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Abstract

Much of weighted polynomial approximation originated with the famous
Bernstein qualitative approximation problem of 1910/11, The classical Bemn-
stein approximation problem seeks conditions on the weight functions W
such that the set of ﬁmﬂ#ions {W(x)x"}22, is fundamentsl in the class of
suitably weighted continuous functions ont R, vanishing at infinity. Many
people worked on the problem for at least 40 years. Here we present a
short survey of techniques and methods used to prove Markov and Bernstein
inequalities as they underlie much of weighted polynomial approximation,
Thereafter, we survey classical technigues used to prove Jackson theorems
in the unweighted setting, But first wo start by reviewing some elementary
facts about orthogonal polynomials and the corresponding weight function
on the real line. Finslly we look at one of the processes of approximation,
the Lagran.ge. interpolation and present the most recent results concerning

mean cdnvergence of Lagrange interpolation for Freud and Erdds weights,
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Chapter 1

ORTHOGONAL
POLYNOMIALS :

PRELIMINARIES

In this chapter, we look at some elementary facts about orthogonal polyno-
mials with respect to a general weight function . It is only fitting that before
we get into any technical details, we start with a brief historical review of

the subject and its relationship with weighted polynomial approximation,




1.1 Brief Historical Review

The general theory of orthogonal poiyndmials owes much of its “existence” to
the great Russiap mathematician Chebyshev, Chebyshev published a series

of papers in 1855 in which he discussed integrais of the type

(-~} .
/ :(_m;dy, where p{x) > 0in {—o0,00) (1.1)

and the sums of the type

Y i, B A0, ' {1.2)

)
i

in relation to what was later called the Moment Problern by Stieltjies in
his 1894-95 classical paper: “Recherches sur les fractions continues ”. Qur

modern Stieltjies integral comes from this paper.

The Moment Problem: find a bounded non-decreasing function 4 (z) in’

the interval [0,00) such that its “moments”
[emav (@), n=0,1,2,, (L.3)
0 .

have & prescibed set of values

f&:ﬂdﬁ) (x) = tin, n=0,1,2,---. (1.4)
0




Stieltjies borrowed the terminology “Problem of Moments” from Mechanics.
Unlike Stieltjies, Chebyshev was not interested in the existence or constric-

tion of e solution of the Moment Problem,

[p(m)mﬁda:ﬁpm n=0,1,2-, (1.5)
]

bus mainly in the following two problems:
(I) How far does a given sequence of moments determine the function

r(z) 7 In particular, given

[+ . - -
fp(z) Z"dr = fe-ﬂ’w“dx, 2=0,1,2,+++, (1.6)
—ga —ca
can we conclude that
pla)=e"

or, in our modern terms, that the distribution characterized by the function
T
f p(z)at

is a normol one? This is a fundamental problem in the theory of probability

and in mathematical statistics,

(IT) What are the properties of the polynomials w, {z) , denominators of




siccessive approxinants to the contiuned fraction:

M Az | Mgl

— — —n s ?
fzde a4+ lz4c

In his attempt to find & solution to (I}, Chebyshev opened a vast new field,
the theory of orthogonal polynominls, of which at the time only the clagsical
polynomials of Legendre, Jacobi, Abel-Laguere and Laplare-Hermite were
known before Chebyshev. In his work there sre numerous applications of or-
thogonal polynomials to interpolation, approximate quadratures, expansion
of functions in sqries. Later they have been applied to the general theom - of
polynomials, theory of best approximants, theory of probability and mathe-
matical stastistivs. And mosh recently they have béen applled tr. .t.he theoty
of weighted polynomial approximations, This is the area that our investiga~
tions will primarily be based. In the sequel we discuss ideas and methods

and in between we display sorne resnlts and their proofs.

1.2 Elementary Facts

Let W : R — [0,00) be & (Lebesgue) measurable function on the real line.

The support of I, denotes] hy éupp(W) , Is defined by

I

T
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W is seid to be a weight function if supp{W) has a positive (Lebesgue)
measure, end
f|t|“W(t)dt< 00, n=0,1,2,.
In the remainder of this ché,pter, W denotes a fixed weizat function. Also

we denote the class of all real polynomials of degree at most n by II,.

Lemma 1 Let P be any polynomial which is non -negative on supp{W), and
fP(:r) W (z)dz = 0.

Then

P(z)=0 Yz €R.

Proof. Since P(z) > 0 for 2 esupp(W) and P (z} W (z) > 0 almost ev-

erywhers, it follows *hat P (z) W (z) == 0 almost everywhere. Since the set
Tt

(z€R:Ve >0, f W > G} has positive measure, this implies that P (z) = 0

=g

fc'ra.ﬂm_ER.l

Let P,, P, be polynomials, Then we define an inner product on the class

of all polynomials by

(Pu )i [ Pal) Pa W (2.

§




This definition shows that orthogonal pelynnmials can be constructed using
the Gram-Schmidt erthogonalization procedire, This is illustrated in the

following theorem:

Theorem 2 There exists a unique (infinite) system of orthogonal (orthonor-

mal) polynomials

Pa(@) i=pa (W2) =i+ €Ly, Yo i= 1 (W) > 0,n=0,1,2,-..,
(1.7

such thot

1, ifn=m
f Pa (%) P (2) W (2) dit = (1.8)
0, ifn#m.

Proof., Existence: we write

-}

po(z) 1= ( W (1) dt)

Having defined rolynomials pg,...,p; satisfying (1.7) and (1.8) for some

integer & > 0, we write

gt (@) 1 =P+l
&
Ut (2) 1 =V — Z('Uk+hpj>pj
J'=D
_t
Pral b = (Ugepn, Bt ™2 U1
6




Observe that v = ;. Since the system {z*} is linearly independent, v, is
not identically 0 for any . Hence Lemma 1 shows that (g, 2) > 0 for all
integer k > 0. Therefore, the process inductively defines an infinite sequence
of polynomials {px} satwsfying (1.7) and (1.8). Uniqueness: let

{2y =z 4+ € My > 012

be another system of polynomials satisfying (1.7) and (1.8). We cbserve that
{mk}iss and {p}}7=3 are both beses for IT,_, for each integer n > 1, and

hence (1.8) implies that
pranz = pr;Wd;:: =0forall Pell,_,.
Since 77pa — 97 p € Mooy, this gives

0 = f 770w T ) palVdz
%t [ AWds~ 4 [opaivaa

¥t - 7,'{_1 f PapaWidz.

]

Hence,

[roWan =2 (L.9)

n

and switching the reles of p, and g%, we get

f Pap Wil = ;'{5 (1.10)

n

7
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Since -y, and «y; are both positive, equations (1.9) and (1.10) imply that

Y = Tn s
and
fp;p,.Wdz =1,
Then
[ o= m Wz = [givis —2 [ ppiWis + [ 2w
=1-2(1)+1=0

and Lemma 1 implies thai

]
e

90 ~ 23]

_ ile,p, = pr. M

Remark 1 Given a seguence of positive numbers v, > 0, we can construct a
unique system of polynomials erthogonal with respect to a suitable measure,

such that the leading coefficient of the polynomial of degree n is v,.

Next, we prove a recurrence relation which underlies the importance of -

the sequence {v.} of coefficients,




Theorem 3 Letry_; =0 and

B 1= fxpﬂ @)W (z)de,n=0,1,2,.... (L11)
Then
(@ = o) Pa (&) = —Pprsa (@) + L (2),m=0,1,%,...,  (112)
T4l Tn
where
P-1 (.’I.‘} i=0.

Proof. First, consider the case n = 0. In view of the equations

'yng(:c) dx = fpg (x} W (z)dx =1,
and
Bo=3 f 2 (3) da,
wa see that

| f(w—ﬁ’n) W(z)dz = fzw (z) dz —ﬁofW (z) da

| B _b_,
v

Hence, 2 — fip = 5-p1 (%), and (1.12) follows for n = 0. Next, let 2 > 1. Since

Zpn (2) € Lpyq, there are numbers ap, &1, ..., p4q S1ch that
. ndl
ZPa (&) = 3 axpy (i) (1.13)
k=D
9




Using the orthogonality relations (1.8), we have

@ = f&:pn (@) px () W (@) dz, k= 0,1,...,n+ 1. (L.14)
We calculate the coeflicients of a, one by one, If k € n -2 then zp; (z) €
1I,—1. Since zpp—1 () — %pﬂ {z) € I1,-1, we get
o1 = f ZPn—1 (@) P (2} W (2) dor

-/ [xpn_l @) - Llp (o) € n,,-l} @)W @) do+ 2 [ (W () do

Tl

T

I

Similarly, anpy1 = -2, and finally,

Tnt1!

I

an = [apn(@)p (@)W (a) do
f zp2 (2} W (z) dz

B, (From {1.11)) m

Remark 2 Given o polynomial P € Tl,,_1, we can write it in the form
Tl
P(z) =3 awpp {2)

k=0

where the constants a; are given by
ak=fP(t)pk(t)W(t)dt,k=0,1,...,n—1. (1.15)

10
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Therefore, we get

ﬂ-—‘l

S ([POm@W@©d)n @), P el (110
k=0

I

P (z)

fP {t) {:il e (2) e (O} {2) dt, VP €lln-s.
) ' .

Using Theorem 3,we obtain & simple formula for the important Christoffel-

Daorboux kernel

el

K (z,8) 1= Ko (Wiz, ) 1= 3 px (8) 2 () - (1.17)
k=n
Theorem 4 (Christoffel-Darbouz Formulz )

For integer n 2 1,

K. (x‘t) - 'Tfr;ﬁl Pn (3") pﬂ—l'(ti':zn—l (x)pn (t)‘ (1.18}

Proof. Using the recurrence equation {1.12), we get

i1
aKa(at) = g}omm (@) pe (2)
= :g; {%mn () + Bups {z) -+ %T?Pk—l (‘"’)} Pe (1)
n n—1
=3 Bl (@) Py () 4 S, B (&) i (£)
Y k=0

k=1
n—1

+ 5 el (@) e (). (1.19)
F ] Tk

11
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Similarly,

n-=1 ) n-1 n
thy (T,8) = ) Bt () Piy )+ Bipe (2) o1 (43 2pe ) () o ()
k=0 Tk k=0 k=1 Tk

(1.20)

Subtraccing (1.20) from (1.19) gives

— o a1 T _ a1 z
(-'L‘ t) Kn (3: t) = o n ( )pu—l.(t) - Pr (ﬂ Pnet ( ) .

This gives (1,18). R

Corollary 5 For integern > 1,

Ku@,2) = Dok ) = 22 [ (@) ns ()~ 5 @A (0] (120)

The quantity K, (z,x) and its reciprocal, known as fhe Christoffel func-
tion, denoted by A, (), play an important role .n the theory of orthogonal
polynormials,

Next, we present a specific example to illustrate $he general theory dis-

cussed thus far.
Exampile 6 (The Chebyshev Polynomials ) -
These polynomials are defined on {—1,1] by the formula

Tn (cost) =cosnt, n=0,1,2,.... {1.22)

12




1t is well known that T, (cos ) is indeed a polynomial of degree n in cost, Ty (z) =

1 and for integer n > 1,
Tn{z)=2""12" 4 ... €1I,. (1.23)

It is also verified easily that

xifn=m=0
1
[Ta@ Ta@ (- tda=1 = stnampo (124
-1

0, ifn;ém

Therefore, the system

1 { [z 2,
{ ;,(\/;_)Tl(m), ;TS(m);'”}

is a system of orthonormal polynomials with respect to the weight function

-z "%,if x
W (@) = (1-z°) lef <1 (1.25)

g y if fa] > 1

The trigonometric identity
Qcast cosnt == cos(m + L)t + cos(n — 1)t
takes the forin of the recurrence relation

2T, (2) = (%) Tors () + (3 ) Ta-t 2)

13




which is consistent witl. (1.23) and (1.24). The Christoffel function A (=)
can be calculated explicitly. By definition,

M@=t
m ?'I'k=1

* so that
Tyt i 2 2
5.\" (cost) = 5 Feost oo+ cos {n-1)¢t
1, 1+cos2t 1+cos2(n— 1}t
= 5o (R (R
n-1
= E+l cos kt
2 254

Multiplying both sides of the above equation by 2sint, we gef

n—1
weint A, {cost) - nsint+ ) sini cos2kt
=)
1 n—1
= msint+ 5 > [sin{2k + 1)t — sin(2k — 1)]
k=1

= mnsint+ % sin(2n — 1)t — -%sint.

