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Abstract

In this paper, we show that if (U,),>1 is any nondegenerate linearly
recurrent sequence of integers whose general term is up to sign not a
polynomial in n, then the inequality ¢(|U,|) 2 |Ugemy| holds on a set of
positive integers n of density 1, where ¢ is the Euler function. We show
that the set of n < z for which the above inequality fails has counting
function Oy (z/log z).
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ABSTRACT. In this paper, we show that if (Un)nz1 is any nondegenerate linearly recurrent
sequence of integers whose general term is up to sign not a polynomial in n, then the inequality
${(|Unl) = Uy} holds on a set of positive integers n of density 1, where ¢ is the Euler
function. We show that the set of n < z for which the above inequality fails has counting
function Oy (z/logz}.

1. INTRODUCTION

Let (Un)nz1 be a linearly recurrent sequence of integers. Such a sequence satisfies a
recurrence of the form

Unyr = a1Upyper + -+ aplUy, for all = > 1, (1)
with integers ai,...,ar, where Us,..., Uy are integers. Assuming k is minimal, U, can be
represented as

5
Up=>_ F(n)al, (2)
i=1
where s
U(X) = XF — o XF gy = T[(X = ag)™ (3)
i=1
is the characteristic polynomial of (Up)n>1, on,..., e are the distinct roots of ¥(X) with
multiplicities &y,...,0,, respectively, and F;(X) is a polynomial of degrec o; — 1 with

coefficients in Q¥(c;). The sequence is nondegenerate if «;/ay is not a root of 1 for any
i%# jin {l,...,s}. A classic example is the Fibonacci sequence (Fp)n»1 that has k& = 2,
U(X) = X% —X ~1, and initial terms F; = Fy = 1. Let ¢(m) and o(m) be the Euler function
and sum of divisors function of the positive integer m. In [5], the first author proved that the
inequalities
#{Frn) = Fyn) and (o) € Fom

hold for all positive integers n. It was also remarked that if instead of considering (Fr)n>1,
one considers a Lucas sequence with complex conjugated roots, i.e., a nondegenerate binary
recurrent sequence (Up)nzo with Up = 0, U1 = 1, and ¥(X) a quadratic polynomial with
complex conjugated roots, then the inequality

$(|Url) > [Up)|
fails infinitely often. It fails for a positive proportion of prime numbers n. Such questions were
recently revisited by other authors (see [4] and [7], for example).

In this paper, we prove the following theorem. Recall that if f(z) and g(z) are functions
defined on Ry with values in Ry, we write f(z) = O(g(z)) and f(z) = o(g(z)) if the inequality
f(z} < Kg(z) holds with some constant K > 0 and all x > zg, and lim,_o. f(z)/g(z) = 0,
respectively. Further, the notations f(z) < g(z) and g(z) » f(z) are equivalent to
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f{z) = O(g(x)). When the implied constant X depends on some other parameters like U, &,
we indicate this by writing f(z) = Op.(g(z)) or f(z} <y, g(z).

Theorem 1. Let (Up)n»1 be a nondegenerate linearly recurrent sequence of integers such that
|Un! is not a polynomial in n for all large n and let = be o large real number. Then, the
inequality

O(|Unl) = [Ug(r| (4)

fails on a set of positive integers n < z of cardinality Oy(z/logz). A similar statement holds
for the positive inlegers n < x for which the inequality

o([Unl) < Us(m)|
fails.

