STRUCTURAL DYNAMIC MODIFICATION USING
EXPERIMENTALLY IMPROVED FINITE ELEMENT
MODELS '

Tuuip Wayne Loveday

A dissertation submitted to the Faculty of Engineering, University of the
Witwatersrand, Johannesburg, ia fulfilment of the requirements for the de-
gree of Master of Stience in Engineering, )

Johannesburg, 1990




Declaration

I declare that this dissertation is my own, unaided work. Ii is being submitted
for the Degrea of Masser of Science in Engineering in the University of the
Witwaterszand, Johannesburg, It has mot been submitted before for any
degree or examination in any other University.

Pl
I,?C. A day of %ﬁémée’h 1800




ii

Abstract

It is ofte.n degirable to predict the eifect that a phjrsica.l modification will
“have on & structure’s dynamic characteristics, without the time and expense
required to build a prototype.

Experimental modal models may be constructed to be more accurate than
finite elermnent models because damping and boundary conditions are difflenlt
to model analytically. However, they do not usvally contain rotational de-
grees of freedom which are required for beam and shell type modifications.
A method for improving a fnite element model’s mass and stiffness matri-
res, using experimenfal results, was applied to a simple H-Frame structure.
A unique mapping method was applied to expand the experimenfal mode
shepes to the dimension of the finite element model. These mode shapes and
the experimental natural frequencies were then used with the orthogonal-
ity conditions to produce ap improved finite element model. The improved
model reproduces the experimental natural frequencies used In the process.

The original and improved finite element models were used to predict the
effect of a beam addition to the original structure. The improved model
produced the better prediction when compared to experiment.
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Chapter 1
INTRODUCTION

‘1.1 STRUCTURAL DYNAMICS

Structural dypamics is the study of structures suhjected to time-varying, or
dynamic loads. These loads may cause the structare to vibrate in such a
way that there is a loss in the structure'’s performance or a reduced fatigue
life. Therefore the aim of dynamic analysis is usually to limit the siructure’s
dynamic response to its expected operating loads.

Numerical anslytical analysi= and experimental modal testing are two mod-
ern methods of investigating vibration problems. The rapid development
of these methods was triggered in the 1060’ with the advent of the digital
computer. Implementation of the finite element method and the fest Fourier
transform algorithm made practical numerical and experimental vibratjon
apalysis possible.

Even though the structures are generally assumed to behave {inearly, exact

rtical solutions are only possible for very simple problems. For more
complex problems the analytical solutions are approximated by numerical
solutions such as those produced by the finite element method. Difficulties
in modelling boundary conditions, damping and manufzcturing defects limit
the gecuracy of finits element analysis. Experimental results also contain
errors, but, in a well performed test, these are usually considered to be small
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cumpared to those conlained in numerical solutions. Experimental analysis
of a design requires testing a prototype which can be time censuming and
expensive especlally if a number of designs are to be ansalysed to find an
optima’ design.

When a modification to a desi,u or structure is proposed it is very difficult
to accurately predict the effect of this modification using an experimental
maodel of the original structure. This is because rotational degrees of free-
dom, which are required for moment transfers, are not usually measured.
"Chese rotational degrees of freedom are aveilable in finite element models, It
is therefore desirabla {0 use a method which utilizes the accuracy of the ex-
perimenta! model and the rotational degrees of freedom of the finite element
model.

The method used in this research uges the experimental results {o improve
the accurecy of the finite element model. This improved model is then used
to predict the effects of structural modifications. The basic concept of using
experimental results to produce an accurate finite element model which can
be vsed te predict the effect of modifications is simple and has been prornoted
by various authors [1,2,3], Although the method is conceptually simple, it ix
more diffienlt to apply in practice. The areas which require further consid-
eration ara the improvement of the finite element model end the modelling
of the joints which are used to accomplish the modification in reality. The
accuracy achieved in these steps determines the accuracy of the modification
prediction.

In 1971, Berman and Flannelly [4] presented a method f~ improving analyt-
ical models using incomplete experimental models. The incomplete experi-
mental models included all the analytical model degrees of freedom but only
& few low frequency modes. The method uses the equations of motion and
the orthogonality conditions to find an iproved analytical model which is
closest, in a least-squares sense, to sn original aaalytical modal. Selution of
this improved model produces the experimental results.

Analytical models usually have more degrees of freedom than experimental
models, [t is therefore necessary to expand t.]_:e experimental modal to include
all the degrees of freedom, including rotations, before the snalytical model




can be improved. Inferpolation methods have been used for this purpose
{5,6]. These methods de not require the existence of an *malytical model. A
unique mapping method was used to expand experimental results using the
tesults of a finite element analysis by O*Callahan [7,8].

O’Callahan et al. have alzo applied an enalytical model impro\rément method
gimilar to that of Berman and Flennelly which fitst .ses the unique ma.ppmg
method to expand the experimental model [9,10].

The method nused here for improving the mass matrix is identical to that
. used by O'Callehan, however a simplified stiffness r~atrix improvement was
formulated and applied.



1.2 OBJECTIVES

The objectlves of this research are listea below in the order they were 'al.p-
proached.

1. Apply experimental modal enalysis techniques.
2. Apply finite element analysis to obtain comparative results.

3, Improve a finite element model to reproduce a set of experimental re-

sults.
4, Develop 4 simpie model of the phiysical properties of a joiut.

5. ‘Use the improvéd finite element model and the joint properfies to pre-
diet the  ffect of a modification and compare with experimental results,



1.3 DISSERTATION STRUCTURE

The theory relevent to this research is presented in chapters 2 and 3. Chap-
ter 2 covers the standard topics of apalytical vibration analysis, exparimental
modal analysis and numerical {fiaite element method) model analysis. Chap-
fur 3 presents more specialized topics which are investigated in tliis research.
Chapter 4 presents results of experimerital and finite element analyses of a H-
Frame structure. These resulls are used in chapter § to produce an improved
finite element model of tha H-Frame structure which reproduces experimental
results. The original and improved finite element models are used to predict
the effects of a physical modification to the H-Frame structure. These pre-
dictions are compared to experimental resvlts for the modified structure in
chapler 6, Chapter 7 contains conclusions and recommendations for further
work,



Chapter 2

REVIEW OF THEORY

Analytical vibration analysis, experimental modal analysis and numerical
(fnite element method) modal snalysis are reviewed in this chapter. Only
a brief review is presented as & number of texts and journal papers cover
these topics. Although these topics are not reseasched here they are applied
and should be understood before procesding to the more specialized topics
covered in chapter 3. '

2.1 VIBRATION ANALYSIS

Linear dynamics is used to analyse the response or vibration of a linear struc-
tuval system when it is subjected to a time - varying Joad. The responses of
o linear system are related to the axcitations by linear differential equations,
therefore the following relations hold:

o Principle of linear superpositiun applies - the response $o a set of exci-
tations is equal to the sum of the responses to each excitation applied
individually.

» Reciprocity - If an exchiation at one polnt produces a response at &

second point then applying the excitation at the second point would
produyce the identical response a} the first point.
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Figure 2.1: Theoretical Route to Vibration Analysis

o Frequency relations - The response to an excitation containing only
certain frequencies will also contain only those frequencies.

The znalytical solution of vibration problems usually follows what Ewins (11}
refers to as the Ptheorctical route to vibration analysis,® This route starts
with the physical properties of the structure and proceeds to determine the
response of the atructure to dynamic loads. This process is illustrated in
figure 2.1, taken from Ref.J11]. Experimental vibration analysis proceeds in
the opposite direction, starting with measurement of the response model,
followad by extraction of the modal model. It is not usually possible to form
the spatial model following the experimental route, Calcnlating the modal
model is termed analytical modal analysis or experimental modal analysis
(EMA) depending on which zoute is taken. Analytical modal solutions which
are performed numerically are termed numerical modal analysis.

Analytical modal analysis theory is described here as it forms the basis for
both numerical and experimental modal analysis. There are two types of
analytical models, namely continuous models and discrete-parameter modals.
Lumped-parameter modals are a subset. of discrete-parameter models,




In the analysis of continuous models, the governing differential equations
and all boundary conditions must be satisfied. The exact solution of these
equations is only possible for relatively simple systems and even for these
simple systems the mathemaiical solution can become somplex (see reference

[12]}.

In practice it is therefore generally necessary to represent 2 structural system
as a, discrete system in which the responsa is determined by the solution of a
finite number of algebraic equations, It ia therefore necessary to reduce the
system to z finjte number of degrees of freedom. The number of degrees of
. freedom is the number of independent spatial coordinates used to define the
system’'s deBections. '

~ Analysis of single degree of freedor~ systems is usually covered in detail in
standard vibration texts in order to introduce the components ir a vibrating
system and fo provide an introduction to multiple degree of freedom systems.
Some civil engineering structufes stbjected to low frequency earthquake ex-
citation are satisfactorily analysed by single degree of freedom models, Ac-
curate analysis of most mechanical structural systems, however, requires the
vse of multiple degree of £+eedom models.

2.1.1 "‘Multiple Degree of Freedom Systems

In the znalysis of multiple degree of freedor systems, use is mads of maizix
notation to describe the physical properties {mass, stiffness and damping) of
the system,

" The damping matrix is very elusive, if iz hard to measure and hard to ap-
proximate analytically.” [13]. For this reason it is usually neglected in the
 analytical analysis of lightly damped structures guch as thoge used in this
resesrch. Neglecting damping makes the analysis far simpler and mumeri-
cally more efficient. The analysis of vndamped systems iz presented below,
followed by @ brief introduction o damped system analysis.




2.1.2 TUndampord Systems

The equetions of motion for an undamped system are written in matrix
notation as followa :

MiE+Ex=1 g (2.1)

The mass and stiffness matrices in the above equation represent the spatial
(or time - dornain) model of the system and are obtained by direct application
of Newton’s second law or by an energy method (such as the finite element
method), The mass and stiffness matrices are square, symmetric ard have
dimension equal to the number of degrees of freedom in the model (n), x is
the physical displacement column vector and £ is the forcing function column
veator.

The modal model comprises a set of natural frequencies and associated mode
shapes often, referred to as natural modes or principle modes and is the free
vibration solution of equation 2,1. Solution of the homogeneous system of
equations is perforzned by substitution of the trial solution,

x(f) = xe™?

where either the real or imaginary part of the complex exponential is as-
gurned. This results in 2 linear algebraic syriem of equations :

(i’{. —w'M)x =0 (2.2)

To calculate the non-trivial solutions it is necessary o equate the detérminant
of the matrix term to zero (Cramer's Rule) ie. det(X — w?M) == 0. This
produces the characteristic equation for the system which is solved to obtain
n natural frequencies. These natural frequencies are then substituted into
equation 2.2 to calculate the associated mode shapes. The natural frequencies
and mode shapes constitute the modal model of the undamped system.

Equation 2.2 ﬁlay also be written in gtandard eigenvalve problem form as
MK« = w*x, Solution of this eigenvalue problem produces the n sigen-
velues w? (the natural frequencies squared) and eigenvectors ¢ (the mode -
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shapes). The complete solution of the eigenproblem is usually written in
matri; notation as A, . The eigenvalue matrix contains the eigenvaluss on
the diagonal and the eigenvettor matrix contains the eigenvectors in columns.

It can be shown that if the system has syrametric mass and stiffness matrices,
the mode shapes are orthogonal to both the mass and stiffness matrices
therefore,

$TME = M

TTRE = K
where, M a.nd K are diagonal matrices. _ .
The elements in M and X are referred to as the modal (or generalized) mass
and stiffness for each mode. The ratio of the diagonal elements (k/m) is equal
to the natural fiequency of the mode squared (w?). Becanse the scaling of
the mode shapes is arhitrary i iz possible to scale the mode shapes so that

the modal mass matrix is the unity matrix. This scaling is known as ‘mass-
normalisation’ and the matrix of scaled mode shapes is denoted as @ thua,

BTMP =1
BTED = A (2.3)

These relations are used to decouple the equations of motion as follows :
The equations of motion for free vibration are M#% + Xx = 0. Premultipli-
cation by $7 and insertion of I = 3@~ before % and x produces [14};

BTMBB 1% + BTEED % = 0 (2.4)
I8+ AB x =0 (2.5)

This car be written as :
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B+ip=0 _ (2.8)

where, p = &~ Ix

The vector p is known as the systam’s generalized (principal or normal)
coordinates ag they are the set of coordinates which uncouple the equations of
motion. The mode shape matrix represents the transformation from physical
space to modal space and is writter as x = ®p.

The fransformaiion of the equations of motior from physical to modal space
iz uged In the anmalysis of structural dynamic modifications and forced re-
sponse analysis because solutions are numerically more efficient when the
equations are uncoupled.

2.1.3 'Damped Systems

The anaiytical models used in this research did not include demping but the
curve fitting procedure used in the experimental analysis assurnes either pro-
porfional or genéral viscous damping. For this reason only a brief description
of damped system analyeis is given hers, '

Traditionally three different forms of demping have been included in dynamic
models [11}:

¢ Proportional Viscous Damping - dampin.g matrix proportional to mass
and stiffness matrices, Le. C = K +4M
Equation of motion: M+ Ct + Ex =T
Produces real mode shapes and complex eigenvalues.

» Sﬁmétura.l or Hysteretic Damping - frequency dependent damping.
Equation of motlon: M + [K +¢Hx =1
Produces complex mode shapes and eigenvalues.

¢ General Viscous Damping - damping fores is assumed proportional to
velocity. _ )
FEquation of motion: M¥+ Cx+Ex =1
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The n second - order differential equations of miotion for the viscously demped
system are recast into 2n fizst order differential equaiions in state space using
an identity based on the mass matrix. The solution in state space produces
complex mode shapes and eigenvalues.
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2.2 EXPERIMENTAL MODAL ANALYSIS

Experimental modal analysis is the process of experimentally defermining
the free vibration natuvral frequencies, mode shapes and damping factors of
a structure. This process is divided info three sections, namely, test setup,
frequency response function measuremens and parameter extraction. These
three sections are discussed below,

'2.2.1 Experimental Test Setup

Preparing the test involves selecting, .

» suitable structure suspension,
# excifatica wethod and

¢ response measurement and excitation points.

There are 1o standard methods for doing this and a different setup may be
required for different structures, '

Suspension

The suspension of the a_'l;ructﬂre thould be decided by considering the oper-
ating conditions of the stricture and the purpose of the test.

