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Abstract

The ability to create ‘structured’ light with precisely controlled amplitude, phase and

polarisation profiles has led to many new applications of light, including high-energy

lasers in the defence sector. Laser systems which simultaneously produce high energy

yet low divergence (‘bright’) beams have remained elusive. In particular, solid-state

lasers suffer deleterious thermally-induced optical and stress effects, limiting the total

energy which can be added to the system. Additionally, performing safe and accurate

characterisations of high energy beams has proved challenging. Here, the theoretical

and experimental tools of structured light are applied to develop brighter laser systems

and characterise them. Specifically, this work derives and experimentally demonstrates a

lossless phase-only reshaping method which significantly enhances the brightness of a

beam for a given power by reducing its divergence. Further, this work shows that using a

beam with an annular intensity profile mitigates the deleterious thermal effects in solid

state lasers, raising the energy limit. When used together, these approaches can enhance

brightness by four orders of magnitude. A low energy physical simulator for high energy

laser sources, built around a Digital Micro-mirror Device is demonstrated, allowing for

the safe characterisation of high-energy sources at lower cost and complexity.
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Chapter 1

Introduction

Ever since the invention of the laser in 1959 [1.1;1.2], researchers have worked to develop

lasing systems which produce brighter beams; i.e. beams which deliver a high energy to a

small area over a long propagation distance. High brightness laser sources have become

ubiquitous in industrial manufacturing [1.3;1.4] and have seen growing use in the defence

sector. While the idea of using high brightness lasers in defence can be traced back to 1984

and U.S. President Ronald Reagan’s Strategic Defence Initiative [1.5] it is recent programmes

such as Reinmetal Defence’s Oerlikon sky shield®, Raytheon Technologies High Energy

Laser Weapons System (HELWS®), and the U.S. Navy’s Laser Weapons System (LaWS)

which have seen the idea implemented. As of 2019, the U.S. Army had pledged an addi-

tional $203 million to the ongoing development of high brightness lasers for defence [1.6].

The need for the continued improvement of laser brightness creates the context for this

work.

Soon after the invention of lasers it was found that at high input energies, the beams

they produced became distorted [1.7]. These distortions were initially characterised in

terms of a change in optical path length [1.8] and were attributed to a build up of heat within

the gain medium of the laser [1.9]. In 1968 it was shown that by adjusting the temperature of

the coolant in a lasing system, the distortions could be partially compensated for [1.10]. This

confirmed that the distortions were primarily thermally induced and that the further en-

hancement of laser brightness required analysis of the thermal properties of lasers [1.11;1.12].

To overcome these thermal effects, many other high brightness laser sources have been de-

veloped such as: gas and excimer lasers [1.13]; chemical lasers [1.14;1.15]; dye lasers [1.16]; and

fibre lasers [1.17;1.18]. While these systems exhibit superior thermal properties they each

have associated limitations. For instance high-energy gas (commonly CO2
[1.19;1.20]) and

excimer [1.21] lasers produce beams with relatively high divergence [1.20;1.22;1.23], chemical
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and dye lasers require the use of exotic molecules which introduce problems of chemical

handling, depletion and replacement [1.24;1.25], and fibre lasers encounter stimulated Bril-

louin scattering [1.26;1.27] and mode instabilities [1.28;1.29] which limit their power outputs.

For these reasons so called ‘solid-state lasers’ have remained a viable configuration for

high brightness applications. In particular, ‘end-pumped’ lasing systems are known for

their high pump-mode overlap which improves energy extraction and mode discrim-

ination [1.30;1.31]. Subsequent research has sought to overcome the thermally-induced

distortions in a number of ways, including interferometric beam correction [1.32], the use

of correction optics [1.33;1.34;1.35;1.36;1.37] and custom laser cavities [1.31;1.38;1.39;1.40;1.41]. De-

spite these advances, the deleterious thermal effects experienced by solid-state lasers

remain a topic of active research and are considered the principle limitation of such

systems [1.42;1.43;1.44;1.45;1.46].

In addition to the development of laser sources, a broad area of research directed at

controlling the properties of beams independent of their source has developed. This

area was originally termed [1.47] ‘laser beam shaping’ and is now referred to as ‘structured

light’. It concerns the control of light in all its degrees of freedom [1.48]: usually in the

structuring of spatial properties, notably polarization, phase and amplitude, but also

time or frequency structuring in the context of ultra-fast lasers. Structured light is a

highly topical field [1.49] and has driven the use of light in a wide range of applications

including simulating quantum states with spin-orbit coupling [1.50;1.51], structured illumi-

nation microscopy [1.52] , optical trapping [1.53;1.54], metrology [1.55;1.56], optical communi-

cations [1.57;1.58] and many more [1.59;1.51]. Further, laser materials synthesis and [1.60;1.61]

processing has been advanced by the use of beams which have specifically designed

intensity profiles. For instance laser annealing [1.62], pulsed laser deposition [1.63] and

photolithography [1.64] all benefit from beams with a uniform intensity profile, so called

‘flattop beams’. The use of structured beams in industrial processes has recently created a

confluence between the fields of structured light and high brightness sources particularly

around the generation of structured beams directly from laser sources [1.65] at high powers.

Such systems have been demonstrated with Laguerre-Gaussian (LG) beams [1.66;1.67;1.68],

Hermite-Gaussian (HG) beams [1.69] and beams with non-linear polarisations [1.70;1.71;1.72]

termed ‘vector beams’. Currently, how these structured beams impact solid-state lasers in

terms of heat generation and brightness is not well researched. This work examines these

topics and investigates whether structured light can be used to enhance laser brightness.

The remainder of this introductory chapter presents overviews of the topics of structured

light and laser brightness, as well as establishing their relationship.
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1.1 Structured light

The earliest examinations of structured light were performed using LG [1.73;1.74;1.75;1.76] and

HG [1.77;1.78] beams. These beams are solutions to the Helmholtz wave equation under the

paraxial approximation. The Helmholtz wave equation is given by

(∇2 +k2)E(x, y, z) = 0, (1.1)

where k2 is the wavevector magnitude and ∇2 is the Laplacian in Cartesian coordinates

∇2 = ∂2

∂x2
+ ∂2

∂y2
+ ∂2

∂z2
. (1.2)

The scalar beam E(x, y, z) is defined

E(x, y, z) = A(x, y, z)exp(i kz), (1.3)

where exp(i kz) represents a plane wave travelling in the z direction and A(x, y, z) is the

spatially variable complex amplitude. The paraxial approximation assumes A(x, y, z) is

a slowly diverging function in z. Consequently, the z component of the Laplacian on

E(x, y, z) is negligible

| ∂
2

∂z2
E(x, y, z)| << |k ∂

∂z
E(x, y, z)|. (1.4)

Here || represents the magnitude. Under this approximation Eq. 1.1 reduces to

∇2
⊥E(x, y, z)+2i k

∂E(x, y, z)

∂z
= 0, (1.5)

where ∇2
⊥ is the transverse Laplacian given by

∇2
⊥ = ∂2

∂x2
+ ∂2

∂y2
. (1.6)

In Cartesian symmetry the HG solution to Eq. 1.5 is given by

HGn
m(x, y, z) = E n

m(x, y, z) = 1

ω(z)
Hm

[p
2x

ω(z)

]
Hn

[p
2y

ω(z)

]
exp

[
−x2 + y2

ω(z)2

]
exp

[
−i

k(x2 + y2)

2R(z)

]
×exp[ψ(m,n, z)]exp(−i kz),

(1.7)
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Fig. 1.1 Left, intensities of LG beams for ℓ ∈ [0,1] and p ∈ [0,2]. Right, intensities of HG
beams for n ∈ [0,1] and m ∈ [0,2]. For ℓ= p = m = n = 0 both the HG beams and LG beams
reduce to a Gaussian beam.

where n,m ∈Z≥ 0 are the indices of the Hermite polynomials Hn and Hm respectively. In

radial symmetry the LG solution to Eq. 1.5 is

LGp
ℓ
= E p

ℓ
(r,θ, z) = 1

ω(z)

√
2p !

π(|ℓ|+p)!

[p
2r

ω(z)

]|ℓ|
Lp
ℓ

[
2r 2

ω(z)2

]
exp

[
− r 2

ω(z)2

]
exp

[−i kr

2R(z)

]
×exp(iℓθ)exp[iψ(p,ℓ, z)],

(1.8)

where Lp
ℓ

is the Laguerre polynomial of azimuthal index ℓ and radial index p, for ℓ ∈Z and

p ∈Z≥ 0. The exp[iℓθ] term in Eq. 1.8 is often termed a ‘vortex’ phase due to its azimuthal

(θ) dependence. This phase results in a helical twisting of the wavefront and so imparts

orbital angular momentum (OAM) to the beams with which it is associated. Figure. 1.1

shows the intensities for a selection of HG and LG modes. In Eqs. 1.7 and 1.8 ω(z) is the

beam size at a plane z and is defined by

ω(z) =ω0

√
1+

(
z

zR

)2

. (1.9)

ω0 is the waist of the beam and zR is the Rayleigh range given by

zR = πω2
0

λ
. (1.10)
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R(z) is the radius of curvature defined by

R(z) = z

(
1+ z2

R

z2

)
. (1.11)

ψ(m,n, z) and ψ(p,ℓ, z) are the Gouy phases given by

ψ(m,n, z) = (m +n +1)arctan

(
z

zR

)
, (1.12)

and

ψ(p,ℓ, z) = (2p +|ℓ|+1)arctan

(
z

zR

)
, (1.13)

for the HG and LG beams respectively.

Many other solutions to Eq. 1.5 are known, including Bessel-Gaussian beams [1.79], Ince-

Gaussian beams [1.80;1.81], Mathieu-Gaussian beams [1.82;1.83;1.84] and Airy beams [1.85;1.86;1.87].

Beams derived from Eq. 1.5 are termed ‘propagation-invariant’. This is because although

the beams diverge (get larger) as they propagate their relative amplitude and phase pro-

files do not change, even when focused by a lens. Conversely, ‘non-propagation-invariant’

beams do not represent solutions to Eq. 1.5 and so change their amplitude and phase

profiles as they propagate. Although non-propagation-invariant beams do not retain

their structure in z, they are still of great interest. For instance the flattop beams already

mentioned are not a solution to Eq. 1.5 and are thus non-propagation-invariant. They can

nevertheless be understood in the context of structured light. Further, by making use of

the tools of structured light both propagation-invariant and non-propagation-invariant

beams may be created at will. These tools are the focus of the remainder of this section.

1.1.1 Theoretical tools

To create structured light a transformation T (x, y) acts on an initial beam E0(x, y, z0) at

the plane z0 to give the desired beam E1(x, y, z1) at the plane z1. A beam E (x, y, z0) may be

defined

E0(x, y, z0) = A(x, y, z0)exp[iϕ(x, y, z0)], (1.14)

where A(x, y, z0) is the initial amplitude of the beam and ϕ(x, y, z0) is the initial transverse

phase. In this formalism the transformation T (x, y) may be classified in one of three

groups: amplitude-only modulation; phase-only modulation; and complex amplitude

modulation. Amplitude- and phase-only modulations each only change one component
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𝐸0(𝑥, 𝑦, 𝑧0) 𝐸0(𝑥, 𝑦, 𝑧0)

𝐸1(𝑥, 𝑦, 𝑧1) 𝐸1(𝑥, 𝑦, 𝑧1)

Near field Far field

Amplitude only Phase only

Fig. 1.2 Left, an amplitude-only transformation using an aperture which resizes a beam in
the near field. Right, a phase-only transformation using a lens which resizes the beam in
the far field.

(either amplitude or phase) of the beam at a given plane. Complex amplitude modulations

are a class of transformations which act on only a single component of the beam but

change both the amplitude and the phase simultaneously. To illustrate the conceptual

differences between phase-only and amplitude-only modulation consider the simplest

beam shaping problem, changing the size of a beam of wavelength λ. The beam has

an initial size ω(z0) at the plane z0. The transformation acts such that ω(z1) <ω(z0) for

z0 < z1. This case is depicted for amplitude-only and phase-only transformations in

Fig. 1.2. Amplitude modulation achieves this with the following operation

E1(x, y, z1) = A(x, y, z0)exp[iϕ(x, y, z0)]×aperture(x, y), (1.15)

where the aperture(x, y) is defined by

aperture(x, y) =
1, for x and y <ω(z0)

0, otherwise

 . (1.16)

By aperturing the beam at the plane z0, the beam is immediately resized. When a trans-

formation creates the desired beam E(x, y, z1) at the plane at which the transformation is

applied, the transformation is said to act in the ‘near field’. The limitation of amplitude

modulation is that the total energy of the beam is not preserved. Hence, it is referred to as

a ‘lossy’ transformation. To resize a beam, phase-only modulation imparts the beam with

an additional phase such that

E1(x, y, z1) = A(x, y, z0)exp[iϕ(x, y, z0)]exp

[−i 2π

λz1
(x2 + y2)

]
. (1.17)
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This operation is identical to passing the beam through a lens of focal length z1. As the

beam propagates from z0 to z1 it will reduce in size. Although the phase of the beam is

altered at the plane z0 the effect this has on the amplitude of the beam is only observed

as the beam propagates, hence, phase-only modulation is said to affect the amplitude in

the ‘far field’. Phase-only modulation is said to be a ‘lossless’ transformation because it

preserves the total energy of the beam.

To extend both phase-only and amplitude-only modulation to controlling both the am-

plitude and phase of a field, the transmission function T (x, y) is expressed in terms of a

periodic spatial function. To control both the amplitude and phase of a beam, phase-only

modulation is extended to complex amplitude modulation as follows. The transmission

function T (x, y) is a phase-only function of the form [1.88]

T (x, y) = exp{iφ[A(x, y, z0),ϕ(x, y, z0)]}. (1.18)

Written as a Fourier series the function becomes

T (x, y) =
m=∞∑

m=−∞
Tm[A(x, y, z0)]exp[i mϕ(x, y, z0)], (1.19)

with

Tm = 1

2π

∫ π

−π
exp{iφ[A(x, y, z0),ϕ(x, y, z0)]}exp[−i mϕ(x, y, z0)]dϕ. (1.20)

For a desired beam

E1(x, y, z1) = A(x, y, z1)exp[iϕ(x, y, z1)], (1.21)

normalised such that A(x, y, z1) ∈ [0,1] and ϕ(x, y, z1) ∈ [−π,π] it is possible to determine

an expression which causes the field to form in the first term of Eq. 1.19. This occurs if the

following relationship is satisfied

T1(x, y) = A(x, y, z1). (1.22)

For a function F , take as an Ansatz

φ[A(x, y, z1),ϕ(x, y, z1)] = F [A(x, y, z1)]sin[ϕ(x, y, z1)]. (1.23)

The Jacobi-Anger identity [1.89] states

exp{i F [A(x, y, z1)]sin[ϕ(x, y, z1)]} =
m=∞∑

m=−∞
Jm{F [A(x, y, z1)]}exp[i mϕ(x, y, z1)]. (1.24)
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Jm represents the mth order Bessel function. Hence

T1 = 1

2π

∫ π

−π
J1{F [A(x, y, z1)]}exp[iϕ(x, y, z1)]exp[−iϕ(x, y, z1)]dϕ,

T1 = J1{F [A(x, y, z1)]}.
(1.25)

Meaning

T1 = A(x, y, z1), (1.26)

for

F (x, y, z1) = J−1
1 [A(x, y, z1)]. (1.27)

J−1
1 represents the inverse of the 1st order Bessel function. The transmission function of

the hologram which modulates both the amplitude and the phase is

T (x, y) = J−1
1 [A(x, y, z1)]sin[ϕ(x, y, z1)]. (1.28)

To use Eq. 1.28 in practice, it must be modified to include an additional 2-dimensional

diffraction grating g (x, y), defined using a grating number to specify its periodicity in lines

per millimetre. Including this grating Eq. 1.28 becomes

T (x, y) = J−1
1 [A(x, y, z0)]sin[2πg (x, y)+ϕ(x, y, z0)]. (1.29)

This is because although T1 will create the beam E1(x, y, z1), the other terms in the ex-

pansion of Eq. 1.19 given by Tm for m ∈ [−∞,∞], m ̸= 1 will also create beams which

propagate collinearly with T1. The desired beam created by T1 can be separated out by

adding to the phaseϕ(x, y, z1) the grating function g (x, y). In this way, complex amplitude

modulation can be thought of in terms of a diffraction grating. It is well understood from

the wave nature of light that when a beam of wavelength λ illuminates an object which

has a spatial periodicity in either phase or amplitude on the order of λ, it separates into

many independent diffraction orders. Within each of these diffracted beams, the structure

is governed by the interference effects of the diffracted waves. The interference of these

waves is in turn governed by the spatial periodicity of the object. Hence, by designing a

diffractive structure which has a spatially variable amplitude or phase it is possible to engi-

neer the interference of the resulting waves to yield a beam with a specific amplitude and

phase structure in the 1st order diffraction. Consider an LG0
1 beam, Fig. 1.3 illustrates the

transmission function which creates this beam as given by Eq. 1.29. The figure also shows
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0

1

sin[𝜑] sin[2𝜋𝑔 + 𝜑] J1
−1[A]sin[2𝜋𝑔 + 𝜑]

0

1

𝐸0(𝑥, 𝑦, 𝑧0) 𝑇(𝑥, 𝑦) ∑𝑇𝑚

𝑇1

𝑇0

𝑇−1

Fig. 1.3 Top, the transmission function derived by Eq. 1.29. The azimuthal phase ϕ(x, y) is
combined with a diffraction grating g (x, y) yielding a characteristic ‘forked’ (i.e. bifurcating
) grating. The inclusion of the J−1

1 [A(x, y, z0)] component modulates the transmission
function by the amplitude A(x, y). Bottom, the effect of the transmission function on a
uniform initial field E0(x, y, z0). The desired LG0

1 beam forms in the first order diffraction
T1. The conjugate order T−1 creates a beam with the conjugate of the desired phase, in
this case producing a LG0

−1.

the effect of the transmission function on a uniform initial field E0(x, y, z0). To extend

amplitude-only modulation to complex amplitude modulation, consider a 1-dimensional

pulse train of the form

T (x) =
m=∞∑

m=−∞
rect

[
x − (m +px)∆̄x

ω̄x∆̄x

]
, (1.30)

where rect(x,ω̄x , px ,∆̄x) is defined as

rect(x,ω̄x , px ,∆̄x) =


1, for | x−(m+px )∆̄x

ω̄x ∆̄x
| < 1

2

1
2 , for | x−(m+px )∆̄x

ω̄x ∆̄x
| = 1

2

0, otherwise

 . (1.31)
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Here ∆̄x is the period, with px and ω̄x determining the position and the width respectively.

This pulse train can be written as a Fourier series

T (x) =
m=∞∑

m=−∞
TmExp

[
i 2πm

(
x

∆̄x

)]
. (1.32)

The mth coefficient is given by

Tm = 1

∆̄x

∫ ∆̄xωx

(
px
ωx

+ 1
2

)
∆̄xωx

(
px
ωx

− 1
2

) Exp

[
i 2πm

(
x

∆̄x

)]
d x, (1.33)

where the bounds of the integral reflect the region of non-zero values for the pulse train.

