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Abstract

This research delves into analyzing the invariant properties and conservation laws (CLs)
governing the (3+1)-dimensional (3D) time-fractional Bateman—Burgers (BB) equation,
employing the Riemann Liouville (RL) fractional derivative. The fractional Lie symme-
try method is employed to ascertain the symmetry attributes of this equation. Consequently,
the equation is transformed into a fractional ordinary differential equation (FODE) using
the Erdélyi—Kober (EK) fractional differential operator. Additionally, the paper derives new
conserved vectors for the 3D time-fractional BB equation using the formal Lagrangian and a
detailed derivation based on the new conservation theorem. The explicit solutions and their
stability are also examined and analyzed.

Keywords Lie symmetry method - Time-fractional Bateman—Burgers equation - Riemann
Liouville fractional derivative - Power series solutions - Conservation laws - Stability
analysis

Mathematics Subject Classification 58J70 - 76M60 - 35A15

1 Introduction

The Lie group method was first introduced by the Norwegian mathematician Sophus Lie
[1] in the late nineteenth century. Initially developed to solve ordinary differential equations
(ODEs), it was later demonstrated that differential equations exhibit invariance under a Lie
group transformation [2, 3]. This method enables the transformation of differential equation
systems into other equivalent, reduced systems while preserving the invariance of solution
space, even when transforming into a different space using a Lie group of infinitesimal
transformations by invariant conditions. Lie symmetry analysis provides a powerful approach
for finding invariant solutions to initial value problems, conservation laws, and boundary
value problems [2-6]. Although the method has been applied to achieve symmetry reduction
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in integer-order partial differential equations (PDEs), its application to fractional differential
equations is relatively novel. As a result, there is a growing interest in researching symmetry
analysis for fractional differential equations [7—10].

This investigation analyzes a particular variant of the Burgers equation, first introduced
by Bateman [11] and later investigated by Burgers [12]. This equation has a wide range
of applications in fields such as fluid dynamics [13—16], nonlinear acoustics [17, 18], ocean
engineering [19-23], and medical sciences [24—27]. Here, we consider the 3D time-fractional
BB equation as follows

Dlgp — iy — yy — 9r: — 0oy =0,0 <6 < 1, (1

where ¢ = ¢(x, y, z, t). Given the broad range of applications of the BB equations, numerous
researchers have shown interest in exploring these equations using various methodologies.
When 6 = 1, the Eq. (1) simplifies to the 3D BB equation [28]

01 — Qxx — Pyy — Pzz — PPx = 0. ()

Numerous researchers have directed their attention to the investigation of this equation. Shah
et al. [29] derived the analytical solution for the fractional coupled BB equation. The varia-
tional iteration method for analyzing BB-type equations was used by the authors Alderremy
et al. [30]. Also, Mohanty et al. [31, 32] reported some soliton solutions using the (G'/G)-
expansion technique for Schamel Burgers’ equation. Additionally, Xia et al. [33] utilized
Nucci’s reduction technique to explore the Burgers’ equations.

The primary objective of this study is to identify similarity solutions and establish novel
conservation laws [34-36] for the 3D time-fractional BB equation, employing the frac-
tional version of the Lie symmetry analysis method [7-10]. Additionally, a comprehensive
examination of the solution series is conducted. Notably, new conserved vectors for the
3D time-fractional BB equation are formulated using the new conservation law theorem,
facilitated by a formal Lagrangian framework.

2 Prelaminaries

Some introductory definitions are given in this section which we will use in this article.

Definition 1 The RL derivative is defined as [37]

, AP g(t), p—1 <6 < p,
D7g(t) = | 4o 3)
T 0=peN,
where I?g(r) is integration of order 6 of RL given by
t
P A _ Nt —o) g(@)dw, 6 >0

17g(t) = =D ' ' “

0

g(), 0 =0,

we also follow (6 — 1)! = T"(9).
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Definition 2 The RL partial derivative [38—-40] of the function ¢(x, ¢) of order 6 is defined
as

o o /(r—w)P -l g(a)dar, —1 <6 < p.

Dlg(t) = 5)

Pe 0 =peNlN.

