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Abstract

T H E L A R G E N L I M I T O F

H E A V Y O P E R A T O R E X C I T A T I O N S

W.A. Carlson

School of Physics,

University of the Witwatersrand,

PO Box Wits, Johannesburg, 2050, South Africa

Dissertation: Doctor of Philosophy

July 2023

Operators with bare dimension of order N are studied. These are restricted Schur

polynomials labeled by Young diagrams with two long rows or two long columns and are

heavy operators in the large N limit. A dramatic simplification of the action of the

dilatation operator on these states is found, where the diagonalization of the dilatation

operator reduces to solving three-term recursion relations. The solutions to these recursion

relations reduce the spectrum of the dilatation operator to that of decoupled harmonic

oscillators, showing that these systems are integrable at large N . Then, generating

functions for bound states of two giant gravitons are constructed and an extension to more

than two giant gravitons is sketched. These generating functions are integrals over auxiliary

variables that encode the symmetrization and anti-symmetrization of the fields in the

restricted Schur polynomials and give a simple construction of eigenfunctions of the

dilatation operator. These generating functions are shown to be eigenfunctions of the

dilatation operator in the large N limit. As a byproduct, this construction gives a natural
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starting point for systematic 1/N expansions of these operators. This includes the prospect

to generate asymptotic representations of the symmetric group and its characters via the

restricted Schur polynomials. Finally, the asymptotic expansion of the three-point function

is computed in three BMN limits by varying one parameter in the large N limit. It is argued

that these asymptotic expansions encode non-perturbative effects and are related by a

parametric Stokes phenomenon.
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Chapter 1

Introduction

The AdS/CFT correspondence is a significant step towards understanding the quantum

theory of gravity [11–33]. It provides a dictionary that translates between a quantum theory on

the boundary of a given spacetime and a theory of gravity in the bulk. For each observable

on the field theory side of the conjecture there corresponds an observable on the gravity

side. Moreover, this correspondence claims a full dynamical matching between observables

on either side of the correspondence. This is the gauge theory/gravity correspondence,

which is a holographic duality, where information from one theory is encoded in another

theory of lower dimension. This duality provides a plausible resolution to the tension

between quantum theory and relativity theory. While there is currently no proof for this

conjecture, evidence in support of the correspondence continues to accumulate (see [44]

and references therein). In this thesis, I consider heavy operator excitations as a probe of

this correspondence.

We can understand the fundamental building blocks of the AdS/CFT in terms of the

three constituent parts: (1) the quantum field theory, (2) the dual gravity theory and (3)

the dictionary that connects the two theories. Quantum Field Theory (QFT) is a general

framework for describing fundamental processes in nature. Each QFT has a gauge symmetry

and is referred to as a gauge theory. A gauge theory describes a fundamental process as

the excitations of a field, corresponding to point-like particles that interact locally with

other point-like particles. QFT has accurately unified the electromagnetic, the weak and
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the strong interactions that are encapsulated in the Standard Model of particle physics and

have shown remarkable agreement with experiments [55–77] 11.

In contrast to the particle-mediated interactions of gauge theories, the General Theory

of Relativity (GR) uses geometry as the basis of the gravitational interaction. Attempts

to include gravity in gauge theories have shown that the size of the contributions due

to gravity depend on the energy scale at which the theory is studied. The scale at which

gravitational contributions become important is of the order of the Planck scale. Above

this scale, divergences arise that cannot be removed. Indeed, until the introduction of

the AdS/CFT correspondence, QFT were considered effective theories, at best - valid up

to some scale and to be replaced by a more fundamental theory beyond this scale. The

AdS/CFT correspondence suggests that QFT is a fundamental theory. GR and QFT make

contradictory assumptions about the universe and these contradictions manifest as non-

removable divergences in the theories that directly combine them, so these theories are

non-renormalizible [88, 99]. This is the source of the tension between gauge theory and

theories with gravity.

There is a collection of theories that claim to combine gravity and quantum theory, of

which gravity appears naturally in String Theory. Consistency of the theory requires that

the β -function of world-sheet string theory vanishes [1010]. Remarkably, the vanishing of the

β-function reproduces the Einstein Field Equations of GR. However, string theory has yet

to provide a direct description of particle physics as it is understood in the Standard Model

[1111]. Recent efforts have focused instead on finding a QFT, describing particles and fields,

with a dual gravity theory. Such a model for quantum gravity relies on the dual descriptions

provided by a QFT and a string theory. The AdS/CFT correspondence is a concrete example

of this dual description.

Type IIB string theory on an AdS5 × S 5 background spacetime with N = 4

Supersymmetric Yang-Mills theory (SYM) as the dual gauge theory is one example of the

AdS/CFT correspondence. In this instance, a theory of gravity is related to a theory of

1A computation to tenth order in the electric charge (fifth order in the fine structure constant) determined
the value of the anomalous magnetic moment of the electron to be 1159652182.78(77)×10−12 [55]. More than
twelve thousand Feynman diagrams were evaluated in this calculation, which showed dramatic agreement
with experimental measurement of 1159652180.73(0.28)×10−12 [66].
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N × N matrices that interact on a flat background and encode the geometrical and

topological properties of the string theory. Quantities in this gauge theory are computed in

terms of the parameters g 2
YM and 1/N , but we will often express quantities in terms of the

’t Hooft coupling λ= g 2
YMN . Typically, we are interested in computing correlation functions

of operators and eigenvalues of the symmetry generators in the CFT. In this thesis, I

consider the combinatorial dependence of correlation functions, which generates a 1/N

expansion, and eigenvalues of the dilatation operator that measure the conformal scaling

dimension of the correlator spacetime dependence.

When the coupling g 2
YM is small then correlation functions are expanded in powers of

the coupling of the theory. This gives rise to the familiar Feynman diagram expansion in

perturbation theory, wherein the diagrams in the expansion become increasingly

complicated with increasing power of the coupling. In Yang-Mills theory, the diagrammatic

expansion can be re-encoded in a topological expansion where higher genus terms are

suppressed by powers of 1/N .

QFT correlation functions generally do not admit convergent series expansions. These

series are often asymptotic, so the perturbation theory breaks down [1212] and we say that

the corresponding quantities are non-perturbative. The breakdown of the perturbation

theory is a result of the rapid growth in the number of Feynman diagrams that contribute at

each order in the theory. It is clear that a non-perturbative understanding is necessary, and

group representation theory becomes an indispensable tool in the analysis. Indeed, it is

possible to evaluate certain correlation functions exactly using group representation theory

[1313]. In a CFT with a large amount of supersymmetry these quantities are protected from

quantum corrections and are determined exactly in λ as well.

Heavy operators in the CFT have a bare dimension that scales as a power of N making

their correlations non-perturbative. These operators probe the dual string theory at short

length scales. In particular, heavy operators that are dual to states with mass E allow us to

probe effects on a length scale 1/E . The maximum resolution at which these heavy states

probe the theory is bounded. Beyond this limit, the heavy states deform the spacetime,

generating new geometries, and the probe cannot resolve quantities in the dual string theory.

3



These states correspond to operators whose bare dimension scale as O
�

N 2
�

, and have been

studied in [1414]. Below this limit, we study the half-BPS sector ofN = 4 SYM. This sector

admits operators that are protected from quantum corrections. It contains operators dual

to giant graviton states in the string theory. These are Schur polynomials labeled by Young

diagrams with O (N ) boxes and correspond to states that carry large angular momentum in

the dual string theory. Together, these heavy states and their CFT duals provide a laboratory

to study non-perturbative physics in the AdS/CFT correspondence.

The new background geometries dual to operators whose bare dimensions scale as

O
�

N 2
�

include AdS black holes [1515]. The microscopic states of these black holes can be

counted by computing the supersymmetric grand canonical partition function, called the

superconformal index, of the dual CFT. Recently, it was shown that this reproduces the

Bekenstein-Hawking entropy in the large N limit where theN = 4 SYM superconformal

index grows as exp
�

O
�

N 2
��

[1616–1818]. Indeed, heavy operators provide fertile ground to

understand emergent geometries and their CFT duals.

Our interest in studying heavy operators is two-fold: (1) heavy operators are

non-perturbative objects with non-trivial dynamics, and (2) heavy operators allow us to

probe high energies and short length scales in the dual gravity theory. Additionally, we

expect that small non-BPS excitations of heavy half-BPS operators correspond to small

deformations of the BPS sector that can be studied perturbatively.

Anomalous dimensions in the CFT correspond to energies in the dual string theory.

Interest in CFT anomalous dimensions has been driven by questions on the integrability of

certain CFTs. Indeed, integrability theory has played a key role in studying the spectrum of

anomalous dimensions of operators in N = 4 SYM [44, 1919]. The problem of computing

anomalous dimensions can be recast as a problem of computing eigenvalues of the

dilatation operator. At tree-level, this computation returns the engineering dimension of

the operators involved, but gets corrections from quantum interactions at higher loop

orders. Later it will be shown that these eigenvalues can be computed exactly for special

configurations of giant gravitons in the large N limit, and correspond to the energy

spectrum of a collection of harmonic oscillators. The fact that this is possible is a strong

4



indication that the integrability of the theory extends beyond the planar limit. Hints at

integrability of the theory have been found numerically and later by analytic calculations in

different sectors and at higher loop orders. The large N limit of the anomalous dimension

of excited giant graviton bound state operators is discussed in Chapter 33. These

computations can be generalized by constructing generating functions. These generating

functions are integrals over auxiliary variables that encode the structure of Young diagrams

that label Schur polynomials. This procedure generates eigenstates of the dilatation

operator and is outlined in Chapter 44. We can use this construction to give a description of

the action of the dilatation operator on these states. As a byproduct, this construction gives

a natural starting point for the 1/N expansion of these operators by saddle point analysis,

thereby allowing us to study perturbations of classical configurations. It also provides an

opportunity to identify additional non-perturbative contributions and the relations among

them. We recover the partition function of giant graviton bound states from the generating

function, whereby each operator contains characters of the symmetric group Sn and

suggests a method to generate asymptotic representations of characters at large n ,

following [2020]. Then, Chapter 55 presents the 1/N expansion of heavy operators in various

BMN limits, providing preliminary results and discussion on the non-perturbative analysis

of heavy operator correlation functions. Comments and discussion of these results and

analyses are contained in Chapter 66. Technical details of the computations in each chapter

are contained in the appendices. A review of the AdS/CFT correspondence, the central

theme of this thesis, is presented next, in Chapter 22.
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Chapter 2

Background

In this chapter I outline some important details of the AdS/CFT correspondence, following

[11–33]. I describe some of the computational tools used to test the correspondence in the

context of the type IIB string theory on the AdS5 × S 5 background andN = 4 SYM with

U (N ) gauge symmetry in (3 + 1)-dimensions. I start by presenting some background

information on N = 4 SYM and AdS spacetime before proceeding to motivate the

correspondence. I conclude this chapter with a summary of the progress made toward

understanding the spectrum of the dilatation operator in the context of integrability in the

AdS/CFT correspondence.

2.1 The AdS/CFT Correspondence

The AdS/CFT correspondence claims a full dynamical equivalence betweenN = 4 SYM in

flat (3 + 1)-dimensional Minkowski spacetime, and Type IIB string theory on an

asymptotically AdS5 ×S 5 background spacetime. This is a realization of an equivalence

between gauge theories at large N and string theories originally proposed by ’t Hooft [2121].

The correspondence relates the strong coupling limit of a string theory to the weak

coupling limit of a gauge theory, providing strong/weak duality between these theories.

The AdS/CFT is a profound physical idea that a quantum theory encodes the information

of a theory of gravity with higher dimension [2222, 2323], and provides a non-perturbative
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formulation of quantum gravity. In this section, I give a brief motivation for this

correspondence and provide introductory details of AdS spacetime and of the

correspondence itself.

2.1.1 N = 4 Super Yang-Mills Theory

Yang-Mills theory is a general framework that forms the basis for studying fundamental

interactions. The Standard Model is an example of a Yang-Mills theory. N = 4 SYM is a

special example of a Yang-Mills theory that enjoys conformal symmetry. It is a Conformal

Field Theory (CFT) with non-Abelian gauge symmetry group. In this section I give a brief

overview ofN = 4 SYM theory in (3+1)-dimensions.

Start by considering N = 1 SYM in (9 + 1)-dimensions. This theory contains the

fundamental gauge field Aµ and gauge coupling gYM where the covariant derivative of a

generic adjoint field Z is

DµZ = ∂µZ − i

2
gYM

�

Aµ, Z
�

and the field strength is given by

Fµν =DµAν−DνAµ = ∂µAν− ∂νAµ− i gYM

�

Aµ, Aν
�

.

This theory has a Lagrangian

L =−1

4
Tr
�

FµνF µν
�

+Tr
�

ψ̄Γ µDµψ
�

(2.1)

where indices µ,ν run over 0, . . . , 9 and denote the spacetime dimensions of the theory. ψ

is a real chiral spinor in (9+1)-dimensions which has 16 real components - this leads to 8

on-shell fermionic degrees of freedom.

Dimensional reduction ofN = 1 SYM as a theory in (9+1)-dimensions to a theory in

(3+1)-dimensions is achieved by separating out the 6 spatial components in the Lagrangian

in (2.12.1). The resulting theory in (3+ 1)-dimensions comprises the bosonic field Aµ, four

Weyl fermions Ψaα , with conjugates Ψ̄a
α̇ , and six real adjoint scalar fields Φm . The spacetime

indices µ,ν run over 0, 1, 2, 3 and the spinor indices for two chiralities α,β and α̇, β̇ run over

7



1, 2. The scalar fields carry indices m , n which run over 1, . . . , 6, while the spinor fields carry

indices a , b that run over 1, . . . , 4. The (3+1)-dimensional effective Lagrangian is

L =− 1

4
Tr
�

F µνFµν
�− 1

2
Tr
�

D µΦm DµΦm

�−Tr
�

Ψ̄a
α̇Γ

α̇β
µ D µΨaβ

�

+
i

2
gYM Tr

�

ΨaαΓ
a b

m εαβ
�

Φm ,Ψbβ

��

+
i

2
gYM Tr

�

Ψ̄a
α̇Γ

m
a b ε

α̇β̇
�

Φm , Ψ̄b
β̇

��

+
1

4
g 2

YM Tr ([Φm ,Φn ] [Φm ,Φn ])

(2.2)

where Γ αβ̇
µ and Γm

a b denote the generalized Pauli matrices, and εαβ and εα̇β̇ denote totally

antisymmetric tensors [2424]. The size of each matrix N and the ’t Hooft coupling λ= g 2
YMN

appear as parameters in this theory. These parameters appear explicitly in the values of

correlation functions of operators in the CFT and the corresponding expectation values of

states in the dual gravity theory. Importantly, these correlators are expressed as asymptotic

series expansions in the limit that the rank of the gauge group N is large.

Supersymmetry in QFT is an invariance of the predictions of the theory when the

constituent bosonic, fermionic and scalar fields are exchanged in a prescribed way. N = 4

SYM enjoys four supersymmetries. These symmetries are encoded in four complex

generators Qa
α which transform the constituent field in the following way,

Qa
αΦm = Γ

a b
m Ψbα,

Qa
αΨbβ =−1

2
Γ
µ
βσ̇ ε

σ̇γ̇Γ ναγ̇ Fµνδ
a

b +
i

2
εβαΓ

m
b c Γ

c a
n [Φm ,Φn ] ,

Qa
αΨ

b
γ̇ = i Γ a b

m Γ
µ
αγ̇DµΦ

m ,

Qa
αAµ = i Γ µαγ̇ ε

γ̇σ̇Ψ̄a
σ̇ .

Conjugate expressions for Q̄a
α hold with Ψaα and Ψ̄a

α̇ interchanged. These are the

supersymmetries of this CFT.

N = 4 SYM enjoys a large amount of supersymmetry and there exist quantities that are

protected against perturbative corrections in λ. Of these quantities, the half-BPS sector of

the theory contains those states that enjoy half the maximal amount of supersymmetry. I

shall consider, in this thesis, the half-BPS subsector ofN = 4 SYM containing only adjoint

scalar fields and its relation to the AdS/CFT correspondence.
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The AdS/CFT correspondence proposes that there exists a mapping from a string theory

in AdS5×S 5 spacetime toN = 4 Super Yang-Mills in (3+1)-dimensions at the boundary of

AdS5×S 5.

2.1.2 AdS Space Summary

The (d +1)-dimensional anti-de Sitter space AdSd+1 is a solution to the vacuum Einstein

field equations with negative cosmological constant

ΛAdSd+1
=−d (d −1)

R 2
.

It is a maximally symmetric Lorentzian manifold with constant negative curvature and

isometry group SO (2, d ), which has (d +1)(d +2)/2 symmetry generators. I shall present

two different coordinate descriptions of anti-de Sitter space, following [11].

Consider the (d +1)-dimensional hyperboloid

−(X −1)2− (X 0)2+
d
∑

i=1

(X i )2 =−R 2 (2.3)

embedded in a flat (d +2)-dimensional spacetime, where R is the “radius” of the anti-de

Sitter space. The metric induced on the hyperboloid is

d s 2 =−(d X −1)2− (d X 0)2+
d
∑

i=1

(d X i )2.

A useful reparameterization of this metric follows from the coordinate transformation

U = X −1+X d , V = X −1−X d =
U

R 2
x 2+

R 2

U
and x µ =

R

U
X µ µ= 0, 1, . . . , d −1

and the corresponding metric is

d s 2 =
U 2

R 2
d x 2+

R 2

U 2
dU 2.

Then, rescaling the coordinate

zU =R 2 and z 2 dU =−R 2 d z

gives

d s 2 =
R 2

z 2

�

d z 2+d xµd x µ
�

.
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This is the metric of AdSd+1 space on the Poincaré patch, where the overall factor R 2 is the

scale of the metric. Up to a conformal factor, this is just the flat metric of (d +1)-dimensional

Minkowski space with a warp factor associated with a gravitational potential that depends

only on the coordinate z .

Another useful reparameterization of AdSd+1 space follows from replacing the

embedding coordinates X i with

X 0 =R cosh(ρ)cos(τ), X d+1 =R cosh(ρ)sin(τ) and X i =R sinh(ρ)ωi

where

ω1 = cos(θ1)

ω2 = sin(θ1)cos(θ2)

...

ωd−1 = sin(θ1)sin(θ2) · · ·cos(θd−1)

ωd = sin(θ1)sin(θ2) · · ·sin(θd−1).

This recovers the global coordinate description for the metric of AdSd+1

d s 2 =−R 2 cosh2(ρ)dτ2+R 2 dρ2+R 2 sinh2(ρ)dΩ2
d−1 (2.4)

where τ ∈ [0, 2π), 0≤ρ and dΩ2
d−1 is the metric on the (d −1)-dimensional unit sphere. The

Lorentzian structure of the metric is now manifest. For ρ≪ 1 and constant, (2.42.4) reduces to

d s 2 =R 2
�−dτ2+dρ2+ρ2 dΩ2

d−1

�

which, up to a conformal factor R 2, is the metric on S 1×Rd , with τ associated to S 1. Then τ

corresponds to a family of S 1s that form closed time-like curves in this space. Unwrapping

the S 1 and letting −∞<τ<∞ removes the closed time-like curves. Similarly, for 1≪ρ
and constant, Wick rotation transforms (2.42.4) to

d s 2 = dτ2+dΩ2
d−1

up to a conformal rescaling and is the metric onR×S d−1, which we interpret as the boundary

of AdSd+1.
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More generally, we can embed a d -dimensional space in a space of (d +1)-dimensions,

and determine the metric induced on the embedded space. A (d +1)-dimensional space

has d (d +1)/2 components in the metric but there are d coordinate transformations one

can make that leave the metric invariant. This means that there are d (d −1)/2 degrees of

freedom to describe the curvature of the space and give rise to different physics.

2.1.3 Motivation for the Correspondence

Initial hints of the correspondence follow from the matching of symmetries and parameters

of the resulting theories in a specific low energy limit. Notably, both theories have the same

symmetry group SO (2, d ), specificallyN = 4 SYM in (3+1)-dimensions with gauge group

U (N ) and the gravitational theory will be a string theory. This matching serves as motivation

for a more general correspondence which claims a matching of quantities on both sides of

the correspondence. Moreover, the correspondence claims a complete dynamical matching

between these theories, where the large N limit of the CFT includes in its Hilbert space

a sector that describes supergravity on AdS5 × S 5 [11]. To make the connection concrete,

we must identify the corresponding relations between the couplings in each theory and

determine the limits of the validity of this identification in the correct low energy limit, and

then show that for each state in the gauge theory there exists a corresponding state in the

string theory. Following this, we must show that the spacetimes of the corresponding low

energy theories of the gravity theory in the bulk and the gauge theory are correspondingly

AdS5×S 5 and M4 - the 4-dimensional Minkowski space boundary of the AdS5.

We study a string theory where the action

S =−T

2

∫

dσdτ
Æ

−det(γ) γa b∂a X µ∂b X νηµν

is the area spanned by the moving string that is minimized is due to the tension

T =
1

g s
=

1

2πα′

where g s = g 2
YM is the string coupling. Fixing the gauge in the closed string theory reduces

the action to that of free 2-dimensional bosons containing left-moving and right-moving
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modes. Quantizing these modes generates a particle spectrum, where the massless particles

are the graviton, an antisymmetric tensor and a scalar. Since open strings can interact

to form closed strings, any theory of open strings is also a theory of closed strings. The

supersymmetric string is stable and lives in ten dimensions. To make sense of this, we

must first reduce the 10-dimensional superstring theory to a theory in four dimensions, by

Kaluza-Klein dimensional reduction.

The AdS/CFT correspondence is obtained by considering a configuration of D3-branes

and taking a limit in which theories on the brane decouple from those in the bulk

spacetime. Polchinski and others [2525, 2626] showed that Dp -branes are the supergravity

solutions corresponding to dynamical walls to which open strings attach. These Dp -branes

set the boundary conditions for open strings. Setting p = 3 corresponds to choosing

D3-branes, which is appropriate since we live in a (3+1)-dimensional space.

Now consider a stack of N parallel D3-branes, separated by a distance r , in type IIB string

theory in 10-dimensional spacetime. The low energy limit of the string theory corresponds

to the α′→ 0 limit. This gives rise to an enormous string tension, and the theory on the D3-

branes decouples from that in the bulk. The supergravity solution reduces to an AdS5×S 5.

Taking the ’t Hooft limit reduces this theory toN = 4 SYM in (3+1)-dimensions with U (N )

symmetry, which now contains strings from type IIB string theory.

Dp -branes curve space and N D3-branes correspond to the supergravity solution

d s 2 =H − 1
2 (r )d xµd x µ+H

1
2 (r )

�

d r 2+ r 2 dΩ2
5

�

(2.5)

where

H (r ) = 1+
R 4

r 4
and R 4 = 4πα′2g s N

where g s N is the ’t Hooft coupling. Far from the brane R ≪ r , the metric becomes

d s 2 = d xµd x µ+
�

d r 2+ r 2 dΩ2
5

�

corresponding to that of flat 10-dimensional Minkowski spacetime, while near the brane

r ≪R , the metric becomes

d s 2 =
r 2

R 2
d xµd x µ+

R 2

r 2
d r 2+R 2 dΩ2

5.
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corresponding to that of AdS5×S 5.

The solution (2.52.5) has a “horizon” that emits “Hawking radiation”. There exists a

corresponding picture in which this “Hawking radiation” is produced by the collision of

two open strings, living on the D-brane, to form a closed string that is not bound to the

D-brane and propagates into the bulk spacetime. Following this picture, we expect there to

exist a theory relating open strings living on a D3-brane, corresponding to aN = 4 SYM in

four dimensions, and a gravity theory living in the space curved by the D3-branes.

We keep track of each string endpoint by assigning indices i and j corresponding to

the label of the D-brane on which each string endpoint lies. If there are N D-branes, then

i , j ,= 1, . . . , N . Then each string state corresponds to a field with colour indices i and j ,

and each string state corresponds to a field in the adjoint representation of a U (N ) gauge

theory [2727]. Each string now corresponds to an excitation of the D-branes and has a mass

energy proportional to the string tension T and the endpoint separation ℓs . We now have

a theory of open strings in the adjoint of u (N ) living on the D-branes. In the α′→ 0 limit,

corresponding to infinite string tension, the endpoints of each string will be close together,

and only the massless modes survive. The low energy theory that lives on the N D-branes,

is a Yang-Mills theory with gauge group U (N ). We can see this as follows: the string theory

has 32 supercharges (32 components Qi
α) which form an 11-dimensional spinor, or eight

4-dimensional spinors giving rise to anN = 8 supersymmetry in d = 4 dimensions. The

D-brane breaks half of the supersymmetry by imposing boundary conditions that select half

of the remaining spinors. For p = 3 in four dimensions this corresponds toN = 4 SYM with

U (N ) gauge group. Alternatively, extremal Dp -branes are solutions of supergravity which is

the low energy limit (α′→ 0) of a string theory. These are black-hole solutions with charge Q

and mass M saturating the |Q | ≤M bound. In supersymmetric theories, this bound follows

from the supersymmetry algebra and is known as the BPS bound. Saturating this bound

preserves the maximum number of supersymmetries. Therefore, the extremal Dp -branes

also haveN = 4 supersymmetry in d = 4 dimensions and are solutions of supergravity with

horizon at r = 0.
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2.1.4 The Low Energy Limit

In the low energy limit, the theory decouples into supergravity in the bulk Sbulk and an open

string theory on a stack of D3-branes. The open strings living on the D3-brane give rise to a

theory that reduces toN = 4 SYM in the low energy limit with action Sbrane, while closed

strings living in the bulk spacetime give a theory that is supergravity coupled to the massive

modes of the string. The interactions of these two ingredients gives rise to the “Hawking

radiation”, Sinteraction. Here I give a heuristic motivation for this correspondence by studying

a string theory in the presence of D3-branes. We consider two perspectives.

Consider again a stack of D3-branes with open strings attached. We partition the action

of an open string theory into

S = Sbulk+Sbrane+Sinteraction

where Sbulk is the action of closed strings propagating in the bulk spacetime, Sbrane is the

action of open strings on the D3-brane and Sinteraction defines the open-closed string

interactions. The energy of a string is determined by the modes of oscillation of the

center-of-mass wave-function and of the string itself. In the low energy limit, α′→ 0 and the

massive string modes decouple and Sbulk reduces to 10-dimensional supergravity Ssupergravity,

and Sbrane reduces toN = 4 SYM. In this limit Sinteractions ∼ g s ∼ α′. Then the limit α′ → 0

reduces Sinteraction to zero and the theory on the brane decouples from that in the bulk

spacetime giving rise to two decoupled systems.

As a test of this low energy limit, consider the smallest energy excitation of the brane

seen by an observer at a distance r from the D3-brane. Suppose that this energy is Er . This

object will have an apparent energy

E∞ =
1

1+ R 2

r 2

Er

as seen by an observer at infinity. Then, as r → 0, the energy of any mode approaching the

branes gets smaller. To this observer, the theory decouples into 10-dimensional supergravity

in the bulk and type IIB string theory near the branes where the spacetime is AdS5 ×S 5.

Again we have two decoupled low energy systems (of excitations).
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Next, we identify the 10-dimensional supergravity theory in each of the descriptions

and are lead to conjecture thatN = 4 SYM in (3+1)-dimensions with U (N ) gauge group is

equivalent to type IIB string theory on AdS5 × S 5. This conjecture is the AdS/CFT

correspondence.

2.1.5 Validity of the Low Energy Limit Matching Conditions

The validity of this low energy matching is limited to those sectors of the theory where we are

able to perform concrete computations. However, it is expected that the correspondence is

generally true. Here I present some simple arguments for the validity of this matching in

the appropriate limits.

For the supergravity approximation to be valid, the background radius of curvature

must be large compared to the string length, that is R =
p
α′

�

4πg s N
�1/4≫pα′ = ℓs . This

corresponds to the limit where 1≪ g s N or 1≪ g 2
YMN and the quantum corrections, given in

powers of the string coupling g s , must be small (g s → 0). This implies the double scaling limit

where g s → 0 and N →∞while keeping λ= g s N = g 2
YMN large and fixed. However, at large

N , the perturbation theory is valid when λ≪ 1, which is the opposite of the supergravity

approximation. The gauge theory perturbation theory, which is valid for λ≪ 1, and the

supergravity theory on AdS5 ×S 5, which is valid for 1≪ λ are valid in different coupling

regimes. This implies that the AdS/CFT correspondence is a duality between a strongly

coupled supergravity theory on AdS5×S 5 and weakly coupledN = 4 SYM theory with U (N )

living on the 4-dimensional boundary of AdS5.

2.2 Matching Quantities Across the Correspondence

For each quantity in the CFT there should correspond a quantity in the string theory. The

quantities include the symmetries of each theory and the corresponding energies and

Hilbert spaces. In this section I discuss the matching of these quantities.
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2.2.1 Hilbert Spaces

AdS/CFT proposes a matching between the states in the CFT with states in a string theory,

and corresponds to matching the Hilbert spaces in each theory. Here I argue for this

matching by first matching the time coordinates of each theory, and then matching the

Hilbert space of states at each instant. Then the operator/state correspondence inN = 4

SYM in (3 + 1)-dimensions carries over to the operator/state correspondence on the

boundary of the AdS5×S 5 and each operator in the CFT has a corresponding state in the

string theory. We can see this as follows.

A Wick rotation maps the (3+1)-dimensional Minkowski spacetime ofN = 4 SYM to

4-dimensional Euclidean spaceR4. By conformal transformation r = e τ the metric becomes

d s 2 = e 2τ
�

dτ2+dΩ2
3

�

where conformal rescaling recovers the standard metric

d s 2 = dτ2+dΩ2
3

corresponding to the CFT on the cylinder R×S 3. This maps the origin in R4 to τ→−∞
and spatial infinity corresponds to τ→∞ on the cylinder. Similarly, τ= 0 corresponds to

the unit circle.

Our task is to find a state
�

�φ
�

on the cylinder that corresponds to the operator O (τ) on

M4. Consider an operator O (τ), corresponding to a circle in M4 and the integral

F [φb ] =

∫

[Dφ]e iSO (τ)
�

�

�

�

b

where we integrate over all fieldsφ subject to the boundary conditions b . This corresponds

is an integral over all fieldsφ on a disc where the fields take valuesφb . We interpret F [φb ]

to mean a state |F 〉 expressed in the basis
�

�φb

�

. We require that there exists an initial state
�

�φ
�

, defined at τ→−∞, that evolves into |F 〉 at the time τ,

|F 〉= e −i
∫ τ

−∞ dτ′H (τ′) �
�φ
�

.

In this way, the operator O in the CFT on M4 is mapped to a state in the CFT on the cylinder.
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Returning to the metric (2.42.4) in global coordinates, the limit that 1 ≪ ρ is large and

constant recovers the metric onR×S 3, up to rescaling, which is the boundary of AdS5×S 5

with vanishing boundary S 5. The isometries ofN = 4 SYM on R×S 3 match those of the

AdS5 ×S 5, and we identify the R subspace of the R×S 3 at the boundary of the AdS5 ×S 5

with theR subspace of the R×S 3 in the CFT. Identifying this boundary with the space on

which the CFT lives gives a map between the operators of the CFT in Minkowski space and

the states of the string theory.

The boundary of string theory spacetime is matched to the background spacetime of

the CFT. Then, at each time t , there exists a Hilbert space in the CFT that is identified with

the Hilbert space on the boundary of the AdS5×S 5 spacetime in the string theory, and states

in the string theory are identified with operators in the CFT.

2.2.2 Scaling Dimensions and Energies

As I have argued, the AdS/CFT matches operators in the CFT to states in the string theory.

This matching gives rise to a collection of other matchings across the correspondence. In

particular, the scaling dimension of operators in the CFT are matched with the energies of

corresponding states in the string theory. Similarly, we identify theR-charge of operators

in the CFT with angular momentum of states in the corresponding string theory.

The conformal symmetry ofN = 4 SYM is a generalization of scale invariance, where

conformal transformations are generalizations of transformations that change distances

between points. Conformal transformations are coordinate transformations that act on

flat space and a give space-dependent scale factor Ω−2(x ), so conformal invariance is an

invariance in flat-space. A scale invariant theory is generally also conformally invariant. In

2< d , Minkowski space has conformal symmetry group is SO (2, d ), which is the same as

the isometry group of AdSd+1. There are (d +1)(d +2)/2 components for the parameters of

the conformal transformations (we can compare this with the number of symmetries of a

maximally symmetric spacetime). This corresponds with the symmetry group SO (2, d ) and

conformal invariance in flat (1, d −1) dimensions for 2< d corresponds to the symmetry

17



group SO (2, d )which is the same symmetry group as that for (d +1)-dimensional anti-de

Sitter space, AdSd+1.

Generators of the conformal symmetry algebra include generators for translations Pµ,

generalized rotations Jµν, dilatations D and special conformal transformations Kµ.

Representations of the conformal group are defined by eigenfunctions of the dilatation

operator D with eigenvalues −i∆, where ∆ is the scaling dimension, that is to say that

under x 7→λx , we have

φ(x ) 7→φ′(x ) =λ∆φ(x )

and∆ is increased by Pµ since the S (2, d ) conformal algebra acts as

[D , Pµ] =−i Pµ

so

D (Pµφ) = Pµ(Dφ)− i Pµφ = Pµ(−i∆φ)− i Pµφ = Pµ
�−i∆φ− iφ

�

=−i (∆+1)Pµφ

and∆ is decreased by Kµ since

D (Kµφ) = Kµ(Dφ) + i Pµφ = Kµ(−i∆φ) + i Kµφ = Kµ
�−i∆φ+ iφ

�

=−i (∆−1)Kµφ.

We can think of Kµ as the annihilation operator â and of Pµ as the creation operator â †.

Since Pµ and Kµ are symmetry generators, we can generate the other states in the theory by

successive action of each of these operators. This means that representations are built from

the action of creation and annihilation operators Pµ and Kµ.

There will be an operator of lowest dimension, say Φ0, in the representation of the

conformal group so that

KµΦ0 = 0

and Φ0 is called a primary operator. The representations generated by successive operations

of Pµ correspond to states with increasing conformal dimension in the gauge theory and

increasing energy in the string theory.

Primary fields of dimension∆ scale according toφ(λx ) =λ∆φ(x ). In d = 4 dimensions,

representations of the conformal algebra are obtained by acting with Pµ on the primary
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fields. Note that the quantum conformal dimension (scaling dimension)∆ does not need

to be the same as the scaling dimension for an operator inN = 4 SYM, as some operators

receive non-trivial quantum corrections.

In a conformal field theory, with radial coordinate r = e τ, the global rescaling r →λr

gives e τ → e τ log(λ) and corresponds to a time-translation τ→ τ+ log(λ) in the CFT. The

association of coordinate rescaling and time translations suggests an identification between

the generators of time translations on the cylinder and dilatations of the metric. By this

identification, the Hamiltonian is identified with the dilatation operator, and energies

are identified with scaling dimensions. Since the AdS/CFT correspondence identifies the

Hilbert space ofN = 4 SYM onR×S 3 with that of type IIB string theory on the boundary of

AdS5×S 5, this suggests that operators of a given conformal dimension in the CFT should

map to states of given energy in the string theory.

The dilatation operator can be expanded in powers of the coupling constant gYM,

D =
∞
∑

k=0

�gYM

4π

�2k

D2k

where D2k is the k -loop dilatation operator, which accounts for the corrections to the

anomalous scaling dimension of a given operator in powers ofħh . The anomalous dimension

is the quantum correction to the energy scaling of the operator O inN = 4 SYM. These

corrections are expressed as weighted sums of free theory correlation functions. Interaction

energies are measured by the dilatation operator and interaction probabilities are measured

by the weighted field averages defined by these correlation functions. Dynamics in the

theory are therefore determined by the collection of n-point correlation functions, which

give the probabilities of each process, and the eigenvalues of the dilatation operator, which

give the energies of interaction in the system [2828]. Half-BPS operators receive no quantum

corrections to their scaling dimensions. These operators are important in the study of the

energy spectrum of subsectors of the theory since calculations involving these operators

can be done reliably at weak and strong coupling.
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A simple example of the action of the dilatation operator, for a tree-level computation,

is given by the action of D0 on a simple operator Tr(Z n )Tr(Y m ), where

D0 = Tr(Y ∂Y ) +Tr(Z ∂Z ) = Y i
j

d

d Y i
j

+Z i
j

d

d Z i
j

and

Z k
l

d

d Z k
l

Tr(Z n ) = Z k
l

d

d Z k
l

Z i1
i2

Z i2
j3
· · ·Z in

i1

= Z k
l δ

i1
k δ

l
i2

Z i2
j3

Z i3
j4
· · ·Z in

i1
+Z k

l Z i1
i2
δi2

k δ
l
i3

Z i2
j3
· · ·Z in

i1
+ · · ·+Z k

l Z i1
j2

Z i2
j3
· · ·Z in−1

jn
δin

k δ
l
i1

= n Tr(Z n ).

Then

D0 Tr(Z n )Tr(Y m ) = (n +m )Tr(Z n )Tr(Y m )

so the classical, tree-level computation simply counts the number of matrix fields in the

trace operator. In the case ofN = 4 SYM in (3+1)-dimensions, each matrix field carries

units of inverse length and the tree-level contribution to the dilatation operator D0 gives

the correct classical scaling dimension of the operator. Higher order terms give quantum

corrections to this classical scaling dimension as a series in powers of g 2
YM. In particular

we shall consider the one-loop dilatation operator D2 that gives the contribution to the

dilatation operator at one-loop.

Within the collection of all objects that could exist in the theory, there exit subsectors

comprising states that enjoy some given fraction of all supersymmetry in the theory. The

vacuum is the only state that is invariant under all supersymmetries while half-BPS states

enjoy half of the supersymmetry of the theory. It was shown in [1313] that the space of Schur

polynomials labeled by Young diagrams with fewer than N rows forms a basis in the space

of half-BPS representations corresponding to giant gravitons. This means that the giant

graviton dynamics in the dual string theory can be computed using Schur polynomials and

the associated group theory.
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2.2.3 Limits of the Matching

Objects that occur naturally in the QFT are correlation functions which determine the

probability of a specific process occurring in the theory. The subset of all correlation

functions that will be of interest in this study have the form

〈· · ·OiOi+iOi+2 · · · 〉

where each operator Oi is the trace of some product of fields. Direct computation of these

correlators involves the evaluation of formal series expansions in the constituent fields.

The bosonic symmetry group in this matching is SO (4,2)×SO (6) and by the Noëther

Theorem there exist conserved charges associated with this collection of symmetries.

These charges are also operators which act on the Hilbert spaces on each side of the

correspondence. Each eigenstate with eigenvalue J of an operator corresponding to a

conserved charge in the string theory is matched with a corresponding eigenstate in the

CFT with the same eigenvalue J . A charge associated with the SO (6) symmetry subgroup in

the CFT is called anR-charge and corresponds to angular momentum in the string theory.

Each correlator has a series representation in powers of 1/N with coefficients that

depend on theR-charge. This is well understood and was studied extensively in [1313, 2929–

3232]. When N is large, these series give rise to familiar perturbation series expansions. By

studying the double scaling limit, where λ= g 2
YMN for fixed λ and infinite N , it was shown

that the planar sector of SYM reproduces the free string theory [2121]. In this way, the classical

limit of the dual string theory is captured by the planar limit of the SYM. The non-planar

limit involves operators comprising some number of fields that scale with the rank of the

gauge group N . For example, a full computation involving operators comprising N k fields

where 1≤ k will receive non-planar contributions. It is expected that the fully non-planar

Yang-Mills theory should correspond to the fully interacting string theory.
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2.3 Schur Polynomials and Restricted Schur Polynomials

Schur polynomials have been shown to be powerful computational tools to evaluate

correlation functions inN = 4 SYM [1313, 3333]. In this section I give a brief introduction to the

Schur polynomial technology and some discussion regarding the evaluation of correlators

in the half-BPS sector. A key idea is that the half-BPS sector of N = 4 SYM theory is

described exactly by the holomorphic sector of a single complex matrix quantum

mechanics model which is equivalent to a theory of N free fermions [3434, 3535]. The half-BPS

sector of type IIB string theory on AdS5 ×S 5 contains gravitons, strings and membranes

and it is believed that all these objects are contained in the matrix quantum mechanics of

N = 4 SYM.

We shall occupy ourselves with the scalar field sector of theN = 4 SYM theory in four

dimensions. In this sector of the theory, the relevant part of the Lagrangian to study is

L = 1

g 2
YM

Tr
�

DµΦi D µΦi +
1

2

�

Φi ,Φ j

�2
�

and we do not consider terms involving fermions or gauge bosons. This theory has six

real scalar fields that transform in the adjoint representation of U (N ). The good angular

momentum states inN = 4 SYM in (2.22.2) are constructed from the six scalar fields

X =Φ1+ iΦ2, Y =Φ3+ iΦ4 and Z =Φ5+ iΦ6

where fields X , Y , and Z take values in the adjoint representation of U (N ). We can see this

by acting with the U (1) element e −iθ on X . This corresponds to a rotation in the Φ1−Φ2-

plane and defines a U (1) conserved charge. Each such transformation corresponds to a

rotation in the Φ1 −Φ2-plane of S 5. Similar transformations can be applied to Y and Z

fields. In this context, the conserved charge is angular momentum, and each of these fields

corresponds to an angular momentum state with J = 1.

The six scalar fields ofN = 4 SYM give rise to a SO (6)≃ SU (4) symmetry, rotating these

fields amongst themselves, called R-symmetry. The associated conserved R-charge

commutes with the bosonic, but not fermionic, spacetime symmetries. This SO (6)

symmetry is also present in the corresponding string theory background where the scalar

fields Φi are the embedding coordinates for the S 5.
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Operators built from a product of X , Y or Z fields are half-BPS states. Similarly, operators

built from traceless symmetric combinations of the six Hermitian scalars are also half-BPS.

This includes single- and multi-trace operators. Within this subset of half-BPS operators is

a sector that is invariant under the SO (4) subgroup of SO (6).

Objects withR-charge J have J copies of Z in each corresponding operator. For each

partition
�

pi , qi

�m

i=1
of J satisfying

J =
m
∑

i=1

pi qi

there corresponds a distinct operator

O =
m
∏

i=1

Tr (Z pi )qi .

This construction puts Schur polynomials of degree J into one-to-one correspondence

with half-BPS representations ofR-charge J . QFT correlators of thus constructed Schur

polynomials and their Hermitian conjugates are protected under the symmetry of the

theory and therefore receive no corrections to their scaling dimension. This means that the

computations in the weak coupling limit of the theory can be extrapolated to the strong

coupling limit.

Half-BPS operators have scaling dimension equal to their R-charge and the large

amount of supersymmetry ensures that there are no quantum corrections to this quantity.

Then, an operator withR-charge J has∆= J and the corresponding string state has energy

equal to its angular momentum. For each operator of increasing J there corresponds,

following the AdS/CFT conjecture, a state in the dual string theory. Half-BPS giant

gravitons in AdS5×S 5 are spherical D3-branes embedded in the S 5 or AdS5 and are called

sphere giants and dual giants, respectively. These are spatially extended, non-perturbative

objects in the string theory that propagate in the bulk spacetime. Giant gravitons carry

angular momentum and couple to a background Ramond-Ramond 5-form flux. This

coupling induces a Lorenz-type force on a giant causing it to expand in a process known as

the Myers Effect [3636]. This expansion is stabilized by the membrane tension that causes the

giant to contract. The size of the sphere giant is limited since it cannot expand beyond the

embedding S 5 and leads to a cut-off on the maximum angular momentum carried by the

23



sphere giants. There is no such limit on the angular momentum carried by a dual giant.

Later in this chapter I shall explain this cut-off using the Schur polynomial technology.

The radius of the spatial extent of the giant graviton is determined by the angular

momentum J carried by the giant graviton following

r =R

√

√ J

N

where R is the radius of the AdS space [2929] given in (2.32.3). We can identify this with the related

parameters across the correspondence and find that an object with J units ofR-charge has

a size

r =
�

4πg 2
YMN

�1/4
ℓs

√

√ J

N

and N is the rank of the gauge group U (N ). This follows from the matching of parameters

on each side of the correspondence

�

R

ℓs

�4

= 4πg 2
YMN = 4πλ

and explicitly demonstrates the strong/weak coupling relation of the duality.

Operators in the CFT are organized according to their R-charge. In this language,

operators comprised of O (1) fields are dual to point like objects, like point gravitons, in the

gravitational theory, while operators comprised of O (
p

N ) fields are dual to objects with

fixed size in units of string length, such as strings, and objects comprised of O (N ) fields are

associated with giant gravitons [2929, 3737].

2.3.1 Schur Polynomials

Schur polynomials are constructed from traces of N ×N matrices and form a complete basis

for the operators in the CFT. Schur polynomials comprised of O (N ) fields were proposed

as the natural gauge theory dual object of half-BPS giant gravitons in [1313]. Following the

operator/state correspondence, the AdS/CFT correspondence makes possible the labeling

of objects in the string theory by the same parameters J and N that occur in the CFT. The

R-charge of the dual gauge theory operators are matched with the degrees of freedom of

the string theory states. In this language, Schur polynomials inN = 4 SYM, with scaling
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dimension ∼O (N ) at large N are dual to giant gravitons and Restricted Schur polynomials

are dual to excited giant gravitons in the corresponding string theory.

Operators which are products of traces with the same total number of fields, but different

numbers of traces, are orthogonal in the large N limit and are identified with multi-particle

graviton states. The number of traces in the operator is identified with the particle number.

The orthogonality of operators constructed from products of traces fails when they are

comprised of O (
p

N )matrix fields at which point these operators cannot be considered

dual to point graviton states. Instead in the near-BPS sector, these operators are dual to

strings [3535]. Finally, giant gravitons are dual to multi-trace operators comprised of O (N )

matrix fields [1313, 3333] where the interpretation of the objects in the string theory that are

dual to operators in the gauge theory is now determined by theR-charge of the operator,

corresponding to the number of matrix fields in the operator.

