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Abstract

One of the fundamental assumptions of the classical Black-Scholes model is
that of constant interest rates through the life of a derivative instrument un-
til expiry. While this assumption greatly simplifies the pricing of derivative
instruments it also results in an inherent flaw of the model as interest rates
tend to fluctuate over time depending on the economic environment and how
market players perceive the future economic environment to be like. This dis-
sertation focuses on a Black-Scholes model in which the constant interest rates
assumption is relaxed, i.e. interest rates driven by time-dependent stochastic
processes. Lie theory and invariant approaches will be utilized to find solutions
of this model, whose derivation shall also presented in this dissertation.
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Chapter 1

Introduction

A financial contract whose value depends on the value of another asset (e.g.
a share traded on the stock exchange) on which the contract is written on is
know as a derivative instrument. Consider a financial contract between two
interested participants in which the buyer (B) of the contract, which expires at
a predetermined time point in the future 7, obtains the right to buy a specified
share with current price S from the seller at a pre-agreed price (known as the
strike price, K') when the contract expires. However, the buyer does not have
to exercise that right, they are able to allow the contract to expire without
acting on it at which point they lose the purchase price of the option. At time
7 the the price of the share, S, might be greater than the strike price or it
might be less. If the price of the share is greater than the strike price then it
would be rational for the buyer to exercise their right by purchasing the share
from the seller at price K and and immediately sell it in the market for S,
thereby making a profit of S, — K. If S, < K the buyer would choose not
to exercise their right to buy, in which case their total loss is capped to the
premium paid to the seller to get into the contract. Such a contract is called
a call option and the share is the underling asset. The premium paid to the
seller should be set high enough such that the seller is compensated for the
risk they will taking but not too high such that the buyer finds no benefit in
shifting the risk to the buyer. The question which then arises is: how do the

two parties determine the price of this derivative?



In their work published in 1973, Fischer Black and Myron Scholes [1] derived
a simple and elegant equation which theoretically answered the problem of the

valuation of options:
1
Vi + 50252\/55 +7SVs — 1V =0, (1.1)
where V' is the value of the option, ¢ is the time to maturity, the stock price is

given by S, r is the risk free interest rate and o is the stock price volatility.

The seller of the option might want to eliminate the risk associated with the
call option (theoretically (S — K) — oo is possible) which could lead to her fi-
nancial ruin. To eliminate the risk she can replicate the option value over time
by creating a portfolio constituting the underlying stock and a risk free asset,
for example a cash in a bank account that bears interest. In a world with no
transaction costs she can adjust the weights of the portfolio assets such that

the portfolio value is equal to the option value always until the option expires.

This insight provided the basis for deriving the linear Black-Scholes partial
differential equation (PDE) (1.1). The following assumptions also provide the
building blocks for the derivation:

e Volatility is constant

e Markets are efficient, i.e. all market participants have access to all the

information
e Stocks are non-dividend paying
e Interest rates are constant and are known
e Returns on the underlying stock follows a log-normal distribution
e FEuropean style options i.e. the option can only be exercised at expiration
e No commissions or transaction costs

e Perfectly liquid markets.

Some of these assumptions are already known to be unrealistic in the real

world. The existence of a market phenomenon called ’the volatility smile (or



smirk)’ already discredits the assumption of constant volatility. The Black-
Scholes model assumes asset prices to be log-normally distributed at all future
times. Volatility is unobservable in the market, that is it can only be implied
from market prices. The Black-Scholes model assumes that volatility is con-
stant throughout the life of the option. However in practice, it is noted that
when asset prices are high the probability that the price will go even higher is
quite low and this in turn results in a low volatility of asset prices. However,
when asset prices are low, the probability that the asset prices will go even
lower is high and this is seen also in the increased volatility of such assets.
This essentially means there is a higher probability of extreme negative events
occurring than there is of extreme positive events. Hence the classical Black-
Scholes understates the downside risk associated with options and this needs
to be adjusted.

Interest rates have also been observed to vary with time. They are depen-
dent on prevailing market conditions. Interest rates also give insight into the
prevailing market sentiment towards the future state of the economy and the
higher the risk or uncertainty participants in the market attach to the future
the higher the rate of return or interest rate they would require for their invest-
ments in that particular market. In this dissertation the focus is on a modified
version of (1.12) in which stochastic interest rates are allowed. Use is made of
Lie symmetry and invariant methods to investigate possible solutions to the

modified equations.

Research in the application of Lie symmetries in the financial field is still
quite a fertile area and has a lot of problems for which it could be applied.
Most of the works looked at as part of this research focused on equation (1.1)
and on the (241) equation is allowed to be stochastic. This dissertation seeks
to use Lie symmetry methods to investigate the case where interest rates are
driven by a stochastic process. In this research we will limit the analysis to
(2+1) model where interest rates follow the Vasicek [10] and Cox-Ingersoll-Ross
models [23]. After modelling the two different models, we will try to apply Lie
Symmetry theory to find the invariant solutions of the resulting PDEs.

The first chapter will provide an introduction into the basics of stochastic

processes and will present important theorems and definitions which shall be



1.1. DERIVING THE CLASSICAL BLACK-SCHOLES

used in deriving the (241) Black-Scholes equation. The principles of Lie sym-
metries will also be introduced to set the foundation for finding solutions to
the PDE.

1.1 Deriving the Classical Black-Scholes

Consider a portfolio structured such that it is only made up of a risky asset and

an asset earning the risk-free rate which are driven by the following process:
dS(t) = pS(t)dt + oS(t)dX (t) (1.2)

dM(t) = rM(t)dt. (1.3)

The existence of the stochastic term dX () in (1.2) makes the asset risk as it
is the source of uncertainty while in (1.3) there is no stochastic term and is

risk free.

Also consider a derivative instrument traded in the market maturing at time

T whose dynamics follow:

df = ppdt + odtdX (1), (1.4)

By It6’s Lemma,
us(t) = uS(0)fs + fit 5051 Fss (15)
75(t) = oS0 fs. (1.6

Now consider a self financing portfolio V(¢) made up of one derivative instru-
ment f(t) and a negative holding of ¢(¢) units of a risky asset. At each point

in time the portfolio is given by
V=f—1S. (1.7)
For a small change in time dt the portfolio value changes as given below

AV (t) = df — dS
= (uydt + o (t)dX) — Y(uS(t)dt + 0SdX)
= (py — YpuS)dt + (o — Yo S)dX.
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Due to the portfolio V' (¢) being self financing any change in the portfolio value
would purely be as a result of investment gain or loss that is there is no ad-
ditional funding added into or withdrawn from the portfolio after inception of

the portfolio.

The change in portfolio value has randomness in the dX(t) and to eliminate

the risk this needs to vanish, that is we need to ensure that the co-efficients of

dX (t) equal zero. This can be achieved by making a right choice of ¥(t). Let
of

_ 9 _ s =9
?/)—JS—fS—aS. (1.8)

The dynamics of the value process then becomes
1
dV(t) = (fi + 5028(t)2f35)dt, (1.9)

that is the portfolio is risk free for small time changes dt. To ensure that the
portfolio does not admit arbitrage, the return on the portfolio should be the

continuously compounded risk free interest rate of return, that is

V() = V(1) (1.10)

(ot 50®S O fss)dt = r(f(0) — fsSO)A (L11)
of af 1, 0°f

E+TS%+§0’ZSQ@ = rf. (1'12)

The PDE (1.12) is called the ”Black-Scholes equation”, the result of which can
be used to price call and put options. The intrinsic call option value is given
by

c(S,t) = (S — K)*
and for the put option

p(S,t) = (K —9)".

The figure that follows shows graphically the payoff of call and put options for
a stock with strike price K = 100. For stock prices below K the pay-off of

the call option is at worst the premium paid for the option. For prices greater
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than K the option pays out the differences between the stock price and the
strike price that is S — K. The solution of (1.12) for a call option is

c(S,t) = SN(dy) — Ke™"N(dy), (1.13)

og (2) 4+ (r+Z
g | 7 T T
dlz

oNT

lo 5 + —02
8\ K TR
d2:

oNT

where

T=T—-t,T >t.

Given that the pricing of options is in the context of a world in which there
is no arbitrage opportunities, the price of the call option and the price of the
put option should have a defined relationship as the price of the one should
imply the price of the other in this world.

Consider the two portfolios below:

e Portfolio A consists of a call option ¢(S, ) and a cash amount equivalent
to the strike price of the call option. If the option is exercised at maturity
the stock is purchased at strike price K using the cash amount equal to
K.

e Portfolio B consists of a put option p(S,t) and the underlying asset. At
expiration of the option the option seller sells the underlying asset at the

strike price if the option is exercised by the holder.

As can be seen from figure 1.1 the two portfolios have the same pay-off struc-
tures which implies that at each point in time the value of these two portfolios

combined should be the same, that is

c(S,t)+ K =p(S,t)+ S
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Figure 1.1: Graphical representaion of put-call parity. [28]

1.2 Concluding Remarks

This chapter introduced derivatives as financial instruments whose pricing is
based on the Black-Scholes model [1]. The basic theory and derivation of the
Black-Scholes model and PDE (1.1) were also introduced. The assumptions of
the Black-Scholes model, specifically the assumption of constant interest rates

which forms the basis of the problem of interest for this dissertation, were also

introduced.




Chapter 2

Literature Review

The application of Lie symmetry theory to finance remains a very fertile field
and as such most of the works reviewed so far have mostly been on the classical
Black-Scholes model, i.e. the (1+1) parabolic equation (2.2).

The question of how to include stochastic interest rates into the model (1.1)
which results in the model having two sources of risk, interest rate risk and
asset price volatility has been in literatures and can be traced to back to re-
search by Rabinovitch (1989) [16] in which formulas for call option valuation
and bonds when the risk-less interest rate is stochastic are derived. However,

in this work numerical analysis is used to price the instruments.

Abudy and Yehuda [7] price stock options with stochastic interest interest rate
solution for the Black-Scholes model where the interest rates follow a Gaussian
stochastic process. Here they construct a closed-form general solution of the
model in which interest rates are allowed to be driven by stochastic processes.
They further show that their solution diverges back to (1.12) solution when
the constraints on interest rates are reintroduced and also show consistency
of their call price solution to the put-call parity conditions. Unlike in Rabi-
novitch’s [16] work Abudy and Yehuda [7] introduce additional risk from rate

movements where Rabinovitch’s [16] model has only one source of risk. They
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find the call option price to be:

In ) + A(t,T) — %0‘27'

C(t,T)=S(t)N | —L& ~e +ovT

1 S(t) L,
A, T)+ =B*(t,T In—>>+ A(t,T) — sv°r
g AD BT AT T 2 BT .

where N() is the standard normal cumulative probability distribution, 7 =
T —t is the time to maturity, v = 02 + B%(t,T) — 2po B(t,T), o the volatility
of the underlying asset and p is a correlation factor on the asset price and
the interest rates. Haowen [13] used martingale theory to propose a European

option pricing model with variable interest rates. The result is presented below:

1 1
V, + 50%X2VXX + 0100p XV, + 505 +rXVx +a(@—r)V,—rV =0, (2.1)

where V' is the option price, t is a time variable, X is the asset price, r is the
interest rate, o1, 09 are the volatilities of the asset price and the interest rates
respectively. Here p is the correlation between interest rates and the asset
prices. In this research the derivation will follow Haowen’s [13] derivation of
the model.

While there are research in literature in which numerical and analytical solu-
tions for the model with stochastic interest rates, there are not as much where
solutions are generated through Lie theory for the Black-Scholes equation.
Application of Lie theory to financial problems especially of the Black-Scholes
type is found mostly in the recent literature but it is largely restricted to the

classical model.

