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Abstract

The modelling power of It0 integrals has a far reaching impact on a spectrum of diverse fields. For
example, in mathematics of finance, its use has given insights into the relationship between call options
and their non-deterministic underlying stock prices; in the study of blood clotting dynamics, its utility
has helped provide an understanding of the behaviour of platelets in the blood stream; and in the in-
vestigation of experimental psychology, it has been used to build random fluctuations into deterministic
models which model the dynamics of repetitive movements in humans.

Finding the quadrature for these integrals using continuous groups or Lie groups has to take families
of time indexed random variables, known as Wiener processes, into consideration. Adaptations of Sophus
Lie’s work to stochastic ordinary differential equations (SODEs) have been done by Gaeta and Quintero
[1], Wafo Soh and Mahomed [2], Unal [3], Meleshko et al. [4], Fredericks and Mahomed [5], and Fredericks
and Mahomed [6]. The seminal work [1] was extended in Gaeta [7]; the differential methodology of [2]
and [3] were reconciled in [5]; and the integral methodology of [4] was corrected and reconciled in [5] via [6].

Symmetries of SODEs are analysed. This work focuses on maintaining the properties of the Weiner
processes after the application of infinitesimal transformations. The determining equations for first-order
SODEs are derived in an It calculus context. These determining equations are non-stochastic.

Many methods of deriving Lie point-symmetries for It6 SODEs have surfaced. In the Ito calculus context
both the formal and intuitive understanding of how to construct these symmetries has led to seemingly
disparate results. The impact of Lie point-symmetries on the stock market, population growth and
weather SODE models, for example, will not be understood until these different results are reconciled as
has been attempted here.

Extending the symmetry generator to include the infinitesimal transformation of the Wiener process
for It6 stochastic differential equations (SDEs), has successfully been done in this thesis. The impact of
this work leads to an intuitive understanding of the random time change formulae in the context of Lie
point symmetries without having to consult much of the intense It6 calculus theory needed to derive it
formerly (see Qksendal [8, 9]). Symmetries of nth-order SODEs are studied. The determining equations of
these SODESs are derived in an It6 calculus context. These determining equations are not stochastic in na-
ture. SODEs of this nature are normally used to model nature (e.g. earthquakes) or for testing the safety
and reliability of models in construction engineering when looking at the impact of random perturbations.

The symmetries of high-order multi-dimensional SODEs are found using form invariance arguments on
both the instantaneous drift and diffusion properties of the SODEs. We then apply this to a generalised
approximation analysis algorithm. The determining equations of SODEs are derived in an It6 calculus
context.

A methodology for constructing conserved quantities with Lie symmetry infinitesimals in an It6 inte-
gral context is pursued as well. The basis of this construction relies on Lie bracket relations on both the
instantaneous drift and diffusion operators.
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Chapter 1

Introduction and Seminal Works

In 1999 a paper was written by Guiseppe Gaeta and Niurka R. Quintero [1], which discussed relations
between the symmetries of the Fokker-Planck (FP) equation and its corresponding stochastic (ordinary)
differential equation (SDE): The symmetries were found, in the usual way, from the FP equation; these
symmetries were then checked against certain conditions; those that met the conditions were symmetries
of the corresponding SDE. However, the assumption of projectability is assumed.

Two years later, a paper was released by Celestine Wafo Soh and Fazal M. Mahomed [2], which ex-
plained how to derive these Lie point symmtries without referring to the corresponding FP equation.
Their methodology was able to incorporate higher order SDEs, like the governing equation for the re-
sponse of a mass-spring oscillator to a white noise random excitation. The assumption of projectibility
was not needed in their derivation. Their result was for a more generalized case.

Almost a year later a paper was published by Gazanfer Unal [3]; the paper claimed that the determining
equations it used for finding symmetries for first order SDE’s were far removed from the simplified version
of [2] as [2] precluded an extra condition in its derivation, which was introduced in [3].

It is true that there is an error of notation that was carried through in the derivation for the general case
in [2], but it must be said that its determining equations that was used to solve for the symmetries of
first-order SDEs is correct and by carrying the derivation further, gives the same determining equations
as in [3]. In fact it will be shown in this work that Unal’s [3] extra condition is unnecessary and is
automatically satisfied.

In this thesis, we also investigate the more formal approach of Meleshko et al. [4]; reconciling it with the
most recent findings. The method followed by [4] is incomplete in the sense that the It6 formula was
neglected in the transformation of the time index variable, which leads to transforms that under the It6’s
formula are not form invariant in terms of the original SODEs.

Extending the work of Gaeta [7] to both first and nth order SODEs is the next step of our investi-
gation and involves not only point transformations but generalized transformations as well. The result
of this analysis is then applied to approximate SODEs, which was first investigated by Ibragimov et al.
[10] and conserved quantities in an It6 context, which was first studied in Unal [3].

The outline of the thesis is as follows. In 1.1 Preliminaries, we firstly introduce preliminary results
that underlie our research. This is followed by an in depth view into the relationship between the FP
equations and its associated SODEs. Specifically, the calculations of [1] are done in more detail and the
ansatz is justified using as an aid the work of Mahomed and Momoniat [11].



Chapter 2 seeks to reconcile the works of Wafo Soh and Mahomed [2] and Unal [3], by using the instan-
taneous drift and diffusion of the Wiener process. The finite Lie point transformation is also analyzed in
conjunction with the It6’s formula, which had not been done to date.

Completing the transformation methodology of Meleshko et al. [4] in Chapter 3, reconciles all find-
ings thus far. Examples are used to establish the consequence of precluding It6’s formula in the time
index transformation.

We then begin Chapter 4, in attempt to extend the results of Gaeta [7] by using form invariant ar-
guments on the moments of the Wiener process which underlies SODEs. The symmetry operator is also
extended as a result. Examples from [7] are then used to establish differences and similarities between
our philosophy and that of [7].

Chapter 5 extends these results for generalized symmetries for nth order SODEs, thus extending on
the work previously done by [2]. As a result of the philosophy of form invariance for the moments of the
transformed Wiener process, new insights into the prolongation formulae needed to find the the prolonged
spatial infinitesimals become apparent. The use of the examples establish the differences between what
was done in [2] and in the thesis thus far.

The next two chapters are merely applications of all the recent findings. Chapter 6 extends the ap-
proximate symmetry analysis for first order SODEs of [10] to nth order SODEs.

Chapter 7 reconciles the work of Unal [3] with the latest results and in addition finds a new method
for construction of conserved quantities. An example from [3] confirms this.

We provide a conclusion, which places all findings into perspective.



1.1 Preliminaries

In order to work with SDEs we first have to familiarize ourselves with how we associate events w belonging
to a sample space (2 with a probability measure P. We apply the probability measure specifically to a
system of subsets of €2, which we denote by F. This o-algebra F contains the complement and countable
union of any of its arbitrary members, which we call open sets (refer to [12] for summarized definitions
concerning measure theory). We then form a natural filtration by forming an indexed family of o-
algebras F;, where t is a time-index, to which the sample paths of our processes are adapted (see [13]).
The probability space (€2, F,P) that we have introduced allows us to proceed with the introduction of the
randomess which drives the SDE, namely the Wiener process. The Wiener process is a family of random
variables indexed, for our purposes, by time ¢, which belongs to the interval I, which can be taken to be
the positive real line. This process is a mathematical tool used to formalize the physical phenomena of
Brownian motion; its sample paths, which are obtained by focusing on a fixed realisation of particular
event w € ) and following their families of random variables through time, are almost surely continuous
and are almost surely nowhere differentiable in the usual sense (there are many books that explain these
concepts, e.g. [14] and [15]). We represent it as a function W (¢,w) which does the following:

(t,w) eI xQ— W(t,w) €R.

The w in the argument of our function is an arbitrary event and is thus suppressed throughout the paper.
This process W(t) also has the following characteristics:

e at time zero with probability one, W (0) = 0;

e for any strictly increasing sequence of indexed times {¢;} C I, the random variables W (¢;41) — W (¢;)
are independent;

e for times s < ¢, W(t) — W(s) is normally distributed with a zero mean and a variance of ¢ — s;

e the covariance between two scalar processes at different times E (W (s)W (t)) is just the minimum
between the two different times min(t, s).

The conditions which were used in deriving the determining equations in [2] and [3] were based upon
what is known as the Ité’s multiplication table - simple mneumonics based on Ito isometry, see [9]

| dW(t, w)® AW (t, w)Y)  adt

dW (t, w)® dt 0 0
dW (t, w)W) 0 dt 0
dt 0 0 0

Here dW (¢, w)® and dW (t, w)9) are two independent standard Wiener processes; i,j = 1,...,N.

The derivative, in the distribution sense, of the Brownian motion is called white noise and is repre-
sented as dW (¢, w) dt. One of the earliest descriptions of white noise was given in [16]: "Inside the plane

. we hear all frequencies added together at once, producing a noise which is to sound what white light
is to light.”

In order to construct the It6 Integral next, we need to define the mean square norm. The mean square
norm of our defined random variable W, is defined by

Wt w)ll = VE(W(t, w)?) = /QIW(L w)[*dP,



where E and P are the expectation operator and probability law respectively with

Now let X(¢, w) be a stochastic process such that ||X(¢, w)| < oo for all t € [0,T], T > 0. Then
we denote the class of such stochastic processes by £2.

Unlike the Riemann Integral whose approximations converge in R, the Ito Integral will be approxi-
mated by a sequence of random variables converging in £2. Also the choice of values that the function
being integrated takes, along the discretized temporal axis, in the integral approximation, affects the
limit of such approximations: in an interval of [¢;,¢;11) the choice of s; € [t;,¢;41) for the function being
integrated in this interval is crucial, as the choice of ¢; would give rise to what is known as the It6 Integral
and the choice of % (t; + ti+1) would give rise to the Stratonovich Integral.

We now consider the mesh
D=t <to<---<t, =T,

of [0,T] and let II,, = maxi < g< n—1 (tx+1 — tx). The following random variable is now formed:

n—1

Y, => Xy, [Wi,, —W,]. (1.1)
k=1

Thus we have as a consequence that

. thj)} , (1.2)
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We now show that our newly formed random variable is finite under the mean square norm:
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As || X;]| is finite for all ¢ € [0, 77, it belongs to the class £2. If there is a random variable Y such that

lim ||Y, — Y| =0,
n—-+4o0,
I1,,—0

Y is called the Ito integral of X; and is denoted by / X dW;. We illustrate with the following example:
0

Example 1.1. The squared Wiener processes, W? belongs to the class £% since

N 4
IW? = |\|E (Z (W) )
k=1
N 4
=\ ZE())
k=1
N
- e
k=1
= V3Nt2 is thus finite.
In order to find its It6 integral we form the random variable!.
Y, = ZW? [W,giJr1 — Wti] which is finite under the mean-square norm
i=1

n

1

=1 1=1 i=1

1
EYnga

1Use the identity a?(b — a) = %(b3 —a3) —ab—a)? - %(b —a)d

W’% - Ynl - Ynz -

%Z (Wiﬂ - Wi) - Zwti (Wti+1 - Wti)z T3 Z (Wti+1 - Wti)3
1
3

(1.5)



where

Y0, = Y

Yn1 = ZWti (tl-i»l —t ) (1 6)
=1
Y"z = ZWm [(Wt 1 Wt.)2 (terl _ ti) (1 7)
i=1
1 n
Yn3 - 3 Z (Wti+1 Wt )3 (1 8)
=1

N - t i+l 2
= E (Z (Z W&k) _ Wf’”) dt> ) (1.10)
k=1 =
N noloeti
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<as /t E (W<k> W(k>) dt /tj E (ij> _ Wfk)) dt = 0; i # J>
N noloptig
B 2 (Z/ =) dt) (1.11)
k=1 \i=1"ti
N n-—1 t . t 2\ttt
- Y ( )
k=1 i=1 t;
= inl((tz+12 12) )
k=1 i=1
N n—1 9
(1) )
<
- ; i=1 ( 2
— 0 as n—o0;1l,, — 0 12



Thus Y, is the Itd integral of Y,,,. As for the third component Y,, we get

Yol = (ZNj <ZW“‘> (W), - WJP)—(tHl—ti)])Q) (1.13)

=1
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If we look carefully at the second expectation in (1.15), we see that we have actually found justification for the
mneumonic (dW;)?> = dt’ in the £2 space, i.e.

([ ] e[ ]

which is a particular case of what is also known as [t6’s Isometry.




Finally the last of the components Y., gives us

N 1 n 3 2
1Yol = E(X_j <3;(W£Z?1 -w) ) ) (1.18)
(1% (k) @\ [ 1y (k) O
= \]E ; 3 ; (Wti+1 - Wii ) Ej:l (WijJrl - Wt]’ )
N 1 n 6
= |E (Z <9 (Wt(j’“j1 - th‘“)) )) (1.19)
k=1 j=1
(as E (Wi, - Wﬁf’)g' E (W), - ij))g — 00 # j)
N 1 n X X 6
- (e -mey)
k=1 j=1
1 k k)6
- (B (e -we)))
k=1 j=1

Thus we have found that -
W2dW, = %W% 7/ W, dt. (1.20)
0

An [té process is a stochastic process X; defined formally as a stochastic integral equation
t t
X =Xy, —|—/ f(s,Xs)ds +/ G (s,X;) dW (1.21)
to to

or it can be intuitively presented as a stochastic differential equation
dX, =1 (t,X;) dt + G (t,X;) AWy, (1.22)

where tg,t € I,f is an N vector - valued function, G is an N x M matrix-valued function, W, is an M-
dimensional Wiener process and the second integral is the Ito integral. For the existence and uniqueness
of a temporally-continuous solution, besides the assumption that X; belongs to £2., we also assume that

If| + |G| < C(1+|z|), for some constant C, (1.23)
N M
where |G| = Z Z |Gi;|? and the drift and diffusion coefficients are Lipschitz continuous
i=1j=1
If(t,x) — f(t,y)| + |G(t,x) — G(t,y)| < D|x — y|, for some constant D. (1.24)

We now state the three main theorems that make our analysis possible.

Theorem 1.1 (1té’s Formula, [9]).



If X(t), an N-dimensional vector, is an It6 process,
dX(t) = fdt + G dW (1), (1.25)

where f = f(¢, X(t)) and G = G(¢, X(t)) are N-dimensional drift vector coefficient and diffusion matrix
coefficient of dimension N x M, respectively; then for an arbitrary application F : I x RY — RM | which is
twice differentiable in the spatial coordinates, F(t,.) € C2 (RN ,RM ) and only differentiable with respect
to time once, F(.,x) € C* (I,RM ) for all (s,y) € I x RV, an It6 process F (¢, X(t)) exists and is written
in component form as

F F
dF; (t,X(1)) = % dt+w dX,(t)
(,X(#)) i lex )
1 8%F;
LK (%) dX;(t) dXm(t), for j=1,...,N.
2 0ri0Tm | x)

The evaluation of each of the partial derivatives in the right-hand side is made at (¢, X(t)) and we simply
write as
_ OF;

dF; (t,X (1) = L dt + 5

J 1 2F;
OF; chZ-(t)Jr—2 af-a:z

dX;(t) dX (). (1.26)

It should be kept in mind that though X(t) is indexed by time; it is by its random nature independent
of time. The repeated index summation convention is assumed throughout this work. The terms dX,(t)
and dX;(t) dX,,(t) are evaluated using (1.25) and the Itd6 multiplication table to get

dFj (t,X(t)) = T(Fy) (¢, X (1)) dt + Y'(Fy) (£, X(t)) AWy (¢t), (1.27)
where
ry) = iy p 01 f[: o ar, 2D (1.28)
J o ot ¢ 8Z‘i 2 P ¢ m axzaxm ’ '
Yl(Fj) = G gFj, foreach i =1,..., M. (1.29)
Z;

For the existence and uniqueness of a temporally-continuous solution, besides the assumption that X(t)
belongs to £2 for an interval [0, T], we also assume that the instantaneous mean and diffusion coefficients
of (1.25) are Lipschitz continuous (see [15], chap. 7). We give an example to illustrate how Itd’s theorem
could be applied to find the integral of a function of the Wiener process. From this example one notices
how the Newtonian calculus differs from the It6 calculus. We check our tedious calculation from the
example 1.1 done earlier (see equation (1.20)).

Example 1.2.

The Wiener process W2(t) is an It process. We apply the Ito’s formula (1.26) to W3(¢) to find the
integral of the process W2(t). We therefore obtain

d(W3(t)) = 3W2(t)dW(t)+126W(t) (AW (t))?
= 3W2(t)dW(t) +3W(t)dt. (1.30)

Hence we now integrate to arrive at
‘ T T
W3(T)-W30) = 3 / W2(t) dW (t) + / 3W(t) dt.
0 0
Dividing through by 3 and rearranging terms this simplifies to

T 1 T
/ W2(t)dW(t) = —3W(T)3—/ W (t) dt, (1.31)
0 0

10



which is the same as before, viz. (1.20). One easily identifies the extra term — fOT W(t)dt, as Itd’s
correction term. This adjusts the answer we would have gotten had we used basic Newtonian calculus
methods. Since the calculus governing Wiener processes is not as straightforward as Newtonian calculus,
it is the case that the transformation of a Wiener process into another Wiener process would have to be
contended with. This brings us to the following theorem.

Theorem 1.2 (Random Time Change for Ité Integrals, [8]).

Let ¢(t, w) be the measureable time change rate which is related to our time change scalar stochastic
process ((t, w), by the following equation

O(t, w) = / c(s, w)ds (1.32)

and «(t, w) be a scalar stochastic process satisfying

e a0, w) =0,
o da(t, w)/dt = 1/c(a(t), w) > 0, for almost all positive time and almost all w € Q,

e [(t, w)and a(t, w) are left and right inverses of each other respectively, a (8(t,w), w) = 8 (a(t,w), w) =
t for all (t,w) € I x Q.

Then, under the (random) time change t = 3(t, w), the Wiener process W («a(t), w) is mapped to another
Wiener process W (t, w) according to the relation

da(t)
dt

dW (t) = dW (a(t)), (1.33)
where we have suppressed w in the expression above. This can then be expressed as

AW (B(t)) = V/c(t) dW (t), (1.34)
by using the inverse relation between «(t) and §(¢) in conjunction with (1.32).

Example 1.3 (An Example of Random Time Change from Oksendal [9]).

The example begins with

1 1
dY (t,w) = —0c(Y(t,w))dB(t,w) + ————=b(Y (¢, w))dt. (1.35)
) = 1B, B
Now perform the following time change: define
Z(t,w) =Y (a(t,w),w). (1.36)

Thus we have that

o
Bla(t, ). o)
L1
|B(a(t,w),w)[?

dY (a(t,w),w) = o(Y(a(t,w),w))dB(a(t,w),w)

(Y (a(t,w),w))da(t,w), (1.37)
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where

alt,w) =71 tw), Blt,w)= /Ot c(s,w)ds and c(t,w) = ﬁ, (1.38)
which means that
~ 1
dB(t,w) = WdB(a(t,w),w) (1.39)
and
B da(t,w)
dt = —|B(a(t,w),w)\2 (1.40)
whence

dZ(t,w) = o(Z(t,w))dB(t,w) + b(Z(t,w))dt (1.41)

when using the random time change formula for It0 integrals.

(1.42)
Theorem 1.3 (Feynman-Kac Theorem [9]). Define
v(t,x) = E"*n(X7), 0<t<T,
= [h@)pT - txy)dy,
where
dXt = a(Xt) dt + G(Xt)th
and p(7,x,y) is the transition density function.
Then 5 e 5
v v v
At X) 4 Bi(t,x)— tx)v = 1.4
¢ T A X)axiaxj+ (t,x) 5, T Ctx)y =0 (1.43)
and
V(Tv x) = h(X),
where
1
Aj; = ——Q(GGT)ij ; its components are not to be all zero, (1.44)
OA
Bi = a;— 227", 1.45
“ &m ( )
5‘ai 82Aik
= — . 1.4
¢ (&m) 0x;0xy, (1.46)

The linear partial differential equation (PDE)(1.43) is known as the Kolmogrov’s Backward equation
(KBE). However, throughtout this chapter, we shall be referring to the Fokker-Plank equation (FP),
which is usually written as

Ip(t,x) 9?p(t, x) Ip(t,x)
L = A B; = 1.4
where p(t,x) is the density function, satisfying
/ p(t,x)dzy ...dey = 1.. (1.48)
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Please note that the probabilistic equivalence between the FP and It6 equations does not imply
uniqueness between the two; it is possible for different It6 equations to share the same FP equation.

Example 1.4.

dx; = fdt+ GdW, (1.50)

where G is the identity matrix and G is the identity matrix multiplied by an orthogonal matrix

( cos T sinx)' (151)

—sinx cosx

In this example both processes share the same constant f and thus the FP equations for both are the
same

ou 1 0%u ou
% 2 ijerfi = 0 (1.52)

oz,
( é ) ) (1.53)

Example 1.5. Let us look at the geometric brownian motion model used for stocks in the financial
market,

where A;; is the matrix

dS(t) = rS(t)dt + o S(t)dW, (1.54)

with initial condition
S(t) =z, (1.55)

where r is the fixed risk-free interest rate, o is the fixed volatility and S(t) is the stock’s price. Let us
now consider the financial instrument known as a European call option, which has term of 7 = T — ¢
and a strike of K. Then we let v(t, S(t)) be the expected payoff of the option at maturity T, given that
we have all the relevant financial information needed up until time ¢. This conditional expectation on
the future payoff is not dependent on time and when we arrrive at maturity 7', v is simply just value
of the payoff. That is, the expected future payoff is unaffected by the amount of knowledge we have or
accumulate with time towards the expiry date T

The expected value of a contingent claim, max{0,s(T) — K}, at time ¢ is the discounted value of the
expected payout in the future,

u(t,z) = € "E" [max{0,s(T) — K}] (1.56)
e ""v(t,x) by definition. (1.57)

at some initial time ¢ where S(t) = x. Now if we work out the FP equation w.r.t. v and then replace v
with u(t, z)e"™ we get the Black-Scholes PDE.

ou(t, ) n x@u(t,x) n 1 2332('9211@,30)

—ru(t — ——— =0. 1.
ru(t,x) + En r o 50 92 0 (1.58)
The terminal condition as was mentioned earlier is
v(T,z) = max{0,z — K}. (1.59)

Notice if we had chosen h(xz) = max{0, K —z} (a put option instead), we would have arrived at the same
PDE, but for a different function u(t, z).
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1.2 Lie Point Symmetries and SDEs

1.2.1 Establishing the ansatz used in work [2]

A relationship between the symmetries of the FP equation and those related to the SDE, via what is
known as the normalization condition (1.48) was established in the paper of Gaeta and Quintero [1].

Given the SDE
dx; = fdt + GdW; (1.60)

The operator

0 0

Hy =7(t = i(t —,5=1,...

0 T(,X’U)at—i—g](’X’U,)ax]”j ) )

will be used in the transformation of the diffusion and drift coeffecients of (1.60). But before we proceed

with the transformation of the spatial and temporal tranformations, we will use [11] to establish the
ansatz for the operator H that [1] used in their paper, i.e.

0 o .
Ho=71(t)5 +&(t.x) 5~ j=1,....N. (1.62)
J

N (1.61)

We first introduce the Lie characteristic function which is given as

ou ou
Q - U(t,X, ’LL) - ET(ta X, u) - aixigi(tvx,u)v (163)
where 9
H = H0+77(t7x7 u)%? (164)
is the Lie point transformation generator. Thus the functions 7, & and n can be given in terms of @
oQ
o= _ 7 1.65
8u(t) ( )
oQ
& = — ) (1.66)
aU(i)
Ou 0Q ou 0Q
— _= _ 2 7% 1.67
where
Ju
U(t) = a, (168)
ou
U(i) = O 5 (169)
0*u 0%u
. = = 1.70
Uik O0x;0xy, < 8xi8xk> ’ (1.70)
and thus in general
oNu ( oNu )
Uiy, = = , (1.71)
( ) Bxil 83:”\, 8.731'1 8],‘“\,
where
11N = 11%2...9N. (1.72)
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In order to find the ansazt for H, we need to apply the second prolongation of H to the second-order
evolution PDE (1.47) (we replace p by u in what follows). The second prolongation of H is given by,

9 9 o .0

HE = 7+ +¢ + ¢ +¢ , 1.73
Ct aU(t) C 8u(i) C t aU(it) C k aLL(ik) ( )
where
oQ oQ
- Y% = 1.74
Ct ot +u(t) 8'(117 ( 7 )
aQ 8@
. = 1.
¢ oz, TUO Gy (1.75)
(1.76)
and since there is only one dependent variable u,
Gk = DupDwy(Q), (1.77)
= 8+u~g+u'i+ a+ 8+u'i+ (Q)
o 8x1 ) ou @D 8U(l) &rk (k) ou (k3) 8U(j) o ’
Q >Q >Q >Q
- 81’iaxk + u(i) 8u8wk + U(il) axk8U(l) + u(it) axka’U(t) +
R R R B B o S
R udir; @OF®) 5udu k) D ) dudu (@)% (k) duduyy
2 82 62 82
0%Q 0%Q 0%Q 0%Q
+ wpUEN s FUHURD T T UGHUk) T T UG U(kt) s T
D duydugy T dugduy T dugdugy T dug duq
0%Q 0%Q
) _ T ) I A 1.
+ UG Ukt ugdug + u(zt)u(kj)au(t)au(j), (1.78)

we do not need (¢, since our FP equation does not contain u ;). Applying HE on (u(t) - F) at uyy = F,
ie.,

g2 (uey — F)}u(t):F =0, (1.79)
where
0%u(t,x) ou
F=-Ap—""-%—B— — 1.
ik 02,00, v Cu(t,x), (1.80)
gives
_ aQ —u @JFA. 827Q+u. 82Q + g, 32Q + ug; 82Q +
ot ® ou ik Ox;0x} ) oudwzy, @) 8xk8u(l) () 8$k8U(t)
0°Q 2Q 0Q 0*Q 9*Q
2 82 82 aQQ
+ “(’“J')axiau(j) Uk B B O0z;0uy) Tupu J)auau T UDUR) Z 5, 8u8u(t)
02 0? 0? 0?
T U Uk o 094G UGG U G Hdu +U<ij>U<kj>7au(j)au T U Uk R +
9Q >Q oQ oQ
) % ) R B;
+ UG UK Bugydugy +U(zt)u(kj)au(t)au(j)> + (6 +uEy 5 ) +.
0 0
+ C (Q — u(t)auci) — u(j)aui)) =0, onuyy = F. (1.81)
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Substitution of u) for F' yields

0Q 0Q
= g~ (FAwuar = Biug) = Cult,x)) 7=+
82Q 32Q 32Q 82Q
+ Au (6%8@@ + ) oudxy, + G Oz Ou) + iy Oz 0uy) *
°Q °Q aQ 9°Q Q
+ 5‘u8 + ) U k)m+u(ik)a +uanu k)auau -

9*Q 0? 02 0%Q

82 32 ((92

9°Q 9°Q oQ oQ
; _— B; -
+ UG U(kt) 6U(l)8u(t) U(it) U(kg) 8u 8U(J)> + ( ; +ug u) +

oQ oQ
+ C (Q — (_Alku(lk‘) — BZ’U,(l) — Cu(t7x)) aU(t) — U(y) 8u(])> =

Separating out (1.82) by derivatives of u mixed in time and space results in

0*Q 0*Q 9*Q
k <8xk8u(t) * Yek) Bué‘u(t) + k) a’LL(t)aU(j)> ) T

0%Q 0*Q 0%Q
A . N _
+ ik <a$iaU(t) + U(l) 8u8u(t) + u(ll) 8U(1)6U(t) > u(kt) +
9*Q
Aig ———ug e
* k Ou ) Ouy) tentien +

Q

oQ

T + (Aiku“-k) + BiU(i) + Cu) T +...
0°Q 9°Q 0°Q 9°Q o)
Ai a. 9. 7 12 7
A (8:&8:0;6 T Bty T rroug T Y Budr; T OO guge T
2 82 32

0
b g, b
0%Q 9°Q 0Q 6@
UGkl A ——— )+ Bi [ = +uu
+ DD By By +U<mu<ka>8u 8u(])>+ (a T UGy, )+

0 0
+ C <Q + ( ikW(ik) T B; iU(q) + CU) ath) U(j)au?j)) =0

By considering only the first three terms of (1.83) we get

9%Q 0%Q 9%Q
) b (aﬂjkaU(t) + ) au3U(t) + k) 3U(t)aU(j) )
0%Q 0%Q 0%Q
. . N— ) =0
'U'(kt) (&riau(t) + U(l) 8u8u(t) + u(zl) 8u<l)a’LL(t) ) ’
0%Q
; D Ap=——2—=0.
U(it) U(kt) k D dug) 0

From (1.86) we see that @ is linear in wu,

Q = a1 (ta X, u)u(t) + g (ta X, ’LL),

UL\ U (i) —————— - UL YU 1]y ———————— ~ Ui\ U( o) ——————— + Ui U 827Q
D) G By T DD g gy k) g M k)

0%Q
U0 gy + D) i, T U@ Ukg) o dudug + HEYRD Gy du, T

(1.82)

(1.83)

(1.84)
(1.85)

(1.86)

(1.87)

where a4 (¢, x,u) and as(t,x,u) are arbitrary functions of ¢ and x. By substituting (1.87) into (1.84) and

(1.85); separating by k), U@y, Uky) and u) gives
Q = al(t)u(t) + O[Q(t,X, u)
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Separating out (1.82) with respect to w(iujy, U(ij) Uy and ue;)u;), gives

Q 9*Q 5°Q
(>W. A TN
duydugy ) T dugyougy ) D Q) Oug)

oQ oQ
T (_Aiku(ik) B; U — Cul(t, X)) o + ...
9Q 32@ >’Q >’Q
+ ik <8(E18.’Ek + U(Z) 8u8xk + u(zl) axkau(l) + U(zt) axkau(t) +

(k) oudx; O®) Gudu CR) D EDTR) Oudup)

0? 0? o? 0?

+ Ui U
Pougyduay T g dug,

0Q s 0Q ) _0
duy ) dug)

U(it) U(kt) 8u<t)8u(t)

+ C (Q - (—Aiku(ik) Biu(y — Cult, x))

Again considering only the first three terms gives rise to

9%Q

uanueeg) 2 A <8u(l)8u(J)> -0
9?Q

uggue = Ak (%fma)) -
0%Q

UG Ukg) © Ak (%3%)> -

From (1.92) we see that as(,x,u) is linear in u;, i.e. we have
Q = a1 (t)ugy + oyt x, u)ugy) + aa(t,x, u).

