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Abstract. The following version of the Lumer—Phillips Theorem is proved:
a surjective dissipative operator is m-dissipative and invertible. This
result remains true if dissipative linear relations (i.e. multivalued op-
erators) are considered. The main purpose of this article is to study
relations which generate semigroups. We consider m-dissipative rela-
tions and also the holomorphic estimate for relations. Such relations are
very useful if domain perturbations for the Laplacian are studied.
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1. Introduction

Multivalued operators occur naturally in many subjects of analysis. For ex-
ample, in the theory of non-linear semigroups they are commonly used (see
[12], [21, IV.1]); they are a central object in viability theory [10], and, last but
not least, the theory of selfadjoint multivalued operators and boundary value
problems has been developed to a far extent. For a recent comprehensive
presentation we refer to the monograph by Behrndt, Hassi and de Snoo [11].
Concerning older contributions we refer to the seminal paper [9] by Arens
and the book [14] by Cross.

The terminology used in the literature is not uniform. We follow the
monograph [11] and use the word “(linear) relation”, which is nothing else
than a subspace of X x X where X is the underlying Banach space. Our
aim is to study m-dissipative relations in the spirit of semigroups. We prove
generation results and results on approximation which we apply to domain
convergence for parabolic boundary value problems.

There are some remarkable typically linear phenomena which are worth
consideration in the more general situation of relations. One of them is the
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closed range theorem. It is well-known for densely defined operators, but we
show that it remains true for arbitary closed relations. As a consequence, the
set of all surjective relations is open, an essential fact used in the proof of
one of our main results. It concerns the Lumer—Phillips Theorem which we
recall here.

Theorem 1.1. Let A be an operator on X. The following assertions are equiv-
alent:

(i) A generates a contractive Cy-semigroup;
(i) (a) dom A is dense;

(b) A is dissipative and

(c) ran(A — A) = X for some X > 0.

One says that the operator A is m-dissipative if (b) and (c) are satisfied.
This is equivalent to (0,00) C p(A) (the resolvent set of A) and ||AR(X, A)|| <
1 for all A > 0. However, in some instances, it is much easier to prove the
range condition (¢) for A = 0 instead of A > 0; the Dirichlet Laplacian is one
such example (see the proof of Theorem 6.1). And indeed we prove here the
following new version of the Lumer—Phillips Theorem.

Theorem 1.2. Let A be an operator (or merely a relation) on X. The follow-
ing assertions are equivalent:

(i) A is m-dissipative and invertible;
(ii) A is dissipative and surjective.

It is remarkable that an operator (or a relation) A satisfying (i7) is
automatically closed.

One purpose of the article is to study m-dissipative relations. On reflex-
ive spaces they always generate a strongly continuous contractive semigroup
T :[0,00) — L(X) where T'(0) is a projection. On general Banach spaces a
closed relation is m-dissipative if and only if it generates a 1-Lipschitz con-
tinuous integrated semigroup, and this in turn, can be characterized by the
well-posedness of an evolutionary problem. This situation is different for holo-
morphic semigroups (which here may be degenerate). A closed relation gener-
ates a bounded holomorphic semigroup, i.e. a bounded, holomorphic mapping
T:%, — L(X) satisfying T'(z1 + 2z2) = T'(21)T(22) for all 21,29 € ¥, if and
only if A satisfies the usual holomorphic estimate. Here ¥, is an open sector
of angle 0 < a < 7§ and the semigroup may be degenerate (i.e. there may ex-
ist 0 # « € X such that T'(z)z = 0 for all z € ¥,). One of the main points is
to characterize strong convergence of sequences of semigroups (or integrated
semigroups) in terms of the resolvents of their generators. The strongest re-
sults are obtained in the case of holomorphic semigroups. Here things are
even easier to formulate than in the case of operators since the limit needs
merely to be a relation and the limit semigroup may be degenerate. These
results are applied to study domain perturbation. If €2,,, Q) are open sets all
contained in a large ball B, we consider solutions u,, : (0,00) — C(B) of

U (t) = Auy,(t) on Q,, u,(t) =0 on B\ Q, and u,(0) = ug € C(B)



IEOT Semigroups Generated by Multivalued Page 3 of 31 32

and show that u, (t) — u(t) uniformly on B if ,, — € in a suitable sense,
where u is the corresponding solution for 2. The novelty is uniform conver-
gence, which, so far, seems not to be known for the parabolic problem. For
the elliptic problems nearly optimal results are known (see [7,8]) which can
be applied here.

Several results in our study of relations can be taken over from the
case of operators. For those we just refer to the proofs in the literature.
For others, new ideas are needed. The Lumer—Phillips Theorem in the form
of Theorem 1.2 seems new even in the case of operators; the convergence
theorems are more delicate, and also the well-posedness results need new
arguments. We expect that the abstract results presented here will also be
useful for other applications (than the domain convergence put in focus here)
where multivalued operators occur naturally (for example for the Dirichlet-
to-Neumann operator in certain spectral situations or for Robin boundary
conditions on bad domains).

The paper is organized as follows. In Sect. 2 we consider arbitrary closed
(linear) relations, prove the closed-range theorem and show that surjective
relations are open. Section 3 is devoted to the spectral theory of relations; and
we prove a convergence result for resolvents where the strong graph limit of
relations play a crucial role. Then m-dissipative relations are introduced in
Sect. 4 and the new version, Theorem 1.2, of the Lumer—Phillips Theorem is
proved. Also maximal dissipative relations are considered in this section and
a convergence result of Trotter—Kato type is proved.

In Sect. 5 we establish generation theorems and extend the convergence
result from resolvents to semigroups and integrated semigroups. Then we
study domain approximation for the heat equation with Dirichlet boundary
conditions in Sect. 6. Section 7 is devoted to relations generating a holomor-
phic semigroup with a corresponding Trotter—-Kato Theorem. Finally we show
in Sect. 8 that the holomorphic semigroups generated by the Dirichlet Lapla-
cian converge if the domains converge.

2. Surjective Relations

We introduce some basic notions of relations as they can be found in [11,
Chapter 1] and [14]. In this section our aim is to show that surjective re-
lations are stable under small perturbations, Corollary 2.6. We do this by
characterising surjectivity in Theorem 2.5 for which the closed graph the-
orem is needed, which is a substantial result of Operator Theory. Here we
follow the elegant proofs given in the monograph of Brézis [13] for densely
defined closed operator and carry out the modifications needed in the case
of relations. There are other nice approaches (for example [9]), but Brézis’s
seems particularly well suited for our purposes.

Let X and Y be Banach spaces. A (linear) relation from X to Y is a
subspace A of X x Y. Since we merely consider linear relations here, we will
omit “linear” in general.
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A relation A is closed whenever it is closed in X x Y equipped with the
product topology. The closure A of A is defined in the space X x Y.
We define the domain, range, kernel and multivalued part of A by

domA={xeX:JyeY,(x,y) € A}
ranA={yeY :3zx € X, (z,y) € A}
kerA={x e X :(z,0) € A}

mulA={yeY:(0,y) € A}.

We write y € Az if (z,y) € A, which is also equivalent to (z,y + z) € A for
all z € mul A. We say that A is an operator if mul A = {0}. In this case there
exists a linear map Ap : dom A — Y whose graph is A, i.e.

A={(z,Apz) : x € dom A},

and obviously y € Ax means that y = Agzx.

We denote by L£(X,Y) (resp. £L(X)) the space of all linear continuous
mappings @ : X — Y (resp. @ : X — X). We will not identify @ with its
graph {(z,Qz) : z € X}.

Given a relation A, we define the inverse relation A= by

A7V ={(y,2) : (x,y) € A}.
It is easy to describe when the inverse of a closed relation is associated with
a bounded operator.

Proposition 2.1. Let A C X XY be a closed relation. The following assertions
are equivalent:

(i) Ja > 0 such that a|lz|| < |ly|| for all (x,y) € A;
(ii) ker A = {0} and ran A is closed;
(iii) ran A is closed and there evists Q € L(ran A, X) such that A~ =

{(y,Qy) : y € ran A}.

We call a relation A C X x Y invertible if A is closed, ker A = {0} and
ran A =Y. Thus, by Propostion 2.1, A is invertible if and only if there exists
Q € L(Y,X) such that A=! = {(y,Qy) :y € Y}

Let A be a relation in X x Y. Then the adjoint relation A’ C Y’ x X'
is defined by

A ={(y,2"): (2, z) = (y,y) for all (z,y) € A}.
We identify (X xY) and X' x Y.
If Z is a Banach space, for a subspace V' C Z we let
Vi={eZ :(Z,v)=0forallveV}.
We also define, for W C Z/,
W={z€Z (w, z) =0 for all w' € W}.
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We can now describe A’ as

A= (—ATH*h
Note that A’ is a closed subspace in Y’ x X’. It follows from the definitions
that

(A—l)/ _ (A/)_l.
Our aim is to describe the range and kernel by dual expressions.