TakeN = 4 SYM defined in R×S 3 or R 4 and consider two-point correlators of complex

fields



Zi j (x1)Z
†
k l (x2)

�∝ δi lδ j k

|x1− x2|2
where Wick contraction over colour indices giveδ-functions and the spacetime dependence

is determined by conformal invariance. A general n-point correlator is a sum over all allowed

Wick contractions multiplied by the appropriate spacetime factors. I suppress the spacetime

dependence in the discussion that follows.

The representation theory of the symmetric and unitary groups is useful in

computations of QFT correlators. In particular, the irreducible representations of Sn and

U (N ) form an important part of the study of gauge theory correlation functions. A matrix

representation of a group element is irreducible if it has no invariant subspace. This means

that an irreducible matrix representation of a group element cannot be written in block

diagonal format. Each irreducible representation R of a group is distinguished from other

irreducible representations by the character χR (σ) of that representation corresponding to

the trace of the matrix representation of the group elementσ.

The group theory of the symmetric group and the unitary group are closely connected.

This is remarkable considering that the symmetric group Sn is a finite group of order n !,
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while the unitary group U (N ) has an infinite number of group elements. To understand

this connection, suppose VN is an N -dimensional complex vector space, which is also the

fundamental representations of U (N ), and let

V ⊗n
N =VN ⊗VN ⊗ · · ·⊗VN

be a N n -dimensional complex vector space. We can consider the group actions of Sn and

U (N ) on V ⊗n
N . First, consider an element T in the fundamental representation of U (N ).

Then T is a matrix that acts on vectors v ∈V ⊗n
N as follows

T (v1⊗ v2⊗ · · ·⊗ vn ) = T i
j v j

1 ⊗T i
j v j

2 ⊗ · · ·⊗T i
j v j

n .

Now consider an element P in Sn which acts on elements of V ⊗n
N by permuting vectors

P (v1⊗ v2⊗ · · ·⊗ vn ) = vP (1)⊗ vP (2)⊗ · · ·⊗ vP (n ).

Note that P T (v1⊗ v2⊗ · · ·⊗ vn ) = T P (v1⊗ v2⊗ · · ·⊗ vn ) and actions of P and T commute.

Since P and T were arbitrarily chosen elements from Sn and U (N ), V ⊗n
N admits commuting

actions of the symmetric and unitary groups. Operators in these groups can be

simultaneously diagonalized such that V ⊗n
N admits a decomposition

V ⊗n
N =

⊕

R⊢n

V Sn
R ⊗V U (N )

R

where V Sn
R and V U (N )

R are the irreducible representations of Sn and U (N ), respectively. The

dimension of each irreducible representation of Sn organizes the multiplicities of irreducible

representations in U (N ). Similarly, the irreducible representations of U (N ) organize the

multiplicities of irreducible representations of Sn . Let V Sn
R have dimension dR and V U (N )

R

have dimension dimR . Then, V U (N )
R appears dR times, and V Sn

R appears dimR times, in the

decomposition of V ⊗n
N . Each partition R corresponds to a Young diagram, so representations

of Sn and U (N ) are labeled by Young diagrams. As a consistency check, we find

∑

R⊢n

dR dimR =N n

which is the dimension of the space V ⊗n
N . This result is known as the Schur-Weyl Duality.
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The Schur-Weyl duality allows us to write the characters of the of the unitary group in

terms of the characters of the symmetric group. Therefore, the Schur polynomial χR (Z ),

where Z ∈ u (N ), can be written as

χR (Z ) =
1

n !

∑

σ∈Sn

χR (σ)Tr
�

σZ ⊗n
�

where χR (σ) is the character of an element in Sn in the representation R and

Tr
�

σZ ⊗n
�

=
∑

ii ,i2,...,in

Z i1
iσ(1)

Z i2
iσ(2)
· · ·Z in

iσ(n )
.

The charactersχR (σ) assign the same value to group elements from the same conjugacy class.

This means that group elements with the same cycle structure in a given representation are

assigned the same character value. Similarly, the multi-trace factors associated to group

elements with a given cycle structure are identical. The value of each character can be

determined by method of strand diagram technology [3232].

Each Schur polynomial is labeled by a representation R , corresponding to a partition

of n , which has a graphical representation as a Young diagram. The Young diagram for R

comprises n boxes arranged in left-justified rows, whose lengths form a non-increasing

sequence, defined by the partition, from the top of the diagram to the bottom of the diagram.

To each diagram R we define

hooksR =
∏

n

(in + jn +1)

where in + jn + 1 is called the hook length of box n , where jn and in are, respectively, the

number of boxes in the column below and in the row to the right of box n in R . We also

define

fR =
∏

i , j

(N − i + j )

where N − i + j is the weight of a box in the i -th row and j -th column of the Young diagram

R . It is clear that fR = 0 for any Young diagram with column heights that are greater than or

equal to N . By exploiting the connection between the symmetric and unitary groups, we

find the dimension of the irreducible representation R of the unitary group is given by

dimN (R ) =
fR

hooksR
.
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The power of the Schur polynomial technology comes from the fact that summation over

all Wick contractions in the correlation function value are replaced by a simple product of

combinatorial factors associated to a given Young diagram.

The Schur polynomial two-point and three-point functions satisfies the orthogonality

relations




χR (Z )χS (Z
†)
�

=δRS fR and



χR (Z )χS (Z )χT (Z
†)
�

= g (R ,S ; T ) fT

where δRS is a Kronecker δ-function, and g (R ,S ; T ) is a Littlewood-Richardson coefficient

that counts the multiplicities of the irreducible representation T in the tensor product of

irreducible representations R and S [1313]. These orthogonality relations can be generalized

to arbitrary n-point functions. Correlation functions of operators labeled by a small number

of large Ji charges correspond to Schur polynomials labeled by Young diagrams with long

columns or long rows, and have been studied in [3838].

Schur polynomials comprising O (1) fields are naturally associated with a collection

of point particles, while Schur polynomials comprising O (
p

N ) fields can be associated

with a gas of point particles or with strings. Schur polynomials comprising O (N ) fields in

representations with a single long column are naturally associated to half-BPS D3-branes

that wrap the S 3 ⊂ S 5 in the AdS5×S 5 background. Similarly, Schur polynomials comprising

O (N ) fields in representations with a single long row are naturally associated to half-BPS

D3-branes that wrap the S 3 ⊂ AdS5. A consequence of this association is that the sphere

giantR-charge has a maximum upper bound of N , corresponding to the maximum column

length for which fR is zero and the sphere giant correlator vanishes. This is gives a natural

cut-off on the maximum angular momentum carried by a sphere giant and hence, the

maximum size of the sphere giant [2929]. This is known as the Stringy Exclusion Principle

[3939]. There is no such cut-off for the dual giants. This identification of giant gravitons with

Schur polynomials labeled by Young diagrams has a natural extension to collections of giant

graviton bound states, where a single Young diagram with O (N ) boxes and O (1) columns

corresponds to a bound state of sphere giants, while a Young diagram with O (N ) boxes and
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O (1) rows corresponds to a bound state of dual giants. In the limit that the rank of the gauge

group N is large, each expectation value can be expanded as a series in 1/N .

2.3.2 Restricted Schur Polynomials

Restricted Schur polynomials generalize the single matrix Schur polynomials to include

matrix words. Matrix words are products of operators, matrix fields, fermions and covariant

derivatives. Restricted Schur polynomials provide a natural basis to study open string

excitations of giant gravitons in the AdS/CFT correspondence and have been studied

extensively [3030–3232, 4040]. A restricted Schur polynomial corresponding to a collection of k

open string excitations is given by

χR ,(r,s )(Z
⊗n , Y ⊗m ) =

1

n !m !

∑

σ∈Sn+m

Tr(r,s )(ΓR (σ))Z
i1
iσ(1)
· · ·Z in

iσ(n )
Y in+1

iσ(n+1)
· · ·Y in+m

iσ(n+m )

where R is a Young diagram with n +m boxes that labels an irreducible representation of

Sn+m , r is a Young diagram with n boxes that labels an irreducible representation of Sn , and

s is a Young diagram with m boxes that labels an irreducible representation of Sm . The

Sn subgroup acts on 1,2, . . . , n and therefore permutes indices belonging to the Z s while

the Sm subgroup acts on n +1, n +2, . . . , n +m and permutes indices belonging to the Y s.

The sequence (r, s ) labels an irreducible representation of Sn ×Sm . The trace over group

elements χR (σ) in the standard Schur polynomials is now replaced with a trace Tr(r,s )(ΓR (σ))

over the subspace carrying the irreducible representation (r, s ). This trace is obtained by

projecting from the carrier space of R to the carrier space of (r, s ), and then tracing over R ,

to give Tr(PR→(r,s )ΓR (σ)). The projectors PR→(r,s ) satisfy the idempotency relation

PR→(r,s ) ·PR→(r,s ) = PR→(r,s )

and have natural realizations as operators composed of a sum over products of Kronecker

δ-functions.

We can study the two-point correlation functions of restricted Schur polynomials (with

the spacetime dependence suppressed for brevity),




χR ,(r1,r2)χS ,(s1,s2)

�

=δRSδr1s1
δr2s2

hooksR

hooksr1
hooksr2

fR .
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Again, the value of these correlators is determined by the combinatorial factors associated

to the corresponding Young diagrams. The two-point function for any restricted Schur

polynomial is known, so it will be convenient to work with normalized operators OR ,(r,s )(Z , Y ),

having unit two-point function, where

χR ,(r,s )(Z , Y ) =

√

√

fR

hooksR

hooksr hookss
OR ,(r,s )(Z , Y ).

These expressions appear naturally in the construction of Gauss graph operators.

2.3.3 Gauss Graph Operators

Consider the excitations of a p giant graviton state, with m identical strings attached. The

Gauss Law constraint on the brane worldvolume forces the number of open strings mi

emanating from brane i to equal the number of strings entering brane i . Since the strings

are identical, there is an associated symmetry corresponding to permuting strings such that

the configuration of open strings is unchanged. Then the allowed open string configurations

are in one-to-one correspondence with the double coset

H \Sm/H

where

H = Sm1
×Sm2

× · · ·×Smp

is the subgroup of Sm that leaves the open string configuration invariant. The number of

double coset elements corresponds to the number of restricted Schur polynomials

compatible with this system description. The complete set of functions OR ,r (σ)

constructed on this double coset is given by

OR ,r (σ) =
|H |p
m !

∑

j ,k

∑

s⊢m

∑

µ1,µ2

p

ds Γ
s
j k (σ)B

s→1H
jµ1

B s→1H
kµ2

OR ,(r,s ),µ1µ2

where B s→1H
jµ1

is a branching coefficient for the irreducible representation s to the µ1-th copy

of the trivial representation of the subgroup H . The index j labels a state in the carrier

space of s . The operators OR ,r (σ) are the Gauss graph operators. The structure of these

operators has a graphical description where branes correspond to nodes and strings are
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directed edges connecting nodes. We call these pictures Gauss Graphs. We shall return to

these operators again in Chapter 44. Next, I highlight some of the recent progress made in

testing the AdS/CFT correspondence and the computation of scaling dimensions of excited

giant graviton states.

2.4 The Dilatation Operator and Integrability

Integrability of the theory allows us to compute quantities exactly and finding integrability

beyond the planar limit is a strong indicator that the theory is exactly integrable. Indeed,

there is considerable evidence supporting the idea that this theory is integrable. Here I

summarize some of the progress towards finding integrability beyond the planar limit of

the theory.

Numerical computations of the spectrum of anomalous dimensions of restricted Schur

polynomials, labeled by two long row or two long column Young diagrams, for small

numbers of “impurities” m , were conducted in [4141] and [4242]. These results suggested that

the spectrum of anomalous dimensions is equivalent to a system of decoupled harmonic

oscillators. This was demonstrated analytically in the large N limit for operators

comprising n fields Z with m impurities Y , with n , m ∼ O (N ) and m ≪ n in [4343] . The

Young diagrams labeling the operators in this analysis consist of two long rows or columns,

where the row or column lengths differ by order N boxes. Evaluating the large N limit of

these correlation functions necessarily involves summing all planar and non-planar

diagrams. The dilatation operator acting on restricted Schur polynomials was exactly

diagonalized in this limit and the corresponding spectrum was again shown to correspond

to that of decoupled harmonic oscillators. This analysis showed that the dilatation operator

corresponds to the Hamiltonian of an integrable spin-chain, suggesting that integrability of

the theory persisted in the non-planar limit.

These results were extended in [4444] to Young diagrams with p ∼O (1) rows or columns

where each row or column length differed by O (N ) boxes. The action of the dilatation

operator on Young diagrams R with more than two rows or columns produces a multiplicity
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of subduced irreducible representations (r, s ) of Sn ×Sm . A new version of the Schur-Weyl

duality puts states of the U (p ) irreducible representation s in one-to-one correspondence

with the copies of the irreducible representations (r, s ). Using this new technology, the

action of the one-loop dilatation operator was evaluated and shown to have a natural

connection to the Gauss Law constraint for branes with compact worldvolumes. The action

of the dilatation operator on the restricted Schur polynomials splits into a piece that acts

on the fields Z and a piece that acts on the “impurity” fields Y . For small values of m , the

dilatation operator acting on the Y fields is diagonalized by operators satisfying a version of

this Gauss Law. In pictures, this Gauss Law corresponds to a collection of p giant graviton

branes with m strings attached. These pictures are Gauss graphs and the corresponding

operators, that diagonalize the action of the dilatation acting on the Y fields, are the Gauss

graph operators. An explicit construction of Gauss graph operators was later given in [4545]

where these operators were shown to diagonalize the part of the dilatation operator acting

on Y fields for arbitrary values of m . The remaining part of the dilatation operator action

is diagonalized by considering the system as a collection of p coupled oscillators that

reduces to a system of decoupled harmonic oscillators. Thereafter, extensions to other

sectors comprising additional fields [4646, 4747] show that diagonalizing the dilatation operator

again reduces to diagonalizing a set of decoupled oscillators. Similar results were found in

different sectors and at higher loop orders [4646, 4848–5050], and eventually to all loop orders in

[5151]. This strongly suggests that integrability inN = 4 SYM theory persists in the large N

and non-planar limit.

2.5 Summary and Discussion

In this chapter I have introduced the AdS/CFT correspondence and discussed the key

features of a gauge theory and its dual gravity theory. This duality is a promising formulation

for non-perturbative quantum gravity. It is motivated by a precise matching of symmetries of

the CFT and the dual gravity theory, and by the matching of operators in the CFT with states

in the gravity theory in a specific low energy limit, where brane and bulk fields decouple.
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While there exists a dictionary that translates quantities from one side of the correspondence

into quantities on the other side, it is important to note that this correspondence remains a

conjecture and a direct proof of this correspondence is still lacking.

This chapter introduces the powerful Schur polynomial technology that also provides

a natural language to compute correlators in the CFT and to describe objects in the dual

gravity theory. The subsequent chapters study the excitations of giant graviton bound

states in the context of the gauge theory/gravity correspondence using the restricted Schur

polynomial technology. The next chapter shows how the dilatation operator acting on the

excited two giant systems is diagonalized and that its spectrum is computed exactly in the

large N limit.
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Chapter 3

Nonplanar Integrability

In this chapter we study operators with a dimension∆∼O (N ) and find a simple analytic

expressions for the action of the dilatation operator. We study restricted Schur polynomials

corresponding to two distinct classes of operators: operators labeled by Young diagrams

with two long rows or two long columns. The main complication in working with restricted

Schur polynomials is in building a projector from a given Sn+m irreducible representation

to an Sn ×Sm irreducible representation (both specified by the labels of the restricted Schur

polynomial). I give an explicit construction of these projectors by reducing the matter to the

simple problem of addition of angular momentum in ordinary non-relativistic quantum

mechanics. Diagonalizing the dilatation operator reduces to a problem of solving three-term

recursion relations. The fact that the recursion relations have only three-terms is a direct

consequence of the weak mixing at one loop of the restricted Schur polynomials. These

recursion relations can be solved in terms of symmetric Kravchuk polynomials or Clebsch-

Gordan coefficients. This proves that the dilatation operator reduces to a decoupled set of

harmonic oscillators and therefore it is integrable.

3.1 Introduction

Ultraviolet divergences inevitably appear in perturbative calculations of various correlation

functions in theN = 4 super Yang-Mills theory. These divergences require renormalization,
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which induces a mixing among operators with the same bare conformal dimension. The

eigenvalues of the new eigenstates under conformal rescalings are a sum of the classical

scaling dimension and a loop correction, the anomalous dimension. By studying the

diagrams which contribute to the renormalization of these operators it is possible to obtain

an expression for the dilatation operator. The eigenvalues of this operator are the

anomalous dimensions. A key discovery has been the understanding that the dilatation

operator can be identified with the Hamiltonian of an integrable spin-chain [1919]. This

integrability has been found in the planar limit of the theory.

Integrability has proved to be a key ingredient towards finding the exact spectrum

of composite operators in N = 4 super Yang-Mills theory. Further, direct perturbative

calculations become very cumbersome at high loop orders but can be avoided, by assuming

that the observed integrability persists to all loop orders. The dilatation operator can then

be determined using general arguments. Clearly, unraveling the integrable structures in the

gauge theory is an important problem. In the AdS/CFT correspondence [11–33], these planar

results are directly relevant to the problem of determining the exact spectrum of strings in

the AdS5×S 5 background.

Summing the planar diagrams gives a valid description of the large N limit of those

operators in the theory with a bare dimension∆ such that∆2/N ≪ 1. To correctly construct

the large N limit for operators in the theory with an even larger dimension, one must

include contributions from non-planar diagrams. There are many good reasons to study

operators with a large bare dimension. Operators with a dimension of O (N ) are dual to

giant gravitons [1313, 3333, 5252], while operators with a dimension of O
�

N 2
�

are dual to new

background geometries [1313, 1414, 5252–6464]. New methods sparked by the pioneering works [1313],

employing group representation techniques, probe the theory beyond the planar limit. It

is now known how to build a basis for these operators, with the very nice feature that the

basis diagonalizes the two-point function [1313, 3030–3232, 4040, 6565–7272]. Techniques to compute

correlation functions of these large operators have been developed [5959–6161, 7373] and some

investigation into loop corrections have been carried out [3030, 3131, 4141, 4242, 6969, 7474–7676]. Formulas

for the one loop dilatation operator have been found and these results show that mixing
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at one loop is highly constrained. However, much more work is needed. In particular,

although formulas for the one loop dilatation operator are known, they are difficult to

evaluate explicitly. Ultimately, we would like both explicit formulas for the action of the

dilatation operator as well as its eigenvectors and eigenvalues.

Special cases of the problem in the SU (2) sector have been studied numerically in [4141, 4242].

The computations are rather involved and the expressions for the dilatation operator are

complicated. However, upon solving for the spectrum of the dilatation operator numerically,

one finds a strikingly simple result: the dilatation operator is equivalent to a sum of harmonic

oscillators. Given this simplicity, one might hope that a general analytic approach is possible.

In this chapter we study operators with a dimension∆∼O (N ) and show that simple analytic

expressions for the action of the dilatation operator can be found. Using this construction of

the dilatation operator for this class of operators, we can test whether or not it is integrable.

I shall argue that the dilatation operator reduces to a decoupled set of harmonic oscillators

and hence that it is indeed integrable.

The operators considered here are restricted Schur polynomials built using n complex

matrices Z and m complex matrices Y . They are labeled by three Young diagrams. The

first Young diagram specifies a representation of the symmetric group Sn+m and the second

two a representation of Sn ×Sm . I consider two distinct classes of operators: those labeled

by Young diagrams with two long rows or two long columns. Previous experience with the

half-BPS case [1313] suggests that these operators are dual to sphere giants (long columns)

or AdS giants (long rows). When we say the Young diagrams have two rows (or columns)

we mean that all three Young diagram labels have two rows (or columns). By saying the

rows (or columns) are large we mean that both of the rows (or columns) of the first Young

diagram label contain O (N ) boxes.

The main complication in working with restricted Schur polynomials is in building a

projector from a given Sn+m irreducible representation to an Sn × Sm irreducible

representation (both specified by the labels of the restricted Schur polynomial). One of the

main technical advances of this chapter is an explicit and simple construction of these

projectors. I shall now outline the logic of this construction. The projectors organize
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(partially) labeled Young diagrams into irreducible representations of Sm . Our first step

entails showing that these partially labeled Young diagrams can be traded for a (reducible)

polynomial representation of the symmetric group. The advantage of the polynomial

representation is that it admits the action of an operator d introduced by Dunkl in his study

of intertwining functions [7777, 7878]. This operator is then used to construct a Casimir d †d

whose eigenspaces of definite eigenvalue are precisely the irreducible representations we

want. Thus, we are able to substitute the problem of constructing projectors with the

eigenproblem of d †d . We then define one more map, which maps the original partially

labeled Young diagrams into states of a spin-chain. When acting on the spin-chain, d †d

has a particularly simple form and its eigenproblem is easily solved explicitly. Indeed, we

can reduce the problem of computing projectors to the problem of adding angular

momentum in ordinary non-relativistic quantum mechanics! This allows us to give rather

explicit and simple formulas for the action of the dilatation operator. The problem of

diagonalizing the dilatation operator then reduces to a problem solving three-term

recursion relations. The fact that the recursion relations have only three-terms is a direct

consequence of the weak mixing of the restricted Schur polynomials at one loop. At this

point we find that the dilatation operator is very closely related to certain discrete models

for the harmonic oscillator [7979] and as a consequence the recursion relations can be solved

exactly in terms of symmetric Kravchuk polynomials or in terms of Clebsch-Gordan

coefficients. If we consider the limit in which the recursion relation can be replaced by a

differential equation, which is the large N limit that we have taken, we find a direct

connection to the usual harmonic oscillator. In this way we claim that when acting on the

class of operators belonging to the SU (2) sector of N = 4 super Yang-Mills theory and

having a dimension∆∼O (N ) the dilatation operator is integrable.

One of the lessons learned from the study of the half-BPS sector ofN = 4 super Yang-

Mills theory is that sphere giants and AdS giants are not independent solutions, but instead

are dual to each other. Indeed, the half-BPS states are in one-to-one correspondence with

Young diagrams of SU (N ). A given Young diagram may be regarded as labeling either a

collection of as many sphere giant gravitons as there are columns, or a collection of as

37



many AdS giant gravitons as there are rows. This correspondence can also be transparently

seen from the half-BPS geometries with a white annulus [1414]. For example, a single AdS

giant of angular momentum k may equally well be thought of as collection of k sphere

giant gravitons, each with unit angular momentum. A similar equivalence works for the full

spectrum of 1/8-BPS states: the partition function obtained by quantizing the sphere giant

graviton is the same as the partition function obtained by quantizing the AdS giant graviton

[8080, 8181], see also [8282]. This computation of the dilatation operator at one loop uncovers an

incredibly simple relation between the action of the dilatation operator on sphere giants

and its action on AdS giants. This result suggests that the duality discovered in the BPS

sector may be enlarged to the non-BPS sector of the theory.

In the next section we study the problem in the context of the two sphere giant system.

The new method used to construct the symmetric group projectors is most easily developed

for AdS giants. Setting-up the problem and constructing the projectors is accomplished

in Section 3.33.3 and Section 3.43.4, respectively. The explicit expression for the action of the

dilatation operator on AdS giants is the last formula obtained in Section 3.43.4 and Section 3.53.5

explains the construction for sphere giants and uncovers a very simple relation between the

action of the dilatation operator on sphere giants and its action on AdS giants. In Section 3.63.6,

I consider the problem of diagonalizing the dilatation operator and obtain the relevant

discrete wave equations. Finally, I shall briefly discuss interesting features of these results

in Section 3.73.7.

3.2 Two Sphere Giant Gravitons

In this section, I shall first review the action of the dilatation operator on a system of two

sphere giant gravitons. The two sphere giant graviton system is described by restricted

Schur polynomials labeled by Young diagrams that have two long columns. The expression

for the dilatation operator has been evaluated explicitly in some special cases; a general

expression is not known. This action simplifies considerably in a particular limit that is

described in detail. Given this simplicity, the general construction of the dilatation operator
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directly in this limit, is considered. I shall then argue that the simplicity of this limit can

be exploited when constructing the dilatation operator by employing Young’s orthogonal

representation for the symmetric group. We are then able to obtain a general expression for

the dilatation operator acting on the two sphere giant system by giving a general explicit

construction of the projection operators appearing in the definition of the restricted Schur

polynomials.

3.2.1 Operators dual to a Two Sphere Giant System

There are six scalar fields φi in N = 4 super Yang Mills theory, which take values in the

adjoint of u (N ). From these we construct three complex combinations

Z =φ1+ iφ2, Y =φ3+ iφ4 and X =φ5+ iφ6.

I shall study operators comprising O (N ) fields Z and O (N ) fields Y . We always use n to

denote the number of Z s, m to denote the number of Y s. I shall refer to the Y fields as

“impurities”. These operators belong to the SU (2) sector of the theory and have a large

R-charge. As a consequence of this large R-charge, non-planar contributions to the

correlation functions of these operators are not suppressed at large N . At largeR-change,

operator mixing is completely unconstrained in the trace basis. This is true even for the

free theory. As such, the computation of the anomalous dimensions is a problem of

considerable complexity. New methods, that employ group representation theory, allows

one to sum all diagrams including planar and non-planar contributions to correlators. The

new methods provide bases for the local operators which diagonalize the free two-point

function. The mixing of these operators is highly constrained at the quantum level. These

methods provide superior bases for our purposes. We employ the basis provided by the

restricted Schur polynomials,

χR ,(r,s )

�

Z ⊗n , Y ⊗m
�

=
1

n ! m !

∑

σ∈Sn+m

Tr(r,s ) (ΓR (σ))Z
i1
iσ(1)
· · ·Z in

iσ(n )
Y in+1

iσ(n+1)
· · ·Y in+m

iσ(n+m )

where R , r and s are Young diagrams with n +m , n and m boxes, labeling irreducible

representations of Sn+m , Sn and Sm , respectively. As discussed in Chapter 22, the Sn subgroup
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permutes indices among the Z s, while the Sm subgroup permutes indices among to the

Y s. Tr(r,s ) traces over the subspace carrying the irreducible representation 11 (r, s ) of Sn ×Sm

inside the carrier space for irreducible representation R of Sn+m . This trace is conveniently

determined using a projector PR→(r,s ) to give Tr
�

PR→(r,s )ΓR (σ)
�

, which we write as Tr(r,s ) (ΓR (σ)).

We are interested in operators dual to sphere giant gravitons that wrap a 3-sphere in the

S 5 of the AdS5×S 5 background. The two sphere giant system is described by restricted Schur

polynomials labeled by Young diagrams with at most two columns. Further, the number

of Z s in the operator is αN where 0 < 2−α ≡ ζ < 1 and the number of Y s is fixed to be

O (N ). I have chosen the number of Z s so that both columns of the Young diagram are long,

that is, they both always have O (N ) boxes. I shall explain the choice for the number of Y s

below. It is reasonable to assume that these restricted Schur polynomials are all excitations

(including BPS states and non-BPS states) of the two giant system.

The mixing of these operators with restricted Schur polynomials that have n ̸= 2 columns

is suppressed by, at least, a factor of order 1/
p

N 22. This factor arises from the normalization

of the restricted Schur polynomials. For example, the two-point correlation function of

three column restricted Schur polynomials is smaller than that of the two column restricted

Schur polynomials by a factor of order 1/N [4141]. As such, the two column restricted Schur

polynomials do not mix with other operators at large N . The two column restricted Schur

polynomials form a decoupled sector in this limit. This is a enormous simplification and

is the analog of the statement that for operators with a dimension of O (1), different trace

structures do not mix in the limit N →∞. This is expected since these operators correspond

to well defined and stable semi-classical objects in spacetime - the two-giant systems. So,

for large N and b0 ∼O (N ), the two giant system is decoupled from the three giant system.

Similarly, the n column restricted Schur polynomials form a decoupled sector at large N ,

for the same reason.

1In the two row and two column Young diagrams cases discussed here, each representation (r, s ) is
subduced exactly once. In general, however, (r, s ) is subduced more than once and we need an additional
label to track this multiplicity.

2This mixing occurs at the quantum level. There is no mixing in the free theory. If there are a boxes in the
second column of the Young diagram, then operator mixing is suppressed by 1/

p
a . It is for this reason that

we consider Young diagrams where the second column has O (N ) boxes.
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I shall end this section with some comments on notation. The m impurity operators are

built using n Z s and m Y s. There are three Young diagrams labeling the restricted Schur

polynomial, χR ,(r,s ). The Young diagram R specifies an irreducible representation of Sn+m .

The Young diagram r (specifying an irreducible representation of Sn ) is determined by the

number of rows with two boxes b0 and the number of rows with a single box b1 while the

Young diagram s (specifying an irreducible representation of Sm ) with at most two columns,

can be specified by stating which boxes in R are to be removed to obtain r .

Once R is given, there is a finite number of possible labels R , (r, s ), even in the limit

N →∞. To illustrate the problem, it is useful to first study examples with small values for

m of order 1. In the next subsection we will be interested in the case m = 4. In this case

there are nine operators that can be produced once R is given. These operators are given

below

χA (b0, b1) =χ ,








,








(Z , Y ) χB (b0, b1) =χ ,










,










(Z , Y )

χC (b0, b1) =χ ,










,










(Z , Y ) χD (b0, b1) =χ ,












,












(Z , Y )

χE (b0, b1) =χ ,












,












(Z , Y ) χF (b0, b1) =χ ,












,












(Z , Y )
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χG (b0, b1) =χ ,

















,
















(Z , Y ) χH (b0, b1) =χ ,

















,
















(Z , Y )

χI (b0, b1) =χ ,


















,


















(Z , Y )

For the operators we study the number of rows with two boxes in the first and second Young

diagram labels scale as N . Thus, the length of the columns in the first two labels are taken

to be very large at large N . The third label is exactly as shown for the m = 4 case even at

large N . The number of boxes removed from each column of the first label to obtain the

second label are exactly as shown, even at large N . In what follows we will study the case for

which m is of order N . Thus, in general, the column lengths of all the three Young diagrams

are of order N so that they are very long and thus are not shown in the figure.

3.2.2 Simplified Action of the Dilatation Operator

The action of the one loop dilatation operator in the SU (2) sector [2828]

D =−g 2
YM Tr [Y , Z ] [∂Y ,∂Z ]

on the restricted Schur polynomial has been studied in [4141]. We will find it convenient to

work with operators normalized to give a unit two-point function. Towards this end, note

that the restricted Schur polynomial two-point correlation function was computed in [6767]




χR ,(r,s )(Z , Y )χT ,(t ,u )(Z , Y )†
�

=δR ,(r,s )T ,(t ,u ) fR

hooksR

hooksr hookss
,

where fR and hooksR are the product of weights and the product of hook lengths of the

Young diagram R , respectively. Using this result, the normalized operators OR ,(r,s )(Z , Y ) can
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be obtained from

χR ,(r,s )(Z , Y ) =

√

√

fR

hooksR

hooksr hookss
OR ,(r,s )(Z , Y ).

An important intermediate result is

DχR ,(r,s )

�

Z ⊗n , Y ⊗m
�

=
g 2

YM

(n −1)! (m −1)!

∑

ψ∈Sn+m

Tr(r,s )

�

ΓR ((n , n +1)ψ−ψ(n , n +1))
�

×Z i1
iψ(1)
· · ·Z in−1

iψ(n−1)
(Y Z −Z Y )in

iψ(n )
δin+1

iψ(n+1)
Y in+2

iψ(n+2)
· · ·Y in+m

iψ(n+m )
. (3.1)

Notice that one of the indices associated to a Z field and one of the indices associated

to a Y field participates. This is reflected in the formula below by the appearance of the

group element ΓR (n , n +1)which does not belong to the Sn ×Sm subgroup. In terms of these

normalized operators

D OR ,(r,s )(Z , Y ) =
∑

T ,(t ,u )

NR ,(r,s );T ,(t ,u )OT ,(t ,u )(Z , Y )

and

NR ,(r,s );T ,(t ,u ) =−g 2
YM

∑

R ′

cR R ′dT nm

dR ′dt du (n +m )

√

√ fT hooksT hooksr hookss

fR hooksR hookst hooksu

×Tr
��

ΓR ((n , n +1)), PR→(r,s )

�

IR ′T ′
�

ΓT ((n , n +1)), PT→(t ,u )

�

IT ′R ′
�

. (3.2)

The cR R ′ is the weight of the box removed from Young diagram R to obtain diagram R ′, and

similarly T ′ is a Young diagram obtained from T by removing one box. The intertwiner

IAB is a map from the carrier space of irreducible representation A to the carrier space of

irreducible representation B . Consequently, the Young diagrams A and B must have the

same shape. The intertwiner operator relevant for this study will be evaluated in Section 3.2.43.2.4

and Section 3.3.33.3.3.

This last expression has been evaluated in [4141] for the case of two impurities and in [4242]

for the case of three or four impurities. The results are rather complicated. However, the

dynamics simplifies considerably in the limit that N − b0 =O (N ), b0 =O (N ) and b1 =O (N ).

For m = 4 impurities, the action of the dilatation operator is

D OA(b0, b1) = g 2
YM∆OA(b0, b1)×O

�

1

b1

�
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D OB (b0, b1) =−
3

2
g 2

YM∆OB (b0, b1) +
p

3

2
g 2

YM∆OC (b0, b1)

D OC (b0, b1) =
p

3

2
g 2

YM∆OB (b0, b1)− 1

2
g 2

YM∆OC (b0, b1)

D OD (b0, b1) =−2g 2
YM∆OD (b0, b1) +

2p
3

g 2
YM∆OE (b0, b1)

D OE (b0, b1) =−2g 2
YM∆OE (b0, b1) +

2p
3
∆OD (b0, b1) +

2
p

6

3
∆OF (b0, b1)

D OF (b0, b1) =−2∆OF (b0, b1) +
2
p

6

3
∆OE (b0, b1)

D OG (b0, b1) =−3

2
g 2

YM∆OG (b0, b1) +
p

3

2
g 2

YM∆OH (b0, b1)

D OH (b0, b1) =−
1

2
g 2

YM∆OH (b0, b1) +
p

3

2
g 2

YM∆OG (b0, b1)

D OI (b0, b1) = g 2
YM∆OI (b0, b1)×O

�

1

b1

�

where

∆OX (b0, b1) =
Æ

(N − b0− b1)(N − b0) (OX (b0+1, b1−2) +OX (b0−1, b1+2))

− (2N −2b0− b1)OX (b0, b1).

with X = A, B , . . . , I . A slightly different limit was considered in [4242] - there it was assumed

that b1 ∼O (
p

N ). Since b1 sets the difference in angular momentum of the two giants and

the angular momentum of the two giants sets their radii [3636], this limit set the distance

between the two giants to be string size. This is the natural limit to look for (open) stringy

excitations of the giants. As we will see, the limit we consider here will allow us to reproduce

spectra obtained by numerically diagonalizing the dilatation operator. We can easily identify

combinations of operators that are annihilated by D . Apart from OA(b0, b1) and OI (b0, b1)

we have OB (b0, b1)+
p

3 OC (b0, b1), OD (b0, b1)+
p

3 OE (b0, b1)+
p

2 OF (b0, b1) and OG (b0, b1)+
p

3 OH (b0, b1). If we set

OB−C (b0, b1)≡
p

3 OB (b0, b1)−OC (b0, b1)

OD−F (b0, b1)≡
p

2 OD (b0, b1)−OF (b0, b1)

OD F −E (b0, b1)≡OD (b0, b1)−
p

3 OE (b0, b1) +
p

2 OF (b0, b1)

OG−H (b0, b1)≡
p

3 OG (b0, b1)−OH (b0, b1)
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then we have

D OB−C (b0, b1) =−2g 2
YM∆OB−C (b0, b1)

D OD−F (b0, b1) =−2g 2
YM∆OD−F (b0, b1)

D OD F −E (b0, b1) =−4g 2
YM∆OD F −E (b0, b1)

D OG−H (b0, b1) =−2g 2
YM∆OG−H (b0, b1).

An exact diagonalization of the dilatation operator gives the spectrum of nine harmonic

oscillators. Five of the oscillators have a level spacing ω = 0, three have a level spacing

ω= 8g 2
YM and one has a level spacingω= 16g 2

YM. These results can all be obtained from the

simplified action of the dilatation operator given above. The generic form of the equation

coming from the action of the dilatation operator is

D O (b0, b1) =−αg 2
YM

�Æ

(N − b0)(N − b0− b1) (O (b0+1, b1−2) +O (b0−1, b1+2))

−(2N −2b0− b1)O (b0, b1)] (3.3)

which corresponds to an oscillator of level spacing 4αg 2
YM. The derivation of this oscillator

level spacing is in Appendix A.2A.2. The goal of this chapter is to derive these simplified

equations directly in the b1 ∼ O (N ) limit and then to diagonalize them analytically. The

main difficulty in deriving these equations is in the explicit construction of the projectors

used in defining the restricted Schur polynomials.

3.2.3 Young’s Orthogonal Representation

There is a representation for the symmetric group, Young’s orthogonal representation, that

we will make extensive use of. To define the representation, we will give the rule which

determines matrix elements of the matrices representing adjacent permutations, that is,

permutations of the form (i , i +1), where i denotes the i -th box. The matrix representing

any other element of the group can easily be constructed as some product of the matrices

representing the adjacent permutations. I shall use the Young-Yamonouchi basis in which

the boxes in the Young diagram are numbered. Thus, for the two Young diagrams shown
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below, the diagram on the right corresponds to a valid state; the one on the left does not

1 4
3 2
5

5 4
3 2
1

.

The dimension of the S5 irreducible representation labeled by is 5. The reader can check

that there are five possible labels each giving a state in the carrier space of this irreducible

representation. Recall that to each labeled box we can associate a weight. Denote the weight

of the box labeled i by ci . If box i is in row b and column a , it has ci =N +a − b . We can

now state the rule for the action of adjacent transpositions: If (i , i +1) acts on a given state,

it gives back the same state with coefficient 1/(ci − ci+1) and it gives the state corresponding

to the Young diagram with i and i +1 swapped with coefficient 33
p

1−1/(ci − ci+1)2 . Here

are a few examples

Γ ((12))

�

�

�

�

�

5 3
4 2
1

+

=−1

2

�

�

�

�

�

5 3
4 2
1

+

+
p

3

2

�

�

�

�

�

5 3
4 1
2

+

Γ ((12))

�

�

�

�

�

5 3
4 1
2

+

=
1

2

�

�

�

�

�

5 3
4 1
2

+

+
p

3

2

�

�

�

�

�

5 3
4 2
1

+

Γ ((12))

�

�

�

�

�

5 2
4 1
3

+

=−
�

�

�

�

�

5 2
4 1
3

+

.

Young’s orthogonal representation is particularly useful because it simplifies dramatically

when 44 m/b1≪ 1. Since the generic operator we consider has b1 ∼O (N ), we will consider

m = γN impurities with γ ∼O
�

N 0
�≪ 1. In this simplification, we can consider the ratio

1≪ α/γ ∼ O
�

N 0
�

is fixed and large, which does not need to scale as N to some positive

power. Indeed, if the boxes i and i +1 are in the same column, i must sit below i +1 so that

ΓR ((i , i +1)) |same column state〉=−|same column state〉 (3.4)

If i and i +1 are in different columns then ci − ci+1 must be O (N )when b1 ∼O (N ), even in

the case where all the impurities are stacked in the longer column. In this case, 1/(ci−ci+1) =
3Here to define the representation of Sn we have used the weights ci which depend on N . The Sn group

should know nothing about N . Since only differences between weights appear, this is indeed the case.
4Recall that m is the number of Y s.

46



O (b −1
1 ) which tends to zero, and

p

1−1/(ci − ci+1)2 = 1−O (b −1
1 ) tends to 1 when N is large.

Then,

ΓR ((i , i +1)) |different column state〉= |swapped different column state〉 . (3.5)

The notation in this last equation indicates that i and i +1 are in different columns and that

the states on either sides of the equation differ by swapping the labels i and i +1. All of the

states which enter the trace in the restricted Schur polynomial (and hence in the dilatation

operator) belong to a particular Sn ×Sm subspace. As I shall now explain, it is possible to

directly extract part of this subspace and hence one need not work with the general state

in R . Start numbering our states using a Young-Yamonouchi basis. We can obtain r by

removing boxes from R . If we only number the first m boxes and further only boxes that

are to be removed are numbered, then each partially labeled Young diagram represents a

collection of states, all belonging to the correct Sn subspace. Thus, all we need to do now is

to take the correct combinations of these states (i.e. of the partially labeled Young diagrams)

to get the required Sm subspace. The group element Γ (n , n +1) appears in the expression

of the dilatation operator, and it acts on one of the m boxes associated to the impurities

and one box associated to the Z s. Taken together, these facts imply that all of the operators

that we need to consider only have a non-trivial action on the first m +1 boxes. Thus we

will not label all of the boxes, it is good enough to label the first m +1 boxes. Bear in mind

that each partially labeled Young diagram corresponds to a collection of states. An example

illustrating these rules: (assuming just m = 2 impurities so that we only label three boxes)

ΓR ((1, 2))

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

1

3
2

+

=

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

2

3
1

+

ΓR ((1, 2))

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

3
2
1

+

=−

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

3
2
1

+
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Clearly, there is a dramatic simplification of the representation of the symmetric group in

this limit.

3.2.4 Computation of the Dilatation Operator

The dilatation operator includes the coefficient

−g 2
YM

cR R ′ dT dR m+1 nm

dR ′ dt du (n +m )

√

√ fT hooksT hooksr hookss

fR hooksR hookst hooksu
.

In the above formula dR m+1 labels an irreducible representation of Sn−1 and is obtained

from R (which labels an irreducible representation of Sn+m ) by removing m +1 boxes. The

dimension factor dR m+1 is included in the above coefficient for convenience - it naturally

appears when we evaluate the trace

Tr
��

ΓR ((n , n +1)), PR→(r,s )

�

IR ′T ′
�

ΓT ((n , n +1)), PT→(t ,u )

�

IT ′R ′
�

. (3.6)

There are different choices for the specific R m+1s but, in the limit that we consider, they all

give the same contribution. In this limit,

hooksT hooksr

hooksR hookst
= 1,

dT

dt
= 2m ,

n

n +m
=

α

α+γ
→ 1,

dR m+1

dR ′
=

1

2m
and du =

m !

hooksu

so that

−g 2
YM

cR R ′ dT dR m+1 nm

dR ′ dt du (n +m )

√

√ fT hooksT hooksr hookss

fR hooksR hookst hooksu
=−g 2

YM

p
cR R ′ cT T ′

p

hookss hooksu

(m −1)!
.

All that remains in the evaluation of D is the computation of the trace (3.63.6). Recall that,

because we have only labeled m +1 boxes, when we talk about a “state” we actually mean a

collection of states. All of the operators we specify below have the same action on the

collection of states considered here. It is important to note that, given that we are

discussing collections of states, I shall frequently omit an identity matrix factor acting on

the collection of states. I shall suppress factors of the identity matrix in all subsequent

formulas. It is straight forward to verify that, for m impurities, there are four possible

2m+1×2m+1 intertwiner matrices whose non-zero elements are given by 55

(I1)i j = 1 for i = j = 1, 2, 3, . . . , 2m

5This next formula nicely illustrates our conventions. The indices i and j do not select a unique state -
they select a collection of states. Thus, there is an identity matrix that acts on the collection of states which is
suppressed on the right hand side of this equation.
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(this intertwiner is used when evaluating terms in NR ,(r,s );T ,(t ,u ) for which R = T and the box

is removed from the first column of R to obtain R ′)

(I2)i j = 1 for i = j = 2m +1, 2m +2, 2m +3, . . . , 2m+1

(again R = T but now the box is removed from the second column of R to obtain R ′) for the

terms with no changes in R and

(I3)i j = 1 for j = i +2m = 2m +1, 2m +2, 2m +3, . . . , 2m+1

(now R ̸= T and the box is removed from the first column in R to obtain R ′ and from the

second column in T to obtain T ′)

I4 = I ⊤3

(again R ≠ T and the box is removed from first column in T to obtain T ′ and from the

second column in R to obtain R ′). The non-zero elements of Γ ((n , n +1)) are

Γ ((n , n +1))i j =−1, i = j = 1+2p , p = 0, 1, . . . , 2m−1−1,

Γ ((n , n +1))i j =−1, i = j = 2m +2+2p , p = 0, 1, . . . , 2m−1−1,

Γ ((n , n +1))i j = (−1)m−1, i = 2+2p , j = 2m +1+2p , p = 0, 1, 2m −1,

Γ ((n , n +1))i j = (−1)m−1, j = 2+2p , i = 2m +1+2p , p = 0, 1, 2m −1.

Next one needs to compute the projector and then the trace. Without a few new ideas it is

not possible to find formulas for general m for the projectors used in constructing restricted

Schur polynomials labeled by Young diagrams that have two long columns. These new

ideas are most easily developed by studying restricted Schur polynomials labeled by Young

diagrams with two long rows. This is the case that we study next.

3.3 Two AdS Giant Gravitons

In this section, I shall first review the action of the dilatation operator on a system of two AdS

giant gravitons. This two giant graviton system is described by restricted Schur polynomials

labeled by Young diagrams that have two long rows. I again argue that the action of the
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dilatation operator simplifies considerably in a particular limit. The general construction of

the dilatation operator directly in this limit, is considered. Then, I shall argue that Young’s

orthogonal representation for the symmetric group in this setting reduces to a representation

that is known and has been studied. Using these results I introduce an operator d †d whose

eigenspaces are irreducible representations of the symmetric group. Thus, a general explicit

construction of the projection operators appearing in the definition of the restricted Schur

polynomials is reduced to solving the eigenvalue problem of d †d . I shall use these results

to give an explicit formula for the dilatation operator acting on a general system of two AdS

giant gravitons in the next section.