Hence,

_ 1 1  sin{2n -1}
f\nl (CDSI‘.) = ;-r{ﬂ — § =+ -—-—%:;—1;1'?"}—'} (126)

It can be verified directly that

sin{2n - 1}t
sint

14




- is a polynomial in cost of degree 2n — 2, This polynomisl is *ad by

Ug,._g.Thus,

—
| L]
-3

—

- 1 1
)‘nl (:c) = ;r'{'n - 5 + Uﬂu—:!}- ( .

In the next section, we define the class of weight functions, known as Freud
weights, and the corresponding orthogonal polynomials. We also study some

simple properties of these weight functions and polynomials,

1.3 The Weight Function and Orthogonal Poly-
nomials

In this section, we introduce Freud weights and study some of their ele-
mentary properties, We will also estimate the order of magnitude of the
recurrence coefficients -y, and the largest zeros of the orthogenal polynoriials

with resp=ct to these weights,

Definition 7 Let W =¢e~? : R - [0,00). We say that W is a Freud weight

PR YR = 7. .ot mrmr ¢ O



Juaction |, if .
}
is an even. convez function on R, Q is twice continvously differentiable on

(0, 00), and there are constants ) and ¢z such that

2Q” ()
Q)

We will often write Wo(x) = exp(—Q{x)}. In the remainder of this

D<o < < <o, Ve e {00 (1.29)

section, W = Wp will denote a fixed Frend weight function. The prototypical
Freud weight functions, exp (— |z|%), @ > 1, will be denoted by W,. The other

eages, D < o < Ll and a = 1, will be dealt with in chapter 2.

Notation: A ~ B means that oA < B £ cpA. Also the integral

without limits denotes the integral over the whele real Line,

We enumerate some simple properties of Freud weights in the following

proposition.

Prornsition 8 (r) f0 < ¢ < y < oo then (with constanis ry,ca 03 in
(1.28)).

y £ i N y €2, i ]
(-) Q)@ (s (—) @ (x). (1.30)

&r &

18



In particular,
Jigg @ () = oo

(b) The weight furiction W satisfies

4 €XP (-—c,; ]:r:['”'"l) < W(x) € csexp (—cs |a:|"”'1) ,reR (131

In particuler,
f}m\“W(m)dm <oo, n=0,12,..., (1.32)
and
i:gfinmp (£) W (z) =0 (1.33)

for every polynormial P.

() For w = Q (0+), let ¢o denote the lpast positive solution of the equation

Q' (g) =2 (1.34)

Then

21_:65?: < e S 2‘_;'? -

Remark 3 : The numbers g introduced in (1.34) are called the Freud num-

bers. We observe that if W is a Freud weight, 0 iz W2, Propesition 8 and

i7




results in gection 1.2 show that there exists a system of polynomiols , called

Freud polynomials,
2o () 1= D, (Wz; .7:) = Y2+ € Iy 70 > 0. (1.35)
such, that
l,ifn=m
[ 2 (@) pm () W2 () o = (1.36)
0, ifnégm

Moreover, for each n > 1, p, has n real and simple zeros,
_JYﬂ = m“.n < ave 3:1‘,-,_ =1 Xﬂu (1.37)

We note that the 2eros are symmetric around the origin, sincé the weight

Sfunction iz even. The recurrence relation given in Theorem 3 takes the form

(2’:} + “_""‘pn-a .'I.') ym=2,3,.... (1'38)

TPy (2) =
In this section, we estimate the order of magnitude of the recurrence

coefficients Sﬁi and the largest zero X,.

First, we make some observations concerning orthogonal polynornials.

Proposition 9 We have

ot [ 2w (@) Bacs (@) W2 (2) do (1.39)
pont f G () o (@) B (2) W (2) e (1.40)
n+ %— = f Q' () p? (2) W* () dir. (L.41)

18




Proof.  Since zp,_1 (z} = 2=pa (2) + P (2) for some P € Tl
then équat.ion (1.39) follows from the orthogonality relations {1.36). Next,
we observe that p,, is a polynomisl of degree n — 1 with leading coefficient
e S0, 7 = nzlpn_1 € Iln—. Using the orthogonality relations {1.36)

again, we get

A @na@W @d = - [ @)W (@) da

Tn
Yol

]

= n

Integrating by parts and observing that
lim g, (2) paa (2) W? () = 0,
|l

we deduce that

n‘;:il =32 f Q* (3) Pn (2'-') DPn—1 (I) I’I’z(«g) do — fp“ (m} p:a—l. (.'.E) 7rg: (E) dz.

Since p,,..; € p-a, the second integral above is zero, and we get (1.40).
In order to prove (L.41), we observe that zp, (z) — np, (x) € e, and
hence,

[ ot @) (@) WP )z = [ (2 WP ) o =

Therefore, an integration by parts as before,

n+-2]-'- = %f[%p; () pa (2) + 73 (3’»')] W* (z)dz

19




[ L forh ()] W () e

= [l @)Q (=)W (@)dz

i

which is {1.41). B

We are now in a position to estimate the recurrence coefficients %“4 and

the largest zero X,. These estimates are not sharp for Freud welght functions.

Theorexm 10 We hove

1 _
Eq'i < 1':“1 < 2'1111 n= 2|3|'-°v
und
Zq:‘a-l < X Sdgp1, n= 2,8,....
In particulor,

Il ~ Xn ™~ Gn
n

Proof. In view of {1.39},

Tn
=S lxlZan

Using Schwarz inequality , we gef:

f @y (2) Pr1 () W (@) d

for} Sgn

20

et [ 4 [ Yo @an @ W @ e

(1.42)

(1.43)

(1.44)

{1.45)

L



iA

o f fpn () pny (z) W2 (:r:)l dx

w([R@W @) ([ @ W )

= Gn | (1.46)

A

Since W is even , and Q' is increasing, we have

[ 200 (&) pncs (2) W2 ()

bel2gn
00

[ 780 @) pacs (2) W2 (2} e
n

o f |2 (=) 21 (@) Pt () W? ()]

= 2

IA

A

75 f [2Q' () (2) pa-s (2) W (2)] do

=& j |:1:Q"(::: ) P (%) Pa1 () W2 ()] da (1.47)
We observe that Q' (z) W2 (z) > 0 for all z € R, Hence, using Schwarz
inequality and (1.41), we get

[16@" (@) P (2) ot (=) W2 (@) e
< (me'(m) ()% :c}d.r) ( mQ’ () p2._, () W3 x)da.)

\/n+‘/ %\/ :11. n (L.48)

21




Substituting from this estimate into (1.47), we get

j 2P () Pt (2) W2 () dz| < gn C(1.49)
l=lZan

Using the estimates (1.46) and (1.49) in (1.45) , we get the upper estimate for
the recurrence coefficients in (1.42) . For the lower estimate, we write (1.40)

in the form

o= f + f }Q (@) pa (@) Pa-i (x) WP (z) do. (150)

Y
R S

Since W is even, and @’ is increasing, we use the Schwarz inequality to get

[ @ @)pu () ot () W2 (2) do

IzfZan

£ Q' (@) [ [pe @) Pos @ WP @) b <

(1.51)

Similarly, using the fact that ¥ is even and the estimate {1.48}, we get

| @On@na@W @ < = [ o @)l @)per () W (e)da
kelZan ™ Jelzge
n
< . (1.52)
From (1.50) , (1.51) and (1.52), we get
U L
291" @

and hence, the lower estimate in (1.42) . To obtain the botnds on the largest
zeros X,, we can use the relation between the recurrence coefficients and the

22




zeros to show that

X < Je-l - %
n S 2 1:51}61581?1{—1 = 2 151}215&31_1( Qn) < dgr-1,

which is the upper estimate in {1.43) . Similarly,

X. > max el o, Fne2 s, Gncl
" agkgn—1 W et 4"’

Finally, we obtain an upper bound on the leading coefficient ibself.

Proposition 11 For infegern = 1,

2 n
TmSe (}—) (1.53)
In
. Proof. From (142}, we get
=g Tt T

Tawt Tr--2 “To
<4 (gnree )

f[ Q' (@)
k=1

n!
s 4}1 ’YD Q Elq!ﬂ-)

< (ﬂ)n (1.54)

Tl \gn

=4" 10

Since

k
n ™
lognl = logk 2 > f log zdz = nlogn—n+1,
ke k=2 g

o3




we have
n" n;l -1
T - <

Substituting this estimate into (1.54) we get (1.53). W .

24




‘Chapter 2

WEIGHTED POLYNOMIAL

APPROXIMATION ON

(-—-OO, OO)

2.1 Introduction

Most of the great work in weighted approximation of this century originated
with the famous Bernstein's problem in about 1910/1911. We know that
polynomials are inbounded in unbounded sets. So Bernstein realized that

there was a need to introduce an extra condition on them so that they can

25




be used to approximate. He introduced a weight function W. that will be -

used to weight these polynomials..

Bernstein’s Problem: let W : R — (0,1] be continuoas. Under what
conditions on W is it true that for all continnous f: R — R and for £ > 0,

we can find a polynomial P such that

I =PYW, @ <e?

We observe that for the problem to make sense, we need |[PW{,  to be

finite for every plynomial P, and hence we need

lim "W (z) =0, n=0,1,2,.... 2.1

LR

Then PW vanishes at oo for each polynomisl P, 5o we need

Bm f(x)W (z)=0. (2.2)

Jat=sno
We also need f to be continuous , as the locally uniform limit of polynomials
is continuous.
- With (2.1) and (2.2)as ebove, we will say that the polynomials are dense

for W if the Bernstein problem has a positive solution,
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Bernstein's approximation problem wag solved in the 1950’3 indepen-
dently by Achjeser(1954) , Pollard(1953) and Meréelyan{i%ﬁ] . All three s0-
lutions were different , but all involved “regularizations” or functionals of
the véeight and are implicit. Mery, yan’s solution , for example, involves the

function

Q(z) 3= sup {IP (2] : P & polynomial with Hif—»,‘;”’_ﬁ

= 1}
Losl®)

He showed that Bernsteln 's problem has a positive solution if and only if

In our discussions, we are going to restrict owrselves to the methods which im-
pose regularity conditions on the weight functien W that gnarantee a simple

solution. The following theorem s ¢'ue to L. Carleson and M.M. Dzrbasjan:

Theorem 12 Lei W = e? where Q : R — [0,00) 18 even, and Q (%) is
convez on (0,00). Then Bernstein's problem hee a positive solution, that is

the polynomicls are dense for W, iff

TQ(x)dz:=oo. | (2.3)
Q




Corollary 18 Lrta >0, and
W, (2) 1= exp (— 2" {2.4)

Then the polynomicls are dense for Wiffa 2 1.

With Bernstein’s gual’..tive approximation problem solved, clearly the
next step for researchers/ approximators is the qua.rititative approximation:
how laxge must the degree of P be, to adhieve a desired accwracy & ? Dar-
basjen and his co-workers had already sterted investigations in this direction
even before the full solution to Bernstein's problem was published, The
search for the quantitative solution led Lo the beginniug of the main theme
in weighted palynomial approximation of this century: characterizing the
rate of decay of polynomial approximation of & funetion in terms of its struc-
tural /smoothness properties.