Proposition 2.2. Let A C X XY be a closed relation. Then
(a) ker A’ = (ran A)*.
(b) ker A =1 (ran A").

Proof. (a) follows directly from the definitions.

(b) “C” Let u € ker A, i.e. (u,0) € A. Let (¢/,2') € A’. Then (y',y) =
(2',z) for all (z,y) € A. Thus (z/,u) = 0.

“2” Let u € X, u & ker A. Then (u,0) ¢ A. By the Hahn-Banach
Theorem there exists (x),y)) € AL such that (zf,u) # 0. Since (z),z) +
(y,y) = 0 for all (x,y) € A, it follows that (—y(,z;) € A’. Therefore z; €
ran A’ and thus u & +(ran A').

“C” Let (z,0) € A, o' € ran A’. There exists y' € Y’ such that (v, 2') €
A’. Thus (2/,x) = 0. We have shown that z € *(ran A’).

A remarkable fact is that ran A is closed if and only if ran A’ is closed
when A is a closed relation.
The basic tool is [13, Theorem 2.16].

Theorem 2.3. Let G and L be two closed subspaces of a Banach space E. The
following assertions are equivalent:

(a) G+ L is closed in E;

(b) G+ + L* is closed in E'.

From this we deduce the following.

Theorem 2.4. (Closed range theorem) Let A C X xY be a closed relation.
The following assertions are equivalent:

(i) ran A is closed;

(i) ran A’ is closed.

Proof. Let Z = X xY,Z' = X' xY', G = Aand L = X x {0}. Then
X xranA =G+ L and ran A’ x Y’ = G+ + L+ as it is easy to see. So the
claim follows from Theorem 2.3.

Now we obtain the following characterizations of surjectivity of a closed
relation.

Theorem 2.5. Let A be a closed relation in X XY . The following assertions
are equivalent:
(i) ran A=Y
(i) there exists o > 0 such that a||y’'|| < ||2'|| for all (y',2") € A’;
(iii) kerA’ = {0} and ran A’ is closed.
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Proof. (ii) <= (iit) follows from Proposition 2.1.

(i) = (4i1) By Theorem 2.4, ran A" is closed. Moreover, by Proposi-
tion 2.2, ker A’ = (ran A)* = Y+ = {0}

(iii) = (i) By Proposition 2.2, (ran A)* = ker A’ = {0}. Theorem 2.4
implies that ran A is closed. Thus ran A = +((ran A)1) =Y.

From Theorem 2.5 we deduce that surjectivity of closed relations is
stable with respect to small perturbations by bounded operators.

If A C X xY is a closed relation and B € L(X,Y), we define the
relation A+ B C X x Y by

A+ B:={(z,y+ Bx): (z,y) € A}.
Then A 4+ B is closed. Moreover, it is easy to see that
(A+B) =A"+ B ={(y,2' + BY) : (y,2) € A}, (2.1)
where B’ € L(Y’, X') is the adjoint mapping of B.

Corollary 2.6. Let A be a closed relation in X X Y such that ranA =Y.
Then there exists a > 0 such that ran(A + B) =Y whenever B € L(X,Y),
|IB] < a.

Proof. By Theorem 2.5 there exists o > 0 such that aly’|| < ||«/|| for all
(v',2") € A'. Let B € L(X,Y) such that ||B| < a. Then ||B’|| < a. For
(y,o' + B'y) e A+ B'=(A+ B) with (v/,2') € A’, we have

1

1
y/ < = 1,/ B/y/ < l a:’—!—B’y' + HB H ||y/”
« « [0}

< ;||x'+3'yf||+;‘

Thus
(a— BNVl < [l2" + B"y'||

forall (v, 2’4+ B'y") € (A+B)’. It follows from Theorem 2.5 that ran(A+B) =
X.

3. Resolvents of Relations

In this section we introduce some spectral properties of relations on Banach
spaces. Some of them are also treated in the monograph [11, Sect. 6, 1.2 and
1.9] in the Hilbert space case. Our notations are slightly different in order to
fit better with semigroup theory. We give some proofs to be complete. Let X
be a Banach space over K =R or C and let A C X x X be a closed (linear)
relation.

Recall that for A € K the relation A — A is defined by

A—A={(z,\x —y): (z,y) € A}.

Recall also that A— A is called invertible if ker(A—A) = {0} and ran(A—A) =
X.
The resolvent set p(A) of A is defined as

p(A) :={\ € K: X — A is invertible}.
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By Proposition 2.1, for each A € p(A) there exists a unique mapping R(A, A) €
L(X) such that

A=A~ ={(y. R\ A)y) : y € X)}.
We call R(\, A) the resolvent of A at .
Proposition 3.1. Let A be a relation. Let Ao € p(A). Then for all A € K with
A= Aol[[ (Ao, A < 1,
one has A € p(A) and

R(AA) =) (Ao — N)"R(X, A)" (3.1)
n=0
Thus p(A) is open, R: p(A) — L(X), A — R(\, A) is analytic and
(n)
R n‘()\) = (=1)"R(\, A)" " for all X € p(A),n € Ny. (3.2)

Finally, the resolvent identity holds
R(A) = R(p) = (= N RA)R(p) for all A, p € p(A). (3.3)
Proof. See [11, Corollary 1.2.7]) and [11, Theorem 1.2.6]).

As a corollary we note the following property which is well-known if A
is an operator.

Corollary 3.2. Let \y € K. Assume that there exists a sequence ()\n)n21 C
p(A) such that lim, ..o A, = Ao and sup,,>q [[R(An, A)|| < oo. Then \g €
p(A).

We also identify the multivalued part of A.

Lemma 3.3. Let A C X x X be a closed relation and X\ € p(A). Then for
z € X, (0,z) € Aif and only if R(\, A)x = 0.

This is not difficult to see.
For the following result we refer to [11, Proposition 1.2.9].

Proposition 3.4. Let Q be a non-empty subset of K and R : Q — L(X) a
pseudo-resolvent (i.e. R satisfies R(\) — R(p) = (i — N)R(AN)R(p) for all
A\ € Q). Then there exists a unique relation A on X such that Q C p(A)
and R(A\) = R(\, A) for all X € Q.

We need the following lemma.

Lemma 3.5. Let A C X x X be a closed relation. Let U C C be open, con-
nected and R : U — L(X) holomorphic. Assume that there exists an infinite
compact set K C U such that K C p(A) and R(\) = R(\, A) for all X € K.
Then U C p(A) and R(X) = R(\, A) for all A € U.



32 Page 8 of 31 W. Arendt et al. IEOT

Proof. a) Let A € K. Then letting Fy(u) = (1 — A)R(A)R(p) and Fy(p) =
R(M\) — R(p) we obtain two holomorphic functions on U which coincide on
K. Thus Fy(p) = Fy(p) for all 4 € U by the Uniqueness Theorem.

b) Now let A € U and define I, F» as before. Then Fy(u) = Fa(u) for
w € K by a). Hence Fy(u) = Fa(p) for all p € U. Thus R: U — L(X) is a
pseudo-resolvent. Now the claim follows from Proposition 3.4.

Next we consider convergence of relations. Let A,, C X x X be relations,
n € N. Following [11, Definition 1.9.1], we define the strong graph limit of A,
as the relation

A:={(z,y) € X x X : Ixp,yn) € A, such that
lim (2, y,) = (z,y) in X x X},

and write A = lim,, ., A,. Then A is a closed relation. This a consequence
of the following lemma applied to Z = X x X.

Lemma 3.6. Let Z be a Banach space and Z, C Z, n € N, subspaces. Then
Zs :={x € Z: there exist x,, € Z,, such that lim xz, = x}

n—oo

is a closed subspace of Z.

Proof. 1t is obvious that Z is a subspace of Z. We show that Z is closed.
Let z € Z. We construct inductively over k € N sequences (y*),en and
numbers ng € N such that yﬁ € Z, for all n € N, nj, < ngy1 and

1
||Z — nyHZ < E for all n > ng.

Let k = 1. Choose z € Z such that ||z — z||z < 3. There exists y. € Z,
such that lim, .y = 2. Choose ny € N such that [y} — z[|z < 1 for all
n > ny. Then |y} — 2|z < 1 for all n > ny.

Now let & > 1 and assume that the sequences (y7")nen and n,, are
constructed for m < k — 1. Choose © € Z, such that ||z — z||z < 3.
There exist y,kL € Z, such that x = lim,,_ o y,’i Choose nj > ng_1 such
that ||z — y%||z < 5 for all n > ny. Then [jyk — z||z < ¢ for all n > ny.
This proves the inductive statement. Now we define z,, € Z,, as follows. For
n=1,...,ny — 1 we let z, :y}l and for k > 1, z, :ny for ny < n < ngy1.
Then z, € Z, and ||z, — z|| < % for all n > ng. Thus z = lim,,_,o 2, and
consequently z € Z.