2.1 Layout of the Lie symmetry method

Now, we provide the basic idea of the symmetry method [2, 41]. For this purpose, we consider
a 3D FPDE

o, y,2,0) = G, X, 9,2, 0, Or, Oys P2y Prxs - --), (0 <6 < 1), (6)

and the one parameter (local) Lie group of transformations as follows

t=t+eylt,x,y.2,0) + 0(?),

X =x+eYitx,y,2,9) + 0@,

Y=y 4yt x, y,2,0) + 0, @
F=y+eytt.x.y.z.0) + 0@,

O =p+ep(t.x.y,2.9)+ 0@,

where ¢ << 1 is its parameter, and associated vector field has the following form

X=w13+w23+w3—+w—+¢— ®)

ot ax

Similarly, the transformations for rest variables becomes

3990* 89
= = 3 +s¢9(t X, y,2,9) + 0D,
dp* g

¢ = 7+8¢x(l‘,x,y, Z,¢)+0(82)s
ax ax
82(,0* 32

T =32 +s¢”(t X, ,2,9) + 0(e?), o
82(,0* 32

- 5 4 ta » Vo Ky 0 2 ’

72 ayz—i—sgb (t,x,y,2,9) + 0(e%)
82(,0* 82(p

37 =9 +e¢%(t, x,y,2,9) + O(),

The Lie algebra associated to (6) is prolongation of (8) written as

ad ad d d
X[G,n] — X+¢07 +¢ v +¢xx ¢yv ¢Zz7 4o, (10)
9t 0@xx a‘P)y 092z
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where n is the order of Eq.(6) and
¢" = Di(9) — @ Dy (¥") — 0 DL (¥?) — 0y DL (¥°) — 0. Dy (¥,
¢ = Dy(¢") — e Dx(¥1) — 0ux Dy (W?) — 01y D (V) — i D (),
¢” = Dy(9”) — @1y Dy(¥") — 01y Dy(¥?) — @y Dy (¥) — @y Dy (YY),

(11)
¢ = D:(¢) — 91z D:(¥") = 2z Do (V) — 93 D:(¥°) — 9z D (),
From (11), the total differential operator D; is defined as:
D= —+ 0 + 0 + 0
"= 5 Pt 39 Prt 9or Pxt 90r cees 1)
D. — 0 N a n ad N d
X — ax (px a(p (p)CX a(px Qoxx a(px ceey
The operator (8) is known as point symmetry of (6) iff,
X1 (A) az0 = 0, (13)

where

A=3000,y,2,1) — GO, Y. 2,1, 0. Pr, Py, Prxs - -2 )

The invariance condition [37] is necessary to the transformation (7), because of the conser-
vative property of above operator

Y, y, 2,1, )= = 0. (14)

Also, the explicit form of #"" extended infinitesimals is given below:

3¢ o 3%
95 =55 + (00 —0DWY) 55 — 95
- o 39¢<ﬂ 0 p+l.1 0—p
+;[(p>a;e‘ (pH)Dt (v >}D, (¢)
© g o © o (15)
—Z( )Df’(vﬂ)Dt ”(«m)—Z( )Df’(vﬁ)D, "(gy)
p=1 P p=1 P
> (6 _
—Z( )DW“)D? P(2) +
p=1 P
where
(9) _ (=P 'er(p—0)
p) TUA-=-0OT(p+1)’
and

oo p 1 s—1 -0 1 —l+s
_ ON(P\(s\L__ gt O gs—ay 8 )
r=2.0.0 <p)<l>< )S!F(p+1—9)( Dl T (10

q
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3 Application of the method to BB Eq.(1)

Suppose that Eq.(1) remains invariant under the (7) and (9), then we have
DY@ —xx — Oy —0:: —00x =0, (0<6<1), a7

such that o = ¢(x, y, z, t) becomes similar to Eq (1). After that substituting Eq. (7) into
Eq. (17), we get the following invariant equation:

b)) — ¢ — 6% — % — 9 — pp* = 0. (18)

