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Abstract

THE LARGE N LIMIT OF
HEAVY OPERATOR EXCITATIONS

W.A. Carlson

School of Physics,
University of the Witwatersrand,

PO Box Wits, Johannesburg, 2050, South Africa
Dissertation: Doctor of Philosophy

July 2023

Operators with bare dimension of order N are studied. These are restricted Schur
polynomials labeled by Young diagrams with two long rows or two long columns and are
heavy operators in the large N limit. A dramatic simplification of the action of the
dilatation operator on these states is found, where the diagonalization of the dilatation
operator reduces to solving three-term recursion relations. The solutions to these recursion
relations reduce the spectrum of the dilatation operator to that of decoupled harmonic
oscillators, showing that these systems are integrable at large N. Then, generating
functions for bound states of two giant gravitons are constructed and an extension to more
than two giant gravitons is sketched. These generating functions are integrals over auxiliary
variables that encode the symmetrization and anti-symmetrization of the fields in the
restricted Schur polynomials and give a simple construction of eigenfunctions of the
dilatation operator. These generating functions are shown to be eigenfunctions of the

dilatation operator in the large NV limit. As a byproduct, this construction gives a natural
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starting point for systematic 1/N expansions of these operators. This includes the prospect
to generate asymptotic representations of the symmetric group and its characters via the
restricted Schur polynomials. Finally, the asymptotic expansion of the three-point function
is computed in three BMN limits by varying one parameter in the large N limit. It is argued
that these asymptotic expansions encode non-perturbative effects and are related by a

parametric Stokes phenomenon.
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Preface
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Chapter 1

Introduction

The AdS/CFT correspondence is a significant step towards understanding the quantum
theory of gravity [1-3]. It provides a dictionary that translates between a quantum theory on
the boundary of a given spacetime and a theory of gravity in the bulk. For each observable
on the field theory side of the conjecture there corresponds an observable on the gravity
side. Moreover, this correspondence claims a full dynamical matching between observables
on either side of the correspondence. This is the gauge theory/gravity correspondence,
which is a holographic duality, where information from one theory is encoded in another
theory of lower dimension. This duality provides a plausible resolution to the tension
between quantum theory and relativity theory. While there is currently no proof for this
conjecture, evidence in support of the correspondence continues to accumulate (see [4]
and references therein). In this thesis, I consider heavy operator excitations as a probe of
this correspondence.

We can understand the fundamental building blocks of the AdS/CFT in terms of the
three constituent parts: (1) the quantum field theory, (2) the dual gravity theory and (3)
the dictionary that connects the two theories. Quantum Field Theory (QFT) is a general
framework for describing fundamental processes in nature. Each QFT has a gauge symmetry
and is referred to as a gauge theory. A gauge theory describes a fundamental process as
the excitations of a field, corresponding to point-like particles that interact locally with

other point-like particles. QFT has accurately unified the electromagnetic, the weak and



the strong interactions that are encapsulated in the Standard Model of particle physics and
have shown remarkable agreement with experiments [5-7] L.

In contrast to the particle-mediated interactions of gauge theories, the General Theory
of Relativity (GR) uses geometry as the basis of the gravitational interaction. Attempts
to include gravity in gauge theories have shown that the size of the contributions due
to gravity depend on the energy scale at which the theory is studied. The scale at which
gravitational contributions become important is of the order of the Planck scale. Above
this scale, divergences arise that cannot be removed. Indeed, until the introduction of
the AdS/CFT correspondence, QFT were considered effective theories, at best - valid up
to some scale and to be replaced by a more fundamental theory beyond this scale. The
AdS/CFT correspondence suggests that QFT is a fundamental theory. GR and QFT make
contradictory assumptions about the universe and these contradictions manifest as non-
removable divergences in the theories that directly combine them, so these theories are
non-renormalizible [8, 9]. This is the source of the tension between gauge theory and
theories with gravity.

There is a collection of theories that claim to combine gravity and quantum theory, of
which gravity appears naturally in String Theory. Consistency of the theory requires that
the -function of world-sheet string theory vanishes [10]. Remarkably, the vanishing of the
p -function reproduces the Einstein Field Equations of GR. However, string theory has yet
to provide a direct description of particle physics as it is understood in the Standard Model
[11]. Recent efforts have focused instead on finding a QFT, describing particles and fields,
with a dual gravity theory. Such a model for quantum gravity relies on the dual descriptions
provided by a QFT and a string theory. The AdS/CFT correspondence is a concrete example
of this dual description.

Type IIB string theory on an AdS; x S° background spacetime with A4 = 4
Supersymmetric Yang-Mills theory (SYM) as the dual gauge theory is one example of the

AdS/CFT correspondence. In this instance, a theory of gravity is related to a theory of

A computation to tenth order in the electric charge (fifth order in the fine structure constant) determined
the value of the anomalous magnetic moment of the electron to be 1159652182.78(77) x 1072 [5]. More than
twelve thousand Feynman diagrams were evaluated in this calculation, which showed dramatic agreement
with experimental measurement of 1159652180.73(0.28) x 1072 [6].
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N x N matrices that interact on a flat background and encode the geometrical and
topological properties of the string theory. Quantities in this gauge theory are computed in
terms of the parameters g7, and 1/N, but we will often express quantities in terms of the
't Hooft coupling A = g7,,N. Typically, we are interested in computing correlation functions
of operators and eigenvalues of the symmetry generators in the CFT. In this thesis, I
consider the combinatorial dependence of correlation functions, which generates a 1/N
expansion, and eigenvalues of the dilatation operator that measure the conformal scaling
dimension of the correlator spacetime dependence.

When the coupling g7,, is small then correlation functions are expanded in powers of
the coupling of the theory. This gives rise to the familiar Feynman diagram expansion in
perturbation theory, wherein the diagrams in the expansion become increasingly
complicated with increasing power of the coupling. In Yang-Mills theory, the diagrammatic
expansion can be re-encoded in a topological expansion where higher genus terms are
suppressed by powers of 1/N.

QFT correlation functions generally do not admit convergent series expansions. These
series are often asymptotic, so the perturbation theory breaks down [12] and we say that
the corresponding quantities are non-perturbative. The breakdown of the perturbation
theory is a result of the rapid growth in the number of Feynman diagrams that contribute at
each order in the theory. It is clear that a non-perturbative understanding is necessary, and
group representation theory becomes an indispensable tool in the analysis. Indeed, it is
possible to evaluate certain correlation functions exactly using group representation theory
[13]. In a CFT with a large amount of supersymmetry these quantities are protected from
quantum corrections and are determined exactly in A as well.

Heavy operators in the CFT have a bare dimension that scales as a power of N making
their correlations non-perturbative. These operators probe the dual string theory at short
length scales. In particular, heavy operators that are dual to states with mass E allow us to
probe effects on a length scale 1/E. The maximum resolution at which these heavy states
probe the theory is bounded. Beyond this limit, the heavy states deform the spacetime,

generating new geometries, and the probe cannot resolve quantities in the dual string theory.



These states correspond to operators whose bare dimension scale as O (N 2), and have been
studied in [14]. Below this limit, we study the half-BPS sector of .4 =4 SYM. This sector
admits operators that are protected from quantum corrections. It contains operators dual
to giant graviton states in the string theory. These are Schur polynomials labeled by Young
diagrams with O(IV) boxes and correspond to states that carry large angular momentum in
the dual string theory. Together, these heavy states and their CFT duals provide a laboratory
to study non-perturbative physics in the AdS/CFT correspondence.

The new background geometries dual to operators whose bare dimensions scale as
(0] (N 2) include AdS black holes [15]. The microscopic states of these black holes can be
counted by computing the supersymmetric grand canonical partition function, called the
superconformal index, of the dual CFT. Recently, it was shown that this reproduces the
Bekenstein-Hawking entropy in the large N limit where the ./" =4 SYM superconformal
index grows as exp(O (N 2)) [16-18]. Indeed, heavy operators provide fertile ground to
understand emergent geometries and their CFT duals.

Our interest in studying heavy operators is two-fold: (1) heavy operators are
non-perturbative objects with non-trivial dynamics, and (2) heavy operators allow us to
probe high energies and short length scales in the dual gravity theory. Additionally, we
expect that small non-BPS excitations of heavy half-BPS operators correspond to small
deformations of the BPS sector that can be studied perturbatively.

Anomalous dimensions in the CFT correspond to energies in the dual string theory.
Interest in CFT anomalous dimensions has been driven by questions on the integrability of
certain CFTs. Indeed, integrability theory has played a key role in studying the spectrum of
anomalous dimensions of operators in ./ = 4 SYM [4, 19]. The problem of computing
anomalous dimensions can be recast as a problem of computing eigenvalues of the
dilatation operator. At tree-level, this computation returns the engineering dimension of
the operators involved, but gets corrections from quantum interactions at higher loop
orders. Later it will be shown that these eigenvalues can be computed exactly for special
configurations of giant gravitons in the large N limit, and correspond to the energy

spectrum of a collection of harmonic oscillators. The fact that this is possible is a strong



indication that the integrability of the theory extends beyond the planar limit. Hints at
integrability of the theory have been found numerically and later by analytic calculations in
different sectors and at higher loop orders. The large N limit of the anomalous dimension
of excited giant graviton bound state operators is discussed in Chapter 3. These
computations can be generalized by constructing generating functions. These generating
functions are integrals over auxiliary variables that encode the structure of Young diagrams
that label Schur polynomials. This procedure generates eigenstates of the dilatation
operator and is outlined in Chapter 4. We can use this construction to give a description of
the action of the dilatation operator on these states. As a byproduct, this construction gives
a natural starting point for the 1/N expansion of these operators by saddle point analysis,
thereby allowing us to study perturbations of classical configurations. It also provides an
opportunity to identify additional non-perturbative contributions and the relations among
them. We recover the partition function of giant graviton bound states from the generating
function, whereby each operator contains characters of the symmetric group S, and
suggests a method to generate asymptotic representations of characters at large n,
following [20]. Then, Chapter 5 presents the 1/ expansion of heavy operators in various
BMN limits, providing preliminary results and discussion on the non-perturbative analysis
of heavy operator correlation functions. Comments and discussion of these results and
analyses are contained in Chapter 6. Technical details of the computations in each chapter
are contained in the appendices. A review of the AdS/CFT correspondence, the central

theme of this thesis, is presented next, in Chapter 2.



Chapter 2

Background

In this chapter I outline some important details of the AdS/CFT correspondence, following
[1-3]. I describe some of the computational tools used to test the correspondence in the
context of the type IIB string theory on the AdS; x S°> background and .4" = 4 SYM with
U(N) gauge symmetry in (3 + 1)-dimensions. I start by presenting some background
information on A&/ = 4 SYM and AdS spacetime before proceeding to motivate the
correspondence. I conclude this chapter with a summary of the progress made toward
understanding the spectrum of the dilatation operator in the context of integrability in the

AdS/CFT correspondence.

2.1 The AdS/CFT Correspondence

The AdS/CFT correspondence claims a full dynamical equivalence between 4" =4 SYM in
flat (3 + 1)-dimensional Minkowski spacetime, and Type IIB string theory on an
asymptotically AdS; x S° background spacetime. This is a realization of an equivalence
between gauge theories at large N and string theories originally proposed by 't Hooft [21].
The correspondence relates the strong coupling limit of a string theory to the weak
coupling limit of a gauge theory, providing strong/weak duality between these theories.
The AdS/CFT is a profound physical idea that a quantum theory encodes the information

of a theory of gravity with higher dimension [22, 23], and provides a non-perturbative



formulation of quantum gravity. In this section, I give a brief motivation for this
correspondence and provide introductory details of AdS spacetime and of the

correspondence itself.

2.1.1 & =4 Super Yang-Mills Theory

Yang-Mills theory is a general framework that forms the basis for studying fundamental
interactions. The Standard Model is an example of a Yang-Mills theory. .4 =4 SYM is a
special example of a Yang-Mills theory that enjoys conformal symmetry. It is a Conformal
Field Theory (CFT) with non-Abelian gauge symmetry group. In this section I give a brief
overview of .4/"=4 SYM theory in (3 + 1)-dimensions.

Start by considering .#/* = 1 SYM in (9 + 1)-dimensions. This theory contains the
fundamental gauge field A, and gauge coupling gy, where the covariant derivative of a
generic adjoint field Z is

D.Z=8,7 = g4 7]

and the field strength is given by
E,,=D,A,—D,A,=0,A,—0,A,—igy[AnLA,].
This theory has a Lagrangian
1 uy hTH
,%:—L—LTr(FWF )+ Tr(¢YTD,y) 2.1)

where indices u, v run over 0,...,9 and denote the spacetime dimensions of the theory. ¥
is a real chiral spinor in (9 + 1)-dimensions which has 16 real components - this leads to 8
on-shell fermionic degrees of freedom.

Dimensional reduction of .4"=1 SYM as a theory in (9 + 1)-dimensions to a theory in
(3+1)-dimensions is achieved by separating out the 6 spatial components in the Lagrangian
in (2.1). The resulting theory in (3 + 1)-dimensions comprises the bosonic field Ay, four
Weyl fermions ¥ _, with conjugates U“, , and six real adjoint scalar fields ®,,. The spacetime

indices u, v run over 0, 1, 2,3 and the spinor indices for two chiralities «,  and ¢, /3 run over



1,2. The scalar fields carry indices m, n which run over 1,..., 6, while the spinor fields carry

indices a, b that run over 1,...,4. The (3+ 1)-dimensional effective Lagrangian is
Y= 1T F"'F 1T D*®™D, &, )—Tr(0* T ¥ DHp
=71 r( HV)_E r( (1 m)— r( aty aﬁ)

+%ngr(x1/ ) “beaﬁ[¢m,@bﬂ])+%gYMTr(lil“al“mabedﬁ[cbm,@bﬁ]) 2.2)

aa m

1
+ 48 Tr((27, 2"][,, @)

where l"u B and ™ denote the generalized Pauli matrices, and €% and €“P denote totally
antisymmetric tensors [24]. The size of each matrix N and the 't Hooft coupling A = g7 /N
appear as parameters in this theory. These parameters appear explicitly in the values of
correlation functions of operators in the CFT and the corresponding expectation values of
states in the dual gravity theory. Importantly, these correlators are expressed as asymptotic
series expansions in the limit that the rank of the gauge group N is large.

Supersymmetry in QFT is an invariance of the predictions of the theory when the
constituent bosonic, fermionic and scalar fields are exchanged in a prescribed way. A4 =4
SYM enjoys four supersymmetries. These symmetries are encoded in four complex
generators Q“ which transform the constituent field in the following way,

b
Daaq)m = Fm a leboU
1 o i
a —_ T~ [oya nid a - m ca n
Q" Wy =5y €717, B8 + Z€pal™, T, [2,,0"],
b _ i abpi
QW ;= ir, "I, D@,

a AU _ 3TH YO \J,4
QA =0T, €700

Conjugate expressions for Q“a hold with ¥,, and U, interchanged. These are the
supersymmetries of this CFT.

A& =4 SYM enjoys a large amount of supersymmetry and there exist quantities that are
protected against perturbative corrections in A. Of these quantities, the half-BPS sector of
the theory contains those states that enjoy half the maximal amount of supersymmetry. I
shall consider, in this thesis, the half-BPS subsector of 4" =4 SYM containing only adjoint

scalar fields and its relation to the AdS/CFT correspondence.



The AdS/CFT correspondence proposes that there exists a mapping from a string theory
in AdS; x S° spacetime to .4 =4 Super Yang-Mills in (3 + 1)-dimensions at the boundary of
AdS; x S°.

2.1.2 AdS Space Summary

The (d + 1)-dimensional anti-de Sitter space AdS,., is a solution to the vacuum Einstein
field equations with negative cosmological constant

d(d—1)
Rz

Andsy, ==
It is a maximally symmetric Lorentzian manifold with constant negative curvature and
isometry group SO(2, d), which has (d + 1)(d + 2)/2 symmetry generators. I shall present
two different coordinate descriptions of anti-de Sitter space, following [1].
Consider the (d + 1)-dimensional hyperboloid

1

d
—(XP =X+ ) (X'P=—R? (2.3)
=1

embedded in a flat (d + 2)-dimensional spacetime, where R is the “radius” of the anti-de

Sitter space. The metric induced on the hyperboloid is
d .
ds?=—(dX P —(dX°P+ > ([dX').
i=1

A useful reparameterization of this metric follows from the coordinate transformation

-1 d -1 d U 2 R? R
U=X"+X% V=X"—-X=—x"+— and x=—X" u=0,1,...,d—1
R2 U U
and the corresponding metric is
U? R?
ds*=—dx*+-—dU?
R2 U2

Then, rescaling the coordinate
zU=R* and 2z’dU=—-R’dz

gives
2 R2 2
ds =Z(dz +dx,dx").

9



This is the metric of AdS,.,, space on the Poincaré patch, where the overall factor R? is the
scale of the metric. Up to a conformal factor, this is just the flat metric of (d + 1)-dimensional
Minkowski space with a warp factor associated with a gravitational potential that depends

only on the coordinate z.

Another useful reparameterization of AdS,,, space follows from replacing the

embedding coordinates X' with
X° =R cosh(p)cos(7), X% =Rcosh(p)sin(t) and  X'=Rsinh(p)w;

where

w, =cos(6,)

w, =sin(6,)cos(6,)

Wy, =sin(6,)sin(6,)---cos(8,_,)

w, =sin(#,)sin(6,)---sin(6,_;).

This recovers the global coordinate description for the metric of AdS,
2 : 2
ds*=—R’cosh’(p)dt°+ R*dp* + R*sinh’*(p)d_, (2.4)

where 7 €[0,27), 0 < p and dQZ—l is the metric on the (d — 1)-dimensional unit sphere. The

Lorentzian structure of the metric is now manifest. For p < 1 and constant, (2.4) reduces to
ds’=R*(—dt*+dp*+p*dQ’_,)

which, up to a conformal factor R?, is the metric on S' x R4, with 7 associated to S'. Then T
corresponds to a family of S's that form closed time-like curves in this space. Unwrapping
the S! and letting —oo < T < oo removes the closed time-like curves. Similarly, for 1 < p

and constant, Wick rotation transforms (2.4) to
ds’=d7*+d@_,

up to a conformal rescaling and is the metric on R x S4~!, which we interpret as the boundary

10



More generally, we can embed a d-dimensional space in a space of (d + 1)-dimensions,
and determine the metric induced on the embedded space. A (d + 1)-dimensional space
has d(d +1)/2 components in the metric but there are d coordinate transformations one
can make that leave the metric invariant. This means that there are d(d —1)/2 degrees of

freedom to describe the curvature of the space and give rise to different physics.

2.1.3 Motivation for the Correspondence

Initial hints of the correspondence follow from the matching of symmetries and parameters
of the resulting theories in a specific low energy limit. Notably, both theories have the same
symmetry group SO(2, d), specifically .4/"=4 SYM in (3 + 1)-dimensions with gauge group
U(N)and the gravitational theory will be a string theory. This matching serves as motivation
for a more general correspondence which claims a matching of quantities on both sides of
the correspondence. Moreover, the correspondence claims a complete dynamical matching
between these theories, where the large N limit of the CFT includes in its Hilbert space
a sector that describes supergravity on AdS; x S° [1]. To make the connection concrete,
we must identify the corresponding relations between the couplings in each theory and
determine the limits of the validity of this identification in the correct low energy limit, and
then show that for each state in the gauge theory there exists a corresponding state in the
string theory. Following this, we must show that the spacetimes of the corresponding low
energy theories of the gravity theory in the bulk and the gauge theory are correspondingly
AdS; x S° and M, - the 4-dimensional Minkowski space boundary of the AdSs.

We study a string theory where the action

T
S=— J do dzy/—det(y) y** 0, X", X "1y

is the area spanned by the moving string that is minimized is due to the tension

1 1
T = —=
g 2na’

where g; = g7, is the string coupling. Fixing the gauge in the closed string theory reduces

the action to that of free 2-dimensional bosons containing left-moving and right-moving

11



modes. Quantizing these modes generates a particle spectrum, where the massless particles
are the graviton, an antisymmetric tensor and a scalar. Since open strings can interact
to form closed strings, any theory of open strings is also a theory of closed strings. The
supersymmetric string is stable and lives in ten dimensions. To make sense of this, we
must first reduce the 10-dimensional superstring theory to a theory in four dimensions, by
Kaluza-Klein dimensional reduction.

The AdS/CFT correspondence is obtained by considering a configuration of D3-branes
and taking a limit in which theories on the brane decouple from those in the bulk
spacetime. Polchinski and others [25, 26] showed that Dp-branes are the supergravity
solutions corresponding to dynamical walls to which open strings attach. These Dp-branes
set the boundary conditions for open strings. Setting p = 3 corresponds to choosing
D3-branes, which is appropriate since we live in a (3 + 1)-dimensional space.

Now consider a stack of NV parallel D3-branes, separated by a distance r, in type IIB string
theory in 10-dimensional spacetime. The low energy limit of the string theory corresponds
to the ¢’ — 0 limit. This gives rise to an enormous string tension, and the theory on the D3-
branes decouples from that in the bulk. The supergravity solution reduces to an AdS; x S°.
Taking the 't Hooft limit reduces this theory to 4" =4 SYM in (3 + 1)-dimensions with U(NV)
symmetry, which now contains strings from type IIB string theory.

Dp-branes curve space and N D3-branes correspond to the supergravity solution

ds?=H2(r)dx,dx* + H2(r)(dr?+ r?dQ?) (2.5)
where
R )
H(r):1+ﬁ and R'=4na"g,N

where g, N is the 't Hooft coupling. Far from the brane R < r, the metric becomes
ds’*=dx,dx"+(dr*+r*dQ?)

corresponding to that of flat 10-dimensional Minkowski spacetime, while near the brane

r € R, the metric becomes

r2 RZ
ds’=—dx,dx"+—dr*+R*d.
R2 2
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corresponding to that of AdS; x S°.

The solution (2.5) has a “horizon” that emits “Hawking radiation”. There exists a
corresponding picture in which this “Hawking radiation” is produced by the collision of
two open strings, living on the D-brane, to form a closed string that is not bound to the
D-brane and propagates into the bulk spacetime. Following this picture, we expect there to
exist a theory relating open strings living on a D3-brane, corresponding to a .4/ =4 SYM in
four dimensions, and a gravity theory living in the space curved by the D3-branes.

We keep track of each string endpoint by assigning indices i and j corresponding to
the label of the D-brane on which each string endpoint lies. If there are N D-branes, then
i,j,=1,...,N. Then each string state corresponds to a field with colour indices i and j,
and each string state corresponds to a field in the adjoint representation of a U(IN) gauge
theory [27]. Each string now corresponds to an excitation of the D-branes and has a mass
energy proportional to the string tension T and the endpoint separation ¢;. We now have
a theory of open strings in the adjoint of u(N) living on the D-branes. In the ¢’ — 0 limit,
corresponding to infinite string tension, the endpoints of each string will be close together,
and only the massless modes survive. The low energy theory that lives on the NV D-branes,
is a Yang-Mills theory with gauge group U (V). We can see this as follows: the string theory
has 32 supercharges (32 components Q') which form an 11-dimensional spinor, or eight
4-dimensional spinors giving rise to an .4/ = 8 supersymmetry in d =4 dimensions. The
D-brane breaks half of the supersymmetry by imposing boundary conditions that select half
of the remaining spinors. For p =3 in four dimensions this corresponds to .4 =4 SYM with
U(N) gauge group. Alternatively, extremal Dp-branes are solutions of supergravity which is
the low energy limit (¢’ — 0) of a string theory. These are black-hole solutions with charge Q
and mass M saturating the |Q| < M bound. In supersymmetric theories, this bound follows
from the supersymmetry algebra and is known as the BPS bound. Saturating this bound
preserves the maximum number of supersymmetries. Therefore, the extremal Dp-branes
also have ./ =4 supersymmetry in d =4 dimensions and are solutions of supergravity with

horizon at r =0.
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2.1.4 The Low Energy Limit

In the low energy limit, the theory decouples into supergravity in the bulk S, ; and an open
string theory on a stack of D3-branes. The open strings living on the D3-brane give rise to a
theory that reduces to ./ =4 SYM in the low energy limit with action S, ,,,., while closed
strings living in the bulk spacetime give a theory that is supergravity coupled to the massive
modes of the string. The interactions of these two ingredients gives rise to the “Hawking
radiation”, S, ieraction- Here I give a heuristic motivation for this correspondence by studying
a string theory in the presence of D3-branes. We consider two perspectives.

Consider again a stack of D3-branes with open strings attached. We partition the action

of an open string theory into

S= Sbulk + Sbrane + Sinteraction

where S, is the action of closed strings propagating in the bulk spacetime, S, is the
action of open strings on the D3-brane and S eraction defines the open-closed string
interactions. The energy of a string is determined by the modes of oscillation of the
center-of-mass wave-function and of the string itself. In the low energy limit, @’ — 0 and the
massive string modes decouple and S, reduces to 10-dimensional supergravity Sqpergravity»
and Sp;ane reduces to A =4 SYM. In this limit S eractions ~ &s ~ @’. Then the limit @’ — 0
reduces Sijteraciion 10 Zero and the theory on the brane decouples from that in the bulk
spacetime giving rise to two decoupled systemes.

As a test of this low energy limit, consider the smallest energy excitation of the brane
seen by an observer at a distance r from the D3-brane. Suppose that this energy is E,. This

object will have an apparent energy

1

Eoo=——
o+

r

as seen by an observer at infinity. Then, as r — 0, the energy of any mode approaching the
branes gets smaller. To this observer, the theory decouples into 10-dimensional supergravity
in the bulk and type IIB string theory near the branes where the spacetime is AdS; x S°.

Again we have two decoupled low energy systems (of excitations).
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Next, we identify the 10-dimensional supergravity theory in each of the descriptions
and are lead to conjecture that .#/"=4 SYM in (3 + 1)-dimensions with U(N) gauge group is
equivalent to type IIB string theory on AdS; x S°. This conjecture is the AdS/CFT

correspondence.

2.1.5 Validity of the Low Energy Limit Matching Conditions

The validity of this low energy matching is limited to those sectors of the theory where we are
able to perform concrete computations. However, it is expected that the correspondence is
generally true. Here I present some simple arguments for the validity of this matching in
the appropriate limits.

For the supergravity approximation to be valid, the background radius of curvature
must be large compared to the string length, thatis R = va’ (47'cgsN )1/4 > Ja’ =/{,. This
corresponds to the limit where 1 < g;N or 1 < g7, N and the quantum corrections, given in
powers of the string coupling g, must be small (g, — 0). This implies the double scaling limit
where g; — 0 and N — oo while keeping A = g;N = g7, N large and fixed. However, at large
N, the perturbation theory is valid when A < 1, which is the opposite of the supergravity
approximation. The gauge theory perturbation theory, which is valid for A < 1, and the
supergravity theory on AdS; x S°, which is valid for 1 < A are valid in different coupling
regimes. This implies that the AdS/CFT correspondence is a duality between a strongly
coupled supergravity theory on AdS; x S° and weakly coupled .4#" =4 SYM theory with U(N)

living on the 4-dimensional boundary of AdSs;.

2.2 Matching Quantities Across the Correspondence

For each quantity in the CFT there should correspond a quantity in the string theory. The
quantities include the symmetries of each theory and the corresponding energies and

Hilbert spaces. In this section I discuss the matching of these quantities.
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2.2.1 Hilbert Spaces

AdS/CFT proposes a matching between the states in the CFT with states in a string theory,
and corresponds to matching the Hilbert spaces in each theory. Here I argue for this
matching by first matching the time coordinates of each theory, and then matching the
Hilbert space of states at each instant. Then the operator/state correspondence in A4 =4
SYM in (3 + 1)-dimensions carries over to the operator/state correspondence on the
boundary of the AdS; x S° and each operator in the CFT has a corresponding state in the
string theory. We can see this as follows.

A Wick rotation maps the (3 + 1)-dimensional Minkowski spacetime of A" =4 SYM to

4-dimensional Euclidean space R*. By conformal transformation r = e® the metric becomes
ds*=e’ (dt*+d )
where conformal rescaling recovers the standard metric
ds’=d7?+d;

corresponding to the CFT on the cylinder R x S3. This maps the origin in R* to 7 — —00
and spatial infinity corresponds to T — oo on the cylinder. Similarly, T =0 corresponds to
the unit circle.

Our task is to find a state |q)> on the cylinder that corresponds to the operator 0(7) on

M,. Consider an operator 0(7), corresponding to a circle in M, and the integral

Flg,]= f[Dme"Sﬁ(r)

b
where we integrate over all fields ¢ subject to the boundary conditions b. This corresponds
is an integral over all fields ¢ on a disc where the fields take values ¢ ;. We interpret F[¢,]
to mean a state |F) expressed in the basis |q) b ) We require that there exists an initial state

|¢ ), defined at T — —o0, that evolves into |F ) at the time 7,

|F> — e—ifjoodT/,W(T/)

).

In this way, the operator 0 in the CFT on M, is mapped to a state in the CFT on the cylinder.
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Returning to the metric (2.4) in global coordinates, the limit that 1 < p is large and
constant recovers the metric on R x S, up to rescaling, which is the boundary of AdS; x S°
with vanishing boundary S°. The isometries of 4" =4 SYM on R x S* match those of the
AdS; x S°, and we identify the R subspace of the R x S§* at the boundary of the AdS; x S°
with the R subspace of the R x S® in the CFT. Identifying this boundary with the space on
which the CFT lives gives a map between the operators of the CFT in Minkowski space and
the states of the string theory.

The boundary of string theory spacetime is matched to the background spacetime of
the CFT. Then, at each time ¢, there exists a Hilbert space in the CFT that is identified with
the Hilbert space on the boundary of the AdS; x S° spacetime in the string theory, and states

in the string theory are identified with operators in the CFT.

2.2.2 Scaling Dimensions and Energies

As I have argued, the AdS/CFT matches operators in the CFT to states in the string theory.
This matching gives rise to a collection of other matchings across the correspondence. In
particular, the scaling dimension of operators in the CFT are matched with the energies of
corresponding states in the string theory. Similarly, we identify the 2 -charge of operators
in the CFT with angular momentum of states in the corresponding string theory.

The conformal symmetry of 4" =4 SYM is a generalization of scale invariance, where
conformal transformations are generalizations of transformations that change distances
between points. Conformal transformations are coordinate transformations that act on
flat space and a give space-dependent scale factor 272(x), so conformal invariance is an
invariance in flat-space. A scale invariant theory is generally also conformally invariant. In
2 < d, Minkowski space has conformal symmetry group is SO(2, d), which is the same as
the isometry group of AdS,,,. There are (d + 1)(d +2)/2 components for the parameters of
the conformal transformations (we can compare this with the number of symmetries of a
maximally symmetric spacetime). This corresponds with the symmetry group SO(2, d) and

conformal invariance in flat (1,d — 1) dimensions for 2 < d corresponds to the symmetry
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group SO(2, d) which is the same symmetry group as that for (d + 1)-dimensional anti-de
Sitter space, AdS, ;.

Generators of the conformal symmetry algebra include generators for translations P,,
generalized rotations J,,, dilatations D and special conformal transformations K.
Representations of the conformal group are defined by eigenfunctions of the dilatation
operator D with eigenvalues —iA, where A is the scaling dimension, that is to say that

under x — Ax, we have
P(x)— ¢'(x)=21%¢(x)

and A is increased by P, since the S(2, d) conformal algebra acts as
[D,P,]=—iP,
S0
D(P,¢)=P,(D¢)—iP,¢ =P,(—iAp)—iP,¢p =P, (—iAp—i¢p)=—i(A+1)P,¢)
and A is decreased by K, since
D(K,9)=K,(D¢)+iP,¢ =K,(—iAP)+iK,p =K, (—iAg +ip)=—i(A—1)K,¢.

We can think of K, as the annihilation operator 4 and of P, as the creation operator a".
Since P, and K, are symmetry generators, we can generate the other states in the theory by
successive action of each of these operators. This means that representations are built from
the action of creation and annihilation operators P, and K,,.

There will be an operator of lowest dimension, say ®,, in the representation of the
conformal group so that

K‘L‘L@O - 0

and @, is called a primary operator. The representations generated by successive operations
of B, correspond to states with increasing conformal dimension in the gauge theory and
increasing energy in the string theory.

Primary fields of dimension A scale according to ¢(Ax)=A*¢(x). In d =4 dimensions,

representations of the conformal algebra are obtained by acting with P, on the primary
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fields. Note that the quantum conformal dimension (scaling dimension) A does not need
to be the same as the scaling dimension for an operator in .#"=4 SYM, as some operators
receive non-trivial quantum corrections.

In a conformal field theory, with radial coordinate r = 7, the global rescaling r — Ar
gives e™ — e71°8Y and corresponds to a time-translation T — 7 +log(A) in the CFT. The
association of coordinate rescaling and time translations suggests an identification between
the generators of time translations on the cylinder and dilatations of the metric. By this
identification, the Hamiltonian is identified with the dilatation operator, and energies
are identified with scaling dimensions. Since the AdS/CFT correspondence identifies the
Hilbert space of .4 =4 SYM on R x S* with that of type IIB string theory on the boundary of
AdS; x S°, this suggests that operators of a given conformal dimension in the CFT should
map to states of given energy in the string theory.

The dilatation operator can be expanded in powers of the coupling constant gy,

oo
055",
k=0
where D, is the k-loop dilatation operator, which accounts for the corrections to the
anomalous scaling dimension of a given operator in powers of 7i. The anomalous dimension
is the quantum correction to the energy scaling of the operator 0 in A4 =4 SYM. These
corrections are expressed as weighted sums of free theory correlation functions. Interaction
energies are measured by the dilatation operator and interaction probabilities are measured
by the weighted field averages defined by these correlation functions. Dynamics in the
theory are therefore determined by the collection of n-point correlation functions, which
give the probabilities of each process, and the eigenvalues of the dilatation operator, which
give the energies of interaction in the system [28]. Half-BPS operators receive no quantum
corrections to their scaling dimensions. These operators are important in the study of the
energy spectrum of subsectors of the theory since calculations involving these operators

can be done reliably at weak and strong coupling.
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A simple example of the action of the dilatation operator, for a tree-level computation,

is given by the action of D, on a simple operator Tr(Z") Tr(Y ™), where

o d - d
Dy=Tr(YOy)+Tr(Z3,)=Y' —+ 72—
o =Tr(Y dy)+Tr(Z20,) i de’ de}

and

d d ., .
Zf—TZ" =2} —Z,Z} - Z}"
273

bdzf hdz "
_ ki el iy i in | ki iy ol i in k iy i in1 cin <l
=27, 5,;51.22].: jf---Zil +Z, Zl.2‘5kz5l.3Zj32--'Zi1 +--+Z ijle;"'Zj,, 5k 5!’1
=nTr(Z").
Then

Dy, Tr(Z™")Te(Y™)=(n+m)Tr(Z™")Tr(Y ™)

so the classical, tree-level computation simply counts the number of matrix fields in the
trace operator. In the case of 4/"=4 SYM in (3 + 1)-dimensions, each matrix field carries
units of inverse length and the tree-level contribution to the dilatation operator D, gives
the correct classical scaling dimension of the operator. Higher order terms give quantum
corrections to this classical scaling dimension as a series in powers of g7, . In particular
we shall consider the one-loop dilatation operator D, that gives the contribution to the
dilatation operator at one-loop.

Within the collection of all objects that could exist in the theory, there exit subsectors
comprising states that enjoy some given fraction of all supersymmetry in the theory. The
vacuum is the only state that is invariant under all supersymmetries while half-BPS states
enjoy half of the supersymmetry of the theory. It was shown in [13] that the space of Schur
polynomials labeled by Young diagrams with fewer than NV rows forms a basis in the space
of half-BPS representations corresponding to giant gravitons. This means that the giant
graviton dynamics in the dual string theory can be computed using Schur polynomials and

the associated group theory.
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2.2.3 Limits of the Matching

Obijects that occur naturally in the QFT are correlation functions which determine the
probability of a specific process occurring in the theory. The subset of all correlation

functions that will be of interest in this study have the form
(0,011 0112)

where each operator 0; is the trace of some product of fields. Direct computation of these
correlators involves the evaluation of formal series expansions in the constituent fields.
The bosonic symmetry group in this matching is SO(4,2) x SO(6) and by the Noéther
Theorem there exist conserved charges associated with this collection of symmetries.
These charges are also operators which act on the Hilbert spaces on each side of the
correspondence. Each eigenstate with eigenvalue J of an operator corresponding to a
conserved charge in the string theory is matched with a corresponding eigenstate in the
CFT with the same eigenvalue J. A charge associated with the S O(6) symmetry subgroup in
the CFT is called an % -charge and corresponds to angular momentum in the string theory.
Each correlator has a series representation in powers of 1/N with coefficients that
depend on the % -charge. This is well understood and was studied extensively in [13, 29—
32]. When N is large, these series give rise to familiar perturbation series expansions. By
studying the double scaling limit, where A = g7 N for fixed A and infinite NV, it was shown
that the planar sector of SYM reproduces the free string theory [21]. In this way, the classical
limit of the dual string theory is captured by the planar limit of the SYM. The non-planar
limit involves operators comprising some number of fields that scale with the rank of the
gauge group N. For example, a full computation involving operators comprising N* fields
where 1 < k will receive non-planar contributions. It is expected that the fully non-planar

Yang-Mills theory should correspond to the fully interacting string theory.
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2.3 Schur Polynomials and Restricted Schur Polynomials

Schur polynomials have been shown to be powerful computational tools to evaluate
correlation functions in A" =4 SYM [13, 33]. In this section I give a brief introduction to the
Schur polynomial technology and some discussion regarding the evaluation of correlators
in the half-BPS sector. A key idea is that the half-BPS sector of .#* = 4 SYM theory is
described exactly by the holomorphic sector of a single complex matrix quantum
mechanics model which is equivalent to a theory of N free fermions [34, 35]. The half-BPS
sector of type IIB string theory on AdS; x S° contains gravitons, strings and membranes
and it is believed that all these objects are contained in the matrix quantum mechanics of
A =4 SYM.

We shall occupy ourselves with the scalar field sector of the .4#"=4 SYM theory in four

dimensions. In this sector of the theory, the relevant part of the Lagrangian to study is

1 1 2
&= TTr(Ducb,-D“cbi +=[2,®;] )
g 2
YM
and we do not consider terms involving fermions or gauge bosons. This theory has six
real scalar fields that transform in the adjoint representation of U(V). The good angular

momentum states in .4 =4 SYM in (2.2) are constructed from the six scalar fields
X:q)l'i‘lq)z, Y:¢3+l¢4 and Z:¢5+i¢6

where fields X, Y, and Z take values in the adjoint representation of U(N). We can see this
by acting with the U(1) element e~ on X. This corresponds to a rotation in the ®, —®,-
plane and defines a U(1) conserved charge. Each such transformation corresponds to a
rotation in the ®; —®,-plane of S°. Similar transformations can be applied to Y and Z
fields. In this context, the conserved charge is angular momentum, and each of these fields
corresponds to an angular momentum state with / =1.