Mahomed [3] considered the investigated (1+1) linear parabolic equations us-
ing invariant methods. Mahomed [3] investigated linear parabolic equations
and showed the effectiveness of using invariant criteria on these equations to
reduce them to three Lie canonical forms of a bond pricing model. In this
dissertation we shall present the invariants and semi-invariants by the trans-
formation of variables of a (2+1) dimensional equation, using as a foundation
work in Mahomed et. al [6].
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Ibragimov in [5] extended Euler’s method to apply on linear parabolic equa-
tions and introduced a method to deduce explicit formulae for the general
solutions to parabolic equations. Of interest is the derivation of the solution of
the Black-Scholes equation which takes the general form of a linear parabolic
equation

Uy + Ay, + auy, + ¢ =0, (2.2)

with A, a,c are functions of (¢,x). By use of the equivalence transformations

of the independent variable
T=0(), y=v(t )

, and linear transformations of the dependent variable
v=o(t,x)u, o #0,

where ¢(t), 1 (t,z) and o(t, z) are arbitrary functions. Applying these transfor-
mations to equation (2.2) and taking derivatives of u after the transformations

of the independent variables results in
'ur + AY2uy, + (Y + A, + athy) u, + cu = 0.
Thus equation (2.2) can be rewritten as
Up — Upy + Uy + cu = 0, (2.3)

whereby 1 is chosen such that |A]1)2 = 1 and, depending on the sign of A,

(t,x

¢ = +t. The equivalence transformation is the chosen to be v = ue?** such

that
u = Uefp(tvx) .

After differentiating under the transformation and considering the equivalence
relation it is found that

Up—UgyFaUz+cU = [vt — Vgz + (1 + 2p,) 0z + (pm - Pi — Pt —apy + c) v] el
(2.4)
The idea is to reduce equation (2.3) to the heat equation

Vg — Vge = 0.

t,x)
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_ 1
® Oy = _§a7

2

® Duv = %ax that is p; = ia — %am + c.

When these conditions are satisfied then (2.3) can be transformed to (3.44)
that is

Up — Ugy + QUL + CU = Vp — Vg (2.5)

For the compatibility condition to be satisfied p,; = ps should hold true.
With the compatibility condition satisfied the semi-invariant of the parabolic

equation can be written as

K =aa, — ay, + a; + 2¢,.

The work showed that a parabolic equation of the form (2.3) can be reduced

by way of equivalence transformations of the variables to (3.44).

For the equation (2.2) where the semi-invariant K is zero the solution will be:

1 +oo T—2z 2
u(t,z) = 2\/Ee’p(t’:‘”) uo(z)e"(o’:‘)e< T dz, (2.6)
t >0,

e

(2.7)

NI N

S
8]
+
)

These results provide the basis to finding solutions to the equation (1.12) which
is of the form (2.2). This work presented an interesting concept with which one
can solve parabolic equations of the form (2.2) without the need to calculate
the symmetries of the equation by using principles from invariant methods.
An extension of this to apply to the (2+1) dimensional equations would be
interesting. By extending these results for linear parabolic equations we can

also investigate possible solutions to higher-dimensional equations.
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Giingor [14] presented necessary conditions for the reduction of the (2+41)
dimensional equations of the form(2.8) to be transformed to the heat equation
[14].

Up = QUgy + blgy + cuyy + du, + euy, + fu, (2.8)

where a(x, y)? b(l’, y)a C(l’, y)a d(.’L’, y)a 6(]}, y)v f(xa y)
where b — 4ac < 0. Appropriate transformations are employed to remove the

coefficients of u,, and u,, resulting in
Up = Ugg + Uyy + PUy + quy, + V. (2.9)

where p(z,y), (z,y), V(z,y,t). The reduced equation is then transformed
to
Us = Usg + Ugy + Uy + qUy + VU (2.10)

under the transformations
_ — 1
t= T(t>7f - \/;(l’ + 5(t))7y - \/;(y + p(t)), U= eF(gc,y,t)’ V= _(V - W)
T
with
W:Et_<F$I+Fyy)_(Fz2+FyQ)_pFac_qu'
If p, = ps, then F' can be defined as

1

F= | +7) 6+ o) — 50(a) + loglu()

which enables setting p = ¢ = 0 thus reducing the equation to the two dimen-

sional heat equation.

Li et. al [8] focus on finding numerical solutions to (241) option pricing
models considering the Vasicek and CIR models. Of interest in their work is
the modelling of the Black-Scholes equation to include variable interest rates.

They consider a portfolio II with a return equal to the risk-free rate r,
dll = rIldt (2.11)

and the portfolio II constituting a stock whose price process is defined the

stochastic differential equation

dS =rSdt + odWh, (2.12)
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where o is the stock price volatility and W is a Weiner process. They further

assume that the interest rates are driven by
dr = (a — kr — \X)dt + odW, (2.13)

in which k is the speed of reversion to the average state of interest rates, 7 is
long term average of interest rates, for a = 7, X is the interest rate volatility,
Ap is the price of taking risk in the market and W5 is a Wiener process. After

deriving a stochastic component z(t)
dr = —kxdt + r’SdW, (2.14)

and setting limits to 3, A, to suit the Vasicek and CIR models, they present
the two factor model as

0_V+ﬁa2_v+sa_v_(r+x)+z_262_v_ﬁx8_v_
ot 2 082 B 0 2 022 or

for the Vasicek model and

oV 2SRV 9V

E_‘_ 5 @—1—5%(7“04—‘%)—(7“04-1‘)‘/ (2.16)
Y2(rg+2)0*V a OV

Ty o Rt

0, (2.15)

for the CIR model. The Vasicek model was chosen for its mathematical sim-
plicity whilst the CIR is more consistent with the term structure of interest
rates which is observed in the markets. In [12], investigations into the two
models is conducted in which its noted that the two models fit well with ob-

served market rates and the choice dependent on the instrument being priced.

Gazizov and Ibragimov [11] also consider the application of symmetry methods

to (141) Black-Scholes model as well as the two factor Jacobs-Jones model,

1 1
up = = A2 Uy, + ABCxyuyy + = B2y uy, + (D:vlny — Ex%)ux
2 2 v (2.17)

N

—l—(Fylng — Hyx

Ju, — xu,
in which A, B,C, ..., H are co-efficients associated with the model. In their
work, they classify this model according to its symmetry groups, thus providing

a foundation from which one can construct exact (invariant) solutions. They
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mention that the number of symmetries of (2.17) is dependent on the choice

of co-efficients . The principal Lie algebra (L,) is spanned by
0

X, = — 2.1
0
Xo = us-, (2.19)
0
Xo = w— 2.2
w wau’ ( O)

where w = w(t, z,y) satisfies (2.17). Gazizov and Ibragimov [11] consider and

present extensions to L, for equations satisfying the conditions
AB # 0,

C ++1

and

C #0.

The extension of L, were presented in the cases below:

Case 1: D=0 9
X3 =ely—.
3 =€ yay

If AH—- BCE =0and F =0,

X, =2AB*(1 - Aty + (2BCInz — 2AIny + (B — AC)ABt) uag

u

Case 2: D#0, F=—(BD/2AC) ,H=0
Xy —oxp [ Z24) gy 2 4 (-2 E BDN 9
3= P\ 2ac" ) Yoy T \aBc ™Yy *PL\2ac’) “ou

Case 3: D # (0 F satisfies A2F? — A2D? +2ABCDF + B?D? =0 and E, H
are related by BE(ACF + ACD + BD) = AH(AF + AD + BCD)
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v. _m 0 ACF+ACD{BD  AF+AD+BCD
37 Yy A2B(1 - C?) Apr(1-c2) Y
A2CF + A2CD — B*CD — ABF\ _,, 0

2ABD(1 — C?) o

FInG(BCD + AF +AD)\ ,, 0

e U—-:.

AB*D(1 - C?) u

In the case that B =2AC, F = —-D , H =0, then

0 G 0
_ Dt Dt
Xe=e yay * <2A202 n Y * 1) < You

These results enable the finding of invariant solutions of equation (2.17). De-
spite the fact that they mention that equation (2.17) might not be reducible
to the heat equation regardless of the choice in A, B,C, ..., H it presents in-

teresting results for further investigations.

Of particular interest to this research are solutions to (2+1) heat equation
of the type
Up = Ugg + Uyy. (2.21)

However, finding the solution to (2.21) is not within the scope of this research

and relevant solutions proposed in literature will be considered if necessary.

In [17] the focus was deriving closed form solutions to the Black-Scholes model
in which interest rates are allowed to be stochastic. However, in this work the
actual derivation of the model was not provided but the derivation of the solu-
tion. To find the solution, they used the technique of change in numeraire to
derive a closed form solutions. They went further to calculate the option price
sensitivities to the model parameters as well as to the price of the zero-coupon

bond prices. The price of a stock option was proposed to be
8(0) = S(O)N(dy) — KP(0, T)N(dy), (2.22)

where

S(0) 1
hl W — §CZQ(T)

X3(T)

dy =
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d1 = d2 + AV 22(T>

and

20109p

ST = To? 4+ 2 (g7 2+ 3 _ 90 4 Leer
(T)=To; + B 52 + e + 52

6—§ 5 (eﬁT—BT—l).

In this result Eksi [17] considered the stock price and the interest rates to
be correlated given by p where oy is the volatility of the stock price, oy is the
interest rates volatility and /3 is a model parameter contributing to the mean
reversion of interest rates to their long run average. To make computations
easier in this dissertation, only the case where interest rates and stock prices

are not correlated is considered that is the assumption p = 0 was made.

Aligned to the focus of this dissertation is the work of Kovalenko et. al [18]
in which they apply Lie ymmetry methods to the 2 + 1 dimensional equation
(2.23). In this work they found invariance algebra of fundamental solutions
of the linear Fokker-Plank-Kolmogorov equations. The operators found where

then used to construct the invariant solution of the equation

Up — Ugy + 20y = 0, (2.23)
where (z,y,t) € IR? and
— ult )y = ou  Ou _ Q*u
U =ull, T, Y), Ut = atauy - ayauxz - 81’2'

Defining the general fundamental solution of (2.23) to be
u=29(t—1ty,r—x0,y — Yo)
where g, zg, Yo are model parameters the equation (2.23) becomes
U — Ugy + Uy =0 (t — Lo, — 20,y — Yo) (2.24)

given that u|i<¢,.

It is found that equation (2.23) admits, in addition to the infinite-dimensional

Lie algebra of symmetry operations,

Yi=2(t — )0 + (v — 20)0r — (2o(t — to) — 3(y — vo))0y — 4ud,
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Yo = (= 3)0 + ((tx + 3y) — (toxo + 3y0)) 0 + (3(y — yo)t — towo(t — t0))0,
—(2(t — to) + 2 — (x5))ud,

Yy = 3(t* — 12)0, + (t* — 3t5t + 2t3)9, — 3(tx — y — (toTo — Yo))udy

Yy =2(t —t9)0, + (t — t9)*0, — (z — x0)ud,.

Using the two dimensional algebra (Y7, Y;) they constructed the solution (2.25)

Clt,z,y) (z — o) 3 z+20\°
a0 =t <y_?/0—<t—to) 5 )]

(2.25)

2.1 Concluding Remarks

This chapter focused on previous work in literature in which Lie symmetry
analysis was applied in equations of finance.While this dissertation focuses on
the (241) dimensional Black-Scholes equation, the literature review included
work on (1+1) dimensional parabolic equations which, through relevant ex-

tensions, can be applied to the higher dimensional equation.

In the next chapter Lie symmetry methods are introduced and an extension
of the work done in [3] for (1+1) dimensional parabolic equations is sought for

application in solving (2+1) dimensional equations.



Chapter 3

Lie Symmetry Analysis: An

Introduction

This chapter aims to provide a high level introduction into key concepts, def-
initions and theorems of Lie symmetry analysis. A symmetry is a transfor-
mation which when applied to an object leaves it unchanged. The theory
of transformation groups was discovered by Sophus Lie [2]. A Lie group of
transformations map a given differential equation to itself. Under the group of
transformations, which are known as the symmetries of the differential equa-
tion the differential equation is invariant, i.e. the symmetry groups do not
change the structural form of the differential equation.

Symmetries can be used to deduce new solutions from known solutions of a
differential equation, reducing the number of independent variables in a par-
tial differential equation (PDE) thereby reducing the PDE, testing numerical

algorithms among other uses.

Definition 1. “A set G of transformations
T,:a = f'(r,u,a),® = ¢*(z,u,a),i=1...na=1...m,

where a is a real parameter which continuously ranges in values
from a neighbourhood ID C IR of a = 0 and f*, ¢ are differentiable

19
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functions, is a continuous one-parameter Lie group of transforma-

tions in R™™ if the following properties are satisfied:
1. Closure. If T,, Ty in G and a,b € ID' € ID
2. Identity. Ty € G such that

TOTa = TaTO - Ta

3. Inverses. For T, € G,a € ID' C D, there exists T;* =T, €
G,a ' € D such that T, T, = Ty

”

If the identity transformation occurs at a = ag # 0, i.e, T}, is the identity,

then the shift of the parameter a = @ + ay will give Ty as above.