By substituting the values of ¢*, ¢**, ¢, ¢** and ¢g into Eq. (18) and after comparing
coefficients of all the monomials of derivatives of ¢, we obtained the following determining
system:

bop =Yy =Vl =yl =yl =yl =y) =y, =y =y =y =0,
Vi oy + V5 — 200 + @ —0Y)) — ¢ =0,

Vi + Uy VU — 26 + 0Y; =0,

Vi + Uy + U — 2020 + oyt =0,

297 — 0y =0,
297 — 6y, =0,
2yt — oy =0, (19)

2097 +v3) =0,
2y +yH =0,
2y +97) =0,
0/ — bex — byy — bz — 9y — 90 by =0,

AW _ o 2 T EN _
<p)8,¢ (p—}—l)Dt W)=0. p=12,3,...

where (0 < 6 < 1). Solution of above system yields
2
Yl = gb]t +bs, Y2 =bix+b,
VP =biy+bsz+by, Y=biz—bsy+bs, ¢=—big,

where by, by, b3, bs, bs and bg are constants. Using the time invariance condition (14), we
get bg = 0 and so the infinitesimals are

2
W:gblr, v =bix +by, ¥ =biy+byz+bs,
Ut =biz— b3y +bs, ¢=—bg.

Thus, we have five-dimensional symmetry algebra for the BB Eq. (1) given by

X Zi, X2=i, X3=Z£—yi, X4=i, (20)
ax ay ay 0z 0z

R B BN on
6 ot dp ax ay 0z
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Reduction by symmetry X’} For symmetry X, one can write
dt _dx dy dz dy
0O 1 0 0 0
This gives the following similarity transformations

v=t, ox,y,z,t) =HW). (22)
Putting these values in Eq. (1), we get
D]y =0,
which gives
oG,y z,0) = ki’ ki > 0. (23)

By reduction of symmetry X, and X, we get the same results.
Reduction by symmetry X5 If we consider symmetry Xs, we can write

dx dy dz 0dt dy

X y b4 2% —¢
and this provides below similarity transformations.
0 [
v=_(+y+0r 2, ey, z0) =1 2HW), (24)

where H is dependent on variable v. Substituting Eq. (24) into Eq. (1), we get a nonlinear
FODE.
After this procedure, we have the following special result:

Theorem 1 The transformation (24) converts the BB Eq. (1) to following nonlinear FODE

1-3% ¢
<792 z H) (v) — HHy — 3Hyy =0, (25)
7
where the generalized form of EK fractional differential operator [41, 42] is defined by
0 ot 1 d +0,p—0
T, . .4 T+6,p—
(Pﬂ H) ) = 111 (r ti-g vdv) (/cﬁ H) ), (26)
_Jer+1, o ¢N,
p‘{ 6, 6¢eN, @7)

and

o0 1
i J @ = Do T HweP)dg, 6 >0
1

(r5"1) o) = (28)

H(U), 9 = O’
where ICE’G is the EK fractional integral operator.

Proof Supposethatp—1 <6 < p, p =1,2,3, ... and order(p)=order(r), here r € R. After
using RL definition for Eq. (24), we get

1

oy o ! r—0-1_5% 2

W—y[m[(i-d) a2H<(x+y+Z)a3)dS} (29)
0
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Substitute y = t/a = da = —(t/yz)dy, then Eq. (29) can be written as:

at? atr

00
1 ) )
_1 r—0—1_,—(r—60+1-%) 5 d 30
271—'(7'—9)/(1/ ) Y 2H<W2) v, G0
1

By following (28), above equation becomes:

8% 9" 30 1-4.r—0
—=—|"2 (K, " H . 31
1% ar [ ( ) (U)} G

After simplification the right hand side of Eq. (31) changes as:

L Lt I AV R G W Jp

= g (7 () o) |

9! 30 3 6 d 1-4,r—0
tr7177 " K 2 ,

T (5 e

(32)

30 0 d 1% g
— v (kT .
.y Zudv)(% H)(u)]

By following (26), we reach at the main result, i.e.

" _30 . 3
ﬁ[’r% (/c'% 2 BH) (v)] _ (P:% 2 ’(’H> ). (33)

Therefore Eq. (31) becomes

|
-
\
SIS
~. =
]
o
1
N
—

Y _w f _1-%p
Sy =1 <7>% 2 H> ). (34)
Thus, we get this final result.
1-32.6
(Pz 2 H) (v) —HH, —3H,, =0. (35)
7

So, the proof is completed.

