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Abstract

In this research, we shall explore partition functions related to identities of Euler type,
mainly focusing on identities due to P. A. MacMahon and M. V. Subbarao. We will
give a new bijection for one of the partition theorems due to MacMahon and provide a
generalisation of a partition identity due to Subbarao. We will further deduce parity for-
mulas for various related partition functions. Our approach is via generating functions
and bijective mappings.
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Chapter 1

Introduction

1.1 Elementary Aspects of Partitions

The theory of integer partitions involves representing a posi-
tive integer as a sum of positive integers. Real development
and discovery commenced in the eighteenth century when
L. Euler proved important theorems. However, G. E. An-
drews in [/] explains that G. W. Leibniz was the first person
to consider integer partitions. In addition to Euler’s research,
partition theory has been further developed through contribu-
tions by other mathematicians, namely; S. Ramanujan, L. J.
Rogers, 1. Schur, MacMahon, and G. E. Andrews, to name a
few. Hence, it is not surprising that the theory of partitions
has become one of the growing research areas of number the-
ory and combinatorics.



Definition 1.1.1. A partition of a non-negative integer n is
a representation A = A\ + Xy + ... + A where A1 > g >

>N > 1N EZ>1f0rallzandE)\ = n. The number

n is called the weight of A\ which is denoted by |\| and the
summands \; are called parts.

Alternatively, a partition can be represented as (A1, Aa, ..., A;)
or (py™, g ?, s, ..., ') where m; is the multiplicity of y;
and p; > pjq foralle =1,2,...,s—1. Indeed, 14+14+410+
104+7+7+T7+1+1+1+1 can be written as (142,102, 73, 14)
or (14,14,10,10,7,7,7,1,1,1, 1).

Visualising a partition as a graph often aids in solving parti-
tion problems. The Ferrers graph of a partition (A1, Ao, .. .)
is a left-justified array of dots with ); dots in the 7" row. For
example, the Ferrers graph of (4,2, 1) a partition of 7 is given
as follows:

Reading the parts as the number of dots in the columns of
a Ferrers graph gives a new partition called the conjugate.
Thus the conjugate of (4,2,1) is (3,2,1?). From this trans-
formation, we notice that the number of partitions of n into
at most m parts is equal to the number of partitions of n with
no part greater than m (see [5]).
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Let n = 7 and m = 4. The following table shows two sets of
partitions: In the left column, are partitions of 7 into at most
4 parts, and in the right column, are partitions of 7 with no
part greater than 4.

(1) = (17
(6,1) — (2,17
(5,2) — (24 1%
(5,1%) — (3,1Y
(4,3) — (2,1
(4,2,1) — (3,2,1%)
(4, 13) (4,19
(3%,1) = (3,27
(3,2%) — (3%1)
(3,2,1%) — (4,2,1)
(23,1) — (4,3

The conjugate of a partition can be computed algebraically.
The conjugate of a partition A is denoted by \'. Let
A= (A" N2 AT M) Then ) is given by

» Nr—1 9 M

r Ar r—1 Ar—1—Ar
/ Ao—A
A= (E mz) ,<E mz) yoey (M) 2
i=1 1=1

We further find that conjugation is an involution since it is bi-
jective and ()\)" = \. If it turns out that a partition is equal to
its conjugate, the partition is called self-conjugate. The Fer-
rers graphs of self-conjugate partitions are symmetric about

3



the main diagonal. J. J. Sylvester (see [5]) showed that the
number of self-conjugate partitions of n is equal to the num-
ber of partitions of n into distinct odd parts.

Apart from conjugation, we also consider some algebraic op-
erations on partitions such as union and sum. The union of
two partitions A and p is simply the multiset union A\ U p
where \ and p are treated as multisets. The sum of two par-
titions A + 1 is the partition whose i'" part is equal to the "
part of \ plus the i'" part of ;1. We append zeros to the par-
tition with smaller length. For example, let A = (72, 4,22, 1)
and ;1 = (8%,42,2,1%). Then

AU p = (8,7%,4%,23 1%
and
A+ = (15%,8,6,4,2,1%).

Definition 1.1.2. The generating function of a sequence {a, }2°
is defined as the series

o0

Z anq".

n=0

The generating function for the number of unrestricted parti-
tions of n, denoted p(n), is given by

o . o0 1
;p(n)q = gw where |¢| < 1. (1.1.1)
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Note that

©.¢)
Zp(n)qnz (1+q1'1+q2'1+...) (1+q1'2+q2'2+...)

n=0

X<1+q13+q23+) (1+q

The expansion (1 + ¢/ + ¢/ + ¢¥ + ...) represents the ap-
pearance of a part j in a partition or its non-appearance (rep-
resented by 1). Now

S = (5) () () () -

The next theorem 1s one of L. Euler’s famous results - a result
that is important for this research.

Theorem 1.1.1 (Euler, [4]). Let d(n) denote the number of
partitions of n into distinct parts and o(n) denote the number
of partitions of n into odd parts. Then d(n) = o(n).

J. W. L. Glaisher generalized Euler’s theorem and gave a
beautiful bijective proof which we shall utilize extensively
throughout this study.

Theorem 1.1.2 (Glaisher, [9]). The number of partitions of n
where parts occur at most k — 1 times is equal to the number
of partitions of n where parts are not divisible by k.



Proof. The generating function for the number of partitions
of n where parts occur at most k£ — 1 times is

11 (1 +q"+ ¢ P+ L+ q(k_m). Thus

n—=1

= 2 3 - 2

H(1+q”+q”+q”+...+q<k ””) =11 -

n—=1 n=1
:ﬁk‘—l 1 — ¢

g L

B o k1
_gizl L= ¢

which is the generating function for the number of partitions
of n where parts are not divisible by £. []

We now describe Glaisher’s bijection for Theorem 1.1.2.
Let A = (A]", AJ%, ..., \”") be a partition of n whose parts
are not divisible by k. Note that the notation for A implies
A1 > Ao > ... are parts with multiplicities mq, mo, .. ., re-
spectively. Now, write m;’s in k-ary expansion, i.e.
i
m; = aij/cj where 0<a;; <k —1.
=0

We map A" to U?_O(kj \;)%i, where now k’)\; is a part with
multiplicity a;;. The image of A, which we shall denote by



®(A), is given by
ool
JUw ).
i=1j=0
Clearly, this is a partition of n with parts occurring not more
than £ — 1 times.

On the other hand, assume that ;1 = (,u{l, ,ugé, ...) is a par-

tition of n into parts occurring not more than k£ — 1 times.
Write p; = k" - a; with k { a; and then map ,ulfi to (a;)*/i
for each 7, where now a; is a part with multiplicity k" f;. The
inverse of ¢ is then given by

6 (1) = (@)

1>1

In the resulting partition, it is also clear that the parts are not
divisible by k. []

Example 1.1.1. Let k = 4 and X = (14%,103, 74,52, 27).

Note that )\ is a partition whose parts are not divisible by 4,
and so we apply ¢. Representing the multiplicities in 4-ary
expansion gives

6=24%414" 3=34" 4=14 2=24 7=3441.4%
Therefore,

145 — (14(4%)*" U (14(41) " = (56, 14%),
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Taking the union leads to
o(N) = (56,28, 14%,10°, 8, 5%, 2%),

which is a partition in which parts occur at most 3 times.

To invert the process, we apply ¢~ to (56, 28, 142,103, 8, 52, 2?)
in which parts map as follows:

561 — 144, 281 — 71 142 — 142, 10° — 107, 8! — 2%,
52— 5%, and 2° — 2°.
Taking the union results in

¢~ ((56,28,14%,10°, 8,57, 2%)) = (14°,10°, 7%, 5%, 27) = A,

Euler’s theorem (Theorem 1.1.1) is the special case of Glaisher’s
theorem where £ = 2. A partition identity that conforms to
Euler’s theorem in the sense that on one side, parts of parti-
tions have specified multiplicities and on the other side, parts
belong to a certain set, is called an identity of Euler type.
The following theorems, which are due to MacMahon and
Subbarao, are examples of identities of Euler type.



Theorem 1.1.3 (MacMahon, [ 3]). The number of partitions
of n wherein no part appears with multiplicity one is equal
to the number of partitions of n where parts are even or con-
gruent to 3 (mod 6).

Proof. The generating function for the number of partitions
of n wherein no part appears with multiplicity one is

©e

[T+ +¢"+¢"+¢"+¢* +...). Thus

n=1

o0
H(1+q2”+q3”+q4”+q5”+q6”+...)

I
Il 3
YN

—
NN

)
| |
|+

<

[N}

S
N~
N\
— | =
+ |+
QR
3| 3
N~

.;1_q2n .;.;1_q3n

h;_o1 1
U= lli==

which is the generating function for the number of partitions
of n where parts are even or congruent to 3 (mod 6). [




Theorem 1.1.4 (Subbarao, [16]). The number of partitions of
n in which parts occur with multiplicities 2,3 and 5 is equal

to the number of partitions of n in which parts are congruent
to £2,4+3,6 (mod 12).

Proof. The generating function for the number of partitions
of n in which parts occur with multiplicities 2,3 and 5 is

00
H (1 + q2n + q3n 4+ q5n) " Thus

n=1
H (1 +q2n +q3n _|_q5n) _ H (1 4 q2n) (1 _|_q3n)
n=1 n=1

—

1 1
1 — q4n—2 1 — q6n—3

n=1
N !
- (1 _ q12n—2)(1 _ q12n—3)
1
X 12n—6 12n—9
(1 =g %) (1 — ¢
1
X (1 _ q12n—10)

which is the generating function for the number of partitions
of n in which parts are congruent to +2, +3,6 (mod 12). [

Euler’s theorem has been refined and J. J. Sylvester gave one
of its refinements which we shall discuss.
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Theorem 1.1.5 (Sylvester, [4]). For k € Z>1, let ox(n) de-
note the number of partitions of n into k different odd parts
and di(n) denote the number of partitions of n into k sepa-
rate sequences of consecutive integers (sequences may be of
length one). Then oi(n) = di(n).

Proof. Firstly, we note that any partition into odd parts can
be repositioned into a centrally justified Ferrers graph. This
is done by shifting the rows of the original Ferrers graph such
that the graph is symmetric about the middle column.

