundary integral is ¢

m»-1 ' m-l ﬂ+-1
f, = ~Atj;Fx 2n N Tdr - Atfrﬁ, *nNTdr - ArfTF, 2n N Tdp

expanding :

-An

~Atn,f

sz(MFy, + NFyp + NoFig + NyF g

NN Fyy + NFip + NoFog + NeF))]
NAN Fry + NoFp + NgFog + NoFy)
NN\ Fy + NpFip + NoFig + NGF )
'N4(N-1 Fui + NoFyz + NoFg + NpF L)

N(NF,, + Ny + NoFig + NyFy)

Ne{NiFyy + NoF o + NF s + NGF)
NN Fyy + NoFpp + NGF g + NGFLY

NN\ Fyy + NoFpp + NoFpg + NGF)
NAN\Foy + NoF o + NF g + NyFpy)
NN Fpy + NoFpp + NgF g + NyF)

-N4(M|Fz., + NoFpy + NyFg + NyFy)

Al
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integrating :
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1 1 1
) {1 ™3 e 1 ™3
%Fzrz + :i“z-era + '{%Fzsa * -_ré-Fz«;
mt P | v | o |
u zrz * l'Fzzz + ~1—F232 + --..I—-Fz‘;2
Aln qu 6 12 12 i2
k| 'm"i' 1 ﬂ"‘% 1 ﬁ-&% .| ne—|
'é'sz + -_i'éFzg + -:l-'-2-F33 + T’EFE‘
1 1 3
1,78, 1.2 1.2, 1.2
—Fn "+ ':I"EFzz + '.EF 2 '{'E-er
The consistent mass matrix. is :
M|N1 NINZ N1NS M!N; 2111
ANGN, NON, N N, 1211
Mo=fN!deﬂ=jg1 21 ¥ 2NaN24.=V |
a ANGN; NN, NNy NN, 20(1 1 2 1

Summing up rows and prutting the result on the diagonal gives the lumped mass matrix :

5000
_ylosoo
200050

0005

M,

A7 2D Tangents and Normals

In order to evaluate the boundary integrais and also the normal and tangential velocities it is
necessary to calculate the normal (n) and tangent (f) to an edge of an element.

The edge for which it is necessary for the normal to be calculated is r; directed in an antclockwise
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direction around the triangular element. This lies in the xy plane. The unit outwardﬁ normat can then
be determined by taking the cross product of r, with the z axis (K) and dividing by its magnitude,

 xk
Fy X 4

The tangent vector can be evaluated as follows : |

n

k

t= 58X

k x

_ 1

= —

i

The normal and tangential velocities can be caleniated from the normal and tangential vectors as
follows ' o

2l

AS8 3D tangents 2nd Normals

The normal to any triangular planar surface is easily obtained by calculating the cross product of any
iwo sides of the friangle. |t is now necessary fo defermine two {angential vectors to that normal.
There are an infinite number of taugent veciors to the surface. The first tangent vector is obfpined
from calculating the cross product of the rormal vector with either the k or the j axis.
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if n and k are not paraliel, that is
in x K > 0.001

the k axis is used as reference. The first tangent vector is then calculated as follows :

=

| . nx
tf =
In X 4

otherwise

{= NXJj
Sy

The second tangent vector can then be calculated as follows
2=nxt
A9 Error Imdicator

The error indicator from section 4.2 is:

oN; aN}

E, = zkapm
aN, TR oN 2
i

The evaluation of the different ferms in this error indicator is as follows :

90



- 9N, ON,
fn___.._.._..!dg u}l =

0X,, X,

Je

ax,] ax,

I,

fﬁﬂ?ﬁu

| aN, ON;

iy N,

aN, aN;]

ax, ox,

X} X,
aN, oN,

)
3N, oN;

axk ax!

ox, 0x,
N, aN,

- 8X;, Ox;

N, N,

| O 9%

lan

-l

X, | 9X;
oN,

[2)

ax, | ax,

i SN ol
ax, | ox,

[ELATELA
—gg}(—aﬁm

) Mgon - A

%, ox;

