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CHAPTER &

VIOUR O wC C N

AS_A FUNCTION OF TIME

In this chapter we investigate the Generalized Inverse
Gaussian-Poisson family as a tunction of time. Special attention
is given to the rel!ations between the Inverse Gaussian-Poisson and

the Negative Binomial model.

The Generalized Inverse Gaussian-Poisson is a new distribution,
which does not have yet enough coverage in the statistical
literature. It is presented therefore in great details in Section
6.1. The derivation of other distributions from the Generalized

Inverse Gaussian-Poisson is presented as well.

6.1  The Generalized Inverse Gaussian-Poisson Family as a
Funct ¢ 14

The Generalized Inverse Gaussian-Poisson family, called for short
the GIGP, was proposed by Sichel (1971,1i97) and 1975). This is a
compound Poisson family of distributions, where the Generalized
Inverse Gaussian was used for mixing. It is an intermediate
probability law between Pearson's type III and type V

distributions and at the limits it can take on either form. The
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probability law of the Generaliz

(2 T=8/a0)” -[1-¢

2K1(a¢”TTF)

7~1 ']
e

P(A) = A

where A € (Q,0), =00 ¢ ¥ < oo,

K7 is the modified Bessel functi

Substitution of (6.1.1) into

convolution integral, to a new f

ed Inverse Gaussian is

9

]A _ a“e
A (6.1.1)
a>0, 0¢eo <1l and

on of the second kind of order v.
(6.1.1) leads, after solving the

amily of discrete compound Poisson

models:
¥ X

(v ["5t) (at.t/Z)

fix|t) = Kx+1(°t) , where (6.1.2)
K (a,/179,) x!
vt t
te
a, * a/ IF(E-1)0  , ‘t = and x =0, 1, 2,
I+(t-1)e@

and where t stands for the lengt
be considered.

we have

and T, T

h of the time period which is to

.

which denote the three paremeters for the original period.

The parameter L = 9
atl I—Ot = a/ 1-8 and
.t ) ¢}
(l—Ot)t 1-8

are also time indepencent.

The parameters 0 and .t

the tail of the distribution f(x|t).

long, whereas for @ « 0

is time invariant.

The indices

respectively characterize the length of

If @ «+ 1 the tail is very

it becomes short.
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For t = |, and by substituting o = fg— into (5.1.2) one obtains

f(x|1) in the following form:

v
[I a - Zapl px
t(x|l) = K, (@)  where (6.1.3)
_m

a,K [ a x!
¥

a>0, >0, =<y <o and x =0, 1, 2, ...

At times it may be advantageous to express this distributicn in

terms of parameters a, b and ¢ as:

I 2 187 ) "
. ) b c -
t\xla,b.c) z " Kx+a n| b™+2
Ka(bc) b™+2 x! b+
where (6.1.4)
sa=v, b=]2-2 and ¢ = Jg&§ .
B

From the Generalized Inverse Gaussian-Poisson distribution it is
possiblz to derive some standard distributions, such as the
Poisson, Negative Binomial, Logarithmic Series distributions as

well as the Inverse Gaussian-Poisson distribution.

In order to develop these distributions from the GIGP by a
limiting process it is nccessary to define some relations for the
modified Bessel function of the second kind.

For large values of 2z, i.e. z >> ! and 2z » 12 the modified
Bessel functions become:

K1(z) ™ | L t‘.'-z

22

w ~Z
R I ;; e " . (6.1.5)

+ 2 + LR
1! Bz 2! (Bz)

[ (4v%-1%)  (4+%-1%) (av2-3%)
1 +
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Y
For small values of 2z, i.e. tfor 2°/4 << n, z >0 and a large

n > 0, they become:

9 . .-
a0 P | (2 (22! (2
Kn(Z) ~ {E] - + +..4(=1)
2 1'(n-1) 2!'(n-1)(n-2) l(n—l)!l2
(6.1.6)
For n > I the dominant term is
rin)
(6.1.7)

Kn(z) w (2/2)

)
-

The modified Bessel function of the second kind is tabulated for
orders n = 0 (1) 20 and argument z = 0,1 (0,1) 20. For the
GIGP distribution one needs the numerical values of Bessel
functions of orders much higher than 20 and sometimes of an
argument larger than 2z = 20. For numerical calculations of such
functions the recurrence tormula

K, (2) = 22K (2) + K _ (2) (6.1.8)

is particularly useful.

6.1.1 ibution

It we take in (6...3) a>» v and a >> x+v and use the

approximation from (6.1.5) then we get

n - |
Kery(@) & [ oo™ and (6.1.9)
x,[J a’-2ap ] . J L ot @l (6.1.10)
2] a ~Zap

Hence (6.1.3) becomes
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(v/2+1/4) '“[“‘J“a‘ ] s
e — -
x!