It was pointed out in [11, Section 1.9] that lim,_ ., A,, which can be
defined for any sequence of relations, gives the right limit for resolvent con-
vergence. Slighly different versions of the following theorem are [2, Theorem
3.7] and [11, Theorem 1.9.4].

Theorem 3.7. Let A, be relations, n € N, A = lim,,_,o0 A,. Let X € p(A,,)
for alln € N such that sup,,cy || R(A, Ay)|| < co. The following assertions are
equivalent:

(i) ran(\ — A) is dense;

(i) (R(\, Ap))nen is strongly convergent.
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In that case X € p(A) and
R(N,A) = lim R(\ A,) strongly.

Proof. Let ¢ > 0 such that ||R(), A,)|| < ¢ for all n € N. This implies that

lz]] < el]Ax — y|| for all (z,y) € A. (3.4)
In fact, let (z,y) = limy,—oo(Tn,Yn) € A with (2,,y,) € A,. Then z, =
R(\, An)(Axy, — yp). This implies (3.4). Proposition 2.1 implies that ker(\ —
A) = {0} and ran(\ — A) is closed. Now assume (7). Then ran(A — 4) = X.
Thus A € p(A). Let v € X. We show that

lim R(\ Ap)v =R\ A

There exists (z,y) € A such that x — Ay = v. Let (z,,yn) € A, such that
limy, — 0o (T, Yn) = (2, y). Then
Tp = RN, An)(Axy, — yn) = RN, An) (A, — yn)
—(Az —y)) + R(X, An)(Az —y).
The first term converges to 0. Since Ax — y = v, it follows that
lim R(\, Ap)v = nh_)rr;@ Ty =2 = R(\, A)v.

neoo
We have shown that (¢) implies (i¢) and the additional assertion.
(i) = (i) Let v € X. There exists x such that x,, := R(\, A,)v — z as
n — oo. Then, for each n € N, there exists y,, € X such that (x,,y,) € A,
and Az, — y, = v. Hence lim,,_, ¥ = Az — v and (z, \z —v) € A. Thus
(z,v) = (z, Az — (Ax —v)) € (A= A).
Thus v € ran(A — A). We have shown that ran(A — A) = X.

4. m-Dissipative Relations

Let X be a Banach space over K = R or C. A relation A C X x X is called
dissipative if || Az|| < [[Az —y]| for all (z,y) € A and all A > 0.
As in the case of operators, we have a characterization in terms of the
duality map. For z € X, let
dN(z) = {a' € X"+ ||l2|| < 1, (', z) = ||z}
Then the following holds.

Proposition 4.1. Let A C X x X be a relation. Then A is dissipative if and
only if for all (z,y) € A there exists 2’ € dN(x) such that Re (z,y) < 0.

Proof. The proof for operators is also valid for relations, see e.g. [4, Lemma
3.4.2].

Corollary 4.2. Let H be a Hilbert space over K =R or C, A C Hx H a
relation. Then A is dissipative if and only if Re {(x,y)g < 0 for all (z,y) € H.

A relation A is called m-dissipative if in addition to dissipativity, the
range condition ran(\A — A) = X is satisfied for some A > 0. As in the case
where A is an operator, m-dissipativity can be characterized as follows.



32 Page 10 of 31 W. Arendt et al. IEOT

Proposition 4.3. Let A C X x X be a relation. The following assertions are
equivalent:

(i) A is m-dissipative;

(ii) (0,00) € p(A) and ||AR(A, A)|| <1 for all X > 0.

Proof. The proof of [4, Theorem 3.4.5] can easily be adapted.
The following observation, easy to check, is useful.
Lemma 4.4. Let A be dissipative. Then also the closure A is dissipative.

In some cases the range condition is easier to prove for A = 0. And
indeed, surjective and dissipative relations are m-dissipative.

Theorem 4.5. Let A C X x X be a dissipative relation. If ran A = X, then
A is m-dissipative and 0 € p(A).

Theorem 4.5 was proved by Sonja Thomaschewski in her thesis [22,
Theorem 3.4.13] if A is a densely defined operator. It was used there to
investigate non-autonomous equations. We will apply it to relations in Sect. 6.

For the proof, we need some preparation.

Proposition 4.6. Let A be an m-dissipative relation on X. If 0 # u € ker A,
then there exists u' € ker A’ such that (u',u) # 0.

Proof. Let 0 # u € ker A. There exists ' € X’ such that (2’ u) = ||ul,
|=’|| = 1. Using Proposition 4.3, and since the dual unit ball is compact for
the weak™ topology, there exists a directed set I and a convergent subset
(y)ier of (AR(A, A)'x’")x>0 in the following sense: there exists a mapping
A: I — (0,00) such that

(a) y; = NiR(N\, A’ i € T,

(b) for all A9 > 0, there exists ¢g € I such that \; < Ag for all ig < ¢ and

(¢) lim;es y, = v exists for the weak*-topology (see [20, IV.2]).

Since u € ker A one has AR(\, A)u = u for all A > 0. Thus
(g u) = (AR(Ni, A)'2',u) = (@, MiR(Ai, A)u) = (2, u) = lu]

for all ¢ € I. Tt follows that (u/,u) = ||u||; in particular v’ # 0. It follows from
(c) that lim;er R(1, A)'y. = R(1, A)'v for the weak*-topology. On the other
hand, by the resolvent identity (3.3),

i i
. A [P 1 1 A 1.0
_ yi _ Ai 10
=1 1_/\iR(l,A)x.
Using (b) and (c), lim;e; R(1, A)'y; = «’ for the weak*-topology. We have
shown that R(1, A)’vw' = «’. This implies that u’ € ker A’.

R(l, A)/y; = R(l, A)//\iR(/\i, A)/Jil =

Proof of Theorem 4.5. Let A be a dissipative relation and assume that ran A =
X. Then A is a closed dissipative relation and ran A = X. It follows from
Corollary 2.6 that there exists A > 0 such that ran(A — A) = X. Thus A
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is m-dissipative. We show that ker A = {0}. Otherwise, by Proposition 4.6,
there exists 0 # u’ € ker A’ But by Proposition 2.2,

{0} = X+ = (raunZ)l —ker A .

This is a contradiction since v/ € ker 4. Thus ker A = {0}. Now let (z,y) €
A. By assumption there exists z; € X such that (z1,y) € A. It follows that
x —x1 € ker A. Hence  — x; = 0. Thus (z,y) = (21,y) € A. We have shown
that A C A.

Theorem 1.2 is a direct consequence of Theorem 4.5. Next we consider
maximal dissipative relations.

Definition 4.7. A relation A C X x X is maximal dissipative if A is dissipative
and has no proper dissipative extension.

Lemma 4.8. Fach m-dissipative relation is maximal dissipative.

Proof. Let Abe m-dissipative and A C B C X x X, B dissipative. Let (z,y) €
B. Since ran(1 — A) = X, there exists (z1,y1) € A such that 3 —y; =z —y.
Thus (z,z —y) € 1 — B and

(1,2 —y)=(x1,21 —y1) €1 —AC1-B.

Hence (z — 21,0) € 1 — B. Since B is dissipative, it follows that © — z; = 0.
Hence (z,y) = (x1,y1) € A.

We will now prove that the converse is true on a Hilbert space H over
K=RorC.

Proposition 4.9. Let A C H x H be a dissipative relation. If (ran(1 — A))+ #
0, then there exists a proper dissipative extension B of A. If A is an operator,
then one may choose as B an operator.

Proof. a) Let R = ran(1 — A). Assume that Rt # {0}. Define B := {(z +
v,y —v): (z,y) € A,v € R*t}. Then A C B and B is dissipative. In fact,

Re <£L’ +v,y — U>H = Re <x7y>H —Re <£L’,’U>H + Re <U,y>H - <’U,’U>H

< —Re(z,v)g + Re (y,v)n
= —Re <$7U>H + Re <yaU>H
= —Re<$—y,U>H
=0

since v € (ran(1 — A))= .

b) We claim that dom A N Rt = {0}. Indeed, let z € dom A N R*.
There exists y € X such that (x,y) € A. Hence (v — y,z)g = 0. Thus
(x,z)r = Re (y,z)g <0 and then z = 0.

c) Assume that A is an operator. Then also the relation B from a) is

an operator. In fact, let (z,y) € A, v € Rt so that (z + v,y —v) € B. If
x4+ v =0, then by b) x = v = 0. Hence (0,y) € A, and so y = 0.

Lemma 4.10. Let A be a dissipative relation. Then ran(l — A) = ran(1 — A).
In particular, A is closed if and only if ran(1 — A) is closed.
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Proof. This follows from the inequality ||z|| < ||z — y|| for all (z,y) € A.

Theorem 4.11. A relation A C H x H is m-dissipative if and only if A is
maximal dissipative.

Proof. By Lemma 4.8, m-dissipativity implies maximal dissipativity. Con-
versely, let A be maximal dissipative. Then A is dissipative and thus A = A.
Then ran A is closed by Lemma 4.10. Now Proposition 4.9 implies that
ran(l — A) = H.

