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Abstract

This dissertation examines a number of maintenance models that
are implemented to reduce incidences of system failures or to
return a failed system to the operating state. In particular, the
repair cost-limit (RCL) replacement models are investigated. On
failure the system is replaced by an equivalent new one if the
random repair costs C exceeds a given repair cost limit c, or at

age 7 by a preventive replacement if in the time interval (0,7) no

failure induced a replacement of the system. Otherwise, after
failure a minimal repair is carried out. After any replacement, the

time is returned to zero.

For instance, in everyday life, one has to make such decisions
once in a while: repair or replace a car, a television set or a
refrigerator, depending on the cost of a repair. If the cost of repair
is high, then it is more economical to replace the item by a new
one.

This dissertation considers the combination of the RCL
replacement policy with the age replacement policy. An
expression for the expected long run cost per unit time
(maintenance cost rate) is derived. The optimum values of ¢ and

7 are obtained.
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Symbols and Abbreviations

X system lifetime, a continuous random variable

F(t), F(t) Distribution function, Survival function of X

F(t)=1-F(t)
f(t) Probability density of X : f(t) = F'(t)
Alt) Failure rate of X : A(t) = f(t)/F(t)
A(t) Integrated failure rate : A(t) = J(t) A(x)dx
X Residual lifetime of a system after time t given that

it has survived interval [0, t]

F, (x) Distribution function of X,
(%) Survival function of X, : F,(x) =1~ F,(x)
CrCpr€ Mean cost of a minimal repair, a preventive replacement(pm)

,an unscheduled replacement after a type 2 failure, Cm <Cp <C,

o(h) Landau's order symbol, i.e o(h) is any function

with property lim o(h)/h = 0.
h—0

{N(t).t 20} counting process

I'(x) I(x)= jso t*le7'dt, Gamma function, x>0
C(t) Cumulative maintenance cost in [0, t]
K maintenance cost rate

(= long - run total maintenance cost per unit time)



H(t)

Y or L,G(t)

renewal function
replacement cycle length,

distribution function of Y or L

p(t),p(t)=1-p(t)  probability of a type 2 (type 1) failure

c(t)

repair cost limit at failure time t
distribution function of the random repair cost

optimal constant repair cost limit
optimal constant repair time limit

mean residual lifetime of the system

n - fold convolution power of F(t)

time to n failure

economic life of the system

optimal replacement time

optimal number of failures before replacement

constant repair cost limit

average estimated repair cost

cost of an inspection, a constant
probability of k type 1 failure and no type 2
failure in (0,t], Ayt) = F(t)

repair time limit



distribution function of major repair time

constant repair cost
constant shortage cost

constant ordering cost
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1. Introduction

Among a great number of reliability problems, repair-limit
replacement problems are important for the economical decision

of whether to repair or replace a failed system.

From time to time, figures are being published reflecting the
costliness of maintenance actions. While estimates of actual rand
costs vary, they invariably illustrate the magnitude of
maintenance expenditures. These high expenditures clearly
indicate the continuous need for the development of efficient

maintenance techniques.

The past five decades have seen continuing interest in
maintenance policies for systems that are subject to stochastic
failures. Maintenance policies are implemented to reduce
incidences of system failures or to return a failed system to the

operating state.

There're two types of maintenance, namely, preventive and
corrective maintenance. In preventive maintenance, inspections
are carried out, worn-out parts replaced, adjustments done to
keep the system in proper condition, and even complete system
replacements are carried out. Corrective maintenance involves

unscheduled maintenance performed on a failed system in order
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to restore it to an operating condition by replacing or repairing
the failed component(s) that caused the system failure. The type
of maintenance applied depends on the costs involved and on

safety implications of failures.

Repair cost limits have long been used, their values often being
based on the principle that no more should be spend on the
repair of an item than the item itself is worth. As such, policies
based on repair cost limits have been regarded as an efficient

way to decide on whether to repair or replace.

This dissertation will focus mainly on a replacement model that
depends on both repair costs (assumed to be independent and
identically distributed random variables) and age of a single unit
system. The system is maintained according to the failure type.
Type 1 failure causes only a minor damage and is removed by a
minor repair. After a minor repair the unit is as ‘good as old’.

Type 2 failure requires a unit to be replaced.

12



The objectives of this dissertation are:

ii.

iii.

iv.

Presentation of the theoretical foundations of the
replacement policies with minimal repairs at failure, in
particular discussion of the failure rate concepts,
nonhomogeneous Poisson processes (used here to model
the stochastic behaviour of failures under minimal
repair), two failure type modes and renewal reward
processes.

To combine the repair cost limit replacement policies with
other standard replacement policies found in the

literature.

The numerical examples of the resulting policies will be
considered and the maintenance cost rate will be

calculated.

Some problems regarding the gap between theoretical

results and practical applications will be highlighted.

Aim (i) will be covered in Chapters 2 and 3 in this dissertation,

whilst Chapter 4 will deal comprehensively with methods and

literature studies pertaining to the research.
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In Chapter 5, we consider the combination of repair cost limit
replacement policy with the well-known age replacement policy in

order to come up with a policy which is more cost-efficient.

Chapter 6 will deal with the optimization of the combined policy

and presents also a numerical example.

Basic Assumptions:

1) Maintenance actions are restricted to minimal repairs and
replacements

2)  After a replacement, a system is ‘as good as new’

3) All maintenance actions take only negligible time

4)  The system is aging (its failure rate is increasing).