Let v = (71,7%,73,---,7) denote a partition of n into k
different odd parts. Consider the centrally justified Ferrers
graph of y. Let a; denote the number of dots in the i"* column
of the graph, and a; be the middle column. The columns
are alternatively counted from left to right such that the ay;’s
are on the left. Similarly, let b; be the number of dots in
the i row of the graph alternatively counted from right to
left starting from a; (see Figure 1.1). Thus we have the set
{a1,a9,a3,...,a,,b1,b9,b3,...,b.}. Now construct

U:(bl+a1—1,b2+a2—1,...,br+ar—1). (112)

It can be shown that v is a partition of n into k separate se-
quences of consecutive integers (see [4]).

11



Now to invert, we find a;’s and b;’s from the equation
a;,+b;=v;,+1 (1.1.3)

used together with the following:
If r =0 (mod 2), then

b, = v,.

Otherwise,
a, = vy.

Ifi=1 (mod 2) and 7 < r, then

bi = b1+ 1.
Ifi =0 (mod 2) and ¢ < r, then

a; = a;11+ 1.

Having obtained the sets {ay, as, as, ..., a,} and {by, by, b3, . . .,
b, }, we now construct a centrally justified Ferrers graph (see
Figure 1.1), from which a partition + is obtained. Actually ~y

contains k different odd parts.
[]

For instance, let v = (21,17%,13,9°,5, 3). The partition v is
a partition of 103 into 6 different odd parts.

12



720—0—0—0—0—0—90—0—90—9 06 000 0 0 0 0 0 0 ol
bie—e—e—0—0—0—0 o ¢ oo 9o o o o o o
-b6~o—o—o—o—o—? o o M o g—o—o—o—o—o—o-bs-

'bs-.—.—? o o o ° o o ?—o—o—o-br

c e e e e e e
dg dg i 1 i i i a7 dy

Figure 1.1: Centrally justified Ferrers graph of

From the centrally justified Ferrers graph, we obtain
a1 =9, as=9, a3=8, ay =7, a5 =6, ag=2>5, a7 =4,

CL8:4, a9:3, blzll, b2:10, b3:8, b4:7, b5:7,
b6:6, b7:4, bgzgandbgzl.

The parts of v are computed as follows:

v =1149-1=19, v,=1049—-1=18,
’U3:8—|—8—1:15, ’U4:7—|‘7—1:13,

v =7+6—1=12, wvg=6+5—1=10,
vr=44+4—-1=7, vg=3+4—1=6,
vgy=1+3—-1=23.

Therefore,

v =(19,18,15,13,12,10,7,6,3)
= ((19,18), (15), (13, 12), (10), (7,6), (3))

13



which is a partition of 103 into 6 separate sequences of con-

secutive integers.

To invert, let v = (19, 18,15, 13,12,10, 7,6, 3). We have r =
9, which 1s odd. As such a,, = 3. Thus

3=byg+3—1=byg=1,

ag =3+ 1 =4,
6=0s+4—1= bg =3,
by =3+ 1=4,
T=44a7—1= a; =4,
ag =4+1=25,
100=bs4+5—1= bs =6,
bs =06+1=7,
12=T4a5—1= a5 =0,
ay=06+1=7,
B=b+7T—1=0b=17,
b3 =7+1=8§,
15=8+a3—1= a3 =S8,
ap =8+ 1=09,
18=b+9—1= by =10,
by =10+ 1 =11,

199=114a;—1=a; =9.

14



Therefore,

{ai,a9,a3,...,a,} =(9,9,8,7,6,5,4,4,3),
and

{b1,bo,b3,...,b,} = (11,10,8,7,7,6,4,3,1).
Having constructed the centrally justified graph, we obtain

v =(21,17°,13,9%,5,3) .

1.2 ¢-Series

We use the following notation. For a,q € C and n € Z,

1—a)(1—aq)(l—ag®)...(1—aqg""

= | [(1 —aq')

1=

S

e}

where (a;q)g = 1. Also

(a;¢)oo = lim (a; q)n,

n—oo

(m@nz(m”k’ (12.1)

aq"; ¢

Using the ¢-series notation, the generating function for p(n)
1s given as

00 - 1
%;Mmq_fmwm



The following results were obtained by A. Cauchy, Euler and
J. Jacobi and shall be useful in our work. The first theorem is
due to Cauchy, followed by two special cases from Euler.

Theorem 1.2.1 (g-binomial Theorem, [4]). If |¢|, |t| < 1,

then
o . ntn 0 1 — ata”
Z (a; q) _ H S vq (1.2.2)
—~ (¢q)n oy 1—tg"
Proof. Let
— 1 — atq"
F(t) = —_—
0-115-7%

It turns out that F'(¢) has a Maclaurin series expansion, i.e.

F(t)=) Ap" (1.2.3)
n=0
where A, depends on ¢ (see [3]). Thus
— 1 — atq"
F(t) = —
0-117=3
(1—t)F(t) = (1 — at) ﬁ L~ atg”
B e 1 —tgn
1 — atg"!
=(1 —at)g i

We have
(1—=t)F(t) = (1 —at)F(tq). (1.2.4)



Substituting (1.2.3) into (1.2.4) leads to

o0 0.9} oo o0
DAL =D AT =Y A =Y aAt" "
n=0 n=0 n=0 n=0

(1.2.5)
The constant term of the Maclaurin series is Ay. Note that
Ay = F(0) = 1. Comparing coefficients of ¢" in (1.2.5)
yields,

An - An—l — ann - aqn_lAn—l
An - ann — An—l - aqn_lAn—l
L n—1
An — <1 = ) n—1-
(1—4¢")

Continuing through with the iteration, A,, can be expressed
in terms of g. We have

(1—aq" (1 —aq"?)...(1—a)A

T — . (-9
_ (@59
(¢: @)n
Hence - ( )
B @ q)n
F(t) = Z P q)nt . (1.2.6)

n=0

[]

The proof for the next corollary mirrors that of Theorem
1.2.1. As such, by making essential replacements, the proof
is easily obtained.



Corollary 1.2.1 (Euler). For [t|,|q| < 1,

tn 1
—=1l— (12.7)
(g 1t
0, M=l 00
t'q 2 n
» o — =@+t (1.2.8)

n=0 (q’ Q)n n=0
Proof. We begin with (1.2.7). Set a = 0 in Theorem 1.2.1 to

obtain . .
t" 1
zjﬁwﬁ _Ill—m”

n=0 n=

Now for (1.2.8), seta = ¢ and ¢ = cz in Theorem 1.2.1,

S U= 90— ta). (L= 87 e | 77 (01— (2) (el

~  (1-q¢g1—-¢)...(1—¢") o (L= (ez)g")
(c—a)(c—aq)...(c—aq"?) ;

5~ ( - ) e

— 1-q)(l—=¢*...(1—g") (1 —czqm)’

. (c—a)(c—aq)...(c—aq" 1)z = (1 — azq"
Z( )( q) - q"") _H( q")

1-q)(1—¢)...(01—¢) 4 (1—czq)

n=0

Setting ¢ = 0 and a = —1 gives
n—1
2"qi=
= | (1 +2q"),
Ejl—@ J(1—=¢)...(1—q") 11( )

n:()

18



(n—l) 00

Z (1—4q) 1—61) (1—q”):H(1+2qn)'

n=0 n=0
[]
Theorem 1.2.2 (Jacobi’s Triple Product, [4]). For z # 0 and
lal < 1L,
- n TL2 = n n n
Z 2"q :H(l_qz +2) (1—|—zq2 +1) (1_’_2 1q2 +1)
n=—00 n=0
Proof. For |q| < |z] < j, q| < 1,
[Ja+z =T (1 + zq(6*)")
n=0 n=0
> ann
= by (1.2.8)
— (¢% q*)n ( )
1 - n 7’L2 n
— WZZ " ("% %) (by (1.2.1))
n= 0
Z oL q 2n+2 )

When n is negative, (¢°"2; ¢*)s, = 0. Thus the range of the
sum can be extended because essentially no new terms have
been added. From (1.2.8), replacing ¢ with —¢, it is clear that

00 n(n—1)

_1)ynygn .
(t:q)o0 = Z( St 2 (1.2.9)

—~ (¢




Using (1.2.9), we have

oo o 00 (__1)rqr2+2nr+r
(P2 ) = Z P , (1.2.10)
r=0 ’ "
Then
o0 1 o0 5 o0 (__1>Tqr2+2nr+r
(14 2¢°"™) = ——5— 2"q"
EO (6% 4% n;oo ; (4% ¢%).
_ 1 i _1)TZ_TQT i Zn+rq(n—|—r)2
(% @) = (0P
1 = (=) - ¢ 12
— 9.2 Z 2. 42 Z =4
(0% ¢%)oc = (6% ¢)r T,
1 O

e t_z g (by (1.2.7)).

—00

For all z # 0 outside the condition |q| < |z] < ﬁ, the result
still holds (see [3]).
[]

Corollary 1.2.2. For |q| < 1,

o0 (0. ¢]

[T0-a) =3 (=1)"@n+1)g".

n=1 n=0

20



Proof. Replacing z by z?q in Theorem 1.2.2,

0

Z ZQn n’+n =] (1 _|_Z2q2n—|—2) (1 + 2 2q2n) (1 . q2n—|—2)

n=—00 n:O

1
= (—2°¢*; ") (-—;5;q2) (0% ¢°)
o0

Dividing both sides by 1 + % yields,

2n . n +n
z
RIS () () (65 4
1+ 5 L+
2
(—2%¢% ¢%) (1+f§)<—%wf> (g% 4%
a 1+ %
’ 2 2. 9
(—27¢"; q°) ( gq) (%4 ) oo
0. @)
i 2n+1, n2+
n ’fl n
Taking the limit as 2 — ¢ of —— T , gives the in-
Z =
z
determinate form % To see this observe that
. 1 1442
Imz+-=i+-=——=0
Z—>1 Z 1 1

and

21



00

) 2
hm E : Z2n+1qn +n
Z—1

n=—oo
o0

i 2
_ E Z271—|—1qn +n
n

=—00

Applying L'Hospital’s rule (differentiation with respect to
z) leads to the following results:

22



o0 2

. ZZn—i—lqn +n
lim -
Z—1 Z 4+ =
n=—oo Z

(0. 9]

(271 T 1)22nqn2—|—n
Z 1 — L
n=—00 22

0 o0 nZin

1—

n=—oo 1

= lim
22—

-2 < S (-1 @2n 4 g
— % <Z(—1)”(1 — 2n)q”2_” +
1

- é n=0

23



Also,

2
| q
lim(—2"¢"; q2)oo(—;; 7*)oo (0% 6%

Z—1
2 2. 9 ¢’ 2 2. 9
= (—(1)7¢"; q )oo(_i_Q;q )oo (4734 )
= (% )%,
Now setting ¢ = q%, we obtain

o0
n2 +n

> (=1)"(2n+ 1)

n=0

= (q;9)%.