An application of Zorn’s lemma shows that a dissipative relation has a
maximal dissipative extension (which then is m-dissipative). Similarly, each
dissipative operator has a maximal dissipative operator as extension. How-
ever, by an example of Phillips [18, footnote 6 |, there exists a maximal
dissipative operator A which is not closed. Thus, A is not an operator and A
is not m-dissipative. However, the following holds.

Theorem 4.12. Let A be a maximal dissipative operator (i.e. if A C B where
B is a dissipative operator, then A = B). Then A is an m-dissipative relation.

Proof. Assume that R :=ran(1 — A) # H. Then by Proposition 4.9, Ahas a

proper dissipative extension which is an operator. Thus ran(1 — A) = H, i.e.
A is m-dissipative.

For densely defined operators, things are different. The following holds.

Theorem 4.13. Let A C H — H be an operator. The following assertions are
equivalent:
(i) A is m-dissipative;
(i) (a) dom A is dense and
(b) A is a mazimal dissipative operator.

Proof. (i) = (ii) (a) follows from [4, Proposition 3.3.8] and (b) from Lemma 4.8
(i) = (¢) Let A be a maximal dissipative operator with dense domain.

By Theorem 4.12, A is m-dissipative. It is well-known that A is an operator

(since dom A is dense), see [4, Lemma 3.4.4]. Thus A = A by maximality.

It was Phillips who has shown that (i4) = (¢) in Theorem 4.13. He used
the Cayley transform. The more direct proof we give here is from [6], where
the operator case of Theorem 4.11 is proved.

5. Generation Theorems

In this section we establish generation theorems for m-dissipative relations.
We want to use the following definition. Let X be a Banach space over K = R
or C.

Definition 5.1. A mapping T : (0,00) — L£(X) is a semigroup if T(t + s) =
T(t)T(s) for all t,s > 0. We speak of a strongly continuous semigroup if the
mapping 7' is strongly continuous. We call T' non-degenerate if for x € X,

T(t)x =0 for all ¢ > 0 implies x = 0.
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A Cy-semigroup is a semigroup 7" such that lim;_,o+ T'(¢t) = Id strongly.
This implies that T is strongly continuous. Our definition deviates from the
literature where the term “strongly continuous semigroup” is frequently used
synonymously for a Cy-semigroup.

First we define the generator of a bounded strongly continuous semi-
group.

Theorem 5.2. Let T : (0,00) — L(X) be a strongly continuous semigroup
such that ||T(t)|| < M for allt > 0. Then there exists a unique closed relation
A C X x X such that (0,00) C p(A) and

R\, A)x = / e MT () dt for all X >0 and x € X.
0

We call A the generator of T. Thus A is a closed relation and
IAR(X, A)|| < M for all A > 0.

Proof. Let R(\)x := [° e MT(t)z dt. Then R : (0,00) — L(X) is a pseudo-
resolvent by the proof of [3, Theorem 3.1.7]. By Proposition 3.4 there exists
a unique closed relation A C X x X such that (0,00) C p(A) and R(\) =
R(M\, A) for all A > 0. Thus for all z € X, A > 0,

IAR(L, A)z] = | / NN (t)dt|
0
gM/,w%MszWL
0

In the situation of Theorem 5.2 one has
mulA={zeX:T(t)xr =0 forall t > 0}. (5.1)

In fact, by Lemma 3.3, mul A = ker R(\, A) for all A > 0. Thus the claim
follows from the Uniquenss Theorem [4, Theorem 1.7.3]. In particular, the
relation A is an operator if and only T is non-degenerate.

If T is a strongly continuous semigroup such that ||T°(¢)|] < 1 for all
t > 0, then the generator A of T is an m-dissipative relation. We will see
that the converse is true on Banach spaces with Radon—-Nikodym property,
but not in general. We start investigating when a strongly continuous 7" has
a limit as ¢ — 0. This has the following consequences.

Proposition 5.3. Let T : (0,00) — L(X) be a strongly continuous semigroup.
Assume that the strong limit

7(0) = lim T(t)

t—0+

exists. Then T(0) € L(X) is a projection such that T(t)T(0) = T(0)T'(t) for
allt > 0. Let X1 = T(0)X, Xo = kerT(0). Then X and X, are invariant
under T, X = Xo & X1,

t—T(t)x, : [0,00) = L(X1)
is a Co-semigroup and T(t)x, = 0 for all t > 0.
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Proof. Let Px = lim; .o+ T(t)xz. Then P € £(X) by the Banach-Steinhaus
Theorem and P? = P. Moreover, T(t)P = PT(t). Thus X; = PX is invariant
and for x € Xy, limy_,o+ T'(t)x = Pz = x. Thus T|x, is a Cp-semigroup. With
the help of the Uniform Boundedness Principle, one finds § > 0 and M > 0
such that ||T'(t)|| < M ift € [0,6]. Let x € ker P, ¢t € (0, ¢]. Since for 0 < s < ¢,
T(t)x =T(t — s)T(s)x, one has

|T(t)x| <limsup M||T(s)z|| = M||Pz| =0 for all t > 0 and x € ker P.
s—0+

Next we want to find criteria for 7'(¢) having a strong limit as ¢t — 0.

Proposition 5.4. Let A C X x X be a closed relation such that (0,00) C p(A)
and supysq [|AR(A, A)|| < oo.
(a) The following assertions are equivalent:
(i) P =limy_ o AR(X, A) exists for the strong operator topology;
(#) mul A + dom A is dense in X;
(i) mul A ®dom A = X.
In that case P is the projection onto dom A along the decomposition of
(iii).

(b) If X is reflexive, then the assertions (i) — (iii) are automatically true.
Proof. (a) 1) For z € dom A one has limy_,oc AR(A\, A)x = z. In fact, by
equicontinuity, it sufficies to prove the claim when 2 € dom(A). Then there
exists y € X such that © = R(1, A)y. Then

1
AR\, A)x = ﬁR(l, Ay — m/\R(A,A)y — R(1,A)y =z as A — oc.
2) Tt follows from 1) that mul A N dom(A) = {0}.
(i) = (4i7) Let z € X, then Px = limy_,oo AR(\, A)x € dom A. More-
over, for all p > 0,

by 1). Thus « — Px € mul A. We have shown that that X = mul A @ dom A
and that P is the projection onto dom A along this decomposition.

(#it) = (i) This is trivial.

(#) = (¢) This follows from 1).

(b) Assume that X is reflexive. We show that property (iii) is satisfied.
Let € X. Then there exists y € X and a sequence (Ax)x>0 such that A, > 0
for all £ and limy_ oo A\, = oo such that

AeR(Ap, A)r — y as k — oo (weak convergence).
Since R(1, ) is weakly continuous, it follows that

zr = R(1, A)(AkR(A\g, A)) = R(1, A)y as k — oo.
But
— Ak
-1 Ak —1
Hence © — y € ker R(1,A) = mul A. Since y € dom A, we deduce that x =
(r—y)+y € mul A® dom A.

AeR(Ag, A)z — R(1,A)x as k — oo.

R(1,A)x —

2k
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Corollary 5.5. Let T : (0,00) — L(X) be a strongly continuous bounded semi-
group with generator A C X x X. The following assertions are equivalent:

(i) T(0) :=lim;_,o+ T'(t) exists for the strong topology;
(ii) X = mul A® dom A.

In that case T(0) is the projection onto dom A along the decomposition (i7).

Proof. (i) = (ii) By a usual Abelian argument [4, Theorem 4.1.2],
A—o00

(oo}
T(0)z = lim A / e MT () dt = Jim AR, A)a for all z € X.
0 —e

Now (i4) follows from Proposition 5.4.
(i) = (i) Let 2 € dom A. Then there exists y € X such that x =
R(1, A)y. Hence

T(t)x

T(t)/ e *T(s)yds
0
= et/ e~ "T(r)ydr.
t
— / e "T(ryydr=xast—0+.
0

Since T'(t)| mu 4 = 0 and mul A + dom A is dense in X, (i) follows.

Remark 5.6. The analogous assertion of Corollary 5.5 does not hold for ¢ —
00. In fact, if A generates a bounded Cy-semigroup T, then ran A@ker A = X
if and only if lim;_. % fot T(r)x dr converges as t — oo for all z € X; but this
does not imply strong converegnce of T'(t) as t — oo, even if X is reflexive
(consider the shift semigroup on L?(R)).

Corollary 5.7. Assume that X is reflexive. Let A C X x X be a closed relation.
The following assertions are equivalent:

(i) A generates a contractive, strongly continuous semigroup T : (0,00) —
L(X);
(ii) A is m-dissipative.

In that case T(t) converges strongly as t — 0+.

Proof. (i) = (ii) We have noticed this after Theorem 5.2; reflexivity is not
needed for this implication.