The six scalar fields of A" =4 SYM give rise to a SO(6) ~ SU (4) symmetry, rotating these
fields amongst themselves, called #-symmetry. The associated conserved Z-charge
commutes with the bosonic, but not fermionic, spacetime symmetries. This SO(6)

symmetry is also present in the corresponding string theory background where the scalar

fields ®; are the embedding coordinates for the S°.
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Operators built from a productof X, Y or Z fields are half-BPS states. Similarly, operators
built from traceless symmetric combinations of the six Hermitian scalars are also half-BPS.
This includes single- and multi-trace operators. Within this subset of half-BPS operators is
a sector that is invariant under the S O(4) subgroup of SO(6).

Objects with Z-charge J have J copies of Z in each corresponding operator. For each

m
i=

partition (pi, qi) | of J satisfying
J= Z pid;
i=1

there corresponds a distinct operator

m

0= ﬂTr(Z”f)q".

i=1
This construction puts Schur polynomials of degree J into one-to-one correspondence
with half-BPS representations of Z-charge J. QFT correlators of thus constructed Schur
polynomials and their Hermitian conjugates are protected under the symmetry of the
theory and therefore receive no corrections to their scaling dimension. This means that the
computations in the weak coupling limit of the theory can be extrapolated to the strong
coupling limit.

Half-BPS operators have scaling dimension equal to their #-charge and the large
amount of supersymmetry ensures that there are no quantum corrections to this quantity.
Then, an operator with 2 -charge J has A = J and the corresponding string state has energy
equal to its angular momentum. For each operator of increasing J there corresponds,
following the AdS/CFT conjecture, a state in the dual string theory. Half-BPS giant
gravitons in AdS; x S° are spherical D3-branes embedded in the S° or AdS; and are called
sphere giants and dual giants, respectively. These are spatially extended, non-perturbative
objects in the string theory that propagate in the bulk spacetime. Giant gravitons carry
angular momentum and couple to a background Ramond-Ramond 5-form flux. This
coupling induces a Lorenz-type force on a giant causing it to expand in a process known as
the Myers Effect [36]. This expansion is stabilized by the membrane tension that causes the
giant to contract. The size of the sphere giant is limited since it cannot expand beyond the

embedding S° and leads to a cut-off on the maximum angular momentum carried by the
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sphere giants. There is no such limit on the angular momentum carried by a dual giant.
Later in this chapter I shall explain this cut-off using the Schur polynomial technology.
The radius of the spatial extent of the giant graviton is determined by the angular

momentum J carried by the giant graviton following

r:R\i
N

where R is the radius of the AdS space [29] given in (2.3). We can identify this with the related

parameters across the correspondence and find that an object with J units of 22-charge has

r= (4ﬂg§MN)1/4ES \ %

and N is the rank of the gauge group U(IN). This follows from the matching of parameters

a size

on each side of the correspondence
R 4
(f_s) =4ngs N =471
and explicitly demonstrates the strong/weak coupling relation of the duality.

Operators in the CFT are organized according to their £-charge. In this language,
operators comprised of O(1) fields are dual to point like objects, like point gravitons, in the
gravitational theory, while operators comprised of O(v' N ) fields are dual to objects with
fixed size in units of string length, such as strings, and objects comprised of O(V) fields are

associated with giant gravitons [29, 37].

2.3.1 Schur Polynomials

Schur polynomials are constructed from traces of N x N matrices and form a complete basis
for the operators in the CFT. Schur polynomials comprised of O(N) fields were proposed
as the natural gauge theory dual object of half-BPS giant gravitons in [13]. Following the
operator/state correspondence, the AdS/CFT correspondence makes possible the labeling
of objects in the string theory by the same parameters J and N that occur in the CFT. The
2 -charge of the dual gauge theory operators are matched with the degrees of freedom of

the string theory states. In this language, Schur polynomials in ./" =4 SYM, with scaling
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dimension ~ O(NV) at large N are dual to giant gravitons and Restricted Schur polynomials
are dual to excited giant gravitons in the corresponding string theory.

Operators which are products of traces with the same total number of fields, but different
numbers of traces, are orthogonal in the large N limit and are identified with multi-particle
graviton states. The number of traces in the operator is identified with the particle number.
The orthogonality of operators constructed from products of traces fails when they are
comprised of O(v'N ) matrix fields at which point these operators cannot be considered
dual to point graviton states. Instead in the near-BPS sector, these operators are dual to
strings [35]. Finally, giant gravitons are dual to multi-trace operators comprised of O(IV)
matrix fields [13, 33] where the interpretation of the objects in the string theory that are
dual to operators in the gauge theory is now determined by the 2 -charge of the operator,
corresponding to the number of matrix fields in the operator.

Take .4 =4 SYM defined in R x S® or R* and consider two-point correlators of complex

fields
5i15jk

f L L
(Z:j(x)Z] (x5)) o< pa—
where Wick contraction over colour indices give 0 -functions and the spacetime dependence
is determined by conformal invariance. A general n-point correlator is a sum over all allowed
Wick contractions multiplied by the appropriate spacetime factors. I suppress the spacetime
dependence in the discussion that follows.

The representation theory of the symmetric and unitary groups is useful in
computations of QFT correlators. In particular, the irreducible representations of S, and
U(N) form an important part of the study of gauge theory correlation functions. A matrix
representation of a group element is irreducible if it has no invariant subspace. This means
that an irreducible matrix representation of a group element cannot be written in block
diagonal format. Each irreducible representation R of a group is distinguished from other
irreducible representations by the character y (o) of that representation corresponding to
the trace of the matrix representation of the group element o.

The group theory of the symmetric group and the unitary group are closely connected.

This is remarkable considering that the symmetric group S, is a finite group of order n!,
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while the unitary group U(N) has an infinite number of group elements. To understand
this connection, suppose Vy is an N -dimensional complex vector space, which is also the

fundamental representations of U(N), and let

be a N"-dimensional complex vector space. We can consider the group actions of S,, and
U(N) on V2", First, consider an element T in the fundamental representation of U(N).

Then T is a matrix that acts on vectors v € V3" as follows
T(ne®re--®uv,)= Tjivlj® TjiV2j®-~-® T]."vrf.
Now consider an element P in S, which acts on elements of V" by permuting vectors
P(y®1,® - ® V)= Up1)® Upz) @+ ® Up(y).

Note that PT (1, 1, ®---®1v,)= TP (1,® 1L®---® v,) and actions of P and T commute.
Since P and T were arbitrarily chosen elements from S, and U(N), V7" admits commuting
actions of the symmetric and unitary groups. Operators in these groups can be
simultaneously diagonalized such that V,?" admits a decomposition

®n __ Sn U(N)
=DV ev,
Rkn

where V" and VRU(N) are the irreducible representations of S, and U(IV), respectively. The
dimension of each irreducible representation of S, organizes the multiplicities of irreducible
representations in U (V). Similarly, the irreducible representations of U (V) organize the
multiplicities of irreducible representations of S,,. Let VRS” have dimension dj and VRU(N)
have dimension dimy. Then, VRU(N ) appears dp times, and VRS" appears dimp times, in the
decomposition of V?"". Each partition R corresponds to a Young diagram, so representations
of S, and U(N) are labeled by Young diagrams. As a consistency check, we find

> dpdimg=N"

RFn

which is the dimension of the space V,7". This result is known as the Schur-Weyl Duality.
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The Schur-Weyl duality allows us to write the characters of the of the unitary group in
terms of the characters of the symmetric group. Therefore, the Schur polynomial y;(Z),
where Z € u(IN), can be written as

Z;{R )Tr(oZ®")

‘oeS,

where y (o) is the character of an element in S, in the representation R and

Uz®n Z le ZIZ . .ln

la(n)'
lz 12

The characters y (o) assign the same value to group elements from the same conjugacy class.
This means that group elements with the same cycle structure in a given representation are
assigned the same character value. Similarly, the multi-trace factors associated to group
elements with a given cycle structure are identical. The value of each character can be
determined by method of strand diagram technology [32].

Each Schur polynomial is labeled by a representation R, corresponding to a partition
of n, which has a graphical representation as a Young diagram. The Young diagram for R
comprises n boxes arranged in left-justified rows, whose lengths form a non-increasing
sequence, defined by the partition, from the top of the diagram to the bottom of the diagram.

To each diagram R we define

hooksg = [ [(iu+ja+1)

where i, + j, + 1 is called the hook length of box n, where j, and i, are, respectively, the
number of boxes in the column below and in the row to the right of box 7 in R. We also

define

fe=] [N=i+)

Lj
where N —i + j is the weight of a box in the i-th row and j-th column of the Young diagram

R. Ttis clear that f; =0 for any Young diagram with column heights that are greater than or
equal to N. By exploiting the connection between the symmetric and unitary groups, we

find the dimension of the irreducible representation R of the unitary group is given by

Jr

di R)=——.
imy(R) hooksy

27



The power of the Schur polynomial technology comes from the fact that summation over
all Wick contractions in the correlation function value are replaced by a simple product of
combinatorial factors associated to a given Young diagram.

The Schur polynomial two-point and three-point functions satisfies the orthogonality

relations

(xr@)ys(Z2N)=6rsfn  and  (ya(2)ys(2)y(Z"))=8(R,S;T)fr

where 0 ys is a Kronecker 6-function, and g(R, S; T) is a Littlewood-Richardson coefficient
that counts the multiplicities of the irreducible representation T in the tensor product of
irreducible representations R and S [13]. These orthogonality relations can be generalized
to arbitrary n-point functions. Correlation functions of operators labeled by a small number
of large J; charges correspond to Schur polynomials labeled by Young diagrams with long
columns or long rows, and have been studied in [38].

Schur polynomials comprising O(1) fields are naturally associated with a collection
of point particles, while Schur polynomials comprising O(v'N ) fields can be associated
with a gas of point particles or with strings. Schur polynomials comprising O(N) fields in
representations with a single long column are naturally associated to half-BPS D3-branes
that wrap the S® c §° in the AdS; x S° background. Similarly, Schur polynomials comprising
O(N) fields in representations with a single long row are naturally associated to half-BPS
D3-branes that wrap the S® c AdS’. A consequence of this association is that the sphere
giant # -charge has a maximum upper bound of N, corresponding to the maximum column
length for which f; is zero and the sphere giant correlator vanishes. This is gives a natural
cut-off on the maximum angular momentum carried by a sphere giant and hence, the
maximum size of the sphere giant [29]. This is known as the Stringy Exclusion Principle
[39]. There is no such cut-off for the dual giants. This identification of giant gravitons with
Schur polynomials labeled by Young diagrams has a natural extension to collections of giant
graviton bound states, where a single Young diagram with O(/N) boxes and O(1) columns

corresponds to a bound state of sphere giants, while a Young diagram with O(V) boxes and
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O(1) rows corresponds to a bound state of dual giants. In the limit that the rank of the gauge

group N is large, each expectation value can be expanded as a seriesin 1/N.

2.3.2 Restricted Schur Polynomials

Restricted Schur polynomials generalize the single matrix Schur polynomials to include
matrix words. Matrix words are products of operators, matrix fields, fermions and covariant
derivatives. Restricted Schur polynomials provide a natural basis to study open string
excitations of giant gravitons in the AdS/CFT correspondence and have been studied
extensively [30-32, 40]. A restricted Schur polynomial corresponding to a collection of k

open string excitations is given by

XR,(r,s)(Z®n’ Y®m) — Z Tr(r,s)(rR(a.))Zi;l(l) .. ‘Zl" Yln+1 . Yln+m

io(n) " lo(n+1) lg(n+m)

where R is a Young diagram with n + m boxes that labels an irreducible representation of
S,+m> T is @a Young diagram with n boxes that labels an irreducible representation of S,,, and
s is a Young diagram with m boxes that labels an irreducible representation of S,,,. The
S, subgroup acts on 1,2,..., n and therefore permutes indices belonging to the Zs while
the S,, subgroup actson n+1,n+2,...,n+ m and permutes indices belonging to the Y's.
The sequence (r, s) labels an irreducible representation of S, x S,,. The trace over group
elements y (o) in the standard Schur polynomials is now replaced with a trace Tr, ;(I'z (o))
over the subspace carrying the irreducible representation (7, s). This trace is obtained by
projecting from the carrier space of R to the carrier space of (r, s), and then tracing over R,

to give Tr(Pr_,,\[r(0)). The projectors P;_,, i) satisfy the idempotency relation

PR—>(r,s) ’ PR—)(r,s) = PR—)(r,s)

and have natural realizations as operators composed of a sum over products of Kronecker
o-functions.

We can study the two-point correlation functions of restricted Schur polynomials (with
the spacetime dependence suppressed for brevity),

hooksy
“*hooks, hooks,,

<ZR,(r1,r2)ZS,(SI,52)>: 5R55rlsl5 fR-
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Again, the value of these correlators is determined by the combinatorial factors associated
to the corresponding Young diagrams. The two-point function for any restricted Schur
polynomial is known, so it will be convenient to work with normalized operators Og (, (Z, Y),

having unit two-point function, where

hooks
R OR,(r,s)(Z’ Y)

hooks, hooks;

){R,(r,s)(Z’ Y) = \ fR

These expressions appear naturally in the construction of Gauss graph operators.

2.3.3 Gauss Graph Operators

Consider the excitations of a p giant graviton state, with m identical strings attached. The
Gauss Law constraint on the brane worldvolume forces the number of open strings m;
emanating from brane i to equal the number of strings entering brane i. Since the strings
are identical, there is an associated symmetry corresponding to permuting strings such that
the configuration of open strings is unchanged. Then the allowed open string configurations

are in one-to-one correspondence with the double coset
H\S,,/H

where

H =S8y, XSy, X+ X8
is the subgroup of §,, that leaves the open string configuration invariant. The number of
double coset elements corresponds to the number of restricted Schur polynomials
compatible with this system description. The complete set of functions O (o)
constructed on this double coset is given by

|H| / —1 —1
Ori( ZZ Z k(U B; HBljuz HORr(r'S)rNI.UZ

Jrk stm iy, p2

—1
where Bs H

is a branching coefficient for the irreducible representation s to the u;-th copy
of the trivial representation of the subgroup H. The index j labels a state in the carrier
space of s. The operators Oy (o) are the Gauss graph operators. The structure of these

operators has a graphical description where branes correspond to nodes and strings are
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directed edges connecting nodes. We call these pictures Gauss Graphs. We shall return to
these operators again in Chapter 4. Next, I highlight some of the recent progress made in
testing the AdS/CFT correspondence and the computation of scaling dimensions of excited

giant graviton states.

2.4 The Dilatation Operator and Integrability

Integrability of the theory allows us to compute quantities exactly and finding integrability
beyond the planar limit is a strong indicator that the theory is exactly integrable. Indeed,
there is considerable evidence supporting the idea that this theory is integrable. Here I
summarize some of the progress towards finding integrability beyond the planar limit of
the theory.

Numerical computations of the spectrum of anomalous dimensions of restricted Schur
polynomials, labeled by two long row or two long column Young diagrams, for small
numbers of “impurities” m, were conducted in [41] and [42]. These results suggested that
the spectrum of anomalous dimensions is equivalent to a system of decoupled harmonic
oscillators. This was demonstrated analytically in the large N limit for operators
comprising n fields Z with m impurities Y, with n,m ~ O(N) and m < n in [43] . The
Young diagrams labeling the operators in this analysis consist of two long rows or columns,
where the row or column lengths differ by order N boxes. Evaluating the large N limit of
these correlation functions necessarily involves summing all planar and non-planar
diagrams. The dilatation operator acting on restricted Schur polynomials was exactly
diagonalized in this limit and the corresponding spectrum was again shown to correspond
to that of decoupled harmonic oscillators. This analysis showed that the dilatation operator
corresponds to the Hamiltonian of an integrable spin-chain, suggesting that integrability of
the theory persisted in the non-planar limit.

These results were extended in [44] to Young diagrams with p ~ O(1) rows or columns
where each row or column length differed by O(IN) boxes. The action of the dilatation

operator on Young diagrams R with more than two rows or columns produces a multiplicity
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of subduced irreducible representations (r, s) of S, x S,,,. A new version of the Schur-Weyl
duality puts states of the U(p) irreducible representation s in one-to-one correspondence
with the copies of the irreducible representations (r, s). Using this new technology, the
action of the one-loop dilatation operator was evaluated and shown to have a natural
connection to the Gauss Law constraint for branes with compact worldvolumes. The action
of the dilatation operator on the restricted Schur polynomials splits into a piece that acts
on the fields Z and a piece that acts on the “impurity” fields Y. For small values of m, the
dilatation operator acting on the Y fields is diagonalized by operators satisfying a version of
this Gauss Law. In pictures, this Gauss Law corresponds to a collection of p giant graviton
branes with m strings attached. These pictures are Gauss graphs and the corresponding
operators, that diagonalize the action of the dilatation acting on the Y fields, are the Gauss
graph operators. An explicit construction of Gauss graph operators was later given in [45]
where these operators were shown to diagonalize the part of the dilatation operator acting
on Y fields for arbitrary values of m. The remaining part of the dilatation operator action
is diagonalized by considering the system as a collection of p coupled oscillators that
reduces to a system of decoupled harmonic oscillators. Thereafter, extensions to other
sectors comprising additional fields [46, 47] show that diagonalizing the dilatation operator
again reduces to diagonalizing a set of decoupled oscillators. Similar results were found in
different sectors and at higher loop orders [46, 48-50], and eventually to all loop orders in
[51]. This strongly suggests that integrability in .#"=4 SYM theory persists in the large N

and non-planar limit.

2.5 Summary and Discussion

In this chapter I have introduced the AdS/CFT correspondence and discussed the key
features of a gauge theory and its dual gravity theory. This duality is a promising formulation
fornon-perturbative quantum gravity. Itis motivated by a precise matching of symmetries of
the CFT and the dual gravity theory, and by the matching of operators in the CFT with states

in the gravity theory in a specific low energy limit, where brane and bulk fields decouple.
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While there exists a dictionary that translates quantities from one side of the correspondence
into quantities on the other side, it is important to note that this correspondence remains a
conjecture and a direct proof of this correspondence is still lacking.

This chapter introduces the powerful Schur polynomial technology that also provides
a natural language to compute correlators in the CFT and to describe objects in the dual
gravity theory. The subsequent chapters study the excitations of giant graviton bound
states in the context of the gauge theory/gravity correspondence using the restricted Schur
polynomial technology. The next chapter shows how the dilatation operator acting on the
excited two giant systems is diagonalized and that its spectrum is computed exactly in the

large N limit.
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Chapter 3

Nonplanar Integrability

In this chapter we study operators with a dimension A ~ O(INV) and find a simple analytic
expressions for the action of the dilatation operator. We study restricted Schur polynomials
corresponding to two distinct classes of operators: operators labeled by Young diagrams
with two long rows or two long columns. The main complication in working with restricted
Schur polynomials is in building a projector from a given S, ,,, irreducible representation
toan S, x S, irreducible representation (both specified by the labels of the restricted Schur
polynomial). I give an explicit construction of these projectors by reducing the matter to the
simple problem of addition of angular momentum in ordinary non-relativistic quantum
mechanics. Diagonalizing the dilatation operator reduces to a problem of solving three-term
recursion relations. The fact that the recursion relations have only three-terms is a direct
consequence of the weak mixing at one loop of the restricted Schur polynomials. These
recursion relations can be solved in terms of symmetric Kravchuk polynomials or Clebsch-
Gordan coefficients. This proves that the dilatation operator reduces to a decoupled set of

harmonic oscillators and therefore it is integrable.

3.1 Introduction

Ultraviolet divergences inevitably appear in perturbative calculations of various correlation

functions in the .4/ =4 super Yang-Mills theory. These divergences require renormalization,
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which induces a mixing among operators with the same bare conformal dimension. The
eigenvalues of the new eigenstates under conformal rescalings are a sum of the classical
scaling dimension and a loop correction, the anomalous dimension. By studying the
diagrams which contribute to the renormalization of these operators it is possible to obtain
an expression for the dilatation operator. The eigenvalues of this operator are the
anomalous dimensions. A key discovery has been the understanding that the dilatation
operator can be identified with the Hamiltonian of an integrable spin-chain [19]. This
integrability has been found in the planar limit of the theory.

Integrability has proved to be a key ingredient towards finding the exact spectrum
of composite operators in .4/ = 4 super Yang-Mills theory. Further, direct perturbative
calculations become very cumbersome at high loop orders but can be avoided, by assuming
that the observed integrability persists to all loop orders. The dilatation operator can then
be determined using general arguments. Clearly, unraveling the integrable structures in the
gauge theory is an important problem. In the AdS/CFT correspondence [1-3], these planar
results are directly relevant to the problem of determining the exact spectrum of strings in
the AdS; x S° background.

Summing the planar diagrams gives a valid description of the large N limit of those
operators in the theory with a bare dimension A such that A%?/N < 1. To correctly construct
the large N limit for operators in the theory with an even larger dimension, one must
include contributions from non-planar diagrams. There are many good reasons to study
operators with a large bare dimension. Operators with a dimension of O(N) are dual to
giant gravitons [13, 33, 52], while operators with a dimension of O (N 2) are dual to new
background geometries [13, 14, 52-64]. New methods sparked by the pioneering works [13],
employing group representation techniques, probe the theory beyond the planar limit. It
is now known how to build a basis for these operators, with the very nice feature that the
basis diagonalizes the two-point function [13, 30-32, 40, 65-72]. Techniques to compute
correlation functions of these large operators have been developed [59-61, 73] and some
investigation into loop corrections have been carried out [30, 31, 41, 42, 69, 74-76]. Formulas

for the one loop dilatation operator have been found and these results show that mixing
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at one loop is highly constrained. However, much more work is needed. In particular,
although formulas for the one loop dilatation operator are known, they are difficult to
evaluate explicitly. Ultimately, we would like both explicit formulas for the action of the
dilatation operator as well as its eigenvectors and eigenvalues.

Special cases of the problem in the SU(2) sector have been studied numericallyin [41, 42].
The computations are rather involved and the expressions for the dilatation operator are
complicated. However, upon solving for the spectrum of the dilatation operator numerically,
one finds a strikingly simple result: the dilatation operatoris equivalent to a sum of harmonic
oscillators. Given this simplicity, one might hope that a general analytic approach is possible.
In this chapter we study operators with a dimension A ~ O(IN') and show that simple analytic
expressions for the action of the dilatation operator can be found. Using this construction of
the dilatation operator for this class of operators, we can test whether or not it is integrable.
I shall argue that the dilatation operator reduces to a decoupled set of harmonic oscillators
and hence that it is indeed integrable.

The operators considered here are restricted Schur polynomials built using n complex
matrices Z and m complex matrices Y. They are labeled by three Young diagrams. The
first Young diagram specifies a representation of the symmetric group S, ,,, and the second
two a representation of S, x S,,,. I consider two distinct classes of operators: those labeled
by Young diagrams with two long rows or two long columns. Previous experience with the
half-BPS case [13] suggests that these operators are dual to sphere giants (long columns)
or AdS giants (long rows). When we say the Young diagrams have two rows (or columns)
we mean that all three Young diagram labels have two rows (or columns). By saying the
rows (or columns) are large we mean that both of the rows (or columns) of the first Young
diagram label contain O(IV) boxes.

The main complication in working with restricted Schur polynomials is in building a
projector from a given S,,,, irreducible representation to an S, x S,, irreducible
representation (both specified by the labels of the restricted Schur polynomial). One of the
main technical advances of this chapter is an explicit and simple construction of these

projectors. I shall now outline the logic of this construction. The projectors organize
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(partially) labeled Young diagrams into irreducible representations of S,,,. Our first step
entails showing that these partially labeled Young diagrams can be traded for a (reducible)
polynomial representation of the symmetric group. The advantage of the polynomial
representation is that it admits the action of an operator d introduced by Dunkl in his study
of intertwining functions [77, 78]. This operator is then used to construct a Casimir d'd
whose eigenspaces of definite eigenvalue are precisely the irreducible representations we
want. Thus, we are able to substitute the problem of constructing projectors with the
eigenproblem of d'd. We then define one more map, which maps the original partially
labeled Young diagrams into states of a spin-chain. When acting on the spin-chain, d'd
has a particularly simple form and its eigenproblem is easily solved explicitly. Indeed, we
can reduce the problem of computing projectors to the problem of adding angular
momentum in ordinary non-relativistic quantum mechanics! This allows us to give rather
explicit and simple formulas for the action of the dilatation operator. The problem of
diagonalizing the dilatation operator then reduces to a problem solving three-term
recursion relations. The fact that the recursion relations have only three-terms is a direct
consequence of the weak mixing of the restricted Schur polynomials at one loop. At this
point we find that the dilatation operator is very closely related to certain discrete models
for the harmonic oscillator [79] and as a consequence the recursion relations can be solved
exactly in terms of symmetric Kravchuk polynomials or in terms of Clebsch-Gordan
coefficients. If we consider the limit in which the recursion relation can be replaced by a
differential equation, which is the large N limit that we have taken, we find a direct
connection to the usual harmonic oscillator. In this way we claim that when acting on the
class of operators belonging to the SU(2) sector of 4" = 4 super Yang-Mills theory and
having a dimension A ~ O(V) the dilatation operator is integrable.

One of the lessons learned from the study of the half-BPS sector of .4/ =4 super Yang-
Mills theory is that sphere giants and AdS giants are not independent solutions, but instead
are dual to each other. Indeed, the half-BPS states are in one-to-one correspondence with
Young diagrams of SU(N). A given Young diagram may be regarded as labeling either a

collection of as many sphere giant gravitons as there are columns, or a collection of as
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many AdS giant gravitons as there are rows. This correspondence can also be transparently
seen from the half-BPS geometries with a white annulus [14]. For example, a single AdS
giant of angular momentum k may equally well be thought of as collection of k sphere
giant gravitons, each with unit angular momentum. A similar equivalence works for the full
spectrum of 1/8-BPS states: the partition function obtained by quantizing the sphere giant
graviton is the same as the partition function obtained by quantizing the AdS giant graviton
[80, 81], see also [82]. This computation of the dilatation operator at one loop uncovers an
incredibly simple relation between the action of the dilatation operator on sphere giants
and its action on AdS giants. This result suggests that the duality discovered in the BPS
sector may be enlarged to the non-BPS sector of the theory.

In the next section we study the problem in the context of the two sphere giant system.
The new method used to construct the symmetric group projectors is most easily developed
for AdS giants. Setting-up the problem and constructing the projectors is accomplished
in Section 3.3 and Section 3.4, respectively. The explicit expression for the action of the
dilatation operator on AdS giants is the last formula obtained in Section 3.4 and Section 3.5
explains the construction for sphere giants and uncovers a very simple relation between the
action of the dilatation operator on sphere giants and its action on AdS giants. In Section 3.6,
I consider the problem of diagonalizing the dilatation operator and obtain the relevant
discrete wave equations. Finally, I shall briefly discuss interesting features of these results

in Section 3.7.

3.2 Two Sphere Giant Gravitons

In this section, I shall first review the action of the dilatation operator on a system of two
sphere giant gravitons. The two sphere giant graviton system is described by restricted
Schur polynomials labeled by Young diagrams that have two long columns. The expression
for the dilatation operator has been evaluated explicitly in some special cases; a general
expression is not known. This action simplifies considerably in a particular limit that is

described in detail. Given this simplicity, the general construction of the dilatation operator
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directly in this limit, is considered. I shall then argue that the simplicity of this limit can
be exploited when constructing the dilatation operator by employing Young’s orthogonal
representation for the symmetric group. We are then able to obtain a general expression for
the dilatation operator acting on the two sphere giant system by giving a general explicit
construction of the projection operators appearing in the definition of the restricted Schur

polynomials.

3.2.1 Operators dual to a Two Sphere Giant System

There are six scalar fields ¢; in .4/ = 4 super Yang Mills theory, which take values in the

adjoint of u(INV). From these we construct three complex combinations

Z:¢1+i¢2’ Y:¢3+l¢4 and X:¢5+l¢6

I shall study operators comprising O(N) fields Z and O(IV) fields Y. We always use n to
denote the number of Zs, m to denote the number of Y's. I shall refer to the Y fields as
“impurities”. These operators belong to the SU(2) sector of the theory and have a large
R -charge. As a consequence of this large % -charge, non-planar contributions to the
correlation functions of these operators are not suppressed at large N. At large # -change,
operator mixing is completely unconstrained in the trace basis. This is true even for the
free theory. As such, the computation of the anomalous dimensions is a problem of
considerable complexity. New methods, that employ group representation theory, allows
one to sum all diagrams including planar and non-planar contributions to correlators. The
new methods provide bases for the local operators which diagonalize the free two-point
function. The mixing of these operators is highly constrained at the quantum level. These
methods provide superior bases for our purposes. We employ the basis provided by the

restricted Schur polynomials,

Z Tr(,. ) (Tr(0)) Zii;m R A A

ia(n) lo(n+1) lg(n+m)

where R, r and s are Young diagrams with n + m, n and m boxes, labeling irreducible

representations of S, ,,, S,, and S,,,, respectively. As discussed in Chapter 2, the S,, subgroup
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permutes indices among the Zs, while the S,, subgroup permutes indices among to the
Y's. Tr,, 5 traces over the subspace carrying the irreducible representation ! (r,s) of S, x S,
inside the carrier space for irreducible representation R of S, ,,,. This trace is conveniently
determined using a projector Py_,, ;) to give Tr(PRﬁ(,, S)FR(G)), which we write as Tr(,, ) (I (0)).

We are interested in operators dual to sphere giant gravitons that wrap a 3-sphere in the
S° of the AdS; x S° background. The two sphere giant system is described by restricted Schur
polynomials labeled by Young diagrams with at most two columns. Further, the number
of Zs in the operator is a N where 0 < 2—a = { < 1 and the number of Y's is fixed to be
O(N). I have chosen the number of Zs so that both columns of the Young diagram are long,
that is, they both always have O(IV) boxes. I shall explain the choice for the number of Y's
below. It is reasonable to assume that these restricted Schur polynomials are all excitations
(including BPS states and non-BPS states) of the two giant system.

The mixing of these operators with restricted Schur polynomials that have n # 2 columns
is suppressed by, at least, a factor of order 1/+/N' 2. This factor arises from the normalization
of the restricted Schur polynomials. For example, the two-point correlation function of
three column restricted Schur polynomials is smaller than that of the two column restricted
Schur polynomials by a factor of order 1/N [41]. As such, the two column restricted Schur
polynomials do not mix with other operators at large N. The two column restricted Schur
polynomials form a decoupled sector in this limit. This is a enormous simplification and
is the analog of the statement that for operators with a dimension of O(1), different trace
structures do not mix in the limit N — oo. This is expected since these operators correspond
to well defined and stable semi-classical objects in spacetime - the two-giant systems. So,
for large N and b, ~ O(N), the two giant system is decoupled from the three giant system.
Similarly, the 7 column restricted Schur polynomials form a decoupled sector at large N,

for the same reason.

Tn the two row and two column Young diagrams cases discussed here, each representation (r, s) is
subduced exactly once. In general, however, (7, s) is subduced more than once and we need an additional
label to track this multiplicity.

2This mixing occurs at the quantum level. There is no mixing in the free theory. If there are a boxes in the
second column of the Young diagram, then operator mixing is suppressed by 1/4/a . It is for this reason that
we consider Young diagrams where the second column has O(N) boxes.
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I shall end this section with some comments on notation. The m impurity operators are
built using n Zs and m Y's. There are three Young diagrams labeling the restricted Schur
polynomial, yp ). The Young diagram R specifies an irreducible representation of S, ,,.
The Young diagram r (specifying an irreducible representation of S,)) is determined by the
number of rows with two boxes b, and the number of rows with a single box b; while the
Young diagram s (specifying an irreducible representation of S,,) with at most two columns,
can be specified by stating which boxes in R are to be removed to obtain r.

Once R is given, there is a finite number of possible labels R,(r, s), even in the limit
N — oo. To illustrate the problem, it is useful to first study examples with small values for
m of order 1. In the next subsection we will be interested in the case m = 4. In this case
there are nine operators that can be produced once R is given. These operators are given

below
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For the operators we study the number of rows with two boxes in the first and second Young
diagram labels scale as N. Thus, the length of the columns in the first two labels are taken
to be very large at large N. The third label is exactly as shown for the m =4 case even at
large N. The number of boxes removed from each column of the first label to obtain the
second label are exactly as shown, even at large N. In what follows we will study the case for
which m is of order N. Thus, in general, the column lengths of all the three Young diagrams

are of order N so that they are very long and thus are not shown in the figure.

3.2.2 Simplified Action of the Dilatation Operator

The action of the one loop dilatation operator in the SU(2) sector [28]
D :_géMTr[YrZ] [aY) aZ]

on the restricted Schur polynomial has been studied in [41]. We will find it convenient to
work with operators normalized to give a unit two-point function. Towards this end, note

that the restricted Schur polynomial two-point correlation function was computed in [67]

hooksy
hooks, hooks,’

<ZR,(r,s)(Z: Y)ZT,(t,u)(Z’ Y)T> = 5R,(r,s)T,(t,u)fR

where f; and hooksy are the product of weights and the product of hook lengths of the

Young diagram R, respectively. Using this result, the normalized operators O, (Z, Y) can
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be obtained from

hooksy
hooks, hooks;

A2, Y)= \J Ir Ogrr5)(Z,Y).

An important intermediate result is

8
=1 (m—1

DY nirs) (Z®n, Y®m) _ I Z Tt ) (FR((n, n+1)yY—y(n,n+ 1)))

wesn-%—m

51:)1+1 YiVHZ ...Yi"“" . 3.1

n
win) bp(nr1) ~ Lp(na2) ly(ntm)

xZ .z (yz_7Y)
by ) l

(1) Iy(n—1

Notice that one of the indices associated to a Z field and one of the indices associated
to a Y field participates. This is reflected in the formula below by the appearance of the
group element I'z(7, n + 1) which does not belong to the S,, x S,,, subgroup. In terms of these
normalized operators
D OR,(r,s)(Z’ Y) = Z NR,(r,s);T,(t,u)OT,(t,u)(Z’ Y)
T,(t,u)

and

NR (r,s);1(t u):_g2 Z Cuw 1M frhooks; hooks, hooks,
A ML dpd,d,(n+m) \ frhooksyhooks, hooks,

x Tr ([T((1, m+ 1)), Pasiro ] In 1 [Tr((, n+ 1)), P g ) - (3:2)

The cyp is the weight of the box removed from Young diagram R to obtain diagram R’, and
similarly 7’ is a Young diagram obtained from T by removing one box. The intertwiner
1,5 is amap from the carrier space of irreducible representation A to the carrier space of
irreducible representation B. Consequently, the Young diagrams A and B must have the
same shape. The intertwiner operator relevant for this study will be evaluated in Section 3.2.4
and Section 3.3.3.

This last expression has been evaluated in [41] for the case of two impurities and in [42]
for the case of three or four impurities. The results are rather complicated. However, the
dynamics simplifies considerably in the limit that N — by = O(N), b, = O(NN) and b, = O(N).

For m =4 impurities, the action of the dilatation operator is

1
DO, (by, b)= gl A0x (b )% O -
1
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3
DOB(bo»bl):_EgéMAOB(bo’b1)+ AOc¢(by, by)

3 2
o 8w

V3 1
D Oc(by, by) = TgéMAOB(bO’ b,)— zgéMAOc(bo» b,)

D Op(by, b)) =—28%,AOp(by, by) + %ggMAoE(bo, b))

D Og(by, by) =—282  AOg(by, by) + %AOD(bO, by)+ @AOF(%, by)
D O (by, by) =—2A0x(by, by) + @AOE(IOO, by)
DOG(bO,bl):—ggéMAOG(bo,bl)+g 2 [ AOy(by, b))

1 V3
D Oy(by, by) = _EgéMAOH(bO» b))+ TgSMAOG(bO» b,)

1
DOy b) = g0y b 1) < O -

1

where

AOx(by, by) = \/(N—bo_ b,)(N — bo)‘ (Ox(by+1,b,—2)+ Ox(by—1, by +2))

—(2N —2by— b;)Ox(by, by).

with X = A, B, ..., I. A slightly different limit was considered in [42] - there it was assumed
that b, ~ O(v/N ). Since b, sets the difference in angular momentum of the two giants and
the angular momentum of the two giants sets their radii [36], this limit set the distance
between the two giants to be string size. This is the natural limit to look for (open) stringy
excitations of the giants. As we will see, the limit we consider here will allow us to reproduce
spectra obtained by numerically diagonalizing the dilatation operator. We can easily identify
combinations of operators that are annihilated by D. Apart from O,(b,, b;) and O;(b,, b;)
we have Og(by, by)++/3" Oc(by, by), Op(by, by)++'3 Og(by, b))+ 2 Og(by, by) and Og(by, by)+
V3 Oy(by, by). If we set

Og_c(by, by) = V3 Og(by, by)— Oc(by, by)
Op_r(by, b)) = V2 Op(by, by)— Og(by, by)

Opr—g(by, b)) = Op(by, by)— V'3 Og(by, by)+ V2 Op(by, by)
Og_1(by, b)) = V3 Og(by, by)— Og (b, by)
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then we have

D Og_c(by, by) = _ZgSMAOB—C(bOr b,)
D Op_g(by, by) = _zgéMAOD—F(bOJ b,)
D Opp_g(by, by) = _485MAODF—E(b0, b,)

D Og_p(by, by) = _zgéMAOG—H(bOy by).

An exact diagonalization of the dilatation operator gives the spectrum of nine harmonic
oscillators. Five of the oscillators have a level spacing «w = 0, three have a level spacing
w =8gZ, and one has a level spacing w = 16g7,,. These results can all be obtained from the
simplified action of the dilatation operator given above. The generic form of the equation

coming from the action of the dilatation operator is

D O(by, by)=—agl,[ v (N —B)(N —by—Db;) (O(by+1,b,—2)+O(by—1, b, +2))

—(2N —2by—b,)O(by, by)]  (3.3)

which corresponds to an oscillator of level spacing 4agZ,,. The derivation of this oscillator
level spacing is in Appendix A.2. The goal of this chapter is to derive these simplified
equations directly in the b, ~ O(N) limit and then to diagonalize them analytically. The
main difficulty in deriving these equations is in the explicit construction of the projectors

used in defining the restricted Schur polynomials.