Before we get deeper into these results, we present ideas and methods used

in proving Markov and Bernstein inequalities.
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2.2 Markov and Bernstein Inequalities

In the sequel, B, denotes an algebraic polynomial of degree < n,and GGy, ...
denote positive constants independens of », P, and z. The same constant
does not necessarily denote the same canstant in different oceturences. We
write C # C'(f) to indicate that C is independent of f and ' = ¢ (f) to
show that it depends on f .

The focus here is on weighted analogues on (—co,00) of the Markov
inequality

|~
NPl oy S Cn® 1Pl sy @y

and the Bernstein inequality
(@I S CnlBlg (2.6)

where C = C {n, ).
For the canonical Freud weights W,, the Markov inequality has the form
nl-3 ifa>1
UPAVal, oy S CIPWalsm % { logn, a=1  (27)

I ifae<l

Here 0 < p € oo and C = C{w,p).
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We shall dwell at length on the techniqnes used to prove Markov and
Bernstein inequalities, as they underlie much of the weighted approximation

in general,

(I) Dzrbasjan’s method [13]
Let & > 0 and z € R. From Cauchy’s integral formula for derivatives,

1 f )
2mi
i {tdt—z|=e} { .T)

1
< 'E "Pn",l:,,({r;[s—a:h:e}j (2°8}

U

|2, ()]

This gives us an estimate for the derivative in terms of values of P, in the
complex plane. To return to the real line, we use an inequality that atises in

‘the theary of functions analytic in the upper-half plsme:
log | P (= + i) % f logan (s i ds, y >0 (2.9)
To estimate the RHS in terms of
M= [PWl m

we gplit the integral in {2.0) into several pieces, Ifz > § > 0, and Q is

increasing in (0, oo}, then

= tog|Pa Ol f log M +Q (5) +Q (8) 4

¥
f(:::—s) +y2 (z —s)* +J"‘
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E ]
. _ Y ds’
< loghM + - - : .
< log Q(a,«l-ﬁ)ﬂf———ﬁ—w——(q:_}) v

z—4

The integral over the complementéry range is estimated using the Bernstein-

type inequality:
|Pu @) < [T (@)} 1Pl gy S @Il [Pall o

where Ty, (z) denotes the Chebyshev polynomial, P, is an arbitrary polyno-
mial and |z} > 1.

A careful choice of a small value of y then yields the required result.

(I1) Freud’s Method I {16}, [17]

There are two methods to consider here. We begin with the one for the
general case. Assume that W := =%, where () is even, convex and of smooth
polynomisal growth at co. Let {p; (z)}32, denote the orthonormal palynomials

with respect to W2 so that

[ 1) o @ W (@) do = 8 (2.10)

For f: R — R such that f (z) W2 (z)2' € Ly (R}, j 2 0, we can define the -

formal orthonormal expunsion
DG =
for Y bipsy b= f FoW?, j20. (2.11)
=0 AR
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Let

==l

Sm[f] = };6 b;ps (2.12)

denote the mth partial sum of this orthonorma)l expansion. Using ideuns of

'T. Carleman from Fourier series, and local one-sided approximations to W,

Freud proved the {C,1) —bownd
1T & ,
\E S 1s; [ W “ <C ; TR P (2.13)
gl Leo(R) ™

with C # C(f,m). Hetre ey = am (Q). The class of weights included
W., o > 2, for which 2 = Cym}~%. Once we have this, the sup-novm

Maxkov inequality follows. For, intreducing the dilated de la Vallee Poussin

s
2me
Valfl== 3 51 (2.14)
J=mal
we see that
Wl o sc-.,.a“infwnf.,m, (2.15)

Also V), has the guasi-projection prop 'ty

o choosing f = P in (2.15) gives a sup-norm Markov inequality, One uses




duality and (C, 1)—bounds such as

Z 15 LW

j""].

LClWlm (2.16)
Le(®)

to pass to.an L, analogue of {2.15), and interpolation gives it for 1 < p < oo,

(I1I) Freud’s Method II, Levin-Lubinsky’s Method [24], [25]
We illustrate the idea for W = e~%, as used by A.L. Levin and D.S.
Lubinsky. Suppose that we can find X > 0 and polynomials S, of degvee

< Kn such that for |z} < 2a,,

S (.c)
and
5@ <G (2.18)
W) = _ o

Then using their infinite-finite rangs inequality:
BV, < CollERWII (ron(1- ) o (1= Kn.g))
Levin and Lubinsky showed that

(Al S NBaW | oteanea)

Lp(R)

LA

CCi_l H-P;.SnHLp(-—nn.ﬂn)

A

COTH {|(PuSa) — PaSy . (2.19)

Lpt=an.an}
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Now by the classical Bernstein inequality (2.6} for [—1, 1] scaled to {~2a,, 2a.].

we have

ERY MR e vl L PR

A

n
C‘ﬂea ||Pn"Vfl Lp(=20n,2un) *
Using this and (2.18) in (2.19) gives

1B Wiy < G LPaW (2.20)

(IV) Nevai-Totik’s Method (55!

We aseume that W = ™2, where @ is concave and @ (0) = 0. Here we
meke nuse heavily of the eoneavity and of fast decreasing polynomials. Let us
suppose that for n 2 1, end some A > 0, we have polynomials 5, of degree

N = N (n) say, that decrease rapidly in [-1,1] in the sense that

[Ba (2)] < Ke™, z € [-1,1]. (2.21)
but 5, peaks at O:
5. (0)=1; 5,(0)=0. (2.22) -

By a translation, we obtain polynomials Sy, of degree N (n}, such that

19, ()] € Ke~¥ | 2 € [~an.00] {2.23)
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and

S0 =1; 5(0)=

Then for the Markov inequality at 0,

RO = (RS )] < ﬂ—nas T

E—%’-*—’-nawun,,m. (2.24)

HPW) (0]

< K

Here we have first used the classical sup-norm Bernstein inequality for [~1, 1}
scaled "~ [—aq, an), and then (2.23). For general 2 > 0, we e the evenness

and concavity of @ to dednce that
W(z) W () £ Wiz +y)
Now fix z > 0. Applying (2.24) to the polynomial

Ra (y) = Pa(z + y) W (z)

gives
Wl (z) = [RL@OW@O) , W(O)=1)
< Kﬂ+N( )“Rnhf“r‘ @
= KM-)- sip | P (e + )| W (@)W )

In yeER

< gL +i‘ ) Pl

n LpalR}
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What are about the size of N (n)? For W = W}, s0 Q (z) = |=], and a, = In,

Nevai and Totik showed that we can choose N (n) = O (nlogn}, so that
<
"P:J’Vlﬂmm. £C logn ||P,;W1||Lm .

If on the other hand @ is concave, and

Q (z)

1+m2d9:<oo

o2

then we can choose N (n) = O (a,), and a, grows faster than n, so

1wl <Cimwl
LaafR) Lo (R)

To obtain the fast decreasing polynomials {5y} of minimal degree, Nevai and
Totik used a construction of Marchenko on entire functions of exponential

type.

(V) Levin-Lubinsky’s Method [26], [27]
Initially unaware of Drzbasjan’s work, Levin aud Lubinsky used Cauchy’s
integral formula for derivatives to derive (2.7):
-3, fa>1
[PATA O |RW %9 logn, fo=1
Lea(R) Loa{R)
1, fa<l
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However, rather than using (2.9),they used the weighted Bernstein inequality:

124 (2) G () S NPV st # e C\[-a.4)

Cto estimaté | P, (£)] for |t -z} = ile ,they used

1P () € |G () I P Wl et *

Here the explicit representation

|G (7" = &P (ﬂ ] 1og\§—n — o| un () da aﬂ)
-

(where pnl9) 8 3 non-negasive “density” function and on i5 & constant)
plays a role. By estimating the density function pn (s) and then the func-

(t)l“, and carefully choosing &, wbinsky proved the

tion {Gn,an Levin fad 1.

following theorerm:

Theorem 14 Let Wi=e9, where @ : B — R iz even QM =0, Q" is
(0,00) + Q' > 0 there, and for some AB>»0,

continuous

z@" (%)
A1+ oy S8 z € (0,09). (2.25)
Let QY denote the inverse of @ on (0,00} Then

(2.26)

“Pr W “Laa("{) < (j Q[ ey ( )) “PnI‘V“L”m] .

se used in the theoty of Freud

The condition (2.26) s fairly typical of the

weights.
a7




Levin and Lubinsky in [26! were not inferested in Markov inequality
(2.26) ,but in its .s'harper Bernstein. cousin. On [—1..1], the Bernstein in-
equality offers its best estimate for P (z) at z = 0. F.or Frend weights, the
Bernstein improvement cccurs not at 0, but at the affectivé endpoints +a,.

Ta describe this improvement, they used

3
e {) = max {1 - Jii’ n‘%} <L (2.27)

Theorem 15 Assume the hypotheses of Theorem 14 with A > 1. Then
‘ < . : . .
(B @) <C o= ta@IBWI,_, 2€R (228)

In particular,

3
(P (2| < € E— | PV (2.29)

Eoal®)

The case Q (x) I= [#]*) e < 1, is excluded by the condition A > 1. When
A < 1, the conclusion of (2.28) holds for |z| = eay, for any fixed e > 0. It
cannot hold inside (~ea,,€aq) in general, as 2 -» 0 a5 n — oo, whereas the

correct Markov factor in (2.26) is bounded below by a positive constant.

(V1) Kroo and Szabados’ Method [23]
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Kroo and Szabados rediscovered and refined Drzbasjan’s method, but
they also had the infinite-finite range inequality. They weakened the condi-
tions on @ of Thearem 14 showing that we need something like (2.25), only

for lerge 7, and we could replace the lower bound in (2.25) by

2 (=)
Q(z)

The first Markov inequality for Erdds weights appeared only in 1990{32].

> A > 0 for large z.

One of the reasons for this delay was the difficulty in form lating hypothesis:
how does one describe smooth but rapid growth of @ 7 D.8. Lubinsky {32]

found it convenien$ to use

T(e) =14 %‘%—%l, (2.30)

though for most purposes, we can use

T () 1= mg’(g} . (2.31)

which involves lower devivatives, and typirally grows at the same rate as 7.

Lubinsky then proved the following Markov-type inequalit; :

Theorem 16 Let W == e~9 be even, lef Q" be continuous in (0,00), @ >0
there, with positive Tight limit ab §, and limif co of oo, end
T(z) =0 (@ (1), z ~ oo,

oY

S e



Then

NP qay < CQ () WPV, (2.32)

The L, ann.!ogﬁes were sihsequently proved by D.S, Lubinsky and T.Z.
Mihembu {42],[48], under a fow more restrictions on Q. An interesting
feature heve is that Q' (a,) grows essentially faster than g%, the Markov
Eactar for weights such as Wy , o> 1, and may @'m grow faster than n. For
example, if

Q (&) 1= Qe (@) = expy (12]")
then
. 1
L[ :
Q' (z) ~n (logen)™= L]_'I log; n] .
j=l
Here exp; = exp(exp(. . . exp(|z[¥))) {the jth exponential), and log; is defined
in the same way. Note that for o > 2, ' {a,) does grow faster than n. One

form of the Bernsteln inequality for these weights is [43} :

Lptd)

(P'W) (2) \1 - % <C f—n | PPV

}

Sa we redice Q' (an) to & by inserting the root factor in the LHS. However,

Lp(®)

" the “true” Bernstein inequality involves (P, WY () and is quite complicated:

Tlere are different phenornena for three ranges of ¢ in {—@n, €n), rather then
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he classical [—1, 1] ense; namely near 0 and near

two a9 in the Freud case or t
1.
2.3 Jackson and Bernstein Theorems For Ex-

ponential weights

g some of the results concerning the charac-

Tn this section we ghall discns

of the rate of decay of polynomial approximation of a function in

terization
terms of its structural/smoothness properties. In particular, we shall discues
Jackson type estimabes for

(2.33)

Ea1fl, 1= 10 = P Wl

— ¢~@ i5 an expanential weight.

where I = (~=1,1) orR,0<pscou.ndW:

As we have seen in the previous gection, there are tWo main rlasses of

weights on IR
o The Frued weights, where @ is even and of polynomial growth at ©o.
The prototypical Frend weights are the 1V, that we have already seen.

where (J is eved and of faster than polynomial

o The Erds weights,
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growth at co. The archetypal examples of Erdds weights are
W-k.u: = @k Q}c.a = CXDy (ixiu)

Here @ > 0, & > 1 and exp, = exp(exp(...exp (Jz|*) is the kth iterated
exponential. We also set expy{z) = =

One of the main problems in proving Juckson thearems for exponential
weightx is the rapid. decay of the weight at =1 or 4co0. So the techniques
for proving Jackson theorems are o key factor. We shall concentrate on the

techniques in our discussions.

