Taylor & Francis
Taylor & Francis Group

Quaestiones Mathematicae

ISSN: (Print) (Online) Journal homepage: www.tandfonline.com/journals/tgma20

Form of the solutions of difference equations via
Lie symmetry analysis and Fibonacci numbers

Melih Gécen & Mensah Folly-Gbetoula

To cite this article: Melih Gocen & Mensah Folly-Gbetoula (2024) Form of the solutions
of difference equations via Lie symmetry analysis and Fibonacci numbers, Quaestiones
Mathematicae, 47:2, 399-411, DOI: 10.2989/16073606.2023.2229520

To link to this article: https://doi.org/10.2989/16073606.2023.2229520

@ Published online: 13 Jul 2023.

\J
Cl/ Submit your article to this journal &

||I| Article views: 49

A
& View related articles &'

@ View Crossmark data &'
CrossMark

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalinformation?journalCode=tgma20


https://www.tandfonline.com/action/journalInformation?journalCode=tqma20
https://www.tandfonline.com/journals/tqma20?src=pdf
https://www.tandfonline.com/action/showCitFormats?doi=10.2989/16073606.2023.2229520
https://doi.org/10.2989/16073606.2023.2229520
https://www.tandfonline.com/action/authorSubmission?journalCode=tqma20&show=instructions&src=pdf
https://www.tandfonline.com/action/authorSubmission?journalCode=tqma20&show=instructions&src=pdf
https://www.tandfonline.com/doi/mlt/10.2989/16073606.2023.2229520?src=pdf
https://www.tandfonline.com/doi/mlt/10.2989/16073606.2023.2229520?src=pdf
http://crossmark.crossref.org/dialog/?doi=10.2989/16073606.2023.2229520&domain=pdf&date_stamp=13 Jul 2023
http://crossmark.crossref.org/dialog/?doi=10.2989/16073606.2023.2229520&domain=pdf&date_stamp=13 Jul 2023

Quaestiones Mathematicae 2024, 47(2): 399-411
© 2024 NISC (Pty) Ltd
https://doi.org/10.2989/16073606.2023.2229520

FORM OF THE SOLUTIONS OF DIFFERENCE
EQUATIONS VIA LIE SYMMETRY ANALYSIS AND
FIBONACCI NUMBERS

MELIH GOCEN*

Department of Mathematics, Faculty of Science, Zonguldak Biilent, Ecevit University,
Zonguldak, Turkey.
E-Mail gocenm@hotmail.com

MENSAH FOLLY-GBETOULA

School of Mathematics, University of the Witwatersrand, Wits 2050, Johannesburyg,
South Africa.
E-Mail Mensah.Folly-Gbetoula@uits.ac.za

ABSTRACT. In this paper, we give the form of the solutions of the following rational

difference equation
Tn—3Tn—1 (1)

nTn—3 + bpTn_1’

where a, and b, are sequences of real numbers, by using Lie symmetry analysis
and associated with Fibonacci numbers, respectively. We find an interesting relation
between the exact solution of Equation (1) and the classical Fibonacci sequence.

Tn+1 =
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1. Introduction. Recently, there has been a lot of interest in studying the
dynamics of rational difference equations. There are many papers in the field of
difference equations, see, [2, 3, 5, 10, 11, 22] and the related references therein.
One of the reasons is that difference equations have been applied in several mathe-
matical models in biology, economics, genetics, psychology, ecology, physics, engi-
neering, population dynamics, etc. Obviously, the form of the solutions of rational
difference equations have also been widely studied by many authors with various
methods, for example, [1, 2, 3, 5, 6, 7, 8, 9, 10].

Moreover, the studies dealt with the relation between closed form of the so-
lutions of nonlinear difference equations and linear sequences such as Fibonacci,
Lucas, Pell, Jacobsthal, Padovan, Perrin numbers have received great attention
by researchers. Because some of the solution forms of these equations are even
expressible in terms of well-known integer sequences (see, e.g., [12, 14, 13 15, 16,
21, 19, 20, 24, 23, 25]).
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In this paper, motivated by these interesting results, we find a fascinating rela-
tion between the exact solution of

Tp—3Tn—1
ApTn—3 + bnxnfl

Tn+1 =

and the classical Fibonacci sequence. Then we give the form of the solutions
of Equation (1) by using Lie symmetry analysis and associated with Fibonacci
numbers, respectively.