F(x) [J . ""_p] (6.1.11)
a
Now we limit the two expressions of (6.1.11) to infinity:
ugy(7/2+1/4)
lim [1 - aﬁ] =1 and (6.1.12)
a0
lim a[l | | 1- B ] =p. (6.1.13)
a0 @
Hence (6.1.11) becomes
o P
f(x) = e - (6.1.14)
x!

which is a Poisson distribution.

The same result can be obtained by letting .t -+ 0 in (6.1.2).

The Negative Binomial distribution can be deveioped from the GIGP
for special conditions of parameters v and a. If in (6.1.3) we
take v > 0 and a << v we might use (6.1.7) and then

y XM rix+y)
Ky, (0) = [._a_] armadi (6.1.15)

Y orv)

xa[m]z[r_;__] — - (6.1.16)
o -20p

Substitution of (6.1.15) and (6.i.16) into (6.1.3) leads to
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* b 4
[l - -fQJ rix+s)
a

r(v) r{x+1)

P X
r'(x) = [_fﬁ ) (6.1.17)
a

-

Remembering now that @ = é_ , (6.1.17) becomes

7
Fix) » —at) T(x4Y) x (6.1.18)
r(v) ri{x+l)

which 18 a standard NBD model.

Method 2

An alternative derivation of the NBD is by mixing the Poisson with

the Gamma distribution

1-o
P(A) = -i-[ltg] AY 1 o , where (6.1.19)
r(v)

Y>>0 and 0 <@ < 1.

Substitution of (6.1.19) into (5.1.1) gives, after solving the

convolution integral, the ftollowing discrete model:
X

1
2(x)8) ® e |1 = et U L . (6.1.20)
r1) I+(t-1)0) r(x+l) |1+(t-1)e

where 0 ¢@ <1, t>0 and x =0, 1, 2, ... ,

which is the NBD model.

Finally, by using the reparameterization

te
0L ® cotenemmns where 1) < 0, < 1, the function f(x|t) from
1+(t-1)8

(6.1.20) obtains the form

y
[I-Ot] r(x+vy) X
“ . {(6.1.81)

f(x[t) =
r(v) r{x+l)
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6.1.3 Derivation of the Inverse Gaussian-Poisson distribution

The Inverse Gaussian-Poisson is derived as a special case of the

GIGP, where the parameter =~ = ~1/2.

By substitation of ¥ = -1/2 into the equation (6.1.2) and use of

the properties of the modified Besse function of the second kind

Kl/Z (ct) Z| e @ and (6.1.22)

K_, (z) = K (2), (6.1.23)

one obtains t‘(x|t) in the torm

.. X
t [at(l-at)l'z] la,n. ..]
f(x|t) = — : K
!

where x = 0,1,2,...

2(at) (6.1. 4)

%1/

This is the Tnverse Gaustcian-Poisson 168 .

The IGP can also be obtained directly frem the convolution process
in the compound Poisson, where the lnverse Gaussian is used as the
mixing distribution. This was introduced by Tweedie (1957) and a

general review was presented by Folks amd Chikara (1978).

The tfollowing characteristics of the compouvnd Peisson
distributions are discussed below: shape, mean, variance,
coefticient of variation denoted CV, coeft. cient of dispersion
denoted COD, coefficient of skewness denoted J B, coeflicient

of kurtosis denoted pz and Yule characteristic.
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6.4 iscrimi i 1¢_Functi

In order to distinguish between different types of discrete

distributions f(x), Katz (1965) introduced a useful ratio
function
F(x+l)
R(X) = w—————— , where (6.2.1)
f(x)
x=9,1,8...

The three above mentioned discrete distributions are examined with
the help of (6.2.1). At x = 0 the ratio function is used as an

indicator for the shape of non-multimodal discrete distributions.

At x = 0 the ratio function is
R(0) = LU (6.2.2)

f(0)
If R(0) < 1 then.the distribution is of a reverse J-shape type;

it R(0) = 1 then the distribution has equiprobable modes; and
if R(O) > 1 then the distribution is unimodal. (6.2.3)
6.2.1 GIGP

The ratio function of the GlGP distribution at x = 0 for any

period of length t is given by

a, 6 K (a, )
ST X . (6.2.4)
a1ap 2K (a,)
¥yt
a, e K (a, )
If t ol t ¢ 1 then the distribution is of a reverse

va(at)
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T-=hape;
at‘t“vOl(at)
if = 1 then the distribution has equiprobable
2K (a,)
y  t
modes; and
a, 8, K (a, )
it ¥ Y 5 | then the distribution is unimodal.
2K1(at)

If t w e« the GIGP distributicu is unimodal for any .