Definition 1:
Minimal Repair: This is a repair which restores the capability of
the system to continue its work, but does not affect its failure

rate.
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2. Theoretical Foundations

2.1 Residual Lifetime, System Aging and Failure Rate

Extensive discussion or exposition of the principles of this
chapter can be found in most textbooks in the field of Reliability
and Maintenance theory. For the development of this section, we
refer to Barlow and Proschan [1965], Beichelt [2006], Grosh
[1989], Kapur et al. [1999] and Nachlas [2005].

Let X be a random lifetime of a system with distribution function

F(t). The lifetime of a system is the time span from its start-up

time point to its failure, where ‘failure’ is assumed to be an
instantaneous event which need not be equivalent to the end of

the system’s useful life. In the engineering context, F(t) is called
failure probability of the system and F(t) =1- F(t) is called
survival probability with regard to the interval [0,t], because F|(t)
and F(t) are the respective probabilities that the system does or

does not fail in [0,t].

Let F, (x) be the distribution function of the residual lifetime X .

of the system, which has already worked t time units without

failing. This conditional failure probability is given by
F(x):P(X <x):P(X—th|X>t) 2.1)

¢ S
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In probability theory, the conditional probability of

A on condition B is defined as

P(A N B)

P(B)

P(AIB) =

- _PX-t<xnX>t) Pt<X<t+x)
Fyx) = P(X > t) - P(X>t)

_F(t+x)-F(t), 50 50
F(t) ’ I

The corresponding conditional survival probability
F,(x) =1-F,(x) is given by

= ——; x=20,t=20 (2.2)
Hence, the mean residual lifetime y(t) = E(X t) of the system is

u(t) = % 7 F(x)dx 2.3)

The engineering background of the conditional failure probability

motivates the following definition:

Definition 2: A system is aging in the interval [tl’tz]’ t, <t if for
an arbitrary but fixed x, the conditional failure probability F,(x)

is increasing with increasing t, t, St<t,.

16



The aging behaviour of the system can be modelled in several
ways; one of them is the failure rate. Provided the existence of

the density function f(t) = F'(t), the failure rate A(t) is defined

as:

P[t+ At 2 X|X > t]
At) = lim
At—0 At
Thus, A(t) reflects the system’ tendency to fail at time t given that

it has survived up to time t.
By definition,
Plt+At>2X N X >t]

P[t+At > XX > t]= PIX > ]

so that,
Plt+At>2XNnX>t]=P(t+At 2 X >t) = F(t + At) - F(t).
Since,

P[X >t]=1-F(¢),

== (2.4)

Integration on both sides of this relationship yields:
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F(t)=1- exp(—J(t) l(x)dx)

_1_e MO t>0.

The function A(t) is called the integrated failure rate of the

system.

A(t) = £ A(x)dx (2.5)

This representation of F,(x) implies an important property of the

failure rate:

A system ages in [tl,tz], t, <t,. if its failure rate A(t) is increasing
in this interval.

However, definition 2 is more general than this implication, since

definition 2 does not require the existence of the density

function.
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2.2 Renewal Process and Instantaneous Repairs

Think about the state of the system following maintenance.
Conceptually, we think in terms of a system that operates until it
fails, at which time it is immediately replaced by a statistically

equivalent new one that, in turn, operates until its failure.

In this context, the replacements of the failed systems are also
called renewals. The sequence of the operating times generates a

renewal process.

Definition 3: An ordinary renewal process is a sequence of
independent and identically distributed nonnegative random

variables, {Y; i=12,..]}.

In this context, Y is the time between the (i —1)th and the ith

replacement.

X denotes the time point of the nth replacement. Hence, X s

given by:

n
X = ’ZIYi, n=12,.. (2.6)
1=

19



The random variables {Y;; i=12,...] have a well defined

probability distribution function, which do not change over time

as the process continues.

The renewal counting process {N(t), t > 0} is defined as

max{ann < t}
N(t)= : (2.7)
0O fort< X1

Thus, N (t) is the random number of renewals (replacements)
that occur during interval (O, t]. Since {Y;; i=12,..}isa
sequence of identically distributed random variables with
distribution function F(t), the probability distribution function of

X, is the n-fold convolution power of F\(t):

given F(O) =1

The corresponding density function of X is

Two questions need to be addressed using the above model.
a) Examining the time until a certain number of renewals can
occur, and
b) The probabilities of the number of renewals occurring in a

time interval.
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A key relationship in this context is
Fx (t)=P[N(t) 2n] = P[X <t (2.9)
To determine the probability distribution of N(t), we use
P[N(t)=n]=P[N(t) 2 n]- P[N(t) 2 n+1]

=F, (t)-F, (t) F (t)=1 n=0l..

n n+1 0

A special case of this result is,

The mean value

H(t) = E[N(t)].
of the random number N(t) of renewals over a fixed time interval
(0,t] as a function of t is called renewal function. It can also be

expressed as:

H(t)= Y nP[N(t)=n] (2.10)

The renewal function H(t) is the trend function of the renewal

counting process {N(t),t > 0}.
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By using equations (2.8) and (2.9),

_ F(t)+ % JEP (- x)ar(x)

= F(t) + [ %F(”)(t — x)dF(x) (2.11)

The Laplace transform of the renewal function yields a direct
relationship between the renewal function and the underlying

probability distribution of the cycle length F(t).