3.1 Infinitesimal Transformations

Based on Lie’s [2] theory the construction of G is equivalent to determining

the corresponding infinitesimal transformations:
T~ ot al(r,u), T = u® + an®(z,u). (3.1)

Infinitesimal transformations are obtained through a Taylor series expansion

about a = 0 with initial conditions f*|,—9 = 2%, $*|s=0 = u®. Thus

; Of(x,u,a
f (I,’U,) = %b:o;
N 00 (x,u,a
() = 220
Let 9
X :é. (xuu)axl +7n (ZL’,U)%

be the infinitesimal operator or generator of G. The infinitesimal transforma-

tions can thus be re-written as

7'~ (1 +aX)2", 1" ~ (14 aX)u®. (3.2)
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Theorem 1. “Given the infinitesimal transformations (3.2) or its

symbol X, G is then obtained by solution of the Lie equations

dzt . du® o
da —5(377“)7%—77 (:c,u)

subject to the conditions

—1 i =« o«
x|a:0—x,u a=0 = U .

One parameter groups are obtained by using this theorem. The transforma-
tions (1) form a symmetry group G of the system if the function © = u(7)
satisfies

E’ (7,7, U1y, - - - ,ﬂ(k)) =0

whenever u = u(x) satisfies the original differential equation
E(x,u,uqy, ..., um) =0
By applying the total derivative operator on (3.3)
Di(¢") = Di(f')D;(@*) = Di(f')us. (3.3)

Thus

(WJ.' +u'.5’a—fj> e = 90 4 59"
ox? toul ) 7 Oxt L ouP

The one parameter group, G, is the first prolongation that acts in the space
(z,u). Here G is formed by transformations in (z,u, u(1y) and the transfor-
mations uwn) = ¥ (x,u, u@),a). To obtain the prolonged groups G upto G
one uses the total derivative transforms.

Let the infinitesimal transformations of the prolonged groups be G to G
be (3.2) and

gy o~ ug 4 ad (T, u,u)

us =~ U?“‘a %([L’,U,U(l),u@))

— (63

0%
uilu-ig ~ uljlk + a'Cil...’ik (SB? u’ u(l)’ R u(k))7

L
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with prolongation formulas

¢ = Di(n) —u§Di(€)
5= Di(¢) —uiDi(€)
S = DG ) —uf i, DiE).

1.0k i lh—1 110k

The generators of the prolonged groups are:

. 0 N 0 a
XW=¢ (fB,U)aﬂ + n (SB,U)% + G (@, u, uq))
N N
XM — ¢ (x,U)axi + 7 (%U)% + ¢ (@, u,uy)
. 0
+... + C’h...ik(‘r’u””’u(k)>au{l ’

i1...0%

where X is the generator of the group G.

Definition 2. “A point (x,u) € R*™ is an invariant point if
it remains unchanged by every transformation of a group G, i.e.
(z,u) = (z,u) form all values of a € ID C ID”

Theorem 2. “A point (x,u) € IR™™ 4is an invariant point of a
group G with generator X = &' (z,u)z> +n®(z,u) 5% iff & (z,u) =
— ,rla (m7 u) ”
Definition 3. “A function F(x,u) is an invariant of a group G iff
F(z,u) = F(x,u)
for all values of x,u and a € ID" C ID.”

Theorem 3. “A function F(x,u) is an invariant of a group G with
generator X = &'(w,u) 2= + n*(z, u) 52 iff

oF
+n%(z,u)z— =0

; oF
X(F) = €z —

oxt

”
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The characteristic equations to the PDE then are:

dz! B dz™ du' B du_m

g ey nm

3.2 Transformations

From the work of Lie [2], Ibragimov [5] and also Mahomed [3] the equivalence
transformations of linear (141) parabolic PDE’s comprise of linear transfor-

mations of the dependent variables given by
u=o(t,x)u,o0 #0 (3.4)
and invertible transformations of the independent variables

T =¢(t) (3.5)

where ¢ ,¢ and o are arbitrary functions and u is the new dependent variable.
To verify that (3.4) and (3.5) are indeed equivalence transformations we shall

consider the (1+1) dimensional canonical linear parabolic equation:
up = a(t, ©)Uz, + b(t, x)u, + c(t, v)u (3.6)
Let

u(t,z) = o(t,x)u

be the transformation of the dependent variable. We differentiate with respect

to x and t to find the derivatives under the transformation that is:

Uy = O,U + 0Ty (3.7)
Ugy = Ogall + 20,y + Oy (3.8)

Uy = O'tﬂ —+ Uﬂt (39)
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Substitute (3.7) into the equation (3.6) to get:

Ot + 0Ty = G (050U + 204Uy + 0Uyg) + b (0,0 + 0T,) + Col
which when re-arranged results in:

G=a | () a2+~ 2| 45| () arw| v (3.10)
o g o o

It can be seen that equation (3.6) is invariant under the transformation u = ou.
Since the equation is invariant under the transformation, we can equate the

co-efficients of .., u,,u. We thus get the following relationships :
a=a

b:25<%> +b.

For the purposes of this research we seek to extend this to the (2+1) dimen-

sional case with the canonical form
Up = AUgg + DUy + cuy + duy + eu (3.11)

in which the Black-Scholes equation with stochastic interest rates is contained

and a,b, ¢, d, e are functions of the independent variables (x,y). Let
u=o(t,z,y)u (3.12)

be a transformation of the dependent variable. Differentiating with respect to

the independent variables t, z, y:

U = 04U + OUy

Uy = OxU + OUy

Uy = OyY + OUy

Upy = Oz + QOrﬂm + OUyy

Uyy = Oyl + 20Ty + OlUy,.
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Substituting back into the original equation (3.11)
ot + 0Up = G (04U + 20,y + OlUyy)
+ b (00 + 20,0, + 0y,)
+ ¢ (0, + 07,)
+d (o,y + o)
+ éou

and after grouping to the partial derivatives of w

+5[(%)ﬂ+2 (Uy)uy+uyy]
+E[(%)ﬂ+ﬂx
+E[<%)ﬂ+ﬂy]

teu— <% u

Comparing co-efficients between equation (3.11) and the transformed equation
it can be seen that the following should be hold if (3.11) is invariant under the

transformation (3.12), namely

a=a
b=1b
c=2a U"’”)+E

So far we have applied a transformation on the dependent variable (3.4) for
the one dimensional equation and (3.12) for the two dimensional case. The
next step would be to calculate the semi-invariants and deduce o in the trans-

formation function which maps u to .
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An example

We provide an illustrative example on symmetries which was investigated in
[29]. Consider the (2 +1) dimensional PDE

ou Pu  0*u  Ou
-2z _ e el
e e = + a7 + o (3.13)

As shown in [30], the infinitesimal transformations sought for (3.13) are

gl < 8
||||
= B OB~
T+ 4+t
R N CRAN
S W oo =
—~
St S+
8 R =
e = =

S £

which are generated by

0 0 0
XZfl +f2 +§3+778 (3.14)

For a (2 + 1) dimensional PDE the second prolongation is needed:

o 0
X = 51 +52 +§3 PR

Uy

a 9 9 9

T G T B +Cx8u b g

0 0 0
+Ctya Uy + Czy8 + Cya + nya +.
Y

The determining equations are found to
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& =0

& =0

Tuu = 0

& =0

& =0

§}L=O (3.15)
&+&=0

—287 426§ =0
9g2 4 ogl — gl = 0
€2 + 26 + € = 0
eQ:vnyy + e2$?7$ + €2$nmz —n = 0
262wnyu _ 621 3 _ 62m£§> _ 6235 3 + 5? =0

vy Trr

When the system of determining equations (3.15) is solved, we find for (3.13)

five symmetries

x:%, (3.16)

Xy = %, (3.17)

Xy = _%a% + gt, (3.18)

X, = —t% + tQ% —u (e_:z + %) %, (3.19)
X, = ua%. (3.20)

Consider the symmetry (3.19). We work out its invariants, thus we have

do_db___du _ % (3.21)
—tf w54y 0 |
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It immediately follows from (3.21) that

L=y
From

dx B dt

—t - 2

Integrating both sides

Int=—x+1Inl,

such that
I, = te”. (3.22)
Again, from (3.21)
dt d
== +7 (3.23)
t u (s +3)
which can be re-written as
du t e\ dt
=2 — 3.24
u (2 L ) 2’ (3:24)
we can deduce from (3.22) that
t
T=— 3.25
-1 (3.25)
Substitute (3.25) into equation (3.24) to get
du 1 1
—=—| =+ -—= ) dt. 3.26
u (2t * 4[22) (3:26)

After integration of both sides of equation(3.26), after substituting back (3.22),

we deduce

"= F(a,w)% exp (—%) (3.27)

where v = I, I = ¢ and I3 = F(a, )

Taking derivatives of u in terms of the independent variables:

= () e o (52)

76_2""‘

+t_1/26Xp< n )eIFw,
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—21 6—233
Uy 2t3/2 exp ( m ) F

e 27
Uge = t3/2 eXp(

>F+ 57 exp( o >F+ CTivES exp< 2w> F,

+/te* exp( >F¢+2\/exp< >F¢

+t3/2 2z exp ( ) Fww,
1 _6—22:
 — . 3.28
Uyy NG exp ( At ) ( )

Substituting into (3.13) and simplifying (the intermediate steps are not in-

cluded here to avoid unnecessary cluster), the reduced equation is found as
2te" Fy + t2¢* Fyy + Fan = 0,
which, since ¢ = te” ,reduces to the simplified reduced equation

Foo + ¢*Fyy + 20F; = 0. (3.29)

By the method of separation of variables a solution for u(¢, z,y) is

1 —e7 2 c
attee) = esp (5 ) (e vea) 2, (3:30)

where ¢y, ¢, c3 are integration constants.

This example shows that one can use Lie Symmetry methods to reduce an
n-dimensional equation to an (n — 1)-dimensional equation which reduces the

original equation to a simpler form.
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3.3 Invariant Methods

Equivalence transformations of PDEs are transformations that map the PDE
into itself while maintaining the characteristics of the original equation. A
lot of research can be found in literature of the use of invariants and semi-

invariants with the main focus being on the (14+1)PDE of the form:
u = a(x)ug, + b(z)u, + c(z)u, (3.31)

where ¢ and z are independent variables, u = u(t, z). Ibragimov [4] calculated
invariants for hyperbolic, elliptic and parabolic equations by use of the in-
finitesimal methods. In his work a new invariant for parabolic equations was

provided as K, where
1
K = <§b2ax + a; + aag,; — ai) b+ (aay — ab) by — ab; — a®byy + 2a*c,, (3.32)
where a, b, ¢ are co-efficients of the parabolic equation

u = a(t, £)uge + b(t, x)u, + cu. (3.33)

Ibragimov [4] then raises the question of whether the PDE is guaranteed to
be reducible to the heat equation iff the invariant K vanishes i.e. when K-

invariant is zero. Mahomed [3] further simplified the K invariant of Ibragimov

e 0 b b b
v g (e-a(m) ~2)+ (2) (3.30)

in which K = —2a?%k.

The k£ (3.34) invariant for the (14-1) model is not difficult to derive and is shown
below. After applying the transformation v = o(¢,z)u on equation (3.6) the
result was (3.10). Since the two equations have the same characteristics under
the transformation, corresponding co-efficients of the derivative terms can be

equated resulting in:

&

c
o 2a a’

[\]



3.3. INVARIANT METHODS 31

o0 (%) 5% 00 (%) v(2) e
o o o o o
We make use of the compatibility rule
(5),= (%)
g /y N o a:7

which should hold true. The compatibility condition above will aid in finding

the semi-invariants of the equation.

Given _
Oy b B b

o 24 2@

to simplify o,/0 we first have to reduce the term o, /o:

5 ()= () - (%)

Therefore:
% — i _ E + ﬁ + l_)_ _ b_g
o \2/), \2a), \4a? 4a® 2aa )

Substituting into 2:

Since:
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then:

Re-arranging:

@) ]G () -

Since k = k we find the invariant as:
0 b b? b
= e (an) - ()] (@), (33

For the purposes of this research we need to find the invariants for the (2+1)

parabolic equation (3.38) case making use of the same method.
(£) (= 4y (4
2a/ y 2a), 20/, 20/,
(£) ~(2) = (&) - (%
2a/y \20), \2a), \2b/,

We find that h = h where

Expanding :

= (5),~ (7).

