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ABSTRACT

The first part of this thesis concerns tests with test sta-
‘tistics which are nonlinear functions of the rank vector.
The discussicn is within the basic framework of testing two
samples of circular data in order to ascertain whether they
are drawn from the same population. The reievance of these
tests to the standard situation is also stressed since they
can be used for testing against an unspecified alternative
hypothesis.

The principal test statistics considered arise from the
Mann-Whitney test statistlc adapted to conform with the in-
variance regquirements of a test for circular data. An im-
portant relationship exists between these statistics and the
Smirnov test statistics. 7Th'sx 1y.:latlonship, for instance,

enables us to determing the range of posiible values 2f the

statistics and simplifies their computation.

The null distribution for these statistics can be ob-

tained in terms of the distribution for the Mann-Whitney test

. statistic. The reasoning used in obtaining this result also
enables us to dexive some well-known results about the Kol-
mogorov-~Smirnov statisties in a new fashion.

Other aspects of these Mann-Whitney type testsare also
discussed, including the limiting distributions of the test
statisties, a lower bound for the power, their Bahadur effi-
clency agailnst Kuiper's (two-sample) test and a confidence
interval for a certain measurc of the distance betwaen two
(cumulative) distributions. Tabulation of exact probabili-

ties for small sa . ' sizes is also included.




iid.

A general class >f tests is derived from the linear
rank statistics for regresgion by using the method of union-
intersection. fThis class includes the Mann-Whitney type
tents as a particular case. A useful feature of these tests
is that in the two-sample case they provide a class of tests
conéistent against an unspecified alternative.

The limiting distributirn of these test statistics under
the null hypothesis of randomness is obtained as the distri-
bution of a functional of a Gausslan process. A pleasing
feature of this work is that it also enables us to obtain
the limiting distribution »f another class of statistics
which are quadratic forms in the ranks. The most significant
aspects of previous work in connection with these gquadratic
forms are incorporated and extended within this discussien.

An expression is derived for the eract Bahadux efficien-
cies of the two-sample tests within the general class, The
main result is that a test in the general class is never less

efficient than the linear rank statistic from which it was

derived, irrespective of the alternative belng tested. Condi—_

tions are given under which the nonlinear test is actually
strictly more efficient than the linear test.

The first part of the thesis concerns tests which may be
used againgt on unspecifled alternative and in this sense the
tests may be regarded as robust. The second part of the the-
sis examines the performance of linear rank statisties with
a view to ascertaining thelr robustness to deviations from the
theoretical model. One technigue involves interpreting the

Haar expansion of the welghting function of a two-sample test
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in terms of asymptotic relative efficiency in order to give
a detailed piciure of the (asymptotic) behaviour of the test,

The thesis is concluded with comments on some aspects
of robustness and proposed directions for development. These
jnclude the idea of an influence curve (3 la Hampel) for the
limiting power of a test and also approximations to optimal
tests which give raobust tests having test statistics easy to
compute in practice.

In conclusion, it should be stated that this thesis -
and particularly Part I - 1s more concerned with theoretical
ideas than with immediate application. In this regard a firm
theoretical footing, even if 1t has not been brought to a
completely satisfactory conclusion ag far as application goes,
seems of more worth than £inding heuristic solutions with

certified practical efficiency only for particular examples.
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PART 1

CHAPTER L. don

ko Hypothesis Testing foxr

1.1 A general outline of the topics examined in Pert I.
The idea of lnvestigatiny a random sample of observations
scattered on the circumference of a clrele is well es-
tablished. 'he applicability of such investigations to
situations arising in practice is illustrated by numerous
examples in Mardia (1972, pp.12-17}. Among these examples
of situations which give rise to data in the Fform of points
on a circle are the following: wind directions, hydrologic H
cycles, the flight orlentation of hirds in homing and mi-
gration, observations on experiments in a bubble chamber f
{made through a circular window) and psychological experi~
ments in determining directions withont visual aid.

The question often arises naturally as to whether two i
vandom samples of independently drawn observations are
drawn from the same population or whether they are drawn
from different populations. If both samples are drawn f£rom i
the same population, then the combined sample 1s randomly
distributed over the circumference of the clvcle and hence i
this hypothesis is that of randomness. Another possible
question which may avise in the one-sample situ. Sion is
whether the sample is drawn € a particular, given popu-~

lation.

|
|
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Seemingly the most important difference between
dr tling with observations on a eircle and the usual case
where the observations lie on the real line is concerned
with a certain arbitrariness of measurement in the circular
case. This is because we have to choose some point on the
circumference of the clrcle and then measure the angular
displacements of the observations relative to this fixed
point, also choosing the direction in which we measure
{clockwise or anticlockwise) arbitrarily. A basic ve-
quirement of any test for elther the one-sample or two-
sample situation $s that it does not depend on the choice
of the point on the clrcumference from which angular dis-
placement is measured. This reguirement is a standard onc
in hypothesis testing (Lehmann,1959, p.213).

This invariance requirement means that the standard
two-sample rank tests are not suitable for testinsg whether
two sampl ‘5 of circular observations are drawn from the
same population. New rank tests have to be developed which
satisfy tho invariance cxiterion. A wvariety of such tests
have already been suggested and these will - 'sed
further in section L.4.

Part I of this thesis, which forms tha contents of
chapters 2 and 3, is concerned with the development of a
new class of tests for testing whethor a sample of cireular
observation: s randomly distributed (which, as mentioned
earlier, includes tho two-szample testing problem). These
tests arise as an application of the metiiod of union-in=

tersection, described by Roy (1953), to the rank statistics

i
|
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used for testing the randomness of a sample of real-

‘valued (non-directional) duta.

The test derived using this technique applied to the.
well-known Mann-Whitney test (Mann and Whitney, 1947
possesses special features which encourage a separate
anaiysis. We decided to present the Qiscussion of this
statistic in chapter 2 hefore developing the theory of
the gereral class of tests to which it belongs. This may
appear contrary to conventional practice, but there do
seem to be compelling reagons for doin¢ it. These reasons
are: this procedure reflects the order in which the re-
search was actually carried out; there is little overlap
between the results ¢f the two rections and those results
in chapter 2 which ars particnlar instances of results in
chapter 3 can be derived more easily by direct arguments;
putting the discussion of the Mann-Whitney type test first
might be expectad to draw the reader's attention to what
seems to be the most promising of the tests in the general
class and provides grounds for the generalization in chap-
ter 3.

With regard to the general class of tests, two majox

results are obtained., The asymptotic distributions of the

test statistics under the hypothesis of randomness are de-

rived using the techniques of Billingsley (1968) for study-
ing the convergence of prebability measures, As mentioned
earlier, each test in our class of tests is derived from
a rank test for data on the real line. It is shows that

the real line test is at best no more efficient- in the

sense of Pahadur efficiency- than the test derived from it,
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irrespective of the altexnative hypothesis being considered.

Tise results obtained for the asymptotic distributions
of the teslt statistics do not in general permit an actual
aval&ation of limiting probabilitles, In particular this
is true for the Mann-Whitney type test. Using an expres-
sion relating ths test statistic for this test to those of
the {two-sample) Kolmogorov-Smirnov tests enables us to ob-
tain a generating funciion for the probabilities of the
null distribution fox finite sample sizes. This generating
function is expressedl in terms of generating functions for
the standard Mann-Whitney test. The technigue employed in
obtaining this resnlt iz an applicatidon of the principle
of inclusicn~-exclusion {in the form used by Bender and
Goldman (1975)) to extend results obtalned by Steck (1963,
1971) for the Kolmeyorov-Smiinoy scatistics,

A recurrence formula for generating Lhe probabilities
Sf the null distribution of the Mann-Whitney type test for
finite sample sizes is also derived. The exact tail pro-

babilities for selected sample sizes are tabulated.

1.2 Notation and preliminaries for rank tests

Let us begin by doscribing the two-sample testing problem
for real~valued data. Suppose we have a random sample of
N{=m + n} Independently drawn ohservations xl,.‘,,xm,yl,...,
the firast sample drawn from a population with (cwnumlative)
4istribution function F(x) while the second comes £rom &

population with distribution function G{y), where both

nt




distribution functions are defined over the real numbers,
"The null hypothesis is that the combined sample of N ob-
servations is randomly distributed. This hypothesis is
denoted by H and for this situation it may also he de-
scribed by H ¢ F(x) = G(x) for all x.

The letter K will be used as a generic notation for
the alternative hypothesis against which H is being tested.
Under the assumption that F and G are continuous functions,
the general altec.ative is expressed by K : F{x) =# G(x)
for some x. Throughout Part I of this thesis, H is usually
being tested against the general alternative, unless other-
wise indicated.

The idea of ranking the observations in the combined
’sample is fundamental to the entire discussion and
R = (Rl,...,RN) will be us.d to denote the vector of ranks
for the combined sample. Thus the rank of Xi in the com-

bined sample is RJ, while the rank of Y. is Rm+.. In order

J
to effectively exclude the possibility that R i: not welli~
defined, it is supposed that F and G are determined by den-
sitlies, The assumption is tacitly made throughout this
thesis that tles in the sample of observatlons occur with
zero probability.

We shall use the indicator statistics Iy which are

defined by

Ty =1 1f the ith observation in the ordered combined

N.
sample is an X,

= 0 otherwise (L = 1,...,N).
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The rank statistics employed in chapter 3 arise from a
more general problem than the two-sample testing problenm,
In the more general situation the sample XyoeansXy is
beinyg tested for randomness using the vector of ranks
R = (Rl,...,RN) where Ri is the rank of xi in the orxdered
sample. The (simple} linear rank statistics for this

problem are defined by
g
(1.2.1) Sy = cyag(R,}
N A Cafn iRy

where @ = (6 ... 0y) and ag = (ay(1l),...,ay(0) are vec-
tors of real numbers. ' The terminology used is that of
H&jek and ¥idék (1967, p.6l).

When attention is restricted to the two-sample case,

linear rank statistics are obtained from (1.2.1) by putting
=1 1 =2,000,m

Ci .
= 0 L= m+l, ... N,

These statistics can also be expressed in terms of indica-

H
tor statistics by %
!
¥ i
(1.2.2) Sy = a1y, .
N7 ghy NN

Let us now turn our attention to the problem where
F and ¢ aré circular distributions, Although the absence
of a precise formulation of the concepts involved in
testing circular data does not ssem to have hempered some

researchers, it seems worthwhile to spend a little time



placing the investigation on a sure footing. In doing
thils we fnllow the presentotion used by Schach (1969b).

Th e being dealt with is regarded as being the
set €~ Lplex numbers of modulus one. The mapping
which takes x into eix is an isomorphism between [0,2%
and C. This enables us to adopt the usuval treatment for
Qdistribution functions and densities on C which may now
be regarded as being represented by distribution functions
and densities on (0,27}, The definition of the distribu-
tion function F(x) can be extended f£rom [0,27) to the whole
real line by defining F(x+2kw) = F{x) (k = 1, +2,...}.

as mentioned previously, the positlon of a point on
the circle is measured in terms of its angular displacement
relative to some fixed point. If the circle 1s now ve-
garded as being the set C, then we take as the fixed point
from which angular displacement is measured the point where
¢ intersects the positive real axis. BAngular displacement
is then measured anticlockwise from this point. This
amounts to saylng that the image of a point on C under the
inverse of the ilsomorphism gives the angular displacswent
of the point. fThe distribution F(x) is then the distribu-~
tion of the angular displacement as we have defined it.

Together with the circular distribution Function F({x)

it is convenient to introduce the following two Functions:

(1.2.3) Fy(x) = Plytx) = k{y) x e LO,27-y)

= 1 = F(Y) + P{xty=2m) (% ¢ [2n~y,2m)}




F;(x) = F(y) = Fly-x) (x ¢ [0,¥])
= L 4 F(y} ~ F2uty-x} (x ¢ (y,2m}),

where Y ¢ [0,27). These functions express the effect

upon the distribution function of changing the direction
and fixed point in the measurement of the angular dis-
placement. For instance if the cut-off point 1s changed
to y, then FY(x) is the distribution functlon of the cor-
responding angular displacement. Alternatively FY(X) may
be thought of as the distribution function obtained through
the transformation eix - ei(an). If not only the cut-off
point, but also the direction of measurement is changed,
then F; is obtained as the @istribution of the angular

displacement.

1,3 Phe requirement of invariance for circular tests
In order to implement the requirement of invariance men~
tioned in section 1.1, it is necessary to introduce a
group of transformations of the salple space. The group
chosen for ¢ 1, rather naturally voup of homeomor-
phisms of C onto itself and is der T. An element
of T is a mapping of the form exp{ix) » exp{i(cttix))},
where ¢ ¢ [0,21) and t{x} is a continunus, striectly mono-
tone mapping of [0,2n) onto itsalf. The group operation
is composition of mappings.

The set of hypotheses for the two-sample testing

problem will be indexed by the set I' of pairs (F,G) of
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continuous, strictly increasing distribution functions
such that F{0} = G(0} = 0 and F(2w) = G{2m) = 1. Then

the problem of testing H against K : Fix) = G(x) for some

X, remains invariant under transformations by elements of T

{Schach 1969b).

By defining the appropriate circular ranking, a
maximal invariant under T can be obtained. Let
R = f(rl,“.,rN) B (rl,...,rN) is a permutation of the
integers 1,...,N} and define the transformations 9 and

95 of R onto itself by
gyt (Eyeeeermg) o+ {zymlel,meml)
ané
gy ¢ (rl,‘..,rN) - (N+1—rl,...,N+l—rN),

vhere modulo N arithmetic is used for the components of
the transformed vectors where necessary.

Iat G be the yroup of transformations of R onto
itself generated by 9y and gy The orbits of G define
equivalence classes ovey R and the orbit containing
r ¢ R 1is denoked by a(x), If R = (Rl,...,RN) is the
ranking of the combined sample with respect to an arbi-
trary cut-off point and dlrection of measurement, then
a(R} does not depend on these two parameters. Standard
arguments (Lehman (1959)) show that afr) is a maximal
invariant uvndexr T (Schach, 1969b}. Any test invariant

under T must be @istribution-free.
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In general, the requirement of invariance for the
clrcular testing problem means that the appropriate rank
tests are those which are invariant under the transfor-

mations of G.

1.4 A _survey of related research

Individual rank tests which have been proposed for test-
ing whother two Samples are drawn from the same ¢ircular
distribution include those suggested by Kuiper (1960),
Watson {1962) and Wheeler and Watson (1964). BAnother well
researched test for this problem is the number of runs
test (Mardia, p.203). The tests associgtéd with Watson
and with Wheeler and Watson can be included within the
general class of tests proposed by Schach (1870). The

test statistics of these tests have the gensral form

N oy .
~1 i~
(1.4.1)  m = NN Y 7 b (ddyn n o
N PRI A et

where {hN(x)} is a sequence of functions defined for
x € [~1,13, each of which is symmetric about O and perio-
diec with period 1.

Schach invastigated the limiting null distributions
of the statistics TN and also the limlting null distri-
butions of a more general class of statistics obtalned
by replacing the sequence of scores (hN(x)) by a se-
quence [hN(x,y)) defined on the urit square (Schach,
19694}, Furthermore Schach showed that a locally mast

powerful invarlant test exists for testing Il against
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rotation altexnatives and that its test statistic is of
the form (1l.4.1), provided certain standard smoothness
assumptions hold for the underlying distribution (Schach
1969b) .

Beran (1969} has considered a particular subclass
of the statistics of the form (1.4.1) for which the scores
hN(x) are independent of N (the sample size). By observ-
ing that such stati.tics can be derived in a natural way
from statistics used for testing the one-sample hypothesis
of uniformity, he has obtained the limlting null distribu-
tions of these statistics in an easier way than Schach dig
(although Schach’'s results are, of course, much more general).

Beran (1975) has investigated the asymptotic distribu-
tions and local asymptotic efficiencies of a class of guadra-
tic rank tests for trend-in-location alternatives, which,
although not directly applicable to circular data - because
the test statistics are not necessarily invariant under G -
nevertheless does contain some of the circular tests (for
example it contains Watson's test) and the methods of in-
vestigation employed are in meny respects similar to those
for circular tests.

The idea behind the class of tests introduced in chap-
ter 3 is most clearly foreshadowed in a noke written by
Barr and Shudde {1973) indicating that Kuiper's ({one-sample)
test could be derived from the Kolmogorov-Smirnov (one~
sample) test using the method of union-intersectlon.
Another well-known test which can be written in a union-
interscction form is Ajne's test (Ajne, 1968, pp.343-344).
A test proposed by Killeon (described in Killeen and

i
!
|

i
!
i
i
Hi
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Hettmansperger (1972)) for a bivariate location problem
can also be written in union-interscetion form. The reader
may be surprised at this last reference. However lé is
common knowledge that there is often a close relationship
between tests for bivarlate data and tests for circular
data (see, for instance the remark on p.198 of Mardia's
book and the paper by Bhattacharyya and Johnson (1369)}.
Furthermore this bivariate test is derived using the one-
sample Wilcoxon statistic written in a way which suggested
the form of the Mann-Whitney statistic used in chapter 2
and also a result derived by Killeen and Hettmansperger
(1972) for obtaining the large deviation of the sequence
of test statistics 1s central to one of the results of
chapter 3.

The technlques used in chapters 2 and 3 in order to
estabiish the convergence of the relevant probability
measures are based on the ideas of Prohoxov (1956).
Wichura (1971} has demonstrated - with a piece of remark-
able insight ~ that the genaral weak convergence theorems
we use can be derived in a straightforward manner bypassing
the technical development reguired by Prohorov in order to
reach the same resuli . = Wichura himgelf points out
though (p,1772), the real aifficulty arises in applying
the gsneral results to specific situations. In the ap~
préach used in chapter 3, the methods are suggested by the
derivation of the asymptotlc distributions of Kolmogorov-
gmirnov type statisties in Hdjek and $148k {1967), pp.lB4~
189) and use numerous results from the book by Billingsley

{1968} .

S,
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The evaluation of the relative performances of tests

‘by means of their exact slopes ls proposed and devaloped

by Bahadur (1960, 1967 and references in the 1967 survey
paper). Considerable further research has been vcarried
out in connection with this method of test evaluation.
Por our purposes we call the reader's attention to the
following authorg: Abrahamson (1967), Woodworth {1970},
Hajek (1974} and the references therein. A clear distinc-
tlon shoulu .+ made between the exact slopes we shall be
concexned wit. and the so-called approximate slopes often
computed (as, for example, in Schach (1969h)). A discus-
sion of this distinction may be found on pp.311-314 of
Bahadur (1967).

The f£inite sample results obtalned in section 2 of
chapter II are combinational in nature and were inspired
by the work of Steck (1971). Different approaches to de~
riving essentially simila; rasults to those of Steck's are
to be found in Epanechnikov (1968}, Steck (1969) and
Mohanty (1971). Appreciative comments about these results
are made by Vincze (1972, pp.462-464 passim).

It is perhaps rather trite to obsarve that the develop-
ment of the theory of rank tests has received considerable
attention during the last twenty-five years, It does ex-
plain, howaver, why we have only mentioned that research
directly related to the major thomes of chapters 2 and 3.
A comprehensive survey of the background material in every
area touched upon would be too extensive. For this kind
of information the reader's attention Ls drawn to books

by the followiny authors: HAjek and $fdak (1967), Hdjek
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(1969}, Puri (2970; editor of collectlon of papers}),
Puri and Sen (1971), Mardia (1972) and Lehmann {1975)
Certain basic ldeas of functional analysis and group
theory are required for the thesis. This material appears
in standaxd texts on the relevant subjects and the reader
might consult Hewitt and Stromberg (1969} for material re-
lated o functional analysis and Hall (1970) for back—

groun to group thaozxy.




SHAPTER 2. AMann-Whitney Type f¢

2.1 Description of the test.
The test statistic for this test constitutes a fairly ob-

vious adaptation of the usual Mann-Whitney test statistic

defined by

the sum of the ranks £ the X's in the combined sample.

The test statistic £.- the circular Mann-Whitney test is
defined as the maximum vilue of ﬁN obtained from the dif-
ferent rankings of the combined sample arising from all
possible choices ot cut-off point and direction of measure~
ment. This test statistic, which we shall call By, is
mere nsefully defined in terms of the group G, introduced

in sectlon 1.3, as
(2.1.1) By = max (B (g{R})}.
N ges N

Most of the discussion of ¢hapters 2 and 3 is phrased
in terms of tests for ecircular data. Clearly, though, the
natural homeomorphism between the real line and (Q,2w), de-
fined by 8(x} = 2 arctan {x) + %, ¢an be uged to transform
problams of hypothesis testling on the real line to tests
on C. This mapping Ls strictly lncreasing and so pre-
serves the ranking of the data. This suggests that rank

tests introduced for testing circular data may also sexrve
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satisfactorily for testing drta ¢ the real line against
broad alternative hypotheses. Results introduced in sec-
tions 3.4 and 3.5 sexrve to reinforce this contention.

Bearing in mind our remarks about the applicability
of EN to testing data on the real line, another test is
suy. sted which is invariant under the transformations of
a subgroup of G. Suppose that G1 is the subgroup of G
generated by 9yt then ENl is defined by

(2.1.2) &,

v :izl(WN(q(R))).

The group 6 is induced by the subgroup 7, of T consisting
of mappings of the form: exp({ix) =+ expli(cttix))}, where

c ¢ [0,27) and t(x) is a continuous, strictly increasing
mapping of [0,27) onto itself. Discussion of the implica-
tions of the requirement that a test be invarient under T1
proceeds along the lines of section 1.3. It must be con-
ceded that such a requirement appears somewhat arbitrary.
By way of justification, though a test statistic like ENl
may be regarded as the one-sided version of EN and will

be useful for testing the randomness of data on the real
line. Further mention of this will be made in section
3.1.

The tests corresponding to EN and ENI both reject the
null hypothesis of randomness for large values of the re-
spective test statisties.

The scope of the analysis of EN {and ENlj is greatl
extended by an lmportant relatienship with the (two-sample)
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Rolmogorov-Smirnov statistics (hereafter referred to as
the Smirnov test statistics). If Fm(z)'and G, (2) are used
to denote the empirical distribution funetions of the X's

and Y's respectively , then these statistics are defined

by
+ ~ \
{2.1.3) Dpn = s:p(Fm(z) G iz,
Don = s:p(Gn(z) - T (2},
p_ = max{p} o~ 3}
m,n men’m,nc "

'

The derivation of this relationship seems to become
more transparent if instead of using the usual definition
of the Mann-Whitney statistic as given by WN’ we instead

define it as

Poa- 1
(2.1.4) W = R, - R,
LTI PV

and consequently work with the statisties
(2.1.5) gy = max{Wy (g(R))}

geG
and

&y = max{Wg(g(rR))}
N geG N

(2.1.6) Eyy = max (W (g(R))]},
Ni gsGl N
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Relationships between EN, gNl and EN' ENl are easily
‘derived since Wy = ZﬁN ~ {N(N+1)}/2, a linear transforma-

tion of WNA Hence,

(2.2.7) gy = 28 - {N1))/2,8y; = 28, - (9(vl)}/2.

‘Analogous to ZNi we can define

Agg =1 if oz, =1,

=-1 if 2y =0,

N
so that WN = iél i AN:L‘ ‘Then,

141 - i -
(2.1.8) Wy (g )" (R} = Wy ((g, )T (R)) + (n-m) + NAg(y ..y
(L = 0,...,N-1).
To establish {2.1.8} notice that, using modulo N arithmetic
for the coefficients of Ank where necessary so that they

fall between 1 and N, we may write

41 i ;
Wol{g, " (R)) = kzl (km3m13 Ay

N N
= k£1 Ge-L)hygy = k£1 Agk * MBy(i41)
ked+l kil

N N
= by Geiiage L gt M)

= wNng)i(R)) +onem) ok Nay gy
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Applying the reduction in (2.1.8) i times and writing
S1 = ANl Faat ANi’ we get
i
{2.1.9) WN((gr) (R)) = Wy (R) + ddn-m) + N8,

L =21,...,8),
and hence
; i (1) (1)
(2.2.10) W tlg, )™ (R)) = We(R) + 2mn{F {X*) - 6 (4"}

where x‘%) 45 the L{th observation in the ordered comtined
sample. As an immediate consequence of (2.1.10}, it follows
that

(2.1.11) £y = Wy(R) ¢ 2mp)

Since

m N
Wy lgy (R} = {4l - R,) ~ {N+1-R, )
NTEL L i izm+1 i

i=]

R
- R,
i=mtl  *

n
m{i+1) -0 (8+1) - { R
1£1 i

(m=n} (Nk1) = We(R),

it thon follows that
gy = max (maxLWN(q(R));{m~n)(N+l) - WN(g(R))J)
geGl

£y

(2.2.12) = max{Wy (R) + 2mn Dy, pelmi=n) (wel) - Wg(R) + 2mn D;\'n}.
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The appropriate expression for EN is obtained by
substituting for Wy(R) in terms of Wy(R) in (2.1.12), ob-

taining

£y = max(2f (R ~ (NWFL))/2 + 2m Dy

m(uel) - 28y (R) + 2moof - (V1)) /2)
= 2 max{@(®) + m Dy mvL) - ()

+ mn Dm,n) - (N(N+L) ) /2.

In consequence,
v ~ + w “
(2.1.13) Ey = max{ify (R) + mn Dmln,m(N+1) Wy (R) + mn Dm'n]‘

One immediate henefit of tne expressions (2.1.11) -
(2.1.13) 4is that the test statistics involved are easy to
caloulate in practice. Suppose that, for instance, we re-
guire to calenlate EN from a sample of data, It is a
straightforward procedure to caloulate D+ and o using

myn 2N Fmyn
a table or some form of smpirlcal probability plot. Then

by (2.1.13) the value of EN equals whichever value ls the

+
m,n

Another application of (2.1.13) lies in finding the

greater of WN(R) + mn D and m(N+1) - WN(R) + mn Dm'n.

range og values the statistic EN can assunie, In view of
its definition in (2,1.1), it is clear that the largest
value EN can assuma is the same as the largest value which
WN may assume., This value is Yn(Ntn+l) and is attained

when the ranks of the X's are as large as possible, that
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is n+l,...,N. The members of R for which EN attains its
maximum are then the members of the orbits of G containing
an r e R which corresponds to ranks of n+l,...,N for the
X's,

The least value which EN may assume seems less Gh~
vious and requires an argument using slementary number
theory. For this result and some of the material in sec-
tion 2.2, it 1ls convenient to change the meaning of some
of the notation in order %o take advantage of the two-
sample nature of the test statistic. Thus we now regard
the two samples as already ordered, so that Xl<...<Xm
and ¥3<...<¥ . fThen R; will denote the rank of X; in the
ordered combined sample. This change has the effect of
enabling us to use a new set

Ry o= {lrgeeaeemy) ¢ xy integers, 1 ry<.,.<xy s N)
with the group G defined as the group generated by gy and
éi‘ where these two transformations map im onto itself and

are defined by

Gy ot (xyeeeelmy) o (NHLexp L NELeEy)

L e R S TR N S D)

(£ revarty) > (ry=Lyoen Xp-1 M) (iF £y = 1),

This change in tho weaning of Ry should not cause con-

fusion as it only arises in discussion of the Mann-Whitney
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statistic and it will always be clearly indicated that
this meaning of Ry is being used (as opposed to the meaning
given R; in section 1.2).

The result which glves us the least value EN may ag-
sume is contained in Proposition 2-1-2, Before stating
‘that result, however, a lemma is required concerning the
Smirnov test statisties. It was mainly in oxder to emnloy
this lemma that the meaning of Ry has been changed at this
stage. The lemma is theorem 2.3 (p.2452) of Steck (1969).
Lemma 2-1-1.

4 -
Plma Dy o< 2, mn D3 8}

= P{(iN-r) & mR; § (iN-n+s}, 1 = leawsymd.

Proposition

(2.1.14)  min max(fy(g(R))} = OV0msd) + w-d)/2,
ReR geC B .
where d = (m,n}, the greatest common divisor (g.c.d.) of

m and n.
Proof Without loss of generality we may reduce the problem

to £inding the least possible value of EN for those R ¢ ﬁm

for which Wy (R) z Wy (g(R) for ail g ¢ B. From (2.1.13),

this last condition is equivalent to
+

{2.1.18) mn Dm,n s 0 and nn Do § 2

i)
1Ry - omyeL).
de=

i
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Using Lemms 2-1-1 to express mn D;
.

of the Ry, (2.1.15) becomes

n

m
(2.1.16) Ni < nRy % 2 1 Ry = N(mkl) + Ni
i=1

This suggests considering Ri = <Ni/m>,i =

(i = 1,...