6.2.2 IGP

The ratio function of the IGP distribution at x = 0 for any period

of length t is given by

.
RIGP(0|t) = ‘ R (8.2.5)
at.t
b ¢ ¢ 1 the distribution is of a reverse J-shape;
2
.
if - = | the distribution has equiprobable modes; and
2
at.*
if ~— > 1 the distribution is unimodal.
2

If t 4 o the distribution is always unimodal.

6.2'3 m
(a) For the observational period t = 1 one finds
0, =0 and Rpn(0f1) = ve . (6.2.6)
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Using the conditions of (6.2.3) one obtains that if 0<e <1,
then 0 < vy ¢ 1 and the NBD will be reverse J-shaped.

If v > 1/6 we obtain that the NBD i unimodal.

(b) For a period of any length t, the ratio function for NBD

is
tve .
R (Olt) 2 99, 2 <e————  and (6.2.7)
NED ¢ l+(t-1)e

) § & (0|t) = ¥
0 RnBD

Using the conditions of (6.2.3) one obtains that for a large t
the distribution is reverse J-shaped if v < 1. It has

equiprobable modes it ¥ = | and is unimodal i1t ¥ > |.

6.3 Statisti LC
6.3.1 Mean
(a) GIGP

At t one has:

o (l—ot)’(atot/z) © (a,0,/2 !
pi(x]t) = Zx f(x|t) = z Kiv1e (dt)
x=0 K (a,JT50)  j=0  j! STETS
¥yt t
) a0, K1+l(at4rT_T: ) . T
z,/‘fﬁ: K,’(at./"ITO:)

By applying the definitions of oy and °t given in (6.1.2) one

obtains the tfollowing relation between the mean at any period of



- 138 -

length t and the mean at the observational period t = [:

Kﬁl(m)

W (x|t) = Ll (6.3.2)
218 K’(a4’T:F )

It we denote

K (a/1T7-0)

Mixfly « S 200 (6.3.3)
2/ 1-¢ K1(a.fF5')

then

pi(x]t) =t ui(x|l)

(b) IGP

Substitution of ¥ - -1/2 into (6.3.2) and (6.3.3) leads to

My (x|t) = o  and (6.3.4)
uix|L) = e . (6.3.5)

Therefore yi(x]t) s ¢ pi(x|l) :

(¢) NBD

Using the moment generating function of the NBD

1

My) = |1 + -2 (- ¢ (6.3.6)
1-6
one obtains the mean at t:
Wi(x|t) = 222 (6.3.7)
1-0
and for the observational period t = |
wix|l) = 2. (6.3.8)

1-8
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Hence

yi(xlt) =t pi(x|l) -

6.3.” Variance

(a) GIGP

At t the second moment around the origin is:

® 2
pé(x]t) = I x f(x|t) = (6.3.9)
x=0
‘) b 4 WS
a0 K (/1) a0 K,  (a/1°0)

+ .

4(lvct) K'(atJ I-at) ZJ"T:F: Kv(“tJ I-it)

Considering that
py(x|t) = h(x|t) - (p)x|t)]? (6.3.10)
one obtains:

2, 2 2
0,70, [K (@ /T K, (a/TFp)

¥ 4
4(1~0t) K1(dtJ I*‘t) x1(°tJ I-;t>

yz(x|t) =

a, e K  (a,/T-9,)
+ . E L 41t t . (6-3-11)
2/ I—" Kv(atJ Im‘t)

py using the detinitions of a, and ‘t given in (6.1.2) one
obtains the following relation for the variance as a function of
the parameters of the observational period a and 0:

2 o 2
el - [ ate | [Fra@/T0) K @/ T9)
. 2/ TF| | K (a/TF) K (a/T9)

+ ate v+l . (6.3.12)
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At t = | the variance is

‘2
2 K”Z(a../"r?o) K (a/T79)

)
_ a“e T+l

pyX|1) = o
4(1-0) | K (a/T°8) K (a/T70)

ae
2/ T1-8 K1(aJ’TTT)

K  (a/179)
v+1 ) (6.3.13)

+

(b) IGP

Substitution of ¥ = -1/2 into (6.3.12) and (6.3.13) and use of

the recurrence formula (6.1.8) leads to

tag(2+te-20) .
M, (x|t) = and (6.3.14)
: a(1-9)"%
ad(2-9)
po(x[1) = = . (6.3.15)
- 4(1-9)""
(e) NBD