Finally separating out (1.82) with respect to wg;)up) and ue)u(gy), gives

2 82
Ai i Na. o Ai 7
KUY g, T AEDME Gugug,
oQ oQ
— E — (_Aiku(ik) — Bzu(z) — Cu(t,x)) % + ...

82Q 32Q 32Q 32Q
+ Au (6%6% + ) oudxy, + G Oz 0u) + 0z 0uy) *

D oudz; P gudu T G OFE Gudu
2 2 82Q
+ u(kj) axiau(j) + U(kt) axiau“) + +u(i)u(kt) 8u8u(t) +
9 0° 0°

U(k]‘) m + U(kt) m + u(l)u(kﬂ)m + u(l)u(kt) Wu(t) +

0? 02 0?

82
M) B, +

0Q
ox;

+u

oQ

(1) du

0?Q

) U(ig)U(kg) T -

)+

+ HOMED By B, Uiz Uk Bug)dug +u<z‘j>u<k~j)7au(j) D +U<it>u(kt>73u(ﬂ Bugy +

0%Q 0%Q 2Q 9Q
. v Bi
+ u(ll)u(kt) aU(l)8U(t) (Zt ®9) ey Oy 8u 8u(J) ) * (8x + U( ) ou ou

J
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(1.90)
(1.91)

(1.92)

(1.93)
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This time looking at only the first two terms provide

. 52@

U)Wk Aip 57— auau =
8262
(i) U(ky) - Aik o — 8u5‘u

From the above, we see that «;(t,x,u) = «;(t,x), whence
Q = a1 (t)ugy + oyt x)u(y) + aalt, x,u).
Thus we have established the ansatz which [1] used, viz.

0

0
ot +n(tax7u)7

0
+&(t,x)=— B

H=rt73 Oz,

Determining Equations Associated with the Transformation of the Variables

The transformation of the spatial, temporal and the Wiener variables are

dX = dX +edé+ O(?)
dt = dt+edr+O()

and by using the Random Time Change relation (1.34) we get

av? = aw® (1 + ;CZ) +O(e),

where, by using It&’s formula (1.27)

i = (6€+fza Z X

J 5'1:1 T

or 1 a* ; Ot j
<8t Z Gl >dt+G Ba; AW (¢).

Ly

)dt+G§ gf AW (¢)

dr

However, throughout their paper [1], they made 7 a function of time only, thus
or . e
dr = Edt’ with the indices 4,7 =1,... N.

Thus, as a consequence of having a projectable symmetry operator H, i.e. with 7(¢)

dX = dX+e<< €+fl 65

]88 b O0x;

dt = dt<1+egt>+0( )
~—(1) () € 0T 9
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(1.95)

(1.96)

(1.97)

(1.98)

(1.99)
(1.100)

(1.101)

(1.102)

(1.103)

(1.104)

0% )dt—i—Gﬂ o¢ de(t)> + O(€?)

(1.105)

(1.106)

(1.107)



The transformation of f and G under our infinitesimal generator H is

LER) = filt,x) +eHfi(t,x) + O(e?
_ fi+€( ()8‘? +&(tx )ax’:) +O(e?),

Gi(1,X) = Gi(t,x)+eHG:(t,x)+

j
(€%)
_ i oGy, . ., 9G] >

= k+e(7(t) r +&;(t,x) Bacj> + O(e%).

The purpose of the transformation was to leave dx form invariant, i.e.
dX, = fi(%, X)dt + G(%, X)dWr.
Multiplying out the above components gives

= fz<t»X>dt+G2<t7X>dwf+f((flaT+ 0+ x>af)dt+

O

oG, oG, or
+ (r( ) —= 5 +§](t X)—*= oz, ~ + Gk at> th’“> + O(?).

Thus by comparing the terms that follow the € in (1.106) and (1.113) we have that

or  Of 3fl 9 351 ra \

hi ot T ot + gj ( + fz ] 0x;0x; =0
8G}'€ 4 (9G§€ ; 0& 37’ B

and 7(t) o +&;(t,x) oz, kD, =0.

(1.108)
(1.109)
(1.110)

(1.111)

(1.112)

(1.113)

(1.114)

(1.115)

The determining equations (1.186) and (1.187) were then used later in the determining equations of the

FP equation (1.47). Here are a few examples taken from [1] and re-done in this context.

Example 1.6. Consider

dx = odW;.
The determining equations are
—o? 8—25 - 6§ = 0
Ox? 8t
1 0
2 ai =0
Solving gives
T = 2C1t+Cq

& = Cix+Cs.
Example 1.7. Now we turn to

dr = dt + xdW;.
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(1.116)

(1.117)

(1.118)

(1.119)

(1.120)

(1.121)



Its determining equations are

o8 o8
ox Ot
1 9%
2oz = Y
£=0
1., 0
727—_% == 0

after having separated out coefficients with respect to explicit powers of x. Solving results in

T = Cl
¢ =0
Example 1.8. We study
dx = xdt + dW;.
Its determining equations are
o€ o0&
_ = = - 0
& ot + T 0w
1 193
—7—-—=— = 0.
2" oz
Solving yields
T = Cl €2t + 03

& = et (Cletx + Cg) .
Example 1.9. Finally, consider
dz = gdt + v DdW,.

The determining equations are

9% 08 _
Yor "ot~
1, o
ET — % = 0
Solving gives rise to
T = (C12t+C;s

7%
Il

Cl(gt + 33) + 02.

(1.122)

(1.123)

(1.124)

(1.125)

(1.126)

(1.127)

(1.128)

(1.129)

(1.130)

(1.131)

(1.132)

(1.133)

(1.134)

(1.135)

(1.136)

(1.137)

Remark. These results confirm the findings of Gaeta and Quintero [1], even though we are purely

using the random time change formula given by @ksendal [9].
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Determining Equations Associated with the Fokker-Plank Equation.

In order to find the determining equations of (1.47) we need the second prolongation of the symmetry
operator H,

0 0 0
HE = H4n—+4¢ + ¢ + ¢ : 1.138
ou taU(t) GU(Z) kaU(ik) ( )
where
Ju
by = p (1.139)
Ju ou
Noo= = 1.14
U(z) 8IZ ( 8l‘l> ’ ( 0)
0%u 0%u
, = = 1.141
Uik Ox;0xy ( 8xi8x;€> ( )
and thus in general
oNu oNu
) = = 1.142
u(ll_’N) (’hil N al‘iN < 8xil N BxiN ) ’ ( )
where
1N = fd1ig...19N. (1.143)
The remaining extended infinitesimals are
G = Duy () —uwnDu (1) —u@ Dy (&) (1.144)
G = D) —u@Du (1) —uiDay (&) (1.145)
Gr = D (G) = u@n Dy (1) = ugj) Dy (&) - (1.146)
The D operator is the total derivative operator defined as
0 0 0 0
(4) (t1—n)
0 0 0 0
@ 9 T 0 gy T Gy T T M g (1.148)
—i—l—u-g—ku--iﬁ- + Ui L-ﬁ-
= axl () Iu (i5) au(]) . (11— nN) 8“(1'1%1\,) I
(1.149)
where Z'lﬁN = i1i2 e iN.
Since our symmetry operator was chosen to projectable, i.e. 7 = 7(t), we have as a result
on 90& Ou dn 0T\ Ou
= — - ==— — - = =, 1.150
G ot~ ot 0z, \ou at) o (1.150)
on Onou 0 Ou
o on ou 0§ Ju 1.151
G P9 (o) du 0 (o) ou P ou
kT 9r, 01y | Ozp \Ou) Ox; | Ox; \Ou) dxp  Ox0rk ox;
2 . 2 ) 2 2
. an  0%u 0¢; 0O°u 0¢; 0°u 9°n du du (1.152)

Ou 0,01,  Ox; Ox;0T8 Tmaxiaxj + ou? Oxz; Oy
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An application of our second prolongation on the FP equation should be zero in order for the infinitesimal

generator H to be a symmetry of (1.47). That is

HP (Lpp(u)) =0, (on Lpp(u) = 0).
This gives
Oy 0 0u  (0g Or\ou  , (O | 0 (on)ou,
ot ot 9z;  \ou ot ) ot "\ Owi0xy | Oz \Ou) O
n 9 (0n\ Ou D%¢; Ou  On 0%u & 0%u
ox; \ Ou (%L'k 8:10»8:1:;c Ox; OuOx;0xy,  Ox; 0x;0xy
9 9% du du + B, O  Ondu & du N
Ozy Ox;0x;  Ou? Ox; Oxy, ‘\dz; Oudx; Ox; O0x;
Azk 0A;k 0%u 8B aB ou
C
et <5ﬂ 2, o ) ozoen 5 am, T ) om T
oC oC
—+ <£‘78‘7 +T8t> u = 0, (On (147))
We now substitute for du/ot, i.e.
ou 0?u(t,x) Ou
— = —Aij——5— — Biz— — Cu(t,x),
ot 1 0w,0u; gz~ CulbX)
in the above. This yields
on 9 0u  (on _orN(_ , u o 0u
ot~ ot oz, T <8u ot )\ Y gpan, Biag — )T
oA &*n 9 (on) Ou 9 (on\ Ou 0%¢; Ou | Oy 0%u
0 &*u 0§ &*u 8n8u8u 4B 877_'_@811_65]-% n
dx; dx;dxy,  Oxg Oz:0x; | Ou? dx; Ok ‘\0z; Oudxr; Ox; Ox;
OAix | 0Auw o*u 0B; , 0Bi\ Ou
+Ont (51 BT )&riaxk (51 T ) oz
+ (538£+ 86’) u = 0, (on (1.47)).
ot
We now collect the terms into four groups, which are coefficients of gf c’?zi; , afzazk , ﬁ and 1:
du du OAir , OT 0Aw o 08 o 06 0u
( 8u2> Dz; Oy, T ( ot T At g, T A g A ) 5vi0ms
B 0B; 0&; 0&
+ (ratJr—BJrfr 5. "oe. ot T zk ( >
o (0n 9%¢; ou on 877 _or
+ A”axr <8u> 8xr<9zrk> oz T (E u ot Cut
*n on acC acC
o Awgam TP <5 " o ”5) “) =0
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(1.153)

(1.154)

(1.155)

(1.156)

(1.157)



Each of the four groups are equal to zero; we have an over-determined system of equations known as determining

equations
At %) 82n(t,g,u;t(t7><)) o,
778315? x) 4 %TBZ' + & Zf: - B, gj - aai" + ikai (%) +...
g () =t =©
% — <% — %) Ct,x)u+ Ak azznmk + B’ggl +Cn+...
+ (ET%CC; +788—f) u=0.

Knowing that the A;r’s components are not all zero, we see that

2
9 _
ou?
which means that 7 is linear in u

n = a1(t,x) + az2(t, x)u.

Substituting for n in (1.160) we get

0Bi(t,x) Ot oB; ., 0§ 0% ~ Das(t,x)
o taPtean Ban T T T, T
daa(t, x) 0%¢;
Ari - Ar = U.
* 81‘7‘ kal‘ramk 0

After insisting for 7, the last of the four determining equations splits into two separate equations:

coefficient of u and the other a coefficient of 1:

daz(t,x) | OT v D asa(t, x) Oas(t, x)

( ot + 8tC+Alk 0x; 0k + B ox; e
+ ¢ oc +T@ u

" Oz, ot

O (t,x) ~Pau(t,x) Oaa (L, %) _
+ ( 5 + Air D20 + B s +Cou(t,x) ) =0.

The two groups are each equal to zero, since the u is explicit throughout to get

Jaz(t,x) | Ot _ ?an(t,x) Oaa(l, x)
A A T, R T
ocC ocC

o e T 0

O (t,x) ~Pau(t,x) Oau (t,x) _
ot A% par, TP ar, T Catx)=0

(1.158)

(1.159)

(1.160)

(1.161)

(1.162)

(1.163)

(1.164)

(1.165)

one as a

(1.166)

(1.167)

(1.168)

(1.169)

Equation (1.169) is just the FP equation for a1 (¢,x). Thus it is left alone from here on as this gives the infinite
number of solutions symmetries. As for the coefficients A;x, B; and C, we can eliminate two of the three so as to
simplify the determining equations further. The relations (1.45) and (1.46) will now be used in (1.159), (1.164)
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and (1.168) to achieve this and give

B(TAM) 0Aiw . O0& 0&;
o (& Aigt —Angt ) =0 (1.170)
a(g’b - sz) sz _ 8f2 82& . g 0A;k
ot T oa, 5 " mome  C\ot \"om ) T
~Das(t,x) B 82& _ 0A, O&; 02 Aus, .
+ A 0T A 00Tk ozxr Oz, & O, 0xr ) 0 (1.171)

K ofi | 9 Au Daz(t, x) o2 ag(t x)
ot <a2(t, xX)+7 (axi + axiamk)) + i T + A +
a Azk

2
o OAi Ao (t,x) v O fi & -0 (1.172)

2 e om D20z, O Dmdzr0m,

Keeping in mind the determining equations associated with the SDEs, (1.186) and (1.187), we now manipulate
the determining systems above. We multiply (1.170) by 2

ArAu) Auw ., O oe\
2= (2@ 2 5" — 240 8%) =0, (1.173)

differentiate with respect to xx
0 0A;k Ak & 0Aik 0Air O %€y,
2 — s 2 -2 - 2Azr
ot ( Bmk> ( . N S S . D, 0y
2 .
6ATk o0& 94 0“E; ) —o,

Gazk oz, Tk 0z, 0z

(1.174)

and using the repeated index summation convention, we sum over all k; add the resulting equation (1.174) to
(1.171), to arrive at

0 [ 0Ai Aik 06 0Aix [ 0Air 0%k 0%&,
2ot < prs ) <25”a B e e LN
0A. 0&; 0%¢; A& —1fi) 351 ofi ¢
- 2 — 2A, ” ' .
Oz Oz, * Oz Oz, + ot + f —¢ i " Dz 0z +
8 6Alk ) 80&2(t,x) o 82& . aArk 851 82A¢k
2 (6‘75 (T Oz, ) Aie Oxy Ark Oxr0xr Oz Oxr + "0z, 0z,
(1.175)
which simplifies to
>, (& —7fi) &
(_ZA”' 8:1:T8mk> + ot A Oz te
afz 8251 ) 80&2 (t, X) o
b g — Ark g =2 (Alk o) =0 (1.176)
Rewriting the above we arrive at
& —7fi) 3& _ afz 0%¢;
o ee, o M amom T
_ ) 2 &k ) Oa (t7 X) —
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Next we differentiate (1.170) w.r.t. =) and x;

0 ( 9PAun Y
ot 0x;0Tk

e, 0% A & Aig D& 0Ai | 06 0 Aux
ox; 0z, 0xy, " 0x;0x,01r  Oxi0xK Oy 0z 0x;0T,
| 0PAi 08, QA 6 QA O°& %€
Ox;0xy, Ox,  Ox) Ox;0T) 0x; Ox.0x " Oxi0x, 0z
L OPAn 06 0Aw D& 0An 0’6, &%\ _
O0x; 0z O, Oz O0x;0x, Ox; Oz, 0xk Tkaxiaxraxk -
(1.178)
Then differentiate equation (1.177) with repsect to z; to deduce
0 (0& _Ofi ofr 0&; 0%,
ot (axi T@xi) * 9w 02y I omi0w, T
_0& Ofi O f; ~ O0Ank 9%, A 9%, n
ox; Oxy " Ox; 0%y ox; Ox,0xy Tk 0x;0x,0x),
O0A;, 82£k 63£k OAik 6&2(1: x) 82a2(t X)
-2 Air : A; : =
<8m¢ O0x, 0z * Ox;0x,0xr  Oxs Oz A O0x;0xk, 0
(1.179)
We now add and subtract (1.179) and (1.178), respectively from (1.172) to get,
6 8f, 62Aik ) 8&2 (t, X) 82(12 (t, X)
ot <0‘2(t’ x)+7 (83% + axiaxk)) A T .
8A¢k 8a2 (t, X) 62f1 (9314»;]9
+2 Oz, Ox; +e 0x;0x, +é 02,0z 0%, T
Lo (LA,
ot 00Tk
(06 9*Ay 0% A %6, 0Ai | 0& O Au
O0x; 0x, 0Ty " 0x;01,0x) O0x;0xr O, Oz 0x; 0T,
_0PAi 08, DAy 0% DA 0% 9°&,
0x;0xy Ox,  Oxk Ox;0x, Oz; Ox, Oy " Oxi0x, Oz
B %A, 08 ~ 0Ank 0%, _ O0Amk 0%¢; 4 93¢;
0x;0xy Ox, Oz, O0x;0x, Ox; O0x,0xk Tk 0x;0x, 0 '
0 (96 7T8f¢ n Ofr 0&; f 9%¢;
ot \ Oz; ox; ox; Oxy "0x;0z,
_8& ofi _ 8 fi _ 0A,, 0%& A &
ox; Oz, " 0x; 02, ox; O0x, 0Tk vk 0x;0x, 0Ty,
8Air 82§k 63€k 8Azk 80(2(@)() 82o¢2(t,x) o
-2 ( dz; Ox,0xy Air 02;02, 0z, * ou dzy +Aw Oz;0x, ) 0
(1.180)
This simplifies drastically to
(9042(t, X) g 6& _aag(t,x) 82& _ 83& _ ) 02042(157)() o
ot * Ot Ox; + Ox; I 00z, Ark Ox;0x,Oxx T Ori 0T,
(1.181)
Recollecting terms, we arrive at [1]’s result
0 0 ? 06\
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Thus, giving a new system of determining equations

8(7’Azk) 6141;6 _ ) 8& _ 8& _
8t (51" z, Az'r 8mr Ar}c 6$T = 0
o0& —7fi) 3& _ 3fz 0%
o aL, "5 ™ Dy D
825’6 aa?(t7 X) _
—2 (A" Ox, 0z +Ai Oxy, =0

0 0 ? 06\
(& i T Aikiaxiaxﬂ (0‘2“7 x) + amr)

We now compare these results to the determining equations (1.186) and (1.187)

afi afz 1l3 o6 1 Nk ok 94 o
o <+fiaa:i+22G" G garom; | =°

ot

or
fZEJr

and
0% i s Lol <o
Rewriting (1.183), (1.184) and (1.185) w.r.t. G(t,x) gives
Gj< 85 12 é“g:%Tagk ngi’“>+ N
+G§< aac;g + ngwrmj GZSi’i) =0,
(1 +resetle- (en St S 28 )) o
+J§;Gg‘G{; ajjg; - +§;ch£ 8a;S; %) _ )

0 L1 l 0 &,
(8:‘, + fz ox; E ; k@xﬁﬂ%) (ag(t,x) + 8xr) =0

We find that (1.188) is a satisfied as a direct result of (1.187).
(1.189), (1.186) forces
Jaa(t,x) %€
JJ — J
ZG G 0T ZG Gr "Ox,0xy’

Jj=1

which when we integrate w.r.t. xj gives

¢,
oz,

+ (1, where 1 is arbitrary constant.

Oég(t, X) = —

However, the converse is not true.

(1.183)

(1.184)

(1.185)

(1.186)

(1.187)

(1.188)

(1.189)

(1.190)

Also from

(1.191)

(1.192)

Looking now at the normalization condition (1.48), under the transformation the probability density function

p(t,x) undergoes the following

t = t+er(t),
T; = x; +€&i(t,x), and
p = pten(tx,p),

.dzn undergoes the following for each i, by use of (1.194)

0&;
8:@

The volume element dz; ..

dz; =dx; + ¢ dmj.
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Any element dz; which is raised to a power higher than one, becomes so small that it becomes negligible; with
this in mind we see that

A7y ... dTN = (1 28 ) dzy...dzy. (1.197)
ox;

Thus at first order in € we have that

/oo p(E,R)dTs ... dTy = /oo (p(t, X) + € (al(t, X) + (ag(t X) + g%) p)) day ... dux (1.198)

—o0 —o0

which we separate out to get

/ p(t,X)dz: . def/ p(t,x)dz1 ...den + ...

€ < (az(t,x) + %> p) dzy...dzN (1.199)
—oo dz;
Thus what [1] showed was that o (¢, x) should be zero under integration, i.e.

/ a1 (t,x)dz ... deny =0, (1.200)
in order for the normalization condition (1.48) to be satisified, i.e. in order for term following the e to vanish.
This then as a result forced o

Oz,
which is the condition we found earlier (1.192), with the arbitrary constant 5, put to zero.

az(t,x) = — (1.201)

Therefore with these conditions (1.200) and (1.201) the complete probabilistic equivalence between the It6 and
FP equations, which we saw in the Feynman-Kac theorem, is maintained. Thus the symmetry operator Hy would
transform the It6 equation into another; maintaining all the same probabilistic properties.

In summary it was shown that H could only be a symmetry operator for It6 SDE if (1.187) was satisified.
The FP symmetry operator Ho + 1n9/0u, where n = au(t,x) + az(t, x)u, with a1(¢,x) being a solution to the
FP equation and satisfying (1.200); a2(t, x) satisfying (1.192), can now be found. Here are the FP equivalent
equations from the previous examples.

Example 1.10. The FP equation

ou 1 0%u
has the determining equations
1, 96 _
ST = 0 (1.203)
06 3 0% | ,0m(t,x)
ot + 5% Ba2 +o D = 0 (1.204)
dasz(t,x) 1 ,0%as(t,x) 0% 1 ,0%
il o> = 1.2
ot a2 otow " 27 9a 0 (1.205)
which solves as
T = Co+Ci2t+ Czt2 (1'206)
f = Ciz+ Coxt+Cs+ 040'2t (1.207)
1 [ a?
o = 5\ o2 +t)uCs+ Cazu+ Cs | u + aft, z). (1.208)
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Example 1.11. The FP equation

ou o _ 10t
ot ox 2 0x?
results in the determining equations
& =0
T = 0
daz(t, x)
—— = 0
ox
daz(t, x)
—— = 0.
ot
Solving this yields
T = (o
& =0
¢ = Ciu+a(tz).
Example 1.12. The FP equation
ou on _ 1o
ot or 202
has the associated determining equations
1. o9&
27 O
23 8()[2(t,$) ¢ —
ot o Cor & 70
das(t, ) Oas(t,x) | 10%as(t,x) | 9%°¢
ot " o T2 02 Towwe O
which gives rise to
Co
T = 03621&*7@7%4’05
C C
£ = (0362t + 7067215) z+ Caer + 71671&
22
¢ = <Coe,2t7 + Cie_ix + Co — C3€2t> u+ at, )
Example 1.13. The FP equation
ou ou _ 10
ot " 9or T 27 0a2
is associated to the determining equations
1 193
—+_5 — 0
2 oz
¢ Oaa(t, ) o
ot +D ox Yo 0
das(t, ) das(t,x) | 1 dPas(t,z) 0°¢
ot 9o TP e tame T

(1.209)

(1.210)

(1.211)

(1.212)

(1.213)

(1.214)

(1.215)

(1.216)

(1.217)

(1.218)

(1.219)

(1.220)

(1.221)

(1.222)

(1.223)

(1.224)

(1.225)

(1.226)

(1.227)

(1.228)



This furnishes

T = —DCot* +2Cst + Cs (1.229)

oy
I

(03 — DCot) T+ (gCg — DC1) t+Cy (1.230)

<
I

2
(Co% — gCotx + Chz + gQ%tQ - (gC’1 - gCO) t+ Cz) u+ a(t, ).

(1.231)

Remark. Each of the examples above corresponded with the examples from the previous section. The algebras
of the first order SODEs with one-dimensional Wiener processes form a sub-algebra of the original Lie point
algebras associated with the FP equation.

1.3 Conclusion

The question of whether or not the Lie algebra of a first order SODEs, with multi-dimensional Wiener processes,
will form a sub-algebra of the associated algebra related to FP equations needs to be investigated.

So far the ansatz that the temporal infinitesimal must be projective for both the FP and the related SODEs
ensures that the symmetries generated from the SODEs is a sub-algebra of the one generated by the associated
FP equation.

The question that now arises is whether or not the Lie point transformations of the SODEs are applicable if
the infinitesimals are not projective. This leads us to the works of Wafo Soh and Mahomed [2], Unal [3] and
Fredericks and Mahomed [5] where no recourse is made to the FP equation. As a result, the ansatz of [1] is not
assumed.
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Chapter 2

Symmetries of First-Order
Stochastic Ordinary Differential
Equations Revisited

Symmetries of first order SODEs are analysed. This work focuses on maintaining the properties of the Weiner
processes after the application of infinitesimal transformations. The determining equations for first-order SODEs
are derived in an It6 calculus context. These determining equations are non-stochastic.

2.1 Introduction

Two years after the seminal work by Gaeta and Quintero [1] which brought to the fore the relations between
the symmetries of the Fokker-Planck (FP) equation and its corresponding It6 stochastic (ordinary) differential
equation (SDE), a paper by Wafo Soh and Mahomed [2] explained how to derive these Lie point symmetries with-
out referring to the corresponding FP equations and without using these FP dependent symmetries to transform
the Ité6 SDE into a different one as had been done in [7]. This novelty in methodology was able to incorporate
higher order SDEs, for instance the governing equation for the response of a mass-spring oscillator to a random
excitation induced by white noise, which we discuss in a later chapter.

However, this methodology neglected to apply the invariance principle to the underlying properties which drives
the non-deterministic characteristic of It6 SDEs, namely the Wiener process’ properties. This implies that the
instantaneous mean of the transformed Wiener processes is not zero under expectation as it aught to be. As a
result of this oversight, the determining equations related to the invariance of the diffusion coefficient of the SDEs
are non-deterministic; there is a white noise term which survives the transformation. What is interesting is the
fact that this non-determinstic white noise term does not appear in the determining equations for higher order
SDEs.

Unal [3] uncovered the reason for the non-determinstic nature of the determining equations associated with
the diffusion coefficient of the It6 SDEs by applying an invariance principle to the It6 multiplication table (1.1).
This removes the white noise term which appears in [2]. The determining equations [3] obtained for finding
symmetries of first-order SDEs were superficially not in agreement with the version of [2] as it precluded an extra
condition given in his derivation (see [3]).

This chapter is aimed at reconciling these two seminal works for first order SDEs: in the following section we
derive the determining equations that are needed to solve for the symmetries. We closely follow the methodology
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of [2] in this regard:

Apply infinitesimal transformations on the spatial, temporal and Wiener process variables.

Apply infinitesimal transformations on the drift and diffusion coefficients of the SDEs.

Induce an invariance transformation argument on the transformed SDEs in differential form.

Show that the symmetry operator constructed from the infinitesimals is a symmetry of the It6 SDEs
provided that the determining equations are satisfied.

However, we extend the derivation of [2] further and arrive at an alternative form of the same determining
equations that were constructed by Unal [3]. We also seek to ensure that the finite transformations can be
recovered from the infinitesimal transformations; this leads to another condition on the temporal infinitesimal
which neither works have considered. Thus this route not only leads to the same extra condition that was found
in [3], it also yields another important condition on the temporal symmetry variable 7 which ensures that the
transformed Wiener differential still behaves like a standard Wiener process. We thus, in the third section, review
the steps given in [3]; deriving these determining equations and comparing them to the ones found in the previous
section mentioned above. We conclude with the same example used in [3] to provide evidence that we have
reconciled the works of both [2] and [3]. We in fact show that Unal’s extra condition is a direct consequence of
our extension using the properties of the Wiener process.

2.2 Derivation of the Determining Equations

Due to It6 Isometry, the finite quadratic variation of the Wiener process, i.e. (dW(t))2 has a mean-squared value
of dt (see Pksendal [9]), the Newton-Leibnitz chain rule in differential form, which we need to apply to establish
invariance arguments on our spatial, temporal and Wiener variables, has to be adjusted. This change leads to
the It6 Formula and the Random Time Change Formula, which we stated earlier.
Consider an Ito6 process

dX(t) = £(t, X(t))dt + G(t, X(t)) dW (t), (2.1)
where f(t, x) is a vector of N dimension, which is the same as the dimension of the process X(t) and G(t, x)
is an N X M-matrix. These functions are evaluated at X(¢) in the system of Ité processes above. The Lie Point
Theorem symmetry approach for ODEs requires spatial and temporal infinitesimals &;(¢,z) and 7(¢, ), in its
analysis. In the SODEs framework these entities are functionally based on the spatial stochastic process, X(t)
and using Itd’s formula (1.27), we have that the jth spatial infinitesimal, for j = 1, ..., N and temporal infinitesimal
are themselves solutions to It6 processes given in component form, respectively, as

dg;(t, X(t) = T(&) (X)) dt+ Y (&) (6, X(t) dWi(t) (2.2)
and
dr(t, X(t)) = T(r)(X(¥))dt+ Yl(T) (t, X(t)) dW,(t), (2.3)

where I'(&;), Y'(¢;), T'(7) and Y'(7) are the drift and diffusion coefficients of our spatial and temporal infinitesi-
mals, respectively and defined using (1.28) and (1.29). The Lie Point Theorem (see Wafo Soh and Mahomed [2]),
as in [2] uses determining equations to furnish symmetries which would enable the transformation of a solution
of the equation to another. These determining equations are in fact O(1) and O(e) equations derived from form
invariant ODE point transformation analysis. The resultant higher order equations of this form invariant analy-
sis, are functionally dependent on the solution of these equations. We perform a similar point transformation of
(2.1)’s spatial, temporal and the Wiener variables

Xi(t) = e (X5(0))

- / T (X;(s))) ds + / Y (e (X;(s)) AW (s), (2.4)

t=e"(t)

:/ F(eEH(s))der/ Y (e (s)) dW (s) (2.5)
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and

. eH
AW, (7) = del(t), for each { = 1,..., M (2.6)

using the random time change formula and It6’s formula; where H is the symmetry generator

H = r(t,%) g0 + (6, %) 5, (27)

J

with the spatial and temporal infinitesimals &;(¢,x) and 7(¢,x), respectively. The point transformations of the
drift and diffusion coefficients are given by

%) = e (f;(t, x)) (2.8)

fi(t,
and
gf(ﬂ i) = eeH(gz}‘C(t7 X)), (29)

for each 4, j = 1,..,N and kK = 1,...,N. The transformations (2.4),(2.5),(2.6),(2.8) and (2.9)are used in
conjunction with Ito s formula to form an invariant version of the original SODEs (2.1)

dX (1) = £(2, X(2))dE + G(Z, X()) dW (2). (2.10)

The transformed time index should be invariant in terms of its instantaneous drift and diffusion coefficients, which
implies

E [df(t,w)‘ W(t) = w, X(t) = x] = di(t,w), (2.11)

since this is trivially so for the original differential time index, dt. By using (2.5), we have

/ E [F(eEH(s))‘W(s) = w, X(s) :x} ds = / D(e (s)) ds + / Y (e (5)) dW (s), (2.12)
which forces
Y (t)) = 0for each I =1,..,. M (2.13)

which gives the finite transformation version of the infinitesimal condition that Unal [3] derived at O(e) using a
form invariant argument on the It6 multiplication table. We also have that the instantaneous drift of the time
index must be constant, i.e.