Loooimg

where <x> denotes the smallest integer greater than or

and mn Dn,n in texms

.

equal to x (f Ex] is used to denote the greatest integer

less than or equal to x, then <x>

= - [-x1}.

Then

m m=.
I R, =N+ [ <Ni/m>. The problem is to now obtain an
i=1 =

expression for the last term on the right hand side. Th

is achieved using an argument gleaned from the study of

the Dedekind sum in number theory.

put {{x))= <x> - x, so that {(x)) is periodic with

m-1 .
period 1, and consider [ ((Ni/m)). fThen, since (m,n)
i=

is

=4

implies that (m,N} = d, it
sidue classes {Ni : i = 1,.
of d appears d times and ©

bhasic result of elemencary

dQetails consult Le Vegque (1965, p.32).

follows that in the set of xe-
.. =1} each non-zero multiple
appears d-1 tiwes. This is a
number theory - for further

In consequence,

m=1
Io(i/myy =a ((k/m})
i=1 lsksm-1
dlk
=a{ J <k/m> ~ § k/m}
1lsksm~1 Lsksm-1
Ak dlk
. g1
= af{(M/ -1y - 2 ak}
a m kzl

4

at g1 - GV g
= (m-d)/2.
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Now the sum in which we are interested can be calcu-
lated as

1£i <Ni/m> = (N{m~1))/2 + (m~d)/2

and hence

m

iEL Ry = (N{wk1) + (m-d)}/2.

fhe upper bound on mRi from (2.1,16) then becomes (m~d) + Ni
for L = 1,...,m and since Ry = <Ni/m> does satisfy this
upper bound, the proposition is proved.

{The assertion that mRi s (m=d) + Ni, 4 = 1,.../m i5 i
perhaps not obvious. It is clearly true when m|(Ni). There-
fore we need only consider ; % d s m-1 (necessarily m > 1)
and Ni = mq + r, where g and r are positive integers with
1<r<ml. Then mRy - Ni = m-r. But since &|m and aln,
d|t and hence since r 2 1,4 s r, Therefore mg; - Ni % med,
as required).

Clearly it follows from Proposition 2-1~2 that the
smallest possible value of EN ig (N(m+1l} + m~d)/2 obtained
when Ri = <Nl/m> and that, up to orbits of 8, these values
of Ry are unigue. This result is intuitively acceptable,
since the smallast value of EN occuxs when the ranks of

the X's in the ordered combined sample are evenly spaced.

2.2 The null distribution of the test str-istic:

asymptotic and finite sample results.
An expresslon for the limiting distributions of 5N and

Eny {and hence EN and ENI) can be casily derived, Full
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details of the derivation are delayed until section 3.3
in order to make use of the background material introduced
in section 3:2. For the present merely the result is
stated.

In the asymptotic theory of the Mann-Whitney test, it
1ls assumed that m,n + « in such a way that m/N + A, a
constant such that 0 < A < 1,
Proposition 2-2-1. Suppose that £{(t) is the continuous,

stationary, Gansslan process on [0,1] with

B{gt)} = 0 (t ¢ [O,10),

R(s,6) = BLEGIEIR = 17y = 20s-t) (1-(5-))

(0stgs s 1),

Then

{1} (mnN)‘*{EN = 4({m-n) (N+1)} converges in distribution

to £{£(8));

(11} (mnN)“&(ENl ~ L(m-n) (N+1)} converges in distribution
to £y (E(L)),
where f, £, ave continuous functionals on c(fo;1]) (tie
aspace of coutinnous funckions on [C,1] with the metric

ply,z) = max {|y{t) - z(t1|}) defined by
0sgsl

£(z(£)) = max {|z(k)]},£ (2(t)) = max {z(t))
ostsl ostsl
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As far as the author is aware, the question of
suitable expressions for the distributions of £{£()) ang
fl(g(t}r - suitable for application in practice ~ does
not appear to be adeguately resolved, FPurther menticn of
this 1z made in section 3.3. It is, however, with these
remarks in mind that we turn to examine the possibility
of obtaining finite sample results.

TFollowing the pattern of section 2.1, the &iscussion
of finite sample results is made in terms of EN rathex
than &g+ Throughout this section the revised definition
of R = (Rl""'RN)’ introduced first in section 2.1, is

usad, From (2.1.13) it follows that

- ~ +
(2.2, REg < @) = Z PEHG(R) = tmn Dy <@ -t

nn D;,n <e+ t = m{N+1)).
The range of values of summation for t can be usefully
reduced by noting that from (2.1.1), ﬁN(R) s EN and

gty (B)) = Eyr so that only vaiues of t such that

m{N+l}) -~ @ < t < e can give a positive contribution to

the right hand side of (2.2.1). Using Lemma 2-1-1, {2.2.1)

may be written as

2.2.2)  pEg<ce) =] rif m =t
{1l (et} ) /m < Ry < (edi= (mid-d)N) /m,

1= 1,...,m,
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This last lon suggests de ning W{b,c,t}

defined as equal to the number of ways the event

(igl Ry = t7 by <R <g, i=ZL..m
ocan cccur in the ordered combined sample, where
b = (h}.,...,bm) and ¢ = (cl,...,cm) are two increasing
sequences of integers such that 1 - 1 s bi < ¢; sn + 4+ 1.
Tue numbers W{b,c,t} count the number of partitions of t
into m unequal parts of siz: less than or equal to N where
each of the parts is also subject to a further restriction
defined by b and ¢. Any results obtained about W(b,c,t)
will thus also be of some combinatorial interest.

The major result obtained conceruing W(b,c,t} is
suggested by the results of Steck given as Theorem Al-l
and Al-2 {of Appendix 1l). In the appendix these results
are actuaily derived as a consequence of Lemma 2-2-4.

Some unnecessary complication may be removed from
the discussion by restating the probiem of finding W(b,c,t)
in a different form. If Ti - Ri -4, uy = bi -4+ 1,

vy =ey - i -1 i=2,...,mandw=t ~ kmimbl), then

B

m
(2.2.3) (121 Ry = ti by <Ry <oy, =1, ,m
if and only if

m
(i)jl Tyomwroug 8Ty s vy, 4= lom)
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andos'rls

H Tm £ n, The number of vechors of integers
which satisfy the second of these conditions will for con-
venience be denoted by Np(u,v,w) (where w = (uj,...,u ) and
VR (Ve ) .

The main result is stated in terms of the followlng

generating functions:

N Y= T N ya¥
u,v,z) = u,v,w)z

" weo ®

and
* b W
v (mn,z) = ] wlmenlz,

w=0

where w(m,n,w) egquals the number of ways in which the
event { 2 Ri =w, 1< R1<"‘<Rm < ¥} can occur and is just
(x)P(ﬁN(;) = w). Both N; and # are in fact polynomials,
since only a finite number of the terms in the summation
are non-zero.

Theorem 2-2-2., If the components of the m x m matrix
(a{1,4)) are given by

(by=4) (3=4+1)
3 n*(j-i+1,ci-bj—z,z>,

(2.2.4)  a{d,3) =z
then

(2.2.5) Nov,e) = det{(d(L,3N}

the determinant of the mabrix (20i,3)).
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The generating function for the numbers Wib,c,t) is

"then obtained from
*
(2.2.6) W (b,e,z) = [ wip,c,t)z® = g M2ty gy,
€

The significance of Theorem 2~2-2 then lies . .he fact
that using (2.2.6) together with (2.2,2) we -ave an ex~
pression for the probabilities of EN in terms of the pro-
babilities of WN’ the test statistic from which EN was
derived. The actual expression does not seem to gain from
being explicitly formulated, but the theoretical importance
of the result appears undeniable.

Let us make a few preliminary remarks about the form

of the matrix defined by (2.2,4). Clearly <f 4 -3 > 1

or ¢y - bj £ 1, then d(i,3) = 0. If i =3 + 1, then
d(i,j)= 1 since we take w*(o,n,z) =1 for n z 0. Thus
the matrix (d(i,3j}) is of the same form a. those obtained

by Stzck in connection with the distributions of the

Kolmogorov-Smirnov statistics (Appendix 1), that is it has
ones on the first subdiagonal and zeroes below the first

subaiagonal. Jinue the d(i,j) are members of the polyno-

mial ring over the integers rather than membexs of a field,
caution has to be exsrcised in applying results shout the
detexminanty of ratrices whose components are elements of
a field.

The principle of inclusion-exclusion will be used to
derive Lemma 2~2-4 from which Theorem 2-2-2 may then by
deduced. The form of inclusion-uxclusion used here is

derived from theorem 2 vf Bender and Goldman (1975). The
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use of this less familiar form servés two purposes. The
statement of the theorem given by Bender and Goldman is
more general than the usual statement of the result (Riordan
(1958, p.51)) and incorporates the kind of Ffunctions we

are interssted in. Secondly, in this case it seems simpler

to deal with functions defined on the subsets of the set

“{1,...,m-1) than to introduce a list of m-1 properties in

order to force this particular problem into a form suitable
for the more usual statement of the result.

Lemma 2-2-3 gives the inclusion-exclusion result re-
guired and is an application of theorem 2 of Bender and
Goldman (p.792) along the lines of example 2 of the same

article (p.793).

Lemma 2-2-3. Suppose that B is the collection of 2k sub~
sets of {1,...,k} and that N_(x) is defined for all x ¢ B,
If
(2.2.7 N (x) = ow_w),

yiyex
then
(2.2.8) wolxy = ] (-l |Y|‘|"(Ns(y)

yiyex

where |x| denotes the number of elements in x-< {l,...,k}.
In accoxdance with convention, 2 is used to denote
the set of intaegers. - Suppose that Xk is a function on the
finite subsets of ™ such that Lf sl,sz are two such dis-
joint subsets, x*(sl u S} = x*(sl) + x*(Sz). The humber




of elements in a finite subset § is denoted by [§|.
‘The function X" is said to be multiplicative if there

* *
exist functions (X )1,..(X )y Such that if &y,....8 > O,

Byt e * 4y =mand 4{i) = 3 i, then x*(z(l) X...x Z{k))

1

*

=1, &), (2(1) and then (x'), (2(1)) is written X' (z(1)).
= tl f

Let xm(u,v) = ((xl,

.,xm) + Xy integers,

0 &%) % ...8$x sn, 0 sx §v, d=1,...,n. The

sets £{i,j) are defined for 1 £ 4 5 J s mby £{i,j) =

((xi,-...xj) + ;e dntegers, v, = x; > ... > xy = uj}

{which will be empty if vy “j £ j~i~l). By convention
*

take X* (£{4:,4~1)) = 1 and otherwise X (£(i,3}) = O for

lsi+1<ism

Lemma 2-2-4, If the components of the m x m matrix

(a(i,J)) are given by
* .
32.2.9) dii, ) = x (£,N),
*
then,if X is multipllcative,
*
(2.2,10) X (xm(u,v)) = det{(a(i,in}
Broof, The matrix (d{i,])) has the same special form as
that of Thoorem 2~2-2. The first steo in the proof con-
sists of showing that in the definition o£ the determinant
of (d(i,3)) as n summation over elements of the symmetric

group on m letters, Sm, only if ¢ ¢ Sm ¢an be written as

¢ = (mg(mpm1) o1} ((mgmy Yo (mg 42 ) w Chmyh by boww(my o by o

+ 1)) |




32.

for MypeesyMe > 0 and my + ...+ m = m, can it possibly
glve a non-zero contribution to det{{d{i,j))}.

To show this, suppose that ¢ ¢ Sm glves a non-zero
uontribution to det{(d(i,j))} and consider any cycle of
its decomposition into disjoint cycles. Suppose this
cyele is written (il"i£> where il is the largest integexr
appearing in the eycle. If it is possible, choose the
least subscript r (2 < ¥ s &) for which ir > ir—l and call
this subscript s. Clearly ls;l < 15 < 11. But in this
case, i2 = il ~ 1 since 12 < il and ¢ gives a non-zero
contribution ‘to the determinant. Similarly i3 = 12 - 1 =
il - 2 and so on, s0 that cach integer between il and
is-l has already appeared among the £irst s-1 numbers of
the cycle. This would mean that is had already appeared
in the cycle, giving two members of the cycle with the
same value which 1s a contradiction., If£ it is not possible
to find a subscript s, then (il"iz) must be of the required
form for ¢ to give a non-rarxe contribution to the detexmi-
nant.

The relationship between partitions of m and permuta-
tions which can make a non-zero contribution to det{{d(i,j)}}
enables us to deduce that det{(d(i,3))) = [ [ETLES
(7 af{i,i~1)) ¢ “m d(txmli_l + 1,
i%fm(m)]i+1,i=o,...,k—l =1

Lo(m) 3,3},
where the following notation is used:
denotes summation over all partitions (my,...,m)
of mmw:era the my are positive integers such that

mod oLk mo=om and there are k(w) integers in the parti-

a
tion (the order of the partition is relevant); Ew(m)]o =0,




.[“(m)]i =y b 4wy, 4= 1,...,k{e). Since

Afi,i~1) = 1, 4 = 2,..,,m, from (2,2.9) and (2.2.10) it

follows that

. k (w)
@2.221 ¥ gty = F D™ O e tamy, ) e,
w(m} i=1

Lutm 1)),
and it is this statement of the lemma which ls most easily
proved.
We introduce the subsets S(i(1),...,i(k)) for
1€ i) <...¢ L(k) £ m~ 1 defined by S{i(l),...,i(k}} =

Cotgreenntg) e 2 s ug g3y s vy 4= 1on,m
Xy (4) S Xg(gye1r % = Leer-sk and otherwise x; > x;.,) and

the subsets T{L{1l},...,i{k~1)) For 1 g i{l)<...¢ i(k-1) s m-1
defined by T{L(1),. . h(k=1}) = {(x,.00 %) € 2%,

(ui £ x08 vi,'i = lyeaa,md ot Vi (R} 4L 2 xi(£)+l>"'> Xy 041

2 Y04y, ¥ = Qceees k=1, 1(0) =0, i(k) = m}. The

bracketed condition, By S Xy 8 Vg, is automatlcally satis-~

fied in view of the rest of the definition of T(i(d},...,i{k-1}}.

Notlce that different sets S(i(1l),...,i{k)) are disjoint.
Let p,q denote subsets of r = {1,...,m-1} where
p = {p(1),.,p(2)}, Pl <...< p(2) and similarly for q.

Then, applying Lemma 2-2~3, wa get
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* * )
X {xp (0, v)) = X ($(1vuu m=1))

Ioen™el oy s,
pipex aigep

(2.2.12) DR T, e k-1

T pafplens

It is because T{p{l),...,plk=1}} = uv S(q(l),...,q{2))
. qep

that {2.2.12) follows. To establish this fact, first sup~

pose that (xl,...,xm) ¢ T{p(d),...,p(k-1}}, then certainly

it cannot satlsfy x; € Xj,., for i = 1,...,p)=Lpll) + 1,...,
plk-1) - 1, pk-1) +1,...,m -}, so that (xl,...,xm) € S{q(1)reeey
q(2)) where {q{l),...,q(2}} e {p(1),...,p(k~1)}}, Hence
Hp(l),..,,p(k—’l‘)) e v S{g{l),...,q{2)). To prove that

v S{g(l),...,q(2}) g:?(p(l) sevesp(k~1)), suppose that '
?:;j,...,xm) € S(q(l),.‘.,q(l)),!.vhere g ¢ p. Then :
”q(i) £ xq(i)ﬂ for i = 1,...,%, but othexwise Xy > Ryyq-
Certainly therefore Xy > Kggq for 4 = p(l),...,p{k-1) since
g © p. This implies that

Avp(i)+l = xp“')_'_1 S xp(i+l) ® “p(i-l-l)' i =0,...,k= 1

since (xl,...,xm) satisfies uj £ xj < vj, 3= 1,...,m Con-
sequently (xl, ien ,xm) e T{pl2),...,plk=1)) and the reguired
result is established.

There exlsts an obvious cne-one correspondence between
the vectors (p(l) ..., plk~1}) and (ml, ves ,mk) + the parti-

tions of m into k integers, obkained by putting [u:(m)]i = p{i},

|
ﬂ
j

i o
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i=1,0.00k =1 and [wm] =m, Thus (2,2.12) may be

written as

(2.2.13) x*(Xm(“rV)? = % ) (1R tw) X*(T(Em(m)ll,...
W (m,

tulm 1))

This last expression is valid regardless of the properties
of &%, since T(Lw(m Iy, .o fotmd_y) = £(1,[atm I} ...
S(Culm)dy ; # 1)), if x¥ is multiplicative, we obtain
{2.2,11) and the lemma is proved.

It is only in the last step of the proof of Lemma
2-2~4 that X* is reguired to be multiplicative. This is
a rather vague requirement and in the present situation
probably the most interesting cases occur when X* is the
generating function for the values obtained from some
furiction £, defined on zm, when it acts on a finite sub-
set of 2™, Suppose that f(xl,...,xm) = fl(xll +oaee F flhﬁﬂ
whera £ is a function mapping 2 into itself, Then x" de-
£fined as the generating function (over finlte subsets) for
£ is multiplicative and Lemma 2-2-4 applies.

In order to obtain Theorem 2-2-2, the lemma is applied
to :he case where X' is the generating function for
ﬁ(;l.,.A,xm) = %y L P 2o Notlce that for integers

% and 1 s 3§,

3
kzi %, = Q uy $ %y S xSV

if and only if




kiizk = Q - (j—jsbl)(uj—l), 1s zj < ... 9 %y S vy - uj + 1,

where 2 = X - “j + 1,k =4,...,3. Conseguently,
*
(22,200 X @ (£,3)) = [ miGmiel,vymugmdd e = (G142 Cugmt) baS.
k

But putting & = k - {j-i+l) (uj—l), it follows from (2.2.14)

that

(3=1+1) (uj-l)

X 4E(1,3)) = 2
fL=e (g-141) (uj—l)

n(j—d-fl,vi—-uj-j-!-i,
L}z
(3=841) (ug=1) T s . %

F 3 EEO LS 2R LT

G440 (-1,
= 2z .

(2.2.18) T (j-1+1,vi-uj—j+i,z),

since (j~i+l) (1-uj) sy -4+ (\zj ® 0) and w{j-1+i,n,8) =0
for % <3 - i+ 1. If we substitute for u; and vy in

(2.2.15) in terms of by and ¢; we obtain Theorem 2-2-2.

*
Using (2.2.5) and {2.2.11}, N, can be expressed as
k (w)

"Orumd,”

m s}
gj 1 .

(
(2.2.16) W (u,v,2) = § -pRi), A
wim}

k(w) ,
W T Sy 42 T Pratmyy " 2%

Now (2.2.6} can be used to obtaln an explicit expression

for the nunbers Wib,c,t) in termg of the w's, From (2.2,6)

it follows that W(b,c,t) ls the coefficient of z 'E-smimbl)
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in the right hand side of (2.2.16). Thus,

_ % (w(m))
(2.2.17) W(b,e,t) = (=qy ik fotmh) Ty Ty,
() oy (a) 3= ]
< -b ~ 2,1,
[m(m)]j_1 41 [w(m)]j eyl
where w, (a) is the number of partitions (il""’ik(m(m)))

of a =t ~ km{mil) + mm, - Fmb . Noting that
R R NN

m? =2 mym, + n? , we can write o = & = "/, +
1§j 4 121 i “ 2

k k
€3 mh/2 - fmbd .
1 M LI Tem 1y
An interestling recurrence formula for N; can be ob-
tained by expanding the determinant in Thuorem 2-2-2 by

the mth column. In view of the special form of (&(i,3)),

the following result is obtained:

* n *
2.2.18) Nwvn) = 1 LR v x

(u,~1)

* k
R Vg T Yy R+ 12z f
or equivalently,
7 w
Ly  ktl .
(2.2,19) N (u,v,u) = kél( 1) igl Ny (pv,wed) %
vr(k,vm_kﬂ - k14 - klumwl)),

whore N, (u,v,w) = 0 if w > 0, N (u,v,w) = 1 if w = 0, s0

*
that No(u,v,z) = 1,
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In order to apply (2.2.2) to obtaining the distribu~
tion of EN, the results about W(b,c,t) have to be ex~
pressed in texms of probabilitles. This is achieved by
dividing by (g). The values of by and ¢, depend upon t

and e and are given by

by = max([ (iN-e+t)/m], i~1)

c = min{<(e+t - {mI=-L}N)/m>,n+i+d), i = 1,...,m.

Discussion of the null distribution of ENl follows
much the same lines as that for EN and in particular the
numbers W(b,c,t) can he used by setting e =0 4o+ 1,
i=1,...,m

This section 1s concluded by mention of a recurrence
relation for W(b,e,t). This relationship together with
(2.2.2) can be used to obtain the value of P(y > e).
Exact tall probabilities are tabulated in Appendix 2.

Suppose that W(b,c,t) 1s now written in more detail
as Wim,n,b,c,t). Then if the flrst term Ry of £he parti~
tion is fixed (bl+l H Rl < cl-l), the number of partitions
of t obeying the required conditions may be found az the
number of vectors (sz,.‘.,sm) fox which

{a) 8; are integers, 1 5 8, < ... ¥ 5 SN - R,

{b} by~ Ry <8 <oy = Rl (L= 2,00.,m,

]

(e} 122 8y =t =Ry,
by putting Sy = Ry = By. This numbex is just W{m-1,n-R)+1,
bU{Ry}s o' {Ry) k=mRy) where b'(Ry) = (by~R;,... /b «R;) and
c‘(Rl) = (cz-Rl,...,cm-Rl). Then it follows that




(2.2.20) Wlmn,boe,t) = ]
R =b
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cl—l
L, Wim-1,n-Ry+1,b' (R)) ¢! (Ry),
1

£-mRy ),

which enables us to generate the numbers W{m,n,b,c,t) from

the values of W(l,n,b,c,t), which are obvious.

2.3  Aspects of the performance of the test
espects be a survey of

This section wil. in many
results which will be derived in chapter 3. They are pre-
sented here, though, since they form part of the evidence
for regarding the Mann-Whitney type tests in & favourable

light,

(i) The consistency of the tests with critical regions

{r: Bz > tu) and {r : 5Nl(x:) > t&} against the general
alternative K s ¥ # G follows immediately from its deri-
vation as a union-intersection test. fThe detailed formula-
tion of this is given in section 3.1, but the description
of the test statisties at the beginning of the chapter in~
dlcate this aspect of the test falrly clearly. A result
of Nangi (L965) ensures the consistency of a union-intex-
section test from the consistency of its component tests.
(14) The details reguired for the computation of

Bahadur efficienéy are discussed in section 3.4. For the
present it suffices to know that c(Tél), Téz)) is used to
denote the Bahadur efficiency of two seguences of tesits
{T&l)),('x‘é”} - satisfying certain conditions - against

some specified alternative hypothesis. Bahadur efficlency
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is regarded as a suitable method of asymptotic comparison
between two tests.

In choosing a set of alternative hypotheses, we
thought 1t would be interesting to take circular analogs
of hypotheses for which the usual Mann-Whitney test per-
forms well, Lehmann(l953, pp.34~35} has shown that for
the set of alternative hypotheses that F = pG + gG*,
Osp=<l, p+g=1, the locally most powerful rank test
for H against K is Wy {that is Wy is most powerful fou H
agalnst members of K for which 0 < g s ¢ for some ¢ > 0).

Consider the two sets of alternatives -

(2.3.1) Ky oot TLR) = pGox) 4 q(B,(x))
A d
Kop Fo = pa (x) + e ),

Ose<2r, 0sp<l, p+tqg=1i. These alternatives .ien
provide circular analogs to the alternative that

F = pG + gqG*, obtained by chanqing the cut-off point and
the direction of measurement of angular displacem t. The
invariance of £y under thesc different cholces makes it

suitable for testing H against any of the members of Kc,n
©p’
The performance of EN for Kc,p and Kc,p is compared

oxr K

with that of another test suitable for circular data (satis-

fying the invariarce critexrion), defined by

.

i
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+ -
(2.3.2) Vern = Bagn * Ppons
rot oalled Kuiper's test. As indicated in section 3.1,
- .4 test is a circular analog of the Smirnov test by n
B

(oxr also of D;’n). Then it is shown that
(2.3.3) Um @lEy Ve ) = 4/3
a0 NCmn

where the limiting operation means that a subset of the
. alternatives Rq or K. for f£ixed c angd variable g is
34 c.p
considered and the limiting value of the efflciencies as
q tends te 0 - so that the alternative hypothesis approaches
the null hypothesis ~ is 4/3 {independently of ¢). It also
follows that Lim e(;Nl,Vl|| n) = 4/3 for the alternatives
g+0 '
K{e,p).
(111} Suppose that a lower bound is required for the
poveyr of ENl agal ist zome fixed alternative hypothesis.
Define Wy(c) as the value of Wy calculated with ¢ as the

out-off poednt {0 s ¢ < 27). Then clearly
P(Eyy > ¥|K) = P(Wgle) > x[R).

In ordes to make the best use of this lowexr bound, an idea

used by Massey (1950) in order to obtain a lower bound foxr

& Ralpepgorov-Smiznov statistics is adapted to the pie~
fsent situdtion. Suppose that vy ¢ {0,2%) is a value for
which Ifwﬂs)dFY(S) attains its maximum, then the genersl
lowexr bound will be used for the case ¢ = v.

The limiting distribution of Wy(y) is normal with

§
1
i
i
§
i
i
1
i
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mean uN(Y) and variance Gﬁ(Y): where the values of these
two parameters can be obtalned directly from van Dantzig

(1951) as:

ug (Y} = 2maty) + §{(m-n) (8+1) - 2mn}

ué(v) = 4mn((m—l)c;(y)(v) + (n-J)oé(x)(y) 4 aly) (T-a{y))},
where
aly) = ISGY(S)JFY(S)'G;'IY}(Y)EJ(FV(Y) -1+ aly)}*ac (y)
and
S 1 = [tey 000 < atnyiar .

This mewrs that, provided m,n are large, an approxi-
mate lower bound for the power of the test based on 5N1

is given by

e ] %%
(2m) 7% exp(~"/y)dx,
(e (Y1)} foy 1)

whexe F{£y, > ta}H) = o, For the limiting normality of
VN(Y) it is also required to have ISGY(S)AFY(S) < L.

The details of a lower bound for the power of a test
based on EN are similar except that the possibility of a

different direction of t ig also included
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2.4 A distribution-free confidence interval

Consider the following measure of distance between

two distributions ¥ and G:

(2.4.1) T(F,G} = sup (I G _(s)dr_(s}}.
yero,2m /s Y Y

An identity rather like (X.1.11) then gives
2

{2.4.2} (F,G) =I G{s)dr({s) + sup {F(x) - G(x)}.
° 02x<27

If ¥ and G are continuous, 1(F,8) 2z % and 1(F,G) = % if
and only if F = G.

The possibilities in using T as a measure of distance
can be seen from the preceding paragraph. The probability
that a random variable with distribution G(y) is less than
a random variable with aistribution F(x) when angular dis-
placement is measured from y is given by stY(s)dFY(s).

The maximum of such values over y is given by t. Then
(2.4.2) shows that T has a relationship with another measure
of distence s;p(F(x) ~ G(x}}, but whereas *hils last measure
is exclusively pointwise, t also takes into account the
fglobal' rxelationship between F and G, These considerations
lead us to construct a confidence interval for t.

it is well~known (van bantzlg, 1851) that
Uiy) = IE Gn,,,(s)dme(s), 0 $ y < 2n gives an unbiased,
consigtent estimator of Js GY(S)dFy(S)' This suggests

= sup  {U (V)
velO,2m)
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as a possible estimator for t(F,G). Of course, ; is just

a rescaled version of gNl" An idea used by Birnbaum (1955

to construct confidence intexvals for [G(s)dF(s) is now

adapted to give a one-sided confidence interval for t(F,G).
Note that

T T = [JG (s)dF (s} ~ sy {J G ({s)aF_ (s)}
i ¥ yetoram ) MY my

sup
Yelo,2m)
e sgp{fcy(s)dvv(s) - f Gy (B4R, (5]

- s;\p(J’(GY(s) - Gy tnian (o) + [ o, et @ -

FmY(s))}
< S:p szp(FY(s) - me(s)i + s$p sgp{GY(s) - GnY‘s”

= Vim * Vanr

where

Vim = S:p s:p{F,,(s) - Fm(s))

Yy = BUP suP(Gv(s) - snY(s)).
Y s

Although here Vlm and Vay 2¥e not weitien in the usual

form, they are 1n fact test statistles for the one-sample

Kuiper test distributed undexr vhe null hypothesis. Further

Giscussion of this ig given in seatlon 3.1.
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Discussion of the confidence interval now rests upon

the convolution of the independent statistics V and V2n'

La
since

~
Plr s T +e)z BV, o+ Vo, $ €)e

There are problems with this convolution and some form of
approximation is required (possibly along the lines of
Birnbaum (1955}).