3.3.1 Operators dual to a Two AdS Giant System

I have focused on operators dual to sphere giant gravitons that wrap a 3-sphere in the S 5 of

the AdS5×S 5 background. In this section, I would like to focus on giant gravitons that are

large in the AdS directions but continue to carry angular momentum on the S 5. The two

AdS giant system is described by restricted Schur polynomials labeled by Young diagrams

with at most two rows. I shall continue to assume that the number of Z s in the operator is

αN where 1<α∼O
�

N 0
�

and the number of Y s is fixed to be γN with γ∼O
�

N 0
�≪ 1. The

mixing of these operators with restricted Schur polynomials that have more than two rows,

including more general shapes, is again suppressed at least by a factor of order 1/
p

N 66.

The two row restricted Schur polynomials are a decoupled sector at large N . Again, this is

expected since these operators correspond to a well defined stable semi-classical object in

spacetime (the two AdS giant system).

We only need to make very minor changes in our notation. Each restricted Schur

polynomial χR ,(r,s ) is still labeled by three Young diagrams. The representation r (which

specifies an irreducible representation of Sn ) is specified by stating the number of columns

with two boxes b0 and the number of columns with a single box b1. The representation s

specifies an irreducible representation of Sm that has at most two rows, while R , which

specifies an irreducible representation of Sn+m , can be specified in terms of r by stating

6Again, this is for mixing at the quantum level and there is no mixing in the free theory.
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which boxes in R are to be removed to obtain r . Recall that in the sphere giant system, once

r has been given there is a finite number of possible labels R , (r, s ) even in the limit

N →∞. This is also the case for the AdS giant system. The two AdS giant system and two

sphere giant system have an important difference. For the two sphere giant system the

parameter b1 was bounded from above and the parameter b0 was bounded from below.

Indeed, the largest possible value for b1 and the smallest possible value for b0 were

obtained when the first column contains N boxes. Of course, these bounds on b0 and b1

are a consequence of the fact that the number of boxes in any given column is bounded by

N . For the AdS giant system, the number of boxes in the first row is not bounded, so that b0

can range all the way down to 0. For the sphere giant case, the fact that b0 was bounded

from below, and the fact that this bound was O (N ), implied a clean decoupling of the two

sphere giant system. For the AdS giants, when b0≪N we are transitioning to the state of

one giant graviton plus strings, or plus Kaluza-Klein gravitons, or both. The two AdS giant

system is still effectively decoupled because it would take a very long time 77 before we

decay from the two giant sector. This point does however need to be considered when we

study the dilatation operator numerically. In our numerical studies we will only consider

Young diagrams R with two rows. This is strictly speaking not always justified because

when the second row contains O (1) boxes mixing with Young diagrams with one long row

and more than one short row is not suppressed. I shall discuss this point further below (see

section 3.73.7) and argue that it does not affect the accuracy of our results.

3.3.2 Simplified Action of the Dilatation Operator

For the two sphere giant system we have seen that when 1≪ b1 the action of the dilatation

operator simplifies dramatically. Is this also the case for the action of the dilatation operator

on the two AdS giant system? To compute the action of the dilatation operator we must

again evaluate (3.23.2), but now for the case that R and T have two rows. The result of this

computation for the case of two impurities is given in Appendix A.1A.1. There are a number of

7What we mean by this is that we need to apply the Hamiltonian O (N ) times before we leave the two giant
sector.
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points worth noting. First, there is a simple relation between the sphere giant and AdS giant

results. To obtain the action of the dilatation operator on the AdS giant system from the

action of the dilatation operator on the sphere giant system one simply replaces the sphere

weights N − a to N + a . This is completely explicit if the reader compares the first two

expressions in Appendix A.1A.1 to the expressions appearing in [4141]. In the last two expressions

of Appendix A.1A.1, this is not manifest because I have combined terms. Second, the numerical

spectrum for the AdS giant system is surprisingly similar to the spectrum obtained for the

sphere giant system [4141]. Three quarters of the states are massless while one quarter of the

states match those of an oscillator with an energy spacing of 8g 2
YM. This looks identical to

what was obtained for the sphere giants. One important difference however, is the fact that

for the sphere giant system the levels were of the form 8g 2
YMn with n = 1, 2, 3, . . . where as for

the AdS giant system the levels are of the form 4g 2
YM+8g 2

YMn with n = 1, 2, 3, . . . . Particularly

for the low levels, it seems that these results can be trusted, because the operator with good

scale dimension receives no contribution 88 from restricted Schur polynomials with one very

long column and one short column. Finally, perhaps the most important result we find is

that in the limit that 1≪ b1/m the action of the dilatation operator reduces to a collection

of equations of the form

D O (b0, b1) =−αg 2
YM

�Æ

(N + b0)(N + b0+ b1) (O (b0+1, b1−2) +O (b0−1, b1+2))

−(2N +2b0+ b1)O (b0, b1)] . (3.7)

This corresponds to an oscillator of level spacing 4αg 2
YM. More detailed derivations are in

Appendix A.2A.2. This result is again related to our previous result for the sphere giant system,

by replacing for example N − b0→N + b0.

3.3.3 Young’s Orthogonal Representation

In the case of AdS giants, Young’s orthogonal representation reduces one that has been

studied in the mathematics literature [8383]. The reader may wish to consult Appendix A.3A.3

where we review a little of the relevant background. The idea is to define a map from a

8The contribution is zero to the accuracy of our numerical diagonalization.
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labeled Young diagram to a monomial. I shall consider the case of m Y fields. In this case,

consider a Young diagram with m labeled boxes 99; these labels are distributed arbitrarily

between the upper and lower rows. Ignore the boxes that appear in the lower row. Include a

factor xi in the monomial for each box in the upper row with label i . A Young diagram with

no labeled boxes in the first row maps to 1. Thus, for example, when m = 4

3
4 2 1

↔ x3 and 3 2 1
4

↔ x1 x2 x3.

The symmetric group acts by permuting the labels on the monomial factors. For example,

(12)x1 x3 = x2 x3. This defines a reducible representation of the symmetric group, Sm . It is

clear that the operator

d =
m
∑

i=1

∂

∂ xi

commutes with the action of the symmetric group. Dunkl introduced this operator in the

study of intertwining functions [7777, 7878]. d acts on the monomials by producing the sum

of monomials that can be obtained by dropping one factor at a time. For example, m = 4

impurities,

d (x1 x2 x3) = x2 x3+ x1 x3+ x1 x2.

The adjoint 1010 d † produces the sum of monomials that can be obtained by appending a

factor, without repeating any of the xi s, so

d † (x1 x2) = x1 x2 x3+ x1 x2 x4

and the generalization to any m is now obvious. The fact that d commutes with all elements

of the symmetric group, implies that d † will too. Indeed, take the dagger of

[d ,Γ (σ)] = 0

to obtain (use the fact that we are working in an orthogonal representation in the next line)

�

d †,Γ (σ)
�

=− �d ,Γ (σ−1)
�†
= 0.

9Up to now we have labeled m + 1 boxes when considering m impurities. For the present discussion
where we want to understand how to decompose into irreducible Sm representations it is more convenient to
label only m boxes.

10Consult Appendix A.3A.3 for details on the inner product on the space of monomials.

53



Thus, d †d commutes with all the elements of the symmetric group. As a consequence, its

eigenspaces will furnish irreducible representations of the symmetric group. Additional

details and results can be found in [8383]. This means that we can substitute the problem

of constructing the projectors needed to define the restricted Schur polynomials with the

problem of constructing projectors onto eigenspaces of d †d . This amounts to solving for

the eigenvectors and eigenvalues of d †d . In the next section I shall argue that this is a

surprisingly simple problem.

For the remainder of this section I shall switch back to our previous convention and

again label m + 1 boxes. See Section 3.2.43.2.4 for a careful description of our notation. The

intertwiners are again 2m+1×2m+1 matrices, and again there are four possible intertwiners.

Their non-zero elements are

(I1)i j = 1 for i = j = 1, 2, 3, . . . , 2m

(R = T and the box is removed from first column)

(I2)i j = 1 for i = j = 2m +1, 2m +2, 2m +3, . . . , 2m+1

(R = T and the box is removed from second column) for the terms with no changes in R and

(I3)i j = 1 for j = i +2m = 2m +1, 2m +2, 2m +3, . . . , 2m+1

(the box is removed from first column in R and from the second column in T )

I4 = I3
⊤

(the box is removed from first column in T and from second column in R ). The non-zero

elements of Γ ((n , n +1)) are

Γ ((n , n +1))i j = 1, i = j = 1+2p , p = 0, 1, . . . , 2m−1−1,

Γ ((n , n +1))i j = 1, i = j = 2m +2+2p , p = 0, 1, . . . , 2m−1−1,

Γ ((n , n +1))i j = 1, i = 2+2p , j = 2m +1+2p , p = 0, 1, 2m −1,

Γ ((n , n +1))i j = 1, j = 2+2p , i = 2m +1+2p , p = 0, 1, 2m −1.
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3.3.4 Computation of the Dilatation Operator

To get to the AdS giant case, we have “flipped” the Young diagrams swapping rows and

columns, and mapped the weights N − b →N + b . It is easy to check that the dimension of

any Young diagram R is the same as the dimension of the flipped diagram, and (this is the

same fact that) the product of hooks is unchanged. The weights cR R ′ are now for example

N + b0 instead of N − b0.

Thus, the coefficient needed to compute the dilatation operator is

−g 2
YM

cR R ′ dT dR m+1 nm

dR ′ dt du (n +m )

√

√ fT hooksT hooksr hookss

fR hooksR hookst hooksu
=−g 2

YM

p
cR R ′ cT T ′

p

hookss hooksu

(m −1)!
(3.8)

dR m+1 again labels an irreducible representation of Sn−1 and is again obtained from R (which

labels an irreducible representation of Sn+m ) by removing m+1 boxes. The dimension factor

dR m+1 is again included in the above coefficient for convenience - it naturally appears when

we evaluate the trace (3.63.6). All that we need to evaluate now are the traces (3.63.6). I shall show

how to evaluate these for general m in the next section.

3.4 Construction of AdS Giant Projectors and the Dilatation

Operator

In this section, I shall define a map from labeled Young diagrams to spin-chain states. The

operator d †d takes a particularly simple form and its eigenvalue problem is solved explicitly.

These results then allow a general construction of the projection operators used to define

the restricted Schur polynomials and then ultimately of the dilatation operator itself. The

last equation in this section gives the final formula for the dilatation operator.

We can map the labeled Young diagrams into states of a spin-chain, for general m . The

spin at site i can be in state spin up (1) or state spin down (0). Initially in this section it is

again convenient to label only m boxes. In this case, the spin-chain has m sites and the box

i tells us the state of site i . If box i appears in the first row, site i is in state 1; if it appears in
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the second row site i is in state 0. For example,

2 1
4 3

↔|1100〉 .

As I shall now explain, d †d has a simple action on this spin-chain. Introduce the states

|0〉=




1

0



 and |1〉=




0

1





for the two spins and the operators

a =





0 1

0 0



 and a † =





0 0

1 0





which act on these states

a † |0〉= |1〉 a † |1〉= 0

a |1〉= |0〉 a |0〉= 0.

Consider, for example, the spin-chain state

|001011〉= |0〉⊗ |0〉⊗ |1〉⊗ |0〉⊗ |1〉⊗ |1〉

in a system with six lattice sites. Label the lattice sites, from left to right, starting site 1, then

site 2 and so on till the last lattice site 6. The operator a acting at the third site (for example)

is

a3 = 1⊗1⊗a ⊗1⊗1⊗1.

Then, we can write d †d as the operator

d †d =
∑

p

∑

n

a †
n ap (3.9)

acting on a long ranged spin-chain. In terms of the Pauli matrices

σ1 =





0 1

1 0



 , σ2 =





0 −i

i 0



 and σ3 =





1 0

0 −1



 ,

we can write

a =
1

2

�

σ1+ iσ2
�

, a † =
1

2

�

σ1− iσ2
�

, a †a =
1

2

�

1−σ3
�

,
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and

d †d =
1

4

∑

p

∑

n

�

σ1− iσ2
�

n

�

σ1+ iσ2
�

p
=−1

2

∑

p

σ3
p +

1

4

∑

p

∑

n

�

σ1
nσ

1
p +σ

2
nσ

2
p

�

.

The total spins of the system are

J 1 =
1

2

∑

p

σ1
p , J 2 =

1

2

∑

p

σ2
p , J 3 =

1

2

∑

p

σ3
p and J2 = J 3 J 3+ J 1 J 1+ J 2 J 2.

We use upper case letters for operators and lowercase letters for eigenvalues. In terms of

these total spins we have

d †d =−J 3+
�

J2− �J 3
�2
�

= J2− J 3
�

J 3+1
�

.

Thus, we can label the eigenspaces of d †d by the eigenvalues of J2 and J 3. Hence, we can

replace the sequences R , (r, s ) that label the restricted Schur polynomial with labels ( j , j 3).

I shall illustrate this connection using a specific example and then state the general rule.

Consider the case of eight spins. Then impurities can be organized into any irreducible

representation corresponding to a Young diagram with eight blocks and two rows. The

possible irreducible representations are

, , , and

which have dimensions 14, 28, 20, 7 and 1, respectively. Coupling eight spin- 1
2 particles,

using the usual rule for the addition of angular momentum, gives

1

2
⊗ 1

2
⊗ 1

2
⊗ 1

2
⊗ 1

2
⊗ 1

2
⊗ 1

2
⊗ 1

2
= 14 0⊕28 1⊕20 2⊕7 3⊕4.

Notice that the number of angular momentum multiplets matches the number of possible

Young diagrams for the impurities and the degeneracy of each multiplet matches the

dimension of the S8 irreducible representation associated to the Young diagram. This is a

consequence of the Schur-Weyl duality that connects the representation theory of the

symmetric groups and the unitary groups.

The general rule is now clear: consider the restricted Schur polynomial χR ,(r,s ). The

J2 = j ( j + 1) quantum determines the shape of the Young diagram s that organizes the
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impurities. Suppose s has N1 boxes in the first row and N2 boxes in the second row, then

2 j =N1−N2. The J 3 eigenvalue of the state is always a good quantum number, both in the

basis we start in where each spin has a sharp angular momentum or in the basis where

the states have a sharp total angular momentum. The j 3 quantum number determines

how many impurities sit in the first and second rows of R , that is, it specifies the number of

boxes that must be removed from each row of R to obtain r . Let n1 denote the number of

boxes removed from the first row and n2 the number of boxes removed from the second

row, then 2 j 3 = n1−n2. Below are some examples of the projection operators appearing in

the restricted Schur polynomials, written in terms of the j and j 3 states:

P �

,
�

=

d

∑

i=1

�

� j = 0, j 3 = 0, i
�


j = 0, j 3 = 0, i
�

�

P �

,
�

=

d

∑

i=1

�

� j = 3, j 3 = 0, i
�


j = 3, j 3 = 0, i
�

�

P �

,
�

=

d

∑

i=1

�

� j = 3, j 3 =−1, i
�


j = 3, j 3 =−1, i
�

�

P �

,
�

=

d

∑

i=1

�

� j = 3, j 3 = 1, i
�


j = 3, j 3 = 1, i
�

� .

In each case, i labels all the states with quantum numbers ( j , j 3), and takes values from

1 up to the dimension of the irreducible representation organizing the impurities. These

results are a general construction of the projection operators used to define the restricted

Schur polynomials dual to the two AdS giant system.
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To evaluate the traces (3.63.6) we must consider the action of Γ ((n , n +1)). Towards this

end, we again need to switch to our previous convention of labeling m + 1 boxes in the

Young diagram. Equivalently, we must add another site to our chain. Γ ((n , n +1)) can then

be taken to act on the first and (m +1)-th site of the spin-chain 1111. Including this extra site

updates the projectors

PR ,(r,s ) =
∑

i

�

� j , j 3, i
�


j , j 3, i
�

�⊗1=
∑

i

�

� j , j 3, i
�


j , j 3, i
�

�⊗ (|0〉 〈0|+ |1〉 〈1|)

where the identity above sits in the (m +1)-th slot. I shall also use the notation

pR ,(r,s ) =
∑

i

�

� j , j 3, i
�


j , j 3, i
�

�

when the (m +1)-th slot is not included.

In terms of the spin-chain language, the intertwiners can be written as

I1 =
�

1

2
+

1

2
σ3

1

�

, I2 =
�

1

2
− 1

2
σ3

1

�

, I3 = a1 and I4 = a †
1 .

When Γ ((n , n +1)) acts it does so by swapping the first and (m +1)-th spins, so that

Γ ((n , n +1)) I1 = |0〉 〈0| ⊗1⊗ · · ·⊗1⊗ |0〉 〈0|+ |1〉 〈0| ⊗1⊗ · · ·⊗1⊗ |0〉 〈1|
=
�

1

2
+

1

2
σ3

1

��

1

2
+

1

2
σ3

m+1

�

+a †
1 am+1.

In exactly the same way

I1Γ ((n , n +1)) =
�

1

2
+

1

2
σ3

1

��

1

2
+

1

2
σ3

m+1

�

+a1a †
m+1

Γ ((n , n +1)) I1Γ ((n , n +1)) =
�

1

2
+

1

2
σ3

m+1

�

.

One of the terms contributing to the dilatation operator is

Tr
�

I1

�

PR ,(r,s ),Γ ((n , n +1))
�

I ⊤1
�

PR ,(r,s ),Γ ((n , n +1))
��

.

This is a term that does not change the shape of the Young diagram labels of the restricted

Schur polynomial. Using the facts that I1 = I ⊤1 , Γ ((n , n +1))⊤ = Γ ((n , n +1)) and P ⊤R ,(r,s ) =

PR ,(r,s ) we can rewrite this term as

11Allowing Γ ((n , n +1)) to act on any of the first m sites and the (m +1)-th site of the spin-chain does not
change the final result.
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Tr
�

I1PR ,(r,s )Γ ((n +1, n )) I1PR ,(r,s )Γ ((n +1, n ))
�−Tr

�

I1PR ,(r,s )Γ ((n +1, n )) I1Γ ((n +1, n ))PR ,(r,s )

�

= Tr
�

PR ,(r,s )

��

1

2
+

1

2
σ3

1

��

1

2
+

1

2
σ3

m+1

�

+a †
1 am+1

�

PR ,(r,s )

��

1

2
+

1

2
σ3

1

��

1

2
+

1

2
σ3

m+1

�

+a †
1 am+1

��

−Tr
��

1

2
+

1

2
σ3

1

�

PR ,(r,s )

�

1

2
+

1

2
σ3

m+1

�

PR ,(r,s )

�

.

Tracing over the m-th slot we easily find

Tr
�

PR ,(r,s )

�

1

2
+

1

2
σ3

1

��

1

2
+

1

2
σ3

m+1

�

PR ,(r,s )a
†
1 am+1

�

= Tr
�

PR ,(r,s )

�

1

2
+

1

2
σ3

1

�

PR ,(r,s )a
†
1

�

〈0|1〉= 0

and

Tr
�

PR ,(r,s )a
†
1 am+1PR ,(r,s )a

†
1 am+1

�

= Tr
�

PR ,(r,s )a
†
1 PR ,(r,s )a

†
1

�

Tr (|0〉 〈1|0〉 〈1|) = 0.

The expression for the term in the dilatation operator that we are considering becomes

Tr
�

I1

�

PR ,(r,s ),Γ ((n , n +1))
�

I ⊤1
�

PR ,(r,s ),Γ ((n , n +1))
��

= 2 Tr
�

PR ,(r,s )

�

1

2
+

1

2
σ3

1

��

1

2
+

1

2
σ3

m+1

�

PR ,(r,s )

�

1

2
+

1

2
σ3

1

��

1

2
+

1

2
σ3

m+1

��

−2 Tr
��

1

2
+

1

2
σ3

1

�

PR ,(r,s )

�

1

2
+

1

2
σ3

m+1

�

PR ,(r,s )

�

.

Expanding these expressions out and making use of the identities

Tr
�

PR ,(r,s )PR ,(r,s )

�

= Tr
�

PR ,(r,s )σ
3
m+1PR ,(r,s )σ

3
m+1

�

Tr
�

PR ,(r,s )PR ,(r,s )σ
3
1

�

= Tr
�

PR ,(r,s )σ
3
m+1PR ,(r,s )σ

3
1σ

3
m+1

�

Tr
�

PR ,(r,s )σ
3
1PR ,(r,s )σ

3
1

�

= Tr
�

PR ,(r,s )σ
3
1σ

3
m+1PR ,(r,s )σ

3
1σ

3
m+1

�

Tr
�

PR ,(r,s )PR ,(r,s )σ
3
m+1

�

= Tr
�

PR ,(r,s )σ
3
1PR ,(r,s )σ

3
m+1

�

= 0

Tr
�

PR ,(r,s )PR ,(r,s )σ
3
1σ

3
m+1

�

= Tr
�

PR ,(r,s )σ
3
1PR ,(r,s )σ

3
1σ

3
m+1

�

= 0

we obtain

Tr
�

I1

�

PR ,(r,s ),Γ ((n +1, n ))
�

I ⊤1
�

PR ,(r,s ),Γ ((n +1, n ))
��

=
1

4
Tr
�

PR ,(r,s )σ
3
1PR ,(r,s )σ

3
1

�− 1

4
Tr
�

PR ,(r,s )

�

= Tr
�

PR ,(r,s )I1PR ,(r,s )I1

�−Tr
�

PR ,(r,s )I1

�

.

Using exactly the same types of arguments we find

Tr
�

I1

�

PR ,(r,s ),Γ ((n +1, n ))
�

I ⊤1
�

PS ,(t ,u ),Γ ((n +1, n ))
��

=Tr
�

PR ,(r,s )I1PS ,(t ,u )I1

�
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−Tr
�

PR ,(r,s )I1

�

δR ,(r,s ) S ,(t ,u )

Tr
�

I2

�

PR ,(r,s ),Γ ((n +1, n ))
�

I ⊤2
�

PS ,(t ,u ),Γ ((n +1, n ))
��

=Tr
�

PR ,(r,s )I2PS ,(t ,u )I2

�

−Tr
�

PR ,(r,s )I2

�

δR ,(r,s ) S ,(t ,u )

Tr
�

I3

�

PR ,(r,s ),Γ ((n +1, n ))
�

I ⊤4
�

PS ,(t ,u ),Γ ((n +1, n ))
��

=Tr
�

PR ,(r,s )I2PS ,(t ,u )I1

�

Tr
�

I4

�

PR ,(r,s ),Γ ((n +1, n ))
�

I ⊤3
�

PS ,(t ,u ),Γ ((n +1, n ))
��

=Tr
�

PR ,(r,s )I1PS ,(t ,u )I2

�

.

To evaluate these traces write each projector as (i is a multiplicity label that runs from 1 to

the number of times the irreducible SU (2) representation j1 appears)

p1 =
∑

i

�

� j1, j 3
1 , i

�


j1, j 3
1 , i

�

� . (3.10)

Recall that we use a little letter p for the projectors when the (m +1)-th site is not included.

In this last expression the subscript 1 on the projector stands for R , (r, s ) and is a notation

which simplifies the equations dramatically. Introduce the following states (the first state on

the RHS is the ket describing particle 1 in the lattice; the second ket is a good total angular

momentum state obtained by coupling the states of the remaining m −1 particles):

�

�φ1, i
�

=

�

�

�

�

1

2
,

1

2
; j1− 1

2
, j 3

1 −
1

2
, i
·­

1

2
,

1

2
; j1− 1

2
, j 3

1 −
1

2
, i

�

�

�

�

j1, j 3
1

·

�

�φ2, i
�

=

�

�

�

�

1

2
,

1

2
; j1+

1

2
, j 3

1 −
1

2
, i
·­

1

2
,

1

2
; j1+

1

2
, j 3

1 −
1

2
, i

�

�

�

�

j1, j 3
1

·

�

�φ3, i
�

=

�

�

�

�

1

2
,−1

2
; j1− 1

2
, j 3

1 +
1

2
, i
·­

1

2
,−1

2
; j1− 1

2
, j 3

1 +
1

2
, i

�

�

�

�

j1, j 3
1

·

�

�φ4, i
�

=

�

�

�

�

1

2
,−1

2
; j1+

1

2
, j 3

1 +
1

2
, i
·­

1

2
,−1

2
; j1+

1

2
, j 3

1 +
1

2
, i

�

�

�

�

j1, j 3
1

·

.

Using these states the projector can be written as

p1 =
∑

i

�
�

�φ1, i
�

+
�

�φ3, i
�

��




φ1, i
�

�+



φ3, i
�

�

�

+
∑

i

�
�

�φ2, i
�

+
�

�φ4, i
�

��




φ2, i
�

�+



φ4, i
�

�

�

.

These states are particularly convenient because the action of the intertwiners I1 and I2 on

these states is very simple

I1

�

�φ1, i
�

=
�

�φ1, i
�

I1

�

�φ2, i
�

=
�

�φ2, i
�

, I1

�

�φ3, i
�

= 0, I1

�

�φ4, i
�

= 0,

I2

�

�φ1, i
�

= 0, I2

�

�φ2, i
�

= 0, I2

�

�φ3, i
�

=
�

�φ3, i
�

I2

�

�φ4, i
�

=
�

�φ4, i
�

.
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We can now compute the traces we need

Tr (P1I1) =
∑

i




φ1, i
�

�φ1, i
�

+
∑

i




φ2, i
�

�φ2, i
�

= dR m+1

�

ds ′1

­

1

2
,

1

2
; j1− 1

2
, j 3

1 −
1

2

�

�

�

�

j1, j 3
1

·2

+ds ′2

­

1

2
,

1

2
; j1+

1

2
, j 3

1 −
1

2

�

�

�

�

j1, j 3
1

·2�

.

s ′1 is obtained by dropping a box from the first row of s and ds ′1 is the dimension of this

irreducible representation. Similarly, s ′2 is obtained by dropping a box from the second row

of s and ds ′2 is the dimension of this irreducible representation. I have summed over i to

obtain the factors of ds ′1 and ds ′2 . The overlaps 〈φ1, i |φ1, i 〉 and 〈φ2, i |φ2, i 〉 are independent

of i so that in the last line above we could sum over i and there is no further need for this

index. Recall the general expression for the Clebsch-Gordan coefficient




j1, j 3
1 ; j2, j 3

2

�

� j , j 3
�

=δ j 3, j 3
1+ j 3

2

√

√ (2 j +1)( j + j1− j2)! ( j − j1+ j2)! ( j1+ j2− j )!
( j1+ j2+ j +1)!

×
q

( j + j 3)! ( j − j 3)! ( j1− j 3
1 )! ( j1+ j 3

1 )! ( j2− j 3
2 )! ( j2+ j 3

2 )!

×
�

∑

k

(−1)k

k ! ( j1+ j2− j −k )! ( j1− j 3
1 −k )! ( j2+ j 3

2 −k )! ( j − j2+ j 3
1 +k )! ( j − j1− j 3

2 +k )!

�2

where the sum runs over all values of k for which the argument of each factorial is non-

negative. It is now straight forward to find
­

1

2
,

1

2
; j − 1

2
, j 3− 1

2

�

�

�

�

j , j 3
·

=

√

√1+ j + j 3

2( j +1)
and

­

1

2
,

1

2
; j +

1

2
, j 3− 1

2

�

�

�

�

j , j 3
·

=

√

√ j + j 3

2 j

so that

Tr(P1I1) = 2
1+ j + j 3

2( j +1)
ds ′1 dR m+1 +2

j + j 3

2 j
ds ′2 dR m+1 .

where R m+1 is a Young diagram of Sn−1, obtained from R by removing m +1 boxes, and the

factor of 2 comes from tracing over the (m +1)-th slot. Now, since I1+ I2 is the identity we

find

2ds dR m+1 = Tr (P1) = Tr (P1I1)+Tr (P1I2) = ds dR m+1 +Tr (P1I2)

which implies that

Tr (P1I2) = ds dR m+1 .

Now consider the second type of term

Tr (P1I1P1I1) = Tr (I1P1I1P1I1)
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where we used the fact that the trace is cyclic and I1 is a projector so that (I1)2 = I1. This is a

useful observation because

I1P1I1P1I1 =
∑

i

�
�

�φ1, i
�


φ1, i
�

�+
�

�φ2, i
�


φ2, i
�

�

�∑

j

�
�

�φ1, j
�


φ1, j
�

�+
�

�φ2, j
�


φ2, j
�

�

�

.

It immediately follows that

Tr (P1I1P1I1) = 2

�

ds ′1

�

1+ j + j 3

2( j +1)

�2

+ds ′2

�

j + j 3

2 j

�2�

dR m+1 .

Again using the fact that I1 and I2 sum to the identity, it is clear that

Tr(P1I2P1I1) = Tr(P1I1)−Tr(P1I1P1I1)

= 2dR m+1

�

ds ′1

�

1+ j + j 3

2( j +1)

�

+ds ′2

�

j + j 3

2 j

�

−ds ′1

�

1+ j + j 3

2( j +1)

�2

−ds ′2

�

j + j 3

2 j

�2�

.

Finally,

ds dR m+1 = Tr (P1) = Tr (P1P1) = Tr (P1(I1+ I2)P1(I1+ I2))

= Tr (P1I1P1I1)+2 Tr (P1I2P1I1) +Tr (P1I2P1I2) .

We can solve this last equation for Tr(P1I2P1I2). This complete the evaluation of the terms

we were considering.

We now need to consider the case that the two projectors appearing in the trace have

different labels. There is only one term to compute because

Tr(P1I1P2I1) = Tr(P1I1P2(I1+ I2))−Tr(P1I1P2I2) =−Tr(P1I1P2I2)

=−Tr(P1(I1+ I2)P2I2) +Tr(P1I2P2I2) = Tr(P1I2P2I2).

The only time we get a non-zero result for this trace is when j2 = j1±1. Without any loss of

generality, consider the case that j2 = j1+1. The result for j2 = j1−1 is obtained by swapping

1↔ 2. We can write

p2 =
∑

i

�
�

�ψ1, i
�

+
�

�ψ3, i
�

��




ψ1, i
�

�+



ψ3, i
�

�

�

+
∑

i

�
�

�ψ2, i
�

+
�

�ψ4, i
�

��




ψ2, i
�

�+



ψ4, i
�

�

�

where

�

�ψ1, i
�

=

�

�

�

�

1

2
,

1

2
; j1+

1

2
, j 3

1 −
1

2
, i
·­

1

2
,

1

2
; j1+

1

2
, j 3

1 −
1

2
, i

�

�

�

�

j1+1, j 3
1

·
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�

�ψ2, i
�

=

�

�

�

�

1

2
,

1

2
; j1+

3

2
, j 3

1 −
1

2
, i
·­

1

2
,

1

2
; j1+

3

2
, j 3

1 −
1

2
, i

�

�

�

�

j1+1, j 3
1

·

�

�ψ3, i
�

=

�

�

�

�

1

2
,−1

2
; j1+

1

2
, j 3

1 +
1

2
, i
·­

1

2
,−1

2
; j1+

1

2
, j 3

1 +
1

2
, i

�

�

�

�

j1+1, j 3
1

·

�

�ψ4, i
�

=

�

�

�

�

1

2
,−1

2
; j1+

3

2
, j 3

1 +
1

2
, i
·­

1

2
,−1

2
; j1+

3

2
, j 3

1 +
1

2
, i

�

�

�

�

j1+1, j 3
1

·

.

We now find

Tr(P1I1P2I1) = 2dR m+1 Tr





∑

i

�
�

�ψ1, i
�


ψ1, i
�

�+
�

�ψ2, i
�


ψ2, i
�

�

� ∑

j

�
�

�φ1, j
�


φ1, j
�

�+
�

�φ2, j
�


φ2, j
�

�

�





= 2dR m+1

∑

i , j




φ2, j
�

�ψ1, i
�


ψ1, i
�

�φ2, j
�

= 2dR m+1 ds ′c

­

1

2
,

1

2
; j1+

1

2
, j 3

1 −
1

2
, i

�

�

�

�

j1, j 3
1

·2­
1

2
,

1

2
; j1+

1

2
, j 3

1 −
1

2
, i

�

�

�

�

j1+1, j 3
1

·2

= 2dR m+1 ds ′c

�

j1+ j 3
1 +1

2( j1+1)

��

j1− j 3
1 +1

2( j1+1)

�

.

If s1 is the third label for p1 and s2 is the third label of p2, then by removing a box from s1 we

can get the same Young diagram as when we remove a box from s2 - in the last line above I

have called this Young diagram, which can be reached from either s1, s2 by removing a single

box, s ′c .

Putting things together we find (when j = 0 the term ((m +2)( j 3)2)/( j ( j +1)) in round

braces on the first line below and the last term in the equation must be omitted)

D Oj , j 3(b0, b1) = g 2
YM

�

−1

2

�

m − (m +2)( j 3)2

j ( j +1)

�

∆Oj , j 3(b0, b1)

+
( j + j 3+1)( j − j 3+1)

2( j +1)

√

√ (m +2 j +4)(m −2 j )
(2 j +1)(2 j +3)

∆Oj+1, j 3(b0, b1)

+
( j + j 3)( j − j 3)

2 j

√

√ (m +2 j +2)(m −2 j +2)
(2 j +1)(2 j −1)

∆Oj−1, j 3(b0, b1)

�

(3.11)

where

∆O (b0, b1) =
Æ

(N + b0)(N + b0+ b1) (O (b0+1, b1−2) +O (b0−1, b1+2))

− (2N +2b0+ b1)O (b0, b1). (3.12)

This concludes our evaluation of the dilatation operator for m impurities.
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3.5 Construction of Sphere Giant Projectors and the

Dilatation Operator

The starting point of our AdS giant analysis was a polynomial representation which was

isomorphic to the Young diagrams. There is a polynomial representation isomorphic to the

sphere giants too. For m impurities, introduce the 2m variables x1, x2, . . . , xm and

y1, y2, . . . , ym . The x ’s and y ’s are Grassmann numbers and all these variables anticommute.

The x ’s and y ’s are associated to the two columns respectively. Consider three impurities

for illustration; in this case the isomorphism is defined by

3
2
1

↔ y1 y2 y3

1

3
2

↔ x1 y2 y3

2

3
1

↔ x2 y1 y3

3

2
1

↔ x3 y1 y2

2
1

3

↔ x1 x2 y3

3
1

2

↔ x1 x3 y2

3
2

1

↔ x2 x3 y1

3
2
1

↔ x1 x2 x3.

The generalization to any m is obvious. The polynomials are ordered with (i) x ’s to the left

of the y ’s and (ii) such that their subscripts (within the x ’s and y ’s separately) increase. The

group Sn acts on the monomials by exchanging indices without changing the order of the

variables.

The natural definition for d is

d =
m
∑

i=1

yi

∂

∂ xi
.

It is easy to check that d does indeed commute with the symmetric group. Using the inner

product: 〈y1 y2 y3, y1 y2 y3〉= 1 (so the inner product of same polynomials is 1 and of different
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polynomials is 0) we find

d † =
m
∑

i=1

xi

∂

∂ yi
.

The Casimir we want is

d †d =
∑

i

xi

∂

∂ xi
−
∑

i , j

xi yj

∂

∂ yi

∂

∂ x j
.

This has a nice expression in terms of the following spin model

d †d =
∑

n ,p

(−1)n−p a †
n ap =

1

4

∑

p ,n

(−1)n+p
�

σ1
nσ

1
p +σ

2
nσ

2
p

�

− 1

2

∑

p

σ3
p .

If we further define

σ̃i
n =

�

σ3
n

�n
σi

n

�

σ3
n

�n

we map this into the AdS giant problem

d †d =
∑

n ,p

(−1)n−p a †
n ap =

1

4

∑

p ,n

�

σ̃1
nσ̃

1
p + σ̃

2
nσ̃

2
p

�

− 1

2

∑

p

σ̃3
p = J̃2− J̃ 3

�

J̃ 3+1
�

.

To get the sphere giant dilatation operator we will simply need to rewrite the formulas for

the intertwiners and Γ ((n , n +1)) in terms of the σ̃i and then trace. The computations in

this case are parallel to those in section 3.43.4. I1 and I2 are unchanged; I3 and I4 each pick up a

minus sign. Since they always appear together, this change does not affect the answer for the

dilatation operator at all. As far as Γ ((n , n +1)), it continues to swap the first and last slots.

If m is even, Γ ((n , n +1)) just picks up a minus sign and hence, since Γ ((n , n +1)) always

appears twice, the dilatation operator is unaffected. When m is odd only the elements of

Γ ((n , n +1))which are on the diagonal change sign. The intertwiners I1, I2 only pick up on

the diagonal elements and the intertwiners I3, I4 only pick up off the diagonal elements.

Thus, we only ever get products of off diagonal elements of Γ ((n , n +1))with off diagonal

elements of Γ ((n , n +1)) or products of on the diagonal elements of Γ ((n , n +1))with on the

diagonal elements of Γ ((n , n +1)). Thus, even for m odd the dilatation operator is unaffected.

This proves that

Tr
��

ΓR ((n , n +1)), PR→(r,s )

�

IR ′T ′
�

ΓT ((n , n +1)), PT→(t ,u )

�

IT ′R ′
�

is the same for the AdS and sphere giant cases and proves our previous observation that to

get sphere from AdS we just replace factors like N + b0+ b1 7→N − b0− b1. We can thus use
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exactly the same method as for AdS case. Consider the restricted Schur polynomial χR ,(r,s )

where all Young diagrams have at most two columns. The J̃
2 = j ( j +1) quantum number

again specifies the shape of the Young diagram s that organizes the impurities. Suppose

s has N1 boxes in the first column and N2 boxes in the second column, then 2 j =N1−N2.

The j 3 quantum number again determines how many boxes are removed from the first and

second columns of R to produce r . Let n1 denote the number of boxes removed from the first

column and n2 the number of boxes removed from the second column, then 2 j 3 = n1−n2.

The dilatation operator is thus

D Oj , j 3(b0, b1) = g 2
YM

�

−1

2

�

m − (m +2)( j 3)2

j ( j +1)

�

∆Oj , j 3(b0, b1)

+
( j + j 3+1)( j − j 3+1)

2( j +1)

√

√ (m +2 j +4)(m −2 j )
(2 j +1)(2 j +3)

∆Oj+1, j 3(b0, b1)

+
( j + j 3)( j − j 3)

2 j

√

√ (m +2 j +2)(m −2 j +2)
(2 j +1)(2 j −1)

∆Oj−1, j 3(b0, b1)

�

where

∆O (b0, b1) =
Æ

(N − b0− b1)(N − b0) (O (b0+1, b1−2) +O (b0−1, b1+2))

− (N − b0)O (b0, b1)− (N − b0− b1)O (b0, b1). (3.13)

3.6 Diagonalization of the Dilatation Operator

In this section, I introduce a transformation that reduces the dilatation operator to a set of

decoupled oscillators. The transformation is constructed by solving a three-term recursion

relation. This three-term recursion relation is nothing but the recursion relation of certain

Clebsch-Gordan coefficients. This allows the construction of operators with a good scaling

dimension in terms of Hahn polynomials. In the limit that the number of impurities is

very large, these wave functions become the wave functions of the 2-dimensional radial

oscillator.
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3.6.1 The j 3 = 0 Case and the Corresponding Discrete Wave Equation

For the j 3 = 0 case, the action of the dilatation operator is

D Oj ,0(b0, b1) = g 2
YM

�

−m

2
∆Oj ,0(b0, b1) +

j +1

2

√

√ (m +2 j +4)(m −2 j )
(2 j +1)(2 j +3)

∆Oj+1,0(b0, b1)

+
j

2

√

√ (m +2 j +2)(m −2 j +2)
(2 j +1)(2 j −1)

∆Oj−1,0(b0, b1)

�

(3.14)

where

∆O (b0, b1) =
Æ

(N + b0)(N + b0+ b1) (O (b0+1, b1−2) +O (b0−1, b1+2))

− (2N +2b0+ b1)O (b0, b1).

Now make the following ansatz for the operators of good scaling dimension

∑

b1

f (b0, b1)Op (b0, b1) =
∑

j ,b1

Cp ( j ) f (b0, b1)Oj ,0(b0, b1) (3.15)

and require that

−αp Cp ( j ) =−
m

2
Cp ( j ) +

j +1

2

√

√ (m +2 j +4)(m −2 j )
(2 j +1)(2 j +3)

Cp ( j +1)

+
j

2

√

√ (m +2 j +2)(m −2 j +2)
(2 j +1)(2 j −1)

Cp ( j −1). (3.16)

The dilatation operator changes neither the number of Z fields (n) nor the number of Y

fields (m). Since n = 2b0+b1 we do not sum over b0 and b1 independently in (3.153.15). Further,

b1 only takes odd or even values. The action of the dilatation operator then reduces to

D Op (b0, b1) =−αp g 2
YM

�Æ

(N + b0)(N + b0+ b1)
�

Op (b0+1, b1−2) +Op (b0−1, b1+2)
�

−(2N +2b0+ b1)Op (b0, b1)
�

. (3.17)

Reducing the dilatation operator to a set of decoupled oscillators amounts to determining

the coefficients Cn ( j ) and the values of αn , by solving the recursion relation (3.163.16). Now,

introduce the Clebsch-Gordan coefficients

C j1 , j2 , jT
m1 ,m2 ,mT

=



jT , mT

�

� j1, m1, j2, m2

�
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which couples the state with two angular momenta j1 and j2 to a state with good total angular

momentum jT . The eigenvalue of the 3-component of angular momentum is denoted in

the above using an m . The recursion relation for the Clebsch-Gordan coefficients is

�

2n −m

2

�

C
m
4 , m

4 , j

n−m
4 , m

4 −n ,0 =
j +1

2

√

√ (m −2 j )(m +2 j +4)
(2 j +1)(2 j +3)

C
m
4 , m

4 , j+1

n−m
4 , m

4 −n ,0

+
j

2

√

√ (m −2 j +2)(m +2 j +2)
(2 j +1)(2 j −1)

C
m
4 , m

4 , j−1

n−m
4 , m

4 −n ,0.

It is now clear that the solution to the recursion relation is Cp ( j ) = (−1)− j C
m
4 , m

4 , j

p−m
4 , m

4 −p ,0 with

m the number of impurities and

−αp =−2p = 0,−2,−4, . . . ,−m .

From the rules for coupling angular momentum, for the j 3 = 0 case, the range of p is 0≤ p ≤
m/2. The energy spacing of the oscillators in the 1−2-directions are 4αp g 2

YM = 8p g 2
YM. Thus,

in this j 3 = 0 case we obtain m/2+1 oscillators with frequencies 0, 8g 2
YM, 16g 2

YM, . . . , 4mg 2
YM.

The “eigenfunctions” Cp ( j ) are given by Clebsch-Gordan coefficients, or equivalently by

(dual) Hahn polynomials, reviewed for example in [7979]. They can be written in terms of the

hypergeometric function 3F2 as

Cp ( j ) = (−1)
m
2 −p

�m

2

�

!

√

√

√

2 j +1
�

m
2 − j

�

!
�

m
2 + j +1

�

!
3F2

�− j , j +1, −p

−m
2 , 1

; 1

�

where the range of j and p are 0≤ j ≤m/2 and 0≤ p ≤m/2, respectively. The lowest energy

eigenfunction corresponds to the BPS states. I have fixed the number of Y s to be m = γN

with γ≪ 1 and b1 =O (N ) so that
m

b1
∼ γ≪ 1.

This is the condition needed to ensure the dramatic simplifications of Young’s orthogonal

representation. We can think in terms of a double scaling limit m→∞ and b1 ∼N →∞
keepingγ small and fixed. In this limit 3F2

�− j , j+1, −p
−m/2, 1 ; 1

�→ Lp

�

2 j 2/m
�

with Lp (·) the Laguerre

polynomial, so that

Cp ( j )→ (−1)
m
2 −p

√

√ 2

m

p

2 j +1 e −
j 2

m Lp

�

2 j 2

m

�

with 0≤ j ≤ m

2
.
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These coefficients become the wave function of the 2-dimensional radial Harmonic

oscillator for the s -wave, i.e. without a centripetal force

1

2

�

−1

r

∂

∂ r

�

r
∂

∂ r

�

+ r 2
�

Cp (r ) = (2p +1)Cp (r ) (3.18)

where r = j
p

2/m takes values in 0≤ r ≤pm/2 and Cp (r ) =Cp ( j )/
p

r in the continuum

limit. This is a radial oscillator in two dimensions (the 3− 4-directions) with the energy

levels labeled by integer p . What is the dual interpretation of these wave functions? To

answer this we need to know how r maps into the spacetime description of the dual physics.

Since r is a scaled version of j , different values of the r coordinate correspond to different

Young diagrams organizing the impurities. These Young diagrams all have two rows. Based

on our experience with the half-BPS case, it seems natural to associate each row to one of

the giant gravitons. We will simply assume that this is the correct interpretation; this point

certainly deserves further study. Recalling that Y =φ3+ iφ4 we know that the number of Y s

in each operator tells us the angular momentum of the operator in the 3−4-plane. Denote

the two angular momenta of the two giant gravitons J Y
1 and J Y

2 . The relations between

j , m , j Y
1 and J Y

2 are

j Y
1 + J Y

2 =m , j Y
1 − J Y

2 = 2 j , j Y
1 =

m

2
+ j and J Y

2 =
m

2
− j .

j (and hence r ) is directly proportional to the difference in angular momenta of the two

states. Giving angular momentum to a graviton causes it to expand as a consequence of

[3636]. The separation between the two gravitons in the 3−4-plane will (for separations small

compared to the radii of the giants) be directly proportional to the difference in angular

momenta of the two giants. It is, therefore, natural to interpret r as a coordinate for the radial

separation between the two giants in the 3−4-plane. How large is this separation? Recall

that the radius of a giant with angular momentum J , in units of the AdS scale R is R
p

J /N .