)t = (%)x and expanding (%) :

xT

Oz
o

Considering now that (
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Grouping terms together yields j = j where

=g ol () (), (3)] - G,

Again when considering (%)y = (%y) . we find again that m = m with

-6, -G 6,

To summarise, we state the invariants for the (1+1) D parabolic equation

(3.36)

S
I
2l
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BEe @) G E), e

3.3.1 Application of Invariant Methods to 2 4+ 1 D Equa-

tions

In this section an extension to apply invariant methods to equations with two
space variables and one time variable is proposed. Consider the equation of

the form
u; + Augy + Buy, + Cu, +Duy, + Eu = 0. (3.38)
Using the change of the variables of the equation (3.38)

T:(b(t)?a:w<t71:7y)7ﬁ:‘9(t7x7y)7
the derivatives of u in (3.38) undergo the transformations

uy = ¢'ur + Prua + Oiug,
Uy = PyUo + Ozug,
Use = Yuglla + Pag + Ouatip + Orugs,
Uy = Pyuq + Byug,
Uyy = Pyytla + Yylaa + Oyyug + Ghugs.

Substituting the transformed derivatives of u into equation (3.38) results in

$ur +ihtta + Oius + A (Yaotia + U35, + Ozatis + O7ugs)
+B (@Dyyuoc + ¢§uw + Oyyup + 05“55)
+C (Yota + Ozug) + D (Yyua + Oyug)
+Eu = 0.

Grouping like terms in u and derivatives of u yields the equation

¢'ur + (A2 + BY2) tga + (A02 + BO2) ugs (3.39)
+ (V1 + Atz + Bipyy + Cthy + Diby) u,
+ (0, + Abyp + BO,y + CO, + DO,) ug
+Fu=0.
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By choosing A, B such that [A]¢)2 4| By = 1 and § = 4t equation (3.39) can

be written as
Ut + Una + Ugs + a(t, z,y)uq + b(t, z,y)ug + Eu = 0,

where a(t, x,y), b(t, z,y) are continuous variables in the independent variables.

Thus equation (3.38) can be transformed to an equation of the form
Up + Ugy + Uy + alt, z, y)u, + 0(t, z,y)uy, + Eu =0, (3.40)

by a suitable choice of transformations of the independent variables y, x, y.

In the next step the equivalence transformation
v =ue’,u=wve”’, (3.41)

is introduced to equation (3.40), where p = p(t, x,y). Differentiating v under

the equivalence transformation results in

u=uve P
uy = (vy — prv) e”

—rho

Uy = (Vg e

Uy — va)
uy = (vy — pyv) e ™
Ugy = (Um — 20,0, + (p:% - pm) U) e’

Uyy = (Uyy — 2pyvy + (/{3 - pyy) U) e’

Substituting the transformations into equation (3.40) yields

(Ve — pr) e "ho— (Um — 2p,0, + (Pi - pm) U) - (Uyy — 2pyvy + (p; - pyy) U) e’

+a (v, — ppv)e P +b (v, — pyv)e? + Eve” = 0.

Grouping the terms in v and derivatives of v together and dropping the com-

mon term e~ ? results in

Vp — Ugg — Uyy + (@4 2pz) vy + (b + 2py) vy (3.42)
+(Pm—i-pyy—pi—pz—apm—bpijE—pt)v:O

Due to the equivalence relation equations (3.39) and (3.42) are equal such that
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W AUy + Uy + alt, z, y)u, + btz y)u, + Eu (3.43)
= U — Ugz — Vyy + (@ +2pz) vz + (b + 2py) vy
+ (Paa + pyy — P2 — Py — aps — bpy + E — py) v.

Thus equation (3.40) can be reduced to the heat equation
Vp — Vg — Vyy = 0, (3.44)

if the following conditions holds

1 1 1 1
L pt:ZCL2+Zb2—§CLI—§by+€.

The compatibility conditions pyy = pyz, Pat = Ptas Pyt = Pry should hold. By
the compatibility condition three semi-invariants for equation (3.40)

e a,—b, =0,

1 1 1 1 1 _
L §aa: + §bz - §azx - §byac + §at + €r = 07

1 1 1 1 1 _
® 50y + 50y = 5auy — 3byy + 50 +ey = 0.
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In this dissertation one of the equations focused on is the Black Scholes model
with interest rates that are determined by the Vasicek model. In the following,
the idea is to investigate if the equation (6.1) can be transformed to the heat

equation.

3.3.2 Application of Invariant Methods 241 D Black

Scholes model

In this section the idea is to reduce the Black Scholes equation with Vasicek
driven interest rates to a form in which the co-efficients of the second partial

derivatives Vgg and V,, are eliminated i.e. we seek to reduce:

1 1
Uy = —50252u55 — 522uw + kru, — rSug + ru, (3.45)
to a form:
Up = Uee + Ugy + alc, x)ue + b(z, y)u, + d(c, x, t)u, (3.46)

in which u = u(c, z,1).

We shall consider the following transformations on the variables (S, r,t):

V2
o
V2x
=5
t=—t.

logS,

CcC =

X

Based on these transformations the partial derivatives of u are found as:

us = Suca
2 1
Uss = mucc G2 te
V2
Up = Uy
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Uy = —Uz.

Substituting the derivatives of u under transformation into (3.45) results in

1 2 1 1 2
—U; = —02S2 |: Uee — :| — —22 |: :|

2 0252 oszte] T o ;e
2 2
+Kr \é—ux] —rS [\é—ugg + ru.
Grouping like terms together into (3.45) results in the transformed equation:
dx o Yx
Up = Upe + Uge + | — + — | Ue — KTU; + —1. 3.47
t = vz 347
From (3.47):
dx n o
a=—+—,
o V2
b= —kuz,
Yx
e=—

7

and the compatibility condition is not satisfied since

ae 7 by.

This raises the question of whether the inability to satisfy the compatibility
condition means the (2+1) dimensional model cannot be reduced to the heat

equation?

3.4 Concluding Remarks

An introduction into some concepts, definitions and theorems of Lie symme-
try methods was provided in this chapter together with an example. Also a
possible extension of the work done in [3] for which further investigation are
necessary was proposed. The main purpose of this chapter was to provide a

basis of mathematical concepts which are relevant for this dissertation.



Chapter 4

Stochastic Calculus in Finance
and Interest Rate Models

This chapter provides an introduction to basic stochastic calculus which shall
be applied in the derivation of the Black-Scholes model with stochastic interest
rates. It will be worth pointing out that this brief introduction of the key
definitions and theorems is not meant to be exhaustive of all the principles of
stochastic calculus but to provide a high level overview of concepts that apply
to the derivation of the model for this dissertation. This chapter is mainly well
known concepts and is based on the book by Shreeve [21]. To complete the
understanding of the derivations interest rate models will also be introduced,

restricted to the Vasicek, C.I.LR and simple binomial models.

4.1 Basic Stochastic Calculus

The behaviour of a non-dividend paying stock prices is most generally mod-
elled using Geometric Brownian Motion (GBM). Consider the price of a non-
dividend paying stock S;, a random variable denoting the price of the stock
at time ¢ > 0. Here S; is regarded as the solution of a stochastic differential
equation (SDE)

dS, = uS; + o Sidt + oS, dW,, (4.1)

39
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where Sy is constant , p is the expected continuous rate of return expected by
an investor in the stock, o is the volatility if the stock price and W (¢t > 0) is

a Wiener process or Brownian Motion.

Definition 4. “(Brownian Motion) A stochastic Process Wy(t > 0)

15 called a standard Brownian Motion or Wiener process if
1. Wy =0
2. For all 0 <t <ty <tg <ty Wey — Wy, and Wy, — Wy, are

independent i.e. increments are independent;
3. For all0 <ty <ty, Wy, = Wy, ~N(0,t5 — t1); and

4. W has continuous trajectories.

”

To solve an SDE, one needs to make use of one of the fundamental tools of

stochastic calculus which is [to’s formula. We first define 1t6’s processes.

Definition 5. “(1t6’s Processes). A stochastic process X is called

an Ité Process if it is the solution of an SDE
dX; = a(t, X;)dt + b(t, X;)dW,, X, constant (4.2)

where Wis a Brownian Motion.”

Theorem 4. “(One Dimensional Ité Formula.) Let X be an Ito
process determined by (4.2) and g € CY%([0,00)zIR). Then the
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process g(1, X) follows the SDE

Jg od 1 02
dg(t,Xt) = at (t Xt)dt + = a (t Xt)dXt 28 Q(t,Xt)(dXt)2,
_ Jg od
=5 —=(t, Xy)dt + — g (t, X¢)(a(t, X¢)dt + b(t, X;)dWs)
1 0?
+ im(t, Xt)(a(t, Xt)dt + b(t, Xt)th)7
dg dg 0?
(a (t, Xi) + alt, )Q)a (t, X;) + 2b2(t Xt)(9 S (t, Xt)) dt
Jg
+ b(t, Xt)a (t, Xy)dW,.
and is also an Ito process following the rules
o (dt)*=
o dt x dW, =0,
L4 (th)2 = 0.

It is generally accepted that prices follow Geometric Brownian Motion (GBM)

with the following dynamics
dS(t) = uS(t)dt + o S(t)dW(t). (4.3)

[t6’s formula is applied in finding the solution to the asset price process (4.3).

First we set g(t,S) :=log S. By taking derivatives we find

dg
o
99 _1
or x’
&g _ 1
ox2 a2
By Ito’s formula,
1 1 1 9
_ b 1 2 2
= 50 (uS(t)dt + o S(t)dW (t)) 23(2&)20 S(t)dt,

1
= (u— 502)dt + odW (t).
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In integral form

g(t,S(t)) = ¢(0,5(0)) +/O (u— %02)038 —l—/o adW (s).

Using [t0’s Lemma it can be easily shown that

/0 LW (s) = W)
and

/0 W (s)dW (s) = %W(t)Z _ %t.

Applying these results to the Ito integral results in
1
log S(t) =1og S(0) + (p — 502)15 + oWt
such that

S() = S(0) exp | (1 — %ag)t +ow)| .

Definition 6. “(Risk free Asset.) There is an asset in the market

whose price follows the process
dB(t) = rB(t)dt,r >0 (4.4)

where r is the risk free interest rate.”

Definition 7. “(Martingale) A stochastic process { My }i>0 on (2,3, P)

is a martingale with respect to the filtration {S;}>0 on (2,5, P) if

the following properties hold:
1. M, is - measurable
2. IE[|My|] < oo for allt
3. E[[M|SM] = M for all 0 < s < t < o0.
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Definition 8. “(Girsanov Theorem) Let P be a probability mea-
sure, W be a Brownian Motion following the P-dynamics on
(Q, S, P) and let ¢ be an adapted process. Given a process L defined
on [0,T), where T is fized, by

dL; = SOtLthVtP
Lo =1

t 1 [t
Lo | [y = [liedeas]
0 0

that is

Assume that

and define the new probability measure () on St to be

@
Lr=—.
= ap
Then

AW} = pudt + dWP

where W€ is a dynamic Brownian Motion. This Q is known as the
risk neutral probability measure defined such that the asset price

”

and the discounted asset price are equal under this measure.

Theorem 5. “(Feynman-Kac Theorem)” Let K (x) be a non-negative,
continuous function,and let f(z) be bounded and continuous. Sup-
pose that u(t,z) is a bounded function that satisfies the heat equa-
tion with cooling term

ou  10%u

—=-—-K 4.5

ot 20x? (@) (45)
and the initial condition

w(0,z) = lim wu(t,z) = f(x)

(t,x)—(0,z)
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Then .
u(t,z) = E”exp{ - /0 K(Ws)ds} FW) (4.6)

where, under the probability measure P* the process {Wi;}ti>o is a

Brownian Motion started at x.

The Feynman-Kac theorem provides the basis of the existence of a solution to
the heat equation. In this research the conditions necessary for linear (2+1)

parabolic equations to be reducible to the heat equation will be proposed.

4.2 Interest Rate Models

The fundamental ideas on which derivative instrument pricing rest on the con-
cepts of replication and arbitrage. To replicate a financial instrument is to
construct a portfolio of assets in the economy which, at any given point in
time, is equivalent in value to that of the derivative. An arbitrage opportunity
is the same as "getting free lunch”, i.e. having a profitable trading strategy
while taking on no risk. In the absence of arbitrage the derivative value is
then also the portfolio value which replicates it. The no arbitrage principle
together with the law of one price create the idealized world in which interest

rate models are built from and as such, the Black-Scholes models.