Hence,

Tm = e2iπmpx sin(mπω̄x)

mπ
. (1.34)

For a properly normalised field

E1(x, z1) = A(x, z1)exp[iϕ(x, z1)], (1.35)

where A(x, z1) ∈ [0,1] and ϕ(x) ∈ [0,2π], it is possible to determine expressions for ω̄x and

px such that the field forms in the first term of Eq. 1.30

1

π
E1(x, z1) = 1

π
A(x, z1)exp[iϕ(x, z1)] = T1(x) = 1

π
sin[πω̄(x)]exp[i 2πp(x)]. (1.36)

This gives

ω̄(x) = 1

π
arcsin[A(x, z1)],

p(x) = 1

2π
ϕ(x, z1).

(1.37)

Again, to separate the beam created in T1 the phase function p(x) becomes

p(x) = 1

2π
ϕ(x, z1)+ g (x, y), (1.38)

where g (x, y) is a 2-dimensional diffraction grating. Since the 1st order diffracted beam

(T1) forms at the plane of the grating, complex amplitude modulation acts in the near field.

Further, the incident energy of the illuminating beam is divided amongst the diffraction

orders, as seen in Fig. 1.3, meaning complex amplitude modulation is a lossy transfor-

mation. Equations 1.28 and 1.36 show that if a device can impart a spatially varying

phase or amplitude to a beam, that device can create structured light. These devices are
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known collectively as Spatial Light Modulators (SLMs) and are the experimental tools of

structured light.

1.1.2 Experimental tools

From Sec. 1.1.1, it is clear that to create structured light the amplitude and the phase of a

beam must be controlled. Historically, this was achieved by fabricating custom diffractive

or refractive optics. Since these optics were physically manufactured from an optical

medium (such as glass), each one had to be designed to perform a single, specific transfor-

mation. Today, the structuring of light is achieved with the use of electro-optical devices

called Spatial Light Modulators and Computer Generated Holograms (GCHs). SLM is a

general term for any device which can spatially modulate the phase or amplitude of a field,

but normally refers to Liquid Crystal on Silicon SLMs (LCoS SLMs) for phase modulation,

and Digital Micro-mirror Devices (DMDs) for amplitude modulation. These devices are

based on digital display technology and so have pixellated screens on which images can be

shown. To ‘shape’ light, i.e. impart structure to it, the devices display a hologram. This is

an image which when displayed on the SLM’s screen causes it to take on a spatially-varying

amplitude (for DMDs) or phase (for LCos SLMs). Hence, when illuminated, these devices

impart this amplitude and phase information to the incident beam, resulting in structured

light. The principle advantage of the SLM approach over the classical optics approach is

that it is dynamic. By changing the hologram which an SLM is displaying, the structure of

the beam it creates can be changed at rates ranging from Hz (for LCoS SLMs) to kHz (for

DMDs).

The creation of structured light using SLMs is hindered by two of their inherent properties.

First, since the screens of SLMs are made up of discrete pixels ranging in size from 4.4

µm for DMDs to 8 µm for SLMs, the screens themselves act as diffraction gratings for

visible wavelength light. This causes an incident beam to diffract into many independent

beams, resulting in roughly 40% and 75% of the incident light being lost for SLMs and

DMDs respectively. In the case of DMDs this loss can be reduced to 50% by optimising the

angle at which light is incident on the device. The reason for this is explored in depth in

Chp. 3. The diffractive effects of the SLM are entirely separate to those of the diffraction

grating g (x, y) which is deliberately introduced in Eq. 1.29 and 1.38. The second limitation

is that any displayed hologram is a discretised approximation to the continuous true

transformation given by Eq. 1.29 and 1.38. The validity of this approximation is dependent

on the spatial rate of change (the gradient) of the transformation. If a large change in
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amplitude or phase is required over a distance comparable to the size of the pixels, the

SLM cannot accurately create the desired structure of light.

Liquid Crystal on Silicon Spatial Light Modulators

Silicon substrate

Incident rays

𝒆𝟎

Electrode

Dielectric mirror

Glass panel

Transparent electrode

Liquid crystal array

𝒆𝒏

𝒆𝒏 +𝝓(x,y)𝒆𝟎

Fig. 1.4 A conceptual cross section of a LCoS SLM. For an incident beam with polarisation
components e0 and en a spatially variable phase delay φ(x, y) can be imparted to one
polarisation component of the beam by rotating the liquid crystals.

Dynamic control of the structure of light has been extensively demonstrated through the

use of LCoS SLMs; thus the devices are considered ubiquitous in the field of structured

light [1.90;1.91]. These devices are analogous to the conventional Liquid Crystal Display

(LCD) panels found in digital screens. Specifically, LCoS SLMs consist of an array of

nematic birefringent liquid crystals [1.92] layered between a set of electrodes, as shown in

Fig. 1.4. The term ‘nematic’ defines the liquid crystals as having a consistent orientation,

which is characterised as the optical axis. As a consequence of the birefringence of the

liquid crystals, the screen as a whole exhibits a polarisation- and orientation-dependent

refractive index: n0 for polarisations parallel to the optical axis, and ne for polarisations

perpendicular to it. By applying a bias voltage across the electrodes, the liquid crystals

can be rotated and the effective refractive index of the screen changed for a specific
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linear polarisation of light. This change in effective refractive index imparts a spatially

variable phase φ(x, y) to the beam incident on the LCoS SLM. For a beam comprised of

the polarisation components e0 and en , the screen imparts [1.93] a spatially variable phase

φ(x, y) = 2π

λ
[ne (θx y )−n0(θx y )]d . (1.39)

Here λ is the wavelength and d is the thickness of the screen. The relationship between

the effective refractive index of the screen for each polarisation component and the angle

θx y of a liquid crystal at the position (x, y) is [1.92;1.93;1.94]

1

n2
e (θx y )

=
[

cos(θx y )

ne

]2

+
[

sin(θx y )

n0

]2

. (1.40)

Due to the birefringent nature of the liquid crystals, the phase φ(x, y) given by Eq. 1.39

is only applied to the polarisation component of the beam which is perpendicular to

the specific optical axis of the screen. To create structured light using an LCoS SLM,

the transmission function T (x, y) from Eq. 1.29 is converted to a greyscale image, with

pixel values ranging 0−255. This image is displayed on the screen of the LCoS SLM. The

grayscale values correspond to a set of calibrated voltages, and so to specific phases, such

that 0 →φ= 0 and 255 →φ= 2π. Hence, by using a hologram with the correct complex

amplitude transmission function T (x, y), a beam with a desired amplitude and phase

profile can be created.

Despite advances in LCoS SLM technology, a number of inherent drawbacks remain:

their polarisation sensitivity, high costs and slow refresh rates, i.e. how many times the

hologram can be changed on the screen, per second. These limitations can be addressed

by using a Digital Micro-mirror Device (DMD) in place of an LCoS SLM.

Digital Micro-mirror Devices

DMDs have been used to create vector beams [1.95;1.96;1.97], HG beams [1.98], LG beams [1.99],

Ince-Gaussian beams [1.100] and Super-Gaussian beams [1.101], amongst others [1.102]. DMDs

have also been used to detect [1.103;1.104;1.105] structured light fields. They have also been

integrated into laser cavities to provide dynamic control of lasing modes [1.106;1.107;1.108].

DMDs are constructed from two assemblies. The first is the array of Micro-mirrors itself,

referred to as the screen. The second is the driver unit for the screen. The driver unit hosts

the electronics that operate the screen and facilitate communication between the DMD

and external devices such as computers. The screen consists of an array of individually-
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Fig. 1.5 The structure of the mirror array of a DMD. Panel 2 and 3, micrographs courtesy
of University of Rochester/URnano.

addressable square Micro-mirrors behind a protective glass sheet. Each square mirror

pivots about a hinge mounted along its diagonal allowing it to occupy one of three states:

the ‘on state’, in which the mirrors are tilted to direct light in a desired direction; the ‘off

state’, in which the mirrors tilt the opposite way, reflecting light away from the desired

direction; and the ‘parked state’ where the mirrors are parallel relative to the plane of

the protective glass sheet. When the DMD displays an image (such as a hologram), the

mirrors may only be instructed to occupy the on or off states. In this way the DMD is a

binary amplitude modulator. The mirrors only occupy the parked state when the device is

Silicon substrate

Incident rays

Off state

direction

On state

direction

On state Parked state Off state

Glass panel

Fig. 1.6 A conceptual representation of the three possible mirror states: on; parked; and
off.
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powered off. Since the mirrors cannot be instructed to occupy the parked state as part of

normal operation, mirrors in this state are not held at a specific angle. Thus the tilt angle

of the mirrors in the parked state is only nominally parallel to the protective glass sheet.

Figure 1.5 shows electron microscope images of the structure of a DMD screen [1.109;1.110],

while Fig. 1.6 schematically illustrates the three states of the mirrors. To expand Eq. 1.36

to 2 dimensions the pulse train can be described for slowly varying phase by [1.111]

T (x, y) = 1

2
+ 1

2
sign{cos[2πp(x, y)]−cos[πω̄(x, y)]}. (1.41)

In Eq. 1.41 the sign(x, y) function has been shifted by 1/2 so that for all arguments the

function behaves as

1

2
+ 1

2
sign(x, y) =

1, for x, y > 0

0, else

 . (1.42)

This function preserves the spatially-periodic nature of the binary pulse train. Once

again consider an LG0
1 beam, Fig. 1.7 illustrates the transmission function which creates

this beam as given by Eq. 1.41. By setting mirrors on the DMD screen to the on state at

positions corresponding to the peaks of the pulse train, both the phase and amplitude of

the light can be modulated.

0

1

cos[𝜑] sign{cos 2𝜋𝑝 } sign{cos 2𝜋𝑝 − cos[𝜋 ഥ𝜔]}

Fig. 1.7 The transmission function derived by Eq. 1.41 for an LG0
1 beam. Note how in

comparison to Fig. 1.3 the transmission function is binarised, i.e. equals either 0 or 1.

1.2 Laser brightness

The general equation for laser brightness is given by [1.112]

B = P

λ2M 2
x M 2

y
. (1.43)
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Here, B is the brightness, P is the power per unit surface area per unit solid angle (power

density) and λ is the wavelength. M 2
x and M 2

y are the beam quality factors [1.113] in the x

and y directions. The beam quality factor M 2
x is defined by [1.31]

M 2
x = πω0xθ0x

λ
, (1.44)

where θ0x is the half angle divergence and ω0x is the beam waist. The waist is defined by

the 2nd moment width of the beam and is given by

ω0x = 4

√∫ ∞
−∞

∫ ∞
−∞ I (x, y)(x −x0)2d xd y∫ ∞
−∞

∫ ∞
−∞ I (x, y)d xd y

, (1.45)

with I (x, y) being the intensity of the beam and x0 its centroid. The intensity is given by

I (x, y) = E(x, y, z)E∗(x, y, z). (1.46)

E∗ denotes the complex conjugate of the beam E . The centroid x0 is defined by

x0 =
∫ ∞
−∞

∫ ∞
−∞ I (x, y)xd xd y∫ ∞

−∞
∫ ∞
−∞ I (x, y)d xd y

. (1.47)

The definition of M 2
y is procedurally identical to that of M 2

x . For symmetric beams, Eq. 1.43

reduces to [1.114;1.31]

B = P

λ2(M 2)2
. (1.48)

The M 2 affects two properties of beams. First, it can be used to express the size of a

propagating beam ω(z) using the equation

ω(z) =
√
ω2

0 +
(
M 2

)2 × (λ/(πω0))(z − z0)2, (1.49)

for a beam with a waist ω0 at the plane z0. Second, for a beam with waist ω0 the smallest

waist size ω f to which it can be focused by a lens of focal length f is given by

ω f = M 2 4λ f

πω0
. (1.50)

The minimum value for M 2 is 1, and is only achieved by a Gaussian beam [1.113]. Equa-

tions 1.48, 1.49 and 1.50 provide two insights into laser brightness. First, to maximise

brightness, the value of M 2 must minimised. The smaller the value of M 2, the less a beam

will diverge as it propagates and the more tightly it can be focused, hence, the greater the
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power density at some plane for a given input energy and, by extension, the greater the

brightness. Second, the initial power density P must be made as large as possible. The

remainder of this section introduces the relationship between the parameters M 2, P and

structured light.

1.2.1 Effects of structured light on brightness

Structured light and M 2

Consider Eq. 1.45 and 1.47, since these equations explicitly depend on the intensity profile

I (x, y) of the beam, different beam types have different M 2 values. For common beam

types, analytic solutions for the M 2 values are known in terms of the indices which define

the beams [1.115;1.116;1.117;1.118]. Table 1.1 presents these solutions. Table. 1.1 shows that

Table 1.1 The M 2 values of common beam types with the mode indices shown in braces.

Profile (index) M 2M 2M 2

Super-Gaussian (k) 0.5
p

k

Hermite-Gaussian (m,n) 2m +2n +1

Laguerre-Gaussian (p, ℓ) 2p +|ℓ|+1

Bessel-Gaussian (n,β)

√√√√√√
1+n + β2ω2

0
4

i n+1 Jn+1

(
i
β2ω2

0
4

)
i n Jn

(
i
β2ω2

0
4

)
2

−
(
β2ω2

0
4

)2

Airy(ax , ay )

√
(3+8a3

y+16a6
y )a2

x (ax+ay )+(3+8a3
x+16a6

x )a2
y (ax+ay )

64a3
x a3

y

higher-order modes (those with higher indices) have higher M 2 values and so are less

suitable for high brightness applications. Since the first four beam types given in Table. 1.1

have a Gaussian for their lowest order mode, they can be made to have an M 2 of 1 for their

minimum indices k = 4,m = n = p = ℓ= n =β= 0. By comparison, the Airy beam has a

minimum M 2 = 1.17, for a3
x = a3

y =
p

3/4.

If a beam with a high initial M 2 = M 2
1 could be losslessly transformed (i.e. maintain-

ing P ) into a beam with a lower M 2 = M 2
2 , the transformation would result in a brightness

enhancement of

η=
(

M 2
1

M 2
2

)2

, (1.51)
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for a given wavelength. If the initial mode is transformed back into a Gaussian beam

Eq. 1.51 reduces to η= M 4
1 . Hence, it is theoretically possible to significantly enhance the

brightness by losslessly transforming a higher-order beam into a Gaussian beam.

Structured light and power density

To maximise brightness for a given M 2, the power density P must be maximised. This can

be achieved by adding more energy to the lasing system. However, as a beam heats the

medium through which it is propagating, the beam accrues a temperature-dependent

phase and creates mechanical stress in the medium.

These thermal effects limit the energy which can be added to the system via two mech-

anisms. First, if the thermally-induced stress exceeds the mechanical fracture limit of

the medium it will crack, rendering the optical system inoperable [1.119;1.120;1.121]. Second,

before reaching mechanical failure, the phase aberrations introduced to the beam will

significantly reduce its brightness. Recall Eq. 1.50, if a beam has an M 2 = 1, the size of

the beam at the focal plane of a lens with focal length f0 will be a minimum and so P

will be maximised for a given input energy. However, if the beam contains an additional

thermally-induced phase φ(x, t ) which causes the beam to have an effective focal length

f1, it will no longer focus at the desired focal plane but will focus instead according to the

compound focal length ( f0 + f1)/( f0 f1). Hence, P at the desired plane is reduced, even

though a higher energy may be used [1.122;1.123;1.124]. This reduction in P is detrimental in

industrial applications where a high on-axis energy density is required at a specified plane.

Such applications include laser welding [1.3] and additive manufacturing processes (3D

printing) which use a laser to melt or sinter materials [1.125;1.126].

The temperature profile of an illuminated optic and, by extension, the thermally-induced

effects are described by the solution to the non-homogenous heat equation. Given the

complexity of analytical time-dependent solutions to the heat equation, many previous

works derive solutions under idealised thermal conditions, such as steady state tempera-

ture profiles [1.127;1.128;1.129;1.130;1.131], although some general analytical thermal solutions

using Eigen-function analysis [1.132]and Green’s functions [1.133;1.134] have been published.

Additionally, the majority of research is directed at characterising the thermally-induced

phase aberrations as a thermal lensing effect [1.131;1.133;1.135;1.136;1.137;1.138;1.139;1.140], with

some general examinations of the thermally-induced phase available [1.128;1.141]. The grow-

ing use of lasers which produce structured light and the need for high brightness lasers

has emphasised the need for more general characterisations of the thermal effects in high-
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energy laser systems. Chapter 4 characterises the temperature profile in an illuminated

optic by deriving a complete, analytic time-dependent solution to the non-homogeneous

heat equation. This characterisation allows for an exploration of whether manipulation

of the structure of light can be used to minimise both the thermal phase aberrations and

thermal stress. If this is possible, the value of P , and, by extension, the brightness, can be

maximised.

1.3 Simulating high energy laser sources

Optically induced thermal effects have been extensively studied, both

theoretically [1.43;1.44;1.45;1.46] and experimentally [1.142;1.143], motivated by the quest for high

brightness laser sources and the optimal delivery of such beams through optical systems.

Since thermally-induced optical aberrations are predominantly observed in high power

applications and take effect over short time scales, experimental verification is challeng-

ing and always limited to very specific test cases, such as when high power Gaussian

beams pass through some medium (optical windows for example), or with solid-state

lasers that output high power beams but suffer from deleterious thermal effects. Many

approaches have been used to measure thermal aberrations both inside and external

to lasers, including power monitoring [1.144], interferometric methods [1.8;1.9;1.10;1.128;1.131],

lens based methods [1.135;1.136;1.137] and techniques using specialised equipment such as

Shack-Hartman wavefront sensors [1.127;1.138;1.145;1.146]. Together with advances in mea-

surement have been advances in aberration correction, most notably with adaptive

optics [1.147;1.148;1.149]. However, high power laser studies involving the impact of ther-

mal aberrations on structured light fields and the mitigation thereof remain largely ne-

glected, due to the complexity of the experiments. The limited studies include thermal

effects on Ince-Gaussian beams [1.150;1.151], Helmholtz-Gaussian beams [1.152] and Bessel-

Gaussian beams [1.153], as well as some intra-cavity mode control with deformable mir-

rors [1.35;1.36;1.37;1.154;1.155;1.156]. It has also been demonstrated that annular pump beams

can be used to reduce the thermal lensing effect on Gaussian beams passing through the

centre of the optic [1.157;1.158]. Such annular pumps have been used to create high power

annular structured light fields, for example, cylindrically symmetric vector vortex beams

such as radially-polarized beams, and the scalar equivalent vortex beams carrying orbital

angular momentum [1.159;1.160;1.161;1.162;1.163].

In principle the use of SLMs with CGHs is ideally suited to the experimental simula-

tion of high-energy laser sources. This is because the reciprocal effect of a heated medium
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on the beam is a phase-only perturbation. The flexibility and speed of DMDs would allow

for the demonstration of the thermal effects in real-time. DMDs have gained in popularity

of late [1.164] but they have yet to be used to simulate perturbing media, and in particular

thermally-induced optical effects. By simulating the thermally-induced optical effects,

the relationship between thermal aberrations and structured light can be fully explored in

the laboratory without the need for specific optical materials and high-energy lasers. This

significantly reduces the difficulty of high-energy laser experiments and accelerates the

development of beam structures that yield the maximum possible brightness.

1.4 Outline of the dissertation

This work examines the relationship between structured light and laser brightness through

three topics. First, manipulating the structure of beams with the aim of reducing their M 2.

Second, structuring light to reduce the thermally-induced stress and thermally-induced

phase aberrations with the aim of increasing power density. Third, using DMDs to create

a fully configurable, low power experimental simulator of thermally-induced optical aber-

rations without the need for high laser powers.