In view of equation (2.10),

H(t)= Y FY(t) (2.12)

An analytical solution for the renewal function usually does not
exist. A number of numerical methods have been suggested for

obtaining H(t) [see example, Baxter et al, (1981) and Kao (1988)].
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2.3 Nonhomogeneous Poisson Process (NHPP)

In section 2.2, we focused primarily on renewal process

techniques for analyzing repairable systems. The times between

failures {Yl i= 1,2,...} were independent and identically

distributed observations from a single population. If the i.i.d
assumptions do not hold in practice, the renewal process is not a

suitable model.

In real life, the time to failure {Xi; i= 1,2,...} depends on many

factors, e.g. basic system design, operating conditions, quality of
the materials used to repair, competency of the technician

(human factors) and so on.

Therefore, there is a genuine possibility of a non-renewal process
in which {Yl i= 1,2,...} is independent and not identically

distributed. As an example, think of large complex systems, such
as cars, for which the replacement of a few of its many

components does not appreciably change the ‘age’ of the system.
When system age following repair is nonzero, successive

operating periods do not have a common distribution and the

renewal model does not apply.
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Definition 4: A counting process {N(t),t > 0} satisfying N(0) =0 is

called a nonhomogeneous Poisson process (NHPP) with intensity

A(t) if it has the following properties:

1) {N(t).t = 0} has independent increments
2) for h — 0,

P[N(t+h)-N(t) =1] = A(t)h +o(h)
where o(h) is the Landau order symbol (i.e. any function

that approaches zero faster than h, when happroaches

zero, i.e lim O(h)/h = 0.
h—0

3) P[N(t+h)-N(t) > 2] = o(h)
This property means that in an interval of length h,the

probability that two or more Poisson events occur tends to O
as h — 0.

If the intensity function is constant, A(t) = A, then NHPP

becomes the homogeneous Poisson process

From properties (2) and (3), it follows that as h — 0O,
P[N(t+h)-N(t) = 0] =1- A(t)h + o(h)

a) Let us look at the probability distribution of the increments

of a nonhomogeneous Poisson process (NHPP)

P(s,t)=P[N(t)-N(s)=i; s<t, i=0l,..
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In view of property 1) of definition 4,

P/(s,t+h)=P[N(t +h)-N(s)=0]

= P[N(t)-N(s)=0|P[N(t +h) - N(t) = 0]
Hence, it follows that
P (s,t+h)—-P.(s,t h
ol +1) = Folo:t) _ (0P, (s.0) + 2
h 0 h
Pr’l(s,t) = —l(t)Pn(s,t) + l(t)Pn_l(s,t). (2.13)
Letting h — O yields a partial differential equation of the first
order:
d
gPO(s,t) = —l(t)PO(s,t) (2.14)

Since the probability of zero occurrences by time O is equal to
one.

i.e P,(0,0)=1 or equivalently, N(0)=0,
the solution to equation (2.14) is

Po(s,t) = e_[A(t)_A(Sﬂl , where A(y)= Jgi(x)dx (2.15)

Inserting equation (2.15) into (2.13) for n=1 yields,

P/(s,t) = =A(t)P,(s.t) + A(t)P,(s.1)

Pll(S,t) + l(t)Pl (s,t) — ;L(t)e—[A(t)_A(s)}l

P1 (S,t) = [A(t) — A(S)]e_[A(t)_A(S)]

25



The expression for P (s,t) can be substituted in equation (2.13)

with n =2, and so on. After few steps, the pattern emerges for
the general form of the equation.
Therefore, the joint solution for equations (2.13) and (2.15) has

the form:

P (s.t) = A0 _n/'\(s)]n e MM o

of which equation (2.15) is just a special case.

Differentiation of (2.15) yields (2.14).
Thus, the increment of the NHPP in the interval [s,t] has a

Poisson distribution with mean value [A(t) — A(s)].

In particular, the absolute state probabilities of the NHPP at time

P (t)=P (0.t) = P[N(t) =n],

n n

P()="e™™ t20. n=0l.. (2.16)

Thus, N(t)has Poisson distribution with mean value A(t):

b) Let F, (t)= P(X1 < t) be the distribution function and f, (t)

1 1

the probability density of the random time X , to the occurrence

of the first Poisson event.
Then,
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P (t)=P, (0,t)= P(X, >t)=1-F, (t)

0 1
From (2.16)
P(t)=e™, t20
Hence,
Fy (0)=1- e A (2.17)
t t
S1- e 0MIN (= e oI 0

1

From these formulas, we can see that the intensity function A(t)

of the NHPP {N(t),t > 0} is identical to the failure rate of X .

And since F, (t)=P(X_<t)=P[N(t)>n]

n

Using (2.16), the time of the occurrence of the nth Poisson event

has distribution function:

Fe ()= XY —F—e 7, j21 (2.18)

Differentiation with respect to t yields the probability density of

[

=D Ate ™ 120 n=ol..
n n-1)!