(e (t)) = Constant. (2.14)

Similarly, the transformed standard Wiener differential process, dW (%), should be invariant in terms of the
existence of an instantaneous mean and variance which implies that the following should still hold, viz.

P [|dWl(Z |>e|W(t)=w, X(t) = x] = Oforalle > 0, (2.15)
[ ‘W (t) = w, X(t) = x] _— (2.16)
E [dWl( ) dW ‘W —w, X(1) = ] — dio. (2.17)
Expanding (2.16)
. [ \/ D(e<H (1)) dt + Z:(eeH(t))de(t) dW,(t)] W(t) = w, X(t) = X] =0 (2.18)

by using (2.5) in conjunction with (2.6) we note that the condition (2.13) allows the invariance argument (2.16)
to be satisified

E[dWl(f)‘W( =w, X(1) } [\/wal ‘W = w, X(t):x] (2.19)
—0. (2.20)

Thus we have the following theorem.
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Theorem 2.1 (Lie Point Symmetry Rate of Time Change Formula).

The rate of time change for the random time change formula under the Lie point symmetry approach is the
temporal instantaneous drift

%:/ (e (5))(s, X(s))ds. (2.21)

As a result (2.6) becomes
dW,(t) = \/T(e<H (t))dW,(t), for each | = 1, ..., M. (2.22)

Since the temporal instantaneous drift is measureable as a result of It6’s formula, the random time change formula
still holds for this application. Expanding the drift term f(, X(%))d¢ on the right hand side of (2.10) with simple
algebra gives

+ j) £(t, X(t)) H (t) (F(H'“’j (t) — [r(ar@))]“))} dt. (2.23)

In order to use the Lie Point Theorem in the SODEs context we require that all terms of order higher than O(e)
be functionally dependent on terms of order O(1) and O(e). As a result of this dependency, higher order terms
can be ignored completely and justifies the methods of [2] and [3]. This dependency, however, forces the following
condition

e T @, X(1) = T (" (0t X (1)) (2.2

and the resultant relationship, by separation of coefficients of €, between the drift components of the left and right
hand side of (2.10) can be expressed as

T(H"(x))(t, X(1)) = (D(H(1)) + H)" f(t, X(t)), (2:25)
for k = 1,2, 3,.... Thus for £k = 1 we have our first determining equation
['(H(x)) = (D(H() + H) f(t, X(1)) (2:26)

which partially solves for the spatial and temporal infinitesimals. By using the determining equation (2.26) in
(2.25) for the remaining higher order equations, a direct functional dependency between the two is established by
the following

D(H"(x)) = (D(H(t)) + H)* ' T(H(x)), for k = 2, 3,4, .... (2.27)
We thus have our next theorem,

Theorem 2.2 (Constant Temporal Infinitesimal Instantaneous Drift).

The instantaneous drift of the temporal infinitesimal 7 has to be constant, i.e. I'(7) has to be constant, in
order for the condition (2.24) to be satisfied.
Proof: by merely looking at the second term of (2.24) we have

(T(r))* = T(H(7)) (2.28)
=T (H (/t (7 (s, w))ds)) (note dr = T'(7) dt) (2.29)
=T (7‘ I'(t) + & /t % (T'(7(s, w))) ds) . (2.30)
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After applying the T operator into the brackets, we have the following resulting equation after canceling out terms

(1) + I'(&) /t % (T(1)) ds + & /tr (a%j (F(T))> ds = 0. (2.31)

This equation, without loss of generality, can only be satisfied if I'(7) is constant. But, we have shown that this is
true if the transformed differential time index obeys condition (2.11). Before deriving the remaining determining
equation, we first note that (2.22) can be written as

eD(H(t))

dWi(t) = e 2z  dW(t), foreachl=1,...M (2.32)

as a result of (2.24). If we expand the diffusion component G (%, X(#)) dW (f) of (2.10) and then compare these
components on both sides of (2.10) by separation of coefficients of €, we get the following

Y (H(x))(t, X(t) = (w + H) G'(t, X(t)) (2.33)
YI(H"(x))(t, X(t)) = (@ + H)kl YY(H(x)), for k = 2,3, ... (2.34)

for each | = 1,..., M, where (2.33) is the last determining equation needed to solve for the infinitesimals. The
functional dependency of higher order equations on zero and first order ones is satisfied in (2.34). All that remains
to be shown is that the determining equations are unique to their SODEs from which they are derived. If we are
given the determining equations (2.26) and (2.33) the canonical symmetry that is immediately applicable is the
time scaling symmetry H = 9/0t. From this we see that the drift and diffusion coefficients have to be functions
of the spatial variable only in order to satisfy (2.26) and (2.33). Thus the SODEs associated with this particular
symmetry is given by

dX(t) = £(X(t))dt + G(X(t)) dW (2). (2.35)

Thus we have proved the following theorem which was partially proved in Wafo Soh and Mahomed [2].

Theorem 2.3. Lie Point Theorem for SODEs

The It6 SODEs
dX(t) = £(t, X(t))dt + G(t, X(t)) AW (¢) (2.36)

has the following determining equations and conditions that have to hold in order to transform a solution of (2.36)
to that of another solution using Lie point symmetry methods evaluated at (¢, X(t))

['(H(z)) = ((H(t) + H) f (2.37)
Y'(H(z)) = (@ + H) G (2.38)
e TH®) _ p (eEH(t)) (2.39)
and
YieH (1) = 0, (2.40)

foreachl=1,..., M.

To establish a comparison between these results and those of [2] we resort to the definition of the first pro-
longation of an infinitesimal generator for non-stochastic ODEs

0
Hy=H+ fjm%, (2.41)

J
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where

_ dz;

By = (2.42)
= Dy (2.43)
&' =D (&) — ;D (7) (2.44)
_ 05 .05 . (o . Or
ot Tow, Y\ ot "o ) (245)
with the total time derivative D; given as
17} 0 0
Di=—+a&i—+&i=—+... . 2.4
R T PR T (2.46)
Applying the first prolongation on (&; — f;) at x = f, can be represented as
Hpy (&5 — f5) =~ H(fy). (2.47)
*=f

Using (2.45) we find that (2.47) in conjunction with the second-order derivative terms of the instantaneous spatial
and temporal drifts constitute the whole of (2.26) and we can express this as

(¢t s~ 1)

M
1 k ik ¢ s o*r B

If we now consider (2.38), there is no white noise term, dW;(t)/dt, as was the case in the previous attempt by [2]
since Y'(7) = 0.

X

Theorem 2.4 (Infinitesimal Symmetries of the It equation).

A vector field H = 7(t,x)9/0t + &;(t,x)0/dz; is a symmetry of (2.1) if and only if (2.37), (2.38), (2.39) and
(2.40) are satisfied.

Proof: If H is an infinitesimal symmetry of (2.1), we merely follow the above derivation to O(e) and arrive
at the result. If conversely (2.37), (2.38), (2.39) and (2.40) are satisfied, without loss of generality we can use
the conanical variables approach to assume that H = 9/0t. Thus the equations (2.37), (2.38), (2.39) and (2.40)
will lead to the drift and diffusion coefficients of (2.1) being functions of the spatial variables only, i.e. the It6
equation will be invariant under H.

2.3 Unal’s Extra Condition

Unal [3] commented that the Ité6 multiplication table for the transformed variables must be applicable, i.e.

AW, (@) dWn(f) = & dt, (2.49)
dW;t)dt = 0, (2.50)
dtdt = 0 (2.51)

for each ¢,l and m = 1,..., M and derived his DEs from this standpoint. Recently [4] stated that no strict proof
had been done in the past to verify that the transformed Wiener processes using the random time change formula
would still satisfy the properties of a Wiener process. All that the random time change formula requires for it
to be applicable to SODEsS, is the measurability of the rate of time change, which It6’s formula preserves. The
spatial process X(¢) is measurable at the onset, so all functions of this stochastic process will be measurable too.
The strict proof has been done in [9] and [8]; the consequences of these properties on the symmetry infinitesimals
were investigated in [3]. Using the results (2.21) and (2.32), we find

T (1) ATV (F) — E%ﬁ-é@ m __ sm el'(1) — ™y
AW (7) dW o (£) = ¢ AW (O AW (1) = 67 Tt = 57 0 (2.52)
AW (B)dE = 2O aw (t)dt = 0 (2.53)
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and

dtdt = 0 are automatically satisfied. (2.54)

for each ¢,l and m = 1,..., M. Thus our application of the Lie Point Theorem for SODEs is consistent with the
criteria set by Unal [3].

2.4 Examples

We use the same example as Unal [3] to show that the symmetries, which we arrive at using (2.26) and (2.33),
are the same as what was found in [3]. This is our first example

Example 2.1 (Brownian motion on a circle).

Let X(t) be an It6 process

dX(t) = f dt + G dW (1), (2.55)
where f is the vector Lx(0)
—=X1(t )
? 2.56
(256 (250
and G the vector 0
—Xa(t
. 2.57
(x0) (2.57)
Thus from [2]’s corrected version of the determining equations (2.48) and (2.33), we have for j = 1:
) 1 8%¢, 1 0%
HM = = = 2.
<x1 + 2:E1) “,f—’— G! G (axzamp + 5 %1 8mi8mp 0, (2.58)
1 (061 1 87
e _ L 9T - 2.
=G (8:01' 57 \ a0 i om * 3 ZG G g i 0 (2:59)
and for j = 2:
Y (g + Lo o (e L1, PN (2.60)
PR 2 O 6xp 2" 001, ) ‘

1 852 l or oT 1 1 o0°r o
& -G <8xi>+ 2x1< +f1 + ZG G, 8%8;@,) = 0. (2.61)

The prolongations of the spatial infinitesimals are given for j equal to 1 and 2 respectively as

o= G (G o)
_ 8;51 1.2 8&1 L L (g; P axl) (2.62)
- %*ﬂgi*l (8t fz@xl) (263)
as we are evaluating at ©; = f; in both cases of j. Substituting the above into the refurbished determining

equations of Wafo Soh and Mahomed [2], i.e. equations (2.48) and (2.33), we find the following once we have
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multiplied equations (2.58) and (2.60) by a factor of two:

—& + [L‘Q% -z %2;%2 + 1 g—fj + 22122 831222@ — 3 %2;%2 = 0 (2.64)
€ — xlg—i + xgg—fj - 0 (2.65)
&t ng—i — 22 %25%1 + xlg—i}l + 22122 85122;2 — a2 %25%1 =0 (2.66)
§2 — ml%ﬁl + xz% = 0 (2.67)
The final determining equation now needed is the extra condition (2.13) which reconciles both papers, viz.
—m188—;—2 + IQ% = 0, (2.68)

where the evaluation at (¢, X(¢)) has not taken place. Solving these deterministic equations give

7(t,X(t)) = CoFo <)((t)§;)((t)?> ) (2.69)

51(t,X(t)) =C\F, <)((t)§;)((t)?> X(t)l + O Fs <)((t)§;)((t)?> X(t)2 (270)
and

(L X (1) = CLFy <W> X(t), - CoF CW) X (1), (2.71)

which are the same results that Unal [3] had found. The condition (Lie point SODEs condition) is satisfied,
since I'(t) = 0 and H(7) = 7I'(1) = 0. To demonstrate that a solution of one SODEs is transformed to that

2 2 2 2
of another, we choose a simple example where F (w) = F» (w) = 1. Thus we have the

following resulting symmetry generators

2 2
x5 +xi, 0
Hy = F — 2.72
o= Fo(—5—)g (2.72)
0 0
Hy = 21— — 2.73
1 T1 921 + z2 2y’ ( )
and
Hy = 20— —x 92 (2.74)
2= 2 8431 ! 8332 ’ ’
The point transformations associated with (2.72) are
T (%) = (2.75)
fg(g = X2 76)
and
2 2
% =t + F‘()(w2 T )6. (277)
The point transformations associated with (2.73) are
T (i) = z1€° (2 78)
T2 (E) = xoe° 2.79
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and
=t (2.80)

The point transformation associated with (2.74) are

T1(t) = z1 cos(€) + x2 sin () (2.81)
To(t) = —m1 sin(€) + 2 cos (€) (2.82)

and
i=t (2.83)

The point transformations associated with (2.72) and (2.73) trivially verify form invariance when It&’s formula is
applied. This is especially for Ho where the temporal infinitesimal is zero under both the I and Y! operators.
Applying It6’s formula to (2.81) and (2.82) gives the following

dX.(7)

dX1(t) cos(€) + dX2(t) sin ()

- (%l(t) cos (€) + %2(’5) sin (e)) dT + (—Xa(t) cos (€) — Xy (t) sin (€)) ATV (F)

- (e€H2( fl(xl(t)))) i + (e (Gl(xz(t))))) AW (T) (2.84)
£, X@)dE + G1(E, X(0)dW (D) (2.85)
dX2(t) = —dXi(t) sin(€) + dX2(t) cos(¢)

- (%Q(t) cos (€) + XlT(t) sin (e)) AT + (X1 (t) cos (€) + eXa(t) sin (¢)) TV ()

= (e (Ra(Xa(0)) dE + ("2 (G2(Xa (1)) ) W (D) (2.86)
= fot, X(2))dt + Ga(t, X(t))dW (t) (2.87)

which demonstrates form invariance.

Our following examples follows from Gaeta and Quintero [1]. This is to see if the temporal infinitesimal satisfies
(2.39).

Example 2.2 (Constant noise).

This one-dimensional example has a constant diffusion term o

AX(t) = o dW (1), (2.88)

with the determining equations simply given as

9E 1,06 _
500 =0 (2.89)
% _ 53750
== : (2.90)
or

From (2.91) we see that the temporal infinitesimal is projective. Thus we have

% _ 4l (2.92)

ox 2
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where 7(t) = a(t); a(t) is an arbitrary function of time. We can then solve for the spatial variable in (2.90) to
deduce
a(t
£(tz) = ? 2+ b(), (2.93)

with b(¢) being an arbitrary function of the temporal variable. Substituting the above result into (2.89) produces
the following

@ x4+ b(t) = 0. (2.94)
By using comparison of coefficients, we are able to solve for both the spatial and temporal infinitesimals, respec-
tively

f@)= Fate (2.95)
and
T(t) =c1t+cs. (2.96)

Our final condition (2.39) on substitution is satisfied. We demonstrate this by just looking at the second term of
the expansion of both sides of the condition. The right-hand side yields

(F (01 t+ 03))2 = (61)2 (297)
while the remaining side gives
T (H (1)) = (e1)™. (2.98)

Hence to verify that we can recover the finite transformations with only having access to the infinitesimal trans-
formations, we consider three cases. In the first case we have

z-I =z == (2.99)
U = (2.100)
which results in
T = el (2.101)
and
T =te (2.102)

The random time change formula gives

dW () = \/%dw(t) (2.103)
=e2dW(t). (2.104)

Applying It6’s formula to the spatial transformed process we have

dX () = dX (t)e? (2.105)
=oe2dW(t),
= e (o) dW (1),
=adW(t), (2.106)

since o is constant. The remaining two cases are trivial.

(2.107)
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Example 2.3.

We now consider

dX(t) = x dt + dW(t). (2.108)
The determining equations are
1913 0 10 or or 1 0r

ox 2 '

or

— =0. 2.111

p (2.111)
From (2.111) we see that the temporal infinitesimal is again projective. Thus we have

% _ alt) (2.112)

ox ~ 2

where 7(t) = a(t); a(t) is an arbitrary function of time. We can then solve for the spatial variable in (2.110) to
get

£(t z) = %t)ﬁb(t), (2.113)

with b(t) being an arbitrary function of the temporal variable. Substituting the above result into (2.109) produces
the following

¥x+6(t)+x@:xa(t)+@x+b(t). (2.114)
By using comparison of coefficients, we are able to solve for both the spatial and temporal infinitesimals, respec-
tively
@)=zt (2.115)
and
7(t) = c1€* + c3. (2.116)

The right-hand side of our final condition (2.39) gives

(T (ex e+ 03))2 (2¢1€*)? (2.117)

while the remaining side gives
I'(H(r))= (8 (c1)?e* +4cie3 th) . (2.118)

Therefore only for ¢; = 0 will the condition (2.39) be satisfied. Thus the only spatial and temporal infinitesimals
that apply are

£(x) =coe’ (2.119)
and

T(t) = cs. (2.120)
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Recovering the finite transformation which leaves the SDEs form invariant, with only having access to the in-
finitesimal transformations, will be verified by only considering the case associated with cz2, as the remaining case

is trivial. We have

dx 7
AL
dt
a ="
giving
T=a+ee
since
t=t

The random time change formula leaves the Wiener process unaltered
dW (t) = dW (t).
Applying It6’s formula to the spatial transformed process we have

dX(t) = dX (t) + ec'dt
zdt + dW (t) + ee'dt,
=M (x)dt + dW (1),

where e (z) is evaluated at X (t), yielding

dX (1) = X(@)dt + dW (1),

Example 2.4.

We now look at the system

dX1(t) = 22 dt + dWi (t),
X1
dXo (t) = as dt + dW> (t),

which means that the diffusion coefficient matrix G, is

G:((l) ?)

41
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(2.122)

(2.123)

(2.124)

(2.125)

(2.126)

(2.127)

(2.128)

(2.129)

(2.130)



The determining equations here are simply given by

o0 w0, 0 106 106 _a (0r wor  or lor  lor
ot + z1 011 +az Oxo + 2 Ox? + 20x3  x \ Ot + x1 Oz1 taz Oza + 2 Ox? + 2 Ox2
ai
+& <—E)
% a1 08 06 106 106 _ (07 aw Or - Or 107 107
ot 1 011 ta Oz + 2 Ox3 + 2 Ox3 T2\ ot " 2 on ta Oz + 2 Ox2 + 2 Ox3
106 108 _ 1
Gi ot + Ga By Gil'(t) + H(G1)
O _1(0r o Or  Or 10r 101
Or1 2\ 0t 1 Oz1 *Oxs | 2017 ' 2042
2061 | 2061 _ (2 2
G1 8.’E1 + G2 8:1:2 = G1F(T) + H(Gl)
&
o
108 108 _ 1
Gl afljl +G2 6]}2 = GQF(T) +H(G2)
0
oy "
(06, g0 1 (07w or | or  1or 10r
Glaml +G28x2 T2\ 0t =z Om T Oxa + 2 Ox? + 2 Ox2
O _1(0r wmor o 1or lor
Oxa 2\ 0t 1 Ox1 > Oxs | 2022 ' 2042
1 87— 1 37’ _
G ot + G5 P 0,
which imply that
o
(92131 o
2 or 2 or o
Gl&nl +G28x2 =0,
whence
o
6%2 o
From (2.138) we have
(t,x) = a(t),

where a(t) is an arbitrary function of time. The right-hand side of our final condition (2.39) gives

while the remaining side provides

L(H (7)) = ((a(t)* + a(t)i(t)) .-
Thus temporal infinitesimal is forced to be linear with respect to time

T(t,x) =c1t + co.

42

(2.131)

(2.132)

(2.133)

(2.134)

(2.135)

(2.136)

(2.137)

(2.138)

(2.139)

(2.140)

(2.141)

(2.142)



As a consequence, the determining equations (2.131, 2.132), (2.133, 2.134), (2.135) and (2.136) become

o6 w06, 06 106 106
ot a1 8x1+a28x2+28xf+28x§

0 w06 06 106 106
ot 1 8x1+a28m2+28ﬁ+26m§

From (2.145, 2.146) and (2.147, 2.147) we observe

&
and
&
The expression for &1, in (2.149) reduces (2.143)
- al C1
it
0+ 5

By comparison of coefficients we have that Fi(t)

&

1
= 5 c1x1 + Fl(t)

1
= 5 c1 T2 + Fg(t).

to

ai c1 1 ai
= — (5 c1T1 + F1(t)) 1‘7%

T1

must be zero, i.e.

= —-C121.

2

For the remaining spatial infinitesimal we have that (2.150) simplifies (2.144) to

: 1
Fs(t) + 25 c1

=az2cC1.

The function F3(t) is forced to be linear with respect to time

Fs(t)
In summarizing the results, we have
&
&2
and the temporal infinitesimal is
7(t)

az C1
= t .
5 + ¢4

= 5171,

as C1

= —-c1T2 + t+ ca

=cit + cs.

(2.143)
(2.144)

(2.145)
(2.146)
(2.147)

(2.148)

(2.149)

(2.150)

(2.151)

(2.152)

(2.153)

(2.154)

(2.155)

(2.156)

(2.157)

To verify that the finite transformations can be recovered from only knowing the infinitesimal transforms, while
still maintaining form invariance, we only consider the second case for which

dzy
de
dZo

de

77
B T2 + agf
2
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and

To =

dt
de
Thus we have that
z1
t
and
The random time change formula produces
dW (%)

dt
\/%dWi (t)

=ezdWi(t), i = 1,2.

Applying Itd’s formula to the spatial transformed process we obtain

dX(t)

Example 2.5.

Finally we consider the system

Xm(t) 65

a € €
= Yllez dt + e2 dWi(t),

al €

162

Xl( ) dt + dWa(%).

:ageg dt + e2 dWs(t) —agdte2 + agdteg

asdtes + e2 dWs(t),
= a2 dt + dWQ(%)

dX1(t) = X, dt,

dXo(t) = —k* Xo dt + V2 E2dW (t),

which gives rise to the determining equations

(z2 —agt)e% + astef

—e“dt + e dWi(t),

dXa(t)e? —azdte? + agdt e

(2.160)

(2.161)
(2.162)

(2.163)

(2.164)

(2.165)

(2.166)

(2.167)

(2.168)

(2.169)

(2.170)
(2.171)

0¢, IS 351 2 0%
ERE L S

02 [ 552 2 06
EE LY S

061

dzs

06 _
85[2 o

or

Oxy

2

? O ? Oxa 9z2

2
= k%, (&+x2ﬁ7k2x2ﬁ+k2ﬁ> — k%6
8.1‘2

ot ox1 O3
(2.173)
1 /07 or 9 or 218%r
2 (at T gy TR g TR axg) (2.174)
1 /07 or 9 or 218%r
2(8t+x28x1_k 2 5ay T F zaag) (2.175)
0. (2.176)
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Equation (2.176) easily gives
T(t7 1‘) =F ('Th t) ) (2.177)

where F' is an arbitrary function. We then apply condition (2.39) to the newly found temporal infinitesimal to
furnish what the arbitrary function F' (z1,t) should be. The right-hand side of our final condition (2.39) yields

(0 (F () = (20 g, OE LD 2 (2178)
while the remaining side results in
L(H(r)="T (F % + &1 12 %ﬁi’t)) . (2.179)
By comparison of coefficients we have that F' (r1,t) = c¢1 satisfies the condition (2.39). Thus the temporal
infinitesimal is forced to be
T(t, z) = c1, (2.180)

where ¢; is an arbitrary constant. Hence the determining equations (2.172), (2.173), (2.174) and (2.174) become

% o (%11 e g‘ii iy 5;5%1 — (2.181)
% + a2 g—ii — Kz g—i + K ?;fg = -k (2.182)
(‘%12 -0 (2.183)
%’iz —0. (2.184)
From (2.183) and (2.184) we observe
é;fgl 0 (2.185)
%155 —o, (2.186)

which follows by using simple differentiation. As a result of (2.183), (2.184), (2.185) and (2.186) the equations
(2.181) and (2.182) can be simplified to

0&1(w1,t) . 01 (w1, t)

ot 81'1 = 52(91:1, t) (2.187)
and
9a(z1, 1) 06(x1,t) 2
TR R e A TCIRO (2.188)
Comparison by coeflicient yields
8515;1&) () =0, (2.189)
061 (x1,t)
e =0 (2.190)
ag?gmtlat) + szz(zl,t) =0 (2191)
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and

0a(w1,t)

=0. 2.192
9, 0 (2.192)

Therefore, we have that both spatial infinitesimals are functions of time only

Ea(t) =coe ™™ (2.193)
and
£1(t) = 5 — % e, (2.194)

Verification of maintaining form invariance after furnishing the finite transformations from the infinitesimal trans-
formations is trivial for this example.

Remark. The temporal infinitesimal was projective for all the examples taken from [1]. But we saw from the
example 2.1, that this is not always the case.

2.5 Concluding Remarks

It has been shown that by taking special care that the transformed Wiener variable is still a standard Wiener
process, overlooked in the pioneering work [2] for the It process

dX(t) = fdt + G dW (),

leads to the same results as that of [3] meaning that no recourse to the Itd’s multiplication table for the trans-
formed variables is necessary to find the extra condition (2.13).

This work allows us to investigate the symmetries of SODEs without recourse to the FP equations; preclud-
ing the assumption that the symmetry H of the SDEs had to be projectable, i.e. 7 = 7(¢). This work has
successfully reconciled the works of [2] and [3]. We have also found a new condition, i.e. I'(7) = Constant, which
allows us to use Lie point symmetry in the SODEs context.

We are able to construct the finite transformations with only having the infinitesimal transformations. As a

result, we sometimes have symmetries which are not projectable and hence not belonging to the Lie algebra
associated with the FP equations.
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Chapter 3

A Formal Approach of Handling Lie
Point Symmetries of Scalar

First-Order It6 Stochastic Ordinary
Differential Equations

Various methods of deriving Lie point symmetries for It6 SODEs has surfaced in the recent past. In the Ito
calculus context both the formal and intuitive understanding of how to construct these symmetries has led to
seemingly disparate results. The impact of Lie point symmetries on the stock market, population growth and
weather SODE models, for example, will not be understood properly until these varying results are reconciled as
has been attempted here.

3.1 Introduction

Adjusting Lie’s work for ordinary differential equations (ODEs) to It6 SODEs was first investigated by Gaeta
and Quintero [1]; extended by Wafo Soh and Mahomed [2]; refined by Unal [3]; and reconciled by Fredericks
and Mahomed [5]. The purpose of the work of Meleshko et al. [4] was to find a formal approach of finding the
determining equations needed to obtain the Lie point infinitesimals for scalar SDEs. This work, however, does
not make use of the Ité formula in conjunction with the random time change formula. As a result, a conditioning
on the temporal infinitesimal, which [3] had constructed with the Ité multiplication table for the transformed
Wiener and time index variables, is not accounted. However, unlike the determining equations derived in [2], the
integro-differential determining equations of [4] is non-stochastic.

This dissimilarity between the determining equations of [5] and [4] is superficial. We will endeavor to unearth the
conditioning on the temporal infinitesimal, which has been precluded from [4]. Without this conditioning, the
determining equations are impossible to solve, without having to consider cases. We also extend the work of [4]
to multidimensional Wiener processes, M-dimensional Wiener processes.

Another point which has only been addressed by [5], is the recoverability of the finite transformations from
the infinitesimal transformations. We will try to re-derive this condition from the methodology followed by [4].
Although the recoverability of the finite transformations from infinitesimal ones is claimed in [4], it is not proven.
The SDE examples used by [4] to establish these claims are either trivial or precluding much of the needed steps;
in some cases the symmetries are not even a subset of the symmetries found for the related FP equations, which
has been demonstrated in [1]. We will redo most of the critical examples, which appear in [4], in conjunction with
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our seminal condition to validate the recoverability of the finite transformations from the infinitesimal ones.

We commence with Lie point transformations. After applying the It6 formula to the transformations, a compar-
ison between the formal It6 integral representation of the transformed time index variable and the random time
change formula defined by [4], will be made. This collation should furnish the needed condition which ensures that
the transformed Wiener process’ properties remain invariant under the transformation. These invariant properties
of the transformed Wiener process is maintained by the way in which [4] defines the rate of time change; we will
show that this rate of time change is the instantaneous drift of the transformed time index, which is a consequence
of It6’s formula.

Re-deriving the seminal condition, which ensures that the finite transformations are redeemable from the in-
finitesimal transformations, will be made by following the It6 integral methodology used in [4]. We end with
examples.

3.2 Transformation

With the application of a Lie point transformation on the spatial and temporal variables, we intend to trans-
form our probability space (2, F,P), where the filtration is generated by the o-algebras F%, to the probability
space (2, F,P), where the filtration is generated by the o-algebras F;. Notice that the density function which
characterizes the probabilistic characteristics of the Wiener process, is also transformed and hence gives rise to
a transformed probability measure P. Please note that the Lie point transformation takes place in the Banach
space; the Ité formula then takes this transformation to the probability space. As per Lie’s work we begin
with a one-paramter group of transformation of the time index and an N-dimensional spatial random process,
respectively

t=0(tX(t,w),e) X(t,w) = p(t,X(t,w),e€), (3.1)

where we link the group transformations to the continuous parameters or infinitesimals via the following relations

% _ 905 _ ¢ P
86 _T(07<P) 86 —51(0,(,0) fOI‘] - 17 N (32)

which have the identity boundary condition at e = 0, i.e.

t =t, and X(t,w) = X(t,w). (3.3)
e=0 e=0

The spatial and temporal infinitesimals form the symmetry operator

0 0
H—Ta+5187j7 (34)

which is applied to functions on the Banach space.