The major types of interest rate models are

e Equilibrium models

e Arbitrage free models.

The Vasicek and C.I.LR models are short term rate models which fall under
equilibrium models. Arbitrage free models, which include the Ho-Lee model,
seek to describe the behaviour of the term structure of interest rates based
only on variables in the economy which are believed to impact interest rates.
Arbitrage free models result in prices which match market prices. The con-
struction of these models is based on a reference set of financial instruments

which are assumed to be correctly priced.
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4.2.1 Simple Interest Rate Model

Let P(t,T) be the price at time t of a zero coupon bond which matures at
time T for t = 1,2,3,--+- and T'=t,t + 1,---. We know that P(¢,t) = 1 for
all t. At time ¢ = 0 there is a set of observed prices P(0,T) for T'=1,2,--- ,t.

The risk free rate of interest between ¢ and ¢ + 1 is defined as

r(t+j)=—-InP(t,t+1)

for
0<l<1.

The cash account A(t) is then defined as

A(0) =1, (4.7)
At +1) = % — exp [fg“ r(j)dj] . (4.8)

One factor short-term interest rate models are driven by a process of the form

d’f’t = (Oé — Brt)dt + O'Tdet,

where 7 is the interest rate, dWW is a standard Brownian Motion, ¢ is a constant
term and «, 3, are parameters. The Vasicek and C.I.R models are contained

in this group of models.

4.2.2 The Vasicek Model

In the Vasicek model, v = 0 such that
dry = a(b — ry)dt + odW,, (4.9)

where

e q is the speed of reversion to the mean, 0 < a <1,
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e b is the long run average interest rate,
e o = ab,
e o is the volatility,

o W, is the Brownian Motion at time t.

The Vasicek Model has for the most part been criticized for its admittance of
negative interest rates but more recent developments in which countries (Swe-
den, Switzerland, Japan) have been in negative interest regimes has redeemed
it as it has shown that interest can be negative, however the level at which

they can be negative might still need to be controlled.

4.2.3 C.I.R model

The C.I.R model (Cox et. al [23] [24]) is a modification of the Vasicek model
with v = 0.5 which results in

drt = (I(b — T’t)dt —+ O'\/T_tth. (410)

The square root term ensures that only positive interest rates are admitted by

the model as long as a and b are positive.

4.3 Concluding Remarks

This chapter provided an overview of concepts from stochastic calculus that are
necessary in the derivation of the (241) dimensional Black-Scholes equation.
Interest rate theory and models was also introduced since this dissertation is
focused on a Black-Scholes model in which interest rates are not assumed to

be constant.



Chapter 5

The Black Scholes Equation
with Stochastic Interest Rates

In this chapter the derivation of the Black-Scholes models in which the interest
rates are stochastic is presented. First, the derivation of the model for the
Vasicek driven interest rates Black-Scholes model is shown, followed by the

model in which interest rate are driven by the C.I.R model.

5.1 Deriving the Vasicek interest rate depen-
dent Black Scholes model

Considering the standard Black-Scholes model, we consider the case when the
assumption of constant interest rates is relaxed. That is in the model to be
derived below, interest rates will be allowed to be variable with time. All other

assumptions of the standard Black-Scholes model will be taken as they are.
Assume that there is an asset S whose price at a time ¢ is given as S;. The

asset price will follow geometric brownian motion (GBM) as assumed by the
Black-Scholes model and satisfies the stochastic differential equation (SDE):

47
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dSt = ,LLSt + Usstthl, (51)

where p is the expected return of the asset S, og is the volatility of S and W}

is a standard Weiner process.
The term structure of interest rates satisfies the stochastic differential equation:

dry = B(ry, t)dt + o, (ry, ) dW?. 5.2
t

We consider the cases where interest rates will follow the Vasicek Model:
dry = k(0 — ry)dt + ,(re, t)dW2. (5.3)

Let the price of a European call option be V; = V(S;, ry, t) and P, = P(ry,t : T)
be the price of a zero-coupon bond with maturity date T" where T' > t. We are
now in a position to create a self financing portfolio II; which consists of a long
position in a unit of the European call option, ¢(¢) units of a short position in

the asset S and a(t) units of the zero-coupon bond. Mathematically, we have:

For the portfolio to be self financing the change in portfolio value from time ¢ to
time t+dt, where dt is a small change in time, will come purely from investment
returns. This means that the units held on the assets of the portfolio are
unchanged over time and there is no further capital injection into the portfolio
once it is set up:

dll; = rdl,dt, (5.5)

Il = ry[Ve = 4(8) 5 — a(t) Pyl dt. (5.6)

As defined by Haowen [13] and derived by Grace [19], the bond price will follow

the general stochastic process:

dP = r Pdt — op(o,,t)PdW?. (5.7)
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Using Ito’s Lemma we find:

ov ov 10*V ov

_ 2
dV e dt + _87’ dr + 35 —(dr)” + 35 ds, 5
LV s+ Y sar |
2 052 8581"
*V , 0?V
57 (dr) =o. 57 ——dt, (5.9)
o*V , O*V
552 (dS) = 05 552 dt, (5.10)
o*V o*V
88’67‘de7“ = pO'SO'TSmdt. (511)
When substituted into (5.6) it results in:
ov 1 o*V 1 ,0*V *V
dV, = 2 d d S——| dt
Vi {875 5755 852( S+ Tas2( rf+ poso Sasar} (512
oV oV '
+ Wd?“ + %ds

Substituting (5.12) back into (5.5) yields:

B ov 1, 282V o 1 262V o*V
dIl, = {E + 5055 ﬁ(dS) + 5 557 (dr) + pasarsm dt
ov ov oV
|:_ - 77[]( ):| dS + ﬁ(rt,t)gdt + Ur(rtyt)WthQ

— a(t) [rePdt — op(o,, t) PAW}]

To ensure that the portfolio is risk free, we choose ¥ (t) and «(t) such that

. . . . 8 8 8
stochastic terms are eliminated, i.e. we make ¢(t) = 9¢ and a(t) = 22 /22
This results in the simplified equation:

OV 1, @0V s 1,0V 92V
E—i_ SS 652(d5> 5 TaSQ(dT) + pogo.S——| dt

oSor
ov. oV oOP
+ |:6(Tt,t>a— — —/ T‘tP

e { (5.13)
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Substituting into (5.5)

OV 1,0V o 1,0V PV
{Gt 5755 gz ()" + 50n pag (dr) + poson Sy apn i
av oV P
oV oV P
=Tt |:V S%——/—Ttp} dt.

Simplifying the above equation leads us to the general model with stochastic

interest rates:

vV 1, ,0°V 1,0V

ot 2 a4+ g0 g (@) 5.15)

+005l+5(r )av+rSa—V—TV—O |
PISTro 5Sar vl Trgg TV =0

Assuming that the interest rate and asset price stochastic processes have zero
correlation in the short term, we find for the Vasicek model:

oV 1, 0%V 2V

E—f—éUSS 552 (dS) ’”852 (d?") (5 16)

+ SaZ—V—irm"a—v—irrSa—v—rV—O |
PISTr2 5 5o or s Tt T

Here we differ from Li et.al [8] in which they have r = rq + x(t) where x(¢)
follows a decaying Ornstein-Uhlenbeck [20] process. To ensure that the partial
differential equation is simpler to use mathematically ,without losing its prop-

erties, the assumption made was the ro = 0 for the Vasicek dependent model.

In the next section the derivation for the C.I.R model is provided.
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5.2 Deriving the C.I.R interest rate depen-
dent Black-Scholes model

The derivation of the C.I.LR dependent model is similar to the derivation of
the Vasicek dependent model. The only difference is in the stochastic process
which drives the short term interest rates. All other assumptions of the stan-

dard Black-Scholes model will be taken as they are.

Assume that there is an asset S whose price at a time ¢ is given as S;. The
asset price will follow GBM as assumed by the Black Scholes model and sat-
isfies the SDE:

dSt = /LSt + UsStthl (517)

where p is the expected return of the asset S,
og is the volatility of S and

W} is a standard Weiner process.
The term structure of interest rates satisfies the stochastic differential equation:

dry = B(ry, t)dt + o,.(ry, t)dWE. (5.18)

We consider the case where interest rates will follow the C.I.R model:
dry = k(0 — ry)dt + S, (re, t)dW2. (5.19)

Let the price of a European call option be V; = V' (S, ry, t) and P, = P(r,t : T)
be the price of a zero-coupon bond with maturity date 1" where T" > ¢t. We are
now in a position to create a self financing portfolio Il; which consists of a long
position in a unit of the European call option, ¢ (¢) units of a short position in

the asset S and «(t) units of the zero-coupon bond. Mathematically, we have:
[, = Vi = (), — a(t) P (5.20)

For the portfolio to be self financing the change in portfolio value from time ¢ to
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time t+dt, where dt is a small change in time, will come purely from investment
return. This means that the units held on the assets of the portfolio are
unchanged over time and there is no further capital injection into the portfolio

once it is set up:
dHt = Tthdt, (521)

Iy = re[Vi = ()5 — a(t) Pyldt. (5.22)

As defined by Haowen [13] and derived by Grace [19], the bond price will follow

the general stochastic process:

dP = r,Pdt — op(c,,t)PAW}. (5.23)

Using Ito’s Lemma we find:

ov ov 10%V ov
dV =—dt + —d dr)? + —=dS
ot or r 2 8T2 ( r) oS (5 24)
10*V 0*V '
+§W(d5) asardeT
0*V K, O*V
87’2 (dT’) = O'rﬁdt (525)
0*V 5, O°V
52 ——(dS)* = 0% 532 —=dt (5.26)
0*V 0*V
858rd5dr = pJSJTSasardt. (5.27)
When substituted into (5.22) results in:
8V 1 0*V 1 ,0*V 0*V
dVy = 2 d d PS==| dt
Vo= |7 + 5985 g S + ol g )+ posenS e (5.25)

ov oV



5.2. DERIVING THE C.I.LR INTEREST RATE DEPENDENT
BLACK-SCHOLES MODEL

Substituting (5.28) back into (5.21) yields:

[0V 1V 1,0 92V
dHt = [E 2 SS 052 (dS) 2 TaSQ (dr) +p050r5m dt
8V ov
ov
+ O'T(Tt,t)WthQ

— a(t) [rPdt — op(o,, t)PAW?] .

To ensure that the portfolio is risk free, we choose ¥ (t) and «(t) such that
stochastic terms are eliminated that is we make

oV
1) = ——
vt = 5o
and
=2
W= o
This results in the simplified equation:
oV 1 282 , 1 ,0%V 9 0V
dHt |:8t SS asz (dS) + §0Tﬁ(d7ﬂ) + pO'sO'TSm dt (5 30)
ov. oV oOP '
+ |:B(T’t,t>a— — —/ TtP:|

Substituting into (5.21)

oV 1, ,0*V 1 282V 0*V
{875 5 0eS 52 ——(dS)* + 5% 552 ——(dr)? + pogo,S—— | dt

0S0or
ov. oV 8P
+ {5(%@6— ~ 55 ]

ov. oV oP
=Tt |:V S%_W/arrtp]dt

(5.31)

Simplifying the above equation leads us to the general model with stochastic
interest rates:

ov , O*V

1, 1,0V

EASI dS)? + - d

i+ 278 g 4"+ 507 g 0n)’ (5.32)
+ 00362—‘/—1—5(1“ )8 +1“Sav rV =0 |
PISTro 5Sar oty trgg T =0
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Assuming that the interest rate and asset price stochastic processes have zero

correlation in the short term, we find for the C.I.R model:

252 22
02 Vss+S(ro+x)Vs — (T0+$>V+M

Vie — —aV, = 0. (5.33)

Vi
t+ 2 To

5.3 Concluding Remarks

The modified Black-Scholes partial differential equations (5.16) and (5.33) have
been derived in this chapter making use of the concepts in Stochastic processes
that where introduced earlier. In the next chapter Lie Symmetry methods are
applied to the equations to try to find the solutions to the partial differential

equations.