In fairness, it should be said that this confidence
intexval is more of theoretical interest than suited for
practical applications. Criticisms applying to Birnbaum's
technique apply here. The inequalities employed in the
derivation of the result are crude. It does have the ad-
vantage, though, of being independent of assumptions on
F and G, This ig probably more important here than in
Birnbaum's case since any alternative approach would rely
upen the limiting distribution of ENl under general al-
ternatives, which does not seem easily obtainable and will
require some restrlctions on F and G. There is also fairly
extensive tabulation of the null distribution of the Ruiper
statistics (althcough for small sample sizes the resulting
confidence interval mlight be rather uninformative).

A two-sided confidence intexrvel for T can also be

derived, again using the Kuiper stribistic.

h
;
|
|




A General €1,

3.1 Introduction to the tests as an application of the

method of wnion-intersection.

The method of union-intersection as deseribed in Rey (1953
has been applied to deriving tests for composite hypotheses
in many different situations, particularly in multivariate
analysis. The resulting tests often possess desirable pro-
perties ~ again this appears to be particularly true in mul~
tivariate analysis - although there does not appear to have
been much progress in deriving general properties for these
tests, The only properties which hold in general for these
tests seem to be either obvious or to require restrictive
independence assumptions for the component test statistics
(for exampls Nandi (1965)),

The successful performance of union-intersection tests
suggests thelr application to nonparametric problems. Possi-
bly the only specific example of such a procedure is by
Behnen (1975); wunfortunately, in that case the resulting
test has 1little to recommend it. In this section we shall
introduce a class of tests which can be motivated by a
vnion-intersection argument, It should be stressed that no
beneficial consequences result immediately from doing this
(beyond consistency properties for ihe tests). Rather the
formulation sugygests that further analysis of these tests
might be worthwhile.

In order to construct a Type I test using Roy's method,

the subuet of I({I' defined in saction 1.3) determined by
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the alternatlve hypothesis K ls expressed as the union of
subsets of T each of which defines an alternative hypothe-
sis of a suitable type. Baslcally the component alterna-
tive hypotheses are roguired to be such that we already
have adequate tests for testing H against them. In order
to achleve such a decomposition of the general alternative
K, the idea of a stochastic ordering for random variables
on € is introduced.

We shall say that the random variable X (distribution
F) is stochastically larger than the random variable Y

(Qistribution 6) on C if there exists y ¢ [0,27) such that
{3.1.1) F(x} - Fly) $ G(») - G{y} for x ¢ [0,2m)

with striat ineguality for at least one x (F,G continuous).
Condition (3.1.1) expresses the condition that pv(x) is
stochastically laryur than PY(Y) in the usual sense, If

K denotes the hyp that X ip stochastically larger
than ¥ on €, the- .

(3.1.2) iy},

K = u
yelO,2m}

where K(y} denotes the hypothesis that (3.1.1) holds for

¥ £ixed.

The most interesting part of our ccnskruction is the
simple obgervation that the hypothesis that X ig stochasti-
cally larqer than ¥ on C is aquivalent to K ¢+ P 2 G, Iden-
tifying subsets of I with the hypotheses they index, if
(F,@) ¢ X, then E(x) = P(x) = G(x) % O for some X and must
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attain its maximum on the closed interval [0,27] But since
E{0) = E{2w) = O, there exists vy c [0,2m such that

Z{x} = B{y) for x ¢ [0,2%) as requived for {3.1.1). Thus
K implies X stochastlcally larger than Y on C, while the
reverse is obviously true. The decomposition in (3.1.2)
is therefore true for X : I # G and enables us to intro-
duce fairly natural tests for H against K.

Suppose that there is a 'good' rank test for the hy-
pothesis of randomness against the alternative that the
observations of the first sample are stochastically larger
{in the usual sense) than the observations of the second
sample {a suitable example of such a ta2st is the Mann~
Whitney test). This test has as its test statistic TN(R)
In order to test for H against K(y), for any v ¢ [0,2u),
the test statistic Ty may be used, where Yy is the cut-ofi
point {affecting the ranking of the combined sample}. The
critical region of size B for this test will be denoted
by w(B,K(Y).8).

The Roy Type I test for H against K is obtained by
taking as critical region the unlon of the critical re-
gions of the component tests for the componunt hypothesns,
In this case the critical zeglion for the Type I test for

H agalnst ¥ is

w(H,X) = u W (H,K{Y) B) s
vel0,2m)

with the size of the test obtained from PR ¢ w(¥,K)|H) =

a(d,B) > B. If, as is weual, w{H,K{0),8) = {x ¢ R:iTylr) > ts3,




49,

then the test with critical region w(H,K} is also a Type
I1 test for M against K and «: fact the critical region

may be written
o(B,K) = {r e R : Telglx)) >ty for some g ¢ G},

so that the test is invariant under T,. Alternatively,

we may write
{3.1.3) wiH,K} = {r ¢ R : max {TN(g(r))} > t&)
ge6,

where P( max {7 (g{R))} > :&]n) = @(H,B). It is in the
form (B.EfS} that the tests will be discussed.

The construction of a test invariant under G can be
similarly rationalized. Buppes. that for a fixed y ¢ [0,27),
the alternative hypothesis is that either K(y) holds or
that

F(x) = Py} 2 G{x) - G{y) (x ¢ [0,2m))

with retriet ineguality for at least one x; the two pogsi~
bilities to be collectively denoted by R{y). Then the

general alternative can be written

K= v K
yeLo,2m)

To test' against the second possibility in i), TN can be
ueed with the combined sample ranked clockwise from Y.

fhe resulting test is described by replacing GJ by G in
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the preceding paragraph to obtain a test invariant undex
T,

The right hand side of (3.1.3) suggests a natural way
of constructing alternative hypotheses for circular data
frgm standard alternative hypotheses for rank tests. Con-
sider, for Instance, the situation where U is a continuous,
strictly increasing distribution function over [0,L], then
a possible slternative hypothesis i that G(x) = U(F{x))
for all x. Then as the circular analog we could take the

following: there exists y ¢ [0,2%) such that either

{3.1.4) GY(X) = U(Fy(x)) or GY(x) = U(FY(x)
(x e [0,21)),

so that the alternative hypothesis dees not depend on the "
choice of cut~off point or direction of measurement. This
procedure is quite natural, since it expresses the idea
that for some frame of measurement a particular, standard
alternative hypothesis holds. The alternative hypothesis
defined by (2.3.1) is of this type.

The clreular aliernative hypotheses that have just
been described lend themselves to union-intersection tests,
since they can be expressed as a union of hypotheses along
the lines of (3.1.2). This of course also applies to more
general situations than the two-sample problem. The Same
kind of discugsion as that pursued above shows that the

tests with test statistics

i
}
i
i
i
i
i
;
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{3.1.5) UN(R) = max-{SN(g(R))),
geG

where SN(R) are the linear rank statistics defined by
(1.2.1), and rejecting H for large values of Vy May be
regarded as derived using the method of union-intersection.
It is the limiting distributions of such statistics which
will be one of our main concerns in this chapter.

As mentioned in section 2.1 testing problems for real-
valued data can be projected onto C. Twu points about
this deserve comment. First, the set of alternatives we
have called circular analogs is as a rule a much larger
set of hypotheses than the original alternative hypotheses
from which they were derived. Secondly, the projection
may affect the form of the alternative hypothesis as is
the case, for instance, when testing for location shift -
that is the hypothesis in the two-~sample problem that
G(x) = Flx+c), ¢ a constant. This is due to the fact that
6L does not map (0,27) uniformly. Notice that hypotheses
like XK : P # G and K : G(x) = U(F(x)) are not affacted by
projection,

This sectlion is concluded with examples of the method
of test construction we have just discussad.

Consider the followlng test for the two-sample problem.
Using O as cutvoff point, replace the observation with
~ank R; by a point on C with angular displacement zv(Ri-l)/N.
Then count the number of X's above the real axls excluding

the point with angular displacement w. Rotake the axis

|
|
i
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through 2n and define the test statistic as the maximum
number of X's on one side of the axis. Since only rota-
tions through multiples of 2w/N need be considered, this
test is the union-intersection test constructed from the

median test which has its test statistic defined by

[(N+1)/2]

- z
N N nL

{(x] here denotes the greatest integer less than or egual
to x).

The description of the test statistic alsc draws at-—
tention to its relation with a test for the uniformity of
a sample of circular data described by Ajne (1968) and it
may be of interest to know tihat the test can also be de-
rived from Ajne’s test using the technique sugyested by
Beran {1969} {see alsc Mardia (1972), pp.204-205) for con-~
structing two-sample tests from tests of uniformity. In-
cidently, Ajne’'s test may be regarded as a unlon-intersec-
tion test constructed from the sign test. (Ajne's test for
wniformity: Ffuppose Xpreer ¥y are drawn independently from
a circular distribution, then count the number of observa-
tions on each side of a line through the centre of the
eircle as it is rotated through w. The test statistic is
the maximum such nuber.}

Clearly the Mann-Vhitney type tests of section 2.1
are union-intersection tests.

The one-sample test proposed by Kuiper (1960} for
testing whether the independently drawn observations

xl,...,xN come f£rom a population with continucus distri-
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bution F(x) is defined by Vy = Dy + Dy, where

o= 7 - P o= g -

by = 5:9 {Fy(x) - P(x)} and Dy s:p {F{x) - Fylx) ).
If D;(x) is used to denote the value obtained for

DI;“ with x as the cut-off point, then Barr and Shudde (1973)

have shewn that

(3.1.6) vy = max  {Dra ),
xel0,27) b
an@ hence Vy =  max (DN(x)), where Dy (x) = max{D;(x),
xel[0,2n)

D;(x)}. They point out that vy can be regarded as obtained
through the method of union-intersection applied to the
Xolmogorov test., In fact (3.1.5) is also implicit in the

proof of the invariance of Vy given by Mardia (1972, p.174).

A similar result holds for the two-sample test sta-
tistic v n defined by (2,3.2), which may be derived from
.
D; nt the cne~-sided Smirnov statistic, or from
'

. + - . .
Dm,n = max(Dm,m,Dm'n}, the two-sided statistic.

xes: definitions

3.2 Converdence ui prol
and background material

This section Ls basically a collection of material re-
goired for reading section 3.3. The results of this sec-
tion are well-known in that they are readily available

in publisned form, Lemmas and theorems are glven without
proof. In each case before the statement of the result,

a reference is given to whure the reader may find a proof
of the result. Most of the itoms in this section are

drawn from the books by Biilingsley (1968) and by HAjck
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] and Siddk (1967j. These two references will be abbreviated
to B and HS respectively for this section.
i Buppose that I’\J and P are probability measures on the
j class S of Borel sets in a metric space (5,p). If
p I £ dPV * I £ @P for every bound 4 continuous real func-
tion £ on 8, then Pu is sald to converge weakly to P, writ~
§ ten Pv =>P, If Xv is a measureable mapping from a proba-
bility space (#,8,Q) into S, then we say that xv converges
in distribution to the random element X, written X -5 X, if
the distributions Pv of the X, converge weakly to the dis-
tribution P of X. Egulvalently, X, +p X if B{£(X)} + B{£(X)}
for each bounded continuous real function £ on 8. The pre-
sentation adepted here is in terms of probabllity measures
rather than random elements.

The following two geners: reésulcs prove to be extreme-
1y useful in many cases.

Theorem 3-2-1 (B p.25). Suppose that S is a seopar.--iz

metric space and that Xv’yv have common domain and range.
If xu 9 X and Q(p(xv,Yv) 2 ¢} + O for each positive e,
then ¥, *p X

Theorem 3-2-2 (B pp.29~31). If h is a continuous mapping

from § into another metric space S', then if

P, = P, .

it follows that

pvh'l => ph"%,
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(Bquivalentiy: if xv *p X, then h(xv) ) hi{x)}.

Two separablg metric spaces are of particular concern
to us. Let C = C{[{0,1]) denote the space of continuous
functionals on [0,1] with the metric defined by plx,y) =

sup  {|x(t) ~ y(¢)]|) for two elements x,y of C. The
Ostgl
space C is unsuitable for a complete discussion of the ran-
dom functions we are concernad with and thus the space
D = p([0,1]} of functicnals on [O,i. that are right con~
tinuous with left«hand limits is introduced. Clearly D
contains C. The metric for D is introduced next.

Let A denote the class of strictly increasing, con-
tinuous mappings of [0,1] onto itself. If x,y are in b,
then t{x,y) is defined to be the infimum of those positive

€ for which there exists a2 A ¢ A such that

sup  {|afe) ~ ¢|} s ¢
ostsl

sup  {|x(t) - y(a(e)) |} s e
Ditsl
Then (D,7) is a metric gpace and the resulting topology is
called the Skorohod topology.

The standard approach to determining the weak con-

vergence of a of babllity on I in-

volves two important ideas: finite-dimensional distribu=

tions and the tightness of a sequence of measures.

i
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A (Pv) of probability measures on the metric
space S 1s said to be tight, if for every positive ¢ there
exists a compact set K such that Pv(K) > 1 - g for all Pv'
If xv are random elements of §, the sequence {Xv) is said
to he tight when fP\,J is tight, where P, is the distribu-
tion of Xv.

If £(1),...,t(k) are peints in [0,1]}, the natural pro-

jection from D to ® is deginead by

Te(L), ...,k ik) BT G{E{)), o nledk)))

for x « D. Suppose that P is a probability measure on D,

using the Skorohod topology to define the Borel sets. De-
fine T, as those t ¢ [0,1] for which 7, is continuous ex-

cept at points forming a set of P-measure 0. Since Tyr Ty
are always continucus, 0,1 ¢ TP' I£ 0 <t <L, then

t o« Ty if and only if
P{x : x(t-) = x{¢)} = 0,

where %(t~) = lim x(s), the left~hand limit at t.
grke

The crucial result is the following:
Theorem 3-2-3 (B pp.124~-125). If (Pv) is tight and iZ
BYTEQL) e k) = PTG .. egi) hOLES for
L)y eeestilk) € T then B, = .

There are sevaral different possible approaches to
determining whether a sequence nf probability measuras is
tight., To describa those which prove useful :or section

3.3 requires the introduction of the idea of a moduiug of
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continuity. Define
(3.2.1) wix,8) : sy {]x(s) - x(£){l.
|s-—tT<6

This modulus is particularly appropriate for €, Aanother

useful measurement is provided by wix,T} = sup {[x(s)-x(t}{},

)
where T < [0,1]. For use with elements of 6, define

{3.2.2)  w'(x,8) = sup min{|x{t) - x(tl)l,lx(tz) ~ x(t) ),

. where the supremum extends over hl,t,tz satisfying
tl st sty and £y - &y 58,

If {Pv} is a sequence of probabllity measures on t,
then the following result {s appropriate.
Theorem 3~2-4 (B p.55). The segquence {Pv) is tight Lf
and only if these two conditions hold:

1) For each positive n, there exists an a such
that
; pyix ¢ [x(@] >alsn, vzl

(11} For each positive e and n, there exists a §,

0 < § <1, and an integer Va such that
Pl s wix,8) 2 e} smo, vz v,

The more general situation where {Pv} is a sequence

of probability measures on D is covered by the next result.
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Theorem 3~2-5 (B p.125) The sequence {Pv) is tight if
and only if these two conditions hold:
(i) For each positive n, there exists an a such

that
pylx : sup|x(e)| > al s, vzl
t

{41} For each positive ¢ and n, there exist a

§, 0 < & < 3, and an integer Vo such that

po{x s wiix,8) 2 e} £ n, Bylx ¢+ w(x,[0,8)) 2z €} s n and
Pv(x s wix,[1-§1)) 2 €} s n for v Vg
fhe following two theorems supply sufficient conditions

for tightness.
Theorem 3-2-6 (B pp.126-127). Suppose that
Pv“z%l),.,.,t(k) => P";%l),,..,t(k) holds whenever t{1),...,
t{k} all lie in 7. Suppose that P{x : x(1) = x(1-)} = 0.
Suppose finally that, fof each positive ¢ and n, there

exlst a §, 0 < & < 1, and an integer Vg such that

Pv{x T wi(x,8) 2 el s, v Vo

Then
Pv => P,
Theorem 3-2-7 (B pp.127-128), Suppose that, for each

positive n, there exists an a such that
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2 {x [xt0)|> a} s n,

vzl

Suppose further that, for each positive ¢ and n, there

exist a §, 0 < § < 1, and an integer Yo such that

{3.2.3) Pv(x s wix,6) 2 e} s, vz,

Then (Pv} is tight, and if P is the weak limit of a subse~

quence {Pv') then P(C) = 1.

Theorem 3-2-7 is usually used by verifying (3.2.3)

with the aid of the following lemma.

Lemma 3-2-8 (B p.56). If O = (0} < tfl) ¢ ., < &(r) =1,

and if t{i} - £(i-1) 2 4, 2 £ 4 € r - 1, then for positive

€

x
BP{x : wix,8) 2 3¢} s [ wyz:
i=)

In order to utilize Lemma 3-2-8,

sup
t(l-1)ssse (4}

x(s)=x(t(i-1})

2 e},

the followlny general

result often proves useful, Let gl,‘..,gm be random varia-

bles and put 8§, = £, + 1. + £ (S, = 0) and M_ = max {[s ]},
13 1 k ] ™ eksm X

Theorem 3-2-8 (B p.24). Suppose that there exist non-nega-

tive numbers uy,...,u; such that

pils, - 8, = A} 5 27V¢
18y - &l 1<§sj

for y 2 0, o > ) and all positive X,

tive A,

ud® 0st<fem

Then, for all posi-

i
i
i
1
;
i
!
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where Ky,a depends only on v and o.

The gecond aspact requiring discussion if Theorem
3-2-3 is to be used to study convergence in distribution
is the convergence of the finite-dimensional distributions.

An important result is the following:

Theorem 3-2-10 (HS p.168). et X, = (xv(l),...,xv(k)),
v 2 land X = (X(1},...,X(k}} be k~dimensional random vec-

tors, then X, +p X AL and only if jglxj %, (1) *nglxj X(3)
for every real vector (Ay,<«..h).

A brief word of explanation is appropriate at this
juncture as to precisely what is meant when speaking of the
limiting distribution of vN(R) {as defined by (3.1.5)).

In view of the relationship between vy and SN (defined by
(1.2.1)), it is sufficient to discuss the latter. This
will be done along the lines of p.152 of HS.

The statlstics Sy ave in fact indexed by the real vec~
tors (cl,.‘.,cN) and convergence statements concern se-
quences of statisties {Sc ¥, ey = (cvl"“'ch(u)" and
hold under conditions on (cv). The statistics ch are
functions of the rank vectors (Rl""'“N(v))‘ The expli-
cit formuiation of the sequences s surprossed by dropping
the index v (as HS does) except whore confusion might
otherwise arise.

The foglowlng notatlon 1s convanlent: EN = % Lgl au(i
and ¢ = % izl ey

Suppase thal the scores nN(i) {in the definition of
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SN) satisfy the following condition: there exists a square -
integrable function ¢{u), J {¢(u) - 3}%du > O ~ where

§ = I ¢ (u)du ~ such that
°
1
(3.2.4) J {ay (L + [uNdy - ${np}?du > O ag N + w,
o

Furthermore, the statistlcs sN are lndexad by vectors

(€3 eaenry) for which
N -
(3.2.5) 1 (eg=3)?2 /£ max  {lojme)?) + =,
i=1 1sisN
Thenthe following theorem is basic to our study of finite-

dimensional distributions.

Theorem 3-2-11 (HS pp.163-164}. Under H, (3.2.4} and

(3.2.5), the statistics 5, are asymptotically normal

(Ugr0d) with
uc = N EN E,
2= ? te,-5)2) Jl [¢tu) = $3%
g2 = ¢, ~C. ${u) = du,
¢ PE © ¢

The following stralghtforward result about the moments

of SN(R) is required in section 3.3, 'To make the state-~
ment of the result more manageable - without losing any
N

gernerality - it ig supposed that EN =0, ¢ =0 and 21 of = 1.
is
Theorem 3-2~12 {HS p.6L and p.82). .uder R,

N
(3.2.6)  varisy) = m-u"ltixl {2y (201"
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and
(3.2.7) E{ (8 =~ E(S)) "} = Ay + By,
where
- ~1 -1 n 232
Ay = 3(N-1) (992) 7T {(N-1) I (ayan?y
i=1
and

N
By = £ § o) - 3m-1) (vew)) T (w-1) (9-2) (-3 7F x
1=1

N N
NN+ 1)) - 3=l %)),
¢ )121 (ay (1)) W2} ey Hh

The theory of the limiting distributions of the sta-
tistics Sy under contiguous alternatives is expounded in
Chapter VI of HS. 1In orxder to outline the concepts in-
volved, it is advisable to vecall the precise formulation
of the problem in terms of the Limiting distribution of the
seqguence of statistics (ch]A This ic the test statistic,
based on xl""’XN(v)’ for testing H“ against Kv . Eat
Hy is just H, the hypothesis of randomness, but Kv wiltd
for the rest of the discussion depend on the paramsiexs
dv(l),.-.,dV(N(v)).

The alternatives K ') are obtained by supposing that

xl,...,xN(v, have joint - nsity

[
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(3.2.8) Nmf( d,{L)) }
W2, qq = 2= i
dy gm b VT
where £ has finite Pisher's informatlon and d\A = (dv(l),...,

4, (N{v}); defines a sequence of real vectors. Recall that
if £{(x) is an absolutely continucus density and

™
inf(f) = I (£'(x)/£(x))* £(x)dx < », then this is the

o

Fisher's information.

Definition 3-2~13 (HS p.202). Consider the measures
}
PV and Qv defined on the measure spaces (Xv'Av'“v)' vel,

so that dp, = pydu,, and dg, = qu”v‘ If for any sequence

of events (A“), A e Aa'

Pv(A“) =+ O implles that Qv(Av) + 0,

then we say that the densities q, axre contiguous to the
densities By
Iif "v is composite, qy is sald to be contilguous to H,

if for each v the convex hull of Hv contalns a density By

such that the dehsities q, are contiguous to the densi-
ties p,.
The limiting distribution of (Sc } is then established
v

i
i
H
{
i

under the following conditions on dv’

(3.2.9) (dytt) - ap* » o

max
leis{v)

N
(3.2.20) inf (£) § {4, (4) ~ &) + bF, 0 < b? < m.
1a1
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The derivation of results about the limiting distribution
of (sC } under K(d“) is made possible because the qg are
v

aontiguons t6 the densities ®3 defined by
»

(HS theorem VI 2,1, pp.210-213).

The result about the limiting distribution of @ov}
under K(d“) is statd under the assumption that Ev = 0 and
the index v is dropped.

Theorem 3-2~14 (HS pp.216-218). Let qg be glven by (3.2.8]
and assume that (3.2.4), (3.2.5), (3.2.9) and {3.2.10} hold

= P 2
Then SN is asymptoticaliy normal (udc,cc )} with

N o
Mo ® (1£1 ci(di~d)} Jo gl{u)yiu)du,
where $(u) = £ (" Hw) £ (), and

o = ¢ g ef) fl{¢<u) - 3)Y%au.
¢ 45 e

In order to verify the tightness of a sequence of
probability measures, the follewlng result about contiguous

densities 18 useful. The notation follows that of Defini-

< tion 3-2-13,

Lemma 3-2-18 (Jurekovd (1969), pp.1894~1895). If the

densities gy are contiguous to Py then, corresponding to
every posl.ive g, there oxists a posltive number & snch
that Q“(Av) < ¢ 1z satisfied for all v sufficlently large

for every scquence ¢f sets (Av), Ay e Au (v = 1,2,...)
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satisfying Pv(Av) < § for v sufficlently large.

In section 3.3. we also discuss the limiting distri-
butiens of a'class of test statistics which are gquadratic
forms in Rj,...,Ry. These involve the integral JO(S(t))’dt,
where S(t) is a stationary Gaussian process which for the

present discussion is assumed to be normalized, so that
B{s(t)} =0, E{(s(t))*} = 1.
The covariance function i defined by
plt-s) = B{{S(s)s(t)} , O ss,ts L.

The elgenvalues Ar of a non-negative definite, symme~

tric kernel K{s,t) on [0,1] % [0,1] are defined by
1
Arﬁr(s) = JO K(s,t)¢r(t)dt.

1
If J & {t) & (£} = 8,4, then the 0, (t) are the orthonormal
o 3 3 ¥
eigenfunctions of the kernel (F'%) denotes the complex
conjugate of £({t) and sij is the Rronecker delta). The
efgenvalues are real and non-negative. In particular let

us suppose that the elgenvalues and orthonormal eigen-

. functions of p(t-s) axe Ar and 0r(tL

Theorem 3-2-18 (Kac and Siegart (1947), pp.438~441).

Suppose that Jl,JZ,.A. aze independent, normally distxibu-

ted random variables each having mean O and varlance 1.

é
%.
|

i
i
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The expansion
) = ¥ .
(3.,2.11) s(t) = 1% AT 8y ()

holds in the sense that, with probability one, the richt
hand side converges in the mean to the left hand side of

{3.2.11), Furthermore
Jl 2 7 2
{8(t))*at = Ay, O
° ik k!

convergence belng with probabllity one (almost everywhere
convergense) .

In the course of the rest of this chapter (and in
Part IL of the thesis), use is made of the terminology and
properties of the LZ(EO,IJ) space. Often the use is simply
as a kind of convenient shorthand in order to avoid un-~
necessary elaboration. The salient points reguired for
our purposes are mentioned below; subseguent technical re-
ferences (usvally not essential to understanding the main
theme of the work) are not elucidated as they are part of
the standard theory of Hilbert space and can be located in
any modern textbook on functional analysis (as, for in-
stance, Hewitt and Stromberg (1969}).

The space Lz(Eo,ll) consists of those functions ¢ Qe-
fined almost everywhere on [0,1] fox which I (¢{u)) 2au
exists {all in the sense of Lebesgue measureoand Lebesgue
integration for [0,11) together with an inner product <,>

defined by
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1
<y hy> = Jo ¢l(u)¢2(u)du

for ¢l’¢2 I3 LZ(EO, ‘+ follows that the noxm on

1
£, (C0,11) is defl  uy L4t =lj (6 (u) ) 2au

[+]

The nurm of a bounded linear operator $ mapping L2([O,1D

into itself is defined by

BSh = sup{liS({e)l = ¢ = 1}.

Notice that a simple consequence of this is that

H&LoH s AShE4) for all ¢ e Ly (£0,1D).

3.3  Asymptotic distributionsof the test statistics.

This section 1s concerned with the limiting distributions

of the statistics
(3.3.1) vN(R) = max {sN(g(r))),
g0
where SN(R) are defined by (1.2.1) as
y
(3.3.2) 8y(R) = 121 ey ay(Ry)

In fact, instead of studying Vyr we shall begin by congi~
dering the limiting dlstribution of Vi, defined by

Vg = max {8 (g(R))}.
N1 gec, N

1
it
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The definition of aN(i) is extended from i = 1,...,N
by using modulo N arithmetic on the argument, o that in
particalar ag(-i) = ay(N-i) (4 =1,...,N) and ay(0) = ag(N).
Then a form of vy more suitable for studying the limiting
distribution is obtained by introducing the scores aNlii,t)

defined as follows:
{3.2.3) aNl(i,t) = aN(i - [tN1} (0 st <]

where [#] denotes the greatest integer less than or equal
to %, The definition of the scores aNl(i,t) implies that
for k/N s t < (k+l)/Né aNl(i,t) = aN(i—k) for k = 0,...,N-1.
Now define Sy, (t) = igl oy ayy(Rst) (0 st s 1), so that

(3.3.4) Vg * Bop {850 (£}}.
M1 ogter M

In addition to the scores defined by (3.3.3), the

following scores will be used later:

(3.3.5) ag,td,t) = ag(N + 1 -4 - R3] (-1 £ £ 5 0).

If ~k/N 2 £ < -{k~1}/N, then aNz(i,t) = aN(W k)
o

for k = 1,...,N. Also define Sy, (t) = 121 oy . Lth

The function SNl(t) is a right~continuous step~func-
tion and consequently the convergence in distributioh of
le(t) is studicd in the space D([0,11). By defining the
seores aNl(i,t) 50 that they are linear over the intervals
k/N s & 8 (k+1)/Ny k = Oy, . N-1, SNl(t) gould be made to

be continuous and its convergence could then be discussed
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within €([0,1]) without affecting (3.3.4}. The main
reason for not doing this ls that the basic convergence
theorem for SNl(t) as it is now defined can also be used
to obtain the limiting distributions of another class of
cigcular tests. Altering the definition of ay,(L,t) to
render SNl(t) continuous would consilderably complicate
this other application of the convergence results.