(3.5)

3.3 Review of the Work of Meleshko et al. [4]

Using Itd&’s formula on the temporal and spatial group transformations 6(t, X (t,w), €) and ¢(t, X(¢,w), €) respec-
tively, gives

0(t,X(t,w),e) = 0(0,X(0,w),€) —|—/O r'(0)(s,X(s,w),€)ds

+/0 Y (0)(s,X(s,w), €) dW (s) (3.6)
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and
p(t, X(t,w),€) = ¢(0,X(0,w),¢€) Jr/o T'(p)(s,X(s,w),€)ds
+/0 Y(p)(s,X(s,w),€) dW(s). (3.7)

Since random processes which can be viewed as families of random variables, which are indexed by time, are
non-deterministic, we use the random time change formula from @ksendal [8] to perform a random time change

t(t, X(t,w), €) = /0 n°(s, X(s,w), €)ds, (3.8)

where [4] defined the time change rate n?(t, X(t,w), €) to be continuously differentiable and adapted to the families
of o-algebras generating the filtration F. By juxtaposing (3.6) and (3.8) we see that the instantaneous drift of
the temporal group transformation is the rate of time change, i.e.

/o nz(s, X(s,w), €)ds = 60(0,X(0,w),¢€) +/O r'6)(s,X(s,w),e€)ds, (3.9)

the initial value of the temporal group transformation at time index naught, is then forced to be zero. Since
our group transformation of the time index is continuously differentiable, the It6 formula ensures that it is also
adapted to the family of o-algebras that generate the filtration of our original probability space. The instantaneous
diffusion component of the temporal group transformation is forced to be zero in order for the comparison above
in (3.9) to hold, i.e.

/o Y (0)(s,X(s,w),e) dW(s) =0. (3.10)

This is the finite transformation version of the infinitesimal condition that Unal [3] had derived using an invariance
argument on the It6 multiplication table for the transformed Wiener process. Thus the transformed Wiener
process, which [4] defines as

W(B(t,w),w) = / n(s, X(s,w), €) dW (s,w), (3.11)

reads as

W(B(t,w),w) = / \/F 0) (s, X(s,w), €) dW (s,w). (3.12)

Form invariance arguments on the integrands require

t t
X(B(t,w),w) =X(0,w)+/ f(ﬁ(s,w)yx(ﬁ(s,w)yw»dﬁ(syw)+/ G(B(s,w), X(B(s,w),w)) AW (B(s, w))
0 0
(3.13)
which is superficially different to what [4] had, where the form invariance argument was applied to the interval

of integration and not to the time indices which followed the transformed spatial random process along the time
interval. This can also be represented as

X(B(t,w),w) = X(0,w) +/0 £(5(s,w), X(B(s,w), ) n” (s, X(s,w), €) ds

+/0 G(B(s,w), X(B(s,w),w)) n(s, X(s,w), €) dW(s), (3.14)
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where we used the relation dB(s,w)/ds = n*(s, X(s,w), €) and dW (B(s,w)) /dW (s) = n(s, X(s,w), €) from (3.8)
and (3.11) respectively. We re-write the transformed spatial process above in terms of the symmetry operator

X(B(t,w),w) = X(0,w) +/0 eeH(f) (s, X(s,w))F(eeH(s))(s, X(s,w)) ds
—|—/O e (G) (s, X(s,w)) /T (eH (s))(s, X(s,w)) dW (s). (3.15)

By looking at the Riemann integral, we see that
t

/O M (£) (s, X (5,w)) T ()) (s, X(s,w))ds:/

0

ST t k—2 ] ) )
+ kz_zz'/o ((F(H(t)) + H)F£(s, X(s,w)) + J;) (k v j) s, X(s,w)) H’ () (F(Hk_’(t)) — [F(H(t))]""ﬂ)) ds.
(3.16)

f(s, X(s,w))ds + 6/0 (T(H(t) + H) £(s, X(s,w))ds

Recovery of the spatial finite transformations from the infinitesimal ones can only be achieved if the higher order
terms are dependent on the first order term. This is the same argument that was used in the previous chapter.
Thus, we arrive at the following condition

(F(H(t)))k(t, X(t)) = F(Hk(t)> (t, X(t)), for k € N, (3.17)
from which we can conclude the condition (2.24). Thus (3.16) becomes
/Ot e () (5, X(s,w)) T (e (5))(s, X(s,w)) ds
- /t £(s, X(s,w))ds + ¢ /Ot (D(H (1)) + H) £(s, X(s,w)) ds
+ Z o / < ) + H)"£(s, X(s,w))> ds. (3.18)
Comparing the drift components of (3.7) and (3.18) yields
/OtF(cp)(s,X(s,w),e) ds = /Otf(s, X(s,w)) ds + € /Ot (T(H(t)) + H) f(s, X(s,w)) ds
+ Z o / < ) + H)*f(s, X(s,w))) ds. (3.19)
Equation (3.7) can also be written in terms of the symmetry operator,
/Otl“(cp)(s,X(&w),e) ds = /Otf(& X(s,w))ds + e /Ot T (H(z)) (s, X(s,w)) ds
+ izk,/ot <r (Hk(x)) (s, X(s,w))ds) ds. (3.20)

The collation of (3.19) and (3.20) recovers the same determining equations that were found in the previous chapter.
By differentiating (3.19) and (3.20) by € at ¢ = 0 and then equating their results establishes these determining
equations. Differentiating (3.19) and (3.20) by ¢, respectively gives

/Ot (C(H() + H) £(s, X(s,w)) ds + Z kel / < )+ H) (s, X(s,w))> ds  (3.21)
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and

/Ot I'(H(z)) (s, X(s,w))ds+ Z kek ' /Ot <F (Hk(m)) (s, X(s,w))ds) ds. (3.22)

Therefore equating at € = 0 gives our first system of determining equations

/0 (T(H(t) + H) f(s, X(s,w))ds :/0 I'(H(z)) (s, X(s,w))ds. (3.23)

The drift coefficient of the temporal group transformation re-written with respect to the symmetry operator gives

/Ot T'6)(s, X(s,w))ds = /Ot F<e€H(s)) (s, X(s,w))ds. (3.24)

As a consequence of (3.17), the instantaneous drift coefficient of the temporal group transformation has the
following simplication,

t t
/ L(6)(s, X(s,w))ds:/ e THE) (5 X (s,w)) ds. (3.25)
0 0
The random time change formula (3.12) as a result, abridges to
— b ruIe)
Wit w.w) = [ e 5 X(s,0) dW (5,0, (326)

which adjusts the diffusion component of (3.15) to

L(H(s))

/0<a€H((})(s7 X(s,w))e ™ 2 (s, X(s,w)) dW(s). (3.27)

Writing the diffusion component of (3.7) in terms of the symmetry operator, while simultaneously expanding the
terms of (3.27) essentially gives the following equality

/ G(s, X(s,w))dW (s / Y (H (s, X(s,w))dW (s) + i Z—k' /Ot (Y (Hk(x)) (s, X(s,w)) ) dW (s)

/otG(s, X(s,w)) W (s) + ¢ /0 (F(};(m - H) Gl Hwp v

> k t
5] ((FUZ“” + H) G, X(s,w») aw(s) (3.28)

k=2

Differentiating with respect to € results in
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At € = 0 we arrive at the remaining determining equation

/0 Y (H(z)) (s, X(s,w))dW(s) 2/0 (@ + H) G(s, X(s,w))dW (s). (3.30)

Expanding (3.23) and (3.30) respectively gives

26t %) | (%) | N~ w0 G X) 0]% (t, %) t, x)
S A0 SHE 4 3 GHGT e ) LG = (e x +Z€p mp
+ fi(t, x) T(r(t, x)) (3.31)
and
ZGs(t agj (t, x) ot )8G (tx) ng(t 8G5(t ) e ) r(T(;, x). (3.32)

for j = 1, N and s = 1, M. This can then be written with integral terms to give the exact integro-differential
equations of [4]

3j,x o 8]',)( M 82j,x 8j,x t
) |3~ e, ) 2ll) IR o) OB [Crr(s, x)ds

p=1

+Z€pt}(8§]tx)

0xp
+ fj(t, x) [(7(¢, x)) (3.33)
and
> Gt ) affé(;; x) _ 06 x) [ vt xas+ > e L(J;Z x)
+ s, x) LX), (3.34)

2

With the additional conditions (3.10) and (3.17) we review a few of the examples from Meleshko et al. [4].

3.4 Examples

3.4.1 Example 1

Consider
dX (t,w) = p X (t,w)dt + o X(t,w) dW (t,w) (3.35)

with the initital condition X (0,w) = x¢. The determining equations are

I'(&(t,z)) = H(px) + pzT(7(t)),
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or equivalently

0&(t, OE(t, 2,2 52 7 J
ﬁ(atﬁ) +pz %txx) + 0233 g(;zm) (L)t :l(:) o
and
Y (&(t,x)) = &(t,x) o + %md;(tt)
which is
96t x) _ z dr(t)
Tor &(t,x) + 5 dt (3.37)

since the extra condition forces the temporal infinitesimal, 7, to be a function of time only. By substituting for
&(t, z) from (3.37), (3.36) becomes

O(t,x)  o’z® 0°E(t,x)  padr(t)
ot 2 9z 2 dt (3:38)
Multiplying (3.37) by = and then differentiating by x gives
9%¢(t, x) O&(t, ) dr(t)
2 ) _ )
g T Uy @ teTy
oz dr(t)
== (3.39)
after using the result (3.37) again. Thus (3.38) becomes
o&(t,z) 1 1 5, dr(t)
— (- = Al
ot PR LA (340)
which means that
1 1,
&(tx) = i(u - 50 Yz 7(t) + ai(x), (3.41)
where a1 (x) is an arbitrary function of x. Equation (3.39) now becomes
G O
af(z) = o (3.42)
which in turn yields
1,
ai(z) = 57’(2&) (xInz — z) + a2z + as, (3.43)

where a2 and ag are arbitrary constants. By substitution of (3.41) with a; in (3.43) into (3.36), we have that the
temporal infinitesimal reduces to

7(t) = a4 + ast, (3.44)

and the spatial infinitesimal becomes

1 1 1
&(t,z) = §(u — —202)56(@4 +ast) + asx + 5(15(:& Inz —z). (3.45)

We demonstrate that the finite transformations are recoverable by considering the non-trivial case, i.e. as =1
and a; =0 for 7 = 2andb

dz 1 1 _
= i(p - —202)36 (3.46)
% —1 (3.47)
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Solving (3.47) gives

t=t. (3.48)
Solving for T leaves us with the following
‘. (3.49)

The It6 formula trivially gives the form invariant SDE

dX (t,w) = p X (t,w) ez (b5 gy 4 o X (t,w) ez (5% AW (t,w)

=puX{tw)dt + 0 X(t,w)dW(t,w), (3.50)

which makes sense, since there is no random time change for this example. However, in [4], the symmetries found do
not maintain the properties of the transformed Wiener processes. In trying to show that the finite transformations
are retrievable from the infinitesimal ones, the work of [4] uses the spatial and temporal infinitesimal values directly
up to order O(e) and falsely claim that the higher order infinitesimals will agree with the It6 formula applied to
the finite group transformations, which are found using the Lie equations.

Focusing on the non-trivial finite group of transformations which was found in [4], i.e.

T=(e+z ") 5 (3.51)

and

T=t(1+ex")?, (3.52)
where v = i—‘; — 1, which we are able to derive using the spatial and temporal infinitesimals,

T=2tx" (3.53)

and

27t
&= S (3.54)

respectively, we see that the invariant condition is not satisfied. We have that the It6 formula gives the following
for the transformed spatial process

dX (t,w) =T@)(t,w)dt + Y (T)(t,w) dW (t,w) (3.55)

2
€0

— e+ X ) I 2X (e + XT) — =5 (14 7))t
fole+ X)X T AW (W), (3.56)

while for the transformed time index, we have

di(t,w) = TE)(t,w) dt + Y (E)(t,w) dW(t,w) (3.57)

=(1+ EXW)_2<1 — 2typeX7 (1 4+ eX?)!

to? - -
- T(Q*y(fy—l)eX'y(l—s—eX'y) 692X (1 + eX) 2))dt
—20tyeX" (1 4+ eX") 2 dW(t,w). (3.58)
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The It6 formula for the transformed time index can never be recovered in that of the transformed spatial processes
because the variable ¢ appears nowhere in (3.56). We continue with a brief study of the relations between the
three generators of symmetry which we have found, viz.

Hy ==z %
H; = t%-ﬁ-% <(u—%02)t$+xlnx—x> 6%; (3.59)
The Lie bracket relations are
[Hi,H3) =0, [Hy, Hs) = Hi + i(p - %UQ) Ha, [Ha, H3] = %Hg. (3.60)

Therefore we have a three-dimensional algebra of symmetry generators.

3.4.2 Example 2

We next look at

dX (t,w) = pdt + dW (¢, w) (3.61)
with the initital condition X (0,w) = zo. The determining equations are
L&t x)) = H(p) + pT(7(1),

or

OE(t,x)  OE(t,x) | I*E(tx)  dr(t)
ot th ox * 20x2 —H dt

(3.62)
and
Y(g(t2)) = 5T (r(t))

which in conjunction with Unal’s [3] extra condition forces the following relation between the spatial and temporal
infinitesimals
o&(t,x) 1

oo = 5. (3.63)

Substituting £(t, z) from (3.63) into (3.62), causes the equation (3.62) to become

aé(atlz ) _ %,Uﬁ"(t), (3.64)

which due to the compatibility of (3.63) and (3.64) results in
7(t,x) = a1 + ast, (3.65)

where a; and ag are arbitrary constants. Then (3.63) and (3.64) imply

1 1
&= §a2I + §Ma2t + as, (3.66)
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where a3 is an arbitrary constant. The finite group of transformations for as = 2 and rest zero are solved from
the following equations

dz .
I—,ut—i—:m xezo—m (3.67)
and
dt - -
— =2t =t 3.68
T 1 (3.69)
The temporal group of transformations is easily solved to give
T=te*, (3.69)
which induces the following ODE from (3.67)
Z—f—f:ute“ (3.70)
Solving gives
T=(z — pt)e + pte’. (3.71)

Applying It6’s formula to (3.71) yields

dX (1, w) = (udt + dW (t,w) — pdt) e + pdte**
=pe’Cdt + e dW(t,w)
= pdt + dW(t,w). (3.72)

Thus form invariance is maintained. This is not true for the following transformations which were found in [4]:

8|

:m—iln(l—?ueem‘z) (3.73)
and

_ 2o\ —2

t=t(1—2pee’™) ", (3.74)
The It6 formula for the spatial transformations is

o 4#2662'“1
dX(t = 1
(t,w) (M( + 2u(1—2u562”1))

3 2pax
+ Bu”ce dt
4u(l—2pee?r=)?

2_ 2
dp“ee t”

1
- < T 2p—2peer)

) AW (t,w). (3.75)

As with the previous example there is no presence of a time index in the drift or diffusion coefficients. Calculating
the It6 formula for the transformed time index gives

cr N 1 8ulee’h®
di(t,w) = <(1 —2pee?re)? +t,u( (1—2pee2rz)3

8tudee?r® 48t pte? etre dt
(1—2pee2rr)3 (1 —2pee2rz)s
2px

+

8ulete

+ (1-2pee2r=)s

AW (t,w). (3.76)
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The consequence of failing to comply with condition (3.10), leads to symmetries which do not leave the transformed
spatial process form invariant. Though [4] demonstrates that the transformed Wiener process obeys the random
time change formula, form invariance for the transformed spatial process is deficient.

The symmetry generators we obtain are

0]
H ==
Y
0
Hy = —
7 oz
0 0
H3_2ta+(,ut+x)% (3.77)
which have the following Lie bracket relations
[Hl,Hz] =0, [Hl,H3] =2H, + [LHQ, [HQ,H3] = Hs. (378)
3.4.3 Example 3
We now consider
dX(t,w) = f(t)dt + g(t) dW (t,w) (3.79)

with the initital condition X (0,w) = x¢. Here the determining equations are
L(E(t,2)) = H(f({®) + f(H)T(7(2)),
which gives

9¢(t, x)
ot

dr(t)
dt

o(t,w) | g°(t) *E(ta) _ . OF ()

O SR =Rk Ul (3.80)

+ f(t) + f()

and

Y (€t ) = Hlg(0) + 22 1(r(t,2).

Applying Unal’s [3] extra condition forces the following relation between the spatial and temporal infinitesimals

0&(t, x) — (1) dlng(t)
ox ot

1
+ 57 (0)- (3.81)
Substituting &(t, ) from (3.81) into (3.80) results in the equation (3.80) becoming

O¢(t, ) dlng(t) _ () o1
BT + f(t)7(t) 5% = T(t)T + f(t)iT(t), (3.82)

Integrating (3.81) w.r.t. the spatial coordinate z and then using the time differentiated result of this calculation
to perform a comparison within (3.82) via separation of coefficients w.r.t. the spatial variable z, leads to the
following

7(t) al%i(t) + %7"(15) = Co (3.83)
and
(t) = () () o907y 20 4 i) 2ao), (38)



where Cy and m(t) are an arbitrary constant and arbitrary function of time respectively, which constitute the
spatial infinitesimal as

&(t,x) = Cox + m(t). (3.85)

Solving for the temporal infinitesimal from (3.83) gives

7(t) = g %(t) (Ol + 2Co / t 7> (s) ds), (3.86)

where C) is a further constant, which finally results in (from (3.84))

0!  f(s)ds Y (FON (Y 2iavas) ar
mit) = ¢ L) +C0/ F(s)d +200/ o (gQ(t/)) (/ 7 )d> dt' + s, (3.87)

in which C5 is a constant. There arises three symmetry generators which have in them functions f(¢) and g(t).
They are

7]
H = 4
Hy = 2g_2(t)/ gQ(S)dS%-I—(QZ-I—/ f(s)ds
t d f(t/) t , 8
+2/ = <g2(t,)> </ gz(s)ds> dt) P
Hy - 9—2(15%4r ;((?)% (3.88)
The commutators are
[Hy, Hs) = Hy, [Hy, Hs) = 0, [Ho, Hs) = —2Hs. (3.89)

Here the generators span a three-dimensional Lie algebra.

3.4.4 Example 4

This example seeks to investigate a SODE which has a diffusion coefficient strictly as a function of time, viz.
dX(t,w) = pdt +tdW(t,w) (3.90)
with the initital condition X (0,w) = xg. Thus the determining equations are
L&t 2)) = pT(7(t,2)),

which by the condition (3.10) gives

and
Y(E(t2) = 7(0) + 5T( (1)
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Applying Unal’s extra condition forces the following relation between the spatial and temporal infinitesimals

o&(t,x)  7(t) 1.
95— 1 + iT(t)' (3.92)
Integrating (3.92) with respect to the spatial variable gives
5@@:<%Q#%5x+%@, (3.93)

where Cp is an arbitrary function. This follows from the fact that the right-hand side of (3.92) is a purely a
function of time; thus the second derivative of the spatial infinitesimal will be zero. Substituting £(¢,z) from
(3.93) into (3.91), causes the equation (3.91) to become

Co(t) + (@ - % + ?) T+ p (@ + %T(t)) = pr(t), (3.94)
Separation of coefficients gives
G (W4 ) =0, (3.95)

2N %m) ey (3.96)

T(t) = % + 2—301 t. (3.97)
Enforcing the following condition
I'(r) = Constant, (3.98)
whence we have that C2 must be zero, i.e.
T®=2?t (3.99)
Co(t) = —u (% t> + Cs. (3.100)

The only solution which satisfies both equations is when the temporal infinitesimal is zero.

The spatial infinitesimal reduces to

&(t, x):Cle,u(%t) + Cs. (3.101)

However, the equation (3.98) is only met if C; is zero. Hence the symmetries are

H, = 72 (3.102)
and
2t 0 t\ 0
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The ODEs for finding the finite transformations are (subject to initial conditions)

ai _ 27
de 3
which solves as
- 2
t=te3"
with remaining the ODE being
dz _  ut 2.
=7 -3
de v 3 ¢

which easily gives
2
T=xze° — ut (e6 7636) .
The Ito SODEs associated with these finite transformations are
_ 2
dt(t,w) = e3°dt
dX(t,w) = ,ue%6 dt + e tdW (t,w)

which maintains form invariance, since by the random time change formula we have

AW (t,w) = e3“dW (t,w).

Thus in our transformed probability space, we have

dX(t,w)=pdt + tdW(t,w).

3.4.5 Example 5

We investigate and adjusted version of the previous SODE which has zero drift, i.e. a Martingale

dX (t,w) = tdW(t,w)

with the initital condition X (0,w) = xo. Thus the determining equations are
L€t 2)) = 0,

which by the condition (3.10) gives

o5(t.a) | 1 0%¢(t.x)

ot 5 oz

and

Y(E(t2) = () + £ T(r(1)):

(3.104)

(3.105)

(3.106)

(3.107)

(3.108)
(3.109)

(3.110)

(3.111)

(3.112)

(3.113)

Applying Unal’s extra condition forces the following relation between the spatial and temporal infinesimals

o€(t,x) t(t) 1.
or  t + §T(t)
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Integrating (3.114) with respect to the spatial variable yields

£t ) = (@ + %t)) z + Co, (3.115)

where Cy is an arbitrary constant. As with the previous example, it follows from the fact that the right-hand
side of (3.114) is a purely a function of time. Substituting £(¢,z) from (3.115) into (3.113), causes the equation
(3.113) to become the following linear ODE

) T FO))
( ¢ 2 T )z=0 (3.116)
Separation of coefficients gives
d (7(t) 1.
R (N S A Rt = 11
o < . +2T(t)> 0, (3.117)
which means that we have to solve the following equations
t 1
%) + 57’(t) =Cu, (3.118)

where C is an arbitrary constant. The integrating factor ¢? furnishes the temporal infinitesimal as
T(t)=Cit + — (3.119)

where C; is an arbitrary constant. Thus the spatial infinitesimal is

£t ) = <3§1> z + Co. (3.120)
The only interesting case is C> = 1; with the remaining arbitrary constants being zero, i.e.
T=x (3.121)
and
dt 1
- == 3.122
= (3.122)
which solves as (using initial conditions)
_ 3y 1
t=(2e+ %)% . (3.123)
Moving to the probability space we have
2
dit,w) = — (3.124)
(2¢ + t3)3

The random time change formula now gives the following transformed Wiener process

. tdW (t)

dW (t,w) = m (3.125)
The transformed spatial process is
dX (t,w) = dX (t,w) (3.126)
=tdW(t,w) (3.127)
= (2¢ + })5dW (I, w), (3.128)

as a consequence of (3.125); thus we finally have
dX (t,w) = tdW({,w), (3.129)
as a result of (3.123). Form invariance is preserved.

(3.130)
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3.5 Conclusion

The method which Meleshko et al. [4] followed overlooked the fact that the temporal group transformation was
also subject to the It6 formula. The random time change definition in conjunction with the It6 formula applied
to the temporal group transformation, is enough to derive a condition which is consistent with what Unal [3] had
derived, where the It6 multiplication table was used in combination with the random time change formula instead.

The methodology of [4] was incomplete: the It6 formula was precluded in the temporal Lie point transformation
analysis which we have remedied. Overlooking this formula gave rise to transformations that did not provide form
invariance. We re-considered two examples from [4] to demonstrate this.

We also note that as a consequence of the equations
1
Y () =H(G)+ —QG I(7) (3.131)
and

Y(r)=0 (3.132)

for first order SODEs with one underlying Wiener process, the temporal infinitesimal must at most be a linear
function of time. This ensures that the condition

(e () = e, (3.133)

which we derived in Fredericks and Mahomed [5] will always be satisfied. It is this condition that enables us to re-
construct the finite transformations from the infinitesimal ones, which maintain form invariance in each of the two
examples from [4]. The It6 formula is an important component of the temporal Lie point symmetry transformation
analysis. Without it, reconstructing form invariant finite transformations from the infinitesimal ones is impossible.

Our third example demonstrates that the symmetry generators found still form a Lie algebra even though the
condition (3.133) is not satisfied. However, it is not guaranteed that the finite transformations that are recoverable
from the infinitesimal ones will guarantee form invariance.

The differences in the way in which the determining equations appear in Meleshko et al. [4] and Fredericks
and Mahomed [5] is superficial. The examples so far have been for SDEs driven by a single Wiener process.
Trying to find a random time change formula for multidimensional Wiener processes is tackled in the next chapter.

From the examples thus far, it seems that the temporal infinitesimals were all projective, but this is only because

the SDEs were driven by one Wiener process. The example in the second chapter has so far been the only
exception, because there were two Wiener processes driving the Brownian motion on a circle in that example.
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Chapter 4

An Alternative ‘W-symmetries’
Approach to Lie Point Symmetries

of Scalar First-Order Ito6 Stochastic
Ordinary Differential Equations

Extending the symmetry generator to include the infinitesimal transformations of the Wiener process for Ito
SDEs has successfully been done in this chapter. The impact of this work leads to an intuitive understanding of
the random time change formulae in the context of Lie point symmetries without having to consult much of the
intense 1t6 calculus theory needed to derive it formerly (see Qksendal [8, 9]).

4.1 Introduction

A seminal work by Gaeta [7] incorporates the Wiener process into the symmetry operator. However, [7] con-
ditions the transformed Wiener process to be consistent with the original process in terms of its momenta, i.e.
the instantaneous mean and variance of the transformed process are forced to be exactly the instantaneous mean
and variance of the original Wiener process. This chapter enforces the philosophy of a property invariance instead.

In [7], the Wiener process assimilation into the symmetry operator, forces an additional term to appear in the
determining equations. In particular, the determining equation which handles the form invariance of the diffusion
component of the transformed spatial process. This additional term can actually be coalesced into the symmetry
analysis, by using It6’s formula on a system of SODEs which is built upon both the Wiener and spatial processes.

Instead of viewing the spatial processes individually and applying the random time change formula to the Wiener
processes driving the spatial ones, as has been done in Gaeta and Quintero [1], Gaeta [7], Wafo Soh and Mahomed
[2], Unal [3] and Fredericks and Mahomed [5], we include the system of Wiener processes as part of the system of
spatial processes. This change of thought adjusts the drift and diffusion operators that have been used so far.

This naturally introduces a Wiener infinitesimal in our symmetry operator. Thus the symmetry analysis takes
place in the Banach space; the Wiener process is viewed as a variable in the Banach space. The It6 formula
transports the group transformations of these variables to processes which exist in the probability space. The
derivation of the random time change formula will then be easily achieved by using the Itd formula in conjunction
with a Wiener property invariance criterion.
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This work seeks to reconcile the work of Gaeta [7] with that of Fredericks and Mahomed [5]. We firstly in-
troduce the SODEs as a system made up of both the spatial and Wiener processes. The operators which are
inherently built upon the It6 formula for these SODEs will be re-defined. With these operators we introduce the
transformation methodology used by the Lie point symmetry approach. An invariance argument on the properties
of the transformed Wiener process should still give rise to the condition (3.10), which we derived in the previous
chapter. The Random Time Change formula used in [5], Wafo Soh and Mahomed [2], Unal [3] and Meleshko et al.
[4], will be derived from a Lie point symmetry approach. Examples that were considered in [7] will then be done
again and compared.

4.2 Review of Gaeta [7]

SODEs are non-deterministic, see Q@ksendal [9]. The driver of this randomness is the Wiener process W (t,w).
The Wiener process is a family of random variables indexed by time; its sample paths or possible realisations are
denoted by w. So for a particular realisation w there is a time index, ¢, following it. (Books by Brzezniak and
Zastawniak [15], Freidlin [14] and Revuz and Yor [13] explain these concepts well). The SODEs which a random
N-dimensional spatial process, X(¢,w) satisifies, will intuitively be viewed as

dX(t,w) = £ (X(t,w), t)dt + G (X(t,w), t) AW (t, w), (4.1)

where f(X(t,w), t) and G(X(¢,w), t) are the instantaneous N-dimensional mean and N x M-dimensional standard
diffusion of our random spatial process, respectively. These momenta are associated with a spatial measure P. In
the work by Gaeta [7], the following infinitesimal transformations were made in the Banach space,

T; =z + e&i(x, 1) + O(e) (4.2)
T =1+ er(t)+O() (4.3)
and
W = w + eq(w, t) +O(), where j =1, N and | = 1, M. (4.4)
Thus our symmetry operator is
M N
H =70 3 + 30wl ) g + D 6 0 (4.5)

The spatial infinitesimal is chosen to be independent of the Wiener variables, for physical reasons; the temporal
infinitesimal was forced to be projective based upon the Fokker-Plank ansatz used in ealier work by Gaeta and
Quintero [1]; and the Wiener infinitesimal was forced to be independent of the spatial variables. Gaeta [7]
referred to this Wiener transformation as an ‘internal’ transformation because of this spatial independence. To
ensure that the Wiener transformation remains identical to the original Wiener process, only constant orthogonal
transformations are considered by [7]

M
wy; = Z KZWL Wm, = 17M (46)
m=1
where

KK' =1 (4.7)

and I is the M x M-identity matrix. He further introduces an M x M-dimensional antisymmetric matrix, B
such that

BT — _B (48)
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and
M
W o=w + €Y B'wn+O(e), I=1,M. (4.9)
m=1

In Gaeta’s previous work, by Gaeta and Quintero [1], the random time change formula of @ksendal [9, 8] was not
used but a portion of the formula was re-derived, viz. ,

wi(t) = (1 + e%)wl + O(). (4.10)

Still not apparently knowing of the random time change formula of [9, 8], Gaeta [7] uses the transformed diffusion

T()

component to absorb the scalar term which was derived in [1], i.e. e%2 under the introduction of the following

form invariance argument

dX(t,w) =f (X(t,w), t) dt + G (X(t,w), 1) dW(t,w), (4.11)
where, the transformed drift component is
f(X(t,w), 1) =f + e H(f (X(t,w), t)) + O(?) (4.12)

and the transformed diffusion component is given by

G (X(t,w), 1) =G + eH(G (X(t,w), t)) + e@HO(e?). (4.13)

The problem of having this absorbed term, is that the Lie point transformation is not being strictly followed.