(14) = (i) By Proposition 5.4, X = mul A @ dom A. Consider X; =
dom A and A; = AN (X x X1). Then A; is an m-dissipative operator which
is densely defined. In fact, let z € dom A. Then limy_. ., AR(X, A)z = z by
part (a)l) of the proof of Proposition 5.4 and R(\, A)z € dom A for all A > 0.
By the Hille—Yosida Theorem, A; generates a contractive Cy-semigroup 77 on
X1. Then T'(t)(xzg + 1) := T1(t)x1 defines a strongly continuous semigroup
T :(0,00) — L(X) whose generator is A. The strong convergence of T'(t) as
t — 0+ follows from Corollary 5.5.

From the proof of Proposition 5.4 we also deduce the following corollary.
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Corollary 5.8. Let A be a dissipative relation on a Banach space X . Let X1 =
dom A and let Ay = AN (X x X;) be the part of A in X1. Then Ay is a
densely defined m-dissipative operator on X1, i.e. A1 generates a contractive
Cy-semigroup Ty on Xi. In particular, each densely defined m-dissipative
relation is an operator.

Proof. From Part (a) 1) in the proof of Proposition 5.4 we know that
lim AR\, A)zx = x
A—00
for all x € X;. Observe that for z € X1, A > 0,
(RN, A)x, \AR(\, A)x —2z) € AN (X x X1) = A;.
Thus AR(A, A)x € dom A;. This shows that dom A is dense in X;. Moreover,

Ay is an operator. Since R(\, A)X; C dom A C X; for all A > 0, it follows
that (0,00) C p(A1).

Corollary 5.7 is not true on arbitrary Banach spaces. An m-dissipative
relation does not generate a strongly continuous semigroup, in general. How-
ever, it always generates an 1-Lipschitz continuous integrated semigroup. This
object is motivated by the following consideration.

Assume that A C X x X generates a contractive, strongly continuous
semigroup T and let S(t)x = fo s)xds (x € X, t > 0). Integration by parts
shows that

R\ A) = )\/OO e MS(t)dt (A >0)

where S(t fo s)xzds for all x € X, t > 0. It turns out that this
representatlon of the resolvent of an m- d1581patlve relation remains true on
arbitrary Banach spaces. This is the content of the following two generation
theorems. Let X be an arbitary Banach space.

Theorem 5.9. Let A C X x X be an m-dissipative relation. Then there exists
a unique function S : [0,00) — L(X) such that

(¢) S(0) =0

(b) [|S(t) = S(s)Il < [t = s| (s, >0)

(¢) R(N\A) = X[ 7 e MS(t)dt (X > 0). Moreover, the following func-

tional equation holds:
(d) S(t)S(s) = tt+sS )dr — [ S(r)dr for all t,s > 0.
We call S the integrated semigroup generated by A.

Proof. It follows from (3.2) that

R\, A)™)
B A 5 L = RO A
for A > 0, k € Ny. Thus
MR, A
k!
The vector-valued version of Widder’s theorem ( [4, Theorem 2.4.1 and The-
orem 1.2.2] or [1, Theorem 1.1]) yields a function S : [0,00) — £(X) such

<1forall A >0, ke Ny.
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that (a), (b) and (c) hold. It follows from the proof of [4, Proposition 3.2.4]
(see also [1, Theorem 3.1]) that S satisfies (d).

Note that A is an operator if and only if R(A, A) is injective for some
(equivalently all A > 0), and this is equivalent to

Sit)xr=0forallt>0=2=0 (5.2)

by the Uniqueness Theorem for Laplace transform or again the real repre-
sentation theorem [4, Theorem 2.2.1].

Assume that X has the Radon—Nikodym Property; i.e. each Lipschitz-
continuous function F : [0,7] — X is differentiable almost everywhere for
some (equivalently all) 7 > 0. Then, by an argument in [1, Lemma 6.3], the
functional equation in Theorem 5.9 (d) implies that S(-)z € C1((0,00); X)
for all x € X. This leads to the following result.

Theorem 5.10. Assume that X has the Radon—Nikodym Property. Let A C
X x X be an m-dissipative relation. Then A generates a strongly continuous
semigroup T : (0,00) — L(X) satisfying [|T(t)|| <1 for allt > 0.

Proof. The proof of [1, Theorem 6.2] works also for relations.

Reflexive and separable dual Banach spaces have the Radon—Nikodym
Property (see [4, Section 1.2]). In the situation of Theorem 5.10, the strong
limit of T'(¢t) for ¢ — 04 may not exist if X is not reflexive. In fact, in
[1, Example 6.4] a strongly continuous non-degenerate semigroup 7' on a
separable dual Banach space is constructed, which is not a Cp-semigroup.

Then |||z||| := sup;s [|T(¢)z|| defines an equivalent norm on X for which
T is contractive. Thus the generator of T' is an m-dissipative operator on
(X 11D

Next we prove the converse of Theorem 5.9.

Theorem 5.11. Let S : [0,00) — L(X) be a function such that (a), (b) and
(d) hold. Then there exists a unique m-dissipative relation A such that (c)
holds.

Proof. Let R(\) = [;"e *S(t)dt for A > 0. Then R(\) € L(X) and
IARN)|| < 1 for all A > 0. In fact, let € X, 2/ € X’ such that |z| <
1, ||’ < 1. Then there exists f € L>(0, 00) such that || f]c <1 and

t
(S, 2) = / F(s)ds for all £ > 0
0
(see [4, Proposition 1.2.3]). Thus

|(z', \AR(\)z)| = ‘/ /\e’\tf(t)dt’ dt < / e Mdt =1 for all A > 0.
0 0
By the proof of [4, Proposition 3.2.4], R : (0,00) — L(X) is a pseudo-
resolvent. Now, by Proposition 3.4 there exists a unique relation A such that
(0,00) C p(A) and R(\) = (A — A)~! for all A > 0.

Our next aim is to describe an evolutionary problem governed by the
integrated semigroup S.
We need the following version of the uniqueness theorem.
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Theorem 5.12. (Uniqueness theorem) Let Z be a Banach space andY C Z a
closed subspace. Let f: (0,00) — Z be continuous such that || f(f f(s)ds|| <
Me™t, where w € R, M > 0. Assume that

f) = /OOC e Mft)dt €Y for all X > w.

Then f(t) €Y for allt > 0.

— o~

Proof. Denote by q: Z — Z/Y the quotient map. Then g o f(A) = go f(\) =
0 for A > w. Now the uniqueness theorem [4, Theorem 1.7.3] implies that
q(f(t)) =0 for all ¢ > 0.

Next we establish a fundamental formula for the integrated semigroup
generated by an m-dissipative relation. The proof is very different from the
proof in the operator case, cf. [4, Lemma 3.2.2].

Proposition 5.13. Let A be an m-dissipative relation and S the integrated
semigroup generated by A. Then

</t S(s)xds, S(t)x — tx) € Aforallze X, t>0. (5.3)
0

Proof. For A\ >0, x € X,
(RN, A)x, \AR(\, A)x — ) € A.
Note that

e} e} t
R\, Az = A / e MS(t)dt = N\ / e M / S(s)x ds dt
0 0 0

and \2 fooo e~ Mtdt = 1. Thus

o0 t
)\2/ e M (/ S(s)xds, S(t)x — tx) dt € A,
0 0

where the integrand takes values in X x X. Now the claim follows from
Theorem 5.12.

Now we can describe m-dissipative relations by a well-posedness result.
Let A be a closed relation. Given z € X we consider the problem

u(t) € Au(t) +x, t >0, u(0) =0. (5.4)

A mild solution of (5.4) is a function u € C([0,0), X) such that u(0) =0
and

t
(/ u(s)ds, u(t) — tx) € Aforall t > 0.
0

If u is a classical solution of (5.4), i.e. u € C1((0,00), X) N C([0,00), X) and
u satisfies (5.4), then w is a mild solution. Conversely, a mild solution which
is in C1((0,00), X) is a classical solution.
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Theorem 5.14. Assume that A is an m-dissipative relation. Then for all x €
X Problem (5.4) has a unique mild solution w. In fact u(t) = S(t)x for all
t > 0, where S is the integrated semigroup generated by A. In particular,

[lu(t) = u(s)|| < |t = s|||lz| for all s,t > 0. (5.5)

Proof. Given x € X, by (5.3), the function u(-) = S(-)z is a mild solution
of (5.4). In order to prove uniqueness, let u be the difference of two mild
solutions of (5.4). Let w(t) = fg u(s)ds. Then (w(t),w(t)) € A for all t > 0.
Since w(t) € dom A, it follows that w(t) € dom A =: X;. Thus (w(t),w(t)) €
Ay = AN (X x X1). Since by Corollary 5.8 the operator A; generates a
Co-semigroup T on X7, and since w(0) = 0, it follows that w(¢) = 0 for all
t > 0. This implies that u(t) = 0 for all ¢ > 0.

Also the converse of Theorem 5.14 holds, i.e. m-dissipative relations can
be characterized by the well-posedness of Problem (5.4).