== Sy (t) (2.19)
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The mean value of Xn is
B(X )= {1 ~Fy (t)}dt

-1 aA(ﬂ["f “Sﬁ”l] at

i=0

(2.20)

The expected time between (n —1)th and nth Poisson events is
E(Yn) - E[Xn a Xn—lJ
= E(Xn) - E(Xn—l) becomes

_ 1 ey yne1 A _
E(Y )= mjo AR e Vdt  n=12,... (2.21)
By letting, A(t) = 4 and A(t) yields the corresponding HPP, in
particular E(Yn) = %

Conditional probability

P(Xz = tz‘X1 - tl) =1- Po(tl’tz)

Differentiation with respect to t, yields the corresponding

probability density

fxz (tz‘tl) - ﬂ“(tz)e

the joint p.d.f of (X1’X2) is

Ifey)-ale]

28



l(tl)F (tz) for t1 < t2

f(tl,t2) - { B

0 otherwise

By induction, we obtain the joint p.d.f of {Xi, i=12,.., n}

Alt, )AL, ),... At t ), t t, <..<t
f(tl’tz’---tn){ (1) (2) (n—l)le(n) 1 < 2< < n (2.29)

0 otherwise.
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3. Basic Maintenance Policies

3.1 Nonhomogeneous Poisson Process (NHPP) and

Minimal Repair Policy

This section considers the nonhomogeneous Poisson process
(NHPP) and a simple maintenance policy. NHPP is used here to
model the stochastic behaviour of failures under minimal repairs.
The discussion will provide formulas which are needed for

analyzing policies in the forthcoming sections.

Let X be the random lifetime of a system to be maintained with

the distribution function F|(t), the survival function F(t), the
density function f(t) = F'(t), its failure rate A(t) = f(t)/F(t).and
the hazard function (also known as the integrated failure rate)

A(t) = [7 Alx)dx

X is a nonnegative random variable, i.e. F(0) = 0. By definition,

a minimal repair carried out after a system failure, restores the
capability of the system to continue its work, but does not affect

the failure rate of the system.

Minimal repair policy: Every system failure is removed by a

minimal repair.
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Let X represent the time to the n™ failure. Then

| | (X X | |
}‘ Y1 | Yz | |
X, X X

X

0]

Y =X -X  isthe time between the (n-1) thand the nth

system failure and X, =0.

Suppose system start to work at t = 0. System failure happens at
time T =t and a minimal repair is conducted. Then, the failure

rate of the repaired system is by definition A(t).

The repaired system has a residual lifetime X, with distribution

function (2.1):

t t F(t)
and the corresponding survival function is given as (2.2):
_ F(t + x)
() =1-F(x) =~

Equations (2.1) and (2.2) are also applicable if t is the time point

of any failure, for instance the nth failure.

Let fn(t) denote the probability density of X (time to the nth

failure). From equation (2.19),
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A

e £(t) (3.1)

S (t) =

Since E(X) = J(T xf(x)dx, it follows that

E(X )= ﬁ [Sqa@)] " r()a (3.2)

and by partial integration,

B(x,) = E(X, )~ [T A P

n!

Hence, if Y represents the time between(n - 1) th and

n th failure, from equation (2.21)

B(Y, )= ﬁ o e at, n=1a..
- [A(rf)!]n F()dt, n=0l.. (3.3)

Let N(t) be the random number of failures corrected by minimal
repairs in [0,t].
Then, from equation (2.16)

P[N(t)=n|=P (0)

In particular, N(t) has probability distribution

t>0; n=0,1,...

E[N(t)] = A(t) (3.4)
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where
t
At) = [5 Ax)dx
{N (t).t > O} is an equivalent way to characterize the

nonhomogeneous Poisson process (NHPP).

Therefore, the time points of subsequent system failures under
the condition that each failure is removed by a minimal repair

create a NHPP with intensity function A(t).

It M ; denotes the cost of the ith minimal repair, then the total

repair cost in [0,t] are

N(t)
M(t)= XM, (3.5)
i=1

Assuming the (M l.) to be independent of each other and
independent of N(t) , as well as identically distributed as M, the
trend function of the stochastic process {M (t),t = O} is by Wald’s
identity :

E[M(t)| = EIM]E[N(t)]
Therefore, if ¢ = E[M] denotes the expected cost of minimal
repair and E[N(t)| = A(t),

E[M(t)]=c_A(t) (3.6)
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The non-homogeneous Poisson point process {Xle} is an

ingredient to a marked point process {(Xl,M 1)’(X2’M 2)}

Let L, be the random length of the i replacement cycle (time
between two neighbouring replacements) and C, the total repair
plus replacement cost in the i replacement cycle. Assume that
L,.L,.... are independent and identically distributed as L. This

assumption implies that the replaced system is statistically as
good as new with respect to its lifetime.

The C,.C,.... are assumed to be independent and identically

distributed as C and independent on the Ll..
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Proof :

N(¢)
C.
cl)_ 57w
t Nt
N(¢)

but =L_ 5 E(C) by the strong law of large

N(f)

numbers and

N(t) - 1 as t — oo
t E(L)
E(C)
- E(L) (3.7)

K is referred to as the (long run) maintenance cost rate. Thus, the
maintenance cost rate is equal to the mean maintenance cost per
cycle divided by the mean cycle length. The aim now, is to
minimize K by proper choice of the parameters on which it
depends, in particular on the optimal time between replacements

and the repair cost limit.
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3.2 General Failure Model and Maintenance Policy

Consider a new system which starts operating at time t = 0.

Suppose that there are two types of failures which can happen.

Type 1 failures: Failures of this type may be interpreted as minor

ones easily removed by minimal repairs.

Type 2 failures: Failures of this type may be complete system

breakdowns which require replacement.

This failure model was first proposed and applied to maintenance
modelling by [Beichelt, 1976], see also his monographs [Beichelt,
1979]. A couple of years later, the same results had been
published by other specialists as well [see Beichelt, 1993] for a

survey on this development.