Chapter 2 explores DMDs in depth, establishing their proper experimental implementa-

tion which is important for later chapters. The chapter resolves ambiguity in literature

about the optical properties of DMDs. A full theoretical characterisation of the diffractive

optical efficiency of DMDs is presented, and is verified experimentally. Techniques to en-

sure the creation of structured light having both the correct amplitude and phase profiles

are explored in theory and confirmed through experimentation.

Chapter 3 examines the manipulation of structured light to reduce M 2. The chapter

does this in two parts. First the general manipulation of structured light using LCoS SLMs

is presented. A theoretical derivation is given detailing how to losslessly convert beams

of one structure into beams of another structure, while explicitly controlling both their

amplitude and phase. This theory is demonstrated experimentally with the conversion

of Gaussian beams into non-propagation invariant beams of arbitrary structure. In the

second part of the chapter this process is reversed and the non-propagation invariant

beams are converted back into Gaussian beams. The effect of this transformation on the

M 2 of the beam is calculated and verified experimentally.

Chapter 4 examines the effect of structured light on thermal stress, phase aberrations and
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brightness. A complete time-dependent, analytical solution to the non-homogeneous

heat equation is derived. This solution is then used to derive additional analytic solutions

for the stress and phase aberrations introduced to a radially-symmetric optic. The inter-

pretation of these solutions is discussed in detail as well. Further, this characterisation is

used to determine if light can be structured to reduce thermal stress and phase aberrations

and so enhance brightness. Finally, the DMD is reintroduced as a means of experimentally

verifying the predictions of the theoretical solutions. In so doing, the possibility of using a

DMD as an experimental simulator of high-energy laser sources is explored.

Chapter 5 presents a conclusion to the work and comments on its possible expansion in

future.
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Chapter 2

Creating structured light with Digital

Micro-mirror Devices

This chapter is based on the publication

S. Scholes, R. Kara, J. Pinnell, V. Rodríguez-Fajardo, and A. Forbes, “Structured light with

digital micromirror devices: a guide to best practice,” Optical Engineering, 59(4), p.041202,

2019.

S.S derived the theoretical model and performed the experiments with R.K and J.P con-

tributing to the latter. All authors contributed to the writing of the associated publication

with supervision provided by author A.F.

The aim of this chapter is to establish the proper experimental implementation of DMDs.

This is crucial to the implementation of DMDs as simulators for high-energy laser sources.

2.1 Digital Micro-mirror Devices

DMDs were developed by Larry Hornbeck during the 1980s [2.1] while working at Texas

Instruments. Originally, DMDs were conceived in terms of a deformable mirror mem-

brane but by 1993 research on this idea stopped in favour of using an array of individually

addressable micro-mirrors. The developmental work on DMDs was aimed at creating

an alternative to LCD technology in personal televisions [2.2]. Within a year the possi-

bility of using DMDs in digital projection devices became apparent and the research

was directed into developing DMDs for high resolution projection applications, such
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as movie projectors [2.3;2.4]. By the turn of the century it was clear that DMDs could be

used outside of their intended use case. Early work used a DMD to reconstruct digital

holograms using interferometric fringes [2.5]. In 2003, D. Dudley presented a paper on

Emerging Digital Micromirror Device (DMD) Applications in which topics from projection

to lithography were given as potential applications [2.6]. The relatively low cost, rapid

refresh rate and polarization invariance of DMDs makes them an attractive option for

beam shaping applications. One such application was phase modulation by reverse phase

contrast, in which the rapid refresh rate of the DMD in beam shaping applications was

demonstrated [2.7]. By 2010, it was possible to use DMDs as a spatial light modulator

with laser sources to produce novel intensity profiles of light. High precision laser beam

shaping was demonstrated via the creation of flattop beams [2.8;2.9]. Around the same

time, formalism on using general binary amplitude modulation algorithms to structure

light was presented [2.10;2.11]. With this formalism in place, the role of DMDs as spatial

light modulators was entrenched, expanding the possibilities for DMDs to create modes

of structured light, such as LG and HG beams [2.12;2.13]. As the techniques to shape light

using DMDs matured it was possible to create structured light in which more degrees of

freedom were controlled. The creation of vector vortex beams by controlling the polariza-

tion of beams having Orbital Angular Momentum (OAM) has been demonstrated [2.14;2.15].

Further, DMDs have been used to characterise unknown optical fields [2.16]. In particular,

DMDs have been used as Shack-Hartmann wavefront sensors [2.17], and in single pixel

imaging systems [2.18;2.19;2.20]. As DMDs have become widespread in the beam shaping

community, the need for their proper characterisation has become apparent. In 2017,

work emerged comparing the beam shaping capabilities of DMDs and traditional liquid

crystal type spatial light modulators [2.21]. This work shows that attention is now being

focused on optimising the implementation of DMDs in the laboratory environment. A

number of contradictions and omissions in the behaviour of DMDs are present in the

work cited in this section. Many authors [2.6;2.9;2.12;2.16;2.22;2.23] characterise the diffractive

properties of the DMD as a blaze type grating, while the other work cited above does

not. The papers [2.7; 2.8; 2.9; 2.11; 2.12; 2.14; 2.16; 2.22; 2.24; 2.25; 2.26; 2.27; 2.28] present

experimental setups in which the alignment of the DMDs is inconsistent with a blaze

grating description, and does not seem to fully account for the true diffractive nature of

the DMD.

Here the topic of the implementation of DMDs in experimental setups is addressed

explicitly, providing an optical characterisation of DMDs that allows for the accurate

prediction (and enhancement) of the diffractive optical efficiency of the DMD. Further,
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techniques to ensure the creation of structured beams with the correct amplitude and

phase profiles are presented. This analysis establishes the proper experimental use of

DMDs, which is foundational to their use in Chp 4.

At the time of writing, DMDs are manufactured under the name Digital Light Projection

(DLP), a trademark of Texas Instruments (TI). The DMDs are manufactured as chipsets

which are then sold on, either by third party suppliers such as Mouser and Vialux, or

the chipsets can be purchased directly from TI in evaluation modules. Regardless of the

means of procurement, currently all DMDs are manufactured by TI. Two distinct variants

of DMD are available: those with Cartesian mirror layouts and those with diamond like

mirror layouts. In the case of the TI 6500 DMD, the mirrors are arranged in a Cartesian

grid. The mirrors pivot about their hypotenuse, thus directing light diagonally away from

the DMD at twice the incident angle of the beam. By contrast, for the TI 3000 series

DMD, in order for the mirrors to tilt using a hinge mounted along the hypotenuse of each

mirror but still have the reflected light be coplanar with the surface on which the DMD is

mounted, the mirrors are rotated 45◦ with respect to the optical axis. This rotation causes

the square mirrors to appear as diamonds. To achieve optimal packing, these diamonds

are arranged with their centres twice as far apart horizontally as vertically. In this chapter,

both a DLP 3000 220 DMD and a DLP 6500 FYE DMD are examined, thus covering the

mirror configurations of all currently available DMDs.

2.2 Diffractive properties of DMDs

2.2.1 The DMD as a blaze grating

A blaze grating is a type of diffraction grating designed to direct the maximum possible

amount of light into a specific diffraction order. When this occurs that diffraction order

is said to be ‘blazed’. These gratings are identified by ‘sawtooth’ type structures on their

surface, as shown in Fig. 2.1. Since the mirrors of the DMD in the on state resemble such a

structure many publications (see Sec. 2.1) assume the DMD has the diffractive properties

of a blaze grating. A blaze grating is characterised by 5 parameters: the grating number N

(typically expressed as lines per mm), θB the tilt angle of the blaze grating, θi the incident

angle of the light, m the order to be blazed and λ the wavelength of the incident light [2.29].

The relationship between these parameters is given by

λ= 2

N m
sin(θB )cos(θi −θB ), (2.1)



40 Creating structured light with Digital Micro-mirror Devices

Silicon substrate

Glass panel

Incident ray

Screen normal

𝜽𝒊

Facet normal

Screen normal

𝜽𝑩

𝜽𝑩

Blaze grating DMD

Fig. 2.1 A comparison between a blaze grating (left) and a DMD with the mirrors in the on
state (right). The tilt angle θB and the incident angle θi are measured relative to the screen
normal of the DMD with counter-clockwise as the positive direction.

where the angles are measured relative to the screen normal of the DMD, with counter-

clockwise as the positive direction. For a given N , θi and θB , a given order m will only

be blazed for a specific wavelength λB , referred to as the ‘blaze wavelength’. On a DMD

the tilt angle θB is fixed, as is the incident wavelength. Thus, the only parameter which

can be adjusted to blaze a given order m is the incident angle θi . Figure 2.2 shows

the wavelength required to blaze the first 3 diffraction orders as a function of incident

Fig. 2.2 The incident wavelength required to blaze the 1st, 2nd and 3rd order diffractions
as a function of incident angle for a mirror tilt angle of θB =π/15 and N = 1/7.6×10−3.
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angle for the 3000 series DMD. The mirror tilt angle is θB = π/15 (rad) and N = 1/7.6×
10−3 (mm−1). Equation 2.1 predicts that for an incident HeNe laser, the incident angle

required to blaze the first order is beyond −5π/12 rad (−75◦). Further, for an incident

HeNe beam the difference between the incident angle which blazes the first diffraction

order θ1 and the incident angle which blazes the second diffraction order θ2 is less than

1 milli-radian. Consequently, aligning the DMD to blaze the first diffraction order for

an incident HeNe beam would be difficult in the laboratory environment, but could

be feasible for mid-infrared sources where the required incident angle is smaller. Thus,

although the DMD could be made to act as a blaze grating for sufficiently long wavelengths,

when implemented with visible spectrum sources, an alternative model must be used to

determine the diffractive properties of the device.

2.2.2 The DMD as a modified amplitude grating

The diffractive properties of the DMD are described first as a reflective binary amplitude-

only grating, and then this over-simplified description is modified to account for the

incident angle of the illuminating beam. To formulate the diffractive model, a Fraunhoffer

diffraction analysis is performed. This analysis is valid if the Fresnel number F̂ << 1. The

Fresnel number is given by

F̂ = A

λz
, (2.2)

for a wavelength λ, area A and propagation distance z. For a TI 3000 DMD and HeNe

source

F̂ = (7.6×10−6)2

632.8×10−9z
,

F̂ = 9.1×10−5

z
.

(2.3)

Hence for z > 9.1×10−2 the diffractive properties of the DMD can be understood in terms

of Fraunhoffer diffraction. The following conventions are applied: a square region of the

screen is considered and a local coordinate system within this region established. This

coordinate system may be rotated such that the mirrors in the array always appear as

squares; the incident illumination is assumed to be normal to the mirror array, since

for an amplitude-only grating a non-normal incident angle only serves to displace the

entire diffraction pattern laterally in space, leaving the relative intensities of the diffraction

orders unchanged. Within the region of interest, each mirror of width w can be described
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by the function rect(x, w) where rect(x, w) is defined as

rect(x, w) =


1, for | x

w | < 1
2

0.5, for | x
w | = 1

2

0, otherwise

 . (2.4)

To expand this to an array of mirrors, the rect function is convolved with a comb function,

comb(x,∆) =
m=∞∑

m=−∞
δ(x − m

∆
) =

∞, for x = m
∆

0, otherwise

 , (2.5)

where ∆ is the spacing between mirror centres, such that ∆> w since there are small gaps

between the mirrors. To bound the array, the convolution is multiplied by an additional

rect function that has the width of the region of interest. The width of the screen can be

written as the number of mirrors, N , multiplied by the mirror spacing ∆. Thus the full

transmission function in two dimensions for the DMD screen is

T (X ′,Y ′) =
[

rect

(
X ′

w

)
rect

(
Y ′

w

)
⊗ 1

∆
comb

(
X ′

∆

)
1

∆
comb

(
Y ′

∆

)]
· rect

(
X ′

N∆

)
rect

(
Y ′

N∆

)
.

(2.6)

Here ⊗ represents the convolution operator with X ′ and Y ′ representing the local coordi-

nate system. This function is separable and can be written as

T (X ′) =
[

rect

(
X ′

w

)
⊗ 1

∆
comb

(
X ′

∆

)]
· rect

(
X ′

N∆

)
,

T (Y ′) =
[

rect

(
Y ′

w

)
⊗ 1

∆
comb

(
Y ′

∆

)]
· rect

(
Y ′

N∆

)
.

(2.7)

The Fourier transform F is defined for a function f (x ′) by

F [ f (x ′)] =
∫ ∞

−∞
f (x ′)exp(−i 2π fx ′x ′)d x ′. (2.8)

Applying the Fourier transform to Eq. 2.6 gives

F ( fx ′) =F [T (X ′)] =
[

w sinc(w fx ′) ·
m=∞∑

m=−∞
δ

(
x − m

∆

)]
⊗N∆sinc(N∆ fx ′), (2.9)

with

sinc(χ) = sin(πχ)

πχ
. (2.10)
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Here χ is a placeholder for the argument in the sinc() function. Applying the Whittaker-

Shannon Sampling Theorem [2.30] the solution can be further simplified to

F ( fx ′) =
m=∞∑

m=−∞
w sinc

(
w

m

∆

)
N∆sinc

[
N∆

(
fx ′ − m

∆

)]
(2.11)

and

F ( fy ′) =
m=∞∑

m=−∞
w sinc

(
w

m

∆

)
N∆sinc

[
N∆

(
fy ′ − m

∆

)]
. (2.12)

Thus the Fraunhofer diffraction pattern intensity I (x ′, y ′) is given by

I (x ′, y ′) =
(

w 2N 2∆2

λz

)2 { m=∞∑
m=−∞

sinc
(
w

m

∆

)
sinc

[
N∆

(
x ′

λz
− m

∆

)]}2

×{ m=∞∑
m=−∞

sinc
(
w

m

∆

)
sinc

[
N∆

(
y ′

λz
− m

∆

)]}2

,
(2.13)

where
x ′ = x − yp

2
,

y ′ = x + yp
2

.
(2.14)

10-n -1 n 10-n -1 n

Allowed diffraction
orders

Allowed diffraction
orders

Fig. 2.3 (a) The set of diffraction peaks allowed by the second sinc factor in each summa-
tion. (b) Shows how the envelope function (in red) defined by sinc(w m

∆ ) modulates the
intensity of the allowed peaks to produce the observed diffraction pattern.
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The diffraction pattern has two key elements: the allowed diffraction peaks, given by the

second factor in each summation sinc{N∆[x ′/(λz)−m/∆]}; and the relative intensities

given by the first factor in each summation sinc(wm/∆). Figure 2.3 shows how these terms

work together to predict a diffraction pattern. Equation 2.13 allows for the expression of

the diffraction efficiency of the nth order from the DMD as the weighting of the envelope

function for the nth term relative to every other term.

effn = sinc(w n
∆ )4[∑m=∞

m=−∞ sinc(w m
∆ )

]4 . (2.15)

The efficiency given in Eq. 2.15 is highly sensitive to the values chosen for w and ∆. For

the TI 3000 DMD the manufacturer states w = 7.6 µm, but the mirror spacing ∆= w +ϵ

(0,0)

(-1,-1)

(-1,1) (1,1)

(1,-1)

Fig. 2.4 The observed diffraction pattern for the TI 3000 DMD aligned at an incident angle
of 0 rad with all mirrors in the on state. Note that the diffraction orders labelled (−1,1) and
(−1,−1) are brighter than those labelled (1,1) and (1,−1).
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is proprietary information. Unpublished sources state the value of ϵ as between 0.8 and

1 µm. With these values the efficiency of the DMD is predicted to be between 61% and

67%. Consider Fig. 2.4 which shows the observed diffraction pattern for the TI 3000

DMD aligned at an incident angle of 0 rad with all mirrors in the on state. Note that the

diffraction orders labelled (−1,1) and (−1,−1) are brighter than those labelled (1,1) and

(1,−1). This observation indicates that Eq. 2.13 is an incomplete description of the system.

If Eq. 2.13 were complete, the intensity of the orders around the (0,0) order would be

symmetric since a change in the angle of the mirrors is equivalent to a change in the

incident angle of the illuminating beam. To account for this behaviour Eq. 2.13 is modified

by decoupling the envelope function sinc(wm/∆) from the zero order diffraction peak

given by the term sinc{N∆[x ′/(λz)−m/∆]}. The envelope function becomes

sinc

[
w

m + sin(2θB )+ sin(θi )

∆

]
, (2.16)

where θB and θi have the same meaning as in Eq. 2.1, with positive angles measured anti-

clockwise relative to the screen normal. This formulation treats the DMD as a modified

amplitude grating. The relative positions of the diffraction orders are governed by the

physical structure of the DMD screen, while the relative intensity of the orders is governed

by the incident angle of the light and the mirror angle. Figure 2.5 shows how this decou-
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Fig. 2.5 (a) The relationship between the envelope function (in red) and the allowed
diffraction orders for a pure amplitude grating. Note how in (a) the envelope function is
fixed around the zero order diffraction peak. (b) The effect of decoupling the envelope
function from the zero order. Energy can now be moved into the first order diffraction
without changing the relative positions of the orders in space.
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pling of the envelope term affects the relative intensities of the diffraction orders. When

the mirrors are set to the on state the envelope function moves off the zero diffraction

order, resulting in additional energy in the diffraction orders which lie in the direction of

the on state.

When used as a beam shaping device, a hologram is displayed on the DMD. This holo-

gram has an additional diffraction grating encoded into it, as explained in Sec. 1.1.1. This

encoded grating is a binary amplitude grating because it consists of alternating regions of

on state and off state mirrors. This ‘holographic grating’ separates the inherent zero order

diffraction of the DMD into many beams. Within this set of diffracted beams the desired

structured beam forms in the first order (Fig. 1.3). Each region of the encoded grating has

a width ϖ. The on state mirrors direct light toward a detector while the off state mirrors

direct it away. The total transmission function, T (X ′,Y ′)Tot is the interaction between

the DMD and the holographic grating. For perfectly reflective mirrors the transmission

function is

T (X ′,Y ′)Tot = T (X ′,Y ′)DMD ⊗
[

rect
(

X ′,
ϖ

2

)]
. (2.17)

The corresponding intensity pattern is

I (x ′, y ′) =
[
ϖ

2
sinc

(
ϖx ′

2λz

)]2

·T (X ′,Y ′)DMD.
(2.18)

The efficiency of the DMD with a holographic grating displayed can be calculated as the

product of the DMD efficiency and the efficiency of a binary amplitude grating

effn =
sinc

[
w n+sin(2θB )+sin(θi )

∆

]4

{∑m=∞
m=−∞ sinc

[
w m+sin(2θB )+sin(θi )

∆

]}4 ·
[

1

2
sinc

(n

2

)]2

. (2.19)

Equation 2.19 predicts that the first order diffraction from the holographic grating, which

is typically what is measured experimentally, will have an efficiency of at best ≈ 6%. Finally,

if a hologram is displayed which not only has an encoded diffraction grating but also a

spatial structure which sets additional mirrors to the off state, such as the holograms

created by complex amplitude modulation, the intensity of the first order decreases.

Complex amplitude modulation holograms set the states of the mirrors based on the

amplitude A(x, y) of the desired beam. As a result these holograms set mirrors which
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would be in the on state (for only a grating) to the off state. The effect of this is a decrease

in the functional efficiency of the device since less light is directed into the first order.

Expanded and 

collimated beam
DMD

Fig. 2.6 The experimental setup used to verify the treatment of the DMD presented in
Sec. 2.2.2. An expanded and collimated beam was incident onto a DMD and the power of
the relevant diffraction order was measured by a power meter.