2. Preliminaries. We begin by introducing some basic definitions and some
theorems needed in the sequel. For details, see [18].

Let I be some interval of real numbers and let f : I**! — I be a continuously
differentiable function. A difference equation of order k + 1 is an equation of the
form

Tn41 :f(xn7xn717'“7xnfk)a ’I’LZO,I,"'. (2)

A solution of Equation (2) is a sequence {z,}° _, that satisfies Equation (2)
for all n > —k.

LEMMA 1. For every set of initial conditions ©_y,Z_g+1,..., g € I, the difference
equation (2) has a unique solution {z,}2% _,.

DEFINITION 2. A point T € [ is called an equilibrium point of Equation (2) if
T = f(z,T,...,T).

That is,
T, =% forn>0

is a solution of Equation (2) or equivalently, T is a fixed point of f .
DEFINITION 3. (Stability)

(a) The equilibrium point Z of Equation (2) is locally stable if for every ¢ > 0;
there exists § > 0 such that for all z_y,x_gy1,....,2_1,29 € I with

|2 — T+ |71 — T| + ... + |z — F| < 6,

we have
|z, —Z| <e, foralln>—k.

(b) The equilibrium point T of Equation (2) is locally asymptotically stable if T
is locally stable solution of Equation (2)and there exists v > 0, such that for
all x_g, x_g41,...,—1,x9 € I with

[Tk — |+ |21 — T+ ... + |T0 — T| < 7,
we have

lim z, =T.
n—oo
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(¢) The equilibrium point T of Equation (2) is global attractor if for all
T fy Tk, T—1,To € I, we have

lim z, = 7.
n— oo

(d) The equilibrium point T of Equation (2) is globally asymptotically stable if
T is locally stable, and 7 is also a global attractor of Equation (2).

(e) The equilibrium point Z of Equation (2) is unstable if Z is not locally stable.

Suppose that the function f is continuously differentiable in some open neigh-
borhood of an equilibrium point Z. We use

of — _

= P (z,=,....x), fori=0,1,....k

qi

to denote the partial derivative of f(ug,u1, ..., ur) with respect to u,; evaluated at
the equilibrium point Z of Equation (2).

DEFINITION 4. The equation

k

0
YUni1 = QYn + QYn—1 F o+ Gk = Y /
=0

8’&1

(Z, %)oo', T)Yn—i, n=0,1,... (3)

is called the linearized equation of Equation (2) about the equilibrium point 7, and
the equation
NHL— o — = e A— g =0 (4)

is called the characteristic equation of Equation (3) about T.

The following result, known as the Linearized Stability Theorem, is very useful
in determining the local stability character of the equilibrium point T of Equation

2).

THEOREM 5. (The linearized stability theorem)

Assume that the function f is a continuously differentiable function defined on
some open neighborhood of an equilibrium point Z. Then the following statements
are true:

(a) When all the roots of Equation (4) have absolute value less than one, then
the equilibrium point T of Equation (2) is locally asymptotically stable.

(b) If at least one root of Equation (4) has absolute value greater than one, then
the equilibrium point T of Equation (2) is unstable.

THEOREM 6. (Clark theorem) Assume that qo,q1,...,qr are real numbers such

that
k

Z|Ql| = lao| + lqa| + - + qe| < 1.
=1

Then all roots of Equation (4) lie inside the unit disk.
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Using the Clark Theorem 6, we have the following result.
THEOREM 7. Assume that ¢; € R, i=1,2,... and k € {0,1,2,...}. Then

k
>_lail <1
i=1
is a sufficient condition for the asymptotic stability of the difference equation,
Ttk + QTntk—1 + . + @2y =0,n=0,1,....

THEOREM 8. Let g : [a,b]""" — [a,b] be a continuous function, where k is a
positive integer, and where [a,b] is an interval of real numbers. Consider the
difference equation

Tnt1 = 9(Tn, Tp—1, o0y Tn—g), n=0,1,.... (5)

Suppose that g satisfies the following conditions:

(a) For each integer i with 1 < i < k+1, the function g(z1, 22, ..., Zk+1) Is weakly
monotonic in z; for fixed 21,29, ..., Zi—1, Zit1y ey Zht1-

(b) If (m, M) is a solution of the system

m = g(my,ma,....mgy1) and M = g(My, Mo, ..., M11)
then m = M, where for each i = 1,2, ...,k + 1, we set

m, if g is non-decreasing in z;
m; = P . L2
! M, if g is non-increasing in z;

and

M — M, if g is non-decreasing in z;
¢ m, if g is non-increasing in z; '

Then there exists exactly one equilibrium Z of Equation (5), and every solution of
Equation (5) converges to T.