[]

Euler observed that a pattern emerged while multiplying out
expressions of the following form:

1-¢1-¢)1-¢")...=1—qg—¢+¢+q¢ —¢"”

1
Notably, the series is the reciprocal of H ———. His obser-
—q"
vation gave rise to the following theorern

Theorem 1.2.3 (Euler’s Pentagonal Number Theorem, [3]).
For |q| < 1,

0

> (—1)'q" = []a-a. (1.2.11)

n=—00 n=1

24



Proof. Note that

o0 o

[Ja-a¢)=1]C-¢0 =N —¢"?)

n=1 n=1

— (1 _ q3(n+1))(1 . q3(n—|—1)—1)(1 . q3(n—|—1)—2)

Z (_1)nqn(3g_1) _ H (1 o q3n+3) (1 . q3n+2) (1 . q3n+1) .
n=—00 n=>0

[]

Numbers of the form @ where n € Z are called gen-

eralised pentagonal numbers. This is because they can be
represented in a pentagonal pattern of dots (see Figure 1.2).

°
® o e
7N ~ ™~
° o ) o o )
o—o o e o
*—0—0o

Figure 1.2: Patterns for n = 1,2 and 3
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Let d.(n) and d,(n) be the number of partitions of n into
distinct parts, with an even and odd number of parts, respec-
tively. A. M. Legendre made the following observation.

Theorem 1.2.4 (Legendre, [4]).

(-1, ifn =122 >

0, otherwise.

de(n) — do(n) = {

For example, partitions of 7 into distinct parts are 7, (6, 1),
(5,3), (4,3), (4,2,1). Thus d(7) = 5. Observe that d.(7) = 3
and d,(7) = 2 so that d.(7) — d,(7) = 1. If we use the the-
orem, note that n = 7 1s a pentagonal number with j = 2,
hence d.(7) — d,(7) = (—1)* = 1.

In the following chapter, we discuss bijective proofs for The-
orem [.1.3.
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Chapter 2

Bijections of Theorem 1.1.3

G. E. Andrews, S. Fu and J. Sellers proved Theorem 1.1.3
bijectively. In this chapter, we discuss their bijections. The
bijection by Fu and Sellers shall be referred to as Fu-Sellers
bijection.

2.1 Andrews’ Bijection

We describe Andrews’ bijection for Theorem 1.1.3. This
mapping is given in [6].

Let C), denote the set of partitions of n wherein no part ap-
pears with multiplicity one and D,, the set of partitions of n
wherein parts are even or congruent to 3 (mod 6). Andrews’
bijection goes as follows.

Let A\ = (M, (1 — 1)1, . 3M, 2% 1M) be a partition in
C,, where h; is the multiplicity of . Since no part appears
exactly once, it follows that h; € {0,2,3,4,...}. Further-
more, h; can be written uniquely as h;, = k; + ¢g; where

ki = 3 (#) and g = h;, — 3 (1_(;1)hi>. Note that
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ki € {0,3} and g; € {0,2,4,6,8,...}. Define d; as follows:

dor1 = O, (t=0,1,2,3,...)
d6t+5 — 07
1
det+2 = 95t+1;
1
det+4 = §g3t+27
1
dety3 = §k2t+1 + 6113,
det+6 = §k2t+2 + g6t16-

Since dg:11 = dgri5 = 0, it is clear that the partition
(f,(f = )41, ..., 2% 1%) isin D,,.

Example 2.1.1. Let n = 12. Then C15 = {112, (2%,1%), (23, 1),
(247 14)’ (257 12)7 267 (327 16)7 (32, 227 12)7 (327 23)7 (337 13), 347 (42’ 22)7
(427 14)7 437 (527 12)7 62}

In the partition 2°, the multiplicity of 2 is 6. Thus hy = ko +
go = 0+ 6. This gives dy = %(6) = 3 so that

20 s 47,
Similarly, for partitions 4° and 62, we have

3=hy=ks+gs=3+0,

1
d12 — §(3)+0: 1,
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and
2=hg="ks+gs=0+2,

1
Thus

43— 12,

6° — 6.
Applying the mapping to the remaining partitions, we get the
following:

C112 D12
112 — 26
(22,15 - (4,29
(2°,1%)  —  (6,2%)
2,1 = (42,29)
2.12) = (642
2 —> 4
(3%,1°) = (3%2%)
(32,22,12) — (4,32%,2)
(3%,2°) = (6,3%)
(3°,1°) = (9,3)
34 —> 34
(2,22 - (8,4)
(2,19 - (8,2)
43 — 12
(52,12)  —  (10,2)
62 —> 62
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2.2 Fu-Sellers Bijection

We describe Fu-Sellers bijection for Theorem 1.1.3. This
mapping is given in [8]. Fu-Sellers bijection goes as follows.
Let A = (A", A5%, ..., A\{"") be a partition wherein no part
appears with multiplicity one. Depending on the parity of
m;, the following cases are considered.

Case 1 : m; 1s even

mg
2

These new parts are even.

Case 2 : m; 1s odd (m; > 3)

We begin by peeling off three copies of each \; and so the re-
maining parts have even multiplicity. On the parts with even
multiplicity, Case 1 is applied. This now leaves parts with
multiplicity exactly 3. From these parts, we form a distinct-
part sub-partition by taking one copy of each part. Now, any
map that converts distinct-part partitions into odd-part parti-
tions, for example Glaisher or Sylvester, is applied. Lastly,
multiply each part in this odd-part sub-partition by 3. Each
of these parts will then be congruent to 3 (mod 6).

To invert, let 1 = (uy"", g2, . . ., us) be a partition wherein
parts are even or congruent to 3 (mod 6). We now consider
two cases.

Case 1 : )\, 1s even
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Qmi
A (ﬁ) .
2

These new parts have even multiplicities.

Case 2 : ); is congruent to 3 (mod 6)

Firstly,
. A\
A (—) .
3

These new parts are odd. Thus we apply any map that con-
verts odd-part partitions into distinct-part partitions. Finally,
multiply each part in the distinct-part sub-partition by 3. [

Example 2.2.1. Let n = 12. The set S = {112, (22,1%), (23, 1°), (24, 1%),
(2°,12),25,(32,19), (3%,22,1%), (3%,2%), (33, 1%), 34, (42, 2%), (4%, 1),
43, (5%,12), 6%} is precisely the set of partitions of 12 wherein

no part appears with multiplicity one.

The part 2 in the partition 2° has an even multiplicity. Thus
20 1 42,

Similarly,
6% — 12.

The part 4 in partition 4% has an odd multiplicity, exactly 3.
We now apply Glaisher map ¢ (k = 2) which gives

4 s 14,
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Multiplying each part by 3, we get
43— 3%,

Applying the mapping to the remaining partitions, we get the
following:

112 — 26
(2%,1%)  — (4,29
(2°,1°%) = (3%,27)
(24,1%) —  (42,2?)

26 — 43
(3%,1%  — (6,2
(3%,2°) —  (6,3%)
(331}3) — (92§)

3 > 6
(2,22) o (3,4)
(4%,1%)  — (8,29

43 — 34
(52,12)  —  (10,2)

62 — 12

In the following chapter, we discuss Andrews’ generalisation
for Theorem 1.1.3.
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Chapter 3

A generalisation of Theorem 1.1.3

We introduce Andrews’ generalisation for Theorem 1.1.3 fol-
lowed by Subbarao’s theorem which finitizes Andrews’ gen-
eralisation. We then discuss bijections due to Fu and Sellers,
H. Gupta, M. Kanna and B. Dharmendra for Subbarao’s the-
orem. The bijection by M. Kanna and B. Dharmendra shall
be referred to as Kanna-Dharmendra bijection. Furthermore,
the bijection by Fu and Sellers shall be referred to as Fu-
Sellers bijection.

3.1 Andrews’ Generalisation

Theorem 3.1.1 (Andrews, [2]). Let A,.(n) denote the number
of partitions of n wherein parts occurring an odd number of
times, occur at least 2r + 1 times. Let B,(n) be the num-
ber of partitions of n wherein parts are either even or else
congruent to 2r + 1 (mod 4r + 2). Then A,(n) = B.(n).
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00 00
ZAr(n)qn _ H (1 n q2n n n q2rn 4+ q(27"—|—1) 4 )
n=0 n=1
00
:H(1_|_q +q _|_q(27’ 2) _|_q27’n
n=1

00 (1 + q(2r+1) )
i el N
00 1 00
— < 1_|_q(27’+1)n
111 _ 42 11
n=1 L " n=1
00 1 1 — q2(2r+1)n
- 2 1 — q2n X o 1 — q(2r—|—1)

O o0
:H 2n><H1 gr2n=2r-1

=1

3
I
—
3

[]

The case where r = 0 describes unrestricted partitions, and
the case where r = 1 results in Theorem 1.1.3.
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3.2 Subbarao’s Finitization

The following theorem finitizes Theorem 3.1.1.

Theorem 3.2.1 (Subbarao, [16]). Let m > 1,7 > 0 be in-
tegers, and let C,, .(n) denote the number of partitions of
n such that all even multiplicities of the parts are less than
2m, and all odd multiplicities are at least 2r + 1 and at most
2(m +r) — 1. Let D,,,(n) be the number of partitions of
n in which parts are either odd and congruent to 2r + 1

(mod 47 + 2) or even and not congruent to 0 (mod 2m).
Then Cy,r(n) = Dy, »(n).

Proof.

0
o0
_ H (1 + q2n 4+ q4n b4 q(2m—2)n + q(2r+1)n

e +q(2(m+r)—1)n)
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- 1 — q2n
— n];Jc;n (1 _ qn) g (1 _ q(4r+2)n—2r—1)

nz0 (mod 2m)

= Z D, (n)q".
n=0

[]

A special case of Theorem 3.2.1 is Theorem 1.1.4 obtained
by setting m = 2,r = 1.

3.3 Bijections for Theorem 3.2.1

The following bijection is due to H. Gupta (see [10]).

3.3.1 Gupta’s Bijection
Let A = (A}, A9%, ..., \)") be a partition enumerated by C,,, (n).
As such

(3.3.1)

a;

20;, 0 <wv; <m;
2(w2~—|—7“)+1, 0 <w; <m.