The maximum value of the difference between the angular of the giants, j , is bounded by m

so that the length between them is always very small, ∼R
p
γ . The separation between the

giants in 3−4-direction is thus seen to be small in AdS scale units for these states, due to the

γ factor, but it can be large in string scale units. In units of the string length the separation
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between the two giants is

j

√

√ 2

m

�

g 2
YM

N

�1/4

ℓs

where in the above we used the approximation
p

m/2+ j −pm/2− j → j
p

2/m . This

separation can be an O (1) or very large length. Thus, we propose that r is a coordinate

for the radial separation between the two giants in the 3− 4-plane, and the separation

naturally ranges from the string length up to small (but non-zero) distances in units of the

AdS scale. One still needs to solve the eigenvalue problem of (3.173.17) that will determine a

“wave function” for the 1−2-plane and we see that Z =φ1+ iφ2. Thus, our operators are

described by a wave function in four dimensional space. It is rather natural to interpret

this space as the 4-dimensional Kähler base appearing in the construction of the 1/4-BPS

geometries in [6464, 8484, 8484–9090]. We see very concretely the emergence of local physics on

the 4-dimensional space from the system of Young diagrams labeling the restricted Schur

polynomial. This is strongly reminiscent of the half-BPS case where the Schur polynomials

provide wave functions for fermions in a harmonic oscillator potential. Additionally, these

wave functions naturally reproduce features of the geometries and the phase space in [1414]

(for a review see for example [9191]).

In the case of the two matrix model we study here it is not true that the matrices Z and

Y commute. For this reason, we cannot simultaneously diagonalize these matrices and

there is no analog of the eigenvalue basis that is useful for the large N dynamics of single

matrix models. For the subsystem describing the BPS states of the Z ,Y system however

[8282] has deduced that we can indeed assume that Z and Y commute in the interacting

theory and hence these systems should have a description in terms of eigenvalues. Further,

the eigenvalue dynamics is again supposed to be dynamics in an oscillator potential with

repulsions preventing the collision of eigenvalues. We have described a part of the BPS

sector (as well as non-BPS operators) among the operators we have studied. In the case of

a single matrix it is possible to associate the rows of the Young diagram labeling a Schur

polynomial with the eigenvalues of the matrix. This connects the eigenvalue description

and the Schur polynomial description for single matrix models. Are the oscillators we find
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Figure 3.1: A comparison between (3.193.19) (red) and the numerically computed eigenfunction for
m = 600 (blue). The agreement is clearly excellent.

here a signal of simple underlying eigenvalue dynamics? Is there a connection between the

Young diagram labels and eigenvalues?

I shall now study in detail the state with p = 0 so that α0 = 0, i.e. a BPS state. This is the

ground state of the wave equation (3.183.18). In this case, since 3F2

�− j , j+1, 0
−m/2, 1 ; 1

�

= 1,

C0( j ) = (−1)
m
2

�m

2

�

!

√

√

√

2 j +1
�

m
2 − j

�

!
�

m
2 + j +1

�

!
for 0≤ j ≤ m

2
.

If we now consider the large m regime,

C0( j )→ (−1)
m
2

�m

2

�− 1
2 p

2 j +1 e −
j 2

m for 1≪m and 0≤ j ≪m . (3.19)

This formula agrees beautifully with the numerically obtained eigenfunctions - see Figure 3.13.1

for a comparison.

Another interesting eigenfunction to consider is

C m
2
( j ) =

�m

2

�

!

√

√

√

2 j +1
�

m
2 − j

�

!
�

m
2 + j +1

�

!
2F1

�− j , j +1

1
; 1
�

.

Using the identity

2F1

�

j , j +1

1
;

1

2
(1− z )

�

= Pj (z )
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Figure 3.2: A comparison between the numerically computed C0( j ) (blue) and Cm/2( j ) (red) for
m = 600. The two solutions are clearly identical up to the alternating signs in Cm/2( j ), exactly as
predicted by the analytic expressions for the eigenfunctions.

where Pj (z ) is a Legendre polynomial and Pj (−1) = (−1) j , we find

C m
2
( j ) = (−1) j

�m

2

�

!

√

√

√

2 j +1
�

m
2 − j

�

!
�

m
2 + j +1

�

!
for 0≤ j ≤ m

2
.

If we now consider the large m regime,

C m
2
( j )→ (−1) j

�m

2

�− 1
2 p

2 j +1 e −
j 2

m for 1≪m and 0≤ j ≪m . (3.20)

This eigenfunction produces an oscillator with a level spacing of 4mg 2
YM. It is interesting

to compare (3.193.19) and (3.203.20): there are alternating minus signs, i.e. (−1) j in (3.203.20) for

superposing j -states, while there are same signs in (3.193.19) for superposing j -states; these

different phases produce vastly different eigenvalues for the two states. This again agrees

very well with the numerically computed eigenfunctions. I have compared the numerically

computed C0( j ) and Cm/2( j ) in Figure 3.23.2.
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3.6.2 The Arbitrary j 3 Case and the Corresponding Discrete Wave

Equation

For arbitrary j 3, we make the following ansatz for the operators of good scaling dimension

∑

b1

f (b0, b1)Op , j 3(b0, b1) =
∑

j ,b1

Cp , j 3( j ) f (b0, b1)Oj , j 3(b0, b1)

Repeating the arguments in the Section 3.6.13.6.1, we find that the Op , j 3(b0, b1)’s satisfy the

recursion equation (3.173.17) with the prefactor given by −αp , j 3 . We also obtain the following

recursion relation

−αp , j 3 Cp , j 3( j ) =
( j + j 3+1)( j − j 3+1)

2( j +1)

√

√ (m +2 j +4)(m −2 j )
(2 j +1)(2 j +3)

Cp , j 3( j +1)

+
( j + j 3)( j − j 3)

2 j

√

√ (m +2 j +2)(m −2 j +2)
(2 j +1)(2 j −1)

Cp , j 3( j −1)

− 1

2

�

m − (m +2)( j 3)2

j ( j +1)

�

Cp , j 3( j ).

This equation has a j 3→− j 3 symmetry, and we will solve for both the 0≤ j 3 case and the

j 3 ≤ case. The range for j is

0≤ �� j 3
�

�≤ j ≤ m

2
.

The eigenfunctions Cp , j 3( j )which solve the recursion relation are easily expressed in terms

of the hypergeometric function 3F2,

Cp , j 3( j ) = (−1)
m
2 −p

�m

2

�

!

√

√

√

2 j +1
�

m
2 − j

�

!
�

m
2 + j +1

�

!
3F2

� | j 3| − j , j + | j 3|+1, −p
�

� j 3
�

�− m
2 , 1

; 1

�

(3.21)

where the range of j and p are
�

� j 3
�

� ≤ j ≤ m/2, 0 ≤ p ≤ m/2− �� j 3
�

�, and the associated

eigenvalues are

−αp , j 3 =−2p = 0,−2,−4, . . . ,− �m −2
�

� j 3
�

�

�

.

This implies an energy spacing for the oscillators in 1− 2-direction of 4αp g 2
YM = 8p g 2

YM.

Thus, for a given value of j 3 we obtain m/2− | j 3|+1 oscillators with frequencies 0, 8g 2
YM,

16g 2
YM, . . . , (4m −8| j 3|)g 2

YM. The lowest energy eigenfunction corresponds to the BPS states.

The eigenfunctions (3.213.21) are related to the Hahn polynomials which are defined by

Qn (x ;α,β , N ) = 3F2

�−n , n +α+β +1, − x

α+1, −N
; 1
�

for n = 0, 1, 2, . . . , N .
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The Hahn polynomials are well known to be closely related to the Clebsch-Gordan

coefficients of SU (2) [9292, 9393].

One can take a double scaling limit, so that m →∞, b1 →∞, m/b1 ∼ γ ≪ 1, and

j
p

2/m becomes a continuous variable. In this limit

3F2

� | j 3|− j , 1+ j+| j 3|, −p
| j 3|−m/2, 1 ; 1

�

→ Lp

�

2
�

j 2− | j 3|2�/m�

with Lp (·) the Laguerre polynomial. If we

define the continuous variables u0 = j 3
p

2/m , r = j
p

2/m , r 2 = u 2 + u 2
0 , and | j 3 ≤ j |,

then we obtain the following differential equation as the continuous approximation of the

difference equation

1

2

�

− 1

u

∂

∂ u

�

u
∂

∂ u

�

+u 2
�

Cp ,u0
(u ) = (2p +1)Cp ,u0

(u ).

In this equation Cp ,u0
= Cp , j 3( j )/

p
r . Note that one can always introduce an overall

(normalization) factor in Cp ,u0
. This limit captures the continuous limit that we took when

replacing the hypergeometric function 3F2 with the Laguerre polynomial

Lp

�

2( j 2− | j 3|2)/m�

,

Cp , j 3( j )→ (−1)
m
2 −p

√

√ 2

m

p

2 j +1 e −
j 2−| j 3 |2

m Lp

�

2
�

j 2− | j 3|2�

m

�

where I have introduced an overall normalization factor.

For fixed m , j 3 ranges from 0≤ | j 3| ≤m/2. For the extreme case j 3 =±m/2, there is only

one oscillator with zero frequency. All states of the corresponding oscillator are BPS states.

Another extreme case is j 3 = 0. The eigenfunctions obtained in this section nicely recover

the results of Section 3.6.13.6.1 and we see that both the j 3 = 0 and j 3 ̸= 0 cases are captured by

the eigenfunctions described in this section.

For a general j 3, the lowest energy state is given by the p = 0 eigenfunction

Cp=0, j 3( j ) =
�m

2

�

! (−1)
m
2

√

√

√

2 j +1
�

m
2 − j

�

!
�

m
2 + j +1

�

!
. (3.22)

The lowest energy eigenfunction corresponds to the BPS states. The highest energy state is

Cp=m
2 −| j 3|, j 3( j ) =

�m

2

�

! (−1) j
�

j + | j 3|
j − | j 3|

�

√

√

√

2 j +1
�

m
2 − j

�

!
�

m
2 + j +1

�

!
, (3.23)
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Figure 3.3: A comparison between the numerically computed Cp=m/2−| j 3|, j 3 ( j ) (blue) and the analytic
formula (3.243.24) (red) for m = 120 and j 3 = 4. The agreement is clearly excellent.

where, to obtain this simple result, we have used the formulas relating the hypergeometric

function and the Jacobi polynomial P 0, 2| j 3|
j−| j 3| (z ):

2F1

�

2

| j 3| − j , j + | j 3|+1
; 1
�

1

2
(1− z ) = P 0, 2| j 3|

j−| j 3| (z ), P 0, 2| j 3|
j−| j 3| (−1) = (−1) j−| j

3|
�

j + | j 3|
j − | j 3|

�

.

This eigenfunction (3.233.23) corresponds to an oscillator in the 1−2-directions with the largest

energy spacing of (4m −8| j 3|)g 2
YM in this specific j 3 sector.

It is interesting to compare (3.223.22) and (3.233.23). There are two main differences. One is

the extra alternating signs (−1) j in (3.233.23) for superposing j -states. This is familiar from the

j 3 = 0 results. Another difference is the extra factor
�

j+| j 3|
j−| j 3|

�

which tends to 1 when j → | j 3|
and tends to j 2| j 3|/(2| j 3|)! when | j 3| ≪ j . Of course, in the special case j 3 = 0 we recover the

eigenfunctions discussed in Section 3.6.13.6.1.

One can also look at the large m regime of the eigenfunction (3.233.23) which behaves as

Cp=m
2 −| j 3|, j 3( j )→ (−1) j

�m

2

�− 1
2

p

2 j +1

Γ
�

2| j 3|+1
�

Γ
�

j + | j 3|+1
�

Γ
�

j − | j 3|+1
�e −

j 2

m (3.24)

for 1≪m , | j 3| ≤ j ≪ m
2 , and where Γ (·) is the gamma function. Notice that in both the limit

j → | j 3| and the limit | j 3| ≪ j the eigenfunction behaves nicely. The numerically generated

eigenfunctions are compared with the exact eigenfunctions in Figure 3.33.3.
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3.7 Discussion

In summary we have found that: For an even number of impurities (m = 2n ), we obtain a

set of oscillators with frequencyωi and degeneracy di where

ωi = 8i g 2
YM, di = 2(n − i ) +1 and i = 0, 1, . . . , n .

For an odd number of impurities (m = 2n +1), we obtain a set of oscillators with frequency

ωi and degeneracy di with

ωi = 8i g 2
YM, di = 2(n − i +1) and i = 0, 1, . . . , n .

This is exactly the spectrum that was conjectured in [4242]. In this chapter, I have analytically

explained the degeneracies of the oscillators.

It is useful to review the salient features of our results. The operators I consider, restricted

Schur polynomials, are composed of order N Y s and order N Z s. Consequently, the large

N spectra are obtained by summing both planar and nonplanar diagrams. The nonplanar

diagrams can not be neglected. Recall that the restricted Schur polynomial χR ,(r,s ) is labeled

by the three Young diagrams R , r and s , containing n +m boxes, n boxes and m boxes,

respectively. We have traded these labels for the integers j (which specifies s ), b0, b1 (which

specify r ) and j 3 (which specifies how R and r, s are related). By focusing on the family of

operators labeled using two column/row Young diagrams and with fixed numbers of Z s

and Y s we have simplified the action of the dilation operator to two recursion relations, one

in the b0, b1 variables and one in the j variables. A crucial ingredient in this construction

is the construction of the projector P used in defining the restricted Schur polynomial.

This construction is achieved by mapping each Young diagram s onto a unique state of a

spin-chain with m spin variables. The computation of the projector is then reduced to the

problem of coupling the individual spins in the spin model to obtain a good total spin.

The operators I have studied include both BPS and non-BPS states. The zero eigenvalue

states are the BPS states. We find a discrete wave equation in the 3 − 4-directions

(corresponding to Y ) arising from the recursion relation involving j . The associated

“energy levels” are labeled by an integer p and set the parameter αp which determines the
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frequencies of the oscillators described by a second discrete wave equation in the

1−2-directions (corresponding to Z ). This second wave equation arises from the recursion

relation involving b0 and b1. The associated energy levels are described in detail at the start

of this section. We have interpreted these states as the oscillations of the relative positions

of the two giant graviton branes. These results give a gauge theory description of the giant

graviton brane worldvolume physics.

Thanks to the cut-off on the number of rows in the Young diagram, the sphere giants

form a cleanly decoupled sector. The same is not true of the AdS giants. The fact that the

AdS giants do not decouple at large N as cleanly as the sphere giants did, has not caused

any problems. Indeed, we have checked that all of the low lying energy levels correspond to

combinations of operators with all of their support on operators labeled by Young diagrams

with two long rows.

The spectra for the AdS giants and sphere giants are closely related. This similarity

between the spectra goes even further: we have proved that the action of the dilatation

operator on sphere giants is related to its action on AdS giants upon making the substitution

N + b →N − b . It would be nice to study this property in more detail.

There are a number of new features of these results that deserve comment. The spectrum

we obtain is that of a set of oscillators with frequency some multiple of 8g 2
YM. It is somewhat

unusual to find a dependence on g 2
YM itself at large N - we are used to the combination which

defines the ’t Hooft coupling λ= g 2
YMN . These one loop results suggest that we can hold

g 2
YM small but fixed. If we take the usual ’t Hooft limit, g 2

YM→ 0 and we obtain a continuous

spectrum. The discrete spectra are obtained in a limit that is not the usual ’t Hooft limit.

It would be very interesting to study the dilatation operator to two loops and see if this

dependence on g 2
YM, with no dressing by factors of N to some power, persists. Another

possibility is that we have an SU (2) gauge symmetry for the sector of the operators with

two columns or two rows, and the associated ’t Hooft coupling is 2g 2
YM. The factor 2 may be

understood as the number that multiplies the effective tension of the two coincident brane

system.
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The group SU (2) has played a central role. It appears in at least three (apparently)

unrelated ways

• The projectors PR→(r,s ) were written in terms of SU (2) Clebsch-Gordan coefficients.

There is a natural action of SU (2) defined by a map to the spin-chain (see sections 3.43.4

and 3.53.5.

• The eigenvalue problem for the Z oscillator has been solved in terms of symmetric

Kravchuk polynomials. The symmetric Kravchuk polynomials satisfy a difference

equation that follows from the raising and lowering relations between SU (2) states

e.g. [7979].

• The eigenvalue problem for the Y oscillator has been solved in terms of Hahn

polynomials. Hahn polynomials are closely related to the Clebsch-Gordan

coefficients of SU (2).

Since we deal with a two giant graviton system, the worldvolume theory will have an SU (2)

gauge symmetry. Could this be related to the SU (2) groups we found above? It would be

interesting to study their relation.

The SU (2)s found above are not related to the global SU (2) subgroup of theR-symmetry,

which rotates Y and Z fields into each other. Indeed, the global SU (2) rotates Y and Z

fields into each other so that their action mixes operators with different values of m and

n . The SU (2)s found above all have an action within a given m and n . It would be very

interesting to understand this further. This may well shed further light on the integrability

we have uncovered in this chapter.

Subsequent to this work, [4646] provided an interesting extension of this analysis to the

SU (3) sector by considering restricted polynomials of the form

χR ,(r,s ,t )

�

Z ⊗n , Y ⊗m , X ⊗p
�

=
1

n ! m ! p !

∑

σ∈Sn+m+p

Tr(r,s ,t ) (Γr (σ))X
i1
iσ(1)
· · ·X ip

iσ(p )
Y

ip+1

iσ(p+1)
· · ·Y ip+m

iσ(p+m )

×Z
ip+m+1

iσ(p+m+1)
· · ·Z ip+m+n

iσ(p+m+n )
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comprising n Z fields, m Y fields and p X fields where R is a Young diagram with two rows

or two columns. The two point correlation function of restricted Schur polynomials in the

SU (3) sector was computed in [6767]




χR ,(r,s ,t )(Z , Y , X )χR ,(r,s ,t )(Z , Y , X )†
�

=δR ,(r,s ,t ),T ,(u ,v,w ) fR

hooksR

hooksr hookss hookst

and the corresponding normalized operators are given by

χR ,(r,s ,t )(Z , Y , X ) =

√

√

fR

hooksR

hooksr hookss hookst
OR ,(r,s ,t )(Z , Y , X )

The one loop dilatation operator acting on the SU (3) sector is now the sum of one loop

dilatation operators in each SU (2) subsector of the SU (3)

D =−g 2
YM (Tr ([Y , Z ] [∂Y ,∂Z ]) +Tr ([X , Z ] [∂X ,∂Z ]) +Tr ([Y , X ] [∂Y ,∂X ])) .

The action of the dilatation operator on the normalized operators OR ,(r,s ,t )(Z , Y , X ) is given

by the sum of actions over each SU (2) subsector

D OR ,(r,s ,t )(Z , Y , X ) =
∑

T ,(u ,v,w )

NR ,(r,s ,t );T ,(u ,v,w )OT ,(u ,v,w )(Z , Y , X )

where

NR ,(r,s ,t );T ,(u ,v,w ) =−
∑

R ′

g 2
YMcR R ′dT

dR ′ du dv dw (n +m +p )

√

√ fT hooksT hooksr hookss hookst

fR hooksR hooksu hooksv hooksw

×�mp Tr
��

ΓR ((1, p +1)), PR→(r,s ,t )

�

IR ′T ′
�

ΓT ((1, p +1)), PT→(u ,v,w )

�

IT ′R ′
�

+np Tr
��

ΓR ((1, m +p +1)), PR→(r,s ,t )

�

IR ′T ′
�

ΓT ((1, m +p +1)), PT→(u ,v,w )

�

IT ′R ′
�

+nm Tr
��

ΓR ((m +p +1, p +1)), PR→(r,s ,t )

�

IR ′T ′
�

ΓT ((m +p +1, p +1)), PT→(u ,v,w )

�

IT ′R ′
�	

and the coefficients cR R ′ , Young diagram labels R , R ′, and T , T ′ and intertwiners IR ′T ′ and

IT ′R ′ are defined as those in (3.23.2). The relevant new feature in this expression are the the

group elements of Sn+m+p that act on matrix indices in each trace. A similar analysis to that

provided in this chapter results is a five term recursion relation that is also solved by the

Kravchuk and Hahn polynomials.

In the next chapter, I consider a generalization of this construction to generating

functions of the two giant graviton bound states and study the action of the dilatation

operator on these generating functions.
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Chapter 4

Multi-Giants Generating Functions

In this chapter, I shall generalize the arguments from the previous chapter. I shall construct

generating functions for operators dual to systems of giant gravitons with open strings

attached. These operators have a bare dimension of order N so that the usual methods used

to solve the planar limit are not applicable. The generating functions are given as integrals

over auxiliary variables, which implement symmetrization and antisymmetrization of the

indices of the fields from which the operator is composed. Operators of a good scaling

dimension (eigenstates of the dilatation operator) are known as Gauss graph operators.

These generating functions give a simple construction of the Gauss graph operators which

were previously obtained using a Fourier transform on a double coset. The new description

provides a natural starting point for a systematic 1/N expansion for these operators as well

as the action of the dilatation operator on them, in terms of a saddle point evaluation of

their integral representation.

4.1 Introduction

The AdS/CFT correspondence has generated significant progress in understanding both

quantum gravity in negatively curved spacetimes, as well as strongly coupled Yang-Mills

theory [11–33]. For observables with a dimension that is fixed as we take N →∞ integrability

was discovered [44, 1919] giving unprecedented control, at both weak and strong coupling, over
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the planar limit of the theory. For these observables, a complete matching with the dual

string is evident (see, for example, [9494]) and we now know an exquisite matching between

string states in the gravity Hilbert space and single trace gauge invariant operators in super

Yang-Mills theory.

There are many observables whose bare dimensions scale with a power of N as we

take N →∞, that are of interest in holography. These operators are very heavy states and

they probe non-perturbative aspects of the dual string theory. Nice examples include giant

gravitons [2929, 3737, 9595]which are dual to operators constructed with order N fields [1313, 3333, 5252],

and new spacetime geometries which are dual to operators constructed using order N 2

fields [1414]. The construction of the large N expansion for these operators is not straight

forward. We do not have a nice analogue of the statement that Feynman diagrams become

ribbon graphs and that the genus of the graph determines the dependence on N . The basic

problem is that the number of ribbon graphs of a given genus is now dependent on N so

that the N dependence is no longer determined by the genus of the ribbon graph being

summed. The combinatorics is much more involved and there does not seem to be a nice

subset of diagrams that, if summed, produce the leading effect at large N .

Without a better understanding of how to perform a systematic approximation, one

could try to sum everything, producing results that are exact to all orders in 1/N . Remarkably,

the article [1313] showed that this can actually be done in practice, for the free theory. A key

insight of [1313]was to show that the combinatorics of ribbon graphs can be reformulated

using symmetric groups and their characters. This initiated an active area of research,

opening new directions that are still being developed. The original article [1313] showed

that Schur polynomials provide a basis for the local gauge invariant operators, that they

diagonalize the free field two-point function and that the free field two-point function can

be explicitly computed, to all orders in 1/N . In addition, all extremal correlators were also

explicitly computed, again to all orders in 1/N . Schur polynomials are labeled by Young

diagrams, which may have columns with a maximum length of N as well as rows that are

arbitrarily long. In the same way that there is a beautiful matching between the Hilbert

space of strings and single trace operators in the planar limit, [1313] argued for a matching
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between long columns and sphere giant gravitons, as well as between long rows and AdS

giant gravitons, generalizing and completing the observations of [3333]which related single

sphere giant gravitons to subdeterminant operators. See also [9696, 9797]. These results were

quickly generalized to multi-matrix models in a series of articles [6565–6767, 7373, 9898], as well as

to other gauge groups [9999–107107].

Giant gravitons branes can be excited by attaching open strings to them. The gauge

theory operators dual to these states are described using decorated Young diagrams [3030, 4040].

The spin chain language that worked so well for closed strings in the planar limit must be

modified when describing the open strings attached to giant gravitons. The new effect that

needs to be included is that single fields can hop between the giant graviton and onto the

string, so that we are forced to consider the dynamics of a spin chain defined on a dynamical

lattice. A creative solution to this problem was put in place in [108108, 109109] for strings attached

to single sphere giant gravitons, and then extended to more general brane bound states in

[3131, 3232]. By now, a compelling physical picture is evident [110110–115115].

As we have just discussed, combinatorial approaches based on permutation groups

and their characters, compute correlation functions exactly to all order in 1/N . This is a

valuable source of information and has stimulated a lot of progress, but it has not given

any guidance into how to develop a systematic 1/N expansion to the physics of excited

giant graviton systems. Since we do not expect any except the most symmetric problems

to be exactly solvable, this is an obstacle to progress. One attempt at a simplification has

been to use a displaced corners approximation [4343, 4444]. The idea is that the physics of the

open strings should simplify in the limit in which the giant gravitons are well separated in

spacetime. This corresponds to a limit in which the lengths of distinct rows (or columns) of

the Young diagram differ by an amount ∼N . In this limit one can simplify the description

of the operators considered, at large N [4343, 4444], and some mixing problems can be solved

exactly [4545, 116116]. There is a nice harmony between these results and another complimentary

approach, based a coherent state description of the giant gravitons [117117–120120]. However,

these small steps do not really improve the situation and a systematic 1/N expansion of the
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giant plus open string physics, in which, for example, we see the splitting and joining of

open strings, remains to be developed.

An important recent development for the case of maximal giants was reported in the

series of articles [121121–123123]. The maximal giant graviton is described by a determinant.

The idea of [121121–123123] is to write the determinant as a fermionic integral. The rewriting

replaces the symmetric group projector onto the representation given by a column of

length N , written in terms of symmetric group characters, with an integral over some new

auxiliary Grassmann fields. By writing the symmetric group projector as an integral one

opens the possibility of performing a saddle point analysis which can provide the starting

point for a systematic 1/N expansion. Similar integrals have been constructed for the

projectors onto representations labeled by a single column or row, with an arbitrary length

[124124, 125125]. Another development [126126–128128], which is closely related, has shown that many

of the results from the combinatorial approach can be reproduced by writing suitable

generating functions of coherent states as a matrix integral. In some cases these matrix

integrals are related to the well known Harish-Chandra-Itzykson-Zuber integral and can

be computed using localization. In this approach, non-trivial combinatorial information

is repackaged in the manipulations of the coherent state generating function. This is a

promising development, relevant to systematic 1/N expansions for heavy operators.

The central question motivating us in this chapter, is the systematic 1/N expansion

for giant graviton systems. Physically this expansion is naturally described in terms of

splitting and joining interactions of open strings. Towards this end, we develop integral

representations for generating functions of Schur polynomials labeled by Young diagrams

that have two rows (corresponding to a bound state of two AdS giants) or two columns

(corresponding to a bound state of two sphere giants). Our approach to the 1/N expansion

entails developing a saddle point expansion of these integral representations [129129]. Apart

from this application, we will see that the new representations provide a dramatically simpler

description of excited giant graviton systems. To demonstrate this, I shall explain how to

recover known results in what follows. The class of problems we focus on is rather rich

because a bound state of two giant gravitons is described by interesting dynamics. The
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worldvolume theory of p branes is a U (p ) gauge theory [2727], so in this situation with p = 2

the effective Hamiltonian coming from the dilatation operator should reproduce a U (2)

non-Abelian gauge theory [4040, 130130]. To verify this expectation, we must necessarily correctly

describe the splitting and joining of open strings, suggesting that this two giant bound state

system is a good testing ground for the methods we are trying to develop.

Constructing the operators dual to a bound state of two giant gravitons requires

symmetric group projectors labeled by Young diagrams that have two columns or two rows.

The key new progress reported in this chapter starts with the construction of an integral

representation for these projectors. To motivate the construction, in Section 4.24.2 I shall

describe how Schur polynomials are constructed using Young projectors. It is the Young

projectors that can be given an integral representation. Since there is a direct connection

between Schur polynomials and characters of the symmetric group, the same integral

representations also provide new formulas for character generating functions. A simple

generalization beyond the case of a single matrix produces integral representations for

operators that are dual to excited giant graviton bound states. A detailed comparison of the

operators constructed show that they correspond to the Gauss graph operators discovered

in [4545, 116116]. We further develop this connection in Section 4.34.3, where we evaluate the action

of the dilatation operator on the excited giant graviton bound states. I discuss these results

and suggest how they might be extended in Section 4.44.4. Appendix BB collects technical

details needed to perform the computations discussed in the body of this chapter.

4.2 Projectors and Generating Functions

Half-BPS operators inN = 4 super Yang-Mills theory, dual to a system of giant graviton

branes, are given by Schur polynomials χR (Z ). The label R is a Young diagram with at most

N rows. Each long column 11 in the Young diagram corresponds to a sphere giant graviton

1By a “long column” of a Young diagram R , we mean a column that has order N boxes in it. The number
of boxes in each column is bounded by N . Similarly, a “long row” refers to a row with order N boxes. Row
lengths are unbounded.
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and each long row to an AdS giant graviton 22. An innovative framework for thinking about

the construction of these Schur polynomials and their correlation functions, was developed

in [6868] where the role of projection operators was stressed and an elegant diagrammatic

formalism was established. The relevant projection operators used to construct an operator

composed of n Z fields can be written in terms characters of the symmetric group Sn , as

well as permutations acting on V ⊗n where V is the vector space that the matrix Z acts

on. These characters and permutations are determined by the Young diagram R of the

Schur polynomial as well as the number n of fields in the operator. The parameter N does

not enter transparently in the construction 33. Consequently, simplifications as N →∞
are not immediate and it is not clear how one would pursue a systematic 1/N expansion.

To go beyond the half-BPS operators, we need to go beyond the single matrix Z sector.

The simplest way to do this is by constructing operators which are systematically small

deformations of the half-BPS operators. These are nice systems to study as we expect that

they will be simpler than the generic system that might be considered. In the dual gravity

description, the giant graviton system is excited by attaching open strings to the giant

gravitons. These generalizations also have a nice description in terms of projectors which

proves useful when evaluating correlation functions and matrix elements of the dilatation

operator, but again it is not obvious how a systematic large N expansion can be developed.

In this section we briefly review the projection operator construction and its relation to

Young symmetrizers. The language of Young symmetrizers gives a construction of the

projectors which employs simple symmetrization and antisymmetrization operations on

the indices of the Z fields appearing in the operator. Since these operations can be realized

by introducing extra fermionic and bosonic auxiliary fields, we are able to construct an

integral representation for the projection operators. More precisely, the integral

representation gives a generating function for all Schur polynomials with two rows or two

columns. This novel generating function provides a starting point for a systematic saddle

point approximation. The generating function can also be interpreted as a generating

2Recall that a giant graviton is a spherical S 3 brane that carries a D3-brane dipole moment and the same
quantum numbers as a point graviton. A sphere giant graviton is one for which the worldvolume S 3 ⊂ S 5,
while an AdS giant graviton is one for which S 3 ⊂AdS5.

3N does appear as a cut-off on the number of rows of R .
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function for characters, suggesting that one might be able to generate a systematic 1/N

expansion of the characters themselves. There are natural ways to generalize the

generating functions of Schur polynomials, to generating functions describing the Schur

polynomials with strings attached. Remarkably, as we will demonstrate, the operators

constructed in this way have an immediate and direct connection to other constructions of

excited giant graviton operators based on restricted Schur polynomials and Gauss graph

operators. I shall develop this connection in the Section 4.34.3 where we evaluate the action of

the dilatation operator on the excited giant graviton states.

4.2.1 Young Symmetrizers

Consider the construction of a Schur polynomial χR which is a function of a single complex

adjoint scalar Z . The Young diagram R labeling the Schur polynomial specifies the system

of D-branes as well as an irreducible representation R of the symmetric group Sn where

n is the number of boxes in the diagram R , which is also the number of Z fields used to

construct the operator. A simple formula for the Schur polynomial employs a projection

operators PR as follows [6868]

χR (Z ) = TrV ⊗n

�

PR Z ⊗n
�

.

Here Z acts on the vector space V and both PR and Z ⊗n are linear operators mapping V ⊗n

to itself. The image of the projector corresponds simultaneously to a representation of the

symmetric group Sn and a representation of the unitary group U (N ), both labeled by the

same Young diagram 44 R . A concrete expression for the projection operator is given by 55

PR =
1

n !

∑

σ∈Sn

χR (σ)σ (4.1)

where the matrix elements of the permutationσ are given by

σi1i2···in
j1 j2··· jn

=δi1
jσ(1)
δi2

jσ(2)
· · ·δin

jσ(n )

4The projector projects to a subspace of dimension dR DimR , where dR is the dimension of symmetric
group representation R and DimR is the dimension of U (N ) representation R . States in this subspace carry
both an Sn state label and a U (N ) state label.

5As written PR is proportional to a projection operator. For a correctly normalized projection operator
obeying PR PS =δRS PR the right hand side of (4.14.1) must be multiplied by dR .
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so that

Tr
�

σZ ⊗n
�

= Z i1
iσ(1)

Z i2
iσ(2)
· · ·Z in

iσ(n )
. (4.2)

Thus, given the characters of Sn a formula for PR easily follows. These formulas can be

extended to study operators constructed using more than one matrix, making it possible to

consider perturbations of these half-BPS operators. The characters that are needed are less

well known and the combinatorics quickly becomes complicated. Nevertheless, at the level

of two-point functions we obtain a complete generalization of the Schur polynomial results

i.e. we are able to construct a complete basis for the local operators, this basis takes finite N

effects into account and this basis diagonalizes the free field theory two-point function [6767].

An alternative (but completely equivalent) approach uses the Young symmetrizer

associated to R to construct the projector PR . A Young symmetrizer is an element of the

group algebra of the symmetric group. It is an endomorphism of the vector space V ⊗n

which uses the action (4.24.2) of Sn on V ⊗n given by permuting indices. We illustrate the

Young projectors making use of a specific example. Consider a Young diagram R that has

two rows, with three boxes in the first row and two in the second. Each box corresponds to

a field. The boxes in R are labeled, with a unique integer, as follows

1 2 3
4 5

. (4.3)

There is no rule for the placement of integers in boxes, except that each box should be

assigned a unique integer. Each box corresponds to the indices of a field in Z ⊗5 as shown

below

Z i1
j1

Z i2
j2

Z i3
j3

Z i4
j4

Z i5
j5

. (4.4)

For every labeled Young diagram R we can define a “row group” for each row and a “column

group” for each column. Each row group permutes the indices in the row, in all possible

ways. Thus, for the example given in (4.34.3) the two row groups are

Grow 1 = {1, (12), (13), (23), (123), (132)} and Grow 2 = {1, (45)}

where we have written the permutations in cycle notation. The product of these groups is

denoted Grow. For the example we consider here Grow is of order 12. Similarly, the column
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groups are given by

Gcol 1 = {1, (14)} and Gcol 2 = {1, (25)}

and their product, denoted Gcol, has order 4. The Young symmetrizer is now given by

Y =
∑

σ1∈Grow

∑

σ2∈Gcol

sgn(σ2)σ1σ2

where sgn(σ) is the parity ofσ. A cycle of length 2 is called a transposition. Any permutation

can be written as a product of transpositions. A particular permutation is even or odd if it can

be expressed using an even or an odd number of transpositions. For an even permutation

sgn(σ) = 1 and for an odd permutation sgn(σ) =−1. When applied to the tensor product

(4.44.4) we find the σ2 factor above antisymmetrizes over the pairs i1, i4 and i2, i5 of indices

(i.e. the indices appearing in the columns of (4.34.3)) while theσ1 factor symmetrizes over the

i1, i2, i3 indices and over the i4, i5 indices (i.e. the indices associated to the rows of R ). After

a simple sum we find that

Tr(Y Z ⊗5) = Tr(Z 5) +2 Tr(Z 2)Tr(Z )3−4 Tr(Z )2 Tr(Z 3) +3 Tr(Z )Tr(Z 2)2

−6 Tr(Z )Tr(Z 4) +4 Tr(Z 2)Tr(Z 3).

The Schur polynomial corresponding to this Young diagram is given by

χ (Z ) =
1

5!

�

5 Tr(Z 5) +10 Tr(Z 2)Tr(Z )3−20 Tr(Z )2 Tr(Z 3) +15 Tr(Z )Tr(Z 2)2

−30 Tr(Z )Tr(Z 4) +20 Tr(Z 2)Tr(Z 3)
�

which illustrates the general formula

χR (Z ) =
dR

n !
Tr
�

Y Z ⊗5
�

. (4.5)

Thus, up to an unimportant overall constant, we can construct Schur polynomials by using

Young projectors. This observation can be used to give an integral representation of the

Young projectors needed to construct the two giant graviton bound states.
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4.2.2 Bound States of Two AdS Giants

A bound state of two AdS giants, one of momentum p1 and a second of momentum p2

with p2 ≤ p1, corresponds to a Schur polynomial labeled by a Young diagram with two rows.

There are p1 boxes in the first row and p2 boxes in the second. Denote this Young diagram

by listing row lengths, i.e. R = (p1, p2). To describe a system of two giant gravitons, both

p1 and p2 are of order N . The Young projector must symmetrize over all indices in row 1

and all indices in row 2, as well as antisymmetrize the pair of indices belonging to each

column. The symmetrization to be performed represents the bulk of the work. Fortunately,

this symmetrization of indices is easily accomplished with the help of a Gaussian integral.

Indeed, a simple application of Wick’s theorem implies that

1

πN

∫

dN φ̄

∫

dN φ e −φ̄
aφa φ̄i1φ̄i2 · · ·φ̄ikφ j1

φ j2
· · ·φ jk

=
∑

σ∈Sk

δi1
jσ(1)
δi2

jσ(2)
· · ·δik

jσ(k )

dN φ ≡
N
∏

a=1

dφa and dN φ̄ ≡
N
∏

a=1

dφ̄a .

(4.6)

To construct the generating function, we perform the antisymmetrization in each column

by hand and use (ϕi , ϕ̄i ) to symmetrize indices in the first row and (φi ,φ̄i ) to symmetrize

indices in the second row. The two giant graviton bound state generating function can then

be written as follows (as usual, repeated indices are summed)

ZAdS(t1, t2) =
∞
∑

p1=p2

∞
∑

p2=1

t 2p2
2 t p1−p2

1

(p1+p2)!
d(p1,p2) p2! (p1−p2)!

χ(p1,p2)(Z )

=

∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ
e −ϕ̄iϕi−φ̄iφi

π2N
e t1ϕ̄

i Z
j

i ϕ j+t 2
2 ϕ̄

i φ̄ j
�

Z k
i Z l

j −Z l
i Z k

j

�

ϕkφl . (4.7)

The coefficient of the Schur polynomial in the first line above combines factors arising from

power expanding the exponential on the second line above (so that t 2p2
2 comes with 1/p2!

and t p1−p2
1 comes with 1/(p1 −p2)!), as well as from the coefficient in (4.54.5). We check this

result, in Appendix B.1B.1, by performing the integral to second order in t1 and t2 and show

that we reproduce the correct formulas for the relevant Schur polynomials.

This generating function can also be interpreted as a generating function for characters

of the symmetric group Sp1+p2
in the representation labeled by Young diagram R = (p1, p2).

Permutations with a given cycle structure all belong to the same conjugacy class and the

90



character is a function on these classes. We follow the standard notation (1n1 ,2n2 , . . . , (p1+

p2)np1+p2 ) to denote the cycle structure of the permutation which has nk k -cycles. In what

follows we use the shorthand {i ni } for this cycle structure. As usual we have

p1+p2
∑

k=1

k nk = p1+p2

for permutationsσ ∈ Sp1+p2
. Denote the symmetric group Sp1+p2

character, of a permutation

with cycle structure {i ni } in irreducible representation R = (p1, p2) by χ(p1,p2)({i ni }). The

number of permutations with this cycle structure is given by

(p1+p2)!
1n1 n1! 2n2 n2! 3n3 n3! · · · (p1+p2)np1+p2 n(p1+p2)!

. (4.8)

We can then write the generating function for characters of the irreducible representations

R = (p1, p2) as follows

ZAdS(t1, t2) =
∞
∑

p1=p2

∞
∑

p2=1

∑

{ni }

t 2p2
2 t p1−p2

1

1n1 n1! 2n2 n2! · · · (p1+p2)np1+p2 n(p1+p2)!

(p1+1)!
(p1−p2+1)!

×χ(p1,p2)({i ni })Tr(Z )n1 Tr(Z 2)n2 · · ·Tr(Z p1+p2)np1+p2

where
∑

{ni } denotes a sum over the conjugacy classes of Sp1+p2
. As a simple illustration of

this formula, expanding to linear order in t1 and t 2
2 , we find

ZAdS(t1, t2) = 1+ t1χ ((·))Tr(Z ) + t 2
2χ ((·)(·))Tr(Z )2+ t 2

2χ ((··))Tr(Z 2) + · · ·

= 1+ t1 Tr(Z ) + t 2
2 Tr(Z )2− t 2

2 Tr(Z 2) + · · ·

reproducing the correct characters for S1 and S2

χ ((·)) = 1, χ ((·)(·)) = 1 and χ ((··)) =−1.

This integral representation is a nice repackaging of the computation of characters using

Young symmetrizers. Since the computation of the power series expansion of ZAdS(t1, t2)

involves evaluating moments of a Gaussian integral, there is no obstacle to computing

characters for any reasonable value of p1 and p2. Evaluating ZAdS(t1, t2) explicitly is frustrated

by the fact that the term with coefficient t 2
2 is quartic in the integration variables. By using
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the simple identity

1

π

∫ ∞

−∞
d x1

∫ ∞

−∞
d x2 e −(x1+i x2)(x1−i x2)+A(x1+i x2)+B (x1−i x2) ≡ 1

π

∫

d x

∫

d x̄ e −x x̄+Ax+B x̄ = e AB

we find

ZAdS(t1, t2) =
1

π2N+2

∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ

∫

d x

∫

d x̄

∫

d y

∫

d ȳ

× e −ϕ̄
iϕi−φ̄iφi−x x̄−y ȳ+t1ϕ̄

i Z
j

i ϕ j+t2 x ϕ̄i Z k
i ϕk+t2 x̄ φ̄ j Z l

j φl+t2 y ϕ̄i Z l
i φl−t2 ȳ φ̄ j Z k

j ϕk .

Notice that after this rewriting the integral over both ϕi , ϕ̄i andφi ,φ̄i are Gaussian so that

we can do these integrals exactly. The result is

ZAdS(t1, t2) =
1

π2

∫

d x

∫

d x̄

∫

d y

∫

d ȳ
e −x x̄−y ȳ

det(M )

where

M = 12⊗1N −m ⊗Z , m =





t1+ t2 x t2 y

−t2 ȳ t2 x̄





and 1k is the k ×k identity matrix. The eigenvalues λa with a = 1, 2 of m are given by

λ1,2 =
1

2

�

t1+ t2(x + x̄ )±
q

(t1+ t2(x + x̄ ))2−4(x̄ t1t2+ t 2
2 (x x̄ + y ȳ ))

�

. (4.9)

Denote the eigenvalues of Z i
j by zi . A straight forward computation now shows that

1

det(M )
=

N
∏

i=1

1

(1−λ1zi )(1−λ2zi )

= exp

� ∞
∑

n=1

λn
1 +λ

n
2

n
Tr(Z n )

�

= exp

� ∞
∑

n=1

fn Tr(Z n )

�

where fn is the following polynomial

fn =
⌊n/2⌋
∑

r=0

(−β )r
r !

αn−2r

(n −2r )!
(n − r −1)!

α= t1+ t2(x + x̄ ) and β = t1t2 x̄ + t 2
2 (x x̄ + y ȳ )

(4.10)
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where ⌊n/2⌋ is an instruction to take the integer part of n/2. Thus, we have

ZAdS(t1, t2) =
1

π2

∫

d x

∫

d x̄

∫

d y

∫

d ȳ e −x x̄−y ȳ+
∑∞

n=1 fn Tr(Z n ). (4.11)

This implies the following formula for the character

χ(p1,p2)({i ni }) = �t p1−p2
1 t 2p2

2

�

�

∫

d x

∫

d x̄

∫

d y

∫

d ȳ
e −x x̄−y ȳ

π2

(p1−p2+1)!
(p1+1)!

p1+p2
∏

i=1

( fi )
ni

�

where [x n ]p (x ) stands for the coefficient of x n in the power series expansion of the

polynomial p (x ). This integral formula for characters of the symmetric group is a new

result. Lets test this for the case that p2 = 0, in which we case we know that

χ(p1,0)({i ni }) = 1. (4.12)

When t2 = 0 we easily find fn = t n
1 /n and it is possible to compute (4.114.11) explicitly

ZAdS(t1, 0) = e
∑∞

n=1

t n
1
n Tr(Z n )

=
∞
∑

p1=0

∑

{ni }
t p1

1

1

n1!

1

2n2 n2!
· · · 1

2np1 np1
!

Tr(Z )n1 Tr(Z 2)n2 · · ·Tr(Z p1)np1

=
∞
∑

p1=0

∑

{ni }
t p1

1

1

n1!

1

2n2 n2!
· · · 1

2np1 np1
!
χ(p1,0)({i ni })Tr(Z )n1 Tr(Z 2)n2 · · ·Tr(Z p1)np1

which immediately implies (4.124.12). As a second example, consider p1+p2 = 6 and choose a

character from the conjugacy class (23). We easily find

∫

d x

∫

d x̄

∫

d y

∫

d ȳ
e −x x̄−y ȳ

π2
( f2)

3 = t 6
1 −6t 4

1 t 2
2 +60t 2

1 t 4
2 −72t 6

2 .