A failure which occurs at system age t, is a type 2 failure with

probability p(t),with O < p(t) <1 and a type 1 failure with
probability p(t) =1- p(t). It is assumed that type 1 and type 2

failures occur independently of each other.

Equivalently, the system following a repair is renewed (‘as good

as new’) with probability p(t) and minimally repaired (‘as bad as
old’) with probability p(t) =1- p(t).

The result is that the stochastic process which represents the

system behaviour is a mixture of the renewal process and the
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minimal repair NHPP. The key to the analysis is that the times at
which a replacement is performed constitute a renewal process
that is embedded in the more general point process produced by

the system failures.

The points at which a replacement occurs are restart points, i.e.
the system failure rate after any replacement is A(0).

Throughout this section, we assume instant replacement and

instant repair.

The maintenance cost rate of this policy is given by [Beichelt,
1976] as:
( o At)dG(1) - l)cm e

K = (3.8)
[, G(t)at

where c_.c_are the mean cost of a minimal repair, a

replacement, (cm < cr) respectively.

Within this model, a replacement cycle is the time between two

neighbouring type 2 failures.

Let G(t)denote the distribution function of the time interval

between replacements (random cycle length Y') and

G(t) =1-G(t). Its failure rate is denoted as 4, (t).

G(t)=P(Y <t)
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Let F(t) be the system’ lifetime distribution function. If only
minimal repairs occurs during [0,t], then at time ¢t the system

behaves as if it has age t . Its failure rate would be A(t).

If a failure occurs at time t, it will be a type 2 failure with

probability p(t). Further,

would be the conditional intensity of the occurrence of a
replacement (type 2 failure).

The survival function corresponding to EY (t) will be

G(t)= exp{—J(t) Ax) p(x)dx}
and,

G(t) =1 - PHAW) (3.10)

This is a general result applicable to all choices of the underlying

lifetime distributions.

If p(t) =1, G(t)is the survival function of the system, i.e.,

Let N be the random number of type 1 failures, to the

occurrence of the first type 2 failures.
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Then,
P(N =0) = [ p(t)dF(t) (3.11)
where
F(6) = At)e 24 45 g
given by equation (2.17) and for n > 1, using equation (2.22)
POV =)= 5 3 5 b e s, M, ),

Note that for any integrable function g(x),

n 1 n

Jolo-Jo? o2 _ng(xi)dxi - Jpgbaax| . nz2 (3.12)
i= :

Therefore,

PV =n)= 1= ]¢ ﬁ(x)/l(x)dx)n p(O)f(H)dt, n=01,... (313)

and

E(N)= Y nP(N = n)

n=1
= o At)dG(t) -1 (3.14)

The details of the derivation are given in the Appendix (Al).
In the special case when p(t)=p, p>0:

G(t)=1-G(t)=[F(t)” and E(N)= I‘TP.
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Then (3.8) simplifies to

I-p
(p)cm ‘e
K = (3.15)

Iy [F(t)]"at

The above equations show that if p(t) = p, the distribution on the

time between replacements will be of the same class as the

lifetime distribution F(t) , i.e. Increasing Failure Rate (IFR),

Decreasing Failure Rate (DFR), and so on.

Note that, if p(t) is increasing, the times between replacements

tend to become shorter and if p(t) is decreasing, the times tend

to become longer.
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4. Methods and Literature Survey

4.1 Basic Repair Cost Policies

Probably the first cost-based replacement policy for technical
systems consists in replacing a system by a new one at the end
of its economic lifetime. This will occur when the sum of the
capital depreciation payments and the maintenance costs are at
a minimum. This is referred to by Clapham [1957], as the

‘economic life’ of a system.

Clapham [1957] suggest that if the unit is kept for less than this
time, greater expense will be incurred due to heavier depreciation
charges, if it is kept for longer, the rising maintenance charges

will cause extra loss costs.

However, a replacement policy only makes sense if the system
suffers from wear out problems. Implementing a replacement
policy while there is no wear out problems is economically not
beneficial, because a replaced unit would have the same or a
higher probability of failing compared to a unit that was not

replaced.

Clapham found that there is a point at which it is on average
cheaper to replace a system than to continue with repairs. He
derived a replacement time that will minimize the total life cycle
cost, while taking into account repair cost and the replacement

cost. He applied his results to the underground coal haulage.
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Derivation of the economic life:
Usually, system maintenance costs rise with age. Denoting again

c,as the replacement cost, c_ as the average repair cost and

that the unit is used for T years.

Clapham [1957], showed that the economic life model take on a
simple form when the increase in maintenance cost with age is

linear. In addition, let N(T) be the number of failures in [0, t].

The total system cost between replacements is:
TSC(T) = ¢, E[N(T)]+¢c,, (4.1)
so the average system cost is:
c E[N(T)|+ c,

AvC(T) = - (4.2)

Knowing that,
E[N(t)] = A(t).

for A(t) = at a >0, and a constant
2
T
Alt)=a—
(t)=a
The instantaneous maintenance cost at time T is equal to:
IMC(T) = acmT (4.3)

The long term average system cost is minimized when the system

is replaced at time TO, such that the instantaneous maintenance

cost equals the average system cost.
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The following equation holds at optimum replacement time TO:

2
TO
acmTO: acm?+cp TO
<, 2
T =
O | 05ac
if A(t) = AT? (Weibull lifetime)
1
c ;
nTy=|——E 4.4
0 [xl(ﬁ—l)ch +4)

The value of TO is called the ‘economic life’ of the unit and is the

operating time when the average cost of operation per unit time

is at the minimum.

