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Lecture 9 - Question 1

Objective: The students will be able to compare the arithmetic computa­
tion involved in evaluating nCxp3tqn X when:
(i) n is small (<25) and p=0,5
(ii) n is large (>25) and p-0,1.
Question: Consider a binomial distribution where n=3 and p=0,5. We would
use the term C^p q in order to determine the probability of 2 successes
occui ng. Calculate the value of 3C2p2q'L without using binomial tables.

Validity; 5/5
+29 Instruction: After a brief introduction the students are told that it is

difficult to compute binomial probabilities for large values of n. In case
they had not realized this, they are to be asked two questions to illustrate 
this point,
Result: 42% (71%) answered the question correctly.
Analysis: Although the result shows a high vairation between groups 1 and
2, it was still considered disappointing. The objective is for the students 
to compare the computation involved in this question with that in question 2„ 

The computation involved in this question is very elementary and the 
students had been involved in many similar computations prior to this lec 
ture, yet about 60% (30%) failed to compute the answer.

The point o : difficulty was probably not the computation itself, but 
the fact that some students did not have immediate recall of the required 
formula. Thus it was decided to provide them with the formula immediately 

+83 after the question was asked.
Result: 93% answered correctly,
Conclusioni This result supports the analysis that some students did not 
have immediate recall of the required formula and that the point of diffi­
culty was not in the computation. The number of correct answers is now 
extremely high and the instructional sequence is now considered most satis- 
far 'ty.

I
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Lecture 6 - Question 5

ux e"uObjective: Given the formula for a Poisson distribution (— ^ — ) and
the values of y and x, the students must be able to evaluate the formula, 
using, a calculator.
Question: Consider a Poisson probability distribution where U=l,3. The
formula for a Poisson distribution is P(X=x) = —  • Use your calcu­
lator to find the ptoh+biliLy that X will be equal to 3.
Validity: 5/5
Instruction: The students are shown how the graph of the Poisson distri­
bution varies for different values of y. They are then shown how we ob­
tain probability values from the Poisson formula by substituting the values 
of y and x into the formula.
Result: 17% (30%) answered the question correctly.
Analysis: The stvdents have to perform two sets of behaviours or skills
in order to answer this question. The first requires that they substi­
tute the values of y and X into the formula correctly. The second requires 
that they can evaluate the formula using their calculators. This second 
skill is the objective reflected in this question.

It was decided to perform the first skill for the students; that of 
substituting the values of y and x into the formula.
Result: 40% answered the question correctly.
Conclusion: The improvement made to the instruction did not have much in­
fluence on the results. Thus the problem area lies in the second skill: 
the evaluation of the formula using a calculator, burthet improvements to 
the instruction should include a detailed explanation of how to use the cal 
culator in the evaluation of this formula.

M.'.
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Lecture 6 - Question 6

. . . UX e_V1Objective: Given the formula for a Poisson distribution — ) and
the values of y and x, the students must be able to evaluate the formula,
using a calculator.
Question; Consider a Poisson probability distribution where y=2,5. The 
probability that X=6 can be found from the expression . Use
your calculator to evaluate this expression correct to 4 decimal places. 
Validity: 5/5
Instruction: The students are shown how to use Poisson probability tables, 
it is pointed out to them that some values of y are not tabulated and in 
these cases the calculator should be used to evaluate the required proba­
bility.
Result: 28% (25%) answered the question correctly.
Analysis: No further instruction has been given to the students regarding
the evaluation of the formula using the calculator. Thus the result ob­
tained here should reflect a similar percentage as that for question 5.
This is the case.

Thus tha change made to the instruction for question 5 should also 
apply here.
Result: 55% answered the question correctly.
Conclusion: Although there is quite an improvement the result is still
unsatisfactory and the suggestions made in the conclusion of question 5 for 
further improvements also apply here.
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Lecture 6 - M^0 Question 7

Objective: Given the mean y for a Poisson distribution, the students
will be able to find the probability of a certain number of events oc- 
curing, with the aid of Poisson distribution tables.
Question: Consider a Poisson distribution where y=3. Use your tables
to find the probability that X=2.
Validity: 5/5
Instruction: An application of the Poisson distribution to a real situa­
tion is illustrated for the Students. The situation is in fact described 
by a binomial distribution but the Poisson distribution can be used as a 
very good approximation. The reason for this is explained to the students 
by means of two graphs. A few questions are then asked and answered for 
the student, based on this real situation. They are then asked a similar 
question.
Result: 65% (83%) answered correctly.
Analysis: The score obtained for this question by group 1 is very close
to the acceptance level. Coupled to this is the belief that earlier parts 
of the instruction in this lecture have been improved. Therefore it was 
decided to leava this instructional sequence unchanged,
Result; 81% answered correctly.
Conclusion: As both groups 2 and 3 scored above the level of acceptance
it would seem that the instruction was satisfactory and the decision to 
leave the sequence unchanged is vindicated.
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Lecture 6 - M^Q Question 8

Objective: Given the mean y for a Poisscn distribution the students
will be able to find the probability of a certain number of events oc- 
curing, with the aid of c’oisson distribution tables.

*676 Question: Consider a Poisson distribution where y=3. Use your tables
to find the probability that XS2.
Validity: 5/5

+618 instruction: The students are presented with a problem relating to the
Poisson distribution. A question is then answered on this problem as an 
illustration for the students before a similar question is asked for the 
students to solve.
Result: 17% (43%) answered the question correctly.
Analysis; Question 7 is very similar to this question and 65% (83%) of 
the answers were correct. On closer examination it is seen that the dif­
ference between the two questions is that only one value of the random 
variable X is involved in question 7, and its value is quite obvious.

In question 8, several values of X are involved and they are probably 
more difficult to identify, The objective is concerned with the student 
being able to find probabilities for certain values of X with the aid of 
the Poisson tables. Identifying the values of X is not part of the objec­
tive (this was covered in previous lectures).

This the values of X involved are revealed for the students immediately 
+713 after the question is asked.

Result: 76% answered correctly.
Conclusion: The problem area in the instruction was correctly identified
and this result now falls within the acceptance level.
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Lecture 6 - Question. 9_

Objective: Students will be able to solve basic p r o b l e m s  related to
p r a c t ic a l  s i tu a t io n s  by a p p ly in g  the  Poisson p r o b a b i l i t y  d is t r ib u t io n .  

Q uestion : Say th a t  the average number o f  customers who appear a t  a

bank t e l l e r ' s  window is  one per m inu te . Use the  Poisson d is t r ib u t io n

where y-1 to find the p ro b a b i l i t y  of 4 or more customers arriving at the 
teller's window in any particular minute.
Validity: 5/5 ,
I n s t r u c t io n : The s tuden ts  are g ive n  a problem  re la te d  to  a p r a c t ic a l

s i tu a t io n .  A q u e s tio n  on th is  problem  is  then  answered f o r  the  s tu d e n ts .

They are then naked a similar question.
Result: 21% (54%) answered the question correctly
Analysis: It was f e l t  th a t the in s t r u c t io n  was adequate b u t the result

was below the acceptance level.
There are five instructional changes in th is  lecture up to this point.

I f  these changes are e f fe c t iv e  the  s tuden ts  w i l l  have a b e t te r  unders tand -

ing of the content and should do better in th is  question.
It was decided to leave the instruction unchanged.

Result: 62% answered correctly.
C on c lus ion : The a n a ly s is  appears to  be p a r t i a l l y  c o r re c t as an im prove- ^

ment d id  a r is e .  However the  r e s u lt  is  s t i l l  u n s a t is fa c to ry  and in s t r u c t io n a l

changes must be made.
The gap between the problem which was answered f o r  the students an ^

the one which they were required to answer may be too large. The narrowing 
of this gap might result in an improvement.



Appendix III

Transcripts of the Television Lectures

Transcripts of the six television lectures which were produced for this 
study are given in this appendix. Italics are used in the transcripts 
to indicate the parts of the original six lectures which were updated 
or changed. Thus one script in effect covers two lectures: the ori­
ginal and the updated lecture. Reference points which refer to the 
video cassette tapes are indicated by means of asterisks (*) for the 
original tapes and pluses (+) for the updated tapes.

These transcripts should be used in conjunction with the video tapes 
as they are transcribed verbatim and therefore will probably be diffi­
cult to follow on their own. When questions are asked on the video­
tapes, a pause of 30-60 seconds usually follows. This is indicated in
the scripts by means of a gap.
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MgS: Probability Distributions

This is the first of a series of lectures where the format is 
going to be slightly different. What is going to happen is that af­
ter every few minutes (or so) of lecturing, you will be asked a very 
simple question on the work which has just been covered beforehand. I 
sugges*' you try and answer this question just to make sure that you 
are following the thread of the argument or the actual subject matter 
which is being presented in the lecture.

Up to now we have discussed the idea of a random event in proba­
bility and we considered the addition and multiplication rules which 
govern the probability of a random event occuring. We later went on 
to consider what we called 'probability generating functions' and we 
saw how they generated the probability of different random events 
occuring.

Having said all that I think we will move onto our first question. 
This refurs to a bit of revision as to what we mean by random events. 
This is question one. We indicate that by a question mark, zero one 
(?0), and the question reads as follows: We spin a coin once and what
i'd like to ask you is, how many random events are there in this si­
tuation or in this experiment when a. coin is spun once? Remember that 
random events are sometimes refered to as sample points. I could 
really ask you, b^w many random events or sample points do we have 
when we spin a coin once? Just put down the number for the answers.

Let's go directly from question one to question two, again re- 
fering to random events. Question two reads as follows: We have a
die which is thrown once, The question now will be, how many random 
events are there in this situation when we throw a die once? Again, 
just put down a number for the answer.
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We will go directly from question two to question three which 
again concerns random events and again concerns something which we 
have considered before in probability; not spinning a coin or throw­
ing a die, but drawing a card from a pack of cards. We have a pack 
of cards, four suits, with thirteen cards in each suit. We suffle 
them well and draw one card from the pack. In this experiment, what 
I would like to know is, how many sample points or random events are 
there in this situation? Again, just write down the number.

Now we are going to discuss a very closely related concept to 
random events, namely random variables. As you should know, a vari­
able is a symbol such as X which is used to stand for any one of a 
set of values. Now a random variable will take on values of particu­
lar random events in any experiment. These values are determined only 
by chance.factors. Let's take an example to consider this idea of a 
random variable more closely.

Say a com is spun twice. If X designates the number of heads 
when spinning a coin twice, X will have the values of nought, one or 
two. When we spin a coin twice and X is equal to the number of heads 
we obtain, we could obtain no heads, or one head, or of course two 
heads from spinning a coin twice. So the random variable X in this 
case (if we define it as equal to the number of heads in our experi­
ment) can take on three possible values, namely nought, one or two,

Bearing all this in mind, let's proceed to the next question, 
which will be question four. Say we are considering an experiment 
where we spin a coin four times. We define our random Variable X to 
be equal to the number of heads we obtain when spinning a coin four 
times. Our random variable X can take on different values. The ques­
tion I want to ask here is, what is the maximum value that X can have 
in this situation? Write down a number as the answer.
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+258 Put down a heading in the first column, S.S., which refe to the 

sample space. Nuxt to that we will have a column which will give the 
value that the. random variable X will take on and in a third column 
we will put down the probability of X actually taking on that parti­
cular value.

The first event we considered was a head followed by a head. We 
will indicate that in the sample space as H.H. The random variable X 
will then have a value of two, and the probability of that value oc- 
curmg is one in four, because that is one sample point (or random 
event) out of a total of four.

*272
+271 We can list the next Point in our sample space (a head followed 

by a tail) as H.T. The value of the random variable X will then be 
one and its probability of occurrence, I have left for a while, be­
cause the random variable X has the value one for another event: 
namely a tail followed by a head i.e. T.H. Both of those events ge­
nerate a X value of one. The probability of X taking on the value 
one is two in four or one-half. I've grouped those two together as 
vou see there on the screen.

Finally, the last point on our sample space is tail followed by 
taxi, oi T.T. The value of our random variable X will then be zero 
and the corresponding probability of that value of the random vari­
able X occuring, P(X), will be one in four once again.

A point to note here is that we have considered all the points in 
the sample space, Therefore we have considered all possible values 
of our random variable X and therefore all those probabilities of 
those values of X cccuring must add up to a total of one. You see 

*295 that C0 be the caS6 on the right-hand bottom of your screen.
+272 ( The same sa,nPle space could be written in a different manner, Let's 

indicate it as follows: we start off at some point in space by indi­
cating a dot and you spin a coin once, Therefore there are two pos­
sible outcomes, a head or a tail. We draw a line upwards and indi­
cate at the end of it a H (indicating the result of the head occuring) 
and a line downwards with a T (indicating the results of a tail oc­
curing) . You can see it indicated on your screen now.

That is when you spin a coin once. Now you could spin a coin a 
second time and again you obtain a head or a tail, This sample space 
now grows. We go up to the top point, namely the H, and we go upwards 
agaxn to the one possible outcome, namely H, or we could have obtained
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a tail, so we go downwards to a tail. That is the one route. What 
if we had obtained a tail on the first spin? The second spin would 
have yielded a head or a tail as well, so we could go up to the H or 
down to the T.

If we had a look at the top line of the screen and reading it from
left to right, you will read H followed by H. That is the one random
event in our total sample space, head followed by head; or we will get 
a head followed by a tail - that is another random event or sample 
point. Going downwards we get a tail followed by a head or a tail 
followed by a tail. Reading that from left to right you will obtain 
your possible outcomes. If you add the ends of the lines you will 
get a total of four random events in your sample space.

This type of diagram is usually refered to as a 'probabiliuy tree'.
I think the reason for that is quite obvious. It grows or branches 
out like the branches of a tree, except that we draw it on its side 
and not from bottom to top, as it is usually much easier to draw from
left to right than from bottom to top.

Bearing this type of diagram in mind let's proceed to the next ques­
tion which is question six. We consider a situation where we spin a
coin three times. We define the random variable X to be equal to the
number of heads we obtain when spinning a coin three times. The ques­
tion I'd like to ask is: What is the probability of X taking on the
value of two for this particular situation?

Now you might be etniggling a little bit to try and solve that, so 
let me give you a bit of help on the board. I have put up the diagram 
which you saw a little earlieri the probability of, or the experi­

ment when, you spin a coin twice; so we start at some pr it in space 
whei'e we ger a head or tail in the first spin. This sort of line in 
the tree or this growth point in the tree corresponds to one spin of 
the coin. Ms then generated a head or a tail in the second spin via 
that route, or a head or tail via this route. Let’s say the growth 
point indicating 2 spins of the coin, represents possible outcomes.
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the basis of the idea of a random event we can now proceed to 
the concept of probability as a function. You might well ask, 
a function? Well, you should have been introduced to the con- 
functions and relations at school. I'm going to review briefly 

the concept of a function so that we can go on to talk about probabili­
ty as a function.