N,y . My ey, o aN;,

ax, ox

M

2
AT

CIATE A
axf = |ax

oN, o
Rt | U‘l[ + —EEQUA + ngﬁlai]

llaNai( aM%”" My « e
ax, \| Ox,

ax,
, o
o

N,

ax,

UJJ E

|Ug[}

il




APPENDIX B
B.1 Introduction

The usefolness of a numerical code not only depends on its solution ability, but also on the
infrastructure within which it operates. This typically involves pre and post-processing routines which
inchude mesh generation and the ability to view the solution data in some form, In this appendix, the
contour plotting algorithms, the 3D mesh generation algorithms. and three dimensional viewing
algorithms used in this research will be deseribed. The 3D viewing algotithms described here are
extensions of *echniques described in Angell and Griffith®,

B.2 Twoe Dimensional Contour Plotting

After every timestep of the solver & new set of solutions is obtained on the finite clement grid, The
solution is solved -* the nodal points with the solutions within each element being obtained from
linear finite element interpolations (see sppendix A), The contour plotting routine will plot either
constant density (isopyunic) or constuat pressure (isobaric) lines in the flow domain.

The contout interval is specified by the user. Each contour line representing 2 constant value ¢ is
drawn as foflows :

Locp through each element
If a contour crosses an element, it will cut two of the three edges of the element. Each edge with
endpoints § and j, needs to be tested to determine whether it is crossed by the contnur lige. If the
nodes defining cach edge have values ¢; and 4, the contour will cross that edge if ¢ < max(¢;
> §;) and ¢ > min(¢, , ¢)). The coordinates of the intersection of the rontour and edge is obtained
by simple linear interpolation. |

x=- - x4 y=

W -N6G -9
N’; - ¢‘!)

(¢; - ¢1)

Yi

The two intersection points on the two edges can then be joined by a straight line.
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B3 Three Dimensional Mesh Generation

The parametric mesh generation scheme described in Zienkiewicz and Philips™ and Zienkiewicz®
is used to generatz the finite element meshes, The geometry is first subdivided by the user into
hexagona! blocks, each with ils own parametric coordinate system. (fig B.1) )

i
il

7 4 6
- i |
i 2
} T
t
8

4 : 1

Figure B.1 Hexagonal parametric block
Mappings between paramstric and real coordinates are a3 follows :

X = N[X!
y=Ny
z=N,z

where

Mo=d0 o090 -0, M=T0 a0 a0y
No= 201 - 401+ 91+, Ne=200 -1 - 901 + 9
Ny = 2(1+ 00 - 901 -0, MNy=2(+30+8(1 -9
M= 201+ -8, M=l - A~ 80 -

The user specifies the number of elements to be generated in each parametric coordinate divection
(ar, ns, nt) respectivelv. The element length in each direction in parametric space is calculated as
follows: '
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dr= 2
fir
ds-..:...2_
ns
gt = 2
nt

The block is subdivided into smaller hexagonal blocks as follows.

rl=sl=t=20

Loop : 12 =11 +dr

Loop : 82 =5} +ds
Loop : 12 =tl +ds

At this point a block is fully defined (11, 12, sl, s2, t1, 12). The coordinates in the cartesian

coordinate system can be calculated using the parameiric mapping equations defined above.
tl1 =12 '

Next t
tl =.2.0
51 =32
Next s
sl =-2.0
rl =12
Next 1

Each block can now be divided into tetrahedra as in fig B2,
/ )
WZ/’"'

Figure B.2 Subdivision of a brick
clement into fivg tetrahedra
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B4 Three Dimensional Viewing Algorithms

“The scene to be viewed consists of triangular facets in three dimensional space. Appropriate
translations and rotations must be performed on the scene so that the scene can be displayed from
the degired viewpoint. The scene must be then displayed with all hidden lines removed.

Data Structures ; _
An explicit edge list is used to store the facet data. Edges facet references an edge. Each edge then
references two coordinates which make up the endpoints of the edge.