The estimate for the optimum replacement time to minimize life

cycle cost is given by:

When the system fails, a decision has to be made to determine
whether it is economical to replace the system, or to repair
(replace) the failed components and reset the system to

operation.
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If a repair or replacement of the failed component restores
function to the entire system but the failure rate of the system
remains more or less the same (as it was just before failure), then

the repair is called minimal repair (see definition 1, page 14).

For example, if the fuel pump of a car fails and is replaced, the
overall failure rate of the car is essentially unchanged. Since the
failure rate of systems increase with age, it would become too
expensive or impossible to maintain operation by minimal

repairs.

Some serious major failures will directly induce replacements of
the system. The question becomes, when is it optimal to replace
the entire system instead of performing minimal repairs? The
original work on maintenance policy which includes
replacements and minimal repairs was first introduced and
discussed by Barlow and Hunter [1960], using a periodic

replacement Model with minimal repairs between replacements.

The original objective of the minimal repair model was to find a

replacement age to: which minimizes the long-run expected cost

per unit time of replacement and minimal repairs.

Failures that occur before t, . are removed by minimal repairs.
The system is replaced with an identical new system at time to

The long run expected cost per unit time using a replacement age

to for the basic model is given by:
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K(t) = p (4.6)

Where E[N (t)] represents the expected number of failures

(minimal repairs) during the period (O,t].

For Weibull system lifetime, the minimum cost per unit time is
(5-1)

Cp B
K(to) leﬂ{( B l)cm] @7
The basic minimal repair model developed by Barlow and Hunter
has been generalized and modified by amongst other authors,
Makabe and Morimura [1963], Muth [1977] and Cléroux et al.

[1979], to fit more realistic situations.

Makabe and Morimura [1963] modified entirely the concept of
age replacement under minimal repair introduced by Barlow and
Hunter [1960]. Instead of finding a fixed time (age) to a
replacement, they found the optimal number of minimal repairs

before the system is replaced.

Policy:
The system is replaced at the time of n™* failure (n = 1.2....) after

its installation and undergoes only minimal repairs at failures
between replacements.

Assuming F(t) with finite mean x4 and density f(t).

F(t) = exp[-A(t)], where F(t)=1-F(t).
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Further assumed that the failure rate A(t).is continuous,

monotone increasing and remains undisturbed by minimal

repairs.

Then, if the times for repairs and replacement are negligible, then

the expected cost rate is

(n-1)c_ +c
m_bp (4.8)

T )

where E(Xn) refers to equation (3.2)

An optimal n is found to be the smallest integer n satisfying
-n-1 =20 ; =12,... 4.
E(X )-[n-1+c, /e, |E[Y )20 n (4.9)
!
(32) (3.3)

If X is Weibull distributed with
F()=1-exp(-At)’, B>1.t=0

Under this assumption, condition (4.9) becomes

ﬁn—[n—1+cp/cm}20; n=12,...

Hence, ifc_>c , f>1
)% m

0 0 S e
g-1 c_
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where |x| is the largest integer being less than or equal to x.If

x <0, then ||x|| = 0.
Other cases,

n,=1 if, f>1, c_<c
p
= oo .f, :1, 2
n if, g c,2c¢
=1 if, f=1,
n if, g c,<c
n, =oo if, f<1

Later, Morimura [1970] extended the policy by Makabe and
Morimura [1963] by introducing another policy variable T

(accumulated operating time).

Policy:
Under this policy, all failures before the n™ failure are corrected
by minimal repair. If the n™ failure occurs before an

accumulated operating time T, it is corrected by minimal repair

and the next failure induces a replacement.

If however, the n™ failure occurs after T, it induces replacement
of the unit at time T . The policy decision variables are n and T .
If the policy decision variable T is zero, this policy reduces to

that of Makabe and Morimura [1963].
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Muth [1977], developed a model in which the policy was to have
minimal repair if a failure occurred before a fixed time t" and to
have system replacement at the first failure after ¢t .The meaning

of t* changes from the fixed replacement time as used by Barlow

and Hunter [1960] to a threshold value for replacement.

They used the mean residual life function of the system to prove
that their model yields a lower long-run expected cost per unit

time than the basic model by Barlow and Hunter.

Muth assumes that the mean residual life function of the system

is strictly decreasing after some age to- Under this condition,

called positive aging, the system deteriorates and eventually
reaches a condition where it is no longer economically justifiable

to repair the system after failure.

Policy:

At failure, the system undergoes minimal repair if the failure time

t<t ,and is replaced otherwise.

The cost function to minimize in Muth’s model is given by
c_E[N(t)|+c
K(t)=-" N vey
t+ p(t)

where y(t) is the mean residual life function of the system at

(4.10)

time t (i.e., wu(t)=E[z-tlt>t]).
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Muth suggests that this model equation above can be solved for

the optimum to using a simple calculus approach. He does not

give a specific algorithm for the case when a calculus approach

cannot be used.

A policy similar to Makabe and Morimura [1963] was also

investigated by Park [1979], in which a unit is replaced at the

n™ failure and minimal repairs are performed for the first (n-1)

failures.