In practice the choice of suspension is limited to two options. Either the
structure can be tested in the freely supported’ condition or it can be
grounded. This *freely supporied’ condition iz usuaily achieved by suspend-
ing the structure from soff elastic bands or allowing if to lie on a soft base
{foam Tubber or an inflatable bag). Soft supports are selected to maintain
frequencies of the structure’s rigid body modes far below the structure's
fundamental Qextral response frequency. The soft elastic bands should be
fastened Yo tha structure aé modal nodes {points that do not under go large
deflections during vibration). These losations can be estimated by exeenting
a finita element analysis of the structure. Achieving the grounded support
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condition is more difficult in practice as ail supports have some Aexdibility
which is difficult to inciude in a finite elemént model, Therefore it is neces-
sary $o fake precautions that the support structure is sufficiently rigid for the
purposes of the fest. Offen tha best practical solution is fo test the structure
supported in its operating environment, Testing in the ‘freely suspended’
¢t dition produces a more general result because it is possible to determine
t...: grounded characteristics from the free characterisiies but not vice versa.
This {3 because the free model hes additional degrees of freedorn.

Excitation

The structure may be excited by 2n impact hapimer or an elecirodynamic
or hydraulic shaker,

The impact hammer is » simple and pupular mcans of exciting stryctures.
The hammer usually includes a force transducer, behind the tip, which mea-
sures the impuhe transmitted to the structure. In impact testing the ac-
celerometers remain stationary, while the location and direction of the im-
pact changes during the fest. In the time domain, an impact between two
objects of infinite stiffness is zepresented by the Dirac delta function. Using
a Fourier transform to determine the frequency content of this function pro-
duces wHat is known as "white noise”, This is a signal which contains all
frequencies {from zero to infinity) equally. In practice the contacting surfaces
are not infinitely stiff, This causes the time signal to become less sharp. This
signal does not contaln all the high frequencies of the Dirac delta function.
The frequency content iz now fairly even until a certain * cut-off frequency”
is exceedtd after which the content of higher frequencies decreasges rapidly to
zero. The range of frequencies excited by an impact is therefore determined
by the stiffness of the contacting surfaces. Tn practice hamrmer tips of varying
- stiffness are used to excite the different frequency rangss required when test-
ing various structures. The difficulties with hammer testing mvolve sfriking
the surface at the correct location normal to the surface.

A miore automated test can be achieved by the use of an eléctrodynamic (or
hydraulic) sheker. Care must be taken to ensure that the excitation force
~ is not applied at a node of a required mode as this mode will not be ex-
cited. These shakets are connected directly to the structure with the force
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transducer being as cloge to the structure as possible go that only the force
being transmitied fo the structure is meayured. Thin fexible connectors °
called "stingers” are usually used to reduce unwanted excitations, These
unwanted excitaiions are forces in the plane of the structure’s surface and
moments. The force produced by the shaker s controlled by the input signal
to the shaker. Onue difficulty is that when a resonance of the structure is ap-
proached the excitation force level becomes very small and makes accurate
measurement difficult. This problem has been addressed by the use of feed-
back Joops which control the current (related to excitation force) supplied to
the shaker’s cofl. T

An advanfage of shakers over hammers is thaf more than one shaker ¢an be
nsed sinmuitaneously. This is termed multiple excitation testing and iz used
when one shaker does not supply uniform energy to all parts of the structure
(dus to size or damping). Multiple modes are also more easily exiracted
using multiple excitation testing. The disadvantages of shaker testing sre
that unmessured forces are usually applied and that the accelerometers are
moved around the structure during testing. The mass of the accelerometers
can cause changes in the vibration of the structure when their positions are
changed, This can canse inaceuracies during the perameter extraction stage.

Recponse Mea.su:reﬁmnt

As mentioned previously, impact testing does not involve moving the ag- -
calerometers during the course of the test, It is therefora undesirable o
positi_on the accelerometers near a node of the structure, since if the ac-
celerometer is positioned near 2 node the signal to noise ratio will prevent
accurafe measurements of that mode,

In shaker testing the locations at which responses are to be measured must
be decided. Thia problem is equivelent to deciding the locations of impact
points in an impact tesf, The answer {o this problem lies in the fact that
sufficient points must be tested so that when their deflections are plotted
the mode-shape is clearly recognisable. Also if the modal assurance criterion
(MAG)! is to be used sufficient poiuts must be tested Lo provide accurate
results. If too few points ara tested MAC values will show correlation between

1 A popular nuinerical comparisen of mode shopes.
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mode shapes which are independent. ‘This preblem can he solved prior fo
the test by means of finite element modsl mode shapes comprising only the
degrees of freedom proposed for testing. If the MAC values show correlation
between these mode shapes then there are msuﬁic:ent degr-es of freedom to
describe the mode shapes adequately,

2.2.2 Frequency Response Function Measurement

The fraquency response function matrix relates the respomses of a strocture
to the apphed forces in the frequency dowain. This relation is written alge-
braically as follows:

X: By Hp Hy -+ Huay i)
> ) Hyy Hy Hy - Hiy 5
: =1 ;| (.7)
Xn Hyy Hwa Hus - Hyw Fy

where each H is a function of frequency. This relation may be transformed
to the time domain by the inverse Fourier transform. This produces the
responsé and excitation vectors as functions of time related by the impulse
response function matrix. The frequency response function mateix is sym-
matrical because of the structural reciprocity of linear structures. This is
equivalent to the symmetry of stiffness and mass matrices (Ma:mell—Bet.ti
Reciprocity theorem and the Beltrami Michele Compatibility Equations}[15].
In impact testing 2 single row of the freguency response function matrix is
measured for each fixed accelerometer location used. In shaker testing a col-
urnn of the frequency response funciion matrix is measured for each exciter
location vsed.

Becanse the frequency response function matrix is a function of frequency it
is necessary to excite the structure over the range of frequencies required in
the frequency response function matrix. As was mentioned before, the fre-
quency range excited by an impact hammer is governed by the stiffness of the

hammer tip. This stiffness is’_va.xiéd to produce the required frequency zange.

Shaker testing allows more control over the frequency range. The input signal
to the shaker iz used to produce excitations with different characteristics.




17

Commonly used input signals include stepped-sinusoidal, slow sine sweep, pe-
riodic, random and {ransient sighals. Broad band randoem signsls ere vsually
used with digital filters to limit the frequency range of excitation.

Obtaining frequency response functions from the signals produced by the
force transducer(s) and acceleromaters requires application of the princi-
ples of digital signal processing. This theory is covered in texts such as
Newland[16] and only & few relevant aspects are mentioned here.

Single Excitation Response Functions

In impact $esting it is possible to determine the freque::gny-reépo:me function
from the ratio of the Fourier transforms of the response and excitation as
followa:

H{w) = X(w}/F(w)

It iz however more commen to defermine the ratio of the average spectra of
the signals! Since the signals are ergodic, frequency domain averzging will
reduce the effect of noise and random disturbances.

In shaker testing with broad band random excitation the *inherent properties
of random signals catise them to violate the Dirichlet condition. As a result,
neither excitation nor response signals can be subjected to a valid Fourier
Transform calculation and another approach roust be found®.[11] The slter-
native approach is to use the aufo- and cross correlation funetions of the
signals. The process i fllustrated in Figure 2.2.

From the figure, it is seen that two ratios for calculating A (w) are available.
Both ratios should produce the same result. The coherence (v*) is therefore
& check on the quality of the data and the linearity of the structure,

Dual Excitation Response Funciions

The prineiples involved in dual excitation, {esting can be expanded to cover
multiple excitation testing with any number of excitations. . Naturally the
sirncture could be excited by each shaker sequentially but in practice it-is
more desirable to record the responses to all the éxcitations in a single excita-
. tion run and then process the daia to obtain the required frequency response
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functions, The Fourier transformed response X(w) dus o fwo Fourier {rans-
formued inputa Fi(w), Fo(w) may be written as;

X(w) = Hyr, F1(w) + Hxe, F2(w)

where noise has been neglected.

According to ref.[17] the frequency response functions can be determined
using auto- and cross spectra as follows (where the p's in the subscripts have
been omitted): '

Stx = Hx1 81 + Hxa512
8y = Hx1 51 + HxaSus
These equations ara then solved for Hy, and Hy,.

S1xSag — Syx S, 5,
EXI_ 1X 223 X9 ( ILX){ s!;s,-,

T 851150 — [Siz? = 1—af
Hyp = S118x — SuSix ( %,ﬁf"
. 8118523 — |Sa|? 3:2 e

From these equations it can be seen that the coherence between the two
excitations 4* must not be unity and should ideally be zero,

In the measurement procedure the continuous signals have been discretized
and the discrete Fourler iransform has been used. It is now necessary to look
at some of the implications of this approximation.

A]iass_ing

Aliassing is a problem fhat occurs because a confinuous signal has been
sampled fo produce a discretized signal. The maxirmum frequency that can
be detected i5 equal to half the sampling frequency and is known as the
Nyquist frequency. The existence of frequencies higher than the Nyquisk
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frequency distorts the frequency spectrum measured by the discrete Fourier
transform analyser. The practical solution iz to filter out the frequencies
above the Nyarist frequency before sampling,

Leakage - Indowing

This effect ~ssults from only analysing a finite length of the sigrial, The finite
time record is treated by the a:ialyaer as one periodic signal, or a cirenlar
- function. I this record is joined into a loop there will be a discontinuity at
the loop junction if the beginning and end of the time record are not equal.
This causes energy to *leak” into spectral Hnes which are not present in
the actual signal. This problem is dealt with by multiplying the time signal
by & chosen function. This funetion ie called a window. Cormmon windows
include the Hanning window, the cosine taper window and the exponential
er impact window. The Hanning and cesine taper windows are zero at the
beginning and end of their lengths. Therefore the resulting time signal can be
looped without a discontinuity. The exponential window is tsed for transient
vibration signals because it does not severely effect the beginning of the time
record which is where most of the important information is concentrated,

2.2.3 Parameter Extraction

Parameter extroction is the pre s of calculating the modal model (frequen- -
¢cies, damping factors and mode shapes) from the measured frequency re-
aponse functions or impulse response functions. This process involves curve-
fitting a theoretical expression to the measured data. The form of this ex-
pression is derived from analytical modal analysis and depends on the type of
damping assumed. The coeffici'nts in the theoretical expresslon which best
fits the measured data are the required modal properties. This curve-fitting
procedure may be performed in either the frequency domain (frequency re-
sponse functions) or the time domain (impulse response functions},

Analytical Expressions

The frequency response function for a system with general viscous damping
muy be written in series form as [18]:
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This may be written in terms of the Laplace variable s,

N ¥
.H"‘ = t" A’ﬂ =
G 8’) Z J

,,&u‘—a,} (.s—

where,

+ o,
8 = =G, — Jur/1 — ¢}

and Af = :éi;:ﬁ is the residue at pole g.. The equivalent impulse response
function is :

N : 2N
hiplt) = 3 Afe™ + Ap '™ =57 Afe’
rea] r=t

Exiraction Techniques

Extraction techniques can be divided into single degree of freedom (SDOK)
and multiple degree of freedom (MDOF) techniques. SDOF techniques con-
sider only one mode at a time, It iz assumed that each peak in a frequency
response fi- *'ion ia due to only one mode. This requires that the peaks be
sufficientl, well separated so that the effect of the surrounding modes is neg-
ligible. SDOF techniques including "second degree polynomial curve Etting’,
"peak-amplitude”, circle fitbing” and the "inverse method® are covered in
references [11,18), According to reference [18] SDOF techniques *may pro-
vide meaningful results in some slementary cases”, but MDOF technigques
are recommended especially when closely spaced modes are present. MDOF
techniques include the "complex exponential”, *polyreference”, " direct pa-
remeter” and *Ibrahim Time Domain® methods. In this research the polyref-
erence technique was used, The Polyreference technique was developed for
tse with multiple exciter testing and nses all the impulse response functions
from all the excifer and respe..se locations in a global least squarés manner
simultaneously. Becausa it uses multiple exciters it is & good method for ex-
tracting close and repeated modes. The method assumes either proportional
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ot general viscous damping and extracts the natural frequencies and dé,mp-
ing values in the time domain. The inverse Fourier {ransform can ba used
to obtain the required impulse response functions from aversged frequency
responge functions.

Extraction of the residues or mode shapes can be performed in either the
time or frequency domain. {20). The mathematical details of the technique
are complicated and have been described in a number of papers. A complete
theoretical explanation of the method is given ini e excellent paper by De-
blauwe et al. [20]. Xt should be noied that if only one excitation is used
the Polyreference technique reduces to the Complex Exponential technique
which i described by Ewing [11).
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2.3 NUMERICAL MODAL ANALYSIS

This section deals with numerical meodal analysis using the displacement
based finite element method. Exact, closed form, analytical solutions can
most easily be found for simple problems which have uniform material prop-
erties (homogeneous), simple geometry and boundary conditions. When an
analytical solution can not be found if is necessary to calculate a numeri-
cal solution which approximates the analytical solution. The finite element
method is the most popular method of numerical modal analysis.

2.3.1 The Finite Element Method

‘The finite elemaent method (FEM) is & versatile numerical technique which
has found numerona applications in engineering analysis. Several gemeral
purposa computer codes are available and the theory has been presented in a
number of books and journal papers. The purpose of this section is therefore
not to give a defailed deserviption of the finite element method but rather
to present a brief introduction to some of the more imporiant principles
involved,

Ths finite element method can be divided into three sections [21]:

1. Thefermulation of the problem in variational or waighted residual form,
2. The finite element discretization of this formulation,

3. The affective solution of the resulbing finite element equations.

2.3.2 Formulation of the Problem

Formulation of the problem requires consideration of the types of materials
used, selection of the physical laws which will dominate the response of the
system and representation of the constraints imposed on the system. All of
these facfiors have to be modelled mathernatically by systems of equations,
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There a.re. two methods of generating the governing equilibrium equations
namely, direct methods and variational methods,

The direct methods use equilibrium, constitutive and compatibility require-
ments to genérate a system of partial differential equations in the state vari-
ables.

The variational approach "can be regarded as the basis of the finite eloment
" method”,[21] In the variational approach a suitable functional is minimized
or maximized to produce the requiréd system of governing equations. In
elasticity problems, for example, the functional is chosen to be the total
mechanical potential anergy of the aystern and is minimized to obtain these
governing equations. This method has the advantage that scalar quantities
. {such a5 energy) are used as opposed to vectors. Another advantage is that

the natural boundery conditions are implicitly contained in the functionsl so
orily the essential boundary conditions need to be considered in the solution
of the problem. '

Additional constraints are incleded in the variational formmlation by sither
the Lagrange moultiplier method or the penalty method. The Lagrange mul-
tiplier method includes the constraint in the functional with an additional
variable {the Lagrange multiplier). The system. of equilibrium equations pro-
duced ara ther the system. for the unconstrained problem plus sn additional
equation which containe the constraint. In the penalty methoé the constraint
is agrin added to the functional but a constant of large magnitude is used
inst :ad of the multiplier. This results in a modified syatem of equilibrinm
equations of the same dimension as the unconstrained system of equations.