Using the moment generating functicn (6.3.6) and the definition of

the variance (6.3.10) one obtains
te

py(x|t) = 22811+ ] and (6.3.16)
1-# 1-o
= (6.3.17)

M, (x|1) ;
2| (1-9)°
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6.3.3 Coefficients ol dispersion and variation
(a) GIGP

Substitution of (6.3.2) and (6.3.12) into (5.1.8) leads to

K ,ola/T70) K ,(a/T8)
coD(x|t) = —28_ | 1*2 . + 1. (6.3.18)
WTE K (/T ) K (a/T8)

Hence

lim COD(x|t) and

two

lim COD(x|t)
t0

n
—_—

Theretore ior t > U one has | < COD(x]t) < e, (6.3.19)

Substitution of (6.2.2) and (6.2.12) into (56.1.11) leads to

172
-1
- ) - Kv(a41337 K1+2(a41:3)lv(c4ﬂ:3)
(xlt) = -— + > -3
/T8 K7*I(GJT:7) K,+I(GJFT:7)
{(6.3.20)
Hence
g/ T K @/ T )2
lim CV(x|t) = ” -1 and  (6.3.21)
tgo K”l(a-./—l':'—)
= o0 (6.3.22)

lim CV(x|t)
t-+0

For v+i >> a/ 1-8 and for substitution of (6.1.7) into (6.3.21)

one obtains the fto'lowing result:

iim cv(x|t) = v V% . (6.3.23)
two
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(b) IGP

Substitution of vy = -1/2 into (6.2.18)
properties of the modified Bessel tunction of

given by (6,.1.8) and (6.1.23) leads to

coD(x|t) = 1 + —0
2(1-9)

lim COD(x|t) = @ and

two

lim COD(x|t) = I .

tsl

The coefficient of variation is
172
2(1-0) + to|

CVix|t) - (1-0) M4,
tae

lim cv(x|t) = (1-0) ¥ a1/* and

Lo

lim CV(x|t) = e .
tal

Hence for t >0
| 4 COD(x|t) ¢ e and

(1-0) M4 &V2 Coyix)t) <

(e) NBD

and use of the two

the second kind

(6.3.24)

(6.3.25)

(6.13.26)

Substitution of (6.3.7) and (6.3.16) into (5.1.8) ieads to

con(x|t) = 1 + 2,
1-0

lim COD(x|t) = @ and

teo

Lim COD(x|t) = 1 .

t-+0

Hence for t > 0 one has 1 < COD(xlt) < e,

(6.3.27)

(6.3.28)
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Substitution of (6.3.7) and (6.3.16) into (56.1.11) leads to

/2
CVix|t) = |— [ . ] boed (6.3.29)
t ve v
lim cV(x|t) = v /% and
towo
Lim CV(x|t) = w
t-a0
Hence for t > 0 one has
v Covx|t) < w . (6.3.30)

6.3.4 Coefficients of skewness and kurtosis

The calculation of the coefficient of skewness and kurtosis

requires the calculation of the second, the third and the fourth

central moments.

(a) GIGP

The third and the second central moments are
3

I . .
g (x[t) = (-t)3 K, g(w) ) 3K, o(w) K\ (u) . 2K
’ K_(u) K (u) K
S ) v
2
o[3K_ ., (u) K,  (u)] K_ . . (u)
. (mt)é| 2 - ";‘ -t 2l end  (8.3.31)
| K1(u) Kv(u) | K,(u)
2F l('H'Z(“) Kfﬂ(u)1 K1+l(u)
yz(xlt) = (mt) = — + Bt ————— , Where (6.3.32)
Kq(u) K,(u) ) K,(ﬂ)

u = a/ 1= and
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oo ae _ (6.3.33) |
i 51

In the limiting process the coefficient of skewness becomes

2 3
K (WK (u) - 3K (WK (WK _ ,(u) = 2K (u)
lim I Pl(x|t) . v+34 M v+l v+2 1+l )
to _ 3/2
[Kv*z(u)K’(u) K1+l(u)]

(6.3.34)
The fourth central moment pq(x|t) can be expressed only in a
very cumbersome form as a function of the modified Bessel function

of the second kind.

In the limiting process the coefticient of kurtosis pzizlf)

becomes

Lim B, (x|t) = (6.3.35)
Lo

WK (w-4K (WK (WK . (u)+6K (WK® (WK . (u)-3K*  (u)
s 144 v v+l v+3 v v+l 1+2 1+l

V4 V-4
(K, (WK (u) - Ky fw]

What we must notice is that in the limiting process when t » o

the coefficients of skewness and kurtosis of the GIGP are the same

as of the mixing distribution GIG .