The following assumptions are made:

{11} The Noether condition,

N
} (o, ~ )%/ (max (e, - 8)?) +w
1=2=1 i 1sign *

as N - w,

(A2) Thera exists a function ¢(u), 0 < u < 1, such
that ¢ e L,([0,1]), J{¢(u) - $)2du > O {where § = J¢(u)du
and ag (1 + CuN1) » ¢(u) with respect to the Ly, ([0,1]} norm.
In future L, will be taken to mean L,([0,1]) and when the
range of integration is omitted, it is understood to be
[0,1]. The definiticn of $(u) is extended outside (0,1
by periodicity, so that ¢{usk} = ¢(u), k =+ 1, + 2,... .

{a3) Define the translation operator on 52 by
St(f(u)) = flu~t) for £ ¢ L2 and ¢ ¢ £-1,1], using modulo

1 arithmetic to cngure that the argument of £ lies between

‘0 and 1. Define the reflectlon operator by R(f(u}) = £(i-u),

£ e Dye These operators are linear, continuous and unitaxy.
These properties of St and R are stralghtforward to
o?tain. For example, <stf,stg> = [ £{utl-t} g (utl=t}du +
1 4 1-

t
I f{u-t)y{u-t)du = { £{uyg{u)du + f £{u)g{u)du =
t 1-t o

<f£,9>, so that S, is unitary
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Frem S, and R construct an operator Ut defined hy a, =
R(S_, (£)) for & ¢ [-1,01. For cach t, U, is also unitary.
Conseguently, Uutﬂ = 1 {and likewise HStﬂ = 1)

assume that there exists an o > % and L a nondecreasing,
continuous function on [0,1] suck that

(3.3.6 (S, = Sp@® < |pis) - vl

for s,t ¢ [0,1].
(a4) There exists an integor Ny guch that for N =z L

there exists M < » such that
I ? (agy (4,8) = ag  (L,e})%) <
iy Pt N1t

for s,t ¢ [0,)].
The requirsd convergence result for SNl(t) is contained
in the following theorem.

Thegrem 3-3-1 Under H, with the assumotions (Al)-(ad),

Ny = .
(3:3.7) {§ (o0 Hag (0 - 81 aylp S,

where S?(c) is the continuous Gaussian process on [0,1]
with B(S}(e}) = O for & c (0,17 and &, (s,t) = cov(Sits),
S%t))“ I(Ss(¢)) = F) (8, () ~ Prau for s,t ¢ [0,11.

In ordex to prove Theorem 3-3-1 wa make the following
assumptiong (without loss of gonerality):

N
a, =0, 8=0, § =1,
y = O vy b
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From S, and R construct an operator Ut defined by Ut =
R(S*t(f)) for ¢ ¢ [~1,0), For each &, U, is also unitary.
§ Consequently, Ul = 1 {and likewlse IS = 1)

Assume that there exists an o > ¥ and L a nondecieasing,
continuous function on [0,1] such that

(3.3.6)  h(S, = Sel? ¢ |n(m) -~ niey[*

for s, t ¢ [O,1].
(a4) There exists an luteger Nc such that for N 2 No

there exists M < = such that

- N
[t Ly e et <u

for s,t ¢ [O,1].
The required convergence result for le(t) 1s contained

in the following theorem.

Theorem 3-3~) Under H, with the assumptions (Al)-(A4),

¥ sy ayh 53 o
(3.3.7) {1£1(ci_c) Y sy (8) = cigl ag (1)) 871(8),

where Sgtt) is the continuous Gaussian process on [0,1]
whexe Sg(t) is the continuous Gaussian process on [0,1]),
with E(8](e)} = 0 for ¢ ¢ [0,1) and Ry (s,t) = cov(§5(s),,
sgen= fs, o0 - B W) - Bau for o, ¢ To,1,

********** . v oa e e e k,,-vwing
assumptions (wlithout loss of generality):
=0, ¢ =0, Zcz=1.

; . 3y
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This implies that 3 = 0 and the covariance kernal Rl(s,t)

can be neatly written as Rl(s,t) = <SE(¢),St(¢)>. In view

of the properties of $,, the process sg (£} is stationary.
In order to prove Theorem 3-3-1, a series of lemmas

are required. The first of these is a result about the

cogvergenca of fourth moments. If it were not for the re-

quirement of uniform convergence, the result would follow

more easily f£rom the asymptotic normality of SNL(S) - sNi(t),

i = 1,2 (see Theorem 3~2-11).

Lemma_ 3-3-2. Under H the following limits hold as N + w:
(3.3.8) B{(Sy;(s) = Sy (£))}*} + B(I(Ss(¢(u)) - S lhta)))?
au}?,

uniformly for s,t ¢ [0,1];
(3.3.9) BBy, (8] ~ Sy (1)) » 3{f(us(¢(u)) = U (d0u)))2au}?

uniformly for s,t ¢ [~1,0].
Proof. From Theozem 3-2-12, it is clear that E{(sy, (s) -
SNi(t))“} i = 1,2, can be written as the sum of two terms
Ay and By whore convergence propertles may be studied in-
dividually.
To study these convergence properties furthex, we
- first show that as far as convergoence in L, is concerned,
the scores aNl(l + LuNl,t) may be replaced by
Sy tay(l + LuN))). Suppose that O < £ < 1, then

HaNl(l+EuN],t)~St(aN(l+EuN3))h=HaN(l*[uNJ-[tN]%aN(l+[(u—t)N])H.
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Since for real numbersx and y, [x-y] eguals eithexr [x] - [y]
or {x) -~ [yJ] - 1, then aN(l + [{u-t)N1) equals
ag(l + [uN] - [NI) or ay{[ull ~ [tN]). Therefore it is

certainly true that

(3.3.20) llag, {1 + [uNl &) =~ § (4 TuNI M =

&3y
Nay(l + [uN) = [ENI) = ay ([und ~ [END)1 -

In ordexr to simpil. “he right hand side of (3.3.10),

notice that

flag (1 + [uNl = CENJ) = ay([udd - [eND))*
=yt § (o (141 = [EN]) = a (i - [EN3))2
IE d“
(zecall that a, (i) is periodic with period N}

K
=W ¥ fag(l o+ (4 - [ENI) - ag(i-TeN]))% 4
N 1+[EN]

Ly LeNd
N { Lo (Le (1A=L END) ) ~ag (an-[EN3) 32

F Y 0 gy e
= y +3)~alj %
P A FReCENHL

{ay(14d) -a N1
- N 2
=N jEI {ay (1) ~ agth )

= lag(l + Ctl)~ ag (T2,
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It now follows that {3.3.10)} can be written as

Hag, (1 + [uNl e} = S (il + [uND))) <
Wag (L + Condy = ay (L € (a8 D)3y
S fay(L ¢ [and) = $(ull + Beduw) - ¢la-w"Hp
S ylay @+ TN - 4T,

which, for N sufiiciently large and € > O,
s 26+ 18(0) - dlu - N7,

because aN(l 4+ [uNl} » ¢(u) in Ly {by (A2)}. @Provided that
B4(w) - ¢l - 85 + 0 as N + ®, it follows that for
O£t 1, aNl(Z + [uN) k) - St(an(l + [uN])) + © in L,
uniformly in t. Since ¢(u) obeys (A3}, 1 (u)=¢(u-¥"2) + 0
as N + %, but in fact the result is true for all ¢ ¢ L, as
may be seen by sultable modification of theorem 13.24 of
Hewitt and Stromberg (1969, p.19%) using theorem 13.21 on
p.197 of the same book.

Thus
(3.3.11) ayp (L + [uNl &) = Sylag(l + [and)) + 0

in Lz, uniformly for ¢ s £ 5 1.
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Now
oty i) -ay (4,6)) 21518 s ¥
| {n 1£l(am( 18)~ay, (1,8)) (S5 {#{u))=S, (e (u))) |
= [lagy (1+TuNd, 8) —ay, (LHTuND £V 10 S, (9)~S, ($)1]
s |18, (ay (L+LaN1) )=, (ay (LHTUNI) M I-IS () =S (9)0] + By o

(3.3.12) £ 1S {ag(1 + [uNI}-S ()84 S, {ay (L+Tun])

- SR,
whexe

Ps,t = “aNl(l+[uN],s)-Ss(aN(l+[uN]))H +

Nayy (L+EuN3, €1 -8, (ay (L+TaNI)

&0 that Ps,t

From (3.3.12) it follows that

[{N“lz<anl(i,s)—aNl(1,t))2)*—cf(sst¢(u))-st(¢(u)))1)*|

5 1Sl ay (L4TuND) =4 Ca) 141 S0 oy (L+TuNT) -4 (TR, o
= 2 ag (LHLaND) =4 ()1 4Pg 0

which by (A2} and the romarks above about Ps,t tends to O

as N + =, Hence,

+ 0 as N » » uniformly in 8 and t by (3.3.11).
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ay 38 ) - S oy

uniformly for s,t ¢ [0,1].

To show that By * 0 uniformly, the expression
(3.3.13)|((N—l)(N—Z)(N-B))_ICN(N+1)§(6N1(i,s)-aNl(i,t))"
=381 (F oy {480~y (4,60 F)

is bounded uniformly for s,t ¢ {0,1] and N sufficiently
large. This iz achievedby using (A4} to bound the first
Lerm in {3.3,13). The second term in {3.3.13), that is

for our purposes

3((N-2)(N-3))_1(g(aNl(i,ﬁ)'ﬂNl(i,t))2)zt

is uniformly bounded in view of the uniform convergence of
Ay together with the fact that (1S (¢) - St(dml’)z is wal-
formly bounded.

Having bounded (3.3.13) uniformly, the required uni-
form convergence of By follows from (Al) which implies
I cz + 0, The truth of this last statement seems to be
usually regarded as self~evident. With this in mind, we
apologize if the following quick outline proof is unneces-~
saxy.

Consider the following problem: the non-negative
real numbers Ty S causTy satisfy 'i =1 show that
Z_ ri £ ry. This is obviously true for N = 1. Suppose
tgit it is true for w-1, then apply the result to (1"N)-lti'
LN= 1,...,N-1, obtaining izi ri s 1y (1-ry).  Hence
A R S R s Bl R e S U

aince Ey § Lo and the result is true by induection. From
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the solution of this problem it follows that [ ¢f smax{el},
This together with {Al) gives the required convergence
resull.

The proof of (3.3.9) i5 similar. First it is xe-
qu%red to show that for t ¢ [-1,01, ay,(1 + [uNl,t) -
Rs_t(aN(l + LuN1}} + O in b, wniformiy dn t. This pre-
sents some tricky aspects which the previous part did not.

The required result 1s that Bay( + L - (1 + [uNl) -
END - ay(d + {-uN - NI} > O as N + =, But,

Yagl = [aN] = [END) = ag(l + [-uN - eNDI

< Hagl- [uN) - [EN]) = ag(l-ud - N1l

+ Bag(C-uN - tN3) - ay(l 4 [-ud - eNDH.
The second term here is easily managed since it becomes

May(l + C-{a + & + NHND) = agll + [=(n + ONDI
= HUtS _N~1(aN(l + [uvd)) - U (ag (L + Tan3n)l
H "SN—L(“N” + [uND)) = ay (L + {uNhl,
which tends to O as N » =,

The first term in the expression above is tackled by

using the observation that, for real numbers x and y:

-~ £x] - [yl equals [=x] - [yl or [=-x] ~ [yl -1 ,
{=%-yJ] equals [-x] - [yJ or [~x] - [yl - 1 .




Therefore

Nag( ~ [ul} = [END) = ag(l - uN - ex})i

< lag(l - w¥] - [END) - ap(l = uN] ~ CeNJ ~ K.

This last term tends to O uniformly as N + = using the

same arguments as before. <Consequently,

(3.3.14) aNz(l + [uNl, b} - ut(BN(l + [uNl)) + 0O
in Tyr uniformly for t e {-1,0].

the rest of the proof of (3.3.9) is exactly like that
of (3.3.8). To prove the convergence of the AN term, simply
replace aNl‘st by L™ and Ut in the proof already given.
As far as the convergence of the By term is concerned, aill

that need by noted 1s that (A4) implies that
-1 N 4
N 1.£l (agy (i 8} — ag, l4,8)) [ <n

for s,t ¢ [~1,0) and N 2 N from the way the scores ay; Wt
weze defined by (3.3.5).

The proof of the lemma ls complete.

Examination of the proof of Lemmwa 3-3-2 shows that all

that is required from (A4) is that
(e} ) - ayli e
e} ln {ag{i,8) =~ agli, b + 0
ahy VT Tt N !

uniformly for s,%. The assumption we have made seems to

be an adequate working assumpition.
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From here on most of the rest of the work necessary
o derive Theorem 3-3~1 amounts to taking limiting cases
of the results in Billingsley (1968) cited in section 3.2,
Accordingly repetition of material and mere rewriting of
Bi;lingsley's material is aveided wherever possible, so
that Lemma 3-3-3 and 3-3-4 are of the nature of (detailed)

outline proofs.

Lemma 3-3-3. Suppose that for positive integers N,m there
coxrresponds a sequence of random varilables EéT),...,Eé:)
and define ™ = £y 4 g k= 1. mane s =0,

If o » 1 and 4 2 0, & and ¥ constants, and there exist non-

negative numbers u{m),...,uém) such that as N + o,
; {m) (m) =Y o m e
1im sup P{}s;t’ - § 2 A <AV} w, ™y
! wj pg 1<es] L !
0si<jsm,

holdls for all ) > O uniformly for m = 1,2,..., then there

exists an integer N, such that
(m} Y g (MY (m)yo
p(lx;\;:;m I8y | 2 A} s L LTI A

for N 2N, and m = 1,?,..., where KY o 15 a constant which
.
« depends only on o and y.
Proof. Choose N, so that for N 2 Ng
u(m))u'

{m) {m) =Y
sup P{]s ) ~ 8 Ay AT
sp Plisgg - Sl 12255 ’

054 <jsmme=1L12,..,. ., The lemma then follows as an




79.

application of Theorem 3-2~9.
Lemma 3-3-4. The sequence (SNl} of random elements of D

is tight.
Proof. The proof is modelled on the proof of theorem
12.3 of Billingsley (1968, pp.95-96). Using Lemma 3-3-2

and (A3} (after absorping the 3 into L), we get

Lin E[(Sy, (s) = 8y, ()%} 5 |L(s) = L(e)[2®

Lin Bl (60 - 8y ! >,
uniformly for s,t. This moment condition implies that
(3.2.15)  1im sup P{[5y,(s) = 8 (6] 2 A} € A74n(e)-niw) |2,

N+ e

for positive X, uniformly in s,t. .The ineguality in (3.3.15)
may be replaced by strict inequality (by multiplying L by
a positive constant greater thar 1). If we choose

A ¢ {G,1) and 6§ > O, A + & £ 1, then the random variables

£ 25w e - st (YN,

L= 1,..0,m,
patisfy Lemma 3-3-3 with
uf™ = onga e o™l - naox @, L= Lo

" fhen the lemma implies thak for posltive e there exists No

such that
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-1
(3.3.16) P{ max |8y, (A + idm ") - 5. (4)] = e}
Osizm Nl Nl

s K e L+ 8) - L2

for N 2 NQ, m=1,2,,,. and all A.

If €' > 0, then choose § = n'l, where n 18 an integexr
such that I which is {(uniformly} continuous on [0,1] satis-
fles |L{x e - L{x)| < ¢c' for © £ x § 1 -~ §. Letting

m+ © in (3,3.16} implies that

21 8, ) - 8y, (38)[ = e}
jgn 353:5(j+1)s! w1 0] 2

< K €M@y ~ 100)) max(L ({3 + 1)8) ~ L(3&H
Jen

sk @ - no) x (g0t

and singe g' can be assigned arbitrary positive values,

this last term can be made arbitrarily small. Now Lemma
3-2-~8 can be uded to prove that (Sul) satisfies (3,2.3) of
Theorem 3-2~7. The other condition of Theorem 3-2-7 ~ which
requires that (SNl(O)) be tight - is a conseguence of the

asymptotic normality of {8y, (0)}.
the proof of Theorem 3-3~1 is pompleted by showing

that the finite-dimensional distributions of Sy, (k) con-

verge weakly to those of sg(t) » fThis ig done with the aid
of Theorem 3-2-10., The proof of Lemma 3-3-2 ossentlally

contains a proof that ag, (3 + [uNl, &) ~ S (¢(W) dn L, and
hence, for 0 £ £{l) <... <t(k} & 1 and an arbitravy vector

of real numbers (X, .eidy)y g Ay agy (1 + Luwl, t(3))

2a-1
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Z Aj St(j)(¢(u)) in L. A9 application of Theorem 3-2-11
to g Ay 12 oy ag) (Ry,£43)) = § ag¢ Z Ay @y Ry £(3)1) proves
that this iz asymptotlcally normal with mean O and variance
j( ¥ Xj st(j)(m(u))}‘du, provided this last integral is non-
zerp. The other-degenevate - case is straightferward. Using
Theoxem 3-2~3, the proof of Theorem 3-3-) 1s now complete.
Corollaxy 3-3-5. The limiting distribution of vy, is

given by

(30307 () (o012 E g5 ) et (%813
23,07 G-l g~ a T S il

i P NLT 4o W Pogeey L

Pxgof. Phe functlonal z(t) » sup {=({t)} is continuvous on
(D,t) and so Theorem 3~2-2 canoggsiyplied to give (3.3.17).
Thaﬁ the functional is in fact continuous is Ffairly ob-
vious from the definition of .

Theorem 3-3-1 can he extended to obtain the limiting
distribution of Vg Essentially this requires piecing the
two random elements SNl(t) and Sna(t) together to give
SN(t), a right-continuous step function on [-1,13. Al-
though the discussion in section 3.2 concernad D([O,1]),
obviously it appliecs to D({a,b}} for a<b~ Lhe space of
right~continuous real functions on [a,b] with lefi-hand
limits ~ with the appropriate stralghtforward modifications.

The details are as follows. Define the scores ag(i,t)

by

aN(i,t) = ag (ht) (05 tsl

= ag, (Lot} (-1 &t <0,
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N
together with the function Sg{t) = 1 €y 2R, ,t) for
i=1

t ¢ [-1,1]. The operators St and Ut are replaced by Vt
defined by

(02t s 1)

(15t <0,

As with Corollaxy 3-~3~5, Thecrem 3-3-6 is stated in
its full generality.
Theorem 3-3-6. Under H, with the assumptions (AL)-(Ad),

N ia-k, = ¥ o
(3.3.28) { ] (c;=2)%) Tug-e ] ay(i)) », sup {s%(e)},
i=1 A i=) =lgtsi

where S°(t) is the Gausslan process on [~1,1] with
E{8°(£)} = 0 for £ ¢ [~1,1] and R(s,t) = cov(s°(s},s%(t))
N J:ys(¢<u)) - BV (eu) - Prau.
Prgof, If Lk can be shown that Sy (t) =+, S(t) in D([~1,11),
then (3.3.18) follows.

The proof of Lemma 3-3-4 consisted princlpally of
showing that for each positive ¢ and n, there exists a
8, 0 <48 <), and an integer N° such that, for N 2 No’
P{w(Sy;:8) 2 e} < n. A similar result applies to Sy,,
since it satisfies effectively the same conditions as le‘
It satisfles (3.3.9) of Lemma 3-3-2 compared with (3.3.8)
£or Syp. Purthermore since JIRS__ =~ RS_.JoI & (S =8 )¢l
s JL(-s) ~ L{~£)|%, 1t follows that a condition analogous
to (3.3.6) holds fiox ut, Therafore the arguments of Lemma

3-3-4 apply equally well to Sy,.

o
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Theorem 3-2-6 1s used to prove that SN(t) o S{t).
In particular it is rerguired that for each positive ¢ and n,

there exist a §, 0 < § < 1, and an Integer No such that
(3.3.19)  p{w'(Sy.6) 2 e} s n , N 2N, .
This will be established by proving that
(3.3.20)  w' (8, 8) £ max{w(Sy,,8) ,wiSy,8))
so that
Pt (8yi0) 2 e} s Plw(Sy,,8) 2 &) + Plw(By,d) 2 e}
and consequently {3.3.19) Follows from the properties of
{8y} and {83,
In order to prove {3,3.20)}, there are three cases to

consider, If -1 s tl + § < 0, then for all t,t2 such that

ty sts tg and ty - tl £ 8,

min{{sy (k) = Sy tegh | [8ley) ~ st} £ wisy,,8).

£ ty 2 0, then fox tety such that tl st 8 t2 and

£y - tl B
mint &y, (L) ~ SN(tl)},JsN(tZ) - syled |t s By ).
If ty <0 By 4+ §; two possibilities arise for + such that

£y £t sk, If L20, then {8y tey) - SN(t)[ £ WSy, 8,
while 4f ¢ < O, then |8 () = 8y {ty)| & w(Sy,.8)s In
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either case for t,tz such that tl 2t 5 tz and t2 - tl 5 &,

min{ 8y (k) ~ Sy (k) | 8ty = sy(e) [}
3 max{w(SNJ,B),w(Snz,G)).

‘The reguired result, (3.3,20), now follows from the way w'
was defined in {3.2.2).

3 further requirement of Theorem 3-2-6 is that
p(s®(1) » s°(1~)) = 0. This though is immediate since
p(§§ € =1,

Convergence of the finite-dimensional distributions is
treated in exactly the same way as for Theorem 3~3-1. In
view of Theoxem 3-2~3, the proof of the theorem is compliete.

Theorem 3+2-6 Lis the main vesult about the limiting
distribution of Yy contained in this thesls. As Lt stands,
it is clearly not suitadle for practical application. A
more convenient expression is required to enable an approxi-
mation to be made for &, such that Plsup $%°(t) > £} = a.
As far as the author is wware, this gquestion has not been
adequately resolved.

Although the question of adequate approximations to tu

seems to rumain open, there has been development in this

direction (and considerable vescarch into apparently closely

related questions). fThe basic concepts of such work are
outlined (in & more general situation) by Eélyayev (1972,
in particular pp.l5-16). Unfortunately much of the relevant
research is being conducted In Russian universitles and dis-

seminated in technical roports. Besides these obstacles,
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it was felt that any detailed approach to the problem was
bound to remove the thesis from the realm of rank tests

to that of stochastic processes. Hopefully the author will
be able to make some future contribution to this question
under more favourable conditions.

The following resull is of technical interest and may
also be useful for obtaining the kind of approximation that
we have just mentloned. In stating and proving the result,
the simplifying assumptions that dy = 0, & = 0 and § ¢} =1
are made,

’ Proposition 3-3-7. suppose that ¢(u)} defined by (AZ) sa-~
tusfies ¢{u} + $(1 -~ u) = 0 for 0 < u < 1, 1is Lounded over
{0,1) and satlsfies (A3}, Then, under H,

(3.3.21) vy {sfterid.

sup
? osts1

Proof. Consider the class of statistics of the form glven
by (3.3.2) with ay(N + 1 - i) + ay(i) = constant for
i=1,...,N. Such statistics are sometimes called odd-
translation lnvariant, Under the assumption that SN =0,

the constant is 0. Then for SN odd-translation lnvariant,
8y (g, (g () = = 8 te, )RR,k = 1,...0n, ond s0
CARCFRLH (AR . Ly v v e aNy
v = max s (te R0
1sksN

= max (ISN(g(RH {3
geGl
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N
Now put aly) = n I ¢{u)du so that
N (1-1) /y
s$l= ) cy ag(Ri) 1s an odd-translation invariant statistic.
Then assumptions (Al)-({A4) hold fox aﬁ(i) and ¢{u}. There-

fore by Theorem 3-3—1,,S$l(t) +p S?(t)«

Scrhtiny of Lemma 3-3-2 shows that it contalns a proof

that aNl(l + [uNl, &) -+ St(¢(u)) in L2 uniformly for t ¢ [O,1].

Together with Theorem 3-2-12 this implies that E{(le(t) -
Sgl(t))’} + 0 uniformly for t ¢ [0,1), which in turn im-
plies that sup {8y, (&) - sgl(t)() - O in probability.
This last szit:ient implies .hat T(SNl(t),Sgl(t)) + 0 in

probability (7 belng the metric on D([0,1])). Applying

Theorem 3-2-1, it follows that SNl(t) and Sgl(t) have the
same asymptotic distribution. Since we know the asympto-
tic distribution of Sgl(t) ~ it arises from an odd-trans-

lation invariant statistic - it follows that
Vg *p sUD (lsg(t)l},
0stgl

ag required.

Clearly in the condition ${u) + &(L - u) =,0, the ©
may be replaced by a congtant if the assumption SN =0
iz not made.

Remaxk. A similar result holds for score generating fupe-

* klions satisfying ¢(u) = $(1 ~ u), & < v < 1, when

L]
vy *p sup {8y (th}
N0 oges
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The statistics BN associated with ¢ by (A2) in ttris case

are a generalization of the even-translation statistics

which satisfy aN(i) = aN(N + 1L~ 4) for i = 1,...,8.
Using a result due to Fernlguc (1964), an approxima-

tion may be obtained for P{ sup Isi(t)l > x}, under cexw
Qzesl

tain conditions., The result is staked here as Lemma 3~3-8

and was apparently f£irst proved by Marcus (1970) as the
corollary to a more general result (which under the same

conditions yields a stronger statement than Fernique's

lemma}. The reader is referred to pp.305~308 of the paper

by Marcus fox the proof and the particular statement of

the lemma used here.

Lemma 3-3-8 Let X{t) be a real-valued, separable Gaus~
sian process on [0,1] with BLX(6)2)¥ < T and B{(X(t) ~
x(8))2} & p{|t~s{}, where y ie assumed to be continuous

and non~decreasing on [0,1] and satisfies the following

conditions:
ad —x?
[eS L ple™ Nax < =

{B) $2{h) log l/h decreases monotonically as h de-

creases to zero from the xight. Then for & a fixed integer,

v o= :

2 -

el sup |X(t}]| » (P + —E- (4™ )aw }
Or-\;gli I 241 Jl v

~at sy
e

o
s ca? I du,
X

where x ‘2 (4 log L)g and ¢ = L 1/3(4 Jog 2} /14 log g-l) X%

PPN

j
i
'
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Quite how precise the approximation in Lemna 3-3~8
is remains unclear, but it does indicate the kind of ap-
proximation result that can reasonably be expected, It
also indjcates that the type of result obtained in Theorem
3-3-6 is not merely esoteric and the statistics vy ean be
put to use.

0f the four assumptions (Al)-{(ad),(a3) i .ae only
one likely to cause difficulty. an alternat ve characteri-
zatlon of the functions ¢ which satisfy (3.3.6) does not
seem easy. The following result shows however that there
are many functions which do satisfy that requirement.
Lemma 3-3-9. If ¢ is absolutely continuous on (0,1],
then it satisfies (A3).
Proof. The proof is outlined. Without loss of generaiity,
it is assumed that ¢(0) = O so that by a well-known vesult
{Hewitt and Stromberg, p.286, theorem 18.17), ¢(x} = fohndm
where £ ¢ Ll[O,ll. Suppose that 0 £ 8 5 £ 2 1, so thag
is is reguired to find L continuous and ncundesreasing such

that, putting a= 1,

(3.3.22)  f¢fu ~ s} - ¢(u - t)*? 5 L{t) - L(s).

The left hand side of (3.3.22) can be written
E:

Hglu = sy ~ p(u ~ £))2= I {o{u+ 1 -8) ~ ¢lu+ 1~ t)Hau +
o

£ A
j {¢(u = 8) ~ ¢{1 + u - t)}2au + J {o(u = 8) ~ ¢fu - t)}*du.
8, t

é




g
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Consider the last of these texrms:

: 1 Loru-s u-t
! I {p{u - 8) -~ ¢(u -~ £}}*u = J (I £ - { £}2du
t t /0 0

1 (u-g
= J (J £}%3u
t Ju~t i K

i 1 fu-s
< J (J £2)du  (by the i
t Ju-t ;
Schwarz ineguality)
1 ru-s
< I (f £2)du  (extending £
0 Ju-t
by periodicity)

1 (u-s 1 ru-t
LT
0 /-1 0l

u-s
Therefore taking L,(s) = - f (J £% dv)du, we obtain
0 /~1

1
J {${u - g) - o(u - £)}%au s Ly () = Ly(s).
t

A similar argument applies to the £irst term. Since ¢ is

bounded, the second term is less than or equal to K(t~s

for some X > 0, If Ll,Lz aré the functions coxresponding
to these teérms, then I = Ll + LZ + L3 gatisfies (3.3.22).
Example. As a particular example of the class of statis-
tics defined by (3.3.1), consider the Mann-Whitney type
statistic EN. Clearly the stores of N“lﬁN satisfy (a2)
with ¢{u) = u, u ¢ (0,1). Since ¢{u) is absolutely contin-

K uous and the Mann~Whiiney statistic is odd-translation
i
: invariant, Propesition 3~3~7 then applics for obtaining

i the limiting distribution of Ey. i
H
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The parameters for the limiting distribution of EN

may then be obtained from Theorem 3-3-1, noting that

1 & 1
J $(u)gla ~ s)du = J u{l + u - s)du + J uf{u ~ s)du
4 o s

=Yy =Y - 8,

so that, (mnN)“%(ﬁNl(t) ~ Lm(N 4 1)} converges in distri-
bution to a Gausslan procass with mean O and covariance

kexnel 1/, - Yy - 6101 - (s =€) for 0 st s s AL
The relationship between Wy and Wy implies that

(o) F(ig, (&) = hm = ) (¥ 4 1)y E(E) where E(t) is

defined in Proposition 2-2-1.

