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Lecture ¢ - MAO Questionyl

Objective: The students will be able to compare the arithmetic computa-
tion involved in evaluating anpan_x when

(i) n is small (<25) and p~0,5

(ii) n is large (>25) and p=0,l.

Question: Consider a binomial distribution where n=3 and p=0,5. We would
use the term 302p2q1 in order to determine the probability of 2 succesces

ocews ng. Calculate the value of 3Czp2q1 without using binomial tables.

Validity: 5/5

Instruction: After a brief introduction the students are told that it is
difficult to compute binomial probabilities for large values of n. In case
thoy had not realized this, they are to be asked two guestions tn illustrate
this point,

Regult: 427 (71%) answered the question correctly.

Analysis:  Although the result shows a high vairation between groups 1 and
2, it was still considered disappointing. The objective is for the students
to compare the computation involved in this question with that in question 2.

The computation involved in this question is very elementary and the
students had been involved in many similar computations prior to this lee-
ture, yet about 60% (30%) failed to compute the answer.

The point &’ difficulty was probably not the computation itself, but
the fact that some students did not have immediate recall of the required
formula. Thus it was decided to provide them with the formula immediately
after the question wae asked.

Result: 937 answered correctly.

Coriclusion: This result supports the analysis that some students did not
have immediate recall of the required formula aud that the point of diffi-
culty was not in the computation. The number of correct answers is now
extremely high and the instructional sequence is now considered most satis-

fae wy.
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Lecture 6 -~ M&O Question &

be able to calculate the difference between
-2 for a discrete distribution.

¢ribution where n=100 and p=0,01.

+377 ==
What is the value of u-o? equal to for thip situation?

validity: 5/5

*295 . o
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The students are shown that the Poisson distribution is

¢he binomias distribution. They are then shown a

the limitipg case of
oisson distribution, pamely that the mean and

special property oi the P
variance (y <nd g%y are equal.
1072 (41%) answered the question correctly.

Result:
The Poisson distribution has the property t

Analysis:

and variance (0%) are equal.

s close to) a Poirson distribution, students must be

eribution is (or i
able to determine wh
jective for this guestion.

The insturctional sequence

rther u—cz is equal to nought or not.

however stressed this property of the

Poigson distribution and many student
4 to be a Poisson distribution.
without evaluating the expression.

to nought,
ided to stress the point that the dis

1t was dec

but not necessarily a Poisson distribution.

of the Poisson digtribution was that u=0?,
question 4 by evaluating T C
4 was asked.

Result: 69% aunswered worrectly.

The change in the {instruction cl
y improved and bordering on the accep
ade to improve the clarity of the inst
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ig substantiall
ghanges should be m

ruction,

This was inserted immediately after qu

hat its mean (M)

Thus to determine whether a discrete dis=

Hence the ob~

s assumed the distribution in question

They therefore stated that p-o* was equal

gribution was discrete
Although the special property

this had to be determined id

estion

result

tance level. Further
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Lecture 6 -‘Méo Question 5

Objective: ~ Given the formula for a Poisson distribution (Hf§$~—9 and
the values of u and %, the students must be able to evaluate tﬁe formula,
using. a calculator.
Question: Consider a Poisson probability distribution where u=1,3. The
formula for a Poisson distribution is P(X=x) = EE§$:E‘. Use your calcu~
lator to find the prohnbility that X will be equal.to 3.
Validity:  5/5
Instruction: The students are shown how the graph of the Poisson distri~
bution varies for different values of i, They are then shown how we ob-
tain probability values from the Poisson formula by substituting the values
of | and % into the formula,
Result: 177 (307) answered the question correctly.
Analysis: The stidents have to perform two sets of behaviours or skills
in order to answer this question. The first requires that they substi-
tute the values of J and x into the formula correctly. The second requires
thét they can evaluate the formula using their caleuistors. This second
skill is the objective reflected in this question.

It was decided to perform the first skill for the students; that of
substituting the values of W and x into the formula.
Result: = 407 answered the question correctly.
Conclusion: The improvement made to the instruction did not have much in-
fluence on the results. Thus the problem area lies in the second skills
the evaluation of the formula using a caleculator. Wurther improvements to
the instruction should include a detailed explanation of how to use the cal-

enlator in the evaluation of this formula.
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Lecture 6 - MAO Question 6

X
i ive: i r a Poi di i i B.e |
Objective Given the formula fo oisson distribution (——;E——J and
the values of | and x, the students must be able to evaluate the formula,
using a calculator.
Question: Consider a Poisson probability discribution where u=2,5. The
5

6,e-2
(2,5)603 3 . USe

probability that X=6 can be found from the expression
your calculator to evaluate this expression correct to 4 decimal places.
Validity: 5/5
Instruction: - The students are shown how to use Poisson probability tables.
st is pointed out to them that some values of ﬁ are not tabulated and in
these cases the calculator should be used to evaluate the required proba-
bility. '
Result: 287 (257) answered the question correctly.
Analysis: No further instruction has been given to the students regarding
the evaluation of the formula using the caleculator. Thus the result ob~
tained here sheuid reflect a similar percentage as that for question 5.
This iz the case.

Thus the change made to the instruction for question 5 should also
apply here.
Result: 557 answered the question correctly,
Conclusion: Although there ic quite an improvement tUe result is still
unsatisfactory and the guggestions made in the conclusion of question 5 for

further improvements also apply here,
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Lecture 6 - M&o Question 7

Objective: Given the mean U for a Poisson distribution, the students
will be able to find the probability of a certain number of events oc-
curing, with the aid of Poissoi distribution tables.

Question: Consider a Poisson distribution where p=3. Use your tables
to find the probability that X=Z,

Validity: 5/5

Instruction: An application of the Poisson distribution to a real situa-
tion is illustrated for the students. The situation is in fact described
by a binomial distribution but the Poisson distribution can be used as a
very good approximation. The reason for this is explained to the students
by means of two graphs. A few questions are then asked and answered for
the student, based on this real situation. They are then asked a similar
quastion.

Result:  65% (83%) answered correctly.

Analysis: The score obtained For this question by group 1 is very close
to the acceptance level. Coupled ro this is the belief that earlier parts
of the instruction in this lecture have been improved. Therefore it was
decided to leav: this instructional sequence unchanged,

Result: 817 answered correctly.

Concluqigg: As both groups 2 and 3 scored above the level of acceptance
it would seem that the instructionwas satisfactory and the decision to

léave the sequence unchanged is vindicated.
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Lecture 6 - M40 Question §

Objective: Given the mean M for a Poisscn distribution the students
will be able to find the probability of a certain number of events oc—
curing, with the aid of Joissen distribution tables.

Question: Consider a Poisson distribution where U=3. Use your tables
to find the probability that Xs2. ‘

Validity: 5/5

Instruction: The students are presented with a problem relating to the
Poissen distribution. A question is then answared on this problem as an
illustration for the students before a similar question is asked for the
students to solve,

Result: 177 (437) answered the question correctly,

Analysis; Question 7 is very similar to this question and 65% (83%Z) of
the answers were correct. On closer examination it is seen that the dif-
ference between the two questions is that only one value of the random
variable X is involved in question 7, and its value is quite obvious,

In question 8, several values of X are involved ard they are probably
more difficult to identify, The objective is concerned with the student
being able to find probabilities for certain values of X with the aid of
the Poisson tables, Identifying the values of X is not part of the objec~

tive (this was covered in previous lectures).

This the values of X involved are revealed for the students immediately

after the question is asked.
Result: 767 answered correctly,
Conclusion: The problem area in the instruction was correctly identified

and this result now falls within the acceptance level.
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Lecture 6 — M40 Question 2

-

Objective: gtudents will be able to solve basic problems related to
practical situations by applying the Poisson probability distribution.
+754 Question: Say that the average number of customers who appear at &
bank teller's window is one per minute. Use the Poisson distribution
where p=l to find the probability of 4 or more customers arriving at the
teller's window in any particular minute.
Validity: 5/5
tgg% Instruction: The students are given a problem related to a practical
gituation. A question on this problem is then answered for the students.
They are then asked & gimilar questiom.
Result: 217 (54%) answered the question correctly
Anaiysis: It was felt that the instruction was adequate but the result
was below the acceptance level.
There are five instructional changes in this lecture up to this point.
i If these changes are effective the students will have a better understand-
ing of the content and should do better in this question.
o Tt was decided to leave the instruction unchanged.
Result: 627 answered correctly.
Conclusion: The analysis appears to be partially correct as an improve=

ment did arise. However the result is still unsatisfactory and instructional

changes must be made. .
The gap between the problem which was answered for the students and
the one which they were required to answer may be too large. The narrowing

of this gap might result in an imprivement.
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Appendix IIT

Transcripts of the Television Lectures

Transcripts of the six television lectures which were produced for this

study are given in this appendix. Italics are used in the transeripts

to indicate the parts of the origimal six lectures which were updated

or changed. Thus one script in effect covers two lectures: the ori-

ginal and the updated lecture. Reference points which refer to the

video cassette tapes are indicated by means of asterisks (*) for the

original tapes and pluses (+) for the updated tapes. '
These trauscripts should be used in conjunction with the video tapes

as they are transcribed verbatim and therefore will probably be diffi-

cult to follow on their own. When questions are asked on the video~

tapes, a pause of 30-60 seconds usually follows. This is indicated in

the scripts by means of a gap.
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Probability Distributions

MBS:

This is the first of a series of lectures where the format is
going to be slightly different. What is going to happen is that af-
ter every few minutes (or so) of lecturing, you will be asked a very
simple question on the work which has just been covered beforehand., I
suggest you try and answer this question just to make sure that you
are following the thread of the argument or the actual subject matter
which is being presented in the lecture.

Up to now we have discussed the idea of a random event in proba-
bility and we considered the addition and multiplication rules which
govern the probability of o random event occuring. We later went on
to consider what we called 'probability genmerating functions' and we
saw how they generated the probability of different random events
occuring,

Having said all that I think we will move onto our first question.

This refurs to a bit of revision as to what we mean by random events.
This is question one. We irdicate that by a question mark, zero one
(?70), and the question reads as follows: We spin a coin once and what
I'd like to ask you is, how many random events are “here in this si-
tuation or in this experiment when a coin is spun snce? Remember that
random events are sometimes refered to as sample points. I could
really ask you, hew many random events or sample points do we have

when we spin a coin once? Just put down the number for the answers.

Let's go direetly from question one to question two, again re-
fering to random events. Question two reads as follows: We have a
die which is thrown once, The question now will be, how many random
evetits are there in this situation witen we throw a die once? Again,

1

just put down a number for the answer,




R S

o AN

%145
+147

*171
+172

203.

We will go directly from question two to question three which

again concerns random events and again concerns something which we

have considered before in probabjlity; not spinning a coin or throw-
ing a die, but drawing a card from a pack of cards. We have a pack

of cards, four suits, with thirtien cards in each suit. We suffle

them well and draw one card from the pack. In this experiment, what

I would like to know is, how many sample points or random events are

there in this situation? Again, just write down the number.

Now we are going to discuss a very closely related concept to
random events, namely random variables, As you should know, a vari-
able is a symbol such as X which is used to stand for any one of a
set of values, Now a random variable will take on values of particu~
lar random events in any experiment. These values are determined only
by chance.factors. Let's take an example to consider this idea of a
random variable move closely.

Say a coin is spun twice. If X designates the number of heads
when spinning a coin twice, X will have the values of nought, one or
two. When we spin a coin twice and X is equal to the number of heads
we dbtain, we could obtain no heads, or one head, or of course two
heads from spinning a coin twice. So the random variable X in this
case (if we define it as equal to the number of heads in our experi-
ment) can take on three possible values, namely nought, one or two,

Bearing all this in mind, let's proceed to the next question,
which will be question four. Say we are considering an experiment
where we spin a coin four times. We defime nur random variable X to
be equal to the number of heads we obtain when spinning a coin four
times. Our random variable X can take on different values. The ques-
tion I want to ask here ig, what is the maximum value that X can have
in this situation? Write down a number as the answer.

g S i
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Now let's go immediateiy from question four to question five,

. question -
which refers to the same gituation where we spin a coin four times.
our random variable X is again equal to the number of heads we ob~
tain. The question I would like to ask here is, what is the minimum

value of X for this experiment?

For each value that the random variable X can have, I think you
will realize, there exists a corresponding probability of occurrence
of that particular value of X (the random variable). Let us congider
this idea by (once again) cons .dering the example of spinning & coin
twice.

1 have here next to me the sample space which will be genevated
when spinning @ coin twice, by actually putting down the dif{ferent
outcomes that we can have, with actual coins. The girst possible out=
¢come over here could be a head on the first spin and a head on the
second spin. In other words, two heads from two spins of & goin.
Another possibility would be a head gollowed by a tail om the second
gpin; or we could of course have 2 tail on the first spin and a head
on the second spinj that would be another sumple point in our sam~
ple space.

Finally we could have obtained a tail on the first spin followed
by a head on the second; tha® is 2 fourth possibility in our total
sample space a8 it were.

Now for this particular rat.m avent, out random variable X would
take on the value of nought, bec-use ¢here are no heads. For this
value of the random variable, X would take on the vetue of one be-
cause there is one head, But if you 1ook at this next pandom event.
X also has the value of onej 80 altho.gh these two outcomes are dif-
ferent permutations of one another, they both constitute the same Te~
sult: one head and one tail, even though there are two ways of ob-
taining that result.

Now, Einally going back to our first random event or sample space,
X here will take on the value of two: For each value that ¥ can have,
nought, one or two, there exists a porresponding probability of

gecurence. We can write all this down in the following way.

e a v B e
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Put down a heading in the first column, 8.8., which refe to the
sample space. Nuxt to that we will have a column which will give the
value that the random variable X will take on and in a third column
we will put down the probability of X actually taking on that parti-
cular value. :

The first event we considered was a head followed by a head. We
will indicate that in the sample space as H.H., The random variable X
will then have a value of two, and the probability of that value oec-
curing is one in four, because that is one sample point (or random
event) out of a total of four.

We can list the next point in our sample space (a head followed
by a tail) as H.T. The value of the random variable X will then be (
one and its probability of occurrence, I have left for a while, be-
cause the random variable X has thbe value one for another event:
namely a tail followed by a head i.e. T.H. Both of those events ge-
nerate a X value of one. The probability of X taking on the value
one is two in four or ome~half. TI've grouped those two together as
you see there on the screen.

Finally, the last point on our sample space is tail followed by
tail, or T.T. The value of our random variable X will then be zero
and the corresponding probability of that value of the randem vari-
able X occuring, P(X), will be one in four once again,

A point to note here is that we have considered all the points in
the sample space:. Therefore we have considered all possible values
of our random variable X and therefore all those probabilities of
thoge vajues of X Cecuring must add up to a total of one. You see
that te be the case on the right~hand bottom of your screen.

The same sample space could be written in a different manser, Let's
indicate it as follows: we start off at some point in space by indi-
cating a dot and you spin a coin once. Therefore there are two pog-~
sible outcomes, a head or a tail. We drav a line upwards and indi-
cate at the end of it a H (indicating the result of the head occuring)
und & line downwards with a T (indicating the results of a tail oe-
curing). You can see it indicated on your sereen now,

That is when you spin a coin onee, Now you could spin a coin a
second time and again you obtain a head or a tajl. This sample space
now grows. We go up ko the top point, namely the H, and we go upwards
again to the one possible outcome, namely H, or we could have obtained
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a tail, so we go downwards to a tail. That is the one route. What
if we had obtained a tall on the first spin? The second spin would
have yielded a head or a tail as well, so we could go up to the H or
down to the T.

If we had a look at the top line of the scraen and veading it from
left to right, you will read H followed by H. That is the one random
event in our total sample space, head folluwed by head; or we will get
a head followed by a tail — that is another random event or sample
point. Going downwards we get a tail followed by a head or a tail
followed by a tail. Reading that from left to right you will obtain
your possible outcomes. If you add the ends of the lines you will
get a total of four random events in your sample space.

This type of diagram is usually refered to as a 'probabili.y tree'.
I think the reason for that is quite obvious. It grows or branches
out like the branches of a tree, except that we draw it on its side
and not from bottom to top, as it is usually much easier to draw from
left to right than from buttom to top.

Bearing this type of diagram in mind let's proceed to the next ques-
tion which is question six. We consider a situation where we spin a
ecoin three times. We define the random variable X to be equal to the
number of heads we obtain when spinning a coin three times. The ques-
tion I'd like to ask is: What is the probability of X taking on the

value of two for this particular situation?