2.2.3 DMD efficiency measured experimentally

To verify the validity of the theoretical treatment of the DMD in Sec. 2.2.2, the experimental

setup in Fig. 2.6 was constructed. The beam was expanded and collimated by means

of a microscope objective and collimating lens. The DMD used was the TI 3000. The

total incident power, and the power transmitted into the relevant diffractive orders was

measured using a ThorLabs S121C power meter. A total of five measurements were taken.

The first three were of the zero order diffraction without a hologram displayed. They were:

the mirrors in the on state, with the DMD aligned at 0 rad; the mirrors in the on state, with

the DMD aligned at π/15 rad; and the mirrors in the parked state, with the DMD aligned

at π/15 rad. Next, the efficiency of the first order diffraction from a holographic grating

was measured with the DMD aligned at π/15 rad. The results for these four measurements

are presented in Table 2.1. Lastly, the effect of encoding an aperture onto the holographic

grating was measured. The size of the encoded aperture was adjusted from 0.2 mm to

1.895 mm resulting in a change in the number of mirrors in the on state. Figure 2.7

shows the relationship between the aperture radius (number of on state mirrors) and the
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efficiency of the first order. Table 2.1 reveals three things. First, when the mirrors are in the

Table 2.1 Diffraction efficiency of the TI 3000 DMD.

Order measured Mirror state
DMD Theoretical Measured

alignment efficiency efficiency
(rad)±π/180±π/180±π/180 (%) (%)±2.1±2.1±2.1

0th on 0 25.7 32.9
0th on π/15 50.4 52.9
0th parked π/15 61.9 60.3

1st holographic order on π/15 5.1 5.0
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Fig. 2.7 Efficiency of the first order holographic diffraction as a function of aperture radius.
The black line is predicted by Eq. 2.19 based on the number of mirrors in the on state in
the hologram. The red diamonds are the experimentally measured values.

parked state the DMD does behave as an unmodified amplitude-only diffraction grating.

In this configuration the measured efficiency is in close agreement with the predictions of

Eq. 2.15. Second, when the mirrors are in the on state the DMD behaves as a modified

amplitude-only grating, meaning the diffractive efficiency is a function of the incident

angle of the beam, as described by Eq. 2.16. The first two results in Table 2.1 show that

the diffractive efficiency of the DMD can be enhanced by aligning it such that the off
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state mirrors are normal to the incident light. For the TI 3000 DMD this corresponds to

an alignment angle of π/15 rad. By doing so the envelope function given by Eq. 2.16 is

moved partially back over the zero diffraction order, increasing the energy in that order.

Third, when the off state mirrors are normal to the incident light, the effective efficiency

of the device is then related to the hologram it is displaying (Eq. 2.19) and the number of

mirrors in the on state (Fig. 2.7). The analysis presented in this section does not assume

the DMD is being used to generate any specific structure of light, but instead characterises

the general diffractive efficiency. Thus alignment of the off state mirrors perpendicular to

the incident beam will improve the optical efficiency of a DMD in all use cases.

2.3 Generating high fidelity modes with the DMD

Section 2.2.3 presents an alignment regime that optimises the diffractive efficiency of

DMDs. This section shows that this alignment regime does not reduce the ability of the

DMD to generate high fidelity modes of structured light. A high fidelity beam is one in

which both the amplitude and phase profiles of the beam closely match the ideal theoreti-

cal field . This section provides recommendations for ensuring the greatest accuracy of

both of these beam properties.

Expanded and 

collimated beam
DMD

Fig. 2.8 To determine the mode quality, an expanded and collimated beam was incident
on a 3000 series DMD. The holographic first order diffraction was then imaged, via a 4f
system to a camera.
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(a) (b) (c)

(d) (e) (f)

0

1

Fig. 2.9 (a) the computed hologram as displayed on the DMD screen. (b) the measured
beam with the DMD aligned at 0 rad. (c) the measured beam with the DMD aligned at
π/15 rad, when using the initial encoding scheme. (d), (e) and (f) show the same but using
the optimised encoding.

2.3.1 Amplitude profile correction

This section examines the effect of different alignment configurations of the DMD on

the fidelity of the amplitude profiles of the beams it is generating. LG beams are used

as an example, and are generated using complex amplitude modulation as described

in Sec. 1.1.2. Figure 2.14 demonstrates that the procedures outlined can be applied to

a variety of beams in addition to LG beams. To determine the effect of alignment on

mode fidelity, the experimental setup in Fig. 2.8 was constructed. This setup used a well

expanded and collimated laser beam of uniform intensity which was incident on the 3000

series DMD. The first order holographic diffraction from the DMD was then imaged by

a 4f system to a Point Grey Blackfly camera. The DMD was aligned in two orientations:

first, the low diffractive efficiency orientation in which the mirrors in the parked state are

perpendicular to the incident beam; and second, the high efficiency orientation, in which

the mirrors in the off state are perpendicular to the incident beam, resulting in an incident

angle of π/15 rad.
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Initially the matrix used to create the hologram used the mirror pitch to define the posi-

tions of the mirrors in space, the principle being that such an encoding scheme would

result in a hologram displayed on the DMD with the correct dimensions and so would

produce a high fidelity beam . Figure 2.9 shows the computer generated holograms for

an LG5
5 beam as they appear on the DMD together with the experimentally generated

result. It is seen that with the initial encoding scheme, the generated modes are vertically

elongated (meaning a low fidelity beam) with the elongation more prominent when the

device is aligned at π/15 rad. This ellipticity is a result of the imperfect mapping between

the supposed position of the DMD pixels in software and the true position of the pixels,

caused by the projection of a Cartesian matrix in software onto the diamond arrangement

of pixels on the DMD. The ellipticity of the modes is corrected with a further adjustment

of the encoding scheme for the generation of the binary holograms. By means of itera-

tively optimising the x-dimension. It was found that a ratio between the horizontal and

vertical pixel size in the encoding scheme of 1.6889 corrected the elongation. It should be

noted here that the orientation and pixel indexing of DMDs may differ from the standards

used by software. For example, on the 3000 series DMD, pixels are indexed from the top

right hand corner of the screen as opposed to the traditional starting point of the top left,

assumed in most programmes.

Further, the screen on the 3000 series is rotated by π rad. Therefore the pixel addressed as

‘row one column one’ is in the bottom left of the screen. It is important to ascertain the

specific screen orientation and pixel addressing system used by the DMD to ensure the

correct calculation and displaying of holograms. To quantify the quality of the amplitude

profile of the modes the measured beams were tested using Pearson’s R as a measure of

correlation between the observed and theoretical profiles, as shown in Fig. 2.10. Note that

the highest correlation is obtained (≈ 97%) with optimal pixel encoding and when the

DMD is aligned at π/15 rad. The correlation drops by 0.7% with the DMD aligned at 0 rad,

even when using the optimal encoding. When using the initial unoptimised encoding

scheme, the correlation drops to below 91% for both alignments. Figure 2.10 illustrates

that the highest fidelity modes are produced with the highest efficiency when using the

optimal pixel encoding scheme and a DMD is alignment of π/15 rad.
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Fig. 2.10 Correlation between the theoretical (green solid) and experimental (blue dots)
LG5

5 beam for both alignments and encoding schemes. The inset shows a side by side
comparison of the beams with the ideal beam on the left and the measured beam on the
right. (a) the initial encoding scheme at an angle of 0 rad. (b) the initial encoding scheme
at an angle of π/15 rad. (c) the optimised encoding scheme at an angle of 0 rad. (d) the
optimised encoding scheme at an angle of π/15 rad.
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2.3.2 Phase profile correction

Aberration correction is an important step in beam shaping. Imperfections in the manu-

facturing process mean that beam shaping devices such as DMDs are often not optically

flat, resulting in (mostly astigmatic) phase distortions of the shaped beam. Correcting the

phase of these devices thus allows the generation of higher quality beams [2.21;2.31]. Infor-

mation reagrding the surface distortions of beam shaping devices is typically determined

using an interferometric approach [2.32;2.33]. By interfering a reference beam with the beam

reflected from the DMD, phase irregularities can be clearly seen in the interferogram.

However, interferometric approaches are often difficult to align. As an alternative, a fast

non-interferometric approach was proposed which allows the determination of phase

distortions from a single image of a LG0
1 beam at the focal plane of a lens [2.34]. Here a

hybrid scheme is implemented with the aforementioned single image procedure as an

integral step to correct the aberrations of both the 3000 series and 6000 series DMDs. Since

the procedure cannot distinguish the source of the aberrations, it will also compensate for

phase errors from other optics, such as lenses and mirrors, in the optical path. This is an

added benefit of the procedure.

Full details of the procedure are found in [2.34]. The concept behind the method is that LG

beams with small ℓ values are very sensitive to phase distortions. Hence, by observing the

distortions of a ℓ= 1 LG beam at the focal plane, the phase irregularities can be inferred

because at the focal plane the phase distortions manifest as amplitude distortions. Specif-

ically, the phase is inferred through the application of a phase-retrieval algorithm to the

observed intensity of the distorted ‘doughnut’ image generated at the focal plane. Here

the Gerchberg-Saxon (G-S) algorithm is used [2.35]. The retrieved phase determined by the

G-S algorithm is a sum of the beam’s phase and the encoded helical phase. By subtracting

the helical phase from the combination, the beam’s phase is isolated and can be removed

from the phase of all subsequently generated holograms.

Experimental verification of aberration correction

To demonstrate the aberration correction method outlined above, an experimental setup

(Fig. 2.11) was used in which a well expanded and collimated laser beam of uniform

intensity was incident on the 3000 series DMD. The first order holographic diffraction

from the DMD was then passed through a lens and a Point Grey Blackfly camera placed at

the focal plane. The DMD was aligned at an incident angle of π/15 rad. The results of the

DMD aberration correction are summarised in Fig. 2.12. A selection of modes were used
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Expanded and 

collimated beam
DMD

Fig. 2.11 The setup to demonstrate the efficacy of the wavefront correction method. An
expanded and collimated beam was incident on a DMD. The first order holographic
diffraction was then focused through a lens. A camera was placed at the focal plane of the
lens.

to test the method. The modes were an LG0
5, an LG5

0 and a superposition of an LG5
5 and

LG5
−5. The initial beams are shown in the top row, while the corrected beams are shown in

the bottom row.
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Fig. 2.12 The effect of the aberration correction procedure for the 3000 series DMD. The
top row shows: (a) an LG0

5; (b) an LG5
0; and (c) a superposition of an LG5

5 and LG5
−5 beam.

The bottom row shows the beams after correction. The colourmap is the same as that
used in Fig. 2.9.
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The drawback of this aberration correction method is that it is only able to correct for

small phase distortions, of the order of the incident light’s wavelength. If the DMD has

larger surface distortions, the algorithm will fail to converge, since the starting point is

too far away from an acceptable local minimum. This can be overcome by adopting a

semi-empirical workaround. Often, first order astigmatism is the main contributor to the

aberration. Hence, by adding phase maps corresponding to first order astigmatism and

manually adjusting the weighting coefficients of these maps, a significant portion of the

phase error can be removed. Doing so will improve the starting point of the algorithm,

and increase the likelihood of converging to a local minimum. This entire process can

be iterated as many times as necessary until the desired performance is achieved. The

3000 series DMD in the experimental setup shown in Fig. 2.11 was replaced with the 6500

model DMD. The initial aberration was too high for the G-S algorithm to converge and the

semi-empirical method was employed to obtain an initial condition within the range of

the algorithm. This intermediate beam was then analysed using the G-S algorithm, which

converged to an acceptable local minimum after approximately 40 iterations. As can be

seen in Fig. 2.13 (d) the corrected beam is of high quality, indicating that residual phase

distortions are small. Figure 2.14 shows four things: amplitude only modulation; the

Reference Partially correctedUncorrected Corrected 

(a) (b) (c) (d)

Fig. 2.13 Experimental aberration correction of the 6500 DMD. (b) The initial beam aber-
ration is too large for the algorithm to handle, the first order astigmatism was manually
corrected for. (c) The partially corrected beam after the manual aberration correction. Af-
ter this, the intermediate beam can be fed through the G-S algorithm to find the remaining
phase distortions. (d) The corrected beam.

introduction of an optical vortex; the creation of a high order Hermite-Gaussian mode by

complex amplitude modulation; and a superposition of HG modes by complex amplitude

modulation. It does this by displaying the holograms used to produce each beam, the

intended intensity profile of each beam, and the measured intensity profile of each beam.
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(a)

(e)

(j)(i) (k) (l)

(f) (h)(g)(e)

(b) (d)(c)(a)

Fig. 2.14 (a), (b), (c) and (d) show the computed holograms to generate: the text "DMD"
using amplitude only modulation; a phase singularity at the focal plane of a lens; an
HG8

8 mode using complex amplitude modulation; and a superposition of an HG7
3 and

an HG3
7 mode using complex amplitude modulation. Note the apparent elongation of

the holograms, this is a result of the optimised encoding scheme used to generate the
holograms. When displayed on the DMD, the pixel arrangement of the screen causes
the holograms to be drawn out to the correct aspect ratio. (e), (f), (g) and (h) show the
intended intensity profiles of the beams generated by the holograms in the first row. (i),
(j), (k) and (l) show the experimentally measured beams.

The close agreement between the intended and the measured intensity profiles in Fig. 2.14

demonstrates how the recommendations made in this work can be applied to a variety of

beam shaping techniques and spatial modes using DMDs.
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2.4 Summary of chapter 2

Chapter 2 explained the proper experimental implementation of DMDs. A thorough

analysis of their functioning has been presented to ensure their correct implementation

in later chapters. Specifically, Sec. 2.2.3 proves that a theoretical treatment in which the

DMD is characterised as an modified amplitude grating is accurate whereas the widely

made assumption that it is a simple amplitude grating or blazed grating is not. This is a

novel finding. This characterisation implies that the most pragmatic approach to DMD

alignment, balancing ease of alignment with diffractive efficiency, is to align the DMD so

that an incident beam strikes it such that the off state mirrors are normal to the incident

beam. In this configuration, the DMD is able to produce high fidelity modes when an

appropriate encoding scheme is used to generate the hologram, as outlined in Sec. 2.3.1.

Finally, an explanation of how to compensate for the phase aberrations inherent to DMDs

using a semi-empirical method based on the Gerchberg-Saxon algorithm is demonstrated.

Chapter 3 now examines the manipulation of structured light using LCoS SLMs. The

findings presented here in Chp. 2 will be of relevance again in Chp. 4.
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Chapter 3

Manipulating structured light using

LCoS Spatial Light Modulators

Pages 61 through 72 of this chapter are based on the publication

S. Scholes, V. Rodríguez-Fajardo, and A. Forbes, “Lossless reshaping of structured light,”

Journal of the Optical Society of America A, 37, p.C80-C85, 2020.

Author S.S derived the theoretical model and performed the experiments. All authors con-

tributed to the writing of the associated publication with supervision provided by author

A.F.

Pages 73 through 78 of this chapter are based on the publication

S. Scholes, and A. Forbes, “Improving the beam quality factor (M2) by phase-only reshaping

of structured light,” Optics Letters, 45, p.3753-3756, 2020.

Author S.S derived the theoretical model, performed the experiments and wrote the associ-

ated publication with supervision provided by author A.F.

The aim of this chapter is to explore how the structure of a beam can be manipulated

without loss of power to reduce its M 2, and so improve brightness. To achieve this, a

means of altering both the phase and amplitude structure of a beam in a lossless way must

first be established.

3.1 Lossless reshaping of light

This chapter considers the common case of spatial structuring of scalar light. The ap-

proach demonstrated here can be used for full control when implemented in combination
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Fig. 3.1 The different approaches to creating structured light. Panel (a) shows how lossless
single-step shaping can be achieved using a phase-only element, but requires the phase
at the target plane to be left as a free DoF, requiring a second element for correction. Panel
(b) shows how a single step in which the amplitude of the beam is also controlled can
produce ideal structured light, but now the process is lossy.

with temporal [3.1;3.2] and vectorial [3.3;3.4;3.5] shaping tools. The problem of converting a

Gaussian beam into some other form has many specific solutions. For example, con-

version of a Gaussian to a flattop beam achieved with refractive [3.6], diffractive [3.7] and

holographic approaches [3.8], or the creation of vortex beams by spiral phase plates [3.9],

geometric phase [3.10;3.11] and spatial light modulators [3.12]. It is not fully appreciated that

when this is done in a single step, as is the case with many of these examples cited above,

the transformation is either imperfect or lossy. To illustrate this, consider perhaps the

simplest beam shaping problem, reshaping a Gaussian beam in size while maintaining

the Gaussian amplitude profile and input phase. A single-step approach, with a single

lens, will correctly resize the beam in a lossless manner, but will alter the phase so that the

shaping is imperfect. The phase degree of freedom (DoF) must still be corrected for. This

is achieved using two lenses, i.e. a two-step approach. Such a telescope, appropriately

designed, will (in principle) correctly shape both DoFs in a lossless manner. To return to
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the earlier examples (see Fig. 3.1), it is possible to create a flattop beam losslessly in a single

step if the phase is left as a free DoF [3.13], while single-step shaping of Gaussian beams into

vortex beams that carry orbital angular momentum (OAM) [3.14;3.15] through azimuthal

phase transformation results in the correct ‘vortex’ phase but leaves the amplitude as a

free DoF: many radial modes are excited with low power content in the desired ring of

light [3.16;3.17]. Perfect reshaping can be achieved in one step, but then the process is lossy,

requiring amplitude control (such as complex amplitude modulation), as has been done

for the creation of radial mode controlled vortex beams [3.18].

Thus, in general, a two (or more) step approach is needed for complete and lossless reshap-

ing of structured light. By applying tools from lossless beam shaping theory [3.19;3.20;3.21;3.22],

solutions have been developed for specific cases, notably the special case of Gaussian

to flattop conversion [3.23;3.24;3.25;3.26] implemented using refractive optics [3.27;3.28], holo-

grams [3.29;3.30], prisms [3.31] and diffractive optics [3.32;3.33]. Likewise specific solutions have

been found for the reverse problem, the detection of structured light, for OAM modes [3.34],

Bessel modes [3.35;3.36], Hermite-Gaussian modes [3.37] and Laguerre-Gaussian modes [3.38]

with lossless approaches always making use of two or more steps rather than a lossy single

step [3.39].

In this chapter a generic approach for arbitrary reshaping of structured light beyond

the special cases already visited is presented. A general recipe and a detailing of the

conditions under which it is applicable is provided. General reshaping solutions beyond

the simple Gaussian to flattop converters are demonstrated. The solutions are imple-

mented experimentally as CGHs on LCoS SLMs, with the critical design steps elucidated.

This implementation serves as a proof-of-principle. While LCoS SLMs are inherently

lossy devices (with an efficiency of ≈ 60%) due to their diffractive properties, replacing

them with appropriately coated diffractive or refractive optical elements would make the

implementation functionally lossless.

3.2 Theoretical outline

Textbooks on lossless laser beam shaping describe the many approaches taken to date [3.21].