Obtaining the limiting distributions of & and gy, i
in this way, while perfectly adequate, does not exploit
the possibilities of a direct approach based on the ex-
pressions (2.1.11)~(2.1.13) and using results for the
Kolmogorov-Smirnov test statistics. This alternative
appreach 1s outlined below.

In studying the limiting distributions --* Xolmogorov-
Smirnov type statistics, Hajék and Biadk (19¢7, p.186) in-

troduce the scores Sh(i,t) defined as follows: £or every

;
t e [0,1] and N 2 1, t
|
i

ayli,e) =0, i,
=4 - N, EN < 4 < &N 4+ 1,

[

s podom N+ L,
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Then Ek(i,t) ig continuous in t and consequently the pro-

cesses
et ? 8, % & )}
Ty () = (mnN) n A (R, k) ~m ay(Ry,t
N FETL A LSRR

determine probability distributions on C({0,11).

Let us alsc introduce

Wglt) = (oa) H{Ay (R) = S(m = m) (N 4 1)) Gk ¢ [0,1D),

which defines a sequence of constant functions (as functions

of t) and the continuous processes
(3.3,23) EN(t) = WN(t) - ZTN(t).

Then, in view of {2.1.11) and (2.1.12},

(3.3.26) () gy - hlm - n) 1) = £0E(ED)
and
(3.3,25)  (moW) "Xy, - Blw - 0} (9 + D= £ (60,

where E,f1 are defined by Proposition 2-2-1.

All that is required now is to show that gy (k) »vg(t)
First we verdfy that {§,(t)} is tight. The proof of
Theorem 3-3-1 was principally a proof that (SNl(t)) is
tight, and so it might he expected that showing {(gy(t}]

is tight will require extensive labour. In fact it does
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not, since in view of (3.3.23) and Theorem 3~2-4 all that
ig required is that (TN(t)) ig tight. This is proved by
Bajdk and 5id&k (1967, pp.187-189) in establishing the li-
miting distributions of the Kolmogorov-Smirnov test statis-
tics.

To show that for O tl € vee tp H 1'(EN“:1)""'
EN(tp)) +p (E(tl),...,z(tp)) is merely a particular in-
stance of the argument used to prove the corresponding re-
sult in Theorem 3-3-1 {(and is straightforward). Proposi~
tion 2-2-1 then follows by Theorem 3-2-3 together with
(3.3.24) and (3,3.25}.

Notice that Lemma 3-3-8 applies to E(t) since
B{(E(E) ~ £(8))?) 2 4|t -~ s|, and 9(h) = 4h satisfies con-
aitions A and B (for h < ™) of the lemma.

The motive for investigating the limiting distribution
of le(t) is further strengthened by noticing that the li-
witing distributions of another important class of circular
rank tests can be derived using Theorem 3-3-1. Again sup-
pose that the convenient assumption that EN =0, c=0

holds. 'Theon considex the test statlstic defined by
(3.3.26) g =N § (g(gir)))?
ge6y

and critical regioh nN(R) > kn‘ Qbviously nN(R) does not
depend on the cut-off point but it is not clear that it
does not depend on the direction of measurament of angular

displacement. This is proved by showing that ﬁN(R) = 2nN(R),

b
¢

!
|
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where

TR = 87 o et

To show this - and at the same time obtain a useful
expression for ny " the anti-ranks D(1),...,D(N) axe in=-
troduced., These are defined by D{(k) = j if and only if
the k™ order statistic of the sample is Xj. Then

N
8y (R) =i£1 aN(i)cD(i), and ny(R) can be written as

N N y
o _ 2 3 s
Niy "le“izqa”u Kep ey b+ (izﬂaN(k ideg 5yt

so that when this last expression is expanded, the coeffi-~
ciens of cn(i)cb(j) in the first term on the right hand side
is Z ag{t + X)ay() + k) and in the second term it is
kg‘ ;N(-i + k)aN(—j + k}. That thesge two sums are egual
follows from the periodic nature of ag over peric@ N, Hence
EN(R) = 2my(R). It also follows that,
’ g8 NN

(3.3.27) ny = 121 jzl{kzl agfl & klag(y + k))cb(i)cu(j)‘

Thexe iz an overlap between the class of tests de-
fined by (3.3.26) and the class cof two-sample tests intro-
duced by Schach and mentloned in the introduction as having
thelr test statlsties defined by (1.4.1). In fact we shall
be ahle to derive and extend the most interesting of Schach's
ragults about cireunlar tests without too much @ifficulty.
Considering the test statistics writien in the form

{3,3.26), this class of Lests may also be compared to the

§
i
i
P

§
i
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alass of Cramdr-von Mises goodness-of-fit tests intro~
duced by Hajek and $idsk (1967, p.103). Finally, note

that
1 »

{3.3.28) Wy = j (JNl(ﬁ))‘dt.
o

In order to apply Theorem 3-3~1 to obtaining the
‘Limiting distribution of my, a technical result is re-
quired,

Lemma 3~3-10. The functional z + fl 2* is continuous for
z ¢ D([O,1]). °

Proof. Two facts from Billingsley (1%68) need to be rae-
called. Firstly, if z ¢ D, then it is bounded, so that
if z, % in {D,1), then the 7, are uniformly bounded. Se-
condly if z, 2 in (.1}, then zn(t) converges to z{t} for
continuity points of z(t) and hence z (t} converges to

z{t) almost everywhere wlth respectto Lebesgue measure on
{0,13. Cleaxly thereforc if Zy + 2 in (D,v), then (zﬁ}

are uniformly bounded and {z/ (£)) ? converges to (z{t))?
alwost everywhere. Lebesgue's dominated convergence

theorem then implies that if 2y " 2, it follows that

1 3

J (zn(t))zdt - J (z(t))*dt, as required for conmtinuity.
[+] [s]

Applying Lemma 3~3-10, Theorem 3-2-2 and Theorem
3-3-1, assuming that ] of = 1, it follows that
1=}

1 o
(3.3.29) oty Io (83 (£)) *at.
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Note that the scaling assumptions that have been made

are strictly for convenience; the general result is

wite, - 217 1 sy (ale)) - NG, §)2
geGl

o [ (89 (t)) 24t
7 jo 1 .

The expression (3.3,29) for the asymptotic distribu-
tion of ny can be ilmproved by using the expansion for a
Gaussian process mentioned as Theorem 3-2-16, Since Si(t)
is stationary, the covariance kernel may be written as
Rl(t—s) for ~1 st - 8 s 1 and Rl(u) ~ using the new de-
finition ~ can be extended to the real line by defining
Ry{u + 2k) = Ry(w), k = + 1, % 2,... Clearly Rj{u) is an

even function and since R;{l-u) = <¢,5,  {$)>, Ry{u) has

1-u
period i. If Ry{u) is expanded in texms of exp{2winu},
n=0, 41, +2,..., the Fourier cosfficient of exp(—2n1nu}
is denoted by b, (equals b_.}.

Theorem 3-3-11. Under H, the asymptotic distribution of

ny s equal to the distribution of kzl hkxi,k' where

(xé ’k:k=1,2 ;o0e} A8 2 sequence of indeyendent.x; random variables.
Broof. In order to apply Theorem 3-2-16, the eigenvalues
and orthonormal eigenfunctions of Ry(s,t) are required.

Suppose that §,(t} = exp(2nirt), then

1
br = Io Rl(n)exp(zwiru)ﬂu

1
J Ryt = s)exp(2mirit - s))dt 0gs s 1),
0
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80 that
1
b, exp (2wirs) = I Rl(t -~ s)exp(2nirt)dt
[$]
1
= J Ry (s, t)exp(2rirt}dt
[o]
and hence ¢r(t) is an elgenfunction corresponding to the

eigenvalue br'

In fact it 1s preferable to work with the real ortho-

normal functions given by 2% cos Zwrk, 2* sin 2uwxt (r = 1,2,..)

together with IEo,lJ(t) = 1 for t ¢ [O,11, I[O,l](t) =0
otherwise. This is possible since, for instar\ce,zls cos 2nrt =
2'%(exp(2nirt) + exp(=2nirt)} and exp(2mirt),exp(~27irt) are
conjugate eigenfunctlons corresponding to the same eigen-
value b,. Similarly for 2% sin 2nre. Another observation
1

to be made is that b_ = I R) (u)du = ¢{x}¢(x + u)dx du

1 ° 1 oo
= {J ¢{x)dax}? = 6 (because § = 0).

o

In view of the preceding remarks, Theorem 3-2-16

implies that
1 w
(3.3,30) I (85 (6)) 2at = by TE
o 1 kiw % Ter

almost everywhere. where the 3y, are mutually independent,
normally distributed vandom variables with mean O and vari-
ance 1. Grouping together terms for k = + 1, + 2,... to-
gether with (3.3.29) yields the required result.

Some comment on the relationship betwesn Theorem 3-3-11
and the resulis obtained by Schach (1970} concerning the
asymptotlc distribution of statistics of the form (l.4.1)
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should be made. Theorem 3-3~11 is implied by Schach's
results when two-sample tests are being considered (and
Schach's result is wore yeneral). The more general casa

where the ¢ are subject only to (AL} is not covered by

Schach’s results,but the changes necessary to his work to
cover that case do not appear to be difficult. What does
seem rather convenient about our derivation of the re~
sult through Theorem 3-3~1 is that the asymptotic distri-
butlon of iy has been derived using standard results about
! the asymptotic distribution of SN, results which allow an
extension of Theorem 3-3-11 to cover contiguous alterna-

tives. This will be done later.

At first glance Theorem 3-3~1l appears so much weaker
than Schach's results for two-sumple clrcular tests that it

will not cover many test statlstics of interest, In fact

i this does not seem to be true. Thiz is indicated by the
next piece of work showing that the asymptotic null distri-
butions of the test statistics of the lccally most powerful
invariant (under 6} tests for H against rotation alterhatives
are covered by Theorem 3~3-11,

Consider the two-sample situation where K (the alter-
native hypbithesis) consists of F(x) = jx £(t)dt satisfylng
the conditions listad below, together w?th G¢(y) = JZf(t-¢)dt

b for 0 < {8| s ¢, and 0 < ¢ < 7. The conditions on I(x) are
those reguired by Schach (1969b, p.1791, {1.1)~(1.3)) for
the oxlstence of the test statistics. fThese conditlons ams:
{3.3.31) £(x} > 0 almost overywhere (on [0,2m)), and not

a constant;
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{3.3.32) £'{x) exists and is continuous for ail x;
27

(3.3.33) J (£ (X} /£(x) }2E(x)dx = inf(f) < =,
[

where inf(f) is the Fisher's information, Then Schach
{1969b) has shown that the loc+lly most powerful xank

test invariant under G is given by

N N N .
(3.3.34) yy = Lzl jzl kzl Eww(im)w(u(h.k))}zNiZNj,

where

(3.3.35) pex) = £ Nx) £ M), O s x %1,

and U(i) is the ilth order statistic from a sample of N in-
dependent random variables uniformly distributed over [0,1]
{modulo N arithmetlc is applled to the superscripts in
(3.3.345).

To £ind the limiting distrxibulfon of byt We compare
it with N, obtained from (3.3.26) when the underlying linear

rank statistic is
¥
(3.3.36) g = ¥ L sy,

These are actually the test statistlos for the lwcally mosk
powerful vank tests for I agalnst a (ono-sided) shift in
location for the two-sample problem on the rsal line (sec

H&jek and §iddk (1967), theorem II.4.4a on pp.67-68).
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Comparison of iy and y is made using corollary 3.4
of Schach (1970, p.50). In order to use this result
though, the statistics Yo and e have to be written in the
form (1.4.1), that is

B N 5
-1 =
Tg= N gt g g
N 121 j£1 NURT N1 “my
wheve {hN(x)) satisfy the following requirements:
(1) hy is definad on [-1,13, symmetric with respect

to 0 and periodic wiih peried 1,

{11 hN is - step function constant on the intervals

Bl 26y oo, w1,k 2,000d N,

N
@it) § ngt"/4 =0 for all w.
k=1

For this reason the statistics are written as follows:

N N :
=2, g2 oyt ¥ i
(3.3.37) NP - N mnE(f) = W i j£1 hy (5 2y Zyy

and
LA N
=) -l o 4-y
(3.3.38) (maN “Ing =N b ¢ 15, Ayt
N 1£1 j£1 N R PN g
whare

N
Byl = w7 & sly )y 3y Lt daee

and
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N N
Bgto =Wt ] s e U))
k=l

(2{L - 3) - 1)/2§ < x g (2(i -~ 3) + 1)/2N.

fLenach (1969b, pp.l795-1796) has shown that the right
hnnd side of (3.3.37) satisfics conditions (i)-(jii). The
only condition on EN requiring verification is (iii). But

since by theorem TI.4.3 of Hfijek and Siddk ({1967, pp.66),
NN
k=1 3=l

¥ (1) ¥ ook
5 E{y'*)} = o, therefore Ry (%) = x
i1=1 k=1
: ey’ yyeipoIthy) <o,

Schach's result may now be stated. The proof is found
on pp.49-50 of Schach (1970).
reeent 3312, If {hyg) anad (HN] are two seguences which

satisfy cunditions (4)-(di44) and furthermore fhy - EN“ + 0,
ucing the L, norm, and hy (0} - EN(O; + 0, then
B, - )%} > 0 as N+ =, where T, %, are the statistics
corresponding to hy and EN through (1.4.1}.

The linit of hN(o) is igf(f) as shown by Schach (1969,
P.1795),  Since figlo) = N'lkzl Bp™ 1), R + i)

A in view of the esymptotic normality of the linear rank statistics

defined by (3.3.36) (EN(O) is a iimiting variance).
Suppess that ¢(x) is continuous on {0,1]. Schach

(1969h! shovs that if h(x] = I¢(t}w(t + x)dt, then hy +h

in the Lz norm. Ton same kind of argument shows that

B, * & in the L, norm =nd is briefly outlined here.

i, _— N ) o
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vesine nyx,y) = Bow D) ntyw 1, sor
(21 = 1)/2N < x < (24 + 1)/2N and (2 -~ 1)/2N < y 5
(29 + 1)/20, Now if £ylu,i) is the density of U/t (grom
a sample of size N), then the distributions corresponding
to the densities fN(u, < Nx - %>) converga weakly to a
distribution having all its mass at x - this is an appli-
cation of lemma 3 of Hoeffding {(1952). Then by the Helly~
Bray theorem, ! w(u)fN(u,<Nx - %¥>)du + P {x), 50 that
nN(x,y) - )Py . T&ei since nN(x,y) is unifermly boun-
ded, [0 gl t ¢ xyat —rfow(c)w(c + x)dt in L, by Lebesgue's
dominated convergenve theorem and hence hy + b in By
Lemma 3-3~12 may now be applied to the statistics de-
fined by the left hand sides of (3.3.37) and (3.3.38).
since the asymptotic distrihution of (mnN_z)nN is already
known from Theorem 3-3-1), the asymptotic distribution of
N_an - N“zmzinf(f) is the same (by the lemma) and £xom
this the asymptotic distribution of N"zuN may be derived.
The result as we have derived it is given as Corollary
3~3-13 (a corollary to Theoren 3-3-11).
Coroliary 3-3-13. If ¢ is absolitely continuous and
m/“ + X, O < A <1, then N“sz has under H an asymptotic
distribution ogual to the distribution of A2 inf(£) +
AL - Mkzl by, X;,k where (X;,k 1 ko= J,,z,...l is a se~
querce of indspendent xj variables and h(x) =k£n:kexp(2nikx).
The statement of this resulk in theorem 4.2 of Schach
(1969b} is slightly stronger in that the requirement that
Y be absolutely continuous (requircd to ensure that (A3)
is satisfied) is replaced by the requirement of continuity.

It seems safe to say that any reasonable locally most powex=

|
I
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ful invariant rank test for which ¥ is continuouz will also
have i absolutely continuous,

Let us also take the opportunity to make quite clear

that an analysis of ny for its own sake is wore naturally
conducted in %y {as Schach &id) and such an analysis may ba
expected to yield stronger statements about the limiting
? distribi tion of e It does seem a convenient pisce of
i unification, though, to derive a basic result (Theorem i
3~3~1} and then use that result to establish the “imiting
distrihutions of & wide range of interesting test statistics.
Essentially this approach is shorter as well, since only
technical material akbout D([0,1]) is used. 1
The followinyg example complements the previcus ome in
this section (after Lemma 3-3-9} since it discusses the sta- i

tistic ny obtained when the underlying linear rank statis-~

iz is fy.
Bxample. Consider the statistic My cbtained from (3.3.26) %
N
by taking S = (en¥)™¥ § (4 - (8 + 1)/2)3g. The two- ;
i=1
sample Cramér-von Mises test statistic is defined by [
w2 = w7 (e (0 - 6 (01 2ain e, (0 + 86, (0)) i
N e M n n ] ‘
It will now be shown that ng = M§ - 85, FProm (2.1.10} it i

follows that

(3.3.39) Ry (g * R = Bytr + 1ore ) - g i) i

o= 1,000
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N N
Notice that [ fy((g) ) = R T
=1 =1

LN (N + 1), so

(3.3.40) kmN (N

that, summing both sides of (3.3.39),

- N
+1 = e §omat) e e

Now, by definition,

i
Nny =
Noan

§
=1
i=1

= NS2
= NSN

= 2
NSN

= NS2
= NSy

by (3.3.40),

= N52
= N5g

(sy(tg 2t (m1)2

By + mmn H e @) - o xWhye

+ 2(mon"L) g PZJ ™y e xE)

Ny m $7 G )
-2 ¥ (1) (1)

+ moN 121 F, (P -6 2

, N
+ 28, { (o) ~¥mn By i, )y - g )y

.
s [ arao0 - 6,00l me, 00

+ 06 (x)1)

- 28, Wi TH G - dmiy 4 1))+ g,

~ 2N8} + NME = N(MZ - 8]},

and the required result £ollows.

While ip view of the rosults in section 2.1, some re-

lationship between Ny and Mﬁ was to be expected, the actual

form of that relationship is a little surprising.




104,

The final contribution to this section is to examine
the liniting distributions of vy and ny for the location
alternatives K(dv) defined in section 3.2 (see (3.3.8)).
For the purpose of these introductory remarks, we recall
from soction 3,2 that we are dealing with sequences of
hypotheses and test statistics indexed by v (which has
nothing to do with the test statistic UN).

It is assumed that d,, in the definition of Kid,
satisfy (3.2.9), (3.2.10) together with the following as-

sumption:

(3.3.4 { Jtey, - Ev)z)*xz(cvi - (A 1) = )} + by > 0.

The index v will be omitted for the rest of the dis-
cussion, The following assumptions apply for the rest of
this section: & =0, ¢ = 0 and [ ¢ = 1 for all N.
Theorem 3-3-14. Suppose that (Al)-(Aa4) are satisfied.
Then under X{d), SNl(t) converges in distributlon to the

Gaussian process Sgott) defined on [0,1] with
00
(3.3.42) BIS (£)} = by f 5, (6 (u) ) (w) Au
1
(9(w) Gofined by £ (F 1(w)) /2@ (w) nd
(3.3.43)  covls{%ts), s70()) = j Sg(61u))S, ip(w))du.
Proof. Because the K(d) are contiguous alteruatives,

Lemma 3-2-15 together with Theorem 3~2-5 shows vhat {8y}
is tight. The convergence of the finite-dimensional dis~

i
H
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tributions follows from Theorem 3-2~14 in similar fashion
to the proeof of Theorem 3-3-1.

Now the asymptotic distribution of ny can be obtained
using Theorem 3-3-14.
Corollary 3-3-15. Efuppose that (Al)-(A4) are satisfied
and that E{Sgo(t)} =k=§w ) exp(2wikt). Then

®
2
(3.3.44) g *p kzl b X3k isexyt

z : = i F
where {Xz,k;é(k) : k=1,2,...] is a sequence of independent
nen~-central xé random variables with non-centrality para-
neters §(k) = !rk|‘/(2bé).

Procf. First observe that hk = 0 implies Ty = 0, since

1
% = 10 Rl(x)exp(~2ﬂ1kx)dx

1 gl
f f plE) Pt + x)exp(-2mikx)dt dx
00

1
= J ${t)oxp(-2nike}dat]{? (and ¢ is a real func-
o

tion), while

11
x bch J ¢lu = €1y () exp(-2niktdu de
0o
3 1
= by I Y{u)exp (~2riku) (J ¢ (u-t)exp{2uik (u-t))dt)du
o o

1 T
= bcd(Io §(u)exp (~2miku)) (Jo #{t) exp(-2mike)dt) .

Theorsm 3-2-16 can be applied to the process S:O(t) =

E{S?"’(t)) to obtaln an expansion for that prucess in terms
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of the orthonormal system ILo,l'](t)' 2’5 cos 2rkt,

2!5 ain 2tkt. Thus

% cos 2mkt)

=
00, \ (1) - %
(3.3.45) 57 {t) - B{8;"(x)} = k£1 by d, (2
»
+ 1 b 7, (2% sin 2mke),
where Jlk ¢ Jzk are mutually independent, normally distri-

huted random variables with mean O and variance 1.

m
09,1} =
Now, E{Sl (1} = ké_n £ exp{2rikt)
-
= 1 i, (2¥cesamke) + g (2%sin 2mx0)],
k=1
whote £ = 2"%(1:k + 1) and g = iz“’i(rk - ).
‘Hence £rom (3.3.45) it follows that
00 T ik ‘ X %
87008 = kg—l(bk Ty (2 + bl 3, (27 sin 2ke))
-
+ ] U5, 2 cos 2ukct) + g (2¥ sin 20xe)}
k=1
§ ok k) ok
= 7 bi(I,, + £b %} (27 cos 2wkt) +
by DV * Py
"
LS L
kzl i Ty + BBt (2% in 2mke).

-y -
Pukting Ny = Ty * fkbk and Moy = Jzk * gkbk s it then

follows tha%
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o .
(3.3.46) 8%} = ] bin; (2% cos 2nkt) +
)

nzk(z% sin 2nke) ),

where the nyy are independent, normally distributed with
vaxiance 1 and Bln ]} = (e + r_k)/(zbk)k, E{ny} =
i(rk - r_k)/(zbk)k.

The series expansion in (3.3.46) converges in the
i mean to S?O(t) with probability one. Parseval's identity
for the complete orthonormal system {exp(2wikt}} then im-

plies that
L 00 z v 3
= 3 2 2
fo 876y at kil by niy +kzl by N3y

with probability one. Grouping together terms - together

with Theorems 3-2-2 and 3~3-14 - gives the reguired result.

Remarks. (i) Expressions for the limiting distributions

of Vg and vy analogous o (3.3.17) and (3.3.18) arve im-

mediate consequences of Theorem 3-3-14,
{ii) The limiting distribution of ) under

the scquence of alternatives K(d“) can ba obtained from

Corollary 3-3-15. As was the case with H, the asymptctic
distributions of (nmn—z)nm and N'ZuN-N'zm“inf(f) are the
same unddr the alternatives K(d) since }(rmN—z)nN*N“zuN +
N'zmzinf(ﬂ|¢0 in prob.bility under K(d). This is a consequence
of contiguity together with YLemma 3-2-15.

{{11) There is a sertain generallty latent in the
rasults derived from Theorem 3~3-14 which it might be

' worth indicating. The density £ is a density on ¢, iden-
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tified with {0,2m), and as such depends implicitly on the
cut-off point and direction of measurement of angular dis-
placement. fhe statistios vy and ny are invariant under
these arbiltraxy choices and hence their limiting distribu-
tions under the sequence of altexnatives K(dv) will be the
same in all the resulting cases. This implies that the
results hold for a family of distributions determined by
£ (which is larger than for the case of an arbitrary rank

test),

3.4 Exact Bahadur efficiencies.
The main result of this section is not particularly Qiffi-
cult to derive, and yet is rather interesting. Stated
conelsely, the result is that if SN is a two~sample linear
rank statistic, then vy (and for that matter vy} can
never be less efficient than 8y as neasured by their
Bahadur efficlency.

First some preliminaries about Bahadur efficiency
are required. A full discussion of the motivation be-
Bind calculating the exact slope of a sequence of test
statistics is contalned in Bahadur (1967). The actnal
computation of the exact slope is in general performed as

follows, Suppose that xl,,..,xN is a random sample whose

' joint distribution is indexed by @ ¢ £, 2 an arbltrary

set, and it is required to test H : 6 = Oo against

Kt 8 e0-{6,}, If T, is a stubistic based on this sam-
ple for which H is rejected when Ty > kN' then it is ag-
sumed that:

(8} There exists a function b{0), 0 < () <=

N
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for ¢ ¢ 9-{0.} such that wt

TN + b(0) with probability
one.
{b) There is a continuous function I{x) such that

for any sequence {x,} of constants converging to x
&) *N

-1
lim {~N"" log Py (T 2 Nx )} = I(x}.
Noveo eo N N
Then the exact slope of the sequence of test statistics

{Ty} evaluated at 8%¢ 0-{6,) is 21(b(0%)}. The function
I(x) is referred to as the large deviation of {Ty}. H

If the two sequences of test statistics {Tél)) and

{Téz)} satisfy (a) and {b), then the exact Bahadur effi-~

clency of [Tél)) relative to (Téz)], evaluated at 0%, is

defined as

e 5l = 15, (00)) /1, B, (0%))

For the present discussion a further piece of nota-
tion is required. The empirical distribution function of
the combined sample in the two-sample situation is de-

noted by Hy(x), so that Hy(x) = (m/N)Fm(x) + (n/N)Gn(x).

f i Then consider the random function on £-1,1] defined by

o 1 -
X (3.4.1) Sytt) = "'/NJOaN(H[(u—t)NJ)dFm(HNl(u)),1: e [0,12

) -
- m/NIoaN(lHj-(u+t)NJ)dFm(an(u)),t ¢ 0-1,0).
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It follows that
. -1 .
(3.4.2) Nty = sup {sN(L)}..
-1zl

Our approach to establishing the almost sure limit
s
of SN(t) will be to suitably modify the proof of theorem
1 of Héjek (1974, pp.76-77) which deals with the limit of

-1,

N "8,. It is assumed that F and G define densities £ and

N

g respectively {with respect to Lebesgue measure on the
real line). As usual, suppose that ’“/N A, 0 < ot
Put H{x) = AF(x) + {1 = A)G(x) and then define F(x) =
"t x)) and also Ex) = %’Q.