Now you might be struggting a little biv to try and solve that, so
let me give you a bit of help on the board. I have put up tne diagram
which you saw a little earlier; the probability of, or the euperi-
ment when, you spiv. @ coin twice; #o we start at some pc it in space
where we gevr a head or tail in the fivet epin. This aort of line in
the tree or this growth potnt in the tree corvresponds to one spin of
the coin. We then generaied a head or a tatl in the second spin via
that route, or a head or tatl via this route. Let's say the growth
point indicating 2 spine of the coin, reprecents pogsidle outcomes.
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50, in this question We are considering 3
some of you might pe dbruggling with) so we wo
then grow, Take this route, g
Here, we spin the Cotn a third time #p obtain either
for the thivd 8pin, via that route,
head on the First spin, tail on the Becond, once again you could have
obtained either g head or a taiy. This route hepe. tail followed by

head, a thivd spin would have then yielded etther a head op a tail,

This route hepe: tail followed by tail - head or toil as wely,

If you had folloved thig route,

=~ head Jollowed by hecd

W48t find the poytee where
be the one Youte, Thoye m;
that up o you now to answer the question,
question which wae asked:
heads for thig 8ituation?

one route - but 117 leave
We will go back to the

What 1g the probabiliy of obtaining tup

Once again, o Little help: I'm noe going to put another diagram

uid realine snge You must ewtent yoyp probg-
You wil1 ga~
¢ You should be able o Find the ppg-
g equal to four, oyt of your total numpey oF cample

the die to Fovr throws,

8pins of the eoin (which

a head oy ¢ tatl

three spins of the coin
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For example, if You wanted
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On the basis of the idea of a random event we can mnow proceed to
discuss the concept of probability as a function. You might well ask,
what is a function? Well, you should have been introduced to the con-
cept of functioms and relations at school. I'm going to review briefly
the concept of a function so that we can go on to ralk about probabili-
ty as a function.

You should recall that a function is a special type of relation.

T think we will indicate this by putting up a mapping where we have a
domain and a range. We will choose values in the domain, say, one,
three and four and values in the range of say, nine, eleven and twelve.
We have a relation between the domain and the range where one is mapped
onto nine, three is mapped onto eleven and four is mapped onto twelve.
Gome relation exists between the numbers one, three, four and the cor-
responding numbers, nine, eleven, twelve.

That mapping that you see there is a special type uf mapping in
that for every value in the domain there is one and only onc corres—
ponding value in the range. Not more that one value in the domain can
have the same value in the range. In this case, this certainly does
not happen. When we have that sort of special relation, we have one
definition of a function. You will probably recall this from your
school mathematics.

The probability of an event can be considered a function because
corresponding to each distinet, possible value of the random variable X,
there is one and only one real number (which will be hetween nought  and
one inclusive), called its probability. If we were to draw a similar
mapping for the probability of an event we would get the following:

For the domain, we would have a random variable X and iis possible
valups from x4 to % . fa the right=hand side where we have the range,
we now put the probability of X occuring. We have P(xl), P(xz) down
ko the probability of the random variatle X taking on the value x .

The two (the domain and range) are connected by a certain relation - a
very special type of relation which is a function, Let's have a look
st this more closely. The value 3 has a corresponding prohability of
occurence, P(xl). Similarly, the value x, has a corresponding proba-
bility of occurence P(xz). Now e cannot have a probability of oe~
curence P(x;) and P(x,). One event cannot tiave more than one proba=
bility of occurence. Therefore we will never have one value in the
domain mapped to two values in the range which ig, as I said before,
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one of the definitions of a funciion, Therefore we have a fuuetion
mapped on the sereen. This would continue until we get down te X .
That value of the random v© . .le X hes a corresponding probabilir,
of ocecurence P(xn).

As this special type of relation exists between the random vari=-
able X and the prebability of occurence of those valyag of the random
variable X, we sometimes refer to this relationship ag a function,

other type of notation. fThe probability of the random variable X
taking on a certain value ig sometimes indicated ag P(X). That gan
also be written ag P(X=x). Those two mean exactly the same thing,
Finally, due to the idea of a function, when x has a certain value,
the correspor ling Probability of Occurence is written ag £(x). Those
three mean the same thing: the probability of a particular valye of
the random variable ¥ occuring.

Wbt we spin a coin twice, we could vrite down all the values of

ber of headsg necuring) namely nought, one and
two. Belu.: that we put down the Probability of Occurence, £(x).  For
the value of nought, it is one in four: for the value of one it is
one in two and for the value of two it is one in four. Notice, there
are two identical values in the range of one quarter, but yeu cannot
have one value in the domain (say for example nought) having two pro-
babilities of occurence (say § and 1). The valye in the domain can
only have one possible Probability of occurence, and therefore we have
a function. Thig type of diagram or layout ig usually referred to as
a 'probability distribution', 1t gives the possible “alues of the
random variable X ~r4 the corresponding probabilities of ocecurence,

Let ug now'cOLJider question giggg. We ceisider the situation
once again where we spin a coin three times. We once again define x
%o be a randem variable equal to the nuuier of heads we obtain, Bearing
this new notation in mind that we have just refereq to, what is £(3)
going to bhe?

D ot
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If you are not g.re what the sample sy look . ike, I suggest

you refer back to the diagram that I had pur . . he bogrd earlier,

+518 where a coir was spun three times.
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We are next going to consider the types of probability distribu-
tions. There are two types, namely discrete and continuous probability
distributions. I'd now like to point out to you the essential dif-
ferences between the two. We will do this by setting up a table. On
the left-hand side we will put down everything pertaining to discrete
probability distributions and on the right~hand side everything per-
taining to continuous probability distributions.

Firstly, the random variable involved with a discrete probability
distribution is refered to as a discrete random variable. I've abbre-~
viated it here as D.R.V. 1In the same way, 1 . ' variable involved
in a continuous probability distribution is a continuous randem vari-
able or C.R.V. ag I have indicated it here.

Probability distributions which are associated with discrete ran-
dom variables are refered to as probability functions. Probability
distributions involving continuous random variables are refered to as
probability density functions. What is the essential difference be~
tween the two? The easiest way to explain it is in a very simple and
uncomplicated manner which gives you the general idea of the difference
between dis¢reteness and continuity,

Discrete distributions involve discrete random variables with dig-
crete values. By that I mean, they have particular values. There is
a measureable space between the one value and the next. We could in—
dicate this by a dotted line ag you see on the screen. Examples of
this are integers, one, two, three, etc. and there are measureable
distances between any two integers; they are exact values.

Continuous probability distributions (or probability density fune-
tions) involve continuous random variables where there is such a small
distance between two points, that the distance is immeasutreable. There
is an infinitesable distance between the one point and the next., We
can never distinguish the one from the next. If we had to plot these
values, they would be so close together that they would form a straight
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line. This is the concept of continuity explained in a very basic
manner against the concept of discreteness.

In order to further illustrate the difference between discreteness
and continuity and their corresponding distributions, we will look at
a graph of a discrete probability distribution and then of a continuous
probability distribution.

First of all then, the graph of a probability function (that's
the discrete case). There we have our random variable X. In this
case it can take on values of nought, one or two., The graph I have
drawn here refers to the experiment where we spin a coin twice. On the
Y-axis you can see £(x), the probability of occurence. For X having
the value of nought it is one~quarter; for X having the value of one
it is one-half and for X having the value of two it is one-quarter again,
Notice that this looks like a bar chart - it refers to discrete values
of X; nought or one or two.

Before we look dt the graph of a continuous random variable (or
a probability density function) let us move onto the next question which
will be question nine. Say we are considering a situation where we
refer to a probability function. If we are refering to a probability
function, what will our randem variable be? Will it be discrete or

will it be continuous? = Write down one of those two words us your answer,

We will now have a look at the graph of a probability density fune-
tion. If you can imagine the values of the random variable X in the
previous graph getting closer and closer together until you cannot dig-
tinguish the one value from the next then we would not be able to dis-
tinguish the ome line of the bar chart from the next if we had to graph

these values, You would get a completely shaded area as you see on the
sereén now. We would be able tc determine the shape of the distribution
from the boundary line of the shaded area. This would tell you that some
middle value of the random variable X on the X-axis has a greater pro-
bability of occurence (because that is where the peak occurs) than va-
lues of the (continuous) random variable to the right or left of the
middle. A continuous probability distribution or a probability density
function often he-s a shape which looks something like that when we draw
a graph.
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Bearing the concept of continuity in mind (where we cannot dis~
winguish between one value of X and the next, because they are so
close together) let us proceed to the next question. This is question
Len. We are considerec a probability density funetion. The question
is: Is this a feasible statement to make: P(X=2)=0,2% The answer

*586 .
+611 will simply be yes or no.

That is the final question for this lecture. What we have done is
to give you a brief introduction to random variables and their correg-
ponding probability distributions. In the next two lectures we will
consider some of the properties of probability distributions. (Answers

%* .
+2gg to the questiongset in this lecture will now follow .)
*597-636 ANSWERS TO QUESTIONS

+621-
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M36:

Expected Value of 3 Ramdom Variable

In this lecturs we look at one of the properties of probability
distributions, namely its mean, or as we called it in the title of this
lecture, the expected value of a random variable. What we really do
here is to start to link together descriptive statistics and probabili-
ty theory and this is eventually going to lead us to what we refer to
as 'statistical inference', and that is where we actually make deci~
sions based on sample data which we have collected,

Before we go on to actually start looking at the mean or the ex-
pected value of a probability distribution, there are two fundamental
concepts which you must have very clear ideas of in the subject of sta-
tistics, and they are what we call the 'sample and the population'.

Now in order for you to get some very clear ideas of this let's

- put down these two concepts in two different columns: the sample and

*86
+81

the population. Underneath that put down some of the essential dif-
ferences between the two.

First of all, starting off with the sample, I think you probably
all realise that when we collect a sample of data or a sample of obser-
vations, we mean that the number of observations is of course finite
or countable; n, the number of obsetrvations or pileces of data that you
have collected will always be finite in a sample. However, in statis-
tics when we refer to a population, we usually mean that the amount of
data you have is almost infinite. In other words, the number of ob=
servations m, tends towards infinity, as you see indicated on the
screen; n tends towards infinity with a population. We can usually
hot count the number of sets of data in a population.

If you think back to your descriptive statistics, w' ere we ac~
tually described a sample of data as best we could, where we found
measures of centrul tendency and measures of dispersion, the measure
of central tandency which we spent most time on was the mean, and the
symbol we give to it was x bar (x), which of course describes how the
data in a sample clusturs arouna one particular value, or tends to-
wards a ce.tral value,

The symbol we use for the mean of the population is not %, but
the greek letter mu (U) and we read it as we write it there, mu, and
the symbol itself is as you see it on the screen now (4).
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Then the measure of dispersion which we spent most time with
when we described sample data, which gave us of course a measure of
how the different values are dispersed or scattered about the mean,
was the standard deviation. The symbol we used cthere was capital S
and we sometimes put a subscript to that, depending on whether the data
was x, y or z data; in this case usually it is x, so we see it as §
subscript X (Sx)'

The corresponding symbol we use for the population's standard le-
viation is once again a greek symbol or letter which is sigma (o) and
it appears as you see on the screen now. Some of you might be a little
confused at this because you have already met the greekletter sigma
which did not look like that and which meant 'add together' or 'find
the sum of.' Well that also is the greek letter sigma but it is the
capital case of the greek letter sigma; an M on its side, as it were.
This is the small case of the greek letter sigma, which refers to the
standard deviation of a population.

You will find that all our parameters which describe a population
we usually give greek symbols to or greek letters.

Bearing all this in wind now, let's proceed to the first question

for this lecture. This will be question rnumber one: ~ Say we are re-

fering to a population. Then the mean of the population is described
by the following greek letter as you see on the screen. The question
is, very simply: What is < name of this greek letter?  Just put
down the word for the ant...s

We go from question onme directly on to question two which is a=
nother very straightforward question. In question two we are again
considering a population and one of the parameters of a population is
described by the greek letter sigma. The question here is:  What does
sigma represent? What parameter of the population does the greek
letter sigma represent?




v e

o AT i e it

. - - B P U IR LR i NS X TP SUUCERINIE IRV FEOE ST & W S I R O

*195
+190

+225

*200
+229

215,

We will leave question two there, and what we are now going to do
for the rest of this lecture is to examine how to find the mean of a
population. We will start off by reviewing how we actualiy found the
mean of a sample.
If you recall from your descriptive statistics we defined the mean,
X, to be the sum of all the x vaiues, divided by n: the simple average.
Sigma (L) x; over mn. By the way, there you see the capital case of the
greek letter sigma., Sigma x; means add all the x values together, di-
vide by n, and we obtain x. However, as often occurred our data was
arranged in frequencies.In other words a particular value of x occurred
several times and then instead of multiplying all these out we just
changed our definition of x (which come to the same thing basically) to
be X being equal to sigma of B multiplied by the number of times that
value of % occurred. In other words times f of 1 (fi), all over n,
where n is the total number of x values or x observations in our data.
Now I am going to ask you a very simple question on how to Ffind
the mean =, but before wve do that let me just give you a very simple
exomple on the blackboard of how to find the mean x by using that bottom
formula on the sereen: =z equal to sigma @ times f; over n.
Say we have a set of data given to us as a frequency distribution.
Ve hove certain values of @, with corresponding frequencies of occur—
rence, fk. Now I am just taking very small values: two occurs twice;
four also occurs twice. I think you can find mentally in a matter of
seconds what the mean of that is going to be. Let me use this formula,
T is equal to sigma of z, times fk all over n, just to refresh your
memories or help you use this. Thia means the sum of the product of
these two things, © times fpo Let's write this out: the fivst value
of « was two muléiplied by <ts frequency of occurence, which was two.
We multiply the two together, and add that to the next value of w which
oceurs, which was four multiplied by its frequency of cccuvence which
again 8 two. Divide that by n. The common mistake heve is that theve
i8 not two values of « (there ave two different values of =) but a total
of four values of x <n our sample data. Divide by n, which ie four in
this ecase, and that comes out ta three.
Now that I have refreshed your w ‘es slightly, let's go on to
question three where we give you an example to find the mean using this

formula, Question three will read as follows: we have data Xy and

fi listed in the following way (I think you should take this down) ;
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the values of x are as follows: the first one is ten with frequency
of occurence three; the next value of x is four, frequency of occur~
ence three; the next value of % is six, frequency of occurrence two
and the last value of x is nine and that only occurs once. The ques~—
tion is to find X. What is % in this case?

We will leave question three there and lets have another look at
that formula you should have been using for X. Namely that % is equal
to sigma of x; times fi over n. What I'm going to do now is to re=
arrange that formula slightly in the following way: f.writ:é it as x
being equal to sigma of Xy multiplied by fi over n Cﬁi ). As you see
there I've grouped fi over n together and that is for a special reason
which should become apparent in a moment. Using this form of the for-
mula (it will make no difference to the final answer) let's take the
figures from question three and just substitute in here to see that you
actually do get the same answer as you should have obtained in question
three. The first value of x was ten so we could have written that as
equal to ten multiplied by the relative frequency of occurrence, (fi
over n) is three out of a total of nine values. The next value of x
was four. That also occurred three out of nine times, so its relative
frequency of occurrence is three in nine. The next value of X was six
which occurred two out of a total of nine times, so it is six times
two-ninths and the fousthvalue was nine which occurred once out of nine
times, so its relative frequency of occurrence is one in nine. The
reason for me doing this will hopefuliy become dpparent a little later
because probability remember is the limiting case of the frequency of
occurrence of the number of say, successes, in the total number of out-
comes.,

That would give us thirty plus twelve plus twelve plus nine, all
over nine and I will leave it to you to check that you cbtain the same
answer as you should have obtained for the answer to question three.
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#9270 Now I would 1ike to have a closer look at this formula. There

we have it coming up on the screent

§

X = LXK,
i

';-‘lH

Let's consider this more closely. Say we would mow like to find
tlie mean of a population, and not a sample. This would mean that n
becomes very, very large; in fact it tends towards infinity. In that
formula, if the value of n (as you see b° o {ndicated) does get very
large and tends to infinity (it doesn't matter what the value of £ is
going to be) - any number divided by infinity comes out to an answer
of zeto or tends to zero = it means that Ei will always be zero and
our mean therefore will always be nought which wouldn't be at all satis~
factory. Therefoune we must devise some method of determining the mean
for the population which doesn't always come up with the answer of nought
which is obviously incorrect.

How do we do this?  The answer is to consider the mean | as the
expected value of the random variable, which comes from probability
theory. Before proceeding any further, let us see how this comes about.
1f you recall your definition of probability was &ig % or the relgtive
frequency of occurrence divided by the total number of values.f‘As you
gee being indicated, that ig exactly what you have there. = 8o Ek , 1f
n gets very, very large is no longer a practical value but a theoretical
value, It is a probability of occurrence of that particular ith value
of %, This now gives us an alternative formula to write down fox the
mean of a population.

On the next line we can write:
! min.P(xi) .
We now come back to the expregsion I used a moment ago, the ex—
pected value of X. | is an average or expected value of X in a popula-

tion, o we sometimes write it as E(X), which is read as the expected
value of X.