Without loss of generality, we can assume that in A the first
jo of the A\;’s have an even multiplicity, the next j; have an
odd multiplicity exceeding 2r + 1 and the rest have an odd
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multiplicity equal to 2r + 1. Then we have the following
decomposition:

Jo Jo+1 J
2v; 2(w;+r)+3
v (U Yoy
i=1 i=jo+1 i=jo+j1+1
which can be rearranged to
Jo Jo+i1 J
20; 2(w;+1
N (O U U
1=1 1=70+1 1=j0+1
Jot+i1

10 9, .
Note that [ J A% and | A?(w’ﬂ) are sub-partitions wherein
i=1 i=jo+1
parts have even multiplicities. Taking the union of these sub-
partitions, A rearranges to

Jo+J1 J
2u; 2r+1
=1 1=70+1
JotJ1 o0
where w; = v, oru; = w; + 1. Let S = [J A7 and
i=1

7= (J A Then ) = (5, 7).

i=jo+1
The sub-partition 7' is a partition with parts appearing ex-
actly 2r 4 1 times. Taking one copy of each part, we obtain a
distinct sub-partition of 7". We then apply Sylvester’s map to
the distinct sub-partition of 7" to get v = (77", 75, - - -, V),
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which is a partition into odd parts. Lastly, we multiply each
part 7; by 2r + 1 to obtain {(2r + 1)y}, ..., {(2r + 1), }.

The sub-partition S' is a partition with parts appearing with
even multiplicities. We perform the following transformation
on parts in S

A s (26)
with

- b, = mluy,

Ai
§i=—

m
where ¢ the largest non-negative integer such that m' divides
A\;. Hence,

(260", .. (26) {(2r + D}, (20 + 1)7,})
(332)

is a partition of n enumerated by D,,, ,(n).

The inverse of this map can easily be constructed. We will
not provide the details here. The reader is encouraged to con-
sult [10].

We illustrate the bijection with A = (15%,14%,11°,8° 5%, 312 213) .

Note that A is a partition enumerated by C74(361). By go-
ing through the decomposition of A and necessary rearrange-
ments, we get:

S = (151,144,115, 3" 2%
T = (8,5,2).
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Firstly, we apply Sylvester’s map to the sub-partition (8, 5, 2).
The length of the sub-partition is 3, which is odd and thus
v3 = ag = 3. Solving the remaining equations recursively,
we obtain

a1:5, a2:3, a3:2, b1:4, b2:3, 63:1

and construct the following centrally justified Ferrers graph.

Therefore, we get the partition (7, 3?,1%). Multiplying each
part by 9 gives (63,272, 9%). We now transform
(154,144 115, 312 94) 10 get

51:157 52:27 53:117 54:37 55:27
and
by=2 by=14 by=3 by=6, by=2.

Thus we get the sub-partition (302,223, 6%, 4'%). Lastly, tak-
ing the union of the two sub-partitions gives

(63,307, 27%,22%, 9%, 6°,4')

which is enumerated by D7 4(361).
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3.3.2 Kanna-Dharmendra Bijection

Let A = (A]1, A%, ..., \}') be a partition enumerated by C,,, (n).
Depending on the parity of s; for each ¢, the following two
cases are considered.

Case 1: Suppose s; =2t with1 <t < m — 1.

o (2)\2)25’ if m f )\Z,
)\Z- —> (QAi)t'm )
P , otherwise,

where X = () (mod 2m) and z is the largest non-zero inte-
ger that satlsﬁes the equation.

Case 2: Suppose s; =2t — 1 withr+1 <t < m+r.

2t—1 (2T + 1)>‘i7 A?(t—r—l)) if >\Z' 1s odd ;
A ~ <M) 2 )\Z(t—”’—l)

57 ; , 1f \; 1s even,

(QT;;) L = 2r+1 (mod 4r 4 2) and y is the largest
non-negative integer that satisfies the equation. Note that the
multiplicity in )\?(t_r_l) is even as such we apply Case 1.

The 1image partition is taken as the union of all image parts.

where

To invert, let p = (uy*, ps?, ..., ") be a partition enumer-
ated by D,, .(n). We consider two cases depending on the
parity of p;.

Case 1: Suppose p; is even.
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We write w; as
wi =m +m2 +m” .+ ml (3.3.3)

where p1 > po > ... > pp > 0and 0 < n < m. The

representation of w; in (3.3.3) is unique. This uniqueness
comes from the m-ary expansion of w;. Construct a partition

\ 2 \ 2 \ 2
a:i:<mp1><%) U<mp2x%) U...U(mplx&) .

2
. Ti, if n=0;
/'L;JZ — { Z L 2n .
xiu(g) , Mf0<n<m.
Case 2: Suppose p; 1s odd. We write w; as w; = 21 + 2°2 +
2734, 42P14+Cwherepy > po > ... > p; > 0and 0 < ( < 2

(this representation is unique). Construct a partition

' (2r+1) ' (2r+1)
g = (20 x L U (22 x 2
2r + 1 2r + 1

10, (2r+1) 10 (2r+1)
U(2p3><—z) U...U<2pl>< : ) .

Thus

2r+1 2r + 1
Thus
w; Yi, it ¢ = 0;
;' = RN B
{yiu ()", ifC=1.

The image of ;1 is now given by taking the union of all image
parts. []
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Example 3.3.1. Let m = 7,r = 4. Then \ = (15% 14%,
119,87, 57 312 213) is a partition enumerated by C7 4(361).

Applying Kanna-Dharmendra map, we obtain the following:

15 — 30%, (s; = 2(2); t = 2);
14% 41 (s, =2(2); 14 = 2(7); © = 1);
11° — 223 (5, = 2(3); t = 3);
898 (5,=205)—1l;y=3:2(t—r —1)=0);
5745, (s;=2(5) — 1, 2(t —r — 1) = 0);
32— 6% (s, = 2(6); t = 6);
21 (92,47, (s; =2(7) — L,y = 1; 2(t —r — 1) = 4).
Taking the union we obtain
(45,307, 22%, 910 6°, 410)

which is a partition enumerated by D7 4(361).

3.3.3 Fu-Sellers Bijection

Let A = (A", A2, ..., \") be a partition enumerated by
Crn.r(n). We now consider two cases, depending on the parity
of m; for each ¢, in order to define the bijection.

Case 1: m; 1s even




where o; = ord,,(\;) := max{o € Z>y: m? | \;}.

Case 2: m;1sodd (m; > 2r + 1)
Peel off 2r + 1 copies of the part \; and apply the previous
algorithm to the remaining parts. From the 2r + 1 copies of
each )\; that were peeled off, take a copy of each part for-
mulating a sub-partition into distinct parts. Then apply any
map that converts distinct-part partitions into odd-part par-
titions. Finally, multiply each of the parts in this odd-part
sub-partition by 2r + 1. Each of these parts will then be odd
and congruent to 21 + 1 (mod 4r + 2).
The image of A is the union of all image parts.

[]
For example, consider a partition A = (13,10, 9,77 6!1, 3°)
enumerated by C5 3(403). We separate the partition according
to the parity of multiplicities. The separation is (138, 94, 36) U
(10'3,77,6M). From the sub-partition in which parts have
odd multiplicities (103,77, 6'1), peel off 7 copies and so we
have the decomposition ((13%,10° 9% 64,3%) , (107,77,67)).

We begin by transforming the sub-partition with even mul-
tiplicities (13%,10°,9%, 6%, 3°%). Firstly, we need to determine
the order of the parts.

01 = ord5(13) = 0, 09 = ord5(10) = 1, 03 = ord5(9) = 0,
o, =ord;(6) =0, o5 =ords(3) =0.

Thus
138 — 261, 100 — 4, 91— 182 6'— 122, 30— 6%
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Now applying the Glaisher map to the distinct sub-partition
(10,7,6), we get

10 = 2! x 5, 7=2"%x7, 6=2'%x3.

Thus
10 — 5%, 77, 6 — 3°.

Multiplying each part by 7 gives (49, 35%,21%). Now taking
the union of all image parts, we obtain (49, 35%, 26, 212, 182,
122,6%,4'%) which a partition enumerated by Ds 3(403).

In the following chapter, we present the results of our study.
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Chapter 4

Contributions

In this chapter, we present the results of our study. In Section
4.1, we give anew bijection of Theorem 1.1.3. In Section 4.2,
we provide a generalisation of Theorem 1.1.4 and finally in
Section 4.3, we deduce parity formulas for partition functions
of Subbarao type. All these sections have been written up as
a research paper.

4.1 A New Bijection for Theorem 1.1.3

In this section, we give a new bijection of Theorem 1.1.3 (see
MacMahon [13]). George Andrews gave a bijective mapping
for the theorem (see [0]); however, the one we give in this
section is different. Our approach is to prove a series of parti-
tion identities bijectively, and as a consequence, the theorem
is proved. We declare the following notation:

A(n) : the set of partitions of n into parts appearing at least
twice.
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B(n) : the set of partitions of n in which parts are not con-
gruent to +1, 45 (mod 12).

Ai(n) : the set of partitions of n into odd parts appearing at
least twice.

As(n) : the set of partitions of n where parts are congruent to
+2 43 (mod 12).

As(n) : the set of partitions of n where even parts are con-
gruent to 2 (mod 4) and odd parts appear exactly 3 times.
FE1(n) : the set of partitions of n into even parts appearing at
least twice.

Fs(n) : the set of partitions of n where parts are congruent to
0,%+4,6 (mod 12).

Lemma 4.1.1. Forn > 0
|Aa(n)| = |As(n)].

Proof. Define a map 6,3 : As(n) —> As(n) as follows. Let
A= (A" A2 058,00 € Ay(n).

If \;, = £2 (mod 12), then
A A
If \; = £3 (mod 12), then

A3 _ 1.
i {6 L
BN () R TR
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We show that the image of A € As(n) is indeed in As(n).
Parts congruent to +2 (mod 12) are fixed under the map-
ping, and this is clear. If \; = +3 (mod 12), then )\; =
3+ 12t or 9 + 12t for some ¢ € Z~¢. In the image (m; = 1),
we have % = 1 + 4t or 3 4 4t so that the image part is odd
and occurs three times. If m; > 1, the image part 2)\; is such
that 2)\; = 6 + 24¢ or 18 4 12¢, which is even and congruent

to 2 (mod 4).