Chapter 6

Lie symmetry analyis

In this section we apply Lie symmetry methods on the (5.16). Conditions
necessary to reduce the (241) partial differential equations (PDEs) to the
heat equation were proposed previously. In chapter three we applied these
conditions to determine if equation (5.16) can be reduced to the heat equation
and preliminary result was that it cannot be transformed to the heat equation.
However, more research needs to be done to determine the complete conditions
necessary to use to test reducibility to the heat heat equation. We consider the
equation of the Black-Scholes with interest rates driven by the Vasicek model:
262 72
ugs + Srug — Tu + — U + Kug = 0, (6.1)

U +

where t is the time to maturity, S is the stock price, = is the time dependant
interest rate driven by a stochastic process and the price of the option given

by u.

25
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6.1 The Black Scholes Equation with Vasicek

Interest Rates

We first consider (6.1) in the symmetry analysis. We look for the infinitesimal

symmetry operator of the form

0 0 0
X = 51 +§2 +§3

2
g (6.2)
which generates the infinitesimal transformations

t =t+e&(t,x, S u)+ O0(&)

S =S +e&(tx, Su) + 0(&)

T =x+e&s(t, x5, u) + O(&)

ﬂ ZU—FEU(t;anaU)‘I'O(n)

Since we are concerned with the second order partial differential equation, the

second prolongation is

0 0 0 0

X = 51 +§2 +§3 +77—+Ct—

ou 3ut

8 0 0 0

+<tt 8Utt + Ctx aum + Cx 8Ux + ga:x augm
0 0 0 0

Durs + Cesm— Dins + Cs + Css

+Cs + ...

aSS

where

G = Dm—wDi§ — upDi§o — ugDi&3
C:E = Dxn - uxDz£2 - utngl - USD:E&))
Cs = Dgn—ugDs&3 —uyDg& — u Ds&y
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and

Cit = DG — uy D& — uge Di&o — uys Dié3
Go = DaG — up D&y — i Do — urs D83
Gs = DsG — e Ds&1 — Upn Do — uzs Di&3
Cez = DaCe — we Dp&t — U Dp8o — s D83
Ces = DipCs — us D1 — Uy Do — ugs D&3
Css = DgCs — ugeDs&1 — UgyDs&o — usgDy&s.

The equation (6.1) has the following determining equations
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afé =0
2l =0
nel =0
Jﬁ}w =0
el =0
ot =0
0%, =0
oXés =0
0¥, =0
oxnel =0
05y =
on¢l =0
5 (o€l +€,) = 0
o (xr&y, +&5,) =0
o(zr&, + &) =0
5 (Swel, — €2,)
o (Sgl, —€2)
5 (S8, — &) =0
¥ (—2zkE, — 260 +2%¢,,) =0
o (25 (4 02) € — 262 + S%02%¢L,) = 0
Sr¥?el — ¥2¢2 — S%0? (vrés + €3) =0
o (2(=1+ S)2€} — 1y + Suzel, — 2Sxel, +262) =0
S (2(S7 + K)EL — N + Suael, + 2zrE!, +263) =0
SY2el 4 Sax2el — 22— SPrro’el, — SPoPEl, =0
¥ (28uxé, — 6wk, — 482 + T2, 4+ 252 + S70° gy +26)) =0
o (4% + S (25ux€,, — 2aKE, + X2EL, + 65z + 45065 — A€ + SP07Ehg +2¢))) =0
—28an — 2uxé? — 2SuE® 4 2Suan, — 25%u?x%EL — 2xKn, 4+ 2Sur’KE:
—28uS*E, 4 Sy — SuaX?E,, + 25Tns
—2S5%uz’Ey — 25%uxa?Ey + 5% nss — SPuxo?Eyg + 2y — 2Suxé) =0

0
0
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—2k€% — 2Su (x2l€ + 22) &L — 25uxe? 4+ 202K — 2522l — 2k22EL + 20kE3
42520, — 2Sux¥?El — orXPEl — 2263 — 257 kEy — 2528
—S%xKkoLg — SP0PEl g — 2oRE] — 262 =0
2067 4+ 25€%(t, S, v, u) + 25%ux?El — 25%ux0?El — 2Suxe? — 2827 KEL + 25%%¢]
+2rKE2 + Sa¥PEL, — X2 + 25207 + 25707 E;

—28%202€L — 25262 + 252025, — 25%uxoEl,
+S320%¢gs — S20%ESg + 281} — 262 =0

After solving the determining equations the equation is found to have two

symmetries:

0
X == 6.3
= (63)
0
Xo=u— 6.4
2= “Bu (64)
Consider the linear combination of the symmetries below
0 0
X =c— — )
Cro + Cati g (6.5)

where ¢; and ¢y are constants. The Lagrangian system is

dt _du_dr_dS

= 6.6
c1 Coll 0 0 (6.6)

From the system we easily deduce that

Il =T
and
IQ == S
Consider
du B dt
CoU N C1
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Thus we find the find the general solution to the equation as
u = Ige_%t
Assuming that I3 = F(x,S) then,
u=F(z,S)e ot (6.7)

Now the general solution is substituted into the original equation. First we

take the derivatives of u to ¢, S, x

w = 2F(z,8)ew (6.8)
&1

Uy = Fyea' (6.9)

Uy = Fypett! (6.10)

us = Fget' (6.11)

uss = Fgeer! (6.12)

Substitute into the original equation

22 24 €24

Co <24 025? <« e
et B, —Kkrea =0

24 24 24
—ea F+ ec1 Fgg+ Sxear Fg — xea +
C1

0252

22
Fss + StFs + (0—2 - m) Ft = Foy = kaF, =0 (6.13)
C1

To solve the equation we use the method of separation of variables. Let F' =
G(x)H(S), the dependent variables are dropped.Then

0'252 Co 22
GH" + SeGH' + (— — ZB) GH + TX”S —kxG'H =0 (6.14)
C1
Dividing throughout by GH
0.252 H" H' Co 22 X" G/
— — - — ——— — KT— = 1
5 H—l—SxH—i-(Cl I>+2X KL= 0 (6.15)

Separating the equations in G(z) and H(S) as
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in two equations

202
"25 H" + SzH' + (?H)H:o (6.17)
1
and
22
7)(” — kG + (AN —2)G =0 (6.18)
Case 1. A £ 0

The solution of equation, confirmed by Mathematica, is

—= 2P+ 32 2k X
Clay=" e ”01H< 2wy 53/2)
2 262AN+32 1 (avr T\
te rGh{ Ty (Tm—/)

where F} is a hypergeometric function and

VAc +e (=@ - V)
HES) = VoVEL g
Vc +e (P —0)
L5 Ve

where

©— 1 16 8xcy N 8x2¢cy N 20%¢;
2 )\Cl + co o2 ()\61 + 02) )\61 + Co

and
_ 2V2x/eiv/ A+ ¢ — V202 eV + 6

v
20 (Aey + ¢9)

When A # 0 the solution for G(z) is not mathematically friendly and makes
it difficult to use in practical environments due to the presence of Hermit
and Hypergeometric functions in the solution. Next the case when A\ = 0 is

considered.

Case 2. A=0
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The solution of equation, confirmed in Mathematica, is

r  Y?Log[2rk — ZZ])
=4
Ch

Glz) = e_2<2’€ dr? (6.19)

and

(=27 —9) e 2y =v) Ve
HS) =5 2V20Va ¢, g W2oya o

where

—402xcy + 422¢1 + 204c
7:\/—4+ 1 : 1 1
20 Co

and

_ 2\/§x\/c_1 + \/502\/0_1

9 >

The solution in this case is much simpler than when A # 0. From the general

solution (6.7), the solution to equation (6.1) can be written as

C:
o,

u(t,S,z) = G(x)H(S)e 1, (6.20)

where G(x) is given by (6.19) and H(S) is given by (6.20).
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When the result is plotted it is observed that the relationship between the call
option price and the stock price is either positive or negative depending on the

highly unstable relationship between the option price and interest rates (figure
6.1).

Y
=
Fa
/

Optionlrice - ¥

004
a0z 40

Rate - r 0 o StockPrice - §

Figure 6.1: The solution u(t,S,r) shows an unstable oscillatory behaviour in
relation to the interest rate .
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Option Price - u
b .
[=]
=]

01 F

-0.12

-0.14

Figure 6.2: The solution u(t, S, ) shows a positive relation to time to maturity.
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Figure 6.3: The solution u(t, S, r) relation to interest rates.
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6.2 The Transformed Black Scholes with Va-

sicek Interest Rates

We define new variables ¢ and r as

1
c=—logS,
1
r=—x
E )
and
T=—-1

Substituting into the original equation
1 n 25?2 1 n 1 L3 1
—Ur ———— U + ——=5Uee T | —=uec
2 2 0S? 0252 oS
(6.21)
0.

+22 1 1 B
TU 5 EQUW KT Eur =

Expanding the equation results in

1 1 1
§U7— - %uc + §ucc + guc —Tu+ Eurr - /;_x =0, (622>

which, after simplification and substituting in the transformation variables,

becomes,

2
Ur + Uge + Upp + (_7" — a) Ue — 25ru — 2kru, = 0. (6.23)
o
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We again seek the infinitesimal symmetry operator of the form:

X=&5, +£28+£3+n§) (6.24)

which generates the infinitesimal transformations

t =t+e&i(t,e,ru) + 0(&)
¢ =c+e&(t,c,r,u) + O(&)
T =r+4e&(t e, r,u) + O(E)
u =u+en(t,er,u)+ 0N

Since we are concerned with the second order partial differential equation, the

second prolongation is

o .0 9 9
XP = 51 LG Gy T gt G-

0 0 0 8
+Ctt autt + gtc autc + Cc auC + gcc auCc

g, 0 g, 0
Oy, +Cmauz,« +Q ou, +C’"’“auw e

Uy

+Ctr

By use of the SYM package in Mathematica we find the determining equations



6.2. THE TRANSFORMED BLACK SCHOLES WITH VASICEK INTEREST

RATES 67
to be
& =0 (6.25)
=0 (6.26)
Nuw = 0 (6.27)
& =0 (6.28)
=0 (6.29)
o&% =0 (6.30)
o2, =0 (6.31)
o2, = (6.32)
&2 =0 (6.33)
o (& +¢&)=0 (6.34)
o(-282+¢)=0 (6.35)
o (26 +¢)=0 (6.36)
—2V2k0&3(t, ¢, 1 u) 4+ 2V 2rko €2 4+ don,, — 2063 + V20263 — 2r8e? (6.37)
—2083 — 2V 2rko€} — 2068 =0 (6.38)
—\2raSn(t, c,r,u) — V2uoXE3 (t, ¢, r,u) + V2ruoSn, — 2V 2rkon, + 201,
(6.39

—V20%0. + 2rEn. + 207ee + 201 — V2ruoXEl = 0 (
o (2253(15, e, U) — V2ruoXe? + 2V/2rko€? — 2062, + \/50%3) (6.41
(

- (27«253 + ANy — 2082 — V2026 + 25l — 20§§> —0.
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Solving the determining equations results in six symmetries
0
X1 =—
1 aT Y

ou’

% 6—275 a N 6—2THE a N 6—2THE a
= — — — u —
3 2k Or 2k20 Oc

627—/4 a 627’}4 a 627/{ (27./{2 + E) a
Xo=" ot 2
2k Or  2k%0 Oc 2K2

262 ) ou’
Xy = % + QT(HQZ;+ ) % +u (Tli + CK;J + TK;(TQ + 27’2) G
X5 = u%,
)

This is apart from the infinte solution symmetries.
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Table 6.1: Commutator table for symmetries of the reduced Vasicek driven

Black-Scholes model

X1 X2 X3 X4 X5 XG
208Xs +
X 0 0 0 2kX, | 26X
1 RAY RAs 9X3
2
X, |0 0 0 0 0 59y,
X, 0 0 0 0 0 0
2
X4 26Xy 0 0 0 ——X3 |0
K
)
X —2kXs |0 0 2 X, 0 0
K
—(BX2+| kK20
X 7 0 0 0 0
1 oxs) 5

The commutator table is shown in table (6.1) where

and

8=

0:

2(k%0% + ¥2)
o ’

(k202 + 2%2)

by
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We can use any of the symmetries or combination of symmetries to reduce
the equation. For the reduction of the equation symmetry X3 is chosen. The

corresponding Lagrangian system of X3 is

dr de _ du _ @ (6.43)

6—27'5 = 6—27‘&2 6—27%2 0
2K 2Kk20 2K2

It is easily deduced from the system that

Il =T
Consider
dr B de
e—27’n - e—ZTnE
2K 2K20
Thus
KoC
r=lm e
such that
[ rX+ Koc
2 )

To get a solution to the equation we consider

dc B du
6—27%2 - e—2tnz
2Kk20 2K
which gives the solution
u = I3e°¢.