E(X) = in.ﬁ(;i) .
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One point that I might mention at this stage:  for that formula
to apply to a population, we are taiking ub 1t discrete values or ran-
dom variables because we must obtain discrite values of % to multiply
them by their corrasponding probabilities of occurrence. This wouldn't
really apply to continuous yalues or continuous random variables; only
discrete random variables.

This all leads us onto two more questions. The next question is

going to be question four

Now let's have another look at this pearranged formula, namely
£,
- 1
x= x‘--—-—
1L n

If we wish to determine the population mean (the symbol we gave to
it was 1) we must divide by the denominator n which will be infinity in
the case of a populaticn. Anything divided by infinity will come out as
sero (or it 4n really undefined). Therefore that formula as it stands
ig not good to us at all. We will not be able to determing the mean
of a population when we dare dividing by an enormously large number for
n, like infinity.

Some wiher device must be found to determine th. population mean W.
The solution %o our problem ig to consider the mean y as the so-called
tempected value' of the vandom variable which comes from probability
theory. Before proceeding any further let's see how this actially comes
about,

If you recall the definition which you had for probability: it
was the number of successes out of the total number of outcomea in

sample space whicl was lim VIO
n
Pra)

Let's just indicate that for you. On that top line we have a
quantity which 18

n

¥

L
n
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as you see being indicated for you now. Now the definition of proba-
brlity was z? as n tends to infinity. As you see on the following line
we can write the mean for the population z as!

u=2%?m9 .

We now have an expression for the mean of the population. It is a
theoretical type of expression because we are using a thewretical con-
cept like probability to define the quantity ﬁk as n tende to infinity.
What 1t really means is the probability of that value of x ocauring
bimes that value of x.

Then on the thivd line as you see shown there, the mean of a popu—
lation s usually referred to as the 'expected value of x' and we write
it as:

Ell) = Exi.f(xi) vhere f(xi)

means the same as P(xi)f

A few new ideas ave presented heve but if you compare the bottom
line to the top line you l.we egsentially got the same thing; f.emcept
that inétead of writing ﬁk we write f(mi) for a population as ﬂ?‘ﬁs
the definition of probability if n tends to infinity. Now lut us go
on to question four.

Question four reads ag follows: we have an expression %ig %.
This is an expression which you saw in gome earlier work. What quantity
or what concept does that mathematica. expression define?

Let us once again go directly to another question i.e, guestion
five which will still refer to these new definitions which you have just
received. Question five reads as follows: the mean of a population

u o= E{X) .

How do we read the expression E(X)? We read it as the value
of X. that is the missing word?
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%373

w406 Now let us go on and try an example where we in fact find the

mean of a population using our formula we have just derived. The ex—
ample we will consider is that of a fair die. We define our random
1 variable X to be equal to the face value which shows when we throw a
die. T7ind the mean or expected value for this situation.

Are we dealing with a population here? We are, because for the
probability of any one of the faces coming up of a fair die to be one
in six means that theoretically we have to throw that die an infinite
number of times so that the ratio of one side coming up to any other
side is one to six. We are assumin; here that we have actually thrown
£ } the die ap infinite number of times. This is in fact a theoretical
‘ situation but n actually has tended towards infinity.

i . ‘@ izg% The first thing to do is to write down the probability distribu-
t. m for our experiment. We put down the values for the random vari-
able X. When throwing a die there will be six values and below that

we write the corresponding probabilities of occurrence £(x).

Probability Distribution

X: 1 2 3 4 5 6
1 1 1 1 1 1
£(X): § T % % © &

We now want to £ind the average or mean value or exnected value

for this theoretical situstion. The formula we have for the mean | is

E(X) = . IX.£(x) .

Once we have the probability distribution (as we have here) it is a

o o e SRS T

; very eagy matter to substitute in this expression. The fivst value of
X was onej  1its probability of occurrence was one sixthso we write
this as

WO Ry TR TR, T
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Note here that I could have taken out & common factor of one
sixth (it world have saved me the trouble of writing it down six
times) . However I have left it there so that you can get the idea
that we are multiplying every value of the random variable X by its
corresponding probability of oceurrence, one in six. This is very
similar to our definition of the mean of a sample. However we have
assumed that the die has been thrown an infinite number of times and
one in six is the ratio of the number of ones occuring to all the
other values ocurring, and so on. Evaluating the expression it comes
to

o N
s

Therefore the average, mean or expected value when we throw a
die is three and one half. You might immediately ask how one can ob-
tain a value of three-und-a~half as theve is no three-and-a-half value
on the die, Remembar that this is only an average type of value. For
example, you might conduct a survey and find that six comma four
people, on average, earn sbove a certain amount. Well, you can't get
comma four of a person. You all realise that it is simply an dverage
type of value as this is. The expected value that we would get when
we throw a die is three~and-a-haly; a theoretical type of figure.

Here is a question for you to try on finding the mean of a pepu-
lation. This will be question 8ix. Say a coin is spun twice and we
assume that the spinning of the coin twice is done an infinite number
of times so that the ratios we get eventually fix themselves as n tends
to infinity. X, ous random variable wo define as being equal to the
number of heads involved when we spin a coin twice and we would like to

know what the expected value of X will be for this particular experiment.

Before you embark on this let me help you with an ewplanation on
the board, '

The first thing i+ do te to write down &h probability distribu~
tion for this situation:

X: 0 1 2
1 1 1
f(x): Z ‘7,'- -IT .
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Now you have to find the expected value of X:
E(X) = DXE(X) ,

and from what I have done cn the board you should now find this answer
quite easily.

Let's now leave question six there and now go on with some more
work on the expected value of a random variable, Sometimes it happens
that you might not always w.ut £ find the¢ expected value of X but the
expected value of some function of X. Let's work through this so as
to explain what I actually mean. The expected value of X was defined
as

E(X) = Ix.£(x)
Now say that you would like to find, not the expected value of X, but

the expected value of some function of X, like X2? or 3X+2 or X +4X+3,

which might very well occur. Then we would have-
E(g(x)) = Zg(x).£(x) .
Let's take a particular example. Say g(X)=x%. fThen E(X?) = IX2.£(x)
Let's actually do this for the case of our die. %% is now the

square of the face values.

CLB(ER) = 1214 22.% +

4]
2l 421,521 g2 L
3 g + 4 G + 5 G + 6 %
w1
6
- 1
15g ‘
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Note that the expected value of X was 3} and the expected value
of X% is not (31)2, but 15%. This is something we will come back to
a little later when we look av the properties of expected values.
Wow let's do an example where yau actually find the expected value of

some function of X. This will be question seven.

Once again refer back to the situation where you spin a coin twi =
(an infinite number of times). The random variable X is once again
equal to the number of heads and we want you now to find the expected
value, not of X, but of X2,

Most of you should be able to do this nou but I will give you a
Little help on the board.

Aluays put down your probability distribution fivst. In this case
the probability distribution for ¥* is:

X: 0 i 4
1 1 1
A A S

Now you should be abla to find the eapected value of X® from that die-
tribution quite eastily.

Hopefully by now you are able to find the mean or expected value
for a population. What we will do for the rest of this lectnie is to
look at some of the properties o: operating with expected values of X

or expected values of functions of X.

Propertizs of E(X)

From the previous two questions yc. should realize the first
property I want to write down:

[E(X) 1% = E(X?) .

What is the expected value of a constant? Let us call the
cotistant ¢,
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Lef(x)
cZf(x) .

E(e)

Now what is If(x) equal to? It is the sum of all the probabili-
ties of all the possible values of x occuring and the sum of all the
possible probabilities in any experirent always adds up to one. So
it is e times one which gives a. - w 0f ¢, The expected value of
a constant is simply that constant, If you think of it intuitively,
expected value means the average value or the theoretically e«pected
value whr . you do something with a variable. In this case you don't
have a variable, but a constant and it doesn't vary at all, so its
expected value will always be its actual value, ¢, A property to bear
in mind, which we use in later lectures.,

Another property: What is the expected value of a constant mul-
tiplied by a random variable?

E(cX) = L(cX).£(x)

cIX.E(x) .

I

Look at the expression on the Bottom line: IX.£(x)., What is that
the definition of? That is the simple, straightforward definition of
the expected value of X. The final answer will be:

c.EX) .

We have shown therefore that the expected value ~F a constant times
the random variable X is equal to the constant c wultiplied by the
expected value of X. Again, something worth remembering: we can
remove the constant from inside to outside the brackets for expected
values.,

We will stop tuere with these properties for the meantime. Let
us now ask you a question which involves some of these properties we
have lookesd at up to now, This will be question eight.

Say we are considering a particular situation where the expected
value of ¥ is equal to 4} or 4,5, What then is the expected value of
gix. i.e. E(6X)?
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Let us now go on to a few more properties of expected values.
What is the expected value of two random variables going to be equal
3 : to?  Say we have two random variables X and Y. So the expected value

of a sum will be:

E(X+Y) = I[XE(x) * YE(y) ]

¥

IX£(x) + IYf(y)

E(X) + E(Y) .

v‘ "5

! +g§g The expected value of the sum of two random variables is the ex-

. pected value of each of those random variables added together,

; We will have a look at one more property: The expected value of

? & constant added to a constant times a random variable

i

E(a+bX) = E(a) + E(bX)

= a + bE(X) .

: Another property worth noting which we might use in later lectures.

; Now for a question on these last two properties that you've just

1

: seen, This will be question nine, Say we are considering a situation
2 { once again where the expected vslue of X? is 3 (E(X2)=3).

| #600 s

; +646 What then will be:

i

! ' ‘ 4 + 2BE(X?)?

e e et 1,

Let's now go directly to question ten which is very similar, but
arranged in a different manner, Question ten then will be concerned
with the same situation wheve

|
it
]
|
i
i

E(X?) = 3

What is E(4+2X2)7
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+2ég This is the last questicn of this lecture. In the next lecture
we will go on to look at another property of populations or rathex
random variables, and that will be the variance of a random variable.

Until then, thanks very much. Uhe answers for the questions will

*
+2§3 gcome up mow so you can check your answers.

*#(533-671
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M37 Variance of a Random Variable

In the previous lecture attention was focused on ways of calcu-
lating the mean U of a population. If you recall, we defineu U to be
the expected value of a random variable X. In this lecture we are
going to focus attention on the variance and therifore of course,stan-
dard deviation of a population.

We will start off the lecture by once again cousidering the essen-
tial differsnces between a sample and a population. Once again, by
putting the two headings down and listing the differences beneath them
we see that n is finite, whereas for a population, n tends towards in-
finity. The symbol we used for the mean of a sample was x; the sym-
bol we used for the mean of a populdation was the grek symbol H. The
standard deviation was S and that was a measure of dispersion: it gaye
us some indication of how the data was spread about the mean x. Simi-
larly for a population, the standard deviation ¢ will tell us «-mething
about the spread of the population data about the mean of the popula-
tion p.

Bearing this in mind, lets Bo straight on to the first question.

very straightforward question. This will be question one. It re-
‘trs to a concept which some people get a little confused with but it
is very easy; I've asked you this question now so that you get *he
idea of the difference between the two concepts straight away, and
don't confuse them as is often the case. Question one reads as follows:
we have the variance of a population described by the symbol 6%, What
quantity or what parameter does the symbol ¢ describe for a population?

I don't think you should have had much troui,le answering question
one. What we are going to do now is to have a look at how to calculate
the variance of a population. We will start off by reviewing how we
cdlculated the variance for a gample. If you review the formula that
we used to find the variance of a sample, we will see if we can posgi-
bly find an expression from it for the variance of a population, TIf
you remember, it was the mean square of the differenes from the mean
and it is deseribed by that expression on the screen now:

Z(xiw§)

—
.

§2 =

X n

s e i
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We used this formula in another manner, when we were presented
with a set of data with a frequency set-up. 1In other words one value
of x occured more than once. We rearranged that formula slightly and
used it in the following way:

o2
E(xi x) £

=-—.—.‘-—-—-——___.
n

SZ

I an going to ask you a very simple question to find the variance
using that second formula because that is the one we are going to use
to develop a formula for the variance of a population later in this
lecture.

Before I ask you the question just let me do a very simple example
o1 the board to refresh Your memories on how to use thig formula,

If you Yemenber, 1 a previous lecture, we had the data:

th

X, R
L X
2 2
4 2

We found that z=3, thug the variance,

8% = et T
x

The standard deviation, which is the square root of this, will
also be one.

I think that 4 enough to refresh youn memory on how to use thig
formula. Now for a question where I want you o use the same formula
to find the variance for a set of sample data.

This will be question number two,

b s et

[T
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We have data lisced under Xy and fi:

X, fi
10 3
4 3
2

9 1

x=7

What is the variance (o2 equal to? Lf your amswer works out to an
improper fraction, leave it as an improper fraction. Don't worry

about working it out as a decimal fractiom.

1
+;ii What we are now going to do is to use this formula that you should

be using for the variance in this question and see how we can rearrange
it, so that we can use it in order to find the variance of a popula-

tion. This is really what this whole lecture is all about.
%190

. 2,
+718 Let ug have another 1ook at that formula for Sx'

T(x,~x)2.£,
S = _.—-_1'_..-—-—-_1'..

n

.

Now, in a similar way as was done in the previous lecture, when

we had the mean X, let us rearrange that formula slightly:

th

2 ok
SX w2 Z(xi %) *. —

E‘

#
198 I have separateu the E£ , as it were, because that is the quantity

+226 which I want to refer to once again., We are faced with the same pro=—
blem as we were before., Lf we are mow considering data for a popula-
tion, n is tending towards {infinity and in that expression we then
have to divide by infinity; which is undefined or which gives us an
answer of mought, which is not necessarily the case., The fact that n
tends towards infinity for 4 population presents us with a problem,
when using “his formula as a means of calculation.

igg; Again, we find a soiution o this problem by using our probabili-
ty theory. When you are conducting any experiment, {f you conduct it

an infinite number of times, the ratio of the number of successes

g i
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(call them £) to your total number of sample points or random events
(call then m) is actually your probability when n terds towards in-
finity. In other words, the probability of an event occuring is de-
fined as the limit as n tends towards infinity of that quantity on the
end, ;i « There you see it high-lighted. Remember that ;i is the de~
finition of probability if n tends towards infinity. Therefore, we
¢an now write down o formula which will enable us to calculate the
variance of a poptlation, because Ei can be written as the proba-

bility of that particular value of ¥ occuring. So the variance
o? = I(x,-W)2.B(x).

The variance of a population is not always written us o?. We

often write it in another way as
. - a2
Var(X) Z(xi ) 'f(xi) .

That is, I think the most commonly used formula for the variznce of X,
although 02 is sometimes used. The standard deviation of course will
be the square root of that quantity.

Bearing some of these new symbols and notations in mind, lets

proceed to the next question which will be question three.

Once again we are refering to a population. The variance of that
population, we write using the symbol o®. The question here is: how

else can we write 0% or how else do we abbreicate the variance?

T think we will leave question three there. If you cfeferred back
to those equations which you should have talken down, there should have
been no difficulty in answering this question. Let us mnow refer to an
actual example where we £ind the variance of a population.

Let us consider onte again the case whera we throw a fair die an
infinite number of times. We define the random variable X as eing
equal to the face value of the die. Remember that theoretically we
have to throw the die an infinite number of times in order to obtain
the ratios of one sixth cor one in six for . ch of the faces coming up,
in relation to each other. 8o theotetically, we are here considering
a poﬁulation gituation where n has tended towards infialty, We found
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in a previous lecture that the mean value U came to 3,5, even though
that value does not appear as one of the face values on the die.
Nevertheless I think you understood that this is a mean or average
value which you expect to obtain (the expected value of X). What
would the variance, ¢?, be in this case? Lets put down the defini-

tion:
2 _ iy 2
gf = Z(xi 1) .f(xi) .

Now lets substitute in values (T am not going to refer to a pro-
bability distribution for this. You should realize that the proba-
biiity distribution will be ¥ values going from cme to six and all
their probabilities of occurrence will be one in six ). The first

value of X was one so we get

(1-31)2. -é-+

veivenene. #(6-34)2, % .

If you wurk this out, in other words, you perforn all those subtrac-—
tions; square each value and then you add up #L1 those numerators,
you will f£ind it will come out to be %%.
That was for the case where we threw a die an infinite number of
times. Now let's give you a question where you can try to find the

variance of a populatioa, This will be question number four,

Say we spin a coin twice (again, theoretically, we have spun the
coin twice, an infinite number of times so that our probabilities of
occurrence are as we expected). We define our random variable X to be
the number of heads which oceur. If you remember, you had the same
question in a previous lncture where you were asked to find the mean
M, which in this case came out to be ome, (I think this coincides
with your intuition; when you spun a coin twice you would expect to get
one ilead). The question here is: What is the variance for this

gituation?
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Before you go ahead with this, let me illustrate what you should
do by helping you on the blackboard, Alwaye puv down the probability
digtribution. The possible valuss of our random variable X are noﬁght,
one and two:

f: 0 1 2
. L 1 1
£(x): A 3 A

The variance o° = E(mi—u)z’f(wi).
Now lete go back to the question and I will give you a minute or
so to answer i,

Now we are going to look at a few different ways of writing this
cormula for the variance of a population. You might recall that the
population mean | was written as the expected value of a random vari-

able X as you see on the screen now:
E(X) = Ix.£(x) .
The variange was written as
Var(X) = Slx-) 2 E(x) .