3.2.3 Young’s Orthogonal Representation

There is a representation for the symmetric group, Young’s orthogonal representation, that
we will make extensive use of. To define the representation, we will give the rule which
determines matrix elements of the matrices representing adjacent permutations, that is,
permutations of the form (i, i + 1), where i denotes the i-th box. The matrix representing
any other element of the group can easily be constructed as some product of the matrices
representing the adjacent permutations. I shall use the Young-Yamonouchi basis in which

the boxes in the Young diagram are numbered. Thus, for the two Young diagrams shown
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below, the diagram on the right corresponds to a valid state; the one on the left does not

4
2

DN~

1
3
k1

’.—awow

The dimension of the S; irreducible representation labeled by @3 is 5. The reader can check

that there are five possible labels each giving a state in the carrier space of this irreducible
representation. Recall that to each labeled box we can associate a weight. Denote the weight
of the box labeled i by c;. If box i is in row b and column a, ithas ¢; = N +a—b. We can
now state the rule for the action of adjacent transpositions: If (i, 7 + 1) acts on a given state,

it gives back the same state with coefficient 1/(c; — ¢;;1) and it gives the state corresponding

to the Young diagram with i and i + 1 swapped with coefficient ® v/1—1/(c; — ¢;;1)? . Here

are a few examples

5(3 5(3 5|3
I((12)|[4]2 __ 1 412 +£ 41
[T 210 2 |2
5(3 5(3 5(3
I((12) | [4]1 L +£ 42
mu R 1 VAR P > |
a 5(2 5(2
I((12)|[4]1] ) =—|[4]1] ).
NIE 3]

Young’s orthogonal representation is particularly useful because it simplifies dramatically
when * m/b, < 1. Since the generic operator we consider has b, ~ O(N), we will consider
m =y N impurities with y ~ O (N 0) < 1. In this simplification, we can consider the ratio
1<a/y~0O (N 0) is fixed and large, which does not need to scale as N to some positive

power. Indeed, if the boxes i and i +1 are in the same column, i must sit below i + 1 so that
I’z ((i,i 4+ 1))|same column state) = —|same column state) (3.4)

If i and i + 1 are in different columns then c; — ¢;,; must be O(N) when b, ~ O(N), even in

the case where all the impurities are stacked in the longer column. In this case, 1/(¢c;—c¢;;,) =

3Here to define the representation of S,, we have used the weights ¢; which depend on N. The S,, group
should know nothing about N. Since only differences between weights appear, this is indeed the case.
4Recall that m is the number of Y.
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O(b; ") which tends to zero, and +/1—1/(¢;—¢;1,)> =1—0O(b;") tends to 1 when N is large.

Then,
I ((i,7+ 1))|different column state) = |swapped different column state). (3.5)

The notation in this last equation indicates that i and i + 1 are in different columns and that
the states on either sides of the equation differ by swapping the labels i and i + 1. All of the
states which enter the trace in the restricted Schur polynomial (and hence in the dilatation
operator) belong to a particular S, x S,, subspace. As I shall now explain, it is possible to
directly extract part of this subspace and hence one need not work with the general state
in R. Start numbering our states using a Young-Yamonouchi basis. We can obtain r by
removing boxes from R. If we only number the first m boxes and further only boxes that
are to be removed are numbered, then each partially labeled Young diagram represents a
collection of states, all belonging to the correct S, subspace. Thus, all we need to do now is
to take the correct combinations of these states (i.e. of the partially labeled Young diagrams)
to get the required S,, subspace. The group element I'(n, n + 1) appears in the expression
of the dilatation operator, and it acts on one of the m boxes associated to the impurities
and one box associated to the Zs. Taken together, these facts imply that all of the operators
that we need to consider only have a non-trivial action on the first m + 1 boxes. Thus we
will not label all of the boxes, it is good enough to label the first m + 1 boxes. Bear in mind
that each partially labeled Young diagram corresponds to a collection of states. An example

illustrating these rules: (assuming just m = 2 impurities so that we only label three boxes)

1 2
I:((1,2)) = I ((1,2) =—

([ T 1]
el 111
(=[] T T ]
(=[] [T ]
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Clearly, there is a dramatic simplification of the representation of the symmetric group in

this limit.

3.2.4 Computation of the Dilatation Operator

The dilatation operator includes the coefficient

5 Cppdrdgeanm frhooks; hooks, hooks;
&My d d (n+m) \ fyhooksy hooks, hooks, °

In the above formula dz..1 labels an irreducible representation of S,,_; and is obtained
from R (which labels an irreducible representation of S,,, ,,,) by removing m + 1 boxes. The
dimension factor dy.+ is included in the above coefficient for convenience - it naturally

appears when we evaluate the trace

Tr([Ta((r2, 7+ 1)), Pacsir)] I [T, me+ 1)), P )] I e ) - (3.6)

There are different choices for the specific R"*!s but, in the limit that we consider, they all

give the same contribution. In this limit,

hooks; hooks, dr n a dpma 1 m!
=1, ——=27, =—=—1, =— and d,=—F—
hooksy hooks, d, n+m a+y dp,  2m hooks,,
so that
, Crrdrdgmanm | frhooks; hooks, hooks; B 82,4/ Crr Cr17 v/ hooks hooks,,
Erm dp d,d,(n+m) \ fyhooksghooks, hooks, (m—1)! '

All that remains in the evaluation of D is the computation of the trace (3.6). Recall that,
because we have only labeled m + 1 boxes, when we talk about a “state” we actually mean a
collection of states. All of the operators we specify below have the same action on the
collection of states considered here. It is important to note that, given that we are
discussing collections of states, I shall frequently omit an identity matrix factor acting on
the collection of states. I shall suppress factors of the identity matrix in all subsequent
formulas. It is straight forward to verify that, for m impurities, there are four possible
2m+1 % 2m+1 intertwiner matrices whose non-zero elements are given by °

(Il)ljzl for l:]:1,2,3,,2m

SThis next formula nicely illustrates our conventions. The indices i and j do not select a unique state -
they select a collection of states. Thus, there is an identity matrix that acts on the collection of states which is
suppressed on the right hand side of this equation.
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(this intertwiner is used when evaluating terms in Ny (, ¢\.7(;,,,) for which R = T and the box

is removed from the first column of R to obtain R’)
(L);;=1 for i=j=2"+1,2"+2,2"+3,..,2""

(again R = T but now the box is removed from the second column of R to obtain R’) for the

terms with no changes in R and
(B);;=1 for  j=i+2"=2"+1,2"42,2"+3,...,2""

(now R # T and the box is removed from the first column in R to obtain R’ and from the
second column in T to obtain T”)

L=1I

(again R # T and the box is removed from first column in T to obtain T’ and from the

second column in R to obtain R’). The non-zero elements of I'((n, n + 1)) are

F((n, n+ 1))y =-1, i=j=1+2p, p=0,1,...,2""—1,
F((n, n+1));;=—1, i=j=2"+2+2p, p=0,1,..2""—1,
I((n,n+1),;=D)"", i=2+2p, j=2"4+1+2p, p=0,1,2"—1,
I((n,n+1),;=1"" j=2+2p, i=2"+1+2p, p=0,1,2"—1.

Next one needs to compute the projector and then the trace. Without a few new ideas it is
not possible to find formulas for general m for the projectors used in constructing restricted
Schur polynomials labeled by Young diagrams that have two long columns. These new
ideas are most easily developed by studying restricted Schur polynomials labeled by Young

diagrams with two long rows. This is the case that we study next.

3.3 Two AdS Giant Gravitons

In this section, I shall first review the action of the dilatation operator on a system of two AdS
giant gravitons. This two giant graviton system is described by restricted Schur polynomials

labeled by Young diagrams that have two long rows. I again argue that the action of the
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dilatation operator simplifies considerably in a particular limit. The general construction of
the dilatation operator directly in this limit, is considered. Then, I shall argue that Young'’s
orthogonal representation for the symmetric group in this setting reduces to a representation
that is known and has been studied. Using these results I introduce an operator dfd whose
eigenspaces are irreducible representations of the symmetric group. Thus, a general explicit
construction of the projection operators appearing in the definition of the restricted Schur
polynomials is reduced to solving the eigenvalue problem of d'd. I shall use these results
to give an explicit formula for the dilatation operator acting on a general system of two AdS

giant gravitons in the next section.

3.3.1 Operators dual to a Two AdS Giant System

I have focused on operators dual to sphere giant gravitons that wrap a 3-sphere in the S° of
the AdS; x S° background. In this section, I would like to focus on giant gravitons that are
large in the AdS directions but continue to carry angular momentum on the S°. The two
AdS giant system is described by restricted Schur polynomials labeled by Young diagrams
with at most two rows. I shall continue to assume that the number of Zs in the operator is
aN wherel<a~ O (NO) and the number of Y is fixed to be y N withy ~ O (NO) < 1. The
mixing of these operators with restricted Schur polynomials that have more than two rows,
including more general shapes, is again suppressed at least by a factor of order 1/v/ N ©.
The two row restricted Schur polynomials are a decoupled sector at large N. Again, this is
expected since these operators correspond to a well defined stable semi-classical object in
spacetime (the two AdS giant system).

We only need to make very minor changes in our notation. Each restricted Schur
polynomial yp ., is still labeled by three Young diagrams. The representation r (which
specifies an irreducible representation of S,,) is specified by stating the number of columns
with two boxes b, and the number of columns with a single box b,. The representation s
specifies an irreducible representation of S,, that has at most two rows, while R, which

specifies an irreducible representation of S, ,,, can be specified in terms of r by stating

6Again, this is for mixing at the quantum level and there is no mixing in the free theory.
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which boxes in R are to be removed to obtain r. Recall that in the sphere giant system, once
r has been given there is a finite number of possible labels R,(r,s) even in the limit
N — oo. This is also the case for the AdS giant system. The two AdS giant system and two
sphere giant system have an important difference. For the two sphere giant system the
parameter b, was bounded from above and the parameter b, was bounded from below.
Indeed, the largest possible value for b, and the smallest possible value for b, were
obtained when the first column contains N boxes. Of course, these bounds on b, and b,
are a consequence of the fact that the number of boxes in any given column is bounded by
N. For the AdS giant system, the number of boxes in the first row is not bounded, so that b,
can range all the way down to 0. For the sphere giant case, the fact that b, was bounded
from below, and the fact that this bound was O(N), implied a clean decoupling of the two
sphere giant system. For the AdS giants, when b, < N we are transitioning to the state of
one giant graviton plus strings, or plus Kaluza-Klein gravitons, or both. The two AdS giant
system is still effectively decoupled because it would take a very long time * before we
decay from the two giant sector. This point does however need to be considered when we
study the dilatation operator numerically. In our numerical studies we will only consider
Young diagrams R with two rows. This is strictly speaking not always justified because
when the second row contains O(1) boxes mixing with Young diagrams with one long row
and more than one short row is not suppressed. I shall discuss this point further below (see

section 3.7) and argue that it does not affect the accuracy of our results.

3.3.2 Simplified Action of the Dilatation Operator

For the two sphere giant system we have seen that when 1 < b, the action of the dilatation
operator simplifies dramatically. Is this also the case for the action of the dilatation operator
on the two AdS giant system? To compute the action of the dilatation operator we must
again evaluate (3.2), but now for the case that R and T have two rows. The result of this

computation for the case of two impurities is given in Appendix A.1. There are a number of

“What we mean by this is that we need to apply the Hamiltonian O(N) times before we leave the two giant
sector.
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points worth noting. First, there is a simple relation between the sphere giant and AdS giant
results. To obtain the action of the dilatation operator on the AdS giant system from the
action of the dilatation operator on the sphere giant system one simply replaces the sphere
weights N —a to N + a. This is completely explicit if the reader compares the first two
expressions in Appendix A.1 to the expressions appearing in [41]. In the last two expressions
of Appendix A.1, this is not manifest because I have combined terms. Second, the numerical
spectrum for the AdS giant system is surprisingly similar to the spectrum obtained for the
sphere giant system [41]. Three quarters of the states are massless while one quarter of the
states match those of an oscillator with an energy spacing of 8g7,,. This looks identical to
what was obtained for the sphere giants. One important difference however, is the fact that
for the sphere giant system the levels were of the form 8gZ,,n with n=1,2,3,... where as for
the AdS giant system the levels are of the form 4g7,, +8g%,n with n =1,2,3,.... Particularly
for the low levels, it seems that these results can be trusted, because the operator with good
scale dimension receives no contribution ® from restricted Schur polynomials with one very
long column and one short column. Finally, perhaps the most important result we find is
that in the limit that 1 < b;/m the action of the dilatation operator reduces to a collection

of equations of the form

DO(by, by) =—agl [ V(N + B)(N + by + by) (O(by+1,b,—2)+O(by—1, b, +2))

—(2N +2by+ b;)O(by, by)].  (3.7)

This corresponds to an oscillator of level spacing 4agy,,. More detailed derivations are in
Appendix A.2. This result is again related to our previous result for the sphere giant system,

by replacing for example N — by — N + b,.

3.3.3 Young’s Orthogonal Representation

In the case of AdS giants, Young’s orthogonal representation reduces one that has been
studied in the mathematics literature [83]. The reader may wish to consult Appendix A.3

where we review a little of the relevant background. The idea is to define a map from a

8The contribution is zero to the accuracy of our numerical diagonalization.
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labeled Young diagram to a monomial. I shall consider the case of m Y fields. In this case,
consider a Young diagram with m labeled boxes ?; these labels are distributed arbitrarily
between the upper and lower rows. Ignore the boxes that appear in the lower row. Include a
factor x; in the monomial for each box in the upper row with label i. A Young diagram with

no labeled boxes in the first row maps to 1. Thus, for example, when m =4

| | | |3‘<—>x and | |3|2|1‘<—>xxx.
4 2 1 3 4 14243

The symmetric group acts by permuting the labels on the monomial factors. For example,
(12)x, x3 = x, x3. This defines a reducible representation of the symmetric group, S,,. Itis
clear that the operator .
0
d= Z Tx

commutes with the action of the symmetric group. Dunkl introduced this operator in the
study of intertwining functions [77, 78]. d acts on the monomials by producing the sum
of monomials that can be obtained by dropping one factor at a time. For example, m =4
impurities,

d (XX, X3) = X X5+ X; X3+ X X,.

The adjoint '° d' produces the sum of monomials that can be obtained by appending a

factor, without repeating any of the x;s, so
A (x1X,) = X, X X3+ X1 X X,

and the generalization to any m is now obvious. The fact that d commutes with all elements

of the symmetric group, implies that d' will too. Indeed, take the dagger of
[d,T(0)]=0
to obtain (use the fact that we are working in an orthogonal representation in the next line)

[a',T(0)]=—[d,T(c™")] =0.

9Up to now we have labeled m + 1 boxes when considering m impurities. For the present discussion
where we want to understand how to decompose into irreducible S, representations it is more convenient to
label only m boxes.

Consult Appendix A.3 for details on the inner product on the space of monomials.
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Thus, d'd commutes with all the elements of the symmetric group. As a consequence, its
eigenspaces will furnish irreducible representations of the symmetric group. Additional
details and results can be found in [83]. This means that we can substitute the problem
of constructing the projectors needed to define the restricted Schur polynomials with the
problem of constructing projectors onto eigenspaces of d'd. This amounts to solving for
the eigenvectors and eigenvalues of d'd. In the next section I shall argue that this is a
surprisingly simple problem.

For the remainder of this section I shall switch back to our previous convention and
again label m + 1 boxes. See Section 3.2.4 for a careful description of our notation. The
intertwiners are again 21 x 2"*! matrices, and again there are four possible intertwiners.

Their non-zero elements are
(h);;=1 for i=j=123,...,2"
(R =T and the box is removed from first column)
(L);;=1 for i=j=2"+1,2"+2,2"+3,..,2""
(R =T and the box is removed from second column) for the terms with no changes in R and
(L),;=1 for j=i+2"=2"+1,2"+2,2"+3,...,2""

(the box is removed from first column in R and from the second column in T)

(the box is removed from first column in T and from second column in R). The non-zero

elements of I'((n, n + 1)) are

r((n!n+l))l]:1) l:]:1+2p, p:o’ly’zm_l_l’
T(n,n+1));;=1, i=j=2"+2+42p, p=0,1,...,2" "1,

F((n,n—i—l))l-j:l, j=2+2p, i=2"+1+2p, p=0,1,2"—1.
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3.3.4 Computation of the Dilatation Operator

To get to the AdS giant case, we have “flipped” the Young diagrams swapping rows and
columns, and mapped the weights N —b — N + b. It is easy to check that the dimension of
any Young diagram R is the same as the dimension of the flipped diagram, and (this is the
same fact that) the product of hooks is unchanged. The weights cpy are now for example
N + b, instead of N — b,.

Thus, the coefficient needed to compute the dilatation operator is

, Crrdrdgmanm | frhooksyhooks, hooks, &gy +/Crr €17/ v/ hooks hooks,,
v dp d,d,(n+m) \ fyhooksyhooks, hooks, (m—1)!
(3.8)

dpn+ again labels an irreducible representation of S,,_; and is again obtained from R (which
labels an irreducible representation of S, ,,,) by removing m +1 boxes. The dimension factor
drm+ is again included in the above coefficient for convenience - it naturally appears when
we evaluate the trace (3.6). All that we need to evaluate now are the traces (3.6). I shall show

how to evaluate these for general m in the next section.

3.4 Construction of AdS Giant Projectors and the Dilatation
Operator

In this section, I shall define a map from labeled Young diagrams to spin-chain states. The
operator d'd takes a particularly simple form and its eigenvalue problem is solved explicitly.
These results then allow a general construction of the projection operators used to define
the restricted Schur polynomials and then ultimately of the dilatation operator itself. The
last equation in this section gives the final formula for the dilatation operator.

We can map the labeled Young diagrams into states of a spin-chain, for general m. The
spin at site i can be in state spin up (1) or state spin down (0). Initially in this section it is
again convenient to label only m boxes. In this case, the spin-chain has m sites and the box

i tells us the state of site i. If box i appears in the first row, site i is in state 1; if it appears in
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the second row site i is in state 0. For example,

| [ 12]1]1100).

413

As I shall now explain, d'd has a simple action on this spin-chain. Introduce the states

1 0
|0) = and 1) =
0 1
for the two spins and the operators
0 1 00
a= and a'=
00 10
which act on these states
a’l0)=11) a'l1)=0
all)=0) al0)=0.

Consider, for example, the spin-chain state

|001011)=1(0)®[0)®|1)®|0)®|1)®|1)

in a system with six lattice sites. Label the lattice sites, from left to right, starting site 1, then

site 2 and so on till the last lattice site 6. The operator a acting at the third site (for example)

is
a;=1210a0101Q1.

Then, we can write d'd as the operator

d'd =ZZa;aP
p n

acting on a long ranged spin-chain. In terms of the Pauli matrices

01 0 — 1 0
ol= , g’ = : and o°= ,
1 0 i 0 0 —1
we can write
a==(c'+ic?), a'==(c'—-io?), a'a=-(1-0%),

(3.9)



and
de:i;;(ol—iaz)n(al+iaz)p:—%;ai+i;;(aip;+aiai).
The total spins of the system are
11%20;, 12%202, 13%202 and  FP=7r+]'+1T
Z p p

We use upper case letters for operators and lowercase letters for eigenvalues. In terms of

these total spins we have
dtd =—]3+(IZ—(]3)2)=]2—]3(]3+1)-

Thus, we can label the eigenspaces of d'd by the eigenvalues of J* and /3. Hence, we can
replace the sequences R, (r, s) that label the restricted Schur polynomial with labels (j, j3).
I shall illustrate this connection using a specific example and then state the general rule.
Consider the case of eight spins. Then impurities can be organized into any irreducible
representation corresponding to a Young diagram with eight blocks and two rows. The

possible irreducible representations are

) LI Jana L LT T 1]

which have dimensions 14, 28, 20, 7 and 1, respectively. Coupling eight spin-% particles,

using the usual rule for the addition of angular momentum, gives

1 1. 1 1 1 1 1 1
—®-Q-®-®-®-3-0-=1400281020207304.
2 2 2 2 2 2 2 2

Notice that the number of angular momentum multiplets matches the number of possible
Young diagrams for the impurities and the degeneracy of each multiplet matches the
dimension of the S; irreducible representation associated to the Young diagram. This is a
consequence of the Schur-Weyl duality that connects the representation theory of the
symmetric groups and the unitary groups.

The general rule is now clear: consider the restricted Schur polynomial yp, . The

J> = j(j + 1) quantum determines the shape of the Young diagram s that organizes the
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impurities. Suppose s has IV; boxes in the first row and N, boxes in the second row, then
2j =N, —N,. The J3 eigenvalue of the state is always a good quantum number, both in the
basis we start in where each spin has a sharp angular momentum or in the basis where
the states have a sharp total angular momentum. The j® quantum number determines
how many impurities sit in the first and second rows of R, that is, it specifies the number of
boxes that must be removed from each row of R to obtain r. Let n;, denote the number of
boxes removed from the first row and n, the number of boxes removed from the second
row, then 2 j3 = n, — n,. Below are some examples of the projection operators appearing in

the restricted Schur polynomials, written in terms of the j and j? states:

EEEEEEEN [TITTITIL] )
| \ | |

1 w
| |
= > |i=02=0,i){j=0,j*=0,

i=1

,IIIIIIIIG {IIIIIIILH_I_I_I_I_U)
dH:D]]]j
= |j=3,7°=0,i)(j=3,/°=0,i

i=1

,IIIIIIIIG !IIIIIIIIILH_I_I_I_I_U)
dH:Djjjj

- . |j=3,7°=-1i)(j=3j=-1,i

,IIIIIIIIG !IIIIILH_I_I_I_I_I_K)

= lj=37=Li){j=3;’=11i.

i=1
In each case, i labels all the states with quantum numbers (j, j®), and takes values from
1 up to the dimension of the irreducible representation organizing the impurities. These
results are a general construction of the projection operators used to define the restricted

Schur polynomials dual to the two AdS giant system.
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To evaluate the traces (3.6) we must consider the action of I'((n, n + 1)). Towards this
end, we again need to switch to our previous convention of labeling m + 1 boxes in the
Young diagram. Equivalently, we must add another site to our chain. I'((n, n + 1)) can then
be taken to act on the first and (m + 1)-th site of the spin-chain . Including this extra site

updates the projectors

PR,(r,s):Z j’js’i><j’j3’i|®lzz

L 4

G %) (j, % i ®(10) 0]+ 1) (1))
where the identity above sits in the (m + 1)-th slot. I shall also use the notation

Pravsr= D10 3% 1), 5% 1]

when the (m + 1)-th slot is not included.

In terms of the spin-chain language, the intertwiners can be written as

11, 11, ;
I, = §+§UI , L= 5—501 , L=a, and Ii=a,.

When I'((n, n+ 1)) acts it does so by swapping the first and (m + 1)-th spins, so that
I'(n,n+1),=10){0|®1®---®1®0){(0|+|1)(0|®1®---®1®|0) (1]
1 1 1 1
— (5 + 50’?) (E + Eafrﬁl) +6lIClm+1.

In exactly the same way

1 1 1 1
IT((n,n+1)= (— + 50?) (— + Eafml) +aal

2 2
I'(n,n+1)LT((n,n+1)= (% + %afnﬂ).

One of the terms contributing to the dilatation operator is
Tr(Il [PR,(r,s)! r((nr n+ 1))] IlT [PR,(r,s)vr((n) n+ 1))]) .

This is a term that does not change the shape of the Young diagram labels of the restricted
Schur polynomial. Using the facts that I, = I, ['((n,n + 1)) =T'((n,n+1)) and PRT’(M) =

P (1.s) we can rewrite this term as

UAllowing T((n, n + 1)) to act on any of the first m sites and the (m + 1)-th site of the spin-chain does not
change the final result.
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Tr (I ParoT (1 + 1, 1)) [ P (o T (n 41, 1)) =Tt (L Par o T(n + 1, n)) LT ((n+1, 1)) Py )
1 1 \(1 1, ; 1 1 \/1 1, ;
=Tr PR,(r,s) E-FEO'I 5+§Um+1 +dldm+1 PR,(r,s) §+501 5+§Um+1 +6116lm+1

11, 11,
—Tr 5+§0'1 PR,(r,s) §+§0'm+1 PR,(r,s) .

Tracing over the m-th slot we easily find

1 1 .\(1 1., . 11, .
Tr PR,(r,s) E+EO'1 §+50'm+1 PR'(,'S)alamH =Tr PR,(r,s) 5+§0'1 PRv(r'S)al (0'1)20

and

Tr (PR,(r,s)aIam+1PR,(r,s)aIam+1) =Tr (PR,(r,s)aIPR,(r,s)aD TI‘(lO) (1|0> <1 |) =0.

The expression for the term in the dilatation operator that we are considering becomes

Tr(II[PR,(r,s)’r((n’n+1))]111—[PR,(r,s)’r((nyn+1))])
11 0\ (1 1, 11 0\ (1 1,
=2Tr PR,(r,s) §+§Ul 5+§0—m+1 PR,(r,s) §+§01 §+50'm+1
11, 11,
—2Tr §+§0'1 Prr,s) §+§0.m+1 Prns) |-
Expanding these expressions out and making use of the identities

3 3
Tt (Pr (1,5 Pro(r5) = T0 (P (1,510 o1 Pror5)T )

)=Tr( el
Tr (PR,(r,S)PR,(r,S)U?) =Tr (PR,(r,S)UmHPRy(ryS)o'EfU?nH)
Tr (PRv(r,S)U?PR,(r,S)U?) =Tr (PR,(r,S)O'?O'anPRv(r,S)Ui)Uan)
Tr (PRY(V,S)PRY(VYS)U;H) =Tr (PR (r S)O'?PR,U S)O-fn-kl) =0
Tt (Pa 1,9 Prr10 10 1) = T (Pa 1,001 P )01 0y 1) = 0

we obtain

1 1
Tr (L [Pars) T((n+ L, n) [ I [ Pryrop T((n+1,0))]) = " Tt (Pryr.) 0 Pr (1) 0 ) — " Tr(Pr )

=Tr (Par i Prrh ) = T (Prrg 1) -
Using exactly the same types of arguments we find

Te (L [ Payrop T((n+ 1, ) LT [Ps g, T((n + 1, 1)) =Tt (Pryroy Iy P 1y )
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— Tt (P r,0011) O .1 5,000
Tr (L[ Pr s T (4 1, )] [Py, T+ 1, m)]) =T (P ) L P ey o)

—Tr(Pryro)L2) O r(rs) 5.0
Tr (I [ P o T (7 + 1, )L [P, T2+ 1, n)]) =T (P )L P e, Th)

Tt (L[ Pa sy T(n+ 1, n) LT [P T(n + 1, 2))]) =T (Pr oy I P o) -

To evaluate these traces write each projector as (i is a multiplicity label that runs from 1 to

the number of times the irreducible SU(2) representation j; appears)
p1:Z|fvff’i><J'vif,i|- (3.10)

Recall that we use a little letter p for the projectors when the (m + 1)-th site is not included.
In this last expression the subscript 1 on the projector stands for R,(r, s) and is a notation
which simplifies the equations dramatically. Introduce the following states (the first state on
the RHS is the ket describing particle 1 in the lattice; the second ket is a good total angular

momentum state obtained by coupling the states of the remaining m — 1 particles):

. 1 1 . 1 .3 1 . 1 1 . 1 3 1 ; .3
|¢1,l>= > 5;11—5,]1—5,1 > E’]l »]1—5’ JuJi

. 1 1 . 1 . 1 . 1 1 . 1 1 . )
|¢2,l>= > E;]1+z,]3_5»l><5’ 5 y J1 E’]l_i’ ]1»]13>

. 1 1, 1 , 1.\/1 1 1 g 1, .
|93, 1) = 5,—5;11—5,Jf’+5,1><2 —ihm 5 Jpjf’>

. 1 1 1 .3 1 . 1 1 1 1 .3
|¢4’l>: E! 5)]1 )]1+§!l 2 2!]1 ’]1 2 ]1’]] .

Using these states the projector can be written as

p1=Z(|¢1,i>+|¢3,i>)(<¢1,i|+<¢3,i )+Z(|¢z,i>+|¢4,i>)(<¢z,i

These states are particularly convenient because the action of the intertwiners [, and I, on

+{pai]).

these states is very simple

L|gyi)=|pni)  L|gsi)=|¢si),  L|¢si)=0, L] ¢ai)=0,
12|¢1,i>:0, Iz|¢2»i>:0» 12|¢3’i>:|¢3’i> Iz|¢4»i>:|¢4»i>
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We can now compute the traces we need
Te(P.1) Z 1 il i +Z 1))
2

2
11 .1, 1], 11 1 5 1. .
:dRm+‘(ds{<5r§;]l_E»]1_z]1’]1> +ds;<5,5:11+5,11—5h»11 :

s, is obtained by dropping a box from the first row of s and d; is the dimension of this

irreducible representation. Similarly, s, is obtained by dropping a box from the second row
of s and dy; is the dimension of this irreducible representation. I have summed over i to
obtain the factors of dy and d;. The overlaps (¢, i|¢,, {) and (¢, I|¢,, i) are independent
of i so that in the last line above we could sum over i and there is no further need for this

index. Recall the general expression for the Clebsch-Gordan coefficient

Rj+DG+h— i G —h+ Ui+ =)
o B35 i 5] 50 3%) =650 3

(h+pt+j+1)
x G+ G =3 = 730 G+ 52 o= 3 (o + 20

S (1) 2
kLGt Jo= =R Gi= =k o+ 3= R0 G = o+ 7+ R = i = J3 + k)

where the sum runs over all values of k for which the argument of each factorial is non-

negative. It is now straight forward to find
11 1, 1], 4 |1+j+j3 <1 1 1 1. .3> JjtJj3

) ) — 5l = YT d ’ } ’ = .
<22] J 2”> 2(j+1) an 22113 J'= 2|/ 2]

so that
1+j+]
2(j+1)

where R™*! is a Young diagram of S,,_,, obtained from R by removing m + 1 boxes, and the

] ]

TI‘(Plfl) = 2 dsl dRm-H +2 d dRm+l

factor of 2 comes from tracing over the (m + 1)-th slot. Now, since I, + L, is the identity we
find

zdeRWHl = TI‘(PI) = Tr(p111)+Tr(p112) = dS dRm+1 +TI‘(P1[2)

which implies that

Tr(Pllz) = dS dRmH .
Now consider the second type of term
Te(PLPL)=Te(LALPL)
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where we used the fact that the trace is cyclic and I is a projector so that (I;)> = I;. This is a

useful observation because

LPLPL =Y (|90 i) (¢ | +]021)(021])D (@1 i)(¢1

i J

+]92,7) (92 j])-

It immediately follows that

2 2
1+j+j° i+
Tr(PLPL)=2|dy| —— dy| —— | |dgmn.
r(PLP L) (S'(Z(j+l))+ 52( 2] R

Again using the fact that I; and I, sum to the identity, it is clear that

Te(P LP L) =Te(P L)) —Te(P L, P 1)
1+ i+ i3 Fy i 1+ i+ 3)2 4 i3)2
:2dRm+l ds, # +ds’ J ] _ds, # _ds, J ] )
\U2(j+1) 2\ 2] Y\ 2(j+1) 2\ 2j

deRm-H - TI‘(PI) = TI‘(P1P1) - TI‘(Pl(Il + IZ)PI(II + Iz))

Finally,

=Tr(P,I,P,I,)+2Tr(P,LP,I,) + Tr(P,LP,L,).

We can solve this last equation for Tr(P, I, P, I,). This complete the evaluation of the terms
we were considering.
We now need to consider the case that the two projectors appearing in the trace have

different labels. There is only one term to compute because

Te(PLPL)=Ti(P L R(L+ L) —Ti(P L PL)=—Ti(P L P1)
= —TI'(PI(II + Iz)pzlz) + TI‘(PI IZPZIZ) == Tr(pllzpzlz).
The only time we get a non-zero result for this trace is when j, = j; 1. Without any loss of

generality, consider the case that j, = j, +1. The result for j, = j, —1 is obtained by swapping

1 < 2. We can write

po= > ([Wn i)+ s i) ] +<¢3,i\)+2(|wz,i>+ |90 0) ) (7| + (s i

i

)

where

[v1,1)=

11.+1.31.><11.+1.31..+1.3>
T P -l T ) -l ’
2 2]1 2]1 2 2 2]1 2]1 2 21 ]1
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Yai)=|3 giiit5i=50 )50 giht3 =51t 15)

|¢3’i>: %» ;,J1+;]3+%»i><; ;»]1 1]3+%»ij1+1»jls>

|'~/)4»i>: %» %r]1+3’]1 ; ><;’ ;»]1 3»jf+%’ij1+1’jf>-
We now find

Tr(PIIIPZII):ZdRmHTr Z(|¢1’i><¢lri~+|¢2vi><¢2’i|)Z(|¢1’ ¢1’]|+|¢2r ¢2’]|)
i i
1/)1’i><¢1,i|¢2’1>

11,1 1l G\/11 1
:ZanH—ldsé y]1+ )]1 )l]])JI E)E;]l—l—i!]l_

+ji+1 —j3+1
:mRmﬂd%(h A )(1 i )
2(ji+1) 2(ji+1)

If s, is the third label for p; and s, is the third label of p,, then by removing a box from s; we

== ZdRm+1 Z<¢2’]

i,j

2

1. .3
E,l]1+1,]1

can get the same Young diagram as when we remove a box from s, - in the last line above I
have called this Young diagram, which can be reached from either s,, s, by removing a single
box, s/

Putting things together we find (when j =0 the term ((m + 2)(j*)?)/(j(j + 1)) in round

braces on the first line below and the last term in the equation must be omitted)

1 (m+2)(j%)?
O] ]3(b0»b1) géM l_é (m_ ](]+1) )Aoj,ﬁ(b()’ bl)
G+7+DG—2+D, | (m+2j+4)(m—2j)
2(j+1) \J 2j+1)(2j+3) Oy, j2(bo 1)

i+ G- m+2j+2)(m—2j+2)

where

AO(by, b)) = +/(N + b)(N + by+ b;) (O(by+1,b,—2)+ O(by—1, b, +2))
—(2N +2by+ b,)O(by, by). (3.12)

This concludes our evaluation of the dilatation operator for m impurities.
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3.5 Construction of Sphere Giant Projectors and the
Dilatation Operator

The starting point of our AdS giant analysis was a polynomial representation which was
isomorphic to the Young diagrams. There is a polynomial representation isomorphic to the
sphere giants too. For m impurities, introduce the 2m variables x;, x,,...,x,, and
Y1i» Yo ---» Ym- The x’s and y’s are Grassmann numbers and all these variables anticommute.
The x’s and y’s are associated to the two columns respectively. Consider three impurities

for illustration; in this case the isomorphism is defined by

N S X1)e)s XN X311
1 2 3
3] - - -
12 13 13 2]
1] 12] 1] 1]
—X1X2)3 X1 X3)e XX X X X3,
3
2 3 3 2
1 1 2 1
3] 2] 1] B

The generalization to any m is obvious. The polynomials are ordered with (i) x’s to the left
of the y’s and (ii) such that their subscripts (within the x’s and y’s separately) increase. The
group S, acts on the monomials by exchanging indices without changing the order of the
variables.
The natural definition for d is
~ 1%
d= ; Vi 8_x,

It is easy to check that d does indeed commute with the symmetric group. Using the inner

product: (y; 1515, 1)) =1 (so the inner product of same polynomials is 1 and of different
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polynomials is 0) we find

Em: a
i=1 5
The Casimir we want is

dT

o 0
Z ’y’c’z’y,ﬁx

This has a nice expression in terms of the following spin model

oo o) 1

If we further define

we map this into the AdS giant problem

d'd= Z )" "ala, iZ(&;& +6°0 ) Z (P +1).

pn P

[\JI'—‘

To get the sphere giant dilatation operator we will simply need to rewrite the formulas for
the intertwiners and I'((, n + 1)) in terms of the &' and then trace. The computations in
this case are parallel to those in section 3.4. [, and I, are unchanged; I; and I, each pick up a
minus sign. Since they always appear together, this change does not affect the answer for the
dilatation operator at all. As far as I'((n, n + 1)), it continues to swap the first and last slots.
If m is even, I'((n, n + 1)) just picks up a minus sign and hence, since I'((n, n + 1)) always
appears twice, the dilatation operator is unaffected. When m is odd only the elements of
I'((n,n+1)) which are on the diagonal change sign. The intertwiners I, I, only pick up on
the diagonal elements and the intertwiners I3, I, only pick up off the diagonal elements.
Thus, we only ever get products of off diagonal elements of I'((7, n + 1)) with off diagonal
elements of I'((n, n + 1)) or products of on the diagonal elements of I'((n, n + 1)) with on the
diagonal elements of I'((72, n + 1)). Thus, even for m odd the dilatation operator is unaffected.

This proves that

Tr([rR((n’ n+1)), PR—»(r,s)] Ipips [FT((H, n+1)), PT—>(z,u)] IT’R’)

is the same for the AdS and sphere giant cases and proves our previous observation that to

get sphere from AdS we just replace factors like N + by + b; — N — b, — b;. We can thus use
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exactly the same method as for AdS case. Consider the restricted Schur polynomial yp ,
where all Young diagrams have at most two columns. The j = j(j +1) quantum number
again specifies the shape of the Young diagram s that organizes the impurities. Suppose
s has N, boxes in the first column and N, boxes in the second column, then 2j = N; — N,.
The j® quantum number again determines how many boxes are removed from the first and
second columns of R to produce r. Let nn; denote the number of boxes removed from the first
column and 7, the number of boxes removed from the second column, then 2 j3 = n, — n,.

The dilatation operator is thus

1 ( _(m+2)(j%P

DOjng(bO’bl):ngM [__ m )Aijjs(bo,bl)

2 jj+1)
G+73+00—j2+1), | (m+2j+4)(m—2j)
2(j+1) \J (2j+1)(2j+3) AOji1,js(bo, )

|

JHPG =), | (m+2j+2) (m—2j+2)
2] \ (2j+1)(2j-1)

A0 js(by, by)

where

AO(by, b)) = +/(N —by— b,)(N — by) (O(by+1,b,—2)+ O(by—1, b, +2))

—(N = bo)O(by, by)—(N — by — by)O(by, by).  (3.13)

3.6 Diagonalization of the Dilatation Operator

In this section, I introduce a transformation that reduces the dilatation operator to a set of
decoupled oscillators. The transformation is constructed by solving a three-term recursion
relation. This three-term recursion relation is nothing but the recursion relation of certain
Clebsch-Gordan coefficients. This allows the construction of operators with a good scaling
dimension in terms of Hahn polynomials. In the limit that the number of impurities is
very large, these wave functions become the wave functions of the 2-dimensional radial

oscillator.
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3.6.1 The j? =0 Case and the Corresponding Discrete Wave Equation

For the j? =0 case, the action of the dilatation operator is

m
D O;o(by, by) = gSM _?AO',o(bo» b))+

j+1\J (m+2j+4)(m—2j)
J

2 (2j+1)2j+3)
j\J (m+2j+2)(m—2j+2)
+- ; ;

2 2j+1)2j—-1)

AOj11,0(bo, b1)

AO;_ (b, by)| (3.14)

where

AO(by, b)) = /(N + by)(N + by + by) (O(by+1,b,—2)+ O(by—1, b, +2))

— (2N +2by+ by)O(by, by).

Now make the following ansatz for the operators of good scaling dimension

D flbo 1) Oy(bo, b1) = > Cy(j) f(bo, by) O (b, by) (3.15)
by J:b
and require that
B L_oom o jHLf(m+2j+4)(m—2)) |
@, Cp(J)=—7 )+ Z\J 2j+02j+3) Cpj+1)

' +2j+2)m—2j+2)
J\|mA2i+2)m=2j+2) o . 1) (316
2 2j+12j—-1)

The dilatation operator changes neither the number of Z fields (n) nor the number of Y
fields (m). Since n =2b,+ b, we do not sum over b, and b, independently in (3.15). Further,

b, only takes odd or even values. The action of the dilatation operator then reduces to

D O, (by, by) ==, 83| V(N + B)(N + by + by) (O, (by+1, b, —2)+ O,(by—1, b, +2))

—(2N +2by+ b,)0,(by, by)].  (3.17)

Reducing the dilatation operator to a set of decoupled oscillators amounts to determining
the coefficients C,(j) and the values of a,,, by solving the recursion relation (3.16). Now,

introduce the Clebsch-Gordan coefficients
Cg;l,yjrzﬂ'zjvaT = <jT’ mTle’ my, j2’ m2>
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which couples the state with two angular momenta j, and j, to a state with good total angular
momentum j;. The eigenvalue of the 3-component of angular momentum is denoted in

the above using an m. The recursion relation for the Clebsch-Gordan coefficients is

S

,,;‘g \..

m
4

m m m
(2n=2)
4

j+1\J(m 2])(m+2]+4) c
2 n—

-0~ ) j+12j+3)
1\J (m—2j+2)(m+2j+2)
2 2j+1)2j—1) n—4,

It is now clear that the solution to the recursion relation is C,(j) = (-1)7'C

m the number of impurities and
—0,=—2p=0,-2,—4,...,—

From the rules for coupling angular momentum, for the j* =0 case, the range of pis0 < p <
m /2. The energy spacing of the oscillators in the 1—2-directions are 4a,g5,, =8pgz,,- Thus,
in this j* =0 case we obtain m/2 + 1 oscillators with frequencies 0,8g%,,, 1685, ...,4mg%,.