DEFINITION 9. Let G be a local group of transformations acting on a manifold M.
A subset S C M is called G-invariant, and G is called symmetry group of S, if
whenever x € S, and g € G is such that g.x is defined, then g.x € S.

DEeFINITION 10. Let G be a connected group of transformations acting on a man-
ifold M. A smooth real-valued function V : M — RR is an invariant function for
G if and only if

X(V)=0 forall =zeM, (6)

and every infinitesimal generator X of G .
DEFINITION 11. A parameterized set of point transformations,
I.:z—2(x;¢e), (7)

where z = x;, ¢ = 1,...,p are continuous variables, is a one-parameter local Lie
group of transformations as long as the following conditions are met:
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a. I'g is the identity map if £ = z when € = 0.
b. Ty I'y = T4y for every a and b sufficiently close to 0.

c. Each &; can be represented as a Taylor series (in a neighborhood of ¢ = 0
that is determined by x), and therefore

B (w32) = @4 + 26 (2) + O(2),i ¢ Loy

Consider the pth-order difference equation
Untp = (Un; ooy Untp—1) (8)
for some smooth function 2. Assume the point transformations are of the form
n=n; Ty = Up + €Q (n,u,) O(e?) (9)

with the corresponding infinitesimal symmetry generator

0 0 0
X = n (1) . (p—1) "
Q(n,u )8un +SYQ (n,u )aun+1 +,,,+S Q(n,u )8un+p_1’

where SU) is the shift operator, i.e., SU) : n — n + j. The symmetry condition is
defined as

ﬁn+p =0 (TL, ﬂna ﬁn—‘rl, ey ﬁn+p—1) ’ (10)

whenever (8) is true. Substituting the Lie point symmetries (9) into the symmetry
condition (10) leads to the linearized symmetry condition

S(p)Q - XQ = 0|un+p:Q(un,‘..,un+p,1). (11)
3. Exact solutions of Equation (1).

3.1. Exact solutions by using Lie symmetry analysis. Consider the higher
order difference equation

Lpn—3Tn—1
12
AnTn—3 + bnxn—l ’ ( )

Tn41 =

where a,, and b,, are random sequences of real numbers. The corresponding forward
shift is given by

UnUp+42
n = ) 13
tntd Anun + Bnun+2 ( )

where A,, and A,, are random sequences.
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3.1.1. Symmetries and reductions. In order to obtain the appropriate change
of variables, we apply the criterion of invariance

Q(n+4,unts) — X(upts) =0 (14)

whenever (13) holds.
The procedure for solving this type of functional equation is now well known
[6, 7, 8]. The steps are as follows:

2
e Apply the differential operator 3% — BZ“ZJ 2 8u8+2

on (14) and multiply the
resulting equation by (A,u, + Bpu,i2)?. This gives:

BuuZ 5Q (n+ 2,ups2) — 2Bptn0Q(n + 2, Upto) — Buul 0@ (n, uy)

2B,u?
ﬁ@(n,un) =0. (15)

Unp

e Then, differentiate with respect to u, twice and divide by anqu 42- This
gives:

QO (1, u0) = Q" (1) + Q' () — 5 Q,un) =0, (16)

n n n

e Solve for @) and substitute in (14) to get rid of any dependency between the
two arbitrary constants.

This set of calculations leads to six independent characteristics
Qi(n,un) = ax(n)ul;  Qan,un) = as(n)ul;

Q3(n,un) = as(n)ul;  Qa(n,un) = au(n)ul;
QS(n; un) = Un; Qﬁ(na un) = (_1)nun§ (17)

where the «a;’s are solutions of
Onta — ApbGinis — Bpday, = 0.