The map 6s3 is a bijection whose inverse 055" : Az(n) —
As(n) is given as follows. Let = (u]™, py2,...) € Asz(n).
If ; = 2 (mod 4), then

. ' p; = 2,10 (mod 12);
. t I—) . Zmi
i (%) . w=6 (mod12).

If u; = 1 (mod 2), then
W s (3)Y

We show that the image of ;1 € Asz(n) under 6, is indeed
in As(n). Parts congruent to 2 (mod 4) are also congruent to
+2,6 (mod 12). Thus partitions with parts congruent to 42
(mod 12) are fixed. If u; = 6 (mod 12), then pu; = 6 + 12¢
for some ¢ € Z>. In the image, we have &' = 3 + 6¢, which
is odd and congruent to +3 (mod 12). If y; = 1 (mod 2),
then p; = 1 + 2¢ for some ¢ € Z>(. In the image, we have
3u; = 3 + 6t, which is odd and congruent to £3 (mod 12).
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Lemma 4.1.2. For n > 0,
|A1(n)] = [As(n)|.

Proof. Define a map 63 : A;(n) — As(n) as follows. Let
A= (A" N2 .)€ Ai(n). Then

()\;7%, m; = 37
3 mi—3
A= P, M) T, my>3andm; =1 (mod 2);
(207 m; =0 (mod 2).

We show that the image of A € A;(n) is indeed in As(n).
If m; = 3, then the image part is odd and has multiplicity
3. So this is clear. If m; > 3 and m; = 1 (mod 2), the im-
age parts are \; and 2);. Since \; has multiplicity 3, this is
clear. Now 2)\; = 2 + 4¢ for some ¢ € Z~(, which is even
and congruent to 2 (mod 4) and has multiplicity mg_?’ > 1.
If m; =0 (mod 2), the image part is 2)\; which is congruent
to 2 (mod 4) and has multiplicity %* > 1. Indeed the image
parts satisfy the description of parts of partitions in A3(n).

The map 6,3 is bijective and its inverse 03 : Az(n) —
Ai(n) is given as follows. Let u = (uy"", a2, ...) € Asz(n).
Then

AN
m <§> , if ;=2 (mod 4);
Fi

s if i, =1 (mod 2).
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We show that the image of ;1 € A3(n) under #; is indeed in
Ai(n). Two cases are considered depending on the parity of
parts. If x; 1s odd, the image part is p; and has multiplicity 3.
So this is clear. If 1; = 2 (mod 4), the image part 5 = 1+ 2t
for some t € Z>( which is odd and has an even multiplicity.

[]

Theorem 4.1.1. Forn > (),
|A1(n)| = |Aa(n)].

Proof. Via the composition of maps, we have that 92_31 o b3 :
Ai(n) — As(n) is a bijection. O

Define a map f15 : E1(n) — Es(n) as follows. Let A =
(AT, A9, ...) € Ey(n). Then
Case 1: \; = 0,44 (mod 12)

(

A m; =0 (mod 3);

A s 4 ()‘i)mi_4; (2)\2)27 m; 1 (mod 3),
)™ (20, m; =2 (mod 3).

7

\

Case 2: \; = 42,6 (mod 12)

((3\) 7 m; =0 (mod 3):
i mif4
AT (BN T, (2N)%, mi=1 (mod 3);
mi—2
\(3>\Z) 3 , (2)\2)1, m; = 2 (mod 3)
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Theorem 4.1.2. For n > 0, the map (315 is a bijection.

Proof. Itis enough to show that the image of A € F/(n) is in-
deed in Fy(n). Consider cases dependent on the value of the
multiplicity m; modulo 3 and part \; modulo 12. We have
parts congruent to 0, £2, +4,6 (mod 12). Parts congruent
to 0,+4 (mod 12) are in Ey(n), as such are fixed under the
mapping if m; is congruent to 0 (mod 3). For \; congruent
to £2,6 (mod 12), the image part 3)\; = +6+ 36t or 18+ 36t
for some ¢ € Z>(. These parts are congruent to 6 (mod 12).
If m; is congruent to 1 (mod 3), the image parts are \;, 3\;
and 2);. The part 2)\; = 24t or £ 8 + 24¢ for some t € Z>,
which is congruent to 0, +4 (mod 12). If m; is congruent to
2 (mod 3), the image parts are );, 3\; and 2);. So this is
clear. []

The inverse map of (319, denoted 35 : Ex(n) — Ei(n) is
given as follows. Let 1 = (1", py 2, . ..) € Fa(n). Then

_— {(%)3””, 4 =6 (mod 12):

Z' sy =0 44 (mod 12).

We show that the image of ;1 € Ey(n) under 3;, is indeed
in Ey(n). If p; is congruent to 6 (mod 12), the image part is
B = 2 + 4t, which is congruent to £2,6 (mod 12). If y; is
congruent to 0, £4 (mod 12), the image parts are 1; and 4.
Since p; is congruent to 0, +£4 (mod 12), this is clear. Now
Li — 6t or + 2+ 6t for some t € Z(, which is congruent to

2
0,42,+4,6 (mod 12). Multiplicities for the image parts are
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3mg, 3|5, 2(m; — 3[ 5] ), which are greater than or equal to
2.

By the description of A(n), it is clear that every A € A(n)
can be decomposed uniquely into (\., A\,) where A\, and )\,
are the sub-partitions of A with even (resp. odd) parts, i.e.
Ae € E1(j) and N\, € Ai(n — j) for some j > 0. Similarly,
(€ B(n) can be decomposed uniquely into (p1, j1o) where
(41 1s the sub-partition of 1 with parts congruent to 0, £4,6
(mod 12) and p is the sub-partition with parts congruent to
+2, 43 (mod 12), i.e. p1 € Es(j) and s € As(n — j) for
some 7 > 0. Hence, we have the following equality of sets
(up to a bijection):

An) = (A1(j) x Er(n — j)) (4.1.1)
j=0
and .
Bn) = J (A) x Ba(n— 7). (412)

Using the decomposition in (4.1.1), we now have a new bijec-
tion for Theorem 1.1.3, as stated in the following corollary.
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Corollary 4.1.1. Decompose A(n) and B(n) as in (4.1.1) so
that every A € A(n) is such that A\ = (\,, \.) where \, €
Ay(j) and N\. € Ei(n — j) for some j > 0. The map T
A(n) — B(n) given by

T A ((92_31 O 913) ()\0) U 612()\6)
is a bijection.

Note that 7 provides a new bijection for Theorem 1.1.3, which
is different from known bijections in the literature (Andrews
and Sellers). We give an example for verification .

Example 4.1.1. For n = 12, {12 (22,18),(23,19), (24, 1%),
(257 12)7 26’ (32’ 16)7 (32’ 227 12)7 (327 23)7 (337 13)7 347 (42’ 22)7
(42,1%),43,(5%,12), 6%} is the set enumerated by | A(12)] .

Partitions 2°, 4% 6% are in F1(12) since their parts are even
(congruent to 2,4,6 (mod 12), respectively), and appear at
least twice. As such, we apply the map [3;5. The multiplici-
ties for 2° and 4° are congruent to 0 (mod 3). Thus

20— 62,
4 42,
The multiplicity for 62 is congruent to 2 (mod 3). Thus

62 — 12.

Partitions 12, 62, 4° have parts congruent to 0, 6 and 4 (mod 12),
respectively. As such they are partitions in F»(12).
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The partition 3% is in A;(12) since the part is odd and appears
at least twice. Applying 6,3 gives

31— 6
since 4 = 0 (mod 2). The part 6 is both congruent to 2
(mod 4) and 6 (mod 12). Thus applying 6,;' gives

62 — 3%,

a partition in Ay(12).
For comparison with known maps, see below.

Our bijection: A(12) — B(12)

1]

Ve N N VS
S

Do w
N~— N— N—

Andrews’ bijection: A(12)

!
%
S

=B W
SN NN
I 11

Fu and Sellers’ bijection: A(12) — B(12)

~~
\)
(@)

.
S
N W
~—" ~—  ~—
I 1 1
/N /N
= W
AN

9
98]



4.2 A Generalisation of Theorem 1.1.4

Our goal in this section is to give a simple extension of The-
orem 1.1.4. We start by formulating the following definition.

Definition 4.2.1. Let k > 2 and a1, as,...,a, > 1 be inte-
gers. The tuple (ay,as, . .., a,) is called k-admissible if

i. ged(ai, a) =1 Vi# g,

T T
i. If Y «a; = ) Pia; where oy, 5; € Z>q, then a; =
—1 =1

B:Vi=1,....1
iii. AiNA; =0 forl <iz#j<r where

A ={x €Zs : x=—(s+km)a; (mod k[] a;) :

i=1
1<s<k-1, m=0,1,....(]] a;) — 1}
ym

For instance, using the definition, one can easily verify that
(2,5) is 5-admissible.

Let (a1, a9, as, .. ., a,) be k-admissible where k£ > 2. Denote
by B(ay,as,...,a.,k,n), the number of partitions of n in
which parts occur with multiplicities avyaq +asas+. . . +a,.a,
where o; € Z and 0 < o; < k — 1 for all . Then we have the
following theorem.
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Theorem 4.2.1. Let C(aq, as, . . . , a,, k,n) be the number of

partitions of n into parts congruent to —(s+mk)a; (mod k f[ a;)
wheres = 1.2, ... k=1, j=1.2.. ..randm —0.1.2...
(f[ a;) — 1. Then
7

Clay, a9, ...,a.k,n) = B(ay,as,...,a.,k,n).

Proof. Note that
(0. ¢]
Z B(ay, a9, ... ,a,,k,n)q"
n=0

(0. ¢]
=11 (1 e e Y e S A
n=1

+
()

(a14a2)n + q(a1+2a2)n 44 q((k:—l)a1—i—(k—l)ag—i—...—i—(k—l)ar)n)

co k-1 k-1 k-1 k—1
= H e q(a1a1+a2a2+“'+arar)n

n=1 a1=0 as=0 az=0 ar=0
—1

00 k—1 k k1
= qalaln qCYZCLQn o qozrarn
(%) () (£

n=1 \ a1=0 ap=0

0 1 — qalnkz) (1 . qagnk) (1 . qagnk> (1 . qarnk>

1a 1 — qun 1 — qaen 1 — qasn 1 — qarn
_ r ﬁ (1 qajnk:)

| 1 a;n

i (L=a)
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X

n=1
10—"[ 1 1
k1] agn— k1] a;n—sa;—ka;
ne1 1_q i];llan sa; L i];llan saj—ka;
1 1
r k
k I1 ajn—sa;—2ka; k11 ajn—sa;j—3ka;
1 — q i=1 1 — q i=1
1
- X r k
k1T ajn—saj—(( [ a;)—1)ka;
i=1 i=1
\1-¢ 7 )
k
(l:[l a;) -1
i#]

k 11 a;n—saj—mka;

]__q i=1

Clay,ag, ... a-k,n)q".
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Lemma 4.2.1. Let k € Z-1. If a1 Z as (mod k), then
A1 N Ay = () where

Ay ={x €Z>1: v =—(14+km)a; (mod kajas) : 0 < m < as—1},
Ay={x € Z>1 : v = —(1+ka)as (mod kajas) : 0 < o < a;—1}.