The It6 SODEs associated with the transformations made in the Banach space are
N M

N 24
dX(T,w) = dX(t,w) (‘%] - Z fr aéﬂ + ;Z > GG aiigjcj)dt

l=114,35=1

te Z e ‘%J AW (t,w) + O(e2), (4.14)
r=1
di(t,w) = dt + er(t)dt + 0(3) (4.15)
and
M
dW,(t,w) = dWi(t,w) + € Z B dWi(t,w) + O(€%), 1 =1, M. (4.16)
k=1

Expanding these terms to O(e) in (4.11) gives the following determining equations

L) () = H(f) + T (1) (4.17)
and
T (7) | <
Yo (&) = HG) + G5 =5=+ 37 Gy B, j=1,N (4.18)
p=1
where
N M N
d o 1 La 0P
T =5, re -t g i 4.1
(@) aﬁ;f 8xr+2;i;IGGaxlaxJ (4.19)
al 0
YE) = P k=1,M. 4.2
(@) ;Gr P ; (4.20)



The projective nature of the temporal infinitesimal simplifies the determining equations further

L&) = H(E) +£7() (4.21)
and
G &
Yl (&) = H(G) + -7+ ) Gy B], (4.22)
p=1

where k = 1, M and 7 = 1, N. The difference between these determining equations and those of Fredericks and
Mahomed [5] is that the temporal infinitesimal does not necessarily have to be projective. The additional terms
Z;M: 1 G’; B;’ also do not appear in the determining equations of [5], which are the result of the 1t6 SODEs for
the transformed Wiener process, i.e. (4.16), where the It6 formula used in [7] is based on the operators

0 = 0 1 = o
I AR _7 4.2
@ 8t+1:218wl+21;:18w18wm (4.23)
and
0
Ve ==, k=1M. (4.24)

8wk ’

The use of two different systems of operators is apparent, where one pair is applied to functions associated to the
spatial process and the remaining pair used for Wiener processes. Our objective is to reconcile these two pairs of
operators into one pair of operators; and allow a form invariant argument on the transformed Wiener properties
to guide us to what the characteristics of the transformed temporal variable should be.

4.3 Coupled System of SODEs

The methodology of Gaeta [7] highlights the fact that there are two different probability measures involved, i.e.
a Wiener process measure Q and a measure associated with the spatial process P.

The application of Lie point symmetry transformations on It6 SODEs transforms the momenta of these pro-
cesses; thus transforming the measures as well. The Wiener infinitesimal~is used to transform the Wiener
process measure Q to a new measure Q;and the spatial infinitesimal £ is used to transform the spatial process
measure P to a new measure P.

These measures are independent of one another because of the inherent difference in the characteristics of the
momenta which they represent. For example, the instantaneous drift of the Wiener process is zero, while that of
the spatial process (4.1) is not. This explains, from a measure theoretic context, why the Wiener transformation
is chosen to be independent of the spatial process, i.e. the Wiener infinitesimal is not a function of the spatial
coordinates; and why the spatial transformation is independent of the realizations of the Wiener process, i.e. the
spatial infinitesimal is independent of the Wiener variables. However, as these transformed processes are following
their different paths of realisation, a transformed time index will be needed to follow both the transformed Wiener
and spatial processes. As a result, we will assume that the scalar temporal infinitesimal, 7 be a function of time,
the Wiener variables and the spatial variables.
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4.3.1 Random Time Change Formula

With the above in mind we first derive the random time change formula using the Wiener infinitesimal. Thus the
system which we analyze first is the M-dimensional Wiener process. The Lie point theorem on the time index
and Wiener variable in the Banach space, respectively gives us

t

e H(t) (4.25)
and
(w), (4.26)
which are associated with the following respective It6 SODEs
dt(t,w) = F(w>(e€H(t)) dt + Y(lw)(eé H ) dwi(t,w) (4.27)
and
AW (t,w) = Dy (e (w)) dt + Y(lw) (e (w)) dWi(t,w). (4.28)
The probabilistic nature of the transformed time index should remain form invariant in the following sense
Eg [di(t,w)] = di, (4.29)
since this is trivially satisfied by the original differential time index, dt. This gives rise to the following condition
Yl (e () =0 (4.30)

for [ = 1, M, which is a more generalized version of the condition than that by Unal [3]. In actual fact, we have
derived a random time change formula, where

- t
t:/ D) (eeH(s)) ds. (4.31)

The condition (4.29) also forces
Cw) (e 7 (t)) = Constant. (4.32)

An invariance argument on the instantaneous drift component of the Wiener process gives

Eg [dW(E, w)|W = w} =0. (4.33)

As a consequence we have the following new condition
() (e 7 (w)) = 0. (4.34)

A similar invariance argument for the It6 isometry condition or instantaneous variance furnishes

Eg [dWl (&, w)dW (2, w)‘X =z, W= w} =0 dt (4.35)
=Ty (e @) dt + Y (e () dW, (4.36)
thus providing
M M
D V(e T (w))dW, > " Yy (e T (win)) AW, = 61, dE (4.37)
r=1 s=1
M
D Yy (e T (w) Yoy (€ (wim) )t = 61, Ty (e 7 () dt + Yy (e° ™ (1)) dWin (4.38)
r=1
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which by comparing Riemann and Itd integrals, also forces the condition (4.30)
Y (e (1) =0 (4.39)

for I = 1, M; with the transformed Wiener process being given as

W (t,w) / Y(u,) w)) dW;(s,w), (4.40)
where
ZY(w) H(wn) Yy (€ (wim)) = 8T (e (1)). (4.41)
Differentiating (4.41) with respect to € gives
M M
D Yy (W) Yoy () + Y Yoy (W) Yy (1)) + O€) = 81Ty (7) + Oe). (4.42)
r=1 r=1
which simplifies further as
Yoy (W0) Yy (3m)) + Yy (wim) Yy (1)) + O(€) = 6Ly (1) + O(e), (4.43)
since Y(,(w1) = 07
Equation (4.43) evaluated at € = 0 simply is
Yy (ym) + Yy () = 63Ty (7). (4.44)

The case where [ # m naturally leads to the antisymmetric matrix B which was defined in [7]. We extend the
M-dimensional system by coupling it with an /N-dimensional spatial process

dX(t,w) = £ (X(t,w), t)dt + G (X(t,w), t) AW (t,w). (4.45)

As a result of the covariance property of a scalar Wiener process, any arbitrary function of the random spatial
process is subject to Itd calculus. The traditional 1t6 calculus based on the SODEs (4.45) only, purports that an
arbitrary function, which is at least once and twice differentialable w.r.t. time and space, respectivley, will satisfy
the SODEs

where
0 o, D ! il
Tw(F) = Z+ Z Froe *3 Z Z Jax 5 (4.47)
vE(F) = Z G¥ G o here k = 1, M. (4.48)

With the same arbitrary function F(x, t) we define the following operators which are based upon our coupled
system of M-dimensional Wiener processes and (4.45)

P N 9 1 M 82 1 M N 82
_ 0 1 A Ll 4.4
SrE et h Y Gt b2 3 dlep (1.49)
N
9 1o}
v a9 4.50
ka + ; " axr ( )

The application of these operators on our arbitrary function F(x, t) still satisfies equation (4.51) since it is not a
function of the Wiener variables, w,i.e.

dF (X(t,w), t) = T(F) (X(t,w), t) dt + Y*(F) (X(t,w), t) dWi(t,w). (4.51)
This calculus is needed for the construction of the Lie point algorithm for SODEs as can be seen in Wafo Soh and
Mahomed [2] and Fredericks and Mahomed [5]. By the above extension we will make use of group transformations

to derive the random time change formula used in the previous chapter for spatial processes with our newly defined
operators.
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4.3.2 Group Transformations

The construction begins with a one-parameter group of transformations of the time index ¢, the spatial variable
x and Wiener variable w, respectively,

t=0(x,w,t,e), T=px,t e andw=1Y(w,t,e), (4.52)

with the following relation to the infinitesimals

% =7(0,p,9), %—f =£(0,9,9) and % = (0, 0,9). (4.53)
The initial boundary conditions at ¢ = 0 are
ﬂe:() =t X(t, w)L:O =X(t,w) and W(E, w)L:O = W(t,w). (4.54)
Hence the symmetry operator is given by
8 | < < )
H=r71(x,w,t) pn + lz:; vi(w, t) Em + ; &i(x, t)a—%7 (4.55)

which is different to the one used by Gaeta [7] because the temporal infinitesimal is non-projective. Thus group
transformations can be expressed in terms of the symmetry operator as

t=e"(t), (4.56)
x = e (x) (4.57)

and
w = e (w). (4.58)

The 1t6 SODEs are associated to these group of transformations (4.52) by the following

di(t,w) = T(e (@) dt + Y'(eH (£) dWi(t,w), (4.59)
dW (T,w) = (e (w)) dt + Y' (e (w)) dWi(t,w) (4.60)

and
dX(t,w) =T(eM (%)) dt + Y (e (x)) dWi(t,w). (4.61)

The infinitesimal SODEs are given as

dr(t,w) = T(r(t,w)) dt + Y (7 (t,w)) dWi(t, w), (4.62)

de(t,w) = T(&(t,w)) dt + Y (&(t,w)) AWy (t,w) (4.63)
and

dp(t,w) = T(p(t,w)) dt + Y (u(t,w)) dWi(t, w), (4.64)

where I and Y are operators which have been defined in (4.49) and (4.50), respectively. These operators are in
fact the instantaneous mean and standard deviation of the temporal, spatial and Wiener infintesimals 7, £ and p
respectively.
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4.3.3 Wiener Invariance Properties

Before deriving the determining equations we apply an invariance argument to the rudimentary properties of the
Wiener process, viz. the instanteous mean and variance of the Wiener process which are

Eg {dW(t,w)‘W = w} =0 (4.65)
and
Eg [dWl(uw)dWm(t,w)‘W = w} = §L,dt, (4.66)

respectively, for a scalar Wiener process. The form invariance of the instantaneous mean of the transformed
Wiener process under the new measure Q is expressed as

Eg [dW(i, W)X =x, W = w} =0, (4.67)

which in conjunction with (4.60) gives

Eg |T(e (w))dt + Y'(e (w)) dWi(t,w)|X =x, W = w} =0. (4.68)

Now on (4.65) use (4.68) to derive the following condition
e (w) =0, (4.69)

which is a consequence of the linearity property of the expectation operator and the fact that the expected value
of an It6 integrand is always zero. The condition (4.69), is similar to the condition (4.34) that we found earlier for
the M-dimensional system of Wiener processes. We next apply the form invariance argument to the instantaneous
variance of the transformed Wiener process under the transformed Wiener measure, i.e.

Eg {dWl(i,w)dWm(f, w)‘X =z, W= w} =6l dt, (4.70)
which after a simple substitution from (4.60) produces

M

Z Y7 (e () (t, W)Y (e (wim)) (¢, w) dt = 6L, dE, (4.71)

r=1

which forces the following differential relation

(4.72)

ZYT(eEH(wl))(t,w)YT(eeH(wm))(t,w) dt =T(e ™ (b)) dt + Y*(e ™ (1) dWi(t,w), | =1, M. (4.73)

Comparing the Wiener and Riemann integrals we have a generalization of the condition developed by Unal [3]
for the instantaneous standard deviation of the temporal infinitesimal, i.e.

Yie(t)=0,1=1,M, (4.74)
as well as the following relation
M

DY (@) (8 w) YT (€ (wm)) (tw) = T(e™ (2)). (4.75)
r=1
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Thus we have derived the following generalized random time change formula

di(t, w) = / (e (5)) ds (4.76)
with
U(e" (t)) = Constant (4.77)

when we apply the probabilistic invariance principle to the transformed time index differential, i.e.

Eg [df(t, w)] =dt. (4.78)
The generalized Wiener transformation is
¢ M
/ Z Y™ (e (w,)) AW (s, w), (4.79)
where
ZY Y, W)Y (e (wm))(t,w) = 65T (e (). (4.80)

This is a generalized form of the random time change formula derived in @ksendal [8], @ksendal [9] and Meleshko
et al. [4] and used in [5], [2], [3] and [4].

(4.81)

4.3.4 Form Invariance of the Spatial Process

In order to find the condition (3.17) that ensures the recovery of the finite transformations from the infinitesimal
transformations, we need the following form invariant argument

dX(t,w) =f (X(t,w), t) dt + G (X(t,w), t) dW (I, w), (4.82)
where, the transformed drift component is
f(X(t,w), T) =e"(f) (4.83)
and the transformed diffusion component is given by
G (X(t,w), 7) =e(G). (4.84)
There is no absorption for the transformed diffusion component as was done in Gaeta [7].

If we now expand the drift component of (4.82), we deduce

£ (X(w), ) di = {f(t, X(t) + e (D(H()) + H) £(t, X(t))
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The equations (2.23) and (4.85) will be exactly identical even though the operators used here and in Chapter 1
are different.

The following condition is needed to ensure the recovery of the finite transformations from the infinitesimal
transformations

e THO ¢ X(1) = T (661{(25)(@ X(t))). (4.86)

This condition ensures that the higher order terms depend solely on the first order term associated with O(e). All
the ordered terms contribute in the construction of the finite transformations; the zeroth and first order terms,
contribute towards the construction of the infinitesimal transformations. This also forces the instantaneous drift
coefficient of the temporal infinitesimal to be a constant, which was demonstrated in the first chapter, i.e.

I'(r) = C, where C is an arbitrary constant. (4.87)

Condition (4.86) also simplifies (4.80) to

W(t,w) = / > vme M (w)dWi (s, w), (4.88)
where
i Y7 (e (wi)(t, w)Y " (€ (wm)) (t, w) = 8L, eTHE), (4.89)

Expanding the diffusion component of (4.82) gives

M M M M
Y G (Xt w), £) dWi(fw) =D GrdWi+ e [ > H(GH)dWi+ > G5 Y™ (H(w))dWn,
=1 =1 =1 l,m=1

<k> H""(GY) Ym(HT(wl))dWm>, (4.90)

where

H* (G Y™ (HC (wy))dWr = H*(GY) Y™ (wi)dW, = HF(GY) dW. (4.91)

4.3.5 Determining equations

We derive the determining equations for furnishing the spatial infinitesimals by differentiating the equations
associated with the drift and diffusion components of the transformed spatial process, i.e. the drift components
and diffusion components of (4.61) with respect to €; and compare the results with the e-differentiated equations
of (4.85) and (4.90), at e = 0. This methodology is the method used in previous chapters, but with different
operators. As a result we have the following determining equations

rE) = (0(r) + H)f (4.92)

Yi(g) = <H(G§-) +> ar Yl(H(wm))> l=1,M and j =1,N. (4.93)

We derive the determining equations for furnishing the Wiener infinitesimal by differentiating the equations
associated with the drift and diffusion components of the transformed Wiener process, i.e. the drift components
and diffusion components of (4.69) and (4.75), with respect to €, which gives

T(v)+O() =0, l=1,M (4.94)
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and
Yi(v;) + Y () + O(e) = /0 (7) + O(e). (4.95)

Evaluating at € = 0, establishes the following determining equations

I'(v) =0, (4.96)
as well as the following relation
Yiy) = F(QT) summation not implied, | = 1, M (4.97)
and
Yi(y) ==Y (m), #1 (4.98)

Equation (4.98) develops the antisymmetric matrix, B as was done earlier for the M-dimensional system alone.

Remarks. Prior knowledge of the random time change formula is not required when using an adjusted ‘W-
symmetries’ approach of Gaeta [7]. The rate of change is the drift component of the Ité6 SODEs of transformed
temporal infinitesimal. By comparing our new method with that of [7] we have that his M matrix used in (4.6)
does not have to be orthogonal. By using the invariant property philosophy, we can define his matrix as

M = :Zjl (Ym(eEH(w))) I, (4.99)

where I is the identity matrix. The components of antisymmetric matrix B are given as

B =0, (4.100)
B =Y (ym), (4.101)

where
Y (ym) = =Y (). (4.102)

Thus the Wiener infinitesimal transformation can be given as

r(r) M
w; = (1 + eT) wy + € Z B dW,,. (4.103)

m=1

The absorption methodology that was used in [7] is unnecessary. By using a property invariance principal, the

N . . . . .
absorbed term, 6% wy, comes into existence in a natural way. We continue with examples. The first two are

based on examples done by Gaeta [7].

4.4 Examples

Example 4.1.
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This example was done in the first chapter. Here we look at it again. We have

dX:(t) = % dt + dWi (1), (4.104)
1
dXo (t) = as dt + dW> (t) (4.105)
The determining equations are simply given as
(4.106)
851 (X,t) + a’il 851 (X7t) +as 851 (X t) 1 (951 (X7 t) 1 861 (X7 t) 1 851 (X, t) l 851 (X, t) _
ot x1  Ox1 Oz 2 0x? 2 Ox3 2 Ouw? 2 owi;
a1 (O7(x,w,t) a1 OT(x,w,1) ‘a or(x,w,t)  107(x,w,t) 107(x,w,t) 107(x,w,t) 107(x,w,1)
1 ot T1 o1 2 Oxo 2 Ox? 2 Ox? 2 ow? 2 Ow?
+& (J%) ; (4.107)
1
and
06 (x,1) | a1 9&(x,t) *a 062(x,t) | 10&(x,t) + 18{2(){ t) | 10&(x,t) | 10&(x,t) _
ot z1 Oz Oz 2 022 2 Oz3 2 Owi 2 Ouwi
ot (x, w,t) Lo ot (x, w,t) ta ot (x, w,t) L 107(x,w,t)  107(x,w,t)  107(x,w,t) 107(x,w,t)
= ot x1 01 > Ows 2 02 2 Ozl 2 Ow? 2 OQw? ’
(4.108)
01 (x, t) 1 851 1 551 . 2v,1
gﬁ — H(G) + G'Y' () (4.109)
L1
961 (x, 1) 2& 2 061 2 1y,2 2y,2
S0 +G1 o +Ga— 91a =H(G1) +Gi1Y"(m) + G1Y " (72)
3! 1y,2
— = 4.11
o2 G1Y"(m) ( 0)
061 (x,t 7] 7]
Balel) 4 G102 4 0% = H(GY) + GIY () + G3 Y (2)
082 1
— = 4.111
% _ vl (1111)
96 (%, t) 2% 2 062 2 1y,2 21,2
S0 +G1 ot +Ga>— O = H(G3) + GoY" () + G2 Y7 (72)
gﬁ = H(G3) +G3Y?*(72) (4.112)
T2
ot (x, w,t) 1 0T 107
dur T 8m T %5, =0
which implies that
or(x,w,t) Ot
= — 4.11
811}1 T a$1 0 ( 3)
and
or(x,w,t) 9 OT 2 OT
D +Gl@1+G28270’
which reduces to
or(x,w,t) Ot
—F + — =0. 4.114
awg + 8:52 0 ( )
From (4.113) and (4.114) we have
T(x,w,t) = Fi(z1 — w1) + Fa(z2 — w2) + a(t), (4.115)
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where Fi, F» and a are arbitrary functions. The condition (2.39) forces
I'(r) = co. (4.116)
Thus we have

a(t) + %F{(ZIH — w1) + azFQ/(CE’Q — ’wz) + Fl// + FQ// = Cg. (4.117)
1

Differentiating (4.117) with respect to time gives that a(t) is the linear function of time
a(t)=c1t + co. (4.118)
Thus (4.117) becomes

%F{(zl —w1) + apFi(wa — wa) + FY' + F = co — c1. (4.119)
1

A simple comparison by coefficients of %, imposes that F1 be a constant.

The equation (4.119) evolves into an ODE with dependent variable F> and independent (z2 — ws2) which solves as

(co — 1)

Ok (ag (22 —wz) — 1) 4 e 22272y (4.120)
2

FQ(:EQ — UJQ) =
This gives rise to the temporal infinitesimal as

(co = 1)

(@22 (ag (w2 — ws) — 1) + e 2 @27w2) g (4.121)
2

T(x,w,t) =c1t + c2 +

The Wiener infinitesimals are associated with the following determining equations

(4.122)
Oyi(w,t) | a1 Oyi(w,t) Oi(w,t)  10y(w,t)  10y(w,t)  10n(w,t)  10n(w,t)
or T r1  Om +a Oz ta Ox? ta o3 ta ow? t3 Ow3
=0, (4.123)
and
Oy2(w,t) | a1 Oyz(w,t) Oy2(w,t) | 10y2(w,t)  10y2(w,t) 10y2(w,t)  10y2(w,?)
+2 +as + 5 + 5 + 5 =
ot x1 01 Oz 2 Ox? 2 Ozl 2 Ow? 2 Ow?
=0, (4.124)
071(w, 1) 1011, a0n _ I'(7)
6w1 + Gl 8I1 + G2 (91‘2 o
oIm(w,t)  In _ e
Bus + 9e, 2 (4.125)
O (w,t) 20M 20M1 Ov2(w,t) 1072 1072
INW,8) 2Oy 2O 92,8 1072 1 972 4.12
811]2 T Gl 83:‘1 T G2 6332 811}1 + Gl (9.11 + G2 8.132 ( 6)
Oy2(w,t) 2072 _ <o
— — = —. 4.12
8102 + G2 61‘2 2 ( 7)
Thus we have
yi(w,t) = %Owl + Ly (wa, t) (4.128)
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and
Ya(w, t) = %sz + Lo(w, t). (4.129)

The use of equation (4.126) forces the equality

( o ;9 )Ll(wQ,t):—< o ;0 )Lg(wl,t):Constant, (4.130)

Ow, | Oy ow ' Oz

as neither side is the function of the other. Further deduction concludes that both functions be linear with respect
to the arguments, i.e.

Li(w2, t) = cswa2 + cst + c6 (4.131)
and
Lo(wy, t) =crowr + cot + c7. (4.132)
From relation (4.126) we have the following
Li(z2, wo, t) = cswa + cst + cs (4.133)
and
Lo(z1, wi, t) = —cs w1 + cot + cr. (4.134)
Applying conditions (4.123) and (4.124) yields
s =0 (4.135)
and
co =0. (4.136)
Thus we finally have the following summary of the Wiener infinitesimals
yi(w,t) = %Owl + cswa + cg (4.137)
and
Yo (w,t) = %Owg —cswi + cr. (4.138)

As a result, the determining equations (4.107), (4.108), (4.109), (4.110), (4.111) and (4.112) become

% %%+a2%+%%+%%2200+§1(—%> (4.139)
%11 _ %CO (4.141)
% — e (4.142)
275:21 - e (4.143)
g—i = %co +. (4.144)
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From (4.141), (4.142), (4.143) and (4.143) we observe the following

1
&= 5 o1 + csx2 + Fi(t)

and

1
52 = Econ — c511 + FQ(t).

The consequences of (4.145) reduces (4.139) to

aic ajc 1 a
L0 4 gy = 20— —cox1 + cs w2 + Fi(t) %
1 2 Ty

Fi(t
1()+2a: 1

By comparison of coefficients we have that Fi(t) and ¢s must be zero, i.e.

1
&= 5 CoT1.

For the remaining spatial infinitesimal we have that (4.146) simplifies (4.140) to

1
Fg(t) + a2§ Cco = a2 Co.

The function F5(¢) is forced to be linear with respect to time

Fy(t) = az;o t + ca

In summarizing the results, we have

&= 5 G T,
1
&= 502 + aQQCO t + ca,
Tt)=cit + c2 + M (az (w2 —w2) — 1)+ e *2 (w2—w2) .,
(az)?

with the Wiener infinitesimal being

c
m(w,t) = 5071)1 + cs
and
c
’YQ(W,t) = EO’LUQ + cg.

The seven symmetries are

Ho — (a2 (z2 ;ng) - 1)% n %%
* <%2 * %t) aixg * %321 %aig
H — (t _ (a2 (2 ;g’wz) - 1)) %
Hs=e " (”7“’2)%
Hs = azl

7

(4.145)

(4.146)

(4.147)

(4.148)

(4.149)

(4.150)

(4.151)

(4.152)

, (4.153)

(4.154)

(4.155)

(4.156)
(4.157)

(4.158)
(4.159)
(4.160)

(4.161)



and

0

He = .
6 8’11)2

(4.162)

These symmetries were not found by [7] for a1 # 0.

In order to find new symmetries, [7] considered the case a1 = 0, where the determining equation for the spatial
infinitesimals are

Fi(t) 4+ azes =0. (4.163)
By comparison of coefficients we have that Fi(t) is a linear function of time, i.e.
Fi(t) = —azes t + cr. (4.164)
Whence the first spatial infinitesimal is given by
&= %coxl +c5 (22 —azt) + cr. (4.165)
For the remaining spatial infinitesimal the determining equations remain unchanged, i.e.
F(t) + agé co = az Co. (4.166)
The function F5(t) remains linear with respect to time

Fy(t) = “2200 t + ca. (4.167)

However the remaining spatial infinitesimal is different

1 az Co
522500332 — csx1 +

t + ca. (4.168)

Thus giving rise to an additional symmetry which Gaeta [7] had found. The symmetries are

_(lma—w) =00 w1 0
Ho = a2 ot + 2 Oz1
T2  axt) O wy 0 wy 0
+<?+7>87xz+?87wl+?87wg (4.169)
_(, (a2 (z2 —w2) — 1) 9
Hy, = (t 2 o (4.170)
0
Hy =5 (4.171)
_ _ 4]
_ a2z (z2—w2) Y
Hs=e o (4.172)
1o}
1o}
Hy= 50 (4.174)
0
Hy = 5 (4.175)
- 9 (4.176)
= 61‘1 ’
and
9] 1o} 1o} 1o}
H8—((l2t — "L'Q)aixl +x187x2 +w287u)1_w187u)2' (4177)
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The four out of the five symmetries which Gaeta [7] lists for a; = 0 are

o 8 X1 8
% T2 oy
T2 a2 t 6 w1 8 w2 6
2L =) 4 = == 4.1
T < 2 + 2 ) 6:32 T 2 8w1 T 2 8w2 ( 79)
H) = H, (4.180)
H) = Hg (4.181)
and
Hji = Hy. (4.182)

The fifth symmetry found by Gaeta [7] is

0 |2 9 (4.183)

1o}
Hé:(l‘g—agt)i-i-l' 287—11)18“)2
1

81'1 187%2

which conserves form invariance. Thus Gaeta [7] obtained five of the nine symmetries given in (4.169) - (4.177).

We find the finite transformations (subject to initial conditions) for the fifth symmetry (4.183)

.
% = (T2 — ast), (4.184)
dzs _

&z _ 4.185
de N ( )
dt
— =0 4.186
I (4.186)
dw,
- 4.187
7 = D2 (4.187)
and
dws _
T 4.188
de w1 ( )
From (4.184) and (4.185) we have
d2fg _
d62 = CLQt — I2, (4.189)
which solves as
Ty = (x2 — azt) cos (€) + by sin (€) + az t, (4.190)

where bg is an arbitrary constant. Thus (4.184) becomes

dF
% = (z2 —azt) cos(€) + by sin(e) + azt — azt (4.191)
which implies that the spatial transformation are

T1 = 1 cos (€) + (2 — azt) sin () (4.192)

and

To = (x2 — azt) cos(€) — x1 sin (€) + az t. (4.193)
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The first Wiener infinitesimal is solved in the same fashion as the first spatial transformation

w1 = wy cos (€) + by sin (e). (4.194)
This implies that
% = —w; cos (€) — b1 sin (e), (4.195)
€

where b; is an arbitrary constant. Thus we can solve the Wiener transformation as

w1 = wi cos (€) + ws sin () (4.196)
and

Wa = ws cos (€) — ws sin (€). (4.197)
We now furnish the It6 SODEs associated with these finite transformations

dX1(t,w) =T(@)dt + Y (@) dWi(t, w)

= (az — az) sin(€) dt + (cos (¢)) dW1(t,w) + (sin (€)) dWa(t,w)

= dW, (4.198)
dXo(t,w) = T(T2) dt + Y (T2)dWi(t, w)

= ((az — az2) sin(€) + azt) dt + (cos (¢)) dWa(t,w) — (sin (¢)) dW1 (¢, w)

(4.199)
=axdt + dW> (4.200)
where the transformed Wiener processes are derived by It6’s formula as well
dW1(t,w) = T(w) dt + Y (w1)dWi(t,w)
= (cos (€)) dW1(t,w) + (sin (€)) dWa(t,w) (4.201)
and
AW (t,w) = (W) dt + Y (w2)dW,(t,w)
= (—sin (€)) dWi(t,w) + (cos (¢)) dWa(t,w). (4.202)
Since W = X1, invariance is maintained.
Example 4.2.
The remaining comparison will be done with the following SODEs again from Gaeta [7]
dX:(t) = X2 dt, (4.203)
dXs(t) = —k* Xo dt + V2 k2dW (1), (4.204)
where the instantaneous diffusion matrix G, is
G:( 0 ) (4.205)
The determining equations are simply
(4.206)
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651 (X, t) 8‘51 (X, t) 1.2 851 (X7 t) 2 851 (Xv t) 1 851 (X7 t) 1 861 (X7 t) _
ot T om0 TP e Yo awr T2 aw?
o (x, w,t) or(x,w,t) 2 OT(x,wW,t) 207(x,w,t) | 107(x,w,t)  107(x,w,1)
i < ot e O R 02 Tk 0z3 2 Ow? 2 Ow?
+&2, (4.207)
. Polt) | Delnt) o D6l | a060ol) | 106000 1060
2\X, 2\X,t) 42 2(X, 2 082(X, 1 082(X, 10&x,t)
ot T T am N T TR T2 T o T2 ous
2 or(x,w,t) or(x,w,t) o O7(x,W,1) 207(x,w,t) | 107(x,w,t) | 107(x,w,1)
K ( o T om L 2 ou? 2 ou?
—k* & (4.208)
0&1(x,t) 1% 1%_ 1 1y,1 2y,1
T ow +G1 Dt +Ga Oy H(G1) +GiY (m) + GiY (12)
0=0 (4.209)
961 (x, 1) 2 061 2061 _ 2 1y,2 21,2
G +G13x1 +G28x2 =H(GY)+G1Y"(m) + G1Y 7" (72)
0¢1
L 4.21
92y ~ 0 (4.210)
0&2(x,t) 1% 1% _ 1 1y,1 2y,1
B + G Dt +Ga s H(G3) + GoY () + G2Y (12)
0=Y" (1) (4.211)
t 0
%a(x,t) | G?% ye208 H(G3) + G3Y? (1) + G3Y?(12)
Ows 0r1 Ox2
G5 g% = H(G3) + G3Y?*(72) (4.212)
2
oT(x,w,t) 1 0T 107
8w1 + Gl 83:1 + G2 8%2 o 07
which implies that
or(x,w,t) _ (4.213)
811)1
and
8T(X,W7t) 2& 2ﬁ _
sz + G1 83:1 + G2 8£2 o 07
which reduces to
ot(x,w,t) +2 kzﬁ —0. (4.214)
Ows 02
Equations (4.213) and (4.214) imply
T(x,w,t) = Fi(x2 — V2k2w2) + F2(x1) + a(t), (4.215)
where F1, F> and a are arbitrary functions. The condition (2.39) forces
(1) = co. (4.216)
Thus we have
a(t) + xoFs(x1) — k> wo F{(xa — V2k2wo) + k* F{ + 2k°F{' + %FQ” = co. (4.217)
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Differentiating (4.217) with respect to time gives that a(t) is the following linear function of time
a(t) =c1t + ca. (4.218)
Hence (4.217) becomes
w2 Fy(11) — K wo Fi (w2 — V2K2 wo) + k* Fy' + 2k F{' + %FQ” =co — c1. (4.219)
A simple comparison by coefficients of x2, imposes that both F; and F> be linear in terms of their arguments

Fy =c3 (:132 —V2k2 wz) + c4 (4.220)

= k’z c3x1 + cs (4.221)
and that the constants cp and c; be the identical, which implies
a(t) = Cot + C2. (4222)
It eventuates that the temporal infinitesimal is
T(x, W, t) =cot + ca + ¢z (w2 — V2k2 w2) + k* ez 1. (4.223)

All that is left to obtain are the Wiener infinitesimals, before we can proceed with the spatial infinitesimals. The
associated Wiener infinitesimal determining equations are

(4.224)
871 (W7t) + 1871 (W7t) 1871 (W,t)
ot 2 ow? 2 Ow?
=0, (4.225)
and
872 (W7 t) + 1 872 (W7 t) 1 872 (W7 t)
ot 2 Ow? 2 Ow?
=0, (4.226)
Oyi(w,t)  co
o =5 (4.227)
672 (Wv t) Co
—_— = — 4.22
G 5 (4.228)
8’Y1 (W, t) 8’Y2 (W, t)
= — 4.229
8w2 8w1 ( )
which in conjunction with (4.211) implies
8’71 (W7 t)
——= =0. 4.2
EI 0 (4.230)
Thus we have the following
yi(w,t) = %0 wy + Li(t) (4.231)
and
Y2 (W, t) = CEO wo + Lz( t). (4.232)
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The use of equation (4.225) forces the arbitrary L; function to be a constant
Li(t) = e,
and the (4.226) forces the arbitrary function Ly to follow suite
Lo = cs.
Thus we finally have the following summary of the Wiener infinitesimals
m(w,t) = %Owl +cr
and

c
Yo (w,t) = 0 s + cs.