Let Iy = F (I, I5) = F(a,v) where

a=T
and 5

T KROC

=Ty

The solution of equation can thus be written as

u= F(a,1)e’. (6.44)
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The derivatives of u in terms of o and v are

u = I,e’

U = (R—J> Fpe? 4+ oFe’

by
KO\ 2 2
Uee = (g) Fype® +2 (%) e’ + o Fe’
u, = Fye’
Upyp = F,[l,w@UC.

Substitute into the original equation

2 2
F,+ (FW (%) + 2F, (%) + 02F> + Fyy

2%)
+ (—r = a) @ (%‘7) + Fo) = 26rFy — 25rF =0
g

Grouping terms together and simplifying results in the partial differential equa-

tion we have 5 )
KO 2K0

Fot (1 ) Fyw = (S5 )Fy = 0 (6.45)

We use the method of separation of variables. Let
F=G(a)H(y)

then dropping the dependent variable, we find

K232 2k0?
HI/ _
32 )G ( b

G'H+ (1+ JGH' = 0. (6.46)

Divide through out by GH

£’+ 1+/<5222 H_”_ 2k02 E—O
G 32 H by H

The equation can then be separated into two equations in G(a) and H (1))

G’_ \ = 1+/~@2Z2 H" 2ko2\ H'
G N Y2 ) H » H
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We therefore seek the solutions to the equations
G'(a) + A\G(a) =0 (6.47)
and K232 2Kk02
(1+ SE VH" — (T)Hl +AH =0. (6.48)
Case 3. A £ 0

We solve the two differential equations assuming that A # 0. We find the

solutions to be

G(a) = Coe™* (6.49)

and . .
-I'—A —I'+
H(Q/J) =e2 1+ e2 Cl

where

r— Ko2Y

K202 4+ Y2

and

2 422 4)\22
A= \/(,{(2/;20+ 22)2 - (,{2(02 T gz)w

The solution of the equation is the product of G(«) and H (1) which is
1 1

o -T'—A -I'+ A
u(t,c,r) =77 |e2 Cy+e2 o
where
a=T
cko + Xr
L

One reverts to the solution u(t, S,z) by reversing the initial transformations

performed initially, that is substitute

=t
T=3t
1
c=—logsS,
o
and
1
r==ux.
)

into the solution.
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Analysis of Results: \ # 0

Market expectations are that the price of a call option will go up as the value of
the underlying asset goes up. Also it is expected that the price of the option be
an increasing function relative to interest rates. From figure 6.4 it is observed
that the price of the option is positive related to both the underlying asset
price and slightly related positively with the interest rates. It is necessary to
understand how the solution found for the option price behaves in relation to

time left to maturity of the option.

20

10

Optionl'rice - ¥

0.04 a0

Rate - 1 [ StockPrice - S

Figure 6.4: Surf plot of option price relative to interest rates and underlying

asset, price

100
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In the figure 6.5 the price of the call option rises as the time to maturity
increases, that is the longer the time the option is away from the exercise
date the higher the price of the option. In the market as the time to maturity
increases the likelihood of an adverse event affecting the underlying asset value
increases, thus the price of the option rises to compensate for the increase in

perceived risk in the underlying.

.-'"-------
10
5 -
r
r
4
oA/
/
i
-5 -/
-1l:| 1 1 1 1 1 1
1] [1E2] 1 15 2 25 3

Figure 6.5: 2D plot of option price relative to time to maturity

With regards to the relationship between option price and interest rates the
solution plot also show a positive relation between a call option and the in-
terest rates, that is the price of option is an increasing function of interest
rates. However from figure 6.6 the option price is not very sensitive to changes
in interest rate. As the interest rate increased from 0% to 9% the option
priced changed marginally from R11.8316 to R11.83176 which represents just
a 0.000845% increase in option price. It would be fair for one to conclude based

on this observation that the option price is negligibly dependent on interests
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giving some credibility to the assumption of constant interest rates. However,
one would have to to consider that once the transaction value goes up the error

in pricing caused by not accounting for rates also goes up.

11.83177F T T T T T

11.B3176 -~ 1
1183175 o b

11.83174 | / J

11.83173 | e 4

11.82172 F / .

11.83171 / -

11.8317 e .

11.83168 [~ 1

11.63168 : : : : :
o 00z 0.04 0.06 0.08 0.1 012

Figure 6.6: 2D plot of option price relative to interest rates

An interesting observation was in the sensitivity of the solution to the param-
eter \. For the tested values of varying A the solution appears to only behave
in the range of A = |0.1| which is shown in figure 6.4. As soon A is out of the
range the solution exhibits oscillatory behaviour as in Figure 6.5. The more
the parameter diverges from the range of stability the more of the oscillatory

behaviour is observed and also the option value becomes very small.
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Figure 6.7: The solution u(t, S, r) shows an unstable oscillatory behaviour

Case 4. A\=0

When A = 0 the solution of the equations changes to

G(a) = Cy (6.50)
where Cj is a constant and
— K202
ek?0? + 22( K2o? — X204
H(y) = Cs. 6.51
(V) TS +Co ( )
The solution is then
_"2"2m( 2 2 2)
er?o?+x? (—Rr70® — X7) O}
= .52
u(r,e,r) =Ch ( oy +02) ) (6.52)

where
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V=c+—.
KO
One finds the solution u(t, S,x) by reversing the initial transformations done

initially, that is substitute

_—
T7 3

1
c=—logS
o

and

into the solution.
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Analysis of Results : A =0

The solution of the equation when A = 0 comes with some interesting obser-
vations. The existence of the term —x?0? — X2 results in the constants Cj,
C7 and Cy being the variables that will determine if the value of u(t, S, r) will
be negative or positive. Consider when Cy, Cy,Cy > 0, then u(t, S, r) is a de-
creasing function of both the interest rates and underlying asset price (figure
6.8). This is an impractical relation since call options are expected to have a

positive relation with the underlying stock price. Now consider when either C

-126.8 -
-126.9 -

-127 -

Optionlrice - V

-127.1

Rate - r 0 o

StockPrice - §

Figure 6.8: Surf plot of option price to interest rates and underlying price-
negative relationship

or (' is negative. In this case the price of the option rises as the price of the
underlying asset increases. The option price is still observed to be negatively
related to interest rates. As in the case for the case when A # 0 option price

are affected much less by a change in interest rates compared to changes in
the underlying asset price.
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1252 o

1251 .

125 .

1249 -

1248 -
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Optionlrice - ¥

1246

1245 o

Rate - r 0 0 StockPrice - §

Figure 6.9: Surf plot of option price to interest rates and underlying price-

positive relationship

6.3 Black Scholes Equation with C.I.R Inter-
est Rates

In this section we look at the Black-Scholes model where the interest rates are

driven by the C.I.LR model

262 2
Vit 25 Vs +S(ro+a)Vs — (ro+ )V + WVM —~al, =0 (6.53)
0
For this equation we seek the infinitesimal symmetry operator of the form
0 0 0 0
X =&— — — — 6.54
Sigp Togs Thge TGy (6.54)

which generates the infinitesimal transformations

=t+e&(t,z, S, V)+ O0(&)

I

S =S+e&(tx, S, V) +0(&)
T =x+e&(t, S, V)+ 0(&)
V. =V4entzSV)+ 0
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Since we are concerned with the second order partial differential equation, the

second prolongation is

0 0 0 d d
2 — G b o 4+ (—
X glat+£gax+£3ag+nav+gavt

0 0 0 0

_|_C i+<‘ iJrCiJrC i—f‘
8 8‘/155 s aVrS S&Vs 8 (9V55 o

We again use MATHEMATICA specifically the SYM package to find the sym-
metries of the equation. The determining equations are found to be

o5 =0
fol/v =0
oy =0

Y(x+m9)é =0
(2 +70) &y = 0
S(z+719)& =0
0% (z +19) &gy = 0
oX (v +19) €5 =0
oY (x+ 1) &Ly =0
oY (z+19)& =0
o (x4 710) &y =0
oY (v +719) &y =0
o (az&yy +ro&yy) =0
o (cwﬁ‘l/ +r0§‘3’/) =0
o (S (x+10) &y —Efy) =0
S (z + 1) (a&yy + ro’vy) =0
X (x+70) (S (z+r0)épy —Ey) =0
S (x+10) (S (x+r0)éy — &) =0
o (25 (z+ 0% +1) & — 260 + SP0%EL,) =0
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o (v =V (z+7r) &y +2(S(x+70) sy —E2y)) =0
S (z+ro) ((—2az 4+ X%r0) & + 710 (=285 + 5% (z +10) Eby)) =
Y (x4 ro)
% (2 (a4 xrog +13) & + Vig&y + 2axéyy, + 1o (—nvy + Valyy, +263,)) =0
SYPryés 4+ XPrg (2528, — &) — aS*zo?Ey
—ro (—S2*T3E, + X% + SP0%Ed) =0
SSPraley + X%rg (S&, + 2828, — &) — aS?xo’Eyy,
+ro (SzE?E) + S2*22¢L, — a¥?e, — S%0%¢d,) =0
o (—2aSx&, + Srg (2VE, + X2EL, + 65¢8))
o (ro (48% + S (2Va&y, + a¥%E), + 652y + 450785 — 465 + S*0°E55 +2¢1))) =0
S (—6az, + g (2VE, + X6, + 25¢5))
+ (Srg (4Vagl +25%¢) — 488 + 225%¢] + 4Sx&y + S0’ + 26}1))
+ (Zro (28 + 2 (2Va&), + (—6a +25%) &) — 483 + aX2EL, + 2525 + SP0%ELg +2¢1))) =0
2ax (—n, + Vag&)) — Vry (2VE, + 276, + 2588)
—rg (20 — 2Vny 4+ 4V22&, + 2VE2EL — $2n,,)
—ro (2VaX?€,, — 2508 + 4SVzll + S*Vo g + 2VE))
—Tp (2:1:'77 +2VE —2Vany + 2V32E, — 2aVaél + 2V Nl — sznm)
—ro (Va®X2¢,, — 2Swns + 25V a?Es — S0’ nss + S Vo s — 2n + 2Vag)) =0
2027, — 257y (&, + V)
—ry (V2L +2VE) + 4a¥%E, — 257,y + AVaX?E), + £7E, + 25¢)
—arg (28% + z (2Va&), 4+ 257, — 260 + aX%¢,, + 2Sx8s + 5202555 +2¢}))
—rg (2Vx (a + 22) &+ 2VaES + 2aX%EL + 207 92E) — 205,y + 2Vm222§;v)
—r (axX?&,, + 2578, + 2aSxés + 2528 + S*0°Elg +287) =0
2ax (—Sxz&) + &2) + Sriy (2VE, + £, + 25E8)
+rg (28% +4SVagy, — 2VE, + 2887 + 2828%¢), — X2E2)

+ro (45%2€y — 2565 — 257V oLy, + SP0%Egg + 25¢))
+ro (22067 + 25€% + 25V a?E), — 2Vagl — 2aSx€, + 252576, + Sa?¥2¢l, — a¥2¢2)
+71o (25%22¢8 — 282835 + 2570 sy — 25V ao? Ly, + SPxo’tls — S0 Ehg + 29 — 267)

=0
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Solving the the determining equations yields three symmetries:

0
X =— 6.55
0
Xo=85— 6.56
X3 = Vi (6.57)
ST eV '
We take the linear combination of the three to arrive at
0 0 0
X =c— — —_ '
C1 at + CQSaS + c:;VaV (6 58)
where ¢y, ¢9, c3 are constants. This results in the system
dt dsS dV d
Zo2 2 (6.59)

01_02_5_03_V_ 0

It is quickly deduced that

Il =T = Q.
Now we consider:

dt B dsS

¢ S’

il =S,
(&1

which solves to
L,

S = 12601

and it can be observed that
o
]2 = Se G s
= ¢

Now we consider
dt.  dV
e 3V

g75—|—lr1[3 =InV
C1
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where ¢; # 0, which results in

V = Iz3eC1 . (6.60)
Let us assume that I3 is a function of I; and I, that is
I3 = F(Oé, w)

The general solution of the equation is then
Sy
V =F(a,¢)ecr . (6.61)

Taking derivatives of the original equation we get

. 2 By ot
Vi=Fy((—t)S)e &1 eC1 +F(—)+e4 (6.62)
C1 &1
Q. 8,
Vg = Fwe €1 eC1 (663)
Co 2 C3t
F¢¢ =le & eCl1 (664)
&y
Ve = F,el1 (6.65)
Sy
Vie = Fpae€l (6.66)
Substituting into (6.53) results in
Cy, C3 C3 262 C3
&) -—t —t A T e
FylS——]e @@ eCt +F|—=]eC1 + Fype €1 ec
C1 1 2
&, 8y Gy
+S(ro + ) Fye €1 el — (rg+ x)Fel
5 C3t C3t
2 To

We can drop the common term eart by dividing through by the term to result
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n:
Co t C3 t 5 e Co\ 2
Ey <S—%>e €1 eC1 —|—F(C3)+US Fpple @
C1 C1 2
C2
+S(ro+z)Fpe @4 — (ro+x)F
2 C
+—Z (ro + x)Faa — ngaeﬁt =0
2 To

We also note that

and
Y = Se .