So, the symmetry generators are given by

X; = a1 (n)ud up, Xo = az(n)u2d u, (18)
X3 = az(n)u2d up, X4 = as(n)uzd u, (19)
X5 = un0 tup, Xe=(—1)"un0 ty. (20)

The reduction will be done using any of the generator X;, i = 1,...,4. We start
by introducing the canonical coordinate

du,
Sp = = 3
AnUn
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(22a)

(22b)

Let
Tn =8n42 — Sn
1 1

dn+2un+2

Qp U,

Applying the forward shift operator on (22) twice and replacing w,4 by its ex-
(23)

pression given in (13), we get
G, By
T

Tterating (23), we get
[ Goky, B
2k+j D2k+5 .
e Tl () oo
k=0 2k+]+4
Iterating (22a), we have
n—1
Sontj = Sj + Zrzzﬂ', Jj=0,L
1=0
Invoking (21), we have
1
Uon+j = — =
Q2n+j52n+j
. 1
- N n—1
Q2n 45 (Sj + > 7“2l+j>
1=0
_ 1
- n—1 L B
~ .. _ _ Gopg;Bakyj
s (945 [0 (-2522) )
_ 1
& . 1 + nil 1 _ 1 ot} 75[21@4,]‘32104”-
2n+j ajuy = ajuj GjpoUjq2 e Qoktjtd
QU )
= — . j=01. (24)
& 1= ECY L0 _a2§+j32k+j
nty Qj+2Uj42 =0 Lr=o Q2k+4j+4

dn+4 - Andn+2 - Bndn - 07

=[5 Al

Note that &,, satisfies

that is,
|:an+2

Qptq
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To derive the solutions of (12) from those of (13), we back shift (24) four times
and we replace A,,, B, by a,, b,, respectively. We obtain

L2n+5—3

= ajxjrfl -1 , =01 (25)
s {1 (- gm) 5 I ()|

_ o j=0,1,

n—1 -1 ’
. _ T3 _ . Qjo24;
Q2+ 5 {1 (1 Oy i2ty 1 ) l;) |:<k;1:[0( b2k+])> <(X21+ja21+j+2 >:| }

where «,, satisfies

(26)

Qg — ApOipya — bpay, = 0. (27)

3.1.2. The case when a,, and b,, are periodic with period two. Let a, =
(ag,a1,a0,a1,...) and b, = (bg,b1,bo,b1,...). Then (27) can be written as

Qpi2 0 1 Qnp,
= . 28
|:O[n+4:| |:bn an:| |:04n+2:| ( )
e The case b; # —a} /4

Here, (28) takes the form

Q244 _ 0 1 " Qi (29)
Contori| |bj ai] |Qj42

R A A
Aoj — Ay (AT A2y — AST A AGT =AY ajtz]’ 7
(30)

aj—+/a+4b; aj++/a’+4b;
where A\j; = ——Y51— and \y; = — 51—,

method of diagonalization to find (30). Hence

n—1 n—2
Q2ntj = (Z )‘gj_l_s)“lgj> Qj42 — <Z /\&—1-8/\;‘?1) Qa; (31)

s=0 s=0

j =0,1. One merely applies the

and, using (25), we get

Q;T5-3
;T n-l l ajo 7
. (1 _©i%j-3 _b. 5024
Qntj g 1 (1 ajm%‘—l) lzjo [< b;) (a2t+.7‘a2(1+1)+.1)}

where j = 0,1. The expressions of a9 ;’s are given in (31)

Tonyj—3 = (32)

e The case b; = —a} /4
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Here, (28) takes the form
2
4j
Qptg — Gj0pto + Zan =0. (33)

Since the coefficients are independent of n, one merely applies the method for
solving linear difference equations to get

an = (1 4 nes) (ﬁ)n-i-(Cg-l-nCz;) (_\/LTJ)”J:OJ, (34)

2 2

for some constants ¢; = 1,...4.

3.1.3. The case when a,, and b, are constant. Let a, = (a,a,a,qa,...),
by, = (b,b,b,b,...). Hence, from (32),

QT3
;T ! l Qe 7
. _ — X%i=3 — LD o B
Q2ntj 1 (1 04]4»21']’—1) 120 {( b) <0‘2l+ja2(l+1)+J)i|

where j = 0,1. When b # —a?/4, the expressions of Qup144’s are given by

n—1 n—2
“1-s “1—systl
Qg = [ D AN gz — | Do NI ) o

s=0 s=0

Ton+j—3 = (35)

— 2 2
where \; = 4=va-+40 V;Hb and \g = atvartdb VgHb.