4 Series solutions for the BB Eq. (1)

In this current section, we aim to find series solutions for the BB Eq. (1). To achieve this
goal, let us consider the following series solutions of nonlinear FODE (25).

HO) =D hyv", (36)

u=0
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where h,, are coefficients which we will evaluate later. Now, by using Eq. (36) in Eq. (25),
one reaches at the following relation

o] F(4739 n9)

Sorcy -y

e ¢}
S " =3+ D+ Dy

4—0 0
u=0 [ - %) u=0
o0 u
- Z Z(u +1- w)hwhu+17wvu =0.
u=0 w=0

(37

So, by comparing coefficients for u = 0, we get

I[rEs9)
hy = —| —=—ho — hoh |, 38
2 6[ NE3) 0o—ho 1:| (38)

where h( and /i are an arbitrary constants. Generally, for u > 1, we can get the following
recursive relation

! [F(4_239 ) -
hyya =

3+ DHw+2) [ rd? — 1) =D (1~ w)hwh”“’w]' %)

w=0

It follows from Eqgs. (38) and (39) that all coefficients 4,,, for # > 3 can be expressed in
terms of both kg and /1. Now, to simplify our case we can first choose hg # 0, h; = 0,
this gives coefficients for one solution expressed entirely in terms of /. Next, if we chose
h1 # 0, hg = 0, then coefficients for other solutions can expressed in terms of /7.

Using Eq. (38) in both cases.

Case: 1 When hg # 0, h; = 0 then (38) becomes

1 F(ﬂ)
hy = 7< 2 h0>. (40)
6\ T
Now, the recurrence relation (39) foru = 1,2, 3, ... gives.

1/ (&3¢
h3=7< (439)11(2)),
54\ r(52)

1 052 r=2 1
hy = — (430)< (4_239)h0+ —h?)),
216 T2 \r¢52) 18

b (ZL _T@  (TE5H 1 ) rs)
T (3240 2 —26) < r) > 3240 r¢?) (r(ﬁtfe)>

_1<F(4_236)>>h2_ 1 <F(4_230))h4
1080\ r(2) /)% 58320\ r(e) )"

(41)
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We get the following solution in this case

F(“”>h>vz_1<r<“£9>hz)v3 =

Holw =ho+¢ ( (52 NI 216 T(5%) \r(552) ™"

! —h

g )
1 r@ (rdsH I T() (T

- [(3240 I'@2-20) ( INE=) ) * 3240 ré9) (F(4 %e)> (42)

L (TCFD)),e
’ @( réh ))hO

L (TEFDY ] s
+58320<F(429) )ho]u + e,

where h is any arbitrary non-zero constant.
Case: 2 When h; # 0, hp = 0 then (38) becomes

hy =0. (43)
Now, the recurrent relation (39) foru = 1,2, 3, ... gives
1 /TQ2-20
hy = —(E2=29, g2,
18\ I'2—-0)
hy =0, (44)

o 1 r@ (re-2)\\, _1( r® \,
ST H080\TC 200\ T2-0) ))"' T e0\T2-20))""
We get the following solution in this case
| (re-2 i re [ re-2
Hi(v) = hiv + ﬁ( r((z 9))h - hz)” + [T(r(z( %e) ( r((z—e))>>h1
1 ( re 2] s
—@(ﬁyﬁ}’ e (45)

where /1 is any arbitrary non-zero constant. Hence, by using (42) and (45) the final form of
Eq. (36) is written as:

HW) = Ho(v) + Hi(v) (46)
(43¢ 39) (43 39) 5 1 /T2 -20) 5 5
H(U)—h()“rhll)“r ( (4 9) ]’l())l) ( 4(F(4 9) h0>+ﬁ(mhl_hl>>v
1 (338 rse 59)
6 TG r&) ( (2 39) >
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+[(;1 rQ) F(%))_Lw%)(r(%»
3240 F(2—20)(1‘(%) 3240 (59 \r(¢53)
1 (TEEDNN 1 /TSN, re (rQe-:20)
1otz ) - s (v )i+ s (e (e )P
1080 \ 1 (%9) 58320\ (%?) 1080 \T'(2 —20) \ T2 —6)