(b) 1GP

The formulae for the coefficients of skewness and kurtosis are

obtained by substitution of v = -1/2 and the use of the
recurrence formula (6.1.8).

Hence

|
tim | g, (x|t) = 3/ T % and (6.3.36) |

tpo
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lim g, (x|t) = 3 + 1 (6.3.37)

|
towo ;::;;;: J .

(c) NBD

The coefficient of skewness for the NBD is given as a function

of t by
2t%0% + 3te(1-0) + (1-0)°
J pl(xlt) z 9 g a (6.3.38)
(tve) ' “ (l-e+te)

In the limiting process (6.3.38) becomes

tim [ (xjt) = 2712 (6.4.39)

too

This is the coefficient of skewness of the Gamma distribution as a
function of the parameter +~. This result was expected. As shown
in Theorem 5.1, the coefficient of skewness of the compound
Poisson approaches the coeitficient of skewness of the mixing
distribution. As proved previously, the NBD is a compound Poisson

with the mixing taken as a Gamma distribution.

Another interesting result is obtained from the limiting process
of the coetfticient of kurtosis pz(x|t)

lim B, (x|t) = 3 + 6/v , (6.3.40)
two

which is the coefficient of kurtosis of the Gamma distribution.
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6.4 '_the Coef i ot

as a Function of t

The general formulae tfor the moments around the origin for the GIG

in terms of the parameters of (6.1.4) are

Ky+i(b) i
uin) = i o)t (6.4.1)

K, (b)

Equation (5.1.15) expresses the coefficient of skewness of a
compound Poisson in terms of the central moments of the mixing
distribution. The coefticient of skewness of the compound Poisson

can be written as
3 . anad
g(t) = [p (x|t) = A 3B g whece (6.4.2)
(Bt + Ct)
- - - ’
A= y3(A). B = pz(A) and C = pl(A) ¢

The function g(t) reaches the minimum at the same point as the
function RSk(t) given in (5.1.16) because the coefficient of
skewness of the mixing distribution is constant with respect
to ¢, The minimum is reached at the point t, given by the

general solution

BC + ¢J 12AC - 23B°

t, ., = . (6.4.3)
1.é B(AC - 2B%)

For the IGP the minimum is achieved at

¢ = [i_l_i_lg_]c‘l . (6.4.4)
3

The ratio of coefficients of skewness between the IGP and the

Inverse Gaussian distributions is

. (6.4.5)

1/2 9 - 0 o
R o [pl(“lt)] 30/ 4 3er)Bt 4 (e/2)t
o By (A) 3((c/2)“t” + (cs2)t)"*
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This ratio does not depend on the parameter b. The graphs of
Figures 6.1, 6.2 and 6.3 show the behaviour of ratio (6.4.5),
From the graphs and from the theory developed in Theorem 5.1 one

finds that the ratio (6.4.5) approaches unity if t o4 o .,

In Figure 6.1 the parameters of the IGP are b =0,1 and
¢ = 0,4. The minimum is reached at t = 3.
In Figure 6.2 the parameters of the IGP are b =0, and

¢ = 0,04, The minimum is reached at t = 38.

0,1 and

In Figure 6.3 the parameters of the IGP are b

¢ = 0,004, The minimum 18 reached at t = 383.

For the GIGP distribution the expressions of the moments pi(A).

pz(A) and ”3(A) can be written as

I"H'l(b)
”i‘*’ = {bc/2) = (be/2) fl(v.b) . (6.4.6)
K_(b)
Y
2[Ky42(P) “f+1(b’ 2
Hy(A) = (be/2) - — ] = (be/2) fz(v,b) (6.4.7)
K_(b) K'(b)
v v
ana
. .
pa(A) = (bc/2)3[§1f3(b) Haez® Ha®) zngi}b)
3 K, (b) K ,(b) K (b) K, (b)
z (bc/2)3 f (v,b). (6.4.8)

Therefore the minimum point for g(t) is obtained at

fl(v.b)[fz(v.b) + 4 12f1(1.b)f3(7.b)-23f§(1.b)

tl,z B . (6.4.9)

T : =7
3be(F) (1,0)y(1,b) - 26,(n,b) |

It is diftficult to develop a simpler tformula for the minimum point

because of the dependency of g(t) on b, ¢ and v, through the
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moditied Bessel tunct.on of the second kind of order v .

In Figure 6.4 the coeftticient ot skewness ratio is presented for
the GIGP with the parameters +~ - 0, b = 0,1 and ¢ = 0,04. From
the graphical display we conclude that the minimum point is

reached at t 87.