Proposition 3-4-1.  Suppose that ay satisfles (a2) of
section 3.3 and in addition ay(l + [uNl) is of uniformly
bounded variation for closed subintexrvals of (0,1). Then
gn(t) - g(t) uniformly for & « [-1,11 with probability one,
whexe

N 1
(3.4.3) S(t) = A J Ve (g E(w)au
o

(V, is defined in section 3.3).
Proof. he first step is to reduce the problem to the
case where ay(l + [uNl) is of uniformly bounded variation

on [0,11. PFor & > 0, it is possible to find 0 < €y <az< 1

. 80 that the scores

Bl + [uNd) = ag (L4 DaND) ue Leyeyl

=0 otherwise
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N -
sattsfy N5 ] Ja (i) - E(4)] < 6 for all N 2 N, and
i=1 .
also :
Flu) = ¢u) u e Leyre,l

=0 othexwise

1
satisfies [OI¢(u) - §{w) da < &,

This lLast assertion le justified as follows. Since
>3
¢« Ll(fo,lJ), therefore ‘t follows that lim J Jé(u)ldu = o
€+0 ‘0
and lim J [#¢u) }du = 0 and consequently we can choose
e*0 Jl~g &y § 1
0 ¢<ey <cy <1 s0 that f {1 (u)fda < /4 and ! | ¢ (u} jau
g2
< 6/4. Choose an integer N, such that for ¥ 2 Nor
I |ag{l + LuND) = ¢(u)|du < 6/4 (since (a2) is sufficient
o]
to imply that ay (L + [uN]) + ¢(u) in L (£0,1)), that is
l
} |ag (L + [uNI) - ¢(u)|du + O as N + =), Then,
1 N e 1 R
[ e - Fatan = | Clewan s [ s las < O,
[+] 0 €y
Furthermore, I fag (1 + [uNJ) v By (L 4 fund) aw =

f Hag + [uNJ)|du * 1 fag(d 4 und) |au, But

)

It
|
Jey

j lag (1 + funi)[au = I fa {1+ CuND) - ¢{u)|du +
Nz

jsll¢(u)]du < /2 fo1 and similerly for

Ny

!EZ |ay{l + {unl}|au. Hence
-1 N - 1 -
N 1)l|aN(i) - aN(i)| = folaN(l + [ul) - &g (1 + [uwd) |du

<8 for N :N..

i
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N

Now if Sy(R) = 1£, By (48, then |S(R) - SO (RM < 6N
for any R = (Rl""'RN) in‘d W= No. Fuarthermore,
f1|vt($<u) - ¢{uldu = I |3¢u; ~ ¢(u)|du and AE(s} s 1
[ o 1 ~
so ehat [ [o V(B Ewae - 4 [o v (wnFaau] < o
uniformly for t e [~1,11., It now follows that it is suf~
ficient to cestablish the proposition for aN(l + [uN] of
uniformly bounded variation on [0,1].

For t ¢ (-1,11,
~ w, (L _
(3.4.4) s(t) = 7/ Jo Ve lag(d + [uNBIar (8" ()
® t 2 m 1 -
=" Jo v, (4:Fau + M7 Jo Vy (o ~ $)Eau +
" L % =
/b. JO Vt(aN)d(Fm - F)
(where En\ = FN(H;)‘)). Now because
m i 7 m 3
1"/ Jo Vgt = $)F du] s Ty - GUIE,
by the Schwars inequality, therefore
m 1 F
"y Io Volay - ) du| » 0

uniformly for t e [~1,1] by (A2). BAlso, there exists an

N, such that




1
m = % m B
™y jo Y lagatF, - B = "y [F, - Baw,ay)]
n " 7 - F
< e ozxgl{ll"m(u) Flu)|u,

where for W 2 Nc,Vé (ay(i+(uN1}) < M. By the Glivenko-
Cantelli lemma O§S§1{|Em(u) ~ F{u) |} + 0 with probability
one. Since the last two terms on the right hand side of
{3.4.4) tend to O uniformly for € ¢ [-1,13, the proposi-
tion is proved,
Corollary 3-4-2. As an immediate consequence of Proposi-
tion 3-4-1, 1t follows that

2

- 1 2
(3.4.5) N%vg » sup {x { Vi (¢ () E(u)da}.
~lstsl ‘0

The crucial point in obtainiky .he exact slope of

Wt

deviation of Sy- This is dealt with in Proposition 3-4-3

vN) is that the laxge deviation of Vi is qash the 'avg:

In order to distinguish between the large deviations of
the different statistics, the large deviation of Vyr for
instance, is written I(v,x).

Proposition 3-4-3 is due to Killeen and Hettmansperger
{1972, p.1509). The actual statement of the proposition
given below is more seneral than that given by Killeen and
Hettmanspexger and seems to reflect more elearly why the
result is true. The proof - the same as that in Xilleen
and Hettmansperger (1972) - is repeated here because it
is so short and yet has what appear to be significant con-

sequences.
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Proposition 3-4-3. Suppose that for each N, XI’N,A.‘

XS(N) § are identically Aistributed random variables,
’
where lim (s(N))l/N = 1. Then if My = max {X; .} and
Neroo 1siss(N) ‘
Lin 8% Jog PAx, 2 k) = c,
Norm 1N

it follows that
1im 87 log POM, 2 k) = e
N+ao
Proof. Since it follows by Boole's ineguality that
st)
1>(x1,N 2 k) € POM 2 k) s By P(Xi,N z k),
then

1

(3.4.6 87 log pix, = k) s w7 log Pty 2 k) s oy s

+ 87 t0g B (X, 2 Ky
.

bhecause the xi’N are identically distributed. Taking 1i-
mits in (3.4.6}, the loft hand side tends to ¢ and so does
the right hand side because wt log s(N) + 0. This proves
the required result.

Corollary 3-4-4. For the two-sample rank statistics,
I(v,x) = T(S,x).

Proof. Proposition 3-4-3 can be applied, since under H
the statistics SN(1(R)) for tﬁa different g ¢ G are

identically distributed (seo thooxem 2A of Ndjek (1969)).
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The consequence of the previous results is now

fajrly obvious. It is stated, thowgh, as a theorem.
Theoxem 3-4-5, For vy derived from Sy, e(“N'SN) =1,

ivrespective of the alternative hypothesis.
Proof. Corcllary 3-4-2, Corollary 3-4~4 and the fact
that I(x) is a nondecreasing function.

Since explicit expressions for I(8,x) are available,
as for instance in Woodworth (1970}, the exact slope of
(VN] wan now be written down. In gencral the cxpressions
for I(8,%) are rather complicated and the results only
become useful after numerical tabulation.

In view of Theorem 3-4-5, optimal properties for i
may be dexived from those of Sy. For instance Héjek has
shown that it is possible to choose ¢{u} {(related to the
scores aN(i) by iA2) of section 3.3) so that the best
possible exact slope for the glven alternative hypothesis
is actually attained by the corresponding two-sample rank
test, Clearly y derived from that particular SN shares
this property. The invariance properties of vy also sug-
gest that this optimality holds for a wider range of al-
ternatives obtained by varying the cut-off point and di-
rection of measurement in the definition of T and G re-
garded now as cireular distributions.

Example. the effivlency properties attributed to & in
section 2.3 {1i) can now be discussed in detail. In fact
in order to use later a result obtained by Woodworth (1970),

the st:tistic we actually wivk with is

£ = max (WO(g(R))},
N o] N

{
1
&




116.

where wg =+ 1)7H

exact slope of {ES) is the same as that of {£y} and (EN)-

ﬁN - m/z. Clearly the value of the

The almost sure limit of N—lfn can be obtained using

Corollary 3-4-2. A direct approach using the Glivenko-

Cantelli lemma and the limit of N"lwg appears to be easier.

As before, m/N + A, 0 < % < 1, By the Glivenko-Cantelli
lemma,

+

o o+ 1) m b

a7 AL = A sup(F(x) - G(2))
! x

o+ 1) m D n > AL = 2) sup(GGx) - Fx)),
X

hoth with probability one. Furthermore

g
with probabllity one, where w = A(1 - A)a + A%/2 - A/2
with o = I G(x)dr¥{x). Using {2 1.13) with the appropriate

modification, it then follows that

(Boy NS e maxdu + A(L - A) sup(Flx) - (),
X

“w + A{L = 1) sup(G(x) - F{x}}}
x

with probability one.
In the particular case when F = pG + qB%, sup(F(x) =

Gx)) = 0, sup(G(x) - F{x)) = q/4, o=k o+ q/6 and hence
%
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(3.4.8) NI (gatn - /e

with probability one.

Since I(E°,x) = I(Wo,x) hy Corollary 3-4-4, an ex-
pression for I(Eo,x) can be obtained from Woodworth (1970,
P.2€0). On p.269 of Woodworth's paper, I(Wo,x) is tabu-
latzd foxr A = 1/2, l/4, l/8, l/16 and selected values of
X. -This table can be used to £ind the exact slope of
{gg} for the alternative hypothesis that F = pG + ¢G?

(p < 1). From (3.4.8) it follows that a value x for which
1 (w°,x) is tabulated corresponds to y = 6{A(l - )k

A wuseful serles expinsion for I(w°,x) can be obtained

from Woodworth (1970, p.262) and is used to derive (2.3.3).

This expansion is

(3.4.9) T, x) = 6(A(1 - A) " Ix? + ofx?)

The effiniency of EE relative to Vg (Ruipar's test)

m
is required. Abrahamson (1967} has computed the exact slope

of the sequence (Vm,n} to be

(3.4.10) 4A(1 - A)(s:p(ﬁ‘(x) ~ G(x))+ sup(G(x) ~ P(x))}?
x

+ o((s:p('l“(x? - 6} {112,
which, when F = pG + g% (p < 1), becomes

13.4.11) @Al - A))/4 + olg®).




|
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A brief digression to discuss the derivation of (3.4.10)
seems appropriate at this point. The large deviations
of Vm,n and VN can be obtained directly from the larges

deviations of Dm and Dy rospoctlvely, eince it was ob-
.

n
served in section 3.1 that the two statistics can be
written in the form required for Proposition 3-4-3, fThis
is more or less implicit in the proof of theorem 2 of
Abrahamson's paper. The argument bacomes much clearer
though when the essentlal part is abstracted along the
lines of Proposition 3-4-3.

Prom {3.4.9) and {3.4.11), it follows that

eltg vy ) = 7y + o/ + ot
and hence

o
éig e(EN:Vm’n

L4
yo= g
The limiting efficlency that has just been ecalculated
was for the alternative hypothesis that F = pG + qg*
{p < 1), but applies to any member of the class of alter~
natives defined by (2.3.1) becausc of the invariance of

Eg'vm,n' The efficiency we have just derived is also in

* fact that of WS against Dm n for the alternative ¥ = pG
’

+ g6,
This last result can be easily generalized to tha
case where the alternative hypothesis is that F = pG +

96%, k51, 08p<1l, ptg=l Inthis casa
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(3.4.12) 1im e(F ) =125,

a0 S’Vm,n

which increases quite rapidly with k; for instance when

k = 4, it 48 4.32, Again this result applies to the class

of cixcular analegs of the hypothesis defined by (3.1.4).
It might be pointed out that the alternatives used

here are very conv: 1lent for obtaining simple results for

the limiting asymptotic efficilency. Other possible al-

ternatives which might be considered appear less tractable.
It would be interesting to have some idea of the

kind of alternarive hypotheses for which the exact slope

of vy is actually greater than that of SN (so that

e(vy,8y) > 1), For this purpose it suffices to consider
1

Sy
strictly increasing. The following proposition is sugges-

the almost sure limits of N and N'lvN since I(S,x) is
ted by (3.4.7) which shows that Eg is moxe efficient than
w§ if F{x} > G(x) for some X.

Proposition 3-4-6. If ¢ is increasing, differentiable and
the derlvative is bounded away from O, then for the corres-—

ponding & whenever the alternative hypothesis is such

N VN
that F{x) > G(x) for some x it follows that e(vy, Sy} > 1.

Proof. It is sufficient to show that

1 - 1 .
j $lu)ale, (1" (u)) - f $lujdr “(u)) >0
o o

for some a ¢ (0,2n) where Fa’ lla are defined in terms of

F, 0 by (1.2.3). Integrating by parts this becomes




¥
4
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1 o .
[ @' (w) {PQ " () ~ By, "(a)))an > 0
o

for some a ¢ (0,2m). Now

1 -1 -1 20 2%

j ¢ u) (7 (17 H (w)) =T, (7 (u)))duze([ F(u)dﬂ(u)--! Bu)dn; () )
¢4 4 [}

{where ¢'{u} 2 ¢ >0, ue {(0,1)
= e(1-}) (Jm - JFa“Ga’

= e{l=2) (F{a} - G(a))

>0

for some a ¢ {0,2%) by hypothesis.

The import of Preposition 3-4-6 is really quite satis-
factory, since the only other altemative hypotheses poé-
sible are those when F,G satisfy P(x) s G(x) for all x and
for these alternatives SN based on ¢ monotone increasing
may he expected to perform well (1f it is going to perform
well at all). Othexwise vy 1s a definitc improvement on
Sy

One other question might be raised if econsiduring the
derivation of the exact slopes of the test statistice Ny
defined (for the two-sample case) “v (3.3.26). Is there
some mothod, along the lines of Proposition 3-4-3, by which
the exact slope {nN) can be obtained <rom the exact slope

of {8y}? It appears not, although the exact slopes of
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these statistics can be obtained in a straightforward fashion
by adaptil.y the methods of Woodworth (1970). This work how-
ever doe' not really belong to the malnstream of the thesis

and so is deferred to Appendix 3, where there is a brief

outline of the results.

3.5 Conclusion

fhis section will be used to gather together a few observa-
tlons about the tests we have introduced in Part I. These
will be matters which have mostly not been touched on in the
course of the discussion, but some of them might serve asg
useful guides te fubure research.

The two-sample tests A and Al defined zs havirg the ori-
tical regions {r ¢ R : vy(r) > t:u} and {r ¢« R : Yy x> £}
respectively are essentially tests sulted for use against a
vaguely defined alternative hypothesis. In this sense, they
might be comparcd with the Smirnov tests. It 15 as well there-
fore that by appropriately choosing the statistic Sy from
which vy and vy, are derived, the hasic requirement of conw
sistency can be ensured for the tests A and A, agax -al
alternatives.

Proposition 3-5-1 Suppose that F,G are distributions de-
termining densities €,g and that ¢ defined by (32; of section
3.3 is a strictly mc .tone, differentiable function on (0,1).
Then the tests A anu 1 corresponding to ¢ (through y and
Vy)) are consistent for the alternative X : Fix) # G{(x) for

sole %.
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Proof. Let us consider Al and asnume that ¢ is striotly
increasing. In the light of section 3~1, it will be suffi-
cient to show that the test based wn SN generxated by ¢ is
consistent for the alternative hypothesis that F(x) s G{x)
with strict inequality at some point.
To prove this, we uge the result of Hijek (1974) {(con-
sult Proposition 3-4-1 for the notation) which says that
wis - AI1¢(H)?(U)GU
o]
with probability one. IE this limit can be shown to be
strictly larger under the alternative hypothesis than it is
under the null hypothesis, the result will be established.
Using integraticn by parts, this would reguire that
I ¢t tw e - P w))au > o,
° gince F(x) s G{x) for all x, it follows that u-F(H’l(u))zo
for u ¢ [0,1]. Furthermore ¥,G continuous and F(x) < G{x)
for some x imply that it is possible to find 0 < a < b <1
such that M(x) - ¥F(x} > O for x ¢ [a,b] and H(a} < H(b).
‘Then

1 1 1 {b) -
I ¢t{w) (u ~ P “{u)iau I 6' {u) (u = F(H ~(u))ldu
0 Hia)
s r Ibw(u(u))dﬂ(u)
a

(where r = inf{H{x} - F(x) : x ¢ [a,b]}
= r{p(R(b)) - p{H{a))}

>0




o
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which gives the required result. The other cases in the
proposition may be slmilariy handled.

The actual computation of the test statistic vy could
be rather & lengthy process. There scems to be no general
result which wdglt help to mako computaticn of i less
cumbersome. Rach situation will call for its own simpli-
£ications, Otherwisc 1t 1s necessary to sctile for a few
pretty obvious. remarks. For instance, if Sy meay be classi~
fied as elther even - or odd-translatlon invarlant, then
instead of computing 2N values of SN one need only compute
the N values of SN(Q$R)) for g ¢ 6. In the two-sample
gituation, if SN = 121 aN(Ri) has scores which satisfy
ag(ll s wuu s aN(N), then when calcul;hing Vyy only values
of Sy(g(R)) coriesponding to g = (g} i, L= 2,...,m need
be calculated since the maximum can only occur &kt ne of
these m values.

If we put sk} = S ({g)*¥(R)) and s(k") > s(k), then
it follaws that s(k'+l) - 2s{k?) + s(k'~-1)} < 0. This may
help in finding iy although it only seems to be at all
ugeful when aH(Ri) = Ry o Ri(ni_l)‘ Some breakthrough

along these lines may be possible though. As we have in-
dicated in section 2.2 the Mann-Whitney type statistics
are no more difficult to computc than the test statistics
fox the Smirnov tests,

As far as Part I of this thosis goes, it just remains
to polnt out some directlons for future research. The
main igsue to be resolved must be obtaining suiltable large
sawrple siza approximations for the distributions of the
test stacletles Vy and vy, This point hag already been

raised in section 3.3. Another consequence of such infoy~
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mati m might well be some insight -~ probably in the form
£ upper and lower bounds - concerning the asymptotic re-
lative efficiencies of the various tests. This would be
an important supplement to sectlon 3.4,

Of some theorctical interest is the question of generali-
zations of the tests introduced during the course of chap-
ter 3. Such a generalization might for instance be obtained
by replacing 6 in the definition of vy by other sequences
of subgroups of tha 8- metric group (the seguence of sub-
groups corresponding to different values of N). Another
possibility lies in investigating other guotient spaces in
the way we have done for the circle. In each case the iden—
tification of points is going to require new invariance
properties.

Ancther important guestion is the robustness of perfor-
mance of, for instance, the tests based on vg,. We believe
that these tests may provide a class of systematically de-
rived robust tmsts for general alternatives. Here we mean
by robust that the performance of the test is not greatly
affected by small deviations in the undexrlying distribution
of the sample,

It should also be noted that the method of test construe~
tion suggested in section 3.1 can also be easily adapted to
derive one~sample tests for the uniformity of a circular
distribution from one-sample nonparametric tests. It seems
that such a test derived from the Wilcozon test does not
share the pleasing possibllitles of the test we discussed
in chapter 2, An obvious question would then be how much

of our analysis does carry over to this one~sample situation.
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PART IT

CHAPTER 4.

4.1 An outline of the contents of Part II.

The alm of this part of the thesis is to gain further unger-
standing about two-sample linear rank statistics, defined by

(1.2.2) as
g
{4.1.1) Sy = a, {1) Z
Y P N

In this respect there is a clear division between the two
parts of the thesis, with Part I concerning test statistics
which were nonlinear functions of the rank vector and Part
II concerning only linear rapk statisties.

A deeper insight into the performance of thes2 rank
tegts cai be useful in several ways. Although the null dis-
tribution of a rank statistic under the hypothesis of ran-
domness @oes not depend on the particular distribution of
the members of the random sample, nevertheless the perfor-
mance of the test is going to depend on the proposed alter-
native hypothesis. In many instances, there exist rank tests
which are efther locally most powerful or asymptotically most

powarful for a given situation (LMPRT's and AMPRI's). It is

usually not clear though how deviations from the proposed alter-

native hypothesis will effect the performance of these optimal

tests. Some guide to the strengths and weaknosses of these




optimal tests would be very useful.

aAnother p ' < with optimal tests is that they may not
be readily appl ince their test statistics require too
great an efforr .or their computation. Some simple approxi-
matason vo the test is regquired which yields a test statistic
which is straightforward to compute and yet the corresponding
test does not sacrifice too much of the optimality of the ori-
ginal test. An incidental benefit may also be that the test
with the simpler form is more robust against deviations from
the assumed model.

A very useful way of compaxing the performance of two
sequences of tests is provided by their asymptotic relative
efficiency (ARE}. In chapter 5 we obtain a more detailed
picture of the relative pexformance of two tests by - in some
sense - decomposing the ARE of the two tests into a number of
other gquantities each of which allows an interpretation in
terms of the relative performance of the tests. This detalled
analvsis often confirms in precilse terms what are otherwise
fairly vague intuitive feelings about the various tests. It
can alsco sometimes reveal Qotails which were not so immedlately
apparent. It is essentially a diagnostie device for assessing
why a test performs in the way it does.

Another benefit of the analysis conducted in chapter 5
is that the decomposition can be used to nbtain a sequence of
rank tests, the test statistics of which are relatively easv
to compute and yet which can be made to have an efficiency

relative to the AMPRT of as near to one as required.
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The relevant terms and notation introduced in Part I

of the thesis retain the same meanings for Part II,

4.2 Asymptotic relative efficiency

Let {Aél)) and (Aéz)) be two sequences of tests for the null
hypothesis H which can be expressed as H : 0 = 90 against the
alternative hypothesis that 8 > 00 {in general 0 may be taken
to index the joint distribution of Xl,uA.,XN). Then the re-
lative efficiency of (Aéz)) relative to (Aél)} is the ratio
N(l)/N(z) where N(l), N(z) are the number of observations ne~
ceasary to give A;%;) and A;%;) the same power for & given
level of significance. Pitman suygested asymptotic relative
efficiency as the limit of N(l)/N(z) for a seguence of alter-
natives depending on the sample size and converging te H in
such a way that the power of both tests converges to a limit
less than one. A de}ailed discussion of these well-established
ideas may be found in Noether (1955), who proves a result of
which Theorem 4-2-1 is a special case,

Let Ay be a test for the hypothesis H ¢ 6 = eo against
the alternative hypothesis that 8 > 8 wase” M uhsexvations,
let Ty be the test statistic and let ug(@) ) and
uﬁ(e) = Var(Tylo). Suppose that gy is a sequ . of alterna-
tives such that GN = eo + kN'%, whaore k 1s a positive constant
independent of N,

Theotom 4-2-1. Let the following conditions be satisfied:
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A. an ¢ > 0 such that for 05 5 0 s By + €, ugl(e)
exists,

B, éiﬁ u&(BN)/u&(QO) =1,

c. éiﬂ I (0g) /og (o) = 1,

D. ¢= &ig u&(eu)/N%uN(Oo) exists,

E, the distribution of (Ty - uN(%))/UN(UN) tends to the
Normal distribution as N -+ «,
(Note: ' denotes a derivative).

Then ,
(1) if AN is a test satisfying A-E, the asymptotic power of

Ay is given by

1= (A~ ke),

where A, i% determined by the significancs level o of the se-
quence of tests {Ay) as satisfying 1 = ¢(A )= « and @ is de-
® - -yl
fined by #(x) = I (2my™8 & ¥ /2y,
(1) (27" (2)
(1) 4f e¥,e > 0, then the ARE of {Ag"'} relative to

lAél)) is given by

arp@®), 0 o (o1

J{ildentifying tests and test statistics), provided the se-

guences of tests {Aél)}, {AéZ)} satisfy A-E.

Our discussion will be exclusively in terms of the two-

sample situation so that for asymptotic raosults it is assuned

that m/lt + A, O ¢ A < 1.
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4.3 B survey of related rescarch

The work in chapter 5 rests principally on an expansion of
the welghting functions of the test statistlcs in terms of
a set of orthonormal functions. The use of orthonormal ex~
pansibns of one sort or another is gulite commonplace in sta-
tistics. Nevertheless, the possibllity of using such ex-
pansions to study ARE does i.t seem to have been mentioned
before.

Perhaps that area of research which lies closest to the
investigations of chapter 5 is the recont interest shown in
robust procedures. It is the concern for robust tests which
suggests detailed investigation of the efficiency properties
of tests, The wain research into robust nonparametxic pro-
cedures has been in connectlon with estimation. Very signi-
ficant work bas been done by Hampel (1968, 1971, 1974} in
discussing measures of robustness and their use in obtaining
‘good’ estimetors. As regards nonparametric tests, discus-
sion of robustness properties appears in the work of Doksum
{1966, 1969). Another significant contribution has been made
by Gastwirth (1965, 1967, 1970) who suggested looking for
quick tests - approximations to the AMPRY's.

the relationshlp between the performance of a rank test
and the welght in the talls of the distributions of the sample
is diseussed in two of the papers already mentioned, those of
Doksum (1969) and Gastwivth (1970). Another useful reference
here is H&jek (1969, pp.150~151). We shall discuss this xe-

lationsbip in sectlon 5.4.
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5.1 A Riesz representation theorem for ARE.

The essential features of the following result are well-known,
although the actual statement lies somewhere between the re-
sults of Hijek (1962, andé also in Héjek and §ia&k (1967),
pp.267-269) and a result obtained by van Eeden (1963). The
idea is to use the familiar Riesz roprosentation theorem for
bounded linear functionals on the Hilbert space L,{[0,1]) to
obtain a result about ARE.

Theogam §-1-1 concerns the test statistics Tg vhere

mad e T oagli) sy and ag(l + fud) + () dn LZ,LMu)d\Fo.

1. Assume that the test staktistics T$ are being

Theorem

used to test H : 0 = O against the alternatlive that 0 = GN
where GN > 0 and GN + 0 as N » ®, Suppose that the issump—
tions of Theorem 4-2-1 hold for the T%, ¢ ¢ L, and j ¢ (w) dw=0.
In addition, suppose that pﬁ(en) + g{$), where {g{¢):lq¢l = 1}
is bounded and g(¢) > O for at least one ¢, Then there exists

a unigue § ¢ L, such that

(5.1.1) arg(r?,19) = ($hadiye
YRR
(the inner product and norm are for L, and were defined in
section 3.2), where J $(u)du = 0,
o

The tests with test statistics generated by §(u) are
AMPRT ‘s within the class of linear +ank tests and the ARB

between a sequence of such tests and any other sequence with

test statistlcs Tg is cgual to the limiting correlation co-
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efficient between the test statistics (under H).

Proof. Consider the efficacylof the sequence of tests based
Ny (6,

N .
on T, defined by e(l) = lim . To £ind lim No, (0)?
N Neros (3] Mo N !

q,
N “
recall that from p.6)l of HdAjek and Siddk (1967) it follows

that

N .
N var(rh) = "t L ) - En

13

under H, so that taking limits, NGN(O)z > il 2. Hence,
A
erty = ((gp¥ ge)) el

Now ¢ is in fact a lincar functional. Let us consider

for instance, g(wl + ¢2). The value of ¢ is independent of
the particular sequence of test statistics Tg provided the
scores satisfy ag(l + [uN]) + ¢(u) in L,. In particular
therefore, given ¢(u) ¢ LZ’ we can always conslder Tg de-
fined by the scores aN(i) = N f ¢ (u)du. Clearly with
(A=LIN gy 4, S14¢s
this particular choice of scores for TN’ TN and TN ’

1 +
st folows that T’ P = ol 4 nft | so that meed’ b

=
z(ms‘) + B(’I‘:z). rhen differentiating and taking limits we
get glgy + dy) = gipg) + ql4,).

The Riesz reprosentation theorem may now be applied to
hig) = (1—%)!‘ g{¢) to obtain h{¢) = <¢, $> for some unique
§ e 1L, such that Ios(u)du = 0, Limiting oursclves to the
cases whore e(T*) > © and applying part {ii) of Theorem
4-2~1, wo ohtain (5.1.1). 'That the yight hand side of
{5.1.1) i# in fact the limiting correlatlon botween TS and
Tg follows by taking the limit in the formula for the corre-
lation of two lincar rank statistics obtailnable fyom p.62 of




|
|
!

132,
Héjek and Sidék (1967).
Remarks. (1) The ARE is strictly speaking not defined

when e{T} s 0. In our subssquent work this will be iynored.
If e{T) is =zexo, it still makes sense to speak of zero ARE
relative to the AMPRT, while if e(T) < 0, it implies that
the test is not suitad for the alternative hypothesis, In~
stead of the scor . aN(i), the scores - aN(i) should be used.
(ii) The 4. important implication of Theorem
5-1-1 is the existonue of asymptotically optimal rank tests
within the reskricted eclass of tests being discussed. To
actually find the welighting function a(u) of such tests the
result on limiting normality obtained by Chernoff and Savage
(1958) is often useful. From the parameters of that result
it follows that we can take “N(ON) = [j;@(HON(x))dF(x), where
Ao ) = My Bl + Ny Gy (0.
Buppose that ¢ possesses a derivative and satisfiles
1m  {d(w) -g—é-(Go(x))’ 3} =0. Then provided the
w0,1 9=0,%=F "~ (u)
aperations pexformed cas be justified, integration by parts

yields
1 2 (6, () | "

It (%) a-—u(l-m‘fj g ooy (FERT0 T 1020 e (W g,
° £ )

where £ is the denmity corresponding to P, If this relakion-

ship can he verified for functions¢ constituting @ basis

aZ
755 (G )}

~1
- 6=0, x=F
oxr a complete orthonormal set, then §(u) =~ X ()

el
{comparu with Capon (1961)). £ ()

i
¥
I
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The ‘rest of this chaptor will be concerned with obtaining
a more detailed 'picture’ of the relative performances of
two-sample linear rank tests. This will be achieved by using
the coefflcients in the expansion of the weighting function
¢{u) of the test statlstic in terms of a specially chosen
system of orth wormal functions. This system of funckions is
chosen so that the performances of the tests can be compared
ovex subsets of the ranks.

One reason for obtaining such information is to further
devaelop the readily acceptable intuitive argument that the
lighter the tails of a denmsity, tha more information is con-
tained in the extreme observations of a sample from that den-~
sity. Thus it is expected that the AMPRT for the alternative
hypothesis of location shift will place more weight on the

extreme ranks when the underlying distribution has light

tails. It ig the intention of this chapter to systematizally
quantify the weight a test accords to various gubsets of the
ranks, using the notion of ARE as a measure of welght.