2.3.1 Techniques For Classical Jackson Theorems

In this gection we shall outline five methods that have .been, ox can be, nused to
prove Jackson theorems in the classionl unweighted setting of C[—1,1] — the
continnons veal valied functions on [~1, 1] with uniform ncm; or Caz~the
contintious 2i7--periodic functions on {0, 27] with uniform norm; or in £y [-1, 1].
Qur main phjective is to review methods that are very popular, or niight have

some applications to weighted approximation.

(1) Convolution

e L




"This is the most popular method of approximation when it comes to Jack-
son theorems. Even Weierstrass' 1881 proof of his approximation theorem
was based on conveolution with the scaled heat kernel exp (-—-%‘)2, ad>0

Jackson then modified Fejer's kernel

P () = 1 [sm 1‘-}1—; ]

2{n+1) | sin %

to obtain the Jackson kernel

K, (u) = l—(%ﬂ , WE [0 2n)

where C, is chosen so that

n
[ Ko (u)du=1.
o]

Hence we obtain the Jackson operator

T 1f1{8) = j (1) K, (8 — t) dt, 8 €[0,2x], f € Con.
A _

Jackson then used J, [f] to approximate functions setisfying a Lipschitz con-

dition of order 1, and then via o piecewise linear approximetion to general

funetions obtained his celebrated estimate for

Enlf} = igf If = Tullsopom
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{where T}, denotes & trigonometric polynomiel of degree < n), namely

E,[f]SCw (f ; %) (2.34)

where C # C{fn) and w denotes the usual modufus of continuity given by

wlfi) =t [ @)= F @

(1) Fourier Series, Multipliers
This is probably the gsecond mast popular approach to Jackson theorems.
i £ €Ch, o0l |

o
f (8~ %9-+z;a,vcosj9+bjsinj8)
=~ j=l

iy its Fourier series, then the partial sums
g G 2 ; A
W (@) =gt 21(33' cos jo + by sinjz)
J‘.._-

aye naturally best spproximants in, the Ly norm, but in the oo 0O, may
incur b projection factor of order lagn. when compared to best approximants.
The next step then is t0 modify the partial sumos. This idea goes back to
Clesnro menns of the partial sums, and Lipot Fejer's theorem that the averages
of the first n pariial snms of the Fourier series of f €Ca, converge umiformly
to f as n — oco. However, it was Favard who found in the 1030's the best

4.1




“multipliers” by solving a dual Ly approximation problem. Favard formed

the linear operator

Lalf] () = -‘529 + g Aj{ajcosjé +b;singg) - (2.36)
~ where the {A4;} are chosen according to the rule
Aj = % (-1 o

and the {oy} solve a certain dual L, m "mization problem, namely

P

= '—-—--2 CEy (2.36)

dz = min

= sg |

n
T— Y opsinks
k=1
An integration by parts and some manipulations give the identity
. LT .
(L. [f1-F1®) = o f [t -3 ay sinkt] F@+m—t)dt (2.37)
L. k=%
and hénce the 1937 Favard’s estimate

En [ﬂ < "Lﬂ [-f] = fllr,,,[n.zw}

I
< 5441 P (2.78)

= 2+l

The constant s sharp for each n in the <lass of functions with continuous

derivatives.
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(iff) The “Unknown Approximator’s” Methed -

The pame of tis method is due to D.5. Talbinsky. The origins 6f this
method arr -t known; though it may have been used by Dzadyk. Ron de
Yore used it in 1968, The method involves several steps. Lét fi[=1, 11 — R,

Step 1.Approrimate Iocaﬂy; over subintervals of {~1, 1].

Choose & partition of {1, 1], not necessarily uniform,
—1=yu<y1<yg<...<y,.<yn+1==1 (2.39)

and on [ys. . - Approximate § by s polynornial of low degree, let us say, &

cubic polynomial. This gives the approximation

T
I = an.ix[#_jewﬂ}
a1

= pot+ jz% (p.‘.l'+1 - pj) Xlys w1} (2‘40}

where x4 denotes the characteristic function of & set A,
Step 8. Replace Xfyje1t) by a polynomial Ry.
Now approximate each dharacteristic function Ay,,,,1 0B suitable sense

by & polynomial B; of degree < , to give 1 polynomial approximation
. n—1
Fapt, Be— pj) Rysr = P (2.41)

320

of say degree S n -+ 3. This method has been extraordinarily useful in
solving all sorts of problema of shape preserving (convesxity, monotonicity
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preserﬂng), a.ppro:dmm-.ion and also worked well in L, spaces, P<p<l,

where other methods fail.

(IV) Bojanov’s Method

This method was first formulated in full in B. Bojanov’s 1995 paper [2].

The method is besed on the alternation theorem: if Fj is a best polynomisal

roximation of degree < n to f in the uniform norm on {—1,1], so that

app
i = Pallpot—1y = ng;"llllf = PallLogt-1 = E.[f] (2.42)
then there are at least n.-+ 2 alternation points
Al < Lhnnt BT
guch that
U = P () = £(=1) Ealf], 08 FSn+ 1 (2.43)
in terms of the deter-

Fromm this one can derive an explicit formula for Ea [f}

minants that arise in studying Chebyshev systems: Define

g M g2 o g
= det (g ltj))f.jﬂ] .
ty 11 ta ... by
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Then

1 2 ...z" f
Yo Yt oo Yn b
Eulfi=— = (2.44)
l = s
[ %o ¥ oo Yn Yna |

where s is any function with s (y;) = £ (~1). A little menipulation of the

determinants leads to

Eulfl= 3 (~1)* cu[f (pens) — £ (36)] (2.45)

k=al

where the coefficients {¢x} all have the same sign and satisfy

1 .
> el = 3. (248)
kal}
One readily concludes that
. 1
Enif] < qw (f; max (Ye41 — yk)) - (2.47)

Bub we can get much more information by estimating the sum

Z |ek| (yras — 38)

k=0
which turns out to be relaked to the L, norm of & certain piecewise constant

function. This method at present yields only

EulflsCw (f, J—) : 12.48)
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weaker than the Jackson rate. This is promising and one day it will surely

lead to the Jackson rate:

En[f]SC‘w(f;;t-)—.

(V) The L; Christoffel Method.
| This method was fiest applied by M. Riesz in his classical theorem con-
necting the poss . "ty of one-sided L, approximation to the umiqueness of
tke solufion of thx Harmburger Moment problem. As such it fits more within
the framework of weighted approximation on unbounded intervals. Here we
present its possibilities for {—1,1).
The nth Christoffel function associated with s non-negative measure dp

on the real line is defined by

0 .
] ':_"" . —to49
An (dp, ) = Inf = (m)d# (€} (2.48)
Let Tz (z) denote the step function
Lz<g
Ty (x) = (2.50)
b,z>§

‘Then one can construct ®,, ¥, of degree € 2n — 1, such that in R

O, < Te < V. (2.51)
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We obtain @, and ¥, by Hermite interpolation of [y and ity derivatives at

Gauss type quadrature points that include £, Moreover,

[ (@0~ B = 2o (dps8).

In particular, then
[ ire = Baldu < A (dpe). (%.52)

.The point of this method is that for a great deal of “nice” measures 4. one
has the correct estimates for the Christoffel functions A, (dy, z) and hence a
good estimate for the L; error of polynomial approximation of step functions.
One can extend this to fairly general functions by first approximating them
by splines or one can use Bohr type inequalites and approximate functions of
boundr  variation. This idea can be extended to general Marke - /Chehyshev

systems,

Next we present two methods that sre used to p.ove Jackson theorems
in the weighted setting. The methods nsed to prove Jackson theorems in
weighted approximation on B were basec on modifying orthogonal expan-
sions and the L Christoffel method. Round about 1893, two sets of anthors

begar to consider alternative methods: on the one hand, Krod and Szabados
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developed Boja.nov.'s niethod and on the other hand, Ditzian and Lubinsky

investigated the possibility of applying the imknown approximator’s method.

We start with Krod and Szabados method. _

2.3.2 Krod and Szabados® Method

Let f : R — R be continuous with f¥V vanishing at -toc. Let P, be a best

polynomial approximation of degree < n to f in the weighted uniform norm.

Then there exist at least n+4-2 alte.natiop ‘nts
o<}t <Yz <o < Ynil
with
(= EIWI) = =~ Enlfl, 0S5 Satl
. Kro6 and Szabados [23] showed 4 14 Bojanov, that

15 (=1)* di [F (gie) — £ ()]

k=0

En[ﬂ.-n =

where all d; > 0 and

32 da [0V () + W ()] = 1.
k=0

However, the real art lies in their use and estimation uf

nis= [W"’ (st = B (.*'}k):! (Wrr = ite} -
P

81

(2.53)

(2.54)

(2.55)




Here -y € (0,1) is fixed. If we introduce the modulus

|f {z) - £ ()
1t) = , 2.
wi(fit) = 80 e ST ¢ (2:57)
Kroé and Szabudos showed that
B [l < 40y (F360). (2.58)

For a large class of weights, including W,, a« > 1, they proved that if all

IyJI S CQM
, < glalogn (2.59)
i
and hence deduced the estimate
1 -
Brlfle < fun (2B} s oo, | 260

The exponentially decaying term reflects the inability of weighted polynomi-

als to approximate outside [~(Cga, Cgn) .

2.3.3 Some Technicalities

Befara we turn to the unknown approximator’s method in a weighted setting,
we need to present a taste of sor:e fitndamental advances mace possible by

the systemactic application of potential theory in the 1980's and 1990's.




We concentrate on the form of Freud’s infinite-Gnite range inequality due
to Mhaskar and Saff. Let /= (-1,1) or R, and IV :=e 9, where @ : ] = R
is even and convex in I and has limit co af; the endpoints of . Then Mhaskar

_ and Saff showed that if a, > 0 is the root of the equation

2 7 ant@ (ant) -
== _U[ Enbs ol o, (2.61)

VI

then

"PnI'V”L“(I} = ”Pﬂ-w "L

walmanian) *
and that asymptotically as-n — oo, a, s the smallest such mmm™er. Later
subsequent discussions allowed the convexity of @ to be replaced by = (z)
being increasing on I N (0, 00).

In the L, case, we cannot hopé for equality of the L, norm over I with that
over some subinterval, as we are missing out part of the integral. So the L,

analogue of (2.62) has the form

18 e < (1 + e_c") 1P W L anttoredanae) (2.63)

where 8 < p < ¢o, £ > 0and C = C () . The last inequality in {2.63) follows

from the inequality

(2.64)

B Wl < GBIV,

P( =)
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Until recently, almost afl the work on weighted approximation on R concen-

trated on the so-called Freud case, where @ is of polynomial growth at oo,

This is due to the fact that handling the growth of @ and describing conse-’

quent behaviour is more difficult when @ is of faster than polynomial gyowth
a6 co.
In an atempt to find a function that could guarantee the regular growth

of @, D.S. Lubinsky {32] used the function (2.30) :

zQ" (z)

Tz)=1+ 0@

though for most purposes, we can use (2.31} :

T(a) = 228 = 22 poQ o).