Thus we find

χ
��

23
��

=
�

t 6
2

�

�

1

24

∫

d x

∫

d x̄

∫

d y

∫

d ȳ
e −x x̄−y ȳ

π2

�

f2

�3
�

=−3

χ
��

23
��

=
�

t 4
2 t 2

1

�

�

1

20

∫

d x

∫

d x̄

∫

d y

∫

d ȳ
e −x x̄−y ȳ

π2

�

f2

�3
�

= 3

χ
��

23
��

=
�

t 2
2 t 4

1

�

�

1

6

∫

d x

∫

d x̄

∫

d y

∫

d ȳ
e −x x̄−y ȳ

π2

�

f2

�3
�

=−1

χ
��

23
��

=
�

t 6
1

�

� ∫

d x

∫

d x̄

∫

d y

∫

d ȳ
e −x x̄−y ȳ

π2

�

f2

�3
�

= 1
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which are indeed the correct results. This demonstrates that the computation of characters

of Sn is reduced to evaluating moments of a Gaussian integral.

An interesting extension of these ideas would be to consider characters for R = (p1, p2)

with both p1−p2 and p2 of order N . The relevant character can be extracted from ZAdS(t1, t2)

by performing the following contour integrals
∮

C1

d t1

t 1+p1−p2
1

∮

C2

d t2

t 1+2p2
2

ZAdS(t1, t2).

Employing a saddle point evaluation would give a 1/N expansion of the characters. The

leading term in this expansion should agree with the results of [2020].

4.2.3 Excited Bound States of Two AdS Giants

To extend the analysis of the previous subsection we consider excited giant graviton bound

states obtained by attaching open strings to the brane system. Open strings are described

by words composed of O (
p

N ) letters [3535]. The letters can be any of the scalar or fermion

fields ofN = 4 super Yang-Mills theory, the field strength tensor or covariant derivatives of

them. Attach m11 open strings described by the words WA1
, WA2

, . . . , WAm11
to the first brane

(of momentum p1). Since indices of the first brane are symmetrized by the ϕ̄i , ϕi fields

attaching these strings is achieved by including the factor

m11
∏

r=1

ϕ̄ir (WAr
) jr

ir
ϕ jr

in the integrand of the generating function. We also attach m22 open strings, described by the

words WB1
, WB2

, . . . , WBm22
, to the second brane (of momentum p2). Since these fields are in

the second row of the Young diagram describing the brane system, we must antisymmetrize

these words with the Z field that lives in the same column but in the first row. Thus, attaching

these strings is achieved by including the factor

m22
∏

s=1

�

ϕ̄is Z js

is
ϕ js
φ̄ks (WBs

)ls

ks
φls
− ϕ̄is Z js

is
φ js
φ̄ks (WBs

)ls

ks
ϕls

�

in the integrand. We can also attach strings that stretch between the two branes. To do this,

we start with the product of a factor which attaches a string to the first brane and a factor
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which attaches a string to the second brane. From this we obtain a pair of strings stretched

between the branes by permuting column indices, thereby swapping the endpoints of the

two strings. There is a non-trivial fact [4040] about the Hilbert space of states on a two giant

graviton brane bound state that this construction must respect. The worldvolume theory of

a system of p branes is a U(p ) gauge theory. One consequence of this gauge symmetry is the

Gauss Law, which states that for a giant graviton brane, which has a compact worldvolume,

the total charge on the brane vanishes. In the open string language, this forces the number

of strings leaving any particular brane to be equal to the number of strings terminating on

the brane. We implement the Gauss Law constraint by adding open strings in pairs, one

stretching from 1 to 2 and one from 2 to 1. Describe the m12 open strings stretching from the

first to the second brane using the words WC1
, WC2

, . . . , WCm12
and describe the m21 (=m12)

open strings stretching from the second to the first brane using the words WD1
, WD2

, . . . , WDm21
.

Thus, the generating function for this class of excited bound states, using an obvious dot

product notation, is

ZAdS(t1, t2,{W }) =
∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ
e S0

π2N
e SI

×
m11
∏

r=1

�

ϕ̄ ·WAr
·ϕ�

×
m22
∏

s=1

�

ϕ̄ ·Z ·ϕ φ̄ ·WBs
·φ− ϕ̄ ·Z ·φ φ̄ ·WBs

·ϕ�

×
m12
∏

t=1

�

ϕ̄ ·Z ·ϕ φ̄ ·WDt
·ϕ ϕ̄ ·WCt

·φ− ϕ̄ ·Z ·φ φ̄ ·WDt
·ϕ ϕ̄ ·WCt

·ϕ� .

(4.13)

where

S0 ≡−ϕ̄ ·ϕ− φ̄ ·φ and SI ≡ t1ϕ̄ ·Z ·ϕ+ t 2
2

�

ϕ̄ ·Z ·ϕ φ̄ ·Z ·φ− ϕ̄ ·Z ·φ φ̄ ·Z ·ϕ� . (4.14)

A graphical representation of this generating function is given in Figure 4.14.1. The dependence

on t1 and t2 continues to tell us about the brane bound state with no open strings attached,

i.e. the coefficient of the term t p1−p2
1 t 2p2

2 is a two giant bound state for which the first brane

has momentum p1 and the second momentum p2. To simplify our discussion, we shall

focus on the SU (2) sector, in which case the open string words are constructed using two

complex adjoint scalars, Y and Z . Further, the last and first letter of the word are both Y s.
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Am11
. . . A1 B1

. . . Bm22

Cm12

...
C1

D1

...

Dm21

Figure 4.1: This figure gives a graphical representation of the excited brane bound states described
by the generating function (4.134.13). The node on the left represents the brane with momentum p1

while the node on the right is for the brane of momentum p2.

By acting on these operators with the dilatation operator, the dynamics of the open string

words is described by a Hamiltonian for a spin chain, with non-trivial boundary conditions.

In Section 4.34.3 we consider this Hamiltonian.

Operators dual to a giant graviton system with strings attached were constructed in [3030].

For operators constructed using n Z fields and q open string words, the construction of [3030]

starts with a chain of subgroups Sn ⊂ Sn+1 ⊂ Sn+2 ⊂ · · · ⊂ Sn+q . Using this chain of subgroups,

we can define a restriction of a representation R of Sn+q to a representation r of Sn , by giving

the representation obtained as one successively restricts to each subgroup in the chain. The

sequence of representations of the subgroups specify where the open strings are attached,

and the representation r defines the giant graviton bound state. All of this information can

be summarized by decorating the Young diagram label of the operator. For example, a two

AdS giant graviton bound state with four strings attached to the first giant graviton is given

by the operator

χ 4 3 2 1 . (4.15)

The chain of representations used to define the operator are obtained by dropping the

numbered boxes in order. For the example above, we have the following 5 representations

defining the restriction from the original Young diagram R to the Young diagram 66 R ′′′′

6The number of primes appearing on R ′′′′ tells us how many open string boxes were dropped from R .
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defining the giant bound state

R ≡ 4 3 2 1 → 4 3 2 → 4 3

→ 4 → ≡R ′′′′.

Using this set of restrictions the restricted Schur polynomial of [3030] is given by

χR ,R ′′′′(Z , W (i )) =
1

n !

∑

σ∈S14

TrR ′′′′(ΓR (σ))Z
i14
iσ(14)
· · ·Z i5

iσ(5)
(W4)

i4
iσ(4)
(W3)

i3
iσ(3)
(W2)

i2
iσ(2)
(W1)

i1
iσ(1)

. (4.16)

In [3030], TrR ′′′′(ΓR (σ)) is called a restricted character because the trace over R to define the

character has been restricted to the subspace R ′′′′. We could also attach two strings to each

giant graviton brane

χ 3 1
4 2

by making use of the following restrictions

R ≡ 3 1
4 2

→ 3
4 2

→ 3
4

→
4

→ ≡R ′′′′.

To stretch the strings between the branes we use a different restriction for the row and

column index of the restricted character. The row restriction specifies the open string start

points while the column restriction specifies the endpoints.

What is the relation between the operators of [3030] and those constructed above? In

Appendix B.1B.1 we explicitly evaluate the form of the operators constructed in [3030] and

compare them to the operators which follow from the generating function (4.134.13). Simple

examples immediately confirm that

1. In the case that m22 = 0, m12 = 0 =m21 with m11 arbitrary, the generating function

(4.134.13) precisely reproduces the restricted Schur polynomials constructed in [3030].

2. In the case that m11 = 0, m12 = 0 =m21 with m22 arbitrary, the generating function

(4.134.13) again precisely reproduces the restricted Schur polynomials constructed in [3030].
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This agreement is not an accident and we can prove that, for the cases described in 1. and

2. above, the two constructions agree. A central result of [3030], is a rule for the derivative of a

restricted Schur polynomial with respect to an open string. The idea behind the proof is to

show that the operators constructed from the generating function (4.134.13) obey this derivative

rule.

To state the derivative rule of [3030] we need to review a few facts. When strings are added

to the giant system, the order in which strings are added matters 77. Bearing in mind how the

operator was constructed, this is not surprising: changing the order in which open strings

are attached changes the set of restrictions used to define the restricted character and the

restricted character depends sensitively on which subspace is traced. If we differentiate with

respect to the last open string added, the open string together with its box is removed from

the restricted Schur polynomial and the remaining polynomial is multiplied by the factor c

of the box removed. Recall that the factor of a box in row i and column j is c =N − i + j .

The proof of this result, given in [3030, 131131], uses results from the representation theory of

symmetric groups. The derivative with respect to the open string word restricts the sum

over Sn+q to a sum over Sn+q−1 and its cosets. A simple rewriting of the sum produces the

Jucys-Murphy elements in the group algebra C[Sn+q ] of the symmetric group Sn+q . They

generate a commutative subalgebra of C[Sn ] and they commute with all elements of

C[Sn+q−1] with Sn+q−1 the subgroup we are summing over. The factor that appears

multiplying the polynomial reflects the eigenvalues of the Jucys-Murphy elements on the

subspace used in the construction of the restricted Schur polynomial. The derivation of

this formula is an exercise in the representation theory of finite groups [3030].

The operators constructed using the generating function obey exactly the same

derivative rule. The proof uses only elementary manipulations. Consider a two giant

graviton bound state, with q open strings attached to the first row. An example of the

operator we consider is given in (4.154.15), which has q = 4. The box labeled i stands for the

7For the specific case that we attach all the open strings to a single giant, as in (4.154.15) it turns out that
attaching the strings in different orders gives the same operator. In this case and only this case the order in
which strings are attached does not matter.
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open string WAi
for i = 1, 2, 3, 4. The rule that we are trying to reproduce says

∂

∂
�

WA1

�a

a

χ 4 3 2 1 = (N +p1+q −1)χ 4 3 2 . (4.17)

To derive this rule for the operators defined by the generating function, consider

∂

∂
�

WA1

�a

a

∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ
e S0

π2N
e SI

q
∏

r=1

�

ϕ̄ ·WAr
·ϕ�

=

∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ
e S0

π2N
e SI

q
∏

r=2

�

ϕ̄ ·WAr
·ϕ ϕ̄ ·ϕ�

=−
∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ ϕa

∂

∂ ϕa

�

e S0

π2N

�

e SI

q
∏

r=2

�

ϕ̄ ·WAr
·ϕ�

=

∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ
e S0

π2N

�

N +ϕa

∂

∂ ϕa

�

�

e SI

q
∏

r=2

�

ϕ̄ ·WAr
·ϕ�

�

.

The operator ϕa
∂
∂ ϕa

counts how many boxes there are in the first row, after the box for W1 is

removed. This follows because boxes in the first row represent fields with their upper index

contracted with a ϕ field. Thus, we obtain

∂

∂
�

WA1

�a

a

∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ
e S0

π2N
e SI

q
∏

r=1

�

ϕ̄ ·WAr
·ϕ�

= (N +p1+q −1)

∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ
e S0

π2N
e SI

q
∏

r=2

�

ϕ̄ ·WAr
·ϕ�

which is indeed the correct rule. Using derivatives which remove all open strings we obtain

a Schur polynomial. Given the discussion of Section 4.2.24.2.2, we know that the generating

function reproduces this operator correctly. Alternatively, since there is no term in the

operators considered that is independent of the open string word WA1
, the equality of these

derivatives implies the equality of the operators.

We can extend this result to operators corresponding to a bound state of two giant

gravitons with all strings attached to the second brane. In this case the derivative rule is

∂

∂
�

WB1

�a

a

χ
4 3 2 1

= (N +p2+q −2)χ
4 3 2

.

Note that the coefficient on the right hand side is the coefficient of (4.174.17) with p1 replaced

by p2 minus one. The extra minus one is because the open string now occupies the second
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row. To derive this rule for the operators derived from the generating function, consider

∂

∂
�

WB1

�a

a

∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ
e S0

π2N
e SI

q
∏

s=1

(ϕ̄ ·Z ·ϕ φ̄ ·WBs
·φ− ϕ̄ ·Z ·φ φ̄ ·WBs

·ϕ)

=

∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ
e S0

π2N
e SI

�

ϕ̄ ·Z ·ϕ φ̄ ·φ− ϕ̄ ·Z ·φ φ̄ ·ϕ�

×
q
∏

s=2

�

ϕ̄ ·Z ·ϕ φ̄ ·WBs
·φ− ϕ̄ ·Z ·φ φ̄ ·WBs

·ϕ�

= (N +p2+q −1)

∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ
e S0

π2N
e SI

× �

ϕ̄ ·Z ·ϕ�
q
∏

s=2

�

ϕ̄ ·Z ·ϕ φ̄ ·WBs
·φ− ϕ̄ ·Z ·φ φ̄ ·WBs

·ϕ�

−
∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ

�

e S0

π2N

�

× ϕa

∂

∂ φa

�

�

ϕ̄ ·Z ·φ� e SI

q
∏

s=2

�

ϕ̄ ·Z ·ϕ φ̄ ·WBs
·φ− ϕ̄ ·Z ·φ φ̄ ·WBs

·ϕ�
�

.

Using the obvious facts

ϕa

∂

∂ φa

�

ϕ̄ ·Z ·ϕ φ̄ ·WBs
·φ− ϕ̄ ·Z ·φ φ̄ ·WBs

·ϕ�= 0

ϕa

∂

∂ φa

�

t 2
2 (ϕ̄ ·Z ·ϕ φ̄ ·Z ·φ− ϕ̄ ·Z ·φ φ̄ ·Z ·ϕ)

�

= 0

we find

∂

∂
�

WB1

�a

a

∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ
e S0

π2N
e SI

q
∏

s=1

�

ϕ̄ ·Z ·ϕ φ̄ ·WBs
·φ− ϕ̄ ·Z ·φ φ̄ ·WBs

·ϕ�

= (N +p2+q −2)

∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ
e S0+SI

π2N

�

ϕ̄ ·Z ·ϕ�

×
q
∏

s=2

�

ϕ̄ ·Z ·ϕ φ̄ ·WBs
·φ− ϕ̄ ·Z ·φ φ̄ ·WBs

·ϕ� .

The extra factor of ϕ̄ ·Z ·ϕ is simply adding one box to the first row of the Young diagram

labeling the operator. The open string WB1
was located in a column of length 2, with the

other box in the column occupied by a Z field. After we differentiate with respect to WB1

the second box in the column is left over and this is precisely the extra factor ϕ̄ ·Z ·ϕ. This

reproduces the correct derivative rule in complete detail. As above, since there is no term

in the operators considered that is independent of the open string word WB1
, the equality of
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these derivatives implies the equality of the operators. Thus, as long as we attach strings to

a specific giant, the generating function we have written down is exactly reproducing the

restricted Schur polynomials constructed in [3030].

This agreement between the operators obtained from the generating function (4.134.13)

and those constructed in [3030] does not hold in general. Indeed, it is simple to verify that

3. In the case that m12 = 0=m21 with both m11 ̸= 0 and m22 ̸= 0 but otherwise arbitrary,

the operators defined by the generating function (4.134.13) do not agree with the restricted

Schur polynomials constructed in [3030].

As a simple example, the operator with p1 = 1 and p2 = 0, with a single string attached to

each row, is given by

∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ
e S0

π2N

�

ϕ̄ ·WA ·ϕ
� �

ϕ̄ ·Z ·ϕ φ̄ ·WB ·φ− ϕ̄ ·Z ·φ φ̄ ·WB ·ϕ
�

= Tr(WA)Tr(WB )Tr(Z ) +Tr(Z WA)Tr(WB )−Tr(WA)Tr(WB Z )−Tr(WAZ WB )

while the construction of [3030] gives

χ A
B

= Tr(WA)Tr(WB )Tr(Z ) +
1

2
Tr(WAWB )Tr(Z )−Tr(WA)Tr(WB Z )

+
1

2
Tr(Z WA)Tr(WB )−

1

2
Tr(WAZ WB )−

1

2
Tr(WAWB Z ).

This proves that the restricted Schur construction of [3030] and the construction using the

generating function (4.134.13) are not the same. There is a simple and general way to see that

these two sets of operators are different. The operators produced using the generating

function (4.134.13) treats all open strings with the same orientation identically. Thus, we can

permute any of the strings of the same letter88 and this is a symmetry of the operator. This

symmetry is not present in the restricted Schur polynomial construction of [3030].

Describing open string excitations of the giant graviton system in terms of open strings

has the advantage that we can make contact with a worldsheet description of the open

string [108108]. Another possibility is that we excite of the half-BPS giant graviton bound state

8By this we mean that we can permute the WAi
’s among themselves, the WBi

’s among themselves and so
on.
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by including a second field Y in the description of the operator99. This description is

naturally related to the restricted Schur polynomial construction developed in [6767, 7373].

Consider operators constructed using n Z fields and m Y fields. The restricted Schur

polynomial χR ,(r,s )αβ (Z , Y ) construction of [6767, 7373] uses a representation R ⊢ m + n to

organize the complete set of fields, as well as a representation r ⊢ n for the Z fields and a

representation s ⊢ m for the Y fields. In addition, there are multiplicity labels α,β

needed1010 because in general there is more than one way in which the Sn × Sm

representation (r, s ) can be obtained after restricting the Sn+m representation R to the

Sn × Sm subgroup. This description of the local operators does not immediately have a

visible open string interpretation. By diagonalizing the one loop dilatation operator, the

studies [4343–4545, 116116] discovered an alternative basis, known as the Gauss graph basis. The

operators of this basis, called Gauss graph operators, are eigenstates of the one loop

dilatation operator. These eigenstates are labeled by graphs, which provide a diagrammatic

picture of the open strings stretching between the different giant graviton branes. The

complete basis of operators manifestly obey the Gauss Law of the brane worldvolume

theory, motivating the terminology “Gauss graph basis”. I shall now argue that it is the

Gauss graph operators that correspond to the operators constructed from our generating

function. Towards this end, consider the generating function

ZAdS(t1, t2, Y ) =

∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ
e S0

π2N
e SI

× �ϕ̄ ·Y ·ϕ�m11

× �ϕ̄ ·Z ·ϕ φ̄ ·Y ·φ− ϕ̄ ·Z ·φ φ̄ ·Y ·ϕ�m22

× �ϕ̄ ·Z ·ϕ φ̄ ·Y ·ϕ ϕ̄ ·Y ·φ− ϕ̄ ·Z ·φ φ̄ ·Y ·ϕ ϕ̄ ·Y ·ϕ�m12

(4.18)

which is obtained by replacing W∗ → Y in (4.134.13). The bound states described by this

generating function have m11 strings attached to the brane corresponding to the first row,

m22 strings attached to the brane corresponding to the second row, m12 strings stretching

from the first to the second branes and m21 =m12 strings stretched from the second to the
9We can include the complete set of fields inN = 4 super Yang Mills theory. This restriction to a single

field Y is for simplicity only.
10To define the relevant restricted character, we need one multiplicity label for the row index and one for

the column index, that we restrict to.
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first. The Gauss Law is clearly manifest in this description since the above expression is

only defined for m12 =m21. In addition, the construction is symmetric under swaps of any

strings that have the same orientation. This is a symmetry that the Gauss graph operators

enjoy and this agreement of the symmetry enjoyed by the two constructions is a key piece

of evidence suggesting that the operators constructed from the generating function (4.184.18)

are the Gauss graph operators. The Gauss graph operators with all strings attached to a

single brane agree with the restricted Schur polynomials [4444, 4545] with all open strings

attached in a given row. Consequently, the results we have obtained above already establish

that restricted Schur polynomials and Gauss graph operators coincide when the open

strings are all attached to a single brane, i.e. when there are no strings stretching between

branes.

For a detailed comparison of operators that involve stretched strings, study the simpler

expression obtained for m11 = 0=m22 and m12 = 1=m21

GAdS(t1, t2) =

∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ
e S0

π2N
e SI

× �

ϕ̄ ·Z ·ϕ φ̄ ·Y ·ϕ ϕ̄ ·Y ·φ− ϕ̄ ·Z ·φ φ̄ ·Y ·ϕ ϕ̄ ·Y ·ϕ� .

The dependence on t1 and t2 continues to keep track of the momentum carried by each

brane, exactly as above. A simple computation proves that

GAdS(t1, t2) =Tr(Z )Tr(Y 2)−Tr(Z Y )Tr(Y ) + t1

�

Tr(Z )2 Tr(Y 2) +Tr(Z 2)Tr(Y 2) +Tr(Z )Tr(Z Y 2)

+Tr(Z 2Y 2)−Tr(Z Y )Tr(Z )Tr(Y )−Tr(Z 2Y )Tr(Y )−Tr(Z Y )2−Tr(Z Y Z Y )
	

+ t2

�

Tr(Z )3 Tr(Y 2) +2 Tr(Z 2)Tr(Y 2Z )−Tr(Z )2 Tr(Y )Tr(Y Z ) +2 Tr(Z )2 Tr(Y 2Z )

−Tr(Y Z )Tr(Y Z 2)−Tr(Y 2)Tr(Z 3)−2 Tr(Z )Tr(Y Z )2−2 Tr(Z )Tr(Y )Tr(Y Z 2)

−2 Tr(Z )Tr(Y 2Z 2) +Tr(Z )Tr(Y Z Y Z ) +2 Tr(Y )Tr(Y Z )Tr(Z 2) +Tr(Y )Tr(Y Z 3)

−2 Tr(Y 2Z 3) +2 Tr(Y Z Y Z 2)
	

+ · · · .
(4.19)

In Appendix BB we prove that the Gauss graph operators are given by
�

,

�

=Tr(Z )Tr(Y 2)−Tr(Z Y )Tr(Y )

103



�

,

�

=Tr(Z )2 Tr(Y 2) +Tr(Z 2)Tr(Y 2) +Tr(Z )Tr(Z Y 2) +Tr(Z 2Y 2)

−Tr(Z Y )Tr(Z )Tr(Y )−Tr(Z 2Y )Tr(Y )−Tr(Z Y )2−Tr(Z Y Z Y )
�

,

�

=Tr(Z )3 Tr(Y 2) +2 Tr(Z 2)Tr(Y 2Z )−Tr(Z )2 Tr(Y )Tr(Y Z ) +2 Tr(Z )2 Tr(Y 2Z )

−Tr(Y Z )Tr(Y Z 2)−Tr(Y 2)Tr(Z 3)−2 Tr(Z )Tr(Y Z )2−2 Tr(Z )Tr(Y 2Z 2)

−2 Tr(Z )Tr(Y )Tr(Y Z 2) +Tr(Z )Tr(Y Z Y Z ) +2 Tr(Y )Tr(Y Z )Tr(Z 2)

+Tr(Y )Tr(Y Z 3)−2 Tr(Y 2Z 3) +2 Tr(Y Z Y Z 2)

in complete agreement with (4.194.19).

With this encouraging evidence in hand, we would now like to prove that the operators

generated by (4.184.18) are indeed identical to the Gauss graph operators. First in, Appendix B.3B.3,

we prove that, at large N , operators derived from the generating function for arbitrary m11

and m22 agree with the Gauss graph operators. Thus, all that is left is to consider operators

with non-zero m12. The proof introduces a graph changing operator: acting on a given Gauss

graph, we can easily generate any other Gauss graph operator. Then, given the equality

between our operators and the Gauss graph operators when all strings are attached to a

definite brane (i.e. there are no stretched string states), and the fact that we can generate

any bound state with any number of strings stretched between the giants with the graph

changing operator, the proof is complete.

For the proof that follows, it is necessary to briefly review the construction of the Gauss

graph operators. The restricted Schur polynomial χR ,(r,s )αβ (Z , Y ) constructed using n Z

fields and m Y fields is labeled by three Young diagrams R ⊢m+n , r ⊢ n and s ⊢m and two

multiplicity labels α,β . The Gauss graph operators OR ,r (σ) have the same R and r labels,

but the s label and the multiplicity labels are replaced by a permutation σ. If we think

about each individual Y field as an open string, to specify a state of the Y fields we need to

specify a configuration of the open strings. This can be achieved with a permutation, as

illustrated in Figure 4.24.2. This is the permutationσ labeling the Gauss graph operator. From

the figure it is clear that swapping endpoints of open strings terminating on the brane and

swapping endpoints of open strings originating from the brane is a symmetry of the open
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1 2 3 4 5 6 7

1 4 6 2 3 5 7

Figure 4.2: Any open string configuration can be mapped to a labeled graph as shown. The two
bold horizontal lines in the figure on the right are identified. Rows of R form nodes in the graph.
For the graph shown, R has three rows. There are 7 open strings, so the operator is constructed
using 7 Y fields. The graph determines a permutation, so each open string configuration maps
to a permutation. For the graph shown the permutation, in cycle notation, is σ = (24)(536). A
nice example is the configuration in which all open strings loop back to the brane they start from,
described by the identity permutation.

string configuration. To correctly enumerate distinct physical states we must divide out

this symmetry so that each configuration corresponds to an element of a double coset. For

the configuration shown in Figure 4.24.2 the relevant double coset is H \S7/H where H is the

group of symmetries for the endpoints, given by H = S3×S2×S2.

The transformation to the Gauss graph basis is given by

OR ,r (σ) =
∑

s⊢m

∑

α,β

C s
αβ (σ)χR ,(r,s )αβ (4.20)

where

C s
αβ (τ) = |H |

√

√ ds

m !

ds
∑

k ,l=1

Γ (s )k l (τ) B s→1H
kα B s→1H

lβ .

This last formula makes use of branching coefficients, which are defined as follows

1

|H |
∑

γ∈H

Γ (s )i k (γ) =
∑

µ

B s→1H
iµ B s→1H

kµ

where the index µ on the right hand side is a multiplicity label.

As we have just reviewed, the Gauss graph operator is labeled by a permutationσ that

specifies how the open strings are stretched between the giant gravitons. We can easily

rewrite the formula (4.184.18) in terms ofσ as follows (m =m11+m12+m21+m22)
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ZAdS(t1, t2, Y ,σ) =

∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ
e S0

π2N
e SI

×
m11+m12
∏

i=1

�

ϕ̄bi Y ai

bi
ϕaσ(i )

�

m
∏

j=m11+m12+1

�

ϕ̄ ·Z ·ϕ φ̄b j Y
a j

b j
φaσ( j ) − ϕ̄ ·Z ·φ φ̄b j Y

a j

b j
ϕaσ( j )

�

.

It is clear thatσ specifies the row to which the upper indices of the Y fields belong i.e. σ

specifies how the Y excitations connect to the giants. The graph changing operator, acting

on a system with a total of m Y excitations, has the form

Ĝ (σ) = Y i1
jσ(1)
· · ·Y im

jσ(m )

∂

∂ Y i1
j1

· · · ∂

∂ Y im
jm

.

It is simple to verify that

Ĝ (σ1)ZAdS(t1, t2, Y ,σ2) = ZAdS(t1, t2, Y ,σ1σ2).

I shall now argue that this graph changing operator has exactly the same action on the

Gauss graph operators. When R has only two rows we have no multiplicity labels so that,

up to a normalization factor of |H |/m ! which we drop, we have1111

O (σ) =
∑

s⊢m

p

ds Γ
(s )
j k (σ)B

s→1H
j B s→1H

k OR ,(r,s )

=
1

∏

i mi !

∑

s⊢m

∑

α∈∏i Smi

p

ds Γ
(s )
j k (σ)Γ

(s )
k j (α)OR ,(r,s )

=
1

∏

i mi !

∑

s⊢m

∑

α∈∏i Smi

p

ds χs (σα)OR ,(r,s ) (4.21)

where χs (σ) is the character ofσ ∈ Sm in irreducible representation s . Now, again up to a

normalization that plays no role in this proof, we have

OR ,(r,s ) =
∑

ρ∈Sn+m

∑

σ1∈Sn

∑

σ2∈Sm

1
p

ds

χr (σ1)χs (σ2)χR (σ1 ◦σ2ρ) Tr(ρZ ⊗n Y ⊗m ).

In writing this formula we have explicitly used the crucial fact that restricted Schur

polynomials with only two rows carry no multiplicity labels1212. Using this formula, as well as
11For a detailed discussion and derivation of this formula, see [4545].
12In the case that there are no multiplicities we can write the projection operator, which projects to the

(r, s ) irreducible representation of Sn ×Sm , within the carrier space of R as

PR→(r,s ) =
dr ds

n ! m !

∑

σ1∈Sn

∑

σ2∈Sm

χr (σ1)χs (σ2)ΓR (σ1 ◦σ2).
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the character orthogonality identity, which says

∑

s⊢m

χs (g )χs (h ) =
�

�[g ]
�

�δ[g ][h ]

we have

O (σ) =
∑

ρ∈Sn+m

∑

σ1∈Sn

∑

α∈Sm1×Sm2

χr (σ1)χR (σ1 ◦σαρ)Tr
�

ρZ ⊗n Y ⊗m
�

. (4.22)

Using this last formula it is simple to verify that

Ĝ (σ1)O (σ2) =O (σ1σ2).

In Appendix B.3B.3 we argue that

∑

p1,p2

t p1−p2
1 t p2

2 O(p1,p2)(1) = ZAdS(t1, t2, Y , 1)

and since the graph changing operator acts in the same way on both sides of this equation,

the proof is complete.

4.2.4 Bound States of Two Sphere Giants

A bound state of two sphere giants, one of momentum p1 and a second of momentum

p2 with p2 ≤ p1 corresponds to a Schur polynomial labeled by a Young diagram with two

columns. There are p1 boxes in the first column and p2 boxes in the second. To describe giant

gravitons, both p1 and p2 must be order N . The Young symmetrizer must antisymmetrize

over all indices in column 1, and all indices in column 2, as well as symmetrize the pair of

indices belonging to each row. In contrast to the AdS giants, it is now the antisymmetrization

to be performed that represents the bulk of the work. This antisymmetrization of indices

can again be accomplished with the help of a Gaussian integral, but now we integrate over

Grassmann variables. Again it is a simple application of Wick’s theorem to learn that
∫

dN ξ̄

∫

dN ξ e −ξ̄
aξa ξ̄i1ξ j1

ξ̄i2ξ j2
· · · ξ̄ikξ jk

=
∑

σ∈Sk

sgn(σ)δi1
jσ(1)
δi2

jσ(2)
· · ·δik

jσ(k )

dN ξ≡ dξ1 dξ2 · · ·dξN and dN ξ̄≡ d ξ̄N · · ·d ξ̄2 d ξ̄1.

(4.23)

To write down the generating function for Young diagrams R = (2p2 ,1p1−p2) that have two

columns, one of length p1 and one of length p2, we perform the symmetrization in each
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row by hand and use (ψi ,ψ̄i ) to antisymmetrize indices in the first column and (ξi , ξ̄i ) to

perform the antisymmetrization of indices in the second column. The two giant graviton

bound state generating function can then be written as follows

ZS(t1, t2) =
∞
∑

p1≥p2

∞
∑

p2=1

t p2
2 t p1−p2

1

(p1+p2)!
d(2p2 1p1−p2 )p2! (p1−p2)!

χ(2p2 ,1p1−p2 )(Z )

=

∫

dN ψ̄

∫

dN ψ

∫

dN ξ̄

∫

dN ξ e −ψ̄
iψi−ξ̄iξi−t1ψ̄

i Z
j

i ψ j+t 2
2 ψ̄

i ξ̄ j
�

Z k
i Z l

j +Z l
i Z k

j

�

ψkξl . (4.24)

In Appendix B.1B.1 we check this result by performing the integral to second order in t1 and t2

and show that we reproduce the correct formulas for the relevant Schur polynomials.

As was the case as for the AdS giants, this generating function can also be interpreted

as a generating function for characters of the symmetric group Sp1+p2
in the representation

labeled by Young diagram R = (2p2 , 1p1−p2). The generating function is

ZS(t1, t2) =
∞
∑

p1=p2

∞
∑

p2=1

∑

{ni }

t 2p2
2 t p1−p2

1

1n1 n1! 2n2 n2! · · · (p1+p2)np1+p2 n(p1+p2)!

(p1+1)!
(p1−p2+1)(p1−p2)!

×χ(2p2 ,1p1−p2 )({i ni })Tr(Z )n1 Tr(Z 2)n2 · · ·Tr(Z p1+p2)np1+p2 (4.25)

where
∑

{ni } denotes a sum over the conjugacy classes of Sp1+p2
. To build some intuition for

this formula, expand to linear order in t1 and t2 to find

ZS(t1, t2) = 1+ t1χ ((·))Tr(Z ) + t 2
2χ ((·)(·))Tr(Z )2+ t 2

2χ ((··))Tr(Z 2) + · · ·
= 1+ t1 Tr(Z ) + t 2

2 Tr(Z )2+ t 2
2 Tr(Z 2) + · · ·

reproducing the correct characters for S1 and S2

χ ((·)) = 1, χ ((·)(·)) = 1 and χ ((··)) = 1.

Following our discussion for characters with long rows, we could easily use the result (4.254.25)

to develop a formula for characters in representations labeled by Young diagrams with two

columns.

4.2.5 Excited Bound States of Two Sphere Giants

In this section we extend the results obtained above, constructing generating functions

for operators dual to excited sphere giant gravitons. Again consider a bound state of two

108



sphere giant gravitons, the first with momentum p1 and the second with momentum p2.

The bound state is excited by attaching open strings. The generating function for this class

of bound states is

ZS(t1, t2,{W }) =
∫

dN ψ̄

∫

dN ψ

∫

dN ξ̄

∫

dN ξ e S̃0+S̃1

×
m11
∏

r=1

�

ψ̄ ·WAr
·ψ�

×
m22
∏

s=1

�

ψ̄ ·Z ·ψ ξ̄ ·WBs
·ξ− ψ̄ ·Z ·ξ ξ̄ ·WBs

·ψ�

×
m12
∏

t=1

�

ψ̄ ·Z ·ψ ξ̄ ·WDt
·ψ ψ̄ ·WCt

·ξ+ ψ̄ ·Z ·ξ ξ̄ ·WDt
·ψ ψ̄ ·WCt

·ψ� .

(4.26)

where

S̃0 =−ψ̄ ·ψ− ξ̄ ·ξ and S̃1 =−t1ψ̄ ·Z ·ψ+ t 2
2 ψ̄

i ξ̄ j
�

Z k
i Z l

j +Z l
i Z k

j

�

ψkξl . (4.27)

The signs in the final two lines of (4.264.26) would both have been positive if we had kept all

barred variables to the left with ψ̄’s before ξ̄’s and all unbarred variables to the right with

ψ’s before ξ’s. The dependence on t1 and t2 again tells us about the quantum numbers of

the brane bound state with no open strings attached: the coefficient of the term t p1−p2
1 t 2p2

2

describes the case that the first brane has momentum p1 and the second momentum p2. We

again focus mainly on the SU (2) sector in which case the open string words are constructed

using two complex adjoint scalars, Z and Y , with the last and first letter of the word both Y s.

The Gauss Law is again respected because the open strings are added to the bound state in

pairs, with one string WCt
stretching from brane 1 to brane 2 and another WDt

stretching

from 2 to 1. In a discussion which closely parallels the discussion for the AdS giant bound

state, we can again prove that the operators with strings attached only to brane 1 or only to

brane 2 agree with the construction given in [3030]. The proof again proceeds by verifying

that derivatives with respect to open strings words agree with the rule derived in [3030]. I shall

sketch the case that strings are attached to the giant of momentum p1 since it is interesting

to see the role of the Grassmann nature of the integration variables. Recall that in the case

of the AdS giant (a long row), the factor of the box containing WA1
is N + (q −1), since each

time we move along the Young diagram, to the right, we add 1 to the factor. In the case of
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the sphere giant (a long column), the factor of the box containing WA1
is N − (q −1), since

each time we move down the Young diagram we subtract 1 from the factor. It is the change

in the sign of the q −1 contribution to the factor that we want to demonstrate. Towards this

end, consider

∂

∂
�

WA1

�a

a

∫

dN ψ̄

∫

dN ψ

∫

dN ξ̄

∫

dN ξ e S̃0+S̃1

q
∏

r=1

�

ψ̄ ·WAr
·ψ�

=

∫

dN ψ̄

∫

dN ψ

∫

dN ξ̄

∫

dN ξ e S̃0+S̃1 ψ̄ ·ψ
q
∏

r=2

�

ψ̄ ·WAr
·ψ�

=−
∫

dN ψ̄

∫

dN ψ

∫

dN ξ̄

∫

dN ξ

�

ψ̄i ∂

∂ ψ̄i
e S̃0

�

e S̃1

q
∏

r=2

�

ψ̄ ·WAr
·ψ�

=

�

N − ψ̄i ∂

∂ ψ̄i

�∫

dN ψ̄

∫

dN ψ

∫

dN ξ̄

∫

dN ξ e S̃0+S̃1

q
∏

r=2

�

ψ̄ ·WAr
·ψ�

where the negative sign in the expression in brackets on the last line above is exactly what is

required to get the correct factor. This sign comes from the Grassmann nature of ψ̄i since

∂

∂ ψ̄i
ψ̄i =N − ψ̄i ∂

∂ ψ̄i
.

Again, exactly as we found for the excited AdS giant bound states, by constructing and

comparing operators we learn that the restricted Schur construction of [3030] is in general

not the same as the construction using the generating function (4.264.26).

The operators constructed using the generating function (4.264.26) are again symmetric

under swapping strings of the same orientation. This is a strong hint that they are closely

related to the Gauss graph operators. This expectation turns out to be correct. The relevant

generating function is

ZS(t1, t2, Y ) =

∫

dN ψ̄

∫

dN ψ

∫

dN ξ̄

∫

dN ξ e S̃0+S̃1

×
m11
∏

r=1

�

ψ̄ ·Y ·ψ�

×
m22
∏

s=1

�

ψ̄ ·Z ·ψ ξ̄ ·Y ·ξ− ψ̄ ·Z ·ξ ξ̄ ·Y ·ψ�

×
m12
∏

t=1

�

ψ̄ ·Z ·ψ ξ̄ ·Y ·ψ ψ̄ ·Y ·ξ+ ψ̄ ·Z ·ξ ξ̄ ·Y ·ψ ψ̄ ·Y ·ψ� .

(4.28)

The bound states described by this generating function have m11 strings attached to the

brane corresponding to the first column, m22 strings attached to the brane corresponding to
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the second column, m12 strings stretching from the first to the second branes and m21 =m12

strings stretched from the second to the first. The construction is manifestly symmetric

under swaps of any strings that have the same orientation. Appendix B.2B.2 contains detailed

checks of the construction of operators coming from (4.284.28), as well as detailed examples

demonstrating their equality to the Gauss graph operators. It is possible to generalize

the proof given in Appendix B.3B.3 to the case of operators labeled by Young diagrams with

long columns, and then to repeat the argument that worked for the AdS giant graviton,

making use of the graph changing operator. The details are an obvious generalization of

the discussion for the AdS giant graviton.

4.3 Action of the Dilatation Operator

In the previous section we have obtained an integral representation of the operators dual

to excited giant graviton bound states. Our goal in this section is study the action of the

dilatation operator on these integral representations. I shall restrict to the SU (2) sector,

which corresponds to studying open string words constructed using two complex matrices

Y and Z . The one loop dilatation operator in the SU (2) sector (up to overall normalization)

is [2828]

D =−g 2
YM Tr ([Z , Y ] [∂Z ,∂Y ]) . (4.29)

When the open strings are described using words, one can derive a Hamiltonian [108108, 109109]

for particles (representing the Z fields) hopping on a lattice (defined by the Y fields). The

Z fields can hop between the open string world sheet and the giant graviton bound state. A

key physical question is the description of this hopping, relevant for the dynamics of the

string endpoints. We take this up in Section 4.3.14.3.1. For the description in which the open

strings are described using the Y field, I have argued that the operators we construct are the

Gauss graph operators. The Gauss graph operators are eigenstates of the one loop dilatation

operator at large N . I shall define an integral representation for the action of the dilatation

operator D on the generating function (4.184.18) in Section 4.3.24.3.2. This integral representation

is a natural starting point for a systematic 1/N expansion.
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4.3.1 Open String Boundaries

Our goal is to work out the action of the dilatation operator, in the large N limit. Concretely,

this amounts to constructing a lattice Hamiltonian for each of the four types of open strings

(attaching to brane 1 or 2, and stretching from 1 to 2 or from 2 to 1) we can consider. What

is of most interest is the boundary conditions for the strings. There are two derivatives in D ,

so it is possible that the two derivatives will act on different open strings. However, these

effects are subleading at large N and we ignore them1313. In this case, we are not losing any

information by simplifying the discussion to a single (for WA and WB ) or pair (for WC and

WD ) of open strings.

The number of fields in the giant graviton is O (N ), the planar approximation fails and

to obtain the correct large N limit we need to sum all possible contractions of fields in the

two giant gravitons. The number of fields in each open string is ∼ L with L ∼O (
p

N ). If we

take L 2/N ≪ 1, then at large N it is accurate to contract the open string words planarly [3030].

We restrict to the SU (2) sector which amounts to constructing all open string words W∗

from the pair Z , Y of matrices. To obtain the world sheet description of the open strings,

following [109109], we interpret the Y fields in W∗ as a “lattice” which can be populated by

inserting excitations (in this case Z ’s) into the lattice (gaps between the Y ’s). I shall, refer to

the Z ’s as impurities. For a word containing L Y fields, there are L −1 sites in the lattice

W∗ = Y Z n1 Y Z n2 Y · · ·Y Z nL−1 Y .

The {ni } are lattice site occupation numbers. The one loop dilatation operator preserves

the number of Y ’s (the lattice is not dynamical) and allows impurities to hop between

neighbouring sites (Z ’s and Y ’s can swap their order in W∗). This interpretation maps

the problem of determining the anomalous dimensions of operators in the super Yang-

Mills theory into the dynamics of a Cuntz oscillator chain [109109]. The bulk interactions are

described by the Hamiltonian

Hbulk = 2λ
l
∑

l=1

â †
l âl −λ

L−1
∑

l=1

�

â †
l âl+1+ âl â †

l+1

�

, (4.30)

13Here we are simply alluding to the fact that at large N string interactions are suppressed and hence
open string words do not mix. In the closed string sector the analogous statement is that in the planar limit,
different trace structures do not mix.
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where λ= g 2
YMN is the ’t Hooft coupling and the Cuntz oscillators obey

âi â †
i = I and â †

i âi = I − |0〉 〈0| .

To obtain the full Hamiltonian, we need to include boundary interactions arising from

the string/brane system interaction. This interaction, which introduces sources and sinks

for the impurities at the boundaries of the lattice, was first derived in [109109] for a string

attached to a single sphere giant graviton, and then derived in [3131, 3232] for strings attached

to an arbitrary bound state. One such interaction allows a Z to hop from the first or last

site of the string onto the giant, or from the giant into the first or last site of the string. In

this process the string exchanges momentum with the giant graviton, so that the giant

graviton is exerting a force on the string. There is also a boundary interaction in which a Z

belonging to the giant “kisses” the first (or last) Y in the open string word. In this case, no

momentum is exchanged, and the string does not feel a force. The logic developed in [3131]

derives the interaction for the “hop off” process, in which a Z hops off the string and onto

the giant. Requiring that the Hamiltonian is hermitian then fixes the “hop on” interaction.

The momentum conserving boundary interaction follows by expressing the kiss as a hop

on followed by a hop off.

The hop off boundary term for open string W∗ is given by [3131, 3232]

Hhop off =λ
s

c

N
Â†â1+λ

s

c

N
Â†âl (4.31)

where c is the factor of the box occupied by the open string word W∗, â1 and âl annihilate a

Z from the last and first sites of the open string word W∗ and Â† adds a Z to the giant graviton

i.e. it adds a box in the Young diagram label of the operator. The key step in the derivation of

this hop off boundary term is an identity obeyed by the restricted Schur polynomials. When

a string hops out of the first (or last) site we obtain an open string word of the form Z W∗

(or W∗Z ). The identity expresses the restricted Schur polynomial with words Z W∗ or W∗Z

in terms of restricted Schur polynomials with word W∗. This identity is derived by writing

the sum over σ in (4.164.16) as a sum over a subgroup and its cosets and again using known

results about the eigenvalues of the Jucys-Murphy elements. This is how the factor of the
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box appears in (4.314.31). In terms of the generating function the derivation of this identity is a

trivial exercise. Indeed, the identity of [3131] is given by

0=

∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ
∂

∂ ϕ̄ j

�

e S0+SI

π2N
ϕ̄i W j

i

�

=

∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ
e S0+SI

π2N

�

Tr(W )− ϕ̄ ·W ·ϕ+ t1ϕ̄ ·W ·Z ·ϕ

+t 2
2 (ϕ̄ ·W ·Z ·ϕ φ̄ ·Z ·φ− ϕ̄ ·W ·Z ·φ φ̄ ·Z ·ϕ)� .

This is identical to the identities given in Appendix C.1 of [3232]. The term proportional to

Tr(W ) describes gravitational radiation, whereby the open string W is emitted as a closed

string Tr(W ) from the excited giant bound state. It represents a subleading contribution

at large N . The term proportional to ϕ̄ ·W ·ϕ produces restricted Schur polynomials

constructed with open string word W . The remaining terms produce restricted Schur

polynomials constructed with open string word W ·Z . The generating function provides a

remarkably simple derivation of this formula.