The “eigenfunctions” C,(j) are given by Clebsch-Gordan coefficients, or equivalently by
(dual) Hahn polynomials, reviewed for example in [79]. They can be written in terms of the

hypergeometric function ; F, as

(M 2j+1 (i i+L-p.
Cpl) =17 p(?)!\l(ﬂ—j)!(%ﬂﬂ)! SFZ( —21 ’1)

2
where the range of j and p are 0 < j < m/2and 0 < p < m/2, respectively. The lowest energy
eigenfunction corresponds to the BPS states. I have fixed the number of Ys tobe m =yN

with y < 1 and b, = O(N) so that

1.
TS

This is the condition needed to ensure the dramatic simplifications of Young’s orthogonal
representation. We can think in terms of a double scaling limit m — oo and b, ~ N — oo
keeping y small and fixed. In this limit Fz( ,if/é 7 1) — L (2 72/ m)w1thL (-) the Laguerre

polynomial, so that

27
Cy(j)— (-7 p\ V2j+le mL ( J ) with 0<j<



These coefficients become the wave function of the 2-dimensional radial Harmonic

oscillator for the s-wave, i.e. without a centripetal force

1] 10 ( 0

5[_?E(rﬂ)+ rZ]CP(r):(2p+l)Cp(r) (3.18)

where r = j V2/m’ takesvaluesin 0< r < y/m/2 and C,(r)=C,(j)/+/T" inthe continuum
limit. This is a radial oscillator in two dimensions (the 3 —4-directions) with the energy
levels labeled by integer p. What is the dual interpretation of these wave functions? To
answer this we need to know how r maps into the spacetime description of the dual physics.
Since r is a scaled version of j, different values of the r coordinate correspond to different
Young diagrams organizing the impurities. These Young diagrams all have two rows. Based
on our experience with the half-BPS case, it seems natural to associate each row to one of
the giant gravitons. We will simply assume that this is the correct interpretation; this point
certainly deserves further study. Recalling that Y = ¢;+ i ¢, we know that the number of Y's
in each operator tells us the angular momentum of the operator in the 3 —4-plane. Denote
the two angular momenta of the two giant gravitons J* and J. The relations between
jym,jY and J\ are
Yy =m,  jY—jY=2j, Y= %+j and ]j:%—j.

j (and hence r) is directly proportional to the difference in angular momenta of the two
states. Giving angular momentum to a graviton causes it to expand as a consequence of
[36]. The separation between the two gravitons in the 3 —4-plane will (for separations small
compared to the radii of the giants) be directly proportional to the difference in angular
momenta of the two giants. Itis, therefore, natural to interpret r as a coordinate for the radial
separation between the two giants in the 3 —4-plane. How large is this separation? Recall
that the radius of a giant with angular momentum J, in units of the AdS scale R is Rv/J/N .
The maximum value of the difference between the angular of the giants, j, is bounded by m
so that the length between them is always very small, ~ R,/7". The separation between the
giants in 3—4-direction is thus seen to be small in AdS scale units for these states, due to the

y factor, but it can be large in string scale units. In units of the string length the separation
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between the two giants is

NE (gsM)“‘*
IN—= | =~ es
m N

where in the above we used the approximation v/m/2+ j —+/m/2—] — j+/2/m . This
separation can be an O(1) or very large length. Thus, we propose that r is a coordinate
for the radial separation between the two giants in the 3 —4-plane, and the separation
naturally ranges from the string length up to small (but non-zero) distances in units of the
AdS scale. One still needs to solve the eigenvalue problem of (3.17) that will determine a
“wave function” for the 1 —2-plane and we see that Z = ¢, + i¢,. Thus, our operators are
described by a wave function in four dimensional space. It is rather natural to interpret
this space as the 4-dimensional Kdhler base appearing in the construction of the 1/4-BPS
geometries in [64, 84, 84-90]. We see very concretely the emergence of local physics on
the 4-dimensional space from the system of Young diagrams labeling the restricted Schur
polynomial. This is strongly reminiscent of the half-BPS case where the Schur polynomials
provide wave functions for fermions in a harmonic oscillator potential. Additionally, these
wave functions naturally reproduce features of the geometries and the phase space in [14]
(for a review see for example [91]).

In the case of the two matrix model we study here it is not true that the matrices Z and
Y commute. For this reason, we cannot simultaneously diagonalize these matrices and
there is no analog of the eigenvalue basis that is useful for the large N dynamics of single
matrix models. For the subsystem describing the BPS states of the Z,Y system however
[82] has deduced that we can indeed assume that Z and Y commute in the interacting
theory and hence these systems should have a description in terms of eigenvalues. Further,
the eigenvalue dynamics is again supposed to be dynamics in an oscillator potential with
repulsions preventing the collision of eigenvalues. We have described a part of the BPS
sector (as well as non-BPS operators) among the operators we have studied. In the case of
a single matrix it is possible to associate the rows of the Young diagram labeling a Schur
polynomial with the eigenvalues of the matrix. This connects the eigenvalue description

and the Schur polynomial description for single matrix models. Are the oscillators we find
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— Numeric
0.20 - — Analytic
0.15 |
0.10
0.05 |
0
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J

Figure 3.1: A comparison between (3.19) (red) and the numerically computed eigenfunction for

m =600 (blue). The agreement is clearly excellent.

here a signal of simple underlying eigenvalue dynamics? Is there a connection between the
Young diagram labels and eigenvalues?
I shall now study in detail the state with p =0 so that @, =0, i.e. a BPS state. This is the

ground state of the wave equation (3.18). In this case, since 3£ ( m]/+211° ;1)=1,

L m(m 2j+1 | m
Go(j)=(=1) (2)!\1(%_]_)!(%+j+1)! for 0<j<=-

If we now consider the large m regime,

2

VZj+le ™ for 1<m and 0<j<m. (3.19)

Nl

G—Enf ()

This formula agrees beautifully with the numerically obtained eigenfunctions - see Figure 3.1

for a comparison.

Another interesting eigenfunction to consider is

-GNt

Using the identity

A (11T S0-2) =R
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N .
0.2 // N — cn(J)

(Il

0 10 20 30 40 50 60 70 80 90 100
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Figure 3.2: A comparison between the numerically computed Cy(j) (blue) and C,,/»(j) (red) for
m = 600. The two solutions are clearly identical up to the alternating signs in C,,,(j), exactly as
predicted by the analytic expressions for the eigenfunctions.

where P;(z) is a Legendre polynomial and P;(—1) = (—1)/, we find

L m 2j+1
Cn(j)=( 1)]( 5 )'\J ) (1 j+1) for 0

If we now consider the large m regime,

IA

.

IN
[\J-l 3

2

c%(j)—»(—nf(%)_? J2jtl e for 1<«m and 0<j<m.  (3.20)

This eigenfunction produces an oscillator with a level spacing of 4mgy,,. It is interesting
to compare (3.19) and (3.20): there are alternating minus signs, i.e. (—1)/ in (3.20) for
superposing j-states, while there are same signs in (3.19) for superposing j-states; these
different phases produce vastly different eigenvalues for the two states. This again agrees
very well with the numerically computed eigenfunctions. I have compared the numerically

computed Cy(j) and C,,,(j) in Figure 3.2.
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3.6.2 The Arbitrary j3 Case and the Corresponding Discrete Wave
Equation

For arbitrary j3, we make the following ansatz for the operators of good scaling dimension

Zf bo, 1) Oy, js(bo, B1) = > C () (b, by) Oy, s by, by)

Jrb
Repeating the arguments in the Section 3.6.1, we find that the O, ;s(by, b,)’s satisfy the

recursion equation (3.17) with the prefactor given by —a,, ;s. We also obtain the following

p,j?:.

recursion relation

plj+1)

) 1Cy )= G+7°+DG -] +1)\J(m+21+4)(m—2j)c

2(j+1) (2j+1)(2j+3) P
N (j+j3)(j—j3)q (m+2j+2)(m—2j+2)
2j 2j+1)2j—1)

1 (m+2)(j°) .
(=S )

Cpis(j—1)

This equation has a j® — —j® symmetry, and we will solve for both the 0 < j3 case and the
j® < case. The range for j is

3 _._m
os{]|s]s?

The eigenfunctions C,, ;s(j) which solve the recursion relation are easily expressed in terms

of the hypergeometric function ; 5,

mo, (M 2j+1 |Pl=0 J+17°1+1, —p
s(N)=(027 | F( ;1] (3.21)
o (2) \1(7—1)! (Z+j+1) " 3| -5 1

where the range of j and p are |j3’ <j<m/2,0<p<m/2— \j3|, and the associated
eigenvalues are

_ap,j3 = —zp = 0,_2;_4r . m 2 |] |

This implies an energy spacing for the oscillators in 1—2-direction of 4a,8%, = 8pga,
Thus, for a given value of j° we obtain m/2—|j* + 1 oscillators with frequencies 0, 8g7,,,
1685, - -,(4m—8| j*|)g4,- The lowest energy eigenfunction corresponds to the BPS states.
The eigenfunctions (3.21) are related to the Hahn polynomials which are defined by

—n,n+a+p+1, —x

s, 3,N)=3FE
Qn(x;a,,N) 32( a+1, —N

;1) for n=012,...,N.
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The Hahn polynomials are well known to be closely related to the Clebsch-Gordan
coefficients of SU(2)[92, 93].

One can take a double scaling limit, so that m — oo, b, — 0o, m/b;, ~ y < 1, and
jiv2/m becomes a continuous variable. In this limit

3132(” | \£3|1+n]121 TP 1) — L, (2(j?—1j%P)/m) with L,() the Laguerre polynomial. If we

define the continuous variables u, = j°v/2/m , r = jy/2/m , r* = u*+ uj, and | j* < j|,
then we obtain the following differential equation as the continuous approximation of the

difference equation

%[_%j_u(uj—u)wﬂcp,uo(u) (2p+1)C,, 0 (1)

=C

37/ VT . Note that one can always introduce an overall

In this equation C,

P,

(normalization) factor in C This limit captures the continuous limit that we took when

p o

replacing the hypergeometric function 3;F with the Laguerre polynomial

L,(2(j* 1)/ m),
32 _133)2
Cp]3])_> ?P\ 2]+1e L p(—(] m|]|)>

where I have introduced an overall normalization factor.

For fixed m, j? ranges from 0 <|j3| < m/2. For the extreme case j* =+m/2, there is only
one oscillator with zero frequency. All states of the corresponding oscillator are BPS states.
Another extreme case is j* = 0. The eigenfunctions obtained in this section nicely recover
the results of Section 3.6.1 and we see that both the j3=0and j3 # 0 cases are captured by
the eigenfunctions described in this section.

For a general j3, the lowest energy state is given by the p = 0 eigenfunction

m 2j+1
Cp:o,js(j):(%)!(—l)z\l(m _]+ _ . (3.22)

F-il(Z+j+1)!

The lowest energy eigenfunction corresponds to the BPS states. The highest energy state is

JHI7] 2j+1

S (N
Cpr )= (5 DJ(j—IﬁI)\J T (3.23)
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Figure 3.3: A comparison between the numerically computed C,—, >3, j3(J) (blue) and the analytic
formula (3.24) (red) for m =120 and j3 = 4. The agreement is clearly excellent.

where, to obtain this simple result, we have used the formulas relating the hypergeometric

function and the Jacobi polynomial PO |2]|3]‘ |(z)
2 1 0, 2|73 po27l |3|]+|]|
;1 P 1 1)/
(|]3|— JHIB+ )2( A= Py (&) P U= —1731)

This eigenfunction (3.23) corresponds to an oscillator in the 1 —2-directions with the largest
energy spacing of (4m — 8| j*|)g, in this specific j* sector.

It is interesting to compare (3.22) and (3.23). There are two main differences. One is
the extra alternating signs (—1)/ in (3.23) for superposing j-states. This is familiar from the
j3 =0 results. Another difference is the extra factor (fIH) which tends to 1 when j — | 3|

and tends to j2°1/(2] j3|)! when | j3| < j. Of course, in the special case j3 = 0 we recover the

eigenfunctions discussed in Section 3.6.1.

One can also look at the large m regime of the eigenfunction (3.23) which behaves as

. -3 2741 T(j+I1/3+1) _p
Cp=%—|j3|,j3(f)_’(_l)](ﬂ) {+ (] |],| )e_]ﬁ (3.24)
2 T(2j3+1)T(j—1j3+1)

for 1< m, |j*| < j <%, and where I'(-) is the gamma function. Notice that in both the limit

j — 173 and the limit | j*| < j the eigenfunction behaves nicely. The numerically generated

eigenfunctions are compared with the exact eigenfunctions in Figure 3.3.
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3.7 Discussion

In summary we have found that: For an even number of impurities (m =2n), we obtain a

set of oscillators with frequency w; and degeneracy d; where
w; =8igh, d;=2(n—i)+1 and i=0,1,...,n.

For an odd number of impurities (m = 2n + 1), we obtain a set of oscillators with frequency

w; and degeneracy d; with
w; =8igh, d;=2(n—i+1) and i=0,1,...,n.

This is exactly the spectrum that was conjectured in [42]. In this chapter, | have analytically
explained the degeneracies of the oscillators.

Itis useful to review the salient features of our results. The operators I consider, restricted
Schur polynomials, are composed of order N Y's and order N Zs. Consequently, the large
N spectra are obtained by summing both planar and nonplanar diagrams. The nonplanar
diagrams can not be neglected. Recall that the restricted Schur polynomial yp , ) is labeled
by the three Young diagrams R, r and s, containing n + m boxes, n boxes and m boxes,
respectively. We have traded these labels for the integers j (which specifies s), by, b; (which
specify r) and j? (which specifies how R and r, s are related). By focusing on the family of
operators labeled using two column/row Young diagrams and with fixed numbers of Zs
and Y's we have simplified the action of the dilation operator to two recursion relations, one
in the by, b, variables and one in the j variables. A crucial ingredient in this construction
is the construction of the projector P used in defining the restricted Schur polynomial.
This construction is achieved by mapping each Young diagram s onto a unique state of a
spin-chain with m spin variables. The computation of the projector is then reduced to the
problem of coupling the individual spins in the spin model to obtain a good total spin.

The operators I have studied include both BPS and non-BPS states. The zero eigenvalue
states are the BPS states. We find a discrete wave equation in the 3 — 4-directions
(corresponding to Y) arising from the recursion relation involving j. The associated

“energy levels” are labeled by an integer p and set the parameter a, which determines the
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frequencies of the oscillators described by a second discrete wave equation in the
1 —2-directions (corresponding to Z). This second wave equation arises from the recursion
relation involving b, and b,. The associated energy levels are described in detail at the start
of this section. We have interpreted these states as the oscillations of the relative positions
of the two giant graviton branes. These results give a gauge theory description of the giant
graviton brane worldvolume physics.

Thanks to the cut-off on the number of rows in the Young diagram, the sphere giants
form a cleanly decoupled sector. The same is not true of the AdS giants. The fact that the
AdS giants do not decouple at large N as cleanly as the sphere giants did, has not caused
any problems. Indeed, we have checked that all of the low lying energy levels correspond to
combinations of operators with all of their support on operators labeled by Young diagrams
with two long rows.

The spectra for the AdS giants and sphere giants are closely related. This similarity
between the spectra goes even further: we have proved that the action of the dilatation
operator on sphere giants is related to its action on AdS giants upon making the substitution
N + b — N —b. It would be nice to study this property in more detail.

There are a number of new features of these results that deserve comment. The spectrum
we obtain is that of a set of oscillators with frequency some multiple of 8gZ, . It is somewhat
unusual to find a dependence on g7, itselfatlarge N - we are used to the combination which
defines the 't Hooft coupling A = gZ,,N. These one loop results suggest that we can hold
g2, small but fixed. If we take the usual 't Hooft limit, gZ,, — 0 and we obtain a continuous
spectrum. The discrete spectra are obtained in a limit that is not the usual 't Hooft limit.
It would be very interesting to study the dilatation operator to two loops and see if this
dependence on g, with no dressing by factors of N to some power, persists. Another
possibility is that we have an SU(2) gauge symmetry for the sector of the operators with
two columns or two rows, and the associated 't Hooft coupling is 2g7,,. The factor 2 may be
understood as the number that multiplies the effective tension of the two coincident brane

system.
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The group SU(2) has played a central role. It appears in at least three (apparently)

unrelated ways

* The projectors Pp_,, ;) were written in terms of SU(2) Clebsch-Gordan coefficients.
There is a natural action of SU(2) defined by a map to the spin-chain (see sections 3.4

and 3.5.

* The eigenvalue problem for the Z oscillator has been solved in terms of symmetric
Kravchuk polynomials. The symmetric Kravchuk polynomials satisfy a difference
equation that follows from the raising and lowering relations between SU (2) states

e.g. [79].

* The eigenvalue problem for the Y oscillator has been solved in terms of Hahn
polynomials. Hahn polynomials are closely related to the Clebsch-Gordan

coefficients of SU(2).

Since we deal with a two giant graviton system, the worldvolume theory will have an SU(2)
gauge symmetry. Could this be related to the SU(2) groups we found above? It would be
interesting to study their relation.

The SU(2)s found above are not related to the global SU(2) subgroup of the # -symmetry,
which rotates Y and Z fields into each other. Indeed, the global SU(2) rotates Y and Z
fields into each other so that their action mixes operators with different values of m and
n. The SU(2)s found above all have an action within a given m and n. It would be very
interesting to understand this further. This may well shed further light on the integrability
we have uncovered in this chapter.

Subsequent to this work, [46] provided an interesting extension of this analysis to the

SU(3) sector by considering restricted polynomials of the form

1

on yom xor)= hoLx oy Ly
ZR’(r’s’t) (Z ’ Y ’X n!' m! pl Z Tr(r’s’t) (rr(o.)) Xia(l) Xia(p] Yia(p+l) 1/ia(;_7-¢—m)
) e UESn+m+p
ip+m+1 .. ip+m+n
ia(p+m+l) io’(p+m+n)
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comprising n Z fields, m Y fields and p X fields where R is a Young diagram with two rows
or two columns. The two point correlation function of restricted Schur polynomials in the
SU(3) sector was computed in [67]

hooksy
hooks, hooks; hooks,

<XR,(r,s,t)(Z» Y’X)%R,(r,s,t)(z’ YrX)T> 6R (r,8,8), T,(u,v,w) fR

and the corresponding normalized operators are given by

hooksy

on(Z, Y, X)= Opirsn(Z,Y, X
Zrirso ) \J I hooks, hooks, hooks, s 0 )

The one loop dilatation operator acting on the SU(3) sector is now the sum of one loop

dilatation operators in each SU(2) subsector of the SU(3)

D =—gy (Tr((Y, Z1[8y, &)+ Tr (X, Z1[0x, 8, 1)+ Tr (Y, X 18y, 1))

_gYM
The action of the dilatation operator on the normalized operators Og ;s (£, Y, X) is given

by the sum of actions over each SU(2) subsector

DORrst(ZYX Z NRrst uvaTuvw(ZYX)

T,(u,v,w)
where
N Z i CrRr AT frhooks;hooks, hooks, hooks, |
Rlrs, T v,w) dgp d, d d,(n+m+p) \ frhooksyhooks, hooks, hooks,,

< {mp Tr([Ta((1, p + 1)), Pacsiros.n) Ie 2 [Tr (L, p + 1)), Pr i) I )
+np Tr([rR((L m+p+1)), PR—»(r,s,t)] Ipip [FT((L m+p+ 1))rPT—>(u,v,w)] IT’R’)

+nm Tr([rR((m +p+1,p+1)), PR—»(r,s,t)] I [FT((m +p+1,p+1)), PT—»(u,u,w)] IT’R’)}

and the coefficients cgp/, Young diagram labels R, R’, and T, T’ and intertwiners I, ;» and
I/ are defined as those in (3.2). The relevant new feature in this expression are the the
group elements of S, ,,,., that act on matrix indices in each trace. A similar analysis to that
provided in this chapter results is a five term recursion relation that is also solved by the
Kravchuk and Hahn polynomials.

In the next chapter, I consider a generalization of this construction to generating
functions of the two giant graviton bound states and study the action of the dilatation

operator on these generating functions.
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Chapter 4

Multi-Giants Generating Functions

In this chapter, I shall generalize the arguments from the previous chapter. I shall construct
generating functions for operators dual to systems of giant gravitons with open strings
attached. These operators have a bare dimension of order N so that the usual methods used
to solve the planar limit are not applicable. The generating functions are given as integrals
over auxiliary variables, which implement symmetrization and antisymmetrization of the
indices of the fields from which the operator is composed. Operators of a good scaling
dimension (eigenstates of the dilatation operator) are known as Gauss graph operators.
These generating functions give a simple construction of the Gauss graph operators which
were previously obtained using a Fourier transform on a double coset. The new description
provides a natural starting point for a systematic 1/N expansion for these operators as well
as the action of the dilatation operator on them, in terms of a saddle point evaluation of

their integral representation.

4.1 Introduction

The AdS/CFT correspondence has generated significant progress in understanding both
quantum gravity in negatively curved spacetimes, as well as strongly coupled Yang-Mills
theory [1-3]. For observables with a dimension that is fixed as we take N — oo integrability

was discovered [4, 19] giving unprecedented control, at both weak and strong coupling, over
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the planar limit of the theory. For these observables, a complete matching with the dual
string is evident (see, for example, [94]) and we now know an exquisite matching between
string states in the gravity Hilbert space and single trace gauge invariant operators in super
Yang-Mills theory.

There are many observables whose bare dimensions scale with a power of N as we
take N — oo, that are of interest in holography. These operators are very heavy states and
they probe non-perturbative aspects of the dual string theory. Nice examples include giant
gravitons [29, 37, 95] which are dual to operators constructed with order N fields [13, 33, 52],
and new spacetime geometries which are dual to operators constructed using order N
fields [14]. The construction of the large N expansion for these operators is not straight
forward. We do not have a nice analogue of the statement that Feynman diagrams become
ribbon graphs and that the genus of the graph determines the dependence on N. The basic
problem is that the number of ribbon graphs of a given genus is now dependent on N so
that the N dependence is no longer determined by the genus of the ribbon graph being
summed. The combinatorics is much more involved and there does not seem to be a nice
subset of diagrams that, if summed, produce the leading effect at large IV.

Without a better understanding of how to perform a systematic approximation, one
could try to sum everything, producing results that are exact to all orders in 1/N. Remarkably,
the article [13] showed that this can actually be done in practice, for the free theory. A key
insight of [13] was to show that the combinatorics of ribbon graphs can be reformulated
using symmetric groups and their characters. This initiated an active area of research,
opening new directions that are still being developed. The original article [13] showed
that Schur polynomials provide a basis for the local gauge invariant operators, that they
diagonalize the free field two-point function and that the free field two-point function can
be explicitly computed, to all orders in 1/N. In addition, all extremal correlators were also
explicitly computed, again to all orders in 1/N. Schur polynomials are labeled by Young
diagrams, which may have columns with a maximum length of NV as well as rows that are
arbitrarily long. In the same way that there is a beautiful matching between the Hilbert

space of strings and single trace operators in the planar limit, [13] argued for a matching
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between long columns and sphere giant gravitons, as well as between long rows and AdS
giant gravitons, generalizing and completing the observations of [33] which related single
sphere giant gravitons to subdeterminant operators. See also [96, 97]. These results were
quickly generalized to multi-matrix models in a series of articles [65-67, 73, 98], as well as
to other gauge groups [99-107].

Giant gravitons branes can be excited by attaching open strings to them. The gauge
theory operators dual to these states are described using decorated Young diagrams [30, 40].
The spin chain language that worked so well for closed strings in the planar limit must be
modified when describing the open strings attached to giant gravitons. The new effect that
needs to be included is that single fields can hop between the giant graviton and onto the
string, so that we are forced to consider the dynamics of a spin chain defined on a dynamical
lattice. A creative solution to this problem was put in place in [108, 109] for strings attached
to single sphere giant gravitons, and then extended to more general brane bound states in
[31, 32]. By now, a compelling physical picture is evident [110-115].

As we have just discussed, combinatorial approaches based on permutation groups
and their characters, compute correlation functions exactly to all order in 1/N. This is a
valuable source of information and has stimulated a lot of progress, but it has not given
any guidance into how to develop a systematic 1/N expansion to the physics of excited
giant graviton systems. Since we do not expect any except the most symmetric problems
to be exactly solvable, this is an obstacle to progress. One attempt at a simplification has
been to use a displaced corners approximation [43, 44]. The idea is that the physics of the
open strings should simplify in the limit in which the giant gravitons are well separated in
spacetime. This corresponds to a limit in which the lengths of distinct rows (or columns) of
the Young diagram differ by an amount ~ N. In this limit one can simplify the description
of the operators considered, at large N [43, 44], and some mixing problems can be solved
exactly [45, 116]. There is a nice harmony between these results and another complimentary
approach, based a coherent state description of the giant gravitons [117-120]. However,

these small steps do not really improve the situation and a systematic 1/N expansion of the
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giant plus open string physics, in which, for example, we see the splitting and joining of
open strings, remains to be developed.

An important recent development for the case of maximal giants was reported in the
series of articles [121-123]. The maximal giant graviton is described by a determinant.
The idea of [121-123] is to write the determinant as a fermionic integral. The rewriting
replaces the symmetric group projector onto the representation given by a column of
length N, written in terms of symmetric group characters, with an integral over some new
auxiliary Grassmann fields. By writing the symmetric group projector as an integral one
opens the possibility of performing a saddle point analysis which can provide the starting
point for a systematic 1/N expansion. Similar integrals have been constructed for the
projectors onto representations labeled by a single column or row, with an arbitrary length
[124, 125]. Another development [126-128], which is closely related, has shown that many
of the results from the combinatorial approach can be reproduced by writing suitable
generating functions of coherent states as a matrix integral. In some cases these matrix
integrals are related to the well known Harish-Chandra-Itzykson-Zuber integral and can
be computed using localization. In this approach, non-trivial combinatorial information
is repackaged in the manipulations of the coherent state generating function. This is a
promising development, relevant to systematic 1/N expansions for heavy operators.

The central question motivating us in this chapter, is the systematic 1/N expansion
for giant graviton systems. Physically this expansion is naturally described in terms of
splitting and joining interactions of open strings. Towards this end, we develop integral
representations for generating functions of Schur polynomials labeled by Young diagrams
that have two rows (corresponding to a bound state of two AdS giants) or two columns
(corresponding to a bound state of two sphere giants). Our approach to the 1/N expansion
entails developing a saddle point expansion of these integral representations [129]. Apart
from this application, we will see that the new representations provide a dramatically simpler
description of excited giant graviton systems. To demonstrate this, I shall explain how to
recover known results in what follows. The class of problems we focus on is rather rich

because a bound state of two giant gravitons is described by interesting dynamics. The
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worldvolume theory of p branes is a U(p) gauge theory [27], so in this situation with p =2
the effective Hamiltonian coming from the dilatation operator should reproduce a U(2)
non-Abelian gauge theory [40, 130]. To verify this expectation, we must necessarily correctly
describe the splitting and joining of open strings, suggesting that this two giant bound state
system is a good testing ground for the methods we are trying to develop.

Constructing the operators dual to a bound state of two giant gravitons requires
symmetric group projectors labeled by Young diagrams that have two columns or two rows.
The key new progress reported in this chapter starts with the construction of an integral
representation for these projectors. To motivate the construction, in Section 4.2 I shall
describe how Schur polynomials are constructed using Young projectors. It is the Young
projectors that can be given an integral representation. Since there is a direct connection
between Schur polynomials and characters of the symmetric group, the same integral
representations also provide new formulas for character generating functions. A simple
generalization beyond the case of a single matrix produces integral representations for
operators that are dual to excited giant graviton bound states. A detailed comparison of the
operators constructed show that they correspond to the Gauss graph operators discovered
in [45, 116]. We further develop this connection in Section 4.3, where we evaluate the action
of the dilatation operator on the excited giant graviton bound states. I discuss these results
and suggest how they might be extended in Section 4.4. Appendix B collects technical

details needed to perform the computations discussed in the body of this chapter.

4.2 Projectors and Generating Functions

Half-BPS operators in .4/" = 4 super Yang-Mills theory, dual to a system of giant graviton
branes, are given by Schur polynomials y(Z). The label R is a Young diagram with at most

N rows. Each long column ! in the Young diagram corresponds to a sphere giant graviton

!By a “long column” of a Young diagram R, we mean a column that has order N boxes in it. The number
of boxes in each column is bounded by N. Similarly, a “long row” refers to a row with order N boxes. Row
lengths are unbounded.
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and each long row to an AdS giant graviton 2. An innovative framework for thinking about
the construction of these Schur polynomials and their correlation functions, was developed
in [68] where the role of projection operators was stressed and an elegant diagrammatic
formalism was established. The relevant projection operators used to construct an operator
composed of n Z fields can be written in terms characters of the symmetric group S, as
well as permutations acting on V®” where V is the vector space that the matrix Z acts
on. These characters and permutations are determined by the Young diagram R of the
Schur polynomial as well as the number 7 of fields in the operator. The parameter N does
not enter transparently in the construction 3. Consequently, simplifications as N — oo
are not immediate and it is not clear how one would pursue a systematic 1/N expansion.
To go beyond the half-BPS operators, we need to go beyond the single matrix Z sector.
The simplest way to do this is by constructing operators which are systematically small
deformations of the half-BPS operators. These are nice systems to study as we expect that
they will be simpler than the generic system that might be considered. In the dual gravity
description, the giant graviton system is excited by attaching open strings to the giant
gravitons. These generalizations also have a nice description in terms of projectors which
proves useful when evaluating correlation functions and matrix elements of the dilatation
operator, but again it is not obvious how a systematic large NV expansion can be developed.

In this section we briefly review the projection operator construction and its relation to
Young symmetrizers. The language of Young symmetrizers gives a construction of the
projectors which employs simple symmetrization and antisymmetrization operations on
the indices of the Z fields appearing in the operator. Since these operations can be realized
by introducing extra fermionic and bosonic auxiliary fields, we are able to construct an
integral representation for the projection operators. More precisely, the integral
representation gives a generating function for all Schur polynomials with two rows or two
columns. This novel generating function provides a starting point for a systematic saddle

point approximation. The generating function can also be interpreted as a generating

2Recall that a giant graviton is a spherical S°® brane that carries a D3-brane dipole moment and the same
quantum numbers as a point graviton. A sphere giant graviton is one for which the worldvolume S® c S°,
while an AdS giant graviton is one for which S c AdSs.

3N does appear as a cut-off on the number of rows of R.

86



function for characters, suggesting that one might be able to generate a systematic 1/N
expansion of the characters themselves. There are natural ways to generalize the
generating functions of Schur polynomials, to generating functions describing the Schur
polynomials with strings attached. Remarkably, as we will demonstrate, the operators
constructed in this way have an immediate and direct connection to other constructions of
excited giant graviton operators based on restricted Schur polynomials and Gauss graph
operators. I shall develop this connection in the Section 4.3 where we evaluate the action of

the dilatation operator on the excited giant graviton states.

4.2.1 Young Symmetrizers

Consider the construction of a Schur polynomial y which is a function of a single complex
adjoint scalar Z. The Young diagram R labeling the Schur polynomial specifies the system
of D-branes as well as an irreducible representation R of the symmetric group S,, where
n is the number of boxes in the diagram R, which is also the number of Z fields used to
construct the operator. A simple formula for the Schur polynomial employs a projection
operators Py as follows [68]

ZR(Z) = TrV®n (PRZ®n)

Here Z acts on the vector space V and both P, and Z®" are linear operators mapping V®”
to itself. The image of the projector corresponds simultaneously to a representation of the
symmetric group S, and a representation of the unitary group U(N), both labeled by the
same Young diagram * R. A concrete expression for the projection operator is given by °
1
Pp=— D 2alo)o 4.1)
o<S,

where the matrix elements of the permutation o are given by

in

iyipiy _ ol
- 5] jU(n)

ir
J1jajn (1) 51'0(2)

“The projector projects to a subspace of dimension dyDimp, where dj, is the dimension of symmetric
group representation R and Dimy, is the dimension of U(N) representation R. States in this subspace carry
both an S, state label and a U (V) state label.

5As written Py is proportional to a projection operator. For a correctly normalized projection operator
obeying Py Ps = 0 s Py the right hand side of (4.1) must be multiplied by dj.
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so that

Tr(0Z®")= Zi’;i[l)zifj(z) AL

e (4.2)
Thus, given the characters of S, a formula for P, easily follows. These formulas can be
extended to study operators constructed using more than one matrix, making it possible to
consider perturbations of these half-BPS operators. The characters that are needed are less
well known and the combinatorics quickly becomes complicated. Nevertheless, at the level
of two-point functions we obtain a complete generalization of the Schur polynomial results
i.e. we are able to construct a complete basis for the local operators, this basis takes finite N
effects into account and this basis diagonalizes the free field theory two-point function [67].

An alternative (but completely equivalent) approach uses the Young symmetrizer
associated to R to construct the projector P;. A Young symmetrizer is an element of the
group algebra of the symmetric group. It is an endomorphism of the vector space V®"
which uses the action (4.2) of S, on V®" given by permuting indices. We illustrate the
Young projectors making use of a specific example. Consider a Young diagram R that has

two rows, with three boxes in the first row and two in the second. Each box corresponds to

afield. The boxes in R are labeled, with a unique integer, as follows

1/2]3] (4.3)
4[5

There is no rule for the placement of integers in boxes, except that each box should be
assigned a unique integer. Each box corresponds to the indices of a field in Z®° as shown
below

2,,2;.2,,2;.Z;;. (44
For every labeled Young diagram R we can define a “row group” for each row and a “column
group” for each column. Each row group permutes the indices in the row, in all possible

ways. Thus, for the example given in (4.3) the two row groups are
(growl = {1!(12)’(13)’ (23)1(123)’(132)} and (growz = {1!(45)}

where we have written the permutations in cycle notation. The product of these groups is

denoted ¥%,,,. For the example we consider here ¥, is of order 12. Similarly, the column
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groups are given by
(gcoll = {1’(14)} and (gc012 = {1’(25)}

and their product, denoted ¥, has order 4. The Young symmetrizer is now given by

i 1= Z Z sgn(o,)o,0;

O1€% 0w 02€ Y01

et

where sgn(o) is the parity of o. A cycle oflength 2 is called a transposition. Any permutation
can be written as a product of transpositions. A particular permutation is even or odd if it can
be expressed using an even or an odd number of transpositions. For an even permutation
sgn(o) =1 and for an odd permutation sgn(o) =—1. When applied to the tensor product
(4.4) we find the o, factor above antisymmetrizes over the pairs i, i, and i,, i5 of indices
(i.e. the indices appearing in the columns of (4.3)) while the o, factor symmetrizes over the
iy, 1,, i3 indices and over the i,, i indices (i.e. the indices associated to the rows of R). After

a simple sum we find that

Tr (Y7 11Z2%°) =Te(Z°) + 2 Te(Z%) Te(Z)’ —4 Te(Z Y TH(Z°) + 3 Te(Z) Te(Z %)
1

—6Tr(Z)Te(ZY) +4 TH(ZH) Tr(Z3).
The Schur polynomial corresponding to this Young diagram is given by

_ l 5 2 3 2 3 22
XEHH(Z)_ o (5 Te(Z°%)+10 Tr(Z2) Tr(Z)° — 20 Te(Z ) Te(Z°) + 15 Ti(Z) Te(Z2)

—30 Tr(Z) Tr(Z*) +20 Tr(Z*) Tx(Z?))

which illustrates the general formula

yr(2)=2 Tr(YH:]Z@’E‘). (4.5)

Thus, up to an unimportant overall constant, we can construct Schur polynomials by using
Young projectors. This observation can be used to give an integral representation of the

Young projectors needed to construct the two giant graviton bound states.
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4.2.2 Bound States of Two AdS Giants

A bound state of two AdS giants, one of momentum p, and a second of momentum p,
with p, < p;, corresponds to a Schur polynomial labeled by a Young diagram with two rows.
There are p; boxes in the first row and p, boxes in the second. Denote this Young diagram
by listing row lengths, i.e. R =(p,, p»). To describe a system of two giant gravitons, both
p, and p, are of order N. The Young projector must symmetrize over all indices in row 1
and all indices in row 2, as well as antisymmetrize the pair of indices belonging to each
column. The symmetrization to be performed represents the bulk of the work. Fortunately,
this symmetrization of indices is easily accomplished with the help of a Gaussian integral.

Indeed, a simple application of Wick’s theorem implies that

T

— ch/)de(/)e—‘f’ GGGy = > B B2
o€y

(4.6)
ngZ)El_[d(pa and dN¢Sz]_[d¢3“.
a=1 a=1

To construct the generating function, we perform the antisymmetrization in each column
by hand and use (y;, $?) to symmetrize indices in the first row and (¢;, ¢) to symmetrize
indices in the second row. The two giant graviton bound state generating function can then
be written as follows (as usual, repeated indices are summed)

— (p+po)!
Zpas(ty, 1) = Z Z tzzpztp i Pz X (p, p(Z)
p1 o) Pz Pz)

de de de¢de e —¢lpi—¢'9; tlgo’Z]«p]thzso (])]( kZl ZZ )‘Pkd’l (4 7)

The coefficient of the Schur polynomial in the first line above combines factors arising from

power expanding the exponential on the second line above (so that t?_z 2 comes with 1/p,!
and ™™ comes with 1/(p; — p»)!), as well as from the coefficient in (4.5). We check this
result, in Appendix B.1, by performing the integral to second order in #, and ¢, and show
that we reproduce the correct formulas for the relevant Schur polynomials.

This generating function can also be interpreted as a generating function for characters
of the symmetric group S, ,,, in the representation labeled by Young diagram R = (p,, p»).