What I want you to do now is tc examine the two right-hand sides of
those two equations on the screen. Notice that they are exactly the
gate except that the first equation has an %, the second aquation has
a (x~1)%*. In other words the second equation represents the defini-
tion of the expected value of, not X, but a certain function of X,
namely (qu)ﬁ.' Tn actual fact, the variance of X can also be written

as an 'expected value'. We could wri 2 that as!
B(X=)% = T(x=1) % E£(x) o

This is oftem the case. The variance of a population is sometimes
written as the expected value of (x—u)z.

Juat let me etvess heve that o Var(X) and E(X-w)® all mean the
same thing., They ave the variance of a population.

e e R S T e 1o
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Hopefully you have assimilated that and let's proceed now to the next
question on this very point which will be question five,

Say we are considering a population where the standard deviation
O is equal to two. What would then be the expected value of (X-p)?
for this population?

You have probably noticed that a faiy amount of arithmetic caley-
lation is usually involved in finding the variance of 2 population be-
cause there is so much subtracting and then squaring and adding to do.
This was true in the case of sample data as well and we rearranged our
formula for the variance So that the arithmetic was more simplified.
We do a similar rearrangement of the formula for the variance of a
population, or the variance of a random variable. Let see how we per-
form this rearrangement. We start then with

E(X~})?
= B(X*-2Xu + p?)
E(X®) ~ E(2%u) + E(u?)
E(X*) - 2UE(X) + p2
E(x%) - 2% + 2
E(X?) - y?
E(X?) ~ [E(x)]?

I

it

[:s

n

Looking at the top line and then the bottom line you might think
that we have not simplified things at all, But, if you consider the
arithmetic involved when you are using that cop exp.ur 13ion comparad
to the arithmetic involved in this bottom expression: we already have
the nean U or E(X)$ all you have to do is square it. Then, all you
have to do is find E(X?), which means only squaring the possible values
of the random variable X, and multiplying them by their probabilitius
of oeeurence to e o (X%, Usually this formula represents a fay
easier way (arithmetically) of finding the variance of a population
and theref re worth taking note of.

Nr leis see if you can use this new formula in guestion six.

Say we are considering a population and

AR A T R T AR ek R
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E(X?) = 7

and EX) = 2 .

If +wou are given these facts, wirat will the varuiance of X be
(Var(X))? As a lirtle clue here, this shouldn't involve you in

mammoth calculations at all.

We will leave question six there. Lei us now use this new formula
to ealculate the variance of a population once again for the situation
of a fair die. Remember that E(X) was 3}. To use this new formula
we also have to know what the expected value of X squared is. That is
sagsy enough because we gimply take all the valuas of X and square them.
S0 we can write that as
1 1

12, &+ 22, =

E(X?) 5 z

1

it
l

8o once we have E(X), this is the only evtra bit uf caleulation you
have to do i.e. to find E(X®). Then the variance of X

Var(X) = E(X%) - [E(X)]2

C

Lo 3yt

oMo

which gives us a finual answer of %% , which is what we obtained earlier
in this lecture (I think you might agree) with far less tedius arith-
metie involved,

Now for question seven. Once again we apin a coin twice. Say X

is the mumber of heaus we obtain as we had befors  What you didin the
previous question was to calculate the varias If you had to uge
your new formula, all you would need te know to calculate the variance
is also the expected value of X squyred. So in this question, all
that [ want you to do is to find E(X?).
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Again, let us just look at the blackboard very briefly before
you embark on this question. Here I have the distribution for X, but
now I would like the distribution for X':

X% ) 1 4
. 1 Ll 1
£(x) ¢ A 5 7 .

I think you will vealise now that it is o fumily easy thing to
caleulate E(X2) from the probability cistribution. I will leave you
for half a minute to actually do that.

So far in this lecture we have found ways of finding the variance
of a population and in a previous lecture we found ways of finding the
m2an of a population. We have also, in this lecture, shown you some
easier formulae to use in ovder to find the variance of a populatimm
in terms of expected values.

Now wrat we are going to do in order to end off this lectire is
to apply r.se ideas of expected value and variance of & random vari-
able to a more practical type of problem to see if you can apply the
theory.

Say a lottery is to be held. One thousand tickets arn sold at
three rand each. Three prizes are offeved. The first prize is 500
Rand, the second prize 300 Rand and the third prize 200 Rand. Let
us now define ¥ as our random variable, being equal to the prize money.
Could we drew up a probability distribution in this case? 1If we con-
sider this to be a probabilistic situation consisting of independent
events i.e. when enmy ticket is drawn, it is then replaced so that
there are always a thousand tickets. Although n is mnot infinite here,
it is rather large and we could draw up a probability distribution.

The probability distribution would look as follows:
X: 500 300 207 0
£Qx): 0,001 0,001 0,001 0,997

Now we are going to apply some of our theory to this situatiion

which will form question number eight.




*545
+587

*559
+600

*572
+613

%587
+627

*601
640

*60
+643

236.

Question eight reads as follows: Whe. .5 the expected value of
X for this zituation? In other words, what is the mean value of X?
Simply dpply your formula to that probability distribution in order to
find E(X).

Hopefully you have been able to calsulace the theoretical mean or
expected value of X for this situation. Let us now ask a further ques=
tion. This will be guestion nine. Say that you actually purchase one,
three-Rand ticket. So that is what you have spent on this venture.
From the previous question you should know what you expect to obtain
from this venture or outlay. Therefore, considering that you have ocut-~
layed three Rand and you know what to expect to bring iu, what is your
expected loss or gain in this venture? If it ig a loss, just put it as
minus a certain amount orminus so many Rand; if it's a gain, indicate
it as plus whatever amount it is.

Let us proceed now tr a third question on this same situation.
This will be question ten. What is the variance going to be for this
situation? Remember, the easiest formula for Var(X) is equal to
E(X ) = [E(X)]%. You should already know what E(X) is from question
eight. It remains for you to find E(X*) which is a farily simple
matter using this probability distributiom.

You should find that although you expect to obtain very little,
your variance is going to be rather large. I think this is what proba-
bly encourages gambling: there is a chance of making a lot of meney but
most of the people most of the time make very little money or lose large
quantities of monmey. We have now covered ha to treat probability dig-
tributions in general and we can now proceed Lo examine some particular

types of probability distriburions which is whav we will be doing in the

9 \
next few lectures. Thank you very much.

*513~656 [ ; -
ANSWER® TOQ QUESTIONS
+652-692 =2 :
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M The Binomial Probability Distribution

38°

In this lecture we are going to g0 on to a particular probability
distribution and you are going to have to use your binomial tables to
answer some of the questions we are going to ask you. Befora we go any
further I suggest you get these tables ready so that you can use them
when some of these questions come up during the lecture.

The probability distributions which we have examined so “ar have
fallen into two categories - one being discrete and the other continuous
probability distributions. We have looked at properties of these:
finding the expected value and the variance of these probability distri-
butions. What we are going to do now is to consider some particular
probability distributions which are fairly cften encountered. We will
look at two diserete distributions, namely the Binomial and the Poisson
distributions and then once we have done that we will look at one con-
tinuous distribution, called the normal distribution.

There are several discrete distributions which are based on what
is koown as the Berndulli p.ocess, so I think to start the lecture we
will consider what we mean by this Bernoulli process,

Jacques Bernoulli was a Swiss mathematician who was a pioneer in
the study of probability in the late sixteen hundreds, A Berneulli
process is what we call an event which considers two mutually exclu-
sive and exhaustive events. What does that all mean? Well, let me
try and explain thisg: take, for example, when we spin a coin once.
This would be 4 mutually exelusive event because of the fact that you
will either get a head to the exclusion of getting a tail; or if you
obtain a tail it will exclude the possibility of obtaining a head.
Other examples of this are answers to questions that are either yes ot
no;  they would be mutually exclusive answers; an object in a factory
on a production line could be defective or not defective, the sex of
a person could be either male or female, These are all examples of
mutually exclusive events. By exhaustive, we wean that the two events
completely exhaust the sample space or form the whole ui the sample
space,

If we were to draw up a sample space for a Bernoulli process we
would get the following: scarting at some point in space we would
move off to two sample points, the one being the outcome of one eventwhich
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we would consider to be a successful outcome, and the other one we
would consider to be an unsuccessful outcome or failure. The proba-
bility of success we usually indicate by the letter p and the proba-
bility of failure occuring we usually indicate by the letter q. Now
because these are two mutually exclusive and exhaustive events (they
are the only two events in the sample space)p+q must add up to ome.
:}é? The Bernoulli random variable X takes on two values, namely the
values of nought and one, and by convention, one corresponds to success
and nought corresponds to failure. Therefore if we had to write down

the Bernoulli probability distribution we would obtain the following:

X: 0 1

£(x): q P
*134 ~ . , . . , ,
+127 Some othar points which I might just mention about the Bernoulli

probability distribution are that it is sometimes also called the
Bernoulli probarility model or the two-point probability model., You
can see why we refer to it as a two-puint probability model.

Let's go on to the first question of this lecture. This will be
question one. Say we are considering a Bernoulli process. Suy. the
probability of sucecess p is equal to 0,8. The question here is:

:%22 What is the value of q?

:%g; What I want you to do now is to have another look at the Bernoulli

probability distribution. I will put up the distribution on the board:

X 0 1
£(x): 1-p )

Instead of writing q, I am going to write l1-p, The reason for that of
course is that p plus q must be equal .o one. So q must be equal to
one minus p. The probability of success (or the random variable X having
a value of one) will just be p.

Bearing this type of probability distribution in mind (with these
probabilities) let's go on to thc nesxt questions which will be question
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number two. Question two reads as follows: we have a Bernoulli
process once again and we want you to find the expected value of X.
What is E(X) or what is its mean going to be?

Just to remind you E(X) = IX.f(x) <.e. the sum of all the X values
times their corresponding probabil-ties of occurvence. To answer this
question, apply that formula and 1ok at the probability distribution

+194 which I have just put up on the board, ‘

:Z}f Let's go on new and consider, not the mean or expected value, but
the variance for a Bernoulli process. The variance we write as
o?
= E(x-p)?
= E(X) - [E(X)]* .
%230 . ,
+225 Now looking at that second term in the square brackets: we have

already determined E(X) (or you should have from question two which
you have just done), but how do we determine E(X2)?  Ta order to this,
lets go back to the blackboard and I will explain it to you. First of
all we should put down the probability distribution involved in this

case:
X2 0 1
£(x): 1-p P .
Therefore
E(X ) = IX%.f(x)
= Otcl“p) + lnp
= p.

Now that we have determined that lets go back to the equation that we
had, namely:
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E(X*) - [E(X)]?
=p - [pl?

p(1l-p)
Psq.

]

At this stoge, let me just summarize very briefly what we have done.
We have considered a Bernoulli process with its two possible outeomes
(or two mutually exclusive and ewhaustive events). We have Found the
mean or expected value ts equal to p, the probability of suceess, and
the variance, o, has come out to p.qs the probability of success mul-
tiplies by the probability of failure.

Let us now go on to one more questionms. This will be question three.

In a particular clothing manufacturing company seventy-five percent
¢f the employees are women and twenty-five percent of these employees
ale men. X is a Bernoulli random variable that takes on a value of
one when an employee r-ndomly selected is a woman and a value of noutght
when a man is selected,

Remember that p in this case (the probability of success) we will
aongider to be 0,75, because X being equal to one 18 our successful
outcome. X being equal to nought (thats owr unsuccessful outcoms) will
have a probability of failure q of 0,25.

The question that I want to ask you ig: What is the expected value
of X in this case (n)?

Remember that you shoulu use some of the facts we have Just developed
for a Bernoulli Process,
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Now we are going to ask you another question on these facts we
have just developed on the Bernoulli process. This will be question
four. Consider the same situation as in question three. What is

the variance in this case (g2)?

Don't plunge yourself into a long ealculation. Use some of the facts
about the variance for a Bermoulli process which have just been de-
veloped.

We are going to mova on now from the Bernoulli process, which is
the basis of the so~called Binomial distribution which is the disecrete
distribution we want to have a look at in this lecture.

If a Bermoulli process is repeated n times where each of these pro-
cesses or each of these trials has the same probability of a success-
ful vutcome and therefore of course, the same probability of an unsuc=
cessful outcome, we have what we call the Binomial probability function.
In other words a Binomial distribution is a repeated number of Bernoulli
processes., Let us take a very simple example to illustrate this.

Say we spin a coin, not once, but twice. The sample space will be
48 follows: There won't be two possible outcoues (as was the case

with the Bernoulli process) but there will be four.

HH HT or TH T

We group the two middle outcomes together because it ig the same com-
bination although they are different permutations. You will stillend
up with one head and onme tail. So we say there are three different
outcones and not four., The ratio of the outcomes will be: 1 2 1.
Now if you would like to find the prob.hility of each of those three
outcomes occuring you would f£ind it a very easy thing to do. If we
are going to conside. it in terms of p's and q's (this coin might not
be unbiased and the probability of success might not be one-half) then
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the probability of two heads would be p multiplied by p, in other

words, p squared. For completeness lets write it as pzqo—two successes,

no failures. Then what about the middle two events which we har * grouped
tagether as one? We have one failure and one success: p'q'. But there

are two possibilities that will give you this outcome, so we multiply

by two: 2p1q1. The final process or outcome will be no successes and

two failuras so the term there will be p°q“. Those threc terms will

then generate the probabilities of our three outcomes:

(p’q° 2p'q’ p%¢%) .

ﬁg;é However, those three terms are simply the terms we obtain when we
expand the binomial terms: (p+q) 2.

If you look at that, a Bernoulli process was (p+q)!. We have now
repeated this twice (p+q)?. So that actually generates three terms
which give us the probabilities of the three possible cutcomes. Hope=
fully you can see my meaning here: a Binomial distribution is simply
a repeated Bernoulli process.

1f we had to have three trials ur three spins of the coin the Bi~
nomial distribution funection would be: (p+q)3 because there are three
Bernoulli processes involved. fThe probabilities of the possible out-
comes would simply be the terms we obtain when we expand that Binomial

function:
} 34 0.3 4 3p 1.2 o 3a 2.1 o 3p 3,0
: C,p'a® + °Cypiq® + “Cpp¥a” + “Capia”

Notice that there are four outcomes here, although there would be a
rotal of six because it is three Bernoulli trials. But two of those

would be grouped together because they would be the same combination.
#4001

+406 Mow Tet us write down the general case when we have n trials and

not just two or three trials (say n spins of the coin). In thig case
the probabilities of edch of these values of our random variable X
occuring we can write in function.l notation £(x). In other words X
can have values of nought or one or two or three up to n (if we have
a trials we could have n successes. That is also written as:

P(X=x) and the general term for t’ z probability of success (fur what=-
aver number of successes we are congidering) would be equal to
nCprqn-x, and % could go from nought, to one, to two up to n. We
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just substitute for n in that expression (we know what n is as we
have got the number of trials we are considering) and we will ge-
nerate all the probabilities for all the different values of X, from
that general term or expression.

The value of n and that of P, the probability of success, spectt, a
particular distribution amongst all possible Binomia® distributions. There-
fore, if X is a Binomial random variable, n and p will be ivs parameters.
Often, because of this fact, we write the Binomial distribution in a more

concise way as follows:
B{n;p) .
Some texts write it in a different way:
b(x; n; p) .
X is our random variable, Tt is also sometimes called the variate,

As we have moved on from the Bernoulli process to the Binomial dig-

tribution let us now ask a few questions. ' Tha next question will be

question five,
JuegLron rive

Say you are given a Binomial distribution. It is written ag
B(15; 0,7). That now specifies a particular Binomial distribution.
The question is: What is q equal to (the probability of failure)?

Let's move on from question five and consider a particular exam-
ple which involves a Binomial process or distribution. Say re are con-
sidering a certain university where eighty percent of the students are
men. We take, from the student population, a random sample of twenty
students. We define our random variable X ta be equdl to the number of
wen that we obtain in our sample. So X could vary from nought to twenty,
We would like to find the probability that the sample that we have taken
dctually contains fifteen somen.

Our random variable X is equal to the number of men that we ob-
tain - not the number of women. Fifteen women means that we will have
tive men in our sample of twenty students. Therefore that ig the same
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as saying: What is the probability of our random variable having

the value of five?