The identity above describes hopping out of the last site of the open string word. To

obtain the identity needed for hopping out of the first site we consider

0=

∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ
∂

∂ ϕi

�

e S0+SI

π2N
W j

i ϕ j

�

.

The identities needed for the sphere giant are equally easy to derive.

4.3.2 Gauss Graph Operators

I have already argued that when each open string word is replaced by a single letter, the

operators we generate are the Gauss graph operators. From the results obtained in [4545]we

know that these are eigenstates of D , in the large N limit. In [4444, 4545] the simplifications of

large N were implemented by exploiting simplifications in the action of the symmetric group.

This analysis, known as the distant corners approximation, is clumsy. In particular, it is not

obvious exactly what has been discarded in this approximation and, consequently, it is not

easy to systematically correct and improve the approximation. It is interesting to reconsider

this computation using the generating function where we should have better control over
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the large N expansion. Indeed, a systematic large N expansion should follow from a saddle

point approximation of the integral representations we have obtained. To carry out this

analysis we need to apply D to the operators defined by (4.184.18). In this subsection we study

some illustrative examples. Return to (4.184.18) which we write as

ZAdS(t1, t2, Y ) =

∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ
e S0+SI

π2N
e t1Φ1+t 2

2 Φ2 Φm11
3 Φm22

4 Φm12
5

where we have introduced the new variables

Φ1 = ϕ̄ ·Z ·ϕ
Φ2 = ϕ̄ ·Z ·ϕ φ̄ ·Z ·φ− ϕ̄ ·Z ·φ φ̄ ·Z ·ϕ
Φ3 = ϕ̄ ·Y ·ϕ
Φ4 = ϕ̄ ·Z ·ϕ φ̄ ·Y ·φ− ϕ̄ ·Z ·φ φ̄ ·Y ·ϕ
Φ5 = ϕ̄ ·Z ·ϕ φ̄ ·Y ·ϕ ϕ̄ ·Y ·φ− ϕ̄ ·Z ·φ φ̄ ·Y ·ϕ ϕ̄ ·Y ·ϕ.

Our operators are constructed using a large number of Z fields (order N ) and very few Y

fields (order 1). It proves helpful to remove the Y fields, as much as possible, from the

manipulations that follow. With this in mind, introduce sources for the fieldsϕ, ϕ̄,φ and φ̄

and write

ZAdS(t1, t2, Y ) = bΦm11
3

bΦm22
4

bΦm12
5

�∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ
e S0+SI

π2N

× e t1Φ1+t 2
2 Φ2 e j̄ϕ ·ϕ+ϕ̄· jϕ+ j̄φ ·φ+φ̄· jφ

��

�

�

�

j=0

≡ bΦm11
3

bΦm22
4

bΦm12
5 ZAdS,reduced(t1, t2)

�

�

j=0
(4.32)

where | j=0 is an instruction to set all sources to zero and

bΦ3 =
∂

∂ jϕ
·Y · ∂

∂ j̄ϕ

bΦ4 =
∂

∂ jϕ
·Z · ∂

∂ j̄ϕ
∂

∂ jφ
·Y · ∂

∂ j̄φ
− ∂

∂ jϕ
·Z · ∂

∂ j̄φ
∂

∂ jφ
·Y · ∂

∂ j̄ϕ

bΦ5 =
∂

∂ jϕ
·Z · ∂

∂ j̄ϕ
∂

∂ jφ
·Y · ∂

∂ j̄ϕ
∂

∂ jϕ
·Y · ∂

∂ j̄φ

− ∂

∂ jϕ
·Z · ∂

∂ j̄φ
∂

∂ jφ
·Y · ∂

∂ j̄ϕ
∂

∂ jϕ
·Y · ∂

∂ j̄ϕ
.

(4.33)
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The integration is not a Gaussian integral because Φ2 introduces terms that are quartic in

the integration variables. To proceed perform a Hubbard-Stratanovich like transformation,

introducing two new complex fields, and rewrite ZAdS,reduced(t1, t2) as follows

ZAdS,reduced(t1, t2) =
1

π2N+2

∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ

∫

d x

∫

d x̄

∫

d y

∫

d ȳ

× e −ϕ̄·ϕ−φ̄·φ−x x̄−y ȳ+t1ϕ̄·Z ·ϕ+t2 x ϕ̄·Z ·ϕ+t2 x̄ φ̄·Z ·φ+t2 y ϕ̄·Z ·φ−t2 ȳ φ̄·Z ·ϕ+ j̄ϕ ·ϕ+ϕ̄· jϕ+ j̄φ ·φ+φ̄· jφ .

We can streamline this expression as follows

ZAdS,reduced(t1, t2) =
1

π2N+2

∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ

∫

d x

∫

d x̄

∫

d y

∫

d ȳ

× e −x x̄−y ȳ−v ·M ·v̄+v · j̄+ j ·v̄

where

vi =
h

ϕi φi

i

, v̄ i =





ϕ̄i

φ̄i



 , ji =
h

jϕi jφi

i

, j̄ i =





j̄ϕ i

j̄φ i





and M =





1N − t1Z − t2 x Z −t2 y Z

t2 ȳ Z 1N − t2 x̄ Z



= 12⊗1N −




t1+ t2 x t2 y

−t2 ȳ t2 x̄



⊗Z

≡12⊗1N −M ⊗Z .

The integrals over ϕ, ϕ̄,φ and φ̄ are Gaussian and can be done exactly. The result is

ZAdS,reduced(t1, t2) =
1

π2

∫

d x

∫

d x̄

∫

d y

∫

d ȳ
e j ·(M −1)· j̄−x x̄−y ȳ

det(M )
. (4.34)

The eigenvalues of Z are zi . The eigenvalues ofM are given in (4.94.9). In terms of these

eigenvalues we can write
1

det(M )
=

2
∏

a=1

N
∏

i=1

1

1−λa zi
.

The Cauchy-Littlewood identity [132132] is

l
∏

i=1

m
∏

j=1

1

1− xi yj
=
∑

Λ

χΛ (x1, . . . , xl )χΛ
�

y1, . . . , ym

�

where the sum on the right hand side only includes Young diagrams Λwith less than the

smaller of L , M rows, and χΛ is a Schur polynomial. Applying this formula to our problem
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we find
1

det(M )
=
∑

Λ

χΛ(M )χΛ(Z )

so that

ZAdS,reduced(t1, t2) =
∑

Λ

fΛ( j , j̄ )χΛ(Z )

fΛ( j , j̄ ) =
1

π2

∫

d x

∫

d x̄

∫

d y

∫

d ȳ e j ·(M −1)· j̄−x x̄−y ȳ χΛ(M ).
(4.35)

The sum over Λ is only over Young diagrams with at most two rows.

We can perform a convincing check of (4.354.35) after we set j = j̄ = 0. When the sources

vanish we know that the generating function produces the Schur polynomials with two rows.

Further, the Schur polynomial labeled by a Young diagram with r1 boxes in the first row and

r2 boxes in the second is multiplied by a monomial t r1−r2
1 t 2r2

2 . Using the usual formula for

the Schur polynomials, we find

χ (M ) =t1+ t2 x + t2 x̄

χ (M ) =t 2
1 +2t1t2 x + t 2

2 x 2+ t1t2 x̄ + t 2
2 x x̄ + t 2

2 x̄ 2− t 2
2 y ȳ

χ (M ) =t1t2 x̄ + t 2
2 x x̄ + t 2

2 y ȳ

χ (M ) =t 3
1 +3t 2

1 t2 x +3t1t 2
2 x 2+ t 3

2 x 3+ t 2
1 t2 x̄ +2t1t 2

2 x x̄ + t 3
2 x 2 x̄

+ t1t 2
2 x̄ 2+ t 3

2 x x̄ 2+ t 3
2 x̄ 3−2t1t 2

2 y ȳ −2t 3
2 x y ȳ −2t 3

2 x̄ y ȳ

χ (M ) =t 2
1 t2 x̄ +2t1t 2

2 x x̄ + t 3
2 x 2 x̄ + t1t 2

2 x̄ 2+ t 3
2 x x̄ 2+ t1t 2

2 y ȳ

+ t 3
2 x y ȳ + t 3

2 x̄ y ȳ .

We then easily obtain

f = t1, f = t 2
1 , f = 2t 2

2 , f = t 3
1 and f = 3t1t 2

2

which are the correct results. We have also tested that the integer coefficient of each

monomial is correct.

If we work in a basis in which Z is diagonal, after a little work we can rewrite (4.344.34) as

ZAdS,reduced(t1, t2) =
1

π2

∫

d x

∫

d x̄

∫

d y

∫

d ȳ exp

�

− x x̄ − y ȳ +
∞
∑

n=1

fn Tr(Z n )
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+ jϕ ·
� ∞
∑

n=0

X n (1− t2 x̄ Z )

�

· j̄ϕ − jϕ ·
� ∞
∑

n=0

X n t2 y Z

�

· j̄φ

+ jφ ·
� ∞
∑

n=0

X n t2 ȳ Z

�

· j̄ϕ + jφ ·
� ∞
∑

n=0

X n (1− t2 x̄ Z − t1Z )

�

· j̄φ

�

(4.36)

where fn has been defined in (4.104.10) and

X = (t1+ t2(x + x̄ ))Z − �t1t2 x̄ + t 2
2 (x x̄ + y ȳ )

�

Z 2.

This formula is exact. We are now ready to apply the operators defined in (4.334.33) to this

expression. We evaluate the result at j = j̄ = 0. One derivative acting produces a term linear

in the sources. To get a non-zero result we need to differentiate this again, with respect

to the source that appears. Consequently, a pair of derivatives must act before we get a

non-zero result. The combinatorics is therefore identical to the combinatorics from Wick’s

theorem and we only need to know what the basic pairings are. It is easy to read off from

the above expression what each possible pairing gives.

It is instructive to consider the case that t2 = 0. This corresponds to a single giant system,

which we know is a half-BPS operator. A simple computation shows that

ZAdS,reduced(t1, 0) = exp

� ∞
∑

n=1

fn Tr(Z n ) + jϕ ·
� ∞
∑

n=0

t n
1 Z n

�

· j̄ϕ + jφ · j̄φ

�

.

For two strings attached to the giant graviton, the generating function is

ZAdS(t1, 0, Y ) =

�

∂

∂ jϕ
·Y · ∂

∂ j̄ϕ

�2

ZAdS,reduced(t1, 0)

= e
∑∞

n=1

t n
1
n Tr(Z n )

∞
∑

n1,n2=1

t n1+n2
1

�

Tr(Y Z n1)Tr(Y Z n2) +Tr(Y Z n1 Y Z n2)
�

=
∞
∑

q=1

t q
1

q !
O (2)

q .

For k strings attached to the giant graviton, the generating function is

ZAdS(t1, 0, Y ) = e
∑∞

n=1

t n
1
n Tr(Z n )

∞
∑

n1,...,nk=1

t n1+n2+···+nk
1

∑

σ∈Sk

(Y Z n1)i1
iσ(1)
(Y Z n2)i2

iσ(2)
· · · (Y Z nk )ik

iσ(k )

=
∞
∑

q=1

t q
1

q !
O (k )

q .
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This gives a very explicit description of the Gauss graph operator, for a single giant graviton

with k strings attached. It is straight forward to verify that

O (k )
q =

∑

σ∈Sk+q

Z i1
iσ(1)
· · ·Z iq

iσ(q )
Y

iq+1

iσ(q+1)
· · ·Y iq+k

iσ(q+k )

=k ! q ! χ(k+q ),(k )(q )(Z , Y )

where χ(k+q ),(k )(q )(Z , Y ) is a restricted Schur polynomial. The corresponding projection

operator P(k+q ),(k )(q ) needed to define the restricted trace is trivial since the carrier space of

representation (k +q ) is one dimensional. The results of [4242] then imply that

D O (k )
q = 0

to all orders in 1/N .

As an example of a non-trivial eigenstate of the dilatation operator D , consider a pair of

stretched strings, i.e. m11 = 0=m22 and m12 = 1=m21. To obtain a manageable problem,

consider the coefficient of t n
1 in the expansion of (4.324.32), which is given by

O =
∑

σ∈Sn+2

Z i1
iσ(1)
· · ·Z in+1

iσ(n+1)
(Y 2)in+2

iσ(n+2)
−

∑

σ∈Sn+2

Z i1
iσ(1)
· · ·Z in

iσ(n )
Y in+1

iσ(n+1)
(Z Y )in+2

iσ(n+2)

=O1−O2.

We work at the leading order in a large N expansion and we take n to be of order N . In this

limit O simplifies. Recall that in any conformal field theory, we have the operator/state

correspondence, which associates a state to every operator. Thus associated to the two

operators above, we have the states |O1〉 and |O2〉. Norms of states map to correlation

functions of operators

〈O1|O1〉=

O1O †

1

�

and 〈O2|O2〉=

O2O †

2

�

.

In Appendix B.4B.4 we show that
〈O2|O2〉
〈O1|O1〉 =O (N −1)

so that at large N we can simplify

O =O1+O
�

N −1
�

=
∑

σ∈Sn+2

Z i1
iσ(1)
· · ·Z in+1

iσ(n+1)
(Y 2)in+2

iσ(n+2)
.
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It is interesting to trace this simplification back to the generating function ZAdS(t1, t2, Y ).

This simplification amounts to dropping the second term in

Φ5 = ϕ̄ ·Z ·ϕ φ̄ ·Y ·ϕ ϕ̄ ·Y ·φ− ϕ̄ ·Z ·φ φ̄ ·Y ·ϕ ϕ̄ ·Y ·ϕ

which is intuitively appealing. Indeed, the factor φ̄ · Y ·ϕ ϕ̄ · Y ·φ has the very natural

interpretation that the two Y fields have endpoints on different branes. Acting on O with D

given in (4.294.29) we obtain

DO =−g 2
YM(n +1)

∑

σ∈Sn+2

Z i2
iσ(2)
· · ·Z in+1

iσ(n+1)

�

Y i1
iσ(n+2)

[Z , Y ]in+2
iσ(1)
+Y in+2

i [Z , Y ]iiσ(1)δ
i1
iσ(n+2)

− [Z , Y ]i1
j Y j

iσ(n+2)
δin+2

iσ(1)
−Y in+2

iσ(1)
[Z , Y ]i1

iσ(n+2)

�

.

To simplify this expression we need a few identities. The most basic of these follow by simply

changing variables in the sum. For example

∑

σ∈Sn+2

Z i2
iσ(2)
· · ·Z in+1

iσ(n+1)
Y i1

iσ(n+2)
[Z , Y ]in+2

iσ(1)
=

∑

ρ∈Sn+2

Z i2
iρ(2)
· · ·Z in+1

iρ(n+1)
Y i1

iρ(1)
[Z , Y ]in+2

iρ(n+2)

=
∑

ψ∈Sn+2

Z i1
iψ(1)
· · ·Z in

iψ(n )
Y in+1

iψ(n+1)
[Z , Y ]in+2

iψ(n+2)

where for the first equalityσ=ρ(1, n+2) and for the secondρ = (1, n+1)ψ(1, n+1). Another

useful trick is to write sums in terms of cosets of a subgroup. For example, examine the sum

S =
∑

σ∈Sn+3

Z i1
iσ(1)
· · ·Z in+1

iσ(n+1)
Y in+2

iσ(n+2)
Y in+3

iσ(n+3)
.

Consider the subgroup Sn+2 defined by ρ(n +3) = n +3 for ρ ∈ Sn+2, i.e. the subgroup leaves

n +3 inert. Now rewrite the above sum in terms of the right cosets, labeled by the integer

i = 1, 2, . . . , n +3 defined by

σ=ρ(i , n +3) where σ ∈ Sn+3 and ρ ∈ Sn+2.

The sum overσ is equivalent to separately summing over ρ and i . After rewriting we find

S =
∑

ρ∈Sn+2

Z i1
iρ(1)
· · ·Z in+1

iρ(n+1)
Y in+2

iρ(n+2)
Tr(Y ) +

∑

ρ∈Sn+2

Z i1
iρ(1)
· · ·Z in+1

iρ(n+1)
(Y 2)in+2

iσ(n+2)

+ (n +1)
∑

ρ∈Sn+2

Z i1
iσ(1)
· · ·Y in+1

iσ(n+1)
(Z Y )in+2

iσ(n+2)
. (4.37)
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If we use left cosets we find

S =
∑

ρ∈Sn+2

Z i1
iρ(1)
· · ·Z in+1

iρ(n+1)
Y in+2

iρ(n+2)
Tr(Y ) +

∑

ρ∈Sn+2

Z i1
iρ(1)
· · ·Z in+1

iρ(n+1)
(Y 2)in+2

iσ(n+2)

+ (n +1)
∑

ρ∈Sn+2

Z i1
iσ(1)
· · ·Y in+1

iσ(n+1)
(Y Z )in+2

iσ(n+2)
. (4.38)

Comparing (4.374.37) and (4.384.38) we have

∑

ρ∈Sn+2

Z i1
iσ(1)
· · ·Y in+1

iσ(n+1)
(Z Y )in+2

iσ(n+2)
=

∑

ρ∈Sn+2

Z i1
iσ(1)
· · ·Y in+1

iσ(n+1)
(Y Z )in+2

iσ(n+2)
.

Making use of these identities we find

DO =−g 2
YM(n +1)

∑

σ∈Sn+2

Z i1
iσ(1)
· · ·Z in

iσ(n )
(2Y Z Y −Y 2Z −Z Y 2)in+1

iσ(n+1)
δin+2

iσ(n+2)
.

Next, introduce the Sn+1 subgroup defined by ρ(n +2) = n +2. By making use of right cosets

exactly as above, we find

DO =−g 2
YM(N +n +1)(n +1)

∑

σ∈Sn+1

Z i1
iσ(1)
· · ·Z in

iσ(n )
(2Y Z Y −Y 2Z −Z Y 2)in+1

iσ(n+1)
.

The next identity we need is obtained by starting from the sum which defines O

O =
∑

σ∈Sn+2

Z i1
iσ(1)
· · ·Z in

iσ(n )
Z in+1

iσ(n+1)
(Y 2)in+2

iσ(n+2)

and writing in terms of cosets of the subgroup Sn+1 which leaves n +2 inert. We learn that

O =
∑

σ∈Sn+1

Z i1
iσ(1)
· · ·Z in

iσ(n )
Z in+1

iσ(n+1)
Tr(Y 2) + (n +1)

∑

σ∈Sn+1

Z i1
iσ(1)
· · ·Z in

iσ(n )
(Z Y 2)in+1

iσ(n+1)

when using right cosets, and

O =
∑

σ∈Sn+1

Z i1
iσ(1)
· · ·Z in

iσ(n )
Z in+1

iσ(n+1)
Tr(Y 2) + (n +1)

∑

σ∈Sn+1

Z i1
iσ(1)
· · ·Z in

iσ(n )
(Y 2Z )in+1

iσ(n+1)

when using left cosets. Recalling that n is of order N , it is clear that the first term on the

right hand side of these last two formulas can be dropped at large N . We then find

DO = 2g 2
YM(N +n +1)O +2O ′

where

O ′ =
∑

σ∈Sn+1

Z i1
iσ(1)
· · ·Z in

iσ(n )
(Y Z Y )in+1

iσ(n+1)
.
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In Appendix B.4B.4 we show that
〈O ′|O ′〉
〈O |O 〉 =O

�

N −1
�

so that the O ′ contribution can be dropped at large N . Thus, in the end we have

DO = 2g 2
YM(N +n +1)O

proving that our operators are indeed eigenstates of D at large N . There are a few points

worth stressing:

1. The above calculation has summed much more than just the planar diagrams.

2. The operator O is a sum of many different trace structures.

3. It is not the usual ’t Hooft coupling g 2
YMN that appears, but rather g 2

YM(N +n +1). This

is also fixed in the large N limit so that we have a finite renormalization of the ’t Hooft

coupling. Notice that N +n + 1 is the factor of the last box in the first row of the R

label of the Gauss graph operator. The same renormalization is evident in the results

of [4242, 130130], obtained using very different methods.

4. The above result is another nice check of the equivalence of the operators defined by

the generating function and the Gauss graph operators.

4.4 Discussion and Conclusions

The spectrum of type IIB string theory on AdS5×S 5 includes giant graviton branes. These are

half-BPS solutions. Superposing a collection of giant graviton branes gives a half-BPS bound

state of giant gravitons. The CFT operators dual to these bound states are given by Schur

polynomials [1313]. Excitations of these bound states, which are in general not BPS states, are

obtained by attaching open strings to the branes. CFT operators describing these excited

giant graviton bound states, known as Gauss graph operators, were described in [4545, 116116].

Their construction employs group representation theory and a Fourier transform on a

double coset. The construction is technical which obscures many details. For example, it is

not easy to see how the description simplifies at large N or how systematic 1/N corrections
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can be computed. The discussion is general in the sense that it applies to arbitrary bound

states of giant gravitons. An important assumption is that the number of open strings

that are attached is limited so that we are considering a small deformation of the original

half-BPS operator.

The question of developing a systematic 1/N expansion for excited giant graviton

systems is the central motivation for our study. A standard way of generating a 1/N

expansion is through a saddle point evaluation of the path integral. Consequently, a

promising starting point is an integral representations for the relevant operators. This

philosophy was recently employed, in a very similar setting, in [126126]. In this chapter we

have obtained these integral representations, for operators dual to a bound state of two

sphere giant gravitons or two AdS giant gravitons. These representations provide a simple

description of the relevant operators.

The starting point for the construction is the observation that Schur polynomials can be

written using Young symmetrizers. These Young symmetrizers symmetrize and

antisymmetrize indices of matrix fields from which our operator is composed. Motivated

by the results of [121121–125125] these symmetrization and antisymmetrizations can be

implemented as integrals over ordinary (for symmetrization) and Grassmann (for

antisymmetrization) variables which carry a single U (N ) index. In this way, one obtains an

integral representation for Schur polynomials with two rows or two columns. One

consequence of this representation is a simple integral formula for characters of the

symmetric group, in irreducible representations labeled by Young diagrams with two rows,

or two columns. There is a natural proposal for operators dual to excited giant graviton

bound states. One of our most important results has been the demonstration that this gives

an integral representation for the Gauss graph operators themselves.

We have considered the action of the dilatation operator on these novel generating

functions. In the case that the open strings are described using an open string word, a

key physical question is the boundary condition imposed on the string endpoints. The

dilatation operator translates into a world sheet Hamiltonian as usual. The open string

endpoints are represented by sources and sinks in this Hamiltonian, allowing the brane and
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open string to exchange momentum, i.e. to exert a force on each other. The form of this

interaction was first obtained in [108108, 109109] for a single brane, and in [3131, 3232] for a general

brane bound state. In the case of the general brane bound state, the discussion makes use

of identities obeyed by restricted characters and these identities were derived using sums

over cosets of the group and properties of Jucys-Murphy elements. We have recovered these

known results, but with much less effort: the restricted character identity follows from the

statement that the integral of a total derivative vanishes! In the case that each open string

is described by a single Y field, we are considering the Gauss graph operators which are

eigenstates of D [4545, 116116]. By introducing a set of sources we have written down a set of

differential operators (4.334.33) which create the open strings when applied to the generating

function (4.364.36). In (4.364.36) there are only four integrals left to do and consequently, this is a

promising starting point to generate a systematic 1/N expansion through a saddle point

evaluation.

Our analysis has been specialized to the case of a bound state of two giant gravitons.

A natural extension is to bound states of more giant gravitons. The extension is straight

forward, if a little tedious. To sketch what is involved, I shall give some of the details relevant

to describe bound states of three AdS giant gravitons. Since there are three rows, and the

indices belonging to each row must be symmetrized, the description will involve three sets

of fields, ϕi , ϕ̄i ,φi , φ̄i as well as ηi , η̄i . There is also a new antisymmetrization, associated

to the new columns of length three. As usual, we list row lengths so that R = (p1, p2, p3)

denotes a Young diagram with p1 boxes in the first row, p2 in the second and p3 in the third.

The generating function for Schur polynomials with three rows is given by

ZAdS(t1, t2, t3) =
∞
∑

p1=p2+p3

∞
∑

p2=p3

∞
∑

p3=1

t p3
3 t p2−p3

2 t p1−p2
1 (p1+p2+p3)!

d(p1,p2,p3) p3! (p2−p3)! (p1−p2)!
χ(p1,p2,p3)(Z )

=

∫

dN ϕ

∫

dN ϕ̄

∫

dN φ

∫

dN φ̄

∫

dN η

∫

dN η̄
e S0

π3N
e t1S1+t 2

2 S2+t 3
3 S3

where

S0 =−ϕ̄iϕi − φ̄iφi − η̄iηi

S1 = ϕ̄
i Z j

i ϕ j
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S2 = ϕ̄
i φ̄ j

�

Z k
i Z l

j −Z l
i Z k

j

�

ϕkφl

S3 = ϕ̄
i φ̄ j η̄k

�

Z l
i Z m

j Z n
k +Z m

i Z n
j Z l

k +Z n
i Z l

j Z m
k

−Z l
i Z n

j Z m
k −Z m

i Z l
j Z n

k −Z n
i Z m

j Z l
k

�

ϕlφmηn

When considering excited bound states, we now have many different possibilities for the

open strings that can be attached, since the open string can start on any brane and terminate

on any brane. Factors that attach strings to brane 1, brane 2 and brane 3 respectively, are

given by

ϕ̄i Y j
i ϕ j , ϕ̄i φ̄ j

�

Z k
i Y l

j −Z l
i Y k

j

�

ϕkφl and

ϕ̄i φ̄ j η̄k
�

Z l
i Z m

j Y n
k +Z m

i Z n
j Y l

k +Z n
i Z l

j Y m
k −Z l

i Z n
j Y m

k −Z m
i Z l

j Y n
k −Z n

i Z m
j Y l

k

�

ϕlφmηn .

To describe strings that stretch between branes, we again use a product of the above factors

and simply swap column indices. It is no longer necessary to attach pairs of strings. We can

for example define a factor with three Y fields, corresponding to a configuration in which a

Y stretches from the first to the second brane, another from the second to the third and the

last from the third to the first.

We can also attach strings that stretch between the two branes. To do this, we start with

the product of a factor which attaches a string to the first brane and a factor which attaches

a string to the second brane. From this we obtain a pair of strings stretched between the

branes by permuting column indices, thereby swapping the endpoints of the two strings.

The resulting generating function is again consistent with the Gauss Law arising from the

worldvolume theory of the giant gravitons. Further, it is manifestly invariant under swapping

strings of the same orientation. This again suggests that these operators are identical to the

corresponding Gauss graph operators, something that we have checked in some examples.

It is equally easy to consider bound states with even more AdS giant gravitons, or to consider

bound states of more than two sphere giant gravitons.

The worldvolume dynamics of a bound state of p giant gravitons is described in terms

of the open string excitations of the branes [2525]. At low energy this should become a

non-Abelian Yang-Mills theory with gauge group U (p ) [2727]. Attempts to construct this

emergent Yang-Mills theory starting from a description of the giant graviton bound state in
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conformal field theory have been given in [4040, 130130, 133133, 134134]. Although these initial results

are encouraging, they are frustrated by the technical difficulty of the combinatorics.

Perhaps the simpler description of giant graviton bound states obtained in this chapter will

allow progress. Specifically, a systematic 1/N expansion, through a saddle point evaluation

of (4.364.36), should lead to 1/N interactions which allow open strings to split and join. These

interactions should then match those of the expected emergent Yang-Mills theory.

The next chapter studies some examples of 1/N expansions of correlation functions.

These expansions are given by saddle point approximations for large N , where interesting

non-perturbative effects are found. It is expected that similar expansions can be made

using the generating functions described in this chapter.
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Chapter 5

Asymptotic Expansions

The previous chapters studied excitations of giant graviton bound states in the limit of large

N . In each case, there are significant simplifications to the corresponding quantities. We

have considered quantities that can be computed exactly, however, to gain a better

understanding, we want to generate systematic approximations to these quantities. The

saddle point analysis is a standard method to generate a systematic 1/N expansion, given

by a non-perturbative leading factor multiplying an asymptotic series in 1/N . These

expansions generally do not converge and are determined up to a non-perturbative term.

The discussion in this chapter follows from the analysis in [135135] and [136136], where saddle

point analysis of complex contour integrals gives a relations between expansions at other

saddles. I shall consider the saddle point analysis of a single integral, however, there are

multidimensional versions of this treatment, for example [137137] and [138138].

The analysis in [139139] suggests that extremal three-point correlators exhibit a parametric

Stokes phenomenon. This was shown by mapping the exact extremal three-point correlator

to a semi-classical expansion of the Schrödinger equation. In this chapter I generalize these

arguments by considering the asymptotic expansion of extremal multi-point correlators

which depend only on the rank of the gauge group N and theR-charge J of each operator.

These quantities have integral representations, with known exact values given by ratios

of gamma functions. Since the gamma function has a nice integral representation, we

can generate asymptotic expansions by saddle point analysis. I discuss aspects of these
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expansions corresponding to three BMN limits. Finally, I summarize the results from the

different asymptotic expansions of three-point functions corresponding to different classical

configurations in the dual string theory. Further discussion and illustrative examples of the

basic logic motivating this study is contained in Appendix CC.

5.1 Introduction

A rich mathematical structure underpins the theory of asymptotic analysis. This structure

suggests novel and interesting effects in the asymptotic analysis of QFT observables that

should be fully described by the theory of resurgence. Resurgence theory will allow us to

resolve non-perturbative effects using information about the asymptotic expansions of the

theory.

The standard procedure of summing diagrams in the topological expansion defines the

construction and summation of an asymptotic series. An equivalent construction follows

from the saddle point analysis of an integral representation. In these series expansions, a

non-perturbative leading contribution, given by the value of the integrand at a saddle point,

multiplies a formal power series in the expansion parameter. In the case of QFT correlators,

we may choose to expand in the coupling constant g or in 1/N . A very general argument by

Dyson [1212] suggests that these perturbation series are asymptotic with a vanishing radius of

convergence. This means that there exists no region where the perturbation series converges.

The asymptotic nature of these series can be explained by the rapid growth in the number

of Feynman diagrams [140140, 141141] that contribute to each correlation function. Following

an argument Lipatov [142142] it follows that the large order behaviour of these perturbation

series follows a factorial growth and an example of such a growth is presented in detail in

Appendix CC. This factorial growth generates a divergence in the perturbation series which

is now, at best, understood as a formal series. While the divergence of perturbation series

might otherwise lead us to believe that perturbation theory is inconsistent and, perhaps,

not very useful, it is exactly the divergence of the perturbation theory that gives rise to the

non-perturbative physics that we want to study.
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The saddle point approximation has a zero radius of convergence corresponding to

expanding about a singular point. Additional singular points in the Borel plane generate

Stokes phenomena whereby a single function has different asymptotic series representations

in different regions of the complex plane. Moreover, these expansions will admit parametric

Stokes phenomena where varying a parameter about a critical value in the theory causes

the asymptotic expansion to change discontinuously. Then, given an asymptotic series, the

procedure of Borel resummation recovers a function associated with a given asymptotic

expansion and make sense of the corresponding Stokes phenomena in terms of the contour

deformation of complex integrals. We associate the Stokes phenomenon with moving from

a region in the complex plane where one saddle dominates, to a region where a different

saddle dominates. The divergence of the perturbation series is associated to the presence

other saddles, associated to singularities in the Borel plane. The Stokes phenomenon has an

intuitive explanation in terms of contour integrals where the integration contour is caught

on a singularity in the Borel plane and the integral picks-up a non-perturbative contribution

corresponding to the residue of the singularity.

5.2 Extremal Three-Point Correlators

Consider the extremal three-point correlation function. This is in the half-BPS sector of

N = 4 SYM. While these quantities are protected against quantum correction and their

values determined exactly, their perturbation series expansions are asymptotic. This means

that the perturbation series diverge and are determined only up to a collection of non-

perturbative factors. In general, these correlation functions have more than one saddle

point and each saddle point corresponds to a classical configuration. Since these correlators

have more than one saddle point, they will exhibit a Stokes phenomenon and the value of

each correlator is fixed by determining the contributing saddles.

We study correlators that depend on at least one additional parameter J . Borel

resummation of the asymptotic series about one saddle point recovers information about

the function at another saddle point. Therefore, the corresponding Borel sum also depends
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on J , and varying J introduces a parametric Stokes phenomenon to the correlator. This

parametric Stokes phenomenon corresponds to moving between saddle points in the

asymptotic expansion. The ultimate goal is to make sense of the perturbation series by

relating the asymptotic series generated about each saddle point by varying J .

Suppose O is a half-BPS operator that is built from traces of products of N ×N complex

matrices Z and Z †. The standard the path integral representation for an unnormalized

correlation function

〈O 〉=
∫

�

d Z d Z †
�

e −SO with S = Tr
�

Z Z †
�

(5.1)

gives a starting point for the saddle point analysis of correlators. The integral in (5.15.1)

defines the expectation value of O as a function of J and N . While (5.15.1) give an integral

representation for the correlator, the number of integration variables increases with N , so

we will use a different integral representation instead.

Let χ1J be a Schur polynomial associated with a Young diagram comprising a single

column with J boxes. Let J = J1 + J2. These correspond to sphere giants, but a similar

analysis is possible for dual giants. The exact three-point correlation function is




χ1J1χ1J2χ
†
1J

�

=
Γ (N +1)
Γ (N − J +1)

δJ1+J2,J =δJ1+J2,J N (N −1)(N −2) · · · (N − J +1). (5.2)

Changing the value of J corresponds to assigning a differentR-charge value to one of the

fields in the correlator and to a different classical configuration in the dual string theory.

When J ∼O (1), each operator in (5.25.2) corresponds to an order 1 collection of Kaluza-Klein

gravitons. Then, when J ∼ O (
p

N ), these operators correspond collections of strings.

Finally, for J ∼ O (N ), these operators are giant graviton states. Each of these limits

corresponds to a different classical limits in the dual gravity, and varying J interpolates

from one classical configuration to the next. We would like to reproduce this picture in the

asymptotic expansion, by identifying the corresponding saddle contributions associated

with each classical limit. Then, we would like to relate the series coefficients in the

asymptotic expansions, thereby generating the resurgence relations among the different

saddle points.
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We can expand the product of gamma functions in (5.25.2) as a product of asymptotic

series by saddle point expansion of the following integrals

Γ (s ) =

∞
∫

0

d x

x
e −x x s and

1

Γ (s )
=− s e −πi s

2πi

∫

H

d x

x
e −x x−s (5.3)

whereH is the doubly infinite Hankel contour. Then the asymptotic expansion of the ratio

is given by the product of the asymptotic expansions of (5.35.3). For generic values of s we find

Γ (s ) =
p

2πs s s−1e −s
∞
∑

m=0

γm

s m
and

1

Γ (s )
=

1p
2πs s s−1e −s

∞
∑

m=0

(−1)m
γm

s m

where the Stirling coefficients γm satisfy

m
∑

j=0

(−1)mγ jγm− j = 0.

Then, using these expressions, we can generate asymptotic expansions for (5.25.2).

First consider the case J = j ∼O (1), corresponding to a gas of point gravitons, then

Γ (N +1)
Γ (N − J +1)

∼ e j log(N )
∞
∑

n=0

Bn ( j )
n !

qn ( j )
1

N n
(5.4)

where

q0( j ) = 1 and qn ( j ) =
n
∏

i=1

�

j − i
�

and Bn ( j ) is the n-th Nörlund polynomial. These polynomials are defined by the generating

function
� z

e z −1

�x

=
∞
∑

n=0

Bn (x )
z n

n !

where Bn (1) = Bn is the n-th Bernoulli number. Next, consider the case J = j
p

N , then (5.25.2)

expands to

Γ (N +1)
Γ (N − J +1)

∼ e j
p

N log(N )e −
j 2

2

�

1−
�

j 3−3 j

6

�

1

N 1/2
+

�

j 6−12 j 4+27 j 2

72

�

1

N

−
�

5 j 9−135 j 7+999 j 5−2025 j 3+540 j

6480

�

1

N 3/2

+

�

5 j 12−240 j 10+3726 j 8−22032 j 6+44685 j 4−19440 j 2

155520

�

1

N 2

−
�

7 j 15−525 j 13+13986 j 11−164430 j 9+862191 j 7−1788885 j 5+1020600 j 3

6531840

�

1

N 5/2
+ · · ·

�

(5.5)
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Finally, let J = j N , for 0< j < 1, then,

Γ (N +1)
Γ (N − J +1)

∼ e j N log(N )e − j N
�

1− j
�−N (1− j )−1/2

§

1+
�

1

12
− 1

12(1− j )

�

1

N

+
�

1

288
− 1

144(1− j )
+

1

288(1− j )2

�

1

N 2

−
�

139

51840
+

1

3456(1− j )
− 1

3456(1− j )2
− 139

51840(1− j )3

�

1

N 3

−
�

571

2488320
− 139

622080(1− j )
− 1

82944(1− j )2
− 139

622080(1− j )3
+

571

2488320(1− j )4

�

1

N 4
+ · · ·

ª

.

(5.6)

Let x = 1/(1− j ), then

Γ (N +1)
Γ (N − J +1)

∼ e
x−1

x N log(N )e
1−x

x N x
N
x +1/2

∞
∑

k=0

�

k
∑

n=0

(−1)nγnγk−n x n

�

1

N k
(5.7)

where γ0 = 1, γ1 = 1/12, γ2 = 1/288,γ3 =−139/51840, and so on, are the Stirling numbers

from the expansion of the gamma function.

Notice that the coefficient of the term with the largest power of j terms in these

polynomials grows as a power, while those with the smallest power of j grow like a

Bernoulli number. Indeed, at leading order in j , the n-th Nörlund polynomial has

coefficient 2−(n+1), while at the lowest order in j , the 2n-th Nörlund polynomial has

coefficient B2n/2n . The constant term in the coefficient of N −n is the n-th Stirling

coefficient γn . Clearly, the series (5.45.4), (5.55.5) and (5.65.6) are asymptotic, having approximately

factorial growth.

We can check if the expansion in (5.55.5) is recovered from (5.45.4) by rescaling j 7→ j
p

N and

collecting terms and resumming over j . Indeed, this is the case. It suggests that (5.45.4) and

(5.55.5) are expansions about a common saddle, corresponding to a common classical limit.

Similarly, (5.65.6) is recovered from (5.45.4) and (5.55.5) after appropriate rescaling and summing over

j and with an additional summation over N . The additional summation over N recovers

the additional non-perturbative leading factors in J ∼O (N ) and demonstrates that simple

rescaling and rearranging of terms is insufficient to relate the different expansions since

an additional non-perturbative factor must be included. This corresponds to a parametric

Stokes phenomenon associated with moving between saddle points and expanding about

different classical limits of the theory, by varying a single parameter J .
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Each of these expansions was checked to 8-th order in 1/N . Therefore, (5.45.4) and (5.55.5) are

expansions about the same saddle point of the correlator (5.25.2), while (5.75.7) is an expansion

about a different saddle point of (5.25.2).

Similarly, we can consider expansions of the normalized Schur polynomials

OR =
1

p

f (R )
χR where




OR O †
S

�

=δR ,S .

The three-point correlation function of the rescaled operators, labeled by a single column

of boxes, is



O1J1 O1J2 O †
1J3

�

=δJ1+J2,J3

√

√Γ (N − J1+1) Γ (N − J2+1)
Γ (N − J3+1) Γ (N +1)

.

Again, we expect that this correlator to have an asymptotic expansion in 1/N . Similarly, the

three-point correlation function of the rescaled operators, labeled by a single row of boxes,

is
¬

OJ1
OJ2

O †
J3

¶

=δJ1+J2,J3

√

√ Γ (N + J3+1) Γ (N )
Γ (N + J1+1) Γ (N + J2+1)

.

Now let J3 = J1 + J2. We can now study the asymptotic expansions of these normalized

correlators. Let j1, j2 ∼O (1), then for J1 = j1, J2 = j2, we find




O1 j1 O1 j2 O †
1J3

�∼
�

1−
�

j1 j2

2

�

1

N
+

�

j 2
1 j 2

2 −2 j 2
1 j2−2 j1 j 2

2 +2 j1 j2

8

�

1

N 2

−
�

j 3
1 j 3

2 −6 j 3
1 j 2

2 −6 j 2
1 j 3

2 +8 j 3
1 j2+8 j1 j 3

2 +18 j 2
1 j 2

2 −12 j 2
1 j2−12 j1 j 2

2 +4 j1 j2

48

�

1

N 3
+ · · ·

�

.

(5.8)

Similarly, for J1 = j1

p
N and J2 = j2

p
N , we find




O1J1 O1J2 O †
1J3

�∼ e − j1 j2/2

�

1−
�

j 2
1 j2+ j1 j 2

2

4

�

1p
N

+

�

3 j 4
1 j 2

2 +3 j 2
1 j 4

2 +6 j 3
1 j 3

2 −16 j 3
1 j2−16 j1 j 3

2 −24 j 2
1 j 2

2 +24 j1 j2

96

�

1

N
+ · · ·

�

. (5.9)

Finally, for J1 = j1N and J2 = j2N , we find




O1J1 O1J2 O †
1J3

�∼ �1− j1

�(1− j1)N /2 �1− j2

�(1− j2)N /2 �1− j1− j2

�−(1− j1− j2)N /2

×
�

1+
�

j1 j2

4

�

1

N 2
+

�

j 2
1 j2+ j1 j 2

2

4

�

1

N 3
+ · · ·

�

. (5.10)
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Similarly, the normalized correlator labeled by Young diagrams with a single row of boxes,

for J1, J2 ∼O (1), gives

¬

OJ1
OJ2

O †
J3

¶

∼ 1p
N

�

1+
�

j1 j2

2

�

1

N
+

�

j 2
1 j 2

2 −2 j 2
1 j2−2 j1 j 2

2 −2 j1 j2

8

�

1

N 2

+

�

j 3
1 j 3

2 −6 j 3
1 j 2

2 −6 j 2
1 j 3

2 +6 j 2
1 j 2

2 +8 j 3
1 j2+8 j1 j 3

2 +12 j 2
1 j2+12 j1 j 2

2 +4 j1 j2

48

�

1

N 3
+ · · ·

�

.

(5.11)

Similarly, choosing J1, J2 ∼O (
p

N ), gives

¬

OJ1
OJ2

O †
J3

¶

∼ e j1 j2/2
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+
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and choosing J1, J2 ∼O (N ) gives

¬

OJ1
OJ2

O †
J3

¶

∼ �1+ j1

�−(1+ j1)N /2 �1+ j2
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j1 j2

4

�

1

N 2
+

�

j 2
1 j2+ j1 j 2

2

4

�

1

N 3
+ · · ·

�

. (5.13)

Again, these asymptotic expansions carry different non-perturbative factors multiplying

perturbative series expansions in 1/N . The appearance of additional parameters j1 and j2,

in (5.85.8), (5.95.9) and (5.105.10), and again in (5.115.11), (5.125.12) and (5.135.13) indicate the presence of

multiple parametric Stokes phenomena in this class of correlators. The choice of

normalization makes different physical effects apparent in each expansion. A judicious

choice of normalization makes the different physical processes manifest in each correlator.

Again, the fact that non-perturbative leading factors are not related by simple rescalings of

the parameters indicates that each asymptotic series is characterized by a parametric

Stokes phenomenon associated to the appearance, or disappearance, of different saddle

contributions. In this case, the appearance of j1 and j2 in the series expansions suggests

the presence of two independent parametric Stokes phenomena associated with varying

each parameter independently. Unfortunately, the polynomial dependence on these two

parameters makes the recovery of the resurgence relations among the different saddle

points significantly more difficult than in the non-normalized case.
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5.3 Discussion

It has been shown that extremal three-point giant graviton correlators exhibit a parametric

Stokes phenomenon. This means that the exact value of the three-point function is

associated to different classical configurations depending on the value of theR-charge J

relative to the rank of the gauge group N . We associated to each classical configuration a

different pole in the Borel plane of the corresponding saddle-point integral. Moreover, the

different normalizations of the correlators introduce additional parameters in the

asymptotic series, to which there must correspond a different parametric Stokes

phenomenon. By varying each parameter in the integral representation, we expect we can

interpolate between different classical configurations where the amplitude of each

transition to a new classical configuration of the system is weighted by a distinct

non-perturbative factor. By smoothly varying theR-charge J , the saddle-point integral

encounters different singularities in the Borel plane associated to different classical

configurations. Traversing a singularity of the contour integral in the Borel plane

corresponds to transitioning from one classical configuration to another. We see this in the

discontinuous jump in the value of the asymptotic expansion of the correlator about one

classical configuration to a new classical configuration with a new asymptotic expansion.

Since the same correlation function describes different classical systems, we expect that

this parametric Stokes phenomenon is a generator for a duality between theories of

particles, strings, branes and other heavier objects withR-charge J in the string theory.

That this parametric Stokes phenomenon gives a plausible explanation for the duality

between systems of particles, strings and branes adds to the significance of the

contribution made in the previous previous chapters to the construction of asymptotic

expansions of correlation functions. To make this duality concrete requires that we

demonstrate that the series coefficients of one asymptotic series about one saddle can be

recovered from the series coefficients of the asymptotic series about another saddle. This

forms the basis of the work in [143143].
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Chapter 6

Conclusion

I conclude here with a summary of the results, highlighting key points and give a general

commentary on the contents of this work. I also comment below on similar work, open

problems and future prospects.

6.1 Summary

CFT operators whose bare dimensions scale as a power of N correspond to heavy states.