You should recall that a function is a special type of relation.
I think we will indicate this by putting up a mapping where we have a 
domain and a range. We will choose values in the domain, say, one, 
three and four and values in the range of say, nine, eleven and twelve. 
We have a relation between the domain and the range where one is mapped 
onto nine, three is mapped onto eleven and four is mapped onto twelve. 
Some relation exists between the numbers one, three, four and the cor 
responding numbers, nine, eleven, twelve.

That mapping that you see there is a special type of mapping in 
that for evety value in the domain there is one and only one corres­
ponding value in the range. Not more that one value in the domain can 
have the same value in the range. In this case, this certainly does 
not happen. When we have that sort of special relation, we have one 
definition of a function. You will probably recall this from your
school mathematics.

The probability of an event can be considered a function because 
corresponding to each distinct, possible value of the random variable X, 
there is one and only one real number (which will be between nought and 
one inclusive), called its probability. If we were to draw a similar 
mapping for the probability of an event we would get the following:

For the domain, we would have a random variable X and its possible 
values from to x^. On the right-hand side where we have the range,
we now put the probability of X occuring. We have F(x^), PCxg) down 
to the probability of the random variable X taking on the value x^.
The two (the domain and range) are connected by a certain relation - a 
very special type of relation which is a function, Let's have a look 
at this more closely. The value x^ has a corresponding probability of 
occurence, P(x1). Similarly, the value x% has a corresponding proba­
bility of occurence P(x2). Now x^ cannot have a probability of oc­
curence P(x1) and P(x9). One event cannot have more than one proba­
bility of occurence. Therefore we will never have one value in the 
domain mapped to two values in the range which is, as I said before,

«■
discuss 
what is 
cept of
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+518 where a eoir, was spun three times.

+526 %  are n e x r go ing  co co n s id e r the types o f  p r o b a b i l i t y  d is t r ib u ­

t io n s .  There a re  two typ es , namely d is c re te  and continuous p ro b a b i l i t y  

d is t r ib u t io n s .  I'd now like to point out to you the e s s e n tia l dif- 
fe rences between the two. We w i l l  do th is  by s e t t in g  up a ta b le . On 

the  le f t -h a n d  s id e  we w i l l  p u t down e v e ry th in g  p e r ta in in g  to  d is c re te  

p ro b a b i l i t y  distributions and on the r ig h t-h a n d  s ide  everything per­
taining to continuous p r o b a b i l i t y  d is t r ib u t io n s .

Firstly, the random variable involved with a discrete p r o b a b i l i t y  

d is t r ib u t io n  i ,  re fe re d  to  „s  .  d is c re te  random v a r ia b le .  I 'v e  abbre­

v ia te d  i t  here  as D.R.V. In the  same . a , ,  ,  . v a r ia b le  in v o lv e d

in  a con tinuous p r o b a b i l i t y  d is t r ib u t io n  is  a continuous random v a r i -  

A5ll able or C,R'V< as 1 have indicated it here.
+539 Probability distributions which are associated with discrete ran­

dom variables are refered to as probability functions. Probability 
distributions involving continuous random variables are refered to as 
probability density functions. What is the essential difference be­
tween the two? The easiest way to explain it is in a very simple and 
uncomplicated manner which gives you the general Idea of the difference 
between discreteness and continuity.

Discrete distributions involve discrete random variables with dls- 
c re te  v a lu e s . By th a t  I  mean, they have p a r t ic u la r  va lu e s . There is  

a measureable space between the  one va lu e  and the n e x t. We cou ld  in -  

dicate this by a dotted line as you see on the screen. Examples of 
th is  a re  In te g e rs , one, two, th re e , e tc . and the re  are measureable 

d is ta n c e s  between any two in te g e rs ;  they are exact values.
Continuous probability distributions (or p ro b a b i l i t y  d e n s ity  func- 

t io n s )  in v o lv e  continuous random v a r ia b le s  where there  is  such a sm a ll 

d is ta n c e  beWeeu two p o in ts ,  th a t  the  d is ta n c e  is  imrneaauteable. There 

is  an in f in i te s a b le  d is ta n c e  between the one p o in t  and the n e x t. We 

can never d is t in g u is h  the one from the n e x t. If we had to plot these 

v a lu e s , they would be so c lose  to g e th e r th a t they  would form  a s t r a ig h t



line. This is the concept of continuity explained in a very basic 
manner against the concept of discreteness.

+562 In ordel t0 ^rthar illustrate the difference between discreteness
and continuity and their corresponding distributions, we will look at
a graph of a discrete probability distribution and then of a continuous 
probability distribution.

First of all then, the graph of a probability function (that's 
the discrete case). There we have our random variable X. In this 
case it can take on values of nought, one or two. The graph I have 
drawn here refers to the experiment where we spin a coin twice. On the 
Y-axis you can see f(x), the probability of occurence. For X having 
the value of nought it is one-quarter; for X having the value of one 
i t  I s  o n e -h a lf and fo r  X having  the  va lu e  o f  two i t  is  o ne -q u a rte r aga in . 

Notice that this looks like a bar chart - it re fe rs  to discrete values 
of X; nought or one or two.

*549
+_?g B e fore  we lo o k  a t  the  graph o f  a continuous random v a r ia b le  (o r

a p r o b a b i l i t y  d e n s ity  function) let us move onto the next question which 
will be question nine. Say we are c o n s id e r in g  a s itu a t io n  where we 
r e fe r  to  a p ro b a b i l i t y  fu n c t io n . I f  we are  re fe r in g  to  a p ro b a b i l i t y  

function, what will our random variable be? W il l  it be discrete or 
w i l l  i t  be continuous? W rite  down one o f those two words as your answer.

*563
+5gg We w i l l  now have a lo o k  a t  the graph o f  a p r o b a b i l i t y  d e n s ity  fu n c - 

t io n .  If you can imagine the va lues of the random variable X in the 
p re v io u s  graph g e tt in g  c lo s e r  and c lo s e r  to g e th e r u n t i l  you cannot d is -  

tinguish the one value from  the next then we would not be able to d is -  

tm g u is h  the one l in e  o f  the  bar c h a r t from  the  next i f  we had to  graph 

th ese  va lu e s . You would ge t a co m p le te ly  shaded area as you see on the 

screen  now. We would be ab le  tc  de te rm ine  the  shape o f the d is t r ib u t io n  

from  the  boundary l in e  o f  the shaded a re a . T h is  would t e l l  you th a t  some 

m id d le  va lue  o f the random v a r ia b le  X on the X -a x is  has a g re a te r p ro ­

b a b i l i t y  o f  occurence (because th a t i s  where the  peak occurs) than va­

lu e s  o f  the (con tinuous) random v a r ia b le  to  the r ig h t  o r  l e f t  o f  the  

m id d le . A continuous p ro b a b i l i t y  d is t r ib u t io n  o r  a p ro b a b i l i t y  d e n s ity

fu n c t io n  o fte n  h -s  a shape which looks  something l i k e  th a t when we draw
a graph.
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Bearing the concept of continuity in mind (where we cannot dis- 
Ringuish between one value of X and the next, because they are so 
close together) let us proceed to the next question. This is question 
ign. We are considered a probability density function. The question 
is: Is this a feasible statement to make: P(X=2)=0,2? The answer
will simply be yes or no.

That is  the f i n a l  q u e s tio n  f o r  th is  le c tu re .  What we have done is

to give you a brief introduction to random variables and their corres­
ponding probability distributions. In the next two lectures we will 
co ns ide r some o f  the  p ro p e rt ie s  o f  p ro b a b i l i t y  d is t r ib u t io n s .  (Answers 
to the questionsset in this lecture will now follow .)

*597-636
+621-658 ANSWERS TO QUESTIONS
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+09 M36: Expected Value of a Ramdom Variable

la this lecture we look at one of the properties of probability 
distributions, namely its mean, or as we called it in the title of this 
lecture, the expected value of a random variable. What we really do 
here is to start to link together descriptive statistics and probabili­
ty theory and this is eventually going to lead us to what we refer to 
as 'statistical inference1, and that is where we actually make deci- 

*49 S*"0nS based on samPle data which we have collected,
+45 Before we go on to actually start looking at the mean or the ex­

pected value of a probability distribution, there are two fundamental 
concepts which you must have very clear ideas of in the subject of sta­
tistics, and they are what we call the 'sample and the population '.

Now in order for you to get some very clear ideas of this let's 
put down these two concepts in two different columns: the sample and
the population. Underneath that put down some of the essential dif­
ferences between the two.

First of all, starting off with the sample, I think you probably 
all realise that when we collect a sample of data or a sample of obser­
vations, we mean that the number of observations is of course finite
or countable; n, the number of observations or pieces of data that you 
have collected will always be finite in a sample. However, in statis­
tics when we refer to a population, we usually mean that the amount of 
data you have is almost infinite. In other words, the number of ob­
servations n, tends towards infinity, as you see indicated on the 
screen; n tends towards infinity with a population. We can usually 
not count the number of sets of data in a population.

+31 If y°u tHnk back to your descriptive statistics, were we ac­
tually described a sample of data as best we could, where we found
measures of central tendency and measures of dispersion, the measure
of central tendency which we spent most time on was the mean, and the
symbol we p-.ve to it was x bar (x), which of course describes how the
data in a sample clusters arouna one particular value, or tends to­
wards a central value,

The symbol we use for the mean of the population is not x, but 
the gteek letter mu (y) and we read it as we write it there, mu, and 
the symbol itself is as you see it on the screen now (y).
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Then the measure of dispersion which we spent most time with +101 , , r when we described sample data, which gave us of course a measure of
how the different values are dispersed or scattered about the mean,
was the standard deviation. The symbol we used there was capital S
and we sometimes put a subscript to that, depending on whether the data
was x, y or z data; in this case usually it is x, so we see it as S
subscript x (S^).

The corresponding symbol we use for the population's standard de­
viation is once again a greek symbol or letter which is sigma (d) and 
it appears as you see on the screen now. Some of you might be a little 
confused at this because you have already met the greekletter sigma 
which did not look like that and which meant 'add together' or 'find 
the sum of.' Well that also is the greek letter sigma but it is the 
capital case of the greek letter sigma; an M on its side, as it were. 
This is the small case of the greek letter sigma, which refers to the 
standard deviation of a population.

*■^7 You will find that all our parameters which describe a population
we usually give greek symbols to or greek letters.

Bearing all this in mind now, let's proceed to the first question 
for this lecture. This will be question number one: Say we are re-
fering to a population. Then the mean of the population is described 
by the following greek letter as you see on the screen. The question, 
is, very simply! What is “* name of this greek letter? Just put 
down the word for the anr .

We go from question one directly on to question two which is a- 
nother very straightforward question. In question two we are again 
considering a population and one of the parameters of a population is 
described by the greek letter sigma. The question here is: What does
sigma represent? What parameter of the population does the greek 

+158 ^etter s:'i8ma represent?
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We will leave question two there, and what we are now going to do 
for the rest of this lecture is to examine how to find the mean of a 
population. We will start off by reviewing how we actually found the 
mean of a sample.

If you recall from your descriptive statistics we defined the mean, 
x, to be the sum of all the x values, divided by n: the simple average.
Sigma (E) x^ over n. By the way, there you see the capital case of the 
greek letter sigma. Sigma x^ means add all the x values together, di­
vide by n, and we obtain x. However, as often occurred our data was 
arranged in frequencies. In other words a particular value of x occurred 
several times and then instead of multiplying all these out we just 
changed our definition of x (which come to the same thing basically) to 
be x being equal to sigma of x^ multiplied by the number of times that 
value of occurred. In other words times f of i (f^), all over n, 
where n is the total number of x values or x observations in our data.

Mow I am going to ask you a very simple question on how to find 
the mean x, but before we do that let me just give you a very simple 
example on the blackboard of how to find the mean x by using that bottom 
formula on the screen: x equal to sigma ax times over n .

Say we have a set of data given to us as a frequency distribution.

Me have certain values of a% with corresponding frequencies of occur­

rence, Mow I am just taking very small values: two occurs twice;

four also occurs twice. I think you can find mentally in a matter of 
seconds what the mean of that is going to be. Let me use this formulaj, 
x is equal to sigma of ax times /b  all over n, just to refresh your 
memories or help you use this. This means the sum of the product of 
these two things;, ax  times j x .  Let's write this out: the first value
of x was two multiplied by its frequency of occurence, which was two.

We multiply the two together, and add that to the next value of x which 
occurs, which was four multiplied by its frequency of occiccence which 
again is two. Divide that by n. The common mistake here is that there 
is not two values of x (there are two different values of x) but a total 
of four values of x in our sample data. Divide by n, which is four in 
this aasci and that comes out to three.

Now that I have refreshed your n ies slightly, let's go on to 
question three where we give you an example to find the mean using this 
formula. Question three will read as follows: we have data Xj. and

listed in the following way (I think you should take this down);
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the values of x are as follows: the first one is ten with frequency
of occurence three; the next value of x is four, frequency of occur­
ence three; the next value of x is six, frequency of occurrence two 
and the last value of x is nine and that only occurs once. The ques­
tion is to find x. What is x in this case?

We will leave question three there and lets have another look at 
that formula you should have been using for x. Namely that x is equal 
to sigma of x^ times f^ over n. What I'm going to do now is to re­
arrange that formula slightly in the following way: ^ write it as x 
being equal to sigma of x£ multiplied by fi over n ( ^  ). As you sec 
there I've grouped f^ over n together and that is for a special reason 
which should become apparent in a moment. Using this form of the for­
mula (it will make no difference to the final answer) let's take the 
figures from question three and just substitute in here to see that you 
actually do get the same answer as you should have obtained in question 
three. The first value of x was ten so we could have written that as 
equal to ten multiplied by the relative frequency of occurrence, (f. 
over n) is three out of a total of nine values. The next value of x 
was four. That also occurred three out of nine times, so its relative 
frequency of occurrence is three in nine. The next value of x was six 
which occurred two out of a total of nine times, so it is six times 
two-ninths and the fourth value was nine which occurred once out of nine 
times, so its relative frequency of occurrence is one in nine. The 
reason for me doing this will hopefully become apparent a little later 
because probability remember is the limiting case of the frequency of 
occurrence of the number of say, successes, in the total number of out­
comes .

That would give us thirty plus twelve plus twelve plus nine, all 
over nine and I will leave it to you to check that you obtain the same 
answer as you should have obtained for the answer to question three.
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*2,0 Sow I would like to have « ol.se, 1 « *  “
we have it coming up on the screen:

f .