As the discussicn will be exclusively in terms of asymp~
totic notions, it seems to be often convenient to identify
the weighting function $(u) with the rank tests it generates
and speask of the test ¢(u). This is permissible for the situ-
ations we shall be dealinyg with slnce the asymptotic properties
of all the tests based on test statistics generated by ¢{w)
depend only on ¢{u} (rather thas on the actual scores aN(i))‘

the tests ¢(u) are assumed to be normalized so that
J;¢(u)du = 0 and J2(¢(u))“du = 1 (this also serves to exclude

degencrate tests), Theorem 5-1-1 then shows that the ARE of

i
4
§
!
|
H
i
i
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two tests based on ¢1’ ¢2 {normalized) 1s given by p?, where
p= I ¢l(u)¢2(u)du, provided that one of the two tests 1s the
AMPRTOfor the sequence of alternatives. It will be easier to
work with p, which we shall call simply the efficiency, al-~
ways bearing in mind the interpretation in terms of ARE.

The idea is to use ¢(u) to obtain a detailed 'profile'
of hew the test performs against the AMPRT as measured by
efficiency. For this purpase an appropriate set of ortho-
normal functions is required ‘n uvrder to obtain an expansion
for ¢(u) open to useful inte . etation, Such functions are in-

troduced in section 5.2,

5.2 Mathematical preliminaries: the Haar expansion for

functions in L.
since ¢(u) e Ly, if {y () : k = 1,2,...} is a complete or=
thonormal set in Tgr then ¢({u) has an expansion
B
(5.2.1) glo) = T oa p (),
k=1 * 'k
where a, = <¢,wk> (the Ly inner product) and convergence is
with cespect to the L, norm, Two immediate consequences of
(5.2.1) are that

®
(5.2.2) L= dgfah? = ):251 ap .

@
while if w{u) ¢ L, so that n{w) = § by W, (u}, then
2 oy P P




/.

e
(5,2.3) <pluy,miuy> = § a b
: AN

The orthonormal systom used for the rest of this chapter
is the Haaxr system, consisting of step functions defined on

[0,1] as follows:

xéo) () =1 u e [0,1];

u e [O4)

(1)
X " (u) =
0 - u e [k1),

and for m2 1 and L ¢ k < 2™;

z”’” ue (M

X,S,k’ {w) = /2 e (?5:—5 ko

with % =%, L s 4 % 2™, The definition of these functions at
points of discontinuity has not been ihcluded since these de~
tails are not reguired for our purposes. They can be found

in Alexits (1961, pp.46~47;.




5.3  Interpretation of Haar expansions

In future it will be assumed that ¢{u} is the AMPRT so that
inner products involving ¢(u) can in fact be readily interup-
ted in terms of ARE. For any orthonormal system, (5.2.3)
offers a decomposition of the efficiency of w{u) against ¢{u).
The coefficients a in the expansicn of 4(u) may be regarded
as potential efficlency since if <¢(u),v(u)> 4is to be near 1,
¢hen the coefficients ap and bk must mostly be of similar
magnitude. The coefficient ay is also itself an efficiency,
of wk(u) relative to ¢(n) and may be interpreted as the weight
in terms of efficiency accorded to wk(u) by ¢(u).

For a meaningful interpretation of these general remarks,
Haar's system of functions appears more suitable than other,
better known, orthonormal systems in Lz. The coefficient of
x;k)(u) in the expansion of ¢{n) is denoted by Cp,k* BY
normalization, 9,0 = 0 and s0 the first useful coefficient
of the expansion is So,1* But xél) ig just the weighting ‘unc~
tion of the median test and hence °o.1 is the efficlency of
the median test relative to the test generated by ¢(u), Exam-
ining Xék)(u), it becomes clear that this may also be con-
sidered as the welghting function of a kind of median test
applied to a subset of the sample falling between two guan-
tiles.

The weighting function indicates the limiting values of
the scores assigned to the ranks and xék) only assigns non-
zero weight to the intexrval (Eiﬁ ' EE). In other words, the
test generated by Xék) is mnly“affeited by X's falling he-
tween the (5§%)~th and the (gﬁ)~th quantile of the combined

|
z
j
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(k)

m
this also indlcates the weight accorded by the test ¢ to

sample. The efficiency of x relative to ¢ is %k and
this particular range of the sample. In particular, the
weight attached to extreme observations may now be guanti-
fied’in terms of the cm,k‘s for extreme intervals. Compax-
ing the coefficients arising from the expansions of ¢§(u) and
7{u) allows us to evaluate the relative weights the two sta-
tistics attach to the ranks corresponding to a particular in-
terval.

The detalled analysis of the test ¢(u) obtained by com~
puting the coefficients CM,k may be useful in two ways:

{a) The analysis is explanatory, since it breaks down
into detail the relative performance of two tests as measured
by their efficiency. This detail may be regarded as being of
two kinds., Firstly there is tbe performance of the tests at
different levels as measured by ke for different values of
m. As a measure of the proportion of the total w;kght attri-

butable to the mth level, onc may define Wyg =

.Z c;,j.
Then W, measures the ability of ¢(u) to detect m-th level
deviations from the hypothesis, The values of Yim for in-
creasing m indicate the efficiency attached to increasingly
smaller subsets of tho ranks and so may be regarded as an in-
dication of the complexity of the test. A high degree of
complexity would tend to sugyest a cextain lack of robustness
when the alternative hypothesis is not one for which ¢(u) is
the AMPRT.

Secondly, the performance of tests over various subsets

of the sample at a given level can be measured.
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(b) The analysis can be exploratory, since analysis
of the AMPRT méy suggest a test whose weighting function has
a simpler form - so that the test statistic is easier to com-
pute - but which is still nearly as efficient as the AMPRT.
1f the rate of convergence in {5.2.2) warrants it; one such
‘approximation' can be obtained by taking the terms in ihe
expansion of ${u) {the AMPRT) corresponding to the first few
levels {values of m). This will be discussed in more detail
in section 5.5,

Another possible benefit in such an approximation of
¢(u) iies in obtaining a test which is more robust without
sacrificing too much by way of efficiency relative to the
AMPRT .

rYor a full appreclatlon of these interpretative possi-
bilities, the discussion of sore examples is required. This
is done in section 5.4. Befcre proceeding to this, some
gimpie preliminaries are reguired.

The alternative hypotheses undexr which the asymptotic
performance of the rank statistics will be studied are (a)
G(x) = F(x+0), & > O (location shift) and (b} G(x) = F(xo},
o > 1 (change of scale). Assuming the appropriate conditions,
the AMPRT against location shift for the distribution F with

density £ has as weighting function

)

dplu) = - &
v £(P75 (u))

’




]
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o .
where I = inf(f) = J {87 {x}/£(x)}}2£(x}Ax. The AMPRT against
en

the change of scale alternative has weighting function

. o

-k -1 FAR L))
Gypla) = - ITEL + PR (u) AL Mg
1F £ £(FL(uy)

® £ ()
where I, = L“ {=1~ if‘«(x-%‘w]zf(x)dx.

A definite advantage of using the llaar system of ortho-
normal functions is .that the coefficients cm,k are easily ob-
tained.

Lemma 5-3~1., (i) The coefficient cm,k of x“(‘k) {u) in the ex-

pansion of ¢g(u) is given by

-1 k=%
Cm,k ??)J,

o aTM/2 b -k kel Sik gy L
2 I LEE T 2m)) + £IF (zm)) 2£(F

Xx=1,,..2% mzladm=0, k=1
{i1) The coefficient S,k of x;}k) (1) in the expansion

of ¢m(u? is given by

o g2 ek kel ol
Cni = 2V IR A 2T

4

2‘}‘;) * F‘ll‘éﬁmp‘l

o~ d iy et ek
2F ¢ 23)1:(1 ¢ zm)s}y

k= 1,02 mzlandm=0, k=1,
Proof. The coefficient uf X,:,k) is glven by

W

P
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1
Snx = J0¢F(u) X,f,k) {u)du
k= k.
m
=2™2 % o 27 4 (wyau ~ IZ rtu)dul.
Ils:l r PV
2‘“ 2m

The expression qiven for cm k then follows because

I ——-(—E:T—(—‘i-)-du = £ (a)) £(5 0)). The proof of part (ii)
a £l )
follows similarly.

A further simplification is obtained as follows:
(a) if ¢{u) is skew~symmetric about % (so that

${u) + ¢{l~u}) = 0, O < u < 1), then c o2l = cm Zm'l—r+1'
i, ,
=1,0..,2"1 (a1,

(b} If ¢lu} is symmetric about % (so that ¢(u) = ¢p(L-u),

O<u<ll, thenc .. =-oa 1,...,2" 0
m,2 +r M2
{m = 1) and co,l = O.

Both {a} and (b) follow  directly from the way ok is ob-
.

- s r=
" Lgy

taineg In both cases it is thus sufficient to compute. and
display only cm,l""'cmlzm-l and this is what will be done
in section 5.4.

1t might reasonably be suppos2d that the Haar expansion
of ¢F(u} reflects the nature of th. density £. In this re-
spect the following resuli seems to tell us that the coefifi-
cienta reflect in some way the exponentilal character (of de~
gree = x} of £ over a range determined by k and m.
Theorem §-3-2, The density for which the test based on the
welghting function x‘k)(u), m 2 1, iz the AMPRI against the

location shifit alternative is

!
!
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-1,
ke mRy S xS b,
ye* -, £x50

Bx) = ¥ 0 x5 4,

~-%.
2
se by S xS Ry
0 elsewhere,

where 2y = 1og(l + (2”-1)"1) and zl,23 are determined by
- -2,
. 2 _ k-l - 2.y -k
H(8y-0y)e =50 and 4 (%,-ky)e =1 o
Proof. stralghtforward from the way the AMPRT is obtained.

of course, Xél) gives the AMPRY for £(x) = %e'lxl,-a ¢ x < ow,

since it 1s just the weighting function of the median test.
The density in Theorem 5-3-2 is uniforxm except in the range
between the lE:%)—th and (kﬁ)~th guantiles where it assumes
a double expongntial form.

5.4 Bnalysis of some AMPRI's
Two lineay rank tests often used for testing against location
shift are the Mam~Whitney test, which we regard as being ge-

nerated by ¢{u) = vIZ(4-u) and the Normal scores test genera-

u
ted By ¢{u) = ~% ~(u). where ¢(u) = J (2n)’¥e'x2/2dx. Coaf~

mco
ficients for the first four levels in the Haar expansion of
the two weighting functions are presented in the first two
n
columns of Pable 5-1. Values of wy, and w,, = 120 Wy, are
alste tabulated.
Values of the coefflolents for the Manp-Whitney test can

be obtained from the following formulae:

i
:
i
[
H
1
i
i
§
:
i
i
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TABLE 5-1  Coefficients in the Haar expansions of five

weighting functions.

1 2 3 4 5
S DEerw -t /LR M) VBBl e )

(Mann— (Normal {Ansari-
Vnitmey) scores) e Bradley) (Capon)

cO,l .866 +80 o] o o
wlO .75 +637 [+] o [+]
Cl,l .3062 .33 +593 +61249 43
wll 1878 «224 .703 . 7516 .37
C2,l +1083 .19 -314 L2166 .37
¢ . .08 +105 . .04
2,2
¢12 <0469 .085 .220 . 1876 27
c3,l 0383 211 +130 . 0766 .28
03'2 . <04 .093 .05

)3 . .03 056 .02
03’4 . .03 .018 . .0l
W13 0117 .033 +058 L0468 W16
Cd,l .0135 07 +049 .027 .21
C4'2 02 .043 . »04
04'3 . .02 .036 . .02
C414 .01 .030 . <01
04'5 . -0 .023 . +006
04,6 . .01 -016 . . CO4
C417 . .01 +0LO . .003
04‘8 . .01 .003 . +Q02
Y14 .0029 »013 L0158 \0116 .10
Upy -999  .991 .995 .998 .895
(L) Ccoefflecients with exactly the same value as the preceding

ohe are indicated with a dot.

(1i} values Ffor the Normal scores tests are only meant to be

rough approximations.
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k" ¥yl a ™,

. ~2m-2 ” _ smame2
Yim % 3.2 ;oW 1 2
The numbers in Table 5-1 clearly indicate the greater
significance attached to extreme ranks by the Normal scores
test. These differences are more pronounced for the higher

levels. It is also noticeable that this difference in weights

is principally located in the extreme intexvals corresprading

to m,1 and ¢ . The values of S,k for the Mann-wWhi.ney
,
test are constant for a given level, which seens a fair in-

dication of the gencral robustness of the test. The greater

emphasis the Normal scores test places on the extreme ranks
is also reftected in the large values of Yim for w 2 1. While

this suilts the test for use with light-tailed distributions,

it also contributes to a decline in efficiency which may be
considexable when the dlstribution is heavy-tailed, Of course,
there is very kittle new in all this, but these remarks cah

now be explicitly quantified by the numbers of Table 5-1.

Consider the test statistic generated by

/98 (- ) O<uc<k i
olw) = o ¥ <u<y :

I8 % - w) ¥ <uw <L,
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Thig statistic is used by Randles and Hogyg (1973) in their
adaptive rank test to test the data for location shift after
the undexlying distribution has been classified as light-
talled. Clearly this statistic places more welght on the ex-
treme ranks than does the Mann-Whitney test. If m 2 2, the
welghty %k for this 4(u) are in fact simply the Mann~-Whit-
ney weights multiplied by a constant provided k = 1,...,2““
3.2”'2,.,.,2m and otherwlse Cp,x = O Hence although all
the weig¢ht is concentrated on (0,%) and (%,1), it is still
spread owt evenly over subintervals of these intervals, in
contrast to the emphasis laid on the extreme subintervals by
the Normal scores test., It is, however, this emphasis ou

the extreme intexvals which typifies the AMPRT's for light-
tailed distributions. It might therefore be more appropriate
to use ¢(u) which involves some power of u, say u*, in order
to weight the axtreme wanks more heavily,

The last example serves to indicate that the greater
detail ohtained from the llaar expansion of ¢{u) can perhaps
reveal information not fully apparent from an examination of
¢ {u} by itself.

A simple result relating the lengith of the talls of a
distribution with the weight the AMPRT for location shift
places upon the oxtreme ranks is possible. This resul: re-
lates the coefficlants cm.k to an ordexing for densities de-
fined in term3y of the weighting functions of the correspon-
ding AMPRT's. This ordering is duc to Hijek (1969) and is
defined as follows: suppose that for densitles £,9, the

weighting functions

2
v

i
[
i
i
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. -1
E0(F " (a) g6 (u))
plu) = - ~——I~——-L_ s ylu) = -

£ ) g(e Tuy)

are continvous, skew-symmetric, nondecreasing functions on
(0,1}, then £ < g if p{u) = b{Wyiu}, %¥ < u < 1, where b(u)
is nondecreasing and nonconstant.
Proposition 5-4-1, If £ < g, then for m sufficiently large,
c in the expansion of y(u) is larger than ¢ in the
expgnsion of ¢(u} (both coefficlents are negative?
Proof.  First notice that ¢(u} and §(u) can be assumed to be
norzalized so that ¢l = §3ll = 1, without affecting the fact
that ¢{(u)/¢¥(u) is nondecreasing for ¥ < u < 1.

e cm'k(¢) denotes the coeffilcient ik in the Haar ex-~

pansion of ¢(u), then

k¥ k_
va. 2 2"
= 2 -
Oy e (81 (11‘:—1 4 (w)du L:ﬁ $ (w du)
2)‘\ 2“\
k_
2]|| mn
buiylu)de ~ J B (u) ¢ (u)du}
k¥
zm
l‘.:.’i ko
I
PPLICTIN S Jk*l pluyan - bk )lk~3: Pu)du}
21‘\ l’ll

= pekok
ey k0.

i

¢
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The proposition will be established if it can be
shown that there exists v ¢ (%,1) such that b(v} » 1.
Suppose such a v does not exist, so that blu) s 1,
¥ <y < 1, Then since b{u) is nonconstant, there exists
an x, ¥ < x < 1, such that b{x) < 1 and hence, since ¢, ¢,

b are necessarily positive, I (¢(u))*du = J (blu})? (¢ (u)) 2du
< I {¢{u}}?du. But Jl(v)(u).\.zdu =J {fu))?du = & by the
skeé—fymmetry of ¢ and ¢. This contradiction implies the
existence of the required v such that b(v} > 1.

Thue if %% 2 vy then op g ) <o ().

A similar analysis using the Haar expansion can be per-
formed for the AMPRT's used for detecting a change in scale.
Three such test statistics are Mood's test statistic genera-
ted by ${u) = {u ~ 5%, the Ansari-Bradley statistic genera~
ted by ¢{u) = ju - 4| and Capon's  (Normal scores) statistic
generated by ¢(u} = 0" U (the weighting functions have

not been normalized). The ry information ahout the

Haar expansions of these weighting functions is tabulated in
the last three wolumns of Table 5-1.
For Mood's statistie the followinyg formulae apply:
~5m/2- \
VT LR e A L I I S P T T

15,2742 p2m oy, =1 - 272205 L 5" (gor a1y,

me
The coefficients S,k for the Ansari-Bradley statlstic are
rélated to those of the Mann-Whitney statistic by cm,k
{Ansari-Bradley} = 2cm’k (Mann-Whitney) for fm = 1.

Two observations may be made about the llaar expansions
of the change-in-scale test statistics. One is that the

coefficionts for the Ansari-Bradley statistic have the same
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genaral form as those of the Mann-Whitney test, suggesiing
a robust test. The second feature is the poor convergence-
measured by w2m «~ of the Haar expansion for (0_1[w))1‘ As
with the Noxmal scores test in column 2 of Tabkle 5-1, the
welghting function for Capon's test statistic emphasizes
the extreme intervals at each level. But while for the
other four statistics represented in Table 5~1 most of the
potential efflciency ls accounted for by the fivst four
levels, this dnos not apply te Capon's test at all. This
assigning of relatively large welghts to extreme intervals
for large values of m may be taken to indicate instability
in the performance of the statistlic in the face of devia-

tion from Normality by the underlying distribution.

5.5 Quick rank tests.

The coefficients c_ % computed in order to analyse $(u) can
Ty

also be used to derive a rank test which approximates the

test ¢(u}, This test will have as its weighting function

n 2F
fow = rzl kzl S,k Xék)(“)’

and +he ARE of this test against ¢{u) when ¢(u) 1s the AMPRY

is given by
P fa
W = [
2m o1 kAL ¥k




By choosing m sufficiently large. § can be made as 'near'
to ¢ in terms of efficiency as we plcase becanse Parascval's
identity for L¢)?* holds for the Haar system.

In fact the test §{u) is a membex of the class of grouped
rank tests proposed by Gastwirth (1966) since g¢fu) is con-

stant over the intervals (Eiéf’ -%;T), k=1, .,2"'+l

In
general grouped rank tests are generated by .tep functions
which jump at 0 < Al Cias £ Ar < 1., If ¢(u) is the AMPRT,
then $(u) is not usually the asymptotically most powerful
grouped rank test (AMPGRT) for the fractiles k/2m+l,

k = 1,,..,2m+1, and there will exist a grouped rank test
based on these fractiles which i. more =£ficient against

¢ (u) than $(u) is,

These remarks suggest ystematic procedv e by
which we can obtain grouped rank tests which approximate
¢(u) arbitrarily éiosely in terms of efficiency. At the mth
stage of the procedure, compute the AMPGRT for the fractiles
k/2™), When the alternative hypthothesis being tested is
one of location shift, this can be done by using lemma 4.1
of @- twirth (1966). The conseq tent sequence of AMPGRT's
has increasing efficiency against ¢(u) and this efficlency
can be made to be as close to one as reguired by taking m
sufficiently large. 'This last statement is true because
of the corresponding property for the sequence of §(u)'s

obtainsu for increasing m.

The advantage in using a grouped rank test is that the

test statistis can be easily compated since it is just
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2m+l P.-1

s, Ioast % Zygs) s
N 3 N4
i=p5

= &

where Py = [8k2 ™3 ¢ 1, k= 1,..,,2™F

and Py = 1. Ne-
vertheless the coerresponding test can be nearly as effi-
cient as the AMPRT even for small m, while the AMPRT may
have a test statistic which turns out to be difficult to
compute in practice.

Example. Consider the Normal scores test for location
shift., To an accuracy of two decimal places, the grouped
rank test obtained from the Baar expansion of Q-l(u) up
to level two and the AMPGRT for the fractiles k/8,

k = 1,...,8 have the same welghting function. The welghts

on the intervals are as follows:

Interval (0:%) 5. %) 5o %) %)

Weight ~1.65 - 90 -.49 -.16

{the remaining weights follow by symmetry). For both tests,
the ARE against the Normal scores test is .946 aginst the

alternative hypothesis of location shift in the Normal dig-

tribution,




§.6  An influence curve for rank tests

In his doctoral dissertation, Hampel (1968) introduced the
idea of an influence curve to measurc the effect 'infinite-
simal' changes in the underlying distribution F had upon

the estimator T(F) defined as a functional of F. Essentlally
the influence curve is 2 derivative. Hampel's idea has come
to’be regarded as yielding a tool of fundamental importance
for assessing the robustness of an estimator, In this sec-
tion we propose to introduce an influence curve for two-
sample rank tests which we hope will yield some of the in-
terpretative possibilities of Hampel's influence curve.

While the main concern of this section is the influence
curve, this section has also been used for gathering to-
gether some observations about the robustness of two-sample
rank tests and some comments on directions for future re-
search. It is quite apparent that robust has been used in
many aifferent senses in the literature. In the present dis-
cussion it means roughly that the performance of a robust
test as measured by its power remailns adequ:-. undar small

deviations from the theoretical formulation n:' the testing

problem. Obviously the precise nature of these deviations
has to be decided bafore any investigation is feasible.

When discussing the influence curve, technical nice-
tieg will for the most part be omitted. Varlous assumptions
are required if all the operations performed are to be justi-
f£ied. Justification for introducing the influence curve must
rest principally upon the possibility of thers being an

acceptable interpretation for it. Rather than spend time




justifying the validity of the derivation, let us concen-
trate instead upon f£inding out whether the result 1s meaning-
ful. One assumption though is implicit in our derivations
and deserves to he stal 1 here: all distributions are as-
sumed to have absolutely continuous densities (with respect
to Lebesgue measure on the real line).

The subsequent discussion will only concern the two-
sample problem of location shift where the underlying distri-
bution is ¥ {(density £). In this case the limiting power
of a rank test with weighting function $(a) {0 <u < 1) is

effectively determined Ly

(5.6.1) B(p,F) = ~ f: ¢(F(u))f'du/(ji (pim) ~Br?)E

{this scems the most convenient form for the present pur~
poses}). This follows either from H&jek and Biask (1967,
P.227) or from the resvlts o Chernoff and Savage (1958

(or subsequent versions under weaker conditions) together
with Theorem 4-2-1 {i}. It is the local behaviour of B{j,F)
in terms of F that will be studied.

There is another useful way of viewing (5.6.1) sugges-
ted by the study of the approximate slopes of standard se-~
guences of test statistics which may also be helpful. Tn
this case, let us consider the test statistic SN generated
by ¢(u) and scaled so that I of Bahadur (1960, p.276) is

true (for the Normal distribution}. For our purposes this
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amounts to requiring that the stochastic limit of N ¥ 8y is 0
when H holds (that is when the location shift 6 equals 0)

and the limiting variance of Sy is 1. Then the stochastic
limit of N_ésN under K can be expressed as (A(l-A))*eB(G,F)

+ o(0). Studying B(¢,F) therefore describes the limiting
behaviour of the actual test statistic when 8 > O is small
{of course for the interpretation as a limiting power it is
assumed 8 > 0). It also effectively describes the behaviour
of the approximate slope of the standard sequence {Sy}
{Bahaduxr (1960), p.293). Both these alternatives are useful
to bear in mind - especially since the stochastic limit

exists under very weak conditions - although our discussion ‘
will revolve around B(4$,F) as an expression of the limilting

power.

Denote by by tha probability measure determined by the
point mass 1 at a glven point ». Then the influence curve
Icié,P,x} for the limiting power that will be discussed in

this section is defined pointwise by
ety Box) = Lim (B(p, (L-e)T + A) = B(4,F)}/e, i
g0+ c

if this limit is defined for all x. This should be compared
with the definition given by Hampel (1974, p.363) which will
be referred to as Hampel's influence curve.

Mich of the basic discussion of Hampel's IC applies
eyually well in the present context since it only assumes
a functional of F. In particular, the xelationship batween

the IC and the von Mises (Volterra) and Fréchel derivatives
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discussed on pp.38-39 of Hampel (1968} still apply. When
the various derivatives exist they ocoincide with the IC.
In interpreting the IC the definition of the von Mises

derivative gives us that
(5.6.2) im {B(9, (1~c)F + €6) ~ B(4,P))/e
€0+

= flcm,b*,y.)dc(x),

8o that if the true underlying distribution is not F but
instead (l-e)F + £G, then for small e, eJIC(¢,F,x)dG(x)
measures the change in the performance of ¢ (interpretable
in terxms of limiting power}. This interpretation not only
makes the role of the IC clear, but also in fact facilitates
discussion of the result in terms of limiting power when
assumptions on the nature of the distributions are required
to ensure asymptotic normality,

One difference between the interpretation of the IC
for B(¢,F) and that for Hampel's IC deserves attention.
While changes in absolute value ¢oncern us when considering
the stability of an estimator, when considering B(¢,F} on
the other hand positive values of the IC are of less con-
cern, especially in a minimax sense. It is only a decrease
in power which really concerns ug. At the same time one
should be wary of ignoring large positive values of the IC
which reflaect instability in the test statistic., Tt is pro-
bably best to avold gross instability, even if superficially

it scoms to be beneficial,
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In general the non-normalilzed IC can be obtained as

follows:
{5.6.3) IC($,F,x) = J ¢'(F)id(Ax—F) - J ¢‘(F)E'(AX—F)du

(' denotes derlvative). To normalize the IC divide by

1
(I @ () - w)zdu)%. The IC's of sgveral tests have been
obtained using {5.6.3) and will now be discussed in some

detail.
Por the Mann-Whitney test, the normalized IC is given

by
(5.6.4) IC{u,F,x) = 4/T(E(x) - I (£ (u))2@u) .

Consequently the effects of contamination are felt most

stxongly around the mode of the theoretical distwibution

and in the tails. Contamination in the tails is especially

harmful sisce IC(x) + -4/3“J (£{u))2du. As an example, if

-y -yt ‘

£(x) = (2%) % e kx {the standard Normal), then IC(0) =
2% 2%y = 51 ana 1000 » - ED¥ = - 195 ae x4 ¢ e,
i

This implies a certain reliability in using the Mann~
Whitney test, since the power is never going to be too dras-
tically affected by a small amount of contamination. fThis
is because for all 'nlce' distrilbutions the IC s bounded.

The most interesting distribution at which to evaluate
the IC of the Normal scores test for location shift is na-
turally the standard Normal distribution. fThisg is also the

most amenable procedurs. Then we £ind that the normalized




IC is obtained as
(5.6.5) 16067 (W), 8 (), x) = H(1-x7),

850 that IC(x) > -» ag x + + &, Interpretation of this is
easy ~ contamination located in the tails of the

Normal @istrilbution has a profound adverse effect upon the
limiting power of the Normal scores test (since the iIC is
unbounded there}. The IC and our interpretation should be
compared to Hampel's IC for the arithmetic mean and his
interpretation thereof (Hampel (1968, 1974)).

The IC in (5.6.5) confirms the impresslons of section
5.4 whexe the large weight attached to small subsets of the
ranks was noted. Since the Normal scorxes test is not ro-
bust against contamination in a region where such contamina-
tion is very likely, the guestion then arises of how to
obtain a test svited for when the theoretical underlying
distribution is Normal, but also reasonably robust against
this sort of contamination.

This leads to the consideration of asymptotically mini-
max tests. Tests are ordered according to the infimum of
thelr limiting power fu: ocation shift over a set of under-
lying distributions of the form F = (l-£)G + ¢H, where
0 s e <1 is fixed, G is a fixed symmetric, strongly uni~
modal digtribution, H is a variable symmetric distribution
and all distributions have densities. This set of distri~

I
butions ls called the gross-contamination model.

1
i
;
i




Under these circumstances ${¢,F) {and hence the limi-
ting power) has a saddlepoint. That is thexe exists an
Fo = {1~e)G ¥ edy and a ¢0 such that

(8:6.6)  4nEBoT) = Blag To) = sup A Ty

Then ¢0 generates a robust rank test in a well-defined wini-
max sense.