Permutations with a given cycle structure all belong to the same conjugacy class and the
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character is a function on these classes. We follow the standard notation (1™,2",...,(p, +
p.)"71i+2) to denote the cycle structure of the permutation which has n; k-cycles. In what
follows we use the shorthand {i"} for this cycle structure. As usual we have

pitp

D kne=pi+ps

k=1
for permutations o € S, ,,,. Denote the symmetric group S, ., character, of a permutation
with cycle structure {i"} in irreducible representation R = (py, p2) by ), py({i"'}). The

number of permutations with this cycle structure is given by

(p1 + o)

) (4.8)
1! 2n,! 3m gl - (py+ po)™™v i, )

We can then write the generating function for characters of the irreducible representations

R =(py, p,) as follows

T3 e
aas(tn, Ly 2 L (py + D)7 ! (P — o+ 1)

pi=p2 p=1 {n;}

X {lnz})TI‘(Z)m TI'( ) "'TI'(Zpl+p2)nP1+P2

Plpz(

where )’ (n;) denotes a sum over the conjugacy classes of S, ,, . As a simple illustration of

this formula, expanding to linear order in #; and t22, we find

Zpas(ty, ) =1+t () Te(Z H (NTx(Z)* )(H( )Tr(Z%) +
=14+ 4T 2)+ t; TH(ZY — t; TH(Z%) +

reproducing the correct characters for S, and S,

=1, ZH((-)(-))ZI and )(H(("))Z—l.

This integral representation is a nice repackaging of the computation of characters using
Young symmetrizers. Since the computation of the power series expansion of Z,ys(#;, t,)
involves evaluating moments of a Gaussian integral, there is no obstacle to computing
characters for any reasonable value of p; and p,. Evaluating Z,4s(1,, £,) explicitly is frustrated

by the fact that the term with coefficient ¢; is quartic in the integration variables. By using
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the simple identity

oo oo
lf dx1 f dx2 e—(x1+ixz)(xl—ix2)+A(x1+ix2)+B(x1—ixg) = lf dxf dx e—xic+Ax+B5c — eAB
T T

—00 —00

we find

ZAds(za,tz)=#Jd’vsafdﬁofd’véfdwadxjdxfdyfdy

% e—¢i<ﬁi—¢3i¢i—xJ?—J’J'/+t1¢iZi]@j“zx@izikwﬂsziajzf¢l+t2Y@iZ[I¢l—tzJ745jZ;c<Pk

Notice that after this rewriting the integral over both ¢;, 3’ and ¢;, ¢ are Gaussian so that

we can do these integrals exactly. The result is

e~ XX-yy
Zpas(ty, )= defdxfdyj yd 01

h+bhbx by

where

M:12®1N_m®Z, m =
—5LY X

and 1, is the k x k identity matrix. The eigenvalues A, with a = 1,2 of m are given by

Ao= % (tl +t(x+ %) /(1 + B+ D)P—A(Zt G+ 2(x %+ y7) ) 4.9)

Denote the eigenvalues of Z ]’ by z;. A straight forward computation now shows that

1 _ﬁ 1
det(M) 1 1(1-2,2)1-2,2)

(
=exp (i M :;Ag Tr(Z”))
2

n))
where f,, is the following polynomial

/2] -
(_ﬂ)r al’l r
n:E —r—1)
/ e~ ! ("—Zr)!(n = (4.10)

a=t+h(x+%) and B=thLE+LEA(xE+y7)
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where |1/2] is an instruction to take the integer part of n/2. Thus, we have

ZAdS tl,tz fdxf fdyfdj/ e—XJ_C—yJ_/-FZ:ilfnTr(Z"). (4.11)

This implies the following formula for the character

Y [ p P2 (2P - _ eV (p—p,+ 1) pitps .
Ao D= ]dededede m2 (p+1)! l;[(f,-)

where [x"]p(x) stands for the coefficient of x” in the power series expansion of the

polynomial p(x). This integral formula for characters of the symmetric group is a new

result. Lets test this for the case that p, =0, in which we case we know that
Apo{i"H=1. (4.12)
When £, =0 we easily find f, = £'/n and it is possible to compute (4.11) explicitly
Zpas(t1,0)= e 2o )

_ZZ th— 1 TH(Z)" Te(Z2)% - Te(Z 7)™

nl' 212 11,! 2 np,!

1=0 {n;}
1
Pl . 1 n 2\ny .. piyn
_;){Z; 7’l1|2nzn l Z”m n, !X(pl'o)({l })Tr(Z) lTr(Z ) 2 Tr(Z 1) :
1 n 1

which immediately implies (4.12). As a second example, consider p, + p, =6 and choose a

character from the conjugacy class (23). We easily find

—xX—yy
fdxjdxfdyfdy ¢ = (£ = t)—61't; +60t7t, —72t,.

Thus we find

3 6 f‘ r‘ _ [ f‘ _ e—xx vy 3

Z{ I([z ]): [tg](i‘} de de dyJ dy p (fz)):_g

3T [ 44,2 irxr)_cf [ ey 5\ _
@) =1l [ ax [ax [ar [ a5 S22 y)-
rrrr()=1ea)( § [ax [ax [y [ar 20 )=

6) ) )Y o ’
rrrrro(2])= [tf‘]( | dx | as [ay [ay " (,;)3): )
J J L
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which are indeed the correct results. This demonstrates that the computation of characters
of S, is reduced to evaluating moments of a Gaussian integral.

An interesting extension of these ideas would be to consider characters for R =(p,, p,)
with both p, —p, and p, of order N. The relevant character can be extracted from Z,4s(#, £,)
by performing the following contour integrals

dn ds,
1+p—p2 1+2p, ZAdS(tl’ t2)
t t)

1
(6)1 < A

Employing a saddle point evaluation would give a 1/N expansion of the characters. The

leading term in this expansion should agree with the results of [20].

4.2.3 Excited Bound States of Two AdS Giants

To extend the analysis of the previous subsection we consider excited giant graviton bound
states obtained by attaching open strings to the brane system. Open strings are described
by words composed of O(+N') letters [35]. The letters can be any of the scalar or fermion
fields of /" =4 super Yang-Mills theory, the field strength tensor or covariant derivatives of
them. Attach m;; open strings described by the words W, ,W,,..., Wy, to the first brane
(of momentum p,). Since indices of the first brane are symmetrized by the ¢?, ; fields

attaching these strings is achieved by including the factor

LT ] .

[ [e Wi,

r=1
in the integrand of the generating function. We also attach m,, open strings, described by the
words Wy, Wy, ..., WBmzz’ to the second brane (of momentum p,). Since these fields are in
the second row of the Young diagram describing the brane system, we must antisymmetrize

these words with the Z field thatlives in the same column butin the first row. Thus, attaching

these strings is achieved by including the factor

Moo

l_[(wszf%s PR (We )i b1, — P2l ¢, 5 (W )i Spls)
s=1

in the integrand. We can also attach strings that stretch between the two branes. To do this,

we start with the product of a factor which attaches a string to the first brane and a factor
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which attaches a string to the second brane. From this we obtain a pair of strings stretched
between the branes by permuting column indices, thereby swapping the endpoints of the
two strings. There is a non-trivial fact [40] about the Hilbert space of states on a two giant
graviton brane bound state that this construction must respect. The worldvolume theory of
a system of p branes is a U(p) gauge theory. One consequence of this gauge symmetry is the
Gauss Law, which states that for a giant graviton brane, which has a compact worldvolume,
the total charge on the brane vanishes. In the open string language, this forces the number
of strings leaving any particular brane to be equal to the number of strings terminating on
the brane. We implement the Gauss Law constraint by adding open strings in pairs, one
stretching from 1 to 2 and one from 2 to 1. Describe the m,, open strings stretching from the
first to the second brane using the words W, Wg,, ..., Wcm12 and describe the m,, (= m;,)
open strings stretching from the second to the first brane using the words Wy, Wp,,..., Wy, .
Thus, the generating function for this class of excited bound states, using an obvious dot
product notation, is

Zpas(ty, 6, {W}) JdN _de JdN¢de¢ We

myy

x| (7 Wa, - 9)
r=1

My (4.13)
x| [(¢-20¢p-Ws-0—06-Z-¢¢ Ws-0)

s=1

| |(@-Z- 0@ W, 00 We,-0—F-Z-¢ - Wp, - §-We,- ).

=1

where

S=—¢-p—¢-¢ and Slztlcp-Z-cp+t (go Z-0op-Z-0—@p-Z-¢ p-Z- 90) (4.14)

A graphical representation of this generating function is given in Figure 4.1. The dependence
on t; and £, continues to tell us about the brane bound state with no open strings attached,
i.e. the coefficient of the term " £," is a two giant bound state for which the first brane
has momentum p, and the second momentum p,. To simplify our discussion, we shall
focus on the SU(2) sector, in which case the open string words are constructed using two

complex adjoint scalars, Y and Z. Further, the last and first letter of the word are both Y's.
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Figure 4.1: This figure gives a graphical representation of the excited brane bound states described
by the generating function (4.13). The node on the left represents the brane with momentum p;
while the node on the right is for the brane of momentum p,.

By acting on these operators with the dilatation operator, the dynamics of the open string
words is described by a Hamiltonian for a spin chain, with non-trivial boundary conditions.

In Section 4.3 we consider this Hamiltonian.

Operators dual to a giant graviton system with strings attached were constructed in [30].
For operators constructed using n Z fields and g open string words, the construction of [30]
starts with a chain of subgroups S, C S,,,; CS,,4, C - C S,,44. Using this chain of subgroups,
we can define a restriction of a representation R of S, to a representation r of S,,, by giving
the representation obtained as one successively restricts to each subgroup in the chain. The
sequence of representations of the subgroups specify where the open strings are attached,
and the representation r defines the giant graviton bound state. All of this information can
be summarized by decorating the Young diagram label of the operator. For example, a two
AdS giant graviton bound state with four strings attached to the first giant graviton is given

by the operator

)c[ { [ [4[3]2[1) (4.15)

The chain of representations used to define the operator are obtained by dropping the

numbered boxes in order. For the example above, we have the following 5 representations

defining the restriction from the original Young diagram R to the Young diagram ¢ R””

5The number of primes appearing on R”” tells us how many open string boxes were dropped from R.
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defining the giant bound state

R= [ [4[3]2]1], | [4]3]2] | [4]3]
- [ 4] [ l=r".
Using this set of restrictions the restricted Schur polynomial of [30] is given by
K Ze W)= =S W02 -+ 200 (W (W02 (o)l (WO - (16)

' oESy,
In [30], Trz.(Ix(0)) is called a restricted character because the trace over R to define the
character has been restricted to the subspace R””. We could also attach two strings to each

giant graviton brane

/| [3]1]

l 4[2]

by making use of the following restrictions

31 3] 3]
412 412 4

R

— |- | |=r™.

4

To stretch the strings between the branes we use a different restriction for the row and
column index of the restricted character. The row restriction specifies the open string start
points while the column restriction specifies the endpoints.

What is the relation between the operators of [30] and those constructed above? In
Appendix B.1 we explicitly evaluate the form of the operators constructed in [30] and
compare them to the operators which follow from the generating function (4.13). Simple

examples immediately confirm that

1. In the case that m,, =0, m,, = 0 = m,, with m,, arbitrary, the generating function

(4.13) precisely reproduces the restricted Schur polynomials constructed in [30].

2. In the case that m,, = 0, m,, = 0 = m,, with m,, arbitrary, the generating function

(4.13) again precisely reproduces the restricted Schur polynomials constructed in [30].
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This agreement is not an accident and we can prove that, for the cases described in 1. and
2. above, the two constructions agree. A central result of [30], is a rule for the derivative of a
restricted Schur polynomial with respect to an open string. The idea behind the proof s to
show that the operators constructed from the generating function (4.13) obey this derivative
rule.

To state the derivative rule of [30] we need to review a few facts. When strings are added
to the giant system, the order in which strings are added matters . Bearing in mind how the
operator was constructed, this is not surprising: changing the order in which open strings
are attached changes the set of restrictions used to define the restricted character and the
restricted character depends sensitively on which subspace is traced. If we differentiate with
respect to the last open string added, the open string together with its box is removed from
the restricted Schur polynomial and the remaining polynomial is multiplied by the factor ¢
of the box removed. Recall that the factor of a box in row i and column jisc=N—i+j.

The proof of this result, given in [30, 131], uses results from the representation theory of
symmetric groups. The derivative with respect to the open string word restricts the sum
over S,,, to asum over S, ,_; and its cosets. A simple rewriting of the sum produces the
Jucys-Murphy elements in the group algebra C[S,, ]| of the symmetric group S, ,. They
generate a commutative subalgebra of C[S,] and they commute with all elements of
C[Sy14-1] with S, ., the subgroup we are summing over. The factor that appears
multiplying the polynomial reflects the eigenvalues of the Jucys-Murphy elements on the
subspace used in the construction of the restricted Schur polynomial. The derivation of
this formula is an exercise in the representation theory of finite groups [30].

The operators constructed using the generating function obey exactly the same
derivative rule. The proof uses only elementary manipulations. Consider a two giant
graviton bound state, with g open strings attached to the first row. An example of the

operator we consider is given in (4.15), which has g = 4. The box labeled i stands for the

"For the specific case that we attach all the open strings to a single giant, as in (4.15) it turns out that
attaching the strings in different orders gives the same operator. In this case and only this case the order in
which strings are attached does not matter.
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open string W, for i =1,2,3,4. The rule that we are trying to reproduce says

o
PR T TEERm=N+m+q—1)x ez @17
o(Wa,), "l | | |

To derive this rule for the operators defined by the generating function, consider

T WAI f @Jd Jd ¢>Jd ’]_!(@-WA,-M
- N N N e S ! 7, )
:fd (pjd gpfd qbfd v ]r_!(so-m,-w-@)

q
de'JdN Jd%Jqub Pag ﬂZN)eSIH(sb-WA,-so)
_ 0 q
=de¢Jstode¢de¢ ;N Ntz )[e ﬂ(@-WA,-so)]-

The operator ¢, a% counts how many boxes there are in the first row, after the box for W] is

removed. This follows because boxes in the first row represent fields with their upper index

contracted with a ¢ field. Thus, we obtain

WAl de JdN fd’%fd’v 'ﬂ(saWAso)

—(N+p1+q—1)de de fd%fd’v ’ﬂ(q'?-VVA,«P)

=2
which is indeed the correct rule. Using derivatives which remove all open strings we obtain
a Schur polynomial. Given the discussion of Section 4.2.2, we know that the generating
function reproduces this operator correctly. Alternatively, since there is no term in the
operators considered that is independent of the open string word W, , the equality of these
derivatives implies the equality of the operators.
We can extend this result to operators corresponding to a bound state of two giant

gravitons with all strings attached to the second brane. In this case the derivative rule is

0
r— =(N+p+q—2)y .
5(W31)a1 4321!'” ’ I 432!””

Note that the coefficient on the right hand side is the coefficient of (4.17) with p, replaced

by p, minus one. The extra minus one is because the open string now occupies the second
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row. To derive this rule for the operators derived from the generating function, consider

dVg | dVeo

So 9 _ -
quSfd%;N 62 9d-Wo-0—0-2¢ ¢ Wy, -¢)

0
WB])Z s=1
:degbdegodegﬁdegb
q

xl_l(tp-Z'ip¢;‘WBS'¢—¢'Z'¢‘IS'WBS'SD)

§s=2

_ So
:(N+p2+q—1)dengchpfqu)deq) %esf

—e%(¢-Z-9p-¢p—p-Z-¢ ¢ )

g9 20 B W 9= 29 §- Wy -]=0
i (81622 §:2-0-02-9 §:2-)] =0
we find
S G dN¢de (saZso¢WB¢soZ¢¢wBso)

—(N+p+q— ZJdN JdN JngdeN Sﬁs] 5-2-9)
q
<[(6-206-Wy-0-6-2-¢ Wy -¢).

The extra factor of ¢ - Z - ¢ is simply adding one box to the first row of the Young diagram
labeling the operator. The open string W was located in a column of length 2, with the
other box in the column occupied by a Z field. After we differentiate with respect to Wy,
the second box in the column is left over and this is precisely the extra factor ¢ - Z - ¢. This
reproduces the correct derivative rule in complete detail. As above, since there is no term

in the operators considered that is independent of the open string word Wy , the equality of
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these derivatives implies the equality of the operators. Thus, as long as we attach strings to
a specific giant, the generating function we have written down is exactly reproducing the
restricted Schur polynomials constructed in [30].

This agreement between the operators obtained from the generating function (4.13)

and those constructed in [30] does not hold in general. Indeed, it is simple to verify that

3. In the case that m,, = 0= m,, with both m,; # 0 and m,, # 0 but otherwise arbitrary,
the operators defined by the generating function (4.13) do not agree with the restricted

Schur polynomials constructed in [30].

As a simple example, the operator with p; =1 and p, = 0, with a single string attached to

each row, is given by

de JdN deqbdeng (6-Wi-0) (0206 -Wy-p—0-Z-¢ §-Wy- )
=Tr(W,) Te(Wp) Tr(Z) + Te(Z W) Tr(Wg) — Te(W,) Te(Wp Z) — Tr(W, Z W)

while the construction of [30] gives

X 1a) = Tr(W,) Te(Wp) Tr(Z) + % Tr(W, W) Tr(Z) — Te(W,) Te(W Z)
B
+ %Tr(ZWA)Tr(WB)—%Tr(WAZWB)—%Tr(WAWBZ).

This proves that the restricted Schur construction of [30] and the construction using the
generating function (4.13) are not the same. There is a simple and general way to see that
these two sets of operators are different. The operators produced using the generating
function (4.13) treats all open strings with the same orientation identically. Thus, we can
permute any of the strings of the same letter® and this is a symmetry of the operator. This
symmetry is not present in the restricted Schur polynomial construction of [30].
Describing open string excitations of the giant graviton system in terms of open strings
has the advantage that we can make contact with a worldsheet description of the open

string [108]. Another possibility is that we excite of the half-BPS giant graviton bound state

8By this we mean that we can permute the W, 's among themselves, the Wj s among themselves and so
on.
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by including a second field Y in the description of the operator®. This description is
naturally related to the restricted Schur polynomial construction developed in [67, 73].
Consider operators constructed using n Z fields and m Y fields. The restricted Schur
polynomial yg . s.s(Z,Y) construction of [67, 73] uses a representation R = m + n to
organize the complete set of fields, as well as a representation r I n for the Z fields and a
representation s = m for the Y fields. In addition, there are multiplicity labels a,
needed! because in general there is more than one way in which the S, x S,
representation (r,s) can be obtained after restricting the S,,,, representation R to the
S, x S, subgroup. This description of the local operators does not immediately have a
visible open string interpretation. By diagonalizing the one loop dilatation operator, the
studies [43-45, 116] discovered an alternative basis, known as the Gauss graph basis. The
operators of this basis, called Gauss graph operators, are eigenstates of the one loop
dilatation operator. These eigenstates are labeled by graphs, which provide a diagrammatic
picture of the open strings stretching between the different giant graviton branes. The
complete basis of operators manifestly obey the Gauss Law of the brane worldvolume
theory, motivating the terminology “Gauss graph basis”. I shall now argue that it is the
Gauss graph operators that correspond to the operators constructed from our generating

function. Towards this end, consider the generating function

ZAds(rl,tz,Y)=de¢desode¢3de¢ %es’
x(gb-Y )
x(@-Z9¢p-Y9—¢-Z-9pp-Y-p)

which is obtained by replacing W, — Y in (4.13). The bound states described by this

) (4.18)

mao

generating function have m,, strings attached to the brane corresponding to the first row,
m,, strings attached to the brane corresponding to the second row, m,, strings stretching

from the first to the second branes and m,, = m,, strings stretched from the second to the

9We can include the complete set of fields in .4 = 4 super Yang Mills theory. This restriction to a single
field Y is for simplicity only.
19T define the relevant restricted character, we need one multiplicity label for the row index and one for
the column index, that we restrict to.
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first. The Gauss Law is clearly manifest in this description since the above expression is
only defined for m,, = m,,. In addition, the construction is symmetric under swaps of any
strings that have the same orientation. This is a symmetry that the Gauss graph operators
enjoy and this agreement of the symmetry enjoyed by the two constructions is a key piece
of evidence suggesting that the operators constructed from the generating function (4.18)
are the Gauss graph operators. The Gauss graph operators with all strings attached to a
single brane agree with the restricted Schur polynomials [44, 45] with all open strings
attached in a given row. Consequently, the results we have obtained above already establish
that restricted Schur polynomials and Gauss graph operators coincide when the open
strings are all attached to a single brane, i.e. when there are no strings stretching between
branes.

For a detailed comparison of operators that involve stretched strings, study the simpler

expression obtained for m;; =0=m,, and m;, =1=m,,

Gras(t1, ) JdN de JdN(deN(pEe

x(@Z @Y 0p-Yo—¢-Z:¢-Y-0pp-Y-0).

The dependence on t, and ¢, continues to keep track of the momentum carried by each

brane, exactly as above. A simple computation proves that

Gaas(t1, 1) =TH(Z) Te(Y?) = Te(Z V) TH(Y) + £, {Te(Z)? Te(Y?) + Tr(Z?) Te(Y?) + Tr(Z) Tr(Z Y %)
+Tr(Z*Y?)—TH(Z Y)Te(Z) Te(Y) = Te(Z2Y) Te(Y) = Te(Z Y P = Te(Z Y Z V) }
+ LT ZP TH(YH) + 2 Te(Z?) Te(Y2Z) = Te(Z P Te(Y) Te(Y Z) + 2 Te(Z)* Te(Y 2 Z)
—Tr(YZ2)Te(Y ZH)—Te(YH)Te(Z3)—2Te(Z)Te(Y Z)? =2 Te(Z) Te(Y) Te( Y Z2)
—2Tr(Z)Te(Y2ZA)+Te(Z)Te(Y ZY Z)+ 2 Te(YV) Te(Y Z) Te(Z) + Te(Y) Tr(Y Z°)

—2TH(Y*Z3)+2Te(YZY Z%)} + -+
(4.19)

In Appendix B we prove that the Gauss graph operators are given by

(E], Q ) —TH(Z)TH(Y?) = Te(Z Y) Tr(Y)
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(D], Q ) —Te(Z P Tr(Y?)+ Te(Z2) Te( Y2) + Te(Z) Te(Z Y2) + Tr(Z2 Y'2)

—Tr(ZY)Te(Z)Te(Y)—Tr(Z*Y)Te(Y)—Te(ZY =T (Z Y Z Y)

( , Q ) —TH(Z P Tr(Y?) + 2 Te(Z2) Tr( Y2 Z) = Tr(Z 2 Te(Y) Tr(Y Z) + 2 Te(Z P Te( Y2 Z)

—TH(YZ)Te(YZ?)—Tr(Y?) Tr(Z3) -2 Te(Z) Te(Y Z)? — 2 Te(Z) Tr(Y > Z2)
—2Te(Z)Te(Y)Te(Y Z*)+ Te(Z)Te(Y Z Y Z) + 2 Te(Y) Te(Y Z) Tr(Z?)

+Tr(Y)T(Y Z3) =2 Te(Y?Z3) 4+ 2TH(Y ZY Z7)

in complete agreement with (4.19).

With this encouraging evidence in hand, we would now like to prove that the operators
generated by (4.18) are indeed identical to the Gauss graph operators. Firstin, Appendix B.3,
we prove that, at large N, operators derived from the generating function for arbitrary m;,
and m,, agree with the Gauss graph operators. Thus, all that is left is to consider operators
with non-zero m,,. The proofintroduces a graph changing operator: acting on a given Gauss
graph, we can easily generate any other Gauss graph operator. Then, given the equality
between our operators and the Gauss graph operators when all strings are attached to a
definite brane (i.e. there are no stretched string states), and the fact that we can generate
any bound state with any number of strings stretched between the giants with the graph
changing operator, the proof is complete.

For the proof that follows, it is necessary to briefly review the construction of the Gauss
graph operators. The restricted Schur polynomial yp ;. s),s(Z,Y) constructed using n Z
fields and m Y fields is labeled by three Young diagrams R+ m+n, r - n and s - m and two
multiplicity labels @, . The Gauss graph operators Oy ,(0) have the same R and r labels,
but the s label and the multiplicity labels are replaced by a permutation o. If we think
about each individual Y field as an open string, to specify a state of the Y fields we need to
specify a configuration of the open strings. This can be achieved with a permutation, as
illustrated in Figure 4.2. This is the permutation o labeling the Gauss graph operator. From
the figure it is clear that swapping endpoints of open strings terminating on the brane and

swapping endpoints of open strings originating from the brane is a symmetry of the open
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Y

Figure 4.2: Any open string configuration can be mapped to a labeled graph as shown. The two
bold horizontal lines in the figure on the right are identified. Rows of R form nodes in the graph.
For the graph shown, R has three rows. There are 7 open strings, so the operator is constructed
using 7 Y fields. The graph determines a permutation, so each open string configuration maps
to a permutation. For the graph shown the permutation, in cycle notation, is o = (24)(536). A
nice example is the configuration in which all open strings loop back to the brane they start from,
described by the identity permutation.

string configuration. To correctly enumerate distinct physical states we must divide out
this symmetry so that each configuration corresponds to an element of a double coset. For
the configuration shown in Figure 4.2 the relevant double coset is H \ S;/H where H is the
group of symmetries for the endpoints, given by H =§; x S, x S,.

The transformation to the Gauss graph basis is given by

Or(0)= DD Cos(0) A rojap (4.20)

skm a,p

d
da
s _ U (s) s—1 s—1
Cop(m)=1HI\ 2 lrk,(r)Bka "B

where

©

This last formula makes use of branching coefficients, which are defined as follows
ﬁ YGZHFIF;)(y) = ; BB
where the index u on the right hand side is a multiplicity label.
As we have just reviewed, the Gauss graph operator is labeled by a permutation o that
specifies how the open strings are stretched between the giant gravitons. We can easily

rewrite the formula (4.18) in terms of ¢ as follows (m = m,; + m,, + my; + m,,)
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ZAdS(tl!tZ!Y U de JdN de¢de St

my+myp

X l_[ (90 b; 90&0(i>) l_[ (SO'Z'SO ¢ ]ij (15%(].)—(,5'2'(]5 ¢ Yb‘;j‘p%m)'

i=1 J=my+myp+l
It is clear that o specifies the row to which the upper indices of the Y fields belongi.e. o
specifies how the Y excitations connect to the giants. The graph changing operator, acting

on a system with a total of m Y excitations, has the form

0 0

A = il DY im
G(O.) - Yja(l) Yja(m) a Y-il a Y-im *
i Im

It is simple to verify that
é(al)ZAdS(tl) t2r Y! 02) = ZAdS(tl» t2! Y» 0102)'

I shall now argue that this graph changing operator has exactly the same action on the
Gauss graph operators. When R has only two rows we have no multiplicity labels so that,
up to a normalization factor of |H|/m! which we drop, we have!!

)= Vd, Tj)(0)B] " B O

skm

:H_l .12 Z FF @)Or,(rs

mit o a€[ ; Sm:

1
l_[ m.! Z Z Vv ds Xs(a.a)OR,(r,s) (4.21)
N a€ T; Sm

where y (o) is the character of o € S,, in irreducible representation s. Now, again up to a
normalization that plays no role in this proof, we have
1
Orir= D, X, O =100 1:(02) xr(0100:p) THpZ®" V™),
PES +m O1€S, 02€S8, ds
In writing this formula we have explicitly used the crucial fact that restricted Schur

polynomials with only two rows carry no multiplicity labels'?. Using this formula, as well as

UFor a detailed discussion and derivation of this formula, see [45].
12In the case that there are no multiplicities we can write the projection operator, which projects to the
(r, s) irreducible representation of S,, x S,,,, within the carrier space of R as

d, dg
n! m! Z Z 2r(01) ) s(02)R(01 007).

' 0,€S, 0,€S,,

Prors) =
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the character orthogonality identity, which says

> 2@z =181 8igum

skm

we have

O(o)= Z Z Z 10 )xr(0r00ap)Tr(p 22" Yo™). (4.22)

PESn+m T1€S, AESy) XSy

Using this last formula it is simple to verify that
G(UI)O(UZ) =0(0,07,).
In Appendix B.3 we argue that

Z tlpl_pz tzpz Oy p)(1) = Zpas(t1, 15, Y, 1)
P1,P2

and since the graph changing operator acts in the same way on both sides of this equation,

the proofis complete.

4.2.4 Bound States of Two Sphere Giants

A bound state of two sphere giants, one of momentum p, and a second of momentum
p, with p, < p; corresponds to a Schur polynomial labeled by a Young diagram with two
columns. There are p, boxes in the first column and p, boxes in the second. To describe giant
gravitons, both p, and p, must be order N. The Young symmetrizer must antisymmetrize
over all indices in column 1, and all indices in column 2, as well as symmetrize the pair of
indices belonging to each row. In contrast to the AdS giants, it is now the antisymmetrization
to be performed that represents the bulk of the work. This antisymmetrization of indices
can again be accomplished with the help of a Gaussian integral, but now we integrate over
Grassmann variables. Again it is a simple application of Wick’s theorem to learn that

de Ef avy £ e—éasa gil gjlgizgjz...gikgjk — Z Sgn(o-)(g;;mg;;z)...5;1;(k)
€S (4.23)

dVE=dE dE,---dEy and dVE=dEN...d&*dé.
To write down the generating function for Young diagrams R = (272, 17772) that have two

columns, one of length p;, and one of length p,, we perform the symmetrization in each
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row by hand and use (1';,¢?) to antisymmetrize indices in the first column and (&;,£’) to
perform the antisymmetrization of indices in the second column. The two giant graviton

bound state generating function can then be written as follows

- (P + o)
tl, tg Z Z tpztp : 1 : 2 _p2)| ){(2!’2,1”1_”2)(2)

o el dram-r)p2! (P
dewj def ay gf ng e—l/J Yi—ElEi—ny! Z]w]+t2wlgj(ztk2;+zilz;c)lpk€l' (4.24)

In Appendix B.1 we check this result by performing the integral to second order in ¢, and ¢,

and show that we reproduce the correct formulas for the relevant Schur polynomials.
As was the case as for the AdS giants, this generating function can also be interpreted

as a generating function for characters of the symmetric group S

m+p, IN the representation

labeled by Young diagram R =(272,17772). The generating function is

=33 LES
vl oo o Il 2m ! (P p) g )t (P — P2+ 1o — p2)!

X Y amam-ry({i" ) TH(Z)" TH(Z2)% -+ Te(ZPHP2)'7em. - (4.25)

where > (n;) denotes a sum over the conjugacy classes of § To build some intuition for

ntp.:

this formula, expand to linear order in ¢, and ¢, to find
Zs(t, 1) =1+t y (D TH(Z) + 5 (O THZ Y + 1 () Te(Z%) +
=1+, Te(Z)+ 7 Te(Z)Y + t; Te(Z%) +
reproducing the correct characters for S, and S,
=1L ©E)=1 and )= 1

Following our discussion for characters with long rows, we could easily use the result (4.25)
to develop a formula for characters in representations labeled by Young diagrams with two

columns.

4.2.5 Excited Bound States of Two Sphere Giants

In this section we extend the results obtained above, constructing generating functions

for operators dual to excited sphere giant gravitons. Again consider a bound state of two
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sphere giant gravitons, the first with momentum p, and the second with momentum p,.

The bound state is excited by attaching open strings. The generating function for this class

dededegdegew

of bound states is

Zs(ty, Lo, {W}) =

S

-,

s (4.26)
X _(1/3'2‘1.0E'WBs'g_l/}‘Z'gg'VVBS‘I/J)
x[[@-z-y & Wy - - We, - E+P-Z-E E- Wy -p - We, 1),

t=1

where
S=—py—E-&  and  S=—0y-Z-p+ P8 (22422 w2

The signs in the final two lines of (4.26) would both have been positive if we had kept all
barred variables to the left with 1’s before &’s and all unbarred variables to the right with
y’s before &’s. The dependence on ¢, and ¢, again tells us about the quantum numbers of
the brane bound state with no open strings attached: the coefficient of the term ¢~ ;"
describes the case that the first brane has momentum p; and the second momentum p,. We
again focus mainly on the SU(2) sector in which case the open string words are constructed
using two complex adjoint scalars, Z and Y, with the last and first letter of the word both Y's.
The Gauss Law is again respected because the open strings are added to the bound state in
pairs, with one string W, stretching from brane 1 to brane 2 and another W), stretching
from 2 to 1. In a discussion which closely parallels the discussion for the AdS giant bound
state, we can again prove that the operators with strings attached only to brane 1 or only to
brane 2 agree with the construction given in [30]. The proof again proceeds by verifying
that derivatives with respect to open strings words agree with the rule derived in [30]. I shall
sketch the case that strings are attached to the giant of momentum p, since it is interesting
to see the role of the Grassmann nature of the integration variables. Recall that in the case

of the AdS giant (a long row), the factor of the box containing W, is N +(q —1), since each

time we move along the Young diagram, to the right, we add 1 to the factor. In the case of
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the sphere giant (a long column), the factor of the box containing W, is N —(q —1), since
each time we move down the Young diagram we subtract 1 from the factor. It is the change
in the sign of the g —1 contribution to the factor that we want to demonstrate. Towards this
end, consider

0 N T N N £ N So+5 ! 0. )
—6(ml)3fd wjd wfd 5fd £S5 | (v wy,-y)

r=1

~ = - q -
:deJdedefdeiesz [T -v)
N T N N £ N - 0 S T
o R EK R il G B (R

q
=2

=(N—¢"£Ud%fdlvwfd’v§fd’%e§°+51 [ [@-ws, )

r

Ry

where the negative sign in the expression in brackets on the last line above is exactly what is

required to get the correct factor. This sign comes from the Grassmann nature of 1’ since

o - o -0
gt N g

Again, exactly as we found for the excited AdS giant bound states, by constructing and

comparing operators we learn that the restricted Schur construction of [30] is in general
not the same as the construction using the generating function (4.26).

The operators constructed using the generating function (4.26) are again symmetric
under swapping strings of the same orientation. This is a strong hint that they are closely
related to the Gauss graph operators. This expectation turns out to be correct. The relevant

generating function is

Zs(ty, b, Y):Jleﬁ Pdedegdegego+§1
J
<[ - v-v)
rm—:; (4.28)
| |-z y&-v-e—yp-2-8C- V)
x—_(¢'Z'¢5'Y‘¢¢'Y'€+¢'Z'55'Y'¢1/3'Y'1/J).

=1

The bound states described by this generating function have m,, strings attached to the

brane corresponding to the first column, m,, strings attached to the brane corresponding to
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the second column, m,, strings stretching from the first to the second branes and m,, = m,,
strings stretched from the second to the first. The construction is manifestly symmetric
under swaps of any strings that have the same orientation. Appendix B.2 contains detailed
checks of the construction of operators coming from (4.28), as well as detailed examples
demonstrating their equality to the Gauss graph operators. It is possible to generalize
the proof given in Appendix B.3 to the case of operators labeled by Young diagrams with
long columns, and then to repeat the argument that worked for the AdS giant graviton,
making use of the graph changing operator. The details are an obvious generalization of

the discussion for the AdS giant graviton.

4.3 Action of the Dilatation Operator

In the previous section we have obtained an integral representation of the operators dual
to excited giant graviton bound states. Our goal in this section is study the action of the
dilatation operator on these integral representations. I shall restrict to the SU(2) sector,
which corresponds to studying open string words constructed using two complex matrices
Y and Z. The one loop dilatation operator in the SU(2) sector (up to overall normalization)
is [28]

D=—g2,Te(Z,Y][2;,0)). (4.29)

When the open strings are described using words, one can derive a Hamiltonian [108, 109]
for particles (representing the Z fields) hopping on a lattice (defined by the Y fields). The
Z fields can hop between the open string world sheet and the giant graviton bound state. A
key physical question is the description of this hopping, relevant for the dynamics of the
string endpoints. We take this up in Section 4.3.1. For the description in which the open
strings are described using the Y field, I have argued that the operators we construct are the
Gauss graph operators. The Gauss graph operators are eigenstates of the one loop dilatation
operator at large N. I shall define an integral representation for the action of the dilatation
operator D on the generating function (4.18) in Section 4.3.2. This integral representation

is a natural starting point for a systematic 1/N expansion.
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4.3.1 Open String Boundaries

Our goal is to work out the action of the dilatation operator, in the large N limit. Concretely,
this amounts to constructing a lattice Hamiltonian for each of the four types of open strings
(attaching to brane 1 or 2, and stretching from 1 to 2 or from 2 to 1) we can consider. What
is of most interest is the boundary conditions for the strings. There are two derivatives in D,
so it is possible that the two derivatives will act on different open strings. However, these
effects are subleading at large N and we ignore them!3. In this case, we are not losing any
information by simplifying the discussion to a single (for W, and Wj) or pair (for W, and
W) of open strings.

The number of fields in the giant graviton is O(/V), the planar approximation fails and
to obtain the correct large NV limit we need to sum all possible contractions of fields in the
two giant gravitons. The number of fields in each open string is ~ L with L ~ O(+/N ). If we
take L?/N < 1, then at large N it is accurate to contract the open string words planarly [30].

We restrict to the SU(2) sector which amounts to constructing all open string words W,
from the pair Z, Y of matrices. To obtain the world sheet description of the open strings,
following [109], we interpret the Y fields in W, as a “lattice” which can be populated by
inserting excitations (in this case Z’s) into the lattice (gaps between the Y’s). I shall, refer to

the Z’s as impurities. For a word containing L Y fields, there are L —1 sites in the lattice
W,=YZ"YZ™"Y.---YZ"Y,

The {n;} are lattice site occupation numbers. The one loop dilatation operator preserves
the number of Y’s (the lattice is not dynamical) and allows impurities to hop between
neighbouring sites (Z’s and Y'’s can swap their order in W,). This interpretation maps
the problem of determining the anomalous dimensions of operators in the super Yang-
Mills theory into the dynamics of a Cuntz oscillator chain [109]. The bulk interactions are

described by the Hamiltonian

1 L-1
Hyu =22 Y afa =2 (@] a+aaj,,), (4.30)
=1 =1
13Here we are simply alluding to the fact that at large N string interactions are suppressed and hence

open string words do not mix. In the closed string sector the analogous statement is that in the planar limit,
different trace structures do not mix.
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where A = g2 /N is the 't Hooft coupling and the Cuntz oscillators obey
d;al=1 and  a'a,=I1-0)(0|.

To obtain the full Hamiltonian, we need to include boundary interactions arising from
the string/brane system interaction. This interaction, which introduces sources and sinks
for the impurities at the boundaries of the lattice, was first derived in [109] for a string
attached to a single sphere giant graviton, and then derived in [31, 32] for strings attached
to an arbitrary bound state. One such interaction allows a Z to hop from the first or last
site of the string onto the giant, or from the giant into the first or last site of the string. In
this process the string exchanges momentum with the giant graviton, so that the giant
graviton is exerting a force on the string. There is also a boundary interaction in which a Z
belonging to the giant “kisses” the first (or last) Y in the open string word. In this case, no
momentum is exchanged, and the string does not feel a force. The logic developed in [31]
derives the interaction for the “hop off” process, in which a Z hops off the string and onto
the giant. Requiring that the Hamiltonian is hermitian then fixes the “hop on” interaction.
The momentum conserving boundary interaction follows by expressing the kiss as a hop
on followed by a hop off.
The hop off boundary term for open string W, is given by [31, 32]

C . C
H, =A,/—A*a +M/—ATd 4.31
hop off N 1 N I ( )

where c is the factor of the box occupied by the open string word W,, 4, and 4, annihilate a
Z from the last and first sites of the open string word W, and A" adds a Z to the giant graviton
i.e. itadds a box in the Young diagram label of the operator. The key step in the derivation of
this hop off boundary term is an identity obeyed by the restricted Schur polynomials. When
a string hops out of the first (or last) site we obtain an open string word of the form Z W,
(or W,Z). The identity expresses the restricted Schur polynomial with words Z W, or W,Z
in terms of restricted Schur polynomials with word W,. This identity is derived by writing
the sum over ¢ in (4.16) as a sum over a subgroup and its cosets and again using known

results about the eigenvalues of the Jucys-Murphy elements. This is how the factor of the
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box appears in (4.31). In terms of the generating function the derivation of this identity is a
trivial exercise. Indeed, the identity of [31] is given by

e [ave | ava [ave L [ piw
N - N N T N, ey - -
= | d%g | d%p [ d¥¢ | d" 9 —z (W)= - W-o+465-W-Z-¢

(P W Zp$Z 9P W-Z¢ §-Z-9)).