5 = Exi- iT

kat's consider this more closely. Say we would no. U k .  to Hud

■ 1
0.... is „  consider . 0  „

z s m : #

i i i i i i H i H r
mean of a population.

On the next line we can write:

■p

value of X.

E(X) = Sx^.£(:.£) •
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One point that I might mention at this stage: for that formula
to apply to a population, we are talking ab- it discrete values or ran- 
dom variables because we must obtain discrete values of % to multiply 
them by their corresponding probabilities of occurrence. This wouldn t
really apply to continuous values or continuous random variables; only

discrete random variables.
This all leads us onto two more questions. The next question is

*3/'! going to be question four

+300 /fax let'e kaue another look at thia rearranged formula, namely

fiX - xr  —

Xf we wish to determine the population mean (the symbol we gave to 
dt was W  we must dittde By the denom^Mator n wWah wdll Be 
t%a oase of a populate. AnythW dtiddad By infintty will ooma out ae 
gam, far it i, really undefined;. 2%erefore that formula aa it stands 
ia not good to we at all. Ms will not Be aBle to determine the mean 
of a population when we da's dividing 2%/ an enormously large number for
n , like infinity.

Some other device must be found to determine thv population mean y .

2%, solwtidm to our proBlsm ie to ooneider the mean h as the sa-oalled 
'expected Value* of the random Variable which comes from probability 
theory. Before proceeding any fwrtiher let's see how, this actually comes

about.
I f  you recall the definition which you had for probability: ̂ it 

wow the number of successes out of the total number of owiocvmes tn a 
sample space which was lim —  .

let's just indicate that for you. On that top line we hate a
quantity which is

h
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as you see being indicated for you now. Now the definition of proba­

bility was ~~ as n tends to infinity. As you see on the following line 
we can write the mean for the population x as:

y = Ex^P(x^) .

Ne now have an expression for the mean of the population. It is a 
theoretical type of expression because we are Rising a theoretical con­

cept like probability to define the quantity jb- as n tends to infinity. 
Vhat it really means is the probability of that value of x oocuring 
times that value of x.

Then on the third line as you see shown there, the mean of a popu­

lation is usually referred to as the 'expected value of x' and we write 
it as:

E(a) = Ex^.£(x̂ ) where f(x^)

means the same as PftcJ.
A few new ideas are presented here but if you cotnpare the bottom 

line to the top line you LtVe essentially got the same things ^except 
that instead of writing —  we write f(m^) for a population as ~  is 
the definition of probability if n tends to infinity. Now 1st us go 

+367 on to question four.
question four reads as follows: w p  have an expression lim

This is an expression which you saw in some earlier work. What quantity 
*272 what concept does that mathematics expression define?

Let us once again go directly to another question i.e. question 
five which will still refer to these new definitions which you have just
received> Question five reads as follows: the mean of a population

y = E(x) ,

How do we read the expression E(X) ? We read it as the ___  value
of X, \hat is the missing word?
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Now let us go on and try an example where we in fact find the 
mean of a population using our formula we have just derived. The ex- 
ample we will consider is that of a fair die. We define our random 
variable X to be equal to the face value which shows when we throw a 
die. find the mean or expected value for this situation.

Are we dealing with a population here? We are, because for the 
probability of any one of the faces coming up of a fair die to be one 
in six means that theoretically we have to throw that die an infinite 
number of times so that the ratio of one side coming up to any other 
side is one to six. We are assuming here that we have actually thrown 
the die an infinite number of times. This is in fact a theoretical 
situation but n actually has tended towards infinity.

The first thing to do is to write down the probability distnbu- 
t. in for our experiment. We put down the values for the random vari­
able X. When throwing a die there will be six values and below that 
we write the corresponding probabilities of occurrence f(x).

Probability Distribution 

X: 1 2 3 4 5 6

We now want to find the average or mean value or expected value 
for this theoretical situation. The formula we have for the mean y is

E(X) = . SX.f(x) .

Once we have the probability distribution (as we have here) it is 
very easy matter to substitute in this expression. The first value of 
X was one; its probability of occurrence, was one sixth so we write
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*418
+446 Note here that I could have taken out a common factor of one 

sixth (it wo.'Id have saved me the trouble of writing it down six 
times). However I have left it there so that you can get the idea 
that we are multiplying every value of the random variable X by its 
corresponding probability of occurrence, one in six. This is very 
similar to our definition of the mean of a sample. However we have 
assumed that the die has been thrown an infinite number of times and 
one in six is the ratio of the number of ones occuring to all the
other values ocurring, and so on. Evaluating the expression it comes
to

21
6

= 3| ,
*428 _  ^
+456 Therefore the average, mean or expected value when we throw a

die is three and one half. You might immediately ask how one can ob­
tain a value of three-and-a-haif as there is no three-and-a-half value 
on the die. Remember that this is only an average type of value. For 
example, you might conduct a survey and find that six comma four 
people, on average, earn above a certain amount. Well, you can't get
comma four of a person. You all realise that it is simply an average
type of value as this is. The expected value that we would get when 
we throw a die is three-and-a-half; a theoretical type of figure.

Here is a question for you to try on finding the mean of a popu­
lation. This will be question six. Say a coin is spun twice and we 
assume that the spinning of the coin twice is done an infinite number 
of times so that the ratios we get eventually fix themselves as n tends 
to infinity. X, our random variable w^ define as being equal to the 

*449 nUmber °f heads involved when we spin a coin twice and we would like to 
+4,g know what the expected value of X will be for this particular experiment.

Se/oi’e you etribavk on th-ic let me hely you with an explanation on 
the boand.

PAe f ir s *  down #  p rcW iZ d ty  dMatn&w-
tion for this situation;

X: 0 1

£(x): | I
2
1
4 '
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Nous you have to find the expected value of X:

E(X) = EXf(x) ,

and from what I have done cn the board you should now find thvs answer 
quite easily.

*461 Let's now leave question six there and now go on with some more
work on the expected value of a random variable. Sometimes it happens 
that you might not always w at to find the expected value of X but the 
expected value of some function of X. Let's work through this so as 
to explain what X actually mean. The expected value of X was defined 

as

E(X) = (x) .

Now say that you would like to find, not the expected value of X, but 
the expected value of some function of X, like X2 or 3X+2 or X +4X+3, 
which might very well occur. Then we would have

E(g(x)) = Eg(x).f(x) .

Let's take a particular example. Say g(X)=X2. Then E(X2) = EX .f(x) 
*521 Let's actually do this for the case of our die. X2 is now the

square of the face values.

E(X2) - I1-i* 2 * 4  *

- e
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Note that the expected value of X was 3^ and the expected value 
is not (32) > but 15*jjr. This is something v?e will come hack to 

a little later when we look at the properties of expected values,
Now let's do an example where you actually find the expected value of 
some function of X. This will be question seven.

Once again refer hack to the situation where you spin a coin twi ■= 
(an infinite number of times). The random variable X is once again 
equal to the number of heads and we want you now to find the expected 
value, not of X, but of X2.

Most of you should be able to do this not. but I Mill give you a 
little help on the board.

Always put dawn your probability distribution first. In this ease 
the probability distribution for X2 is:

X : 0 1 4

Haw you should be able to find the eapeated value of X2 from that dis~ 
+552 tribution quite easily.

+5d2 Hopefully by now you are able to find the mean or expected value
for a population. What we will do for the rest of this lecture is to 
look at some of the properties ot operating with expected values of X 
or expected values of functions of X.

Properties of E(X)

Prom the previous two questions you should realize the first 
property I want to write down:

CE(X)]2 * E(X2) .

What is the expected value of a constant? Let us call the
*531
+576 cotlstant c*
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E(c) = Ecf('c)
= c2f(x) .

Now What is Ef(x) equal to? It is the sum of all the probabili­
ties of all the possible values of x occuring and the sum of all the 
possible probabilities in any experiment always adds up to one. So 
it is c times one which gives a • c  of c. The expected value of
a constant is simply that constant. If you think of it intuitively, 
expected value means the average value or the theoretically expected 
value whr you do something with a variable. In this case you don't 
have a variable, but a constant and it doesn't vary at all, so its 
expected value will always be its actual value, c. A property to bear 
m  mind, which we use in later lectures.

Another property: What is the expected value of a constant mul­
tiplied by a random variable?

E(cX) = E(cX).f(x)
= cZX.f(x) .

Look at the expression on the bottom line: EX.f(x). What is that
the definition of? That is the simple, straightforward definition of 
the expected value of X. The final answer will be:

c.E(X) .

Ne have shown therefore that the expected value a constant times
the random variable X is equal to the constant c multiplied by the
expected value of X. Again, something worth remembering: we can
remove the constant from inside to outside the brackets for expected 
values.

We will stop Were with these properties for the meantime. Let 
us now ask you a question which involves some of these properties we 
have looked at up to now. This will be question eight.

Say we are considering a particular situation where the expected 
value of X is equal to 4£ or 4,5. What then is the expected value of 
six. i.e. E(6X)?
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Let us now go on to a few more properties of expected values.
What is  the  expected va lu e  o f  two random v a r ia b le s  go ing  to  be equal

to? Say we have two random v a r ia b le s  X and Y. So the  expected va lue
of a sum will be:

E(X+Y) = Z[Xf(x) J Yf(y)]

* I’Xf (x) + ZYf(y)

= E(X) + E(Y) ,

*584
+628 The expected value of the sum of two random variables is the ex-

pected value of each of those random variables added together.
We w i l l  have a look  a t  one more p ro p e r ty : The expected va lu e  oi

a constant added to a co ns ta n t times a random v a r ia b le

E(a+bX) - E(a) + E(bX)

= a + bE(X) .

Another property worth noting which we might use in later lectures.
Now tor a question on these last two properties, that you've just

seen. This will be question nine. gay we are considering a sltuatio:
*600 °nCe again Where the exPected V'lue of X2 is 3 (E(X2)=3).
+646 What then will be:

4 + 2E(XZ) ?

e s now go directly to question ten which is very similar, bu 
arranged in  a d i f f e r e n t  manner. Q uestion  te n  then w i l l  be concerned
with the s&tne situation, whets

E(X2) *> 3

What is E(4+2X2)?
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*618 This is the iagt question of this lecture. In the next lecture
we will go on to look at another property of populations or rather 
random variables, and that will be the variance of a random variable. 
Until then, thanks very much, "he answers for the questions will 
come up now so you can check your answers.

+667

*633-671
+676-712

ANSWERS TO QUESTIONS.
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In the previous lecture attention was focused on ways of calcu­
lating the mean U of a population. If you recall, we defined y to be 
the expected value of a random variable X, In this lecture we are
going to focus attention on the variance and therefore of course,stan­
dard deviation of a population.

We will start off the lecture by once again considering the essen­
tial differences between a sample and a population. Once again, by 
putting the two headings down and listing the differences beneath them 
we see that n is finite, whereas for a population, n tends towards in­
finity. The symbol we used for the mean of a sample was x; the sym­
bol we used for the mean of a population was the grt»k symbol y. The 
standard deviation was S and that was a measure of dispersion: it gaye
us some indication of how the data Was spread about the mean x. Simi­
larly for a population, the standard deviation r will tell us . mething
about the spread of the population data about the mean of the popula­
tion y.

*073
+070 earing this in mind, lets go straight on to the first question,

very straightforward question. This will be question one. It re- 
■ors to a concept which some people get a little confused with but it 
is very easy; I've asked you this question now so that you get the 
idea of the difference between the two concepts straight away, and 
don't confuse them as is often the case. Question one reads as follows:

*90 We ^  the Vat2anCe °£ 3 Population described by the symbol cr2. What
+84 quantity or what parameter does the symbol a describe for a population?

+97 I don't think you should have had much trouble answering question 
one. What we are going to do now is to have a look at how to calculate 
the variance of a population. We will start off by reviewing how we 
calculated the variance for a sample. If you review the formula that 
we used to find the variance of a sample, we will see if we can possi­
bly find an expression from it for the variance of a population. If 
you remember, it was the mean square of the difference from the mean 
and it Is described by that expression on the screen now:
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We have data listed under and

10 3
4 3
6 2
9 1

mat is the variance to=> equal to? It your answer works out to an 
improper fraction, leave it as an improper fraction. Don't worry
about working it out as a decimal fraction.

*184 what we are now going to do is to use this formula that you should
he using for the variance in this question and see how we can rearrange 
it, so that we can use It in order to find the variance of a popula­
tion. This i* really what this whole lecture is all about.

*190 Let us have another look at that formula for Ŝ .
+218

Now, in a similar way as was done in the previous lecture, when
we had tie mean x, let us rearrange that formula slightly:

f.
- ZCx.-x)*. —  -

*198 x have separatee the ^  , as it were, because that is the quantity
' ^ W h i u h  I want to refer to once again. We are faced with the same pro­

blem as we were before. If we are now considering data for a popula­
tion, n is tending towards infinity and in that expression we then 
have to divide by infinity; which is undefined or which gives us an 
answer of nought, which is not necessarily the case. The fact that n 
tends towards infinity for a population presents us with a problem, 
when using, -.his formula as a means of calculation.

*20? ^ 1 * ,  ^  find a solution to this problem by using our probab,li-
^  ty theory. When you are conducting any experiment, if you conduct it 

an infinite number of times, the ratio of the number of successes
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(call them £) to your total number of sample points or random events 
(call then n) is actually your probability when n tends towards in­
finity. In other words, the probability of an event occuring is de­
fined as the limit as n tends towards infinity of chat quantity on thef i f £
end, —  * There you see it high-lighted. Remember that —  is the de­
finition of probability if n tends towards infinity. Therefore, we 
can now write down a formula which will enable us to calculate the 
variance of a population, because — ■ can be written as the proba­
bility of that particular value of X occuring. So the variance

a2 = l(Xj-p)2.P(x).

The variance of a population is not always written as o'2. We 
often write it in another way as

V a r ( X )  =  Z ( X j , - p )2. f ( x ^ )  .

That is, I think the most commonly used formula for the variance of X, 
although 02 is sometimes used. The standard deviation of course will 
be the square root of that quantity.

Bearing some of these new symbols and notations in mind, lets 
proceed to the next question which will be question three.

Once again We are refering to a population. The Variance of that 
population, we write using the symbol a2. The question here is: how
else can we w-ite a2 or how else do we abbreicate the variance?

I think we will leave question three there. If you referred back 
to those equations which you should have taken down, there should have 
been no difficulty in answering this question. Let us now refer to an 
actual example where we find the variance of a population.