Proof. Suppose a; Z a; (mod k). If AyN Ay # (), then there
isx € Z>ysuchthatx = —(14+km)a; (mod kajas) and x =
—(1 4 ka)as (mod kajas) for some m € {0,1,... a9 — 1}
and o € {0,1,...,a; — 1}. Thus

—(14+km)a; + (1 + ka)ay =0 (mod kajas)
so that
(ag — ay) + k(aag — may) =0 (mod kajas).

From this, it is clear that ay — a; is congruent to 0 (mod k),
which is a contradiction. Thus we must have A; N As

0. 5

Corollary 4.2.1. If a1 # as (mod 2) and ged(aq, az) = 1,
then the number of partitions of n in which parts occur with
multiplicities a1, as, a; + as is equal to the number of parti-
tions of n into parts congruent to —(1 +2m)a; (mod 2a;as)

where j = 1,2andm:0,1,...,(ﬁai)— 1.

oy
Proof. By Lemma 4.2.1 with k = 2, we have A; N Ay = ().
Since ged(ay, as) = 1 and that ay, as, a1 + a9 are all different,
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by Definition 4.2.1, we conclude that (a1, as) is 2-admissible.
Setting £ = r = 2 in Theorem 4.2.1 yields the result. []

Remark 4.2.1. Corollary 4.2.1 is a generalisation of Sub-
barao’s partition theorem, Theorem [.1.4, where a1 = 2 and
as = 3. Of course Theorem 4.2.1 is a more general extension.

Bijective proof of Theorem 4.2.1

Let A be enumerated by B(aq, as, ..., a,, k,n). Write each
multiplicity m of a part p as a linear combination of ay, as, . . . , a,,
1.e.

m = a1a1 + Qa9 + ... + Q.
For clarity’s sake, we shall call «; the coefficient of a; in the
multiplicity m of p. Now construct partitions 3;’s in this way:

B = ((ajp))™, (ajp2)™,...), 1<j<r
where p; > py > ... are the original parts of A and «;; 1s the
coefficient of a; in the multiplicity of the part p; of A.
Then divide each part in 5; by a; and then apply the inverse
of the Glaisher map ¢! (see Theorem 1.1.2). In other words,
compute
o (01 pyY, ). (4.2.1)

Multipy each part in (4.2.1) by a; to get a;¢ ' (p, ", py 7, . . .
and the image of )\ is given by taking the union over all j’s,

1.€.
T

U a;o(p,py, ).

J=1
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To invert the process, suppose 4 is enumerated by C'(aq, as,
..., ap, k,n). Decompose p into (p1, pt2, - . . , f4r) Where u; is
the sub-partition consisting of parts congruent to —(s+mk)a;

(mod k [[ a;). For each p;, perform the following steps:
i=1

(a) Divide each part by a;.
(b) Apply ¢ to the result in (a).

(c) Repeat each part in (b) a; times, and call the resulting
partition /i;.

Then the image of y is given by
U ;-
j=1
We include the following example to illustrate our bijection.

Example 4.2.1. Let A = (27°,22°,193,15°,125, 108, 711 510,
413 219 'k =3, a; = 3 and as = b.

Clearly, A is enumerated by B(3,5,3,708). Executing the
first step of the bijection, we have

273 = 2713F05, p = 27, ap = 1, ay = 0;
220 — 9923105 Py = 22, a; =2, ay = 0:
193 = 2213105, p3 = 19, a; =1, g = 0;
15° = 15" py =15, a1 =0, apy=1;
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120 = 1223105 ps = 12, a; =2, g = 0;
108 = 104315, p = 10, o =1, g =1

11 ~2.3+1.5 . _ _ 1.
=17 ) p7_77 ] = 4, Qg = 1]

510 — 503425 Pg =5, a; =0, ay = 2;

13 _ 413425 _ _ _ .
47 =4 ) P9 = 47 ap = 1, Qg = 2]
16 _ 002.3+2.5 _ _ _
27 =122 : P10 = 2, ap =2, g =

Thus
B1 = (81,664 57,36%,30,217%, 12, 64),

By = (75,50, 35,252, 20%, 10%).
so that
B

b = (27,22%,19,12%,10,7%,4,2%) and == = (15,10, 7, 5%, 4%, 2%).
aq a2

We now apply the Glaisher map ¢~ to % and f—; and obtain

- <B1> (222,19, 10, 72,47, 22,1%7),

( > (10,7, 5%, 4%, 22).
(@)

(66°,57,30,21%, 127, 6%, 3°7),

and
al
as " (@> (50, 35, 25°, 20%, 10%).
a
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Therefore, the image of A is
(662, 57,50, 35,30, 25°, 21%,20%, 127, 10%, 62, 3°7),

a partition enumerated by C(3, 5, 3, 708).

We now invert the process. The residue set is

{3,5,6,10,12, 15,20, 21, 24, 25, 30, 33, 35, 39, 40, 42}.

Thus
1y = (662,57,30,21%, 127, 6, 3°7),
1o = (50, 35,25, 202, 10%)
so that
H1

FL_ (992.119,10,72,47,22,177) and ™2 = (10,7, 5°, 42, 22).
a1 a2

Applying the Glaisher map ¢ to &1 and 2 with
1=13" 2=23" 5=23"4+1.3" 7=1.3"+2.3" and 27 = 1.3°

we obtain:

& (ﬂ) — (27,222,19,10,7%,4,2%),

aj

& (@> — (15,10,7, 52, 42, 22).
a2
Repeating each part a; times and taking union of the resulting

partitions results in
A= (27°,220.19° 15° 125 108, 711, 510 413 210y,
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Suppose we relax some of the conditions in k-admissibility
definition, what would happen? For instance, if the third con-
dition (i77) is relaxed in Definition 4.2.1, then Theorem 4.2.1
does not hold. However one always has a partition identity,
in terms of color partitions. To demonstrate this, we provide
an example (see Theorem 4.2.2).

Theorem 4.2.2. The number of partitions of n in which parts
occur with multiplicities 2cq 4 Tao 4+ 15a3 where 0 < a; < 2
is equal to the number of partitions of n into parts congruent
to —(s + 3m)a; (mod 630) where s = 1,2, j = 1,2,3 and

3
m=0,1,....(]] @) — 1and those parts congruent to +14,
=1

ij
498, 56, +70, 98, 4112, +140, +154, +182, +196, 4224,
+266, £308 (mod 630) appearing in 2-colors.

Proof.

12

(1 I L LA E L LI q(4—|—14+30)n)

i
—

—:

(1 + q2n + q4n) (1 4+ q7n + q14n> <1 + q15n + q30n>

1 — q6n 1 — q21n 1 — q45n
1 — q2n 1 — q7n 1 — q15n

I
—_

—

T
—_
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= 1
H 1 _ q630n 2 (1 _ q630n—4) (1 _ q630n—7) (1 _ q630n—8)

nzl

1

X (1 _ q630n—10) (1 _ q630n—14>2 (1 _ q630n—15) (1 _ q630—16)
1

X (1 _ q630—20> (1 _ q630n—22) (1 _ q630n—26) (1 _ q630n—28)2
1

X (1 _ q630n—30) (1 _ q630n—32) (1 _ q630n—34) (1 _ q630n—35)
1

X

(1 _ q630n—38) (1 _ q630n—40> 1 — q630n—44) (1 _ q630n—46)

(
1
8 (1 — ¢B30n—49) (1 — 630n—50) (] — ¢630n—52) (1 — (630n—56)?
1
(

(1 _ q630n—58) (1 _ q630n—50> 1 — q630n—52) (1 _ q630n—56)2

X

(1 _ q630n—58) (1 _ q630n—60) (1 _ q630n—62) (1 _ q630n—64)

% (1 — ¢B30n—08) (1 — 630n—T70)2 (1 _ g630n—T4) (1 — (630n—75)
1

(1 — ¢030n—T76) (1 — ¢630n—T77) (1 — ¢630n—80) (1 — ¢630n—82)
1

_ /630n—86) (1 — 630n—88) (1 — 630n—91) (1 — 630n—92
(1—-4q J(1—q )(1—4q J(1—4q )

X

X
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1

% (1 — qB30n-94) (1 — q630n—98)2 (1 — gB30n—100Y (1 — g0630n—104)
% (1 — B30n-105) (1 — q630n106)1(1 — B30n-110Y (1 — q630n—112)2
X (1 — ¢f30n—116) (1 — q630n118>1(1 — 030n—119) (] — ¢630n—120)
X (1 — ¢B30n—122) (1 — q630n124)1(1 — 030n—128) (1 — ¢0630n—130)
% (1 — qB30n-133) (1 — q630n134)1(1 — 030n—136) (1 — q630n—140)2
X (1 — ¢f30n—142) (1 — q630n—146)1<1 ¢030n—148) (1 — (630n—152)
% (1— q630n—154)2 (1-— q630n—158)1(1 — (830n—160) (1 — ¢630n—161)
X (1 — ¢630n—164) (1 — ¢630n— 165)1(1 ¢0307—166) (1 — ¢630n—170)
X (1 — ¢B30n—1172) (1 — ¢630n— 175)1(1 — 830n—176) (1 — ¢630n—178)
% (1— q630n—182) (1 — ¢B30n— 184)1(1 — (B30n—188) (1 — ¢630n—190)
% (1— q630n—196) (1 — ¢B30n— 200)1(1 — (630n—203) (1 — ¢630n—206)
X (1 — ¢f30n—208) (1 — q630n210>1(1 — 030n—212) (] — (630n—214)
% (1 — ¢f30n—217) (1 — q630n218>1(1 — 630n—220) (1 — q630n—224)2
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1

x (1 — ¢030n=226) (1 — ¢630n—230) (1 — ¢630n—232) (] — ¢630n—236)
X (1 — ¢830n=238) (1 — q630n240)1(1 — 030n—242) (] _ 630n—244)
% (1 — ¢830m—295) (1 — q630n248>1(1 — ¢030n=250) (1 — (630n-251)
% (1 — ¢o30m—25%) (1 — q630n256)1(1 — 030n=259) (1 — ¢630n—260)
8 (1 — ¢o30m—262) (1 — q630n266)21(1 — 630n=268) (] — ¢630n—272)
% (1 — ¢%30m—274) (1 — q630n—278)1<1 — 6300280 (1 — ¢630n—284)
x (1 — ¢630m=285) (1 — q630n286>1(1 — ¢030n=287) (1 — (630n—290)
% (1 — ¢%30m—292) (1 — q630n296)1(1 — 630n=298) (1 — ¢630n—300)