Both quantities typically grow at the same rate and it is not difficult to see
that if T (z) is bounded as z — o0, then Q (z} is of at most polynomial
growth at oo, while if T (z) — oo a8 # — oo, then @ (z) is of faster than

polynomial growth at co,

‘We present three exemples to illustrate the growth of T and ay.

Exarnple 17 . Some Freud Weights
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Let W (z) = W, (z) = e7", We see that

I i

T(a) = =
and
o e e () )
which g‘xves
B = O« na
where

[zﬁl]*.

4 ()

Example 18 . Some Erdds Weights

Let W (z) = Wi o (z) = exp (-—e'fln) , where exp,, denotes the kth iterated

exponential. We see that, after some manipulations,
: £~1
T{z) = oz® H exp; (z*), = > 0.
=1
An application of the rudiments of Laplace’s method to the integral defining

O, Gives

| 1 k+l %
ttn = {logy | logn — 7 glogj n+0(1)
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and hence
o = {logen}= {1+ (1)).

Here log; denotes the jth iterated logarithm. One can also show that

k
T {an) ~ ][] log;n.
j=1

Example 19 Some Ezponential Weights cn (-1,1).

Let W (z) = Wb (z) = exp (— (1- z?’)““‘) . Then we see that

Zaz? (1 — z?)~*! _ 20a?

Te) == == =)

and i
g ha [‘Ja (ant) (1~ (ent)?) ]
z Ldf
T .{ x/ 1-¢
giving
l—g,~ n ot
and hence

T (aq) ~ no.
Taking the limit as @ — 0%, we see that

1—ay~n"?and T (a,) ~nd
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Of course n;;2 bappears in the classic unweighted estimates for polynomials,
such as,
"Pn"L',[_m ¢ "Pn":,,,(-1+n-=.1+n—9) ?

with O # C(n, B,).

In tﬁe sequel, we will use the following notation:

* 7 will be used to denote the class of Freud weights; £ will ¢ snote the
class of Erdds weights and £XP the class of exponential weights,

Next, we state the Jackson theorem that can be achieved for the classes
of weights mentioned above, namély, .‘F ,&€ and EXP. Recall that we use ihe
hotation

En[fl, = PLDIII., 1(f = PYWllp, @y
Theorem 20 . Let0<p<oo, 7> 1and W € £ or F or EXP on the
interval I. Let fW € L,(I) and if p = oo, let f be continuous with fW
vanishing ot the endpoints of I. Then

En [f]p ..<... er.p (f: cl%) . (2.65)

Corollary 21 . Ifp > 1, we have

E.[fl, < C: (2) | was (266)

Lp(n)

provided the RHS is meaningful,




For (2.65) and (2.66) to make sense we need to define the modulus of

continuity w,, {7, £} and the quantity $ua. First let us note that

Definition 22 . We define the rth order symmetric difference with incre-

L
n

mesc, nz L

ment h by
W (z) = ,é ?—f) (-1 f (m + (; - j) h) 257)

One of the fundamental discoveries of Ditzian and Totik was that by
letting the size of the increment A depend on , more specifically by replacing

h by hv/1 — 2%, they could achieve elegant characterizations of the condition
ff (£ ~ Py = O (%), o (2.68)

in texms of the structural properties of f. Their modulus for [-1, 1] has the

form

wip (78) == sup 1A%t (3

Lat—1,1

and they showed “.0at if 0 < o < 1, (2.68) is equivalent to
wip (Frt) = O(t%), t — 0%,
The rth order modulus nsed by Ditzian and Lubinsky [11] for the weights on
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I'={-1,1) or R and the L, norm has the form

wp (o8) = 519 [W (2) Mg @], + ol I (F = Pl

main part tall

(2.69)
We see that there are 3 undefined quantities: The function $; and the in-
tervals Iy, J;. Before we define them, we need to account for the “tail” part
of (2.69). We know that P,VV is small outside [—ay,a,] and so can only
approximate ingide the interval. The tail part is designed o take accours; of
this. We need an inf over polynomials o) degree < r—1 in the tail to ensure

that if f is itself a polynomial of degree < r — 1, we have
wep (1) =0,

The function ®; is a suitable replacement for the factor v/1— &2 in the
Ditzian-Totik modulus, and will depend on the class of weights. If &, # I,
it reflects an impfévement in the degree of approximation towards the end-
points of a certain interval. To make things more explicit, we distinguish
between {(—1,1) and R;

(I) Freud and Erdés weights on R.

For the classes of weights £, F, Q () grows faster than [c|™, o > 1, and
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an grows slower than n=. So
% — 0, n— oo,

It turns out that we need something like a,, where n is evaluated at the
inverse of e function n — %2 to describe the intervel J,. Accordingly, we

introduce the decreasing function of t,
o (1) :=inf{a.,,: %st}, t >0
The essentisl feature of ¢ here is that
(2)e
n
For F, we define
(@)=l Li=[-a(h),o(h)]; J. =R\l
For &, we define
o |y sl -4,

(I)t (:E) = | P (f.‘) + T(G (t)) ’

andfor 0 < h < ¢,
In = {—0 (2t) @ (28)]; Ji:=R\[~c (4),c (42)].

Clearly the choice of @, (z) = 1 for F does not give any improvement in
the degree of approximation, while in the £ cease, the choice of @, reflects

60




an improvement in approximation towards the endpoints of the interval
- (), o8]

(II) Exponential Weights on (—1,1).

An essential simplification .in this case is that a, ~ I, n. — oo, 50 we
could actually replace the 2= in our JﬁckSon theorem (2.65) by L. This also
- means that we do not need the function o (£}, and instead can use just as.
So here we choosa
_

] — =

&, (z) 1= "

-i-T(a%);

andforO<h ¢
I;, = [—aé,uﬁ] y Jii= [-1.1]\[—:1&,34_1‘] .

Remark 4 For all three classes of weights (€, F and EXP), the modulus

does have the usual properties

wep {2t} € Cwrp ([, 1)

and forp> 1,

wp(fit) SCE || fwer

ILp(“ :

For the Freud weights, Theorem (2.7) is due to Z. Ditzian and D.S. Lu-

binsky [L1}. For the Erdds weights, the result is du.e »o §.B. Damelin [6] , and
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for exponential weights, the result is due to D.S. Lubinsky [38] . The unifying
feature here is that the method of proof throughout is the unknown approx-

imator’s method and it works simultaneously in all L, spaces, § < p < .

In conclusion, we present some of the details of the unknown approxima-
tor’s method in the weighted setting:

First let us recal} that in approximating fW by P, W, we can only work on
[—an: an) 85 P, W is very small outside [—2,, a4} and so cannot approximate.

So we partition this interval as

—Gn =Y <N <Y< ... <Ynii = 0On

and on each interval {y;, y;11) approximate f by a polynomial p; of degree < r.
According to Whitney's theorem, we can choose p; to approximate f with an
error involving a snitable rth order modulus evaluated at y;.1 — g;. Thne
is really the size of {31;41 — »;) that controls the degree of approximation. For
Freud weights, we can choose the y; equally spaced , but for Erdds weights
and exponential weights on {~1,1}, one has to choose the y; in such a ivuy

that uniformly in 7 and n

Qn
Yl W o ‘1’% (vs) .
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Then one obtains a piecewise polynomial approximation to f

- L) n-1 )
f (5") = Zépjxlyj.ﬂj-n) =po+ Z (p.‘."+1 - pj) Xl +1.00)-

Next, approximate Xp,,,,..} by & polynomial B; of degres < n. The type of
nstimate needed here is the following: For n > € and 7 € [—@n, 6a} thete

exist polynomials Ry, - of degree < Ln such that for all z € I = (—1,1) or R,

, ﬂ — -89
e = Burl (00 (2) 5 G 7)1+ 2=

where C,Cy, L # C,C, L{n,7,2). Mﬁreover, 09 can be replaced b, .ny
positive integer. The estimate is difficult becsuse W () may be very small
for 7 close to @,. In the Freud case , the ® = I, but in the other cases, it
gets smaller as 7 approaches a, end this is really where one needs. the y; to

get cleser and closer.
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Chapter 3

LAGRANGE

INTERPOLATION

3.1 Introduction

In this chapter, we are interested in a study of a certain standard &PProx-
imation process; namely, the approximation of a function in terms of the
Lagrange interpolation polynomials for the function at the zeros of the or-
thogonal polynorials, In the past twenty years, there has begun to develop a
general theory of orthogonal polynomials |, and its associated approximation

theory, for weights on R {33}, [54] . In these investigations, it has been helpful
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to distinguish between Erdés weights and Freud weights. Accordingly our

discussions here will be spiit into two sactions: one discussing Lagrange in-
terpolation for Freud weights and the other Lagrange interpolation for Erdés

weights.

3.2 Mean Convergence of Lagrange Interpo-

lation for Freud Weights

3.2.1 Introduction and Main Results

The convergence of Lagrange interpolation at zeros of orthogonal pelynomials
is a classical and widely studied subject. Let us recall the setting.
If dex is & positive Bore]l measure on & finite or infinite interval (a, 43, with

support cont .ining infinitely many poinfs, and with all power moments
b
| fa:jda(m: co0, j=0,1,2...,

then we may define orthonormal polynomials p, (da,@) or p,(z), n =

0,1,2,..., which satisfy

b
fpn(da. Z)pm (dev, 2} dix (2) = 6pn , M1 =0,1,2....,
o
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We denote the zeros of p, (do, z) by
a<mnn<$n—1.n v <$2n<$1ﬂ<b.

‘For hmetions f : (a,b) ~ R, we denote the La.g;mngé i:;terjaolation poly-
nomial of degree < n ~ 1 to f at the zeros of p, (de,z) by Ln [f1(=), so

that
Lalfl(@m) = Flzm), 1S5 <n. (3.1)

"The classical ErdSs-Turan theorem ssserts that if (a, b) is a finite interval,

then for each measurable function § : (a,b) — R for which

b

ffzda < oo,

a

we have L, convergence :

)
lim [ (f = L. [/ da=0.

T—C
a

In this section, we concentrate on the weights on the whole real line, We
shall deal with Frend weights, i.e.; weights of the form dex (z) = W?(z)dz
where W : R — R is even of sufficiently smooth and regular decay at infinity

The results here a_ply in particular to
W (2) = Wy (z) = exp (-% |m|") ,zER, 8> 1. (3.2)
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Many of the methods used to prove these zesults are taken from 8 funda-
mental paper of P. Nevai (53}, which dealt with the Hermite weight, the case
B=2in(32).

Mean convergence of Lagrange interpolation is dependent on suitable es-
timates for associated orthonormal polynomials, By assuming bounds on
orthonormal polynomials that were known to be true for the weights W3,
B > 0 an even integer, Knopfmacher and Lubinsky treated fa'rly general
Freud weights 12 = =22 [20]. For the L, norm with 1 < p < 2, the re-
sults were sharpened and generalized those in [3], snd the functions with
integrable singularities at finitely many points were also dismxésed.