Let us consider once again the case where we throw a fair die an 
infinite number of times. We define the random variable X as being 
equal to the face value of the die. Remember that theoretically we 
have to throw the die an infinite number of times in order to obtain 
the ratios of one sixth or one in six for . uh of the faces coming up, 
in relation to each other. So theoretically, we are here considering 
a population situation where n has tended towards infinity. We found
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in a previous lecture that the mean value y came to 3,5, even though 
that value does not appear as one of the face values on the die. 
Nevertheless X thank you understood that this is a mean or average 
value which you expect to obtain (the expected value of X). What 
would the variance, tr2, be in this case? Lets put down the defini­
tion:

cr2 = Z(Xj-y)2.f(x^) .

+327 ^ow ■*‘ets substitute in values (I am not going to refer to a pro­
bability distribution for this. You should realize that the proba­
bility distribution will be X values going from one to six and all 
their probabilities of occurrence will be one in six). The first 
value of X was one so we get

(1-31)2. ~ +......

........  +(6-3i)2. 1  .

*314
+337 ^  y°u Wurk this out, in other words, you perforn all those subtrac­

tions; square each value and then you add up gll chose numerators, 
you will find it will come out to be ||.

That was for the case where we threw a die an infinite number of
times. Now let's give you a question where you can try to find the
variance of a population, This will be question number four,

*321    * —
+344 Say we spin a coin twice (again, theoretically, we have spun the

c o m  twice, an infinite number of times so that our probabilities of
occurrence are as we expected). We define our random variable X to be
the number of heads which occur. If you remember, you had the same
question in a previous lecture where you were asked to find the mean
y, which in this case came out to be one, (l think this coincides
with your intuition; when you spun a coin twice you would expect to get

A otle uead). The question here is: What is the variance for this
^55 situation?
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Before you go ahead with this, let me iVlustrate what you should 
1 do by helping you on the blackboard, Always guv d a m  the probability

\ distribution. The possible values of our random variable X are nought,

one and two:

{ &  0 1 2
!j i i i
I f(*); %  ?  4

; The variance a2 = Z(câ -\i)z, f(w_^).

- Now lets go back to the question and I will give you a minute or

j +373 so to answer it.

*351 $ow we are going to look at a few different ways of writing this
lotmula for the variance of a population. You might recall that the 
population mean y was written as the expected value of a random vari­
able X as you see on the screen now:

E(X) = Ex.f(x) .

the variance was written as

Var(X) » S(x-y)2,f(x) .

*362 £ Want you to do now is to examine the two right-hand sides of
those two equations on the screen, Notice that they are exactly the 
same except that the first equation has an x, the second equation has 
a (x-y)2 . In other words the second equation represents the defini­
tion of the expected value of, not X, but a certain function of X, 
namely (X -y )2 . In  a c tu a l fa c t ,  th e  va ria n ce  o f X can a la o  be w r i t te n  

as an 'expected value'. We could wti a that as:

B(x-y)2 = Z(x-y)2 .f(x) ♦

This is often the case. The variance of a population is sometimes 
*377 written as the expected value of (x-y)2.

Just le4 me stress here that o1 fJar(X) and E(X-v)1 all mean the 
same thing. They are the Variance of a population.
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*378
+415 H o p e a tlly  you have a s s im ila te d  th a t and le t 's  proceed n o r  to  the  n ex t 

*380 °»  ^ i s  ™ ry  which w i l l  be q u e s tio n  f iv e .

+412 Say we are considering a populate where the standard deviation

z z z z r  16 £h* ”

*393

E(X-U)2 
" E(X2-2X|J + y2)
“ E(X2) - E(2Xy) + E(y2)
"  E(%2) -  2y2(x) + y 2 

= E(x2) - 2y2 + y2 
= E(X2) - y2 
■ E(X2) - CE(X)]2

*441

# # # #
— - —

+488 ^  le t s  see i f  you can use th is  new fo rm u la  in  q u e s tio n  s ix .
Say we are  c o n s id e r in g  a p o p u la tio n  and -------------------
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E(X2) = 7 

and E(X) = 2  .

If ynu are given these facts, what will Lhe variance of X be 
(Var(X))7 As a little clue here, this shouldn't involve you in 
mammoth calculations at all.

We will leave question six there. Let us now use this new formula 
to calculate the variance of a population once again for the situation 
of a fair die. Remember that E(X) was . To use this new formula 
wa also have to know what the expected value of X squared is. That is 
easy enough because we simply take all the values of X and square them. 
So we can write that as

E(X2) = I2, j  + 22. |-

91
T  ‘

So once we have E(X), this is the only extra bit of calculation you
have to do i.e. to find E(X2). Then the variance of X

Var(X) * E(X2) - [E(X)]2 

» |I _ (3|)2

which gives us a final answer of * which is what we obtained earlier
in this lecture (I think you might agree) with far less tedius arith­
metic. involved.

Now for question seven. Once again we spin a coin twice. Say X 
is the number of heans we obtain as we had before What you did in the 
previous question was to calculate the varian If you had to use
your new formula, all you would need to know to calculate the variance 
is also the expected value of X squared. So in this question, all 
that I want you to do is to find E(X2).
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Again, 1st us just look at the blackboard very briefly before 

you mbark on this question. Were I hate the distribution for X, but 
nou) I would like the distribution for X 1:

X2

f(%): I 1 I
4 2 4

I think you will realise now that it is a family easy thing to 
oaloulate E(X2) from the probability distribution. X will leave you 

+536 for half a minute to actually do that.

So far in this lecture we have found ways of finding the variance 
of a population and in a previous lecture we found ways of finding the 
mean of a population. We have also, in this lecture, shown you some 
easier formulae to use in order to find the variance of a population 
in terms of expected values.

Wow wt'st we are going to do in order to end off this lectire is 
to apply /.se ideas of expected value and variance of a random vari­
able to a more practical type of problem to see if you can apply the 
theory.

+551 Say a lottery is to be held. One thousand tickets a m  sold at
three rand each. Three prizes are offered. The first prize is 500 
Rand, the second prize 300 Rand and the third prize 200 Rand. Let 
us now define X as our random variable, being equal to the prize money. 
Could we drs.w up a probability distribution in this case? If we con­
sider this to be a probabilistic situation consisting of independent 
events i.e. when any ticket is drawn, it is then replaced so that 
there are always a thousand tickets. Although n is not infinite here, 
it is rather large and we could draw up a probability distribution.
The probability distribution would look as follows:

X: 500 300 2v) 0
f(x): 0,001 0,001 0,001 0,997

+580 Now we are going to apply some of our theor/ to this situation
which will form question number eight.
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Question eight reads as follows: WIil, the expected value of
X for this situation? In other words, what is the mean value of X? 
Simply apply your formula to that probability distribution in order to 

E(X).

+600 Hopefully you have been able to calculate the theoretical mean or
expected value of X for this situation. Let us now ask a further ques­
tion. This will be question nine. Say that you actually purchase one, 
three-Rand ticket. So that is what you have spent on this venture.
From the previous question you should know what you expect to obtain 
from this venture or outlay. Therefore, considering that you have out- 
layed three Rand and you know what to expect to bring in, what is your 
expected loss or gain in this venture? If it is a loss, just put it as 
minus a certain amount or minus so many Rand; if it's a gain, indicate 
it as plus whatever amount it is.

Let us proceed now tr a third question on this same situation.
This will be question ten. What is the variance going to be for this 
situation? Remember, the easiest formula for Var(X) is equal to 
E(X ) - CE(X)]2. Yo u  should already know what E(X) is from question 
eight, It remains for you to find E(X2) which is a farily simple 

+627 In'itter "sing this probability distribution.

+640 You should find that although you expect to obtain very little,
your variance is going to be rather large. I think this is what proba­
bly encourages gambling: there is a chance of making a lot of money but
most of the people most of the time make very little money or lose large 
quantities of money. We have now covered ho-: to treat probability dis­
tributions in general and we can now proceed to examine some particular 
types of probability distribu+ions which is what we will be doing in the

*609
+648 next few lectures. Thank you very much.

ANSWER? TO QUESTIONS +652-692------------ ------ ------ ----- ----
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+008 M38: The binomial Probability Distribution

*030
+023 _ In thls lecture "e are going to go on to a particular probability 

distribution and you are. going to have to use your binomial tables to 
answer some of the questions we are going to ask you. Before we go any 
further I suggest you get these tables ready so that you can use them 
when some of these questions come up during the lecture.

The probability distributions which we have examined so car have 
fallen into two categories - one being discrete and the other continuous 
probability distributions. We have looked at properties cf these: 
finding the expected value and the variance of these probability distri­
butions.^ What we are going to do now is to consider some particular 
probability distributions which are fairly often encountered. We will 
look at two discrete distributions, namely the Binomial and the Poisson 
distributions and then once we have done that we will look at one con- 

*059 tlnU°US distribution, called the normal distribution.
+051 There are several discrete distributions which are based on what 

known as the Bernoulli process, so I think to start the lecture we 
will consider what we mean by this Bernoulli process.

Jacques Bernoulli was a Swiss mathematician who was a pioneer in 
the study of probability in the late sixteen hundreds. A Bernoulli 
process is what we call an event which considers two mutually exclu­
sive and exhaustive events. What does that all mean? Well, let me 
try and explain this: take, for example, when we spin a coin once.
This would be a mutually exclusive event because of the fact that you
will either get a head to the exclusion of getting a tail; or if you
o tain a tail it will exclude the possibility of obtaining a head.
Other examples of this are answers to questions that are either yes or 
no; they would be mutually exclusive answers; an object in a factory 
on a production line could be defective or not defective, the sex of 
a person could be either male or female. These are all examples of 
mutually exclusive events. By exhaustive, we mean that the two events
completely exhaust the sample space or form the whole oi the sample
space. 1

m
)gg I f  we were to  draw up a sample space fo r  a B e rn o u ll i  process we 

would g e t the fo l lo w in g :  s ta r t in g  a t  some p o in t  in  space we would 

move o f f  to  two sample p o in ts ,  the one be ing  the  outcome o f  one even tw h ich
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we would consider to be a successful outcome, and the other one we 
would consider to be an unsuccessful outcome or failure. The proba­
bility of success we usually indicate by the letter p and the proba­
bility of failure occuring we usually indicate by the letter q. Now 
because these are two mutually exclusive and exhaustive events (they 
at® the only two events in the sample space)p+q must add up to one.

+107 The Bernoulli random variable X takes on two values, namely the
values of nought and one, and by convention, one corresponds to success 
and nought corresponds to failure. Therefore if we had to write down 
the Bernoulli probability distribution we would obtain the following:

X: , 0 1
f(x): q p

*134 c t. . . .+127 Some othar points which I might just mention about the. Bernoulli
probability distribution are that it is sometimes also called the 
Bernoulli probability model or the two-point probability model. You 
can see why we refer to it as a two-point probability model.

Let's go on to the first question of this lecture. This will be
SHffshi011 one. Say we are considering a Bernoulli process. Say the

*152 probabillhy of success P is equal to 0 ,8 . The question here is:
+145 i® the value of q?

+157 Wbat 1 Want y°u to d0 now is to have another look at the Bernoulli 
probability distribution. I will put up the distribution on the board:

X: 0 1
f(x): 1-p p

Instead of writing q, I am going to write 1-p. The reason for that of 
course is that p plus q must be equal to one. So q must be equal to 
one minus p. The probability of success (or the random variable X having 
a value of one) will just be p.

Bearing this type of probability distribution in mind (with thene 
probabilities) let's go on to the. next questions which will be question



number two. Question two reads as follows: we have a Bernoulli
process once again and we want you to find the expected value of X. 
What is E(X) or what is its mean going to be?

Jwat to remwd yaw -  ZZ .fW  t .e . awm of *Ag % wzZwea 
times their corresponding probabil'.ties of occurrence. To answer this 
qweotioM, oppZy t&zt f a m w & z  Zio% at t%g proBabtZZty dtatn'&utioM 

+194 which I have just put up on the board.

*215
+211 *̂e*: 5 8° on new and consider, not the mean or expected value, but

the variance for a Bernoulli process* The variance we write as

c2

= E(x-p)2
= E(X2) - CE(X)]2 .

+225 ^ow looking at that second term in the square brackets: we have
already determined E(X) (or you should have from question two which
you have just done), but how do we determine E(X2)? Tn order to this
lets go back to the blackboard and I will explain it to you. First of
all we should put down the probability distribution involved in this 
case:

X2: 0 1
f(x): 1-p p

Therefore

E(X ) = %X2,f(x)
= 0 .(1-p) + l,p
" P-

Now that we have determined that lets go back to the equation that we 
had, namely:
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*272
+266

E(X2) - CE(X)]2 

= P - Cp32

= p(l-p)
= p.q.

At this stage3 let me just summax’ise very briefly what we have done.

We have considered a Bernoulli process with its two possible outcomes 
(or two mutually exclusive and exhaustive events). We have found the 
mean or expected value is equal to p, the probability of success, and 
the Variance, a , has come Out to p.q, the probability of success mul­

tiplies by the probability of failure.
*275 T „
+275 us now 8° on to one more questions. This will be question three.

In a particular clothing manufacturing company seventy-five percent 
cf the employees are women and twenty-five percent of these employees 
are men. X is a Bernoulli random variable that takes on a value of 
one when an employee randomly selected is a woman and a value of nought 
when a man is selected.

+288 R&mTribev that P ™  case (the probability of success) we will 
consider to be 0, 7S, because X being equal to one is our successful 
outcome. X being equal to nought (that's our unsuccessful outcome) will 
have a probability of failure q of 0,25.

*291 question that T want to ask you is: What is the expected value
+297 °£ % in this case (p)?

Remember pou a&onZu wee acme o f jtzota wa W e  juat deweZeped
for a Bernoulli Process,



*303+309 N°w we are going to ask you another question on these facts we 
have just developed on the Bernoulli process. This will be question 
four. Consider the same situation as in question three. What is 
the variance in this case (o2)?

Don't pLunge yourself into a long calculation. Use some of the foots 
about the variance for a Bernoulli process which have just been de­
veloped.

+332 We are to move on now from the Bernoulli process, which is
the basis of the so-called Binomial distribution which is the discrete 
distribution we want to have a look at in this lecture.

If a Bernoulli process is repeated n times where each of these pro­
cesses or each of these trials has the same probability of a success­
ful outcome and therefore of course, the same probability of an unsuc­
cessful outcome, we have what we call the Binomial probability function. 
In other words a Binomial distribution is a repeated number of Bernoulli 
processes, Let us take a very simple example to illustrate this.

*339 . .
+345 Say w® spin a coin, not once, but twice. The sample space will be 

as follows: There won't be two possible outcomes (as was the case
with the Bernoulli process) but there will be four.