(1 — ¢o30m—301) (1 — q630n302)1(1 — 030n=304) (1 — q630n—308)2
x (1 — ¢830n=310) (1 — q630n314>1(1 — ¢030n—150) (1 — (630n—194)

(1 — ¢30n=195) (1 — q630n320>1<1 — ¢030n=316) (1 — q630n—322)2
% (1 — ¢%30m—32%6) (1 — q630n328)1(1 — 030n=329) (1 — ¢630n—330)
« 1

(1 _ q630n—332) (1 _ q630n—334> (1 _ q630—338> (1 _ q630—340)
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1

x (1 — ¢630n—313) (1 — ¢630n—344) (] — ¢630n—315) (] — (/630n—346)
x (1 — B30n—350) (1 — q630n352)1(1 — (030n=356) (1 — ¢030n—338)
% (1 — B30n—362) (1 — q630n364)21(1 — (030n—368) (1 — ¢030n—370)
X (1 — ¢f30n—371) (1 — q630n374>1(1 — 030n—375) (1 — ¢630n—376)
x (1 — ¢B30n—380) (1 — q630n382)1(1 — (030n—385) (1 — ¢030n—3%6)
X (1 — ¢B30n—388) (1 — q630n—390)1<1 — 030n-392) (1 — ¢0630n—391)
% (1 — B30n—398) (1 — q630n400)1(1 — B30n—104) (1 — q630n—406)2
X (1 — ¢f30n—110) (1 — q630n412)1(1 — 030n—113) (1 — ¢/630n—116)
X (1 — ¢B30n—418) (1 — q630n420)1(1 — 030n—122) (1 _ 40630n—121)
% (1 — B30n—427) (1 — q630n43())1(1 _ q630n—434)2 (1 — ¢B30n—435)
X (1 — ¢f30n—436) (1 — q630n440>1<1 — 030n—142) (] — (/630n—446)
% (1— q630n—448)2 (1-— q630n452)1 (1 — ¢f30n—154) (1 — ¢630n—155)
% (1 — ¢f30n—158) (1 — q630n460>1(1 _ q630n—464>2 (1 — ¢630n—165)
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1

x (1 — ¢830n—466) (1 — ¢630n—469) (1 — ¢630n—470) (T — (630n—472)
% (1-— q630n—476)2 (1- q630n478)1 (1 — ¢030n—480) (1 — (630n—452)
% (1 — ¢f30n—481) (1 — q630n488>1(1 63On—490)2 (1 — ¢630n—494)
x (1 — ¢630n—1496) (1 — ¢/630n— 497) (1 — ¢830n—500) (1 — ¢630n—502)
% (1 — ¢630n—506) (1 — ¢/630n— 508)1(1 ¢030n-510 (1 _ q630n—511)2
% (1 — ¢f30n=512) (1 — ¢630n— 514)1(1 630n—518)2 (1 — ¢630n—520)
X (1 — ¢630n—524) (1 — ¢630n—525) (1 ¢030n-526) (1 — ¢630n—530)
x (1— q630n—532)2 (1-— q630n536)1 (1 — ¢f30n—538) (1 — ¢630n—539)
X (1 — ¢830n-542) (1 — q630n544)1(1 — 0300548 (1 — (¢630n-550)
X (1 — ¢f30n—553) (1 — q630n554)1(1 0301555 (1 — ¢630n—556)
% (1— q630n—560)2 (1-— q630n562)1 (1 — ¢630n—566) (1 — ¢630n—568)
% (1 — ¢f30n=570) (1 — q630n572)1(1 630n—574)2 (1 — ¢630n—578)
X

(1 — ¢830n—

580) (1 _ q630n—581> (1 _ q630n—584) (1 _ q630n—586)
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1

X (1 _ q630n—590) (1 _ q630n—592> (1 _ q630n—595) (1 _ q630n—596)
(1 _ q630n—598) (1 _ q630n600>1<1 _ q630n—602)2 (1 _ q630n—604>
X (1 _ q630n—608) (1 _ q630n610)1(1 _ q630n—614> (1 — q630n—615)
(1 _ q630n—616)2 (1 _ q630n620)1(1 _ q630n—622) (1 _ q630n—623)
" 1

(1 _ q630n—626) (1 _ q630n—628> )

Example 4.2.2. Consider n = 14.
Partitions of 14 with the specified multiplicities are:
(114), (27, (32, 22,19), (32, 2%, (3%, 12), (42,22, 1%), (22, 32),
(5%,1%), (6%, 12), (7).
The other partitions are:
(27),(4,2°), (4%, 29), (4°,2), (7%), (8, 2°), (8,4, 2), (10, 2%),
(10,4), (141), (145).

Note that 14 appears in two colors which are represented by
the subscripts 1 and 2.
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4.3 Parity Formulas

In this section, we give parity formulas for certain partition
functions related to Subbarao’s partition theorem.

In Theorem 1.1.4, observe that the parts occur with multi-
plicities aq, as, a; + ao where a; = 2 and as = 3. In a related
way, we want to apply the condition separately on even and
odd parts.

We start with the partition function e(n), which denotes the
number of partitions of n in which odd parts occur with mul-
tiplicities 2, 3 and 5, and even parts occur with multiplicities
1,3 and 4. Then we obtain a parity formula for e(n) as fol-
lows.

Theorem 4.3.1. For alln > 1,
{1 (mod 2), n = BEED 5> .

9 )
0 (mod 2), otherwise.
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y (1+q3(2n—1)>
(1+¢>) (1 Jrqzs(zn)) (1 _ q2(2n—1)>

X (1 — q3(2”_1)) (mod 2)

(1 _|_q2n> (1 _|_q6n)
(I+¢*) (1+¢™)

—.

I
—

—.

(mod 2)

[
—

(14+¢™) (mod 2)

—.

i
—_

=1+ ¢F0ED (by (1.2.3)).

n=1

Example 4.3.1. Consider n € {1,2,3,...,8}.

(4,1%),(2,1°)
8,(6,2), (6,1%),(4,2,1%),(3%2), 24, (23,1?)

n | e(n)

1 0 -

2| 2 2,12

3 1 13

4] 2 4,(2, 12)

5| 2 (2,1%),1

6| 5 6, (4,2),(4,1%),3% 23
T 2

8| 8

Table 4.1: Partitions enumerated by e(n)
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Theorem 4.3.1 suggests that we could look at a slightly more
general case. Let g(mq, ms, ay,az,n) denote the number of
partitions of n in which even parts occur with multiplici-
ties my, meo, m1 + ms and odd parts occur with multiplicities
a1, as, ay+as. The generating function for g(my, ms, a1, as, n)
is:

NE

g(m17 my,ai, az, n)qn

i
(@)

:jg

(1 + qml(Q”) i qm2(2n) + q(m1+m2)(2n))

i
I

y H (1 N D I G VO q(a1+a2)(2n—1))

H <1 n qm1<2n>) (1 n qm2<2n>)
y H (1 n qa1(2n—1)) (1 n qa2(2n—1))

B o0 (1__'_ q2m1n> (1 _|_q2m2n)
=l gy ol
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We now look at some special cases.

ﬁ (1 _|_q2m1n> (1 _|_q2m2n>

(1+gmn) (14 ¢g*m2n)

Z g(m17 ma,my, 2m27 n)qn =

n=0 n=1
= H ¢™"")  (mod 2)
n=1
Z Bt by (1.2.3))

and so
e myj(3iED).
1 (mod 2), ifn =1
0 (mod 2), otherwise.
4.3.1)

g(m17 ma,my, 2m27 n) = {

Similarly,

Mg

n
g mi,ma, 2m17 2m27 )C]
n=0

B 1_|_ q2m1n) (1 4+ q2m2n)
g 1+q2m1n 1+q2m2n)

1 (mod 2).

g

(mod 2)

This yields
g(my,mo,2my,2mo,n) =0 (mod 2)Vn >1. (4.3.2)
It is easy to see that
g(my,ma,2my,2mo,2n — 1) =0V n > 1.
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Denote by G(my, ms, 2mq, 2mo, n) the set of partitions enu-
merated by g(my, mo, 2my, 2mo, n). Let h(my, ma, 2mq, 2ms, n)
be the number of partitions in G(mq, mo, 2my, 2ms, n) satis-
fying the following property:

parts are congruent to 0 (mod 4) or if for every odd part oc-
curring with multiplicity 23, there is an even part that is twice
the odd part and has multiplicity j, and for every even part
congruent to 2 (mod 4) occurring with multiplicity l, there is

an odd part which is half the even part and has multiplicity
2.

We now prove a corollary to (4.3.2), as stated below.

Corollary 4.3.1.
h(myi, ms,2m,2mo,n) =0 (mod 2)Vn >1. (4.3.3)

Proof. Define a map
Y G(my, ma, 2my, 2me, n) —> G(my, ma, 2mq,2ms, n) as
follows:
For \ = (/\{1, )\52, N )\lfl) € G(ml, Mo, 2Mq, 2Mmso, TL),
(g

(2X\) 2, if =1 (mod 2);

fi N\ 2fi
Al S <ﬁ> , if A\; =2 (mod 4);

\ )\Zf ° otherwise.

Then ¢(\) = Uﬁzlzb()\lf’ "). We claim that ¢ is an involution.
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To see this, proceed as follows.