The theorem does not hold for sequences for which U, is either P(n) or (-1)"P{n), with
some polynomial P(X) € Z[X], whose characteristic polynomial ¥(X} is one of (X — 1)* or
(X -+ 1)*, where k — 1 is the degree of P(X). For example, with k = 3 and P(X) = X? 41,
we have that if n is odd, then U, = n® + 1 is even; therefore,

n?+41

¢(Un) £ —;

On the other hand, for a positive proportion of n, we have ¢(n) > n/+v/2 and all such n are
odd. Indeed, if n is even, then ¢(n)/n < 1/2, so we cannot have ¢(n)/n > 1/v?2 for such n.
To justify why there are a positive proportion of such n, recall that Schoenberg [9] proved the
existence of a continuous monotone function f : [0,1] — [0,1] with f(0) = 0 and f(1) =1
such that

1 o(n)
— < s IS —
mll}rrolom#{n_m. - < a} fla) for o € [0, 1].
In particular, the density of the set of n such that ¢(n)/n > 1/v/2 equals 1 — f(1/4/2) > 0.
For such n,

U¢(n)m¢(n +l>“-+1>¢ n)-

As we said above, the bound Oy(z/log z) from the statement of Theorem 1 is close to the
truth in some cases like when (Uy,)n>0 is a Lucas sequence with complex conjugated roots.
Even more, it is easy to construct binary recurrent sequences (Up)n>1 with real roots for
which inequality (4) fails for a number of positive integers n < x, which is >y 2/(log z). For
example, let g1 < --- < g be odd primes such that

Let @ > 2 be a positive integer such that a = 2 (mod ¢;) fori =1,...,%k Then 2P —q is a
multiple of ¢; for all ¢ = 1,..., k, whenever p is a prime such that p = 1 (mod g; — 1) for all
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i=1,..., k. For such primes p that are sufficiently large, we have
1 i 1
$(2F —a) = (27 —a) H (1———)5(2”——@)1_[(1———.)
al2P—a q i1 di
o» k 1 2P —qa
~a)exp[-) —| <
< a) exp ; ” .

< @l _g=2t00) _ g4
Thus, ¢(Ur) < Ug(ry for n = p a large prime in the progression

p=1 (modlemlgy - 1,...,q: —1])

and U, := 2" — @, which is the nth term of a binary recurrent sequence of characteristic
polynomial ¥(X) = X?—3X 2. In the above, the notation lem[g; — 1, ..., qx — 1] stands for
the least common multiple of g1 — 1,..., ¢ — 1.

2. PRELIMINARY RESULTS

2.1, Arithmetic Functions. Here, we collect a few facts from the anatomy of integers that
are useful for our proof of Theorem 1. The first result addresses the minimal order of ¢(n)
and the maximal order of o(n). It follows from Theorems 323, 328, and 329 in [3].

Lemma 1. Let n > 3. We then have

1
é(n) > and 1@ < loglogn.
n loglogn n

For a positive integer n, put p(n) for the smallest prime factor of n with the convention
that p(1) = 1. Far z > y > 2, put

O(z,y) =#{n <z :p(n) >y}

The following inequality is a consequence of the Brun sieve and appears, for example, on page
397 in [10] (see also Exercise on page 11 in [2]).

Lemma 2. We have, uniformly forxz >y > 2,
T
o —
(1) < Togy

Let ©(n) be the total number of prime factors of n counting multiplicities.

Lemma 3. Let x > 10. The number of positive integers n < z such that Q(n) > 10loglogz
is O(z/(log x)?).

Proof. Exercise 05 on page 12 in [2] shows that

zklogz

#{ngmzﬂ(n)=k}<<——-2—r
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uniformly in £ > 1 and 2 > 2. Taking K := |10loglogz| and applying the above estimate
with & > K, we get that

k zKlogx
#{n <z:0(n) > 10loglogz} <z logz Z 5k < ~K
k>K
rlogzloglogz zlogxloglogx
< 910 loglog = - (Iog $)1010g2

- ofm)
O

Let 7(n) be the number of divisors of n.
Lemma 4. Let & > 10. The number of positive integers n < z such that t(c(n)) >
exp(vIog z) is O(z/(logx)?).
Proof. Theorem 1 in [6] shows that
1 12 log log 1
Z T(qb('n,)) = T exp C(E) “m?& 14+0 M ,
= loglog x loglog =

where e(z) € [e77/2/7,2v/2e77/?] and v = 0.577... is the Euler-Mascheroni constant. The
remarks on page 128 of the same paper show that the above estimate holds with ¢(n) replaced
by ¢(n). In particular,