These operators probe non-perturbative physics in the dual gravity theory. Some of these

operators correspond to massive, half-BPS D3-brane solutions, that carry angular

momentum. These are giant gravitons which are dual to operators built from n ∼ O (N )

complex scalar fields corresponding to Schur polynomials and labeled by Young diagrams

with n boxes, in the CFT. While superpositions of giant gravitons, corresponding to giant

graviton bound states, are also half-BPS states, their excitations are not. These excitations

are obtained by attaching open strings to the giant graviton branes and are dual to

restricted Schur polynomials in the CFT. Allowed configurations of open string

attachments satisfy a Gauss Law condition on the brane worldvolume. Operators

describing these excitations are the Gauss graph operators. These excitations correspond

to perturbations of the unexcited states. With this in mind, we would like to generate

systematic 1/N expansions of these observables.
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Methods from group representation theory allow us to compute quantities exactly. These

methods were used in Chapter 33 to compute of the exact spectrum of the one-loop dilatation

operator on excitations of bound states of two giant gravitons. This spectrum was shown

to match that of decoupled harmonic oscillators in the large N limit. The analytic results

of this analysis agree beautifully with the numerically determined solutions and shows a

dramatic simplification of the dynamics of these systems, at large N . This has given one

of the earliest indications that integrability of the theory persists beyond the planar limit.

However, these exact solutions give no insight into how we might construct systematic

approximations.

While correlation functions of operators whose bare dimension remains constant as

N →∞ are well approximated by the planar limit of the Feynman diagrams expansion, no

such analogue is available for heavy operators. This follows since the genus of the Feynman

diagrams fail to capture the additional N dependence of heavy operators in the non-planar

limit. The saddle point analysis is a standard method of generating 1/N expansions.

However, this requires an integral representation of the relevant operators. This is a

challenging problem when considering matrix fields, since the number of integration

variables grows with N . In contrast, the generating function technology discussed in

Chapter 44 has only four integration variables, which is a promising starting point for saddle

point expansions. This was used to construct the partition function for bound states of two

giant gravitons, and a heuristic argument was given on how this could be extended to more

giants. Moreover, the generating function of giant graviton bound states was shown to be

an eigenfunction of the one-loop dilatation operators at large N . This is a significant new

result.

The asymptotic expansions of the three-point correlator were computed in three

different BMN limits in Chapter 55. Surprisingly, the non-perturbative contribution to the

J ∼O (1) and J ∼O (
p

N ) expansions suggest that these limits correspond to expansions

about a common saddle and therefore are perturbations about a common classical

configuration. Moreover, the J ∼ O (N ) expansion is a function of the Stirling numbers

while the J ∼ O (1) and J ∼ O (
p

N ) expansions are functions of generalized Bernoulli
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numbers. This is interesting since the combinatorial data for these correlation functions is

given by a ratio of gamma functions, which have a simple saddle point structure. However,

varying the parameters in the correlation function introduces a parametric Stokes

phenomenon brought by the interaction between saddles. It is expected that a complete

description of the 1/N expansion of these quantities will demonstrate a parametric Stokes

phenomenon associated to the exchange of dominant saddles at different values of J , in

the large N limit. Importantly, the different finite saddle contributions multiplying each

expansion suggests that these are indeed perturbations around different classical

configurations.

6.2 Discussion

A common feature of the constructions in this thesis is the use of ordinary variables (for

symmetrization) and Grassmann variables (for antisymmetrization). This reflects the

symmetric and antisymmetric representations of each of the operators in terms of the

Young diagrams. These were used to write down the dual monomial functions in the

spin-chain construction in Chapter 33 and again in Chapter 44 where symmetrization and

antisymmetrization was implemented as integrals over ordinary and Grassmann variables.

A new feature of the restricted Schur construction in Chapter 44 is the use of Young

symmetrizers that provide an efficient construction of projectors needed to build the

restricted Schur polynomials. A key idea in the analysis in Chapter 33 involved a mapping to

a spin-chain, which appeared again in Chapter 44 where it described the dynamical lattice

allowing interactions between fields on the strings and fields on the branes.

A byproduct of the generating function developed in Chapter 44 is the ability to generate

characters of the symmetric group. In particular, there is the possibility to generate the

asymptotic characters where n is large. However, the saddle point analysis does not easily

disentangle the information regarding these asymptotic characters.

Furthermore, we would like to demonstrate a direct re-encoding of the asymptotic series

coefficients of the three-point correlator expansions about different saddles. It is possible
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to generate a 1/N expansion of the three-point correlator in different BMN limits. These

different expansions correspond to choosing different values of J proportional to a power

of N . Then, following the insights from resurgence theory, we should expect we can relate

these different expansions and in turn relate the different classical limits of the theory.

However, finding this relationship is not straight forward, and while it might be possible to

do so directly from the expansions, it is likely that such a matching will require information

from a single integral representation.

6.3 Outlook

Given the previous discussion, some comments are now in order. A next step could be to use

the integral representations in Chapter 44 to study the asymptotic expansion of correlators

and symmetric group characters. In principle this can be done by direct saddle point

computation of the generating function and the characters can be read off the coefficient of

the corresponding term in the partition function at large n corresponding to late order terms.

However, this poses an additional question - Is it meaningful to expect that a generic integral

representation of the character of the symmetric group is directly accessible from this

expansion and if so, what would it mean? The reason for this question is that for each choice

of parameters ti in the generating function, there will be a corresponding representation,

however, at large n , these characters will appear later in the series expansion.

The stability of these series expansions requires the computation of many terms. For a

given number of boxes n there will correspond many sequences ti labeling states and

corresponding representations. However, it is not yet clear that the asymptotic

representation will isolate a single representation, rather the asymptotic representation will

generate a series with a polynomial dependence on the powers of ti and it is yet to be

shown that these can be disentangled at large n to give a specific character. Moreover, the

appearance of late order terms in the expansion in the large n limit means that the for a

given choice of n and powers of ti in the expansion, many terms must be computed before

a pattern is found and the stability of later order terms is computationally intensive to
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obtain. Until the large N and large n computation of these character representations is

carried out, the limits of this representation remain unknown.

We have considered operators labeled by only two long rows/columns. More general

computations are necessary for more general configurations, however, the extensions to

more rows and columns are possible in principle. It is an interesting prospect to consider

extensions to the generating function that would allow for operators with O (N ) rows or

columns. Such a construction would allow us to interpolate between the operators of bare

dimension O (N ) and operators of bare dimension O (N 2). These operators are sufficiently

heavy so as to back-react on the spacetime corresponding to new classical configurations.

The inclusion of these back-reacted spacetimes requires computational technology

associated with LLM geometries [1414]. For now, the direct construction of

multi-row/column generating functions can be carried out, in principle, for only finitely

many rows and columns. It is similarly expected that the large N limit will again be a

crucial element in the simplification of the generating function representation that will

make the construction of the operators a tractable exercise.

There is some scope to extend the analysis and thereby interpolate between different

classical configurations. In the simple case of the three-point functions, correlators

depending on parameters N and J have well defined asymptotic series and there is, in

principle, no limit to the scaling of N and J or the number of boxes that appear in each

operator representation that would allow O (N 2) physics to be accessible via asymptotic

series expansions and by relating the asymptotic series. However, this requires more work

to relate the different asymptotic series for different values of N and J and thereby relate

the different operators with different scaling dimensions.

Following this study, several open problems remain. Computations of the dilatation

operator have shown the theory to be integrable in certain large N limits, and it is an

interesting prospect to consider if integrability can be proven in general. A more interesting

open problem is to determine the explicit 1/N expansion of heavy operators. The

asymptotic expansions of the three-point functions suggests a rich mathematical structure

the underlying their correlation functions. It will be interesting to find the exact resurgence
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relations among the different asymptotic expansions connecting the theory that

interpolate between the different classical limits. Additionally, it remains to be shown

whether the asymptotic characters of the symmetric group corresponding to Young

diagrams, where the number of boxes n →∞, can be determined from a saddle point

expansion of the giant graviton bound state generating function.

A related analysis was performed in [144144]wherein the generating function of a specific

U (N )matrix model admits a power series representation with integer coefficients. These

integer coefficients count the superconformal index of BPS states in a 4-dimensional gauge

theory with a given charge. In the context of the AdS/CFT correspondence, these coefficients

also count the index of BPS states of the same charge in the dual gravity in theory in 5-

dimensions. In that analysis, the integral over unitary matrices is also a generating function

of graviton states represented as a sum over products of traces of powers of the unitary

matrices, with coefficients given by the characters of the symmetric group SN .

In addition to the large N analysis presented here, the finite N dynamics have been

studied in the context of Spin Matrix Theory (SMT) describing the near-BPS limits ofN = 4

SYM [145145–147147]. SMT describes the decoupling limit ofN = 4 SYM, giving rise to an effective

field theory described by the one-loop dilatation operator of N = 4 SYM. This theory

breaks the exact BPS conditions and suggests a path to understanding near-BPS black holes.

Importantly, SMT provides an avenue to study non-planar integrability in different sectors

ofN = 4 SYM.

Approaches, similar to those presented here, using coherent state generating functions

have been shown to encode combinatorial data of correlators [126126–128128]. These approaches

are also relevant to the systematic generation of 1/N expansions. The 1/N expansion of

extremal three-point correlators was studied in [139139] in the context of Exact WKB Analysis

of a dual Schrödinger equation. The work of Chapter 55 extends this study to general integral

representations and forms the basis of another article [143143].
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Appendix A

Nonplanar Integrability

This appendix contains additional details and discussion the dilatation operator spectrum

for two impurities, Young’s orthogonal representation and inner products on the space of

monomials, following Chapter 33.

A.1 Dilatation Operator for AdS Giants with Two Impurities

We are interested in the two AdS giant system for the case that our operators have two

impurities. In this case there are four operators that can be produced once r is given. These

operators are

χA(b0, b1) =χ
�

,
�(Z , Y )

χB (b0, b1) =χ
�

,
�(Z , Y )

χC (b0, b1) =χ
�

,
�(Z , Y )

χD (b0, b1) =χ
�

,
�(Z , Y ).

The length of the rows in the first two labels are taken to infinity at large N . The third label

is exactly as shown even at large N . The number of boxes removed from each row of the

first label to obtain the second label are exactly as shown even at large N . The dilatation

143



operator is
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A.2 Oscillators

We look for operators with good scaling dimension that diagonalize the equation (3.73.7).

These take the form of superpositions

∑

b1

f (b0, b1)O (b0, b1).

There are no independent sums over b0 and b1 because n = 2b0+ b1 is fixed. Since

∑

b1

f (b0, b1)D O (b0, b1) =−αg 2
YM

�

∑

b1

O (b0, b1)
�Æ

(N + b0)(N + b0+ b1)
�

f (b0−1, b1+2)

+ f (b0+1, b1−2)
��

−
∑

b1

O (b0, b1)(2N +2b0+ b1) f (b0, b1)

�

=
∑

b1

κ f (b0, b1)O (b0, b1)

where we have assumed N + b0, b1≫ 1, the f (b0, b1) satisfy the recursion relation

−αg 2
YM[

Æ

(N + b0)(N + b0+ b1) ( f (b0−1, b1+2) + f (b0+1, b1−2))

− (2N +2b0+ b1) f (b0, b1)] = κ f (b0, b1). (A.1)

In the large N + b0, b1 regime it is accurate to take a continuum limit of this recursion

relation. This gives a particularly simple description of the coefficients f (b0, b1). Towards
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this end, introduce the continuous variable ρ = 2b1/
p

N + b0 , replace f (b0, b1)with f (ρ)

and expand

Æ

(N + b0+ b1)(N + b0) = (N + b0)

�

1− 1

2

b1

N + b0
− 1

8

b 2
1

(N + b0)2
+ · · ·

�

f

�

ρ− 1
p

N + b0

�

= f (ρ)− 1
p

N + b0

∂ f

∂ ρ
+

1

2(N + b0)
∂ 2 f

∂ ρ2
+ · · · .

These expansions are only valid if b1 ≪ N + b0, which is certainly not always the case.

However, for eigenfunctions with all of their support in the small ρ region we do expect the

continuum limit of the recursion relation to give accurate answers. We find the recursion

relation becomes
�

2αg 2
YM

� 1

2

�

− ∂
2

∂ ρ2
+ρ2

�

f (ρ) = κ f (ρ) (A.2)

which is half of the harmonic oscillator with frequency 2αg 2
YM. Since the length of the rows

(or columns) of the Young diagram are non-increasing, this selects only half the oscillator.

This implies that 0≤ρ, so that only half of the wave functions are selected (those that vanish

at ρ = 0) and the energy spacing of the remaining oscillator states is 4αg 2
YM. Clearly the

description of the coefficients f (b0, b1) obtained by solving (A.2A.2) will be accurate for the

operators corresponding to the low lying oscillator eigenstates.

It is also possible to solve the recursion relation (A.1A.1) directly. Since we work in the large

N + b0, b1 regime, we can replace (A.1A.1) by

κ f (b0, b1) =−αg 2
YM

�Æ

(N + b0)(N + b0+ b1+1) f (b0−1, b1+2)

+
Æ

(N + b0+1)(N + b0+ b1) f (b0+1, b1−2)− (2N +2b0+ b1) f (b1, b1)
�

.

This recursion relation is solved by [7979]

f (b0, b1) = (−1)n
�

1

2

�N+b0+
b1
2

√

√

√

�

2N +2b0+ b1

N + b0+ b1

��

2N +2b0+ b1

n

�

× 2F1

�−n , − (N + b0+ b1)
−(2N +2b0+ b1)

; 2
�

(A.3)

where the hypergeometric function 2F1 which defines the symmetric Kravchuk polynomial

Kn

�

x , 1
q , p

�

,

2F1

�−n , − x

−p
; q
�

= Kn

�

x ,
1

q
, p
�

.
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The corresponding eigenvalue is κ= 2nαg 2
YM. The restriction 0≤ b1 selects half of the wave

functions for the continuous solutions and the energy level spacing is again 4αg 2
YM. The

solutions (A.3A.3) are accurate for all levels of the oscillator. We have checked that the low lying

solutions of (A.3A.3) are in excellent agreement with the harmonic oscillator wave functions

that vanish at the origin. Note that for any finite value of N the spectrum is bounded. It

is only in the N →∞ limit that the tower of levels is infinite. In this limit, the harmonic

oscillator wave functions are an excellent description for any arbitrarily high but finite

energy level.

The analysis for the equation (3.33.3) is similar once we make the change N + b0→N − b0.

We have a similar recursion relation for f (b0, b1) in this second case. By taking a continuum

limit, and using a continuous variable ρ̃ = 2b1/
p

N − b0 , we have

�

2αg 2
YM

� 1

2

�

− ∂
2

∂ ρ̃2
+ ρ̃2

�

f (ρ̃) = κ f (ρ̃) (A.4)

which is again an oscillator with frequency 2αg 2
YM, but since 0≤ ρ̃, again, only half of the

wave functions are selected and the energy spacing is 4αg 2
YM. Finally, the original recursion

relation can again be solved using symmetric Kravchuk polynomials.

A.3 The Space L
�

Ωp

�

In this Appendix we discuss the representation relevant for the problem of multiple AdS

giants. We highly recommend the article [8383] for background material. Consider Sm the

symmetric group on m-objects. Then

Ωp = Sm/Sm−p ×Sp

is the space of all p subsets of {1,2, . . . , m}. If m = 4 then Ω1 = {{1},{2},{3},{4}} and Ω2 =

{{1, 2},{1, 3},{1, 4},{2, 3},{2, 4},{3, 4}}, etc. You can identify a p subset with a monomial. For

example, we identify {1, 3}with x1 x3 and {1, 2, 4}with x1 x2 x4. Thus, we can consider Ωp to

be the space of distinct monomials with p factors and no factor repeats. Ordering of factors

is not important, so that x1 x2 x4 and x4 x1 x2 are the element of Ω3. We are interested in the

space L
�

Ωp

�

of complex valued functions on Ωp . The symmetric group has a natural action
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on L
�

Ωp

�

defined by its action on each monomial and acts by permuting the labels on the

factors in the monomial. Thus, for example,

(12)x1 x2 x3 = x1 x2 x3 and (24)x1 x2 x3 = x1 x4 x3.

There is a natural inner product under which the monomials are orthonormal, so that, for

example

〈x1 x2 x3, x1 x2 x3〉= 1, and 〈x1 x2 x3, x1 x2 x4〉= 〈x1 x2 x3, x1 x3 x4〉= 0.

L
�

Ωp

�

furnishes a reducible representation of the symmetric group Sm . The relevance of

L
�

Ωp

�

for us is that the projectors acting in L
�

Ωp

�

projecting onto an irreducible

representation of Sm are precisely the projectors we must define the restricted Schur

polynomials. Then, the operator

d =
m
∑

i=1

∂

∂ xi

maps from L
�

Ωp

�

to L (Ωp−1). Further, it commutes with the action of Sm so that elements

of the kernel of d form an invariant Sm subspace. The intersection of the kernel of d and

L
�

Ωp

�

is called S m−p ,p in [8383] and it is proved that S m−p ,p is an irreducible representation of

Sm .

We can get a concrete sense of these ideas by considering the following example.

Consider S 3,1 which is spanned by the polynomials (this basis was found by writing the

obvious polynomials linear in the xi s that are annihilated by d and then using the

Gram-Schmidt algorithm to get an orthonormal basis)

φ1 =
x1− x2p

2
, φ2 =

x3− x4p
2

and φ3 =
x1+ x2− x3− x4

2
.

It is easy to check that

(12)φ1 =−φ1, (12)φ2 =φ2, (12)φ3 =φ3,

(23)φ1 =
1

2
φ1− 1

2
φ2+

1p
2
φ3, (23)φ2 =−1

2
φ1+

1

2
φ2+

1p
2
φ3, (23)φ3 =

1p
2
φ1+

1p
2
φ2,

(34)φ1 =φ1, (34)φ2 =−φ2, (34)φ3 =φ3.
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Thus, we have the following group elements

Γ ((12)) =











−1 0 0

0 1 0

0 0 1











, Γ ((23)) =











1
2 − 1

2
1p
2

− 1
2

1
2

1p
2

1p
2

1p
2

0











and Γ ((34)) =











1 0 0

0 −1 0

0 0 1











.

It is now possible to compute all elements of the group and then also the characters, using

these matrices. In this way, it is a simple matter to identify this as the irreducible

representation.
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Appendix B

Multi-Giants Generating Functions

This appendix contains explicit checks and proofs supporting the discussion in Chapter 44.

B.1 Check of the Generating Function for a Two AdS Giant

Bound State

In this appendix we expand the generating function for the bound states of two AdS giant

gravitons, in a power series in t1 and t2. This allows us to test their correctness since, for

a small number of fields, the construction of the relevant Schur polynomials is entirely

straightforward. Here, it will be conventient to use S0 and S1 following (4.144.14) to simplify the

notation.

B.1.1 Operators Constructed from the Generating Function

No open strings attached: To start, consider the two AdS giant graviton bound state

generating function, which is given by

ZAdS(t1, t2) =
∞
∑

p1=p2

∞
∑

p2=1

t 2p2
2 t p1−p2

1

(p1+p2)!
d(p1,p2) p2! (p1−p2)!

χ(p1,p2)(Z )

=

∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ
e S0

π2N
e SI (B.1)
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where d(p1,p2) is the dimension of the symmetric group Sp1+p2
representation labeled by a

Young diagram with p1 boxes in the first row and p2 boxes in the second row, p2 ≤ p1. After a

simple computation we have

d(p1,p2) =
(p1+p2)! (p1−p2+1)

(p1+1)! p2!

Mp1,p2
=

(p1+p2)!
d(p1,p2) p2! (p1−p2)!

=
(p1+1)!

(p1−p2+1)!
.

Power series expanding the integrand of (B.1B.1) in the parameters t1 and t2, we generate a

sequence of polynomials in the variables ϕ̄i , ϕi , φ̄i andφi . The resulting integrals are all

easily performed using (4.64.6) and the obvious analogous formula for integrals over ϕ̄i and

ϕi . The result is

Z (t1, t2) =1+ t1 Tr(Z ) + t 2
2

�

Tr(Z )2−Tr(Z 2)
�

+ t1t 2
2

�

Tr(Z )3−Tr(Z 3)
�

+
t 2

1

2

�

Tr(Z )2+Tr(Z 2)
�

+
t 4

2

2

�

Tr(Z )4+3 Tr(Z 2)2−4 Tr Z Tr(Z 3)
�

+ · · · .
(B.2)

In the first column below we show the value ofMp1,p2
, in the second we show the Schur

polynomial χ(p1,p2)(Z ) and in the third we show the coefficient of t p1−p2
1 t 2p2

2 . The fact that the

product of the first two entries on any row reproduces the third entry shows that the result

(B.2B.2) has indeed confirmed the formula (B.1B.1).

M1,0 = 1 χ = Tr(Z ) Tr(Z )

M1,1 = 2 χ =
Tr(Z )2−Tr(Z 2)

2
Tr(Z )2−Tr(Z 2)

M2,1 = 3 χ =
Tr(Z )3−Tr(Z 3)

3
Tr(Z )3−Tr(Z 3)

M2,0 = 1 χ =
Tr(Z )2+Tr(Z 2)

2

Tr(Z )2+Tr(Z 2)
2

M2,2 = 6 χ =
Tr(Z )4−4 Tr(Z )Tr(Z 3) +3 Tr(Z 2)2

12

Tr(Z )4+3 Tr(Z 2)2−4 Tr Z Tr(Z 3)
2

.

This example nicely illustrates how the checks that follow will be performed. We will

not however quote the explicit formulas for all of the operators we produce, since these

become rather lengthy expressions that are not very illuminating.

Two open strings attached, to the giant of momentum p1: Next consider the generating

function obtained when we attach two open strings to the giant graviton with momentum
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p1. We employ the description in which each open string is described with a word. The

relevant generating function is

Z (t1, t2) =

∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ
e S0

π2N
e SI

�

ϕ̄ ·WA1
·ϕ ϕ̄ ·WA2

·ϕ� .

Expanding to second order in t1 and t 2
2 we obtain

Z (t1, t2) = a0+a1t1+a2t 2
2 + t 2

1 a3+ t1t 2
2 a4+

t 4
2

2
a5+ · · · (B.3)

where 11, for example

a0 = Tr(WA1
)Tr(WA2

) +Tr(WA1
WA2
)

a1 = Tr(Z )Tr(WA1
)Tr(WA2

) +Tr(Z )Tr(WA1
WA2
) +Tr(Z WA1

)Tr(WA2
)

+Tr(WA1
)Tr(Z WA2

) +Tr(WA1
WA2

Z ) +Tr(WA1
Z WA2

).

(B.4)

Two open strings attached, to the giant of momentum p2: Next consider the generating

function obtained when we attach two open strings to the giant graviton with momentum

p2. The relevant generating function is

Z (t1, t2) =

∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ
e S0+SI

π2N

�

ϕ̄ ·Z ·ϕ φ̄ ·WB1
·φ− ϕ̄ ·Z ·φ φ̄ ·WB2

·ϕ�

× �

ϕ̄ ·Z ·ϕ φ̄ ·WB1
·φ− ϕ̄ ·Z ·φ φ̄ ·WB2

·ϕ� .

Expanding to second order in t1 and t 2
2 we obtain

Z (t1, t2) = b0+ b1t1+ b2t 2
2 + t 2

1 b3+ t1t 2
2 b4+

t 4
2

2
b5+ · · · (B.5)

where, for example

b0 =Tr(WB1
)Tr(WB2

)Tr(Z )2+Tr(Z )2 Tr(WB1
WB2
)−Tr(WB2

)Tr(Z )Tr(WB1
Z )

−Tr(WB1
)Tr(Z )Tr(WB2

Z ) +2 Tr(WB1
Z )Tr(WB2

Z ) +Tr(WB1
)Tr(WB2

)Tr(Z 2)

+Tr(WB1
WB2
)Tr(Z 2)−Tr(Z )Tr(WB1

WB2
Z )−Tr(WB2

)Tr(WB1
Z 2)−Tr(WB2

WB1
Z 2)

−Tr(Z )Tr(WB2
WB1

Z )−Tr(WB1
)Tr(WB2

Z 2)−Tr(WB1
WB2

Z 2) +2 Tr(WB1
Z WB2

Z )

b1 =Tr(WB1
)Tr(WB2

)Tr(Z )3+Tr(Z )3 Tr(WB1
WB2
)−Tr(WB2

)Tr(Z )2 Tr(WB1
Z )

1When writing Z i
j the upper i index is a row index and the lower j index is a column index.
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−Tr(WB1
)Tr(Z )2 Tr(WB2

Z ) +2 Tr(Z )Tr(WB1
Z )Tr(WB2

Z ) +3 Tr(WB1
)Tr(WB2

)Tr(Z )Tr(Z 2)

+3 Tr(Z )Tr(WB1
WB2
)Tr(Z 2)−Tr(WB2

)Tr(WB1
Z )Tr(Z 2)−Tr(WB1

)Tr(WB2
Z )Tr(Z 2)

−Tr(Z )2 Tr(WB1
WB2

Z )−Tr(Z 2)Tr(WB1
WB2

Z )−2 Tr(WB2
)Tr(Z )Tr(WB1

Z 2)

+2 Tr(WB2
Z )Tr(WB1

Z 2)−Tr(Z )2 Tr(WB2
WB1

Z )−Tr(Z 2)Tr(WB2
WB1

Z )

−2 Tr(WB1
)Tr(Z )Tr(WB2

Z 2) +2 Tr(WB1
Z )Tr(WB2

Z 2) +2 Tr(WB1
)Tr(WB2

)Tr(Z 3)

+2 Tr(WB1
WB2
)Tr(Z 3)−2 Tr(Z )Tr(WB1

WB2
Z 2) +2 Tr(Z )Tr(WB1

Z WB2
Z )

−2 Tr(WB2
)Tr(WB1

Z 3)−2 Tr(Z )Tr(WB2
WB1

Z 2)−2 Tr(WB1
)Tr(WB2

Z 3)

−2 Tr(WB1
WB2

Z 3) +2 Tr(WB1
Z WB2

Z 2)−2 Tr(WB2
WB1

Z 3)

+2 Tr(WB2
Z WB1

Z 2).

A pair of strings attached, one to each giant: The generating function for two strings

attached, one to each of the two giants in the bound state, again employing a description in

which each open string is described with a word, is given by

Z (t1, t2) =

∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ
e S0

π2N
e SI

�

ϕ̄ ·WA ·ϕ
�

× �

ϕ̄ ·Z ·ϕ φ̄ ·WB ·φ− ϕ̄ ·Z ·φ φ̄ ·WB ·ϕ
�

.

Again expanding to second order in t1 and t2 we obtain

Z (t1, t2) = c0+ t1c1+ t 2
2 c2+ t 2

1 c3+ t1t 2
2 c4+ t 4

2 c5+ · · · (B.6)

where, for example

c0 = Tr(WA)Tr(WB )Tr(Z )−Tr(WB )Tr(WAZ ) +Tr(WA)Tr(WB Z )−Tr(WAWB Z )

c1 =Tr(WA)Tr(WB )Tr(Z )2−Tr(WB )Tr(Z )Tr(WAZ ) +2 Tr(WA)Tr(Z )Tr(WB Z )

−Tr(WAZ )Tr(WB Z ) +Tr(WA)Tr(WB )Tr(Z 2)−Tr(Z )Tr(WAWB Z )

−Tr(WB )Tr(WAZ 2) +2 Tr(WA)Tr(WB Z 2)−Tr(WAWB Z 2)−Tr(WAZ WB Z ).

(B.7)

A pair of strings stretched between the giants: Finally, consider the generating function

for two strings stretched between the two giants in the bound state, again employing a

description in which each open string is described with a word
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Z (t1, t2) =

∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ
e S0

π2N
e SI

× �

ϕ̄ ·Z ·ϕ φ̄ ·WC ·ϕ ϕ̄ ·WD ·φ− ϕ̄ ·Z ·φ φ̄ ·WC ·ϕ ϕ̄ ·WD ·ϕ
�

.

Again expanding to second order in t1 and t2 we obtain

Z (t1, t2) = s0+ t1s1+ t 2
2 s2+ t 2

1 s3+ t1t 2
2 s4+ t 4

2 s5+ · · ·

where, for example

s0 =Tr(Z )Tr(WC WD )−Tr(WD )Tr(WC Z )−Tr(WC WD Z ) +Tr(WD WC Z )

s1 =Tr(Z )2 Tr(WC WD )−Tr(WD )Tr(Z )Tr(WC Z )−Tr(WC Z )Tr(WD Z ) +Tr(WC WD )Tr(Z 2)

−Tr(Z )Tr(WC WD Z )−Tr(WD )Tr(WC Z 2) +2 Tr(Z )Tr(WD WC Z )−Tr(WC WD Z 2)

−Tr(WC Z WD Z ) +2 Tr(WD WC Z 2).

(B.8)

B.1.2 Restricted Schur Polynomial and Gauss Graph Operators

The formulas derived above, in terms of open string words W∗, are extremely useful. As

written, they describe the operators obtained when each open string excitation is described

using a word. These are the operators we use in Section 4.34.3 to determine the lattice

Hamiltonians describing the dynamics of open strings attached to giant gravitons.

Alternatively, we can set all open string words equal to a single letter W∗ = Y and compare

to the Gauss graph operators. It is this second exercise that we will carry out in this

Appendix.

To construct the Gauss graph operators, we need to construct the restricted Schur

polynomials. There are a number of simplifications that arise when we consider restricted

Schur polynomial operators labeled by a single row (this is the case for the coefficients

a0, a1 and a3 in (B.3B.3)). In this case the Gauss graph operators and the restricted Schur

polynomial bases coincide. Further, since the representation R is one dimensional, the

subspace we restrict to when defining the restricted characters is not a proper subspace

and the restricted characters simply reduce to ordinary characters. In this case it is simple
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to check the following equalities

a0 = 2χ ,

�

·,
�

(Z , Y ) =
�

·,
�

a1 = 2χ ,

�

,
�

(Z , Y ) =
�

,
�

a3 = 2χ ,

�

,
�

(Z , Y ) =
�

,
�

.

The equality above is between (1) the coefficient a∗ appearing in (B.4B.4)), (2) the restricted

Schur polynomial with three Young diagram labels and (3) the Gauss graph operator which

has both a Young diagram label and a graph label. The graph is the same in all three cases

because in all three we have a single brane with two strings attached to it. The equalities

above are explicit checks of the equality between Gauss graph operators with all strings

attached to a single brane, and our generating function for excited bound states with all

excitations associated to a given row. Here we are, of course, using the fact that these

equalities are meant to be exact and not just large N identities.

The remaining terms in (B.3B.3) should be compared to Gauss graph operators constructed

from restricted Schur polynomials that are labeled by Young diagrams that have two rows.

The two row restricted Schur polynomial is still simpler than the general case, since with

only two rows we do not need to introduce multiplicity labels. However, the representation

R is no longer one dimensional and the subspace we restrict to when defining the restricted

characters is usually a proper subspace. Thus, the restricted characters are not equal to

ordinary characters, and they must be computed. Since we are attaching both strings to a

single brane, it is again true that, for these operators, the Gauss graph operators and the

restricted Schur polynomial bases coincide. This is again an exact statement. The restricted

Schur polynomials that we need are given by

χ ,
�

,
�(Z , Y ) =

1

4

�

Tr(Z )2 Tr(Y )2+Tr(Y 2)Tr(Z )2+2 Tr(Y Z )Tr(Z )Tr(Y )

−Tr(Z 2)Tr(Y )2−Tr(Y 2)Tr(Z 2)−2 Tr(Y Z 2)Tr(Y )

+2 Tr(Z Y 2)Tr(Z )−2 Tr(Y 2Z 2)
�

χ ,
�

,
�(Z , Y ) =

1

6

�

Tr(Z )3 Tr(Y )2+4 Tr(Z )2 Tr(Y )Tr(Z Y ) +4 Tr(Z )2 Tr(Z Y 2)
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+2 Tr(Z )Tr(Y )Tr(Z 2Y ) +Tr(Z )3 Tr(Y 2) +2 Tr(Z )Tr(Z Y )2

+2 Tr(Z )Tr(Z 2Y 2) +2 Tr(Z )Tr(Z Y Z Y )−2 Tr(Y Z )Tr(Y )Tr(Z 2)

−Tr(Y )2 Tr(Z 3)−Tr(Y 2)Tr(Z 3)−2 Tr(Z Y )Tr(Z 2Y )

−2 Tr(Z 2)Tr(Z Y 2)−4 Tr(Z 3Y )Tr(Y )−4 Tr(Y 2Z 3)

−2 Tr(Y Z Y Z 2)
�

χ ,
�

,
�(Z , Y ) =

1

24

�

Tr(Y )2 Tr(Z )4+Tr(Z )4 Tr(Y 2) +4 Tr(Y )Tr(Z )3 Tr(Y Z )

+2 Tr(Z )2 Tr(Y Z )2+2 Tr(Y Z )2 Tr(Z 2) +3 Tr(Y )2 Tr(Z 2)2

+3 Tr(Y 2)Tr(Z 2)2+4 Tr(Z )3 Tr(Y 2Z )−4 Tr(Z )Tr(Y Z )Tr(Y Z 2)

+12 Tr(Y )Tr(Z 2)Tr(Y Z 2) +4 Tr(Y Z 2)2−4 Tr(Y )2 Tr(Z )Tr(Z 3)

−4 Tr(Z )Tr(Y 2)Tr(Z 3)−4 Tr(Y )Tr(Y Z )Tr(Z 3)−4 Tr(Y 2Z )Tr(Z 3)

+12 Tr(Z 2)Tr(Y 2Z 2) +2 Tr(Z )2 Tr(Y Z Y Z ) +2 Tr(Z 2)Tr(Y Z Y Z )

−12 Tr(Y )Tr(Z )Tr(Y Z 3)−4 Tr(Y Z )Tr(Y Z 3)−12 Tr(Z )Tr(Y 2Z 3)

−4 Tr(Z )Tr(Y Z Y Z 2)−4 Tr(Y Z Y Z 3) +4 Tr(Y Z 2Y Z 2)
�

.

It is now a simple exercise to check the following equalities

a2 = 4χ ,
�

,
�(Z , Y ) =

�

,
�

a4 = 6χ ,
�

,
�(Z , Y ) =

�

,
�

a5 = 12χ ,
�

,
�(Z , Y ) =

�

,
�

(B.9)

after setting W1 =W2 = Y in a2, a4 and a5.

It is equally easy to test the results for strings attached to the second giant graviton, given

in (B.5B.5). In this case, again because all strings are attached to a single giant, there is an exact

equality between the restricted Schur polynomials and the Gauss graph operators. We have
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tested the equalities

b0 = 4χ ,

�

,
�

(Z , Y ) =
�

,
�

b1 = 12χ ,

�

,
�

(Z , Y ) =
�

,
�

b2 = 16χ ,
�

,
�(Z , Y ) =

�

,
�

b3 = 24χ ,

�

,
�

(Z , Y ) =
�

,
�

after setting W1 =W2 = Y in b0, b1, b2 and b3.

Testing the results when there is a string attached to each giant graviton is also interesting.

In this case we gave a proof that the two sets of operators agree at large N , but have not

proved an exact statement. These results are given in (B.6B.6). For this class of operators it is no

longer true that the Gauss graph operators and the restricted Schur polynomials coincide.

Recall that from (4.214.21) we have

O (σ) =
1

∏

i mi !

∑

s⊢m

∑

α∈∏i Smi

p

ds χs (σα)OR ,(r,s )

where χs (σ) is the character ofσ ∈ Sm in irreducible representation s . Since we only have a

single Y box in each row, the groups Smi
are trivial we have the lovely simple formula

O (σ) =
∑

s⊢m

p

ds χs (σ)OR ,(r,s ). (B.10)

To obtain the state with a string attached to each of the two branes we need to chooseσ

equals the identity in (B.10B.10). We then have χs (1) = ds and hence

O (1) =OR ,

�

r,
�

+OR ,
�

r,
�. (B.11)

Using this formula, we can test the polynomials defined in (B.6B.6). A subset of the restricted

Schur polynomials that we need are

χ ,

�

,
�

=
1

2

�

Tr(Y )2 Tr(Z ) +Tr(Y 2)Tr(Z )−Tr(Y )Tr(Y Z )−Tr(Y 2Z )
�

χ ,
�

,
� =

1

2

�

Tr(Y )2 Tr(Z )−Tr(Y 2)Tr(Z ) +Tr(Y )Tr(Y Z )−Tr(Y 2Z )
�

χ ,

�

,
�

=
1

4

�

Tr(Z 2)Tr(Y 2) +Tr(Z 2)Tr(Y )2+Tr(Y 2)Tr(Z )2
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−2 Tr(Y Z Y Z ) +Tr(Y 2)Tr(Z 2)−2 Tr(Y Z )2
�

χ ,
�

,
� =

1

4

�

Tr(Z )2 Tr(Y )2+Tr(Z 2)Tr(Y )2−Tr(Y 2)Tr(Z )2

−2 Tr(Y 2Z 2)−Tr(Y 2)Tr(Z 2) +2 Tr(Y Z 2)Tr(Y )

−2 Tr(Z Y 2)Tr(Z ) +2 Tr(Y Z )Tr(Z )Tr(Y )
�

.

We have tested the equalities

c0 =χ ,

�

,
�

(Z , Y ) +χ ,
�

,
�(Z , Y ) =

�

,
�

c1 =χ ,

�

,
�

(Z , Y ) +χ ,
�

,
�(Z , Y ) =

�

,
�

c2 = 3χ ,
�

,
�(Z , Y ) +3χ ,

�

,
�(Z , Y ) =

�

,
�

c3 =
3

2
χ ,

�

,
�

(Z , Y ) +
3

2
χ ,

�

,
�(Z , Y ) =

�

,
�

c4 = 8χ ,
�

,
�(Z , Y ) +8χ ,

�

,
�(Z , Y ) =

�

,
�

(B.12)

after setting W1 =W2 = Y in c0, c1, c2, c3 and c4. The fact that we obtain exact agreement is

not expected, suggesting we should attempt to extend the proof given in Appendix B.3B.3 to

finite N .

We would now like to test the results for the stretched string operators, summarized

in (B.8B.8) above. Since the operators with a string on each brane are related to the stretched

string operators by the action of the graph changing operator, the results (B.12B.12) suggest we

should again find exact agreement. To obtain the state with strings stretching between the

two branes we need to chooseσ= (1, 2) in (B.10B.10). Thus, in the end we have

O ((1, 2)) =OR ,

�

r,
�−OR ,

�

r,
�. (B.13)
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Using this formula, we have argued for and tested the equalities

s0 =χ
�

,
�

(Z , Y )−χ �

,
�(Z , Y ) =

�

,

�

s1 =χ
�

,
�

(Z , Y )−χ �

,
�(Z , Y ) =

�

,

�

s2 = 3χ �

,
�(Z , Y )−3χ �

,
�(Z , Y ) =

�

,

�

s3 =
3

2
χ

�

,
�

(Z , Y )− 3

2
χ �

,
�(Z , Y ) =

�

,

�

s4 = 8χ �

,
�(Z , Y )−8χ �

,
�(Z , Y ) =

�

,

�

after setting W1 =W2 = Y in s0, s1, s2, s3 and s4.

Our final comparison is between operators for which the open string excitations are

described using open string words. A simple example is given by attaching two strings to

the first brane and setting p1 = p2 = 1. As above, each row of R is, of course, not a giant

graviton, but this simple example allows us to compare the construction of [3030]with the

construction developed above. From the above construction this operator is given as the

coefficient of t 2
2 in the power series expansion of the expression

∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ
e S0

π2N
e SI

2
∏

r=1

�

ϕ̄ ·WAr
·ϕ� .

The result is

O11(Z , WA1
, WA2

) =Tr(Z )2 Tr(WA1
)Tr(WA2

)−Tr(Z 2)Tr(WA1
)Tr(WA2

) +Tr(Z WA1
)Tr(Z )Tr(WA2

)

+Tr(Z WA2
)Tr(Z )Tr(WA1

) +Tr(Z )2 Tr(WA1
WA2
)−Tr(Z 2)Tr(WA1

WA2
)

−Tr(Z 2WA1
)Tr(WA2

)−Tr(Z 2WA2
)Tr(WA1

) +Tr(Z WA1
W A2)Tr(Z )

+Tr(Z WA2
W A1)Tr(Z )−Tr(Z 2W A1 W A2)−Tr(Z 2W A2 WA1

).
(B.14)

We want to compare this to the construction given in [3030], which makes use of projection

operators. For the operator that we are studying, we define a representation R ′′1 by removing

two boxes from representation R , as follows

R = −→ −→ R ′′1 = .
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We use the notation R ′′1 to match the notation of Appendix C1 of [3030]. The projection operator

that acts within the carrier space of R and projects from R to R ′′1 is denoted by PR ,R ′′1 . In

terms of this projector, the giant bound state with two strings attached is given by

χR ,R ′′1 (Z , WA1
, WA2

) =
1

2

∑

σ∈S4

Z i1
iσ(1)

Z i2
iσ(2)

�

WA1

�i3

iσ(3)

�

WA2

�i4

iσ(4)
Tr
�

PR ,R ′′1 ΓR (σ)
�

.

Using the results of Appendix C1 of [3030] and the explicit expression (B.14B.14) it is simple to

verify that

O
�

Z , WA1
, WA2

�

= 2χR ,R ′′1

�

Z , WA1
, WA2

�

so that our generating function has correctly reproduced the restricted polynomial

constructed in [3030]. In Section 4.2.34.2.3 our arguments for the equality of restricted Schur

polynomials and the operators obtained from the generating function made extensive use

of the derivative rule proved in [3030]. It is worth reviewing this rule with the formula (B.14B.14)

in hand. Towards this end, we employ a convenient graphical notation (for this example,

when defining the restrictions, string WA1
is removed first and then WA2

is removed) as

follows

χR ,R ′′1

�

Z , WA1
, WA2

�

=χ 2 1 .

More details about this notation are available in [3030]. For this example, the derivative rule

of [3030] states that

∂

∂
�

WA1

�a

a

χ 2 1 = (N +2)χ 2 and
∂

∂
�

WA2

�a

a

χ 2 = (N +1)χ .

It is a simple matter to verify these formulas using (B.14B.14).

Finally, consider the case that a pair of strings are stretched between the two giant

gravitons. Giant graviton bound states with a single pair of stretched strings are generated

by the integral
∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ
e S0

π2N
e SI

× �

ϕ̄ ·Z ·ϕ φ̄ ·WD ·ϕ ϕ̄ ·WC ·φ− ϕ̄ ·Z ·φ φ̄ ·WD ·ϕ ϕ̄ ·WC ·ϕ
�

.

The term independent of t1 and t2 in the power series expansion of integral is

Os s = Tr(Z )Tr(WC WD ) +Tr(Z WC WD )−Tr(Z WD )Tr(WC )−Tr(Z WD WC ) (B.15)
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which is in precise agreement with the construction of [3030]. To see this, note that the

restricted character needed to construct the restricted Schur polynomial is given by a single

matrix element (we use the Young’s orthonormal basis)

χs s (σ) =
­

3 1
2

�

�

�

�

Γ (σ)

�

�

�

�

3 2
1

·

The complete set of restricted characters are now easily evaluated

χs s ((1)(2)(3)) = 0 χs s ((12)) =
p

3

2
χs s ((13)) =−

p
3

2

χs s ((23)) = 0 χs s ((123)) =−
p

3

2
χs s ((132)) =

p
3

2
.

It is now trivial to verify that

χs s (Z , WC , WD )≡
∑

σ∈S3

χs s (σ) (WD )
i1
iσ(1)
(WC )

i2
iσ(2)

Z i3
iσ(3)
=
p

3

2
Os s .

It is again interesting to explore the derivative of this operator. The derivative rule of

[3030] states that the derivative with respect to string D , stretching between the two branes,

vanishes 22. It is a simple exercise to verify that this is indeed the case

∂

∂ (WD )
a
a

Os s = 0.

B.2 Check of the Generating Function for a Two Sphere

Giant Bound State

In this Appendix we expand the generating functions for the bound states of two sphere

giant gravitons, in a power series in t1 and t2, in order to test their correctness. Again, it will

be conventient to use S̃0 and S̃1 following (4.274.27) to simplify the notation.

2The thing that is special about string D is that it occupies slot 1, i.e. its upper index is i1.
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B.2.1 Operators Constructed from the Generating Function

No open strings attached: The two sphere giant graviton bound state generating function

is given by

Z (t1, t2) =
∞
∑

p1≥p2

∞
∑

p2=1

t 2p2
2 t p1−p2

1

(p1+p2)!
d(2p2 1p1−p2 ) p2! (p1−p2)!

χ(2p2 ,1p1−p2 )(Z )

=

∫

dN ψ̄

∫

dN ψ

∫

dN ξ̄

∫

dN ξ e S̃0+S̃1

(B.16)

where d(2p2 1p1−p2 ) is the dimension of the symmetric group Sp1+p2
representation labeled by a

Young diagram with p1 boxes in the first column and p2 ≤ p1 boxes in the second column.

After a simple computation we have

d(2p2 1p1−p2 ) =
(p1+p2)! (p1−p2+1)

(p1+1)!p2!

Mp1,p2
=

(p1+p2)!
d(2p2 1p1−p2 ) p2! (p1−p2)!

=
(p1+1)!

(p1−p2+1)!
.

Power series expanding this integral in the parameters t1 and t 2
2 we find a sequence of

polynomials in the variables ψ̄i ,ψi , ξ̄i and ξi . These are all easily performed using (4.234.23)

and the obvious analogous formula for integrals over ξ̄i and ξi . The result is

Z (t1, t2,{W }) = 1+ t1d1+ t 2
2 d2+ t 2

1 d3+ t1t 2
2 d4+ t 4

2 d5+ · · ·

where

d1 = Tr(Z ) =M1,0χ

d2 = Tr(Z )2+Tr(Z 2) =M2,0χ

d3 = Tr(Z )2−Tr(Z 2) =M1,1χ

d4 = Tr(Z )3−Tr(Z 3) =M2,1χ

d5 = Tr(Z )4+3 Tr(Z 2)2−4 Tr(Z )Tr(Z 3) =M2,2χ

confirming (B.16B.16).