Theorem 5.15. Let A be a closed relation. Assume that for all x € X Prob-
lem (5.4) has a unique mild solution u. Assume also that this solution satisfies
(5.5). Then A is m-dissipative.

Proof. For x € X, let S(t)x := u(t) where u is the mild solution of (5.4).
Then, applying the closed graph theorem in the Fréchet space C([0,00); X),
one sees that S(t) € L(X), and moreover S(0) = 0. Since u satisfies (5.5), it
follows that

|S(t) —S(s)|| < |t —s| for all £, s > 0. (5.6)
We show that
t+s t
S(1)S(s) = / S(r)dr — /0 S(r)dr. (5.7)

Let s >0,z € X. Let

w(t) = /HS S(r)zdr — /S S(r)xdr — /t S(r)xdr.
Note that 0 0 i
(/T S(r)adr, S(T)r — mc) € Aforall 7 > 0. (5.8)
Using this for 7 :Ot, s,t + s, one deduces that
(w(t),w(t) — S(s)x) = (w(t), St + s)z — S(t)x — S(s)x) € A for all t > 0.

Thus w(t) € Aw(t) + S(s)x. Since w(0) = 0, it follows from Theorem 5.14
that w is a mild solution for S(s)x. This shows that w(t) = S(¢)S(s)x for all
t > 0. Thus (5.7) is proved.

Let R(A) := AS()), A > 0, where

S00) = /0 T e Mg ()t

It follows from the proof of [4, Proposition 3.2.4 | that R : (0,00) — L(X) is
a pseudo-resolvent. Thus there exists a closed relation B C X x X such that
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(0,00) C p(B) and R(A\) = R(A, B) for all A > 0. It follows from (5.6) that
IAR(A, B)|| = [AS(A)|| < 1 for all A > 0. Thus B is m-dissipative.

We now show that A = B. Let x € X. Taking Laplace transforms of
(5.8), one obtains

1~ ~ T
</\S()\)x,5()\):c — )\2> € A for all A > 0.

Thus
15 T ne:
(AS<)\)JJ, )\2> € (A—A) for all A > 0.

Since (A — A) C X x X is a subspace, (AS(A\)z,z) € (A — A) for all A > 0,
ie. (2, AS(\)z) € (A — A)~! for all A > 0. We have shown that (A — B)~! C
(A= A)7! for all A > 0. But (A — A)~! is an operator. In fact, let (0,7) €
(A — A)~L. Then (z,0) € (A — A) and so there exists y € Az such that
Ax —y = 0. Let u(t) = (e — 1)x. Then u is a classical solution of (5.4)
and so a mild solution. Thus u satisfies (5.5) and so ||u|| < ||z|| for all £ > 0;
i.e. |[eMz| < ||z| for all ¢+ > 0. This implies that z = 0. We have shown that
(A — A)~1 is an operator and so (A — B)~! = (A — A)~! for all A > 0. This
implies that A = B.

Corollary 5.16. Let A C X x X be a closed relation. The following assertions
are equivalent:
(i) A generates a strongly continuous semigroup of contractions T : (0,00) —
L(X);
(i) for all x € X, Problem (5.4) has a unique classical solution u, and this
solution satisfies (5.5).

Proof. (ii) = (i) We know from Theorem 5.15 that A is m-dissipative and
from Theorem 5.9 that A generates an integrated semigroup S satisfying
(5.6). For x € X, u(t) := S(t)z is the unique mild solution of (5.4). Since u is
a classical solution, it follows that S(-)z € C'((0,00); X) for all z € X. Let
T(t)x = %S(t):c. Then T : (0,00) — L(X) is strongly continuous. Taking
the derivative in Theorem 5.9 (d), one sees that T is a semigroup. Integration
by parts shows that

R\ Az = / e MS(t)zdt = / e MT(t)zdt for all A > 0.
0 0

Thus A is the generator of T'.
(i) = (i) Let S(t)x = [, T(s)xds. Then

R\ A) = / Ae S (t)dt for all A > 0.
0
For z € X, u(t) = S(t)x defines the unique mild solution of (5.4). Since
u € C1((0,00); X), it is a classical solution.

Next we investigate convergence of m-dissipative relations. Recall that
for a sequence A,, C X x X, n € N, we define the relation

lim A, ={(z,y) € X x X : (@, yn) € Ap,Tn, — ,yp, — y a8 N — 00}.
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Recall that lim, ., A, is closed by Lemma 3.6. This allows a particularly
simple formulation of the following result of Trotter—Kato type (see [4, The-
orem 3.6.1 and Proposition 3.6.2] for related semigroup versions).

Theorem 5.17. Let A,,, A be m-dissipative relations and Sy, S the integrated
semigroups generated by A, and A respectively. The following assertions are
equivalent:
(i) For each x € X, lim, oo Sp(t)x = S(t)x uniformly on [0,T] for all
T>0

(i) lim, oo R(A, A,) = R(X\, A) strongly for all X > 0;

(iii) there exists A € p(A) N (,enyp(An) such that R(\, A,) — R(A A)
strongly;

(w) if p € K such that ran(p — A) = X, u € p(Ay,) for all n € N and
suppers | R (1, An) | < 50, then i € p(A) and limy, o R(t, An) = R(s, A)
strongly;

(v) A=lim, . A,.

Proof. (i) = (ii) Since
R\ A,z = / e M8, (t)adt and R\, A)x = / e MS(t)xdt,
0 0

the dominated convergence theorem shows that
R\ Ap)z — R\ A)x.
(i1) = (iii) is trivial.

(#i7) = (v) Let B = lim,,_, A,. We deduce from Theorem 3.7 that \ €
p(B) and R(A, B) = lim,, . R(\, A,) strongly for A > 0. Thus R(\, B) =
R(\, A). Hence A = B.

(v) = (iv) This is Theorem 3.7.

(iv) = (1) If A > 0, then X € p(A) aswell as A € p(4,,) and || R(\, 4,)]] <
% for all n € N.

(#4) = (i) This follows from [2, Theorem 1.1].

It should be emphasized that even if in Theorem 5.17 each A, gen-
erates a Cy-semigroup T, (T},(t))nen does not converge strongly, only the
integrated semigroup (S,,(t))nen does. Here is a very simple example.

Ezample. Let X = C, A,, = {(x,inz) : € R}. Then A, generates the Cy-
semigroup T;, on C given by T}, (t)z = e™*x. Moreover, one has lim,, ., 4, =
{0} x C =: A, which is an m-dissipative relation. In fact, R(\, A) = 0 for all
A>0,and S(t) = 0 for all t > 0. Let S, (t) = [; Tu(s)ds = (e —1). Thus
lim,, 00 Sp(t) = 0 as asserted by Theorem 5.17. Moreover, (T,,(t)),, does not
converge unless ¢t € 27Z. This example was mentioned in [2, Example 1.4] in
terms of pseudo-resolvents. Here it is instructive to identify lim,, . A,.

In Sect. 7 we will see that the situation is much better in the holomorphic
case.

The result of this section can be easily generalized. If T : (0, 00) — L(X)
is a strongly continuous semigroup such that supy,<; || T(¢)|| < oo, then



32 Page 22 of 31 W. Arendt et al. IEOT

there exist M > 0,w € R such that |T(t) < Me“!. Thus we may define
the generator A as in Definition 5.1 considering merely A > w. Then A — w
generates the bounded semigroup 7. Moreover

|z| := sup [|le ' T (t)x||
t>0

defines an equivalent norm making A — w m-dissipative. Conversely, given a
closed relation A which satisfies the Hille-Yosida condition, by the proof of
[4, Lemma 3.5.4], we obtain an equivalent norm making A —w m-dissipative.

6. Domain Convergence for the Heat Equation with Dirichlet
Boundary Conditions

Throughout this section we choose K = R. Let Q € R? be open and bounded.
We will consider the Laplacian with Dirichlet boundary conditions on €.
Since we are interested in convergence results when (2 varies, we consider a
large open ball B such that Q@ C B and let X = C(B) := {f : B — R :
f continuous} with the supremum norm
[flloo = sup [f(x)].

reB

We let

Co(Q) :={u e C(B) :u(x) =0for all z € B\ Q}
Then Cy(f2) is a closed subspace of C(B).
Now we define the Dirichlet-Laplacian Ag with respect to (2 as a relation
in C(B) x C(B) by
Aq = {(u, f) :u e Co(Q), f € C(B),Au= f in D(Q)'}.

Here D(Q2) := C2°() is the space of all test functions, and to say that Au = f
in D(Q2) means that

/ ulAp = / fo for all ¢ € D(Q).
B B

It is obvious that Aq C C(B) x C(B) is a closed relation. We assume fur-
thermore that Q is Dirichlet regular; i.e. for all g € C(9) there exists
u € C*(Q) N C(Q) such that Au = 0, upg = g. This condition is very
well understood. For example if €2 has Lipschitz boundary, then it is Dirich-
let regular [15, Chapter II, §4, Proposition 4]; for d = 2 it suffices that Q is
simply connected [19].