#{n <z :7{c{n)) > exp(y/logz)} exp(y/logz) < Z (o (n))

n<w

1 1/2
< zexpl| O - ,
loglogzx
which gives that

o 1/2
#{n <z :7(o(n)) > exp(y/loga)} < xe;cp(_\/@+0(( log x ) ))

loglogz
&
=0 ((logﬂs)z) '
]

2.2, The Subspace Theorem and Linearly Recurrent Sequences. Here, we review
a quantitative version of the Subspace Theorem due to Evertse from [1] and apply it to
nondegenerate linearly recurrent sequences of integers. Let K be an algebraic number field
with ring of integers O and collection of places {(equivalence classes of absolute values) My.
For v € Mg and z € K, we define the absolute value |z|, as follows:

1
lor ()| ™, if v corresponds to o : K — R;
2
|2}y i= < Jo(x)| ", if v corresponds to the pair 0,7 : K — C;

N(m)” 7™, if v corresponds to the prime ideal # € Q.

Here, N(m) := #(Og/7) is the norm of = and ord;(x) is the exponent of 7 in the factorization
of the principal fractional ideal (z) of K with the convention that ord;(0) = co. In the first
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two cases above, we call v real infinite or complex infinite, respectively, whereas in the third
case we call v finite. These absolute values satisfy the product formula

H |z]l, =1  forall z € K*
vE My

Now let s > 2, x := (21,...,%,) € K® with x # 0, and define

1
( ip ﬁ[K’Q]) T if vis real infinite;

Pelo i1 1% fea) = , if v is complex infinite;
max{|m1]v, ) imsfy}, if v iS ﬁnite.

Note that for infinite places v, | - |, is a power of the Euclidean norm. Define
H(x) = H ix|,.
’UEf'IG[K
In the statement of the next result, the following apply:

o K is an algebraic number field;

» S is a finite subset of My of cardinality » containing all the infinite places;

® {lin:-..,lsp} for v € S are linearly independent sets of linear forms with algebraic
coeflicients in s variables such that

H{l;y) < H, K{:.):K]<D
foralli=1,...,5and v e S.
The following is the main Theorem in [1].

Theorem 2. Let 0 < § < 1. Consider the inequality

11 H 15.,..{;5?& < (H |det(ly 0, ..., zs,v)|u) Hx) xeK- (5)

vES i=1 vES
Then
(i) There are proper linear subspaces T1,...,T;, with

t < (259526_75)’" log(4D) log log(412)
such that every solution x € K® to () with H(x) > H satisfies
xehu---UTy.
(i) There are proper linear subspaces S1,8s,...,Sy, of K® with
ty < (150s*67 1)1 (2 + log log(2H))
such that every solution x € K* of (5) with H(x) < H satisfies
XESTUS U---US,.

We present an application to small values of nondegenerate linearly recurrent sequences.
But before, let us record the following result of Schmidt [8]. For a nondegenerate linearly
recurrent sequence (Upln>1, let

Zy =#{n U, =0}.
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Theorem 3. If (U, )n>1 is @ nondegenerate linearly recurrent sequence of order k > 2 whose
terms are complex numbers, then

#Zy < exp(exp(exp(3k log k))).

Now let (Upn)r>1 be a nondegenerate linearly recurrent sequence of integers given by
recurrence (1), whose characteristic polynomial is given by (3) and formula for the general
term {2). Assume that || > |ag| = -+ - > || and that |U,| is not a polynomial in n for large
n. In particular, |oq| > 1.

‘We prove the following lemma.