P(1l5 women)
= P(X=5) ,

This is the case where n is twenty; the probability of success p is
0,8 and X is five. We could find this by using the general binomial

15, Some of you might shink that you could look this

term of 20Cspsq
up in your tables, It is possible, but the prybability of finding
fifteen women in your sample, when there are ex "t percent men at the
university, is very small indeed; to four fipgures you will actually
obtain an answer of nought in your tables. The answer here comes to,
correct to eight decimal places: 0,000000l7. It is a very small
probability indeed.

We will spend a little time with the same problem and ask you a
few questions on it. Let's now move onto question six which is based
on the same informution.

I want you to determine the probability of there being eighteen
men in this sample.

Befora you attempt to answer question six let me give you some
assigtance on the bourd., You ave asked to find:

P(14 men) .

Our random variable X was equal to the number of men in thai eample go
this could be written as:

P(X=18) .

We could look thia “alue up in our tablec; n 1a twenty so you turn to
your tables where n=80 and we look up whore X=18, with a probability
of sueccess of 0,8, I you have managed to turn to the relevant page
1a your tables, you'll find that p only goes up to 0,5, We must eon-
avder then, not the probabil-ty of etghteen succesges but two failures,
I could rewrite this ao being equal to:

P(X=2) whetre p = 0,2,
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because we are .ow considering our failures to be our successful events.
Now it <8 quite a simple matter for you to look this value up and put
down the answer.

You should find, if you use your tables, that your answer will

only be correct to four decimal places.

We will now go onto another question on the same situation, I
will do this one for you and then ask you a question a little later
on the same set-up,

In this case we want to find, not an exact number, but the pro-
bability of Finding at most, five women in our sample. A* most means
five wuwut, or four, or three, or two, or one, M' even no women in the
sample. Our random variable X applies to men. At most five women
means at least fifteen men or perhaps more; sixteen and so on. We

would change this then to be
P(X=15,16,17,...20).

We can look this up in our tables. Kemember that p=0,8, so we will
have to make some change here. I'm not going to do it for you iu
this particular case. You could check this later, You add up all
the ralevant probabilities concerne: and the final answer you should
come to is 0,8042 - something that you can check after the lecture.

Now let's go onto a similar type of question which you will now
answer. This is guestion geven. In this case we want to find the
probability of obtaining at least ten women; af leas® cen women
meaning fen or fiore.

Before you launch into this anewer let me just give you a little
atd on the board.

We want to know the probability of obtaining at least tenm womey
in the sample. Fivet of all, comvert to men, Lecause our random
variable X vefers to the number of men:

P(at least 10w)
= P(X=10,7,8,...0) .

T R A T e R i el B e e e 1




246,

Ve could look this up in our tables if our tables had values of p
going up as far as 0,8; which they don't do. MWe /ave to change to
the non-event of X,X.

P(X = 10,11,12....,20).

But now our probability of euccess or failure (however you want to
look wt it) will change from 0,8 to 0,2. Some of you might feel that
you could have written down this line irmediately from the first line,
but it is always advisable to put dowm the vulues eorrevponding to
your random variable X, and then see if it 18 necessary to change in
order to look up these values in your tables. In this case 1t was,
8o we changed to % and we are considering p=0,& now and not 0,8, You
have vo look up all thosz values in your tables, add them together,
and once you have done that you will come to the finai answer for
+583 this question.

* . . . ‘
+§gé Now we will go onto another two questions on the same situatilomn.

The first ome I will do with you.
Say we would like to find the probability of obtaining between

twelve and sixteen men inclusive. We could write that down as:

. P(12<£X<16)
, = P(X=12 or 13... or 16) .

However, we have the problem here that we cannct actually look up those
values in the tables because p=0,8. We change to the non-event of X:

P(X=8 or 7 or... or 4} .

We look these values up where p=0,2. The f£inal answer comes to (once
again you can check on this): 0,5786.,
* , .
+g?g Now let's do a similar quistion which I want you to answer. This

will be question eipht, What is the probability of obtaining between

thirteen and fifteen men inclusive in the sample, Writing that in
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p(X=7,6,5)p=0,2.
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@ You hav. Lo add those three valuee bogether 8o I give you @ minute

+630 to answer the quastion.

§ S *577
q ! +642
\ e often have to add these values togethew in your Binomial tables. There-

I'm sure that most of you have foumnd in thils lecture thak you
¥

fore it is often useful to have what is called cumulative probabilities.
b 7 Tu other words, the values are added from X equal to nought, one, Cwo

! ‘ ste. in # cumulative fashion natil finally, when you get to your last

| value of X, your cumulative total must be one. You do often find cu-
mulative Binomial tables but the ones we use are not cumulative. Whon
you have a situaticn where you've got ¥ going from mught to six say,
vou have =o add up all those seven valuns,

T the nex* .eckture we are zoing to ¢ smgidrr some more properties
*586

+650 of the Binsminl distribation, .
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Properties of the Binomial Distributioqi

M39:

In this lecturs we are going to consider some of the properties of
the Binomial distribution, The Binomial distribution, in common with
most other distributions has three significant attributes. These three
attributes are the arithmetic mean, the variance and the shape or pat-
tern of the distribution.

At the beginning of the previous lecture ye considered the Bep-
noulls procese op Bernoulls distribution. Ve considered #yo of thece
attributes for the Bernoulls process, nanaly its mean and variance. e
found the mean wag equal to p, the probability of succese ang the vari-
ance was equal to P multiplied by q, the robability of success multi-
piied by the probability of failuve. ‘

In this lecture we are going to look at these ‘three attributes for
the Binomi .l distribution, We will start off with iis mean or expected
value. To start things off we will 80 straight to a question. This is
Eﬂfﬁﬁiﬂﬂ<ﬂﬂi3 reviewing some of the work from the previous lecture.

3ay we are considering a Bernoul.li process. In a Bernoulli pro-
cess remember, we are considering the cage where n is equal to one
(there is only one trial) and because we are considering mutually exelu-
sive and exhaustive events, p plus q musc be equal to one. The ques~
tion is: what is the mean or expected value for a Bernoulli process
equal to (u)?

The reason for asking you thig very straightforward questior jg
that we are going to use thig fact (the mean of the Bernoulli preeesg)
when we derive the mean for a Binomial distribution, We spoke of the
Binomial distribution in the previous lecture as a Bernoulli process
repesdted n times. Bearing this in mind, let us now write down the
dofinition for the mean or erpected value for a probability distribution:

E(X)
IXE(x)
EExlf(xl) + xzf(xz) +-‘.+xnf(xn)3

= T °(x1) + szf(x2)+..,+ zxnf(xg) .

u

)
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Let us now look at the first term on that line Exlf(xl). That is the

definition of the expected value of x If you look at your top two

1
lines E(X)=I X £(x) and we have Exl.f(xl). So we could write as:

E(xlz T EQ ) F AR )

Congider the firstL term again rather carefully, We arz thinking of a
Binomial distribution as repeated Bernoulli processes (or Bernoulli
trials repeated n times). Therefore the expected value of o] is the
expected value of the first trial. The expected value of X, is the
expected value of the second trial, and so on. We know that the ex-
pected value of X or the mean for a Bernoulli process is equal to p,
the probability of success. The expected value of the first trial is
equal to p; E(xl) = p.  The same argument would hold for the expec-
ted value of Xy which would also be p. Therefore we would have

P+P+ iveres +p

= 0n.p o

We have show here that the mean for a Binomial distribution is n mul-
tiplied by p, whereas for a Bernoulli process it was simply p. Let
us show you that this does work by taking a very simple example of
spinning a coin twice.

If you want to find the expected value of X, where X say, is equal
to the number of headswe obtain, the first thing to do is to write down
the probability distribution:

X: 0 1 2
£(x): *  2pq  p%.

With this probability distribution let us now find the expected value
of X via our normal formula: P=E(X)

0.q% + 1.2pq + 2p?

2pq + 2p*

2p(q+p)

i
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/ Consider the bracket (q+p).(q+p) must add up to one. So the fipal

answer will bc. 2p. We have shown that when you spin a coin twice,
the mean is 2 times p ~ as you would expect. We have just derived a
formula for a Binomial distribution where the mean is n times p.  Well,
n in this case is two if we spin a coin twice, so the ansyer then is

as we expected: two multiplied by p.

One other point: in the previous lecture we found the actual mean
for spinning a coin twice where the coin was unbiased, so the probabi--
lity of a head was one-half. Well, if that was the case here, p would
be one~half and the mean U would come out to one; the result that we
did obtain in the previous lectura.

We have now determined a formula for the mean of a Binomial dig-
tribution., - Let us now g0 on to its variance. First of all let's ask
you another question. This is question two,

Once again we go back to the Bernoulli process. We are considering
one trial so n is equal to one. Tts a mutually exclusive and exhaustive
event so p plus q is equal to one. In a previous lecture we derived
an expression for the variance of a Bernoulli process, and that is the
question here. What iz the variance (g%)?

Once again, the reason for asking this question is that we are
going to use the variance of a Bernoulli process wHen finding the vari-
ance of aBinomial aistribution. Let us uow consider the variance of
a Binomial distwibution,

Perhaps you would like to have an intuitive guess at what the vari-
ance of the Binomial distribution is going to be. Remember that the
mean for a Bernoulli process was p and the mean for a Binomial distri-
bution was n times p, because we are considering a Binomial process
t> be n repeated Bernoulli processes. From your answer for ‘the variance
of a Rernoullii process, you could perhaps guess what the variance of a
Binomial distribution ig gaing to be. TLet us not guess it but derive
it as we did for the mean of a Binomial distribution.

The variance (02) we can write as:

2

1]

E(X-p)?

Z(Z~W) ® £ (%)

= E[(xl‘uzz.f(xl)+...+(xn~u)2.f(xn)]
O m £ ) S 0 2B )

o]

L

s
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Consider carefully the first term on that line with the Lop two lines
ou the screen. The definition of the variance is I(X-p)2.f(x)., If
you now look at that term on the bottom line, that is the exact defi-
nition: X(xl-u)z.f(xlk. That would be the variance of x.. The next

1
term would be the variance of Xy, etc. Below that we write:

Uil + q§2+...+o§n .
What is the variance of each one of these single Bernoulli trials. This
is what we are considering the Binomial distribution to be: n of these
Bernoulli trials, If you answered the second question correctly the
variance for a Bernoulli trial is P multiplied by q. For the first
trial the variance would be P times q. For the second trial the vari-
ance would be p times q, .and for the third, and so on. We would have

a whole string of p times q terms:

Peq¥evaviitpaq
= N.p.q .

The standard deviation will be the Square root of that quantity,
Again let us verify this result for the situation where we spin

a coin twice. The variance is equal to:

E(X~n)?

E(X®) = [E(X)1?

OZ.qZ + lzlzpq + 22'1’2 = 4p2
2pq + 4p* - 4p?

= 2pq.

We have shown that the variance, when we spin a coin twice is 2pq, as
we would expect. We have just shown a formula for the variance of

the Binomial distribution is fpd  In this case n was two and our ang-
wer came out to 2pq; so we have verified it to some ertent.

Before we continue, let me summerize on the board, what we have
shown 8o far for a Binomial distribution. For a Binomial digtribution
(B.D.), we have shoum that the mean or eapected value Usn.p  n <o the
nunber of trialc; p your probability of success for each trial. The
variance we have shown to be equal to:
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2
0% = n.p.q ,

where q is the probability of failure. For the Bernoullt process it
was juast p and p.q; now it s np and npq. The standard deviation
0= Vn.p.q. That is a summary of the propertiss for the mean and the
variance of the Binomial distribution.

Let us now proceed to another question. This will be question
three. Say we have a random variable X, where X is equal to the num-
ber of heads involved when we spin a coin. It is a fair coin so the
probability of obtaining a head or the probability of success is one=-
half or 0,5. Say we spin the coia fifty times, so n=50 in this cage;
there are fifty Bernoulli trials. The question here is: what ig the
expected value of X for this situation?

I suggest you use some of the new formulae which we have de-
veloped.

Let's go directly to another question; question four. What ig
the variance of X going to be for the same situation as in question
three? Make use of the formulae we have just developed for a Binomial
distribution.

We have examined two attributes of the Binomial distribution,namely
the mean and the variance. We have derived two very useful formulae
for finding ‘lle mean and the variance for a Binomial distribution.,  We
are now going to consider the third attribute which is the ghape of the
Binomial distribution.

The shape of the Binomial distribution depends on n and p, the
parameters of the Binomial distribution. We are going to look at twe
different distributions and change one or the other of these two
parameters.
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First of all, we are going to Fix the parameter p at 0,5. We
are going to have the other parameter n being equal to five, then 15,
then 30 and then eventually increase n up to infinity. T am going to
draw histograms for these distributions rather than bar diagrams to
give you a better idea of the outline or shape of the distributionm.

Secondly, we are going to change our parameter p from 0,5 to 0,1
and again vary n from five to fifteen to thirty and then to infinity.
Hopefully you will get an idea of how the changes in the two parameters
n and p affect the shape of the Binomial distribution.

The very first graph will look like this: p is 0,5 so the graph
is entirely symmetrical about a mean value. X can have values of nought,
one, two, three, four or five so I should have drawn straight lines
directly above those numbers, but I have drawn a rectangle about that
number. I have used up all the space about the numbers nought to five
go that I have a histogram effect. I think the outline of the histogram
gives you a better idea of the shape than a bar ¢hart. On the Y-axis
we have the probabilities of X occuring. We are now going to increase
n from five up to fifteen and notice how the shape will change.

It is very similar. There are more possible values of X. Notice
once again that the graph is entirely symmetrical about a mean value.
The scale has changed on the Y-axis. Nevertheless, it is a similar
type of situation. Now we increase n from fifteen to thirty. Let's
have a look at the shape we get.

Again my axes have to change their scales; there are more possible
values of X. Notice that the outline of the histogram is getting very
much like a bell-shaped curve. Or am I begging the question? What
happens when we insrease n from thirty to infinity?

The possible values of X will be so close together that they will
be indistinguishable. I can't draw all those lines so I have simply
drawn the outline. They will be so close together that I will have a
gmooth curve as n tends to or gets close to infinity. That is the
type of shape T will end up with.

Now we are going to change our parameter p from 0,5 to 0,1 and go
through the same process. The first graph: we have p fixed at 0,1
and n as small as five. That graph will look like this. Notice it is
gkewed to the right. Some of you might disagree and say it is skewed
to the left- remember when we say it is skewed to the right we take
the point of view of the histogram. If you were standing there, facing
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us, it would be your right-hand side which has moved off to its right
and you have a tail on the left. As you look at it, it is the other
way around. We say it is skewed to the right, so the mean is some-
where to the right as well, in this case. It is certainly not symme-
3 ‘ trical as was the case when p was 0,5. Let's have a look at this
asymaetrical or skewed graph or distribution as we increase n ;  we
now go from five up to fifteen.
+500 There is our change. It is still skewed to the right. However,
9 not as badly skewed as in the first case. Jow we increase n From fif-
teen up to thirty. Note what happens.
It is still skewed to the right, but even less; n is getting so

large that we are getting an equal distribution about the mean or

middle value. You can see more or less where you would expect the mean

to be. What happens as we increase n from thirty up to infinity?

ApprSVTEgE TS

We have so many possible values that the skewness disappears com-

pletely and we get a smooth curve as you see now. However the mean

would be more to the right than in the case where p was equal to 0,5.
Hopefully, by looking at those graphs, you now have an idea of
how the parameters of the binomial distribution, n and p, affect the
shape. What I'd like to do now is to demonstrate to you that thie
o ‘ is not just theoretical reasoning. I have a practical demonstration

to show that these are the shapes cf the Binomial distribution that we

will get.
*
+gig I have here, on the desk, what is known as a 'hexstat' or a pro=

h' , ; bability demonstrater. Let me briefly describe how it works. You have
: ‘ a whole lot of beads up here and they fall down these chutes. In each
case they have a probability of 0,5 of going to ome side or the other.
This pattern continues as they meet another of these points., They can
go to the right or to the left, It is called a hexstat because all

these little shapes are hexagonal. We get here a ratio of ome to one.
On the next line we get

T

an increased probability of it coming into this

chute and the ratio there is one to two to one; the binomial coeffi-

cients when n is two. Then it is ome to th¥ee to three to one, This

generates as we go down, the steps in the Binomial distribution as n

goes from onme up to, I think, sixteen. Therefore in these chutes down

at the bottom, we should obtain a type of distribution corresponding

to the Binomial distribution which you have just had a look at, Will
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this happen? Let me get all the beads back to the top and let them
run down. I will keep the base on the desk so that the probability
of going from either to the right or left is 0,5. There should not
be any skewness involved.

I have got them all into the top chute and I will place the base
on the desk squarely and let them run down. The base was flat on the
desk so I should get an even distribution. That is exactly what I do
get. Hopefully, this is demonstrating to you that we get a situation
&: we had before. n is not infinity, but a finite number here. If
we had to increase it, we would get even more symmetry.