The possibility of treating weights such as ™3 , 8 > 1, was provided by
the work of Levin and Lubin “ty {27], where the correct bounds were obtained
for orthonormal polynomials over R for a large class of weights. We also use
the L, norms uf orthonormal polynomials , and these were estimated above
and below in [41], using the results of {27]. The following theorem , due to

Lubinsky and Matjila, is a special case to the results in this section:
Theorem 23 Letf>1, 1<p<oo, AER, a>0 and

& .=min{l,a}. : (3.3
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Let
. 1~ EE: . b S 4
r=r@) =4 ° : (3.4)
l-a+i(1-1), »p>4
Denote the Lagrange interpolation polynomials at the zeros of p, (Wg, ) by

La[), n 21, where Wy 45 given by (3.2) . Then for

Jm l(F (=) = LA @) Wa @) L+ 1278, =0 (35)

to hold for every continuous function f : R — R satisfying

lim |f (z)] Wp (x) (1 + |a)® =0, (3.6)

[z}—oo
it 8 necessary end sufficient that
A>7 ifl<p<4
AsTt ffprdanda=1;
Azr ifprdandaszl,
Corollary 24 Letf# > 1, A€R, a >0, and & = min{1,a}. For the
convergence (3.5) to hold for every 1 < p < oo and every continuous function

f: R — R satisfying (3.6), it is necegsary and sufficient that

Aa—a+max{1,g}. 37
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To forrmlate the results for more general weigh_ts, Lubinsky and Matjila
veeded the Mbasker-Rahmanov-Saff number o, [48],[40]. Let W = 79,
where @ : R ~+ R is even, continuous and %0’ (z} is positive and increasing
o (0,00), with limits 0 and oc at 0 and co respectively. For n > 0, .oe MRS

number a,, is the positive root of the equation

2 ot (),

== / T (3.8)
The significance of &, lies partly in the identity
[PWo@ = HEW | £og-anan) (3.9)

which holds for polynomials P of degree < n. [40].
‘We now state the main result of vhis section due to Lubinsky and Matjila

(40} :

Theorem 25 LetW :=e9, where @ : R — R is even and continuous in R,

Q" is continuous in (0,00}, and Q' > 0 in (0,00), whilz for some A, B > 1,

A451+32E B e (,00). (3.10)

Q (2}

Letl <p<oo, AER, a>0, and & be given by (3.3), Dendte the Lagrange
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interpolation polynomials ot the zeros of p (W?,.) by Ln[], n 2 1. Then for
i J(f = L UD @)W (@) 1+ el 2], =0 61
to hold for every continuous funeﬁon f: R — R satisfying
i |F @)W (@) (L+ )" =, (3.12)
if g necessary and sufficient that

1
A > -G+ > ifp < 4, (3.13)

ERRY 2 0, noofp>dadastl,  (314)

1-(G+a) $(1-4) _ 1 _ , _
al n = 0 oan ) n—ooifp>d4and =1 (3.15)

Next we present some technical lemuinas, such as estimates on orthogonal

polynomials and their zeros.

3.2.2 Technical Lemmas

In the sequel , C,C1,Ch,. .. denote positive constants independent of n, &
and polynomials of degree n. We write C' # C(}) to indicate that C' does

not depend on A. The same symbol does not necessarily represent the same
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nll

constant in different occirrences. We use ~ in the following sense: If {a,,}

and {e,}n., are real sequences, we write
bn ~ €a
if there exist Ci, Cq > 0 such that

L <

P

<Cynzl

We write f* (z) to denote (f ())", even for n = —1. P, denotes the polyno-
mials of depree at most n.
If W2 : R — [0, 00) is & weight, its nth Christoffel function is given by

.. T (PW)
Ma (2) = A (W2,2) = Pl ] LP#)()dt. (3.16)

It is well known [54] that

=1

iy =Y pi(=).
J=0
‘We slso define the Christoffel numbers
AJ',-, = }iﬂ (.’Cju) ¥ 1 SJ <m.

The leading coefficient of p, () is denoted by v,, so that

P {2) = 1al™ + ...
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The Lagrange interpolé.tion polynomial Ly [f] admits the representation

Lo [f1(@) = 3 £ @50) bin ),

gl

where the fundamental polynomials l;, in turn admit the representation
[14,p.23]

lin (2) = Ajn 2p ;) (m50) 22 @ (3.17)

Tn X — Zjn

Mean convergence of Lagrange interpolation is closely connected to bounds
on orthogonal polynomials and related estimates. Accordingly we recall some
results from {27]. Throughout this section, we assume that W is as in Taeo-

rem 25,
Theorem 26 (o) Forn > 1 and |7]| £ @x,
-k
Gn - |z ] *
,\n(ﬁfg,m) ~ _‘.n-;VR (a:)max{n §,1—'~&:} . (3.18)
Moreover, we replace ~ by > Cx for all z € R,

(b} For n. 2 1,

Tin _ 1| < Cn_':', ' {3.19)
i

and uniformly forn > 3and2<j<n -1,

-1
a _2 k] 2

Tjim — Ly+ln ™ - max {n. il- L-‘i'i} . (3.20)
n n
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{c) Forn > 1, _
g
g

n

4
~art - (3.21)

- 8up |pa ()| W (2}
IIEIR
and
sup [ps (3)] W (z) ~ ndast. (8.22)

(d) Let 0 < p < co. There exists € > 0 such that for n > 1 and P € P,

1PW | ms < CIPW g, (—amian) - (3:23)
(e) Form > 1,
"’;: ~ Up. (3.24)

(f} Uniformly forn > 2and 1 < j <n-1,
max {n"g, 1-— M} ~ MAax {n‘%,l - |"':—3”'1—"‘1} (3.25)
an Gn

Theorem 27 [4]]

(a) Given 0 < p < oo, we have for n > 1,

1, p<4
"anVHL -3 Tl as e lea n % =4 - (326)
a(%) (legn)s, p
l ﬂ,é(lﬂé), D> d
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(b) Uniformly forn> 1,1 <5 <7, and @ € s,

fin (@)] ~ ZW (z;0) (max {n—é, 1- '”;'}) :1(:3“ . (327)
(c) Uniformly forn>1,1<j <n, and x R,
@D W @) W) cC. (3.28)

Lemama 28 [27] -
(2) Given 0 < a < b, we have uniformly for n > 1 and z € [a, b),
@ (anz) ~ nzQ’ (@nz) ~ .. _ (3.29)
(b) If A, B are as in (3.10), then
ub < %’1'? < ui, ﬁe f1,00). (3.30)
{c) Given A > 1, we have for v € (C,c0), and u € [f, Av],

o

ha N | I

A
o] o

In the remainder of this section, we present three quadvature sum esti-

mates. In the sequel, we sef

Zon = Tin (L +078){ T 1= 2on (14 071). (3.32)
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Lemma 29- [40]. Let v €R. Then uniformly forn > .,

11 Y < -1
k]
Z; Aﬁﬂwhg (@n) (1 4 |2jm])” ~ loge, v=-1 (3.33)
J=
ai™”, v>-—1

In several places, we shall need to replace (1 +t%)” by an equivalent poly-

nomial on a snitable interval. This is achieved in the following lemma.,

Lemma 30 {40]. Let » € R. There ezists C > 0 such that for A > 2, there

exist polynomials P, of degree < CAlog A such that
By~ (1+8), (3.34)

uniformly fort € [-A N and A 2> 2.

Lemma 31 [40]. Fiz ¢ € (0,1) and an integer L 2> 3, and let € R. Then

for PePry,, andn > 1,

T AP lagn)| W () (14+52,)"
|#jnigonn
fin

<G f |PW] () (1+¢)" at, (3.35)

—tin

where Cy # C, (P,n).
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The last gnadrature estimate in this section is essentially for part of the

Lebesgue function of Lagrange interpolation.
Lemma 32 [40]. Let 8 € (0.2), » € R, and

ST@i= 0 Y [ (®)] W (Zha) (L4 )™ (3.36)

kil 28
Then
_ 1, =] < 8%
W(2) Y] (2} S Caz*S ot ip, W] (2) +logn, 6% < [z < 200 (337)

&, Iz} > 2aq,.
3.2,3 Proofs of Theorems in Section 3,2.

In our proof of Theorem 25, we shall split our function into pieces that
vanish inside or outside [~Bg,, Sas), some 8 > 0. The proof requires several
preliminary steps and many of the ideas come from Nevai's fundamental
paper {83) . In the sequel, W is as in Theorem 25 and 1 < p < oo, & > 0,

A e R, and & is given by (3.3).

Lemma 33 Assume that if p < 4, {3.13) holds and if p > 4, (3.14) holds.

Let e > 0. 8 € (0,2) and assum= that {fx}22, is a sequence of functions
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from R to R such that

Fafz) =0, |2 < Bay, (3.38)
and
AW (@) se(l+iz)™, 2R, n> L (3.39)
Then _ _
limsup Lo ] () W () (1 )2 L S Ce (3.40)

Here C # C e, n, fo)-
Proof. Now by Lemms 32, and (3.1) — (3.2),

[Lalf] @ W) = (W(z) - bin () f (@)

_ IH»I:-':-‘S“'I
< eWiz) 3. @)W (@) (1 + fEinl) ™
|zknlZdan _
1, 2| £ Ban;

< G af |p= W] (z) + logn. 8% < |2 < 2ap;

i—‘;[, |z} > Lan.
(3.41)

W = L @ W@ L D, e
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1A

Cieaz® 1+ =)™ ||L,;(1=tsa%)

1, Ap>1;

IA

Coeaz®{ (log)? ,Ap=1;

aéua, Ap <l
Here, if Ap > 1, this term is o{1) as e > 0 and a, grows faster than some
positive of n. Suppose now that Ap < 1. Note that if p > 4, thgn_the power
of n in (3.14) is positive, so the power of a, there , namely, ‘;J; - (& + 4),

must be negative, Hence {3.13) holds for all p > 1. Soif Ap < 1, (3.13)

shows that
et <l =0 (1), (3.42)
Hence in all cases
lim M =0, (3.43)
=S
Next, from {3.4)
@ 5 = ||l @ W (@) (0 2D, apoigaen)

A

- . i-a
Cheaz® (o™ Ipa Wl g 2o+ (BTN 2E "}

1, p<d

—(a+Ai+—;

Cago,™ ¢ (log n)‘-’!‘ , p=4 p+Che (log n) an

IA

at(-3) p>

T8




by Thearem 27 (¢). Recall that for all p> 1, —{@+A)+- 1 <0 and aq is of
polynomial growth, so the.second term in the lasi; RHS is always o(1). By
the same token, for p < 4, this entire RHS is 0(1). When p > 4and o > i,
then ¢ > &, g0 (3.14) shows that this whele RHS is o(1). When p > 4 and

a < 1, our assumption (3.14) shows that this last term is O(e). So in all

cases,
Jim sup P < Qe (3.44)
Finally, from (3.4),
W =l @ W@ D, .,

< GCsa,ott |||$|~1 (1+ |$D_&!L;,(;=132un;

Now from (3.13),

A>£—&2£—1
p p
510
BA+1)>1, (3.45)
and hence
i < Crapial Y <o), (3.46)

by (3.5). Together with (3.6) and (3.7), this yields

limsup (T,(,‘} + 7P 4 'rf‘)) <Ce R

L]
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Lemma 34 Assume that if p < 4, (3.13) holds; if p > 4 and o # 1, (3.14)
holds; and ¢fp >4 and o = 1, (3.15) holds. Lete .» 0, B8 € (0,1) and assume

that {tha}oe, @ a sequence of functions from R fo B such that

(2} =0, |z| 2 Ban, (3.47)
and
[ W] (z) <e{l+{z)}™, zeR, n>1 . {3.48)

Then

limeup L, fit] (=) W (2) (1 + [a]) 2| Cs, (3.49)

. “
Lp(j2|220an)

where C # C{e,n,v,).

Proof.  First note that for || > 28a, and lzu,| < Bap, |z — 2| ~ [2).

Then, from Theorem 27 (b}, we have for x| > 28ay,

[Ln [%] (I)l E zim (:'G) lbn (*T'Jm)

leen | < Ban
Se X @ W (@) (1+ [20])

|#xn[<Ban

0,817 @) >+ |zl

no el e,

A

< Coead Bl s~ ) (Lo fekal)® (b 3.20)
|$B! |w{<Bay
s 243y,
Cread 228N 11 ),
]lrl ﬂﬂﬁﬂn

1A
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Let
. logn, a=1
{logn)" :=
1, otherwise
We see that

28a,,
j (L + [E)%dt < Caat " (logn)", n2> 2
"'21&1“

Then

"L“ fn] () W () (1 + |ml)—A"

: 0550,%"3 (log n)* “p_n () W () || 2

Lp(iz=28an}

A

Lpliz|z28an)

< Csead ™ (logn)” flp (D) W ()]

1, p<d
(s+4)

Al

< Cocak (logn)* X ¢ (logn)i, p=4 -
né(l_%), p>4d

by Theorem 27 (2). Now if p < 4, we know that (3.13) holds and @, is of

polynomial growth, so the RHS is o(1). If p > 4 and & # 1, our hypothesis

(3.14) ensures that we obtain O(g); if p > 4 and o = 1, our hypothesis {3.15}

ensuxes that again we obtain O(s). M

Before we proceed. fo the third lemma on L, norms of Lagrange inter-

polents, we need the Hilbert transform K [f](w), and its boundedness in
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suitable weighted L, spaces. Recall that
R f{)
H(fl@)=)im [ et (3.50)
ft—zl2e

and if f € Ly (R}, then the limit exists almost everywhere.