Lemma 5. Let (Un)n>1 be a nondegenerate linearly recurrent sequence of integers whose

general term 1s given by (2) with s > 2 and assume that |ay| = max{|ey;|: 1 < j < s}. Then

there exists xg and c := c(U) € (0,1/3) such that for x > xp, the number of n < x such that
|Unl < len "), (6)

with § :== x7° is of cardinality Oy (/T).

Proof. We may assume that n € (z'/2, 2] since there are only O(z'/2) positive integers

n < M2, Using (2), inequality (6) hecomes

&
Y Pi(n)af
i=1
Let L be a positive integer that is a common multiple of all the denominators of all the
coefficients of P(X) for ¢ = 1,...,s. Multiplying across by L, we get, by setting Q;{X) :=
LP{X), that

< |a1ln(1—6)_

5

> Qi(m)a}| < Ljoy "9, (7)

i=1
Note now that Q;(n)af € Ok, where K := Q(ay,. .., a;) is an algebraic number field. For tech-
nical reasons, we would like to exclude the greatest common divisor of the ideals (1), . . ., ().
So, let I := ged{{a1),...,(as)). Then I™ is principal for some positive integer h, which can
be taken to be the cardinality of the class group of K. Let 3 be a generator of I*. Then 8
divides af for all i = 1,...,s, so (ef/A),.. ., (al/B) are coprime. Since I is Galois invariant,

any conjugate 8U) of g is also a generator of [, so 8 is associated to any of its conjugates.
Letting d be the degree of 8, we get that of/ B89 are all associated for j = 1,...,d {and
fixed ¢ € {1,...,s}) and in particular, they arc also associated with af?/b, where we can
take b := N(8). Now we replace (Uy)n>1 with any of the hd linearly recurrent sequences
(Undmte)mz0 and £ € {0,1,...,hd — 1} by fixing £. Then

=5
Undmse = b™ Y Qi(m)aj™,
i=1

where Q}(X) 1= afQi(hdX +£) € Og[X] and o, := af4/b for i = 1, ..., s. Inequality (7) now
implies

s hd |™
ZQ;(WL)CK?H < Llalle C_]%" al—tf(hdm-i-ﬂ) — Lllailm(i—-&)’ (8)
i=1
' 2(1-6) . hdlog |eu | ' ;
where L' := L|ay| and d; := epd with ¢p := . Note that |a3| > 1, for if
hdlog |az| — logb
not, then |a®/b] < 1 holds for alli =1,...,s. Since o are algebraic integers having all the
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conjugates at most 1, we get that they are roots of unity. Thus, a;/a; is a root of unity for
all © # j, which contradicts the nondegeneracy assumption.

We now set up the subspace machinery. We let & be the subset of My containing all the
infinite valuations as well as all the finite ones v such that |af], # 1 for some i =1,...,s. We
take x = {z1,..., ;) and I; ,(x) given by

Liw(x):==  forall (i,v) €{l,...,s} x & with ¢ > 2 or v finite,

and take
ho(x) =21+ --+zs  for v infinite.

ITIT vl (9)

We evalnate

i=lves
in x = (@] (m)af™, ..., Qs(m)a™) with some m satisfying inequality (8). For a fixed i > 2,
we have
I el =TI, < T 1Qkm)ly < m=,
vES veS v infinite

where the implied constant depends on the coefficients of Q%(z). The above inequality follows
by the product formula for ™, together with the fact that S contains all the places of Mxg for
which |aj]y # 1 and together with the fact that Q{m) is an algebraic integer, so |Qi(m)], < 1
for all finite places v. Hence,

S 5
H H |li,’v(x)|u < H m""“l = mEf:z ‘71_1.
=2

i=2veS
For ¢ = 1, we have that

M.k = J] 1&g I 13 Qm)a™,

ves vesS veS =1
v finite v infinite

< L @it | T 1o | lagme=.