2.8.3 Finite Elament Discretization

The finite element method requires that the continunm fo be analysed be
divided into a finite number of elements. These slements are connected at
selected points called nodus. The physical quantities to be determined within
an element are related {o the physical quantities at the nodes by shape or
interpolation tunctions. It is therefore only necessary to solve for the physical -
quantities at the nodes. The process of relating the interior of an element to
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Y,V

X,U

Figure 2.3: Two Dimensional Finite Element

its nodal conditions is presented below.
Derivation of Finite Blament Equations

Becuuse we are interested in dynamic analysis it is negessary to characterize
the structures mass a3 well ag stiffness. Damping characteristica ara very
diffeult to estimate analytically and are usually determined experimentally
go they are neglected here.

Thae following mathematical description of the displacement-based finite ele-
ment method is similar tn dhat presented by Bathe. [21] Figure 2.3 shows 2
two dimensional element in a plane continuum, :

The first's'ep is to relate the displacements within the finite element to the
displacements af its nodes, This Is done by the "displacement interpolation
maoirix® H.

u{z,y,£) =H(z,y, z}'ﬁT

whers, u are the displacements in local coordinates, ¥ is a vector of the




26
global displacement coordinates at all the noda points, The veclors u and pig
include the coordinates # and V shown in the figure.

The strains within the elements are now related to the nodal displacements
by thte "strain-displacsment matzix” B which is obtained by appropriately
differentiating and combining rows of matrix H,

&z, g, z) = B(z, Qﬁ 3]ﬁ

Next the siresses in the element are related to the straina by the "elasticity
matrix® C.

r=Cg4r

whare, 7 are the initial stresses.

It is now possible to use the principie of virtual work fo generate the sys-
tem of equilibrium equations for the structure corresponding to the nodal
point displacements. Tt has been shown. that the principle of virtual work
is equivalent to minimizing the total potential of the system. For virtual
displacements the internal virtuel work must be equal to the external virtual
work: . S

j; FrdV = L O oy + j; T £945 + ;ﬁ‘"ﬁ"
where,

£ represents the virtual strains,
U represents the virtual displacements,
72, F9 are the element body and surface forces,

Fi represents a concentrated force,
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Substituting the displacement, strain and stress relationships established ear-

lier and summing the integrals for all the slements produces the following
equation:

=T . | =T . .
(T ctmgml g | = () 8(m) gy ()
T [%LMB Clm Bl gy ]ﬁ i} {%}LMH FEm gy }
' 51 Sm)T ¢S} g glm)
+0 {%j j; oy ELET 5045

=T W%, Ilm o
_F {§ [ o B e J}

=T
+U F

The integrals in this equation are evaluated over the element volumes and
surfaces and can be calculated using the local element coordinate systems.

The inertial forces have been incleded in the formulation?® as body forces. It
is now possible to write the equilibrium equations in stendard form (as was
used in section 2.1} as follows:

MU+ KU=R : (2.8)
where,
TR=% BT pim) g m) gyr(m)
Z B
- () g {m > g (m) gy iom)
M=% [ A BBy
R=Rg+Rs—-R;+Re

Ry X [ HO [150)  pmigolir] gy

_ 5T £3(m) gglm)
R ;-’;fﬂllH i f- s

3 Lagrangiau approach may be employed to evaluate the inertin terms divectly,
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The displacement-based finite element method is 2 modern variation of the
Ritz analysis technique. Classical Ritz analysis is difficult to apply in practice
because it requires the selection of suitable Ritz basis vectors which span the
entire region of interest and satisfy the essential boundary conditions. The
solution obtained is a linear combination of these vectors. To model large
energy gradients a large number of basiy vectors might be needsd. The finite
element method overcomes this problam by defining basis vectors over each
element in the form of shape functions er interpolation pelynomials. These
displacement functions must be compatible at the element boundaries. The
problem of selecting functions which can adequately describe the solution to
the problem Is overcome by increasing thie number of elements {increasing
the number of functions) in regions of high energy gradients. Polynomial
functions are usually used because they are easy to differentiate. Another
advantage is that where as the classical Ritx approach produces full maitrices
" the use of node nambering schemes can, significantly reduce the ba.ndw:dth
* of the resulting finit. element metrices.

Timoshenko Beam Element

In this research, beam elements which approximate Timoshenko beam theory
ware used. It is therefore necessary to briefly explain the formulation of this -
. particular element,

Linear, independent shape functions are used {o represent the deflections and
rotations within s linear beam slement. In the two noded Timoshenko beam
alement, s static approximation is used to relate the rotations fo the deflec-
tions. Dawe [22] used this epproximation to formulate a thres noded beam
element which had 5th and 4th order polynomial shape functions for the de-
flections and rotations respectively. Using the equations of Timoshenko beam
theory, ha obtalned the followhig relation, between rokations and deﬂectmns,
by ignoring rotary inertis within the element, : .

EId*8/dz® = GKA( ~ dw/dx)
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#This procedure mesans that the rotary inertia term is ignored in the tnoment
equilibrivm equation within the element but the effect of rotary inertia will
nevertheless be included in 'lumped’ form at the nodes.”[22] By inciuding
‘the second derivative of deflection as a degree of freedom it is possible to
obtain a 5th order polynomial shape function for the deflection of a two
noded beam element.[23] If only deflections and rotations are included it is
possible to uge cubic and quadratic polynomial shape functions for defection
and rotation in a two noded beam element. This element will obviously
outperform the simple linear beam element. The mass and stiffnesy matrices
for a two moded Timoshenko beam elemenf with only in plane transverse
deflections and rotaiions are given in Appendix A.

2.8.4 Solution of Equilibrium Equations

The aquflibrium equations represent the "spatial model” of the structural
system. To obtain the "modal model® from the *spatial model” it is nec-
essary to solve what is essentially an eigenvalue problen. The resulting
eigenvalues are the squared natural frequencies of the undamped system and
the eigenvectors are the corresponding mode shapes.

The eigenvalue problem,
Ky =AMy (2.9}

iz known os the generalined eigenvalue problem. Premultiplication by M-!
would result in the standard eigenvalue problem Ay = A where A =
M~'K. The disadvantage of this approach is that even though M and K
are symmetric, the matrix A is generally nonsymmetric.[24] This loss of
symmetry results in a loss of storage economy and computational efficiency.
The generalized eigenvelue problem can be transformed to standard form
retaining symimretry by use of elther Cholesky factorization or spectral de-
composition of the mass matrix, This i5 an efficient method only if the mass
matrix is diagonal, otherwisa the sparseness of the finita element mutrices is
deatroyed and the computational advantage is lost. Therefore in practice a
transformation to standard form is not always used and techniques for the
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solution of the standard eigenvalue problem have heen adapted to solve the
generalized eigenvalue problem directly.

*It is important to realize that all sclution methods must be iterative in
nature, because, basically, solving the eigenvalue problem K¢ = AMy is
equivalent to calculating the roots of the polynomisl p(A), which has order
equal o the order of K and M."[25] Available methods mey be grouped into
the following categories: trrnsformation methods, vector ieration methods,
polynomial iteration techniques, Sturm sequence methods and combinations
of these methods. Only transformation methods, vector iteration methods
and the subspace iteration method, (which is a combination of transformation
and vector iterative methods), are described below.

ﬁmﬁormation Methods -

Transformation methods use the urﬁhc.:gonality conditions,
BTKY = & N | (2.10)
¥Me=1 ' o (2ay)

The matrix & which satisfies equations 2.10 and 2.11 is uniqua and con-
taing the mass-norralized eigenvectors as its colurnns. In the transformation
methods, successive pre- and postmultiplication of M and K by Pf aad P,
is performed until the resulting matrices My, and X, are diagonal.

Mk-l-]. = PEM;P_&
K = PLEP,

When M, and ¥,.1 are diagonal the ecizenvalues are found to be the
ratios of the elements on the diagonals le. Ay = kufmu where Ky is the -
ith diagonal element; of the matrix K. The eigenvectors are found to be
% =PyPy...Pramp’
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Two transformation methods are considered, firsily the Generalized Jacobi
method which uses both orthogonality conditions and secondly the Householdez-
QR-Inverse Iteration method which requires a transformation of the gener-
alized eigenvalue problem to standard form. :

. Generalized Jacobi Metkhod

In the Jacobi method for standard eigenvalue problems the mafrix Py is a
simple rotation mairix which was used to meke the elements of X zero, In
the generalized Jacobi msthod the matrices P, are chosen to simultaneously
‘make the elements (i,j) and (j,i) in the matrices Xy, and My, zero.

The matrix P is written as follows:

9 (2.12)

1]

The constants o and + are calculated from the elements in the (i1}, (1,1) and
{3.) locations of the M, and K; matrices.

It roust be noted that off-diagonal elements which have been zecoed will be-
come non-zero in subsequent transformations. Therefore when implementing
this method it iz necessary to decide on 2 value that the off-diagonal elements
must not exceed and transformations must be performed to zero the largest
off-diagonal elements until none exceed the preset value.

The Generalized Jacobi method is efficient for doing small eigenvﬂue prob-
lems but is inefficient if the problem is large and only a few eigenpairs are
required, This is because the method calculates all the eigenvalues and coz-
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responding eigénvectors simaﬂté.neou.ély. The Householder-QR-inverse itera-
tion method provides an alternative which does not have to solve for all the
eigenpairs. :
Householder~-QR-Inverse Heration

This method requires that the generalized eigenvaiue problem first be trans-
formed to standard form Ay = Ay which may in some cases lead to ill-
conditioned problems, Once the problem is in standard form the matrix A
is reduced to ridiagonal form using Houvseholder transformations. QR iter-
ation i then applied to the tridiagonal matrix to produce the eigenvalues to
high precision. Inverse fteration with shifting {see next section) is then ap-

"plied to produce the eigenvectors of the matrix A of the standard eigenvalue
problem. These eigenvectors must then be transformed again to produce the
eigenvectors of the generzlized eigenvalne problem.

Yector Heration Methods

Power Iteration
The power iteration method is algo referved to as forward iteration, In this
method the generalized eigenvalus problem,

K¢ = AMy (2.13)
is written in the form

MV3+1 = KUS

The procedure starie by assuming an initial vector U, and solving for the
vector Vg, The nest estimate of U (Ugy,) is found by scaling Viayx
(setting largest element to unity or mass normalization) producing Ugyy =
1/A¥Vg41. The procedura corverges to the highest frequency mode, For an
n DOF system Ugqy ~+ fhn and A — &3 as S — oo,

Inverse Iteration
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Inverse iteration is very similar to power iteration. The formulation is mod-
ified £5 that convergence occurs fowards the fundamental mode 4s this is
usually the mode of greatest interest. In this forrnulation equation 2.13 is
written as

EVs41 = MUg

Again a vector Uy is chosen as an initial estimate, 'Vgyy is calculated from
Vgsr = K-'MUj where the matrix K—M is offen referzed to as the "dy-
namical matrix”. Vgyy is then scaled by the factor A, to produce Ugyg
- (Ugss = AVs4). In this method Ugyy — 4 and X — wf 28 § — oo,
According to Craig, "the most effective procedure for hand computation of
a fow eigenvalues and eigenvectors of a emall (n less than 10) system is the
method of Inverse iteration.” [25] '

For the power method and inverse iteration method to converge to the hlghest
and lowest ﬁ'equedlcy modes it is required that the initial vector (Uy) is not
orthogenal o the mode being calculated. Becanse this vector is not known
at the outsel it is not possible to guarantee that this condition is satisfied
but the full anit vector kas proven to be a good starting vector (21]. The
rate of convergence of these methods can be improved by evaluating the
scaling factor A by the Rayleigh quotient method. For an example of this see
. reference |26].

Eixtaenslons to Power and Tnverse Iteration

The iteration methods presented so far can only determine the lowest and
highest; frequency modes. It is therefore necessary to extend these methods
to caleulate the other modes. One method of producing convergence fo a
different mode is by applying an eigenvalue shift. This shift is performed by
writing equation 2.13 as follows, ' :

(K — uM)y = (A — )My
The eigenvalues of this problem are now (A — p} which are the original eigen-

values A shifted by the copstant amount p. Therefore the eigenvalues of
the original problem are obtained by adding the value of the shift () fo



34

the calculated eigenvalues. The eigenvectors remain unchanged by the shift.
The shift can be used with inverse iteration to find fhe eigenvalue (and cor-
responding eigenvector) closest to the shift value and is essential when the
stiffness matrix is positive semidefinite. This oceurs when rigid—-bddy modes
are possible and the stiffness matrix cannot be inverted. A shift is also esgen-
tial in the power mett  * when the mass matrix is dizgonal with some gero
diagonal elements. '

Matrix deflation and Gram-Schmids crthogonalization may also be used with
power and invetse iteration to determine all the eigenvalues and efgenvectors. -
The matrix deflation technique operates on the eigenvalue problem after it
has bean transformed to standard form K1 = Ath. The calculated mode A, ¢
is removed from the matrix K resulting in matrix K; which has dimension
n — 1. This is done by using the orthogonal matrix P = [¥.Pa,Ps,.. pn]
where each p Is orthogonal to ¢ so that,

A0
T =
PKP—-[O K:]

The matrix K, has all the eigenvaluesa of K except A and the eigenvectors of
PTKP () are related to the eigenvectors of K by o = Pg. This process
could be repeated to find all the eigenpairs but the accumulation of errors
make this method inaccurate.

A moiz practical procedure iz to ensure that the starting iteration vector is
M-orthogonal to the eigenvectors previously calculated. This is a sufficient
condition fo ensure that the solution will not converge to a known eigenpair.
Assurme that the eigenvector ¥ has been calcnlated and an arbitrary start-
ing vector Uy hes been selected for caleulating a second cigenvertor. It is
necessary to ensure that the starting vector U, is M-orthogonal to the val-
culated eigenvector 4. It is possible to split U, into a component Uy which
is M-orthogonal to ¢ and a multiple of ¥;.

U1='U’1+m,b1

I o can be evaluated the above expression can be used o caleulate 17y which
is a suitable starting iteration vector.
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Premultiplying thie terms in the above expression by ¢TM results in ¢ MU, =
¢+ etp?Myp, becanse Uy is M-orthogonal to 9. Thersfore & and hence Uy
can be calculeted. This procedure can easily be extended to deal with more
than one caleulated eigenvector and is known as Gram-Schmidt orthogonal-
ization.

Up till now it has been assumed that the eigr alues are all unique. I a
system has two repeated eigenvalues the power and inverse iteration methods
will converge to a linear combination of the two independent; eigenvectors
corresponding to the repeated eigenvalucs. It is not possible to determine
the individual eigenvectors from this linear combination. A method of using
two vectors simultaneously is presented in reference [24]. This is a particular
case of simultaneous vector iteration which is mentioned as an intraduction
to the siibspace iteration method in the next section.