The same solvrlion is obtaired from equation (6.4.9). The second
solution represents a point of inflexicn which is also presented

in the graph of Figure 6.4,

Conclusions

l. The tunction RSR(t) has always a point of intersection with
y = 1.

i The function has a minimum point.

3. The ftunction tends assymptotically to 1.
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modified Bessel tunction of the second kind of order v .

In Figure 6.4 the coeffticient ot skewness ratio is presented for
the GIGP with the parameters v = 0, b = 0,1 and c¢ = 0,04. From
the graphical display we conclude that the minimum point is

reached at t = 57.

The same solution is obtained from equation (6.4.9). The second
solution represents a point ot inflexion which is also  resented

in the graph of Figure 6.4,

Conclusions

X, The functiog RSk(t) has always a point of intersection with
y = 1.

2. The function has a min‘mum point.

3. The function tends assymptotically to 1.
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Figure 6.1 The coefficients of skewness ratio for the IGP
with b =0,1 and ¢ = 0,4
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The coefficients of skewness ratio for the IGP
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Figure 6.4 The coefficients of skewness ratio for the GIGP

with » =0, b=20,1 and ¢ = 0,04
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6.5 The Ratio ct _the Coefticients of Kurtosis

as_a Function of t

Equation (5.1.18) expresses the coefficient of kurtosis of the
compound Poisson in terms of the moments of the mixing
distribution. The coefficient of kurtosis for the compound
Poisson can be written as

ot? + 6at? + 7Bt? + c(3tier)

, where (6.5.1)
(Bt” + ct)®

h(t) = B, (x|t) =

A= px(A). B = pz(A). C = ui(A) and D = yq(a) .

The ftunction h(t) reaches the mivimum at the same point as the
tfunction Rx(t) given in equation (5.1.18), because the
coefficient of kurtosis of the mwmixing distribution is constant
with respect to t. The equation

h’(t) = 0 (6.5.2)
leads %o the tollowing cubic equation:
(20c-6AB)t° + (6AC-6BC-14B%)t% - 3BCt - ¢ = 0 . (6.5.3)
For the IGP distribution we obtain the following cubic equation
6(c/2)? (Le2)t? + cle-3)t? - 3(e/t - 1 = 0.

The real solution for the above cubic equation is
4(c-3)

t=U+V ~ ey wWhere
9e2 (b+2)
1/3
U= [~(v/2) . JI§274)+(u3/z7)] ,
1/3
v = [—(v/'u - J(v"’/4>+(u3/27)] .
u = (3q-92)/3 y V= (2P3‘99q+27r)/27 ’

R T e L e o it R i - T~ B RS
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. 4(c-3) . 2 ) il
p'—T——I Q‘—r—— and l"*—s—

dc(b+2) c(b+2d) dc (b+2)
The coetfticient of kurtosis ratio RK(t) for the IGP distribution
depends on both parameters b and ¢. In Figures 6.5, 6.6 and 6.7
we obtain different shapes of RK(t) tfor various values of the
parameters b and ¢. For b = 0,1 and ¢ = 0,04 the minimum point

18 achieved at t = 1175,

For e GIGP distribution it 1is necessary to solve the 1 e
equation (6.5.3). The coefficients of t will aepend, howe.

not  only on the parameters b, ¢ and v, but also on the modified
Bessel function of the second kind of order v. This fact implies
a complex expression for the real solution of the cubic equation
(8.5.3). For specitic values of the parameters b, ¢ and v one

can find a real solution to (6.5.3).

In Figure 6.8 one can see the graphical display of Rl(t) for the

GIGP distribution with the parameters b = 0,1, c = 0,04 and

vy = 0.

Conclusionr

4 The function Rk(t) has always a point of intersection with
y = 1.

2. The function has a minimum point.

3. The function tends assymptotically to 1.
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Figure 6.5

with b = 0,1l and ¢ = 0,4

The coefficient of kurtosis ratio for the IGP
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Figure 6.6 The coefficient of kurtesis ratio for the IGP
with b = 0,1 and c¢ = 0,04
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The coefficient of ku.,tosis ratio for the IGP
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Figure 6.8 The coefficient of kuritosis ratio for the GIGP

with » = 0, b= 0,1 and c¢ = 0,04
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6.6 Relations between the IGP Mod:l and the NBD Model

In this section we investigate the circumstances under which the

IGP and the NBD are very much alike.