We can now write equation (6.53) in term of only « and % and is simplified to

2 2 22
Ey (ro+a——> ¢+ v Fw¢—<To+@—c—3> F+MFW_£O‘F&:0

C1 2 To
(6.67)
We use the method of separation of variables. Assume
Fla,v) = Gla)H ()
Substituting F'(a, ) in the equation
2,12
()o@ (mta-2) ot TR WGE@ - (ro+a- L) )G
+E (rg%—a (@b)G//(&)—TgaH(w)G/(Oé) =0
0
Divide both sides of the equation by H(¢)G(«)
H'(y) | o*p?* H'(Y) cz\ | X(ro+ ) G"()
(“’*“‘E)%w T HW) (”)*“‘c?) T Gl
a G'(a)
RO

Separating into two ordinary differential equations, we have

(m+a——)wﬁwo 7

C1

2H”(¢) (2—? + >\> H@)=0  (6.68)
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and
22
(7‘02“‘ OZ) G//(a) - ;O&G%Oé) o (7,,0 +a— )\)G(OZ) =0. (669)
0
Case 5. A #0

Here we have

G(Ck) = BlClU

-, 1
15 + 2 ) )2 227’0

—2 2 2 2 4 2022 204/ a? 23:2y2
+ﬁ1CQL[%, a + a“ + r0+ arn/a“ + TO]

—2a+¥? 2y/a®+ 2%%r3 N 200y/a? + 2227’8]

EE >2r
where
(—2a + ¥2) Log [a + 7o) o + (a —\/a? + 22%‘%)
Bi=e X2
and
= a® + AX?rg + ay/a? + 232r — 32 /a? + 2521}
¥2¢/a? + 2522
Case 6. A =0

Solving the equations when A = 0 in MATHEMATICA produces the results

—2a+ X% 2y/a? + 2222 2an/a? + 22213
G = B5C1U [ =9, 1
-2 Y2 2/a? +2%2r2  2a4/a? + 2X2r2
+ Byl o, a + ’ a“® + 7“0+ ar/a“ + T 7
2 2 327,
where

(—2a + ¥?) Log [a + 7o) o + (a —y/a?+ 22%3)

B2 =e X2

a’ + av/a? + 2522 — X%\ /a? + 22213
’Y prnd
’ 52\/a? + 25212
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and

\/@(—53 - 73)

H(l/’) =1 \/50\/0—1 Cy
V3 (=B +73)

+1 \/50\/5 Cs,

where

B 220, — V202%¢; — 2v/2¢5 + 24/ 2¢17
a 20\/C1\/Cs

B

and

\/ Ay (2\/§acl — V2021 — 2v/2¢9 + 2\/§clr0) 2
3=\~ .

4o2cic3

In both cases the solutions are complicated involving Hypergeometric function
U and Laugauerre function L which, as in the case of the solution of equation

(6.1), makes them unlikely to be used in practical market environments.

6.4 Concluding Remarks

In this chapter, Lie symmetry methods have been applied on both the un-
transformed Vasicek driven Black-Scholes equation (6.1) and the transformed
Vasicek equation (6.23), and also the CIR driven model (6.53) was consid-
ered. The solutions were provided and analysis of results for the transformed
equation was also given. The software package SYM for Mathematica was

used.



Chapter 7

Conclusion

The purpose of this dissertation was to apply Lie symmetry and invariant
methods in solving of the (2 + 1) Black-Scholes equations where the interest
rates are driven by the Vasicek model and also when the variable interest rate
structure is determined by the C.I.LR model. It was also intended to provide
an introduction into key mathematical concepts which are used in the field of
mathematical finance, which are especially important in the derivation of the

various variations of the Black Scholes model.

In chapter 1 the classical Black-Scholes model was introduced, the deriva-
tion of which was also provided. The understanding of the classical model
provides the foundation for the derivation of the more complicated model in
which interest rates are relaxed and are allowed to be time-variable in line
with market behaviour. Chapter 2 looked at previous work done on (2 + 1)
dimensional models in finance. However, as not much work was achieved on
the the equation of focus,the literature review was not limited to the appli-
cation of symmetry methods on the the (2 + 1) dimensional equations but
also looked at interesting research on (1 + 1) dimensional equations which was
extended to (2 4+ 1) dimensional equations where we proposed conditions for
which (2+41) parabolic equations can be reduced to the heat equation (3.44) .

Chapter 3 and chapter 4 provided high level introductions to key concepts

that were used in this dissertation. Chapter 3 introduced Lie symmetry meth-
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ods and slightly expanded the work of Mahomed [6] in the application of
invariant methods to equations of finance. This minor expansion considered in
this dissertation opens up the need for more research to be performed in the
application of invariant methods to higher dimensional equations of finance as
this will likely result in more simpler and easily derivable solutions to financial
equations.

Chapter 4 provided a basic introduction to stochastic calculus. In working
with equations of finance it is important to understand Stochastic Calculus as
the concepts are used extensively in equations of finance in their derivations

as well as in the solving thereafter.

In chapter 5, the derivation of the (241) dimensional Black-Scholes model was
provided, following the work of Haowen [13]. This dissertation differed from
[13] in that while Haowen [13] allowed stochastic processes to be correlated
for simplicity an assumption was made that the processes for the underlying
asset price and the interest rate process were independent of each other that is
pw,.w, = 0. For the Vasicek model it was also assumed that the initial interest
rate be zero (ro = 0). This assumption also further simplified the equation

used in this dissertation.

In chapter 6 three symmetries of the Vasicek rate dependent Black-Scholes
model were found. The solution was also derived from these and provided in
this chapter. However due to the complexity of the results and their probable
inability to provide a practical use the equation independent variables were
transformed to give a more simplified equation of the model. Six symmetries
were found and the solution was found with the application of one of the sym-
metries in reducing the dimension of the equation. The solution is observed to
be in line with market expectations with regards to the relationship between
call option prices to underlying asset prices and interest rates. However, it also
points to a lack of sufficient dependence of the price to varying interest rates
which likely gives credibility to the assumption of constant interest rates.

Chapter 6 also provided an Lie symmetry analysis of the C.I.LR dependent
model. As was the case for the untransformed Vasicek equation, three symme-
tries were found. The solution found was also too complicated to provide any
relief in a practical option pricing environment. Further research is necessary

to find a more simpler solution.
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As far as known at the time of this research not much work had been done in the
application of symmetry methods to (241) equations of finance specifically the
Black-Scholes equation with variable interest rates. This dissertation found the
symmetries for the two models based on Vasicek and C.I.R model dependent
interest rates. The application of invariant methods was slightly touched on
as well in this dissertation and provided a basis for further research with focus

on higher dimensional equations in finance.



Bibliography

1]

2]

[9]

F. Black, M. Scholes. The pricing of options and corporate liabilities The
Journal of Political Economy, 81 (1973) 637-654.

S. Lie. On integration of a class of linear partial differential equations
by means of definite integrals. Archiv for Mathematik og Naturvidenskab,
VI(3) (1881) 328-368.

F. Mahomed. Complete nnvariant characterization of scalar linear (141)
parabolic equations, Journal of Nonlinear Mathematical Physics, 15 (2008)
112-123.

N.H. Ibragimov. Laplace type invariants for parabolic equations. Nonlinear
Dynamics, 28 (2002) 125-133.

N.H. Ibragimov. Extension of FEuler’s method to parabolic equa-
tions. Commun Nonlinear Sci Numer Simulat, 14 (2009) 1157 - 1168.

F. M. Mahomed, K.S Mahomed, R. Naz, E. Momoniat. Invariant ap-
proaches to equations of finance. Mathematical and Computational Ap-
plications, 18 (2013) 244-250.

M. Abudy, Y. Izhakian. Pricing stock options with stochastic interest rate.
(2011)

http://dx.doi.org/10.2139/ssrn. 1937633

J. Li, C.B. Clemons, G.W. Young, J. Zhu. Solutions of two-factor models
with variable interest rates. Journal of Computational and Applied Math-
ematics, 222 (2008) 30-41.

J.C. Coc. A theory of the term structure of interest rates. Econometrica,

53 (1985) 385-40.

[10] O. Vasicek. An equilibrium characterization of the term structure. Journal

of Financial Econometrics, 5 (1977) 177-188.

90



BIBLIOGRAPHY

91

[11] R. K. Gazizov, N. H. Ibragimov. Lie symmetry analysis of differential
equations in finance. Nonlinear Dynamics, 17 (1998) 387-407 .

[12] S. Zeytun, A. Gupta. A comparative study of the Vasicek and the CIR
Model of the short rate. Fraunhofer-Institut fir Techno- und Wirtschaft-
mathematik, 124 (2007).

[13] F. Haowen. European option pricing formula under stochastic interest
rate. Progress in Applied Mathematics, 4.1 (2012) 14-21.

[14] F. Giing6r. Equivalence and symmetries for linear parabolic equations
and applications revisited. Department of Mathematics, Instanbul Techni-
cal University, (2015) 13-17

https://arxiv.org/abs/1501.01481

[15] M. Craddock, K. A. Lennox. Lie symmetry methods for multi-dimensional
parabolic PDEs and diffusions. Journal of Differential Equations, 252
(2012) 56-90.

[16] R. Rabinovitch. Pricing stock and bond options when the default-free rate
is stochastic.Journal of Financial and Quantitative Analysis, 24 (1989)
447-457.

[17] Z. Eksi. A Black Scholes like model with Vasicek Interest rates. Vienna
Institute of Finance, (2007)

[18] S. Kovalenko, V. Stogning and M. Tertychnyi. Lie Symmetries of funda-
mental solutions of one (2+1) - dimensional ultra-parabolic Fokker-Plank-
Kolgomorov equation. Researchgate, (2014).

https://www.researchgate.net/publication/264459166

[19] O. Grace. A P.D.E for pricing stock options when interest rates are
stochastic. Mdlardalen University Sweden, (2015) 21-27.

[20] G.E Uhlenbeck, L.S. Ornstein. On the theory of Brownian Motion. Phys-
ical Review, 36 823-841

[21] S.E. Shreeve. Stochastic Calculus for Finance II: Continuous-Time Mod-
els. Springer-Verlag, United States of America, (2010).

[22] R. Seydel. Tools for Computational Finance. Springer-Verlag, United
Kingdom, (2002).

[23] J.C. Cox, J.E. Ingersoll, S.A. Ross. A theory of the term structure of
interest rates. Econometrica, 53 385-407.



BIBLIOGRAPHY 92

[24] J.C. Cox, J.E. Ingersoll, S.A. Ross. An intertemporal general equilibrium
model of asset prices. Econometrica, 53 (1985) 363-384.

[25] G.H. Choe. Stochastic analysis for finance with simulations. Springer,
Switzerland, (2016).

[26] B.J. Cantwell. Introduction to symmetry analysis. Cambridge University
Press, United Kingdom, (2002).

[27] P.E. Hydon. Symmetry methods for differential equations: A beginner’s
guide. Cambridge University Press, United Kingdom, (2000).

[28] http://www.theoptionsguide.com/understanding-put-call-parity.aspx

[29] R.J. Moitsheki, P. Broadbridge, M.P. Edwards. Group-invariant solutions
for the two dimensional solute transport under realistic water flows. Quaes-
tiones Mathematicae, 29 (2006) 73-83.

[30] R.J. Moitsheki. Lecture Notes, APPM4056: Symmetry methods for dif-
ferential equations lecture. University of the Witwatersrand, (2012).