vES uES
v infinite v finite

In the above, we used the fact that 37, @Qi(m)ai™ is an integer from Z, so the product of
its valuations over all infinite places v € My is just the regular absolute value of this integer.
Using again the product formula, [af™| is cancelled by the second product above, so we get
that

[T 0G0l << mo= (o) ~21,
wES
Collecting everything together, we get that the product shown in (9) is bounded as

1
T TT i)l < mie st (o)) =8 b5, (10)
i=l veS
To be able to apply Theorem 2, we should compare the above upper bound on our double

product with
(H |det(ll,v, lgﬂ,, ey ls,v)lv) (H%E—L(S'}Scl}i) H(X)_Jz

vES
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for some suitable da. Well, the first factor above is easy since all the involved determinants
are equal to 1. For the second factor above, we have that

U |x,v - . o -
eslhe — 7 pi' = [T tweiQmparip

vEMg\S vEME\S
= ] (max{@i(m),)™' > 1.
vEME\S

In the above, we used the fact that Mg\S consists only of finite valuations v for which
|e™|, = 1. Finally for H(x), we use the fact that z; € Ok to deduce that

s 1/2
Hx)< ] IXIUS(ZIQi(m)zailgm) < m*lod|™.

v infinite i=]1

Here, we used the fact that > ;_, Qi(m)?a/*™ is an integer as the collection of numbers

{Q1(m)*aft™, ..., QL(m)a/#™} is Galois stable. In particular, we have that
5
x
(H |det(l) zz,v,...,ts,v)h) (Hﬁg—i) H(x)™% 3 m™*2|ofm| =02
veS

So, inequality (5) will hold for us, assuming that

erm|od™| 5 < com RO || o (11)
holds, where ¢; and ¢z are the constants implied by the < and > symbols in {10) and (11},
respectively. We take §; := 6:/2 and the above inequality becomes equivalent to

(c1/ea)m1+2) « ol 51/2,
Taking logarithms, we get
k(1 + d2) logm -+ log(c1/e2) < (61/2)(log |y m.

Since n < z, then the left side is Ologz). Since & = ¢pd > z~1/3, log|ai] > 0, and

m 3> n > /z, it follows that the right side above is 3 z'/®. Thus, the last inequality above
holds for @ > zg, where 7o depends on UU. We conclude that our x satisfies inequality (5) with
do 1= 51/2 and x > zp.

We take a closer look at H(x). Since (¢]),...,(a}) are coprime, it follows that for every
finite place v € Mk, there is i € {1,...,s} such that lajly = 1. This shows that for finite v,
we have

|2l > min{|Q{(m)]s} > m™*.
Hence,
Hx)»m™ ] [Qum)a™y > m™ o™ (12)
v infinite

Here, 7 is the cardinality of S. For our set-up, the parameter H can be taken to be /8. Since
m > n > z1/2 it follows that for large x, the inequality

esm ™o | > /s
holds, where ¢3 is the constant implied in {12). Thus, for z > zg, we have

H{x)> H.
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Also, for us D = 1, since /;,(x) have coefficients from Z. So, by Theorem 2, there are proper
subspaces 11, ..., T}, with

< (26[}52 85 ") log 4loglog 4

such that x € T3 UT5U-- - U Ty, . Each of the containments x € T; leads to an equation of the
form

G9! myal(m) = o,
i=1

where C) .= (C’fJ }, Ceey cg(.j )) € K? is not the zero vector. Each such equation signals that
m is in the set of zeros of a nondegenerate linearly recmrrent sequence of order at most k,
so there are at most O(1) such values of m, where the constant in O can be taken to be
exp(exp(exp(3klog k))) by Theorem 3. So, it remains to understand the upper bound on ¢s.
But, this is