Subspace Tteration

Simunltanaous inverse vector iteration may be performed with p vectors as
followa:

Kig.ﬂ = MZX,,
X1 = XpnRaq

w'era X; is a matrix containing p vectors and Ry4; is an upper-trizngular
mabrix chosen so that X, is M-orthogonal. This crthogonalization of the
P vectors is required so that they do not all converge to the least-dominant
eigenvector, '

In this method “each iteration vector is foreed to comverge to & different
eigenvector by orthogonalizing the ith iteration vector o the (i-1) iteration
vectors that have been orthogonalized without allowing a more effective linear
combination of the vectors to take place.” [21] .

In the subspece iteration method the subspace spanned by the iteration vec-
tors converges to the subspace spanned by the required eigenvectors. Cnce
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the subspace has converged the eigenvectors are obtained in one more itera-
{iom. The steps in the subepace iteration method are e followa:

KXy = MX,

Calculate Reduced Matrices;

Bier = X5, B per

Miss =X, M
" Solve The Reduced Eigenvalue Problem;

Bit1Quvr = Mg+1Q;+1-M+1
The M- Orthoéonaﬁty Cimdition iz

Q£+1Mk+1Q;k+1 =1

- qu};cfumk}leﬂ =1

’I‘hereférg the next M-orthogonal iteration vector is:

X1 = K Qingr

The generalized Jacobi method has proved to be suitable for solﬁng the re-
duced eigenvalue problem because of the properties of the matrices involved.
(M1 and Ky tend towards diagonal form as the method converges)

Xt "a thus seen that the subspace iteration method is a combination of a vector
itoration method and a transformation method. This method is suited fo
large eigenvalue problems where only a few of the eigenpairs are reguired.




Chapter 3

REVIEW OF RESEARCH
TOPICS

This chapter reviews four areas of structural dynamics which are being re-
searched at present. The frst three topics, namely Structural Dynamic Modi-
fication, Experimental Model Expansion and Analytical Model Improvement
were applied in this research while joint characterization was investigated

briefly.

3.1 STRUCTURAL DYNAMIC MODIFICA-
TION

Some aufhors [11,27,28] have used the term *modification” to describe a
physical change to a structure when the response of the change (or addition)
is considered only at the connection points, The internal characteristics of
the change are therefore not included in the ans’ wis. Analyses in which the
internal degrees of freedom of the ~havze ure ¢c.nsidered are then referred
to as component meode synthesis or substructure coupling. In this disserta-
tion however, "siructural modification” iz used to describe a more general
selection of methods. These methods may be grouped into five categories as
follows:

37
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1. Sensitivity and Perturbation Techniques

2. Structural Modiflcations usiﬁg Frequency Response Functions (SMURF)
5. Eigenvalue Modification

4. Eigenvalue Solution {Component Mode Synthesis)

5. Finite Element Model Predictions on a Verified Model

{Methods 2 fo 5 are as listed in reference {28])

Only a brief description of the firat four methods and their application is
given below & ~nly the ffth method has been applied In this resenrch and
will be deserhani in detail in this and the foilowing two sections,

If is importar : to note that any one of the five methods may be most suiiable
for a particular application. It is therefore necessary to have some inder-
stunding of each method and It's particular imitations in order to choose the
most suitable method for & specific enginesring problem.

3.1.1 Sensitivity and Perturbation Techn'ques

Although Lancaster [25] used perturbation theory, to add zmall amounts of
damping to conservative systems in 1060, ‘hese techniques are more com-
monly used to pradict the effects of mass changes to lineur systems,

‘The sengitivity of a structure's eigenvalues and eigenvectors to changes in
the structure’s mass and stiffress matrices can be used in a Tuylor series ex-
pansion, aleng with the anticipated changes, to calculate wpproximate eigen.
values and eigenvectors of the modified structure,

Fox and Kapoor {30] derived expressions relating the change in eigenvaines
and eigenvectors to changes in the mass and stiffness matrix elements. ‘These
firat derivatives of the sigenvalues and eigenvectors with respect to desigr
changes may be used in a first order Taylor series éxparnsion as foliows:

A e i+ ASTV
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X} =Xy + | VX o6
wheze,

As, X are the jth original eige value and eigenvector

$, X} are the approximation: to the modified system’s ith eigenvalue and
eigenvector

Ad is & vector of r design variables for f.he.st.ructura (Ady, A, ..., A4)

V¢ represents the vector (53 33, ,3—;3 )

(9% 89X 8%,
VX represents the vector {334, 535, .., 55° )

Tn the caleulation of VX; and VX it is necessary to caleulate the derivatives
of the glements in the masa and stiffness matrices with respect to each of the
_desi@ variables.

The use of a first order Taylor series expansion limits the accuracy of the
approximation and places a limit on the size of modification which can be
analysed, It is however, possible to calculate the terms required for higher
order Taylor series expansions [81] but this becomes mathematically complex
and obviously also requires greater computational effort.

Rizal snd Bernard [32] used a simpler method for caleulating the second .
derivative of the eigenvalues used in the Taylor series expansion. Their ap-

proach was to evaluate the mess and stiffness matrices (using  finite element

preprocessor) for two different variations in the design parameter as well as

the original mass and stiffness matrices, This gives three sefs of mass and

stiffness matrices for each design parameter. Simple finite difference tech-

nigues were then applied in order to evaluate the first and second derivatives

of the mass and stiffness matrices with respect to each of the desipn pa-

rameters. These derivatives were then used to calculate first and second

derivatives of the eigenvalues with respect to the design parameters.

One of the advantages of the aeﬁsithrity method is that it can not only be
used to predict the eflect of modifications to a structure but can also be used
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to find optimal modifications to produce a reguired change in the dynamic
characteristics of & structure. This optimization has been achieved by the
. implementation of a penalty function [33] and by the use of a Jenst squares
solution {81)]. .

Tn the first case a penalty Function is chosen which increases as any eigenvalue
approaches an undesirable value or when the mﬁ.gn.itu&e of the modifications
increases. This penalty function is then minimized to give a solution for
ihe optimal modifications. Because the first order Taylor expansion used is
ualikely to correctly predict the effects of the modifications it is necessary
to resolve the cigenproblem for the modified structure. If the results of this
solutien are found to he unsatisfactory it is necessary to repeat the optimiza-

tion process uain_g the modified model as the starting point. Therefore this

process can be applied Heratively until convergence is obtained.

In the second case a modiﬁca.ﬁon to produce specific eigenvalues was pre-
sented. Two situations were treated: :

s caleulating the values of mass andditions required given the locations, '

» calculating the best locations and magnitudes of the mass additions _

required given the number of masses,

The least squares solutfons of the systems of equations wers found by the
use of the Moqre-Pehrose generalized inverse techalque (refened to ay the
pseudo-inverse) which is deseribed in Appendix B. Both of these optimal
modification prediction techniques can make use of expezimental modal mod-
els or analytical models.

Apart from the limitation that sensitivily analysis can only be used efficiently
when the required modifications are small there is also the limitation that
the techniques only coms! 'er modifications at degrees of freedom present in
the original model tharefore modifleations which have additional important
degrees of freedom cannot be analysed with these techniques,
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3.1.2 Structural Modifications using Frequency Response
Functions

As its name toaplies this technique operates directly on the frequency ragy, e
mode] and therefore the use of curve ftiing techniques to exfract & m-gal
model is not required. The output from the modification process is in e
form of a modified set of frequency response functions. It may them ba
necessary to curve &t these modifled frequency response funciions Fecause a
moedal model gives more insight into the dynamics of the modified strunsure.

Only a brief outline of the process of modifying the frequency résponse func-
tions and & list of the processes advantages and disadvantages are presented
here. In reference [34] the simplified case of calcalating the modified fre-
quency response functions of a siructure when one point is grounded was
demonstrated. This example is ezsy to follow and is "seen to be a special
cese of enforcing 2 general muiti-point rigid constraint equation”® [34] The
case of calculating the constrained response of the system when subject to
" a general set of constraint equations is mentioned briefly followed by exam-
ples of its use and comparisons of results with modifications performed on
the modal model. The application of these genaral constraint equations is
deacribed in slightly greater depth in reference [35], Here it is explained
that the constrained response can be found by "fnding a stationary point
of the constrained quadratic functional.”[35] This functional represents the
total "energy” of the system and therefore this analysis closely resembles the
analysis of a constrained static finite eloment analysis which is delt with by
Bathe [21]. The Lagrange multiplier method is employed to transform the
functional and constraiat equations Iinto 2 gystem of linear ¢quations which
are golved to give the required modified frequency response functions. (The
steps in the Liagrange multiplier method are detailed tv reference {21] for the
analagous problem mentioned previously.)

This approach allows connectors such as springs, dashpots and masses {with
known frequency response functions) to be *tied” between points on 6. com-
ponent or befween two different components. The following appllca.t:ons aze
‘therefore possible: [34,35]
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« connecting & point to ground

 connecting a point fo ground through @ spring, mass, damper

e comnmecting two pointe together

@ connecting two points together th.mugh. a gpring, mass, damper |

» attaching a spring, mass, damper fo 2 point (tuned absorber)

s substrecturing

© mass cancellation

* response ralics
Structuzal Modification naing Frequency Response Functions has been ap-
plied to various problems and the results compared to those obtained by
performing the modifications on medal models [34,36,37]. The following list
of advantages and disadvantages was compiled from these references.
ADVANTAGES:

e No curve fliting required in the modification procedure.

s The effect of modes outaide the frequency range of interest (including
rigid body modes} is included directly.

o No linearized modal model is used therefore some degree of nonlinearity
may be accommodated. '

e The effects of demping are included.
DISADVANTAGES:

+ Bubject to computational errors due to poor qualify experimental data.

» Requires driving point and cross frequency response functions at the
commection points whichk may be inaccessible,

» Inconsistencies in frequency response functions multiply quickly as more
constrainta are applied therefore it should only be used for a limited
number of slmple constraints.
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« Resulis are in the form of mo@iﬂerl frequancy response functions which
may need to be curve ftted to gain insight from the modal model,

o Curve fitting of modified frequency response functions can be difficult
if amplifude errors have been generated. {See reference [38].)

Beceuse of these limitatsns it is generally recommended that the technique
be used only for troubleshooting applications, where a simple modification
_must be analysed quickly, snd for validation of experimentally derived modal
models. '
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3.1.3 Eigenvalue Modification

The eigenvalue modification process was pioneered by Weissenburger [88] who
predicted {:hg effects of the addition of lnmped masses and diserete springs on
continuous linear systems, Weigsenburger used the original syatems eigenso-
lution to transform the problem {including modification} from physical space
to modal space.

This produces a new eigenvalue problem in modal epace. If a oumber of
modifications are included, this new eigenvalue problem requires computa-
tional work equal to that of solving the original problem. This situation is
avoided by performing only a single modification at a {ime requiring "the
solution of a one dimensional eigenvalue problem in order to determine the
modifled modal properties” [39]. The modified modal properties are than
used for successive modifications,

When the full sei of elgenvalues is available the method produces exact results
but good approximations can be achieved with incomplete original medal
models {as is more common in practice).

Weisserburger's method was extended by Pormazal and Snyder [40] who ap-
plied the method to discrete systems with linear viscous damping (in the
original system and the modification}. To inelude the effects of general vis-
cous damping the second order equativns of motion were transformed into
twice as many firat order equationa by the use of an identity based on the
mass matriz.

At this stage the method did not allow a modification which required ad-
ditional degrees of freedom. This shortcoming was addressed by Hallgnist
and Snyder {41,42] who extended the method to permit the synthesis of two
diserete viscously damped systems and the connection of viscously damped
multi-dimensional contintous systems with discrete springs or viscous dampers,

Becavse this method uses the modal model of a systern to perform mod-
ifications it may be applied direcily to experimental modal models, Un-
fortunately the lack of rotational degrees of freedom in experimental models
makes it dificult to model real enginesring modifications such as the addition
of beams and plates, ' :
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This problem has been investigated by O'Callahan [43] who used modal ex- -
pausion trchuiques (see section 3.2) ta provide the rotational degrees of free-
dom necessary for addition of three dimensional beam elements.

A more practica’ approacl. was suggesied in referunce [44] where the exper-
imental model is wsed oniy to validate “hg Paity elerment model. The finite
element modes (which include rotes . | 4 Ygyeacs of freedom) are then used
in the modification process.

In 1976 Arora [45] stated the following limitation of the process, "Since the
procedure permits only one modification or tie, it mmst be applied succes-
gively if multiple ties or modifications are required, Therefore, it is sometimes
more efficient to sesk a direct solution to the problem of connected systems.
Alzo, when mass ox a demped system ia modified, the procediire uses three
successive modific.siions.”

Recent research has resulted in & method known as *Simultaneous Structural
Dynamics Modifieation {S2DAM)".[39] In this method all the required mod-
ifications are transformed into modal space simultancously. The resulting
sigenvalue problem then has dimension equal to the number of modes (of the
original model) included in the modification process. The size of the eigen-
value problem is therefore independent of the number of modifications being
made., This method has been shown to become more efficient than suzccessive
modifications when the number of modifications required Increases.

In conclusion the eigenvalue modification method is & powerful and efficient
gtructural modification tool, In practice ihe modifications should be ap-
plied simultanecusly o a sat of exparimentally validated finite elament modes
which span the frequency range required. The validation of the finite element
model might requirs altering the original finite element model to produce bet-
ter correlation with the experimental results. Methads for improving finite
element models using experimental models arc presented in section 3.3.
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3.1.4 .Eigenvalue Solution (Component Mode Synthe-
sis)

Component Mode Synthesis is an energy method for calculating the dynamic -
characteristies of a structtral system from the dynamic characteristics of its
components. It was originally developed to reduce the size of the sigenvalue
problem which has to be solved for a large structural system and is also
usefnl when the components of the aystem are being designed and analysed
by different groups working separately.

" This method is regarded as a 1.aleigh-Ritz analysis in which the difficulty
of selecting appropriste Rits basis vectors is overcome by using what Hu:ty
called "eomponent mades.” .

The complete system’s modes are then synthesized from modes of the individ-
ual components {or subsyetems) by the application of constraint equalions.
These constraint equations are derived from the conditions of force equilib-
rivm and displacement compatibility at the junctions between the compo-
nents.

Hurty [46] initially developed the method fo analyse undamped structural
systems whose components are connected with redundant connections and
later extended the method to include linear viscous damping [47). Hurty
used the following three component modea (displacement functions) to define
independent categories of generalized co-ordinates for each component :

» Rigid-body modes - describe rigid body displacements without defor-
mation. There can be a maximrim of six or less i external conatraints
are present,

s Consiraint modes - a set of displacements defined by applying a static
unit displacement to each redundant constraint in turn with 2ll the
other constraints fited. Number of modes egqual o pumber of redun-
dani constraints. :

o Fixed-interface normal modes « normal rodes of vibration of the com-
ponent with all constraints fixed.
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The systam equations of motion were obtained by applying Lagranpe’s equa-
tion (Hamilton's principle) with the constraint equations being included by
the method of Lagrange mnitipliers.