Theorem 6.1. Assume that Q is Dirichlet reqular. Then Aq is m-dissipative
and 0 € p(Aq).

To prove dissipativity we need the following maximum principle for the
distributional Laplacian. For proving m-dissipativity we will use the Lumer—
Phillips Theorem in the version of Theorem 4.5.

Proposition 6.2. Let U be an open neighborhood of xo € RY. Let u € C(U)
such that Au € C(U). If u(zg) = max,ey u(x), then Au(zg) < 0.
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Proof. This is well-known if uw € C(U). To be complete we give a proof in
the general case we need here. Let (p,)nen be a mollifying sequence, i.e.
0 < pn € D(RY), suppp, C B(0,1/n), [papn =1 for all n € N. Let r > 0
such that K = B(xo,r) C U. Define, for n > 1/r, u,, = pp x u. Then u, — u
uniformly on K. Consequently there exists a sequence (z,)neny C K such
that z,, — xo and u,(z,) = maxk u,(z) for all n € N. By the classical result
Auy,(2,) < 0. Hence
(Au)(zo) = hm (pn * Au)(zy,) = nlL»Holo App *u)(zy) <0.

Proof of Theorem 6.1. We first prove that Aq is dissipative. Let (u, f) be in
Agq. Since u =0 on B\ Q, there exists 7o € Q such that |u(zg)| = ||uso-

First case: u(xg) > 0. Then u(zg) = max,cpas u(x). Then d,, € dN(u)
(see Sect.4). Then (d,,, f) = (Au)(zo) < 0 by Proposition 6.2.

Second case: u(xg) < 0. Then (—u,—f) € A and —u(xo) = || — t//c-
From the first case we deduce that (d,,,—f) < 0. Hence (—d,,, f) < 0 and
—0z, € AN (u).

Third case: u(xg) = 0. Then v = 0. Choose z(, = 0. Then x{, € dN(u).

In all the three cases we found x{, € dN(u) such that (z(, f) < 0. We
deduce from Proposition 4.1 that Aq is dissipative.

In order to prove m-dissipativity, by Theorem 4.5, it suffices to show
that Agq is surjective.

Let Eq € L} (R?) be the Newtonian potential, [15, Chapter II, §3].
Then for f € C.(RY), w = Eg* f € CY(R?) and Aw = f in the sense of
distributions. Now let f € C(B), extend f to a function f € C.(RY). Then
w=Egxf € CYRY) and Aw = f. Let h € C(Q) N C%(Q) such that Aw = 0
and hjgpo = wjpq. Then u = w —h € C(Q), ujpo = 0 and Av = f in D(Q2)".
Extending u by 0 outside  we obtain a pair (u, f) € Ag. Thus f € ran Aq.
This completes the proof.

Next we want to study domain convergence. Let €2, €, be open sets
such that Q, Q, C B, where B is a large open ball in RY. Following [8,
Definition 3.6] we say that (Q,)nen converges spectrally to € as n — oo and
write ,, — Q if

(a) for all compact K C € there exists ng € N such that K C Q, for all

n > ng and

(b) A2, \ Q) — o0 as n — oo.
Here A\(£2,,\ Q) is the first eigenvalue of the Dirichlet Laplacian (see [8, (2.6)]).
We remark that (b) is satisfied whenever |, \ Q| — 0 as n — oco. Here |F|
stands for the Lebesgue measure of a Borel set F' C R?. Spectral convergence
is a very weak notion of convergence for domains in the Euclidean plane. We
say that an open bounded set is stable if

H{(Q) = Hy(Q) := {ujg : w € H'(R?),u(z) = 0 for all z € R*\ Q}.
If © has continuous boundary in the sense of graphs, then (2 is stable. Note

that stability is independent of Dirichlet regularity. The Lebesgue cusp yields
an example of a bounded open set with continous boundary which is not
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Dirichlet regular. Whereas each bounded open subset 2 of R is Dirichlet
regular, the set Q@ = (0,1) U (1,2) is not stable.

Recall that for an open, bounded, Dirichlet regular set, the relation
Aq C C(B) x C(B) is m-dissipative. Thus R()\,Aq) € L£(C(B)) and
[AR(A, Aq)|| <1 for A > 0.

Denote by Sq : [0,00) — L£(C(B)) the integrated semigroup generated
by AQ.

Now we can formulate the main result of this section.

Theorem 6.3. Let Q,,n € N, and Q be bounded open sets, all Dirichlet reg-
ular. Suppose that Q,,, Q C B for all n € N, and that Q is stable. Finally,
suppose that £, — Q as n — oco. Then
(a) lim, .o R(\, Aq,) = R(X\, Aq) strongly for all X > 0;
(b) lim,, . Sq, (t)f = Sa(t)f in C(B) uniformly on [0,T] for all T > 0,
fel(B);
(c) forall (u, f) € Aq there exist (un, frn) € Aq forn € N such that u,, — u,
fn— f in C(B).

Proof. By [8, Theorem 5.6], R(0,Aq, ) — R(0,Agq) strongly. Now (a), (b)
and (c) follow from Theorem 5.17.

In terms of the solution of the inhomogeneous heat equation, Theo-
rem 6.3 gives the following stability result.

Corollary 6.4. Under the assumptions of Theorem 6.3, the following holds.

Let f € C(B) be given and denote by u,u, € C([0,00),C(B)) the mild
solutions of
u(t) € Aqu(t) + f, t >0 and u(0) =0
un(t) € Aq, un(t) + f, t > 0 and u,(0) = 0.
Then up(t) — u(t) as n — oo, uniformly on [0, T] and for all T > 0.

Proof. One has u,(t) = Sq,(t)f and u(t) = Sq(t)f by Theorem 5.14. So
Corollary 6.4 follows directly from Theorem 6.3.

The corollary shows in particular that u,(t) 5, — 0 as n — oo uni-
formly for ¢ € [0,T] and for all T > 0.

It is interesting that the Lumer—Phillips Theorem with surjectivity as
range condition (Theorem 4.5) allows the following perturbation of Agq.

Proposition 6.5. Let Q € R? be open, bounded and Dirichlet reqular. Let B
be a ball such that Q C B. If h € C(B) such that h(z) # 0 for all x € B,
then

hAq = {(u,hf) : (u, f) € Aa}
is m-dissipative.

Proof. As for Aq, one sees that hAq is dissipative. Since ran Aq = C(B)
and + € C(B), we have also ran(hAg) = C(£2). Now the claim follows from
Theorem 4.5.



IEOT Semigroups Generated by Multivalued Page 25 of 31 32

7. Relations Generating a Holomorphic Semigroup

In contrast to m-disspativity, the usual holomorphic estimate of a closed re-
lation yields a holomorphic semigroup without any restriction on the Banach
space. Let X be a complex Banach space. For 0 < a < 7 we consider the
open sector

Yo i={re? :r>0,0 € (~a,a)}.

A mapping T : ¥, — L(X) is called a semigroup if T'(z1 + z2) = T'(21)T (22)
for all z1, 29 € X,. We speak of a holomorphic semigroup if in addition the
mapping T is holomorphic. Then the restriction of T' to (0,00) is a strongly
continuous semigroup in the sense of Definition 5.1.

Theorem 7.1. Let o € (0, 5], M > 0. Let T : ¥, — L(X) be a holomorphic
semigroup such that

IT()|| < M for all z € 2.
Then the generator A of T (which is a relation) satisfies the following holo-
morphic estimate:

1 T
Yotz Cp(A) and [[AR(N A)|| < M@ forall\€Xoiz . and0<e <(§1)

Proof. Tt follows from [4, Theorem 2.6.1] and its proof that the resolvent
of A has a holomorphic extension to X,z satisfying the estimate (7.1).
Lemma 3.5 shows that the holomorphic extension is actually the resolvent of
Aon Ygqz.

Corollary 7.2. In the situation of Theorem 7.1, for each x € X, u(t) :== T(t)x
defines a function uw € C*((0,00); X) such that

u(t) € Au(t) for all t > 0. (7.2)

Proof. Let x € X, u(t) = T(t)x. Then u € C*((0,00); X). By the definition
of the generator,

R()\,A)x:/ e_)‘tu(t)dt:/ e Mo (t)dt
0 0

where v(t) = [o

o u(s)ds. Since (R(X, A)x, \R(\, A)x — x) € A, it follows that

/ e M(v(t), u(t) — x)dt € A for all A > 0.

0

By Theorem 5.12 this implies that (v(t),u(t) —x) € A for all ¢ > 0. Since A
is closed, also the derivative (u(t),u(t)) € A.

The converse of Theorem 7.1 has the following form.