Let's take a case where we don't have P equal te 0,5. I don't
keep the base level on the desk but I tip ity I skew the graph. Let's
see what happeng in that case. I obtain this by doing the same thing,
but holding this at an angle as the beads fall down. You should find
that we get skewness in this case to the right, The peak is more to
the right than to the middle as it was before.

Let us now go on to another question. This is question five.
Consider a graph where n is thirty. Note carefully what the distribu-
tion looks like. The question is: what is the value of p in this si-

tuation for this Binomial distribut. »n?

Another question: Question six. This refers to another graph of
@ Binomial distribution. That is the graph I want to refer to for
question six. Once again, n is equal to thirty. The question I want
to ask: is p equal to q for thig situation?

We will now go onto some other examples where we work with ex-
pected values and the formulae we have developed for the mean and vari-
ance of a Binomial distribution.

Say we are considering a Binomial distribution where X is the
binomial random variable and is distributed as follows:

b(x; 103 0,6) . ‘ y
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That means we have a Binomial distribution where n is 10 and p is 0,6,

Another way of writing that is:

X is B(10; 0,6) .

What would the expected value of (X-6) be for this distribution? We
have a formula for the expected value of X (the mean) of a Binomial
distribution, but not for the expected value of (X-6). We can answer
this by operating with expected values:

E(X-6)
= E(X) - E(6) .

E(X) for a Binomjial distribution is n multiplied by p and E(6) is
simply six. Below that we will have:

n.p-6
10(0,6) - 6
0.

i

The expected value of (X~6) in this case is nought.

A similar question for you to try: question seven. We are con-

sidering a Binomial distribution:
b(x; 10; 0,6) .

What is the expected value of (X+3) going to be [F(X+3)]?

Let us now try another of these questions. Say we are again con-
sidering a 8inomial distribution where X is a binomial vandom variable;
n is ten and p is 0,6. What is the expected value of (%%J. We treat
the division by ten as X multiplied by one-tenth. When we are multi-
plying by a constant we can remove the constant to outside the expec-

ted value. We could rewrite that as:
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)

. 1
= -ﬂ)-.E(X) .

E(X) for a Binomial distribution, we now know, is equal to n times p;

so that will be:

Lon
10- P
= 0,6 .
%613 . . - .
+632 Once again, we will do a very similar problem, but I will leave it

up to you to get the answer. This is question eight.

We are considering a random variable X which is binomially distri-
buted, where n is ten and p is 0,6. What is the expected value of
(3%+2) in this situation?

*62 . , .
+2§g Let us go on from these theoretical questions to 4 more practical

type of problem. The problem we are going to consider is the following:

Say that rixty percent of the residents of Johannesburg favour
cinemas opening on Sundays. Let X be equal to a binomial random vari-
able equal tn the number of people who favour cinemas opening on «
Sunday. If a random sample of twenty residents is taken in Johannesburg,
lets find the probability of certain outcomes.

The sample size n is equal to twenty. We are congidering a Bino-
mial distribution because the answer is yes, they are in favour or no,
they are not. The probability of success I will leave for you to find
out from the sixty percent who favour Sunday cinemas. We now go onto
Question nine:

What iy the expected value of X (the mean) for this sample of
twenty?

o

T
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This answer is going to tell you how many people you expect, out
of that siample of twnety, to say that they do favour cinemas opening
on a Sunday. What sort of variance is going to be involved about this
mean value?

This is question ten; based on the same situation as in question
nine. What is the variance of X?

Use gome of the formulae we have dewelopzd in this lecture - thepe
i@ no need for long, involved ealeulations.

We have considered in this lecture three main attributes of the
Binomial distribution, namely its mean (which we found was equal to n
times p), secondly its variance (which is equal to n times p times q)
and thirdly we had a look at how the parameters of the Binomial distri-
bution, namely n and p, actually change or affeect the shape,

#674-718 ANSWERS TO QUESTIONS

+693~737

[—
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:  The Poisson Probability Distribution

Yo

In this lecture we are going to examine snother discrete proba-
bility distribution, namely the Poisson probability distribution. In
order to intreduce this distribution, let me first refer back to the
previous discrete distribution which we looked at, namely the Binomial
probability distribution.

The first point that I am going to make is one that you might have
fealized already. When we are considering calculating the probabili-
ties of =artain events occuring in a Binomial distribut’on, it is very
easy to calculate these probabilities when n is small. If n is large
it is usuilly difficult or it is quite an involved arivhmetic expres-
sion to f£ind the prokability of a certain event occuring. We are not
considering using tables, as they are only useful when we have them
tabulated for specific values of n. We can't have tables for all values
of r, especially when n gets rather large. I think your tables go up
only as far as n equal to twenty.

T think we will statt off by emphaisizing this point because some
of you might not have realized this. I'm going to ask you two ques-
tiong in connection with this fact.

This will be question one. Say we are considering & Binomial
distribution and say p is equal to 0,5; n is equal to three. We
would like to find the probability of two successes. We would then

use the term:

3 2 1
Csz +q .

The question is: calculate the value of that expression without

using your tables.

Be "ave you do thia, let me give you a little reviaton on the board.
Some of ,uu might have forgotten how to caleulate combination terms.
We ave considering a Binomial distribution and we are trying vo find
the probability that X is equal to a particular value. A general term
for thig was:
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P(X=x)

n X n-x
Cpq

.

How do we caleulate nGw? wel?, "cx 4o defined as:

The term up on the screen was 302; hopefully you can ecaleulate that
now from what I've just given you. You krow p 8 (0,5) and you should
know what q ©s, Moet of you should be abie to caleulate the vaiug of
that term quite eirply now.

To make my point about this expression for a Binomial distribu-
tion being rather tedius when n is large, I'm going to inerease n to
a very large number indeed. You should be able to sec from this that
the caleulation involved is going to be far more tedius and strenuous
than what you have just done for question ome. This will be ues-

Say we are considering a Binomial probability distribution where
1 is equal to one hundred - rather a large number. Your tahles don't
give values of the Binomial distribution for as high a number as that,
Py the probability of success is 9,1, Say we wanted to find the pro-
bability of X being equal to thirty~two. You should all realise that
the arithmetic involved in this question would be very tediug irdeed.
What I'm going to ask is: would this be the expression thal you
would uye in oxder to calculate the probability of X bing equal ko

; 001! )
thixty~two: 5%Tg§T .(0,1)%2 (0,9) %% Simply answer yes or no.
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From these first two questions you should realize that it does
become far more difficult to calculate - ne probability of an event oc-
curing in the Binomial distribution. You might now well ask: isn't
there perhaps another formula we can use when n does get very, very
large. Let's take this argument a step further and ask ourselves what
happens when n gets extremely large; in fact when n tends to infinity.
Will it be at all possible o calrulate the probability of a certain
number of successes in an invinite number of events taking place? The
values we would have to calculazte would be calculated from the general
term of thz Binomial expansion with n tending to infinity, and it would
look 1like this:

e X o=x

Cxp q .

How on earth do we evaluace that expression when we are dealing with
infinity? I think most »f you will realize it is impossible to evalu-
ate that expression when n tends to infinity. You might well ask:

will this ever occur in the real world, where we are considezing an in-
finite number of events in some situation?

The answer to this is yes, this situation does arise in the real
world fairly often. For example, say we are considering the number of
defacts in a certain length of wire. There could be an infinite num-
ber of defects in a length of elactrie wire, so n in fact tends to in-
finity. But usually there are otly a very small number, so the pro-
bability of success p is very small. Or, perhaps the number of defects
in bolts or nails that you might be making. You might produce millions
of these per year so n again would get very, very large. The break-
downs of some machinery per day: n could be large - you could have a
breakdown every second or every tenth of a second. Or, in the same way,
the number of telephone calls you might expect at a certain exchange.
There is usually only so many per minute, but the possibiiity of there
being, say a million, in a particular second, does exist.

All these cypes of processes are charactevised by the number of
successes per unit of time or sometimes per unit of space, rather than
simply in n trials as was the cs.e in the Binomial distribution, We
are actually moving off from the Binomial distribution to another type
of discrete distribution. This is the distribution that exists when n
tends tewards infinity and p gets very, very small; in fact it tends
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towards nought. Then the probability distribution that the random
variable X is going to follow is known as the Poisson probability dis-
tribution or the Poisson distribution.

This is named after Poisson himself who was a Swiss mathematician.
He first described this distribucion in eighteen thirty seven. Tet us
now state the distribution mathematically, The Poisson distribution
applies to the case where n iLends to infinity and p tends to nought.
The probability of success gets so small that we expect very few suc-
cesges iu an infinite number of possible events or outcones or rather
in a unit of time or space. Then the probability of our random variable

X being equal to a particular value of X is written as:

X M

The value of the constsut e is an irrational number equal to 2,71828..,
We usually round it off to about five figures as you see on the screen.

The important thing about this distribution is that it only has
one parameter, and then it is completely defined. That pacaimeter is |,
the mean. In the Binomial distribution we had two parameters, n and p.

In actual fact one of the early pioneers in statistics who helped
promote the use of the Poisson distribution did so by shewing that the
number of deaths from the kick of a horse per yedr per army cavalary
corps in the Prussian crmy during the period 1875~1894 followed a
Poisson distribution with high precision. This is the sort of situation
we are considering. In that period of time, almost an infinite number
of troops; or a very large number of troops could have been kicked to
death by their horses. But the probability of this occuring was very,
very small indeed; 1 tended towards infinity, p tended towards zero
and the actual distribution of the number of men dying from the kick of
a horse followed a Poisson distribution with high precision.

Let's go onto the mext question. This is gquestion tliree. Say

we are considering a Poisson probability distribution and we would like
to find the probability of X being equal to a patticular value, x. The
formula we would use to find this would be the following:

(?)x‘e“f?)
xi

fs
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Put down the uname of the quantity which should be in those brackets
where we have placed a question mark. A very easy question to find
out if you have taken note of what the formula is for the Poisson dis-

tribution.

The Poisson distribution is still however a discrete probability
distribution, as is the Binomial distribution. Another way of thinking
of the Poisscn distribution is as the limiting case of the Binomial
probability distribution. (i.e. the limit as n tends to infinity and
p tends to nought). Say we are considering 2 Binomial distribution:

the general expression would be

n, X n-x
Cxp | .

It can be shown mathematically that if we start with that formu-
la, and we let n tend to infinity and p tend to nought, then we will

come out with an expressicii:

%
+g§2 Therefore, taking the general term of the Binomial distribution

and letting n tend to infinity and p tend to nought we will end up with
an expression which is equal to the Poisson distribution; so it is the
limiting case of the Binomial distribution.

Now let us examine some of the more important properties of the
Poisson probability distribution. The three most important ones being
its mean, its variance and its shape. We will start off by locking at
the mean and variance of the Poisson probability distribution.

In common with the Binomial probability distribution (because it
is also a discrete distribution), its mean K is also equal to n multi~
plied by p, even though n tends to infinity and p tends to nought. Its
variance 02 will also be equal to n multiplied by p multiplied by q.
There is however, a special property involved between the mean and
varia .- <f a Poisson probability distribution., I will show you now
what thie property is.

R T T Py At TR Ly phe ) 1978
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Let us rewrite that line on the screen npq as being equal to n
times p and instead of writing q, we can write (l-p). Let's just put

that down on the board. I think it will be a little easier,

npq
ap(l-p) .

If p tends to nought, what is the value of this expression in the bra-
ckets going to be equal to? The answer is that if that gets so small
that it is almost equal to nought, this expression will eventually be
equal to one and then the variance will be equal to n times p. You
might well ask, won't this also be zero if p is nought? We are talking
about a limiting case and without getting too involved in the mathema-
tics, we can show that if p tends to nought we will get an expression
for o of n times p which is exactly the same as the mean J.

The special property of the Poisson distribution is that the mean
and the variarce are both the same . (esqual to n times p). This is
something that you should accept without going into the mathematics of
it. This often acts as a very useful check to find out whether a dis-
tribution is a Poisson distribution or noE. Let's now go onto another
question somehow related to this.

This is question four. Say we are considering a discrete distri-
bution; n is equal to one hundred and p is equal to 0,0l. The question
is: what is the value of u—g??

Once again, just before you ansuer that let me give you a Little
help on the board. I've just shown you a certain property of the Pois-
son distribution, but we don't Rnow what this distvibution is. To check,
we still use the formula: | =n.p, because it is a diserete distribution
and o*s=npq. If those two ave equal we realize that this e a Poteson
distribution; n was equal to one hundred and p was equal to 0,01,

Very large, very small. WilL these things be equal? I'm not acking
you whether they are equal or not. I want you to find the diffevence

+401 between the two. What is the value of y~a2?

-l e R
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We will come back to the significance of this answer in a moment.
Firstly, let's have a look at the third property of the Poisson distri-
bution, its shape. What does it actually look like?

We are going to comsider two graphs. The first will be where the
mean M, its only parameter, is equal to two. Secondly, where its mean
U is equal to ten, and see how they differ for different values of the
only paramater , U. Remember that Y is the expected value of X or the
mean of the distribution which is equal to n times p for a discrete dis-
tribution. For U to be small when n is large, p must be very small
and for ¥ to be equal to ten when n is large, p will then nct be that
small. Renmember that n is tending towards infinity while p is getting
rather small., Lets see how a change from U equal to two to U equal to
ten changes the shape of the graph.

The first graph is going to look like this. I've plotted points
above the discrete values of X of nought to six.  Sewven, eight and
nine have almost zero probability of occuring. For | to be egual to
two when n is very large means that p is very small., The probability
of success is very small, so we would expect, on average, nought, ome,
two or three successes at the most- very seldom more than that, The
graph is a gkew distribution; skewed to the right.

We now increase the parameter Y from two up to tem. Let's see
how this affects the graph. The second graph will look like this.
Notice it is not skewed, but almost gymmetrical. The distance between
the adjacent points has become a lot smaller, because my ¥ scale has
changed; n and now §1 are sufficiently large so that the points on the
graph appedr to almost touch each other. If p gets larger, so | gets
bigger. ~If | gets larger than ten, we would get what would almost
dppear as a normal distribution, because those pointsg would be very
¢lose togethet indeed. That is something we might come to a little
later on when we consider the normal distribution. The graph however,
is symmetrical because the mean is mote of a middle value, We expect
more successes than we had before when we had a small value of .

Now e are going to considet some applications of the Poisgson
distributions. Before we preceed onto these applications let me point
out to you how we obtain values for the Poisson distribution. We will
do the first few via calculation.

Say we have a situation where y is equal to 1,2 (a Poisson dis-
tribution) and we would like to find the probability of obtaining two

s S S s s
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successes (in other words the probability of our vandom variable X being

equal to two). We make use of the Poisson formula:

)2 e"l,z

Now that is rather easy to work out on your calculator because
your caleulator should give you the value of e. Raise it to the power:
-1,2 (raise it to 1,2 and invert); multiply by (1,2)? and divide by 2!
(which is just two). If you do this on your calculator you should ob-
tain an answer of 0,2169 - something I suggest you do check at a later
stage.

Here is a similar question that you can try and answer. This is
guastion Eive. Say we have a Poisson probability distribution and U
ig equal to 1,3. What is the probability of obtaining three successes
(the probability of X being equal to three)? We want to calculate this
te Ffour decimal places. I suggest you all get out your caleculators
which you will need. If you don't know how to find the value of e on
your calculator, approximate it to four decimal places as 2,7183.

Again, let me give you a clue as to how you should go about this
on the board. We ave trying to find:

P(X=3)

You should find that, that expression is not that difficult to

evaluate when you use a calculator. However, it is not always necessary

T P S R e M
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to use a calculutor to find these probabilities, because we do have
tables for these probabilities of a Poisson distribution. At the back
of your text you do have these tables available for certain values of
H. I would like you to take out your texts and turn to page 300, where
you will f£ind the Po?ison probability distribution tables.

You will find that the probabilities are tabulated correctto four
decimal places for certain values of the only parameter M. Let's have
a look at what these tables look like. If we go in to the top left
hand corner where they specify the values of ﬁ. ﬂ goes down the left
hand columt;  depending on which value of X you want to determine,
you go from left to right. Let's go down the left hand column.

Youv can see that | starts at 0,1; 0,2 and continues down to 1;
then it increases in teuths from 1,0 to 2,0, From 2,0 onwards it goes
up in jumps of 0,2; 2,0 to 2,2 to 2,4 etc. These larger values of Y
are not that common. If you go from there and look at page 301, the
same thing happens to P from 3 to 4, but from there on we go up in
integer values: 4 to 5 to 6 up to finally 10. Values of 1 greater
than 10 are very uncommon.

Let's go back to the top left-hand corner and move from lrf: to
right so that we can indicate to you the probabilities of different
values of X. Say we are considzring a u value of 0,1 and if you want
to find the probability of O successes you look in that first column;
1 Buccess, 2 successes and 50 on. WNotice that when we get to 3 suc-
cesses, its very small: 0,0002, If we stop at 4 sitccesses, the
probability of obtaining 4 successes when U is 0,1 is, to four decimal
places 0,0000. For 5 successes, and from there om, they haven't
bothered to tabulate the values, as you see being indicated. 4s U
inereases, the probability of getting more successes increases, and so
this would continue. If you look at page 301, when U gets to 10, they
go up to 24 successes, which is tghulated in a ~cparate section on the
bottom of page 30L.