(26032+75c575$75°)T log 4loglog 4.
Taking ¢ := 1/{15sr), the above bound becomes
2(6032+7s)r66_75rm7/15 log4log log 4,

and this is smaller than z'/2 for z > xq. This finishes the proof. O

3. PROOF OF THEOREM 1

3.1. The Case of the Euler ¢ Function. Let p(n) be the smallest prime factor of n. Let
Ai(z) ={n <2 :p(n) >z},

where ¢; € (0,1/6) is a constant to be determined later. We show first that .4;(x) contains
O(z/logz) positive integers n < z as @ — oo. Indeed, putting y := z%, the set A;(x)
coincides with the n < x, which are coprime to all the primes p < y. The number of such is,
by Lemma 2,
T x
Oz, y) € — & —.
logy logx
From now on, let n < z not in A;(z). We also assume that n > z!/2, since there are only
O(z*/?} = o(z/ logz) as & — oo positive integers failing this last incquality.
For such n, the interval [1,7n] contains at least n/p(n) numbers, which are not coprime to
n, namely all the positive integers that are multiples of p(n). Thus,
n
$(n) <n-——

p{n)

< n—né,
where 6 1= 1/2%. Let
Up = Zﬂ-(n)a?.
i=1

We assume that jou| > o] > -+ > |os|. Assume first that s = 1. In this case ¥(X) =
(X — 0q)*, so v is an integer with |eer| > 2. Thus,

U, = Pi(n)o?,
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where P1(X) € Q[X]. Let L be the least common denominator of all the coefficients of P;(X).

Then, for large n {say larger than the maximal real root of P (X)), we have
O

loglog(Z| P1(n)|)

Lo(|Unl) = ¢(LiUnl) 2 $(LIPL(n)))b(|ea[") >

Lnk-1
loglogn

ITI

lalfn

This gives

¢(V) > pleal"™ (13)

g logn
On the other hand,
Ve = 1PL($(n)) e |*™ < p(n)o= o M09 & =2 39D, (14)
By (13) and (14), it follows that if
${|Unl) < [Up(wmy|

holds, then
k-1

].Oglognla’lln g qb(lUnl) S |U¢(n)| & n‘km:Llalln{l_a)_

This is equivalent to
Iy [ < loglogn.
Taking logarithms, this becomes

(nd) log |on| < logloglogn + O(1).

The right side is O(logloglogz). Since |ay| > 2, nd > 21/2/z% > z1/3; it follows that the
above inequality implies that = is bounded. Thus, there are only finitely many such n in case
s= 1.

From now on, we assume s > 2. In this case, the inequality

Jalgn/z < || < iallnnk

holds for all n > ng. Indeed, the right side is obvious and the left side follows from a known
application of the Subspace Theorem (see, for example, [11, Lemma 4.1]). Thus, for n > ng,
we have that

log log |U,| = logn -+ O(1).
Since ¢{(m) > m/loglogm holds for all integers m > 2 (see Lemma 1), we have that for
n > ng, the inequality
Unl |l

S(|Unl) > loglog|U,|  logn+ O(1)

holds. Assume now that
G(Unl) < Uiy -
We then get
T b7y < A0 < Uyl < loa 0} < el
This gives
|Un] < o1 ™ nF(log n + O(1)).
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Let ¢4 be the constant implied by the above inequality and cs be the constant implied by the
above O(1). We claim that with 6 := 1/2%%, the inequality

calon ]nu"‘s)nk(logn +e5) < |a1|”(1“~61)

holds. Indeed, this is equivalent to

klogn +log(logn -+ cs) + log(cs) < n{d — 61) log || (15)

Since n € (/z, z], the left side above is O(logz). Since & = 1/2% and § = 1/z%, it follows
that § — 41 > 0.56 > 0.557 for & > 9. Since n > /7, it follows that the right side above is
> 21270 3 5173, Therefore, indeed (15) holds for all our n in (v/z,z] and = > zy. Thus, we
get

|Uni < |a1|n(1—61)‘

By Lemma 5, we can choose ¢; := ¢/2 such that the number of n < z satisfying the above
inequality is O(/z) = o(z/logz) as & — co, which finishes the argument.