Bamford introduced a fourth type of component mode :

o Afttachment modes - for a resirained system this ig the static deflection
of the component when a unit force is exerted on one coordinate of fhe
component with the remaining attachment coordinates free. *For an
unrestrained structure, attachment modes are defined by the response
of a uniformly accelerating system .”{48}

" When attachment modes are used fres-Interface and hybrid-interface modes

are employed, These modes are normal modes of the component when none
or part of the interface coordinates are restrained when the eigenvelue prob-
lem is solved for the component.

Craig and Bampton [49)] simpliﬁed the treatment of rigid-body modes by
showing that it is unnecessary to separate the rigid-body modes from the
redundant constraint modes.

Interface Joading was investigated [50] by the use of 2 static reduction {Guyan
reduction [51]) to constrzin the motions of a component’s interior conrdinates

. %o move only with respect to the motion of the interface coordinates.

Klosterman [52] studied the combination of experimental modal models and
finite element models by the component mode synthesis method. Both un-
constrained and constrained modal models were considered,

The effact of using a truncated set of component modes has been investigated
and reduced by the method of Kuhar and Stahle. [53]

Numerous combinations of the types of component modes have been for-
mulated and applied to various problems, A recent, detailed review of
compaonent-mode synthesis and SMURF [whlch is referred to as "F&equamcy
Domain Component-Mode Synthesis Methods”) has been presentedby Craig.
f54]
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3.1.5 Finite Element Model Predictions

Tt is a fairly simple matter to add a physical modification to the Enite element
model of a structural system. The solution of this modified finite element
mode} then produces the dynamic characteristics of the modified structural
system. For this method to produce accurate results it is obviously necessary
that the original Anite element model be accurate and for the modification
fio the model to bie representative of the actual modification to the physical
atructural system.

The accuracy of the original fintte model is usually determined by compari-
son with the results of an experimental modal analysis. This is a vital step in
the procedure as it is extremely difficult {0 model boundary conditions, joint
mechanics and damping accurately when using the finite element method.
Also In some cases the exact properties of materials might be unaveilable.
Although there are errors in experimentally determired modal models (mea-
surement errors, nonlinearities, etc.) these models arz waually judged to be
more accurate than the finite element models. I the :urrelation between
$he two models is unsatisfactory it is necessary to irnprove (update, correct,
optimize) the finite element model until agreement with the experimental
model 13 obtained.

The modification to be applied to the original structural system must be
modelled correctly. If the modifications are simple, such as discrete mass,
stiffness or damping additions, modelling is simple. But if the modification
involves the atfachment of beams, plates or indeed aaother complete struc-
tural system, it is to be expected that the properties of the connections or
joints between the original model and the modification will effect the dynam-
ics of the new struciural system. Therefore, in these cases it is necessary to
inchide the characteristics of the joints as well as the modifications in the
modified finite element model. '

‘The procedure invelved in this method has been outlined in the literature,
[1,2,3] and is summarized in Fig. 3.1 This figure illustrates the procedure
when a prescribed modification is made as well ag when an optimal modi-
fication has to be determined to produce a required change in the dynamiec
characterisiics of the system.
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Pigure 3.1: Finite Blement Model Prediction Procedure
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Although this procedure is conceptually simple, two areas Tequire further de-
scription. Firstly, the method of improving the finite elament model requires
‘careful consideration if the resulting model is fo represent the sfructure ac-
curately, This is the fopic of sections 3.2 and 3.3. Secondly, modifications in
which joint properfies are important must nafurally indorporate these joint
properties. Modelling of joints is discussed in section 3.4,

This method is sometimes not considered a ”Structural Modification Method”
but it cannot be ignored as *in many cases it iz the best engineering solution.”
(28]
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3.2 EXPERIMENTAL MODEL EXPAN SION_

In practice, angular motion is diffcult o measure, so experimental modal .
models do not wsually include ro*+*ional degrees of freedom (RDOF). In
addition .o this, parts of & siructi . may be inaccessthle, thus translational
degrees of freedom {TDOF} ab shese points will alco be zbsent from the
experimental modal model. If the experimental model is to be used for
predicting structural dynamic modifications which inelude moment transfers
(beams std plate additions) it is nocessary that the RDOF's at the attachment
poinis are present in the madal model. Also if the mode! it to be used
to improve a finite element model, using the orthogonelity conditions (see
section 3.3}, it is necessary to have all the finite element model degrees of
freedom in the madal model. Essentially three methods of approximating
the uamessared degrees of freedom have been used:

1. Polynomial Interpolation methods
2. Analytical reduction expansion methods

3. Unique mapping methods

% 2.1 Polynomial Interpolation Methods

As the name implies these methods it polynore.al displacement functions fo
measured degrees of freedom, These polynomials are then used directly to
approximate translational displacements at unmeasured degrees of freedom.
Rotational degrees of freadom are determined by differentiating the displace-
ment polynemials and evalusting the rotations at the required degrees of
freedom. These methods use each mode shape independently of the others
and do not require a finite element model of the structure.

Lagrange polynomials and cubic spline functions have been used to approxi-
mate rotational degrees of freedom at connection points in modal models [5).
Finite element shape functions have also been used to approximate unrneas
sured rotations froma measured iranslations [6].
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The Lmitations of these methods are that they require good e:cﬁerimenfal o

measurements and require fHe measurement points fo be {airly close together
so that the polynomial can approximate the deformation accurately.

3.2.2 Analytical Reduction/Expansion Methods

Methods to reduce the number of degrees of freedom in finite element mod-
els were developed primarily to reduce the amount of camputation required
-for the analysis of complex structures. The simplest and most widely uzed
method i& Guyan reduction [51]. This is a static reduction technique and
can producs inaccurate resuits if insufficient degrees of freedorn are used to
represent a structure’s mass distribution.

The dynamic reduction/expansion method requires more computation but
does produce an exact; {zznsformation atb the natural frequencies f the strue-
ture. The mathematical formulation of this method is presented below:

The equations of motion for a full undamped mode! can be partitioned to
geparate the DOFs (x;) included in the reduced (test) model 1. the omitted
DOFs (x,).

My Mo | [ % Ke Ko | [ % £y

= 3.1
v lEd U Pl S B

The free vibration eigenvalu. ~roblem for the ith mode is then written us:

My M, it K: K, P 0

_..wa + = 3-2
e e (e e = )= {2) e
where the ith eigenvector has been .pa:titioned into reduced und omitted

DOFs. The second equation can now be used to relate the omitted part of
the mode shape to the redaced part as follows:

Wy = {"w?Mnn + K"]“I[w‘? M — Kat]'ﬁl'i _ (3'3)
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or Py =ty

It is now poesible to relate the complete mode shape to the reduced part by
deﬂ:nmg the partitioned frangformation matrix T; = (L ]" so that,

i = Tyt

This transformation matrix includes the natural frequency of the ith mede
and is therefore only correct at the frequency wj. It is therefore necessary
“to caleulate a transformaiion matrix for each mode shape which is to be
expanded.

It should be noted that if the natural frequency w; Is set equal to mero the
frequency-independent Guyan reduction/expansion is obtained.

© The effectiveness of the dynamic reduction/expac ion scheme depends on the

accutacy of the original finite elernent mass and stiffness matrices. "A se- .

vere drawback of this approach is that errors in the analytical representation
are introduced into tho test modes by the expansion technique, thus con-
tamination of the test data can lead o errors duzing system xdentlﬁca.tlon
[55]

3.2.83 Unique Mapping Methods

The Unique Mapping Method provides an alternative scheme for using a
finite element model to expand' experimental mode shapes. A unique traps-
formation matzix which maps the reduced (purtitioned) finite element mode
shapes, containing only the test DOT's, to the full finite element moda shapes,
is calculated, This unique mapping is then applied to the experimental mode
shapes to produce the expanded experimental mode shapes (contairing the
full set ¢f analytical degrees of frredom),

This mettod has been applied by O’Callahan et al. {7,8] and Kammer {55]
and i desiribed mathematically below:

The mode shapes (eigenvectors) repreaent a transformation from physical to
modal space.




"
X,=o,p . (3.4)

p i& a column vector of the generalized coordinates in modal space, with -
dirmension equal to the number of modes incinded in mode shape mafrix U,,.
Therefore, considering the reduced model (the same number of modes but
" fower dogrees of freedom), the equivalent expression,

X.=%.p (3.5)

.

contains the same vector p. Because the mode shape matrices are not square:
it is necessary to use the Moore-Penrose generalized inverse {see Appendix
B) to formulate & mepping batween the full and reduced displacement vee-
tors. Writing equation 3.5 as p = ®1X,, where ®! is the Moore-Penrose
generelized iaverse of &, and substituting it into equation 8.4 gives:

Xy =8,81X, (3.6}

In the case where the nomber of DOFs exceed the number of modes available
the unique generalized inverse is, &} = (BT H,) &I, Therefore,

Xo = TuXa - (37

where Ty Is the transformation matrix required to map the experimental
mode shapes fo the expanded sat of experimental me da shapes as follows:

Ey = T,E, (3.8)
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3.3 ANALVTICAL MODEL IMPROVEMENT

In vibration analysis the finite element method (see sectios %.3) is widely used
to create analytical models of structures. However, in ¥+ ar structural dy-
namics, inaccurate modelling of geometry, boundary conditions, joints and -
damping may severely limit the accuracy of these finite element models.
Therefore, before a finite element model can be nsed for the purpose of pre-
dicting the effects of design changes or modifications to an existing structure,
it is necessary $o validate the model. This validation Is usually obtained by

" comparison of the resulis with the results of an experimental modsl analysis
of the structure or a prototype. Although inaccuracies such as approxi-
mabions in curve fitting techniques, masses of accelerometers, unintentional
excitations and rrodal truncation are present in experimental models, these
models are usually assumed to be accurate. If the correlation between the
 two models is found to be unsatisfactory for the purpose intended, it is nec-
essary to improve the finite element model to produce natural frequencies
and mode shapes which agree better with the experimental results. 'The im-
provement process will therefore use the original finite element model and
the experimental modsl to produce an Improved finite element model.

Modal iﬁprovemenh is often referred to as "anslytical model nptimisation®
and has been separated Into two clasaes [56]:

1. methods using sensitivity analysis techniques,

2. methods based essentially upon equations of motion and upon orthog-

onality conditions,

The sensitivity analysis techniques will be discussed briefly, followed by a
more detailed description of a particular method using orthogonality condi-
tions-

8.3.1 Sénsitivity Analysis Techuiques

The problem of improving a finite element model using :  sitivities is very
sitmilar to using sensitivities to predict the optimal ¢+ - . al medifications
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required to cause prescribed changes in the sirucfure’s vibration characier-
istics, (zee sectionm 8.1.1)

Again a first or second order Taylor sexies expansion is used to relate ”design
changes”, sensitivities to changes and the magnitude . the required changes
in vibration characteristics, In this case the ® desipn changes” include changes
in design variables or direct changes to elements of the imass and stiffness
matrices, Therefors, a greater fexibility in choice of variables iz available
compared to the structural dynamic modification situation.

Usually variables describing areas of modelling uncertainty are chosen so
that the ‘mprovement process can produce a model which is a better physical
rgpresentation of the structure. This requires the analyst to exercize 2 certain

amouny of judgement,

The system of equations established using the Taylor series expansion are
then solved by an optimization technique such as least squares analysia.

Because of the nattre of the sensitivity analysis method i$ will only pro--
duce accurate results when only small changes are required to lmprove the
model. If larger changes are required it may be necesaary to use the method
iteratively (resolving the predicted model and then improving again). Large
changes may also become unrealistic (se: reference [57]) and it may be nec.
essary to apply constraints to the m -itudes of the changes. [58]

These mathods in general are inefficient use of the computational effort
required to calculate all the sensitivities reqi-ired. They have however, been
applied to the problem of identifying material properties of solid rocket fuel
by Kammer et al. [59], where the number of variables was not excessive.

These methods usually enly use the experimental frequencles in t_he imprave-
ment process, therefore the information confained in the experimental mode
shapes is uzually wasted,
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8.8.2 Metheds Based on the Equations of Motion and
Orthogonality Conditions

Bermen and Flannely [4] presented a method which utilizes orthogenality
conditions, the equations of motion and the theory of the Moore-Penrose
generalized inverse to improve the finite element model’s mass and stiffness
matrices using an incomplete experimantal modal model. Because the exper-
‘imental model is incomplete, (fewer modes than degrees of freedom) there are
an inflnite number of analytical models which can reproduce the incomplete
model. In this method the generalized inverse technique is used to deter-
mine the analytical model, which is the closest (In a least squares sense) to
the original analytical model, and reproduces the incomplete experimental
modal results. It is therefore important that the original model does vepre-
sent the physical structure adequately. This methed also inciudes the use of
weighting factors which allow the analyst to limit the regions of the matrices
to be modified (regions of modelling uncertainty).

A similar method which uses Lagrange multipliers instead of the generalized
inverse has also been researched [60,61]. In this approach a function contain-
ing the correciions to the spatial matrices iz minimized. The advantage over
the generalized inverse technique however, is not clear.

Tt has been showt that techniques nsing the equations of motion, orthogonal-
ity conditions and the generalized inverse can be used to identify the regions
of a structure whicki have been modelled inaccurately [62,83|. Therefore cor.
rections to the analytical model made by tkis method should occur where
they are necessary and not simply at random.

In recent years O°'Callahan et al. [9,10] have researched this method aad
included a modél expansion process for expanding the experimental mode
shapes to the number of degrees of freedom used in the finite element model,
The method described below uses the same mass matrix improvement as
O'Callahan’ t the formulation of the stiffness matrix improvement has been
simplified. This section is taken from reference [64].
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Masa Matrix Improvement

The mass matsix improvement process involves modifying the original mass
matrix so that i satisfies the condition.

ETM{E, =1 ' (3.9)

Since. the improved mass matrix, MZ, is not unique, the solution closest
to the original mass matrix must be found. To achieva this, the change in
the mzss matrix is minimized via the generalized inverse trocedure. Also
weighting factors mey be included so that cartain elements iu the matrix are
more sensitive to changes than others. The procedure is cutlined below [9].
It is required to minimize the Buclidean norm oft .

My = N7 (M, ~ M,)NZL {3.10)
This implies the minimization of the change to the original mass matrix with
the weighting factors (') applied. In order to make the sensitivity of the
mass matrix elements proportional to their magnitudes, N3* is chosen such
that N3 = M,. Substituting M} from equation 3.10 into equation 3.9 gives:

EX{NaMyNy + M,)B, =1 {3.11)
which can be rewritten in the form of equation (B.1) in Appendix B.