Let's go back to the left-hand corier and check the answers we
have obtained for the last two problems, to four decimal places, In
the first question that I did with you, we wanted to caleculate the
prohability of two successes when U was 1,2. We go down the laft-hand
column to the value of 1,2. We now move to the right until e get to
the column, X=2, which is the third column. You can see the value

there: 0,2169 - eactly as we did obtain. The question I asked you to




P

*541
+580

*554
+593

*568
+606

*#581
+618

268

do, question five, U was equal to 1,3, Let's go back to the left=hand
column to identify the point where 4 is 1,3. Move along that row un~
til we get to X=3, so that we get three successes. That is the fourth
column: 0,0998. If you answered question iive correctly on your cal-
culator, that is the answer you should lLiave obtained. Where you have
values of Y which are tabulated in your text, you needn't work it out
on your caleculator; just look it up in your tables. There is the
problem of wot having a tabulated value,

Let's go back to the left-hand columu. Say we have a |t value of
2,5, Go down the left-hand column and ideatify the value 2,5. You
will find there is no 2,5; there is only a 2,4 and 2,6. How do we
find probabilities for M equal to 2,37

One way of doing this is to interpolate between the values of 2,4
and 2,6. Say we wanted to find the probability of X=0; that's the
first column there. We would find the geometric mean between 0,0907
and 0,0743, Thats one way of doing it. To find the geometric mean
we have to multiply those two values together and then find the square
root. There is a certain amount of calculation on the calculator. I
think it is easier to use the formula and work it out. It will cer-
tainly be the correct value if we use the formula.

Let's do this for question six so that you have a little more
practice in using your calculator and the formula, to find these pro—
babilities. We will make this the situation where u is equal to 2,5.
We would like t¢ find the probability of X being equal to six. We
could go to the column in our tables where X is equal to six and in-
terpolate between those two values or we have the choice of substitu-
ting these values in the formula, We will then get:

(2,5)6 0”23
(2,8)%.e *7

-

Work the answer out correct to four decimal places.

Let us consider some applications of the Poisson probability dis=
tribution, now that you know how to look up or calculate the values of
certain prnbabilities. Suppose that one percent of the bolts pro=

duced by a certain machine are defective. Say we take a random sample
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of three hundred bolts and we would now like to find the probability
of a certain number of these being defective where the mean or ex-
pected value P is equal to n times p. We have to calculate u from
this: n is 300, p is 0,01 and we get a value of 3.

The question now is, can we use the Poisson probability distribu-
tion to caleulate the probability of a certain number of defectives
occuring in this sample? In order to use a Poisson distribution p and
o? must be the same. What is 5%, the variance? It is equal to n times
p times g so it is 300 times 0,01 times 0,99 which gives you 2,97. The
mean sand the- variance are not the same so this is not a Poisson pro-
bability distribution but a Binomial probability distribution. How-
ever, we don't have Binomial tables for n equal to three hundred and
the term that we have to calculate is going to be difficult to cal-
culate arithmetically, as you should have realized from the first two
questions in this lecture,

A point to note here is that, although the mean and variance are
not the same, they are almost the same. There is a difference of 0,03
in 3, that is one percent, There is only a one percent difference
between the mean and the variance. The question might now arise:
can't we ugse the Poisson distribution (which will be very easy to look
up in the talles because W is equal to three) as on approximation to
this situation? This is veally a Binomial situation. How accurate
would we be if we used the Poisson as an approximation to the Binomial?
The answer is that we would fin’ it to be a very good approximation.

I want to demonstrate this point by refering to two graphs.

We .2e golng to have a look at two grz hs where there is a dif~
ference between the mean and variance of mor: than one percent and we
will show you how close the two graphs still =z'» - the one being a
graph of the Binomial distribution, the other a graph of the Poisson
distribution,

Let's start off by looking at the figures we are going to con-
sider. Herée we are considering a case where n is 20, p is 0,2; that
gives us a mean Y of 4 and the vaj "wnce will be 4 times 0,8 which is
3,2. So there is quite a significant difference between the mean and
the variance. It is 0,8 in 4, which is twenty percent. A large dif-
ference, you could say, between the mean and the variance. If we use
the Polsson as on approximation to the Binomial distvibution, how

accurate ,ould we be, or how much accuracy would we lose? Tor these
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figures I have plotted a histog.am o the Binomial distribution and

it appears as you see it on the screen now. Using the same figures

I could draw a histogram over the digcrete values of X and compare the
two. This is what we are going to do now.

:22; We will start from the left-hand side of the graph and draw the
histogram corresponding to the Poisson distributioa for a mean of 4
and not 3,2. For a mean of 4 the Poisson distribution will look as
you see now, You will find that it is very close indeed to the histo—

e gram we already have., Only in the middle there will you lose some ac-

curacy and coming along as we do now it is close to :at the histogram
for the Binomial distribution is. If we used those values of the
Poisson distribution &s an approximation to the Binomial we would be
rather close to the true values. That is a case where there is a twenty
percent difference between the two. TIn our example here was ounly a

g one perceut difference, so if we now used the Poisse. distribution as

‘ an approximation to the Binemial distribuiion we would lose no real
accuracy at all. <VCertainly not really to four figures. Let's now use
the Poisson disvribution (although it is not really a Poisson distribu-
tion) to answer questions on thilg problem,

:ggé We had one percent defective bolts, n was three hundred, and we are
takiag the mean Y to be three. What would the probability be of ob-
taining no defectives at all? In other words, all the bolts in ourx
gample of three hundred are good., If we use our random variable X we
could say:

P(all good)
= P(X=0) .

To find this value you could go to your Poisson tables, where Y is three
; and in the column X=0, if you check on that, you will £ind it comes to
i 0,0498, If some of you would like to, you can use the Binomial expan-
? sion term, and you would find you get & very similar answer indeed,
SR You would lose no aceuracy at all.
3{%““; : iggg Now let's do another question on the same situation. This one you

cant answer, This is question seven. Considering the same situation

K where the mean | is three, what ig Lhe probability of obtaining two de-
. < fective bolts in this sample of three hundred? What is P(2 defectives)?
: I don't expect you to work this out as you can find the value in the
tables.
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Let's move onto some more questions on the same situation. Say
we wanted to find the probability of obtaining two or more defective
bolts in the sample. We have two or more here, so it is rather tedius

to add all these probabilities together. Lets rather change that to

1 = P(0 or 1 defective)
1 = P(X=0 or 1),

i

by outr probability rule of cowplementation. This means we have to luok
up the value when X is O and when X is one, along the row of W equal

to thr-e in your tables. If you do that you will find that will be
equal to:

1 ~ (0,0498+0,1494)
= 0,8008,

Let's go onto a similar question which you once again can do.

This is question eight., We would like to find the probability of ob-

taining two or less defectives. In other words, at the most two de-

fectives.

Before you try and answer this let me give you a hand on the boar”,
We want to find:

P(2 or less)
P(X g 2)
P(X = 0,1,2) .

it

1

Therefore you have to look up three values (where B is equal to three)
and add them together in order to answer that question .

What I want to do now is to go onto another class of problem which
pan often be solved with the aid of the Pelsson distribution. These
problems are known as queucing problems. They concern themselves with
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determining how manmy customers, say, are likely to be walting in line
for service, and how long they must wait before being served. Without
delving into queueing theory (which we don't concern ourselves with in
this course), take an example where che average number of customers who
appear at a bank teller's windov is say, one per minute , This is a
typical example of where we use the Poisson distribution because you
could in fact have an infinite number of customery waiting there per
minute - there is a possibility that the whole of Johannesburg could
turn up at the teller's window in that particular minute., The proba-
bility, of course, of this occuring is infinitely small, but neverthe=~
less it is the number of events or successes occuring per unit of time
8o we assume this follows the Poisson distribution. It has in fact
been shown to do this. We use the Poisson distribution here; we are
not using it as an approximation to the Binomial distribution.

Say we would now like to find the probability of no customers
arrivin,, in one particular minute ox in any particular minute s at
the teller's window. We bear in mind that our P value is one and we
want to find the probability of our random variable X being equal to
nought,  If you go to your tables where | equals one and look up the
value where X is nought you will find it is 0,3679, There is a thirty
six percent chance in this situation that in any particular minute
during the day, no customer's will arrive at the teller's window or be
queueing at the teller's window where the average is one per minute
during a whole day.

Let's go onto a question that you can answer. This is question nine
coneerning the same situation; u is equal to cpe. What is the proba~
bility of four or more customers arriving at the teller's window in any

particuldar minute?

®
+;§2 That brings us to the end of this leeture. Thank you very much,
*726-746 ANSWERS TC QUESTIONS
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Appendix IV

Lesson Programmes and Computer Reports

The lesson programmes for the six television lectuires, M35-M4ﬁ,

are given in this appendix., Their strurture is fully described in

sgetion 5.3.1.

In addition to these lesson programmes, brief examples are gi ‘on

of a student response tepart, a detail report and a student raport, as

described in section 5.3.2.
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eLidl
¢ M35
el
0l 2\NTvo
@r
02 é\5IX
8]
€3 S2\FIFTY TWO
Tl
04 X=NANFOURMX=FOUR
@l
& ONZERG\ XK= (\X=ZEFO\NOUGhT
8l
& 3/8\0s, 375\0. 375
61
C7 1/ 16\N0, 0625\ 0. 0€2%
&l
8 1/8\0, 125\ 0. 125\F(3)=1/8\F(3)=0, 125\F(3)=0. 125
el
9 DISCRET:NDIS
€l
10 NO
. Lesson Programme for Lecture 2 = Mq.
€EHI
00 M36
{ 61
o1 Mu
&l
(2 STANLAKD LEVIATION\NSTL DEVIATIONNS LN\ SIN S\ SX\ THE STHNLARLD LEVIATION
el
03 7\ SEVEN
6l

04 PROBAEILITY\P

géx INONENE(X )= INE(X)I=0NE

gé] 18\ 1, BNONE L OME HaLFNIL/Z2NT 172

gé 2INTVENTY SFEVENNECEX)=27\E(EX)=TWENTY SEVEN
gIQ 1 O\ TEW

c

10 1CNTEN




275.

Lesson Programme for Lecture 3 - M37
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Lesson Programme for Lecture 5 - M39
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A Student Reponse Report

A student response report displays the responses on the V.D.T'. as
they are being made by the students., In the report given below for
example, the gtudent named Moffat is seated in row A, seat number 2 and

has responded: NO. Gilchrist, in Al, has not as yet made a response.

CC 135

AC LEDGER E ---NO
Al GILCHRIST R .-
A2 MOFFAT A -~~{0

A3 LSMAIL M ki
A4 LAZAFUS I R ~==d0
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A Detail  Report

’

In the detail report given below, it can be seen that Ledger, in
geat AO, has answered question 7 incorrectly while he has answered the

other niné questionms correctly. Ismail, in seat A3, has answered

questions 1,3,5 and 10 incorrectly and questions 2,4,6,7 and 8 correctly.
He has not attempted question 9. If a student answered a question

correctly at a second or later attempt, 2 L would appear. This does not

oceur in the example below.

’

LETAIL- REFCRT

135

LATE:

TEACHER:

(L nSS:

GROUP:0s STUDENTS N0+=005
0GGOGCOCO0! HRIES
1234567890

AU RRRRRRXRARE LELGEK B

Al RRRRRRRRREX CGILCHRIST R

42 REXRXRARNE MOFFAT A

A3 KRARKRRER-Z ISHAIL i

AL KXRYKEXXAR LAZARUS I R




A Student Report

The student report gi~as the mnames of the students in the extreme
right-hand column and their seat locations in the extreme left-hand
column. The middle four columns are headed LI, R%, AZ and MZ. The L7
column gives the student's £ipal mark after his last or final attempts
at answering all the questions have been recordéd. The R% column gives
the student's final mark based on the initial answers entered by the
student. - Notice that these two columns display identical values as a
second attempt was not permitted in the example below. The AZ column
gives the percentage of questions attempted by the student and the MZ
column reveals the student's £inal mark out of the number of questions
attempted (i.e. the questions which were not attempted are ignored).
The means and standard deviations are given for the columns at the end

of the example.

STULENT REPORT

3%

CATE:

TEACHER?

LASS:

GROUP: C, STULENTS N0+=005

8T « R& A% M%  nE NmdES

“0 g0 90 100 90 ¢ LELGER b

&l 90 9G L0C 90 6 CILCUHRIST R
A2 60 6C 1GC 60 6 MOFFAT &

A3 ¢ S50 90 Eé& G ISImIL it

Ad 3¢ 3¢ 1co 3¢ G LaZalBUS 1T R

MEed - 64 64 9B €E G
S.L.. 23 23
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Appendix v

The Pre-Test

A copy of the pre-test, which is referred to in section 6.3.2, is

given in this appendix.
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UNIVERSITY OF THE WITWATERSRAND, JOHANNESBURG.

DEPARTMENT OF APPLIED MATHEMATICS.

MATHS AND STATS 18

Time: 30 minutes. Twenty Questions
1. (a-b)? is equal to: 2. The factors of x*-5x-6 are:
(a) a*-b? (a) (x-3)(x+2)
(b) (a-b)(a+b) (b) (x+6)(x-1)
(¢) a%-2ab+b? (c) (x-6)(x+1)
(d) a%+b? (d) (x-3)(x-2)
(e) a?+2ab-b? (e) none of these.

.2
3. The number 27 3 is equal to 4, 3x'4 may also be written as
(a) %‘ (a) -12 log x
(v) 9 (b) % "
(<) 18 (<) T
(d) 18 (@) &
(e) none of these. A

(e} none of these.

5. 1If log 4 = 0,602 then Tog 40 is equal to
(a) 6,02
(b) 10,602
(c) 1,602
(d) 0,702

(e) none of these,

A candidate has to use logarithm tables to simplify /??5;3)3+3/9T75 .
Indicate in which step he is making an error if he proceeds as follows:
a) multiply the logarithm of 13,3 by 3

b) divide the logarithm of 91,5 by 3

c) add the results of (a) and (b)

d) divide the result of (c) by 2 and find the antiloganri thin.

g¢) none of the above steps.

6.

(
(
(
(
(
¥bx+c if a » 0 and

7. Indicate which of the following is the graph of y=ax*

and b2-dac > 0: - N
T 1

(a) s (d)

N

v/// |
v ,

NS
VN

none of these

(e)

/.
N
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8. The forth term of the sequence 4; -6; 93.

(a) -13
(b) ~133

(c) ~12}
(d) -12
(e) none of these.

9. The simplified value of 10 gf]gg 27 s

a) -9 (Do not use log tables)
)

d) 5
e) none of these.

(
(b
(c)
(
(

10, If S = A(1 + TEU)n’ then r is equal to:
(a) 100(‘—9-.?37— 1)

(b) 100 -1
(c) 10030 - 1)
(¢) WTO0-TT. §

(e) none of these.

11. The 20th term of the sequence 4; 9; 14;.

(a) 61

(b) -1

(c) 99

(d) 4(5'?)

(e, none of these.
6

12, The value of 21 3.(—2)"'.l is:
n=
a) 63

(a)
(b) -
(c)
(d)
(e)

—
m
(=23

8
)
none of these.

[3s)

d
e

(73]

.. 1s equal to

. is
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13. log, ¥ - 1092 x=1. Ify=7, then x is equal to:
(a) 1logyb
(b) 1 - log 3.5
{e) 3,5
(d) (10927-1)2
(e) none of these.
14. k is the arithmetic mean of two numbers. If one number is x, then the other

number is: 3
(a) k-2x

%

(b) k-3
(c) ik—x
(d) 7 -%

k-
(e) =~
15. 1log 3; log 3r; log 3r?; log 3r? is a
(a) Geometric sequence with common ratio of r '
(b} Arithmetic sequence with common difference of log r
(c) Geometric sequence with common ratio of Jog r ’
(d) Arithmetic sequence with common difference of r
(e) none of these.
16. x; ¥X is a Geometric sequence. The third term of the sequence is:
(a) X
by A
(e) 1

1
(d) 7%
(e) 2/%-%
17. 1 is identical to

Y27
(a) vZ+ V3
(b) /2 - V3
(c) =vZ-V3
(d) -1
(&) &




18.

(a)
(b3
{c)
(d)
(e)

19.

(a)
(b)

(d)
(e)

20.

(a)

(b)
{c)
{d)
(e)

284.

Tog x + log x* + 109 x' is equal to:

Tog (x+x2+x")
log x°

7 log %

1og qx

log 3

Ifte= 3AX 4 s then

w =L
%=

% = RLE%EL

X = EE%E

- a

none of these.