This is identical to the identities given in Appendix C.1 of [32]. The term proportional to
Tr(W) describes gravitational radiation, whereby the open string W is emitted as a closed
string Tr(W) from the excited giant bound state. It represents a subleading contribution
at large N. The term proportional to ¢ - W - ¢ produces restricted Schur polynomials
constructed with open string word W. The remaining terms produce restricted Schur
polynomials constructed with open string word W - Z. The generating function provides a
remarkably simple derivation of this formula.

The identity above describes hopping out of the last site of the open string word. To

obtain the identity needed for hopping out of the first site we consider

0_ dN - dN quS dN i eSO+SI WJ .
=[dv¢ [ dVe a5\ W)

The identities needed for the sphere giant are equally easy to derive.

4.3.2 Gauss Graph Operators

I have already argued that when each open string word is replaced by a single letter, the
operators we generate are the Gauss graph operators. From the results obtained in [45] we
know that these are eigenstates of D, in the large N limit. In [44, 45] the simplifications of
large N were implemented by exploiting simplifications in the action of the symmetric group.
This analysis, known as the distant corners approximation, is clumsy. In particular, it is not
obvious exactly what has been discarded in this approximation and, consequently, it is not
easy to systematically correct and improve the approximation. It is interesting to reconsider

this computation using the generating function where we should have better control over
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the large N expansion. Indeed, a systematic large N expansion should follow from a saddle
point approximation of the integral representations we have obtained. To carry out this
analysis we need to apply D to the operators defined by (4.18). In this subsection we study

some illustrative examples. Return to (4.18) which we write as

_ eSO+SI
ZAdS(th Iy, Y)= J dN (;5 f dN @f dN ¢ f dN ¢ 7_[7 eth)lﬂzzq’z (I);n“@fl”‘zupg%z

where we have introduced the new variables

o, =¢p-Z-p
0=0-Z-0Q-Z-0—0-Z-¢P-Z-¢
P3=¢-Y-p

A
N
Il
S
N
S
1 <
h<
<
I
i
N
<
<
l~<
RS

=0 Z-0Q-Y-0@-Y-p—p-Z-0)-Y-0p-Y-0p.

Our operators are constructed using a large number of Z fields (order N) and very few Y
fields (order 1). It proves helpful to remove the Y fields, as much as possible, from the
manipulations that follow. With this in mind, introduce sources for the fields ¢, ¢, ¢ and q§

and write

RN FMoy FM = Y eSO+SI
Zpas(ty, 1, V) = @5 @ O lz(de¢de¢JdN¢JdN¢ 2N

X e tl‘I’l‘ng‘I’z ejw‘<ﬂ+¢'f¢+j¢‘¢+¢3'j¢)

j=0
= 95" B B Zyas reaucea(tt) 12)] ;g (4.32)
where |;_ is an instruction to set all sources to zero and
. — 0 v 0
7o T o)y
& — 0 P o 0 0 0 o 0 0
'Toje " ajeaje T aje aje T ajedje oy 133
5_0 , 0 2 2 8 . 0 (4.33)
Y oje T ajvaje  ajedjy  djo
0 o 0 o 0 0

— Z - Y - Y —.
aj¢ 3j¢8j¢ aje dj¢ aj¢
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The integration is not a Gaussian integral because ®, introduces terms that are quartic in
the integration variables. To proceed perform a Hubbard-Stratanovich like transformation,

introducing two new complex fields, and rewrite Zy s requced( 1, £2) as follows

ZAdSreduced(tl»tz 2N+2f de de¢de¢fdxfdxdeJ-dy

x @ PP O—XX—YIHNP L+t XPL PR L P12y P L =127 §- L+ oG- [P+ [P+ O

We can streamline this expression as follows

ZAdSreduced(tl’tz 2N+2f JdN JdN¢JdN¢dededefdy

—XX—yy—v-M-U+v-j+j-0

where
e oo i
Ui:[(pi ¢i:|’ v = | ]i:[j;p ji¢:|’ ]l: -
¢ s
lyv—HZ—t,xZ —tLyZ Lht+hx o
and M=|" " ’ 2 =1L,®ly—| ez
Ly Z Iy—56xZ —hLy  hLX

The integrals over ¢, ¢, ¢ and ¢ are Gaussian and can be done exactly. The result is

1 ) el jmxi—yy
ZAdS,reduced(tli [2) = ; dx dx dy dy det(M) . (4.34)

The eigenvalues of Z are z;. The eigenvalues of ./ are given in (4.9). In terms of these

eigenvalues we can write

N
l._ll—/laz-'

1

2
det l:[

a i=1

The Cauchy-Littlewood identity [132] is

I m
[ i = St 0200 )

A

where the sum on the right hand side only includes Young diagrams A with less than the

smaller of L, M rows, and y, is a Schur polynomial. Applying this formula to our problem
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we find

1
o = 2N

A

so that

ZAdS reduced( tl’ tZ ZfA(] ] XA

(4.35)
fdxjdxfdyfdye’ VITXEYY o ().

The sum over A is only over Young diagrams with at most two rows.

We can perform a convincing check of (4.35) after we set j = j =0. When the sources
vanish we know that the generating function produces the Schur polynomials with two rows.
Further, the Schur polynomial labeled by a Young diagram with r; boxes in the first row and
r, boxes in the second is multiplied by a monomial ¢,"" tzr2 Using the usual formula for

the Schur polynomials, we find
A (A)=t+Hx+ 65X
AT =20 Lx+ X+ G LI+ XX+, X1y
)(H(//Z)ztl LEX+IIXX+EY
ATTA) =8 3t 6, x +30 1, X + )X+ 1 X+ 20 L XX+ 1) X%
+ LA xR 200y )2t xy Y —26)Xy Y
;(Bj(//l) =t LX+20 XX+ XX+ LR+ XX+ 05y
+LXYJHEXYT.
We then easily obtain

2

=t  fm=t, fHZZt fr=%  and faj=3tlt22

which are the correct results. We have also tested that the integer coefficient of each

monomial is correct.

If we work in a basis in which Z is diagonal, after a little work we can rewrite (4.34) as

ZAdSreduced h, )= fdedxfdyfdy eXp[ XX—yy +anTr(Zn)
n=1



(ZX l—tzxZ) (ix tzyZ)

n

+J'¢'(ZX"fzJ72)'J_'¢ +J'¢’(ZXH(1_W_CZ_ tlz))'f_}p] (4.36)

n=0 n=0

where f,, has been defined in (4.10) and
X=(t+h(x+x)Z—(tLx+ 2 (xx+y7))Z*

This formula is exact. We are now ready to apply the operators defined in (4.33) to this
expression. We evaluate the result at j = j =0. One derivative acting produces a term linear
in the sources. To get a non-zero result we need to differentiate this again, with respect
to the source that appears. Consequently, a pair of derivatives must act before we get a
non-zero result. The combinatorics is therefore identical to the combinatorics from Wick’s
theorem and we only need to know what the basic pairings are. It is easy to read off from
the above expression what each possible pairing gives.

It is instructive to consider the case that £, = 0. This corresponds to a single giant system,

which we know is a half-BPS operator. A simple computation shows that

ZAdSreduced tl» eXp[anTr +]<,0 (Ztnz )'jw+j¢'j¢]'

For two strings attached to the giant graviton, the generating function is

0 0

2
ZAdS(tlr O, Y) = (W Y- 8_]—90) ZAdS,reduced(tl’ 0)

n oo

= e XL I N (T ZM) TH(Y Z) + TH(Y ZM Y Z7))
ny,np=1

q

1

g_

For k strings attached to the giant graviton, the generating function is

Q

ZAds(l‘l,O,Y)ZeZ:il%Tr(Z") Z t1n1+nz+..-+nkz( an)n ( an)zz

.. ek
i) i (YZ™),
ny,...,ng=1 o€ES;
0 6]
E _1 (k)
67
q=1 q

lg(k)
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This gives a very explicit description of the Gauss graph operator, for a single giant graviton

with k strings attached. It is straight forward to verify that

i i ig+1 lg+k
oW = E ZD .z oy oy

a(1) lo(q) ~ lo(q+1) lo(q+k)
UESk+q

=k' 9! X e+ 0010)(Z> Y)

where Y(i1q)k)4)(Z,Y) is a restricted Schur polynomial. The corresponding projection
operator Fy,) )4 Needed to define the restricted trace is trivial since the carrier space of

representation (k + q) is one dimensional. The results of [42] then imply that
(k) —
DO, =0

to all ordersin 1/N.
As an example of a non-trivial eigenstate of the dilatation operator D, consider a pair of
stretched strings, i.e. m,; =0 = m,, and m,, = 1 = m,,. To obtain a manageable problem,

consider the coefficient of 7" in the expansion of (4.32), which is given by

— i e in+1 2yin+2 _ i e in in+1 in+2
0= 2 : Zio(l) Zi0(71+1)(Y )iU(n+2) Z Ziam Zia(n) Yia(nﬂ)(Z Y)io(n+2>
Uesn+2 Uesn+2

:ﬁl - ﬁz.

We work at the leading order in a large N expansion and we take n to be of order N. In this
limit 0 simplifies. Recall that in any conformal field theory, we have the operator/state
correspondence, which associates a state to every operator. Thus associated to the two
operators above, we have the states |0;) and |0,). Norms of states map to correlation

functions of operators
(@lo)=(00]) and  (6:]0,)=(0,0]).
In Appendix B.4 we show that

(05| 0y)
(01|00

=0O(N™

so that at large N we can simplify

_ i i i
0=0,+0(N")= D"z} ozl (v
lo(1) lo(n+1) lg(n+2)
UGSIH—Z
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It is interesting to trace this simplification back to the generating function Z,4s(t;, £, Y).

This simplification amounts to dropping the second term in
Y=G-L 9§ Y99 Y-9—0-Z -V 05V -y

which is intuitively appealing. Indeed, the factor ¢ - Y - ¢ ¢ - Y - ¢ has the very natural
interpretation that the two Y fields have endpoints on different branes. Acting on ¢ with D

given in (4.29) we obtain

DO=—gi(n+1) > zp -z (vh (7, v]re4 vz, Y],

o(1) lo(n+2)
UGSrH-Z
ll in+2 ln+2
[Z Y] la(n+2 5 .0'(1) (7 [Z ]la n+2})

To simplify this expression we need a few identities. The most basic of these follow by simply
changing variables in the sum. For example

2 i i i 2 i i l i
Ziz .__Z‘n+1 [Z Y] n+2 Z.Z .__Z.n+1 1 [Z Y] n+2
o(2) log(n+1) lo(n+2 Ip(2) Ip(n+1) p lp n+2)

Uesn+2 14 eSn+2

— Z Zil "'Zln Yln+1 7 Y]in+2
- bp(1) iy » i

Ly(n+1) Ly(n+2)
lpeerZ

where for the first equality o = p(1, n+2) and for the second p = (1, n+1)y(1, n+1). Another

useful trick is to write sums in terms of cosets of a subgroup. For example, examine the sum

lg(1) lo(n+1) ~ lo(n+2) lo’(n+3)'

S = Z le ...Z'im-l Yin+2 Yin+3

aesﬂ+3
Consider the subgroup S,,,, defined by p(n+3)=n+3for p €S,,,,, i.e. the subgroup leaves
n + 3 inert. Now rewrite the above sum in terms of the right cosets, labeled by the integer

i=1,2,...,n+3 defined by
o=p(i,n+3) where OE€S, 3 and PES, o

The sum over o is equivalent to separately summing over p and i. After rewriting we find

i i i i i i
S = D LN e Z Y T(Y)+ Yz ezl ()
p(1) Ip(n+1) " Ip(n+2) Ip() lp(n+1) lo(n+2)
14 ES}H—Z 14 €Sn+2

+(n+1) Z Zj Y (ZY)e L (437)

lo- n+1) lo(n+2)
pesn+2
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If we use left cosets we find

&= Z le . ln+1 Yln+2 TI’(Y) Z Z'il ___an+1 (YZ)I:n+2

lp (n+1) lp(n+2 lp(l] lp(n+1] lo(n+2)
PES 2 PESn+2

+(n+1) Z Zj Y (YZ)R L (4.38)
peSnJrZ

Comparing (4.37) and (4.38) we have
i ln+ int — i in+ in+
22 Zi = Y ZY = 20 Ziy e Y (YD
P€5n+2 P€5n+2
Making use of these identities we find
— 2 il ln 2 ln+1 in+2
=—g2 (n+1) Z Zj e Zih (2YZY —YPZ—ZYH)P 5,

la'(n+l) lo’(n+2] :
UESnJrZ

Next, introduce the S, subgroup defined by p(n +2) = n + 2. By making use of right cosets

exactly as above, we find

D@’:—géM(N+n+l)(n+1) Z Zl.i1 ...Zi’: QYZY— v27 _ ZYZ)I"“

o(1) lg n+1)
UESnJrl

The next identity we need is obtained by starting from the sum which defines 0

0= Z le Zln Zln+1 ( )ln+2

lg(1) lo(n)” lo(n+1) log(n+2)
UGS)HZ

and writing in terms of cosets of the subgroup S,,,; which leaves n + 2 inert. We learn that

§ i i l § i i i
ﬁ Z1 e .” n+l1 Tr( n+1 Zl . .n ZYz).nH
la (n) lo‘(nﬂ la(n lo(n+1)
Uesrl+1 Uesrl+1

when using right cosets, and

0= E Z) ez 7 T(Y?) +(n+1) E Z' .z (YPZ)r
o(1) lo(n)” lo(n+1) lo(1) lg(n) lo(n+1)
0'€Sn+1 0'€Sn+1

when using left cosets. Recalling that 7 is of order N, it is clear that the first term on the

right hand side of these last two formulas can be dropped at large N. We then find
DO =2g. (N+n+1)0+20

where

lg(n) lo(n+1) )
O'ES,,.H
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In Appendix B.4 we show that
(0'|0") 1
=0(N
(010) (V)

so that the 0’ contribution can be dropped at large N. Thus, in the end we have

DO =2g2 (N+n+1)0

proving that our operators are indeed eigenstates of D atlarge N. There are a few points

worth stressing:
1. The above calculation has summed much more than just the planar diagrams.
2. The operator 0 is a sum of many different trace structures.

3. Itis not the usual 't Hooft coupling g7, N that appears, but rather g7, (N +n+1). This
is also fixed in the large NV limit so that we have a finite renormalization of the 't Hooft
coupling. Notice that N + n + 1 is the factor of the last box in the first row of the R
label of the Gauss graph operator. The same renormalization is evident in the results

of [42, 130], obtained using very different methods.

4. The above result is another nice check of the equivalence of the operators defined by

the generating function and the Gauss graph operators.

4.4 Discussion and Conclusions

The spectrum of type IIB string theory on AdS; x S°® includes giant graviton branes. These are
half-BPS solutions. Superposing a collection of giant graviton branes gives a half-BPS bound
state of giant gravitons. The CFT operators dual to these bound states are given by Schur
polynomials [13]. Excitations of these bound states, which are in general not BPS states, are
obtained by attaching open strings to the branes. CFT operators describing these excited
giant graviton bound states, known as Gauss graph operators, were described in [45, 116].
Their construction employs group representation theory and a Fourier transform on a
double coset. The construction is technical which obscures many details. For example, it is

not easy to see how the description simplifies at large N or how systematic 1/N corrections
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can be computed. The discussion is general in the sense that it applies to arbitrary bound
states of giant gravitons. An important assumption is that the number of open strings
that are attached is limited so that we are considering a small deformation of the original
half-BPS operator.

The question of developing a systematic 1/N expansion for excited giant graviton
systems is the central motivation for our study. A standard way of generating a 1/N
expansion is through a saddle point evaluation of the path integral. Consequently, a
promising starting point is an integral representations for the relevant operators. This
philosophy was recently employed, in a very similar setting, in [126]. In this chapter we
have obtained these integral representations, for operators dual to a bound state of two
sphere giant gravitons or two AdS giant gravitons. These representations provide a simple
description of the relevant operators.

The starting point for the construction is the observation that Schur polynomials can be
written using Young symmetrizers. These Young symmetrizers symmetrize and
antisymmetrize indices of matrix fields from which our operator is composed. Motivated
by the results of [121-125] these symmetrization and antisymmetrizations can be
implemented as integrals over ordinary (for symmetrization) and Grassmann (for
antisymmetrization) variables which carry a single U(NN) index. In this way, one obtains an
integral representation for Schur polynomials with two rows or two columns. One
consequence of this representation is a simple integral formula for characters of the
symmetric group, in irreducible representations labeled by Young diagrams with two rows,
or two columns. There is a natural proposal for operators dual to excited giant graviton
bound states. One of our most important results has been the demonstration that this gives
an integral representation for the Gauss graph operators themselves.

We have considered the action of the dilatation operator on these novel generating
functions. In the case that the open strings are described using an open string word, a
key physical question is the boundary condition imposed on the string endpoints. The
dilatation operator translates into a world sheet Hamiltonian as usual. The open string

endpoints are represented by sources and sinks in this Hamiltonian, allowing the brane and
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open string to exchange momentum, i.e. to exert a force on each other. The form of this
interaction was first obtained in [108, 109] for a single brane, and in [31, 32] for a general
brane bound state. In the case of the general brane bound state, the discussion makes use
of identities obeyed by restricted characters and these identities were derived using sums
over cosets of the group and properties of Jucys-Murphy elements. We have recovered these
known results, but with much less effort: the restricted character identity follows from the
statement that the integral of a total derivative vanishes! In the case that each open string
is described by a single Y field, we are considering the Gauss graph operators which are
eigenstates of D [45, 116]. By introducing a set of sources we have written down a set of
differential operators (4.33) which create the open strings when applied to the generating
function (4.36). In (4.36) there are only four integrals left to do and consequently, this is a
promising starting point to generate a systematic 1/N expansion through a saddle point
evaluation.

Our analysis has been specialized to the case of a bound state of two giant gravitons.
A natural extension is to bound states of more giant gravitons. The extension is straight
forward, if a little tedious. To sketch what is involved, I shall give some of the details relevant
to describe bound states of three AdS giant gravitons. Since there are three rows, and the
indices belonging to each row must be symmetrized, the description will involve three sets
of fields, ¢;, ¢, ¢;, ¢ as well as n);, 1}'. There is also a new antisymmetrization, associated
to the new columns of length three. As usual, we list row lengths so that R = (py, p», p3)
denotes a Young diagram with p, boxes in the first row, p, in the second and p; in the third.

The generating function for Schur polynomials with three rows is given by

oo o0

Z )3 ) ) pz(l?l"‘l?z"‘l?g)

Zpas(ty, by, 13) = X(pl pops)(Z)

1
PI=patps P2=ps p3=1 Aipy ps,p) Pst (P2 = Ps)t (P =

— f dN de JdN ¢ J dN ¢ J dN de [151+t2252+t3353

So=—¢' 0i—@ ¢ —10'n;

where

Slzﬁaizij‘/’j
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S,=¢'¢’ (ZikZ; _ZilZ}C) 1P
S=¢'¢int(zlzrzr+ 220 2]+ 21zl 2]

! ! !
—Z, Z].”Z,:" —Zl.’”Z]. z! —Zl."Z;"Zk) 1P mNn

When considering excited bound states, we now have many different possibilities for the
open strings that can be attached, since the open string can start on any brane and terminate
on any brane. Factors that attach strings to brane 1, brane 2 and brane 3 respectively, are

given by

?'Y g, p'¢pl(zky! -zlY})prp,  and
LRI VAV AR ARV AT AS ARV AV 4D LBV AV 40 BV ALY AN ARV AV AL A) LN/
To describe strings that stretch between branes, we again use a product of the above factors
and simply swap column indices. It is no longer necessary to attach pairs of strings. We can
for example define a factor with three Y fields, corresponding to a configuration in which a
Y stretches from the first to the second brane, another from the second to the third and the
last from the third to the first.

We can also attach strings that stretch between the two branes. To do this, we start with
the product of a factor which attaches a string to the first brane and a factor which attaches
a string to the second brane. From this we obtain a pair of strings stretched between the
branes by permuting column indices, thereby swapping the endpoints of the two strings.
The resulting generating function is again consistent with the Gauss Law arising from the
worldvolume theory of the giant gravitons. Further, it is manifestly invariant under swapping
strings of the same orientation. This again suggests that these operators are identical to the
corresponding Gauss graph operators, something that we have checked in some examples.
Itis equally easy to consider bound states with even more AdS giant gravitons, or to consider
bound states of more than two sphere giant gravitons.

The worldvolume dynamics of a bound state of p giant gravitons is described in terms
of the open string excitations of the branes [25]. At low energy this should become a
non-Abelian Yang-Mills theory with gauge group U(p) [27]. Attempts to construct this

emergent Yang-Mills theory starting from a description of the giant graviton bound state in
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conformal field theory have been given in [40, 130, 133, 134]. Although these initial results
are encouraging, they are frustrated by the technical difficulty of the combinatorics.
Perhaps the simpler description of giant graviton bound states obtained in this chapter will
allow progress. Specifically, a systematic 1/N expansion, through a saddle point evaluation
of (4.36), should lead to 1/N interactions which allow open strings to split and join. These
interactions should then match those of the expected emergent Yang-Mills theory.

The next chapter studies some examples of 1/N expansions of correlation functions.
These expansions are given by saddle point approximations for large N, where interesting
non-perturbative effects are found. It is expected that similar expansions can be made

using the generating functions described in this chapter.
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Chapter 5

Asymptotic Expansions

The previous chapters studied excitations of giant graviton bound states in the limit of large
N. In each case, there are significant simplifications to the corresponding quantities. We
have considered quantities that can be computed exactly, however, to gain a better
understanding, we want to generate systematic approximations to these quantities. The
saddle point analysis is a standard method to generate a systematic 1/N expansion, given
by a non-perturbative leading factor multiplying an asymptotic series in 1/N. These
expansions generally do not converge and are determined up to a non-perturbative term.

The discussion in this chapter follows from the analysis in [135] and [136], where saddle
point analysis of complex contour integrals gives a relations between expansions at other
saddles. I shall consider the saddle point analysis of a single integral, however, there are
multidimensional versions of this treatment, for example [137] and [138].

The analysis in [139] suggests that extremal three-point correlators exhibit a parametric
Stokes phenomenon. This was shown by mapping the exact extremal three-point correlator
to a semi-classical expansion of the Schrédinger equation. In this chapter I generalize these
arguments by considering the asymptotic expansion of extremal multi-point correlators
which depend only on the rank of the gauge group N and the #-charge J of each operator.
These quantities have integral representations, with known exact values given by ratios
of gamma functions. Since the gamma function has a nice integral representation, we

can generate asymptotic expansions by saddle point analysis. I discuss aspects of these
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expansions corresponding to three BMN limits. Finally, I summarize the results from the
different asymptotic expansions of three-point functions corresponding to different classical
configurations in the dual string theory. Further discussion and illustrative examples of the

basic logic motivating this study is contained in Appendix C.

5.1 Introduction

A rich mathematical structure underpins the theory of asymptotic analysis. This structure
suggests novel and interesting effects in the asymptotic analysis of QFT observables that
should be fully described by the theory of resurgence. Resurgence theory will allow us to
resolve non-perturbative effects using information about the asymptotic expansions of the
theory.

The standard procedure of summing diagrams in the topological expansion defines the
construction and summation of an asymptotic series. An equivalent construction follows
from the saddle point analysis of an integral representation. In these series expansions, a
non-perturbative leading contribution, given by the value of the integrand at a saddle point,
multiplies a formal power series in the expansion parameter. In the case of QFT correlators,
we may choose to expand in the coupling constant g or in 1/N. A very general argument by
Dyson [12] suggests that these perturbation series are asymptotic with a vanishing radius of
convergence. This means that there exists no region where the perturbation series converges.
The asymptotic nature of these series can be explained by the rapid growth in the number
of Feynman diagrams [140, 141] that contribute to each correlation function. Following
an argument Lipatov [142] it follows that the large order behaviour of these perturbation
series follows a factorial growth and an example of such a growth is presented in detail in
Appendix C. This factorial growth generates a divergence in the perturbation series which
is now, at best, understood as a formal series. While the divergence of perturbation series
might otherwise lead us to believe that perturbation theory is inconsistent and, perhaps,
not very useful, it is exactly the divergence of the perturbation theory that gives rise to the

non-perturbative physics that we want to study.

128



The saddle point approximation has a zero radius of convergence corresponding to
expanding about a singular point. Additional singular points in the Borel plane generate
Stokes phenomena whereby a single function has different asymptotic series representations
in different regions of the complex plane. Moreover, these expansions will admit parametric
Stokes phenomena where varying a parameter about a critical value in the theory causes
the asymptotic expansion to change discontinuously. Then, given an asymptotic series, the
procedure of Borel resummation recovers a function associated with a given asymptotic
expansion and make sense of the corresponding Stokes phenomena in terms of the contour
deformation of complex integrals. We associate the Stokes phenomenon with moving from
aregion in the complex plane where one saddle dominates, to a region where a different
saddle dominates. The divergence of the perturbation series is associated to the presence
other saddles, associated to singularities in the Borel plane. The Stokes phenomenon has an
intuitive explanation in terms of contour integrals where the integration contour is caught
on a singularity in the Borel plane and the integral picks-up a non-perturbative contribution

corresponding to the residue of the singularity.

5.2 Extremal Three-Point Correlators

Consider the extremal three-point correlation function. This is in the half-BPS sector of
A =4 SYM. While these quantities are protected against quantum correction and their
values determined exactly, their perturbation series expansions are asymptotic. This means
that the perturbation series diverge and are determined only up to a collection of non-
perturbative factors. In general, these correlation functions have more than one saddle
point and each saddle point corresponds to a classical configuration. Since these correlators
have more than one saddle point, they will exhibit a Stokes phenomenon and the value of
each correlator is fixed by determining the contributing saddles.

We study correlators that depend on at least one additional parameter /. Borel
resummation of the asymptotic series about one saddle point recovers information about

the function at another saddle point. Therefore, the corresponding Borel sum also depends

129



on J, and varying J introduces a parametric Stokes phenomenon to the correlator. This
parametric Stokes phenomenon corresponds to moving between saddle points in the
asymptotic expansion. The ultimate goal is to make sense of the perturbation series by
relating the asymptotic series generated about each saddle point by varying J.

Suppose 0 is a half-BPS operator that is built from traces of products of N x N complex
matrices Z and Z'. The standard the path integral representation for an unnormalized

correlation function
(ﬁ):f[dZdZ*]e—Sﬁ with  S=Tr(zZ") (5.1)

gives a starting point for the saddle point analysis of correlators. The integral in (5.1)
defines the expectation value of ¢ as a function of J and N. While (5.1) give an integral
representation for the correlator, the number of integration variables increases with N, so
we will use a different integral representation instead.

Let y,, be a Schur polynomial associated with a Young diagram comprising a single
column with J boxes. Let /] = J; + J,. These correspond to sphere giants, but a similar

analysis is possible for dual giants. The exact three-point correlation function is

I(N+1)

= m5h+h,] :5]1+]2’]N(N—1)(N—2)"'(N—]+1). (52)

(oo xl)

Changing the value of J corresponds to assigning a different 22 -charge value to one of the
fields in the correlator and to a different classical configuration in the dual string theory.
When J ~ O(1), each operator in (5.2) corresponds to an order 1 collection of Kaluza-Klein
gravitons. Then, when J ~ O(¥N ), these operators correspond collections of strings.
Finally, for ] ~ O(N), these operators are giant graviton states. Each of these limits
corresponds to a different classical limits in the dual gravity, and varying J interpolates
from one classical configuration to the next. We would like to reproduce this picture in the
asymptotic expansion, by identifying the corresponding saddle contributions associated
with each classical limit. Then, we would like to relate the series coefficients in the
asymptotic expansions, thereby generating the resurgence relations among the different

saddle points.
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We can expand the product of gamma functions in (5.2) as a product of asymptotic

series by saddle point expansion of the following integrals

dx 1 se s [(dx
I(s)=| —e *x* and =— —e *x7¢ 5.3
(s) X I'(s) 27 X (5:3)
0 S

where /¢ is the doubly infinite Hankel contour. Then the asymptotic expansion of the ratio

is given by the product of the asymptotic expansions of (5.3). For generic values of s we find

I(s)=+2ns s le”* Tm  and = Z(—l)my—m

sm I'(s) 27s ss—le—s sm

m=0 m=0

where the Stirling coefficients 7,, satisfy

j=0

Then, using these expressions, we can generate asymptotic expansions for (5.2).

First consider the case J = j ~ O(1), corresponding to a gas of point gravitons, then

oo

(N +1) jogn N Bald) o1
TN—J+1) ¢ nzzoj U 64

where
n

a()=1 and  q,()=][(i—i)

i=1
and B,,(j)is the n-th No6rlund polynomial. These polynomials are defined by the generating

function

zZ Ve z"
(62—1) :ZB"(X)E
=
where B, (1) = B, is the n-th Bernoulli number. Next, consider the case J = j¥/ N , then (5.2)

expands to
B .3_ . .6_ .4 .2

I(N+1) Nejmlogw)e_é - Jj°=3j) 1 N J o12j7 427771 1

I(N—J+1) 6 )N12 72 N

(5j9—135j7+999j5—2025j3+540j) 1

6480 N3/2
+(5j12—240j1°+3726j8—22032j6+44685j4—19440j2)L
155520 N2
7j15—525;13+13986' —164430;° + 862191 j” — 1788885 j° + 10206003 1
_( 6531840 ) N5/2
(5.5)
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Finally, let /= jN, for 0 < j <1, then,

T(N+1) ,\,eleog(N)e_jN(1—j)_N(1_j)_1/2{1+(i——1 .)i
+( 1 L, 1 ) 1
288 144(1—j) 288(1—j)2) N2
( 139 1 1 139 ) 1
51840 3456(1—j) 3456(1—j)2 51840(1—j)3 ) N3
( 571 139 1 139 .\ 571 ) L,
2488320 622080(1—j) 82944(1—j)2 622080(1—j)3  2488320(1— j)*) N4
(5.6)
Let x =1/(1— j), then
I'(N+1) I Nlog(N) 2N N y1/2 SIES 1
WA+ e =N A oy x| — 5.7
Y e e Nx kzz(; nzz(;( ) Y nY k-nX N 5.7

where yo=1, 7, =1/12, v, =1/288,y; =—139/51840, and so on, are the Stirling numbers
from the expansion of the gamma function.

Notice that the coefficient of the term with the largest power of j terms in these
polynomials grows as a power, while those with the smallest power of j grow like a
Bernoulli number. Indeed, at leading order in j, the n-th Norlund polynomial has
coefficient 27", while at the lowest order in j, the 2n-th Nérlund polynomial has
coefficient B,,/2n. The constant term in the coefficient of N™" is the n-th Stirling
coefficient y,,. Clearly, the series (5.4), (5.5) and (5.6) are asymptotic, having approximately
factorial growth.

We can check if the expansion in (5.5) is recovered from (5.4) by rescaling j — j+/N and
collecting terms and resumming over j. Indeed, this is the case. It suggests that (5.4) and
(5.5) are expansions about a common saddle, corresponding to a common classical limit.
Similarly, (5.6) is recovered from (5.4) and (5.5) after appropriate rescaling and summing over
j and with an additional summation over N. The additional summation over N recovers
the additional non-perturbative leading factors in J ~ O(N) and demonstrates that simple
rescaling and rearranging of terms is insufficient to relate the different expansions since
an additional non-perturbative factor must be included. This corresponds to a parametric
Stokes phenomenon associated with moving between saddle points and expanding about

different classical limits of the theory, by varying a single parameter J.
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Each of these expansions was checked to 8-th orderin 1/N. Therefore, (5.4) and (5.5) are
expansions about the same saddle point of the correlator (5.2), while (5.7) is an expansion
about a different saddle point of (5.2).

Similarly, we can consider expansions of the normalized Schur polynomials

1
OR = f(R) XR where <OR > 5R S

The three-point correlation function of the rescaled operators, labeled by a single column

of boxes, is

I(N—J,+1)T(N—J,+1)
[(N—JL+1)T(N+1)

<Olh Orr, 0113 > 611+]2']3\J

Again, we expect that this correlator to have an asymptotic expansion in 1/N. Similarly, the
three-point correlation function of the rescaled operators, labeled by a single row of boxes,

is

T(N + 5+ 1)T(N)
T\ _
(040:0}) =100\ r s 1 T TV 1D

Now let J; = J; + J,. We can now study the asymptotic expansions of these normalized

correlators. Let j;, j, ~ O(1), then for J, = j;, J, = j,, we find

1.1 1 '2'2_2'2'_2--2+2.. 1
<0111011201,3> {1_(M)N+(h]2 NJ2—<2)l, ]1]2)_

2 8 N2
(RO =65 T+ 8 e+ 8T, H 18I 12 =120 4R L
48 N3 '

(5.8)

Similarly, for J, = j,¥/N and J,= j,¥/N , we find
i Jil+ il 1
o)
3]1]2+3]1]2+6]1]2_16j?]2 16]1]2_24]1]2+24j1j2 1
96 N+ . (5.9

Finally, for J; = j;N and J, = j,N, we find
L \1-)N/2 . \(1-2)N/2 . . \~1—h—j2)N/2
(001010 )~ (1= 12 (1= P 1 gy g
AR j12j2+j1j22 1
I+ — | —=+|———=|—+- . (6.10
x{ +(4)N2+( 2 T (5.10)
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Similarly, the normalized correlator labeled by Young diagrams with a single row of boxes,

for J;, J, ~ O(1), gives

1 AR JEiE=2j2 =211 j=21j2 ) 1
+ ~ 1J2 - 1J2 1 2 -
(0,0,0}) ﬁv{l+(2)Nﬁ( - 3

+(jfj§—6jf‘j§—6]fj§+6ij§+8]'sz+8]'1]'23+12jf]’z+12j1j22+4j1jz) 1 +}

48 N3
(5.11)
Similarly, choosing J;, J, ~ O(¥/'N ), gives
<O 0 O’r>~ejlfz/2 1 {1_(]12]2+]1]22) 1
At vN 4 VN
+(3ﬁj§+3jfj;+6jfj§+14jgé2+24jfj§+161’1]'5—241'11‘2) L +} 512

and choosing J;, J, ~ O(N) gives

>~ (1+jl)—(1+h)N/2(l+j2)—(1+jz)N/2(1 i +j2)(1+].1+]‘2)N/2%

AR JEh+hii) 1
P AT B ( E AL N S A &
x{ ( 1 )N2+( 1 T (5.13)

Again, these asymptotic expansions carry different non-perturbative factors multiplying

(0,0,0}

perturbative series expansions in 1/N. The appearance of additional parameters j, and j,,
in (5.8), (5.9) and (5.10), and again in (5.11), (5.12) and (5.13) indicate the presence of
multiple parametric Stokes phenomena in this class of correlators. The choice of
normalization makes different physical effects apparent in each expansion. A judicious
choice of normalization makes the different physical processes manifest in each correlator.
Again, the fact that non-perturbative leading factors are not related by simple rescalings of
the parameters indicates that each asymptotic series is characterized by a parametric
Stokes phenomenon associated to the appearance, or disappearance, of different saddle
contributions. In this case, the appearance of j, and j, in the series expansions suggests
the presence of two independent parametric Stokes phenomena associated with varying
each parameter independently. Unfortunately, the polynomial dependence on these two
parameters makes the recovery of the resurgence relations among the different saddle

points significantly more difficult than in the non-normalized case.
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5.3 Discussion

It has been shown that extremal three-point giant graviton correlators exhibit a parametric
Stokes phenomenon. This means that the exact value of the three-point function is
associated to different classical configurations depending on the value of the 2 -charge J
relative to the rank of the gauge group N. We associated to each classical configuration a
different pole in the Borel plane of the corresponding saddle-point integral. Moreover, the
different normalizations of the correlators introduce additional parameters in the
asymptotic series, to which there must correspond a different parametric Stokes
phenomenon. By varying each parameter in the integral representation, we expect we can
interpolate between different classical configurations where the amplitude of each
transition to a new classical configuration of the system is weighted by a distinct
non-perturbative factor. By smoothly varying the 2 -charge J, the saddle-point integral
encounters different singularities in the Borel plane associated to different classical
configurations. Traversing a singularity of the contour integral in the Borel plane
corresponds to transitioning from one classical configuration to another. We see this in the
discontinuous jump in the value of the asymptotic expansion of the correlator about one
classical configuration to a new classical configuration with a new asymptotic expansion.
Since the same correlation function describes different classical systems, we expect that
this parametric Stokes phenomenon is a generator for a duality between theories of
particles, strings, branes and other heavier objects with 22-charge J in the string theory.
That this parametric Stokes phenomenon gives a plausible explanation for the duality
between systems of particles, strings and branes adds to the significance of the
contribution made in the previous previous chapters to the construction of asymptotic
expansions of correlation functions. To make this duality concrete requires that we
demonstrate that the series coefficients of one asymptotic series about one saddle can be
recovered from the series coefficients of the asymptotic series about another saddle. This

forms the basis of the work in [143].
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Chapter 6

Conclusion

I conclude here with a summary of the results, highlighting key points and give a general
commentary on the contents of this work. I also comment below on similar work, open

problems and future prospects.

6.1 Summary

CFT operators whose bare dimensions scale as a power of N correspond to heavy states.
These operators probe non-perturbative physics in the dual gravity theory. Some of these
operators correspond to massive, half-BPS D3-brane solutions, that carry angular
momentum. These are giant gravitons which are dual to operators built from n ~ O(N)
complex scalar fields corresponding to Schur polynomials and labeled by Young diagrams
with n boxes, in the CFT. While superpositions of giant gravitons, corresponding to giant
graviton bound states, are also half-BPS states, their excitations are not. These excitations
are obtained by attaching open strings to the giant graviton branes and are dual to
restricted Schur polynomials in the CFT. Allowed configurations of open string
attachments satisfy a Gauss Law condition on the brane worldvolume. Operators
describing these excitations are the Gauss graph operators. These excitations correspond
to perturbations of the unexcited states. With this in mind, we would like to generate

systematic 1/N expansions of these observables.
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Methods from group representation theory allow us to compute quantities exactly. These
methods were used in Chapter 3 to compute of the exact spectrum of the one-loop dilatation
operator on excitations of bound states of two giant gravitons. This spectrum was shown
to match that of decoupled harmonic oscillators in the large N limit. The analytic results
of this analysis agree beautifully with the numerically determined solutions and shows a
dramatic simplification of the dynamics of these systems, at large N. This has given one
of the earliest indications that integrability of the theory persists beyond the planar limit.
However, these exact solutions give no insight into how we might construct systematic
approximations.