If \; =0 (mod 4), then ¢(p(A)) = w(Aff) — )\fi
If \; = 1 (mod 2), then ¢(1p(A)) =
(since 2\; =2 (mod 4)). We have that 1&(1&()@0Z =\,

If A = 2 (mod 4), then t((\)) = o ((;)Qf? -(2(%)) "
(since %is odd). Thus Qp(w()\{i)) = )\{Z

Therefore, 1(¢)(\)) = A. Indeed v is an involution on G(m,
ma, 2mq, 2ma, n). A careful look into the set reveals that the
h(my, ma, 2mq, 2ms, n)-partitions are precisely those parti-
tions fixed under the involution. For this reason, their num-
ber must have the same parity as the number of all partitions
in G(mq, ma, 2my, 2ms, n). ]

||
/N
-
\_/

We conclude this section by looking at cases where subbarao’s
condition is applied to even parts only or odd parts only, and
some restrictions on the other parts.

Theorem 4.3.2. Let b(n) denote the number of partitions of
n where odd parts appear with multiplicities 1,4, 5 and even
parts appear exactly 4 times. Then

(j+1).
b(n) = 1 (mod 2), n:j(‘72 ),
0 (mod 2), otherwise.
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Example 4.3.2. Considern € {1,2,3,...,8}.

n | b(n)

1 1 1

21 0 -

3 1 3

4] 2 (3,1), 14

5| 2 5,15

6| 1 (5,1)

T 2 7,(3,1%)

8| 4 |(7,1),053),(3,1%),2

Table 4.2: Partitions enumerated by b(n)

In Theorem 4.3.2, if we interchange the multiplicity roles of
even and odd parts, we obtain the following theorem. In the
theorem, b(n) is the number of partitions of n in which even
parts occur 1, 4 and 5 times, and odd parts occur exactly 4
times.

Theorem 4.3.3. Foralln > 1,

E(n)z{l (mod 2), n=7j(j+1):

0 (mod 2), otherwise.



=7

(1 . q4(2n—1)) (1 _ q2n> (1 _ q8n) (mod 2)

[
—

=T

(1—-¢") (1—¢™) (mod 2)

T

(1 — q2") (1 — q2”)2 (mod 2)

n=1

(1 — q2")3 (mod 2)

n=1
> n(n+1)

=) (-1D)"2n+1)(¢7) T (by(1.2.2))
n=0

i qn(n+1).
n=0

Example 4.3.3. Considern € {1,2,3,...,8}.

n | b(n)

1| 0 -

2 1 2

31 0 -

4 2 4,14

51 0 -

6| 3 6, (4,2),(2,1%)
710 -

8| 4 |8,(6,2),(4,1%),2¢

Table 4.3: Partitions enumerated by b(n)
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Chapter 5

Conclusion

In this dissertation, we reviewed relevant theorems in the lit-
erature. Theorems 1.1.2, 1.1.5 and 1.2.2 are some of the im-
portant ones. In Chapter 2, we studied bijective proofs for
MacMahon’s theorem, Theorem 1.1.3 (see [13]), due to G.
Andrews, S. Fu and J. Sellers. In Chapter 3, we studied bijec-
tive proofs for generalisations of Theorem 1.1.3 (see [2, 16]).
Theorem 3.1.1 places a lower bound on the odd multiplicities
and Theorem 3.2.1 places an upper bound on the even multi-
plicities, and lower and upper bounds on the odd multiplici-
ties.

In Chapter 4, we gave a new bijection for MacMahon’s par-
tition theorem (Theorem 1.1.3), and generalized Subbarao’s
partition theorem (Theorem 1.1.4). Not only did we general-
ize Subbarao’s theorem, but also gave a Glaisher based bijec-
tive proof of the generalisation. Furthermore, we proved par-
ity formulas for some partition functions of Subbarao type.
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Appendix
In the following SAGE codes, we use the following notation:

Al(n) : the set of partitions of n into odd parts appearing at
least twice.

A2(n) : the set of partitions of n where parts are congruent
to £2, £3 (mod 12).

A3(n) : the set of partitions of n where even parts are con-
gruent to 2 (mod 4) and odd parts appear exactly 3 times.
FE1(n) : the set of partitions of n into even parts appearing at
least twice.

E2(n) : the set of partitions of n where parts are congruent
to 0, £4,6 (mod 12).

B3(n,al,a2) : the set of partitions of n in which parts occur
with multiplicities a;;a; + asas where 0 < a; < 2.

B2(n, al, a2) : the set of partitions of n in which parts occur
with multiplicities aya; + asas where 0 < «; < 1.
C3(n,al,a2) : the set of partitions of n into parts congruent
to —(s + 3m)a; (mod 3ajay) where s = 1,2, j = 1,2 and

2
m=0,1,2,...,(][[a) — 1.
=1

i#i
C2(n,al,a2) : the set of partitions of n into parts congru-
ent to —(1 + 2m)a; (mod 2a,as) where j = 1,2 and m =

2
0,1,2,..., ([Ta)— 1.
2



e(n) : the number of partitions of n in which odd parts occur
with multiplicities 2, 3 and 5, and even parts occur with mul-
tiplicities 1, 3 and 4.

b(n) : the number of partitions of n where odd parts appear
with multiplicities 1,4 and 5 and even parts appear exactly 4
times.

bbar(n) : the number of partitions of n in which even parts
occur 1,4 and 5 times, and odd parts occur exactly 4 times.
G(n,ml,m2,al,a2) : the set of partitions of n in which even
parts occur with multiplicities mq, ms, m;+ms and odd parts
occur with multiplicities ay, as, a; + as.

def El(n):
=[]
L2=[]
for j in Partitions(n).list () :
E=[p for p in j if p%2==1] #odd parts of I
EO=[p for p in j if p%2==0] #even parts of j
for k in EO:
if list (3j) .count(k)>1:
L2 .append (k)
if len(L2)==1len(7):
L.append (73)
return L

def E2 (n):
L=[]
L1=[]
for j in Partitions(n).list():
=[p for p in j if p%2==1] #odd parts of j
=[p for p in j if p%2==0] #even parts of I



for k in EO:
if k%12 in [0,4,6,8]:
L1l.append (k)
1f len(Ll)==len(j):
L.append(73)
return L

def Al (n):
L=[]
L1=1]
for j in Partitions(n).list():
E=[p for p in j if p%2==1] #odd parts of ]
EO=[p for p in j if p%2==0] #even parts of j

for k in EO:
if list (j) .count (k) > 1:
L1.append (k)
if len(Ll) == len(j):
L.append(])
return L

def A2 (n):
L=1]
for j in Partitions(n).list():
L1=1]

for i in range(len(3j)):
c=7[1]1%12
if ¢ in [2,3,9,10]:
L1l.append(c)
if len(Ll)==1len(7):
L.append (73)
return L



for j in Partitions(n).list () :
E=[p for p in j if p%2==1] #odd parts of ]
EO=[p for p in j if p%2==0] #even parts of j
for k in E:
if k%4 ==
L1l.append (k)
for k in EO:

if list (j) .count (k) == 3:
L2 .append (k)
if len(Ll) + len(L2) == len(73):
L.append(73)

return L

def B2 (n, al, a2):

[((=(1 + 2*m))*a1)%(2*a1*a2)
for m in [0.. (a2-1)]] +
[((=(1 + 2*m))*a2)%(2*a1*a2)
for m in [O0..(al-1)]1] ;

for j in Partitions(n) .list () :
g = [1 for 1 in J if 1% (2xalxa2) in RES]
if len(j) == len(qg):
L.append (73)
return L



def C2(n, al, a2):
L = []
Ll= T[]
for a in [0,17]:
for b in [0,1]:
Ll.append(axal + bxa2) ;
#checks linear combinations
for j in Partitions(n).list():

h = [p for p in J if 1list (j).count(p) in L1]
if len(j) == len(h):
L.append(])

return L

def B3 (n, al, a2):

L = []

RES1 = [((—(1 + 3%m))=xal)%(3xal*a2)
for m in [0..(a2-1)] +
[ ((=(1 + 3xm))=*a2)%(3xal*a2)
for m in [0..(al-1)11 ;

RES2 = [((—(2 + 3%m))=xal)%(3xal=*a2)
for m in [0..(a2-1)]1] +
[((=(2 + 3*m))*a2) S (3xal*a2)
for m in [0..(al-1)1] ;

RES = RES1 + RES2

for jJ in Partitions(n) .list () :

g = [1 for 1 in j 1if i%(3%xalxa2) in RES]
if len(j) == len(qg):
L.append(])

return L



def C3(n, al, a2):
L = []
Ll= T[]
for a in [0,1,2]:
for b in [0,1,2]:
Ll.append(axal + bxa2) ;
#check linear combinations
for j in Partitions(n).list():
h = [p for p in J if 1list (j).count(p) in L1]
if len(j) == len(h):
L.append(])
return L

def

for j in Partitions(n).list():
E=[p for p in j if p%2==1] #odd parts of ]
EO=[p for p in j if p%2==0] #even parts of j
for k in EO:
if list(3j) .count(k) in [1,3,4]:
L1l.append (k)
for h in E:
if list(j) .count (h) in [2,3,5]:
L2 .append (h)
if len(Ll) + len(L2)==len(7j):
L.append(])
return len (L)
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def b (
L:

for j in Partitions(n).list () :
E=[p for p in j if p%2==1] #odd parts of ]
EO=[p for p in j if p%2==0] #even parts of j
for k in EO:
if list (3) .count (k) == 4:
L1l.append (k)
for h in E:
if list(j) .count(h) in [1,4,5]:
L2 .append (h)
if len(Ll) + len(L2)==len(7j):
L.append(73)
return len (L)

def bbar (n) :

for j in Partitions(n).list():
E=[p for p in J if p%2==1] #odd parts of J
EO=[p for p in j if p%2==0] #even parts of j
for k in EO:
if list(3j) .count(k) in [1,4,5]:
L1l.append (k)
for h in E:
if list (j) .count (h) == 4:
L2 .append (h)
if len(Ll) + len(L2)==len(7j):
L.append (7)
return len (L)



def G(n, ml, m2, al, a2):

L =[]

L1 = T[]

L2 = []

L3 = T[]

for j in Partitions(n).list():
O =[p for p in j if p%2==1] #odd parts of j
E =[p for p in j if p%2==0] #even parts of j
El = [p for p in E if p%4 == 0] #E%0 mod 4
E2 = [p for p in E if p%4 == 2] #E%2 mod 4

for k in El:
if list(3j) .count(k) in [ml, m2, ml + m2]:
L1l.append (k)
for k in E2:
if list(j) .count(k) in [ml, m2, ml + m2]:
L2 .append (k)
for k in O:
if list(j) .count (k) in [al, a2, al + a2]:
L3.append (k)
if len(Ll) + len(L2) + len(L3) == len(]j):
L.append (7)
return L
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