3.2. The Case of the ¢ Function. Assume again that z is large and n € (\/z, 2] is divisible
by some prime p < z* for some small constant ¢;, since otherwise, like in the case of the Euler
function, the set of such n <z is O(z/logz). Then ¢{n) > n -+ nd, where § := 1/2%, which
gives

a(n)
< —=< —
NSy S o(n)(1 - &),
where §; := §/2. Assume now that _
Vsl < o(|Unl)- (16)

As in the case of the ¢ function, we need to treat the case s = 1 separately. In this case,
Ur = Pi(n)af, where |ay| > 2 is an integer and Pi(X) € Q[X]. Let again L be the least
common denominator of the coefficients of P;(X) and n be larger than the maximal real zero
of P (X). The right side above is by Lemma 1.

o(|Unl) o(Liln]) = o(LIPi(n)]|aa]™) < o(L|PL(n))o(|oa]™)
< L|Py(n)|(loglog(L| Py (n)[))|ea|™
< nk_l(log10gn)|af1]°(")(1”6‘), (17)
whereas
Ustmy| = |Pr{o(m))lleal”™ 3 o(n)*=ay |70 3 nF=y 70, (18)

Inequality (16), with (17) and (18), imply
7o 7 < U] € 0(|Unf) < 0¥ (log log m)jo |70 =50,
This leads to
ot |19 < log log e,

and by the argument for the case s = 1 and the ¢ function, this leads to the conclusion that
z (so, n) is bounded.

From now on, we assume that s > 2. The right side is, by Lemma 1 and the calculation
done at the case of the Euler ¢ function,

o(|Un]) < |Un|loglog|Us| < [ca]™n*(logn + O(1))
< "M g(m)E(log o (n) + O(1)).
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Let 5 and c7 be the constants implied by the <-symbol and O-symbol above, respectively.
By the argument done in the case of the Euler ¢ function, putting Js := 1/z2¢1, the inequality

cﬁ|a1|m(1“51)mk(logm + 67) < ;alim(lm‘h}
holds for all m = o(n) and n € (\/z, 2] for z > z. Thus, putting m := o(n), we get that
|Unn] < Jou [ C0%)

holds, when & > xp. Note that m < zloglogz by Lemma 1. By Lemma 5, we can choose
¢1 = ¢/2 and then the set of m < z loglog z satisfying the above inequality is of cardinality

Or{+/zloglogz).

But this is only an upper bound on the number of distinct values of o(n) and we have to get
an upper bound on the number of n’s themselves. By Lemmas 3 and 4, we may assume that
Q(n) < 10loglogz and 7(o(n)} < exp(y/Togz), since the number of n < z for which one of
the above inequalities fails is O(z/{log z)?). Writing

. (25
n=pp gt

with distinct primes p1,...,pp and positive exponents a1, . .., agz, we have

£ a;+1
P — 1
o(n) =[] (—":“1—) :
=1\ P

Given m = o(n), each of (p?""'l — 1}/(p; — 1) is a divisor d; of o(n). Additionally, given d;
and also a;, p; is uniquely determined. Thus, since d; can be fixed in at most 7(o(n)) ways
and a; < (n) can be fixed in at most Q(n) ways, it follows that p7' can be fixed in at most
Q(n)7(o(n)) ways. This is so for a fixed 7, but i < £ = w{n) < Q(n). Thus, the number of

such 7, when o(n) and Q(n) are given, is at most

log log 2
((10 log log z) exp(+/log a:)) 1lslos < exp (20(iog log:z:}\/iog:n)

for z > zp. Varying Q(n) up to 10loglogz, as well as the number of possible values of o(n),
we get that the number of possible n < z is

<k Vzloglog z(loglog z) exp (20(10g log z)+/log a:) = o{z/ log )

as « —+ oo, which finishes the proof of the ¢ case.
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