While correlation functions of operators whose bare dimension remains constant as
N — oo are well approximated by the planar limit of the Feynman diagrams expansion, no
such analogue is available for heavy operators. This follows since the genus of the Feynman
diagrams fail to capture the additional N dependence of heavy operators in the non-planar
limit. The saddle point analysis is a standard method of generating 1/N expansions.
However, this requires an integral representation of the relevant operators. This is a
challenging problem when considering matrix fields, since the number of integration
variables grows with N. In contrast, the generating function technology discussed in
Chapter 4 has only four integration variables, which is a promising starting point for saddle
point expansions. This was used to construct the partition function for bound states of two
giant gravitons, and a heuristic argument was given on how this could be extended to more
giants. Moreover, the generating function of giant graviton bound states was shown to be
an eigenfunction of the one-loop dilatation operators at large N. This is a significant new
result.

The asymptotic expansions of the three-point correlator were computed in three
different BMN limits in Chapter 5. Surprisingly, the non-perturbative contribution to the
J ~0(1)and J ~ O(¥/'N ) expansions suggest that these limits correspond to expansions
about a common saddle and therefore are perturbations about a common classical
configuration. Moreover, the J ~ O(IN) expansion is a function of the Stirling numbers

while the J ~ O(1) and J ~ O(¥N ) expansions are functions of generalized Bernoulli
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numbers. This is interesting since the combinatorial data for these correlation functions is
given by a ratio of gamma functions, which have a simple saddle point structure. However,
varying the parameters in the correlation function introduces a parametric Stokes
phenomenon brought by the interaction between saddles. It is expected that a complete
description of the 1/N expansion of these quantities will demonstrate a parametric Stokes
phenomenon associated to the exchange of dominant saddles at different values of J, in
the large N limit. Importantly, the different finite saddle contributions multiplying each
expansion suggests that these are indeed perturbations around different classical

configurations.

6.2 Discussion

A common feature of the constructions in this thesis is the use of ordinary variables (for
symmetrization) and Grassmann variables (for antisymmetrization). This reflects the
symmetric and antisymmetric representations of each of the operators in terms of the
Young diagrams. These were used to write down the dual monomial functions in the
spin-chain construction in Chapter 3 and again in Chapter 4 where symmetrization and
antisymmetrization was implemented as integrals over ordinary and Grassmann variables.
A new feature of the restricted Schur construction in Chapter 4 is the use of Young
symmetrizers that provide an efficient construction of projectors needed to build the
restricted Schur polynomials. A key idea in the analysis in Chapter 3 involved a mapping to
a spin-chain, which appeared again in Chapter 4 where it described the dynamical lattice
allowing interactions between fields on the strings and fields on the branes.

A byproduct of the generating function developed in Chapter 4 is the ability to generate
characters of the symmetric group. In particular, there is the possibility to generate the
asymptotic characters where n is large. However, the saddle point analysis does not easily
disentangle the information regarding these asymptotic characters.

Furthermore, we would like to demonstrate a direct re-encoding of the asymptotic series

coefficients of the three-point correlator expansions about different saddles. It is possible

138



to generate a 1/N expansion of the three-point correlator in different BMN limits. These
different expansions correspond to choosing different values of J proportional to a power
of N. Then, following the insights from resurgence theory, we should expect we can relate
these different expansions and in turn relate the different classical limits of the theory.
However, finding this relationship is not straight forward, and while it might be possible to
do so directly from the expansions, it is likely that such a matching will require information

from a single integral representation.

6.3 Outlook

Given the previous discussion, some comments are now in order. A next step could be to use
the integral representations in Chapter 4 to study the asymptotic expansion of correlators
and symmetric group characters. In principle this can be done by direct saddle point
computation of the generating function and the characters can be read off the coefficient of
the corresponding term in the partition function atlarge n corresponding to late order terms.
However, this poses an additional question - Is it meaningful to expect that a generic integral
representation of the character of the symmetric group is directly accessible from this
expansion and if so, what would it mean? The reason for this question is that for each choice
of parameters ¢; in the generating function, there will be a corresponding representation,
however, at large n, these characters will appear later in the series expansion.

The stability of these series expansions requires the computation of many terms. For a
given number of boxes n there will correspond many sequences ¢; labeling states and
corresponding representations. However, it is not yet clear that the asymptotic
representation will isolate a single representation, rather the asymptotic representation will
generate a series with a polynomial dependence on the powers of ¢; and it is yet to be
shown that these can be disentangled at large n to give a specific character. Moreover, the
appearance of late order terms in the expansion in the large n limit means that the for a
given choice of n and powers of ¢; in the expansion, many terms must be computed before

a pattern is found and the stability of later order terms is computationally intensive to
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obtain. Until the large N and large n computation of these character representations is
carried out, the limits of this representation remain unknown.

We have considered operators labeled by only two long rows/columns. More general
computations are necessary for more general configurations, however, the extensions to
more rows and columns are possible in principle. It is an interesting prospect to consider
extensions to the generating function that would allow for operators with O(N) rows or
columns. Such a construction would allow us to interpolate between the operators of bare
dimension O(N) and operators of bare dimension O(N?2). These operators are sufficiently
heavy so as to back-react on the spacetime corresponding to new classical configurations.
The inclusion of these back-reacted spacetimes requires computational technology
associated with LLM geometries [14]. For now, the direct construction of
multi-row/column generating functions can be carried out, in principle, for only finitely
many rows and columns. It is similarly expected that the large N limit will again be a
crucial element in the simplification of the generating function representation that will
make the construction of the operators a tractable exercise.

There is some scope to extend the analysis and thereby interpolate between different
classical configurations. In the simple case of the three-point functions, correlators
depending on parameters N and J have well defined asymptotic series and there is, in
principle, no limit to the scaling of N and J or the number of boxes that appear in each
operator representation that would allow O(N?) physics to be accessible via asymptotic
series expansions and by relating the asymptotic series. However, this requires more work
to relate the different asymptotic series for different values of N and J and thereby relate
the different operators with different scaling dimensions.

Following this study, several open problems remain. Computations of the dilatation
operator have shown the theory to be integrable in certain large N limits, and it is an
interesting prospect to consider if integrability can be proven in general. A more interesting
open problem is to determine the explicit 1/N expansion of heavy operators. The
asymptotic expansions of the three-point functions suggests a rich mathematical structure

the underlying their correlation functions. It will be interesting to find the exact resurgence
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relations among the different asymptotic expansions connecting the theory that
interpolate between the different classical limits. Additionally, it remains to be shown
whether the asymptotic characters of the symmetric group corresponding to Young
diagrams, where the number of boxes n — 00, can be determined from a saddle point
expansion of the giant graviton bound state generating function.

A related analysis was performed in [144] wherein the generating function of a specific
U(N) matrix model admits a power series representation with integer coefficients. These
integer coefficients count the superconformal index of BPS states in a 4-dimensional gauge
theory with a given charge. In the context of the AdS/CFT correspondence, these coefficients
also count the index of BPS states of the same charge in the dual gravity in theory in 5-
dimensions. In that analysis, the integral over unitary matrices is also a generating function
of graviton states represented as a sum over products of traces of powers of the unitary
matrices, with coefficients given by the characters of the symmetric group Sy .

In addition to the large N analysis presented here, the finite N dynamics have been
studied in the context of Spin Matrix Theory (SMT) describing the near-BPS limits of A" =4
SYM [145-147]. SMT describes the decoupling limit of 4" =4 SYM, giving rise to an effective
field theory described by the one-loop dilatation operator of .4 = 4 SYM. This theory
breaks the exact BPS conditions and suggests a path to understanding near-BPS black holes.
Importantly, SMT provides an avenue to study non-planar integrability in different sectors
of /" =4 SYM.

Approaches, similar to those presented here, using coherent state generating functions
have been shown to encode combinatorial data of correlators [126-128]. These approaches
are also relevant to the systematic generation of 1/N expansions. The 1/N expansion of
extremal three-point correlators was studied in [139] in the context of Exact WKB Analysis
of a dual Schrodinger equation. The work of Chapter 5 extends this study to general integral

representations and forms the basis of another article [143].
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Appendix A

Nonplanar Integrability

This appendix contains additional details and discussion the dilatation operator spectrum
for two impurities, Young’s orthogonal representation and inner products on the space of

monomials, following Chapter 3.

A.1 Dilatation Operator for AdS Giants with Two Impurities

We are interested in the two AdS giant system for the case that our operators have two
impurities. In this case there are four operators that can be produced once r is given. These

operators are

Xalbo, br) =y EEEEE RN 1)(2’ Y)
1 i \ i
25(bo, b1) = 11 EEEEE EEEEEN 1)(2» Y)
1 i \ i
Xc(bo, by)= EEEEE 1)< Y)
1 i \ i H)
ZD(bo’bl):X[ EmmE IG EEREEEEE 1)(Z»Y)-

The length of the rows in the first two labels are taken to infinity at large N. The third label
is exactly as shown even at large N. The number of boxes removed from each row of the

first label to obtain the second label are exactly as shown even at large N. The dilatation
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operator is

DOA(b(), bl) =2g§M(N + bo + bl + 1)

1 b+ 1
Oq(by—1,b, +2
(by+2) \ b, +3 c(by 1+2)
2 b+4 b +1
+ O4(by, b;)— Oz(by—1,b, +2
(b1+2)2 A( 0 1) (b1+2)2 b1+3 B( 0 1 )

b, b, +3
(by+2)2 \ by +1 Op(bo: by)

1 [b+3 1
— Oq(by, b)) +2——0p(by—1, b; +2
bi+2 \ b +1 c(bo, by) + (b + 22 (Do 1 +2)

b—2 [ +1
b2 \ b —1
b +1

bl b—1

+2g2 /(N +by+ by + 1)(N + by—1)

DOD(bo,b1)=2832{M(N+bo) Og(by+1, by —2)

OC(b0+1)bl_ )+ OD(bO;bl)]

b2

+2g2,v/ (N + B)(N + by + by) b7 2 Opby+1,b—2)

b+2 b, —
1\1 oBbo,bl \b ocbo,bll
1

2 [b,+3
bi+2 \ b +1

D Oc(bo, by) =g% /(N + by + 1)(N + by + by +1) [— O(by, by)

4
—Oc(by—1, b, +2)+ OB(bO—l,b1+2)]

by +2

2., b—1
— Op(by, b
bl b1+1 D( 0 1)

b _
—Oc(by+1,b,—2)+ —
1

+ g2V (N + by + by)(N + by)

OB(bO +1, b, _2)]

+ 82 (2N +2by+ b, —3) Oc(by, by)

(N + by)(4—4b, —2b2)— b3 — b2+ 4b,
2 1 1 1
Y™M bl(b1+2) OB(bO’bl)

(N+by—1). | b,+3
—2g2 by—1,b, +2
S b, +2 b, +1 Op(bo 1+2)

(N+by+by),| by—1
b, b, +1

+282, Ou(by+1,b,—2)

b, b, +3
2 Oa(by, b
(by+2)2 \ by +1 4(bo, br)

1 b,(b, +4)
by—1,b, +2)————0zx(by—1, b, +2
+b1+20C( o 1 +2) (b + 202 Og(by 1+ )]

D Og(by, by) =g2 v/ (N + by— 1)(N + by + by + 1)
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b+2. [ b—1
b \ b +1
b, +2 b, +2)(b, —2
1 Oc(b0+1,b1—2)—( | )(21 )
b, b;

, (N +bp)(4—2b2—4by)— b3 —b? +4b,
S by(b, +2)

, 2(N + by)(b} +4b} +4b>—8)+ b +5b +8b —16b,
S b2 (b, + 2

(N+by—1)b, .| b, +3
+2g2 Op(by—1,b; +2
S, 2 b +1 b(by 1+2)

(N +by+by)(by+2),| b;—1
b? b +1

+82, V(N +Dby+b)(N +by) |2 Op(by, by)

Op(by+1, b, —2)

Oc(by, br)

Op(by, by)

—2g2, Ou(by+1, b, —2).

A.2 Oscillators

We look for operators with good scaling dimension that diagonalize the equation (3.7).

These take the form of superpositions
Zf by, b)O(by, by).

There are no independent sums over b, and b, because n =2b, + b, is fixed. Since

> flby, b)DO(by, by) =— gl (Z O(bo, b)) [ V(N + Bo)(N + by + by) (f(Bo—1,b, +2)
by by

+f(by+1,b,—2))]

—Zo bo,bl)(2N+2bo+b1)f(bo,b1))

—ZKf by, b,)O(by, by)

where we have assumed N + by, b, > 1, the f(b,, b,) satisfy the recursion relation

—ag? [V(N +bo)(N + by + by) (f(by—1, b, +2)+ f(by +1, b, —2))
—(@2N +2by+ b)) f(by, b)) =K f(by, by). (A1)

In the large N + by, b; regime it is accurate to take a continuum limit of this recursion

relation. This gives a particularly simple description of the coefficients f(b,, b;). Towards
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this end, introduce the continuous variable p =2b,/+/ N + b, , replace f(b,, b;) with f(p)

and expand
‘ 1 b 1 b}
N N =(N 1—= —=
VN +by+ BN +by) =( +bo)( > N+B svrbE T
of 1 2°f

1
f(p_m)‘f(p)_m%*2(N+bo)ap2+

These expansions are only valid if b; < N + b,, which is certainly not always the case.
However, for eigenfunctions with all of their support in the small p region we do expect the
continuum limit of the recursion relation to give accurate answers. We find the recursion

relation becomes

(ZagiM)%l— ;;2 +p2]f(p)=:<f(p) (™2)
which is half of the harmonic oscillator with frequency 2ag?,,. Since the length of the rows
(or columns) of the Young diagram are non-increasing, this selects only half the oscillator.
This implies that 0 < p, so that only half of the wave functions are selected (those that vanish
at p = 0) and the energy spacing of the remaining oscillator states is 4ag7,,. Clearly the
description of the coefficients f(b,, b,) obtained by solving (A.2) will be accurate for the
operators corresponding to the low lying oscillator eigenstates.

It is also possible to solve the recursion relation (A.1) directly. Since we work in the large

N + by, b, regime, we can replace (A.1) by

K f(bo, by)=—agd [ V(N + b)(N + by + by +1) f(by—1,b;+2)

+v/(N + b+ )N + by + by) f(by+1,b,—2)— (2N +2by+ b)) f (b1, b))

This recursion relation is solved by [79]

N+by+3
f(bo,bl):(_l)n(l) \J(2N+2b0+bl)(2N+2b0+bl)

2 N+ by+ b, n

—n, —(N+by,+b
XZFI( n ( o 1)

2 A.
—(2N +2by+ b)) ) (a.3)

where the hypergeometric function , F; which defines the symmetric Kravchuk polynomial

Kn ;l» »
(x.3:p) o 1
A7)
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The corresponding eigenvalue is k = 2nag?,,. The restriction 0 < b, selects half of the wave
functions for the continuous solutions and the energy level spacing is again 4agZ,,. The
solutions (A.3) are accurate for all levels of the oscillator. We have checked that the low lying
solutions of (A.3) are in excellent agreement with the harmonic oscillator wave functions
that vanish at the origin. Note that for any finite value of N the spectrum is bounded. It
is only in the N — oo limit that the tower of levels is infinite. In this limit, the harmonic
oscillator wave functions are an excellent description for any arbitrarily high but finite
energy level.

The analysis for the equation (3.3) is similar once we make the change N + by — N — b,.
We have a similar recursion relation for f(b,, b,) in this second case. By taking a continuum

limit, and using a continuous variable g =2b,/4/ N — b, , we have

fp)=xf(p) A4)

1 2oz
(2ag,) 5 [—apz +p?

which is again an oscillator with frequency 2agy,,, but since 0 < p, again, only half of the
wave functions are selected and the energy spacing is 4ag¢,,. Finally, the original recursion

relation can again be solved using symmetric Kravchuk polynomials.

A.3 The Space L(2,)

In this Appendix we discuss the representation relevant for the problem of multiple AdS
giants. We highly recommend the article [83] for background material. Consider S,, the

symmetric group on m-objects. Then
Qp=8,/Sm—p xSy

is the space of all p subsets of {1,2,...,m}. If m =4 then Q, = {{1}, {2}, {3}, {4}} and 2, =
{{1,2},{1,3},{1,4},{2,3},{2,4},{3,4}}, etc. You can identify a p subset with a monomial. For
example, we identify {1,3} with x, x; and {1,2,4} with x, x, x,. Thus, we can consider 2, to
be the space of distinct monomials with p factors and no factor repeats. Ordering of factors
is not important, so that x, x, x, and x,x, x, are the element of {2;. We are interested in the

space L (Qp) of complex valued functions on £2,,. The symmetric group has a natural action
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on L (Qp) defined by its action on each monomial and acts by permuting the labels on the

factors in the monomial. Thus, for example,
(12)x; X, X5 = X1 Xy X3 and (24)x; X, X3 = X; X4 X3.

There is a natural inner product under which the monomials are orthonormal, so that, for

example
(X1 X223, X1 X X3) = 1, and (X1 X2 X3, X1 X Xg) = (X1 X2 X3, X1 X3.X,4) = 0.

L (Qp) furnishes a reducible representation of the symmetric group S,,,. The relevance of
L(Qp) for us is that the projectors acting in L(Qp) projecting onto an irreducible
representation of §,, are precisely the projectors we must define the restricted Schur

polynomials. Then, the operator
0
d=>» —
; 0 x;

maps from L (Qp) to L(§2,). Further, it commutes with the action of S, so that elements
of the kernel of d form an invariant S,, subspace. The intersection of the kernel of d and
L (Qp) is called 7?7 in [83] and it is proved that S 77 is an irreducible representation of
S

We can get a concrete sense of these ideas by considering the following example.
Consider §*! which is spanned by the polynomials (this basis was found by writing the
obvious polynomials linear in the x;s that are annihilated by d and then using the

Gram-Schmidt algorithm to get an orthonormal basis)

XX X3 Xy XNt X—X3— X
¢1_ '\/? ’ ¢2_ \/? and ¢3_ 2
It is easy to check that
(12)¢1:_¢1» (12)¢2:¢2, (12)¢3:¢3’
93 _1 1 1 93 1 1 1 93 _ 1 1
( )¢1—§¢1_§¢2+ﬁ¢3» ( )¢2——§¢1+§¢2+ﬁ¢3’ ( )¢3—ﬁ¢1+ﬁ¢2’
(34)¢1 = ¢1, (34)¢2 = _¢2» (34)¢3 = ¢3-
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Thus, we have the following group elements

-1 0 0 i i Ty 1 0 0
ra2)=fo 1 of, T@)=|—; 3 | and T(@B4))=|0 -1 0].
1 1

0 01 & 7 0 0 0 1

It is now possible to compute all elements of the group and then also the characters, using

these matrices. In this way, it is a simple matter to identify this as the | lirreducible
representation.
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Appendix B

Multi-Giants Generating Functions

This appendix contains explicit checks and proofs supporting the discussion in Chapter 4.

B.1 Check of the Generating Function for a Two AdS Giant
Bound State

In this appendix we expand the generating function for the bound states of two AdS giant
gravitons, in a power series in f; and ¢,. This allows us to test their correctness since, for
a small number of fields, the construction of the relevant Schur polynomials is entirely
straightforward. Here, it will be conventient to use S and S, following (4.14) to simplify the

notation.

B.1.1 Operators Constructed from the Generating Function

No open strings attached: To start, consider the two AdS giant graviton bound state

generating function, which is given by

0o o0 . (p +p )'
Zpas(ty, L) = Z Z t22p2 ty pz — ),Z(pl »(Z)

51 (B.1)
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where dy,, ,,) is the dimension of the symmetric group S, ., representation labeled by a

1+P2

Young diagram with p; boxes in the first row and p, boxes in the second row, p, < p,. After a
simple computation we have

g _prptp—p+l)
(p1,p2) (Pl 1) P,z!
(p1+ p2)! _ (m+D)
Ay, py) P2! (DL —P2)! B (p—p+1)

Power series expanding the integrand of (B.1) in the parameters ¢, and t,, we generate a

My, p, =

sequence of polynomials in the variables ¢, ;, ¢? and ¢;. The resulting integrals are all
easily performed using (4.6) and the obvious analogous formula for integrals over ¢’ and

@;. The result is

Z(t, ) =1+ 6, To(Z) + £ (To(Z)° ~ Te(Z%) + 1, £ (TH(2) ~ Te(2°)
: 4 (B.2)
+ % (Te(2)° +Te(Z%)) + %2 (T Z2)* +3Te(Z°P —ATr Z TH(Z%)) + - .

In the first column below we show the value of .# in the second we show the Schur

pu,p2’

polynomial y,, ,,,(Z) and in the third we show the coefficient of /" ¢;". The fact that the

PuP2

product of the first two entries on any row reproduces the third entry shows that the result

(B.2) has indeed confirmed the formula (B.1).

Mip=1 x1=Tr(Z) Tr(Z)

2 2
My =2 ){H = 2 5 Z7) Tr(Z)? —Tr(Z%)

3_ 3
My =3 171= Z) 3 Z7) Te(Z) —Tr(Z*)

2 2 2 2
Myy=1 y= Tr(Z) ;—Tr(Z ) Tr(Z) -;Tr(Z )

Te(Z) —4Te(Z)Te(Z3)+3Tr(Z%)? Te(Z)*+3Tr(Z%)? —4Tr Z Tx(Z3)

My =6 XE} = 12 2 .

This example nicely illustrates how the checks that follow will be performed. We will
not however quote the explicit formulas for all of the operators we produce, since these

become rather lengthy expressions that are not very illuminating.

Two open strings attached, to the giant of momentum p,: Next consider the generating

function obtained when we attach two open strings to the giant graviton with momentum

151



p1- We employ the description in which each open string is described with a word. The

relevant generating function is

So
Z(tl,t2)=JdN@decdeNqSJqu) —

Expanding to second order in , and #; we obtain

e (¢ Wi -9 - W, 0).

t4
Z(tl, t2)=6l0+6l1t1+azt22+ tlzag'i‘ tltzza4+?2a5+"' (BB)

where !, for example

o =Tr(W,, ) Te(W,,) + TH(Wy, W),
a, =Tr(Z) Te(W, ) Te(W),) + Te(Z) Te(W,, W)+ Te(Z W, ) Te(W,,) (B.4)
+Te(Wy, ) Tr(Z Wy,) + Tr(Wy, Wy, Z) + Tr(Wy, ZW),).
Two open strings attached, to the giant of momentum p,: Next consider the generating

function obtained when we attach two open strings to the giant graviton with momentum

p.. The relevant generating function is

_ So+Sy _ _
Z(rl,r2)=de¢desonN¢JdN¢> (620 6 Wy 0—6-29 §-Wy,-)
% (@-Z-so¢3'W31-¢—95'Z-¢q5-W32-90)-

Expanding to second order in ¢, and ; we obtain

t4
Z(tl, tz): b0+b1t1+b2t22+ t12b3+ t1t22b4+32b5+"' (B.S)

where, for example

by =Tr(Wp,) Te(Wy,) Tr(Z)? + Tr(Z )’ Te(Wp, Wp,)— Tr(Wp,) Te(Z) Te(Wp Z)
—Te(Wp ) Tr(Z) Te(Wp, Z) + 2 Te(Wp, Z) Te(Wp, Z) + Tr(Wp, ) Te(Wp, ) Tr(Z %)
+ Tr( Wy, Wy, ) Tr(Z?) — Tr(Z) Te( Wy, Wy, Z) — Tr(Wp, ) TH( Wy, Z%) — Tr(Wy, Wy, Z%)
—Tr(Z) Te(Wp, Wy, Z) — Tr(W, ) Tre( Wy, Z*) — Tr(Wp, Wy, Z%) + 2 Te( Wy, Z Wy, Z)

by =Tr(Wp,) Te(W,) Tr(Z)* + Tr(Z ) Te(Wp, Wy,)— Tr(Wy,) Tr(Z)? Te(Wp, Z)

'When writing Z ]’ the upper i index is a row index and the lower j index is a column index.

152



—Tr(Wp, ) Tr(Z) Te(Wp, Z) + 2 Te(Z) Te(Wp, Z) Te(Wp, Z) + 3 Te(Wp, ) Te(Wp, ) TH(Z) T (Z?)
+3Te(Z) Te(Wp, Wp,) TH(Z?) — Te(Wp,) Te(Wp, Z) Te(Z) — Te(Wp, ) Te(Wp, Z) TH(Z?)
—Tr(Z) Te(Wp, Wy, Z)—Tr(Z*) Te(Wp, Wy, Z)— 2 Te(Wp, ) TH(Z ) Te( Wy, Z7)
+2Te(Wp, Z) Te(Wp, Z°) — Te(Z) Te(Wy, Wy, Z) — Te(Z?) Te(Wp, Wy, Z)

—2Te(Wp,) TH(Z) Te(Wp, Z%) + 2 Te(Wp, Z) Te(Wp, Z2) + 2 Tr(Wy, ) Tr( Wy, ) Tr(Z?)

+ 2 Te(Wp, Wp,) TH(Z®) — 2 Te(Z) Te( Wy, Wy, Z%) + 2 Te(Z) Te(Wp, Z Wy, Z)

— 2 Te(Wp,) Te(Wy, Z%) — 2 Tr(Z) Te( Wy, Wy Z2) — 2 Te(Wp, ) Te(Wp, Z°)

— 2Te(Wy, Wy, Z%)+ 2 Te(Wp, Z Wy, Z2)— 2 Tr(Wy, Wy, Z°)

+2Te(Wp,Z Wy Z2).

A pair of strings attached, one to each giant: The generating function for two strings
attached, one to each of the two giants in the bound state, again employing a description in

which each open string is described with a word, is given by
Z(t), 1) de de JqustW We (¢-W,-9)

Again expanding to second order in #; and ¢, we obtain
Z(t, b)=co+ ho+ e +tic+nt e+t e+ (B.6)

where, for example

Co = Tr(W,) Te( W) Tt(Z) — Te(Wp) Tr( W, Z) + Tr(W,) Te(Wp Z) — Tr( W, W Z)
c; =Tr(W,) Te(Wp) Tr(Z > — Te(Wp) Te(Z) Te(W, Z) + 2 Te(W,) Tr(Z) Tr (W Z) 5
—Tr(W,Z) Te(W Z) + Te(W,) Te(Wp) Tr(Z%) — Te(Z) Tre(W, W Z) oo
—Tr(Wp) Te(W, Z%) 4+ 2 Te(W,) Te( W Z2) — Tr(W, W Z2) — Te( W, Z W Z).
A pair of strings stretched between the giants: Finally, consider the generating function

for two strings stretched between the two giants in the bound state, again employing a

description in which each open string is described with a word
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Z(t, 1) fd"’ ‘JdN fd’v(pfd’vque

(P-Z-0p-Wep@-Wop-90—4-Z-¢ G- We-p - Wp-p).
Again expanding to second order in #; and ¢, we obtain
Z(tl,t2)250+t151+t2252+t1253+t1t2284+t2485+"'

where, for example

o =Tr(Z) Tr(W; W) — Tr(Wp,)) Tr(Wp Z) — Te(We Wy Z) + Tr(Wy, W Z)
=Tr(Z)* Te(W, Wp)—Tr(Wp ) Tr(Z) Tr(Wp Z) — Tr(We Z) Tr(Wy, Z) + Tr( W Wy ) Tr(Z?)
(B.8)
—Tr(Z) Te(We Wy Z)—Tr(Wp)) TH (W Z2) + 2 Te(Z) Tr(Wy, W Z) — Tr(We Wy, Z2)

—Tr(We Z Wy Z)+ 2 Te(Wp, W Z2).

B.1.2 Restricted Schur Polynomial and Gauss Graph Operators

The formulas derived above, in terms of open string words W,, are extremely useful. As
written, they describe the operators obtained when each open string excitation is described
using a word. These are the operators we use in Section 4.3 to determine the lattice
Hamiltonians describing the dynamics of open strings attached to giant gravitons.
Alternatively, we can set all open string words equal to a single letter W, = Y and compare
to the Gauss graph operators. It is this second exercise that we will carry out in this
Appendix.

To construct the Gauss graph operators, we need to construct the restricted Schur
polynomials. There are a number of simplifications that arise when we consider restricted
Schur polynomial operators labeled by a single row (this is the case for the coefficients
ay, a, and a; in (B.3)). In this case the Gauss graph operators and the restricted Schur
polynomial bases coincide. Further, since the representation R is one dimensional, the
subspace we restrict to when defining the restricted characters is not a proper subspace

and the restricted characters simply reduce to ordinary characters. In this case it is simple
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to check the following equalities

a0=2 (., T)(Z. Y)= ( @ )
a =24 V)= (E], @ )
a3 =271 110,01 0(2,1/):(@,@).

The equality above is between (1) the coefficient a, appearing in (B.4)), (2) the restricted

Schur polynomial with three Young diagram labels and (3) the Gauss graph operator which
has both a Young diagram label and a graph label. The graph is the same in all three cases
because in all three we have a single brane with two strings attached to it. The equalities
above are explicit checks of the equality between Gauss graph operators with all strings
attached to a single brane, and our generating function for excited bound states with all
excitations associated to a given row. Here we are, of course, using the fact that these
equalities are meant to be exact and not just large N identities.

The remaining terms in (B.3) should be compared to Gauss graph operators constructed
from restricted Schur polynomials that are labeled by Young diagrams that have two rows.
The two row restricted Schur polynomial is still simpler than the general case, since with
only two rows we do not need to introduce multiplicity labels. However, the representation
R is no longer one dimensional and the subspace we restrict to when defining the restricted
characters is usually a proper subspace. Thus, the restricted characters are not equal to
ordinary characters, and they must be computed. Since we are attaching both strings to a
single brane, it is again true that, for these operators, the Gauss graph operators and the
restricted Schur polynomial bases coincide. This is again an exact statement. The restricted

Schur polynomials that we need are given by

XHjj,(HDj)(Z Y)= i(Tr(Z PTH(Y ) +Tr(YA)Te(Z)? +2Te(Y Z) Tr(Z) Tr(Y)

—Tr(Z*)Te(Y ) = Tr(Y?*) Te(Z?) —2Te(Y Z?) Tr(Y)

+2THZ Y))TH(Z)—2Te(Y*Z?))

XH_I_I_L(H_L[_L])(Z Y)= é(Tr(Z)3 Tr(Y P +4Tr( 2P Te(Y)Te(Z Y)+4Te(Z ) TH(Z Y ?)
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+2TH(Z)Te(Y)Te(Z2 Y )+ Te(Z)P Te(Y )+ 2 Te(Z) Te(Z Y )?
+2TH(Z)Te(Z2 Y2+ 2Te(Z)Te(ZY Z Y ) =2 Te(Y Z) Tr(Y ) Tr(Z?)
—Tr(Y )P Te(Z3)—Tr(Y*) Te(Z3) -2 Te(Z Y) Tr(Z°Y)
—2Tr(Z*)TH(ZYH)—4ATe(Z3Y)Te(Y)—4Tr(Y 2 Z3)

—2Tr(YZY Z?))

X j_U(tj, [_I_])(Z, Y)= i(TI‘(Y)Z Te(Z)! +Tr(Z2)  Te(Y2) + 4 Te(Y) Tre(Z )P Tr(Y Z)

+2THZ)P Te(Y Z)? +2Te(Y Z)* Te(Z2) + 3 Tr( Y ) Tr(Z2)?

+3TH (YA Te(Z?)P +4Te(Z)] Te(Y*Z)— A Te(Z) Te(Y Z) Tr(Y Z?)
+12Te(Y)Te(ZH)Te(Y ZH) +4Te(Y Z%)* —4Te(Y )* Te(Z) Te( Z3)
—ATr(Z)Te(Y?)Tr(Z3) —4Te(Y) Te(Y Z2) Te(Z3) — A Tr(Y? Z) Te(Z3)
+12TH(Z2)T(Y? ZH)+ 2 Te(Z P Te(Y ZY Z)+ 2 Te(ZH) T (Y Z Y Z)
—12Te(V)Te(Z)Te(Y Z3)—4ATe(Y Z2)Te(Y Z3)— 12 Te(Z) Tr(Y 2 Z°3)

—ATH(Z)TH(YZYZ*)—4AT(YZY Z*)+4Tr(Y Z* YZZ)).

It is now a simple exercise to check the following equalities

w—sgmgayen-[HO) )
(amunnlaninn CAO (_ \, @ o) (B.9)

@ = L2 T O 1)(Z»Y)=( @0)
o\

after setting W, =W, =Y in a,, a, and as.

It is equally easy to test the results for strings attached to the second giant graviton, given
in (B.5). In this case, again because all strings are attached to a single giant, there is an exact

equality between the restricted Schur polynomials and the Gauss graph operators. We have

156



tested the equalities

b0=4xE3,(Dj,Dﬂ)(Z’ Y= ( @)
b= )4 Y= ( @)
by =16 (T ) V)= (_ ©)

bs =24 11 (CT 110, l)(Z’Y):( '@)
]

after setting W, = W, =Y in by, b;, b, and b;.

Testing the results when there is a string attached to each giant graviton is also interesting.
In this case we gave a proof that the two sets of operators agree at large N, but have not
proved an exact statement. These results are given in (B.6). For this class of operators it is no
longer true that the Gauss graph operators and the restricted Schur polynomials coincide.

Recall that from (4.21) we have

O(o)=

Z Z MZS(Ga)OR,(r,s)

i
l_[i mi: skmae[|; Sy,
where y (o) is the character of o € §,, in irreducible representation s. Since we only have a

single Y box in each row, the groups S,,, are trivial we have the lovely simple formula

0(0)= > Vd; 1(0)0k ). (B.10)

skm

To obtain the state with a string attached to each of the two branes we need to choose o

equals the identity in (B.10). We then have y,(1) = d, and hence

o(1)= (r D:])+O ( H) (B.11)

Using this formula, we can test the polynomials defined in (B.6). A subset of the restricted

Schur polynomials that we need are
J(Bj O,C0)= ;( H(Y )P THZ) + Te(Y2) TH(Z)—Tr(Y) TH(Y Z)—Tr( Y Z))
1 , ,
1OR)- (TP THZ) = THY ) THZ) + TH(Y)TH(Y 2) = TH( V2 2)
%Hjj [1T,01) =i( (Z2)Te(Y )+ Te(Z?) Te(Y )2 + Tr(Y2) Tr(Z)?
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—2TH(YZY Z)+Te(Y*) TH(Z%)—2Tr( Y Z )
HI(DH H) 1( ZY (Y +Te(Z%) Te(Y Y = Te(Y ) Ti(Z)

—2TH(Y?ZH)—Te(Y*)Te(Z3) + 2 Te(Y Z2) Tr(Y)

—2TH(Z Y*)TH(Z) + 2T Y Z) TH(Z) Tr(Y ).

We have tested the equalities

@=1pom)f&tmop) @ = ( QO)

e munlmninn G mauale (Dj QQ )

c2=3xu| ({0 )& Y) +3XE33(BIH)Z Y= ( " QQ)
:_XHJJJ T )& V) + ZB:I:D(D:DH)(Z Y= (Djj QQ)

=) o= OO )

o (B.12)

after setting W, = W, =Y in ¢, ¢}, ¢,, ¢; and ¢,. The fact that we obtain exact agreement is
not expected, suggesting we should attempt to extend the proof given in Appendix B.3 to
finite V.

We would now like to test the results for the stretched string operators, summarized
in (B.8) above. Since the operators with a string on each brane are related to the stretched
string operators by the action of the graph changing operator, the results (B.12) suggest we
should again find exact agreement. To obtain the state with strings stretching between the

two branes we need to choose o =(1,2) in (B.10). Thus, in the end we have

O((1,2))= O (4, 1) — O ( H) (B.13)
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Using this formula, we have argued for and tested the equalities

e lan e male GO (D, Q)
sl:,{Hﬂmm)(z,Y)_ZEED(EH)(Z,Y):(D]Q)
R R (O
s=Sagrotrmnene - grpremgen = O
s=ormre - mgen-(HE O

after setting W, =W, =Y in s, 1, S, $3 and s,.

Our final comparison is between operators for which the open string excitations are
described using open string words. A simple example is given by attaching two strings to
the first brane and setting p; = p, = 1. As above, each row of R is, of course, not a giant
graviton, but this simple example allows us to compare the construction of [30] with the
construction developed above. From the above construction this operator is given as the

coefficient of ¢ in the power series expansion of the expression
JdN JdN fd%fdfv (so W,, ).
1

On1(Z, Wy, Wy,) =Te(Z) Te(W, ) TH(Wy,) — Ti(Z*) Te(Wy, ) Te(Wa, ) + Tr(Z Wy ) Te(Z) Te(W,, )

The result is

+Te(Z W) Te(Z) Te(W, )+ Te(Z Y Te(Wy, Wa,)—Tr(Z%) Tr(W,, Wa,)
—Tr(Z*W,,) Te(W,,) —Tr(Z* W, ) Te(Wy, ) + Te(Z Wy W) Tr(Z)

+TH(Z Wy, W TH(Z) = Te(Z2 W W) = Te(Z* W2 W, ).
(B.14)

We want to compare this to the construction given in [30], which makes use of projection
operators. For the operator that we are studying, we define a representation R, by removing

two boxes from representation R, as follows

r=[ | 1] — | — R;’:H
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We use the notation R;’ to match the notation of Appendix C1 of[30]. The projection operator
that acts within the carrier space of R and projects from R to R/ is denoted by Py p/. In
terms of this projector, the giant bound state with two strings attached is given by

){RR”(Z I/VAI,VVAZ)— Zzll le (VVAl) (VvAz)ZM)TI(PR’R{/FR(O))'

0684

Using the results of Appendix C1 of [30] and the explicit expression (B.14) it is simple to
verify that

O(Z’ I/V:‘h’ VVAz) ZZXR:R{/ (Z’ VVAl’ VVAZ)

so that our generating function has correctly reproduced the restricted polynomial
constructed in [30]. In Section 4.2.3 our arguments for the equality of restricted Schur
polynomials and the operators obtained from the generating function made extensive use
of the derivative rule proved in [30]. It is worth reviewing this rule with the formula (B.14)
in hand. Towards this end, we employ a convenient graphical notation (for this example,
when defining the restrictions, string W, is removed first and then W,, is removed) as

follows

xrry (2, Wiy, Wa,) = 2
-
More details about this notation are available in [30]. For this example, the derivative rule

of [30] states that

0 0

—— X201 (N+2))( and —= (N +1)ym.
a(w, ) g o(w,)'H™ a

It is a simple matter to verify these formulas using (B.14).
Finally, consider the case that a pair of strings are stretched between the two giant
gravitons. Giant graviton bound states with a single pair of stretched strings are generated

by the integral
N N N N
fd Jd fd q)fd q)we
(P20 Wp-9p§-We-¢p—0-Z-¢ §-Wp-9 §-We-90).
The term independent of ¢, and ¢, in the power series expansion of integral is
Oy, = Tr(Z) Te(W. W) + Tr(Z W, Wy ) — Te(Z Wy, ) Te(W ) — Te(Z Wy, W) (B.15)
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which is in precise agreement with the construction of [30]. To see this, note that the

restricted character needed to construct the restricted Schur polynomial is given by a single

matrix element (we use the Young’s orthonormal basis)
3

)(ss(a.):< 2 1“FB:](O-) :i 2‘>

The complete set of restricted characters are now easily evaluated

Xss((1)(2)(3))=0 2ss((12)) = g 2s5((13)) = —g
Zss((23))=0 Xs5((123)) = —g 75((132)) = g
It is now trivial to verify that
s (2 We, W)= D 2 (@) W) (Well, 25 = go

0'653
It is again interesting to explore the derivative of this operator. The derivative rule of
[30] states that the derivative with respect to string D, stretching between the two branes,

vanishes 2. It is a simple exercise to verify that this is indeed the case

0

—— 0, =0.
o(Wp)s

B.2 Check of the Generating Function for a Two Sphere

Giant Bound State

In this Appendix we expand the generating functions for the bound states of two sphere
giant gravitons, in a power series in #; and #,, in order to test their correctness. Again, it will

be conventient to use 5, and S, following (4.27) to simplify the notation.