The concept applied here relies on redistributing the energy in an input beam with profile

|I (x, y)|2 in a precise way to form an output beam with a desired intensity profile |Q(x, y)|2
at the focal plane of a lens, i.e., in the far field. The first element performs the energy

redistribution and the second element corrects for the phase. This is achieved by imparting
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the incident beam with a specific phase φ(x, y), as determined by the desired output

profile. There are three steps to derive the necessary φ(x, y). The first is a calculation of a

scaling constant A. This constant is the ratio of the energy of the input beam to the output

beam. Next is the formulation of an intermediary mathematical function α(x, y). This

is a spatial mapping function which moves energy from a specific spatial region of the

input beam to a specific spatial region of the output beam in a way consistent with the

conservation of energy from the scaling constant A. It is the calculation of this mapping

function which lies at the heart of the method, since once α(x, y) is known, it is possible to

perform the final step, which is to derive the phase delay φ(x, y) that must be introduced

to a beam to achieve the desired output profile. The theory of this is known [3.21], and

has been applied to the specific case of Gaussian to flattop converters [3.26;3.40], but it is

expanded here in the context of structured light and laser brightness. This chapter makes

clear how and when the approach works (and when it doesn’t) as well as how the design

steps impact on the practical reshaping of structured light.

3.2.1 Derivation of equations

Consider two planes in space, the first at coordinate (x, y, z = 0) and the second at a

distance (x, y, z = 2 f ) where f is the focal length of a lens. The coordinate system for

both the global position and the plane at z = 0 is (x, y, z), while the coordinate system

exclusively on the plane at z = 2 f is (X ,Y , Z ). The function α maps regions of the input

plane to regions of the output plane meaning α(x, y) → (X ,Y ). A beam of amplitude

profile |I (x, y)|2 with a flat phase is incident upon the phase element φ(x, y) positioned at

(x, y, z = 0). At the second plane, corresponding to the focal plane of the lens, a beam of

amplitude profile |Q(x, y)|2 is desired. To calculate the expression for the phase element

φ(x, y) the energy scaling constant A must first be calculated.

A =
∫ ∞
−∞ |I (χ)|2dχ∫ ∞
−∞ |Q(χ)|2dχ

. (3.1)

The next step is to derive a differential expression for α(x, y). This expression will describe

how the energy of the input beam at the plane of the phase element should be mapped to

the focal plane of the lens to produce the desired output profile. Consider a beam affected

by the phase element φ(x, y) passing through a lens. The beam at the focal plane of the

lens in 1 dimension is given by

P (X ) ∝
∫ ∞

−∞
I (x)e iφ(x)e−i 2π

λ f X xd x. (3.2)
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Recall that α(x) → X .

P (α(x)) ∝
∫ ∞

−∞
I (x)e iφ(x)e−i 2π

λ f α(x)xd x. (3.3)

Let

φ(x) = 2π

λ f
Φ(x)

γ= 2π

λ f

(3.4)

P (α(x)) ∝
∫ ∞

−∞
I (x)e iγ[Φ(x)−α(x)x]d x.

(3.5)

Equation 3.5 can be evaluated by the method of stationary phase as

P (α(x)) ∝ I (x)e iγ[Φ(x)−α(x)x]e i π4

p
2π√

γΦ(x)′′
,

(3.6)

with
d

d x
[Φ(x)−α(x)x] = 0. (3.7)

For a specific φ(x)

|P |2 ∝ A|Q(X )|2. (3.8)

Thus

|I (x)|2 2π

φ
′′ = A|Q(X )|2

|I (x)|2
A|Q(α(x))|2 =φ′′

.

(3.9)

Note [3.21]

d

dα

[
d

d x
[Φ(x)−α(x)x]

]
= d 2Φ

d x2

d x

dα
−1

d 2Φ

d x2
= dα

d x
.

(3.10)

This gives α(x) in 1-dimensional Cartesian coordinates as

dα(x)

d x
= 1

A

|I (x)|2
|Q(α(x))|2 . (3.11)
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This equation describes how energy can be mapped from the input profile to the output

profile in a manner consistent with the conservation of energy described by A. The phase

φ(x) can then be calculated from the expression for α. The phase is

dφ(x)

d x
= γα(x)

φ(x) = γ
∫ x

0
α(s)d s.

(3.12)

An indication of how well the generated beam will conform to the ideal output amplitude

profile is provided by the quantity β =ωiωoptγ = 2πωiωopt/(λ f ) [3.21]. The greater the value

of β, the higher the fidelity of the beam at the focal plane with regards to the ideal output

profile. Output profiles with abrupt changes in intensity (such as step functions) will

typically require high (> 30) β values to achieve acceptable fidelity [3.40]. Given input and

output profiles of fixed waist ωi and ωopt, the parameter β, and, by extension, the fidelity

of the output beam, can be increased by reducing the focal length f .

Solving the system of Eqns. 3.2-3.11 in polar coordinates gives

dα(r )

dr
= 1

A

r |I (r )|2
α(r )|Q(α(r ))|2 . (3.13)

In Fig. 3.2, a truncated Gaussian input is mapped to an annular polynomial output defined

by the equation X 2−X 4. Note the following: the functionα(x) maps points from the input

plane to points of the output plane; the points near the centre of the input plane where the

beam is most intense, indicated by the red solid and magenta dotted lines, are mapped

to points further apart on the output plane than a point further out on the input plane;

the function α(x) has a maximum value ωopt, corresponding to the waist of the output

beam, and the scaling constant A as given in Eqn. 3.1 relates the shaded area of the output

profile to the shaded area of the input profile, ensuring that the method is lossless since

energy is conserved.

3.2.2 Properties of theα(x) function

The mapping function α(x) has three properties of interest. First, Eqn. 3.11 breaks down

for |Q(α(x))|2 = 0. The formulation of α(x) cannot map an input beam to a region of the

output beam containing no light as this would require a phase singularity. Second, and

as a consequence of the first property, the value of α(x) monotonically approaches an
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Fig. 3.2 The mapping function α for a truncated Gaussian input to an annular polynomial
output. The insets show the intensities of the input and output beams while the panels
show the beam profiles.

asymptotic maximum value corresponding to the value of the waist of the output beam

ωopt, as seen in Fig. 3.2. Third, the choice of coordinate system has a significant impact on

the structure and functioning of α(x).

Consider the integration over all space of a circular Gaussian beam in Cartesian sep-

arated coordinates,

V =
∫ ∞

−∞

∫ ∞

−∞
exp

(−x2)exp
(−y2)d xd y,

V =
∫ ∞

−∞
exp

(−x2)d x
∫ ∞

−∞
exp

(−y2)d y,

V =p
π
p
π,

V =π.

(3.14)
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As well as in Polar coordinates,

V =
∫ 2π

0

∫ ∞

0
r exp

(−r 2)dr dθ,

V =
∫ 2π

0
dθ

∫ ∞

0
r exp

(−r 2)dr,

V = 2π
1

2
,

V =π.

(3.15)

When integrating over all space, the results of these two expressions are the same. However,

if the working is limited to only a 1-dimensional integral, along x in the Cartesian case and

r in the Polar case, the result is
p
π and 1/2 respectively. This difference in scaling affects

A, the mapping function α(), and then by extension the phase element. Functionally, by

reducing the problem to 1 dimension to enable a simplified solution a ‘propagation of

coordinate system’ is inadvertently introduced. If the Cartesian expression is chosen, the

phase element will attempt to produce an output profile with Cartesian symmetry, while

if the Polar expression is used, the output profile will have a radial symmetry.

3.2.3 Deriving the second phase element

The beam which forms at the plane z = 2 f has the desired intensity profile |Q(x, y)|2
and an uncontrolled phase ψ(x, y). This is because to losslessly control the amplitude of

the beam in a single step using the first phase element, the phase of the beam must be

left as a free DoF. To complete the perfect lossless reshaping, the second phase element

must first remove the uncontrolled phase ψ(x, y). This can be achieved by designing

the second element to have a phase −ψ(x, y). There are two approaches to doing this.

For problems using either a short focal length or a smooth output profile where the β

parameter is sufficiently large to ensure high fidelity, the second phase element can be well

approximated as the complex conjugate of the first shaping element. Alternatively, if the

β parameter cannot be made large enough to ensure fidelity, the second element is better

designed by using numerical simulation to determine the phase of the shaped beam at the

relevant plane. This is due to the second property of the mapping function α(x) discussed

previously. In cases where the reshaping is inaccurate (an insufficient β) energy will fall

outside the boundary of ωopt , violating the mapping function α(x) associated with the

first element and resulting in a breakdown of the system. By using a numerical simulation

to extract the phase instead of obtaining it by conjugating the first element, this problem

can be overcome. Once the beam has passed through the second phase element and has
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a flat phase, it can be passed through any other phase-only element with phase ψ′(x, y).

Hence a beam with desired amplitude profile Q(x, y) and phase ψ′(x, y) can be created.

3.3 Experimental implementation I

To demonstrate the method experimentally, a Gaussian beam was converted into several

different spatial profiles. Figure 3.3 shows the experimental setup used. The first phase

element, as described in Sec. 3.1, was modelled using a Holoeye Pluto 1 LCoS SLM illu-

minated by a well expanded and collimated beam from a HeNe laser source. The SLM

displayed a hologram which created a beam with a Gaussian amplitude profile and a

phase calculated by Eqn. 3.12. The beam from the SLM passed through a lens of focal

length f1 = 0.5 m . At the focal plane of this lens the desired output beam |Q(x, y)|2 formed.

This mode was filtered and imaged to a CCD by means of a 4f lens system with f2 = f3 = 0.3

m.

Fig. 3.3 Conceptual design of the experimental setup used to implement the method. A
well expanded and collimated beam from a HeNe source was incident on the SLM. The
beam from the SLM passed through lens f1 forming the desired profile |Q(x)|2 at the plane
of the black aperture A1. The plane of A1 was imaged to camera by a 4f system (lenses f2
and f3) . Here, the second beam shaping element described in Sec. 3.2.3 would be placed
at the plane of the black aperture A1.

This first experiment was concerned with measuring the amplitude of the beam gener-

ated by the method. Therefore the second phase element was not implemented. The

motivation for this is that the derivation of the first phase element is considerably more

complex than the derivation of the second, so experimentally validating the design of the
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first element was prioritised. Experimental implementation of the second phase element

(and its effect on brightness) is presented in Sec. 3.5.

3.4 Experimental results I

The experimental results shown in Fig. 3.4a and Fig. 3.4b were created using the experi-

mental setup shown in Fig. 3.3. The beams were generated by encoding a Gaussian beam

of waist ωG with the appropriate phase to form an output profile of waist ωopt at the focal

plane of a lens with focal length 0.5 m. The output profile was then captured by a camera.

The waist parameters and cameras used are summarised in Table. 3.1. In the case of the

Table 3.1 The cameras, Gaussian and output profile waists used for the experiment.

Profile ωGωGωG (m) ωoptωoptωopt (m) Camera

radial flattop
0.0011 0.0008

Logitech C270
radial annulus

Cartesian 2D flattop
Cartesian 1D Gaussian 0.0011 0.0007

radial linear
0.00087 0.0011 Thorlabs 1240C

Cartesian linear

Logitech C270 camera, all optics of the camera were removed to leave the sensor exposed.

Figure 3.4a shows the measured beams having radial symmetry. The phase of the first

shaping element, the experimentally measured beam (as well as an inset of the simulated

beam) and a comparison of the profiles of the measured and simulated beams are shown.

The beams illustrated in Fig. 3.4a are a flattop, a beam with a linear intensity profile, and

an annular beam. Figure 3.4b displays the same, but for beams of Cartesian symmetry.

The beams illustrated in Fig. 3.4b are a flattop, a beam with a linear intensity profile, and a

1-dimensional Gaussian profile where the beam has a focused Gaussian intensity across

one axis of its profile and a uniform profile in the other axis.

To quantify the fidelity of the generated modes, the Pearson’s R correlation between the

simulated and experimentally generated modes was calculated. The results are presented

in Table. 3.2. The correlation measures the final purity of the experimentally created

modes, while the lossless nature is a statement on the energy efficiency of the process.

Using our approach, the resulting beams can be created with high efficiency (in theory
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(a) The modes with radial symmetry. (b) The modes with Cartesian symmetry.

Fig. 3.4 Measured modes and profiles for (a) beams with radial symmetry and (b) beams
with Cartesian symmetry. Each row of the figure shows, from left to right, the phase of
the first shaping element, the experimentally measured beam, and a comparison of the
profiles of the simulated and measured beams as a black dashed line and blue solid line
respectively. The profile cross-sections are plotted on a transverse axis in millimetres. The
insets in each experimental result show the simulated beam.

with 100% efficiency) and high purity, demonstrated here by correlations in excess of

> 90%.

The results presented here demonstrate how the method can be used to generate

Table 3.2 The correlations between the simulated and measured beams.

Profile Correlation

Radial flattop 95.1%

radial annulus 92.7%

radial linear 99.1%

Cartesian 1D Gaussian 90.9%

Cartesian 2D flattop 95.6%

Cartesian 2D linear 99.5%

modes with unique spatial profiles while maintaining high fidelity. An interesting exten-

sion to this reshaping method is how it may be applied to superpositions of modes. In

particular, the separable nature of the Cartesian coordinate system allows two separate
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Fig. 3.5 The ‘double bar’ and ‘cross hair’ profiles. These profiles are the result of superposi-
tions of modes at right angles to each other in a Cartesian symmetry.

profiles to be encoded perpendicularly to one another. Figure 4.8 shows the ‘double bar’

structure that emerged as a combination of a flattop profile and a linear valley profile at

right angles to one another. Figure 4.8 also shows the combination of two 1D Gaussian

profiles at right angles which gives rise to a ‘cross hair’ type mode.

The work above establishes a general approach to the reshaping of structured light. It could

be extended and used in conjunction with temporal and vectorial shaping techniques to

provide complete control over all the characteristics of light. This general formulation

allows for the conversion of almost any input beam into a wide range of spatial profiles

having both a specific phase and amplitude. This generality is supported by the experi-

mental results presented.

Having presented a method for creating light with a desired amplitude and phase profile,

the remainder of this chapter is concerned with the reciprocal problem, converting struc-

tured beams back into Gaussian beams. In particular, the effect of this destructuring on

the brightness of a beam is examined.
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The remaining pages in this chapter are based on the second publication mentioned at the

start of the chapter hence the change in graphical style.

3.5 Improving the M 2

Fig. 3.6 The beam quality of structured light fields decreases with increasing mode index
(see Table. 1.1), resulting in an increase in the beam quality factor, M 2, shown here for the
examples of Hermite-Gaussian, Laguerre-Gaussian and Super-Gaussian beams, with the
mode index plotted as 2m +2n +1, 2p +|ℓ|+1 and k, respectively. By using the lossless
reshaping technique presented in the first part of the chapter it is possible to move ‘down
the curve’ towards a Gaussian (M 2 = 1) using an optical system with two phase-only
elements, thus enhancing the brightness, shown here conceptually.

External brightness enhancement by beam transformation has proved limiting. It has

been shown that the beam quality factor cannot be improved by binary diffractive opti-

cal elements [3.41], while demonstrations with single continuous phase elements [3.42;3.43]

have so far resulted in a lossy or imperfect process, as explained in Sec. 3.1. So the beam

quality is improved but not the brightness. Here, it is shown that by using the lossless

reshaping technique presented in the first part of the chapter, the beam quality factor of

an arbitrary beam can be improved. Importantly, because the approach is in principle

lossless, P can be maintained while the M 2 is reduced, thus increasing the brightness, B .
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If an initial beam of M 2 > 1 is converted to a Gaussian (M 2 = 1) while maintaining the

same power (and wavelength), then the brightness can be enhanced by a factor η= M 4.

Table 1.1 presents equations for the M 2 values [3.44;3.45] of the common beam types shown

in Fig. 3.6.

While one-step approaches have been suggested to improve the beam quality factor,

they come at the expense of loss or imperfect transformation, hence cannot improve

the brightness. A lossless two-step approach is depicted graphically in Fig. 3.6 for some

example structured light beam types. Structured light is a topical field [3.46] and often the

structure is desired. But it can be undesirable in the context of laser brightness, such as

when higher-order modes of structured beams are used to achieve higher output powers

from laser sources due to their larger gain volume [3.47;3.48]. However, this does not in-

crease brightness due to the reduced beam quality factor M 2 associated with higher-order

modes [3.13;3.44;3.45;3.49;3.50;3.51], as shown in Fig. 3.6 and Table 1.1. By losslessly reshaping

structured light, it is possible to move ‘down the curves’ of Fig. 3.6 towards lower M 2 with-

out loss of power, ideally to a Gaussian beam with the highest beam quality (lowest beam

quality factor, M 2 = 1). Since the method is based on a conformal mapping approach with

two non-binary phase elements, as illustrated in Fig. 3.6, it is not in contradiction to prior

work [3.41].

Consider one of the beams created in Sec. 3.4. These beams have an amplitude Q(x, y)

and phase ψ. From the reciprocity of light, passing this beam through the second op-

tical element described in Sec. 3.2.3 twice will result in the beam having the conjugate

phase, −ψ. The phase conjugation will cause the beam to ‘unravel’ as it propagates, ef-

fectively destructuring it, such that it arrives at the next phase element with the form

E(x, y) = A(x, y)exp(−iφ). The first phase-only element with phase φ now removes the

unwanted phase from the beam, leaving only the Gaussian amplitude. Thus there are two

phase elements needed, a first with a phase transmission function of −2ψ and a second

with phase φ. This process is depicted in Fig. 3.7(a).

3.6 Experimental implementation II

Once again making use of LCoS SLMs. A single device was used with a split-screen

approach, and henceforth the implementation will be explained conceptually with the

two parts of the screen labelled SLM 1 and SLM 2. Using the setup shown in Fig. 3.7(b), an
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Fig. 3.7 (a) A step-wise depiction of the two-step approach corresponding to the sub-
sequent panels. (b) The experimental setup consisted (conceptually) of two SLMs to
implement the desired phase transformations. SLM 1 acted as the second phase element
creating a beam of amplitude Q(x, y) with phase −ψ. The beam passed through a lens f1
and was imaged (f2 and f3) onto the first phase element (SLM 2) with phase φ. The final
beam, having a Gaussian amplitude A(x, y) and a flat phase front was imaged by a camera.
(c) The phase profiles −ψ and φ encoded on SLM 1 and SLM 2 respectively. The elements
match the case depicted in panels (a) and (b) and are plotted on a shared transverse axis
in millimetres.

initial structured beam was created, modified through a two-step process, and then the

M 2 value of the resultant Gaussian beam was measured. To begin, a well expanded and

collimated beam from a HeNe laser was incident on SLM 1 which encoded some desired

initial beam by complex amplitude modulation [3.52;3.53] as well as with the appropriate

conjugate phase −ψ. The beam was then passed through a lens of focal length f1 = 0.3

m and was imaged to SLM 2 by means of a 4f system with lenses of f2 = f3 = 0.3 m. SLM

2 removed the remaining phase from the incident beam resulting in a Gaussian beam
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with a flat phase. A Point Grey Firefly camera was used to measure the beam profiles

at various positions. Whilst it is possible to determine the M 2 of beam from only two

measurements of its waist using Eq. 1.44, this method is known to introduce large error

into the measurement. For this reason, best practice dictates that the M 2 of a beam be

determined by passing the beam through a lens and measuring its waist at several points

as it propagates through the focus [3.54]. A quadratic polynomial is then fitted to these

data points, and this fitted curve is equated to Eq. 1.49 [3.55]. From this the M 2 can be

calculated by equating the quadratic coefficients. Consequently, to measure the M 2 value

of the final beam, lens f4 having a focal length of 0.2 m was inserted into the experimental

setup and the camera was moved on a rail through the waist of the beam. The second

moment widths were then calculated from the captured images, from which the M 2 could

be inferred.
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Fig. 3.8 Input beams shown as an intensity and profile, each with a flat phase, and the mea-
sured Gaussian output beam, shown for the four tested cases: (a) radial Super-Gaussian,
(b) radial annulus, (c) Cartesian Super-Gaussian and (d) Cartesian linear, a beam with
a linear intensity gradient. The examples cover Radial and Cartesian symmetry in high
M 2 initial beams. The Gaussian beams are shown as cross-sectional profiles for x (blue
dashed) and y (red solid), with the black dotted profiles as the theoretical prediction.
The insets show the measured camera intensities. All profiles are plotted on an axis in
millimetres.
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Table 3.3 The M 2 values of the initial beam profiles used in the experiment, and the
predicted brightness enhancement factor, η.