HH HT or TH TT

We group the two middle outcomes together because it is the same com­
bination although they are different permutations. You will still end 
up with one head and one tail. So we say there are three different 
outcomes and not four. The ratio of the outcomes will be: 1 2 1.
Wow if you would like to find the probability of each of those three 
outcomes occuring you would find it a very easy thing to do. If we 
are going to conside.. it in terms of p's and q's (this coin might not 
be unbiased and the probability of success might not be one-half) then
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the probability of two heads would be p multiplied by p, in other 
words, p squared. For completeness lets write it as p2q°-two successes, 
no failures. Then what about the middle two events which we ha- ' grouped 
together as one? We have one failure and one success: p V -  But there
are two possibilities that will give you this outcome, so we multiply 
by two: 2 p \ ^ . The final process or outcome will be no successes and
two failures so the term there will be p°q^. Those three terms will 
then geneteke the probabilities of our three outcomes.

( p V  2p V  p V )  •

*371 However, those three terms are simply the terms we obtain when we
expand the binomial term: (p+q)2.

If you look at that, a Bernoulli process was (p+q)1. We have now 
repeated this twice (p+q)^• So that actually generates three terms 
which give us the probabilities of the three possible outcomes. Hope­
fully you can see my meaning here: a Binomial distribution is simply
a repeated Bernoulli process.

If we had to have three trials or three spins of the coin the Bi­
nomial distribution function would be: (p+q)3 because there are three
Bernoulli processes involved. The probabilities of the possible out­
comes would simply be the terms we obtain when we expand that Binomial 
function:

3C0p V  + 3G1p1qz + 3C2p V  + 3C3p V  •

Notice that there are four outcomes here, although there would be a 
total of six because it is three Bernoulli trials. But two of those 
would be grouped together because they would be the same combination.

Now iat us write down the general case when we have n trials and 
not just two or three trials (say n spins of the coin). In this case 
the probabilities of each of these values of our random variable X 
occuring we can write in functional notation fui). In other words X 
can have values of nought or one or two or three up to n (if we have 
n trials we could have n successes. That is also written as:
F(X=x) and the general term for f a probability of success (for what­
ever number of successes we are considering) would be equal to 
nC pXqn""X, and X could go from nought, to one, to two up to n. We

••■cf y vi ■< i t "r'-'VT-d?iiifiiwiiioiiirirnril
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just substitute for n in that expression (we know what n is as we 
have got the number of trials we are considering) and we will ge­
nerate all the probabilities for all the different values of X, from 
that general term or expression,

*422
+426 . The v a lu e  o f  n and th a t  o f  p , the p r o b a b i l i t y  o f  success, s p e c :t ,  a

particular distribution amongst all possible Binomial distributions. There­
fore, if X is a Binomial random variable, n and p will be its parameters.
O fte n , because o f  th is  f a c t ,  we w r i te  the  B inom ia l d is t r ib u t io n  in  a more
concise way as follows:

B(n;p) .

Some texts write it in a different way:

b(x; n; p) .

X is  o u r random v a r ia b le .  In  is  a ls o  sometimes c a lle d  th e  v a r ia te .

As we have moved on from  the  B e rn o u ll i  p rocess to  the B in o m ia l d is ­

t r ib u t io n  l e t  us now ask a few  q u e s tio n s . The n ex t q u e s tio n  w i l l  be
question five,

*442
+447 ^  you are  g ive n  a B in o m ia l d is t r ib u t io n ,  i t  i s  w r i t t e n  as

B(15; 0,7). That now s p e c if ie s  a p a r t ic u la r  Binomial d is t r ib u t io n .

The question is: What is q equal to (the probability of f a i l u r e ) ?

+460 L*t,s Wove on from  question f i v e  and consider a particular exam­
ple which involves a Binomial process or distribution. Say ,e are con- 
s id e r in g  a c e r ta in  u n iv e r s i t y  where e ig h ty  p e rc e n t o f  the  s tu d e n ts  are 

men. We ta ke , from  the  s tu d e n t p o p u la t io n , a random sample o f  tw enty  

students. We define our random variable X to be equal to the  number of 
men th a t we o b ta in  in  our sample. So X cou ld  va ry  from  nought to  tw en ty .

We would l ik e  to  f in d  the  p r o b a b i l i t y  th a t the  sample t h . t  we have taken
a c tu a l ly  co n ta in s  f i f t e e n  „omen.

*469 . , .
+473 0ur random variable X is equal to the number of men that we ob­

tain not the number of women. Fifteen women means that we will have 
f iv e  men in  o u r sample o f  tw enty s tu d e n ts . T he re fo re  th a t  i s  th e  same
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*491
+494

as saying: What is the probability of our random variable having
the value of five?

P(15 women)
= P(X«5) ,

This is the case where n is twenty; the probability of success p is 
0,8 and X is five. We could find this by using the general binomial 
term of ^C^p^q15. Some of you might think that you could look this 
up in your tables, It is possible, but the stability of finding 
fifteen women in your sample, when there are ei,'"t percent men at the 
university, is very small indeed; to four figures you will actually 
obtain an answer of nought in your tables. The answer here comes to, 
correct to eight decimal places: 0,00000017. It is a very small
probability indeed.

We will spend a little time with the same problem and ask you a 
few questions on it. Let's now move onto question six which is based 
on the same information.

I want you to determine the probability of there being eighteen 
men in this sample.

Be for s you attempt to answer question sisa let me give you some 
assistance on the boardi You are asked to find;

E(18 men) .

Our random variable X Was equal to the number of men in that sample so 
this could be written as:

P(X«18) .

We could look this ''alue up in our tables; n is twenty so you turn to 
your tables where nmB0 and we look up whore X=18j with a probability 
of success of 0 , 8 ,  If you have managed to turn to the relevant page 
in your tdbles3 you'll find that p only goes up to 0,ff, We must con­

sider then3 not the probability of eighteen successes but two failures. 
I could rewrite this as being equal to;

P(X~2) where p == 0,2.



245.
heaccme we are .ray considering our failures to be our successful events. 
Now it is quite a simple matter for you to look this value up and put 

+518 down the answer.
You should find, if you use your tables, that your answer will 

only be correct to four decimal places.

+530 We now 6° onto another question on the same situation. I 
will do this one for you and then ask you a question a little later 
on the same set-up.

In this case we want to find, not an exact number, but the pro­
bability of finding at most, five women in our sample, k* moat means 
five woutcu, or four, or three, or two, or one, or even no women in the 
sample. Our random variable X applies to men. At most five women 
means at least fifteen men or perhaps more; sixteen and so on. We 
would change this then to be

P(X=15,16,17,...20).

We can look this up in our tables, Remember that p=0,8, so we will 
have to make some change here. I'm not going to do it for you in 
this particular case. You could check this later, You add up all 
the relevant probabilities concerned and the final answer you should 

*524 C°me t0 0,^°^2 " something that you can check after the lecture. 
+548 N°w let's go onto a similar tjpe of question which you will now 

answer, This is question seven. In this case we want to find the 
probability of obtaining at least ten women; at leaoo ten women 
meaning ten or more,

Before you launch into this answer let me just give you a little 
aid on the boardt

We want to know the probability of obtaining at least ten women 
vn the sample. Fvrst of all, convert to men, because our random 
variable X refers to the mmber men:

P(at least lOw)
= p (x=i o,m ,..,o) .
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Tv's oould look this up in our tables if our tables had values of p 
up 06 for 06 0,8; Whikh they <&»'* <b. %  oAoMge

the non-event of X,X.

P(X = 10,11,12,...,20).

But now our probability of success or failure (however you want to 
Zook ot dt; wtZZ c W g e  from 0,6 to 0,2. Some of 2/ow migkt feeZ that 
yow couZd W e  written dbw» tAia Zina immedioteZy from the first Zina, 
but it is always advisable to put down the values corresponding to 
your random uariabZe %, and tAen eee if it is >ieoe88ari/ to oAange in
order to look up these Values in your tables. In this case it was, 
so we changed to X and we are considering p=0,2 now and not 0,8. You 
have vo look up all those values in your tables, add them together, 
and once you have done that you will come to the final answer for

+583

Now we will go onto another two questions on the same situation.
The first one I will do with you.

Say we would like to find the probability of obtaining between 
twelve and sixteen men inclusive. We could write that down as.

P(12<Xsl6)
== P(X=12 or 13... or 16) .

However, we have the problem here that we cannot actually look up those 
values in the tables because p-0,8. We change to the non-event of X:

P(X=8 or 7 or... or 4) .

We look these values up where p=0,2. The final answer comes to (once 
again you can check on this): 0,5786.

*560 Nom ^t's do a similar question which I want you to answer. This 
will be question eight. What is the probability of obtaining between 
thirteen and fifteen men inclusive in the sample, Writing that in

. V.,I I (.f’-T'i fc-'tv.i'.' j r II I' i "'ill'' liii'f.. ii'"i i'ih"! i ijini iiin'iii ill HilirillViHllilll flilllili'IPM



verms "<v ar Mn variablP X:

0MO6 ogaA* r: 7. m/ W a p s  4%; Mat ̂ @ 8 ^  1 W»,:
^'St of I/aw wawkZ ̂  qw4te W w  ^
/' p.,@g ftwA tktytaaM ta fffteeM 4MoW4w wA4ck mam.tv

r(X-l3,#,15)P=0,8. 

p f2i%' Mat cp p a *  ^  WbtrJr «a vr AaW«.. tr a/w,:^' t'V 

l?(%=7,G,5)p=0,2.

Yaw W .  ta wK Mow tAwt taYwee topetW' sa f 'W  ^  |/0M a
+630 to answer the question.

*577 j»a sure thac most of you have found in this lecture that you 
+642 0£ten have to add these values together in your Binomial tables. There­

fore it is often useful to have what is called cumulative probabilities 
Tn ether words, the values are added from X equal to nought, one, two 
etc. in r cumulative fashion until finally, when you get to your last 
value of X, your cumulative total must be one, You do often find cu­
mulative Binomial tables but the ones we use are not cumulative. When 
you have a situation where you've got X going from nvught to six say, 
you have to add up all those seven values.

in the ne%<- lecture we are going to ofnsidnr some more properties
*;!% of the Binomial dlsfrihuLion.+650

vjdb-uiu
+655-686
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Let us now look at the first term on that line Ex^f(x^). That is the 
definition of the expected value of x^. If you look at your top two 
lines E(X)SEX.f(x) and we have Ex^.f(x^). So we could write as:

E(x^) f E(x2)+.,.+E(xn) .

+153 Con8ider the first term again rather carefully. We are thinking of a 
Binomial distribution as repeated Bernoulli processes (or Bernoulli 
trials repeated n times). Therefore the expected value of x^ is the 
expected value of the first trial. The expected value of x^ is the 
expected value of the second trial, and so on. We know that the ex­
pected value of X or the mean for a Bernoulli process is equal to p, 
the probability of success. The expected value of the first trial is 
equal to p; E(x^) = p. The same argument would hold for the expec­
ted value of Xg, which would also be p. Therefore we would have

p + p +  ....... + p
= n.p

+198 We have show here that the mean for a Binomial distribution is n mul­
tiplied by p, whereas for a Bernoulli process it was simply p. Let 
us show you that this does work by taking a very simple example of 
spinning a coin twice.

If you want to find the expected value of X, where X say, is equal 
to the number of heads we obtain, the first thing to do is to write down 
the probability distribution:

X: 0 1 2
f(x): q2 2pq p2 .

With this probability distribution let us now find the expected value 
of X via our normal formula: p=E(X)

= O.q2 + 1.2pq + 2p2 
“ 2pq + 2p2 
= 2p(q+p)
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*207
+217 Consider the bracket (q+p).(q+p) oust add up to one. So the final

answer will be. 2p. We have shown that when you spin a coin twice,
the mean is 2 times p - as you would expect. We have just derived a 
formula for a Binomial distribution where the mean is n times p. Well, 
n in this case is two if we spin a coin twice, so the answer then is
as we expected: two multiplied by p.

One other point: in the previous lecture we found the actual mean
for spinning a coin twice where the coin was unbiased, so the probabi­
lity of a head was one-half. Well, if that was the case here, p would 
be one-half and the mean w would come out to one; the result that we

*227 did obtain in the previous lecture.
+23g We have now determined a formula for the mean of a Binomial dis­

tribution. Let us now go on to its variance, first of all let's ask 
you another question. This is question two.

Once again we go back to the Bernoulli process. We are considering 
one trial so n is equal to one. Its a mutually exclusive and exhaustive 
event so p plus q is equal to one. In a previous lecture we derived

*241 expression for the variance of a Bernoulli process, and that is the
+249 l^estion here. What is the variance (a2)?

Once again, the reason for asking this question is that we are
going to use the variance of a Bernoulli process when finding the vari-
ance of a Binomial distribution. Let us now consider the variance of 
a Binomial distribution.

*256 „ '
+264 Perhaps you would like to have an intuitive guess at what the vari­

ance of the Binomial distribution is going to be. Remember that the 
mean for a Bernoulli process was p and the mean for a Binomial distri­
bution was n times p, because wc are considering a Binomial process 
ti be n repeated Bernoulli processes. From your answer for-the variance 
of a Bernoulli process, you could perhaps guess what the variance of a 
Binomial distribution is going to be. Let us not guess it but derive 
ik as we did for the mean of a Binomial distribution.

The variance (0a) we ran write as:
a2 = E(X-y)2

=  2 ( X - U ) 2 .ftx)

= 2[(x1~pj2.f(x1)+..,+(xn~y)2,£(x )]

» 2 (Xi-u)\f(X]X...+Z(x2-l,)Z.f(x") .
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+312 Consider carefully che first term on that line with the top two lines
on the screen. The definition of the variance is E(X-u)2.f(x), If
you now look at that term on the bottom line, that is the exact defi-
nitxon. K(Xi-W) That would be the variance of x . The next
term would be the variance of x2, etc. Below that we write:

What is the variance of each one of these single Bernoulli trials. This 
ia what we are considering the Binomial distribution to be: n of these
Bernoulli trials. If you answered the second question correctly the 
variance for a Bernoulli trial is p multiplied by q. For the first 
trial the variance would be p times q. For the second trial the vari­
ance would be p times q, and for the third, and so on. We would have 
a whole string of p times q terms:

p.q+,....,+p.q 
n.p.q .

*335 Th’ ■‘eviati.on will be the square root of that quantity.
t343 Again let us verify this result for the situation .here .a spin

a coin twice. The Variance is equal to:

E(X-li)2 
= E(X2) - CE(X)]2
= 0'.q= + l2.2pq + 22,p2 - 4p*
= 2pq + 4p2 - 4p2 
" 2pq.