ETNAMypNEy = I-EIM,E, (3.12)

From Appendix B the minimum-norm least-squares solution to the above
equation is,

My = (ETN NI~ ETM, B, )(NLE,)! (3.13)

Construction of the peneralized inverses and application of equation 3.10
gives the expression for the improved mass matrix.
M = Mn“l‘MnEn[E:MnE}n)—i
(1= ERMaEo) (BT MnBo) "B M. {3.14)
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Stiffness Mafrix Improvement

The formulatfon of the siiffness metrix improvement used In this paper
differs from that used by O’Callaban [9], but produces very similar re-
sults. The improved stiffness mairix must satisfy the equations of motion
KiB, = «w*MIE,. Premultiplication by ET gives: :

EIRIB,=uw? {3.15)

Followmg the same procedure as was uded for the mass matrix improvement
but using N% = M gives the following result:
K}E = Ku+ Mf,E,., .
(? - BFK,E,)BEM (3.16)
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3.4 J‘OINT CHARACTERIZATION

When 2 modification o a structure involves the attachment of a munss, spring
or component to the original structure by a fexible connection it may be nec-
essary to include the characteristics of the connection or jolnt in the modifi-
cation prediction process. The presence of the joint may add mass, stiffness
and damping to the medified structure, Apart frore the effict the linear stiff-

ness of the joint has on the natural frequencies of the system, the joint may -

be a significant source of damping and nonlinearity, According to reference
[65] joints are the dominant souzces of damping and nonlinearities in aireraft
and space structures but play a lesser role in earth - based structures.

There are a number of variablas which effect the dynamic characteriatics or

a joint anid may make joints which appear to be identical respond differently
to dypamic loads. These mclude :

¢ Manufacturing tolerance

 Contacting surfacs finish and lubrication
s Alignment during assernbly

o Static load level |

¢ Local thermal deformations

" Therefore the detailed calculation of joint characteristics from first princi-
ples is unproductive.” [85] It is thus necessary i experimentally determine
the characteristies of the joint and to adapt a relatively sirple analytical
model to obtain agreemant with the experimental model.

Various methods of joint characterization have been documented. These
methods very in complexity depending on the application, the most complex
being the * Foree-State Mapping Procedure” developed by Crawley which has
been used fo identify sirong nonlinearities in joints of epace structures using
extensive testing [65,66]. A method which has been térmed t.e residual
force technique® has also been used for aolvitig nenlinear analytical modela
. of joints [67]. In this method the linear characteristics are grouped on the
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left hand side of the equation of motion and the nonlinear characteristics
appear on the right hand side. The terms on the right hand side may be
considered as ®residual forces” which represent nonlinear corrections to the
linear structare to produce the nonkinear response. Modzal analysis of the

" linear terms then reduces the size of the integration problem which has to be
solved to determine the joint's transient response. This technique was not
validated expetimentally.

It is also possible to aveid some of the complexities of nonlinear analysis by

uging an approximate linear model, This approach allows the construction of

a simpler model but the model can only be used neer the conditions (zmpli-

tnde and frequency of vibration) at which it was constructed. This approach

was adopted by Foelsche ¢f ol [68] for the deslgn of joint-dominated space

structures. Analytical nonlinesr models were approximated by equivalent

linear models which liave constant parameters over the expected range of
transient response, The method used was referr-d to as amplitude averag-

ing. The resulting linear models can then be used in design optimization,

subjact to verification by time integration.

Linear stiffness and damping propertirs of joints have also been exiracted
~ from experimental modal results. Thi+ }has been done by using an inverse
substiucture coupling technique to uncouple the components of a structure
[62,70,71]. The joint properties are found iteratively by determining the
parameters which separate the original modal model into uncoupled models.




Chapter 4

MODAL ANALYSIS OF
'ORIGINAL STRUCTURE

4.1 THE TEST STRUCTURE

A smsll, mild steel structure resembling an H was chesen for this research.
The structure was machined from a single piece of steel and had mortice jointe
at the ends to facilitate future modification, The structure was very lightly
damped and could therefore be analysed accurately by the finite element
method with darnping neglected. The structure’s dimensions are shown in
figure 4.1.

4.2 FINITE ELEMENT MODAL ANALY-
SIS

4,2,1 The Finite Element Model
The test structure is simple to model using the finite elers» 1t method if cer-
tain assnmptions are made. The first of these assumptions is that damping is

negligible. For this strueture this simplification. is valid but is noft applicatle
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Figure 4.1: Test Structure Dimeasions

to all structures. Noxt the fillsts and bolt heles were completely ignored.
This simplification means that the structure could be modelled as an assem-
blage of beam elements. A vast number of solid elements would be required
to model this structure’s bending behaviour, therefore the use of heam el-
ements greatly reduces the size of the finite element model. The structure
was adequately modelled with 46 nodes (276 degrees of freedom) connected
by two noded beam elements. The formulation of the beam elements used
approximates Timoshenko beam theory [72]. This formulation is described
In chapter 2. The first 38 nodes were positioned at locations which were to
be tested experimentally. The mortice jointa were modelled by assigning the
correct physical properties to tle elements at the ends, Because the struc-
ture was tested in the freely supported condition the finite element modal
contained six rigid body modes. The SDRC I-DEAS! package makes use
of *kinematic degrees of freedom® to eliminate the rigid body modes. The -
user is required to select "kinematic degrees of fresdom™ in such a way that

_"_Integraiad- Dezlgn Engineering Analysis Software supplied by Structural Dynamies Re-
search Corporation.




Figure 4.2: The Finite Element Model

if those degrees of freedom were restrained no 1igid body motion would be
possible, Sk translational degrees of freedom were chosen which would elim-

inata all six rigid body _mod. Figure 4.2.1 ahows the finite elernent model’s

nodes and kinematic degrees of freedom.

4.2.2 Equilibrium Equation Solution

The SDRC "Simultaneous Vector Iteration™ method was used to solve the
elgenvalue problem. This is the subspace Heration mothod described in sec-
tion 2.3.4. This method was chosen because only the low frequency modes
were required. The alternaiive method was a generalized Jacobi i.ethod with
the option of Guyan reduction. The first twenty modes {including the six
rigid body modes) were calcnlated to a frequency accuracy of six significant
digits. Six iterations were required to obtain this accuracy.
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4.3 EXPERIMENTAL MODAL ANALYSIS‘

4.3.1 Test Setup

The test structure was suspended by two soft elastic cords, at points A and
B in figure 4.1, Three Structcell accelerometers were used o measure the
responses (accelerations) to impulses ~upplied by a PCB impact hammer,
The accelerometars measured t . aslations in orthogonal directions and were
positioned af separate locntions on the structure to avoid measurement at &
modal node {see #gure 4.1}, Impacts were applied at 38 different locations
on the structure in erch of the three directions.

4.3.2 Modal Analysis Procedure

A Genrad 2515 computer aided test system was used to record the transducer
output signals in the form of frequency resporse functions over the range 0
to 640 Hz. These frequency response functions were then transferred to a
MicroVax minjcomputer where they were analyszed using the I-DEAS Test
Data Analysis package. The reference (impact location and direction) and
response (accelerometer location and meassurerent direction) positions were
swapped when the frequency response functions were stored. This is possible

- because of the reclprocity of linear structures, This resulted in effectively
thires Pexciter” locafions and a number of *response measurement” points.
‘i'he Polyreference parameter extraction technique was vsed to extract the
modal model from sll the dats simultaneously. Single degree of freedom
techniques would however have alse produced satisfactery results for thia
structure, The structuie 5 very lightly damped and proportional viscous
damping wes assumed in the parameter extraction process resulting in real
modes. The option of a general viscous damping modsl was also available
but was considered excessively complex for this lightly damped structure.
Eleven modes were extracted over the frequency range 0 to 640 Ha.
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MODE NO | NATURAL FREQ. (Hz)
1 59,29 58.10
2 - 85.36 68.19
8 | 187.81 144.17
4 154.43 167.70
5 193.31 108.07
6 195,31 208.65
i 208.48 | 214,24
8 584.12 591.43
9 595.79 601.10
10 598.26 604.69
11 626.55 | ' 630.94
12 680.08
13 £833.39
14 1018.30

Table 4.1: Original Model Frequencies

4.4 MODAL ANALYSIS RESULTS
The natural frequencies obtained from the finite element analysis and the
axperimental {est are listed in table 4.4.

Oxaly two finite element and experimental mode shapes are presented in fig-
ures 4.4 and 4.4, The remainder of the mode shapes may be found in Ap-

4.5 DISCUSSION OF RESULTS

In practice experitﬁenta.lly obtairied natural &equtﬁicies are usually more
accurate than the finite element natural frequencies. In this research the
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FEM MODE 1.

EXP. MODE 1.

Plgure 4.3t Original Mode Shape No. 1
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FEM MODE 8.

EXP, MODE 8.

Figure 4.4; Original Mode Shape No. 8
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. experimental frequencies are assumed to be correct and the finite element
fraquencies are cempared o the experimental frequencies.

Beeause the structure was sunple it was expected that the finite element

frequencies would not: differ substantially from the experimental frequencies.
This was found to be the case with the maximum difference being 7,8% of the
frequency (mode no. 4), On average the first eight finite element frequencies
are approximately 3% less than the experimental frequencies,

The experimental mode shapes have sulicient degrees of freedom to give a
good visual representation of the deflections of the lower frequency modes,
If the frequency range was Incressed more poinis would have been required
to represent the greater deflection gradients of the higher frequency mode
shapes. The experimental mode shapea show slight irregularities which are
attributed to experimental errom. These irregularxities appear to be mosi
pronounced at the accelerometer locations suggesting that the mass of the
aceeleromsters may affect the shapes. This structure was previously tested
by the multiple shaker method [64]. The poor quality of the mode shapes
thus obtained was largely attributed to the moving of the accsleromaters
during testing,

Tdentifying which experimental mode shapes correspond to the finite element
mode shapes was simple for this structure and can be achieved by vizual
inspection. Nevertheless a M/ ©) matyix was computed to pieasure the cor- -
lation beiween the mode shapes. This MAC matrix is included in Appen.ux
E. The diagonal terms in the matrix ranged from 2 maximum of 0,993 to
2 minlmum of 0,738 with the maximum off diagonal term being 0,069, It
is therefore clear that no modes hiave been overlooked in the experimental
analysis. This is important aa all the modes in the frequency range of in-
terest are necessaty In the finite elerment model improvement process if the
improved model is to accurately gescribe the structure’s behaviour over the

freguency range.

Tt is interesting to note that if the mortice joints are neglected, the symmetric
finite element model produces a symmetric mode no.8 at a frequency of 570.47
Hz, This gives an indication of the structure’s sensitivity to mass changes at
the ends.




Chapter 5

MODEL EXPANSION AND
IMPRUVEMENT

The expansion of the experimental mode shapes and the subsequent improve-
mett of the original finite element model was carried out in the I-DEAS
hypermatrix pack environment. This environment la described briufly, in
Appendix €, as its Himitations made the procedure more complicated than
necessary. The limitations however do not effect the accuracy of the results
of the expansion and improvement process.

5.1 EXPANSION AND IMPROVEMENT PRO-
CEDURE

The steps involved in the expansion and - ‘ovement procedure, which were
included in the standard I-DEAS "simui..ueous vector iteration” program,
are illustrated in figure 5.1. A more detailed explanation of the steps follows.

The first step of $he procedura is the input of the original mode shapes. The
experimental mode shapes were extracted and. the finite elernent mode shapes
wexe calculeted previously (Chapter 3) and written to separate F-DEAS unj-
versal files, These universal fles have a differant format to those used in
the hypermatrix environment. A Fortran program was used to reformat the
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Figure 5.1: Model Expansion and Improv wment Procedure
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information and to scale the mode shapes. The finite element mode shapes
were sczled by I-DJAS so that the magnitude of the largest element was
wnity and the modal masses were included in the universal file. These modal
masses were used to mass . rmalise the finite element mode shapes as re-
quired in the procedure. The experimental mode shapes wers scaled so that
the largest eloment in each shape was equal to the corresponding element _
in the aquivalent mass normalized finite element mode shape, This ensures
that the experimental shapes shov' deflections in the same directions as the
finite element shapes, .

The sculed experimental and finite element mode shapes were then written
to & universal file wkich could be read into the hypermatrix database. A
mubrix containing the finite element meds shapes truncated to include only
test degrees of freedom was also written.

The Fortran program was also used to convert the experimental natural
frequencies from Hertz to rad/s and to square them be- ve writing them
io a universal file for rea.dmg into the hypermatrix enviro..nent during the
improvement procesa.

Once the rnode shapes were contained in the hypermatrix databasa the theory
described in section 3,2.3 was applied to calcalate the expanded experimental
mode shapes. ‘Because the matrix could not be written to a omiversal file
without corruption it was printed to the log file as six dlylt accuracy is
sufBejent to obtain visnal illustration of the mode shapes. This matrix was
later roformatied to the siandard universal file format by a second Fortran
progratn, This universal file was read and the expanded mode shapes were
plotted at 2 later stage.

Once the expanded experimental mode shapes were available in the hyper-
matrix database the mass and stiffness matrices were required for the im-~
provement process, In the standard I-DEAS "sipmitaneous vector iteration”
program the complete mass and stiffness matrices are never formed, Instead
they are formed in partitioned form to separate the kinematic degrees of
freedom from the independent degrees of freedom. The full (unpartitioned)
masy and stiffness matrices therefore had to be formed for the improvemant
process, After the experimenial eigenvalues and & unity matrix, of dimension
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equal to the number of modes being, used, were read the mass and stiffness
matrices were improved using the method described In section 3.3.2.

The full improved mass and stiffness matrices were then partitioned by pre-
and post multiplication by matrices formed outside I-DEAS for this purpose,
The partitioned matrices were then checked by resclving the improved sigen-
value problem using the standard "simultanecus vector iferation” algorithm.

8.2 RESULTS

B.2.1 Expansion Procedure Results

The expansion procedure was vsed to expand the first eight experimental
mode shapes to contain all the finite element model degrees of freedom (in-
cluding rotational degrees of freedom). Only the X and 7 directions were
included in the original er . wimental shapes fo illusirate the expansion of

the ¥ cor.ponents. The first and eipghth expanded mode shapes and the coz-.

responding originz! mode shapes are shawi in figures 5.2 and 5.3. The
remnining six pairs of mode shapes & included in Appendix E.

5.2.2 Improvement Procedure Results

Resolving the improved eigenvalue problem resulfed in the experimental nat-
ural frequencies for the first efght modes. The frequencies of the higher fre-
quency modes is unaltered by the improvement process, These results are
shown in table 5.1.