Lerama 35 [40) il <p< oo, s <1—3; 8> 1 s < 8. Then for

i measurable f : R — R, for which the RHS is finite,

NE [£] ) (U fe) Ny < C|F @) @+ 12D gy -

Lemma 36 Assume that [3.13) holds. Lete >0, f € ({], %), gnd assume

that {1,0,;}“" i a seguence of functions form R fo R such that

n=1

Po (@) =0, || 2 Ban, | (3.51)
and
Wiz} <e(l+|2))™, zeRn2>1 (3.52)
Then
timmp 2o [0 2) W (@) (14 D)2 iy SO (359

where C # C (n,€,%).
Proof. Define

Gz) =W {z) (L +])™, xR
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For f: R — R such that fW € L (R), let S, [f] (2} denote the nth partial

sum of the orthonormal expansion of f in {p;}5°. We first show that

HL“ [Wa] () W {z) (L + IED—A"L,(IzisEB%)

< Ce s [|S.[hG] (=) W (=) (1 + Jal) ™ (3.54)

- I 4o py =2 Lp(lel$28aa) °

Let ¥, dencte the characteristic function of [-28an, 284,] and for n > 1, let

gn (2) = slgn{Zn (] (&)) |Ln [10a] ()" 2 () WP (3) (L + |2]) 5.

Observe that

»

[Zattnl @)W (@) (11D,

= [ Ll () g (@) W2 (@)
= [ Lnlt] (@) Salga] () W* (&) do

= i)‘n"f’n {Tkn) Sn {gn] (Zrn) {Gauss guadrature)
=1

IA

€ X MalSalgn] (@in) | W (@) (1 + il )™

Jtiken | S Bin

Coz [ 1n gl @) W (2) (1 + fal) ™ do

IA

IA

Cse j S [9a] () Bn (2) G (2) W* (2) d

83




where h, (2) :=sign(5;, [ga] (z)). Then orthogonality and Hélder’s inequality ”

show that this last expression can be continued as

Cat [ Sulge) (3) hu (2) G (2) WP (2) do

]

Cse f 90 (2) Sn [1aG) {z) W () d
{z|£28e,
@%&Wﬂ+mﬁﬂ

1A

X ||Sa (Gl W (L + [y~

Lg([={<2Ban) Lp(izi<282n)

I

Cse || L (0] (2) W (2) (L + [y~

La(l=|<28an}

1 ous

2o ) (@) W@1+hrw

f-p(lmis‘ﬂﬂm)
< —ﬁ )
s Ge ||h§:.lfsl "Sﬂ Gl W (1 + 1= "Lpnz:sasm

Next, it is a well known consequence of the Christoffel-Darboux formula that

for f:IR — R for which fWV € L; (R),

Salf] () = %*mehJWﬂmpmmHhmﬂ (@)}

Then using Theorem 26 {) and (e), we have for jx| < 2808, aud k € Lo (R)
that

[Sa [BeG] (2) W ()] < Ciad Z|H [pshGW?] (z)| - (3.55)
Choose o € (28,1), and let % be the characteristic function of [—oay,, ra,),
n > 1. Moreover, let JlAll; ,. In estimating the Hilbert transform for

34

% ||Sn [BaGIW (1 + ) ]

L ofle!<2300) '

R



|z] < 28a,, we write
H [pshGW?] = H [p; (1~ x3) hGW?) + H [pihGr]
Now for jz| £ 28a,, and j=n~—1,n,
[ s (1~ x2) AGW7 (2)|

7; (0 (BGWA (1),

z—t

[tlelran oa)
oo

Cs [ lpW)@yt=ta

ran

Cs ( f P2 (£) W (£) dt) (,f t-ﬂﬂ-zdt)

Tn
1 - %
= CallEsWliatranse % (g (#0n) 0+

— l—l:! —&—n

= 06 "pjwrllr.g{aamoo]a 2 "a,

1A

IA

This last ee*mate and (3.55) give for |z| < 26a,,
150 15G] (2) W ()] < Cuan? Y 1A [pixshGW] (@) + Craz®.  (3.56)
: j=n-1

Now let us set for small § > 0,

Zﬂ:=min{A,i-—6}.
D
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We now use Lemma 35 with s =5 = —A.

S

Also, (3.13) gives

Note that

1
> —=
P

1
—A<—£+&s——+1.
P P

Soif § < 1; then

Thus the requirements of Lemme 35 are met. Then as A < A, (3.56) and

Lemma 35 yield

5 (5G] (=) W () (1 + Jo) ]

I La{jziz2Baa)

. 2 -4
< Cat ZnillH [pGhGW?] () (1 + lal) "Lp(m
_ -A
+Cho, °” (1 + el "L,,ﬂmis%au)
1 n . * —E
< Mal XahGW?) (2} (1 + ]z
= {'&@a j;l (PJY )( N i) Lp(R)
1, Ap>1
+Cha;? % ¢ (log n)% Ap=1
L % Ap<l
s n : u-I-A)l
B - (L+ |z +0a(l), (3.57)
< C'sC!ﬂJ:“_2 {p;W) (=) (L + =)™ |Lp{'|:21523%) (
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since & > 0, and a, is of polynomial growth, while also by (3.13),
1 -1 '
—atZ-Ag-G+o-A<0. (3.58)

Then using the bound {3.21). we can centinue (3.57) as

< afatay B+
< Ch.
as again (3.58) implies that
pla+d)>1 (3.59)

Finally, thi: bound and (3.54) yield the result. &

Proof of the sutficier: ronditions _of Theorem 25

We remurk first that the sufficient conditions in Theorem 25 imply those in

Lemmas 33, 34 and 36. Let £ > 0. We can find a polynomial P such that
If — Pl (@)W (@) (1 +|z))™" <& zeR. (3.60)
Then for n large enough,

- LD @ W @+ g,
< | -PY@ W@ 0+,
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+LalP = A @) W () (1 + )™

Lp{R}

< effa+la)= g

La[P = fl(z)V “Al (3.
+ L [P - 1@ W @) @ +12)], (361
Herep(a+ A) 2 p(& 4 A) > 1, so the first norm in this RHS is £.:3te. Next,

let v denocte the characteristic function of [-——9:3, %f] and write

P-f = (P=flan+(P—f)(l-xa)
= Pyt fa

We can apply Lemma 33 to {f.}oe, with 8=} to deduce that

n=

) <C‘1£

limup 2 ] () W (2) (1 1), o, <

Nexi, in view of (3.60), {¥n}ns, satisfy (3.47) and (3.48) in Lemma 34 and

(3.51), (3.52) in Lemma 38 with g = , so those lemmaes yield

limeup Lo ] (2) W (2} (14122 o) < Coe.
So N
limeup Ly [P~ f] (2) W (2) (1 +12))™ o < Cre. 3.62)
Corbining (3.61) and (3.62), we have
llmsup "(f Lo [N ()W {m} {1+ |z]) _5"1‘ (R} Cye.

Letting £ — 0% yields the result. @
In the converse direction, we need the following lemuma,
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Lemma 37 Lete € (0,1}, n€ (0,1~ 6), 1 < p < co, Then there exists C

such that forn > 1 and P of degree at most nn, we have

1 k2
. "P”L,,[-ag,.,ag,.} s Cﬂﬁ Z "pJ';VPHLp[—amnn] ! (3‘63)

je=n—1 )
Pronf., Choose o’ € (5,1 7). Let 6 € ({},1) be such that é7' > o. For m

large enough Theorem 26 (a) shows that

X7 Wa) v ZWLa), el < asm
Moreover, we can replace ~ by < C'x for all z € R, Applying this with
mi= [a"-’zi] and using 26m = 2§ [rr’ g-] > n, with n large enough, yields

~ n;; |:'L'! ..<.. fn
AL LW ) W (=) " . (3.64)

) <O, zeR
Let P be of degree < nn, and

R(z) = %P OPRICE) (3.65)

Then R hes degree < nqn+2 [tr”—;] < (p-+8)n < n—1, for n large enongh,
by choice of o', Next, with the definition for S, in Lemma 36,
R(z) = 5.[8 ()
= 2 {pn () H [RonaW7] (2) = -1 () B[R] (21
T
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by the Christoffel-Darboux formula, Using the bounds in Theorem 26, we

obtain for lz| < San

|kW] (z) < Cial Z [H[Rg;jw@] (2)].
1

J=ne

Using Riesz’s theorem that H is a bounded operator from L, (R} to L, (R),

we obtain

Bl < Cork 3 [
j=n-

Lp{"'ﬂmﬂul

where we also wsed the infinite-finite range inequality (3.23) for the weight

W2, Now (3.64) shows that

~ |P s 18] & Ggn
BV (2) [P}, e} < a0 .

LC|P(x)], zeRrR
Then (3.63) follows. W
Proof of the necessary conditions of Theorem 25

Let A € R, & > (. We assume the convergence {3.11) for every continnous
f : R — R satisfying (3.12). Let n{z) : B — (0,oc) be an even continuous

function that is decreasing in [0, o0), with
7(e) 2 (og@+el)®, zeflo),  (360)
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but

lim 7 (z} =0. (3.67)

. iEE—Oa

‘We let X be the space of all continuous functions f: B — R with
£l = max |f (2}l W (2) (1 + Jal)*n (2) " < oo,
Furthermore, let ¥ be the space of all measurable functions f : R — R with
- . -A '
7l = ) @) 1+ 1al)™2]), < c0.

Now each f € X satisfies {3.12), so our hypothesis ensures that

tim [If — Ln [f]lly = 0.

n—ca

By the uniform boundedness principle, there exists Cy > 0 such that
If = Lo [fllly S CLlifllx Vn21, VfeX.

In particular, as Iy [f] = f(0) we obtain for every confintous f : R — R
with f(0) = 0, that
Iflly £ C1IEf

"Y t
provided the norm on the RHS is finite. Hence, for every n > 1 and every

confinuous f with f (0) == 0 for which the RHS is finite,

12 £} (@) W (2) (1 +.|a:{)"'3” L S Co[lUW) @ (1 +1a)™ N

{3.68)

g2




Now ci'oose g,, 7 2 1, such that g, is continuous in R, g, = 0 in [0,c0) U
(—o0 %),
- o =1 _
lgnllx = [ (gl (=) (1 + )™ (@)Y, =1 (3.69)
and for z;, € [— )

(92 W) (@) (1 + &) 1 (210) ™ sigm (B, (m0)) = 1.

Then for & > 0, our choice of g, and then (3.25) yield

E Gn mjn) P (x)

2y €[-20,0) P (3-‘:11* (z — zjn)

|Zn [ga] (2} =

Pn (2)

e la—am| " o) (1ol (o)

z,.,E[-E},IJ)
o v Bl )

o E[_%O .'::+|..~:j,.,§

Tj—ln ~ Ti+in -o
Conlom)od o (=) 32 Jﬁﬁ—(H |2n)
Ty E[—“?rﬂ) I

by (3.20). At least for z > 1, it is not difficult to see that uniformly forn 2 1

v

v

and I < j < n, we have
Tl ~ 2+ [E, € (Tjrrn Tim1n) .