The NBD can be derived tfrom the GIGP as discussed in Section 6.1.2

if ¥>0 and a = 0. In the following we write the NBD in terms

of the parameters k = vy and .nb <

At the observational period t =1 the probability density
tunction of NBD with the parameters 'nb and k 1is

k

(l*Ont) rix+k) x
fnb(x|l) = .+ Where (6.6.1)
rik) r(x+l)
X = 0.1.2.---. 0 S .nb S l a..- k > 0-

The probability density function of IGP with the parameters aI

and @ is

I

Jal ap /T8] (agr/2)"

where x = 0,1,2,..., 0 ¢ OI < 1 and ay > 0.

Let us assume that the first two mom nts of the NBD are equal to

the respective ones of the IL . In this case
Y - )

T

nbM2 * M2 ¢

From the definition of the coeflicient ot _.ispersion one obtains

(6.6.3)

(6.6.4)

anOD = ICOO . (6.6.5)
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Hence one gets
L 2~9]
- . “.6.b)

I—Onb 2(1—01)

This resulis in the ftollowing relation between Onb and OI:

L} 20

w = ——-—l——- , or @8, = s : (6.6.7)
nb v - @ I o + |
- I nb
Because 9] and onb must satisfy the constraints
aE 4 ] ~ -

0 ¢ ¢ Il and O ¢ onb < 1, (6.6.8)
it follows that

8. > @ . (6.6.9)

I = "nb
From the assumption (6.6.3) and from equation (6...7) one obtains
1/?

[1+0,
. . (6.6.10)

ar k l T onb

Substitution of the constraint 0 ¢ on; ¢ 1 into (5.6.10) leads
to the following inoquality:

ap 2 k . (6.6.11)
The conclusion is that under the above constraints, for .I > .nb

and 9, > k, the first two moments of the NBD and the IG? are

equal.

In what follows we show that the NBD and the IGP have different
sheves, ir spite of having the same means and variances.

For k = 0,9 and 'n = 0,985 the NBD is reverse J-shaped. The

b
respective values of the parameters for the IGP distribution, when
subjected to the constraints (6.6.7) and (6.6.19) are:

ar = 0,9 V39773 =~ 10,35 and 01 = 394/397 ~ 0,992 . For these



parameters the IGP is unimodal.

The means and the variances of the NBI' and the IGP are equal:

nbMl = #7991 and p, = gm, = 3940 .

The coefficients of variation and dispersion are consequently
equal:

anV = ICV = 1,0621 and anOD = ICOD = bb,67 .

The coefticients of sxewness of the two distributions are however
difterent:

J 31 = 2,10825 for the NBD and

J ﬁl = 3,13871 for the IGP.

The coefficients of kurtosis are also different:

pz = 9,6669 for the NBD and
B, = 19,4677 for the IGP.

The NBD and the IGP with the above parameters are presented in

Figure 6.9.

From the graphica  .splay one could expect that the coefficient
of skewness of the NBD will be higher than the coefficient of
skewness of the IGP. The above calculations show however that the
coefficient of skewness of the IGP is higher. This is explained
by the fact that in the far tail the probabiiities of the IGP are

higher than the probabilities of the NBD.
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The NBD and the IGP with equal means and variances
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The next tactor under investigation is the shape of the
distributions. As mentioned in Section 6.2 this is done with the

help of the rutio ftunction.

For the NBD model the distribution is ol a reverse J-shape type if

= 5.8.12
R, (O = ke < 1. (6.6.12)

For 0 < k < 1 the NBD is always reverse J-shaped.

For the IGF model the distribution is of a reverse J-shnape type if

o o

i l .

A
-

(6.6.13)

Substitution of (6.6.7) and (6.6.9) into (6.6.13) leads to the

following inequality:

ke,
¢ 1 . (6.6.14)
-0,
Because 0 ¢ ‘nb 12 it follows that
0ge,¢<2(JZ - 1) and (6.6.15)
ap <JSZT 41 (6.6.16)

From the above results we conclude that both the IGP and thes NBD
models are of a reverse J-shape and have the first two moments
equal, 1f their parameters satisfy the following conditions:

0¢ o ¢ 2/2 -1),

ap ST+ 1,

o < WV,

k <1 and (6.6.17)
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20 1l + 0 /2
o, - —t a = k [._ nb ] (6.6.18)
+ -
Onb ! 1 0nb

If we take tor example k = 1/2 and ’n = |1/2 for the NBD model

b
and apply (6.6.1i8) we obtain the following parameters for the IGP
mode | :

" <G -1/2 , .I = 2/3 and a, = JJ /2.