RN SRR NCONER Vo NE R
_6o<r(2—29)>h1]” o 47)

Then, the explicit solution of (25) can be expressed in the form of:

(%)

72;,0)()( +y+ 2)217%
L

—1/TE) 1 (T (2-26) ) 3,22

1 P59 (T3
216 T(A7) (F(%)

[EE

+ (3240r(2—29)<r(%))

_;H%(F(%)_;(w%»hz_ ! (N%)#
3240 (50 \r(&Y) ) 1080\ r(2) /)70 58320\ r(de) ) °
1 _

+7( rQ) (F(z 29)))h1

1080\ I'2-20)\ T'2—-0)

_r re 2 5,30
60<F(2729)>h1i|(x+y+z)t

1
w(X,y,z,z)=h0+h1(x+y+z)f9+g<

1 50
ho + ﬁhé) G+y+hT

(48)

4.1 Convergence analysis of the explicit structures

This analysis makes us able to examine how the explicit solution (36), with coefficients
provided by Eqs. (38) and (39), converges. Eq. (39) can be written as:

T (35

husal < 25— | u|+2|h [L—" (49)
INE=3] ~

But 11: ((ZL)) < 1 for any n(m) numbers, therefore (49) becomes

u
hutal < 1l + Y Tl (50)
w=0

Now, consider another power series suggestion as

o0
Cv) =) vt (51)
with ¢; = |h;|,i = 0, 1 so, one can write
u
Cut2 =Cut Y CuCutri-w (52)
w=0
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where u = 0,1, 2, --- and it is clear that
|hu+2| < Cuy2 = [hul < cu.

By following above relations, we reach a result that Eq. (51) is a majorant series of Eq. (36).
Now, we need to prove that series (51) has a positive radius of convergence. So, Eq. (51)
takes the following form

o0
COv)=co+civ+ Y e’

u=2
u
=co+cv+ Z |:cu + > cwturi- w} ut, (53)
u=0 w=0
=co+ev+ Zcu “r Z Z CuwCut1—wv"
u=0w=0

Now, considering an implicit functional theorem concerning v, we get
8(1,C) =C —co—c1v —[C — cov? — [C? — A2, (54)

e since § is an analytic function in the neighborhood of (0, ¢p),

e 5(0,cp) =0 and

e 25(0, co) # 0.

The implicit function theorem states thatif 6 (C, ¢) is continuously differentiable and % 0, ¢p)
is non-zero at (0, ¢), then there exists a function C = C(v) such that §(C(c), ¢) = 0, for ¢
near cg. Thus, we reach at convergence.

5 Conservation laws

Now, we calculate CLs of Eq. (1) which satisfy the below form:
[Dt(sf) + Dy (8%) + Dy(8%) + DZ(SZ)] =0, (55)
Eq(l)

where S ) 8% , $¥ and 7 are conserved quantities. By using the results given in [10, 35],
formal Lagrangian of Eq. (1) has this form:

L=p&,y,2,0[D]¢ =@ — ¢y — 0 —pocl, (0<6<1), (56)

where p(x, y, z,t) is a new dependent variable. By using Eq. (56), we follow the action
integral as

1
/ / / / »C(xsyvzvtvDte(pvw)m(/)XXvay,(/)zz)dxa'dedt- (57)
0o Jo,Jo, Ja,

And, the Euler-Lagrange operator is defined as
3

2 ——( piy -2 p ypr O 2
3¢ 3D6 a(p T 0¢xx 3g0\ $ 3¢z,

(58)
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where (D?)* denotes adjoint operator in the Fréchet sense of (DY) and the adjoint equation
for (1) is given as

8L
= = (59)
Sp
The operator (adjoint) (Df)* from (58) in the sense of RL fractional operator is given by
(DIy* = (=P 1% (D) = { Dj. (60)
where 17 % is written as:
_ 1 K ,
177 ) = 8. 1) (61)

L(p—0)Ji (—nf-rt!