Soforz>1,

-9

Lalgal ()] 2 Conlan)ad s (2) f S

dt
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1, caxl

> Cnfan) ol 7 ) lg(l+min{%x}), a=1

(win{z,z})"™,  a>1
Let us set

log(l+z), z=1,
(logz)* = ( )
1, otherwise.
By considering o [1, %3] and x € [“—f, Qaﬂ] separately, we see that we can

rewrite the above as

|Za {ga] (2)} 2 Crm (a0) o [pn ()] =~ (log 2)* (3.70)

for = € [1,2a,]. Then we obtain from (3.66) that for z & (1,2a,],
1
[Ln lga] (@)} 2 Cs (togm) ™% a |pn (2)] 22,

Hence, using (3.68) — (3.69),

Co 2 |Lalsal @ W @) W+ l)™, o
2 Gy (logn)™ af [ (pat¥) (@) (1 + fal)~ -2}
Lp{lda,)]
> Cuo{logn) ELPa {2 W) () (L + |z “(“M “ —Cn (logn.)"}i

vhers we have used the bound (3.21) for p, in [0, 1}. So

Cua (log ) 2 od

(@) ) (L Jaly ()

{£p[~2an20n]
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Now let Py, be the polynomial of Lemma 30 of degree O(a,loga,) = o(n)
sich that for |z| < 2a,,

- _.(:"'_A). ~(a+a

B )~ (1457 T (L) T

Then we obtain from Lemma 27,

Cis(logn)® > af 3° [[oW) (@) P (=)
j=n-1 L3

Cu I B, (3)" :

—Raj .!nj]

v

i)
Cis ||(L+ )

v

This is not possible for all n large enough, unless A > L - & So, we have
proved (3.13) for all 1 < p < co and in particwdar, for p = 4. This establishes
the necessary conditions for p < 4. To prove the necessary conditions for
P > 4, we return to (3.70). First, for small enough & € (0,1), it follows from

Theorem 26 (c) and {d), that
: ||Pnu”ﬂ.a,[ﬁan,2a,.; ~ ﬂPnWHL,,m .
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Then by (8.68) - (3.70)

G 2 |Lnlonl (2) W (&) (1+ |o) ™)

Lp [6&“36u1

(logn)”

.

> Curn(an)od 155 Wil 600, 20) 97 ()

> Cuan(an) aé—(&-{-&) (log n)* nt (1-3),
by (3.25) as p > 4, Thus

tmsupn () of " (logn) nb0H) <o, a7)
for every function 7 satisfying (3.66). - (3'.67). It

| limsup a,'?_(“a) (log n)* ns(-$) = o0,

=00

then it is easy to construct 7 () decreasing slowly enough to 0 to contradict
{3.71). Ro
i-(a+a)

limsup a? {logn)” 7803} < oo,
—0

and it follows that (3.14) is necessary if o # 1 and (8.15) is necessary if

a=1.

Proof of Theorem 23, ForW = W3, o, = C‘-nf%', n > 1, and the necessary

and sufficient conditions in Theorem 25 easily imply those in Theorem 23,

05




Proof of Corollary 24. Let

— &, : .p<4

7{p) =

p-arf(-2), p>4

For the convergence (3.5) to hold for every 1 < p < oo and every continuous
function f satisfying (3.6) with a given A € R, the necessary conditions of

Theorem 23 imply that
Az7(p), l<p<oo.

Hence
Az limr(p)=1-¢;
p—1i+
A>lmr(p)=2—a

So it is necessery that (3.7) holds. Conversely, for the convergence (3.5)
to hold for every 1 < p < oo and every conkinuous f satisfying {3.6), the

gufficient conditions of Theorem 23 show that it suffices that
A>r{p), 1<p<oo. (3.72)

Firss, (3.7} shows that




So for 1 < p < 4, (3.72) is fulfilled. Next, we can write for p > 4,
LB . 1f 28\
'r(p)—ﬁ u-l—p(l —3—)

1-2>0thenford<p<oo

f(p)sf(4)=§—a+i(1-%)=—a+i<1—asa.

by (3.7), o again (3.72) is fulfilled. Finally,if1~2 <0, thenfor4 <p <

r@) <o) =5 -aga,

by (3.7). So we have shown that (3.7) implies (3.72) for all 1 < p < oo, and

this proves that (3.7) ic suffirient. &

3.3 Mean Convergence of Lagrange Interpo-

lation for Erdés Weights

3.3.1 Introduction and Main Results

In this section, we only the state the necessary and sufficient conditions of
Lagrange interpolation for Erdds weights without giving emphasis on the
proofs of the results, Let us recall that Erdss weights have the form W2 =
e~29, where Q : R — R is cven and of faster than polynomial growth at
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infinity. In the sequel, we wil assume the notation of sections 3.2.1 and

3.9.2. For notational simplicity, we recall Theorem 25 for W3, 8> 1t

Theorem 38 et Wj(x) = exp(—}lal®), 8 > 1. Given f : R—R,
let Ly [f] denote the Lagrange interpolation polynomial to f at the 2ero8 of

pn (W2x). Letl<p<oo, AER, a>0, and

st o2 (1-9))

Tt

|

- Then for

i (7 ~ L [£]) (=) W () (1 1<)

LR’

to hold for every continuous f : R — R satisfying

. o
Lim () (&) (4127 =0,
it is necessary and sufficient that

A > 7 ifl<psd
A > 7 ifprdanda=1

A > v ifp>danda®l

"To describe analogous results for Erdds weights, we need a class of weights

W? for which suitable bounds are known for' oy (W2,.). These were found ' -!
I
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in [42] and the L, analognes were found in [39] For our discussions, the

following subclass from [42] is suitable:

Definition 89 Let W = e, where Q : R — R i even. continuous, Q"

ezists in (0,00), Q9 > 0 in (0,00), § =0,1,2 and the function

. TQ" (=)
T(z):=14+ 0
ig increasing in (0, 0c), with
dim T'(z) = c0; T(0+) = xli_r&T(x} > 1

Moreover, we assume that for Cy,Ca,Cy > 0,

¢ < uguz < Ca, x> Ch,
( Az) )

and for every e > 0,
T()=0(Q(x)7), z— oo
Then we write W € &,
Example 40 (z) The principal example of W =eR € & is
Wi (r) = exp (~Qp (z}), @ > 1,

where
Qro (2) = expy (27}, k2 1.
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For this W,

& -l
T(z)=Tha(z)=a L +2*)_ [[exp; (z*)|, z 2 0.
i=1j=1

Here (3.75) holds in the stronger form
T (z)
=ty '[':__Q' ()
_ Q)
and (3.76) holds in the stronger form

=1 (3.77)

T{z)
oz | k
{H log; @ ()

J=1

J =g, (3.78)

{6) Another example of W = =9 & *, is given by
. 2\y4
Q(a) = exp [(1og (4-+2%)"]. (3.79)
B > 1, A large enough; for which

2 A-1 .3 {Iog ( A+ wz)ﬁ"i}] +- 24 (3.80)

T{m)uA+.z2 [log(A-k:c“) A+a?

Apain (3;75) holds in the stronger form (3.77), while (3.76) holds in the

stronger form

T{x)logz _
o Tog Q(a)

8. (3.81}
Ne * we present the main resutts of this section. The following theorem
is dne to Damelin and Lubinsky [9]:
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Theorem 41 Let W = e? € €. Let L,[] denote the Lagrange interpo-
lation polynamial to f at the 2eros of p, (W3, )). Let 1 < p < o0, A € R,

& >0, Then for

Jim (F =~ Zn [£1) (&) W (2) (14 Q () (3.82)

Ly(R} '

1o hold for every continuous f : B — R satisfying
Jim [£W] (&) (og e =0,

it s necessary and sufficient that

oo msfo?(2-1)) o)

At first, the cholce of the extra weighting factor (1 -+ @) in (3.82) may
seem rather severe. Recall that @ grows faster than any polynomial, How-
ever, even if f vanishes outside a fixed interval, the following theorem shows

why we need such a factor if p > 4:

Theorem 42 Let W, L. be ae in Theorem 41 and p > 4. Suppose that
measurable U 1 R — R satisfies
liminf U (2) 2~ (-3)Q () 24-#) o 0, (3.84)
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Then there exists continuous f : R — R, vanishing outside [-2, 2] such that

U p 1 [£] WU 5y = 0. (3.86)

Remark 5 (a) For p > 4, there is no growth resiriction on f, no matter
how severe it may be , that cen allow us o weighting factor weaker than a
power of (1 + Q). One can formulate versions of Theorem 41 for p > 4 that
involve A = £ (;} - é), and then one has to introduce extra factors in {3.82),
such as negative powers of (1 + |z|) and negative powers of T or log 2+ Q).
Unfortunately one then needs extra conditions on T to aveid very complicated

formaulations.

(b) For p < 4, the weighting factor (1 + Q) is unnecessarily strong, Let
us recall the Erdés-Turan theorem, as extended by Shohat [56]. If f: R —~ R
ie Riemann integrable in each finite interval, and there exists an even entire

function & with all non-negative Maclaurin series coefficients such that '

(=)

L2 =,

R F e
and

f G () W (z) dz < oc,
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than
Jm [[(f ~ Lo ) Wl gyemy =0 (3.86)

For the “nice” weights in &), a result of Clunie and Kovari [5] allows one to

choose & with
Gl)~W3 () (A +|2) ™", 2€R, >0

or

G () ~ W2 (z) (1 + |2) " (log (2 + [2])) ", z € R, & > 0.
Thus we can ensure that (3.86) holds provided
i (FW) (=) (1 +[a}¥*E =0,
LI R

or
lim (fW) (z) (1 + [=])¥ (log (2 + [z))H*E = 0.

|Bj—m0

Thus the result here does not extend the classical result for p = 2.

Next we present a result of Damelin and Lubingky [9] which does essen-

tially constitute an extension of the classical Erdds-Turan result.

Theorem 43 Let W =e¢ 9 € &, Letl<p< 4, anda € R, Lot L,[f]
denute the Lagrange interpolotion polynomsal to f at the zeros of pn (W2, ).
Then the following are equivalent,

103




() For every continnous f : R — R with

Im F@IW@EA+R)T=0, @87
we have
,gi_{ﬂ-c (f — La [£1) W'"Lp{n) =0, {3.88)
By a> 3

The proaf of this result is based on. the following converse quadrature sum

estimate which is of independent interest:

Theorem 44 Let Wi=e"R € & and 1 < p < 4. There exists C > 0 such
that forn > 1 and P € Py,

1

| P

1P <€ {Z AW 2 (@ju) |PW (n:_,-,,)} (3.89)
=1

Next, we state a result which shows that we cannot insert any positive

power of (1 + |z|) inside the L, norm in (3.88) at least when a > },:

Theorem 45 Let W =e € €. Letl <p<4andA &R Then the

following are eguivalent:
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{a) ¥or every o > -31; and every continuous function f : R — R satisfying

(3.87), we have
Jim | - LD @ W @ 1+ )], =0 (390
0
A<, (3.91)

Remark 6 We note that with more effort, we can replace the continuity
of . Theorems 43 and 45 by Riemann iniegrability, end we can replace

14+ e)* a> 3, by(l+ |a':|)l% (log (2 + |z )%, gome € > 0.
3

Finally, in Theorern 42 it was shown that gven for f vanishing outside

[~2,2] and p > 4, we needed {1+ Q)™ in (3.82) with
2f1 1
az23(3-3)
‘We now present an analogous result for p == 4:

Theorem 46 Let W := e¢? € €,. Suppose that o measurable function

U:R— R satigfies

lim U (=)a™ (logQ (=)} <00, (392




Then there exists o continuous function f : R — R vanishing outside [-2,]
such that

linsup |[Ln [fIWU; gy = co.

Remark 7 If Q (z) grows faster than exp (23}, for some £ > 0, then The-
orem 46 shows that we cannot choose U = 1 and hope for convergence. So
there is no andlogue of Theorem 44 forp = wogver, it seems that a neg-

ative power of log @, rather than the (14 wquired for p > 4, will ullow

some anologue of Theorem 41 for p=4.
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