As a result, the determining equations (4.107), (4.208), (4.209), (4.210), (4.211) and (4.212) become

2 061

%-l-w%— 2 3€1+k7:x200+£2

at " 2oxs " P oxs " 0a2
0 0% o 0 200
ot T2 ga, R T g, TR
0

061 _

81‘2

= 7k2 T2 Co — k}2 fz

I
o

9

Co.
8I2

From (4.239), (4.240), (4.241) and (4.241) we observe the following
&1 = F1(t) + Fa(z1)

and

1
&= s coxa + F3(t) + Fa(z).

2

The consequences of (4.243) reduces (4.237) to

. 1
F1 +$2F2/:$260+§CO$2 + F3(t) + F4(LE1)-

By comparison of coefficients we have that

N

and
Fl = F3(t) + F4($1).

Therefore we have

3
& = 5 CoT1 +ca+ Fi(t)
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(4.234)

(4.235)

(4.236)

(4.243)

(4.244)

(4.245)

(4.246)

(4.247)

(4.248)



and

H3 =

&2
Equation (4.238) becomes the following as a result
B k% zs o
2
The ensuing conclusions are
Co
and
Fi(t)
Our infinitesimals are therefore
&1
&2
Y1
Y2
and the temporal infinitesimal is
7(t)
Thus the symmetries are
Hy
Hy
Hy
H,
and
Hs

The symmetries which were found by Gaeta [7] were based on those of Gaeta and Quintero [1] and are

i

Hj =

and

Hj

0
ce + cs5 efl62 ¢
c1+cs e 4
— e k2 efk2t
Cr
C8
C2 —|—63(.'I)2— 2k2w2)+k203x1.
9
ot
= (CEQ —V2Ek2wo +k2x1) %
0
E)xl
k2t O _k267k2ti
Bxl 8172
0
6’UJ1
1o}
Owg'

1
—CoxT

2

—K*z

0
Oz,
L0 e D
k2 ox1 Ox2
0
e

2 + Fi(2).

1 )
2 Co — K> (5 co T2 + F1(t)

These again are sub-algebras of the ones we have found spanned by (4.258) - (4.263).

84

(4.249)

(4.250)

(4.258)
(4.259)
(4.260)
(4.261)

(4.262)

(4.263)

(4.264)

(4.265)

(4.266)



4.4.1 Stock Price Model

Consider the price of a single stock price X (¢,w) with instantaneous drift v X(¢,w) and standard deviation
0 X(t,w) as was done in Fredericks and Mahomed [6], i.e.

dX(t,w) =vX(t,w)dt+ o X(t,w) dW (t,w) (4.267)
with the initial condition X (0,w) = zo. The determining equations by Fredericks and Mahomed [5] were

Lt z) = Hve) —val(r(t),
0¢(t, x) n anf(t, x) n o?z? 0%E(t, x) dr(t)

o p 5 o Etx)yv—va 1t (4.268)
and
Y(€(ta) = €t a) o — ZE O
m% £t a) - gd%it)_ (4.269)
The infinitesimals were given as
7(t) = a4 + ast, (4.270)
and
&(t,x) = %(,u — %02) z (as +ast) + azx + %as(m Inz — x). (4.271)
The three generators of symmetry were
H, = % + %( - %0’2)$%, (4.272)
Hy =2z (%c (4.273)
and
Hs = t% —+ % ((u — %(72)7@ +zxlnz — av) ng (4.274)
By applying the relation (4.97) we find the following relation for the Wiener infinitesimal
g—l =as (4.275)
which implies that
v =asw+ A(t). (4.276)
However, it also has to satisfy the condition (4.96) which after simplification is
A(t) = 0. (4.277)
Thus, the Wiener infinitesimal is given by
N =asw+ e (4.278)
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which means that the ‘W-symmetry’ generators are given by

0 1 1 5, 0
H=—+4-(pg——= —
1= el )y
0
Hy =z —
2T Ty
L0 1 1 5 0 0
and the additional symmetry generator
0
Hy = —.
YT ow

4.4.2 Blood Clotting Dynamics

Consider the one-dimensional SODEs model which models the position of platelets at time ¢
dX (t,w) = u(t) dt + o dW (t,w).

The instantaneous drift is the velocity which satisfies the Stokes’ equations

ou(t,z)

“or
and

. op

(4.279)
(4.280)

(4.281)

(4.282)

(4.283)

(4.284)

(4.285)

where the first and second components of (4.285) are the inertia (density, p, multiplied by acceleration, %(t))
and pressure gradient of the platelets along an arteriole, respectively. The dot notation represents d/dt. The
conservation of mass for these thrombocytes are handled by (4.284). By observation the pressure, p, due to the
interactions between the platelets is linear in the spatial variable, . Thus the instantaneous drift can be solved
from (4.285) and can be expressed as (Aip)t + A2, where A; and Ay are arbitrary constants which can be
determined by experimentation. The determining equations associated with (4.283) in conjunction with (4.74)

are thus
L&t z)) = H(Aipt + A2) + (Aipt + Az) T(7(1)),
L) | (it 4 ) BT CICED) iy 4t (it + ag) 20
and
v (€(t,) = 3 40
dettr) _ 1,

The infinitesimals are easily solved for by substituting (4.287) into (4.286) to give
T(t) =C t + C2

and

1 3
f(t,x) = iclx—i—Alp <101t2+62t) +A2%t+03.
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The three generators of symmetry as per [5] are

L0 (r B, A
Hl_tat+(2+ e 2t> o (4.290)
0 0
and
0

If we now wish to extend to ‘W-symmetries’ by applying the relation (4.97) we find the following relation for the
Wiener infinitesimal

(% = %1 (4.293)
which implies that
y(w, t) = 62—110 T A(®). (4.294)
However, it also has to satisfy the condition (4.96) which easily solves to give
A(t) = ca. (4.295)
Thus, the Wiener infinitesimal is given by
=5+ (4.296)
which means that the "W-symmetry’ generators are
H1:t%+<g+3ilpt2+%t> 5%+ 238%, (4.297)
Hy = % + (A1 tp) 8%5’ (4.298)
Hs = 8%0 (4.299)
and the additional symmetry generator
Hy = a%' (4.300)

4.4.3 Experimental Psychology

Consider the following simple linearised SODE which models small repetitive motions in humans with non-
deterministic flactuations arising from highly populated weakly coupled neuronal cells

dX (t,w) = — (a (X(t,w)) + 4bX(t,w))) dt + o dW (t,w). (4.301)
The determining equations are

T(¢(t, 2)) = —H<a:c+4bx) + (ax+4,bm> I(r(t))

ng; z) _ <aa: + 4ba:) 65(821:) + %2 82§$;m) = —{(t, ) (a + 4b> + (ax + 4bm) 7(t) (4.302)
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and

v (€t ) = 340
oc(t,x) 1.
B ok (4.303)

The temporal infinitesimal has to be linear with respect to time due to the condition that the instantaneous drift
of the temporal has to be constant to ensure the recoverability of the finite transformations from the infinitesimal
ones, i.e

T(t) =c1t + ca. (4.304)
Thus the spatial infinitesimal solves as
1T

£(t,x) = == + C) (4.305)

and now we are able to find the arbitrary function C(t), by looking at the resulting substitution of (4.305) into
(4.302)

C(t) = —C(a+4b) + (am+4bx> ci. (4.306)

By comparison of coefficients we have that the arbitrary constant c¢; is zero. Hence we solve for the arbitrary
function C(t)

C(t) =cze 0. (4.307)
Our temporal and spatial infinitesimal respectively are
T =C2 (4.308)
and
E=cze * (4.309)

The two generators of symmetry are given as

Ca—4b O
Hi=e ‘“’%, (4.310)
and
7]
Hy = —. 4.311
2= 5 (4.311)
Including "W-symmetries’ via relation (4.97) leads to the following relation for the Wiener infinitesimal
Oy
— =0 4.312
B (4.312)
which implies that
v(t, ) = A(t). (4.313)

However, as in the two previous examples it has to satisfy the condition (4.96) which after simplification leads to
A(t) = ca. (4.314)
Thus, only the following symmetry is added
0

T ow
Remark. The number of symmetry generators will always increase by at least one, when introducing the Wiener
transformation into the Lie group transformation methodology.

Hs (4.315)

88



Algebra | Basis Operators Representative Equations
L, H, =g dX = f(t)dt + g(t) dW
L2 lep,ngq dX:det-f-ﬂdW
L H o =p+aq dX =ze tdt +xe tdW
Ly H =tp+aq dX =F (In(%)) dt + /% dW
Ly H=(1-atp+zq|dX=F(In| —E—F— )dt—l— —L —dW
(t(l—a))1-a (t(1—a))l-a
Algebra | W — symmetry Basis Operators Representative Equations
L2 H1 :p,HQ =T dX:f(I) dt—|—g(x)dW
L2 H1 :q7H2:’I" dX:f(t)dt+g(t)dW
L3 lep,ngq,ng’/‘ dX:Oédt—FﬂdW
L2 letq,HQZ’l” dX:%dt-Fg(t)dW
Lo Ho=p+xq,Hy=r dX =zxzetdt+xe tdW
Ly Hi=tp+axq+%r,Hy=r dX =F (In(%)) dt + /5 dW
L2 le(l—(z)tp—kzq—}—Wan:r dX:F(ln(ﬂ)) dt+ %dW
(t(l=a))1-a V (t(1-a))T-e

4.5 Applications to 1-Dimensional Wiener SODEs

Classification of SODEs have only been done by Wafo Soh and Mahomed [2] for second-order SODEs. Here we
show the classification as per [2] for first-order SODEs in Table 1. We also show how these basis operators change
when introducing ‘W-symmetries’ in Table 2. The classification was slightly adjusted using the standard basis
operator table from Wafo Soh and Mahomed [2]. The following representations are used

p=20/0t, q=0/0x and r = 9/0w

Table 1

The “W-symmetries’ basis operator table below extends the dimension in most cases.

Table 2

Remark. Here L, means the r-dimensional algebra. Algebras in the first table are one-dimensional in most cases.
The introduction of the Wiener infinitesimal into the Lie group analysis increases the dimension of all the algebras
by one.

4.6 Conclusions

The use of the Lie point transformation methodology in conjunction with It6’s formula enables us to include the
transformation of the Wiener process into the symmetry operator via a Wiener infinitesimal which performs the
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transformation in the Banach space. The [t6 formula allows us to relate these transformations to their It6 SODEs
counterparts.

The seminal work of Gaeta [7] is extended here to take into consideration temporal infinitesimals that are not
necessarily projective. This is mainly due to a property invariance philosophy which apply to the transformed
Wiener process. A generalized form of a condition which Unal [3] had derived for a one-dimensional Wiener
process, is easily extended as a result. By following an invariance argument on the Wiener process’ properties,
we were able to confirm the antisymmetric condition placed on the Wiener transformation for multidimensional
Wiener processes by Gaeta [7].

However, the recovery of the finite transformations from the infinitesimal ones to preserve form invariance has not
been guaranteed by any of the works in the past for multi-dimensional Wiener processes. This chapter derives
the conditions necessary for this to be valid. We show that a particular example by Gaeta [7] does not ensure this.

Many of these insights and new conditions should be replicable for higher order SODEs. Wiener symmetries
for multi-dimensional Wiener processes of higher order SODEs are an exciting unchartered area of investigation.
The recovery of finite transformations that keep form invariancefor these higher order SODEs are important. This
aspect is done in Chapter 5.
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Chapter 5

Symmetries of nth Order Stochastic
Ordinary Differential Equations

Symmetries of nth-order SODEs are studied. The determining equations of these SODEs are derived in an Ito
calculus context. These determining equations are not stochastic in nature. SODEs are normally used to model
nature (e.g. earthquakes) or for testing the safety and reliability of models in construction engineering when
looking at the impact of random perturbations.

5.1 Introduction

Wafo Soh and Mahomed [2] gave an algorithm to obtain Lie point symmetries for both first- and nth-order SODEs.
We briefly review their work and follow with an extension from point symmetries to generalised symmetries.

The first section begins with the transformations of the spatial, temporal and Wiener variables for an nth-
order It6 process. These transformations have the same properties as stated in our previous chapter on first-order
SODE:s (see also Fredericks and Mahomed [5]).

Using the It6 formula in conjunction with the infinitesimal transformations which preserve form invariance, we de-
rive conditions for nth-order SODEs that ensures the recovery of invariance preserving finite transformations from
the infinitesimal ones. This has not been done in the past. The inclusion of a Wiener infinitesimal in the symmetry
operator has also been precluded in the past. Faithfully following the ‘Wiener- symmetry’ methodology of the
previous chapter, we construct a generalized random time change formula for multi-dimensional nth-order SODEs.

This is followed up with the development of recursive relations needed for finding the prolonged spatial in-
finitesimals in a SODEs context by using the concept of form invariance. This differs from the methodology used
by [2], where the recursive relation defined was predefined from an ODE context. As a result we also derive a
conditioning on these prolonged spatial infinitesimal variables. We further derive a conditioning on the diffusion
coefficient of the temporal generalised symmetry 7, which is similar to that of Unal [3]. We conclude the chapter
with an introduction of operators which generalize the determining equations for SODEs of any order that is
adaptable to both point and generalized symmetries.
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5.2 Review of Wafo Soh and Mahomed [2] for nth-order SODEs

An nth-order It6 process has the following vector form

dX"MV@) = £, X)), X(8), ..., X"V @) dt + G(t, X (1), X(2), ..., X" V(1)) dW (1)
(5.1)
(k) _ (k+1)
dX;7 ) = X (t)dt,
(5.2)
X0 = X5 (5.3)
for k =0,1,...,n — 2. Since the instantaneous mean, f, is an N-vector valued function, the index j runs from

one to N, i.e. j = 1,...,N. The diffusion coefficent G is an N X M-matrix valued function and W(t) is an
M-dimensional standard Wlener process. From here onwards we denote {X(t), X(t),...,X™ Y (#)} by X"~V (¢).
The context of this processes is that both the instanteous drift and diffusion coefﬁments are Lipschitz continuous
with respect to the right norm. A good example of the type of norm used for this is given by [15] in their seventh
chapter.

The Lie point transformation methodology used by Wafo Soh and Mahomed [2] does all calculations to O(e). As
a result the recoverability of the finite transformations, which keep invariance, from the infinitesimal ones is not
verified. The symmetry operator H is the same as that used in chapter 2, with point symmetries

0 0
H= 7'(1'7 t) a + §j($, t) 877 (5‘4)

J

where there is summation j = 1, N. However since we are dealing with nth-order SODEs, prolongation formulation
is necessary. In the Banach space the transformation for the (n — 1)th-order spatial derivative is

_ [n—1] _
2D _ et 1), (5.5)

_ [n—1]
20 — peH" 71 (k)

=T g™ <1, (5.6)
where
gl — g2 gji_n—”#, n>1 (5.7)
J
and
g _ g (5.8)

Applying Itd’s formula to a prolongation of a spatial infintesimal of arbitrary order , & (¢, X("=Y(¢)), gives

a&, ", XTTVW) = Feon, (6 ATTV@) dE+ Gy (6 X0V (1) dWi(D), (5.9)
where
] M 2¢ [v] n—2 7]
(r—1) _0g ) 65 1 G* 97, (a41) 9¢;

f(g[r])j(t,)( 1) = oL + fi (n ) E Z pm +Z$p Ok where n > 2

= Tp a=0 Oxp
(5.10)
G t,xr= _ ol Gir f h j ing from 1 to N 5.11
(5[7«])](, ) = .r for each j ranging from 1 to IV. (5.11)

833(-n_1)
K2
If the summation operator runs from a non-negative value, e.g. 0, to a negative one, i.e. —1, the outcome of

the entire summation is set to zero. With this convention we are able to recover the It0 formula for first order
SODEs. Due to the repeated index summation convention, the spatial indices ¢ and p both run from 1 to N in the
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summation; the Wiener indices | and k runs from 1 to M. Similarly, the [t6’s formula for the temporal variable,
7(z,t), gives
dr = [y (X(t,w), t) dt + Gy (X(t,w), t) AW (X (t,w), 1), (5.12)

where

or kel (a+1)
fir (Klt.):0) = 5 + i 1>+*ZG W+Zx

(5.13)

which reduces to the total derivative, since the temporal infinitesimal is a point transformation
fo(X(t,w),t) = D(). (5.14)

where the total derivative is defined as

0 pletn) (5.15)

The diffusion coefficient of the temporal infinitesimal, is given by

or
Gir(X(tw),t) = G oD (5.16)
i
reduces to zero as well because of the fact that we are dealing with point transformations, i.e.
i
GiH(X(t,w),t) = 0. (5.17)

The drift and diffusion coefficients of the (n — 1)th-order spatial derivative are respectively transformed as

LHETTV®H = L@@+l (£ 0,0) + o) (5.18)
and

GLETTVD = GECTIW0 +er™ (G5 @),0) + 0(E). (5.19)

The It6 formula of the finite time index transformation is
dt =T @)y dt + Y e (1) dw. (5.20)
which Wafo Soh and Mahomed [2] simply write as

dt = dt (14 eD(1)) + O(c), (5.21)

since the temporal infinitesimal is a point transformation. We also have that the transformed time index should
keep invariance in the following probabilistic way

Eg [di(t,w)] = di(t,w). (5.22)
This requires
Ve M ay =0 1=1M, (5.23)
which is automatically satisfied since 7 is point transformation. Condition (5.22) also forces
D(eeH[nil] (t)) = Constant, (5.24)

which is overlooked in [2]. Thus the finite transformation of the Wiener process is

AW (T, w) = \/ D(eH" Y (£))dWi(t, w) (5.25)
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which Wafo Soh and Mahomed [2] simplified as
dWi(,w) = dWi(t,w) (1 + 5 D(r)) + O(e), (5.26)

where [2] used a generalized binomial expansion of the square-root of the derivative of the transformed time index
with respect to time. The [t6 SODEs associated with Lie point nth-order spatial transformation is

dxX" V(@) = ax (" 1>()+e(f ety b+ Gl dW,(t)) +O(A). (5.27)

Wafo Soh and Mahomed [2] make the assumption that only the system of nth order SODEs, (5.1), remain invariant
under the symmetry operator (5.4), which implies that

dXS V@) = fEETV @ w)dE+ GHE RV ([ w) W), (5.28)

where we denote {X(f),f((f), XD @)) by x )( t) for an arbitrary r € N.

Expanding the drift component f; (%, y("fl)(f, w))dt of (5.28) using (5.18) and (5.21) gives

£(t, XV (@) dE = L £, X)) + e (D(T) + H["’”) £(t, X"V (1)

—

o

€

+ k,((D( ) + H" ”) £, X"V (1)

T WM@

+ <k > t X)) (Dt ) - [D(T)]kj))} dt. (5.29)

=0

u

In order for the finite transformations to keep invariance we require e-terms of higher order to be solely dependent
on the O(1) and O(¢) terms, this forces the condition

D) _ p (eEH["’” (t)), (5.30)
which is satisfied as a result of condition (5.24). Whence the finite transformation becomes

_ eD(r)
AW, (t,w) =€ 2

(t,w). (5.31)

The diffusion component of (5.28) can easily be expanded with the utility of (5.19) and (5.26)

Gh(t, 20 (0)diV = {Gé(t, 20wy e (B i) 6 20 0)
+ Z 2l < 5 T H" 1])k Gi(t, XV (1) } dWwi. (5.32)

This allows us to make a comparison with the It6 SODEs associated with the nth-order spatial transformation
(5.27), which furnishes the determining equations used by Wafo Soh and Mahomed [2], i.e.

(5.33)
fietnyy = (D) + H0) £ (0),1) (5.34)
and
Glein-ny; = (@ +H["’”) @V (@),9). (5.35)



Constructing the prolonged variables was done by using pre-existing recursive relations based on the Lie point
theory for ODEs, i.e.

& = pg" 1 =2 D-, 1 = ¢, (5.36)

for k < n. The sketch of the methodology used for Lie point symmetries for nth-order SODEs by Wafo Soh
and Mahomed [2] ends here. However, it is possible to construct the recursive relations using form invariance
arguments on the SODEs described in equation (5.2),1.e.

dxX® @ = X" @t
which expands as
dX P (@) = X®HD gp 4 ¢ (gj”“*” + 2kt D(T)) dt + O(e%); (5.37)

in conjunction with the It6 SODEs associated with the transformation of the kth-order spatial transformation,
ie.

dX$P @) = dXP () + ¢ ( Fetinyy dt + Gleury; AW, (t)) +0(&), (5.38)
which reduces to
dX (@) = ax P (8) + e D(EM) dt + O(e?) (5.39)

as a result of the fact that the prolongation infinitesimals of lower order & ][H, are not a function of x"~Y for
k < (n—1). Thus the recursive relations defined by Wafo Soh and Mahomed [2] from an ODE context, are easily
derived using a form invariance philosophy, viz.

D) = &% 4 2 D(7). (5.40)

J

5.3 Generalized Symmetries

Instead of concerning ourselves with only point transformations with respect to the spatial infinitesimals, we
consider making our spatial infinitesimals and thus our temporal infinitesimal generalized transformations as well.
In conjunction with this we include a Wiener infinitesimal with the symmetry operator. The reasoning behind
having the Wiener and spatial infinitesimals independent of one another is still valid, i.e. their respective proba-
bility spaces are independent of one another in terms of the measures associated with them.

We first re-derive the random time change formula using coupled operators as in chapter 3 but for a multi-
dimensional nth-order SODEs. This entails the invariance of the transformed Wiener process with respect to
its properties. A form invariance philosophy for the drift component of the transformed spatial infinitesimals in
combination with the It6 formula is studied to establish the recoverability of the finite transformations from the
infinitesimal ones.

The crux of this methodology is the coupling of two systems of SODEs - the system associated with the M-
dimensional Wiener processes and the N-dimensional nth-order system of spatial SODEs. The probability space
associated with the former is (2, F, Q) and the probability space associated with the latter is (2, F,P). The prob-
ability spaces associated with the transformed It6 SODEs of these two systems become (2, F,Q) and (Q, F,P),
respectively. The independence of these two spaces with respect to the measures is maintained by insisting on
the independence of the spatial and Wiener infinitesimals.

5.3.1 Generalized Transformations

The construction of the symmetry and It6 formula operators form the basis of the Lie group transformations. They
are used in combination to form the determining equations needed to unearth the infinitesimal transformations
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that allow the original probability spaces to evolve to new transformed probability spaces; whilst maintaining the
probabilistic properties of both the Wiener and the spatial processes.

The generalized symmetry operator used here is,

0, = 0 | - 0
H=7&""Y )= (&Y ) —— t) — 5.41
T(X ) )at + j;g](x P )8xj +;wl(w7 )811]17 ( )
where (1) signifies the collection {x,x, ...,x(”fl)}, and with the generalized prolonged symmetry operator

having generalized spatial infinitesimals, i.e.

8 N N n-—1 8 M 8
[n—1] s(n—1) v (o(n—1) (n 1) v
H =&V ) o+ ;gj(x ) o0 " ;;é ) 5™ +;wl(w,t) Jur” (5.42)

We allow form and property invariance arguments to guide the behavior of our infinitesimals. In order for this to
take place we use coupled operators as had been done in the previous chapter

8 N 8 N n-2 1 1 M 2
- a+_zfi8x(n71) Z Z Gt G P o (n 1)8 (n—1) ZZ (a) (a+) 52 (5.43)
=t ’ bp=lk =1 p=1a=0 0 1=

which in essence gives the instantaneous drift of an arbitrary function of the spatial and Wiener variables. The
following coupled operator gives the instantaneous diffusion

’Y

1
aw, +;G (n 0 (5.44)

Equipped with these operators we perform generalized transformations.

The construction begins with a one-parameter group transformation of the time index ¢, the spatial variables x,
the time derivatives of the spatial variables x(k), where k = 0, (n — 1); and the Wiener variable w, respectively,

t=0&""Y wit,e), T=p&E" Y t,e) TP = H&" Y t ) andw=d(w,t, ), (5.45)

with the following relation to the infinitesimals

% =7(0,9,9), g—f =£(0,0,9), Bg;ik] =¢M(9,0,9) and % = (8, ¢,9). (5.46)
The initial boundary conditions at ¢ = 0 are
1 _,=t XOw)| _,=X(tw), XPCw)| _,=XP(t,w) and WEw)|,_,=W(tw), (547)
Thus group transformations can be expressed in terms of the symmetry operator
T=e"" )
=e(t) (5.48)
% =" (x)
e (x) (5.49)
z®) — peHY (X(k))
= esHM (x (k) (5.50)
and
w =" (w). (5.51)
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The It6 SODEs are associated to these group transformations (5.45) by the following
di(t,w) = T(e () dt + Y'(e (1)) dWi(t,w)
dW (t,w) = (e (w)) dt + Y' (e (w)) dWi(t,w)
dX® @,w) = D™ (x®))dt + V(™ (x®)) awi(t, w)

and
dX(t,w) = D(e (x))dt + Y' (e (x)) dWi(t,w).

The infinitesimal SODEs are given as

dr(t,w) = D(r(t,w)) dt + Y (7(t,w)) dW;(t,w),
dg(t,w) = T(&(t,w)) dt + Y (€(t,w)) dWi(t,w)
deM(t,w) = T(EM (¢, w)) dt + Y (™ (¢, w)) dWi(t, w)

dy(t,w) = T(y(t,w)) dt + Y (v(t,w)) dWi(t,w).

5.4 Property Invariance of Transformed Wiener Process

Invariance of the characteristics of our transformed standard Weiner process, dW;(t), should still satisfy
Eg {dW(f, w)‘W = w] =0.
As a result we have the following new condition
(e (w)) = 0.
Differentiating (5.61) with respect to € at € = 0 gives the following Wiener infinitesimal condition
I'(v) =0.
A similar invariance argument for the It6 isometry condition, or instantaneous variance yields
Eg {dWl(f,w)dWm(f,w)'X =z, W= w] =6l dt
=T(e (@) dt + Y (1)) dW,

thus furnishing

SV (e (w)dWe Y Y (e T (w))dWs = 6, dE
DoV (e (w)Y " (e (wm))dt = 65, Ty (€7 (1)) dt + Y7 (e (1)) AW

which by comparing Riemann and It6 integrals, forces the condition

Yi(e (1) =0
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(5.64)
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(5.67)



for | = 1, M. Differentiating (5.67) with respect to € at € = 0, gives rise to the following temporal infinitesimal
condition

Yi(r) =0, (5.68)

which is a more generalized version of the condition by Unal [3] for one-dimensional first-order It6 SODEs. In
actual fact, we have derived a random time change formula, where

t= /t r (eeH(s)) ds (5.69)

and by applying the probabilistic invariance condition
Eg [di(t,w)] = di(t,w) (5.70)
on the transformed time index, which is automatically satisfied by the original differential time index, we get
Yie " (t)) =0 (5.71)
being re-enforced and we also have the following deduction

r (eeH(t)) = Constant. (5.72)

The finite transformation of the Wiener process is given as

t
AW (T, w) = / V(e ™ (w)) dWi(s, w), (5.73)
where
M
>V (w)Y" (e (wm)) = 6,0 (1)) (5.74)
r=1
Differentiating (5.74) with respect to € gives
M M
DY (@)Y (ym)) + DY (wm) Y () + O(€) = 8,I(r) + Oe). (5.75)
r=1 r=1
which simplifies further as
Y (w)Y' (ym)) + Y™ (wm)Y™ (1)) + Oe) = 8,,I(7) + Oe), (5.76)
since Y (w;) = 47
Equation (5.76) evaluated at e = 0 simply is
Y (ym) + Y™ (0) = 6T (7). (5.77)

The case where | # m naturally leads to an antisymmetric matrix which is a generalized version of the point
transformation antisymmetric marix, B which was defined by Gaeta [7] for first-order multi-dimensional It6
SODEs.
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5.5 Form Invariance of the nth-order Spatial Process

In order to find a similar condition to that of (3.17) for nth-order It6 SODEs, that ensures the recovery of the
invariance preserving finite transformations from the infinitesimal transformations, we need the following form
invariant argument,

dX" VT w) = £ (?("*”(i,w), z) dt+ G (?"*”(%, w), E) AW (,w), (5.78)
where, the transformed drift component is
f (Y‘"’”(i, w), %) = e H(r), (5.79)
and the transformed diffusion component is given by
G (Y("_l)(i, w), f) — e H(Q). (5.80)
If we now expand the drift component of (5.78), we get

f (?("*”(i,w), i) dt = {f(t, XV @) + e (D(H(®)) + H) £(t, X7V (1)

8

elc

T2

((F(H(t)) + H)" £(t, X"0(1))

£
I|
¥

E
N

+ >, " j> H(E(t, 20 () (P (1) - [HH(t))]“))} d.

o

<
(=]

(5.81)

The equations (2.23) and (5.81) are superficially identical, because the operators used here and in chapter one
are different.