Two open strings attached, to the giant of momentum p1: Next consider the generating

function describing bound states of two sphere giant gravitons, with two strings attached
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to the first giant graviton. The generating function is given by

Z (t1, t2,{W }) =
∫

dN ψ̄

∫

dN ψ

∫

dN ξ̄

∫

dN ξ e S̃0+S̃1
�

ψ ·WA1
· ψ̄ ψ ·WA2

· ψ̄�

= f0+ t1 f1+ t 2
2 f2+ t 2

1 f3+ t1t 2
2 f4+ t 4

2 f5+ · · ·
(B.17)

where, for example

f0 =Tr(WA1
)Tr(WA2

)−Tr(WA1
WA2
)

f1 =Tr(WA1
)Tr(WA2

)Tr(Z )−Tr(Z WA1
)Tr(WA2

)−Tr(Z WA2
)Tr(WA1

)

−Tr(WA1
WA2
)Tr(Z ) +Tr(WA1

WA2
Z ) +Tr(WA2

WA1
Z ).

Two open strings attached, to the giant of momentum p2: Next consider the generating

function describing bound states of two sphere giant gravitons, with two strings attached

to the first giant graviton. The generating function is given by

Z (t1, t2,{W }) =
∫

dN ψ̄

∫

dN ψ

∫

dN ξ̄

∫

dN ξ e S̃0+S̃1
�

ψ̄ ·Z ·ψ ξ̄ ·WB1
·ξ− ψ̄ ·Z ·ξ ξ̄ ·WB1

·ψ�

× �ψ̄ ·Z ·ψ ξ̄ ·WB2
·ξ− ψ̄ ·Z ·ξ ξ̄ ·WB2

·ψ�

= g0+ t1g1+ t 2
2 g2+ t 2

1 g3+ t1t 2
2 g4+ t 4

2 g5+ · · ·
(B.18)

where, for example

g0 =Tr(WB1
)Tr(WB2

)Tr(Z )2−Tr(Z )2 Tr(WB1
WB2
) +Tr(WB2

)Tr(Z )Tr(WB1
Z )

+Tr(WB1
)Tr(Z )Tr(WB2

Z ) +2 Tr(WB1
Z )Tr(WB2

Z )−Tr(WB1
)Tr(WB2

)Tr(Z 2)

+Tr(WB1
WB2
)Tr(Z 2)−Tr(Z )Tr(WB1

WB2
Z )−Tr(WB2

)Tr(WB1
Z 2)−Tr(Z )Tr(WB2

WB1
Z )

−Tr(WB1
)Tr(WB2

Z 2) +Tr(WB1
WB2

Z 2)−2 Tr(WB1
Z WB2

Z ) +Tr(WB2
WB1

Z 2)

g1 =Tr(WB1
)Tr(WB2

)Tr(Z )3−Tr(Z )3 Tr(WB1
WB2
) +Tr(WB2

)Tr(Z )2 Tr(WB1
Z )

+Tr(WB1
)Tr(Z )2 Tr(WB2

Z ) +2 Tr(Z )Tr(WB1
Z )Tr(WB2

Z )−3 Tr(WB1
)Tr(WB2

)Tr(Z )Tr(Z 2)

+3 Tr(Z )Tr(WB1
WB2
)Tr(Z 2)−Tr(WB2

)Tr(WB1
Z )Tr(Z 2)−Tr(WB1

)Tr(WB2
Z )Tr(Z 2)

−Tr(Z )2 Tr(WB1
WB2

Z ) +Tr(Z 2)Tr(WB1
WB2

Z )−2 Tr(WB2
)Tr(Z )Tr(WB1

Z 2)

−2 Tr(WB2
Z )Tr(WB1

Z 2)−Tr(Z )2 Tr(WB2
WB1

Z ) +Tr(Z 2)Tr(WB2
WB1

Z )

−2 Tr(WB1
)Tr(Z )Tr(WB2

Z 2)−2 Tr(WB1
Z )Tr(WB2

Z 2) +2 Tr(WB1
)Tr(WB2

)Tr(Z 3)
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−2 Tr(WB1
WB2
)Tr(Z 3) +2 Tr(Z )Tr(WB1

WB2
Z 2)−2 Tr(Z )Tr(WB1

Z WB2
Z )

+2 Tr(WB2
)Tr(WB1

Z 3) +2 Tr(Z )Tr(WB2
WB1

Z 2) +2 Tr(WB1
)Tr(WB2

Z 3)

−2 Tr(WB1
WB2

Z 3) +2 Tr(WB1
Z WB2

Z 2)−2 Tr(WB2
WB1

Z 3) +2 Tr(WB2
Z WB1

Z 2).

A pair of strings, one attached to each giant: The generating function describing bound

states of two sphere giant gravitons, with a string attached to each of the two giant gravitons,

is given by

Z (t1, t2,{W }) =
∫

dN ψ̄

∫

dN ψ

∫

dN ξ̄

∫

dN ξ e S̃0+S̃1
�

ψ̄ ·WA ·ψ
�

× �ψ̄ ·Z ·ψ ξ̄ ·WB ·ξ− ψ̄ ·Z ·ξ ξ̄ ·WB ·ψ
�

= h0+ t1h1+ t 2
2 h2+ t 2

1 h3+ t1t 2
2 h4+ t 4

2 h5+ · · ·

where, for example

h0 =Tr(WA)Tr(WB )Tr(Z ) +Tr(WB )Tr(WAZ )−Tr(WA)Tr(WB Z )−Tr(WAWB Z )

h1 =Tr(WA)Tr(WB )Tr(Z )2+Tr(WB )Tr(Z )Tr(WAZ )−2 Tr(WA)Tr(Z )Tr(WB Z )

−Tr(WAZ )Tr(WB Z )−Tr(WA)Tr(WB )Tr(Z 2)−Tr(Z )Tr(WAWB Z ) +Tr(WAWB Z 2)

−Tr(WB )Tr(WAZ 2) +2 Tr(WA)Tr(WB Z 2) +Tr(WAZ WB Z ).

A pair of strings stretched between the giants: Finally consider the generating function

describing bound states of two sphere giant gravitons, with two strings stretched between

the two giant gravitons. The generating function is given by

Z (t1, t2,{W }) =
∫

dN ψ̄

∫

dN ψ

∫

dN ξ̄

∫

dN ξ e S̃0+S̃1

× �ψ̄ ·Z ·ψ ξ̄ ·WC ·ψ ψ̄ ·WD ·ξ− ψ̄ ·Z ·ξ ξ̄ ·WC ·ψ ψ̄ ·WD ·ψ
�

= j0+ t1 j1+ t 2
2 j2+ t 2

1 j3+ t1t 2
2 j4+ t 4

2 j5+ · · ·

where, for example

j0 = Tr(Z )Tr(WC WD )−Tr(WD )Tr(WC Z ) +Tr(WC WD Z )−Tr(WD WC Z )

j1 = Tr(Z )2 Tr(WC WD )−Tr(WD )Tr(Z )Tr(WC Z ) +Tr(Z )Tr(WC WD Z )−2 Tr(Z )Tr(WD WC Z )

+Tr(WC Z )Tr(WD Z )−Tr(Z 2)Tr(WC WD ) +Tr(WD )Tr(WC Z 2)−Tr(WC WD Z 2)

−Tr(WC Z WD Z ) +2 Tr(WD WC Z 2).
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B.2.2 Restricted Schur Polynomial and Gauss Graph Operators

Our goal is again to compare the operators we have obtained above to the Gauss graph

operators, after setting the open string words equal to Y . As for the case of the AdS giants,

the simplest possibility to consider is when the Young diagram labeling the operator has a

single column, corresponding to a single giant graviton. In this case, the restricted Schur

polynomial basis and the Gauss graph basis coincide, and restricted characters reduce to

ordinary characters. It is simple to verify that

f0 = 2χ ,
�·, �(Z , Y ) =

�

·,
�

f1 = 2χ ,
�

,
�(Z , Y ) =

�

,
�

f3 = 2χ ,
�

,
�(Z , Y ) =

�

,
�

.

The remaining terms in (B.17B.17) correspond to restricted Schur polynomials that are

labeled by Young diagrams with two columns. Since we are attaching both strings to a single

brane, it is still true that the Gauss graph operators and the restricted Schur polynomial

bases coincide. The restricted Schur polynomials that we need to evaluate are given by

χ ,
�

,
� =

1

4

�

Tr(Z )2 Tr(Y )2+2 Tr(Y 2Z 2)−Tr(Y 2)Tr(Z 2)−2 Tr(Y Z 2)Tr(Y )

+2 Tr(Z Y 2)Tr(Z )−Tr(Y 2)Tr(Z )2−2 Tr(Y Z )Tr(Z )Tr(Y ) +Tr(Z 2)Tr(Y )2
�

χ ,
�

,
� =

1

6

�

Tr(Z )3 Tr(Y )2−4 Tr(Z )2 Tr(Y )Tr(Z Y )−Tr(Z )3 Tr(Y 2)

−2 Tr(Z 2)Tr(Z Y )Tr(Y ) +2 Tr(Z 2Y )Tr(Z )Tr(Y )−Tr(Z 3)Tr(Y )2

+4 Tr(Y 2Z )Tr(Z )2+2 Tr(Z Y )2 Tr(Z ) +Tr(Y 2)Tr(Z 3)

+2 Tr(Z Y )Tr(Z 2Y )−2 Tr(Z Y Z Y )Tr(Z ) +2 Tr(Z 2)Tr(Z Y 2)

−2 Tr(Z 2Y 2)Tr(Z ) +4 Tr(Z 3Y )Tr(Y )−2 Tr(Z 2Y Z Y )−4 Tr(Z 3Y 2)
�

χ ,
�

,
� =

1

24
Tr(Y )2 Tr(Z )4− 1

24
Tr(Z )4 Tr(Y 2)− 1

6
Tr(Y )Tr(Z )3 Tr(Y Z ) +

1

12
Tr(Z )2 Tr(Y Z )2

165



− 1

12
Tr(Y Z )2 Tr(Z 2) +

1

8
Tr(Y )2 Tr(Z 2)2− 1

8
Tr(Y 2)Tr(Z 2)2+

1

6
Tr(Z )3 Tr(Y 2Z )

+
1

6
Tr(Z )Tr(Y Z )Tr(Y Z 2)− 1

2
Tr(Y )Tr(Z 2)Tr(Y Z 2) +

1

6
Tr(Y Z 2)2

− 1

6
Tr(Y )2 Tr(Z )Tr(Z 3) +

1

6
Tr(Z )Tr(Y 2)Tr(Z 3) +

1

6
Tr(Y )Tr(Y Z )Tr(Z 3)

− 1

6
Tr(Y 2Z )Tr(Z 3) +

1

2
Tr(Z 2)Tr(Y 2Z 2)− 1

12
Tr(Z )2 Tr(Y Z Y Z )

+
1

12
Tr(Z 2)Tr(Y Z Y Z ) +

1

2
Tr(Y )Tr(Z )Tr(Y Z 3)− 1

6
Tr(Y Z )Tr(Y Z 3)

− 1

2
Tr(Z )Tr(Y 2Z 3)− 1

6
Tr(Z )Tr(Y Z Y Z 2) +

1

6
Tr(Y Z Y Z 3)− 1

6
Tr(Y Z 2Y Z 2).

It is now a simple exercise to check the following equalities

f2 = 4χ ,
�

,
�(Z , Y ) =

�

,
�

f4 = 6χ ,
�

,
�(Z , Y ) =

�

,
�

f5 = 12χ ,
�

,
�(Z , Y ) =

�

,
�

.

after setting W1 =W2 = Y in f2, f4 and f5.

Using the results for strings attached to the second giant graviton, given in (B.18B.18) we

have checked that the identities

g0 = 4χ ,
�

,
�(Z , Y ) =

�

,
�

g1 = 2χ ,
�

,
�(Z , Y ) =





,





g2 = 16χ ,
�

,
�(Z , Y ) =





,





g3 = 24χ ,
�

,
�(Z , Y ) =







,






are obeyed. To test the results when there is one string attached to each giant graviton, we

must again compare to a linear combination of restricted Schur polynomials. The discussion

is parallel to the discussion for the AdS giants, so we simply quote the results. We have
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verified the identities

h0 =χ ,

�

,
�

(Z , Y ) +χ ,
�

,
�(Z , Y ) =

�

,
�

h1 = 2χ ,
�

,
�(Z , Y ) +2χ ,

�

,
�(Z , Y ) =

 

,
!

h2 =
1

2
χ ,

�

,
�(Z , Y ) +

1

2
χ ,

�

,
�(Z , Y ) =

 

,
!

h3 = 3χ ,
�

,
�(Z , Y ) +3χ ,

�

,
�(Z , Y ) =

 

,
!

h4 = 8χ ,
�

,
�(Z , Y ) +8χ ,

�

,
�(Z , Y ) =







,






.

Note once again that we have a complete match, even at finite N . Finally, for the operators

corresponding to the stretched string states we have verified the identities

j0 =χ
�

,
�

(Z , Y )−χ �

,
�(Z , Y ) =

�

,

�

j1 = 2χ �

,
�(Z , Y )−2χ �

,
�(Z , Y ) =





,





j2 =
1

2
χ �

,
�(Z , Y )− 1

2
χ �

,
�(Z , Y ) =





,





j3 = 3χ �

,
�(Z , Y )−3χ �

,
�(Z , Y ) =





,





j4 = 8χ �

,
�(Z , Y )−8χ �

,
�(Z , Y ) =









,









.

B.3 A Gauss Graph Identity

In this Appendix we will prove an identity for Gauss graph operators which do not involve

any stretched strings. This corresponds to settingσ= 1 in OR ,r (σ). We choose r to have p1

boxes in the first row and p2 boxes in the second and take both p1 and p2 to be O (N ). R has
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p1+m1 boxes in the first row and m2+p2 boxes in the second row so that m1 of the boxes in

the first row and m2 in the second row correspond to Y ’s. We take m1 and m2 to be O (1).

Recall formula (4.224.22) which, after settingσ to the identity, says

OR ,r (1) =
∑

ρ∈Sn+m

∑

σ1∈Sn

∑

α∈Sm1×Sm2

χr (σ1)χR (σ1 ◦αρ)Tr
�

ρZ ⊗n Y ⊗m
�

.

There is a nice interpretation of this formula that follows after recalling that the projection

operator onto representation q , within a vector space V , is given by

Pq =
dq

|G |
∑

σ∈G
χq (σ)σ.

Hereσ is the action of groupG on the space V , χq (σ) is the character of group elementσ in

representation q , dq is the dimension of representation q and |G | is the order of the group

G . If there is more than one subspace of V that carries representation q , Pq will project to

their direct sum. Using (m ) to denote the trivial representation of Sm , labeled by a Young

diagram with a single row of length m , we can write (up to an unimportant constant which

we drop)

OR ,r (1) =
∑

ρ∈Sn+m

χR

�

Pr P(m1)P(m2)ρ
�

Tr
�

ρZ ⊗n ⊗Y ⊗m
�

.

We are going to work out a formula for the derivative of this operator with respect to Y a
a .

This analysis is motivated by Appendix C of [3030] and we recommend that the reader consult

this source for further details that we do not spell out here. It is useful to generalize the

operators we consider by including a third field

O (3)
R ,r (1) =

∑

ρ∈Sn+m

χR

�

Pr P(m1)P(m2)ρ
�

Tr
�

ρZ ⊗n ⊗X ⊗m2 ⊗Y ⊗m1
�

.

Describing the states in the carrier space of R ⊢m +n using Young-Yammanouchi patterns,

the indices of the fields Y correspond to boxes with labels from 1 to m1, the indices of the

fields X to boxes with labels from m1+1 to m1+m2 =m and Z to labels from m+1 to m+n .

The Y fields are in representation (m1) and the X fields in representation (m2). The Y fields

populate boxes in the first row, while the X fields populate boxes in the second row. Now,

consider the derivative

d

d Y a
a

O (3)
R ,r (1) =m1

∑

ρ∈Sn+m

χR

�

Pr P(m1)P(m2)ρ
�

Tr
�

ρZ ⊗n ⊗X ⊗m2 ⊗Y ⊗m1−1⊗1
�
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where a is summed on the left hand side. Here we have chosen the index of 1 to correspond

to the box in R labeled 1 and we have used the fact that we can differentiate any of the Y fields

and then cycle the identity 1 into slot 1, possible because the Y fields are in representation

(m1). Writing the indices more explicitly we have

d

d Y a
a

O (3)
R ,r (1) =m1

∑

ρ∈Sn+m

χR

�

Pr P(m1)P(m2)ρ
�

Z in+m
iρ(n+m )

· · ·Z in+1
iρ(n+1)

X
im1+m2
iρ(m1+m2)

· · ·X im1+1

iρ(m1+1)

×Y
im1

iρ(m1)
· · ·Y i2

iρ(2)
δi1

iρ(1)
.

To proceed, write the sum over Sn+m as a sum over the subgroup Sn+m−1 which permutes

2, 3, · · · , m +n but leaves 1 inert. The result is

d

d Y a
a

O (3)
R ,r (1) =m1

∑

ρ∈Sn+m−1

χR

�

Pr P(m1)P(m2)ρC
�

Z in+m
iρ(n+m )

· · ·Z in+1
iρ(n+1)

X
im1+m2
iρ(m1+m2)

· · ·X im1+1

iρ(m1+1)

×Y
im1

iρ(m1)
· · ·Y i2

iρ(2)

where

C =N +
n+m
∑

i=2

(1, i ) =N + ĵ .

In this formula, ĵ is a Jucys-Murphy element. Denote the representation obtained after

dropping the box labeled 1 from R by R ′. The box that is dropped is from the first row of R .

Acting on this representation ĵ gives the content of the dropped box and we have

d

d Y a
a

O (3)
R ,r (1) =m1cR R ′OR ′,r (1).

This is an exact result. Now consider the derivative with respect to X . A simple calculation

gives

d

d X a
a

O (3)
R ,r (1) =m2

∑

ρ∈Sn+m

χR

�

Pr P(m1)P(m2)ρ
�

Z in+m
iρ(n+m )

· · ·Z in+1
iρ(n+1)

X
im1+m2
iρ(m1+m2)

· · ·δim1+1

iρ(m1+1)

×Y
im1

iρ(m1)
· · ·Y i2

iρ(2)
Y i1

iρ(1)
.

To proceed, we write the sum over Sn+m as a sum over the subgroup Sn+m−1 which permutes

1, 2 · · · , m1, m1+2, · · ·m +n but leaves m1+1 inert. The result is
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d

d X a
a

O (3)
R ,r (1) =m2

∑

ρ∈Sn+m−1

χR

�

Pr P(m1)P(m2)ρC
�

Z in+m
iρ(n+m )

· · ·Z in+1
iρ(n+1)

X
im1+m2
iρ(m1+m2)

· · ·X im1+2

iρ(m1+2)

×Y
im1

iρ(m1)
· · ·Y i1

iρ(1)

where

C = κ1+κ2

κ1 =N +
n+m
∑

i=m1+2

(m1+1, i ) and κ2 =
m1
∑

i=1

(m1+1, i ).

We will now argue that at large N , the terms collected in κ2 can be ignored. Above we are

summing transpositions (2-cycles). Transpositions square to the identity matrix, so that

their eigenvalues square to 1. Consequently, the matrix elements of the transpositions are

bounded, independent of N . In the term κ2 we sum only m1 =O (1) terms, while in κ1 we

sum m2+n =O (N ) terms. In addition, the first term in κ1 is N . This certainly bounds the

eigenvalues of κ2 to be O (1) at most. One might worry that there are cancellations between

terms summed in κ1, which might in the end imply that κ1 itself has eigenvalues of order

1. This is not the case: it is clear κ1 =N + ĵ . For the case that we consider here, ĵ gives the

content of the last box in the second row, which is p2− 2. Thus, κ1 has all eigenvalues of

order N and we can safely ignore κ2 at large N . In this case we have

d

d X a
a

O (3)
R ,r (1) =m2cR R ′OR ′,r (1).

In this formula the box dropped to obtain R ′ from R is the right most box in the second row.

The formula we want to derive, is for the derivative of OR ,r (1). This can be written as

d

d Y a
a

OR ,r (1) =
d

d Y a
a

O (3)
R ,r (1)

�

�

�

�

X=Y

+
d

d X a
a

O (3)
R ,r (1)

�

�

�

�

X=Y

=m1cR R ′1 OR ′1,r (1) +m2cR R ′2 OR ′2,r (1) (B.19)

where we have used the notation R ′i to denote the representation obtained by dropping a

box from row i of R .

It is a much simpler exercise to show that this is the rule obeyed by operators obtained

from generating function. The relevant generating function is

ZAdS(t1, t2, Y ) =

∫

dN ϕ̄

∫

dN ϕ

∫

dN φ̄

∫

dN φ
e S0

π2N
e SI
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× �ϕ̄ ·Y ·ϕ�m11
�

ϕ̄ ·Z ·ϕ φ̄ ·Y ·φ− ϕ̄ ·Z ·φ φ̄ ·Y ·ϕ�m22 .

Setting m11 equal to m1 and m22 equal to m2, and extracting the coefficient of t 2p2
2 t p1−p2

1

gives the operator OR ,r (1)with m1 Y boxes in the first row, m2 Y boxes in the second and r a

Young diagram with p1 boxes in the first row and p2 boxes in the second row. Differentiating

with respect to Y a
a and using the arguments of Section 4.2.34.2.3, we easily recover (B.19B.19).

This proves that the derivative with respect to Y of the Gauss graph operator matches the

derivative with respect to Y of the operators defined by our generating function. Since there

are no contributions to either operator that is independent of Y , this proves their equality.

There is an obvious extension of these arguments to the case of Gauss graph operators for

sphere giant gravitons.

B.4 Correlation Functions

In this section we evaluate the correlation functions that were used in Section 4.3.24.3.2. Consider

O1 =
∑

σ∈Sn+2

Z i1
iσ(1)
· · ·Z in+1

iσ(n+1)
(Y 2)in+2

iσ(n+2)
.

We would like to evaluate the correlator 〈O1O †
1 〉. The Y fields only contract with Y † fields.

Note that
¬

(Y 2)ij (Y
†2)kl

¶

=δk
l δ

i
j +Nδi

lδ
k
j .

At large N we need only keep the second term on the right hand side. This gives

¬

(Y 2)ij (Y
†2)kl

¶

=N
¬

Y i
j Y k

l

¶

�

1+O
�

N −1
��

.

We will not display the O
�

N −1
�

correction in what follows. Using this formula we have (the

operator P(n+2) is defined in (4.14.1) above)


O1O †
1

�

=N
∑

σ1,σ2∈Sn+2

¬

Z i1
iσ1(1)
· · ·Z in+1

iσ1(n+1)
Y in+2

iσ1(n+2)
Z † j1

jσ2(1)
· · ·Z † jn+1

jσ2(n+1)
Y † jn+2

jσ2(n+2)

¶

=N
∑

σ1,σ2∈Sn+2

∑

ρ∈Sn+1

Tr
�

σ1ρσ2ρ
−1
�

=N (n +1)!
∑

σ1,σ2∈Sn+2

Tr(σ1σ2)
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=N (n +1)!(n +2)!
∑

σ1∈Sn+2

Tr(σ1)

=N (n +1)!((n +2)!)2 Tr
�

P(n+2)

�

=N (n +1)!(n +2)!
n+1
∏

i=0

(N + i ).

Next, consider

O2 =
∑

σ∈Sn+2

Z i1
iσ(1)
· · ·Z in

iσ(n )
Y in+1

iσ(n+1)
(Z Y )in+2

iσ(n+2)
.

Our previous strategy of performing the Y contractions by hand is not very useful when

evaluating the 〈O2O †
2 〉 correlator. A better approach is to start from the identity

∑

σ∈Sn+3

Z i1
iσ(1)
· · ·Z in+1

iσ(n+1)
Y in+2

iσ(n+2)
Y in+3

iσ(n+3)
=

∑

σ∈Sn+2

Z i1
iσ(1)
· · ·Z in+1

iσ(n+1)
Y in+2

iσ(n+2)
Tr(Y )

+
∑

σ∈Sn+2

Z i1
iσ(1)
· · ·Z in+1

iσ(n+1)
(Y 2)in+2

iσ(n+2)
+ (n +1)

∑

σ∈Sn+2

Z i1
iσ(1)
· · ·Y in+1

iσ(n+1)
(Z Y )in+2

iσ(n+2)

which follows after summing, on the right hand side, over the subgroup and its cosets. The

first two terms on the right hand side can be neglected at large N so that

O2 =
1

n +1

∑

σ∈Sn+3

Z i1
iσ(1)
· · ·Z in+1

iσ(n+1)
Y in+2

iσ(n+2)
Y in+3

iσ(n+3)
.

A simple computation now gives


O2O †
2

�

= 2(n !)2(n +2)(n +3)
n+2
∏

i=0

(N + i )

and hence we have

O2O †

2

�


O1O †
1

� =
2(n +3)(N +n +2)

(n +1)2N
=O (N −1).

Finally, consider

O ′ =
∑

σ∈Sn+1

Z i1
iσ(1)
· · ·Z in

iσ(n )
(Y Z Y )in+1

iσ(n+1)
.

A very similar argument to the one just given establishes that

O ′O ′†�

O1O †

1

� =O
�

N −2
�

.
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Appendix C

Asymptotic Expansions

This appendix contains an outline of the basic logic, with illustrative examples, of Borel

resummation and divergent series, supporting the discussion in Chapter 55.

C.1 Basic Logic

Correlation functions are typically studied using perturbation series expansion in powers

of some large parameter. These series are asymptotic, meaning that they diverge and this

divergence is naturally explained by the combinatorial growth of the number of Feynman

diagrams in the series. Different functions can have the same asymptotic expansion, since

adding a non-perturbative part to a function does not change the asymptotic series of that

function. Therefore, non-perturbative contributions make the asymptotic expansion

non-unique. Each asymptotic expansion of a function is defined in wedge in the complex

plane about a saddle point of the function, and the boundary of each wedge is called a

Stokes Line. Crossing a Stokes line corresponds to moving from a region with one

expansion to a region with a different expansion. The value of the asymptotic expansion

changes discontinuously across a Stokes line and this discontinuous change is called the

Stokes Phenomenon. Therefore, a function that is defined on the entire complex plane will

have a different asymptotic expansion in each wedge about each of its saddle points. A

parametric Stokes phenomenon corresponds moving between different saddles of the
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function, where different asymptotic series dominate, by varying a parameter in the series.

Each saddle point corresponds to a different classical configuration, therefore, moving

between different saddle points corresponds to moving from one classical configuration to

another. Resurgence theory states that the information about asymptotic expansion at one

saddle point is encoded into the asymptotic expansion at another saddle point.

I shall briefly outline some of the details of asymptotic series representations for Gaussian

integrals. First, consider the identities

1=

∞
∫

0

d s e −s s n

n !
and f (t ) =

∞
∑

n=0

an t n .

Then, given f , we find

f (t ) =
∞
∑

n=0

1 ·an t n =
∞
∑

n=0

∞
∫

0

d s e −s an

n !
(s t )n =

∞
∫

0

d s e −s
∞
∑

n=0

an

n !
(s t )n =L �B [ f ]	 (t ) (C.1)

where

B [ f ](s ) =
∞
∑

n=0

an

n !
s n and L �B [ f ]	 (t ) =

∞
∫

0

d s e −sB [ f ](s t )

are the Borel transform of f and the inverse Borel transform, respectively. The inverse Borel

transform is the Laplace transform ofB [ f ]. The exchange of the sum and integral in (C.1C.1) is

allowed when the sum converges. Now, as an illustrative example, consider the asymptotic

formal series in t

f (t ) =
∞
∑

n=0

a n ! (b t )n .

Then

f (t ) =

∞
∫

0

d s e −s a

1− b t s
= a

1

b t
e −

1
b t Ei

�

1

b t

�

(C.2)

where

Ei(x ) =−
∞
∫

−x

d z

z
e −z .

The function Ei(x ) has a branch cut running from −∞ to 0 and a simple pole at x = 0.

Expanding (C.2C.2) as a series, for small values of t , recovers

f (t ) =a
�

1+ b t +2(b t )2+6(b t )3+24(b t )4+120(b t )5+720(b t )6+ · · ·	

174



=a
∞
∑

n=0

n ! (b t )n (C.3)

as expected. Expanding (C.2C.2) as a series for large t gives

f (t ) =
a

b t

�

�

γ− log(b t )
�

§

1− 1

b t
+

1

2

1

(b t )2
− 1

6

1

(b t )3
+

1

24

1

(b t )4
− 1

120

1

(b t )5
+ · · ·

ª

+
1

b t

§

1− 3

4

1

(b t )1
+

11

36

1

(b t )2
− 25

288

1

(b t )3
+

137

7200

1

(b t )4
− 49

14400

1

(b t )5
+ · · ·

ª�

=
�

γ− log(b t )
� a

b t

∑

n=0

1

n !
(b t )−n +

a

(b t )2

∑

n=0

σn (b t )−n

where γ= 0.577216 is the Euler-Mascheroni constant and

σn =
dn log(x )

d x n

�

�

�

�

x=1

such that |σn | grows without bound as n →∞. It is now clear that (C.2C.2) has different

asymptotic expansion for different values of t .

C.2 Gaussian Moment Integral

We study the moments of the Gaussian integral

Ik =

∞
∫

−∞

d x e −x 2
x 2k =

p
π
(2k −1)!!

2k
, (C.4)

where double factorial in the Gaussian moment matches the coefficients associated with

Wick contraction of fields in Feynman diagram expansion in QFT. Note that we could have

studied the Gaussian integral

I (m )k =

∞
∫

−∞

d x e −k m x 2
x 2k =

p
π

k m (k+ 1
2 )

(2k −1)!!
2k

= k−m (k+1/2)Ik

for any non-negative integer m . It is clear that the rescaling of the Gaussian rescales the

leading factor of (C.4C.4) without altering the form of the series in (C.5C.5). Each moment of the

Gaussian integral can be expanded as a series, for large k

Ik =
p

2π k k e −k
§

1− 1

24k
+

1

1152k 2
+

1003

414720k 3
− 4027

39813120k 4
− 5128423

6688604160k 5
+ · · ·

ª

.

(C.5)
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Figure C.1: A plot of the coefficients |cn |, of k−n , in (C.5C.5), with smallest coefficient |c8| (red). The
growth of the coefficients indicates that the series in (C.5C.5) is asymptotic.

Let cn denote the coefficient of k−n in the asymptotic series in (C.5C.5), with c0 = 1, and

c1 = −1/24 and so on. Then, for increasing n , |cn | decreases until n = 8, where

c8 =−0.0000264647, whereafter |cn | increases without bound. Figure C.1C.1 shows the growth

of |cn |. We write

Ik =
p

2π k k e −k
∞
∑

n=0

cn

k n
(C.6)

where growth of the series coefficients indicates that the series in (C.5C.5) is asymptotic.

Similarly, expanding (C.4C.4) for small k yields

Ik =
∞
∑

n=0

bn k n = 1−1.96k +4.39k 2−8.91k 3+17.98k 4−36.05k 5+72.18k 6−144.41k 7

+288.85k 8−577.72k 9+1155.45k 10+ · · · (C.7)

where each coefficient is expressed in terms of polygamma functionψ(n )(z ) = dn log(z)
dn z . The

series coefficients bn in (C.7C.7) take the asymptotic form

bn ∼ (−1)n 2n+1 (C.8)

for large n . Figure C.2C.2 shows the growth of |bn |.
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Figure C.2: A plot of the coefficients |bn |, of k n , in (C.7C.7). The growth of the coefficients indicates
that the series in (C.7C.7) is asymptotic.

We can rewrite the Gaussian integral in (C.4C.4) as

Ik =

∞
∫

−∞

d x e −x 2
x 2k =

∞
∫

−∞

d x e −x 2+k log(x 2) (C.9)

which has saddle points xk such that

d

d x

�−x 2+k log
�

x 2
��

x=xk
=−2xk +

2k

xk
= 0

then x (±)k =±pk . There are two saddle points on the contour of integration which accounts

for the asymptotic behaviour of the series in (C.5C.5) depicted in Figure C.1C.1. To help generate

the asymptotic series expansions of (C.9C.9) associated with each saddle point x (±)k , we define

the phase function

f (x ) = x 2−k log
�

x 2
�

. (C.10)

Then expanding the integral about the saddle point at x (±)k gives

I (±)k = e − f
�

x (±)k

�

∞
∫

−∞

d x e −
�

f (x )− f
�

x (±)k

��

where

f
�

x (±)k

�

= k −k log(k ) and e − f
�

x (±)k

�

= k k e −k .
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Next, we expand f (x )− f (x±k ) in a Taylor series about x (±)k and use

δx = x − x (±)k and d x = dδx .

Expanding about x (−)k yields

f (x )− f
�

x (−)k

�

= 2δx 2+
2

3k 1/2
δx 3+

1

2k 2/2
δx 4+

2

5k 3/2
δx 5+

1

3k 4/2
δx 6+

2

7k 5/2
δx 7+

1

4k 6/2
δx 8+· · ·
(C.11)

and expanding about x (+)k yields

f (x )− f
�

x (+)k

�

= 2δx 2− 2

3k 1/2
δx 3+

1

2k 2/2
δx 4− 2

5k 3/2
δx 5+

1

3k 4/2
δx 6− 2

7k 5/2
δx 7+

1

4k 6/2
δx 8−· · · .
(C.12)

Equations (C.11C.11) and (C.12C.12) differ only in the sign of the odd powers ofδx . Then, expanding

the non-quadratic part of the phase functions as series in δx yields

e −
�

f (x )− f
�

x (−)k

��

= e −2δx 2
§

1− 2

3k 1/2
δx 3− 1

2k 2/2
δx 4− 2

5k 3/2
δx 5+

2k −3

9k 4/2
δx 6+

7k −6

21k 5/2
δx 7+ · · ·

ª

(C.13)

and

e −
�

f (x )− f
�

x (+)k

��

= e −2δx 2
§

1+
2

3k 1/2
δx 3− 1

2k 2/2
δx 4+

2

5k 3/2
δx 5+

2k −3

9k 4/2
δx 6− 7k −6

21k 5/2
δx 7+ · · ·

ª

.

(C.14)

Similarly to (C.11C.11) and (C.12C.12), (C.13C.13) and (C.14C.14) differ only in the sign of the odd powers of

δx , which will integrate to zero. Then, integrating over the even powers of δx yields

I (−)k = e −k k k

∞
∫

−∞

dδx e −2δx 2
§

1− 1

2k
δx 4+

2k −3

9k 2
δx 6+

47k −30

120k 3
δx 8

−350k 2−1377k +630

3150k 4
δx 10+ · · ·

�

= e −k k k

s

π

2

§

1− 1

24k
+

1

1152k 2
+

1003

414720k 3
+ · · ·

ª

(C.15)

and

I (+)k = e −k k k

∞
∫

−∞

dδx e −2δx 2
§

1− 1

2k
δx 4+

2k −3

9k 2
δx 6+

47k −30

120k 3
δx 8
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−350k 2−1377k +630

3150k 4
δx 10+ · · ·

�

= e −k k k

s

π

2

ª

1− 1

24k
+

1

1152k 2
+

1003

414720k 3
+ · · ·

ª

. (C.16)

Summing the expansions about each saddle gives

Ik =I (−)k +I (+)k =
p

2π e −k k k
§

1− 1

24k
+

1

1152k 2
+

1003

414720k 3
+ · · ·

ª

, (C.17)

which matches the expansion in (C.5C.5).

Each correlation function has an associated Feynman diagram expansion, where the

action generates the corresponding Feynman rules. Rewrite the action as a series

S± =
∞
∑

m=2

a (±)m δx m

and define

a (−)m = âm and a (+)m = (−1)m âm

where

âm =
2

m +2
k−m/2.

To get the Feynman rules, I shall first determine the propagator using




δx 2
�

〈1〉 =

∞
∫

−∞
dδx e −2δx 2

δx 2

∞
∫

−∞
dδx e −2δx 2

=
1
4

Æ

π
2

Æ

π
2

=
1

4

then the Feynman rules are

←→ 1

4
(propagator)

←→−a (±)n (n-point vertex).

Each Feynman diagram constructed by the Feynman rules has a corresponding symmetry

factor that fixes the value of the diagram. Symmetry factors are assigned according to the

following rules:

1. Edges that start and end at the same vertex form closed loops. Divide by 2 for each

closed loop.
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2. Edges without orientation and identical endpoints are equivalent. Divide by n ! for n

equivalent edges.

3. A vertex with n edges attached to it has degree n . Multiply by n ! for each vertex of

degree n .

4. Vertices that can be swapped without changing the topology of the diagram are

equivalent. Divide by n ! for n equivalent vertices.

5. Connected diagrams with identical topology are equivalent. Divide by n ! for n

equivalent diagrams.

Reorganizing the sums (C.15C.15) and (C.16C.16) in we recover the following Feynman diagram

expansion

I (±)k =
s

π

2
k k e −k

§

1+ + + +O
�

k−2
�

ª

where

=
�−a (±)3

�2
�

1

4

�3� 3!3!

2 ·2 ·2
�

=
1

32k

=
�−a (±)3

�2
�

1

4

�3� 3!3!

2 ·3!

�

=
1

48k

=
�−a (±)4

�

�

1

4

�2� 4!

2 ·2 ·2
�

=− 3

32k

and

+ + =− 1

24k
,

which matches each order k−1 term in (C.15C.15) and (C.16C.16). Then (C.17C.17) becomes

Ik =
p

2π k k e −k
§

1+ + + +O
�

k−2
�

ª

.

The coefficients cn in (C.6C.6) can be generated by recursion, following Example 4.2 in

[148148], and the series [149149, 150150]

c0 = 1 and cn =
1

n

n+1
∑

j=2

cn− j+1

j
B j

�

1

2

�
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where B j (x ) is the j -th Bernoulli polynomial defined by

B j (x ) =
j
∑

i=0

�

j

i

�

Bi x j−i

and B j is the j -th Bernoulli number [151151]. It then follows that

B2 j+1

�

1

2

�

= B2 j+1 = 0 and
B2 j

�

1
2

�

B2 j
=−22 j−1−1

22 j−1

for any non-negative integer j . Then,

c0 = 1 and cn =− 1

n

⌊ n+1
2 ⌋
∑

k=1

22k −2

22k

B2k

2k
cn+1−2k .

Similarly, using a well known formula [151151]we express the Bernoulli numbers B2k in terms

of the Riemann zeta function ζ(x ),

B2k = (−1)k−12
ζ(2k )
(2π)2k

(2k )!.

This allow us to write

cn =
2

n

⌊ n+1
2 ⌋
∑

k=1

(−1)k
�

22k−1−1

22k−1

�

ζ(2k )
(2π)2k

(2k −1)!cn+1−2k .

Suppose that n = 2m +1 for m = 0, 1, 2, 3, . . . , then we can write

c2m+1 =− 2

2m +1

m+1
∑

k=1

(−1)k
�

22k−1−1

22k−1

�

ζ(2k )
(2π)2k

(2k −1)!c2(m+1−k ).

Let k = p +1, then we have the associations k = 1↔ p = 0 and k =m +1↔ p =m , which

allows us to write

c2m+1 =−
�

2

2m +1

� m
∑

p=0

(−1)p
�

22p+1−1

22p+1

�

ζ(2(p +1))
(2π)2(p+1)

(2p +1)!c2(m−p ).

We find a similar expression for n = 2(m+1) for m = 0, 1, 2, 3, . . . . Now define the convenience

functions

rp =
22p+1−1

22p+1
and fp = (2p +1)!

and

qp =
ζ(2(p +1))
(2π)2(p+1)

and q̌p =
22(p+1)+1

22(p+1)
(2π)2(p+1)
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where q̌ (p )→ q (p ) as p →∞ and

α0 =
1

48
and αp = (−1)p rp q̌p fp .

Then, we have

c0 = 1, c2m+1 =−
�

2

2m +1

� m
∑

p=0

αp c2(m−p ) and c2(m+1) =−
�

1

m +1

� m
∑

p=0

αp c2(m−p )+1

where coefficients c2m+1 are now functions of c2(m+1) only and, similarly, coefficients c2(m+1)

are functions of c2m+1 only. The magnitude of each cm grows like some combinatorial factor.

The dominant contribution to the value of c2m+1 comes from the term with p =m . Similarly,

the dominant contributions to c2(m+1) comes from the terms with p = 0 and p =m , which

are of comparable size. Each coefficient carries a correction factor

ȟm = 1, h0 = 1 and hm =
2m 2+1

2m 2

where h (m )→ ȟ (m ) = 1 as m→∞. The function hm corrects under-estimation of c2(m+1)

by č2(m+1) at large m . We approximate the coefficients cn as čn ,

č2m+1 =− 2

2m +1
αm č0 and č2(m+1) =− hm

m +1
(αm č1+α0 č2m+1) (C.18)

where

č0 = 1, č1 =− 1

24
and č2 =− 1

1152
. (C.19)

Note that using ȟm in place of hm in (C.18C.18) simplifies the analysis of the Borel sum to follow,

at the expense of a larger relative error in the coefficient approximations. Combining (C.6C.6)

and (C.18C.18), we find

Ik ∼
p

2π k k e −k
∞
∑

n=0

čn

k n
.

Figure C.3C.3 shows an overlay of the coefficients cn and čn . Figure C.4C.4 demonstrates the

exponential decay in the relative errors in the approximation of the coefficients cn . Next,

we study a variation on this model.
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Figure C.3: An overlay of the coefficients cn (blue) and the coefficient approximations čn (red). This
plot shows the good agreement between the cn and the čn .
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Figure C.4: A plot of the relative error for the even (blue) and odd (red) coefficient approximation čn .
The relative errors in the approximation in (C.18C.18) tend to zero as n→∞.

C.3 Quartic Gaussian Model

We start by considering the Gaussian model with quartic interaction term g
6 x 4,

I (g ) =
√

√ 1

π

∞
∫

−∞

d x e −x 2− g
6 x 4
=

√

√ 1

π

�

3

2g

�

e
1
2 ( 3

2g )K 1
4

�

1

2

�

3

2g

��

(C.20)
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where

Kν (z ) =

p
π
�

z
2

�ν

Γ
�

ν+ 1
2

�

∞
∫

1

d t e −z t (t 2−1)ν−
1
2 for ℜ(ν)>−1

2
and ph(z )<

π

2
(C.21)

is the ν-th modified Bessel function of the second kind [152152]. The factor of 1/6 multiplying

g in the integral in (C.20C.20) helps to establish the Borel sum to come. Indeed, dividing g by

any number greater that 6 will help the Borel sum to converge. The integral in (C.20C.20) has

saddle points at x0 = 0 and x± =±i
p

3/g . Evaluating the exponential in (C.20C.20) at the saddle

points x0 and x± yields

e −x 2
0− g

6 x 4
0 = 1 and e −x 2

±− g
6 x 4
± = e

3
2g (C.22)

and expanding (C.21C.21) about x±, using x =δx − x± yields

I (±)(g ) =
√

√ 1

π
e

3
2g

∞+x±
∫

−∞+x±

dδx e 2δx 2

�

1∓ 2i
p

gp
3
δx3+

g

6
δx4− 2g

3
δx6∓ i g 3/2

3
p

3
δx7+

g 2

72
δx8

±4i g 3/2

9
p

3
δx9+ · · ·

�

.

Notice that expanding about x+ gives the same contribution to the integral as expanding

about x− which is associated with the non-perturbative factor e
3
2 g . The integral over δx is

divergent for real values of δx and a new contour of integration is needed for this integral

to converge. Next, expanding (C.21C.21) about x0, using x =δx − x0 yields

I (0)(g ) =
√

√ 1

π

∞
∫

−∞

dδx e −δx 2

�

1− g

6
δx 4+

g 2

72
δx 8− g 3

1296
δx 12+

g 4

31104
δx 16+ · · ·

�

and there is no non-perturbative factor associated with expanding about x0. Then

integrating over δx yields

I (0)(g ) =
§

1− 1

8
g +

35

384
g 2− 385

3072
g 3+ · · ·

ª

.

Expanding (C.20C.20) as a series for small g yields

I (g ) = 1−1

8
g+

35

384
g 2− 385

3072
g 3+

25025

98304
g 4−1616615

2359296
g 5+

260275015

113246208
g 6−929553625

100663296
g 7+· · ·

(C.23)
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Figure C.5: An overlay of the coefficients log(|cn/n !|) (blue) and the approximation log (|(−1)n AB n |)
(red).

The coefficients cn are given by

cn =
1

24n

(4n −1)!!
n !

.

We approximate the large order behaviour of cn/n ! using

cn

n !
∼ (−1)n AB n (C.24)

where

A =
653111

86288845
≈ 0.00756889 and B =

8431419

12803560
≈ 0.658521.

Figure C.5C.5 shows that cn/n ! is asymptotic to (−1)n AB n as n →∞. Similarly, by Stirling

approximation, we find
1

24n

(4n −1)!!
n !

∼
�

2n

3

�n

then (C.23C.23) converges only for 2ng /3< 1. However, for each choice of g there is an n such

that this bound is not satisfied and the series diverges.

The Borel transform of (C.23C.23) can be summed exactly to give

∞
∑

n=0

cn

n !
s n =

2
p

3 K
�

2
p

6sp
6s +3

�

π
pp

6s +3
=

2

π

√

√ 3p
6s +3

K

�

2
p

6sp
6s +3

�
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where K (x ) is the complete elliptic integral of the first kind. The inverse Borel transform of

this function is not easily done, so instead we Borel sum and then inverse Borel transform

the modeled series instead. This corresponds to an alternating series with coefficients

an = (−B )n n ! and
1

B
= 1.51≈ 3

2
.

Notice that the non-perturbative contribution to the integral in (C.20C.20), corresponding to

the value of the integral at the saddle point x± in (C.22C.22) is recovered from the large order

behaviour of the coefficients is the asymptotic series in (C.23C.23).
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