If log x = 3,124 then log «¥ is equal to:

6,248
1,562
7,562
1,062
2,562



285,

Bibliography
Allen, W.H. Instructional media research: Past, present and future.

Audiovisual Communication Review, 1971, 19, 5-18.

Baker, E.L. The Technology of Instructional Development. In R.M.W.
Travers (Ed.), Second Handbook of Research on Teaching. Chicago:
Rand McNally, 1973. Pp245-285.

Basler, D.I. and Smawley, R.B. Tukey's compact versus classic tests.
Journal of Experimental Education vol 36(3), 1968. Pp86-88.

Birley, D. Planning and Education. London: Routledge and Keegan
Paul: 1972,

Blalock, H.M. and Blalock, A.B. (Eds.) Methodology in Social Research.
MeGraw-Hill, 1968, p340.

Bligh, D. T¢ -hing Students. Devon: Exeter University Teaching

Servicas, 1975.
Bloom, B.S. et al, = Taxonomy of Educational Objectives. London: Longman.
Vol. I, 1956, Vol. II, 1964.

Booth, G.D. and Miller, H.R. Effectiveress of monochrome and colot

presentations in facilitating affective learning. Audiovisual

Communication Review 1974, 22, 409-422,

Bull, $.G. The role of questions in maintaining attention to texual

material. Review of Educational Research, 1973, 43, 83-87.

Burkhart, R.C. (Ed.} The assessment revolution:  New viewpoints for

teacher evaluation.  New York State Education Department, Albany.

Buffalo, N.Y.: State University of New York, Division of Teacher
Education and Certification, 1969.

Carnegie Commission on Educational Television. Public Television: a

program for action; the report and recommendations. New York:

Harper and Row, 1967.

Carver, R.  The Coleman Report: Using Inappropriately Designed Achieve-
ment Tests. American Educational Research Journal, 1975, 12(1),
77+86.

Chao, L.L. Statistics: - Methods and JAnalyses. MeGraw-Hill, 1974.

Chervany, N.L., Cellier. R.O., #ienberg, S.E., Johnson, P.E. and Neter,
J.A. Framework for the Development of Measurement Instruments for
Evaluating the Introductory Statistics Course, The American
Statistician, 1977, 31(1), 17-23.

Chu, G.B. and Schramm, W. Learning from television: What the

researcy says.  Stanford, California:  Stanford University
Press, 1967.



286,

Cohen, A.A.  An Evaluation of Instructional Televisicn., In R. Eberlein,
P.J. van 2yl and B.J. Venter (Ed.), Instructa 78: A collection

of papers read at the Educatjonai Technology Symposium,
Johannesburg. Buttexworth 1979(1).  Pp338-344.

Cohen, A.A. Cognitive Learning and Media: The Effects of T.V, Viewing
on Mental Skills. In R. Eberlein, P.J. van 2yl and B.J. Venter

(Eds.), Instructa 78: A coilection of papers read at the Elu-

cational Technology Sympesium, Johannesburg. Butterworth 1979(2).
Pp219-225,

Cohen, AM. and Brawer, P.B. Measuring faculty performance. ERIC

Clearinghouse for Junior Colleges, Monograph No. 4.  Washington,

D.C.: American Association of Junior Colleges, 1969. ED 031222.
Cohen, A.M,, Rose, C, and Tren., J.W, Teaching Technology and

Methods. In R.M.W. Travers (Ed.), Second Handbook of Research on

Teaching.  Chicago:  Rand McNally, 1973.  Ppl023-1035.

Cohen, A.M. and Trent, J.W. Research on Teaching in Higher Education.

In R.M.W. Travers (Ed.), Second Handbook of kesearch on Teaching.
Chicago:  Rand MoNally, 1973. - Pp997~1067.

Coles,C. The Present State and Future Expectations of Educational.Tech-

nology: = A Provocative Review. In B. Eberlein, P.J. van Zyl and

B.J. Venter (Eds.). Instructa 78: A collection of papers read
at the Educational Technology Symposium, Johannesburg. Butter=
worth: . 1979.  Pph09-415.

Coulson, D.B. and Hambleton, R.K.  Some validation methods for domain-

referenced test items. Laboratory of Psychometric and Evaluative

Research.Report No. 7 Amherst, Mass: The University of Massachu-
setts, 1974.
Cronback, L.J., and Suppes, P. (Eds.) Research for Tomorrow's Schools -

Disciplined Inquiry for Education. Report of the Committee on

fducational Research of the National Academy of Education, . London:
Macmillan Callien Macmillan, Limited, 1969.

Dessaxt, D.J. and Frandsen, H. - Rele of Media in Mathematics Instruction.
in R.M.W. Travers (Ed.), Sereud Handbook of Research on Teaching.
Chicago:  Rand McNully, 1973. Ppll85-~1187,

Dwyer, T.M.  Exploratory studies 7. the effectivenesc of visual illustra-

tions.  Audiovisual Communication Review, 1970, 18, 235-249.

Noyer, BN, The effect of 1.Q. level on the instructional effectiveness
of black-and-white and color illustrations.  Audiovisual Communi-
cation Review 1976, 24, 49-62.

Ebel, R.I.  Measuring Educational Achievement. Prentice-Hall, 1965.




287

Elton, L.R.B. Is it possibie to assess teaching? = Evaluating Yeaching

in Higher Education. University Teaching Methods Unit. London,
1975,
Lsson, M.E. Psychological Foundations of Education. New York: Holt,

Rinehart and Winston, 1972.
French, J.S. and Michael, W.M. Standards for Educational and Psycholo-

gical Tests and Manuals. Washington D.C.:  American Psychologi-

cal Association, 1964.

Gagné, R.¥. Learning hierarchies. Educational Psychologist, 1968, 6,1-9.

Gagna, R.M. The conditicns of learning. (3rd ed.) New York: Holt,

Rinehart and Winston, 1977,

Gagnd, R.M, and Parsdise, N.E. Abilities and learning sets in knowledge
acquisition. Psychological Monograph~:  General and Applied,
1961, 75(14), Wo. 5i8.

Glaser; R. Tistructional Technology and the Measurement of Learning
Qutcor . ~Some Questions. - American Psychologist, 1963, 18, 519-57],

Glaser, R. and Cooley, W.W. Instrumentation for Teaching and Inscruc-
tional Management. In R.M.W. Travers (Ed.)  Second Handbook of
Resecri:h on Teaching. Chicago:  Rand McNally, 1973,  Pp832-857.

Gordon, G.N. Educationzl Television. New York: The Library of

Education, 19565,

Gordon, G.N. Classroom Television-New Frontiers in I.T.V.,  Communica-

tion Arts Books; Hastings House, 1970,
Gropper, G.L.  Does 'programmed' television need active responding,

Audiovisual Communiecation Review, 1967, (15), p5-22.

Gropper, G.L. and Lumsdaine, A.A, An Experimental Comparison of a

Conventional T.V. Lesson with a Programmed T.V. Lesson Requiring

Active Student Response, Report No. 2.  Studies in Televised

Instruction: The Use of Student Response .o Improve Televised

Instruction. Pittsburgh, Pa.: American Institutes Ffor Research,
March 1961.

Hatfield, L.L.  Computers in mathematics instruction. In J.W. Wilson
and L.R, Carry (Eds.), Studies in mathematics, Vol. 19. Reviaws

of recent research in mathematics education. Stanford, Calif.:
School Mathematics Study Group, 1969, Ppl29-152.

Judd, W.A. and Glsser, R. Response latency as a function of training
method, information level, acquisition, and overlearning. Journal
of Educatiuvnal Psychology Monograph, 1969, 60(4), Part 2.




Fa g T A THen Mg s TN T ST Tk R R e

EREE T .

e s

~%

288,

Kanner, J.H. The instructional effectiveness of colour in television:

A review of the evidence. Stanford Calif.: Stanford University,

1968.
Kogan, L.S. Stativtics. In Annual Review of Psychology vol 11.

Palo Alto: Annual Reviews Inec.  1960. 208,

Ksobiech, K.J. The importamnce of perceived task and type of presentation
in student response to instructional television. Audiovisual
Communication Review, 1976, 24, 4n1-412,

Levie, W.H. and Dichie, K.E. The Analysis and Application of Media.

In R.M.W. Travers (Ed.). Second Handbook of Research on Teaching.
Chicago: Rand McNally, 1973. Pp858-882.

Lomax, D. The systemsapproach to education. In R. Eberlein, P.J. van

Zyl and B.J. Venter (Eds.). Instructa 78: A collection of

papers read at the Educational Technology Symposium, Johannesbueg.
Butterworth, 1979(1l). Pp8-14.

Lomax, D.  Computer-based teaching strategies: the Cybercom system.
The South African Journal of Science. 1979(2), Vol. 75, 249-252,

Lomax, D. and Bayne , 8. Computer Assessment of student attitudes

Journai of Education, University of Matal. Durban and Pieter-
maritzburg. 1978, 10, 55-58.
Lucas, R.J. The relationship of training aud experience variables to

teachers' skills in judging the effectiveness of ITV programmes.

Audiovisual Communication Review, 1974(22). Pp79-89.

Lumsdaine, A.A. Instruments and media of instruction. In N.L. Gage (Ed.).

Handbook ¢f Research on Teaching. Chicago: Rand MeNally, 1963,

Fp583-682, .
Macdonald-Rogs, M. The Quality of Course Materials. In Evaluating
Teaching in Higher Education: A collection of conference papers.

London: University Teaching Methods Unit, 1975.

Mager, R.F.  Preparing Instructional Objectives. Califoraia: Fearon, 1962.

Meyer, J.H.F.  Faculty evaluation and development - putting theory into
practice. In R. Eberlein, P.J. van Zyl and B.J., Venter (Eds.) .
Instructa 78: A collection of papers read at the Educational

Technology Symposium, Johannesburg. Butterworth 1979.  Pp329-337.

Moldstad, J.A.  Selective Review of Research Studies Showing Media Effec~
tiveness: A Primer for Media Directors. Audiovisual Communication




289.

Murphy, J. and Gross, R. Learning by Television. New York: = Fund

for the Advancement of Education, 1966.
Nedelsky, L. Science Teaching and Testing. Harcourt, Brace and
World, 1965.

Norman, C. and Rieber, M. Facilitation of concept formation in children

by the use colour cues. Journal of Experimental Psychology,
17 . ,.76," 460-463.
Ormell, L...: Blooms Taxonomy and the Objecti- ¢ -+ Education.
Educational Research, 1974, 17(1).
Pearson, E.S. (Ed.). P ometrica Tables for Statisticians. Third Edi-
‘ tion. Cambridge U.P. Vol. 1, 1966.

Piper D.W. Educational Objectives. In Improving Teaching in Higher

Education. University Teaching Methods Unit. . Leicester:

Cavendish Press, 1978.
Popham, W.J. Development of a performance test of teaching proficiency.

Final report, U.S. Office of Education Project No. 5-0566-2~12-1.
Washington D.C.: U.S. Office of Education, 1967.

Popham W.J. Performance tests of teaching proficiency: Rationale,
development, and validation. American Educational Research Journal,
1971, 8, 105-117.

Popham, W.J. Criterion Referenced Instruction. Belmont: TFearon, 1973.

Popham, W.J. Criterion-Referenced Measurement. Englewood Cliffs:
Prentice-Hall, 1978.

Rothkopf, E.Z. The concept of mathemagenic activities. Review of
Educational Research, 1970, 40, 325-336. |

Roueche, J.E. and Pitman, J.C. A modest proposal: Students .au learn.
San Francisco: Jossey~Bass, 1972,

Rovinelli, R.J. and Hambleton, R.K. On the use of content speciaiists in
the assessment of criteri.n-referenced test item validity. ZLabora-

tory of Pscychrometric and ¥Evaluative Research Report No. 24.

Awherst, Mass.: The University of Massachusetts, 1976,
Rowntree, D.  Educational Technology in Curriculum Development. London:

Harper and Row, 1974.

Ryans, D.G. Characteristics of teachers, their description, comparison,

and appraisal, Washington, D.C,:  American Couneil on Education,
1960,

Salomon, G. Sesame Street in Isrgel: Tts instructional and psychnlngij

cal effect on children. New York: Children's Television Work-
shop, 1976.




290.

Sceiford, M. Television for learning: Future research opportunities.
Educational Communication and Technology Journal. - 1978, Vol. 26(1).
Pp55-63.

Schramm, W. The research on programmed instruction.  An annotated

bibliography. U.S. Office of Education Buitletin No. 35.
Washington D.C.: Government Printing Office, 1964.

Shulman, L.S. Psychology and mathematics education. In E.G. Begle

(Ed.), Mathematics Education. The sixty-ninth Yearbook of the

National Society for the Study of Educatiom, Part I. Chicago:
NSSE, 1970. Pp23-71. )
Simpson, E. Educational Objectives in the Psychomotor Domain, 1967.

In M.B. Kapfer (Ed.).  Behavioural Objectives in Curriculum

Development. Englewood Cliffg: Educational Technology Publi~
cations, 1971,

Skinner, B.F. Science and Human Behaviour. New York: Free Press, 1953 .

Snowberg, R.L. Bases for the selection of background colors for trans-

parencies. Audiovisual Communication Review, 1973, 21, 191~207.

Solomon, D., Rosemberg, L., and Bezdek, W. Teacher behaviour and student

learning. Journal of Educational Psychology, 1964 Vol. 55, 1p23-30.

Sorenson, G., and Gross, C.F, Teacher Appraisal- a matching process.

An Occasional Report. Los Angeles: University of California,

id

Los Angeles, Graduate School of Education; Center for the Study
of Evaluation, 1967.

St.phens, M.D. and Roderick, G.W. (Eds.). Teaching Technique in Adult
Education. Newton Abbot:  David and Charles, 1971.

Stickel, D.W. A critical review of the methodology and results of re-
search comparing televised and face-to-face instruction. In R.M.W.
Travers (Ed 3, Second Handbook of Research on Teaching. Chicago:
Rand MeNally, 1973. P860.

Tosti, D.T. and Ball, J.R. A 'behavioural approach' to instructional

design and media selection.  Audiovisual Communication Review,
1969, 17, 5-25.

Tukey, J.W. A quick compact, two-sample test to Duckworth’s specifica=
tions. Techuometrics, vol 1(1), 1959,  Pp3l-48.

Tyler, R.W.  Basic Prineiples of Curriculum and Instruction. Chicago:

University of Chicago Press, 1949,

Tyler, R.W. How to improve instruction on the basis of evaluation. In
W.J. Popham: Criterion Referenced Tnstruction, p83, Englewood
Cliffs: Prentice-Hall, 1978,

University Teaching Methods Unit.  Improving Teaching in Higher Education,
Leivester;  Cavendish Presg 1978,




291

Whitaker, P.D. The Evolution in the Use of Media in British and
European Universitiesi In R, Eberlein, P.J. van Zyl and B.J.

Venter (Ed.). Instructa 78:¢ A collection of papers read at

the Educatiounal Technology Symposium, Johannesburg. Butterworth,
1979. PP241-250.

Winer, B.J. Statistical Principles in Experimental Design. McGraw-
Hill, 1971.
Young, D.A. 1The Effectiveneis of Television Instruction in Service

Course Teaching':  Internal Report. Department of Applied
Mathematics, University of the Witwatersrand, Johammesburg, 1978(1).

Young, D.A.  The Effect of Immediate Feedback on Achievement in Tele-
vised Statistics Lectures: Tnternal Report. Department of
Applied Mathematics, University of the Witwatersrand, 1978(2) .

Young, D.A. 'What does a student learn in a statistics lecture? -The
belief and the truth'. Unpublikhed papet. University of the
Witwatersrand, Johannesburg, 1979.

Zawels, J. The Cybercom Multimode Education Communication System.

Mineo. Department of Education, University of the Witwatersrand,
1976.

Zeaman, D. and House, B.J. The role of attention in retardate diseri-
mination learning., In N.R. Ellis (Ed.), Handbhook of Mental De-

ficiency. New York: McGraw~Hill, 1963. Ppl59-223.

et i e e i




T




oA e e e gy b g 4N







Author Young D A
Name of thesis Computer-aided evaluationt of television instruction in a Tertiary-level introductory statistics course 01153

PUBLISHER:
University of the Witwatersrand, Johannesburg
©2013

LEGAL NOTICES:

Copyright Notice: All materials on the University of the Witwatersrand, Johannesburg Library website
are protected by South African copyright law and may not be distributed, transmitted, displayed, or otherwise
published in any format, without the prior written permission of the copyright owner.

Disclaimer and Terms of Use: Provided that you maintain all copyright and other notices contained therein, you
may download material (one machine readable copy and one print copy per page) for your personal and/or
educational non-commercial use only.

The University of the Witwatersrand, Johannesburg, is not responsible for any errors or omissions and excludes any
and all liability for any errors in or omissions from the information on the Library website.