2The thing that is special about string D is that it occupies slot 1, i.e. its upper index is i;.
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B.2.1 Operators Constructed from the Generating Function

No open strings attached: The two sphere giant graviton bound state generating function

is given by

+
Z(t, )= Z Z IZPZ A G Pz) Xereimr)(Z)

PiZp p=1 dara1m-r2) Po! ( Pz)' (B.16)

dewde¢JdN§JdN§eSO+SI
where d,r,1n-) is the dimension of the symmetric group S, ,,, representation labeled by a
Young diagram with p; boxes in the first column and p, < p, boxes in the second column.
After a simple computation we have
(P +p2) (P —po+1)
(p+1)!p,!

(p1+ po)! _ (pr +1)!
dorinrm P! (Pi—p) (pi—p+ 1)

d(znz 1P1=P2) =

My, p, =

Power series expanding this integral in the parameters ¢, and ¢; we find a sequence of
polynomials in the variables v}, y);, &' and &;. These are all easily performed using (4.23)

and the obvious analogous formula for integrals over £/ and &;. The result is
Z(t, tp, WY =1+ tydy + ) dp + t}ds + 1, ] dy + 1) ds +
where

d, =Te(Z)= Moy
dy =Tr(Z) + Te(Z%) = Moo T

dy=Te(Z) —Te(Z%) = //11,1)(5
chzTﬂZf—TﬂZﬁ:uﬂmxHD

ds=Tr(Z) +3Tr(Z*f —4TH(Z) T(Z°) = le,z)(E}

confirming (B.16).
Two open strings attached, to the giant of momentum p,: Next consider the generating

function describing bound states of two sphere giant gravitons, with two strings attached
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to the first giant graviton. The generating function is given by

Z(tl,rz,{W})=Jdwfd”wdeédeée%*Sl(w-ml-zﬁwwAzw/J)
(B.17)
=fit i+t h+ i+ nt fi+t) fot-

where, for example

fo =W, ) Tr(W,,)— Te(W, W)
fi = To(W), ) Te(W,) T(Z) — Te(Z W), ) Te(Wy, ) — T(Z W), Te(W),)

— Tr(W, W), ) TH(Z) + Te(W,, W), Z) + Te(W, W, Z).

Two open strings attached, to the giant of momentum p,: Next consider the generating
function describing bound states of two sphere giant gravitons, with two strings attached

to the first giant graviton. The generating function is given by
Z(rl,tz,{W})=de¢JdedeédegeM(@B-Z-wE-WBl-é—z/?-Z-ié-WBl-w)
><(1,/3-Z-1,bE-WBZ-E—?./}~Z-§E-W32-¢)

=g+ g+ +1g+ 08+, 8+
(B.18)

where, for example

8o =Tr(Wp, ) Tr(W,) Te(Z 2 — Tr(Z ) Tr( Wy, Wy,) + Te(Wy, ) Tr(Z) Tr( W, Z)
+ Tr(Wp, ) Tr(Z) Tr(Wp, Z) + 2 Te( W, Z) Tr(Wp, Z) — Tr( Wy, ) Tr( W, ) TH( Z°)
+ Tr( Wy, Wy, ) Tr(Z°)— Tr(Z) Tr(Wp, Wy, Z) — Tr(Wy,) Tr(Wp, Z%) — Tr(Z) Tr( W, W, Z)
—Tr(Wp, ) Te(Wp, Z?) + Te(Wp, Wy, Z%) — 2 Te( Wy, Z Wy, Z) + Tr(Wy, Wy, Z7)

g1 =Ti(Wp, ) Te(Wp,) Te(Z)’ —Te(Z)° Te( Wy, Wy,) + Te(Wp,) Te(Z) Te(Wp, Z)
+Tr(Wy,) Tr(Z ) Tr(Wp, Z) + 2 Tt(Z) Tr( Wy, Z) Tt(Wp, Z) — 3 Tr( Wy, ) Te(Wp,) Tr(Z) Tr(Z %)
+3Tr(Z) Tr(Wp, W, ) TH(Z%) — Tr( Wy, ) Ti( Wy, Z) Tr(Z*) — Tr( Wy, ) Tr(Wp, Z) Tr(Z°)
—Tt(Z ) Te(Wy, W, Z) + Tr(Z2) Tr( Wy, Wy, Z) — 2 Te( W) Tr(Z) Te( Wy, Z2)
— 2Tr(Wp, Z) Tr(W, Z2) — Ta(Z Y Tr( W, Wy, Z) + Tr(Z2) Tr( Wy, Wy, Z)

—2Te(Wy, ) TH(Z) Te( Wy, Z%) — 2 Te(Wy Z) Tr(Wp, Z2) + 2 Te( Wy, ) Te( Wy, ) Tr(Z?)
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— 2Tr(Wy, Wy, ) TH(Z%) + 2 Te(Z) Te(Wp, Wy, Z2)— 2 TH(Z) Te(Wp, Z Wy, Z)
+ 2 Te(Wp,) Te(Wp, Z°) + 2 TH(Z) Tr( Wy, Wy, Z%) + 2 Te(Wp, ) Te(Wp, Z°)
— 2Tr(Wy, Wy, Z%) + 2 Te(Wp Z Wy, Z2) — 2 Te( Wy, Wy, Z°) + 2 Te(Wp, Z Wy Z?).

A pair of strings, one attached to each giant: The generating function describing bound

states of two sphere giant gravitons, with a string attached to each of the two giant gravitons,
is given by
Z(rl,rz,{wn=fdwfdwjdNEJdNi %5 (- W)
(- Zp & Wy &= Z-EE-Wy-y)
:h0+t1h1+ t22h2+ t12h3+ t1t22h4+ t24h5+"'
where, for example
ho =Te(W,) Te(Wp) Tr(Z) + Te(Wp) Te(Wp Z ) — Te(W,) Te(Wp Z) — Te(Wy W Z)
hy =Tr(W,) Te(Wy) Te(Z)? + Te(Wy) Te(Z) Te(W, Z) — 2 Tr(W,) Tre(Z) Tr(Wp Z)
—Tr(W,Z) Te(Wp Z) —Tr(W,) Te(Wp) Tr(Z%) — Tre(Z) Te(W, W Z) + Tr(W, W Z?)
—Tr(Wy) Tr (W, Z%) + 2 Tr(W,) Te (W Z2) + Tr (W, Z W 2).
A pair of strings stretched between the giants: Finally consider the generating function

describing bound states of two sphere giant gravitons, with two strings stretched between

the two giant gravitons. The generating function is given by

Z(tl’tZ’{W}):Jleﬁdel/)JdNEJng e~§0+§1

X(P-Zp & Wetp p-Wp-E=p-Z-E E-We -y §p- Wy -yp)
=jot i+t ot tljs+ 0t jutty jot e
where, for example
Jo = Tr(Z) Te(We Wp)) — Tr(Wp ) Te( W Z) + Te( W Wy Z) — Tr(Wp W Z)
Jr = Te(Z ) Te(We Wp) — Tr(Wp)) Tr(Z) Te(We Z) + Tr(Z) Te(We Wy Z) — 2 Te(Z) Te(Wy, W Z)
+Tr(Wp Z) Tr(Wy Z) — Te(Z ) Te(We Wy ) + Tr(Wy ) Tr(We Z2) — Tr(We Wy, Z2)

—Te(We ZWp Z)+ 2 Te(Wp W Z2).
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B.2.2 Restricted Schur Polynomial and Gauss Graph Operators

Our goal is again to compare the operators we have obtained above to the Gauss graph
operators, after setting the open string words equal to Y. As for the case of the AdS giants,
the simplest possibility to consider is when the Young diagram labeling the operator has a
single column, corresponding to a single giant graviton. In this case, the restricted Schur
polynomial basis and the Gauss graph basis coincide, and restricted characters reduce to

ordinary characters. It is simple to verify that

fo= ZXH(.,H)(Z, Y)= ( @ )

fi=2y

[T ]]

L=2x0

(TTT)
.
N
=
Il
— N
.

The remaining terms in (B.17) correspond to restricted Schur polynomials that are
labeled by Young diagrams with two columns. Since we are attaching both strings to a single
brane, it is still true that the Gauss graph operators and the restricted Schur polynomial

bases coincide. The restricted Schur polynomials that we need to evaluate are given by
1
;ﬁj(m H) :Z(Tr(Z)Z Tr(Y)? +2Tr(Y2Z3)—Tr(YH) Tr(Z?) -2 Tr(Y Z*) Tr(Y)
+2TH(ZYH)Tr(Z)—Tr(YA)Te(Z Y —2Te(Y Z) Te(Z) Tr( Y ) + Tr(Zz)Tr(Y)Z)

XES(EPH) =é(Tr(Z PTr(Y)? =4 Te(Z) Te(Y)Te(Z Y)—Te(Z)* Tr(Y %)

—2Te(ZH)Te(ZY)Te(Y)+2Te(Z?Y) Te(Z) Te( YV ) — Tr(Z3) Tr(Y )?
+4THY?Z)Tr(Z) +2Te(Z Y ) Te(Z) + Tr(Y 2) Tr(Z3)
+2Te(ZY)TH(Z*Y)—2Te(ZY ZY)Te(Z) + 2 Te(Z*) Te(Z Y ?)

—2Te(Z*Y*)Te(Z)+4Te(Z3Y) Tr(Y) =2 Te(Z?Y Z V) —4 Tr( 23 Yz))

_i 2 4_i 4 9 _1 5 i , ,
X?'(E}H)_u T(Y )2 Tr(2)! = o T(2) Te(Y?) = < Te(Y) Te(2)" Te(¥ 2)+ — T2 Tr( Y 2)
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— % (Y ZYP Tr(Z?)+ % Tr(Y)? Tr(Z%)* — % Tr(Y?)Tr(Z%) + % TH(Z) Tr(Y?2)
+ % To(Z)Te(Y Z)Te(Y Z%)— % Te(Y)Te(Z*)Te(Y Z%) + é Tr(Y Z?)?

— % Te(Y)? Te(Z) Te(Z3) + %Tr(Z)Tr( Y3 Tr(Z3) + éTr( Y)Tr(Y Z)Tr(Z?)

— é Tr(Y?Z)Tr(Z3) + % Te(ZH)Tr(Y?Z?)— % T ZPT(YZY Z)

+ % TH(ZHTH(YZY Z)+ % Tr(Y)Te(Z) Te(Y Z3) — é T(YZ)Tr(Y Z3)

1 1 1 1
-3 Tr(Z)Te(Y?Z3)— 5 T Z)T(YZY Z*)+ 5 TH(YZYZ?)— 5 T(YZ%Y Z?).

It is now a simple exercise to check the following equalities

f2=4x§j(mjg)ZY (Dj@»)
g RO

e 0-({HO) )

after setting Wy =W, =Y in f,, f, and f;.
Using the results for strings attached to the second giant graviton, given in (B.18) we

have checked that the identities

e ts O =(H &)

" (O
“H)(Z’Y): - \..©

8 =161 (

8 =24)($_( ,H)(Z, V)=l ] e @

are obeyed. To test the results when there is one string attached to each giant graviton, we

l [

[TTT]

must again compare to alinear combination of restricted Schur polynomials. The discussion

is parallel to the discussion for the AdS giants, so we simply quote the results. We have
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verified the identities

ho—xBj O,)4 Y) WHH(DH(Z )= ( QQ)
g V”*Hl@@@“1@<D<))
e n-(H OO)

g O0)
‘@@”(§<><>

Note once again that we have a complete match, even at finite N. Finally, for the operators

I
L]

)(Z Y)+

[\Jll—‘

By
[\v}
|
N |
P
DE

,D:])(Z’ Y)+3y

(T[]

hy, =8y {(_ [_[jj)(Z,YHSX {(

l
[
l

corresponding to the stretched string states we have verified the identities

Jo= ){Bj([], )% Y)—)(Bj([], H)(Z, Y)= (D, Q )

j1=2)c'_ 1@,1 I 1)(2, Y)—ZZ_ (HH)(Z, Y)= @Q
sy (HH O
INZ Y)=3 17 Z Y)= <>
R |
INE YY) =8 1y, m\& Y= Q
) ) E

B.3 A Gauss Graph Identity

Js=3x

—

1]

Ja=8y

~—

L]

In this Appendix we will prove an identity for Gauss graph operators which do not involve
any stretched strings. This corresponds to setting o =1 in Oy (o). We choose r to have p,

boxes in the first row and p, boxes in the second and take both p, and p, to be O(IN). R has
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p1 + m, boxes in the first row and m, + p, boxes in the second row so that m, of the boxes in
the first row and m, in the second row correspond to Y’s. We take m, and m, to be O(1).
Recall formula (4.22) which, after setting o to the identity, says

OnsM)= D, >, D, zlo)ze(@oap)Tr(pz®ye).

PESn+m T1ES, AES ) XSy
There is a nice interpretation of this formula that follows after recalling that the projection

operator onto representation ¢, within a vector space V, is given by

Here o is the action of group ¢ on the space V, y,(c) is the character of group element o in
representation ¢, d, is the dimension of representation g and || is the order of the group
¢. If there is more than one subspace of V' that carries representation ¢, P, will project to
their direct sum. Using (m) to denote the trivial representation of S,,,, labeled by a Young
diagram with a single row of length m2, we can write (up to an unimportant constant which

we drop)

OR,r(l) = Z AR (Prp(ml)P(mg)p)Tr(pZ®n ® Y®m)'
PESn+m

We are going to work out a formula for the derivative of this operator with respect to Y *.
This analysis is motivated by Appendix C of [30] and we recommend that the reader consult
this source for further details that we do not spell out here. It is useful to generalize the
operators we consider by including a third field

09 0= S 1a(B Py B p)Te(p 25" £ X5 0 YO,

PESpim

Describing the states in the carrier space of R - m + n using Young-Yammanouchi patterns,
the indices of the fields Y correspond to boxes with labels from 1 to m,, the indices of the
fields X to boxes with labels from m; +1 to m, + m, = m and Z to labels from m +1 to m+ n.
The Y fields are in representation (;) and the X fields in representation (m,). The Y fields
populate boxes in the first row, while the X fields populate boxes in the second row. Now,

consider the derivative

d

Wos)’(l):ml > tw(B Py Py p) Tr(p 22" @ X®™ @ Yo ' 1)
a

PESpim
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where a is summed on the left hand side. Here we have chosen the index of 1 to correspond
totheboxin R labeled 1 and we have used the fact that we can differentiate any of the Y fields
and then cycle the identity 1 into slot 1, possible because the Y fields are in representation

(m,;). Writing the indices more explicitly we have

. ] im +m; im+
Og):)r(l):ml Z XR(PrP(rnl)P(mz)p)Zle ”_Zlnﬂ X ey 1+1

dYa ip(n+m] ip(n+1) ip(m1+m2) ip(mlﬂ)
a PESpim
i iy i
xY ™ ... .Yy? el
lp(my) Ip2) ~ Ip()

To proceed, write the sum over S,,,,, as a sum over the subgroup S, ,,_; which permutes

2,3,---,m+ n but leaves 1 inert. The result is

(3) — In+m . in+1 im1+m2 . i’"l‘*’1
d Ya OR,I‘(]‘) - ml Z ZR (Pr })(ml)l)(mz) p C) Zip(n+m) Zip(n+1)Xip(ml+m2) Xip(m1+1)

a pesrz+771—l

where
n+m

C=N+Z(1,i)=N+f.

i=2
In this formula, j is a Jucys-Murphy element. Denote the representation obtained after

dropping the box labeled 1 from R by R’. The box that is dropped is from the first row of R.

Acting on this representation j gives the content of the dropped box and we have

d
dve

O}(-\,sy) (1) = ml CRR/OR’,I‘(]')'

r

This is an exact result. Now consider the derivative with respect to X. A simple calculation

gives
d 0(3) (l)_m Z (P P P )Zi’”m "'ZinJrl Xim1+m2 ”.5iml+1
qu R,r - 2 5 ZR r+(m) (m2)p ip(n+m) ip(n+l) ip(m1+m2) ip(m1+1)
a PESn+m

To proceed, we write the sum over S, ,,, as a sum over the subgroup S, ,,,_; which permutes

1,2---,my,m; +2,---m+ n but leaves m, + 1 inert. The result is
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d

ORI W=my > ga(P R R pC)ZJin ozl X[

ip(n+m] lp(n+1] lp(m1+m2] ip(m1+2)
a pesn+m—l
% tmy . Y»il
lp(my) Ip(1)
where
C = Kl + K2
n+m my
Ki=N+ E (m;+1,1) and K, = E(mﬁ-l,i).
i=m1+2 i=1

We will now argue that at large IV, the terms collected in k, can be ignored. Above we are
summing transpositions (2-cycles). Transpositions square to the identity matrix, so that
their eigenvalues square to 1. Consequently, the matrix elements of the transpositions are
bounded, independent of N. In the term k, we sum only m, = O(1) terms, while in k, we
sum m, + n = O(N) terms. In addition, the first term in x; is N. This certainly bounds the
eigenvalues of k, to be O(1) at most. One might worry that there are cancellations between
terms summed in k;, which might in the end imply that k, itself has eigenvalues of order
1. This is not the case: it is clear k; = N + j. For the case that we consider here, j gives the
content of the last box in the second row, which is p, —2. Thus, k, has all eigenvalues of

order N and we can safely ignore k, at large N. In this case we have

WO}(:)IA(I) = mchR/OR/,r(l).
a

In this formula the box dropped to obtain R’ from R is the right most box in the second row.

The formula we want to derive, is for the derivative of Oy ,(1). This can be written as

d
——Og,(1)= o¥ 1 + o¥ 1
avg = g ol o )
= my Cpg; Oy (1) + My Cpp; Oy (1) (B.19)

where we have used the notation R; to denote the representation obtained by dropping a
box from row i of R.
It is a much simpler exercise to show that this is the rule obeyed by operators obtained

from generating function. The relevant generating function is

_ - e
ZAdS(tl! t2! Y):JdN SOJdN (pf dN (pde (p ﬁe&
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x(@-Y-9)"(¢-Z0pgpY-9—p-Z:¢§-Y-90)"™.

Setting m,, equal to m, and m,, equal to m,, and extracting the coefficient of £,” /™
gives the operator Oy (1) with m, Y boxes in the first row, m, Y boxes in the second and r a
Young diagram with p, boxes in the first row and p, boxes in the second row. Differentiating
with respect to Y * and using the arguments of Section 4.2.3, we easily recover (B.19).

This proves that the derivative with respect to Y of the Gauss graph operator matches the
derivative with respect to Y of the operators defined by our generating function. Since there
are no contributions to either operator that is independent of Y, this proves their equality.
There is an obvious extension of these arguments to the case of Gauss graph operators for

sphere giant gravitons.

B.4 Correlation Functions

In this section we evaluate the correlation functions that were used in Section 4.3.2. Consider

01: Z le "'Z-i"H ( Z)ln+2

lg(1) lo(n+1) Lo( n+2)
UGSnJrZ

We would like to evaluate the correlator (0, 0, ) The Y fields only contract with Y fields.
Note that

<(Y2)j.(y*2)f> =585+ N5I5E.

Atlarge N we need only keep the second term on the right hand side. This gives
((r3iy™B)=N{yiv*)(1+0(NT)).

We will not display the O (N *1) correction in what follows. Using this formula we have (the

operator P, is defined in (4.1) above)

ﬁlﬁf N Z < S ln+1 Yin+2 ZTfll___ZTjnﬂ Y-Jrj"+2>

l(rl(n+1) lol(n+2) ]0'2() ]02(n+1) ]a'z(n+2)
01,02€8,42

=N > > T(opo.p™)

01,02€8,42 PESp+1

N(n+1)! Z Tr(o,0,)

01,02€8,42
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=N(n+1)(n+2)! Z Tr(oy)

01€5+42

=N(n+ 1 ((n+2))°Tr(P,2)
n+1

=N(n+1)(n +2)!l_[(N +1).

i=0
Next, consider

672: Z le Zln Yln+1 (Zy)l:rwz

Ig(1) lo(n+1) lg(n+2)”
UESn+2

Our previous strategy of performing the Y contractions by hand is not very useful when

evaluating the (026’ ) correlator. A better approach is to start from the identity

Z Zfl .”Z.inJrl int2 ln+3 — Z le .. ln+1 ln+2 TI'(Y)

lg(1) lo(n+1) lo’ n+2) la n+3) lo’ n+1)
OES43 OE€S12
i l 2 i i i i
+ Zl .. n+l ( )n+2 +(n+1) Z-l "'Y’Hl Zy).n+2
l(r n+1) n+2) lo(1) lo(n+1) lo(n+2)
0€S, 12 OESy42

which follows after summing, on the right hand side, over the subgroup and its cosets. The

first two terms on the right hand side can be neglected at large N so that

1 , . . .

l 1 1 1
0’2: Z'l ...Z.VH-] Y n+2 Y n+3 .
n+1 z Io(1) lo(n+1) ~ lo(n+2) = lo(n+3)

UESn+3
A simple computation now gives
n+2
(0.0f)=2(nP(n+2)(n+3)[ |V +1i)
i=0
and hence we have
0,0])  2(n+3)(N+n+2
(0:0,) _2n+3)N+n+2) o

(0,0} (n+1pN
Finally, consider

/_ E i e iy in+1
ﬁ - Zio'(l) Zia (YZ Y)io'(nJrl) :
O'ESn+1

A very similar argument to the one just given establishes that
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Appendix C

Asymptotic Expansions

This appendix contains an outline of the basic logic, with illustrative examples, of Borel

resummation and divergent series, supporting the discussion in Chapter 5.

C.1 Basic Logic

Correlation functions are typically studied using perturbation series expansion in powers
of some large parameter. These series are asymptotic, meaning that they diverge and this
divergence is naturally explained by the combinatorial growth of the number of Feynman
diagrams in the series. Different functions can have the same asymptotic expansion, since
adding a non-perturbative part to a function does not change the asymptotic series of that
function. Therefore, non-perturbative contributions make the asymptotic expansion
non-unique. Each asymptotic expansion of a function is defined in wedge in the complex
plane about a saddle point of the function, and the boundary of each wedge is called a
Stokes Line. Crossing a Stokes line corresponds to moving from a region with one
expansion to a region with a different expansion. The value of the asymptotic expansion
changes discontinuously across a Stokes line and this discontinuous change is called the
Stokes Phenomenon. Therefore, a function that is defined on the entire complex plane will
have a different asymptotic expansion in each wedge about each of its saddle points. A

parametric Stokes phenomenon corresponds moving between different saddles of the
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function, where different asymptotic series dominate, by varying a parameter in the series.
Each saddle point corresponds to a different classical configuration, therefore, moving
between different saddle points corresponds to moving from one classical configuration to
another. Resurgence theory states that the information about asymptotic expansion at one
saddle point is encoded into the asymptotic expansion at another saddle point.

I'shall briefly outline some of the details of asymptotic series representations for Gaussian

integrals. First, consider the identities

lzfds es% and f(t):;ant".
0
Then, given f, we find
f(t)=21-ant”=Zst e_s%(st)”zfds e_sZ%(st)":ff{%[f]}(t) (C.1)
n=0 n=0 : n=0 "
0 0
where -
%[f](s)=2%s” and 2 {B[f]}(1)= J ds e Blf](st)
n=0 "'

0
are the Borel transform of f and the inverse Borel transform, respectively. The inverse Borel

transform is the Laplace transform of %[ f]. The exchange of the sum and integral in (C.1) is
allowed when the sum converges. Now, as an illustrative example, consider the asymptotic

formal series in ¢
f)=> an!(bt)"
n=0

Then

a 1 1 1
l— — d =S — PR _7tE. B — .2
Jte) f S 1Tbrs bt l(bt) (€2
where

—X

The function Ei(x) has a branch cut running from —oo to 0 and a simple pole at x = 0.

Expanding (C.2) as a series, for small values of ¢, recovers
f()=a{l1+bt+2(bty+6(bt)+24(bt)* +120(bt)’+720(bt)° +---}
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oo

=ay n!(bt)" (C.3)

n=0

as expected. Expanding (C.2) as a series for large ¢ gives

a 1 11 11 11 1 1
—Z (y—1 l—— 4= _Z il _
0 bt[(y Og(b”){ bt T 2(btF 6bIF  24(b)F 120(b1p }
+L{1_§1+El_251+1371_49 1+H
br | 4(b1)  36(br7 288 (biF 7200 (b1) 14400 (b1

a 1 n a n
:(y—log(bt))E;E(bt) +(bt)2;0n(bt)

where ¥ =0.577216 is the Euler-Mascheroni constant and

_ d"log(x)
" dxn

x=1
such that |o,,| grows without bound as n — oo. It is now clear that (C.2) has different

asymptotic expansion for different values of ¢.

C.2 Gaussian Moment Integral

We study the moments of the Gaussian integral

2k —1)!

o (C.4)

= J dx e x** =7

where double factorial in the Gaussian moment matches the coefficients associated with
Wick contraction of fields in Feynman diagram expansion in QFT. Note that we could have

studied the Gaussian integral

o
ﬂ(m) — dx e—kmx2 x2k — ﬁ (Zk— 1)” — k_m(k+l/2)jk
k fmik+3) 2k

for any non-negative integer m. It is clear that the rescaling of the Gaussian rescales the
leading factor of (C.4) without altering the form of the series in (C.5). Each moment of the

Gaussian integral can be expanded as a series, for large k

k —k 1 1 1003 4027 5128423
S =V2m k"e " {1— + + — — +ee b
24k 1152k2  414720k3 39813120k* 6688604160k5

(C.5)
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Figure C.1: A plot of the coefficients |c,|, of k™", in (C.5), with smallest coefficient |cg| (red). The
growth of the coefficients indicates that the series in (C.5) is asymptotic.

Let c, denote the coefficient of k™" in the asymptotic series in (C.5), with ¢, = 1, and
¢, = —1/24 and so on. Then, for increasing n, |c,| decreases until n = 8, where
cg =—0.0000264647, whereafter |c,| increases without bound. Figure C.1 shows the growth
of |c,|. We write ,
I =21 kke_kzo % (C.6)
o
where growth of the series coefficients indicates that the series in (C.5) is asymptotic.

Similarly, expanding (C.4) for small k yields

o
= b,k" =1-196k +4.39k” —8.91k"+17.98k" —36.05k" + 72.18k° — 144.41k
n=0

+288.85k% —577.72k% + 1155.45k° +---  (C.7)

where each coefficient is expressed in terms of polygamma function y"(z) = %. The

series coefficients b, in (C.7) take the asymptotic form
b, ~(—=1)"2"* (C.8)

for large n. Figure C.2 shows the growth of |b,,|.
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Figure C.2: A plot of the coefficients |b,,|, of k", in (C.7). The growth of the coefficients indicates
that the series in (C.7) is asymptotic.

We can rewrite the Gaussian integral in (C.4) as

I = f dx e ™ x%F = f dx e +klog(x*) (C.9)

which has saddle points x; such that

2k
. :—2xk+—:0

i(—)CZ‘|‘ klog(xz))x= k X
k

dx

then x,(f) =++/k’. There are two saddle points on the contour of integration which accounts
for the asymptotic behaviour of the series in (C.5) depicted in Figure C.1. To help generate
the asymptotic series expansions of (C.9) associated with each saddle point x,(ci), we define
the phase function

f(x)=x*—klog(x?). (C.10)

Then expanding the integral about the saddle point at x,(ci) gives

P f ax et-s(4)

—0Q
where

F(x®)=k—kloglk) and e /(%)= kke*,
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(

. . +
¢)in a Taylor series about x; ) and use

Next, we expand f(x)— f(x;

5x=x—x,(f) and dx=dox.

Expanding about x,(c_) yields

2 1
6 x3+ oxt+ ox°

2 7 8
3kc1/2 2 c2/2 5c3/2 +3k4/z Ox'+ Ox e

6
0x +7k5/2 4 )6/2

Flo)—f (x0) =26 x*+
(C.11)

and expanding about x,(:r) yields

1 2
O+—>05x"

_5 _ 1 6 2 7
3k12° 7 T 2k2z" " T 5K/

—_— 8—--.
+3k4/25x 7k5/25x 0x .

flo—f(x7) =26 x*— 5 x°

+4k6/2
(C.12)

Equations (C.11) and (C.12) differ only in the sign of the odd powers of 6 x. Then, expanding

the non-quadratic part of the phase functions as series in 0 x yields

(rr(O) - e [y 2 o L o4 2 o 5 2k=3. ¢ Tk—6. ,
e e 13k1/25x 2k2/25x 5k3/25x+9k4/25x +21k5/25x+

(C.13)

(fe-F(x) _ 2622 2 s 1 4 2 s 2k-3 6 7k—6 _ .
e k e 1+—3k1/25x —2k2/25x +5k3/25x + oKz 0x 21k5/25x + .

(C.14)

Similarly to (C.11) and (C.12), (C.13) and (C.14) differ only in the sign of the odd powers of

0 x, which will integrate to zero. Then, integrating over the even powers of 0 x yields

_ 2 1 2k—3 47k —30
ﬂ,ﬁ J—e Kk | dox e 20* {1——5x4+ ox%+ & x8
2k 9k2 120k3
350k%—1377k +630 10
— X +
3150k4
e [T 1 1 1003 }
= k 4/ = {1— + + +oeee C.15
¢ 2 24k 1152k2  414720k3 ( )
and
2 1 2k—3 47k —30
ﬂ,&”ze—kkk déx e 0% {1——5x4+ dx5+ & x8
2k 9k2 120ks3
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350k?—1377k + 630
— 5x10+...}

3150k*
—kpk [T 1 1 1003 }
=e kYo (lmg + .. C16
) 2 } 24k ' 1152k2 " 414720k3 (C.16)
Summing the expansions about each saddle gives
1 1 1003

So=9"+ 9P =2n e‘kk’“{l— + +
k=S T 24k ' 1152k2 ' 414720k3

which matches the expansion in (C.5).
Each correlation function has an associated Feynman diagram expansion, where the

action generates the corresponding Feynman rules. Rewrite the action as a series

S, = Z aﬁj@xm
m=2
and define
aV=ad, and a'=(-1)"a,
where
2
Ay = k=2,
" m+2

To get the Feynman rules, I shall first determine the propagator using

T —25x? 2
(s 2>:_(J;Od5xez 5x:% T
\/? 4

1 oo
( f déx e—26x°

then the Feynman rules are

1
—— 1 (propagator)

1

Each Feynman diagram constructed by the Feynman rules has a corresponding symmetry

(n-point vertex).

factor that fixes the value of the diagram. Symmetry factors are assigned according to the

following rules:
1. Edges that start and end at the same vertex form closed loops. Divide by 2 for each

closed loop.
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2. Edges without orientation and identical endpoints are equivalent. Divide by n! for n

equivalent edges.

3. A vertex with n edges attached to it has degree n. Multiply by n! for each vertex of

degree n.

4. Vertices that can be swapped without changing the topology of the diagram are

equivalent. Divide by n! for n equivalent vertices.

5. Connected diagrams with identical topology are equivalent. Divide by n! for n

equivalent diagrams.

Reorganizing the sums (C.15) and (C.16) in we recover the following Feynman diagram

expansion
@_ [Tk —k )
A= 5 e 1 OO 14+ OO+ 0k )
where
3 13!
ws)m(zzz
3 131
~4(3) (33 )-m
4 2-3! 48k
1 3
)(3) (553)-
4 2:2-2 32k
and

OO+ i 3+00=5

which matches each order k! term in (C.15) and (C.16). Then (C.17) becomes

ﬂk:«/ﬁk’ce‘k{1+Q—Q+ 8 +<>O+O(k‘2)}.

The coefficients ¢, in (C.6) can be generated by recursion, following Example 4.2 in

[148], and the series [149, 150]

1 n+l Cn—j+1 1
=1 and C”:;ZTBI 5
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where B;(x) is the j-th Bernoulli polynomial defined by

iy
Bj(x):Z(;)Bixj_i

i=0

and B, is the j-th Bernoulli number [151]. It then follows that

1 By(3)  221—1
By (5) =Bj;1=0 and B, =~
for any non-negative integer j. Then,
L2z ok

=1 and c,=—— ——Cpi1_op-
0 n n L 22k 2]€ n+1—2k

Similarly, using a well known formula [151] we express the Bernoulli numbers B, in terms

of the Riemann zeta function (x),

1., C(2k)
By =(—1)* ZW(%)!'

This allow us to write

TJ 2k—1
22k-1_1\ ¢(2k)
(—1)’6( = ) oo 2k = Dl

Suppose that n =2m +1 for m=0,1,2,3,..., then we can write

2 & (221 L(2k)
[ — —1)\!
Com+1 om+1 1;:1( 1) 22k—1 (2n)k (2k 1)-Cz(m+1—k)'

Let k = p + 1, then we have the associations k=1« p=0and k=m+ 1« p = m, which
allows us to write

2 2 2211\ (2 1
Com+1 = _( )Z(_l)p( ) g( (p al ))(2]9 + 1)!C2(m—P).

2m+1 22p+1 (27)2p+1)
p=0

We find a similar expression for n =2(m+1)form =0,1,2,3,.... Now define the convenience

functions
22p+1 —1
= and  f,=(2p+1)
and
(2(p+1)) L2241
b= "mppry W4 Gy =g (21
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where g(p) — g(p) as p — oo and

% =2 and a,==1"r1,qG,f,

Then, we have

2 - 1 \w
=1, Com+1 :_(Zm n 1)20[19 Co(m—p) and Co(m+1) :_(m +1)Zap Co(m—p)+1
p=0 p=0

where coefficients c,,,,, are now functions of ¢,,,;) only and, similarly, coefficients ¢y,
are functions of ¢,,,,; only. The magnitude of each c,, grows like some combinatorial factor.
The dominant contribution to the value of c,,,,; comes from the term with p = m. Similarly,
the dominant contributions to ¢(,,+;) comes from the terms with p =0 and p = m, which
are of comparable size. Each coefficient carries a correction factor

_2m2+1

h,=1, hy=1 and h,, P

where h(m)— h(m)=1as m — co. The function h,, corrects under-estimation of Co(m+1)

by Cy,n+1) atlarge m. We approximate the coefficients c, as ¢,

3 2 3 3 h 3 3
Comt1 :_2m+ lamco and Co(m+1) :_m-ri-nl (@ €1+ Ao Copin) (C.18)
where
Co=1 c L d C —1 (C.19
=1, Ci=——— an Cr=— . .
0 Y 27 1152

Note that using fzm in place of &, in (C.18) simplifies the analysis of the Borel sum to follow,
at the expense of a larger relative error in the coefficient approximations. Combining (C.6)
and (C.18), we find
— ¢
Jo~2m KRy
Figure C.3 shows an overlay of the coefficients c, and ¢,. Figure C.4 demonstrates the

exponential decay in the relative errors in the approximation of the coefficients c,. Next,

we study a variation on this model.
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Figure C.3: An overlay of the coefficients c, (blue) and the coefficient approximations ¢, (red). This
plot shows the good agreement between the ¢, and the ¢,,.
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Figure C.4: A plot of the relative error for the even (blue) and odd (red) coefficient approximation ¢,,.
The relative errors in the approximation in (C.18) tend to zero as n — 0.

C.3 Quartic Gaussian Model

We start by considering the Gaussian model with quartic interaction term £ x*,

1 173 1(3 173
=\|= St DAY el N RS 1€ § N el
4(g) - J dxe n(Zg) e K“(Z(Zg)) (C.20)
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where

v (2) v . - 1 n
K,(z)= 1"(V——|-2%)J dt e *(t>—1)"2 for EK(V)>—§ and ph(z) < > (C.21)
1

is the v-th modified Bessel function of the second kind [152]. The factor of 1/6 multiplying
g in the integral in (C.20) helps to establish the Borel sum to come. Indeed, dividing g by
any number greater that 6 will help the Borel sum to converge. The integral in (C.20) has
saddle points at x, = 0 and x, = +i4/3/g . Evaluating the exponential in (C.20) at the saddle

points x; and x. yields
=1 and et = o7 (C.22)

and expanding (C.21) about x., using x = 0 x — x.. yields

OO+ X4
1 s 2i/8 g 2g ig3/? g?
=\|= e dox e 1 ZVO 53342 5 5 5% + 2 5x8
o=\ 7 J o X ONF g X g
—00+X4
3/2
Ag o, }
9~ﬁ?

Notice that expanding about x, gives the same contribution to the integral as expanding
about x_ which is associated with the non-perturbative factor 8. The integral over 0 x is
divergent for real values of 6 x and a new contour of integration is needed for this integral

to converge. Next, expanding (C.21) about x,, using x = 0 x — x,, yields

1 ) 3 4
(0)(g): — fdé'x e 0% {1—§5x4 g S 5x— o 5x12+g—§x16+...}
J T 6 1296 31104

and there is no non-perturbative factor associated with expanding about x,. Then

integrating over 6 x yields

35 385
40 :{ 1 30 e 5B 3+...},
(&) 8% T381% T 30728

Expanding (C.20) as a series for small g yields

35 , 385 , 25025 , 1616615 . 260275015 , 929553625 .
8 a8+ g'- g™+ g°— g+
3072 98304 2359296 113246208 100663296

(C.23)

1
F(g)=1—-
(g) 58381
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Figure C.5: An overlay of the coefficients log(|c,,/n!|) (blue) and the approximation log(|(—1)" AB"|)
(red).

The coefficients c, are given by

1 4n—1)!
c,= _
24n n!

We approximate the large order behaviour of ¢, /n! using

C
;”' ~(=1)"AB" (C.24)
where

653111 8431419

= —~0.00756889 and = — ~0.658521.
86288845 12803560

Figure C.5 shows that c,/n! is asymptotic to (—1)"AB" as n — ©o. Similarly, by Stirling

approximation, we find

1 (4n—1) (Zn)”
24n n! 3

then (C.23) converges only for 2ng/3 < 1. However, for each choice of g there is an n such

that this bound is not satisfied and the series diverges.

The Borel transform of (C.23) can be summed exactly to give

-
“@Sn_zﬁK(irfis)_g, 3 K( 2\/B5 )
“ n! vV /6s +3 7 \ vV6s +3 V6s +3
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where K(x)is the complete elliptic integral of the first kind. The inverse Borel transform of
this function is not easily done, so instead we Borel sum and then inverse Borel transform

the modeled series instead. This corresponds to an alternating series with coefficients

1 3
a,=(—B)"n! and —=151~-.
B 2

Notice that the non-perturbative contribution to the integral in (C.20), corresponding to
the value of the integral at the saddle point x. in (C.22) is recovered from the large order

behaviour of the coefficients is the asymptotic series in (C.23).
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