The following condition is needed to ensure the recovery of the finite transformations from the infinitesimal
transformations

e TH®) (=D () = (66H(t)(t7 X(”’l)(t))). (5.82)

This condition ensures that the higher order terms depend solely on the first order term associated with O(e).
All the order terms contribute the construction of the finite transformations; the zeroth and first order term,
contribute towards the construction of the infinitesimal transformations. This also forces the instantaneous drift
coefficient of the temporal infinitesimal to be a constant, which was demonstrated in the first chapter, i.e.

I'(r) = C, where C is an arbitrary constant. (5.83)

Condition (5.82), also simplifies (5.69), to

W(t,w) = / > Y (w)dWin (s, w). (5.84)
where
SV ()t w) Y (e (i) (t, w) = 8y,eTHO) (5.85)
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Thus expanding the diffusion component of (5.78) gives

ZG?— (X(i,w) ) dW (T, w) Z G dW; + € Z H(G dWl+ Z G Y™ (H (w))dWin,
* Zi( (f) HY(GH) Y™ (H (wn))dWn, ) (5.86)
where
HY(G5) Y™ (HO (w0)) AW = H*(G5) Y™ (w)dWon = H" (G5) dW:. (5.87)

5.5.1 Generalized Prolongation Formulae

All that remains to be derived is the prolongation formulae. We use form invariance for the lower order spatial
derivative processes, i.e.

dX @) =XV (@)dE, j=1,Nandr=1,(n—2)
which simplifies to

>  k

dX§7 (8 = X at + (Z o <(F(H(t)) + H)F 2l )) (t,w) dt (5.88)

k=1

with the use of the relation (5.82). The It6 SODEs associated with the transformation of the rth-order spatial
transformation is

dX(0) = dX7 (1) + ¢ (D)) (1 w) dt + Y (€ (1,w) dWi(D)
Py %k, <r (" (2)) ewyde+ Y (B (a00) ) (8, w)sz) . (5.89)

which on comparison with (5.88) with respect to the Riemann and It6 integrals gives the following relations
k (r+1) _ k _(r+1) _ .
r (H (a:j )) — (P(H(1)) + H)* 20"V, for each r = 1,(n—2) and j = 1, N (5.90)
where k = 1, 00, and
y! (Hk ( (H'l)) > =0, foreachr=1,(n—-2);1=1,M and j =1, N. (5.91)

where [ = 1, M. The differentiation of both equations (5.88) and (5.89) with respect to € at € = 0, gives rise to
the following determining equations for the prolonged spatial infinitesimals

(T = (D) + H) «f ", (5.92)
which is a generalized prolongation formula and the remaining determining equation is

! (gj[.’“] ) =0, foreach r=1,(n—2); l=1,M and j = 1, N. (5.93)
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In summary we have the following determining equations for multi-dimensional generalized nth-order SODEs

re) = (rew) + H V) (5.94)
Y& ™) = H(G)) + Y GF Y (H(wa)) (5.95)
I'(r) = Constant ) (5.96)
Yi(r) =0 (5.97)
I'(y)=0 (5.98)
Y (ym) + Y™ () = 6, T(7) (5.99)
(el = (F(H(t)) + HW) 2t (5.100)
and
! (@W ) =0, (5.101)
where r <n —2,r € N.
(5.102)

In our first example, we consider point symmetries only.
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Example 5.1.

Consider the mass-spring linear oscillator response to random excitation (see [2])

dX = —*Xdt + odW (5.103)
dX = Xdt (5.104)

which is associated with the following set of determining equations

— T (7) + H(—w?z) — T (M) =0, (5.105)

H(o) + %UPl(T) vy =0 (5.106)

with the extra conditions

o€ _
U% =0 (5.107)
or

which means that 7(¢,z, %) = a(t,z) and (¢, z) = c(t,z) , where a(t,z) and c(¢, z) are arbitrary functions. We
use this and the fact that w and o are constants to get

— w?al1 (a(t, ) — wic(t,z) — T (€M) =0, (5.109)

%UIH(a(t, z)) -y =0 (5.110)

which expands to

1] [1] 2 92¢[1] (1]
— oz (d(t, x) + :i?aa(t’ a:)) —wie(t, ) — (5‘5 - w2xa£ + GRS + 4 96 ) =0, (5.111)

o ot 9t 2 0i2 oz
of. JOa(t,z)\ ey
5 (a(t, x) +x78x > <O’ el 0 (5.112)

we now find &0 in terms of a(t,z) and ¢(t,z) by using (5.92) to get

eV = ot ) + iracgj) = (d(t, o) + abaag;’x)) & (5.113)

substituting (5.113) into (5.111) gives

— W’z (a(t,x) + dd' (t,2)) — wie(t,z) — <é(t7 z) +ic (t,x) + &¢ (t,x) — (d(t,z) + id'(t, x)

+aa'(t,x)) & — & (a(t, z) + za'(t, z)) — Wi (¢ (t, @) — a(t,z) — 2&d'(t, x))

+% (—2d'(t,2)) + & (¢ (t, ) + @ (t,2)) — (a'(t, ) + za” (¢, 2)) ;c) =0 (5.114)
% (a(t,z) + id (t,2)) — o (¢'(t,2) — a(t, ) — 2ia’ (t,2)) =0 (5.115)

where ' denotes the partial derivative with respect to the spatial variable z. From (5.115) we find that 7 is a
constant and that c(t, x) is a linear function of the spatial coordinate. This simplifes (5.114) to

—wie(t,x) — (é(t, z) 4 @c (t,x) + 2 (tx) — W’z (< (t,2)) + & (¢'(t, ) + ac”(t, m))) =0, (5.116)
which implies that

c(t, z) = c(t). (5.117)
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The consequences of which lead to the following
é(t) + wie(t) = 0. (5.118)
This solves as
c(t) = ¢z coswt + ¢z sinwt. (5.119)

Thus our symmetries are

T=0 (5.120)
and

& = ca coswt + c3sinwt. (5.121)
In the work by Wafo Soh and Mahomed [2], cases were analyzed concerning w. When w = 0 the symmetry

infinitesimals they found were

S (5.122)
and

=caz+cst+a, (5.123)

thus arriving at the symmetries

0

o =9 5.124
T (5.124)
0
o -9 5.125
2T o ( )
0
Hs =t— 5.126
2T o ( )
0 0
Hy=t— ——. 12
A (5.127)
Next if w # 0 the symmetries are consistent with the symmetries we found, i.e.
T(t) = ca, (5.128)
&(t) = ez coswt + ca sin wt, (5.129)
which gives
1! 8
a9 5.130
1 ata ( )
Hy = coswtﬁ (5.131)
2T oz’ '
" 0
Hjy =sinwt—. (5.132)

oz

We investigate what form invariance implies for this example. For the case w = 0 by Wafo Soh and Mahomed [2]
a trivial symmetry Hs gives the following prolonged spatial infinitesimal as

M@, z) =T(t) — aT(0) = 1, (5.133)
thus as a result

di

— =1 134
I (5.134)
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which implies that
T—idte (5.135)
The spatial infinitesimal satisifies

dz

—y 5.136
de ’ ( )
since t = ¢, which furnishes

T=x+c¢€t (5.137)

which means that the It6 SODE associated with these group transformations is respectively

dX = dX = o dW (5.138)
dX =T(z +et)dt + Y (z +et)dW

=(z+e)dt

= X dt, (5.139)

which is not consistently maintaining form invariance. The most non-trivial symmetry for the case w = 0 by
Wafo Soh and Mahomed [2], is Hs. The prolonged spatial infinitesimal is thus

¢V(E7) =T(x) —al(t) = 0. (5.140)

As a result, we have

di
— = 5.141
I (5.141)
which implies that
=i (5.142)
The spatial infinitesimal is gives rise the following relation
dz
&z .14
de ° (5.143)
which furnishes
T=uxe". (5.144)
A similar procedure gives
t=te (5.145)
and the random time change formula gives
p— 1
dW = e2“dW. (5.146)
The It6 SODEs associated with the transforms above are respectively given as
dX = dX = —w?zdt + o dW (5.147)
= o dW since w = 0. (5.148)
dX =T(ze)dt + Y (xe)dW
= ge(t,w)dt = X dt (5.149)
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since

dt =T(tef)dt + Y (te)dW = e dt,

(5.150)

hence form invariance is absent or inconsistent. A non-trivial symmetry for the case w # 0, is H%. The prolonged

spatial infinitesimal is therefore
eM(F,Z) = T(cos (wt)) — iT(0) = —w sin (wt)
As a consequence, we have

di .

= t

I w sin (wt)

since t = t, which implies that
i =1 —ewsin(wt).

The spatial infinitesimal gives rise to the following relation

dz

2e = cos (wt)

which produces
T =x+ecos(wt).
The It6 SODEs associated with the transforms above are respectively given as

di =T(% — ew sin (wt))dt + Y (¢ — ew sin (wt))dW
= —w® (X 4 € cos(wt)) dt + (o) dW
= -’ X dl + (o) dW

dX =T(X +ecos (wt))dt + Y (x + ecos (wt))dW
= (¢ — ewsin (wt)) (t,w)dt

= X (t,w) di,
since
dit =T(t)dt + Y (t)dW = dt
and
dW = dW.

Thus form invariance is maintained by the finite transformations in this instance.

5.5.2 Revisiting the Canonical Forms for second-order It6 SODESs

(5.151)

(5.152)

(5.153)

(5.154)

(5.155)

(5.156)
(5.157)

(5.158)
(5.159)

(5.160)

(5.161)

The following representations are used in conjunction with the original table given by Wafo Soh and Mahomed

[2]. We let

p=0/0t,q=09/0x and r = 9/0w
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5.5.3 Table 3

Algebra | Basis Operators Representative Equations

Lo Ho=q,H1 =1¢q dX = f(t)dt + g(t) dW

Lo Ho=p Hi =q dX = f(&)dt + g(z) dW

Lo Ho=¢q,Hi =xq dX = f(t)z dt + g(t)z dW

Lo Ho=qHi =tp+aq|dX =t 'f(i)dt+t 2g(z)dW

The introduction of ‘W-symmetries’ gives rise to at least one new symmetry, as seen below.

5.5.4 Table 4

Algebra | Basis Operators Representative Equations

Ls Ho=q,Hi=tq,Ha=1 dX = f(t)dt + g(t) dW

L3 H0:p7H1:q7H2:T dX:f(J?)dt+g(.T)dW

L3 Hy=q,H =xq Ho=r dX = f(t)z dt + g(t)z dW

Ls Ho=q, Hi=tp+wq+ir Hi=r | dX =t ' f(&)dt +t 2g(i) dW

Example 5.2.

Consider the following 2-dimensional version of a mass-spring linear oscillator response to random excitation (see
[2]), without “W-symmetries’

dX(t) = —QX(t)dt + ZdW (t) (5.162)
dX = Xdt (5.163)
where X (t) = [ 28; } Q= { “61 a?% } and E = [ 061 8 ] (5.164)

which is associated with the following set of determining equations
D&M = —wla (7)) + H(—wizy), (5.165)

via™) = H(on) + %UuF(T%

which becomes

via!) = %Gllr(T), (5.166)
(&M = —wizoT (1) + H(—wizs), (5.167)
yi(&Mt) =o, (5.168)
with the extra conditions
0'112% = O, (5169)
1
UH% = O (5170)
and
0
ana—; —0, (5.171)
which means that 7(t,x,%) = a(t,x,22), &(t,x,%) = c1(t,x,22), &2(t,%x,%) = ca(t, x,22) and &0 (t,x,d2),

where a, ¢1 and ¢ are arbitrary functions. We use the fact that the instantaneous drift of the temporal infinitesimal
has to be constant and the fact that €2 and = are matrices comprised of only constants to get

I'(1) = co (5.172)
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which expands to

8(1 2 8a . 8a . aa
- — 4 _ = . 1
9t W T2 5,2 + 1 > L X2 51'2 Co (5 73)

The use of comparison by coefficients of 1 gives us the following relations

da
— =0 5.174
81’1 ( )
and
da 2 da . Oa
9 w” x2 re + 22 e Co- (5.175)

Hence we have that the temporal infinitesimal evolves to the following function

=2 2.2
= FO(W) + cot + ao. (5.176)

The determining equations (5.165), (5.166) and (5.167) thus become

B%t[l] P 8;“;[11] P 8;*;[21] %%1 685;:[%1] i a;;[:] i 8;;[21] e — e, (5177)
8;;[11] = %607 (5.178)
a%t[l] —wim 885;:[11] —wie ag;l:l 07%1 635;;?] +i a;;[:] + &2 8;;:] = —whw2 co — wh (5.179)

The determining equations (5.165) and (5.167) simplify to
6%:] — Wy ms 6;;:] + i 8;;[11] + o 85;:] = —%wfxl co — Wi, (5.180)
8%2:] — wh @ (965;[21] + 21 agi[ll] + X2 8;;:] = —wWixs co — wika. (5.181)

From (5.181) we have that

85;[11] =0 (5.182)

by using comparison of coefficients with respect to 1 and the fact that 52[1] (t,x, @2), which implies that
&M (t, %, d2) = &M (t, 2, d2). (5.183)
This simplifies (5.181) further

352[1] 5 352[1] ) 352[1]

2
— = - . 5.184
TR R el Sl w3 (22 co + &2) (5.184)
By using the prolongation formula (5.92) we have
[1] _ acl . 2 8C1 . 801 . 801 _ . 18
& T T Wetrg tiig - didag s —codi (5.185)



We also have the relation (5.178) which forces

3 .
c1 = 500 r1 + C1(t,.’132,x).

Thus the first prolonged spatial infinitesimal becomes

1
%— 3 %-f—ﬂh Co+$2acl

o _
Q= gy Wy o

Therefore we have the following

oall _ 0%c 5. O e 1C pp Dy de
ot~ oz Ty om0t T2 T M gnar T 00,
1] 2 2 2
o T pp,0a,da, 0o
02 OtOia 03 = Oxa Ox2012’
oM
=0
81’1 ’
and
ol _ o 00 o Pa . Pa
Oxs  Otdzs 2 O *0i00wy | 0a2
Using (5.188), (5.189), (5.190) and (5.191) the equation (5.180) becomes
8%cy Wi %_ng 8%cy i dci 4 i 8%cy lc P 8%cy
2 P8k, PTP00n0t T 0wy | 0wmedt 2707 P77 0tdis
4ot x28261 2 0 2 %cy
202 2 dmeot 2T 9200
+j; 8201 25,5 (901
‘otoxy 770
¢ 2 0% 1 3 .
_ w2 To Io 81‘28in g ax%l = —wf <§I1 co + 560 xr1 + C1(t,l‘2,X)) .

Comparison of coefficients with respect #; leads to co being zero, i.e.
ci(t, x, &2) = c1(t, w2, T2).

This leads to the following simplification of (5.193)

6201 _ w2 P 801 _ w2 z 6201 + & 801 + @ 8201 . w2 = 8201
or 2 T0m,  TPT0me0t | 0ws | lOwe0t 277 Ot
+w4 6 L &fwzm T o + e 70.)21"%
202912 T 2 gt P 90000, T P 0toxs 2 T2 0is
9%c &c
2 1 .2 1 2 .
—w Xy T2 Dia0s + @3 922 = —wi c1(t, w2, T2).

Comparison of coefficients with respect to &2, gives

801

8.%2 ’
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8201

81’2

ot’

(5.186)

(5.187)

(5.188)
(5.189)

(5.190)

(5.191)

(5.192)

(5.193)

(5.194)

(5.195)

(5.196)



which implies that ¢1 (¢, z2, 2) = c1(t, 22). This simplifies equation (5.195), to

8;621 — 20?2 :bzg—; — 2022 aa;calt T+ wha? a;:%l = —wlei(t, d2). (5.197)
Comparison with respect to coefficients of 23 demands
1 =cs(t) Z2 + co(t). (5.198)
As a result, we have that equation (5.197) becomes
és(t) @ + é6(t) — 2ws @2 c5(t) — 2w3 Taés(t) = —wi (cs(t) 22 + co(t)). (5.199)

Comparison of coefficients of x2 gives that c5(t) = as where as is constant. This changes equation (5.199) to
éo(t) — 2ws d2 a5 = —wi (as 2 + co(t)). (5.200)
In the same vein as before we find that as is forced to be zero, which eventuates the following equation
ée(t) = —wi co(t). (5.201)
Solving for ¢ we find that
c6(t) = agsin (wt) + ar cos (wt). (5.202)
Thus the first spatial infinitesimal is

&1 = assin (wt) + arcos (wt) (5.203)

The prolongation formula (5.92) similarly gives

862 2 802 . 862

(4 gy i) = 02 _ 2, 002 o Oca 204
So(bwa da) = 57 —wr@agas dag (5.204)
Thus we have the following
96N s 5 dca 4 DPer L B . e
_ _ ez _ oc2 2
ot o T %a, Y 050t T 0wy " 0wt (5:205)
8&2[1] 8262 2 (9202 8202 . (9202
_ _ 2
Bin  0t0ds 2" 0i2 T 0za0t T 2 0uadis’ (5-206)
and
852[1] 8262 2 5‘62 2 8202 . 8262
= —ws = . 2
9z Otdxs 2 0in  © T 0ig0zy | C 0al (5-207)
Using (5.205), (5.206), and (5.207) the equation (5.184) becomes
8%cy 5 . Oca w2 8%cy e % i 8%cs
oz 27 2 Bis0t P 0ws | a0t
W2 2o %cy o 20°ca W2 2o d%cs W2 T o d%cs
272 ot 2052 TP Gaadt D20
8%cy 5 . O 9 0%co 207¢o 2
—_— = — . .2
2 510 2d25 wa T2 F2 e 2 52 wi(x2 co + c2) (5.208)



Comparison of coefficients with respect Z2 leads to the fact that

Cg(t, X, iz) = Cz(t, i’g).

This leads to the following simplification of (5.208)

2
C2 2

2 2

0°ca 2. Oca 2 0% 4 20 — —WRes(t, i)
2 T2y = —W3 C2 2).

i3 ’

-9 2 9 2
g AWrTrgy T AWrTag s twad

Comparing coefficients with respect to =3 we have that

(92(22 (t, C'Cz)

92 =0

which implies that

Co = Cg(t) T9 + C4(t).

Thus equation (5.210) becomes

53(15) To + 54(15) — 2(:.1% T9 Cg(t) — 20.)3 Tol3 = —w% (03 (t) T9 + C4(t)).

Comparison by coefficients with respect to x2 furnishes
c3 = a3, where a3 is an arbitrary constant.
As a result we have
éa(t) — 2ws @0 az = —ws(as @2 + ca(t)).

Comparison by coefficients with respect to 2 implies

as = 5(as)
and
54(t) = —w%a;(t).
Equation (5.217) forces a3 to be zero and solving for ¢4 gives
ca(t) = ascos (wt) + as sin (wt).

Thus the second spatial infinitesimal is

&s = aacos (wt) + assin (wt).
In summary we have the infinitesimals being

) 2, 2
= F (M) +a
2

&1 =arsin(wt) + az cos (wt)

and

& = agcos(wt) + agsin (wt).

(5.209)

(5.210)

(5.211)

(5.212)

(5.213)

(5.214)

(5.215)

(5.216)

(5.217)

(5.218)

(5.219)

(5.220)

(5.221)

(5.222)

(5.223)

Remarks. The generalized symmetry generators still form an algebra. Finding the generalized symmetry

transformations is more involved than the point symmetry transformations.
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5.6 Concluding Comments

Lie group analysis for nth-order I1t6 SODEs were first pursued in Wafo Soh and Mahomed [2]. Though it had only
been done for point symmetries, it has lead to many interesting findings in this chapter. We have shown that it
is possible to derive the prolongation formulas by using the philosophy of form invariance and we have been able
to extend the algebras using the idea of ‘W-symmetries’, which were first introduced by Gaeta [7].

It has been shown that with the introduction of ‘W-symmetries’, we are able to derive a random time change
formula for a multi-dimensional nth-order It6 SODEs. With the use of the philosophy that the properties of
the Wiener processes should remain invariant under the Lie group transformations, we derive conditions on the
temporal and lower level derivative spatial infinitesimals that are a generalization of the condition derived by
Unal [3] for one-dimensional SODEs.

The key to the success of this chapter is the idea of coupling the M-dimensional Wiener process with the N-
dimensional nth-order spatial Itd process via one pair of operators as in the previous chapter. As a result the
determining equations of both point and generalised symmetries can be handled by operators in one generalised
set of determining equations. There is a wider scope for these operators. We intend to derive these results in an
alternative methodology; eventually applying it to approximate SODEs as in Ibragimov et al. [10].

Unlike ODEs, the contact and point transformations for SODEs are not equivalent. This is highlighted in the
example by Wafo Soh and Mahomed [2] above. By allowing the temporal infintesimal to be a function of the
highest order spatial derivative, [t6’s formula changes the characteristics of the system of determining equations
- giving a larger group of transformations. This is not the case if the temporal infinitesimal is assumed to be
projective.
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Chapter 6

Symmetries of nth Order
Multi-dimensional Approximate
Stochastic Ordinary Differential
Equations

The symmetries of high-order multi-dimensional SODEs are found using form invariance arguments on both the
instantaneous drift and diffusion properties of the SODEs. We then apply this work to a generalised approximation
analysis algorithm. The determining equations of SODEs are derived in an It6 calculus context.

6.1 Introduction

The modelling power of SODE has been applied to many diverse fields of research, from the modelling of turbulent
diffusion to neuronal activity in the brain. Models such as these are often influenced by more than one Wiener
process. In models such as these we assume these Wiener processes are independent of one another. As a result
of this increase in the number of Wiener processes affecting the model, the form of the It6 formula is slightly
different to the one used in Fredericks and Mahomed [6] and Fredericks and Mahomed [17]. The It6 formula is
able to relate an arbitrary sufficiently smooth function F'(¢,z) of time and space to a particular SODE, of which
it is a solution. This formula, however, needs the SODE of the spatial random process X (¢,w) which drives the
arbitrary function F(X(¢,w),w). The application of SODE to an approximate analysis algorithm has been done
by Ibragimov et al. [10] for scalar SODEs of first-order. We extend this work for higher dimensions and order.
We derive a similar conditioning on the temporal infinitesimal 7 as had been done by Unal [3] and Fredericks and
Mahomed [17]. We introduce operators to write the determining equations in a neater form.
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6.2 Derivation of the Determining Equations

Consider
dXP @) = £, X(@),X®1),..., XD @), R,)dt + G(t, X(1),X(@),...,X (D), R,)dW (t)
6.1)
dx®@)y = xF g .
X0 = X (6.3)
for k =0,1,...,8—1. The function f is an approximate drift, which is an N vector-valued function, ¢ =1,..., N.

G is an N x M matrix-valued function approximating diffusion and W(t) is an M-dimensional Wiener process.
Here f and G are defined as follows

.
ft,x,%,....,xP R, = *Etxx%,...,x?), (6.4)
where the repeated index r runs from 0 to R, where R, is the largest positive integer such that p R, < 2p and
G(t,x, X%, ... xP R,) = €YG(,x%,... 7x(ﬁ)) (6.5)

where the repeated index r runs from 0 to R,; R, is the largest positive integer such that v R, < 2p. The order
of accuracy to which we choose to work is p.

The spatial and temporal variables of our infinitesimal generator

H:T(t,x,k,...,x(ﬁ),p)%+£j(t,x,k,...,x(ﬁ),p)%,
are defined as
T(t,x,k,...,x(m,p) = € 7T-(t,x,)'<,...,x<’3))7 (6.6)
£t %%, ..., xB p) = € EHx %, ..., xD). (6.7)

The repeated index runs from 0 to p, since throughout this article we will be working to O(e”). Using It6’s formula
on the fBth-prolongation of the spatial we get

" ° 18]
B _ 9, ) 0 §J (at1) 85] O, .
d&j - < ot + f + — Z G; Gka (B Z (a) dt + am(ﬂ) G; de(t)
[8] [ (8]
M ! 18] !
! e 9%, 85 1) 9§ 1
= — GfGS J +fz J + (a+1) 7 do .
< 2 SZ:; " 00 oz dz; ot Z PO
(6] (8] 18]
M l M ! .
1 PP D% l+2pv TP 9% bt L 408 14ag
+3;G1G Wé +;GinW6 +fi81:§m6 dt+...
1 (8]
+st 653’ l+vp dW(l)
oz

(6.8)
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and on the temporal infinitesimal

B—1
o or k ~k (a+1) or i or
dr = (aﬁL 8(ﬁ> ZGGama (5>+Z 52 dt+Ga(ﬁ)
J
_ Gongé 27l- ¢ 87— 87— - (1) 87— Cgbé) 87- l+2pu
= Z ik 9z P oz (6)+fiax(_,5‘) +Z dz! ‘3 Z " 9x;0x), A
s a T l+V(7‘+ ) q 87— !+
+ GG Pt f, eTrUdt+ ...
Z rrerea 9z
1
e or l+vp (2)
+G; "G dw
(6.9)
The repeated indices r, p, ¢, and ! run from 0 to R, — 1, R,, Ry, and p respectivley in our repeated index
summation convention; » < p. Thus, by substitution we get
] [8] [8]
~(8) B) o¢v 3 1 & vk (at1) O€
X X +9<at+ e 2 ZGGaw@(m Z ul | &
J
i ¢ ) 2
+0G; i om (ﬁ) AW’ + O(6%) (6.10)
i = dt+0( 24y, Z e +Z o O )t +
ot i, (ﬁ) P <5>3 2 020
i 87’
+H0G; 5 AW + O(0%) (6.11)
8362
awy; = aw” 1+ 8T i + 5 Z GiGY ————— +Z A,
t t la (ﬁ) 8 (ﬁ) (ﬁ) 9 (a)
9 . Or th(” 2
265 —at +0(6%). (6.12)

The transformed time index should satisfy the following probabilistic condition which the original time differential

index satisfies, i.e.

Eg {df(t,w)} = di(t,w).
As a result of this condition we have
;O
A —
! amgﬁ )
which in turn gives
!
i 87’
ig.® = O
ox;

which is true for all I from 0 to p and for all j from 1 to M. Thus (6.11) can now be written as

M
_ or k ~k
dt = dt+90 fi
+<8t+ aml EGG 6])
The condition (6.13) also forces
I'(r) = Constant,
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(6.14)
(6.15)
g 2o aj;” ) dt+ 0.  (6.16)
(6.17)



where

_9 i 07 <a+1>
P=gtiim ZGG (B)+Z (6.18)
]
The transformation of f and G under our prolongated infinitesimal generator H! is
FEXD) = [, X7) + 01 (8, X) + 0(0%) (6.19)
ofi n afi
= v o (rx) Ayl x®) O ) o)
Oz;
L g 10 f
= ¢ l +wraq YJi l + g 2
= f—|—0§] (9(" +0 +0(07)
4 1+ vl 3} l 3f 2
= €f,+0e "¢ Lo+ T +O(0) (6.20)
893;”) ot
GLT, Xy = Git,x)+oHPGL(t, X)) + 0(6%) (6.21)
= GiL+6 r(mx(ﬁ))aG’“ + e, 2 865’“) +0(6%)
ot axj”
P S
= LG40t §] 8G L A9Gk ) 0(6%), (6.22)
3$§n) ot
where {X, X, ..., X®} is represented by X® and the transformed set {X, } ., X®} is represented by
X The repeated indices ¢, p,  and n run from 0 to R,, R., p and 3 respectlvely Form invariance of dX(m
means the following for each of its components
dX = f,. (&, XVt + G, X)) d W (6.23)
Multiplying out the drift component gives
Fn (8, X)) dE = {f(t, x@) + 0 (0 + HY) £t X))
- 0" 19
£ 30 ((ve) + 1) ke, 2y
k=2
k—2 _
- (k i ]> HY(8(t, 2(1))) (DS (8) — [F(r)]’“‘f)>} dt. (6.24)
J=0
In order for the finite transformations to keep invariance we need the following condition
re) _p (eEH[m (t)) , (6.25)

which is automatically satisfied as a result of (6.17). The relation (6.25) ensures that the higher 6-terms depend
only on the O(1) and O(f) terms. As a result may ignore the higher order terms and construct them later once
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we have solved for the infinitesimals. Carrying on with the expansion of (6.23) we have

XD = fdt+ GEAWLE + ..
M B-1
1 k (a+1) _OT dfm
* 0<f'”< +fla M’) EZ iG] w)axmﬁl;% e ) T o T
= a= J
n) Ofm
+ & —— |dt+...
J axgn)>
oGL, [ OGYL,
0 .
+ <T e +¢; B:Bj) +
1 or 6 T s, or
al i k ~k (a+1) 2
+ 2Gm<at+ﬁ w * ZG Sworee) Z‘ij ax@)))dWl+0w ).
J a= J
(6.26)
Thus by comparing the terms that follow the 6 in (6.10) and (6.26) we have that
M
or or 1 v 0T (at1) OT Ofm n] Ofm
Jm (at Jioa® T3 ZG KPROPwE) @ +Zm o2 ) T o M APNORES
g
917! c%m ﬁ] Z e &7 - (a+1>35mw]>
- Gara +> —]=0 (6.27)
( a1 NG 2:P0:? =" 5@
(6.28)
which can be written as
L0, 0 AT 0 ar o1 R~ or
GG +f + 4y gl et ..
(( Z " o ) (P az? 9t = Tk ox”
N s 1K B, 2 DT or
+ GZSGS l+1/(’l‘+p)+7 GSGZ l+2up+f l+,uq+ ¥
; Oz (ﬁ)ax(ﬁ) 2 ; axz(ﬁ)aml(cﬁ) (ﬁ)
L
é[ ] Of im hati L lafm tmay
T oatm)
i
(8] (8] (8] (8]
M l 1 l 6-1 1 o 1
1 Os Os ém 0 agm afm (a+1) agm 1 Ts ps azé-j L+ v(r+p)
- =z GiGi + f, + +> =z € — Y GiGr——=——=c¢ P
2 9§=:1 O (5)3x(3) axz(ﬂ) ot a§=:0 k axl(f) ; axz(ﬂ)ax’(f)
o o 1 18] @l (8]
p P . q .
3 Y GG e T e =0, (6:29)
Pt Ox;”’ Ox), Ox;
and
Gk | ¢ OGK
+ & +..
ot J 333;")
M p-1
1 m or or 1 k ~k 627' (a+1) or
+GE S+ i +< Y GrG; +> +
i agm[ﬁl
o =0 (6.30)
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which we write as

8Gm l+1/p laGk l+l’1”
5] PO -

2l 0

M B—1 l
1 7, 1 0,0, ok or 87 (at1) OT vpt1
50k <<2 ZlGin Pron® tigum +Z ERON R

1 6]

Mrpar 1 2 91 9 dr 0
s l+V(r+p) - G"SGS T l+21/p T l+uq G £m l+1/p:0
Sz:; axzaxk + 2 Z: ¢ kaxlaxk +f k 81.55) € ’
(6.31)
Following the same methodology as above we implement a form invariance argument on (6.2)
dxP ) =X g, (6.32)
Expanding (6.32) yields the following 6-order relations
1) = (0(r) + o) x D (6.33)
and
i og)
8 (ﬁ) =0, (6.34)
which in turn means
1 k]
i 06 _
jm =0, l=1,R,. (6.35)
6.3 Operators
We can now rewrite (6.29) and (6.31) as
+1 9y v(r + p) 2vp B Lo
Fe T f (T(7) + € Orp(7) + € "FTp(7) + " 705(7) | + Hp(f,) ) +
o 11 AC ) 18] L 18]
— (T'(m )+ et p)Ur pEm )+ P p(Em )+ (€ )] =0 (6.36)

and
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respectively, where

M
0 1 Os OS 02 0 (a+1)
r= EZ;GZG PROPRORELP. (B) +Z (,6) (6-38)
Mo, o?
O, = GiGi———— (0 < r < p< R)) (6.39)
P s:Zl 8 (5)633(5) (
M
1 ps ps o?
s=1
q
v, = /—250<ai<R) (6.41)
8:02.
p i B . O
l 1o Mg
Hz = — P — < < . 4
5= THts o (0Sm<p) (6.43)

Note that we cannot cancel out the terms €' and €' * ¥ ? in (6.36) and (6.37) respectively, in order to simplify them.
These terms are a part of the summation convention implied by the repeated indices. These terms contribute to
the order of error as a result of this implication.