Park [1979] shows a closed-form solution of his model for the
case when the failure distribution of the system is Weibull. He
also compares the results obtained from this solution with the
optimal age replacement policy as given by Barlow and Hunter.
Park’s policy yields lower long-run expected cost per unit time

than a fixed time replacement policy.

The number of failures before replacement is less in Park’s count
policy than in the fixed time policy. However, all these results are
shown numerically for the Weibull distribution and no

mathematical proof is given.
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The cost function for Park’s model is
(n-1)c_ +c
m b

E{cycle}

K(n) = (4.11)

where the value for E{cycle} equivalent to E(Xn) depends on the

failure distribution of the system and on the number of failures
n before replacement. Park gives a simple expression that has to

be satisfied for n, to be an optimal solution to equation (4.11).

For Weibull distribution,

F(n + ;)
E{Xn} = T 4.12)

and the cost function becomes

K(n)= [(n — l)cm + cp}r(/l::—(r)l) (4.13)

B

Phelps [1981] takes the minimal repair models developed by
Barlow and Hunter[1960], Muth [1977], and Park [1979] and

compares them using an increasing failure rate distribution.

Using the long-run expected cost per unit time, Phelps shows
that Muth'’s policy, replace at the first failure that occurs after
time t, is the optimal among the three policies. Phelps also finds

that Park’s policy is better than that of Barlow and Hunter.
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He suggested that, since the to (optimum age) for Muth’s model is
difficult to obtain, a to obtained from Park’s model can be used

and still make a good replacement policy.
4.2 Two Failure type Model

Nakagawa [1981] considered the system with two types of
failures introduced by Beichelt [1976]. Under this policy, when a
system fails, type 1 failure occurs with probability (1-p) and is
removed by minimal repair; type 2 failure occurs with probability

p and is removed by replacement.

Type 1 failure are minor failures which are easily restored to the
same operating state as before failure by minimal repair, whereas

type 2 failure induces a total breakdown of the system.

Policy:

The system is replaced at the times of type 2 failure or n type 1
failure, whichever occurs first.
The expected number of minimal repairs (i.e., type 1 failures)

before replacement is

(n-1)p" + 3 (k- 1)p"p
k=1

=(p-p")/1-p) (4.14)

the expected cost rate is given by
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K(n,p) = E[L] (4.15)
k-1

where, E[L]= Y _nE(Yn)
n=0

and E(Yn) is given by equation (3.3)
when p =0,
K(n,0) will be given as

(n-1c  + c,

K(n,0) = (4.16)
(n.0) E(X )
n
and the optimal policy by Makabe and Morimura [1963] is
applied.
when p =1,
c
K(nl)=-£ (4.17)
U

which is constant for all n, and hence the system is replaced only

at the occurrence of type 2 failure.

4.3 Repair Cost Limit models

The repair cost limit replacement policy states that as soon as
the repair cost exceeds a given limit, the system is replaced by a
statistically equivalent new one; otherwise, a minimal repair is

carried out.
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Repair cost limit replacement policies were first proposed by
Gardent and Nonat [1963]. Drinkwater and Hastings [1967] and
Hastings [1969] considered the repair-limit problem for army

vehicles.

Policy:
When a unit fails, it is first inspected and the repair cost is

estimated. If the estimated cost exceeds a certain amount, then

the unit is not repaired but it is replaced.

Drinkwater and Hastings [1967] further derived the repair limit
value, at which the expected future cost per vehicle-year when
the failed vehicle is repaired, is equal to the cost at which the

failed vehicle is scrapped and a new one is substituted.

The repair limit is a limit on the amount of money which can be
spent on the repair of a vehicle.
The values of the repair limits are dependent on the type and/or

the age of the vehicle.

Vehicles needing repair work in excess of the appropriate repair
limit are not repaired but scrapped and replaced. Repair costs

were assumed to be a function of the age of the vehicle.
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Repair decision:

When a vehicle fails: 2 alternative courses can be taken:

1. Repair the vehicle

2. Replace the vehicle (scrap the vehicle and substitute with a

new one).

Consider a vehicle at age t which requires maintenance:

c, costof arepair

m(t) expected total cost of future repairs
U(t) expected remaining life of the vehicle
6 expected future cost per vehicle - year

c(t) repair limit at time t

Course 1
Repair the vehicle
c, +m(t)
future cost = ——-= (4.18)
A(t)
Course 2

Replace the vehicle
Let the expected future cost per vehicle-year be: &
and ignoring the resale value for the moment, the decision will be

to repair if
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Otherwise, the decision will be to scrap the vehicle (i.e.

replacement).

The limiting value of ¢(f) occurs when
c(t) + m(t)
w(t)

Hence, c(t) = 8 x u(t) - m(t), called the repair limit equation.

=0 (4.19)

Drinkwater and Hastings [1967] also proposed three methods for
optimizing the repair-limit policy as follows: by simulation
and/or, by use of certain frequency distribution functions which
are found to represent the repair cost data and by using dynamic

programming methods.

Hastings [1969] further assumes year by year failure rates and
costs formulating the problem as a Markov decision process.
They also formulated and discussed cases of finite and infinite
planning horizons on the replacement model and the issue of

discounted and undiscounted costs.

Di Veroli [1974] investigated the problem of finding the optimal
replacement policies for equipment subject to failures with
randomly distributed repair costs, the degree of reliability of the

equipment being considered as a state of a Markov process.