Theorem 7.3. Let o € [0, 5], M >0 and let A C X x X be a closed relation
such that

Yarz Cp(A) and AR\, A)|| < M for all A\ € Xoyx. (7.3)
Then A generates a holomorphic semigroup T : X, — L(X) satisfying
2
T <M (1 + 51?5) forallz e ¥4_¢, 0<e<a. (7.4)
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Proof. The proof of [4, Theorem 2.6.1] yields a holomorphic function T :
Yo — L(X) such that (7.4) holds and

R(\ A) = / e~ MT(t)dt for all X > 0.
0

Now the proof of [4, Theorem 3.1.7] shows that T'(s + t) = T(s)T'(t) for
all t,s > 0. A standard argument involving holomorphy (see [4, Proposition
3.7.2(a)]) shows that the semigroup property also holds on %,,.

Next we establish a convergence result. It is one of our main results.
Since we admit relations, in contrast to the usual convergence results, no
assumption on the limit is required.

Theorem 7.4. Let0 < a < 5, M >0 andletT, : ¥, — L(X) be holomorphic
semigroups satisfying

T (2)|| < M for alln €N, z € .

Denote by A, the generator of T,, and assume that there exists \g € Yot
such that (R(Mo, An))nen converges strongly. Let A = lim,, oo A,. Then A
generates a bounded holomorphic semigroup T : ¥, — L(X). Moreover, for
allz € X,

liem T, (z)x = T(2)x uniformly for z € K,

whenever K C X, is compact.

Proof. Let U = p(A) N ¥q4z. Then U is open and Ao € U by Theorem 3.7.
We show that U is relatively closed in Xq4z. To that aim, let Ay € U and
Ao € Za+w such that limg_, oo Ak = A. Then there exists 0 < € < « such
that Ay, Aoc € X4z for all k € N. Thus

M

sine

for all k € N, n € N. It follows from Theorem 3.7 that R(Ag, A) = lim,, o
R(Ak, Ay) strongly. Hence [[AR(Ay, A)|| < 2L for all k € N. Now Corol-
lary 3.2 implies that Ao € p(A). This proves the claim. Since ¥,z is
connected we deduce that U = X, z; ie. Yarz C p(A). It follows from
Theorem 3.7 that lim, . R(\, A,) = R()\,A) strongly for all A € Y44 7. In
order to prove strong convergence of the semigroups we consider the Banach
space

AR B(Ag, An)l| <

(X = Az = (@n)nen: [@loc := sup flanl] < o0}

and its closed subspace ¢(X) of all convergent sequences. Let x € X. Define
F: 3, - {°(X) by F(2) = (T.(2)x)nen- Then F is bounded and holo-
morphic by [4, Theorem A.7]. Let Fy be the restriction of F to (0,00). The
Laplace transform Fy of Fy is given by Fy(A) = (R(\, Ap)2)nen € ¢(X) for
all A € ¥yqz. It follows from Theorem 5.12 that F(t) € ¢(X) for all t > 0;
ie. T(t)x := lim,_,o T}, (t)x exists for all z € X. Now it follows from Vitali’s
Theorem [4, Theorem A.5] that lim,, o T, (2)z =: T'(z)x exists for all z € X
and all z € ¥, uniformly with respect to z on all compact subsets of ¥.
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Thus T : ¥, — L(X) is a bounded holomorphic semigroup. Since for x € X,
A >0,

Tz = /O e M)z dt

= lim e M, () dt = lim R(\, Ay
n—oo 0 n—oo
= R(\, Az,

the generator of T is A.

8. Convergence of Heat Semigroups

The convergence results of Sect. 6 had the advantage of being elementary. To
show that the relation Agq is m-dissipative was based on our version of The-
orem 1.2 of the Lumer—Phillips Theorem. However, the convergence results
for holomorphic semigroups developed in the preceding section give better
convergence properties.

We start showing that the relation Aq generates a holomorphic semi-
group. Let B € R?, d > 2 be a large ball and let

W ={Q C B : Q open and Dirichlet regular}.

For Q € W we consider the m-disspative relation Aq C C(B) x C(B) from
Sect. 6. Then the following generation theorem holds.

Theorem 8.1. There exist a € (0, 5] and M > 0 such that for each @ € W

the relation Aq generates a holomorphic semigroup
TQ : Za — E(C(E))
satisfying ||Ta(2)|| < M for all z € .

Proof. By the proof of [4, Theorem 6.1.9] for each Q € W there exists cq > 0
such that
AR, Aq)|| < cqM for all A € C with Re (\) > 0,

where M is independent of Q and co = 1+ ||Bg ||, where Bg is the Poisson
operator defined on Y := C(Q) x C(99) by
D(Bgq) = {(u,0) €Y : Au € C(Q)} and Bq(u,0) = (Au, —UjpQ)-
In the proof of [4, Theorem 6.1.9] it is shown that Bq is bijective and for
(f,p) €Y, (—=Ba) 1 (f,p) = u=v+w where w = —Eg* f, f the extension
of f by 0, E; the Newtonian potential, v € C(Q2) harmonic on € such that
Vjgq = @ — w)pn. Thus, by the maximum principle,
lulle@ < vlle@) + lwllem < llellcen) +2(wllem)-

But

lwllom = 1Ea* fllo@y < 1Balle s+l flom)
a bound which is independent of 2. Thus

[[AR(A, AQ)|| < eM for all A € C with Re (\) > 0,
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for some ¢ > 0 and all 2 € W.
Now the power series argument of [4, Corollary 3.7.12] yields 3 € (0, 7],

M > 0 such that
Yp+z C p(Ag) and [[AR(A, Ag)| < M for all X € Ypiz and all 2 € W.
Theorem 7.3 gives the desired result.

Let Q € W. Recall that
Co(Q) ={veC(B):v=0o0n B\ Q}.
The semigroup Tq can be seen as a function in C°°((0,00); £L(C(B))). We

now characterize the orbits T (-)uo as solutions of the heat equation in the
following way.

Theorem 8.2. The function u = To(-)ug is the unique solution of

W(t) = Au(t) in D(Q) for allt >0 (8.1)
with u € C°°((0,00); Co(Q)) and limy_o1 u(t) = ug in L*(£).
Proof. Let g € C(B), u(t) = Tq(t)g. By Corollary 7.2, we have u € C™

((0,00); C(B)) and u(t) € Aqu(t) for all t > 0. In particular u(t) € dom Aq €
Co(£2) and 4(t) = Au(t) in D(Q)". In order to show that lim; o1 u(t)jo = g0

in L?(Q2), we consider the Dirichlet Laplacian Ag on L?(£2) given by
dom Ag := {v € H}(Q) : Av € L*(Q)} and Agu := Aw.

Then Aq generates a Cy-semigroup T on L%(£2). We claim that for g € C(B),
A >0, (R(A Ag)g) o = R(A, Aa)(g)e)- In fact, let v = R(A, Ag)g. Then
v € domAg C Cp() and v — g € Agu. Hence v — g = Av in D(Q2)".
It follows from [7, Theorem 2.5] or [5, Lemma 4.2] that vio € Hj(2). As a
consequence, vjg € D(Aq) and \vjg—Av)q = gq. This is the claim. It follows
from the uniqueness theorem [4, Theorem 1.7.3] that (To(t)g)o = T2(t)(g0)-
Hence lim o4 u(t)jq = gjo in L*(Q).

In oder to show uniqueness, let u be a solution of (8.1). Since for ¢ > 0,
u(t) € Co(Q) and Au(t) o = u(t)|o € C(Q), it follows as before that u(t)q €
H{ (). Thus (t)o = Aqu(t). Since limy o4 u(t) o = gjo in L*(2), it follows
that u(t)jo = T2(t)(g)n). This proves uniqueness since u(t) = 0 outside 2.

The mapping Q — Tg, is continuous in the following sense. We keep the
notations of Theorem 8.1.

Theorem 8.3. Let Q2,,Q2 € W such that Q, — Q spectrally as n — oo. As-
sume that § is stable. Then for each g € C(Q),

To(2)g — T(2)g in C(B) as n — oo,
uniformly with respect to z on compact subsets of Y.

Proof. By Theorem 6.3, for A > 0, lim, . R(A, Q) = R(A\, Q) strongly.
Thus, in view of Theorem 8.1 the claim follows from Theorem 7.4

Theorem 8.3 can be rewritten in terms of the sol&tions of the heat
equation. The point is that the convergence holds in C(B) for the uniform
norm (and not merely in L?(f2) as in [2, Theorem 6.2]).
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Corollary 8.4. Let (2, Qo € W such that Q, — Qo spectrally as n — oo.
Assume that Qo is stable. Let ug € C(B) and let u,, be the solution of

Un(t) = Auy, (t) in D(Q,)" for all t >0 (8.2)

with u, € C*((0,00); Co(Qy)), limy_o4 un(t) = ug in L2(Q) and n € NU
{oo}. _

Then u, (t) — uso(t) in C(B) uniformly on [L,7] for all 7 > 1.

Finally we mention that another mode of convergence of €, to € is
studied in [7, Definition 5.1 and Theorem 5.5]. Theorem 8.3 remains true for
this alternative mode of convergence.
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