Profile M 2M 2M 2 η= (M 2)2η= (M 2)2η= (M 2)2

Super-Gaussian (radial & Cartesian) 3.64 13.25

radial annulus 16.71 279.22

Cartesian linear 3.90 15.21

3.7 Experimental results II

The concept was tested using the initial amplitude profiles given in Table 3.3. These

profiles were selected for their non-propagation invariant nature and high M 2 value.

These beams serve as a proof-of-principle, demonstrating the viability of the method

in a way which is applicable to all non-propagation invariant beams having high M 2

values. Table 3.3 shows the M 2 values of the beams as well as the theoretical brightness
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Fig. 3.9 The 2nd moment width for the Gaussian beam as a function of propagation
distance from the focusing lens, shown as measured data and fitted curves. Fitting the data
to the equation W 2(z) =W 2

0 +(
M 2

)2×[λ/(πW0)]2 (z−z0)2 allows the unknown parameters
to be inferred, including the M 2. This example plot is for the radial Super-Gaussian to
Gaussian case and shows a beam quality factor improvement from M 2 = 3.64 to M 2 =
1.06±0.05

.
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enhancement that would be expected in a lossless implementation. The M 2 of the Super-

Gaussian was calculated with the equation given in Table 1.1. The annular and linear

values were calculated by a numerical propagation simulation and quadratic curve fitting,

as explained previously. The measured beams are shown in Fig. 3.8, which shows excellent

conversion from the initially structured beams to a Gaussian beam for all cases, with cor-

relation factors in excess of 98%. The Gaussian nature was further corroborated by the full

propagation analysis shown in Fig. 3.9, which was used to determine the M 2 for the radial

Super-Gaussian to Gaussian example. A beam quality factor decrease from M 2 = 3.64 to

M 2 = 1.06±0.05 was found, yielding a brightness enhancement of η= 11.79±1.20 when

ignoring the SLM losses, in close agreement with the prediction of ≈ 13.

The near perfect correlation between the measured and predicted Gaussian beams shows

the viability of the method for improving the beam quality factor. Hence the approach can

enhance the brightness significantly. This is not in contradiction to the prior argument

that the beam quality could not be improved by binary diffractive optics [3.41]. In that

scenario, the binary optics were envisaged to flip the phase jumps in higher-order modes

and by propagation convert them to Gaussian-like beams in the far field. This does not

improve beam quality or brightness. Instead, the approach presented here employs a

two-step conformal mapping to transform one beam into another, where the final beam

can be Gaussian. Thus both the principle and execution differ from Ref. [3.41]. This

approach is sufficiently general so as to be applicable to beams with novel vectorial char-

acteristics [3.4;3.5] by implementing the solution with meta-surfaces or by using the present

approach on each polarization component separately.

3.8 Summary of chapter 3

In Chp. 3, LCoS SLMs were used to manipulate the amplitude and phase of light. The

theory for a versatile beam shaping technique which can losslessly convert almost any

input beam into a wide variety of output beams was presented. This theory was based

on a two-step, phase-only method derived from conformal mapping, and represents a

novel expansion on previous work. Experimental results confirming the efficacy and

generality of the method are presented. The method was then reversed, to remove the

structure of beams, converting structured beams back to the lowest M 2 beam, a Gaussian.

The concept was demonstrated experimentally and showed that a significant brightness

enhancement is possible, up to a factor of M 4, indicating that the more structured the

initial beam the greater the enhancement.
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Having demonstrated the reduction in M 2 of structured beams, Chp. 4 will focus on the

remaining topics outlined in Sec. 1.4: The effects of structured light on thermal stress and

phase aberrations, and using DMDs as experimental simulators of high-energy systems.
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Chapter 4

Structured light and thermal effects

This chapter is based on the publications

Scholes, S. and Forbes, A., Thermal aberrations and structured light I: Analytical model for

structured pumps and probes. Submitted to Applied Physics B at the time of writing.

and

Scholes, S. and Forbes, A., Thermal aberrations and structured light II: Experimental simu-

lation with DMDs. Submitted to Applied Physics B at the time of writing.

Author S.S derived the theoretical model, performed the experiments and wrote the associ-

ated publications with supervision provided by author A.F.

The aims of this chapter are two-fold. The first is to explore the interaction between the

structure of a beam, the thermal effects in a medium and the brightness of a beam. The

second is to demonstrate an experimental simulator of high-energy laser sources using a

DMD.

As more energy is added to the cavity of a solid-state laser, temperature-dependent phase

aberrations and mechanical stresses develop in the lasing medium. These deleterious ther-

mal effects place an upper limit on the energy which can be added to a lasing cavity, and

are a major impediment in the development of higher-brightness lasers. The thermally-

induced phase increases the divergence of the output beam and degrades its ability to be

focused at a target plane, while high temperatures in the gain media lead to non-linear

effects such as phonon-phonon and Brillouin scattering [4.1;4.2;4.3;4.4] . The maximum en-

ergy which may be added to the system is ultimately restricted by the thermal stresses

induced in the lasing medium as a result of thermal gradients. If the stresses exceed the

fracture limit of the lasing medium, it will mechanically fail. Even highly transmissive or

reflective media (lenses and mirrors) are susceptible to thermal aberrations, since the
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Fig. 4.1 The cases this chapter examines. The analysis makes use of an abstract heat source
Q(r, t) and probe beams. The heat source is separated into two categories, central and
annular. The annular case is further divided into two sub categories, the local action and
the global action. The local action refers to an examination of the thermal phase-only
within the annular region under heating, while the global action refers to the examination
of the thermal phase for the entire optic. The red circles indicate the location of the heat
source relative to the probe beam while the dotted black line indicates the circumference
of the optic. The central heat source is probed with an HG beam. The local action of the
annular source is probed with an LG beam. The global action of the annular source is
probed with both superpositions of LG and HG beams.

detrimental effects introduced to the beam are proportional to the gradient of the tem-

perature profile in the medium, not the absolute value [4.5;4.6;4.7;4.8]. Historically, reports

on thermal aberrations predominantly characterise the phase of the heated media under

idealised thermal conditions, such as steady state temperature profiles [4.8;4.9;4.10;4.11;4.12]

although general analytical thermal solutions have been published [4.13;4.14]. Since thermal

aberrations are typically dominated by a thermal lensing effect, the majority of research is

directed at this topic [4.12;4.14;4.15;4.16;4.17;4.18;4.19;4.20] with some more general examinations

available [4.9;4.21]. A review of thermal effects in laser cavities is presented in Ref. [4.22].

This chapter presents a versatile analytical description for the temperature profile u(r, t )

of a radially-symmetric medium undergoing heating, which leads to a complete character-

isation of the phase φ(r, t ) and the thermally-induced stress. These characterisations are

used to design beam structures which reduce deleterious thermal effects and so increase

brightness. Experimental exploration of the relationship between thermal effects and

beam structure has proved challenging, as explained in Sec. 1.3. This chapter contains
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what is believed to be the first demonstration of a fully configurable, low power physical

simulator for high-energy sources. Specifically, a Digital Micro-mirror Device (DMD) and

Computer Generated Holograms (CGHs) are used, foregoing the use of specific optics and

physical heat sources entirely. In doing so, a proof-of-principle is presented for an exper-

imental system capable of producing beams with properties identical to those yielded

by a wide variety of materials, heat sources and applications at a fraction of the cost and

complexity.

This chapter examines the thermal stress and thermal phase aberrations for a radially-

symmetric optic of radius R , using probe beams and an abstract optical heat source Q(r, t ).

The heat sources and corresponding probe beams are shown in Fig. 4.1. Specifically, two

categories of heat source, central and annular are considered, as shown in Fig. 4.1. First, a

centrally-positioned optical heat source Qc (r, t) is examined and is used to develop the

fundamentals of the approach. Specifically, a general characterisation of the temperature

of an optic under such heating (Sec. 4.1.1) is presented. This characterisation is used to

derive expressions for the phase (Sec. 4.1.2) and stress (Sec. 4.1.3) induced by this heating.

The effect of the thermal phase on an HG probe beam passing through the centre of the

optic is examined. Second, the effect of an annular heat source Qan(r, t) on the stress

(Sec. 4.2.1) experienced by an optic is explored. The thermal phase introduced by this

annular source is examined for two cases, the ‘local action’ (Sec. 4.5.1) and the ‘global

action’ (Sec. 4.5.2). The local action refers to an examination of the thermal phase-only

within the annular region under heating, while the global action refers to the examination

of the thermal phase for the entire optic. The important distinctions between the phase

descriptions in these cases is highlighted, particularly in their interpretation as physical

quantities, such as effective focal length. The local action is examined with LG probe

beams whilst the global action is probed using superpositions of both HG and LG beams.

HG and LG beams are used for the following reasons: they provide a beam which can be

easily configured to match the spatial structure of an applied heat source; their ubiquity

in the structured light field [4.23] makes them a good test case for a proof-of-principle

demonstration, and, as natural transverse modes of laser cavities [4.24;4.25] their exami-

nation here provides context for this work in terms of high-energy laser sources. Last, a

discussion elaborating upon the physical interpretation of the approach and the impact

of the findings on laser brightness is presented.
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4.1 A central heat source

4.1.1 The temperature profile u(r,t)

The temperature profile u(r, t) in polar coordinates for an optic undergoing heating is

given by the solution to the non-homogenous heat equation given by

∂u(r,θ, t )

∂t
−ϱ∇2u(r,θ, t ) =Q(r,θ, t ).

(4.1)

Recall ∇2 is the radial Laplacian given by

∇2 = ∂2

∂r 2
+ 1

r

∂

∂r
+ 1

r 2

∂2

∂θ2
. (4.2)

ϱ defines the thermal properties of the medium and is given by

ϱ= kT

ρcp
, (4.3)

where kT is the thermal conductivity, ρ is the density and cp is the specific heat capacity.

Units and quantities for these parameters are presented in Table 4.1. Q(r,θ, t ) is referred

to as the source term and can be expressed in terms of thermodynamic relationships as

Q(r,θ, t ) = ξνdu

d t
, (4.4)

with

du = dE

ρcp A
. (4.5)

Hence

Q(r,θ, t ) = ξν

ρcp

dE

Ad t
,

Q(r,θ, t ) = ξν

ρcp
I (r,θ, t ). (4.6)

Here, ξ is the absorption coefficient and ν is the fractional heat load. These constants to-

gether capture what fraction of the intensity I (r,θ, t ) of the illuminating beam is absorbed

by the optic as heat. To derive a time-dependent analytic solution to Eq. 4.1, the technique

of Eigen-function expansion is used. To begin, the Eigen-functions for Eq. 4.1 are found
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by solving the associated homogenous heat equation

∂u(r,θ, t )

∂t
−ϱ∇2u(r,θ, t ) = 0.

(4.7)

Employing separation of variables

u(r,θ, t ) = R(r )Θ(θ)T (t ).
(4.8)

Substituting Eq. 4.8 into Eq. 4.7, dividing by ϱR(r )Θ(θ)T (t) and multiplying by r 2 puts

Eq. 4.7 into seperated form

r 2

ϱT

∂T

∂t
= r 2

R

∂2R

∂r 2
+ r

R

∂R

∂r
+ 1

Θ

∂2Θ

∂θ2
.

(4.9)

Let
1

Θ

∂2Θ

∂θ2
=−n2,

(4.10)

hence
∂2Θ

∂θ2
+n2Θ= 0,

Θ(θ) = A cos(nθ)+B sin(nθ). (4.11)

Let
1

ϱT

∂T

∂t
=−µ2,

(4.12)

hence
∂T

∂t
=−ϱµ2T,

T (t ) =C exp(−ϱµ2t ). (4.13)

Together Eq. 4.10 and Eq. 4.12 give

r 2∂
2R

∂r 2
+ r

∂R

∂r
+ (r 2µ2 +n2)R = 0. (4.14)
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Equation 4.14 is the Bessel equation, the solution to which is a linear combination of

Bessel functions of the first and second kind

R(r ) = D J0(µr )+EY0(µr ). (4.15)

Applying the following boundary conditions

u(R, t ) = 0◦C , (4.16)

gives

R(r ) = D J0(µr ). (4.17)

For radially-symmetric problems, Eq. 4.11 may be neglected, reducing the solution of

Eq. 4.9 to

u(r, t ) =
∞∑

n=1
pn J0(µnr )exp(−∆t ). (4.18)

Here µn = ℵn/R, ℵn is the nth root of the 0th order Bessel function of the first kind J0.

R is the radius of the domain over which the solution applies and ∆ = ϱµ2
n . pn is the

initial temperature distribution at time t † < t derived using the orthogonality of the Bessel

function ∫ R

0
J0(µn)J0(µm)r dr = R2

2
δm,n[J1(ℵn)]2. (4.19)

δm,n is the Kronecker Delta. For t † = 0∫ R

0

∞∑
n=1

pn J0(µnr )r J0(µmr )dr =
∫ R

0
u(r,0)r J0(µm)dr,

pnR2

2
[J1(ℵn)]2 =

∫ R

0
u(r,0)r J0(µm)dr,

pn = 2

R2[J1(ℵn)]2

∫ R

0
u(r,0)r J0(µm)dr.

(4.20)

Hence the Eigen-function for this system is J0(µnr ). Assume the following form for the

solution to Q(r, t ).

Q(r, t ) =
∞∑

n=1
qnRn(r ). (4.21)

Replacing Rn(r ) with the Eigen-fuction

Q(r, t ) =
∞∑

n=1
qnJ0(µnr ). (4.22)
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Again, using Eq. 4.19 to isolate the function qn∫ R

0
Q(r, t )r J0(µnr )dr =

∫ R

0

∞∑
n=1

qnJ0(µnr )r J0(µmr )dr,∫ R

0
Q(r, t )r J0(µnr )dr = qn

R2

2
(J1(ℵn))2,

(4.23)

qn = 2

(RJ1(ℵn))2

∫ R

0
Q(r, t )r J0(µnr )dr. (4.24)

The solution u(r, t ) to Eq. 4.1 is assumed to have the form

u(r, t ) =
∞∑

n=1
an(t )Rn(r ). (4.25)

Substituting this form back into Eq. 4.1 gives

∂u

∂t
=

∞∑
n=1

∂an

∂t
Rn , (4.26)

and

∇2u =
∞∑

n=1
an∇2Rn . (4.27)

It should be noted that Eq. 4.27 implicitly assumes that the derivative of an infinite sum

is equivalent to the sum of its derivatives. This is generally true for partial differential

equations with homogeneous boundary conditions,

∞∑
n=1

∂an

∂t
Rn −ϱ(

∞∑
n=1

an∇2Rn) =Q(r, t ),

∞∑
n=1

∂an

∂t
Rn −ϱ(

∞∑
n=1

an∇2Rn) =
∞∑

n=1
qnRn(r ).

(4.28)

Since Rn(r ) is an Eigen-function it obeys the relationship

R
′′
n(r )+ 1

r
R

′
n(r )+µ2

nRn = 0. (4.29)
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Here the prime ′ indicates the derivative. Substituting gives

∞∑
n=1

∂an

∂t
Rn −ϱ(

∞∑
n=1

an(−(µn)2Rn)) =
∞∑

n=1
qnRn ,

∞∑
n=1

[Rn(
∂an

∂t
+ϱµ2

n an −qn)] = 0,

∞∑
n=1

[J0(µnr )(
∂an

∂t
+∆an −qn)] = 0.

(4.30)

Since J0(µnr ) ̸= 0 for all r , ∂an
∂t +∆an −qn = 0. This is now an ordinary differential equation.

Consider also the initial condition

u(r,0) = 0,
∞∑

n=1
an(0)Rn(r ) = 0,

∞∑
n=1

an(0)J0(µnr ) = 0.

(4.31)

thus

an(0) = 0. (4.32)

This yields
∂an

∂t
+∆an −qn = 0, (4.33)

with

an(0) = 0, (4.34)

∂an

∂t
= qn−∆an ,

∂an
∂t

qn −∆an
= 1,∫ ∂an

∂t

qn −∆an
d t =

∫
1d t ,

− log(qn −∆an)

∆
= t +C1,

− log(qn −∆an) = (t +C1)∆.

(4.35)

Therefore

an(t ) = [−exp(−∆t )+1]qn

∆
. (4.36)



4.1 A central heat source 93

For non-zero initial conditions where pn is non-trivial, Eq. 4.36 becomes

an(t ) = exp(−∆t ){[−1+exp(∆t )]qn +∆pn}

∆
. (4.37)

Thus finally

u(r, t ) =
∞∑

n=1

exp(−∆t ){[−1+exp(∆t )]qn +∆pn}

∆
J0(µnr ),

(4.38)

with

qn(t ) = 2

[RJ1(ℵn)]2

∫ R

0
Q(r, t )r J0(µnr )dr,

(4.39)

and

pn(t ) = 2

[R J1(ℵn)]2

∫ R

0
u(r, t †)r J0(µnr )dr,

(4.40)

for t † < t .

Equation 4.38 shows that when heat is no longer applied, the source term qn goes

Fig. 4.2 The spatial and temporal temperature profile of a Tm:YLF rod with a central quasi-
continuous uniform-intensity source, where each pulse lasts 0.01 s with a 0.09 s cooling
period. The raised panels at the boundaries of the surface plots show line plots of the on
axis temperature over time for the uniform-intensity source together with the structure of
the heat source (red dotted).
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to 0 and the solution reduces to the homogeneous heat equation (Eq. 4.18). Conversely, as

time under heating advances the impact of the initial temperature distribution pn falls

away as the source term comes to dominate the equation. Consider a centrally located

heat source Qc(r, t ) of waist ω0 with a uniform-intensity profile defined by

Qc(r, t ) =


ξν
ρcp

P̂
πω2

0
, for 0 ≤ r ≤ω0

0, otherwise

 .
(4.41)

For uniform-intensity central heat sources, Eq. 4.39 has the analytic solution

qn(t ) = 2

[RJ1(ℵn)]2

ξν

ρcp

P̂

πω2
0

ω0 J1(ω0µn)

µn
. (4.42)

Figure 4.2 illustrates the complete spatial and temporal solution given by Eq. 4.38 for a

quasi-continuous heat source with the form of Qc(r, t) illuminating a Tm:YLF rod. The

parameters used in the calculation are given in Table. 4.1 [4.26]. In Fig. 4.2 note the expo-

nential decay of the on axis temperature during the cooling period a result of the exp(−∆t )

component of Eq. 4.18. Throughout this chapter a Tm:YLF rod is used for the purposes

of illustration, but it could be replaced by any other material by modification of ϱ. Hav-

Table 4.1 Material constants used in the simulation for a Tm:YLF rod

Parameter Symbol Unit Value

Heat source radius ω0 m 470×10−6

Rod radius R m 1.5×10−3

Rod length l m 5×10−3

Absorption coefficient ξ m−1 143
Thermal conductivity kT W.m−1.K−1 7.2
Fractional heat load ν 0.33
Density ρ kg.m−1 3990
Specific heat capacity cp J.kg−1.K−1 790

Heat source power P̂ W 200

Refractive index per unit temperature ∂n′
∂u K−1 −66×10−7

Linear expansion coefficient γ̆ K−1 13×10−6

Young’s modulus Y GPa 75
Poisson’s ratio ν̆ 0.33
Fracture limit Mpa 40
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ing characterised the temperature profile in the optic, the thermal phase aberrations

(Sec. 4.1.2) and thermal stress (Sec. 4.1.3) introduced by this heating can be explored.