3.2. Exact solutions associated with Fibonacci numbers. When we take
an = b, =1 in the Equation (1), we obtain the following equation
Tn—3Tnp—1

-] = ———————— 36
Tt Tp—3 + Tn—1 ( )

In this part, our aim is to determine the general solution of Equation (36) in explicit
form and determine the asymptotic behavior of solutions of Equation (36). Here
we should recall that the Fibonacci sequence {F,} ~ , has been defined by the
recursive equation

Fn+2 = Fn+1 + Fn, n e NO (37)

with initial conditions Fy = 0 and F; = 1. The solution of equation (37) is given
by following formula
B a” — 571

F, =
a—p

which is called Binet formula of Fibonacci numbers, where o = 1+2\/g and 8 =

1*2—‘/5. Also, the backward Fibonacci sequence is given as

Fo=F ,o—F o= (-1)""E,.
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Furthermore, it follows that

F,
lim —" =q", r € Z.

n—oo n

Now, we can give the form of the solutions of Equation (36) associated with Fi-
bonacci numbers.

THEOREM 12. Let {z,},. 5 be a solution of Equation (36). Then, for n =

0,1,2, ..., the forms of solutions {x,},. _, are given by
T_3T_1
Ton_1 = 38
-t Fopir 3+ Forg ( )
oy = T-2%0 (39)

oo+ Fuag
where the initial conditions x_3,t_2 x_1,x0 € RR—F, with F' being the forbidden
set of Equation (36) given by

F = (L)J_Ol {(I_g,lf_27117_1,$0) : Fn+1l’_3 + FnSC_l =0 and Fn+1.l’_2 + Fn.l’o = O} .

Proof. For n = 0 the result holds. Assume that n > 0 and that our assumption
holds for n — 1,n — 2. That is,

Tr_3T 1 T_3T 1

’ Tan—5 =

For 3+ Fy 174 Fp 1z 3+ F, o

T_9X0 T_9X0

) Ton—4 = .

Fox_ o+ Fy_120 Fo_ 1z o+ F, oxg

T2n—3

T2n—2

From the above equations and Equation (36), it follows that
L2n—3TL2n-5

Top—3 + Tan—5
Tr_3T -1 r_3T 1
Fonx _3+Fn,_1x_1 Fr_1x_3+F, _2x_1
Tr—_3T—1 + Tr_3T—1
Foox_3+F,_1x_, Fn_1z_3+Fp 271
T_3T_1
(Foa+Fp)e_s+ (Frn—2 4+ Fr1)z 1
T_3T -1
Foyiz 3+ Fho g

Toan—-1 =

From the definition of F),, we can easliy see that F,,_1 + F,, = F, 11 and F,,_o +
F,,_1 = F,. Hence similarly, we obtain

Toan—2T2n—4

Top = ———————
Top—2 + Tan—4a
T _2x0 T—2%0
o Fpr_o+Fn_1x0 Frn_1x_2+F,_2x0
- T_2X0 + T_2XT0
Fpx_o+F, 170 Fp_1x_2+Fn 210
X_2X0
(Fn—l + Fn)a?_z + (Fn_z + Fn_l)xo
T_oX0

Foy1x_9 + Fhao



DIFFERENCE EQUATIONS VIA LIE SYMMETRY AND FIBONACCI NUMBERS 409

Hence the proof is complete.
Some qualitative behavior of these difference equations such that local stability
and global attractor of the equilibrium point was studied in [1], 2], [3], [4], [5]. O

4. Numerical examples. In this section we give some numerical examples to
support our theoretical results which was mentioned in the previous sections.

. . Tp—3Tp— e "

ExXAMPLE 13. Consider the equation 1 = _on=37n=l  With initial conditions
Tp—3 + Tn—1

3 =5 x_9=3,2x_1 =02 29 =—0.1 to verify our theoretical results. (See

Figure 1)

o010 ‘ ‘ ‘

~o010f

Lpn—-3Tn—1

Figure 1: Plot of the difference equation 1 = ————.
Tp—3+ Tn-1

Tp—3Tn—1
(71)”.17”_3 + (71)"+1xn_1
tial conditions z_3 = 0.5, x_o =3, x_1 = 0.2, zg = —0.1 to verify our theoretical
results. (See Figure 2)

with ini-

ExAMPLE 14. Consider the equation z,41 =

5. Conclusion. We have obtained the solutions of the difference equation (1)
using Lie symmetry analysis and specific cases were exhibited. Furthermore, it was
seen that the form of solutions obtained for these difference equations in some cases
are associated with Fibonacci numbers.
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Figure 2: Plot of the difference equation z,41 =

10.

11.
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JAN|
“\"\““
/ ‘ [\
|| w [ [\
| T [V I |

Tpn—3Tp—1
(D) w3+ (=)o,
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