Examination of the improvements at ratrix element level has proved to be
unproductive except for simple ¢ases [64]. It was therefore decided not to
include such information here. : '
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EXPANDED MODE 1

EXPERIMENTAL MODE 1

Figure 5.2: Expansion of Moda 1
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EXPANDED MODE 8

EXPERIMENTAL MODE 8

Figu’ré 5.3 Expanaion of Mode 8



MODE NO | NATURAL FREQ.{Hz)
FEM | BXP. | IMP.

1 59.20 | 58.10 | B58.10
2 65.36 | 63.19 | 88.1
3 137.81 | 144.17 | 144.07
4 154.43 | 167.70 | 187.70
5 193,31 | 198.07 { 108.07
6 195.31 | 202.65 | 203.65
7 208.48 | 214.24 [ 214.24
3 | 584.12 | 591.48 | 591.43
9 505.79 [ 601.19 | 595.78
10 598.26 | 604.69 | 598.28
11 626.55 | 630.94 | 628.55
12 680.08 880.08
13 833.39 833.39
14 1018.30 1018.30

Table 5.1: Compariscn of Improved Frequencies

6
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5.3 DISCUSSION

The hypermatrix environment proved to be & powerful tool for performing
matrix operations. The errors encountered during ouiput are expected to be
corrected in later versions of the package Therefore further nse of this tool
is recommended once the output error has been overcome. .

Inspection of the expan . " mode shapes shows that they are very similar to
the eriginal finite element mode shapes. The expansion process has not only
increased the degrees of freedom in the mode shapes but has alsc smoothed
the experimental irregularities. The Y direction degrees of freedom were not
present in the original experimental shapes. Modes 2 and 4 show thai these
degrees of freedom havé been expanded correctly along the cross member,

These qualitative observations are not surprising if the expansion process is
studied in more depth. The equation B, = T, F, wes used o expand the
experiments] mode shapes to the finite element deprees of freedom. More
insight into the nature of this equation is obtained by re-writing it as:

By = Un(UFU) U7 E,

" This equation may be simplified to 4 = BC where, B =U,. Column r of 4
is computed as follows: '

2n Byyesr + oo + bracsy  + - Bintoe
Gz | | bacse +bagcar + bastsr s - dantpe
[ busepr - baztn, + Bnsear o - Buatnr

therefore,
@y [ bu b1z brs b
[} by | & ' b b
R ISP Sl SO B TP Sl SRS St

a1, b ' dns bps ban’
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¥Fror, thia it is clear that each expanded mode shape is & linear combination
«# the ‘injté element mode shapes used in the expansion procedure. The
coefficiart ¢, represents the contribution of finite element mode shape : to the
" expanded modeshaper. Thersfore the expanded mode shapes are confined {o
the matrix space spanned by the finite element mode shapes included in the
expansion procedure. Because the expanded shapes are linear combinations
of the finite element shapes they are smooth because of the ”continuous®
nature of finite element mode sha; es. IFf the original fnite element model
contains gross errors or deficiencies the matrix space spanned by it’s low
frequency modes will not include the true (experimental} mode shzpes, This
means that importent information will be lost in the expansion process. '

Because the eight experimental and finite element mode shapes used in the
expansion process appear to be well correlated it is expected that each ex-
panded mode shape hus as 1ts major contribution the corresponding finite
" elemnent mode shape. T™is was validatéed during the expansioii prnecéss. For
mode 1 the contribution coefficients were, 1,0235E4-0, -6,1088E-3, 7,9242E-3,
2,9630E-2, -1,2837E-3, -4,0644E-3, 6,7545E-3 and -3,0130E-3 showing that
the major contribution came from finite element mode shepe 1.

The finite element rnodel improvement process uses the expanded experimen-
tal mode shapes, Therefora it is essential that the mode shapes are realistic
‘the improvement process is to produce a good model of the actual struc-
ture. The improved finite element model was resolved to check it's accuracy.
The resolve reproduced the expanded experimental mo<¢ shapes at the ex-
perimental frequencies. This indicates that the impmv‘ement PIOCess was
completed successfully. It iz interesting to note that the higher frequency
modes, which were not included in the improvement process, are not af
fested by the process. In the improvement process the mass matrix was used
tn weight the changes. This has the effect of making the changes o a region
of the matrix proportional to the mass in this region. This ensures that the
mass and stiffness of regions having small mass do not become unrealistically
large and vice versa. Direct physical interpretation of the change was not
possible. X the original model was known to have regions which were inade-
_quately modelled, weighting matrices could have been chesen to concentra.te
the changes in those regions.
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The improvernent process was seen to destroy the sparseness of the finite
element matrices. Eigenvelue sclution of the improved matrices reguired
approxime‘ely twice the time required for the criginal matrices,

The a.bi_lity of the improved model to represent the struckure was investigated
in chapier 8 where it is used to predict the effect of 2 modification to the

structure,




Chapter 6

STRUCTURAL DYNAMIC
MODIFICATION

In this shapter the effect of 2 physical modification to the H-Frame structure
is predicted. The prediction waz petformed using two different; models of the
H-Frame structure. The first model was the original finite element model
described in chapter 4 while the second was the improved finite efement model
described in ¢hapter 5. The predictions were compa.red to an experimental
model of the modified atructuze.

6.1 MODIFICATION DETAILS

The physical modification consisted of bolting a cress beam between two
ends of the existing H-Frame structure. These detaila are shown in figure
6.1.

A pre-stress existed in the modified structure due io poor tolerances in the
' manufacture of the test pieces,

80
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ORIGINAL BE-FRAME

Figure 8.1; Modification Details
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6.2 FE MODEL ADDITIONS

The beam modification was modelled using ten two nod 1d Tixne-henko heam
finite eloments, Translational and rotational spring elements were used to
connect the beam modification to the H-Frame finite element models, Ide-
ally the stiffness of these springs should be equal to the stiffness of the actual
boltud joint. Because these joint stiffnesses are impossible to deterrine ana-
Iytically a slmple structure containing a single joint was tested experimentally
and modelled with. finite elements. The spring stiffnesses used in the simple
model were changed by trial and error until reasonable agreement between
the two models’ natural frequencies and mode shapes was obtained. Results
are included in Appendix B. The spring stiffness values thus obtained were
used in the modification of the H-Frame,

6.3 MODIFICATION RESULTS

Table 6,1 shows the results of the modification process. Frequencies obtalned
using the original H-Frame model and the improved H-Frame model are
. compared to experimental results for the modified siructnre. Mode shapes
are included in Appendix E.

6.4 DISCUSSION OF RESULTS

The finite elernent model prediction using the original H-Jframe model pro-
duced frequencies similar to the experimental results, The magnitude of the
first ten frequencies differ an average by 5,54 Hz or 2,68 % of the frequency.
These errors are fairly small and would probably be acceptable in practice.
The major sources of er... In this prediction are the inaccuracies in the orig-
inal H-Frame model and fnacciracies in the characteristics of the joints, The
 first of these sources of error was addressed by using the improved E-Frame
finite element model for the prediction. The magnitude of the first ten fre-
quencies then differed on average by 4,12 Hz or 1,70 % of the frequency.




"MODE NO [ NATURAL FREQ.(Ha) |
o EXP ' FEM | IMP.
1 8540 | 00.16 | 01.23
2 111.42 | 106.66 [ 112.18
3 164.69 | 180.58 | 163.34
4 181.17 | 189,55 | 181.26
5 224.81 | 219,15 | 223.47
6 250.85 | 257.31 | 262 62
7 483.81 | 474.12 | 470.12
8 484.94 | 470.86 | 483.52
9 618.95 | 621.29 | 621.63
10 629.35 | 630,84 { 632.17
11 £67.06 | 667.14
12 733.23 | 733.01
13 §78.92 | s78.92
14 918.73 | 932.40

Table 6.1: Comparison of Modified Structure Frequencies
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‘This global comparison does show a slightly better prediction using the im-
proved H-Frame model. I is however necessary to compare the results on
a mode by mode basls to gain further insicht and to investigate why some
frequencies moved further from the experimeantal results. This sort of com- -
parisen can only: be made gualitatively as it is not known how much each
H-Frame mode contributes to the modified structure’s modes.

The modes in which the predicted frequencies showed large chang=s when the
improved B-Frame mode] was used were considered. Modes 2,3 and 4 showed
better agreement with experimental frequencies while modes 8 and 7 showed
poorer agreement. By comparing the mode shapes of the H-Frame and the
modified structire it is in general possible to identify which H-Frame mode
shapes contribute to the modifled mode shapes. For example the first mode
of the modified structure can be seen to be governed by the first mode of the
H-Frame, I mode 2 is considered it can be seen that this mode is governed
by mode 2 and possibly mode 3 of the H-Frame. In the improvement process
the frequencies of these two modes were increased by 2,33 Hz and 6,36 Hz
respectively. The effect of these increases is seen on the modikcation as an
inerease of 5,562 Hz for mode 2.

Modes 3 and 4 of the modified siructure ahow similar features. The frequency
of mode 5 of the H-Frame wag increased by 4,76 Hz contributing to an increase
of 2,76 Hz in mode 3 of the modifled structure. The frequency of mode 4 of
the H-Frame increased by 13,27 Hz contributing to the 11,71 Bz increase In
the modifed structure’s 4th mode.

Using the improved H-Frame model causes poorer agreement with the exper-
imental results for modes 6 and 7. The H-Frame’s Tth frequency increased
by 5,76 Hz while the modified structure’s 6th frequency inereased by 4,00 Hz.
7% is possible that inaccuracies in the joint properties caused the prediction,
using the original H-Frame mu del, to be too high and that if the correct joint
properties were kmown the original model might have produced a frequency
less than the experimental frequency. This error would then have been de-
creased by using the improved H-Frame model. The joint mode shapes (in
Appendix E) show greater displacements across the joint in the experimental
shapes than in the finite elenuvnt shapes. Also, the finjte element frequencies
are on average higher than the experimental frequencies (see table E.2).This
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suggests that the springs used in the finite element models are indeed too
stiff. Denreasing the stiffness of the springs in the finite element model of the
modified styucture would tend fo reduce the finite element frequencies.

The predicted ﬁ'equency of mode T is also seen to be further from the ex-
perimental frequency when the improved H-Frame model is used. Mode 9
of the H-Frame is expected to be the major contribution to mode 7 of the
modified siructure, Mode 9w  .0f included in the H-Frame improvement
Process but it is evident that the improvement process does_ have an effect
ot this mode when it is used in a modification even though it does not effect
the corresponding rmode of the H-Frame. Some of this effect may also have
been caused by other modes which were used in ihe improvement process.
Considering the higher frequency modes it does apperr that the improvement
process has an sffect on the performance of the modes which were not used
in the improvement process.

~ Unfortunately modelling of the joint was not performed successfully {see
Appendix D). ¥ accurate stiffness had been obtaired for the joint when
used in the simple structure it is expected that a better prediction of the
modified structure’s properties would have been obtzined. One limitation
of this method is that the joints in the modified structure were subjected
to a pre-stress, due {o poor tolerances, which did not exist in the simple
Jointed structure. The effect of these pre-stresses on the properties of the
joint would be very difficult to quantify. Although further work is required
on joint characterization the trail and error procedurs used here may be
adeguate for a number of practical applications.




Chaptér 7
CONCLUSIONS

Experimental and analytical (finite element method) modal models were pro-
dueed for 2 simple H-Frame structure. Good correlation between the models
was observed. On average the first eight finite element model natural fre-
quenciey “were approximately three percent lesy than the experimental fre-
quencies. A MAC matrix showed reagonable correlation between the mode
shapes. The disgonal terms of the matrix varied between 0,738 and 0,993
while the maximum off diagonal term was 0,069,

The firat eight experimental mode shapes were exparided up to the finite ele-
ment model’s deprees of freedom. A limitation of the expansion procuss wes
observed., This limitation is that the expanded experimental mode shapes are
limited to the matrix space spanned by the finite element mode shapes used
in the expansion process. This means that goed finite element mode shapes
txe required if the experimental mode shapes are to be expanded accurately.

The expanded experimental mode shapes and the experimental naturat fre-
quencies were used to improve the finite element model, The improved finite
¢lement model reproduced vhe first eight natural frequencies and expanded
mode shapes, while the higher frequency modes remained unchanged. Be-
cause the originel finite element model is used to ’seed’ the improvement pro-
cess it is important that it is a good representution of the structure, Direct
- physical interpretation of the changes tu the finite element model matzices
was not possible. :
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A bolted joint was characterized by testing a simple structure containing
a joint and then varying the joint stiffuess in a finite element model until
reasonable agreement was obtained.

The original and improved finite element models were used to predict the
effect of the addition of a beam between two ends of tr.e H-Frazee structure.
These prediciions weve compared o experimental results for the modified
gtruciure, The prediction uging the improved mode] was found {6 be befter
than the prediction using the criginal model. The average error in the firt fen
frequencies was reduced from 2,68% to 1,70%. The efect of the improvement
process on the individual modes was visible. It is believed that better results
would have been obtained if the joint propertie~ were inown more aceurately.

Recommuandations for Further Work

It is believed that the model improvement process ¢ould be vsed to obtain ma-
. trices describing joint properties {see Appendix D), This would be achieved
by concentrating the improvements to a finite element model of a jointed
structure to the joint region by the use of weighting matrices. The expansion
process used in this work would not be suitable as the divplacements across
the joint would be lost if the original finite element model did not have these
displacements. In order to obtain displacements across the joint,the stiffness
of the original joint model would have io be low, but a low stiffness wounld in-
troduce Jocal modes and make correlation with the experimental modal very
difficult. H a suitable exprasion process could be found, the improvement
process could provide an efficient method for obtaining a linearized model of
a joind,
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APPENDIX A:TIMOSHENKO BEAM ELE-
MENT MATRICES

The mass and stiffeess matzices for & two noded beia.n_l element with only in
plane deflections and rotations approximating Tirnoshenko besm theory are
given below., '

The stiffness mairix is a reduced form of the tivelve degree of freedom matrix
presented in referanea [75).
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- where, the shear parameter by = —%{; and A4, is the cross-sectional area
effective in shear. The mass mattrix is as presented in reference [75|.
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APPENDIX B:THE MOORE-PENROSE GEN-
ERALIZED INVERSE ’

Introduction

A theoretical N degree of freedom linear system can be solved to produce
a modal database containing N natural frequencies (eigenvaluss) and their
associated N dimensional mode shape vectors {eigenvectors). The experi-
mental modal analyeis of a practical engineering structure, however, ususlly
produces far fewer natural frequencies than the mumber of degrees of freedom
measured during the test (due mainly to accelerometer frequency lindts), It
is also not usuvally practical to solve a finite element model for its full set of
natural frequencies. Therefore, when using experimental m.o_dé sha e matri-
ces to improve finite element models, linear equations containing non-square
matrices have to be solved, The Moore-Penxose generalized inverse is a pow-
erful tool when correcily applied to this problem.