Considering one dependent variable ¢ and four independent variables ¢, x, y and z we have
this form:

X+ D,y HI + Dy (HI + Dy(HI + D, (vHT

5 ~ ~ AL A
=W T D;(S") + Dx(8%) + Dy(8*) 4+ Do(5%) (62)

where the operator Z is known as identity operator and % is Euler-Lagrange operator. So,

X has below form

1 3 4 0 X 0
Ry A A U e
oD/ ¢ Px (63)
N 0 TIPS M 9 + P —— 9
0Qxx B‘va a(ﬂ’z

and the Lie characteristic function (W) given by
W=¢—vlo—vlo —¥0y —¥io.
By considering RL-fractional derivative, the S component of conserved quantities is given
by:
p—1

oL L
=y'L+) (DI~ (w, >D“ - (- 1)PJ<Wm,D”—>, (64)
% ° a0 D) d0Df ¢

where J(.) is defined as:

1 " (T a(T,x, y, bk, x,y,

Ja,b) = / / al,x y,2) B(K =2 % dedT, (65)

F'(p—0) Jo (ke = T)0—P*
and 8’ for independent variables x, y and z yields:

=YL+ W, oL Di( 0L )
8(p”’ J 8(/7;’}
aL oL

+D,Dk(am)—... + D;(Wy) a——Dk(a—m)Jr... (66)
ljk (pij ljk

0L
+DiDkWp)| 7 — -+ | T e
a ljk
where i, j,k=1,2,3andm =1, 2, 3.
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Case: 1 For symmetry X7, we get W = —¢,. Putting these values in above equations, we
find

§" = pD!™ (—px) + T (—¢x, po),
§% = pID] ¢ — o3y — 921 — pxtx
§7 = —pipy + PPrys
§% = —up: + P
Case: 2 For A3, we get Wy = —g,. Putting these values in Egs. (64-66), we have

§' = D]~ (=py) + I (=0y. p1),
§* = @y(ep — p2) + PPy,
§¥ = pID} ¢ — pxx — 92c — 901 — £y,
§% = —0y0: + ppyz.
Case: 3 For A3, W3 = —z¢, + yg,. Putting these values in Egs. (64-66), we get

§" = pD!™ (=20, + yo) + T (=205 + yo:. p1),

§¥ = (=2¢y + y0) (@ + pr) — p(=2¢ry + YPr2),

§Y = 2L+ py(—29y + y9:) — p(—20yy + 02 + Yoy2).
§P = —yL+ p:(=20y + y9:) — p(—2¢zy — 0y + Y22).

Case: 4 For symmetry Xy, we get Wy = —¢.. By following cases 1 and 2, we have

Svt = thg_l(—(pz) + J(—(Pz, pt)1
§¥ = (o — px) + PPxz,

Sy
sz

—@zPy t+ PPyz,
:O[Df)ﬁo — Qxx — Pyy — ©@x] — Pz

Case: 5 For X5, we get Ws = —¢ — %t(p, —X@x — Y@y — z¢;. By following the same pattern
as above, we have

§ =24 DI~ ~ 2t —
- 0 1Y t @ 0 Pt XQx

2
—ypy —2¢;) + J((—¢ — 5t<pt —XQx — YPy — 2¢z), P1),

2
ST =xL+ (—¢— e = Xx = Yy — 20) (=@ + px)

2
—p(—px — 5%: — Qx — XQxx
—Y@xy — 2Pxz)s

2
§Y = yL+ py(—¢ — glo —Xex = Yy = 297)
2
—p(—py — 5t<pyx — XPxy — Oy — YPyy — IPyz),
2
S*=z2L 4 p(—¢p — gl P = Xex = ypy — 29;)
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2
—p(—p; — 5t<pzr — XQxz — YPyz — Pz — 2Pzz)-

6 Conclusions

In this paper, the Lie point symmetry properties of the 3D time-fractional BB equation have
been studied using the RL fractional derivative. These symmetries have been employed to
derive CLs for the 3D time-fractional BB equation. The study utilizes a new conservation
law theorem in conjunction with a formal Lagrangian approach to obtain new components of
conserved vectors, enabling the construction of CLs for the 3D time-fractional BB equation.
The proposed analysis is an effective and reliable approach for developing CLs and obtaining
similarity solutions for fractional differential equations.

Data availability For the current study, no data sharing is applicable because no data were investigated or
developed for this article.
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