In Table 6.1 the NBD and IGP models are presented as a function of

the above parameters at t = |,

Table 6.1 The NBD model with parameters k(l) = 1/2 and
® Onb(l) = 1/2 and the IGP model with parameters

(1) = =172, OI(l) = 2/3 and aI(l) = J3/2

at t = 1.
X fnb(x|l) fl(xll)
0 0,707 0,693
1 0,177 0,200
2 0, 066 ‘ 0,060
S 0,028 0,024
4 0,012 0,010

If t increases then the constraints on the parameters in
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(6.6.17) are not satistied anymore and the differences between the

two probability laws increases as tabulated in Table 6.2.

Table 6.2 The NBD model with parameters k(2) = 1/2 and

Onb(Z) = 2/3 and the IGP model with parame'ers
14(2) = -1/2, 0,(2) = 4/5 and a,(2) = JS5/2
at t = 2.

X fnb(x|2) .‘_x|2)

0 0,577 0,539

1 0,192 0.241

2 0,096 0,102

3 0,063 0,049

4 0,010 0,026

As  shown in Table 6.3, there are big differences between the two

models when t

increases. One could expect these differences

because the parameters Onb(3). 01(3) and aI(S) do not satisty

the constraints (6.6.17).
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Table 6.3 The NBD model with parameters k(3) = 1/2 and
onb(3) = 3/4 and the IGP model with parameters

1(8) = -1/2, v (3) = 6/7 and a (3) = Jl/2

at t = 3.

T
X fnb(xl3) fl(x|3)
0 0,500 0,439
1 0, 188 v,249
2 0,106 0,124
3 0,066 0,065
4 0,043 0,039

Leama *. 1

For very small values of @ the NBD and the IGP models are very

much alike.

Proof

In order to ensure that the distributions are very close to each
other one must look at th- equality of

(a) their probabilities at x = 0 ,

(b) their ratio functions at x = 0 and

(c) their first two moments.
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The tollowing conditions must be therefore satisfied

fnb(Ull) fx(0|l). (6.6.19)
Rnb(ﬂll) RI(U|I), (6.6.20)
Ml C M) and (6.6.21)

nbMy © IHZ . (6.6.22)

From the equality of the NBD and the IGP probabilities at x =0

one obtains:

(1-0 )k = exp [~a, (1- S T8, )] . (6.6.23)
nb 1 1

In (6.6.23) we substitute the expressions for aI and sI from

(6.6.18), which were obtained undec the constraint of equality of

the means and the variances of the IGP and the NBD. This leads

to:

k ( * nb
(1-8_, ) = exp -kl —_— = 1] . (6.6.24)

nb
1-6
nb
k

Using McLaurin series (l-orb) is expanded to:

k k(k-1) ) k(k-1)(k-2) 3
U=0y,) =1 -koy, + Py %nb ~ 30 O * e

(6.6.25)

+
and exp [—k [ l___lﬁl. <~l]] is expanded to:
1-9
nb
+0 k(k=-2)
exp [~k -——22— -1 =1 - ke b t — Ozb - ... (6.6,26)
1-e n 21 n
n

The condition (6.6.19) is satistie’ sall values of .nb'

Also the condition (6.6.21) is sat:.

ke
nb . ¢
k.nb & ——_— (6.6-27)
l—.nb
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Hence | & e exists only if ‘nb is very small.

This result was expected, because when 6 is very small we deal
with distributions which have short tails. In Section 6.1.1 it
was proved that when # + 0 the GIGP tends to Poisson
distribution. The Poisson distribution is known for its short
tail. The NBD and the IGP are both special cases of the GIGP and
when ¢ becomes very small the distributions have very short
tails. Most of the weight is therefore concentrated in the first

cells, causing them to be very much alike.

lﬂ-. :- c:

1t nbpi(x[l) = Ipi(x|l) and (6.5.28)

nbpz(xll) = Ipz( x[l) , fm (6.6.29)
Y %

a;,  k |—2_  and o, - e S (6.6.30)

I = -0 & 0 .+

nb nb

then

a1 (X)) = i (x|t) ana (6.6.31)

anZ(xlt) N nb”2<x|t) !
Proof

From Lemma 5.2 we obtain that

npH1 (X8 =t i (x]1)  and (6.6.32)
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Ipi(xlt) =t Iy;(x|l)

Because (6.6.28) is satisfied under the conditions

tfollows that
’ - ’
oM (XY= e (x|t)
From Lemma 5.7 we obtain also that

nbMy (X[t) = t7 ppMe (X[ 1) = tt=1) i (xjl)  ard

~

(X[ =t u (x| 1) =t 1)

it

Because (6.6.28) and (6.6.29) are satistied under the conditions

(6.6.30) 1t follows that

P (XIE) =, (x|t)
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