COORDS(1.NCOORDS, 1..3) {The coordinates for each point}
FACETS(1..NFAC, 1..3) {The three sdges defining each facet}
EDGES(1..NEDGES, 1.2) {The two coonlinates Joefining each edge}

B 4.1 Coordinate Traasformations

There are three coording & system; }nvolved in this algorithm. The first is the absolute coordinate
system. The geometry to be viewed is described in this coordinate system. The observer system has
its origin at the observers viewpoint (ex, ey, ez) with the negative z axis lined up with the viewing
direction (dx, dy, dz). All the absolute coordinates are converted tu the observer coordinate system.
The observer coorddinates are then projected either orthographically.nr perspectively onto a viewing
plane. '

Observer
Y
x A
Abgolnte (ex, ey, €2)
Y / |
{dx, dy, dz)
-
-
\ X

Figure B.3 Absolute and observer coondinates
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The origin of the absolute coordinate system is first translated to (ex, ey, ¢z).

x'=x- ex
'
=y-ey

zZl=z-ez

A series of rotations are performed on all the wwordinates in order to line up the x, y and z axes as
follows: '

p’ = Rp
1.0 o] [cose 0 -sing cos  sing 0]
R, =10 cosp siné|, A,=; 0 1 0 |, A, =|-si§ coss 0
0 -sind cos@ [sina 0 cosf) a 6 1J

‘The axes arc rotated about the z axis by angle o = arctan(-dy/-dx). |
The axes are the rotated about the y axes by angle f = arctan(dx3+dy’/-d‘i§);
The axes are then rotated about the z axis hy angle v = -arctan(-dy.dz/dx" Hly*+dz")

B 4,2 Frojection

The coordinates can then be projected onto a viewing plane either orthographically or perspectively.
Orihographic projection : '

X, = X,
Vo= Vo

Perspective projection :

'
XP = ____O__
zO
y = —_.J:.o_g
? zo
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S

d perspective plane

¥igure B.4 Perspective projection of a point

B 4.3 Hidden line elimination

Before each edge in the scene can be drawn, its visibility must be determined, Edges may be
compietely visible, completely hidden, or only partially obscured. '

<

Figure B.S A line partially obscured by a facet

Loop through facets
Check whether a facet must be displayed or not.
if a facet is not to be displayed than the edges are marked,
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Loop through edges :

Compare edge against every single facet in the scene. The whole edgie may be visible, or the whole
odge may be obsgured. Parts of the edge may be visible and parts invisible. Only those parts of the
edge that are visible are drawn.

These are essentially two dimensional calculations.

Whether an edge is obscured by a facet can be determined as follows :
The plane confaining the facet can be described by the following vector equatif::j: :

na=k

For any point p on the plane,

) =nx+ny+nz-k=0

Rp) = 0 for any point on the plane but non zero for all other points. This plane divides space into
a positive and negative set. If f{p1) and {p2) both have the same sign, they will be on the same side
of the plane, This way it can be determined whether a point oa the ling is on the same side of the
plane as the eye (EX, EY, EZ). If the point on the line is on the oppesite side of the plane then the
section of the line is invisible and must not be drawn.

B5 Three Dimensional Contovr Plotting

Three dimensional data is viewed by displaying the soluticn contours ¢n a plane which slices the
geometry.

The cutting plane defined by the user is expressed as follows

na==k

where n is a normal to the plane, a is a point on the plane and k is & constant,
Bach tetrahedron in the mesh consists of six edges. All odges are fested to determine whether they
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arc infersected by the planﬁg

Any point on the edge ij cn be defined in vector form as follows:

p=>b+ud

where

b=0,y.2
d= (XX, Y ¥i:Z2)

The order of i and j does not’ matter,
nib + pd) = k
Solving for u

; k - nsb
. nd

If n.d = 0, the line and plane are parallel and no unique intersection can exist.

If the line and plane are not parallel, they will intersect. However it is only the line segment between
i and j that is of interest, not the entire line, The plane and line segment intersect if 0 <= pu <= 1.

The plane will either intersect at three or four points, forming a planar iriangle or quadrilatera;, If
a quadrilateraj is created, it js divided into two iriangles. Once all the edges have been tested a sct
of planar triangles will exist. The values at each node will have been calculated. The contour piotting
proceeds as in the two dimensional case.
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