We now apply our generalised methodology for find approximate symmetries to the It system considered in
[10]. Our application should be consistent with the determining equations found in Ibragimov, Unal, and Jogréus
[10].

Example 1

For their approximate SODEs, § = 0, p = 1, v = %, R, = 1, R, = 1and p = 1. Thus the diffusion
coefficient G, which was taken to be constant, and the drift f appeared as follows in the It6 system

01
dx = (f + ef) dt + /eG dW, (6.44)

where the drift is a NV x 1 vector and the constant diffusion coefficient is a matrix with dimension N x M. The
determining equations are

0
M 2 5
I s gs [ 976 ) 5
_QS;G’“G” 0200 | Omomn | (6.45)
(‘)3)4‘ 6}10 0 1
C e | 2 AN A
(gz + Egz) o, +e€ oz fz Oz + € oz Gfi oz + eaxi +
0 1 8;‘ 8}- 8§ aé‘l. 0 1 1 11 522 o2k
e | oD 2N _ N s s
(T+er) ot te ot o o +(fg+€f])<26;GkG (azaxkﬂ-eamiawk).q_
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and

0 1
o 1 9G] i [ 05 98 BG
Velit+e6i) 5 0 - vec T | Ve e T+ (6.46)
1 (1 [ o°F 0%7 oo (o7 a% v (o7 or
iﬁGk <26 (8361-8:1’1 81: oz ZGGl+f 81’1 +eli 81:Z+68xi +
8770'_’_68771' =0
at ot

Now since we are working to order p we get the following groups of determining equations which are exactly what
Ibragimov, Unal, and Jogréus [10] get

o€
_aitf_f

353
" Ox;

which we get by comparing coefficients with no €’s

Oaf]

00 92 o
§z + f]f +fi5 =0, (6.47)

Py 1 0 5° 0 M 1 0
00 91  0& 0 01 9r 10 gr 1 8*r 110 970 10f; of; 1 8¢
fjfzaxz 8171][ +fjf¢8xl+fjfzaxl aniaxl;GiGlfj'Fatf +§z +fzai fia:c,-
0
1 9% 6f 0 agj _
T2 w0 ;G fGi + Fr T f 0 (648)

which all share the same coefficient €. In a similar fashion we get the following for 1/€ and e respectively

o7 o o7 o€, B
G ( 5 > Gk =0 (6.49)
and
L 0 or | 0 al Lok 07 fk N
*G’“a ar Hligy | T 5Gig,- ZG G; Foam = 0 (6.50)

Notice that we used (6.14), and the fact that G was constant to simplify the above.

Remark. Our application is consistent with that of [10] in this example.

Example 2

We consider

dX = —w? X dt + o dW + \/eXdW. (6.51)

By applying the condition (6.34) we have that
£=¢( @) (6.52)
and that the prolongation formula (6.33) becomes
M = D(¢) - &D(r), (6.53)
where D is the total time derivative operator. Our determining equations at ® are

—? 2T + F(—w? z) = D) (6.54)



and
0 0 100 ¢ 0 ?1]
H(G) + EGF(T) =Y ().
Our determining equations at € are

1
—? 2T + H(—w? 2) — w? 2 T1(Y) = D) + T1()

and

. . EE
Our determining equation at €2 is

0

0 1 10 10 1
GL(7) + 5600 (7) = Y (")

1
HG) + =
2

and the final determining equation at 2

10 110
5G01(?) + G0(T) = Y ().

Solving equations (6.54) and (6.55) for the infinitesimals give

F=0Co

0

&= C1 cos(wt) + Cs sin (wt).
Therefore, equations (6.58) and (6.59) force

0

£€=0
and

7 =0
From equation (6.56) we get

1 0

—w’€ = D)

which solves as

1
&= C4 cos(wt) + Cs sin (wt).

Therefore we have

& =¢€(C4 cos(wt) + Cs sin (wt))

and

7= Co + eCjs.

6.4 Concluding Comments

(6.55)

(6.56)

(6.57)

(6.58)

(6.59)

(6.60)

(6.61)

(6.62)

(6.63)

(6.64)

(6.65)

(6.66)

(6.67)

In this more general approximate approach to higher order SODEs we derive the same conditioning as Unal [3]
did without recourse to the It6’s multiplication table for the transformed variables. Our results are consistent
with that of [10] in the first order case. However, we have a generalization to nth order SODEs. We also applied

our method to an example taken from [10] as well as another example.
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Chapter 7

Conservation Laws for SDEs

A methodology for constructing conserved quantities with Lie symmetry infinitesimals in an It6 integral context
is pursued. The basis of this construction relies on Lie bracket relations on both the instantaneous drift and
diffusion operators.

7.1 Introduction

Conserved quantities in this context implies an entity which is constant on all sample paths for all time indices;
their instantaneous drift and diffusion are zero. Trivially this implies that these conserved quantities are all
Martingales, i.e. their expected value in the future or present is their eventuated values in the past. Methods for
constructing conserved quantities of SODEs by using Lie transformations was analyzed for Stratonovich integral
based SODEs by Misawa [18] and Albeverio and Fei [19]. The conserved quantity construction of Misawa [18] and
Albeverio and Fei [19], preclude the necessity for Lagrangian or Hamiltonian theory. The philosophy followed,
highlighted the interplay between the infinitesimals of the symmetry operator, H, and the conserved quantity itself.

The It0 integral construction of the conserved quantities was later attempted by Unal [3]. In this attempt
Unal [3] uses both the FP equations and its associated SODEs to construct the conserved quantity.

Having reconciled the determining equations between Wafo Soh and Mahomed [2] and Unal [3] via Fredericks and
Mahomed [5], we can focus on the conserved quantity analysis of [3]. In the first chapter, we showed that the
symmetries of the FP equations are projectable using the methodology of Mahomed and Momoniat [11]. This
projectable nature of the temporal infinitesimal was an anzats that Gaeta and Quintero [1] enforced on both the
FP equations and its associated SODEs.

The work of [3] shows that in the SODEs context, the temporal infinitesimal need not be a function of time
only. This implies that the Lie algebra generated by the SODEs can have non-projectable symmetries which will
not belong to the Lie algebra generated by the FP equation.

However, in constructing the conserved quantity for It6 integral based SODEs, [3] tries to combine the de-
termining equations associated with SODEs, which allows the said infinitesimal to be non-projectable, with the
determining equations based on the associated FP equation. However, in the first chapter we proved that the
symmetries of the FP equation have to be projectable. Thus we have that only projectable symmetries will satisfy
both FP equation and its associated SODEs, which is what was shown by Gaeta and Quintero [1].

In this chapter, we first revisit the conserved quantity results of Unal [3] and juxtapose it with the new find-

ings from our earlier chapters. This scrutiny will be followed by an attempt to construct a conserved quantity
based upon the methodology of Albeverio and Fei [19] for Stratonovich integral SODEs.
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7.2 Conserved Quantities for 1to Integrals Revisited

The system determining equations belonging to the FP equations can be rewritten in terms of the instantaneous
drift and diffusion operators. The original equations are:

B(TAik) 0Air B Ok 06\
ot (ET A’LT‘ ax , rk a =0 (71)
8(& - sz) 8& _ afz 62&
ot oL, T4 ™ DO
%€, 8a2(t, x)\
-2 <AW 92051 + Aix O ) =0. (7.2)
o} ? 06\
(at + fz - Azkm) (az(t,x) + a.rr) =0, (7.3)
where
LM
Aij =5 GiG; (7.4)
k=1

and the dependent variables infinitesimal ® of the FP equation has the following relation
D = ai(t, x) + uas(t, x) (7.5)

which is associated to the FP symmetry operator as

0 0 0
HFP - T(t)a + fj(tv X)TIJ + q>(t7 X, u)% (76)
Equation (7.1) can be written as
M M M M
SOGYE) + > Gy E) = H(Z Gz(;;) +3°GLGLT(n). (77)
1=1 1=1 1=1 1=1

Since 7 is a projectable in this context, i.e. function of time only, we have that I'(1) = %;. Further simplification
gives

Y(&) = H(G;) + % G T(r), for | =1,M and k =1, N. (7.8)

Equations (7.2) and (7.3) can likewise be written as

M N
L&) = <F(T) +H) fr JrZchYl (ag (t, x) + Z
=1 r=1

and
&,
(a2 (t, x +Z 89%) = (7.10)
respectively.
(7.11)
The projectable symmetries of the [t6 SODEs satisfy the following determining equations
1
Y'(&) = (5 I'(r) +H> Gy, (7.12)
r(6) = (v +#) fi (7.19)
Yir)=0 (7.14)
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and

I'(r) = Constant, (7.15)

for I = 1, M and k = 1, N. Since these projectable symmetries are a sub-algebra of that belonging to the FP
equation, we have that the determining equations associated with the FP equation become

Yl<a (t x)+§:a&)_o (7.16)
o r=1 85177« '

and

N
3
F(ag (t, x) + ; 5.

for all I = 1, M. Thus for projectable symmetries of the Ité integral based SODEs we have that as(t, x) +
Zi\rzl 0&,/Or is a conserved quantity because both its instantaneous drift and diffusion is zero. This is different
from what was derived in [3], where extra terms involving the spatial derivative of the temporal infinitesimal
survive, because of the preclusion of the fact that the temporal infinitesimal has to be projectable in the FP
equation context.

) =0, (7.17)

7.3 An Alternative Formulation

An alternative formulation for deriving conserved quantities from the Lie symmetries is adapted from Albeverio
and Fei [19], which derived conserved quantities from the Lie infinitesimals for Stratonovich based SODEs. This
allows us to use both the projectable and non-projectable Lie symmetries of the 1t6 SODEs.

We first need a relation between the instantaneous drift and diffusion operators and the the symmetry oper-
ator. The use of Lie brackets achieves this. The determining equations (7.12) and (7.13) based on the SODEs
can be written in terms of Lie brackets, i.e.

[T, H (fx) = T(r) T(fx) (7.18)
and
[YZ,H] (GL) = %F(T)YZ(GL) I=1,M, (7.19)
where [[', H] = T'(H) — H(T'), and where condition (7.14) dictates that Y'(H) = S°p_, Y'(&) 8/0zy, for all
Il =1, M. However the drift and diffusion coefficients of the SODEs are arbitrary, so we have the following
IH] = I(n)r (7.20)
[YZ,H] - %P(T)Yl [=1,M. (7.21)

We next define Z = {I (¢,x)|dI = 0, wherever (7.12) and (7.13) are satisfied}.

Theorem 7.1. If I € 7, i.e. satisfies (1) = 0 and Y'(I) = 0, then H(I) € Z, where H satisfies (7.20) and
(7.21).
Proof: from (7.20)

L(H(I) = (I'(H)) )+ H () (7.22)
= [I,H](I)+ H(T(I)) (7.23)
= I(r)r{) (7.24)
= 0 (7.25)
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By looking at (7.21) we also get

YUH(I) = (Y’(H)) (I)+H (YZ(I )) (7.26)
- [yl, H] (I) + H(Y'(I)) (7.27)
- %I‘(T)Yl(l) (7.28
~ (7.29)

Let £ denote the set of all H satisfying (7.20) and (7.21). Having established £ we now proceed with a proof
that demonstrates that it is a complex Lie algebra.

Theorem 7.2. This set £ forms a complex Lie algebra, i.e. for
Hl, HQ, and H,j c [,Z

(a)arHi + a2Ha € LVa1, a2 € C\ {0} (7.30)
(b) [Hi,H2) € L (7.31)
(c) [H1 [H2, Hs]] + [H2 [Hs, Hi]] + [H3 [Hy, Ha]] = 0 (7.32)
Proof: let Hy,Hs € L, i.e.,
I Hi] = T(m)l (7.33)
[Yl, Hi] - %F(n)Yl. (7.34)
fori=1,2.
(a)
[F, [CL1H1 —+ GQHQ]] = [F, alHl] —+ [F, asz] (735)
= T(r)T + ()T (7.36)
= I(n+m)0l (7.37)
we also have
[Yl, a1 H: —|—a2H2]] = [Yl,alHl] + [Yl,asz] (7.38)
= %r(n)yl + %F(Tz)yl (7.39)
= lzl“ (T1 +T2)Yl (740)

(b)

By direct calculation
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[, [Hy,Hs]] = [T, H1H:— HoHy]

= [, H1H2) — [, HoHi]
= TI'HiH, — HiH,I' -TH>H:, + H H{T'

= I'H1H, — HI'Hy — HiT'Hs + Ho2HiI"' + ...

— T'HyH, + HiI'Hy + HyI'Hy — HiHoT'
= [[Hi,Ho]— [Hil,Hao]+ ...
[CHa, Hi] 4 [HoT', Hi]
= [[I' Ha], Ho] = [[I', Ha] , Hi]
[I'(r)T, Ha] — [[(72)I', Hi]
—  T(r)T (Hs) — Ha (D(r)T) + ...
(12)I (H1) + Hy (I'(72)T7)
= D(n) [, Ha) — Hy (D(r))T + ...
(
(

\
—

)r
)|
— D(r2) [, Hi] + Hy (I(72)) T
= T(r)I(m)l = T(r)I(m)+...
r
(I

— Hx(T(m))T + Hi (D(m2)) T

= (Hi([(r2)) = H2 (I(71))) T

A similar manipulation is used to get the following

mml] =[] ) - (] )

The proof for (c) is as follows

=+ + 10 + + 1

_ [%r(n)yl,m] _ {%P(Tz)yl,m}

= vy () - B <%F(71)Yl> +..

2

- %F(Tz)yl (H1) + Hi (%F(Tz)Yl>

_ %r(ﬁ) v' 1] - ( 1

vl

_ lr(m) [Yl,Hl] + H, (%F(TQ)) Y
1

- L)yt - l4r(72)r(n)yl 4.

_ Ii (%F@)) Y'+ Hy (%F(Tz)) Y!

& (L (D(m2)) — Ha (F(r) Y.

(Hi [Hz, Hs]| + [H2 [Hs, H]| + [Hs [Hy, Ho]] =
(Hy, HyHs] — [H1, HsHo] + ...

(Ha, H3Hy] — [Ha, HiHs] + ...

(Hs, Hy H] — [Hs, HoHi|

HH>Hs — HyH3H, — HiH3H> + HyHsHy + ...
HoHsHy — H3H1Hy — HyH Hs + HiHz3Hy + . ..

HsH\H> — HiHoH3z — H3sHoHy + HoHi H3
0

Thus £ is a complex Lie algebra.
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7.3.1 Conserved Quantities for First Order SODEs

From the previous work we have

(I'H] = I'(7)L, (7.74)
H(f;) =T(&) —T'(7)f5, (7.75)
and

I'(r) = Constant (7.76)

and we also have
[YZ,H} = %P(T)Yl, (7.77)
Yi(r) = o, (7.78)
Y{r(r) = o, (7.79)
[F Yl] (r) = 0 (7.80)

for first order SODEs. We propose that for first order SODEs,
N
I=> & +T(r)+ H(¢) (7.81)

is a conserved quantity, where ¢ (not yet specified) is at least twice continuous with respect to spacial and temporal
variables. This implies the following

() = T(&)+T(H(9)+T(T(r))

(T(7) + H) f; + T (Ho)

I
M=

1

J

which we get by using relation (7.75) and (7.76) for first order SODEs. Using (7.74) gives
N
L) = > (0(r)+H) f; + T(NT(¢) + HT(9),

which simply means that

(H+T(r (Zf]+r ) (7.82)

The function ¢ is chosen such that
N
> fi+T(g)=0. (7.83)
j=1

Next we have to show that Y'I is zero. We have

Y o= (Zé) V' (He)+Y' (T(7))
N o1 1 1 1
= Z(EF(T) + H) Gj + 5T (MY (9) + HY'(¢)

<Hl2 )(ZGl—kY )

This is because we proved that Y! (I'(7)) = 0. The main calculations above were arrived at in a similar manner
to what we did before only now using (7.77). In summary, this forces ¢ to be chosen such that

Z fi+T(¢) =0, (7.84)
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and

(7.85)

N
Y Gi+Y(g) =
j=1

7.3.2 Conserved Quantities for nth-order SODEs

By definingan Z = {I (t,xp’(,ié,...

ology to nth-order SODEs. For

,X(g))| dI =0, wherever (5.94) and (5.95) are satisfied } we extend the method-
nth-order SODESs, the temporal and spatial infinitesimals can be either point or

generalized Lie symmetries. The drift and diffusion coefficients, f and G, are respectively functions of at most
the highest order spatial process X<")(t, w). We have

[r, H[”]] = T, (7.86)
[Yl, H["]] = %F(T)Yl, (7.87)
reElhy = &t ar@et r=0,...,n -1, 7.88)
rEy = HY(H)+TM, 7.89)
iy = (H[n] N %F(7)> G, (7.90)
2GiY' (M) = H(GLGY)+T(r)Gi.GF, (7.91)
I'(r) = Constant (7.92)
Yi(r) = o, (7.93)
Y'(E¥) = 0, wherek<n (7.94)
Y!(T(r) = o, (7.95)
[r, Yl] (r) = 0 (7.96)
We construct the conserved quantity as
N n
SN () + H(9). (7.97)
j=1r=0
Again, ¢ will be defined later. Applying I" on I we obtain
N n
r = (X306, ) T )+ )
j=1r=0
N N n—1
= (T4 ) g 33 () Y S Er(e) + ),
j=1 j=1r=0
which we get by using (7.89), (7.88), (7.86) and (7.92). This simplifies as
N n-—1
j=1r=0
Thus we have to choose ¢ such that
N N n—1
DL+ > w T +Tg) =0,
j=1 j=1r=0
Next we have to show that YT is zero:
Y = ( e+ r(r) + (H(;S)) (7.98)
al 1 1 n] (y A1
= > 5L() Gj+ F( Y'(¢) + H™ (Y (9)), (7.99)

j=1
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which we get by implementing (7.90), (7.94), (7.87) and (7.92). In summary, this forces ¢ to be chosen such that

N N n—1
STHAD DY &Y 4 r(e) =0, (7.100)
j=1 j=1r=0
and
N
> G +Y'(e) =0. (7.101)

7.3.3 Conserved Quantities based on the FP equation

Although we are limited to only projectable symmetries under the FP equation context, we can still derive some
interesting results. By considering only the projectable symmetries of the associated SODEs, we showed that the
FP determining equations simplify to

Al
<a2 t, x +J§:1 8—2) (7.102)
and
N a )
y! (az(t, x) + ;:1 a—i) =0. (7.103)

N o,
Flos) = —T(Q 35,) (7.104)
Jj=1
[0 O (96 0A. (0%
2 [_37]' (P(£])> oz, (aTk) s, (axr x)} (7.105)
) jzl[_&&vi ot o ()~ T (o) (7-106)

which we get by using (7.12) and the fact that the temporal infinitesimal is projectable, i.e. a function of time
only. Thus we have the following relation

[ OF AL (0
F(QQ):Z[_&axixj ~ oz (axmﬂ (7.107)

Jj=1

In a similar fashion we focus on (7.103) which we modify as follows

y! <a2(t7 x)) =v! <§: g%) (7.108)

Jj=1
N
_ 9 oG, [ 9&
- ;[_5%( (£])> oz, <8xk (7.109)
N 2~ 1 !
= 0°G; 069Gy | 9Gy, ((9¢;
- Jz_:l[_&axi zj  Ox; Oxi * Ox; \ Oxy (7.110)
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which we get by using (7.13) and the fact that the temporal infinitesimal is projectable. Thus we have the
following

. al %G
Y t = =& L. 7.111
(cett. ) ;{;[ e (ra11)
If we can find an a2 (t, x) such that (7.107) and (7.111) are satisfied, then we can use the projectable symmetries
of the SODEs to generate conserved quantities. Thus it is also possible to generate the conserved quantities from
the determining equations of the associated Fokker-Plank equations, but only for the case where 7(t), £(¢,x) and
®(t,x,u), which is what [1] used as an ansatz for both the SODEs and the FP equations.

7.4 Example

In Unal [3] it was stated that the temporal infinitesimal of the form
13

H=ro (7.112)

was a conserved quantity. This is not true. By analyzing the resulting determining equations we have that

L(r)fi+7 % =0 (7.113)
and
1 . OGh
1. AT 114
5 (NG +1 En 0 (7 )
In the concluding example in [3] we have the following SODEs
dX(t) =f dt+ G dW(t), (7.115)
where f is the vector L)
—+Xi(t )
2 7.116
(280 1o
and G the vector 0
—Xo(t
&) aann
In chapter 2 we found the following symmetries infinitesimals
X(t)2+ X ()
H(LX (1) = CoFo <()2;()1> , (7.118)
X(t); + X(0)7 X () + X(0)7
fl(t,X(t)) =Ci1F f X(t)l + CoFy f X(t)2 (7.119)
and
X(); +X(1)3 X(); +X(1)]
fg(t,X(t)) =C\F, f X(t)2 — CyFy f X(t)l (7.120)

Since the temporal infinitesimal is not projectable, it does not belong to sub-algebra of the FP equation. Thus
only the spatial infinitesimals are symmetries of the FP equation itself. The temporal infinitesimal in this case, is
a conserved quantity because the drift and diffusion coefficients are not functions of time and the instantaneous
drift of the temporal infinitesimal is zero, i.e. I'(7) = 0; thus the equations (7.113) and (7.114) are satisfied. We
now construct conserved quantities using both our alternate method and the FP associated method above.
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7.4.1 Alternative Method

Considering equation (7.85), we have

Y(d’) =T2 —T1
which implies that
06 o¢ _
2500 + x1 9y r1 + T2,

which easily solves as

Invoking relation (7.84) gives

F3 (X(t)g ; X@)?) F4(t) =0

since I'(F3 (w)) = 0. This forces the following simplification

¢_&<xuﬁ+xm?

; >4mm+&m>

(7.121)

(7.122)

(7.123)

(7.124)

(7.125)

The conserved quantity is constructed by utilizing the non-projectable temporal infinitesimal in this instance. By
invoking the projectable symmetries only, we now implement the FP associated conserved quantity construction.

7.4.2 FP associated conserved quantity construction

The conserved quantity is of the form

Equation (7.111) becomes
Y(a2) =0,
since G has linear components. Thus we have
ag = F5 (u) Fs(t),

where
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(7.127)

(7.128)

(7.129)



By bringing equation (7.107) into consideration we have

I(az) =
where
7(’)A11 5%&,
8332 {9%1
and
_8A22 0%&
6331 821'2

_ 0Ax 0%&; _ 0An 0%

5‘:81 82262 6372 5‘2171 (7.130)

= -2z (C1 F{'(u) 21 x5 4 C1 F{(u) z1 + Co FY (u) 3 + 2Co F3(u) z2 + Co Fj(u) z2), (7.131)

= -2 (01 F{/(u) T2 23 + C4 F{(u) o — Co Fé/(u) 3 — 20, Fgl(u) 1 — Co Fé(u) xl) . (7.132)

Comparing coeflicients of various combinations of the spatial variables which are independent of u, we get

FY (u)

which implies

and

Fy (u)

-0 (7.133)
Ch u?
=0 (7.135)

which results in a similar looking quadratic

FQ(’LL)

Thus we ultimately have

F5(U)F6(t)

which we can solve as

F5(U)
and

Fs(t)

2
- 042“ + Csu+ Ce. (7.136)
=201 (C2u® + C3u), (7.137)
=Cou’ +Csu (7.138)
=201t +Cs. (7.139)

Eventually we can write our unknown variable az as

Q2

= (Cs —2C1t) (C2u® + Csu), (7.140)

which implies that our conserved quantity is

I = (Cg —-2Ch t) (CQ u2 + C5 u) +2Ct (CQ u2 + Cs u) +2C, Fz(u), (7.141)
since
851 ’ 2 !
67331 =C Fl(u) z] + Cs Fz(u) + Cs Fg(u) T1 T2 (7.142)
and
851 / 2 ’
Do = Ch Fi(u) x5 + C2 Fo(u) — C Fy(u) 21 2. (7.143)
1

Remark. The two methods yield two unrelated conserved quantities. Neither of the two have been found in the
past. It is also interesting to note that the last method further dictates the form of the arbitrary functions Fi
and F>, which generate the two spatial infinitesimals.

131



7.5 Conclusion

We have reconciled the conserved quantity analysis of Unal [3] with the latest findings concerning the symmetries
of both the FP equations and its associated SODEs. We have shown two ways of constructing conserved quantities:
one based on the projectable symmetries of the SODEs and thus a sub-algebra of the FP equation and the other
method takes advantage of both the projectable and non-projectable symmetries of the SODEs alone. Both
methods preclude the necessity for a Hamiltonian or Lagrangian framework.
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Chapter 8

Conclusions

We have proved that the symmetry infinitesimals for the FP equation has to be projectable by using the work of
Mahomed and Momoniat [11]. We have also shown that the symmetry transformations for the SODE need not
be projective as those for the FP equation.

This body of work has successfully reconciled the work of Wafo Soh and Mahomed [2] and Unal [3]. This means
that both works agree on the determining equations needed to furnish the spatial and temporal infinitesimals, i.e.

') = <H+F(T)) fii=1N, (8.1)
Yi(¢) = (H—i— %r(ﬂ) Gil=1,M (8.2)
and
Y'(r) =0, (8.3)
where
P o M R
['= a‘i‘fjaij-*-;@ Gj r:01,; (8.4)
and
9
l_ 9
Y =G| Bz, (8.5)

where N is the dimension of the spatial process and M is the dimension of the Wiener process.

A condition that allows the Lie transformation theory to be used in an It6 SODE context was also found
I'(r) = Constant. (8.6)

It ensured that the finite transformations are recoverable from the infinitesimal ones to preserve invariance.

With the works of Wafo Soh and Mahomed [2], Unal [3] and Meleshko et al. [4] being reconciled, we extended
the Lie transformation theory to the Wiener process as well. This extension was based on the work of Gaeta
[7]. However, unlike the previous work of Gaeta and Quintero [1] and Gaeta [7], we preclude the condition that
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the symmetry infinitesimals need to be projective. This gave rise to larger dimension algebras. The determining
equations needed to produce our infinitesimals were

I'(&) = <H+F(T)) fii=1N, (8.7)
i) = <H+ %r(ﬂ) Gil=1,M, (8.8)
I'(v) =0, (8.9)
Y (ym) + Y™ () = 6, T(7) (8.10)
and
Y'(r) =0, (8.11)
where
a A 0
e k ok
r= +f] + ZG ) 83318:2] + P9 Ow; 0w, (8.12)
and
;0 ;0
a. 1
=Gj i B -+ J; ) w; (8.13)
This was easily extended to higher order SDEs
rE ) = <H+F(T)) fiji=1N, (8.14)
M
Y =1 (6) + 30 G Y () 1= 1, M, (8.15)
m=1
L(w) =0, (8.16)
Y (ym) + Y™ () = 5 I(7), (8.17)
yl(T) =0, (8.18)
NGRS <H+F )) r+) 5 — 1, N, (8.19)
and
viE =0, r<n-2 (8.20)
where
1 N N n-—2 a
k (a+1)
+Zfz ("1+QZZGG—TL1)B(H1+ZZ @ +228w
L,p=1k =1 p=1a=0 P 1
(8.21)
and
o N P51kl
[ L
Y=g +;GZ PRI (8.22)

We then applied these results to approximate SODEs and to the construction of conserved quantities. The result
of these applications gave rise to new methods of constructing conserved quantities and we used an example from
Unal [3] to demonstrate this.

Extending these results to numerical Monte Carlo integration techniques remains an open problem. This could
provide us with a method of implementing variance reduction schemes (see Kloeden and Platen [20]).
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