*366
+373 We have shown that the variance, when we spin a coin twice is 2pq, as

we would expect. We have just shown a formula for the variance of
*371 the Binomial distribution is npq in this case n was two and our anc- 
+37g wer came out to 2pq; so we have verified it to some extent.

Before we oort&we, W  me awmf-riag on 6oord, u/xzt we W e  
eAown „  fo r for o B ^ Z  ^ r  o B , ^ ,  ^ e W ^ io n
TB.BJ, we W e  eAowh fnat tAe meon or ea^eeW naZwe ^  ^

^  P ^  o f mooase fo r eooA 6rioL
wznmoe we W e  eAown to Be ê woZ to-
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o * = n - p . q  ,

wkwe g t *  tAeproZxdiWty „ /# % % * ,.  for *wBerma,%W process t t  
w«8 ^ 8 6  p QMd p.g; M O W #  tsnp ondnpg, 2%g etaw&eddeUMt&M 
c -  /"Tp.f. m ztd s  a awmoryof t%eprcper&b,8 for tAc m%maMd*k) 

*2,2 wznkmcr of # g  awKmdaZ d&h%45x&km.
+39g l e t  U8 nq^ proceed to  ano ther q u e e tio o . i b i s  w i l l  be q u e s tio n  

three. Say we have a random v a r ia b le  X, where X is  equal to  the  num-

bar of heads involved when we spin a coin. It is a fair co in  so the 
p r o b a b i l i t y  o f  o b ta in in g  a head o r the  p r o b a b i l i t y  o f  success is  one- 

h a l f  o r  0 ,5 . Say we s p in  th e  c o in  f i f t y  tim es , so n-50 in  th is  case;

there are  fifty Bernoulli trials. The q u e s tio n  here is: what is the
*384 eXpeCt,;i!j Value of X for this situation?
+409 f  fow wee earn, c f  new fozmxZac wAdcA we W c  de-

veloped.

Let's go directly to another question; q u e s tio n  four. What is 
the  va ria n ce  o f  X going to  be fo r  the same s i tu a t io n  as in  q u e s tio n

*401 ^  fo rm u lae  we have ju s t  developed fo r  a B inom ia l
+426 distribution.

We have examined two a t t r ib u te s  o f  th e  B inom ia l d is t r ib u t io n ,n a m e ly  

the mean and the v a ria n c e . We have d e riv e d  two v e ry  u s e fu l fo rm u lae  

fo r  f in d in g  'h e  mean and the  va ria n c e  fo r  a B inom ia l d is t r ib u t io n .  We

are  now go ing  to  co ns ide r the t h i r d  a t t r ib u t e  which is  the shape o f  the
Binomial distribution.

The shape o f  the B inom ia l d is t r ib u t io n  depends on n and p, the 

param eters o f  th e  B inom ia l d is t r ib u t io n .  We a re  go ing  to  lo o k  a t  two

d i f f e r e n t  d is t r ib u t io n s  and change one o r  the  o th e r  o f  these two
parameters.
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*420
+444

*434
+459

*452
+477

First of all, we are going to fix the parameter p at 0,5. We 
are going to have the other parameter n being equal to five, then 15, 
then 30 and then eventually increase n up to infinity. I am going to 
draw histograms for these distributions rather than bar diagrams to 
give you a better idea of the outline or shape of the distribution.

Secondly, we are going to change our parameter p from 0,5 vO 0,1 
and again vary n from five to fifteen to thirty and then to infinity. 
Hopefully you will get an idea of how the changes in the two parameters 
n and p affect the shape of the Binomial distribution.

The very first graph will look like this: p is 0,5 so the graph
is entirely symmetrical about a mean value. X can have values of nought, 
one, two, three, four or five so I should have drawn straight lines 
directly above those numbers, but I have drawn a rectangle about that 
number. I have used up all the space about the numbers nought to five 
so that I have a histogram effect. I think the outline of the histogram 
gives you a better idea of the shape than a bar chart. On the Y—axis 
we have the probabilities of X occuring. We are now going to increase 
n from five up to fifteen and notice how the shape will change.

It is very similar. There are more possible values of X. Notice 
once again that the graph is entirely symmetrical about a mean value.
The scale has changed on the Y-axis. Nevertheless, it is a similar 
type of situation. Now we increase n from fifteen to thirty. Let's 
have a look at the shape we get.

Again my axes have to change their scales; there are more possible 
values of X. Notice that the outline of the histogram is getting very 
much like a bell-shaped curve. Or am I begging the question? What 
happens when we increase n from thirty to infinity?

The possible values of X will be so close together that they will 
be indistinguishable. I can't draw all those lines so I have simply 
drawn the outline. They will be so close together that I will have a 
smooth curve as n tends to or gets close to infinity. That is the 
type of shape I will end up with.

Now we are going to change our parameter p from 0,5 to 0,1 and go 
through the same process. The first graph: we have p fixed at 0,1 
and n as small as five, That graph will look like this. Notice it is 
skewed to the right, Some of you might disagree and say it is skewed 
to the left- remember when we say it is skewed to the right we take 
the point of view of the histogram. If you were standing there, facing
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us, it would be your right-hand side which has moved off to its right 
and you have a tail on the left. As you look at it, it is the other
way around. We say it is skewed to the right, so the mean is some­
where to the right as well, in this case. It is certainly not symme­
trical as was the case when p was 0,5. Let's have a look at this 
asymmetrical or skewed graph or distribution as we increase n ; we 
now go from five up to fifteen.

*477
+500 There is our change. It is still skewed to the right. However,

not as badly skewed as in the first case. How we increase n from fif­
teen up to thirty. Note what happens.

It is still skewed to the right, but even less; n is getting so 
large that we are getting an equal distribution about the mean or 
middle value. You can see more or less where you would expect the mean 
to be. What happens as we increase n from thirty up to infinity?

We have so many possible values that the skewness disappears com­
pletely and we get a smooth curve as you see now. However the mean 
would be more to the right than in the case where p was equal to 0 ,5 .

Hopefully, by looking at those graphs, you now have an idea of 
how the parameters of the binomial distribution, n and p, affect the 
shape. What r'd like to do now is to demonstrate to you that this 
is not just theoretical reasoning. I have a practical demonstration 
to show that these are the shapes of the Binomial distribution that we 
will get.

*495
+518 1 have hete, on the desk, what is known as a 'hexstat' or a pro­

bability demonstrater. Let me briefly describe how it works. You have 
a whole lot of beads up here and they fall down these chutes. In each 
case they have a probability of 0,5 of going to one side or the other. 
This pattern continues as they meet another of these points. They can 
go to the right or to the left. It is called a hexstat because all 
these little shapes are hexagonal. We get here a ratio of one to one. 
On the next line we get an increased probability of it coming into this 
chute and the ratio there is one to two to one; the binomial coeffi­
cients when n is two. Then it is one to three to three to one. This 
generates as we go down, the steps in the Binomial distribution as n 
goes from one up to, I think, sixteen. Therefore in these chutes down 
at the bottom, we should obtain a type of distribution corresponding 
to the Binomial distribution which you have just had a look at. Will
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this happen? Let me get all the beads back to Che top and let them
run down. I will keep the base on the desk so that the probability
of going from either to the right or left is 0,5. There should not 
be any skewness involved.

I have got them all into the top chute and I will place the base 
on the desk squarely and let them run down. The base was flat on the 
desk so I should get an even distribution. That is exactly what I do 
get. Hopefully, this is demonstrating to you that we get a situation 
so we had befo-e. n is not infinity, but a finite number here. If 
We increase it, we would get even more symmetry.

+546 Let's take a case Where we don't have p equal to 0,5. I don't
keep the base level on the desk but I tip it; I skew the graph. Let's 
see what happens in that case. I obtain this by doing the same thing, 
but holding this at an angle as the beads fall down. You should find 
that we get skewness in this case to the right. The peak is more to 
the right than to the middle as it was before.

Let us now go on to another question. This is question five. 
Consider a graph where a is thirty. Note carefully what the distribu-

*541 ti0n l00ks like‘ The question is: what is the value of p in this si-
+562 (-matron for this Binomial distribut. )n?

Another question: question six. This refers to another graph of
a Binomial distribution. That is the graph I want to refer to for 
question six. Once again, n is equal to thirty. The question I want 
to ask: is p equal to q for this situation?

+582 W1-H now go onto some other examples where we work with ex­
pected values and the formulae we have developed for the mean and vari1 
ance of a Binomial distribution.

Say we are considering a Binomial distribution where X is the 
binomial random variable and is distributed as follows:

b(x; 10; 0,6) .
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That means we have a Binomial distribution where n is 10 and p is 0,6. 
Another way of writing that is:

X is B(10; 0,6) .

What would the expected value of (X-6) be for this distribution? We 
have a formula for the expected value of X (the mean) of a Binomial 
distribution, but not for the expected value of (X-6), We can answer 
this by operating with expected values:

E(X-6)
= E(X) - E(6) .

E(X) for a Binomial distribution is n multiplied by p and E(6) is 
simply six. Below that we will have:

n.p-6 
= 10(0,6) - 6 
= 0 .

*584 The eXpeCted vaLue o£ (X~6) in thi3 case is nought.
+604 ^ similar question for you to try: question seven. We are con­

sidering a Binomial distribution:

b(x; 10; 0 ,6) .

What is the expected value of (X+3) going to be [E(X+3)3?

*599 * . .
+618 us now another of these questions, Say we are again con­

sidering a Binomial distribution where X is a binomial random variable; 
n is ten and p is 0 ,6, What is the expected value of ( ™ ) . We treat 
the division by ten as X multiplied by one-tenth, When we are multi­
plying by a constant we can remove the constant to outside the expec­
ted value. We could rewrite that as:
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= To'BW

E(X) for a Binomial distribution, we now know, is equal to n times p; 
so that will be:

to-n,p 

= 0,6 .

+632 Once again, we will do a very similar problem, but I will leave it
up to you to get the answer. This is question eight.

We are considering a random variable X which is binomially distri­
buted, where n is ten and p is 0,6. What is the expected value of 
(3X+2) in this situation?

*62.9
+649 Let us 8° on fron-’ these theoretical questions to a more practical

type of problem, The problem we are going to consider is the following;
Say that "ixty percent of the residents of Johannesburg favour 

cinemas opening on Sundays. Let X be equal to a binomial random vari­
able equal to the number of people who favour cinemas opening on u. 
Sunday, If a random sample of twenty residents is taken in Johannesburg, 
lets find the probability of certain outcomes.

The sample size n is equal to twenty. We are considering a Bino­
mial distribution because the answer is yes, they are in favour or no, 
they are not. The probability of success I will leave for you to find 
out from the sixty percent who favour Sunday cinemas. We now go onto 
question nine:

What if the expected value of X (the mean) for this sample of 
twenty?
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+671 This answer is going to tell you how many people you expect, out
of that simple of twnety, to say that they do favour cinemas opening 
on a Sunday. What sort of variance is going to be involved about this 
mean value?

This is question ten; based on the same situation as in question 
nine. What is the variance of X?

+675 U m  aom °f the fomulae we have developed in this lecture - there
ia no need for long, involved calculations.

We have considered in this lecture three main attributes of the 
Binomial distribution, namely its mean (which we found was equal to n 
times p), secondly its variance (which is equal to n times p times q) 

*671 and i:hird'1'y we had a at how the parameters of the Binomial distri- 
+690 bution’ namely n and p, actually change or affect the shape.

*674-718
+693-737

ANSWERS TO QUESTIONS
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+12 M40: The Poisson Probability Disfcributiotl

In this lecture we are going to examine another discrete proba­
bility distribution, namely the Poisson probability distribution. In 
order to introduce this distribution, let me first refer back to the 
previous discrete distribution which we looked at, namely the Binomial 
probability distribution.

The first point that I am going to make is one. that you might have 
realized already. When we are considering calculating the probabili­
ties of attain events occuring in a Binomial distribut'on, it is very 
easy to calculate these probabilities when n is small. If n is large 
it is usu Lily difficult or it is quite an involved arithmetic expres­
sion to find the probability of a certain event occuring. We are not 
considering using tables, as they are only useful when we have them 
tabulated for specific values of n. We can't have tables for all values 
of n, especially when n gets rather large. I think your tables go Up 
only as far as n equal to twenty.

I think we will start off by emphasizing this point because some 
of you might not have realized this. I'm going to ask you two ques­
tions in connection with this fact.

This will be question one. Say we are considering a Binomial 
distribution and say p is equal to 0,5; n is equal to three. We 
would like to find the probability of two successes. We would then 
use the term:

3G2.pz.q1 ,

*^° The question is: calculate the value of that expression without
using your tables.

Br "nra you do this, lot me give you a little vevision on the hoard. 
Some of uou might have forgotten how to calculate combination terms. 
We cere considering a Binomial distribution and we cere trying to find 
th~ probability that X is equal to a particular value. A general term 
for this was:
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P(X=x)

Haio do y@ aatoulate Ĉ J? Well, nCx is defined as:

n,Cx

z%8 termwp OM aoraaMiKM *Cg; %<%*:#% yow cmtaaZ d w W g  that
n w  from what I've just given you. lou know p is (0,5) and you should 
know what q is. Most of you should he able to calculate the value of 
that tern quite simply now.

To make my point about this expression for a Binomial distribu­
tion being rather tedius when n is large. I'm going to increase n to 
a very large number indeed. You should be able to see from this that 
the calculation involved is going to be far more tedius and strenuous 
than what you have just done for question one, This will be ques-

Say we are considering a Binomial probability distribution where 
n js equal to one hundred - rather a large number. Your tables don’t 
give values of the Binomial distribution for as high a number as that, 
p, the probability of success is 0,1. Say we wanted to find the pro­
bability of X being equal to thirty-two. You should all realise that 
the arithmetic involved in this question would he very tedius indeed. 
What I'm going to ask is: would this be the expression that you
would use in order to calcul nt-p i*ho nmnak: i s v lu  ...i ,.0

tion two.

#149
+180 -“-“ v Simply answer yes or no
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become far more difficult to calculate he probability of an event oc— 
curing in the Binomial distribution. You might now well ask: isn't
there perhaps another formula we can use when n does get very, very 
large. Let s take this argument a step further and ask ourselves what 
happens when n gets extremely large; in fact when n tends to infinity. 
Will it be at all possible to calculate the probability of a certain 
number of successes in an infinite number of events taking place? The 
values We would have to calculate would be calculated from the general 

*179 t m n  °f tha Binomial expansion with n tending to infinity, and it would 
+209 *00k like this:

How on earth do we evaluate that expression when we are dealing with 
infinity? I think most of you will realize it is impossible to evalu­
ate that expression When n tends to infinity. You might well ask: 
will this ever occur in the real world, where we are considering an in­
finite number of events in some situation?