In fact {5.6.6) follows immediately from theorem 3 of
Jaeckel (1871}, in particular his extension of the result of
Huber {1964} to cover R-estimators of location. The asymp-
totic variance of these estimators (suiltably rescaled) equals
the inverse of 8(¢,F} for the corresponding tests and so the B i
saddlepoint property for the asymptotic variances of R-esti-

mators implies (5.6.6).

The least favourable distribution Fo ensured by (5.6.6)
is defined on p.l026 of Jaeckel (1971). In the case where
G = ¢, the least favourable distribution has density

(5.6.7)  f£5(x) exp{kx + 5k?} x ¢ -k

exp (~kx?) ~k < % <k

expi{-kx + ¥k?} x = k,
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where k is defined by

2

k . -
(-e)7 = J 2m ™% ¥ gy v %(;)%e ik?

{p.82 of Hubar {1864)). The minimax test is then the AMPRT

for £0 and lg generated by
{5.6.8) $gla) =~k 0 s u s (I-eld(-k) + &/2

= o HEER) (ee)eton) b e/2 < u <
{l-g)e{k) + /2

=k (leg)®{k) + /2 s u s 1,

In the light of (5.6.8), a fairly natural test to use

with the contaminated Normal is the one generated by

W

0= u s §{~k)

(5.6.9) #lw)
=07 ) e(ek) < u < d(k)

=k ¢k) £usl

for some k > 0. 1In this case the non-normalized IC computed

at the standard Normal gives

(5.6.10)  TIC(h,d,x) =~§(k*+1) (b(k) ~6(~k)} ~ k£(k) [x} > %
= 5 {k?=x?) + 1L = ¥(R¥*+1) (0(k) = ¥{-K)}) -~ kElk)

lx) s %, ;




where £{k) = (2m) 7% ™" In this case the IC is bounded
and becomes constant as x + # w. Notice the jump at |x| = k
essentially because ¢ does not have a continuous dcrivative‘
Whether this has any particular significance is not too clear,
but it seems doubtful Lhat it should. A distinction should
be made here with Hampel's IC since in that case continuity
of the IC is desirable tn insure ¢ ainst the effects of round-
off and grouping on the estimate. This co: sideration does
not apply to the limiting power. It may however be useful
to have the IC continnous to insure against the effects this
kind of inaccuracy may have upon the test statistic (as in~
dicated by the stochastic limit of the test statistic).
To normalize IC($,®,x), divide by (2K ~1)0(~k)+1-2kE(k}. :
The IC for the median test reveals great sensitivity
to deviations at the median of the theoretical distribution.
Using §, and I, to denote the Dirac-delta and Heaviside func-
tions respectively (I, is the indicator function for [x,=)),
the normalized IC when ¢(u) gencrates the median test is

given by

) - £ o) !
5

k1

(5.6.11}) IC($ . F,x) = 2{8

e toee e g - Ty ),
L)

80 that




et = =260 b ~ e e tonyse o)) x <R

= 26 )+ e ey, x> F ).
If ka) is symmetric and unimodal, then IC(x) = -2£(0} for
x # P hy). At x = P"(k), there is an 'infinite spive'

-1
and in addition there is also a jump of size :?f:(F (5)
() .
is

{which will be zero if £ is symmetric and unimedal}. Zhis
infinite spire occurs as the limiting case of a jume in the cen~
tral scores {compare this with the IC of the median on
©.385 of Hampel ( *"4)}.

The grouped rank tests introduced ia section 5.5 have
I¢'s simllar in many respects to that of the median test.
In particular there v ! be infinite spires corresponding
to jumps in the weight.ag function. Again these are tue
limiting cases of sensitivity fo a jump in the scores. The
IC of a grouped rank test is however bounded, apart fxx -~
these infinite spires,

In ordexr to consider the implications of the delta

function further, recall that
Lim {B{p, {1-e)F + €G) - B{$,F}}/e = 2(g(0) - £(0)),
e+0+

provided £ is symmetric and unimodal. In the limit the
entire effect of a small amount of contamination is concen-
trated at the median. This concentration at a single point
is all that the delta function impliuvs and it shiould not be
construed as indicating greakb instability in the median test.
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The basic motivation for introducing grouped rank
t© - that the test statistics are easy to vompute and

3+ ine test can be made to have a good ARE relative to
the AMPRT - seems to bw a worthwhile objective. The sen-
sitivity of grovped rank tests at jumps in the weighting
functions indicated by the IC is slightly disturbing. Per-
haps a class of tests with tegt statistics which are still
easy to compute and which are related to the Mann-Whitney
test might be a bettrr proposition. Certainly all the in-
dications are that the Mann-Whitney test will provide a
good guide.

Por these reasons we would like to suggest for further
Snvestigation a class of two-sample xank tests generated
by continuous, piecewise linear functicns. These functions
ar. defined by taking points O = AO <, .a< Ar = 1 and de-
fining the weighting function ¢ at these points as being
(5.¢.12) ¢§\o) = 0; ¢(Xi) = ai(kikki—l) + ¢(Xi_l),i¥l,‘..,r
for rval numbers Uyroespy. The definition of ¢ is completed .
by taki-y 1t to be linear cver the intervals [A; j,3;].
L PN

For actual use, the test statlstic might be exprassed
as

x

Py-l
sy = 1 oy ( i 1oaygy)
j=1 inpj_l




vhere Pj = [mj] 41, 3 =0,...,xr. The Mann-Whitney test
coxresponds to r = 1, oy = 1.

H The non-normalized IC is given by
x .
{5.6.13) iIC(¢,¥,x) = Zalf(x)—z z uiJJifz - azf(F 1()“L))
il
b owgEaiag -t a0
24 Mt i 1-3 i1
- F agterlog - seto o0
by 1 ERSRRRY

vhere 3, = ¥V A, ), ¥R, 4 = Le.orand x € d,,
The expression (5.6.13) can be simplifigd by considering

the case where £ is symmetric about O. Then it is quite

reasonable to reguive Ao<...< AZp satisfying Ak + A2p—k =1,

k = 0,.,.,p and also a; = “Zp+1—1’ i=1,...,p. Since it

is principally cuntamination in the tails which concerns us,

it is interesting to consider the limit of IC(x) as x + + =.

Under our assumptions this is
(5.6.14)  1lim IC(x) §p O EE 0 = A, £ )
.6. m JIC(x) = o -
st FENRe R 1 11 -1
- zJ £2).
Iy

The 1imit here should be interpreted as a requirement that

{x] should be sufficiently large so that x ¢ I {or sz)

and o) £{x) is negligible.
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Some interesting possibilities arise from (5.6.14).
One reasonable course would be to cheoose ul,.A.,uzp 50 as
to maximize the right hand side of {5.6.14) subject to the
constraints that a; 2 0 and J (¢(n) ~ P)*du = 1. This is

a routine variational problem and would yield the locally

most robust test to contamination in the tails (among the

tests generated by continuous, piecewise linear functions).
This point will not be discussed further here as it
belongs to the detailed study of the special class of tests
generated by continuous, piecewise linear functions rather
than to a general discussion about influence curves. While
the subject is before us however, another aspect of these
special tests might be mentioned. Can asymptotically mogt
powerful piecewise linear rank tests be obtained in the same
way that lemma 4.)1 of Gastwirth{1966} gives the AMPGRT's
for location shift with a specified underlying distribution?

The coefficients Qgreeertt of such an optimal test for given

3
Ao,..-,xr wan be expressed explicitly and the problem is
probably well known in approximation theory, although we
have not yet found a specific reforence to it.

Oour method Eor solving this problem will be bricfly out-
lined although the detalls of this and other aspects of these
tests axre to be reported elsewhere than in this thesis.

The probleﬁ reduces to the best approximation in the L, norm
of the weighting function oi the AMPRT by a continuous,
plecewise linear function. A basiu of r-l1 roof functions on
the Intervals [Xy 3,3;,,] (with peak at M), d = 1l,ueuyr -1

then enables us to set up the normal equations fur the mini-
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mum norm approximation. To solve these equations requires
finding the inverse of a symmetric txidiagonal {Jacobi
matrix which can be determined as a Green's matrix. The
coefficlents oy can then be obtained explicitly.

The remarks of the last two paragraphs provide us
with two different ways of choosing piccewise linear rank
tests for a given symmetric density. Here Hampel’s sugges-—
tion (Hampel (1968, p.36)) might prove useful and we con~
fine our attention to those tests which cannot be simulta~
neously bettered in both respects by any other pilecewise
linear test. Preliminary investigations into continuous,
plecewise linear tests suggest that they do indeed offer a
promising class of tests.

Some conclusions based on this chapter would seem appro-
priate. In the light of the JC and the Haar expansion, the Nor-
mal scores test for location shift must be construed as not
robust against the poszibility of gross-contamination. It
is really rather like the mean considered as an estimate of
location for the Normal distribution. This is in spite of
the result obtained by Doksum (1966) indicating a favourable
minimax property for the Normal scores test. In that case
though a variance requirement on the distributions under
consideration eliminated contamination by neavy-tailed dis-
tributions.

Remediecs for this lack of robustness on the part of the
Normal scores test have been sugyested by way of the weight-
ing functions (5.6.8) and {5.6.9). One wonders if perhaps

these tests are not overpessimistic in the sense that they
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arise from the full nelghbourhood implied by the gross-~
contamination model. This allows the heavy tails of the
double exponential type distribution to determine the weight-
ing for the extreme ranks. It might be an idea to replace
the horizontal line at either extreme of the weighting
function by a line with gradient chogen so that the resuli-~

ing curve 1ls smooth (differentiable)., This seems a less

; radical option than simply grouping the extreme observa-
- tions and is suggested by analogy with the Mann-Whitney test.
| Phis is not unreasconable in the light of the minimax result,

: since it means replacing the tails of the least favourable

distribution by the tails of a logistic distribution, which

| is often regarded as a 'smoothed out' version of the double

. exponential.

The Mann-Whitney test handles satisfactorily the con-

" tamination of any theoretical distribution which does not
have very heavy tails. The Haar expansion of the weighting
! function also confirms this. Certainly as long as the Mann~

VWhitney tast is veasonably efficient for the theoretical
distribution, this test can be used without fear of a sharp
"loss of Llimiting power through contamination. The result
obtained by boksum (1966} for different alternatives is
anothar point in favour of the Mann-luitney test.

The médian test is essentlally robust, although very
;ensitive to distortion at the medlan. Its low efficiency
for testing location shift with light~Lailed distributicns
;ather militates against it though, '
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Naturally the influence cuxve discussed here can be
b applied to any altexnative hypothesis - and not just loca~
tion shift - provided the expressions for the limiting power

W are sufficlently regular. The influence curve and the Haar

expansion can be used together, the one supplying informa-
tion about the limiting power and the other supplying a de-
tailed picture of the test's efficiency properties. The
influence murve in particular seems to be a very useful

heuristic tool.
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APPENDIX 1

Some Comments on the Theorems of Steck

As mentloned in section 2.2, the main theorem of that
section {Theorem 2-2-2} is suggested by results obtained by
Steck in connection with the Xolmogorov-Smirnev statistics.
These results are described below together with the appro-
priate references and an outline of how each result may be
derived using the ideas of Lemma 2-2~4. The notation of

section 2,2 is used wherever possible.

Theorem Al-l. Define (:;)+ as follows:
G,=( ari1ssse
=0 if £ < s,
Then
(a1.1) g to) ] = doed ]+ -jbz : i; P

+

Proof, This follows directly from Lemma 2-2-~4 by taking
X*($) = |8| for finite subsets § of 2™. With this defini-
tion of X* it then foliows that

(e d,9)) = e

v, = u, + 1
i 3
“[ J~i+l

+

i
i
i
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Substituting for u; and v; in terms of by and ¢y, (AL.1
follows from (2.2.10).

Theorem Al-l corresponds to theorem 4.1 of Steck (1961
after bearing in mind that, from the way uy and vy were Qe

fined,
by <Ry Sy <=uy 8T < vy {4 = 1,.c.m).

The proof of Theorem Al-l given by Steck (1963) rests
upen expressing the determinant in (Al.l) as a recurrence re-
lationship and then (by way of falxly lengthy calculations)
verifying that this recurrence formula is indeed true. The
proof of Theorem Al-l given by Mohanty (1971) rests upon a
neat induction argument and is much shorter than Steck's
proof. The merit of a proof of the theorem using Lemma
2-2-4 would seem to be that it brings the result into line
with a hast of other applications of inclusion-exclusion (o¥
more generally, generallized M8bius dnversion), It also seems
to the author that from Lemma 2-2-4 the form of the result
as a determinant becomes more transparent. For instance
Mohanty certainly proves the result, but - as so often with
ingenious induction arguments ~ at the end of the proof one
still doeg not really understand why it worke

rheorem Al-=2 is a result applicable to the (one-sample}
Kolmogorov test and concerns order statistics rather than
ranks. It doec not, therefore, fall within the main theme
of this thaesis. Ti&s importanes, though, is that Steck {1971

proved the result using an inclusion-exclusion argument. It
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might consequently be expected that the proof of Lemma 2-2-4
would be uimilar to the proof of theorem 2 of Steck (l971).
This however is not the case as will he explained in more
detail.

In order to state Theorem Al-2 some preliminary notation

(m) are the order

is regquired, Suppose that u(l) £ ... 850
statistics from a sample of m independent random variables

uniformly distributed over [0,1). Also take numbers WyseensUpe

VyrseniVy such that O ¢ uy £ ... 8 Uy $1and O s vls...s

vL s"1 and also uy S vy b= l...m

Theorem Al-2. if (x)+ is defined by (x)+ = max(x,0), then

(n1.2) plags 0 s vy s =1, m = nidee{ (v T G ),

Outline Proof. The basic ldeas of Lemma 2-2-4 can be used.

In chapter 2 there are certain restrictions included in order
to simplify the discussion. These may be removed without af-
fecking the validity of the proof of Lemma 2~2-4. Specifi-
cally X* may be supposed to be 2 finitely additive function
defined on certain subsets of E" (m-dimensional Buclidean
space) . All the sets required for Lemma 2-2-4 must be sultably
redefined for xy....,%, real numbors and X* must be defined

on these sets. It is also reguired that
X* (241, Luim) 1y} x...x ‘“[“‘("‘)]k-l + Lm)) =

RHLELL, Ladm) D903 %ooox R0 (Lutn) Dy g+ Lomd)s




1
1
H
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If X* is the distribution of (Ul,...,Um), where the Uy
are independent random variables uniformly distributed over

0,11, the necessary conditions are satisfied. Then

X*(L(L,9)) = v(v1 20 > > uj H uj}

= vy = u I - L e

and (Al.2) follows from the revised form of Lemma 2~2-4.

In addition to the proof offered in Steck (1971), Steck
also proved Theorem Al-2 by taking the limlting case of his
two-sample rasult (Theorem Al-l). Mohanty (1971) also indi-
cates a proof >f Theorem Al-2 using an induction argument and
Epanechnikow (1968) proves an equivalent result to Theorenm
Al-2 by verifying that the appropriate recurraace formula
holds, Both the proofs of Epanechnikov and Mohanty involve
multiple integrals of some degree of complexity. A proof of
the result which uses the principle of inclusion-exclusion
may conseqguently be deemed of some intorest.

The rest of this appendix will be an attempt by the
author to convinece the reader that Steck's proof using the
principle of inclusion~exclusion is not coxrect. In fact
originally the author preposed a proof of Theorem 2-2-2 which
closely followed Steck's argument., I was the doteokion of
a f£law in that proof which led to the following discussion.

There seems to be little point in simply transposing
Steck’'s proof on pp.2-4 of his paper (Steck (1971)) when the

interested reader can consult the relevant material himself

i
i
!




i
|
|
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some of the notation necessary for the discussion is intro-
duced here even though all the notation is the same as in

Steck’s article.

Put A = {{x;,,.0,%) ¢ 0 ¢ x5 21, al)l 1) and
Qo= ((xl,..‘,xm) $ 08X S XS 1}.  In addition let
o= {{xgeaox) sy s2 svye d skand 0% 8,8 51}
and then define By = {{x;,...,%,) : (Ryyoeen®y ) e Fop and
QoS Xy gy §oeee € NS vm-k+1]’ A lot of the confusion

then seems to arise from tho assertion that if « ¢ kgl By
then there corresponds a unique largest lntegor kc(w) such
that w ¢ By for k = ky (lines below equation (2.2} on p.3

of Steck's paper). Clearly this is true if w ¢ R. Saying

that (xl,...,xm) @ By implies that uy Xy & Yy, o= .. mek
and Uy S Xy S Vg i = m-k+l,...,m so that if W € Viokr
we can supp~se that x .4 < X, in which case (xl,...,xm)

4 By_g sinee ayeeenyRp) £ Py One cap easily veri-
£y that the set of values for wiich this happens has non-
zerc probability (remember that cach co-ordinate of the m-
dimensional vector is assumed to bu independently, uniformly
distributed over [O,13).

The remarks of the last paragraph may explain why Steck's
proof is difficult to follow f£xom then on. It seems that
the proof rests upon the followlng statement: Lf

By = {w ko(m) = r}, then

m
(AL, 3) P(s,) = r£k<§)p(pm A dds ko= lom
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Steck has certalnly shown tnat
oz 3 @ )
PB) 2 GIP(E 0 A
k o K m r'?

but does not seem to have established the full implication
of (Al.3). In more detail, it seems that Steck shows that
fior instance P{(By n‘Ar) = xP(F n A, but claims P(By o A =
xP(Fm n AL

Perhaps the most serivus observation to be made about
Steck's proof is that (Al.3) does not seem to be necessarily
true, To show this, consider the special case of B;. Let

us suppose that W < vy »7 Vo4 < Vpop < Vpog < Voo Then

in this special case if (xl,...,xm) € Fm a Ar’ then (xl,.,,,
KyoprXgqpees e ¥ge®y) € By L= mendl, L. m, ang if the (dis~
joint) subsets of By defined thus are denoted by Ay,
i=m=-r + 1l,...,m ¢ =1,...,m then

m m
(al.4) [ A.(4) © By,

£l d=merdl

In addition P(a.(1)) = P(F, o A.). these last two sentences
reflect the cssential ideas of Steck's argument,

Consider the subset E of By containing elements
® = (xl,...,xm) which satisfy

max{vy g0} S Xy € Ky or Vpe < Ryl € Vg,
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Then such (xl,...,xm) suidsfy the following

{a}) X = (X eeeo R aeXp Ky oaXe 4} € 0

{b} since X, / Tu

- 210 ko) = 2.

! Vi

But then x - which does not have final component Ko or

2

X, - must satisfy x £ Az(m+1-i), i = 1,2 and hence

m=1
x £ wud, (1), Furthermore (obviously assuming P(FL_4) > 0))

B(E) = {{v, p - max{vy_a,u 0?7283 (v, ) = v p)B(F, 4) > O,
80 that in view of (Al.4),

n
P(B,) > ZP(F, n A).
1 rzl m *

Note. After much of this thesis had been compiled, the
author's attentlon was drawn to a guestion of prioxity over
the discovery of Theorem Al-l. As a note by Mohanty (1977)
indicates, the xesult is a speclal case of a theorem due to
Kreweras (1965). This theorew iz stated on pp.69-70 of
Berge (1971), who indicates that the proof is by induction,
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APPENDIX 2

The Null Distribution of the Mann-Whitney Type Tests
As indicated in Part I of the thesis, the question of approxi-

mations for obtaining the coritical values of elther of the
Mann-Whitney type tests ls not completely resolved. This ap-
pendix contalns tables of the exact tall probabilitles for the
values of ENl and EN under the hypothesis of randomness for the
sample sizes m = n = 4,5,6,7,8,9,10.

The tables were genarated by computer and then the cases
m=n=4 and m = n = 5 were checked by hand.

Clearly far more extensive tabulation is possible and there
is no need to consider only equal sample sizes. The only limi-
tation to this method of obtaining the probabilities is the in-
creasing number of calculations necessary as N increases, In
fact in this regard the exploitation of varicas symmetries in
the deinitions of the test statistics can cut down the number
of calculations required in order to obtain the probabili.ies.
The relationships of section 2.1 ave also useful in this re~
spect. Nevertheless it was felt that g - pages and
pages of tables did not really resolve +ha p..olem and could
easily be done at any time shonld the nved arise.

The recurrence relakion given hy {2.2.20) Is unfortunately
of little nwe as far as generating tables of probabilities is
concerne. tince it introduces the veators b and ¢ into con-
sideration as well., It might be used. howaver, to obtain a
single probability provided m or w is small., (This would give

us P(EN 2 ©) for a particular vziue of e which is all that is

i
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required to perform the test.

The epproximation offercd by lLamma 3-3-8 was tried out
for the case m = n = 10 and found to be hopelessly inade=-
quate. This was in spite of a certain amotnt of 'gtream-
lining' of the approximstion for this particular case. At
the same time this was not really much of a surprise because
of there being approximation in two directions, namely the
asymptotic convergence and then the approximation to get the

regquired probability from the limit/'wg result. It is the
accuracy of the second of these twe approximations which is
of major convern and requires further atudy, especially since
Lemma 3-3-8 w&s oniy & general result developed for the study
of continuity condltions for aussian processes.

Pable A2-1 and A2~2 list the tail probabilities for EMI :

and EN respectively. For interest's sake we have also in- H

cluded the complete set of probabilities for ENI and EN when ;
m=n = 10, These are TablezA2-3 and A2~-4 respectively. They
may possibly be of use in assessing approximate distributions

for the two test statistics, %

TABLE A2-1 Tail probabilities for Ey;.

p = Prob(Ey, = o). ! |

e R
m=n = 4 26 114
25 W228 . |
24 V457

23 .686




moe=p =8
m=n»=§
m=n=7

Py

5
74
73
72
71
70
69

100
99
98
97

oo
+079
- 153
.278
+437

.013
026
+052
L091
-159
.234
.338

.004
008
2016
. 029
048
.078
.118
«167
-233

L00L
. 003
L0056
009

Alo.

12

Tn
I

n

m

=n = 9

: 1 =10

o

©
= @ e

92
9L
90

126
125
124
123
122
121
120
118
118
117
116
118
114
113
112

185
154
153
182

B
.015
1024
L0037
L0585
.078
.08
+147

0004
. 0007
4002
. 003
L004
007
S011
L017
.024
.0%4
.048
.064
4086
.12
.143

+ 0001
. 0002
0004
Q008




133

138
137

TABLE A2-2

p= Prcb(EN z e},

m=n =4 26

40

39
38

37
36

.01
. 002
.003

Reler)
.00
L0158
.020
027
.036
»047
L0861
+078
.098
120

Tail

all.

probabilities for §y.

L124
.343
.572

. 040
4119
.278
»357
.595




~ o

56
55
54
53

77
76
75
74
73
72

100
99
98
97
96
85
94
93
92

126
125
124
123
122

.004
.012
.029
.053
078
1118

+00L
. 004
. 009
L0186
.026

L061
L0383
127

. 0004
elel
.003
005
N

Alz.

m

=n

1©

121
120
118
118
137
116
115

155
154
153
132
151
150
143
l48
147
146
145
144
143
142
141
140

.012
.019
.029
<043
. 059

.lo3

. 0001
+0003
+0008
.001
£ 003
-004

-009
.013
.019

.04
048
061
+082
+102

S ———
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Probabillties for §gy When m = n = 10.

TABLE A2-3

> . .
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n = 10.

Probabilities for [ when m

TABLE A2-4
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One final remark needs to be made aboub EN to the
effect that BatSchelet has mentioned tlie question of its
null distribution in his book 'Statistical Methoas for the
Analysis of Problems in Animal Orientation and Certain Bio-

logical Rhythms'(see Mardia {1972 p.204)).




APPRENDIX 3

The Exact Slopes of Quadratic Rpank Statistics

Define a quadratic xank statistic as one of the form

N N
{33.1) Ty = Il ay (R /NHL, 4/N41, Rj/N+l, 3/041) ,

1= =1
where aN(u(l),...u(dl) is a function defined for © £ u(i} <1,
i=1,...,4 and Ri is the rank of Xi when the sample Xl,...,xN

is ordered. A result about the large devlations of svch sta~
tistics can be obtained through a straightforward adaptation
of the technigues used by Woodworth (1970). This result will
now be outlined,

If a = a{u(l),...,u(4)) and b = blu{l},...,u{d)) are func~
tions defined for O < u{i) s 1, i = 1,...,4 and H = (h{x,y)
hix,y) 2 0O, j; hix,y)dx = 1 = Ii hix,y}dy}, then define the

psevdometric d by

atak) = sup{|””(a(u(l),-.»,u(4))-b(u(l),u.,uu))h(u(l)yull’))
het -

h{u(3),u{4))au(l)...aul4} |},

where the range of integration is underxstood to be {0,1) in
each case.
Suppose that ay satisfy the following two reguirements:
a)  for cach N, ay is constant over the sets {i(k} ~ 1

s Nuk) <4(k), L s L(k) s N, k= 1,.0.,4}¢

Fa




(b) there exists a function a{u{l),...,u(4)} such that
dlaysa) + 0 as N + =.

Proposition A3-1. Under conditions (aj and (b)
T(m,x) = 1nin"" log P(my = Wixy)),
Neroo
where (xN} approuches X,

- 1nf(” b log hJI ah (u(1) 1 (2))h (u(3) ,u(4))
au(l),..qu{4) 2 %, h ¢ H)

integration being over the range (U,1).

The proof of Propesition A3-1 simply involvés making the
apprepriate straightforward adjustments to the contents of
pp.251~257 of Woodworth’s article. Por example, we begin by
considering the case where ay ig a step funhction over a fixed
grid Cij * €y, where cij is the rectangla: Cij = {(u,v)

By S U Suyy Vi &v < vj) and 0 = uy < uy <. <y =1,

0 =v,<vy < ... <V =1 are constants. Then aN(u(l),A..u(A))
is arfined by ag(ull),...,u{4)) = ay3kg for (u(l),...,u(4})

€ cij * Cppr for all N. If x;?) is defined as the number of
integers o such that (Ru/N+1,o/N+1) @ cij (L= Ll,00vs2y

3= 1,...,k), then

(n3.2) oy = LT agyn xi?) xé?’-
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With Xy written in this form the arguments on pp.252-254
only reqguire alteration in regard to what Woodworth calls
the constraint.

Further detalls are omitted. I have not checked every
detail of the adaptation of Woodworth's arguments rigorously,
but I cannot see that any unmanageable problems should arise
here. Proposition A3-1 is sufficient to cover all the two-
sample guadratic forms in the rank vector introduced hy
Schach (see section 1.4}.

The almost sure limits of N_ZTN for the two-sample
quadratic statistics are easy to ohtain (see, for instance,
the arguments in Schach (1969%b)). In this connection notice

that from Proposition 3-4-1 it follows that

1 (1
man Wy - [ eweamana
o0

_ 2 A
with probability one since N an = I (SN(t))zdt (ry defined
2]
as the two-sample version of {3.3.26)). Using Fubini's
theorem this becomes
" 2n fZW 1 = "
Wl o J J 6 (vHe) § (L) db aF (u) dF (v)
o/ )
with prebabllity one.
Further discussion of these pelnts lies beyond the scope
of this thesis. The purpose of this brief account was merely
to draw the reader's attention to the fact that in principle

there are no Aifficultles to an evaluation of the exact
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slopes of quadratic forms in the two-sample rank vector.
Scehach {1969b) has discussed the approximate slopes of the
locally most powerful invariant rank tests defined by (3.3.34).
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APPENDIX 4
A NOTE ON TERMINOLOGY

The terms limiting distribution and asymptotlc distribu-

tion have both been used frequently Quring the course of

the t.esis. When the asymptotic distribution of Ty i8
referred to, then we mean that TN converges Iln distribution
to this asymptotic distribution, while if referring to

the limiting distribution of Ty some rescaling is required
2ad then the rescaled version of Ty converges in aistribution

to the limiting distribution.




Author Eplett WIR
Name of thesis Contributions To The Theory Of Two-sample Rank Tests. 1977

PUBLISHER:
University of the Witwatersrand, Johannesburg
©2013

LEGAL NOTICES:

Copyright Notice: All materials on the University of the Witwatersrand, Johannesburg Library website
are protected by South African copyright law and may not be distributed, transmitted, displayed, or otherwise
published in any format, without the prior written permission of the copyright owner.

Disclaimer and Terms of Use: Provided that you maintain all copyright and other notices contained therein, you
may download material (one machine readable copy and one print copy per page) for your personal and/or
educational non-commercial use only.

The University of the Witwatersrand, Johannesburg, is not responsible for any errors or omissions and excludes any
and all liability for any errors in or omissions from the information on the Library website.