4.1.2 Thermal phase aberrations

The thermally-induced phase φ(r, t ) that is introduced to a radially-symmetric optic is

φ(r, t ) =φ0 +kl
∂n′

∂u
δu(r, t ). (4.43)

Here φ0 is a constant phase shift which may be ignored, k = 2π/λ, l is the depth of the

optic in z and ∂n′
∂u is the change in refractive index per unit temperature. If the perimeter

of the optic is held at a constant temperature of 0◦C (Eq 4.16), then the temperature

difference δu(r, t ) reduces to u(r, t ). Hence

φ(r, t ) = kl
∂n′

∂u
u(r, t ). (4.44)

It is clear from Eq. 4.44 that the phase introduced to the optic is wholly dependent on the

temperature distribution u(r, t). By inserting Eqs. 4.38, 4.39 and 4.40 back into Eq. 4.44

it is possible to fully determine the phase present in an optic when heated by a general

heat source for an arbitrary period of time. However, such a description lacks an intuitive

physical meaning. To address this, the phase φ(r, t ) is characterised in the basis of Zernike

polynomials [4.27]. The Zernike polynomials Zñ,m(r,θ) are a well known set of polynomials

defined by

Zñ,m̃(r,θ) =
Uñ,m̃(r )cos(m̃θ), forZñ,m̃(r,θ)

Uñ,m̃(r )sin(m̃θ), forZñ,−m̃(r,θ)

 ,
(4.45)

where Zñ,m̃ and Zñ,−m̃ are called the even and odd polynomials respectively. Additionally,

it is required m̃ ≤ ñ and ñ −|m̃| ∈ even number integers. The Zernike polynomials form

an orthogonal basis set over the unit disk r ∈ [0,1], θ ∈ [0,2π]. Uñ,m̃(r ) is called the radial

function and is given by

Uñ,m̃(r ) =
ñ−m̃

2∑
s=0

(−1)s(ñ − s)!

s!
( ñ+m̃

2 − s
)
!
( ñ−m̃

2 − s
)
!
r ñ−2s . (4.46)

For radially-symmetric problems Eq. 4.45 reduces to

Zñ,0(r,θ) =Uñ,0(r ), (4.47)
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with

Uñ,0(r ) =
ñ
2∑

s=0

(−1)s(ñ − s)!

s!
( ñ

2 − s
)
!
( ñ

2 − s
)
!
r ñ−2s . (4.48)

The Zernike polynomials are often used to characterise a phase φ(r, t) because the low

order polynomials correspond to intuitive optical transformations, such as lenses, thus

providing insight into the physical nature of φ(r, t ). The orthogonality of the functions is

used to decompose the phase given by Eq. 4.44 as

φ(r, t ) =
∞∑
ñ

Añ,0Uñ,0(r,θ), (4.49)

where

Añ,0 = 2(ñ +1)
∫ 1

0
kl
∂n′

∂u
u(Rr, t )rUñ,0(r,θ)dr. (4.50)

With Añ,0 being the coefficient of the ñth Zernike polynomial. Substituting Eq. 4.38 into

Eq. 4.50 gives

Añ,0 = 2(ñ +1)kl
∂n′

∂u

∞∑
n=1

{[−qn exp(−∆t )+qn +∆pn exp(−∆t )

∆

][
− ñ

2

Jñ+1(ℵn)

ℵn

]}
.

(4.51)
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Fig. 4.3 The values of the A2̃,0 and A4̃,0 Zernike coefficients over time. The insets show
the intensity (at the focal plane of a lens) and the aberrating phase φ(r, t) for: (a) The
unaberrated HG mode; (b) The A2̃,0 aberration on the HG mode; (c) The A4̃,0 aberration
on the HG mode, and (d) The cumulative effect of all Añ,0 coefficients.
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The effective focal length of the system described by Eq. 4.51 can be extracted using the

A2̃,0 coefficient as
1

f̃
=−2λA2̃,0

πR2
. (4.52)

Here R is the radius over which the polynomials are operating. Since Eq. 4.52 is derived

from a complete expression for the phase φ(r, t) it provides a flexible approach to char-

acterising the focal length. Consider a Tm:YLF rod heated by a centrally-positioned heat

source of uniform-intensity. Figure 4.3 plots the values for the dominant A2̃,0 and A4̃,0

coefficients over time. The insets show the effect of each aberration individually as well as

their combined effect on an HG beam of index m = n = 2 at the focal plane of a lens. Fig-

ure 4.3 reveals two important aspects of thermal aberrations. First, as the rod approaches

a steady state temperature profile, the coefficient values become constant. Second and

crucially, higher-order aberrations which may have small coefficients can nevertheless

have a significant impact on beam quality, especially for non-radially-symmetric modes.

By maintaining generality in the description of the temperature profile u(r, t ) in a medium

and coupling this to a phase φ(r, t ) expressed in the basis of Radial Zernike polynomials,

a physically interpretable description of thermal aberrations can be realised for many

media and modes, under a range of heating conditions.

4.1.3 Stress resulting from a central heat source

Consider a radially-symmetric optic of radius R through which a radially-symmetric

high-intensity beam is passing. Assume that the length of the element is significantly

greater than its radius, so that the axial stress may be neglected [4.28;4.29]. The radial σr and

tangential σθ stresses can be formulated as

σr = γ̆Y

1− ν̆
[ 1

R2

∫ R

0
u(r, t )r dr − 1

r 2

∫ r

0
u(ŕ , t )ŕ d ŕ

]
,

σθ =
γ̆Y

1− ν̆
[ 1

R2

∫ R

0
u(r, t )r dr + 1

r 2

∫ r

0
u(ŕ , t )ŕ d ŕ −u(r, t )

]
. (4.53)

Here ŕ is dummy variable for the radial position, γ̆ is the linear expansion coefficient, Y

is Young’s modulus and ν̆ is Poisson’s ratio. In the case of thin disks instead of rods, the

formulation remains valid, with a change in prefactor γ̆Y
1−ν̆ → γ̆Y . These equations predict
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the fracture of an optical element when formulated as the stress intensity [4.26]

σ(r, t ) = |σθ−σr |.
(4.54)

Substituting Eq. 4.38 into Eq. 4.53 gives∫ R

0
u(r )r dr =

∫ R

0

∞∑
n=1

{
[−exp(−∆t )+1]qn

∆
J0(µnr )+exp(−∆t )pnJ0(µnr )

}
r dr. (4.55)

Assuming the sum and the integral are interchangeable∫ R

0
u(r )r dr =

∞∑
n=1

{
[−exp(−∆t )+1]qn

∆

∫ R

0
J0(µnr )r dr +exp(−∆t )pn

∫ R

0
J0(µnr )

}
r dr.

(4.56)

Using the integral property of Bessel functions,∫ a

0
xJ0(x)d x = aJ1(a). (4.57)

Using variable substitution, Let

µnr = x,

dr = d x

µn
.

(4.58)

For

r = R,

x =µnR,

=ℵn ,∫ R

0
u(r )r dr =

∞∑
n=1

{
[−exp(−∆t )+1]qn

∆

∫ R

0
J0(µnr )r dr +exp(−∆t )pn

∫ R

0
J0(µnr )

}
r dr,

(4.59)

becomes∫ R

0
u(r )r dr =

∞∑
n=1

{
[−exp(−∆t )+1]qn

∆

∫ ℵn

0
J0(x)

x

µn

d x

µn
+exp(−∆t )pn

∫ ℵn

0
J0(x)

x

µn

d x

µn

}
.

(4.60)



4.1 A central heat source 99

Using equation 4.57∫ R

0
u(r )r dr =

∞∑
n=1

{
[−exp(−∆t )+1]qn

∆

[
1

µ2
n
ℵnJ1(ℵn)

]
+exp(−∆t )pn

[
1

µ2
n
ℵnJ1(ℵn)

]}
,∫ R

0
u(r )r dr =

∞∑
n=1

{[
R2

ℵn
J1(ℵn)

][−exp(−∆t )qn +qn

∆
+exp(−∆t )pn

]}
.

(4.61)

Performing an identical operation with a dummy variable ŕ , it is found∫ r

0
u(ŕ )ŕ d ŕ =

∞∑
n=1

{[ R

ℵn
r J1(µnr )

][−exp(−∆t )qn +qn

∆
+exp(−∆t )pn

]}
.

(4.62)

For the temperature function u(r, t ) where the source Q(r, t ) = 0. Equations 4.61 and 4.62

reduce to ∫ R

0
u(r )r dr =

∞∑
n=1

[
R2

ℵn
J1(ℵn)exp(−∆t )pn

]
, (4.63)

and ∫ r

0
u(ŕ )ŕ d ŕ =

∞∑
n=1

[
R

ℵn
r J1(µnr )exp(−∆t )pn

]
.

(4.64)

Thus for Q ̸= 0 the stress is

σ(t ) =
∣∣∣∣ γ̆Y

1− ν̆
{

2

r

∞∑
n=1

[−qn exp(−∆t )+qn +∆pn(n)exp(−∆t )

∆

] R

ℵn
J1(µnr )−u(r )

}∣∣∣∣ .

(4.65)

For Q = 0

σ(t ) =
∣∣∣∣ γ̆Y

1− ν̆
{

2

r

∞∑
n=1

[
pn(n)exp(−∆t )

] R

ℵn
J1(µnr )−u(r )

}∣∣∣∣ .
(4.66)

As with the description of the thermal phase aberrations (Sec. 4.1.2), by making use of the

general temperature characterisation u(r, t ) it is possible to formulate a description of the

stress which can be realised for many media under diverse heating conditions.
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4.2 An annular heat source

This section explores how an annularly-structured heat source is capable of reducing

both the mechanical stress and thermal aberrations induced in a heated optic. Recall the

source term qn(t ) from Eq. 4.39. By structuring the radial component of the heat source

Q(r, t) to have its maximum value at the point where the Bessel function J0(µnr ) has its

minimum value, the total value of the integral can be minimised. Physically, this means

that by replacing a central heat source with an annular heat source, the intensity I (r, t)

can be maintained whilst reducing the magnitude of the qn(r, t ) factor. Hence, the effects

which are proportional to this factor are diminished, corresponding to a reduction in the

global thermal gradient across the optic, reducing both the mechanical stress and thermal

aberrations. An annular heat source Qan(r, t ) with outer boundary ω is defined as

Qan(r, t ) =


ξν
ρcp

P̂
πω2

0
, for

√
ω2 −ω2

0 ≤ r ≤ω
0, otherwise

 .
(4.67)

This definition ensures∫ 2π

0

∫ R

0
Qc(r, t )dr dθ =

∫ 2π

0

∫ R

0
Q(r, t )andr dθ. (4.68)

By satisfying Eq. 4.68 the annular heat source delivers the same total energy as the central

heat source whilst also maintaining the same intensity. For Eq. 4.67, qn(t ) is

qn(t ) = 2

[RJ1(ℵn)]2

ξν

ρcp

P̂

πω2
0

−
√
ω2 −ω2

0 J1

(
µn

√
ω2 −ω2

0

)
+ωJ1

(
ωµn

)
µn

 . (4.69)

4.2.1 Annular sources and stress

Consider the role of qn (Eq. 4.39) in the stress σ(r, t ) described in Eq. 4.65. This expression

is the product of a magnitude in the source and initial terms qn , pn , and a spatial geometry

in the Bessel function J1. Consequently, minimising the qn contribution by changing to

an annular source reduces the stress on the optical element. Figure 4.4 compares the

stress experienced by a rod when heated with central and annular sources. As the rod

heats the stress increases. If heated continuously by a central source Qc(r, t ) of uniform-

intensity the stress quickly exceeds the 40 MPa fracture limit, damaging the rod. This

would necessitate the use of either a quasi-continuous or lower energy heat source. By
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Fig. 4.4 The stress experienced by a rod when heated by a central (red dashed) and annular
(solid red) source. The insets show: the temperature profile of the rod at 0.25 s and 0.75 s;
the concentric circles indicate the boundary of the rod and the location of the heat source;
and the line plots show the radial stress profile.

comparison, an annular heat source Qan(r, t ) of the same intensity having ω= 0.95×R is

able to keep the stress below the fracture limit, even with continuous heating. This is a

result which could not be achieved using corrective or adaptive optical systems, which

only operate on phase.

4.2.2 The local action

As with the stress formulation (Sec. 4.1.3), the thermal aberrations described by Eq. 4.51

take the form of a factor qn(t) and a Bessel function. Hence, by reducing qn(t), the

magnitude of the temperature profile and, by extension, the coefficients of the Zernike

polynomials and the associated thermal aberrations can be reduced. This is the case

depicted in Fig. 4.5 for a central source of uniform-intensity Qc(r, t), an annular source

Qan(r, t) with ω = 0.5×R and an annular source Qan(r, t) with ω = 0.8×R. As the heat

source changes from the central case examined in section 4.1 to an annular case, the

temperature profile across the surface not only reduces in overall magnitude, but also
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Fig. 4.5 The temperature u(r, t ) and phase φ(r, t ) profiles for a rod in an annular heating
regime. As the source approaches an annular ring at the radius of the rod, an area of
constant phase develops in the centre of the rod, reducing aberrations.

in global gradient, thus reducing the total aberration. This can be seen clearly in the

emergence of a circular region of constant phase addition bounded by the annular heat

R0

0 1

𝜀 1

Global curvature

Annular curvature

Annular polynomials

Radial polynomials
a b

Fig. 4.6 A convergent lens embedded in the centre of a divergent lens. The global curvature
over the radius for which the Radial Zernike polynomials are defined is flat. The annular
region [ϵ,1] over which the Annular Zernike polynomials are defined retains its local
curvature.
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source. At this point, a critical distinction must be made between the global phase of the

optic and the phase which exists only within the local annular region illuminated by the

probe beam. A simple case of this distinction is shown in Fig. 4.6 in which a convergent

lens is embedded in the centre of a divergent lens. The global radius of curvature for such

a surface could be flat, A2,0 = 0, meaning the A2,0 coefficient would no longer intuitively

capture the physical behaviour of the optic. A solution can be found in the Annular Zernike

polynomials and their coefficients An̂,0. The Annular polynomials are closely related to

the Radial polynomials and are defined over the unit annulus as

φ(r, t ) =
∞∑
n̂

An̂,0Un̂,0(r,θ), (4.70)

where

An̂,0 = 2(n̂ +1)

(
1

1−ϵ2

)∫ 1

ϵ
kl
∂n′

∂u
u(Rr, t )rUn̂,0(r,θ)dr, (4.71)

with

Un̂,0(r,θ) =Uñ,0

√
r 2 −ϵ2

1−ϵ2

 ,θ

 . (4.72)

Again, substitution of the temperature profile u(r, t ) (Eq. 4.38) gives

An̂,0 = 2(n̂ +1)

(
1

1−ϵ2

)
kl
∂n′

∂u

∞∑
n=1

{[−qn exp(−∆t )+qn +∆pn exp(−∆t )

∆

]
[∫ 1

ϵ
J0(µnbr )Un̂,0(r,θ)r dr

]}
.

(4.73)

ϵ is referred to as the occlusion ratio defined by

ϵ= a

b
. (4.74)

Here a and b are the inner and outer boundaries of the annulus in a non-normalised

coordinate system. In the limit a → 0 the Annular polynomials reduce to the Radial

polynomials over the unit disk [0,b]. The Annular polynomials allow for the physically

significant description of the local action of an annular source.

Figure 4.7 displays the local action of an annular heat source as the heat source is moved

towards the radius R. To visualise this effect, Laguerre-Gaussian beams which have been

matched to the radial position of the heat source are used. The top row of the figure

displays the intensities of the input beams. The middle row displays the aberrating phase

derived from Eq. 4.73. The bottom row displays the aberrated input beams at the focal
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Fig. 4.7 (a),(b) and (c), input LG beams spatially matched to annular heat sources with an
outer boundary at ω= 0.3×, 0.5×, and 0.83×R of a rod. (d),(e) and (f), the phase profiles
associated with the heat sources as described by the Annular Zernike polynomials. (g),(h)
and (i), the intensities of the aberatted input beams at the focal plane of a lens, the inset
line plots show the unaberrated and aberrated profiles as black dashed and orange solid
lines respectively. Note that the output beams have been independently normalised to aid
in the visualisation.

plane of a lens. The figure is calculated using both the same rod and total incident energy

as Sec. 4.1.2.

Figure 4.7 illustrates two key findings when considering annular sources. First, pan-

els (b), (e) and (h) show that when using an annular source, careful consideration must be

given as to whether the region of interest is within the zone of constant phase which forms

when using the Radial polynomials (Fig. 4.5) or if it is contained within the annular source

itself, in which case the beam may still be highly aberrated. Second, panels (f) and (i) show
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that even when considering an annular region of interest, aberrations are reduced as the

heat source approaches an annular ring at the radius. In Fig. 4.7 this is illustrated by the

overlap between the profiles of the aberrated and unaberrated beams. When the annular

region is near the centre, the input beam is significantly enlarged both in total diameter

and waist, while also exhibiting concentric rings. As the annular region moves outwards,

the concentric rings diminish and a bright correctly-sized ring emerges. This is because

the Annular polynomials (Eq. 4.73) share the same magnitude and spatial structure as

the Radial polynomials (Eq. 4.51). Thus, by reducing the contribution of the qn(t ) terms

with a structured heat source, the effect of the aberrations is reduced. As with the Radial

polynomials description from Sec. 4.1.2 it is possible to extract an effective focal length

from the phase characterisation. The effective focal length is related to the coefficient of

the A2̂,0 annular polynomial by

1

f̂
=− 6λA2̂,0

πb2(ϵ2 −1)2
. (4.75)

Hence use of the Annular Zernike polynomials always allows the phase φ(r, t) to be de-

scribed in a physically intuitive manner for annular cases.

4.2.3 The global action

By combining the observations made so far, it is possible to examine cases in which the

area of the optic under heating is not the same as the area through which the probe beam

is propagating. Figure 4.8 shows the effect of passing both a super-position of HG and

LG beams through a rod heated by an annular source. The annular source has an outer

boundary at ω= 0.86×R. The waists of the beams were chosen such that they fell within

the area of constant phase created by the annular source. At the focal plane of a lens

the beams are resized, but are otherwise without aberration. This result demonstrates

that by changing to an annular heat source the aberrations induced in a medium can be

effectively mitigated.
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Fig. 4.8 (a) and (b), the aberrating phase φ(r, t ) and corresponding temperature u(r, t ) for
a heat source with ω= 0.86×R . The outermost black dashed circle indicates the radius of
the rod. The annular heat source is indicated by the two innermost red circles. (c) and
(e), the super-positions of HG and LG beams respectively. (d) and (f) the intensities of the
beams at the focal plane of a lens. The inset line plots show the unaberrated and aberrated
profiles as black dashed and orange solid lines respectively.