The answer to this is yes, this situation does arise in the real 
World fairly often. For example, say we are considering the number of 
defects in a certain length of wire. There could be an infinite num­
ber of defects in a length of electric wire, so n in fact tends to in­
finity. But usually there are only a very small number, so the pro­
bability of success p is very small. Or, perhaps the number of defects 
in bolts or nails that you might be making. You might produce millions 
of these per year so n again would get very, very large. The break­
downs of some machinery per day: n could be large - you could have a
breakdown every second or every tenth of a second. Or, in the same way, 
the number of telephone calls you might expect at a certain exchange, 
fhere is usually only so many per minute, but the possibility of there 
Be^nS» say a million, in a particular second, does exist.

+2?? ^ese types of processes are characterised by the number of
successes pet unit of time or sometimes per unit of space, rather than 
simply in n trials as was the ca. e in the Binomial distribution. We 
are actually moving off from the Binomial distr’bution to another type 
of discrete distribution. This is the distribution that exists when n 
tends towards infinity and p gets very, very small; in fact it tends
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towards nought. Then the probability distribution that the random 
Variable X is going to follow is known as the Poisson probability dis­
tribution or the Poisson distribution.

This is named after Poisson himself who was a Swiss mathematician. 
He first described this distribution in eighteen thirty seven. Let us 
now state the distribution mathematically. The Poisson distribution 
applies to the case where n Lends to infinity and p tends to nought.
The probability of success gets so small that we expect very few suc­
cesses in an infinite number of possible events or outcomes or rather 
in a unit of time or space. Then the probability of Our random variable 
X being equal to a particular value of X is written as:

x -u 
P (X=x) = .

The value of the constant e is an irrational number equal to 2,71828...

*256 ^  USUally r°mid iC off t0 about £ive figures as you see on the screen.
+281 The important thing about this distribution is that it only has

one parameter, and then it is completely defined. That parameter is y, 
the mean. In the Binomial distribution we had two parameters, n and p.

In actual fact one of the early pioneers in statistics who helped 
promote the use of the Poisson distribution did so by shewing that the 
number of deaths from the kick of a horse per year per army cavalary 
corps in the Prussian 6m y  during the period 1875-1894 followed a 
Poisson distribution with high precision. This is the sort of situation 
we are considering. In that period of time, almost an infinite number 
of troops* or a very large number of troops could have been kicked to 
death by their horses. But the probability of this occuring was very, 
very small indeed; n tended towards infinity, p tended towards zero 
and the actual distribution of the number of men dying from the kick of 

*276 3 h0tSe f0ll0Wed a Poisson distribution with high precision.
+300 I,et's 8o onto the next question. This is question three. Say

we are considering a Poisson probability distribution and we would like 
to find the probability of X being equal to a particular value, x. The 
formula we would use to find this would be the following:

(?)x.e~(?)
xi
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Put down the name of the quantity which should be in those brackets 
where we have placed a question mark. A very easy question to find 
out if you have taken note of what the formula is for the Poisson dis­
tribution.

*295
+319 Poisson distribution is still however a discrete probability

distribution, as is the Binomial distribution. Another way of thinking 
of the Poisson distribution is as the limiting case of the Binomial 
probability distribution, (i.e. the limit as n tends to infinity and 
p tends to nought). Say we are considering a Binomial distribution: 
the general expression would be

It can be shown mathematically that if we start with that formu' 
la, and we let n tend to infinity and p tend to nought, then we will 
come out with an expressicu:

+334 Therefore, taking the general term of the Binomial distribution 
and letting n tend to infinity and p tend to nought we will end up with 
an expression which is equal to the Poisson distribution; so it is the 
limiting case of the Binomial distribution.

Now let us examine some of the more important properties of the
Poisson probability distribution, the three most important ones being 
its mean, its variance and its shape. We will start off by looking at 
the mean and variance of the Poisson probability distribution.

In common with the Binomial probability distribution (because it 
is also a discrete distribution), its mean y is also equal to n multi­
plied by p, even though n tends to infinity and p tends to nought. Its
variance a2 will also be equal to n multiplied by p multiplied by q.
There is however, a special property involved between the mean and 
varia -if a Poisson probability distribution. I will show you now 
what thie property is.
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*329
+351

*357
+377

+401

Let us rewrite that line on the screen npq as being equal to n 
times p and instead of writing q, we can write (1-p). Let's just put 
that down on the board. I think it will be a little easier.

CT2 = npq
= n p i ' l -p )  .

If p tends to nought, what is the value of this expression in the bra­
ckets going to be equal to? The answer is that if that gets so small 
that it is almost equal to nought, this expression will eventually be 
equal to one and then the variance will be equal to n times p. You 
might well ask, Won't this also be zero if p is nought? We are talking 
about a limiting case and without getting too involved in the mathema­
tics, we can show that if p tends to nought we will get an expression 
for a2 of n times p which is exactly the same as the mean y.

The special property of the Poisson distribution is that the mean 
and the variance are both the same (equal to n times p), This is 
Something that you should accept without going into the mathematics of 
it. This often acts as a very useful check to find out whether a dis­
tribution is a Poisson distribution or not. Let's now go onto another 
question somehow related to this.

This is question four. Say we are considering a discrete distri­
bution; n is equal to one hundred and p is equal to 0,01. The question 
is: what is the value of y-o2?

Onae again, gust before you answer that let me give you a little 
help on the board, i've gust shown you a certain property of the Pois­

son distribution, but we don’t know what this distribution is. To aheak, 
we still use the formula: y  because it is a discrete distribution

and Qz*npq, If those two are equal we realize that this is a Poisson 
distributionj n was equal to one hundred and p was equal to 0,01,

Very large, very small. Hill these things be equal? I'm not asking 
you whether they are equal or not, I want you to find the difference 
between the two. What is the value of y -c j2?
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We will come back to the significance of this answer in a moment.
F' rstly, let's have a look at the third property of the Poisson distri­
bution, its shape. What does it actually look like?

We are going to consider two graphs. The first will be where the 
mean p, its only parameter, is equal to two. Secondly, where its mean 
P is equal to ten, and see how they differ for different values of the 
only parameter , p. Remember that p is the expected value of X or the 
mean of the distribution which is equal to n times p for a discrete dis­
tribution. For p to be small when n is large, p must be very small 
and for p to be equal to ten when n is large, p will then not be that 
small. Remember that n is tending towards infinity while p is getting 
rather small. Lets see how a change from p equal to two to p equal to 
ten changes the shape of the graph.

The first graph is going to look like this. I've plotted points 
above the discrete values of X of nought to six. Seven, eight and 
nine have almost zero probability of occuring. For p to be equal to 
two when n is very large means that p is very small. The probability
of success is very small, so we would expect, on average, nought, one,
two or three successes at the most- very seldom more than that. The 
graph is a skew distribution; skewed to the right.

We now increase the parameter p from two up to ten. Let's see
how this affects the graph. The second graph will look like this.
Notice it is not skewed, but almost symmetrical. The distance between 
the adjacent points has become a lot smaller, because my X scale has 
changed; n and now p are sufficiently large so that the points on the 
graph appear to almost touch each other. If p gets larger, so p gets 
biggex. .If p gets larger than ten, we would get what would almost 
appear as a normal distribution, because those points would be very 
close together indeed. That is something we might come to a little 
later on when we consider the normal distribution. The graph however, 
is symmetrical because the mean is more of a middle value, We expect 
more successes than we had before when we had a small value of p.

Now we are going to consider some applications of the Poisson 
distributions. Before we proceed onto these applications let me point 
out to you how we obtain values for the Poisson distribution. We will 
do the first few via calculation.

Say we have a situation where p is equal to 1,2 (a Poisson dis­
tribution) and we would like to find the probability of obtaining two
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successes (in other words the probability of our random variable X being 
equal to two). We make use of the Poisson formula:

Now that is rather easy to work out on your calculator because 
your calculator should give you the value of e. Raise it to the power: 
-1,2 (raise it to 1,2 and invert); multiply by (1,2)2 and divide by 2! 
(which is just two). If you do this on your calculator you should ob­
tain an answer of 0,2169 - something I suggest you do check at a later

stage.
*450 Here is a similar question that you can try and answer. This is

question five. Say we have a Poisson probability distribution and ]i 
is equal to 1,3. What is the probability of obtaining three successes 
(the probability of X being equal to three)? We want to calculate this 
to four decimal places. I suggest you all get out your calculators 
which you will need. If you don't know how to find the value of e on 
your calculator, approximate it to four decimal places as 2,7183.

Again^ let me give you a clue as to how you should go about this 
on the board. We are trying to find:

P(X=3)

(1.3)3.e_1»3 
+503 -  51

*474 you should find that, that expression is not that difficult to
+S13 evaluate when you use a calculator. However, it is not always necessary
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to use a calculator to find these probabilities, because we do have 
tables for these probabilities of a Poisson distribution. At the back 
of your text you do have these tables available for certain values of 
y, I would like you to take out your texts and turn to page 300, where 
you will find the Po:Json probability distribution tables.

You will find that the probabilities are tabulated correct to four 
decimal places for certain values of the only parameter y. Let's have 
n look at what these tables look like. If we go in to the top left 
hand corner where they specify the values of y, y goes down the left 
hand column; depending on which value of X you want to determine, 
you go from left to right. Let's go down the left hand column.

You can see that y starts at 0,1; 0,2 and continues down to 1; 
then it increases in tenths from 1,0 to 2,0. From 2,0 onwards it goes 
up in jumps of 0,2; 2,0 to 2,2 to 2,4 etc. These larger values of y 
ate not that common. If you go from there and look at page 301, the 
same thing happens to y from 3 to 4, but from there on we go up in 
integer values: 4 to 5 to 6 up to finally 10. Values of y greater
than 10 are very uncommon.

Let's go back to the top left-hand corner and move from left to 
right so that we can indicate to you the probabilities of different 
values of X. Say we are considering a y value of 0,1 and if you want 
to find the probability of 0 successes you look in that first column;
1 Success, 2 successes and so on. Notice that when we get to 3 suc­
cesses, its very small: 0,0002. If we stop at 4 successes, the
probability of obtaining 4 successes when y is 0,1 is, to four decimal 
places 0,0000. For 5 successes, and from there on, they haven't 
bothered to tabulate the values, as you see being indicated. As y 
increases, the probability of getting more successes increases, and so 
this would continue. If you look at page 301, when y gets to 10, they 
go up to 24 successes, which is tabulated in a operate section on the 
bottom of page 301.

Let's go back to the left-hand corner and check the answers we 
have obtained for the last two problems, ho four decimal places. In 
the first question that I did with you, we wanted to calculate the 
probability of two successes when y was 1,2. We go down the left-hand 
column to the value of 1,2. We now move to the right until --re get to 
the column, X=2, which is the third column. You can see the value 
there: 0,2169 - eactly as we did obtain. The question I asked you to
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do, question five, y was equal to 1,3. Let's go back to the left-hand 
column to identify the point where U is 1,3. Move along that row un­
til we get to X=3, so that we get three successes. That is the fourth 
column: 0,0998. If you answered question five correctly on your cal­
culator, that is the answer you should have obtained. Where you have 
values of y which are tabulated in your text, you needn't work it out 
on your calculator, just look it up in your tables. There is the 
problem of not having a tabulated value.

*541 Let's go back to the left-hand column. Say we have a y value of
2,5. Go down the left-hand column and identify the value 2,5. You 
will find there is no 2,5; there is only a 2,4 and 2,6. How do we 
find probabilities for y equal to 2,5?

One way of doing this is to interpolate between the values of 2,4 
and 2,6. Say we wanted to find the probability of X=0; that's the 
first column there. We would find the geometric mean between 0,0907 
and 0,0743, Thats one way of doing it. To find the geometric mean 
we have to multiply those two values together and then find the square 
root. There is a certain amount of calculation on the calculator. I 
think it is easier to use the formula and work it out. It will cer­
tainly be the correct value if we use the formula.

*554 Let's do this for question six so that you have a little more
practice in using your calculator and the formula, to find these pro­
babilities. We will make this the situation where y is equal to 2,5. 
We would like to find the probability of X being equal to six, We 
could go to the column in our tables where X is equal to six and in­
terpolate between those two values or we have the choice of substitu­
ting these values in the formula. We will then get:

(2,5)6.e"2i5
6! *

Work the answer out correct to four decimal places.4*606

Let us consider some applications of the Poisson probability dis­
tribution, now that you know how to look up or calculate the values of 
certain probabilities« Suppose that one percent of the bolts pro­
duced by a certain machine are defective. Say we take a random sample
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of three hundred holts and we would, now like to find the probability 
of a certain number of these being defective where the mean or ex­
pected value y is equal to n times p. We have to calculate p from 
this; n is 300, p is 0,01 and we get a value of 3.

The question now is, can we use the Poisson probability distribu­
tion to calculate the probability of a certain number of defectives 
occuring in this sample? In order to use a Poisson distribution y and 
□2 must be the same. What is 52, the variance? It is equal to n times 
p times q so it is 300 times 0,01 times 0,99 which gives you 2,97. The 
mean and the variance are not the same so this is not a Poisson pro­
bability distribution but a Binomial probability distribution. How­
ever, we don't have Binomial tables for n equal to three hundred and 
the term that we have to calculate is going to be difficult to cal­
culate arithmetically, as you should have realized from the first two 
questions in this lecture,

A point to note here is that, although the mean and variance are 
not the same, they are almost the same. There is a difference of 0,03 
in 3, that is one percent. There is only a one percent difference 
between the mean and the variance. The question might now arise: 
can't we use the Poisson distribution (which will be very easy to look 
up in the tables because y is equal to three) as on approximation to 
this situation? This is really a Binomial situation. How accurate 
would we be if we used the Poisson as an approximation to the Binomial? 
The answer is that we. would fin*, it to be a very good approximation.
I want to demonstrate this point by refBring to two graphs.

We u.re going to have a look at two gra, hs where there is a dif­
ference between the mean and variance of inor-.' than one percent and we 
will show you how close the two graphs still a '» - the one being a 
graph of the Binomial distribution, the other a graph of the Poisson 
distribution.