This appendix presents a brief discussion of the theory of the generalized
inverse. The interested reader requiring a more comprehensive mathematical
description is referred to the {ext by Ben-lIsrael and Greville [73].

E.H. Moore made the first publication on the subject, (then called "the
reciprocal of the general algebraic matrix”) in 1920. In thiz paper he defined
a unique inverse for all maftrices. It was, however, only in the 1950’s that the
least-squares properties were discovered and extended by Bjerhammar and
Penrose respectively.

Penrose Conditions

B.H, Moore showed that there exists a unique inverse for any general nonzero
matrix. Penrose presented four conditions for the calculation of the unique
inverse, "The four equations:

s AXA=A,

» XAX = X,
. (A.XJ""—"‘A.X,.
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 (XA) =XA

have a unique solution for any A." - Penrose [74].

This unique solution is often denoted by Af and is known as the Moore -
Penrose generalized inverse. Other nog-unique genera.hzad invarses which

do not satisfy zll of the above four conditions can be constructed. These_

inverses have vseful least-squares properties which will be mentioned laier,
The notation used for these mverses is that used in reference{74}. ~ gen-
eralized inverse satisfying the first and ihird conditions, for example, will
be denoted as A and ie v element of A{1,3} the set of 2l generalized
inverses satisfying the first and third Penrose conditions,

Construction of Generalized Inverzes

As only the unique generalized inverse Al i5 nsed in this report the construc-
tion of non-unique inverses is not covered here.

*G.C. MacDuffee apparently was the first to point out, sbout 1959, that
the full rank factorization of a matrix A leads to an explicit formula for its
Moore-Penrose inverse, A'. However, he did o in private comuwunications,
and there is no published work that can be ¢ited.” [73]. X matrix A is a mxn
madrix of rank r, (r > 0) then there exists a factorization 4 = FG such that
F' is o mxr matrix of rank r and G is 2 Txn matrix also of rank r, This is
known as the full-rank factorization of matrix A. This full-rank facterization
is related to the Moore-Penrose generalized inverse by the following formula:

= G (" AG)1F

Note that if 4 is a real matrix the Hermitian transpose (denoted by *} reduces
to the normal transpose.

A4  Least-Squares and Minimum-Norm Properties

If Az = b s an inconsisbent linear system of equations, with A of size mxn
and b of size mx1, a residual vector r == b — Az can be defined. It'is often
desirable to find the solution = which will make the Buclidean norm of the
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residual vector a minioum. ie. To make ¥, | r [*=}f &= Az ||* & minimuam,
It was shown in reference[73]. fhat this condition is satisfied by chocsing
z = A, In other words the Fuclidean norm of the residual vector is
minimized by using any generalized inverse of A which satisfies the first and
third Penrose conditions, Pecazuse this is not 2 mnigue generalized inverse
there are infinite solutions {z) which satisfy the imposed condition. These
solutions may be written as:

z= Afb4 (T~ 403 4)y,
where ¢ Is an arbitrary nx1 vector. Note that if A is of full column rank then
the above expression produces a unigue solution.

If there 2re an infinite number of solutions it is necessary to impose additional
constraints on the solution in order to achieve a unique solution. For exsmple,
it is possible to find a minimum norm selution, {a solution which makes || = ||?
2 minimum). It can be shown that such a solution is found by & = A4,

*The least-squares solutions of Az = b coincide with the solutions of

Az = AAG® p [13]. The minimum-norm solution of the latter equation
is therefore z = ARdI4408) p,

Tt was shown by Urquhart that ACH 4408 = At therefore z = Afbis
the minimum-nerm least-squares solution to the mconsmtent linear system
of equations Az = b,

From this result it ia a simple matter to show that the minimuni-norm least.
gquares solution to the inconsistent matrix equation AXE = D is,
X = AlDB!, (B.1)
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APPENDIX C: HYPERMATRIX ENVIRON-
MENT

The standard -DEAS finite element soltion routines are performed in the
hypermatrix environment. The finite element model’s spatial matrices are
calculated here and subsequent equilibrium equation solutions are pérformed
by various algorithms,

- he standard routines are available to the user in the forrn of prograrn files
which can be inspected or modified. The program files consist of commanda
which are used to perform powerful matrix manipulations. Apart from exe-
cuting standard or user writien program files the matrix manipulations can
ha performed interactively using menus, Metrix input and output is achieved
by reading and writing "universal” files. These universsl fles contain the
. matrix name, format control cards; and the matrix elements to twenty digit
accuracy. Unfortunately it was found that writing matrices larger than a
certain dimension was not done correctly, For example it was found that a
mode shape mafrix of dimension 276x8 was corrupted in the 3rd, 4th,7ih
and 8th columns in a repeatable manner. It is suggested that such an error
may be cauzed by an Insufficlent dimension statement in the Fortran source
code, This source code is not aveilable to the nser and SDRC were unaware
" of the problem, but prormised to investigate it further. They also suggested
printing large matrices to the log flle. This worked satisfactorily but onfy
gives six signifivant Agure accuracy. It was possible to prove that the error
only occurred on writing and not on reading. It was therefore possible to
read large matrices into the hypermatrix environment accurately.
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' APPENDIX D: JOINT CHARACTERIZATION

To obtain the properties of the joint to be used in the modification 2 simple
structuire containing an ”identical® joint wes tested and modelled using finite
elements, Jn the Snite element model the joint was represented by three
translational and three rotational springs. The stiffnesses of the springs were
varied by tiial and error unti] reasonable correlation with the experimental
model was cbtained. The two models’ frequencies and mode shapes are
included in Appendix E.

The possibilify of using the finite element modal iinprovememt process for
joint characterization was invesfigated briefly.

The improvement process used on the H-Frame structure relies on an expan-
sion technique to expand the experimental mode shapes to the finite element
model’s dimension prior to improvement. Tt was shown that this expansion
process produces expanded mode shapes which are linear ¢ombinations of
the finite element modes shapes used in the expansion process. Therefore
if the finite element mode shapes do not include displacements across the
joint these displacements in the experimental imodes shapes will be lost m
the expansion process. These displacements are obviously very important in
the joint characterization process, therefore an alternate expansion process
would have to be employed.

The use of weighting maftrices to concentrate the improvements in the joint
region was investigated by using two fnite element models with different
Joint properties. The first model was used to produce natural frequencies
and mode shapes to simulate an experimental modal model. This eliminated
the need for expansion, The second model was assumed to be tha original
finite element model and was improved using the simulated experimental
modal model. The joint properties for the two models are listed in table D.1.

The first eight modes were used in the expansion process. The results of the
improvement process are presented in table D.2.

The results show that & significant improvement has been achieved. The
results, do however, differ from those achieved in the H-Frame expansion




DEGREE OF FREEDOM [ MODEL 1 | MODEL 2
STIFFNESS . :
X 1.0E+08 | 5.0E-+07
Y 1.0E408 | 5.0E-+07
Z 1.0E+00 | 5.0E-+06
BRX 1.OE+06 | 5.0E+05
RY 1.0E+06 | 5.0E-+05
RZ 1.0E+07 | 5.0B+06
MASS _
X 10E02 | 2.0E-02
Y 1.0E-02 | 2.0E-02
Z 10802 | 208-02
RX 5.0E-03 | 1.08-02
RY 50E-03 | 1.0E8-02
RZ 50803 | 1.0P-02

Table D.1: PFinite Element Joint Properties
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MODE NO. | "EXPERIMENTAL" | ORIGINAL | IMPROVED
1 42.73 - 42.66 42,63
2 145.32 13540 | 145.28
3 158.14 151.25 157.93
4 180,92 152.13 180.76
& 237.78 238.36 237,10
6 381.52 319.87 381.25

T 883.04 342.25 382.23
8 441,58 387.01 441.14
9 624.01 612.91 616.24
10 693,51 647.15 691.63
11 774,90 697.31 771.86
12 790,04 755.14 786.73
13 104955 1087.35 1046,75
14 1058.72 1046.20 1066.45

Table D.2: Joint Improvement Results
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process. The improved frequencies do not agree exactly with the experi-
mental results and the rodes not included in the improvement process have
been effected. There are two possible reasons for these differences. Firstly,
the "experimental® mode shapes are mo longer in the matrix spa.cé spanned
by the corresponding finite element mode shapes and secondly the number
of variables in the improvement process has been severely limited.
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APPENDIX E: ADDITIONAL RESULTS

Original Modal Models

0.992
0.004
0.000
0.000
0.000
0,000
0.028
0.001
0.000
0,000
0.013

0.000
0.993

| 0.023
0.000

0.001
0.000
0.001
0.002
0.006

0.000

0.000

0.000
0.028
0.975
0.000
0.000
0.00%
0.004
0.003
0.013
0.001
0.001

0,001
0.001
0.602

 0.983

0.018
0.001
0.002
6.000
0.016
0.003

0,060

0.000
0.000
0.000
0.000
0,980
0.027
0.000
0.016
0.000
0.016
0,000

0.000
0.000
0.000
0.015
0.003
0,038
0.000
0.000
0.000
0.000
0.000

0.031
0.000
0.007
0.000

'0.000

0.000
0.974
n 000
w00
0.001
0.035

0.000
0,000

0.000 |

0.001
0.010
0.001
0.000
0.529
0.000

-0.009

0.000

0.001
0.008
0,025
0.000
0.000
0,001

0.001 |

0.009
0.910
0.001
0.0G0

0.000
0.000
0.000

0,001

0.024
0.000
0,000
0.022
0.000
0.738

0.000

0.008
0.000
0.000
0.000

0,000 .

0,000
0.033
0.000
0.004
0.002
0,840

0.000
0.000
€.000
0.005
0.000
0.032
0.000
0.000
0,000
0,002
0.003

Table B.1: Modal Assurance Criteria Matrix
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ORIGINAL FEM MODE 2.

ORIGINAL EXP. MODE 2.

[ ———— R )

Figure E.1: H-frame Mode 2
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ORIGINAL PEM MODE 3.

ORIGINAL EXP. MODE 3.

Figure .2; H-frame Mode 3
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ORIGINAL FEM MODE 4.

QRIGINAL EXP, MODE 4.

Figure E.3: H-frame Mode 4
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" ORIGINAL FEM MODE 5.

ORIGINAL EXP. MODE 5.

Figure E.4: H-frame Mode 5
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' ORIGINAL FEM MODE 6.

ORIGINAT, EXP. MODE 6.

Figure E.5: H-frame Mode 6
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ORIGINAIL FEM MODE 7.

ORIGINAL EXF. MODE 7.

Figure E.S: H-frame Mode 7
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ORIGINAL FEM MODE 9.

ORIGINAL EXP. MODE .

Figure ET' H-frame Mode 9
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. ORIGINAL FEM MODE 10.

ORIGINAL EXP. MODE 10.

Figure B.8: H-frame Mode 10
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ORIGINAL EXP. MODE 11.

Figure E.9: H-frame Mode 11
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ORIGINAL FEM MODE 12.

ORIGINAL FEM MODE 13,

Figure E.10; E-frame Modes 12 and 13
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ORIGINAL FEM MODE 14,

Figuzre B.11: H-frame Mode 14




Expanded Moda Shapes 18

EXPERIMENTAL MODE 2,

. Figure E.12: Expansion of Mode 2
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EXPERIMENTAL MODE 3.

Figure .13: Expansion of Mode 3
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EXPANDED MODE 4,

EXPERIMENTAL MODE 4.

Figure E.14: Expansion of Mode 4
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EXPERIMENTAL MODE 5.

Figure B.:5: Expansion of Meds §
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4

0

.- EXPANDED MODE 6.

EXPERIMENTAL MODE 6

Figure E.16: Expansion of Mode 6
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EXPANDED MODE 7.

EXPERIMENTAL MODE 7.

Figure B.17: Expansion of Mode 7
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Modified Structire Mode Shapes

MODIFIED FEM MODE 1.

MODIFIED EXPERIMENTAL MODE 1.

Figure B.18: Modified Structure Mode 1
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MODIFIED FEM MODE 2.
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MODIFIED EXPERIMENTAL MODE 2.

Figure E.19: Modified Structure Mode 2
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MODIFIED FEM MODE 3.

MODIFIED EXPERIMENTAL MODE 3,

Figure F.20: Modified Structure hMode 3
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MODIFIED FEM MODE 4.

MODIFIED EXPERIMENTAL MODE 4.-

Figure E.21: Modified Structure Mode 4
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MODIFIED FEM MODE 5.

MODIFIED EXPERIMENTAL MODE 5.

Figure B.22: Modified Structure Mode &
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MODIFIED FEM MODE 8.

MODIFIED EXPERIMENTAL MODE é.

Figure B.23: Modlfled Structure Mode 6
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MODIFIED EXPERIMENTAL MODE 7. -

Figure B.24: Modified Structure Mode 7
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MODIFIED EXPERIMENTAL MODE &.

Tigure B.25: Modified Structuve Mode 8
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MODIFIED FEM MODE 9.

MODIFIED EXPERIMENTAL MODE 9.

Figure B.26: Modified Structnze Mode ¢ '

*
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MODIFIED FEM MODE 10;

MODRIFIED EXPERIMENTAL MODE 10,

Figure E.27: i\{bdiﬁed Structure Mode 10
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Joint Characterization

MOL™ NO. | EXPERIMENTAL | FINITE ELEMENT |
1 38.84 40.83 '
2 148.26 149.58
3 156.95 158.61
4 213.17 215.84
3 218.80 227.16
6 474,64 478.74
7 490,72 488.88
B © §67.05 | 582.66
9 50088 |  598.032

Table E.2: Joint Model Frequencies
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- JOINT EXP. MODE 1.

Figure E.28: Joint Mode 1
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JOINT FEM MODE 2.

JQINT EXP. MODE 2,

Figure E.20: Joint Mode 2
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JOINT FEM MODE 3.

JOINT EXP. MODE 8.

Figure E.30: Joint Mode 3
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JOINT FEM MODE 4.

JOINT EXP. MODE 4.

Figure B.31: Jolnt Mode 4
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~ JOINT FEM MODE 5,

JOINT EXP. MODE 5,

Figure E.32: Joint Moda §
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JOINT FEM MODE 6.

JOINT BXP. MODE 6.

Figure F.33: Joint Mode 6
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JOINT EXF. MODE 7.

Figare £.84: Joint Mode 7
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~ JOINT FEM MODE 8.

JOINT EXP. MCDE 8.

Figure E.38: .Tdint Mode 8
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JOINT FEM MODE o,

JOINT EXP. MODE 6.

Figure E.36; Joint Mode 9
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