4.3 Experimental setup

To verify the approach described mathematically above, the experimental setup depicted

in Fig. 4.9 was constructed. A TI 3000 DMD was used to physically simulate a heated

optical element. The system is analogous to an old film projector. By displaying an ordered

series of holograms where each hologram captures the temperature profile of the optic,

beams with a phaseΩ(x, y) and amplitude profile A(x, y) were created as though they had

been produced by a high-energy source. A camera then measured these beams at the
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Fig. 4.9 The experimental setup shown conceptually. The DMD was used as though it
was an old film projector, i.e. dynamically simulating the heated optic by displaying an
ordered set of holograms corresponding to the temperature profile of the optic. Each
hologram encodes an amplitude A(x, y) and a phase, where the total phaseΩ(x, y) is made
up of three components: the phase inherent to the desired mode ϕ(x, y); the phase of the
thermal aberration φ(r, t), and the corrective phase accounting for the deformations to
the DMD ψ(x, y). A well expanded and collimated beam from a HeNe source was incident
on the DMD. The beams created by the holograms were recorded at the focal plane of a
lens by a camera.
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Fig. 4.10 The self action of a central heat source on an HG beam over time. The upper
insets show the temperature u(r, t ) of the modelled rod and the aberrating phase φ(r, t )
of the hologram. The main panels show the measured beam at four points in time, (a)
at t = 0, (b) at t = 3, (c) at t = 6, and (d) at t = 10 ms respectively. The line plots show the
profiles of the simulated beam and the measured beams as black dashed and orange solid
lines respectively.

focal plane of a lens f 1, where the phase would effect the intensity. Thus by changing the

holograms, a setup of this type can be easily configured to produce beams which provided

a physical simulacrum to a system experiencing thermal aberrations. Each hologram

encoded an amplitude A(x, y) and a phase, where the total phase Ω(x, y) was made up

of three components: the phase inherent to the desired mode ϕ(x, y); the phase of the

thermal aberration φ(r, t); and the corrective phase accounting for the deformations to

the DMD ψ(x, y). The holograms were created using the approach covered in Sec. 1.1.2,

while the DMD was implemented according to the guidelines presented in Chp. 2.

4.4 Results for a central source

Here the effect of heating a Tm:YLF rod with a centrally-positioned heat source Qc(r, t)

of uniform-intensity is modelled. An HG beam of index m = n = 2 and waist 3.5×10−4 m

having the appropriate thermally-induced aberration φ(r, t ) was created and measured by

the experimental setup in Fig. 4.9. The thermal aberrations were calculated using the first

100 even Radial Zernike polynomials. For this case, the degradation of the beam over time

was monitored. The rod was heated for 10 ms to mimic a physically meaningful system

in which the thermal load would not result in damage to the rod [4.26]. Figure 4.10 shows

the measured beam and corresponding phase and temperature profiles at four selected
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points in time. At t = 0 the modelled rod has a uniform initial temperature distribution

and so applies no phase to the beam. Consequently, the measured beam is unaberrated.

As the rod heats it takes on a non-uniform temperature distribution, introducing thermal

aberrations dominated by a defocus and a primary spherical aberration. These aberrations

enlarge the total area of the beam and completely degrade its structure. The results

presented in Fig. 4.10 were selected from a continuous set of measurements spanning the

10 ms heating time.

4.5 Results for an annular source

4.5.1 The local action

The local action of an annular heat source was observed using an LG beam spatially

matched to a source which had the same parameters as those given in Sec. 4.4. The LG

beam had a waist of 2.5×10−4 m and was matched to the annular source by adjusting its

azimuthal index ℓ. The aberrating phaseφ(r, t ) imparted to the beam was calculated using

the first 100 even Annular Zernike polynomials. Figure 4.11 shows the measured beam

and corresponding aberrating phase φ(r, t) and temperature u(r, t) distributions for an

annular source with its outer edge at four equally-spaced positions. The measurement at

ω= 0.31×R corresponds to the minimum size of an annular source due to its finite width

as given in Table. 4.1. Here, the expansion of the heat source towards the radius was limited

by the finite waist of the corresponding LG beam. Beyond ω= 0.81×R, the outer edges of

the LG beam were no longer contained within the radius of the rod. The temperature insets

in Fig. 4.11 show that as the annular heat source moved towards the radius of the modelled

rod, an area of uniform temperature distribution formed within the area encompassed

by the annulus. However, aberration is still present within the heated annular region.

When the heat source was near the centre of the rod, a defocus and a primary spherical

aberration were dominant. These resulted in both an enlargement of the beam as a

whole, and a broadening of its ring structure. This is seen by the large size discrepancy

between the profile of the measured beam and the profile of an unaberrated beam shown

in panel (a) of Fig. 4.11. As the annular source moved outwards, more complex aberrations

created concentric rings of decreasing intensity around a central high-intensity ring. Most

importantly, with the annular ring near the radius of the modelled rod, the aberrations

were reduced as a consequence of the reduced temperature gradient in the rod. The result

was a reduction in the prevalence of the concentric rings, allowing the inner-most ring

to approach the correct size and intensity for an unaberrated beam. The reduction in
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Fig. 4.11 The self action of an annular heat source on an LG beam. The upper insets show
the temperature of the rod u(r, t) and aberrating phase φ(r, t) of the hologram. Panels
(a) through (d) show the measured beams for an annular source with its outer edge at
ω= 0.31×, ω= 0.47×, ω= 0.64× and ω= 0.81×R respectively. The insets in these panels
show the input beams. The line plots show the profiles of an unaberrated beam and the
measured beams as black dashed and orange solid lines respectively. Panel (e) shows the
correlation between the measured beam and the simulation of an unaberrated beam as a
function of heat source position. The red dashed line indicates the line of best fit for the
experimental data with the shaded region indicating the 95% confidence interval. The
blue solid line is the theoretical prediction.

the strength of the aberrations was quantified by calculating the correlation between the

measured beam and an unaberrated beam. Figure 4.11 panel (e) shows this quantity

as a function of the position of the outer edge of the heat source. As the heat source

moved outwards, the correlation increased from less than 20% to in excess of 80%. This

result confirms that even when considering a beam which is spatially coincident with

a heated annular region, the thermally-induced aberrations are reduced as the heated

region approaches the radius.

4.5.2 The global action

To test the global action, beams were passed through the centre of the rod while an annular

heat source moved outwards from the centre to the radius. To quantify the reduction in
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Fig. 4.12 The intensity through an aperture for a Gaussian beam passing through the
modelled rod: over time on the left, and as the annular source moves outward on the
right. The red dashed line indicates the line of best fit for the experimental data with the
shaded region indicating the 95% confidence interval. The blue solid line is the theoretical
prediction. The panels (a) through (d) show the measured beams at the positions indicated
by the arrows with the corresponding temperature u(r, t) and aberrating phase φ(r, t)
profiles shown below. Note that each measured beam has been independently normalised
to aid in visualisation.

thermal aberrations for a realistic physical system, the loss in intensity of an aberrated

Gaussian beam of waist 3.5×10−4 m passing through an aperture at the focal plane was

measured. The aperture was sized at 1/e2 the width of an unaberrated beam. The total

intensity transmitted through this aperture was then measured, effectively performing a

D86 measurement [4.30;4.31;4.32]. Two measurements were taken. First, to provide a baseline,

the same parameters as in Sec. 4.4 were used. As heating occurred, the Gaussian beam

passing through the centre of the modelled rod became aberrated and was partially

occluded by the aperture, with the corresponding loss in intensity recorded. Second, the

same system was fixed at a time of t = 10 ms and the increase in intensity measured as an

annular heat source moved outwards towards the radius. The left-hand side of Fig. 4.12

shows that under realistic circumstances, a Gaussian beam passing through a centrally

heated Tm:YLF rod may experience as much as a 75% reduction in aperture transmission



112 Structured light and thermal effects

at the focal plane. This is due to the thermally-induced defocus aberration, the effect

of which is clear when comparing the sizes of the beams in panels (a) and (b). This

degradation is significant, especially in industrial and defence applications, as explained

in the introduction. The right-hand side of Fig 4.12 shows how as the annular source

moved outwards, the aperture transmission increased. The plot depicts the increase

in transmission against the position of the outer edge of the heat source as a fraction

of the radius. An annular source initially resulted in a reduction in the transmission.

This occurred when the annular source was sufficiently near the centre of the rod for

the Gaussian beam to overlap with it, resulting in the formation of concentric rings

which can be seen in panel (c). These concentric rings moved energy radially outwards

resulting in an overall decrease in transmitted intensity. As the annular heat source was

moved further outwards, the Gaussian beam was contained entirely within the region

of constant phase. Once within this region the beam was unaberrated, thus the relative

transmission increased to a value of ≈ 1. This region of constant phase bounded by

HG LG

Temperature (℃)
(a) (b)

(c) (d)

Phase 𝝓(𝒓, 𝒕)

Fig. 4.13 The global action of an annular source on superpositions of HG (c) and LG (d)
beams. (a) the temperature u(r, t ) of the rod for an annular heat source at its radius. (b)
the aberrating phase φ(r, t) of the hologram. The insets in (c) and (d) show the input
beams. The line plots show the profiles of unaberrated beams and the measured beams as
black dashed and orange solid lines respectively.
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the heat source reduces aberrations for all beam types, not only Gaussians. Figure 4.13

shows the temperature u(r, t) of the rod for an annular source at the radius with the

corresponding aberrating phase φ(r, t) calculated by the Radial Zernike polynomials.

Additionally, the figure shows the effect of this phase on superpositions of HG and LG

modes. The high degree of overlap between the profiles of the measured results and

the theoretical prediction for an unaberrated beam indicates that even modes which are

highly structured can pass undisturbed through the centre of an annular heat source.

4.6 Discussion

When interpreting the thermally-induced phaseφ(r, t ) of a system, characterisations using

easily conceptualised quantities, e.g. effective focal length, are more useful than purely

mathematical descriptions, even when both are technically valid. For instance, in the case

of an annular heat source, the phase φ(r, t) is defined everywhere on the surface of an

optic as a consequence of the temperature u(r, t ) being defined everywhere. Hence, the

Radial polynomials are always a valid mathematical description of the phase. However,

it is the aberration experienced by a beam, not the global phase distribution, which is

of interest. In other words, while the Radial polynomials are mathematically valid, the

Annular polynomials provide a more physical description. Further, using the Zernike basis

allows the reduction in the strength of the aberrations as the source changes to an annulus

to be quantified. The variance of the aberrating phase ζ captures the total magnitude of

the aberrations. The variance ζ for the Radial polynomials is calculated,

ζ̃=
∞∑
ñ

(
Añ,0

)2

ñ +1
. (4.76)

For the Annular polynomials the variance is

ζ̂=
∞∑
n̂

[
(1−ϵ2)

(
An̂,0

)2

n̂ +1

]
− (1−ϵ2)2. (4.77)

Figure 4.14(a) and 4.14(d) plot the reduction in the total magnitude of the aberration as

the outer boundary of the heat source approaches the radius of the rod for the Radial and

Annular polynomials respectively. The panels 4.14(b) and (c) show the phase as described

by the Radial polynomials corresponding to the points on the graph indicated by the

arrows. The panels 4.14(e) and (f) show the same for the Annular polynomials. As the

heat source moves outwards the total aberration strength decays asymptotically in both
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Fig. 4.14 The relationship between total aberration strength calculated as wavefront vari-
ance ζ and the outer boundary of the heat source for the Radial (a) and Annular (d) Zernike
polynomials respectively. The phase panels (b), (c), (e) and (f) show the phase aberration
in each basis at the points indicated by the arrows. ω0 represents the minimum outer
boundary for a heat source of width ω0.

bases. The specific values of the radial and annular variances cannot be directly compared,

since the polynomials to which they are attached differ. This is clearly illustrated in the

phase panels of Fig. 4.14 where the Radial polynomials are shown to always be defined
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over the entire surface, while the Annular polynomials are confined to a ring. Hence a

smaller magnitude for an annular coefficient in comparison to a corresponding radial

one for the same source does not automatically correspond to a less aberrated beam.

Figure 4.14 illustrates that, it is not the description of the phase φ(r, t ) in an annular basis

which reduces aberrations, but the minimisation of the source term qn by moving the

heat source radially outwards.

4.6.1 Effects on brightness

The analysis presented thus far has worked with an abstract optical heat source Q(r, t).

In the context of end-pumped solid-state lasers, the optical heat source takes the form

of the pump beam for the laser. Section. 4.2.1 makes clear that by transitioning to an

annular pump, input energies could be increased thanks to the reduction in the thermally-

induced stress. Further, while it has been observed that annular pumping reduces thermal

stress [4.33] as well as the thermal aberrations in the centre of an optic [4.34;4.35] it is not

widely understood that the aberrations within the annular region are also reduced. The

characteristics of annular pumps suggest that lasers which natively produce annular

beams [4.36;4.37] have the possibility to operate at very high pump energies whilst not

experiencing significant aberrations. Additionally, because the aberrating phase which

is present within the annular region can be calculated explicitly using Eq. 4.73, all of

the existing techniques using phase-only adaptive or corrective optics could be applied,

yielding practically aberration-free high-energy beams. However, these beams are not in

and of themselves sufficient to improve laser brightness because of the reduction in M 2

associated with using annular beams. It is here where the approach presented in Chp. 3

can be applied. The ability to losslessly transform an annular beam into a Gaussian beam

means that the initial power density P of the beam can be maximised using an annular

pump beam and lasing mode before it is transformed to a Gaussian, reducing its M 2.

For a lasing system which employs both a structured pump and lossless reshaping the

brightness enhancement η can be formulated as

η= (M 2
0 )2 P1

P0
. (4.78)

Here M 2
0 is the M 2 of the annular beam, P1 and P0 are the power densities of the system

for an annular and central pump respectively. If both systems produce a Gaussian beam
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of the same area and solid angle divergence then Eq. 4.78 reduces to

η= (M 2
0 )2 P̂1

P̂0
, (4.79)

where P̂1 and P̂0 are the maximum pump powers which can be used without damaging

the gain medium. Consider a Tm:YLF rod, for a central pump and 10 ms of heating

the maximum energy which can be added is P̂0 = 290 W. For an annular pump with

ω= 0.83×R as used in Sec. 4.2.2 this number is P̂1 = 550 W. Further, to match the annular

pump withω= 0.83×R used in Sec. 4.2.2 an LG beam with ℓ= 73 was used. The M 2 of this

LG beam can be derived from the equation given in Table. 1.1. Hence, the total brightness

enhancement for a system using both a structured pump and lossless reshaping could be

η= [2(0)+|73|+1]2 550

290
,

η> 104.
(4.80)

This represents a four order of magnitude increase in brightness and validates the principle

aim of this work. That is to say, by employing the tools of structured light, the brightness

of laser systems can be increased in a meaningful way.

4.7 Summary of chapter 4

This chapter characterised the temperature profile for a radially-symmetric optic using

the Eigen-function expansion. From this characterisation expressions for the thermally-

induced stress and phase aberrations were formulated. The generality of these expressions

was exploited to demonstrate how a heat source having an annular structure reduces

both thermal aberrations and thermal stress in all cases. A thorough analysis of the

phase experienced by Hermite-Gaussian and Laguerre-Gaussian probe beams using both

the Radial and Annular Zernike polynomial bases was given. An experimental physical

simulator of these phenomena, built around a DMD was demonstrated. This system

allowed for the experimental exploration of the theory, in this case for a Tm:YLF rod,

though the approach and solutions are flexible enough to apply to many other cases. The

fidelity of the probe beams was measured. In the case of an LG beam, the use of an annular

source improved the beam fidelity from less than 20% to in excess of 80%, whilst in the

case of a focused Gaussian beam or the superpositions of HG and LG beams, the thermal

phase aberrations were removed completely. These results corroborate the findings of

the theory that is, changing to an annular heat source generally reduces thermal phase
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aberrations and stress for radially-symmetric optical systems. Finally, a discussion on the

physical interpretation of the theory in terms of physical quantities was provided. This

discussion also explored the effect of a structured heat source on brightness, where it was

found that if the heat source is a pump beam and the findings of Chp. 3 are implemented,

the brightness can be enhanced by four orders of magnitude. This result confirms the

principle objective of the dissertation as a whole.
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Chapter 5

Conclusion

This work aimed to demonstrate that the theoretical and experimental tools of structured

light can be used to increase laser brightness. This objective was explored in three topics.

First, the relationship between the structure of a beam, its M 2 and its brightness was

examined. By making use of lossless phase-only reshaping implemented with LCoS

SLMs, a general method for converting one mode of structured light to another was

presented. Experimental results which showed the conversion of a Gaussian beam to a

non-propagation invariant beam were presented, showing the efficacy of the technique.

The technique was then reversed, converting a structured beam back into a Gaussian

beam. The experimental results from this reverse process confirmed that a beam with a

high initial M 2
0 could be losslessly converted back to a Gaussian (M 2 = 1), resulting in a

brightness enhancement of η= (
M 2

0

)2
. For the cases investigated, the enhancement was

about 30 fold.

Second, the relationship between structured light, deleterious thermal effects and bright-

ness was considered. The temperature profile of a radially-symmetric optic was char-

acterised using the Eigen-function expansion solution which was then used to derive

expressions for the thermally-induced phase aberrations and thermally-induced stress.

The effect of the thermal phase aberrations on HG and LG probe beams was examined. It

was shown that an annularly-structured heat source resulted in a reduction in both the

thermal phase aberrations and thermal stress. In the context of solid state lasers where the

heat source is the pump beam, the reduction in thermal stress allows more energy to be

added to the lasing system. Crucially, by implementing the findings described above, that

lossless transformations allow brightness enhancement (Chp. 3), the increase in energy

can be exploited to increase the power density without reducing the beam quality factor,
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yielding a four order of magnitude enhancement in brightness.

Third, by making use of a DMD, a fully configurable low power experimental simula-

tor for high-energy laser sources was demonstrated. To ensure the proper implementation

of the DMD its diffractive optical properties were examined (Chp. 2) and characterised.

The ambiguity around whether a DMD is a blazed grating or not was resolved. The DMD

was more accurately recharacterised as a modified binary amplitude grating. This ex-

amination showed that the diffractive efficiency could be enhanced by 20% by using an

incident angle of π/15 rad . Additionally, a number of techniques were demonstrated to

ensure the generation of beams with the desired amplitude and phase profiles. These find-

ings were implemented in Chp. 4 to experimentally demonstrate the relationship between

structured light and thermal phase aberrations. This result confirms that the experimental

tools of structured light can be used to explore laser brightness and significantly simplify

the development of high brightness sources.

Thus, it is concluded that structured light can be used to enhance laser brightness directly,

as well as accelerate the development of high brightness lasers.

Experimental verification of the work presented here based on the construction of an

annularly pumped, losslessly-reshaped laser operating at high powers, is intended for

future work. Further, the work presented here could be extended to several different

topics. For instance, it has been shown experimentally that two phase only elements of

the type described in Chp. 3 can be used within a laser cavity to manipulate the transverse

structure of the lasing modes. This allows the mode to have different spatial profiles at

different ends of the lasing cavity. Hence, a lasing system could operate with an annular

mode at the gain end of the cavity to exploit the advantages of annular pumping while still

producing a Gaussian output. Additionally, it is known that laser systems which produce

vector beams suffer thermally-induced polarisation aberrations where the temperature

gradients within the optical media create inhomogeneous birefringence. By extending the

analysis presented in Chp. 4 it may be possible to structure a beam or pump in such a way

that it reduces these birefringent aberrations furthering the development of high energy

vector beams directly from laser sources.
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