Let's start off by looking at the figures we are going to con­
sider, Here we are considering a case where n is 20, p is 0,2; that 
gives us a mean y of 4 and the Va;'cnce will be 4 times 0,8 which is 
3,2. So there is quite a significant difference between the mean and 
the variance. It id 0,8 in 4, which is twenty percent. A large dif­
ference, you could say, between the mean and the variance, If we use 
the Poisson as on approximation to the Binomial distribution, how 
accurate would we be, or how much accuracy would we lose? For these
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figures I have plotted a histogram o the Binomial distribution and 
it appears as you see it on the screen now. Using the same figures 
I could draw a histogram over the discrete values of X and compare the 
two. This is what we are going to do now.

We will start from the left-hand side of the graph and draw the 
histogram corresponding to the Poisson distribution for a mean of 4 
and not 3,2. For a mean of 4 the Foisson distribution will look as 
you see now. You will find that it is very close indeed to the histo­
gram we already have. Only in the middle there will you lose some ac­
curacy and coming along as we do now it is close to •.Mat the histogram 
for the Binomial distribution is. If we used those values of the 
Foisson distribution as an approximation to the Binomial we would be 
rather close to the true Values. That is a case where there is a twenty 
percent difference between the two. In our example :here was only a 
one percent difference, so if we how used the Poissc- distribution as 
an approximation to the Binomial distribution we would lose no real 
accuracy at all. Certainly not really to four figures. Let's now use 
the Foisson distribution (although it is not really a Foisson distribu­
tion) to answer questions on this problem.

We had one percent defective bolts, n was three hundred, and we are 
taking the mean y to be three. What would the probability be of ob­
taining no defectives at all? In other words, all the bolts in our 
sample of three hundred are good. If we use our random variable X we 
could say:

P(all good)
= P(X=0) .

To find this value you could go to your Foisson tables, where p is three 
and in the column X=0, if you check on that, you will find it comes to 
0,0498, If aome of you Would like to, you can use the Binomial expan­
sion term, and you would find you get a very similar answer indeed.
You would lose no accuracy at all.

Now let's do another question on the same situation. This one you 
can answer. This is question seven. Considering the same situation 
where the mean ]J is three, what is the probability of obtaining two de­
fective bolts in this sample of three hundred? What is F(2 defectives)? 
I don't expect you to work this out as you can find the value in the 
tables.
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+698 Let's move onto some more questions on the same situation. Say
we wanted to find the probability of obtaining two or more defective 
bolts in the sample. We have two or more here, so it is rather tedius 
to add all these probabilities together. Lets rather change that to

= 1 *- P(0 or 1 defective)
*= 1 - P(X=0 or 1),

by our probability rule of complementation. This means we have to look 
up the value when X is 0 and when X is one, along the row of y equal 
to three in your tables. If you do that you will find that will be 
equal to:

1 - (0,0498+0,1494)
= 0,8008,

Let's go onto a similar question which you once again can do.
This is question eight. We would like to find the probability of ob­
taining two or less defectives. In other words, at the most two de-

Before you try and answer this let me give you a hand on the boar'\ 
We want to find:

P(2 or less)
= P(X 5 2)
= P(X = 0,1,2) .

Therefore you have to look up three values (where y is equal to three) 
+721 and add them together in order to answer that question «

*6vl
+733 What I want to do now is to go onto another class of problem which 

can often be solved with the aid of the Poisson distribution. These 
problems are known as queueing problems, They concern themselves with
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determining how many customers, say, are likely to be waiting in line 
for service, and how long they must wait before being served. Without 
delving into queueing theory (which we don't concern ourselves with in 
this course), take an example where the average number of customers who 
appear at a bank teller's window is say, one per minute „ This is a 
typical example of where we use the Poisson distribution because you 
could in fact have an infinite number of customers waiting there per 
minute - there is a possibility that the whole of Johannesburg could 
turn up at the teller's window in that particular minute. The proba­
bility, of course, of this occuring is infinitely small, but neverthe­
less it is the number of events or successes occuring per unit of time 
so we assume this follows the Poisson distribution. It has in fact 
been shown to do this. We use the Poisson distribution here; we are 
not using it as an approximation to the Binomial distribution.

Say we would now like to find the probability of no customers 
arriving, in one particular minute or in any particular minute , at 
the teller's wrndow. We bear in mind that our ]i value is one and we 
want to find the probability of our random variable X being equal to 
nought, If you go to your tables where |i equals one and look up the 
value where X is nought you will find it is 0,3679. There is a thirty 
six percent chance in this situation that in any particular minute 
during the day, no customer's will arrive at the teller's window or be 
queueing at the teller's window where the average is one per minute 
during a whole day.

Let's go onto a question that you can answer. This'is question nine 
concerning the same situation; y is equal to one. What is the proba­
bility of four or more customers arriving at the teller's window in any 
particular minute?

That brings us to the end of this lecture, Thank you very much.

*726-746
+766-785

ANSWERS TO QUESTIONS



Appendix XV 

Lesson Programmes and Computer Reports

The lesson programmes for Che six television lectures, 

are given in this appendix. Their structure is fully described in 

section 5.3.1.

In addition to these lesson programmes, brief examples are g-> ,'en 

of a student response report, a detail report and a student report, as 

described in section 5.3.2.
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Lesson Programme for Lecture *

tsEHI 
CC M 35 
fel
01 2STV0
fel
02 6\ SIX 
61
03 5 2\ FIFTY TVO 
fel
04 x=4\ r-OVRX X=FOVR 
61
06 0\ ZERONX- 0\X=ZEF.0\M0 VGhT 
61
06 3/8N 0, 375X 0. 375 
61
07 1/16\G, G625\0. 0625 
61
08 l/8\0, 125\ 0. 125\F"(3)=1/8\F(3)=0, 125\F (3)=0. 125 
61
09 DISCRETADIS 
61
10 MO

Lesson Programme for Lecture 2 - M36

6EHI
00 M36 
61
01 MU 
61
02 STANDARD DEVI/tTIOMX STL DEUIATIOMX S D\ SEN S\ SX\ THE STAN LARD DEVIATION 
61
03 7\ SEVEN 
61
04 PR0BAE1L1TY\P 
61
06 1\0NE\E(X)= 1\E(X) = 0NE 
fel
07 1.5Xb5\0NE „MD ONE H a LFXI 1/2X1 1/2 
01
05 27\ TWENTY SFVENX EC 6X)s 27\ E( 6X) = TWENTY SEVEN 
fel
09 IDXTEiJ 
61
10 1 OX TEN
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Lesson Programme for Lecture 3 -

6LHI
00 M37 
61
01 ST^NLhKL LEVIhTIOiJXTHE STti-JLaRL LEVLhTIOWXS L\£L\S\SX 
fel
02 60Z7\ SIXTY/SLVEiN 
61
03 VAR(X)\VAR (X)
61
04 0> 5S0.5\ 1/2N0NE HALF 
61
05 4SF0UP.
61
06 3\ THREEX VAR(X)- 3\ VAR <X ) = 3\ VAR( X ) = TriREEX VAR (X) = THREE 
61
07 1,5\1.5\3/2\0WE A1XL A H aLF 
61
OP 1 \ R 1 \ 1 R\ 1 RAi\l L\ ON E RAN L\ ON E R 
61
09 -2R\- 2F\-R2\- R2\ ~ TWO FAN L\-TWO R\ - TWO 
61
10 379\ VAR(X)=379\VAR <X)=379

Lesson Programme for Lecture 4 - M^g

6EHI
00 M38
61
01 , 2\ 0> 2\ 1/E
61
02 P
61
03 0, 75\> 75\ 3/4
61
04 0, 1875\> 1875X3/16
61
05 0, 3Xj 3X3X10
61
06 Oj 1369X, 1 369
61
07 Oj C026X, 0026
61
06 0, 3382\j 338E
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Lesson Programme for Lecture 5 - Mgg

tiEril
00 t*l 3 9
@1
01 P
61
02 PC\WPCX 1 PCX P*C\1'J*P* C\ 1*P*C
si
03 25
61
04 12,5X121/2X12 1/2X12 AND 1/2
61
07 9
61
08 20
61
09 12
61
10 4, 8X4. 8

Lesson Programme for Lecture 6 -

©EHI
00 M40 
61
01 0, 375\, 375\3/8\C, 3750\, 3750 
61
02 YES 
61
03 HV 
ei
04 0, OlV Gl\ 1/1 OC 
61
05 0> C998S> 0998 
61
06 0, 02 78Y, 0278 
61
07 0, 224\, 224\C, 2S40\, 224C 
61
G8 0, 4232V, 4839
61
09 0, 019X, 019S G19C\, G19G
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A Student Reponse Report

A student response report displays the responses or. the V.DJ’. as 

they are being made by the students. In the report given below for 

example, the. student named Moffat is seated in row A, seat number 2 and 

has responded: NO. Gilchrist, in Al, has not as yet made a response.

CO M35 
AC LEDGER B 
Al GILCHRIST R 
A2 MOFFAT A 
A3 ISMAIL M 
AA LAZARUS I F.

---NO

- - — N 0

- - “ N  0



A Detail Report

In the detail report given below, it can be seen that Ledger, in 

seat AO, has answered question 7 incorrectly while he has answered the 

other nine questions correctly. Ismail, in seat A3, has answered 

questions 1,3,5 and 10 incorrectly and questions 2,4,6,7 and 8 correctly. 

He has not attempted question 9. If a student answered a question 

correctly at a second or later attempt, a L would appear. This does not 

occur in the example below.

DETAIL REPORT

,435
[ATE:
TEACHER:
CLASS:
GROUP: 0, STVDEilTE NO. = 005 

0 0 0 0 0 0 0 0 0 1  WANES 
1234567890 

A0 RRRRRRXRRR LEDGER B 
Ml RRRRRRRRRX GILCHRIST R 
m2 RRXRXRXRXR MOFFAT A 
A3 KRXEXRF.Fi-X ISMAIL M 
A4 XXFXXFXXXR LAZARUS I R
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A Student: Report

The student report gf .'es the names of the students in the extreme 

right-hand column and their seat locations in the extreme left-hand 

column. The middle four columns are headed L%, R%, AX and MX. The LX 

column gives the student's final mark after his last or final attempts 

at answering all the questions have been recorded. The RX column give* 

the student's final mark based on the initial answers entered by the 

student. Notice that these two columns display identical values as a 

second attempt was not permitted in the example below. The AX column 

gives the percentage of questions attempted by the student and the MX 

column reveals the student's final mark out of the number of questions 

attempted (i.e. the questions which were not attempted are ignored). 

The means and standard deviations are given for the columns at the end

of the example.

STUDENT REPORT

M3 5 
CATE:
t e a c h e r :
CLASS:
GROUP: C, STUDENTS NO. = 005
ST L % r ;. HZ M X rtE N a m e s
AO 90 90 100 90 0 LEDGER h
AI 90 90 1 00 90 0 CILCHRIST R
A2 60 60 1 00 60 0 HOf FAT A
A3 50 50 90 56 0 I SiIh IL h
A4 3 C 30 1 00 30 0 L a Za RUS I R

h l mN 
s. D.

64
23

64
23

9b 65 0



Appendix V

The Pre-Test

A copy of the pre-test, which is referred to in section 6.3.2, 

given in this appendix.
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UNIVERSITY OF THE WITWATERSRAND, JOHANNESBURG
d e p a r t m e n t  OF APPLIED m a t h e m a t i c s .
MATHS AND STATS 1B_

Time: 30 minutes. Twenty Questions

(a)
(b)
( c )

(d)
(e )

(a )

( b )

( c )

( d )

(e)

(a-b)z is equal to: 
ar-bz
(a-b)(a+b) 
a2-2ab+b2 
a2 tb2 
a2+2ab-b2

2 “ "TThe number 27 is equal to 
1 
?
9
1
TE
18
none of these.

2, The factors of x2-5x-6 are:
(a) (x-3)(x+2)
( b )  ( X + 6 ) ( X - 1 )

(c) (x-6)(x+l)
(d) (x-3)(x-2)
(e) none of these.

4, 3x"^ may also be written as
(a) -12 log x
( b )  x 14

(c)
(■‘ l y
(e) none of these.

If log 4 = 0,602 then log 40 is equal to
a) 6,02
b) 10,602
c) 1,602
d) 0,702
e) none of these.

A candidate has to use logarithm tables to simplify / ( n .s r + ' /S n ?  .
Indicate in which step he is making an error if he proceeds as follows:

;a) multiply the logarithm of 13,3 by 3
(b) divide the logarithm of 91,5 by 3 
fc) add the results of (a) and (b)
(d) divide the result of (c) by 2 and find the anti logarithm*
(e) none of the above steps.

Indicate which of the following is the graph of y=ax2+bx+c i f  a > 0 and

N
(b)  M   ^ (d)

/

A\ y
2) none of these Zlx

/s

...

\
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8. The forth term of the sequence 4; -6; 9;... is equal to
(a) -13
(b) -131
(c) -121
(d) -12
(e) none of these.

9. The simplified value of is
(a) -9 (Do not use log tables)
(b) 6
( c ) - 3
(d) 5
(e) none of these.

10. If S = A(1 + 7CjQ')n » then r is equal to:

(*) ™ A K ' ’>
(b) lOO^f - 1)
(C) 100(5^1 - 1)

(d) (VWhTJ. |
(e) none of these.

11. The 20th term of the sequence 4; 9; 14;... is
(a) 61
(b) :n-i
(c) 99
(d) 4(5t*)
(e, none of these.

12. The value of % 3.(-2)n 1 is:n==l
(a) 63
(b) -66
(c) 189
(d) -63
(e) none of these.
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13. logg y - logg % = 1- = 7, then x Is equal to:
(a) log26
(b) 1 - log 3.5
(c) 3,5
(d) (log27-l)z
(e) none of these.
14. k is the arithmetic mean of two numbers. If one number is x, then the other

number is:
(a) k-2x
(b) k - %
(c) 2k-x
(d) Y  -x

15. log 3; log 3r; log 3r2; log 3 r M s  a
(a) Geometric sequence with common ratio of r
( b )  Arithmetic sequence with common difference of log r
(c) Geometric sequence with common ratio of log r
(d) Arithmetic sequence with common difference of r
(e) none of these.
16 x; /x is a Geometric sequence. The third term of the sequence is:
(a) x
( b )  $

(c)  1

(e) 2/x-x

17-_ _ _ _ 1_  is identical to

(a) /? •!■
( b )  H  * &

(c) "/2" -
(d) -1
(e) ?
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IB. log x + log x2 + log x" is equal
(a) log(x+x2+x")
(b) log x6
(c) 7 log x
(d) log 7x
(e) log j

19. if t = —  + s then

c )

(M  * = |p  " a 

(=)
(d )  x - f c i

(e) none of these.

20. If log x = 3,124 then log x& is
(a) 6,248
(b) 1,562
(c) 1,562
(d) 1,062
(e) 2,562

to:

equal to
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