He then described the procedure to obtain an optimal discrete

policy and further proposed algorithms to find optimal combined
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policies, both for preventive replacement and for replacement in

case of failure by using repair-limit strategies.

Repair cost limit replacement policies are characterised as
follows: When a system fails at age t, it is first inspected and the
repair cost is estimated. If the estimated cost exceeds a certain
prescribed limit ¢ called the repair limit, then the system is not
minimally repaired but it is replaced by an equivalent new one.

Otherwise, a minimal repair is carried out.

The mathematical basis for the analysis of the repair cost limit

replacement policies is the two failure type model.

Let C be the random repair cost of the system and its
distribution function as R(x) = P(C < x). For a given repair limit -

c , two types of system failures are generated:

A system failure at time t is of type 1 (type 2) if the

corresponding random repair costs C <c¢ (C > c), respectively.
The system will be replaced with probability
p=R()=P(C >c)
and minimally repaired with probability
P =R(c)=P(C <)
Let ¢ be the mean cost of a replacement after a type 2 failure

with O<c < c.. It is further assumed that the cost of a minimal

repair (cm is constant) does not depend on the repair cost limit.
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Given the failure type probabilities above, the random cycle

length L has, according to (3.10), a distribution function

o JE R(©)Alx)dx

Git)=1-
and mean value
P
E[L] - :e—joR(cM(x)dx dt

From (3.14), the mean number of minimal repairs in a cycle is

"~ Jo R(e)Alx)dx

E[N]= [ ABABR(c dt —1 (4.20)

and by (3.7), the long run expected cost per unit time from

repairs and replacement (maintenance cost rate) is

oo — .+ ~[5 Rl)Ax)dx
[, ABABR()e dt-1llc +c
K = — (4.21)

o —Jo Rle)Alx)dx
Jo o [oR@AX) dt

In the special case where p=R(c), p>0,

E[L] = [ ([P (o)) Jat.

and

The details of the derivation are given in the Appendix (A2).

Therefore,
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(4.22)

The two special cases- viz ¢ = 0 and ¢ = - correspond to always

replacement and always minimal repair, respectively.

By applying numerical methods, it is in principle easy to obtain a

repair cost limit ¢ being optimal with respect to K.

Using the basic minimal repair model by Barlow and Hunter
[1960], Cléroux et al. [1979] investigated an optimal replacement

policy by assuming that the minimal repair cost c¢_ in the basic

model is a random variable denoted by Cm.

Policy:

At failure, if the random minimal repair cost Cm is greater than a

constant O < 6 <1 multiplied by the fixed replacement cost C e
the system is replaced. However, if Cm < 5cp, minimal repair is

performed. The repair cost limit is denoted as Jcp

They interpret the parameter 0 as a given percentage of the cost

5 that a decision maker selects according to some experience.

Under the assumption of increasing failure rate (IFR), Cléroux et
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al. [1979] give a simple algorithm to find the optimal replacement
age to.

Their algorithm essentially calls for the solution of the derivative

of equation (4.23) set equal to zero.

Cléroux et al. [1979] cost function model is

€ ’ G(t) +c G(t) + cpé ()
K(t)= , 0< c, <c, (4.23)

JoG(t)at

where ¢ represent the average repair cost given that a repair is

made; p the probability of repairing at failure and assumed that
0 < p <1. However, they were not interested in deriving the

optimal repair cost limits.

In a later work, Park [1983] considered an optimum minimal
repair cost limit policy, in which the failed system is minimally
repaired (or replaced by a new one) if the repair cost is estimated
to be less (greater) than a constant cost limit, c. It must be
pointed out at this stage that the structure of Park’ model is the
same as that presented by Beichelt [1976].
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A Weibull distribution of the time to failure and a negative
exponential distribution of estimated repair cost were assumed

for analytical evaluation.

The average cost per unit time for repairs and replacement is
R(c)

m R(c)

E[L]

cC +¢c¢C
r

K(c) = (4.24)

where the value of E[L], depends on the failure distribution of
the system. For the Weibull time to failure distribution,

E[L]= %F(l + %)[Fz(c)]‘}f, A>0, p>1

and the probability that the estimated repair cost will exceed a

repair cost limt, c is

R(c) = exp(—% ) ~1-R(c) (4.25)

where u represent the average estimated repair cost.

More recently, Park [1985] considered a variant of his earlier
repair cost limit replacement policy by assuming an exponentially
declining repair cost limit, negative exponentially distributed

repair cost and a Weibull time to failure distribution.
He presented a mathematical model to evaluate a cost limit
replacement policy for a system that follows a general time to

failure distribution. When the failed system requires repair, it is
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first inspected and the repair cost is estimated. Minimal repair is
only then undertaken if the estimated cost is less than the

exponentially declining repair cost limit.

They assumed that repair cost limit set at time t, declines

exponentially as follows:

c(t) = c,_exp(-at) (4.26)

where «, represents the exponential decline rate of the cost limit,

and it then follows that
_ — —ot
R(c) = exp{ “r eXp( %} (4.27)

since the estimated repair cost follows a negative exponential

distribution with average u.

The long run average cost per unit time from repairs and

replacement is

C_ +C_ =
K(c)= T RE (4.28)
J, G(t)at

Under the assumption of IFR, Park [1985] gives a simple

microcomputer program to evaluate the effects of o on the
average cost. However, no formal optimization of the average cost

was attempted.
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Yun and Bai [1987], proposed a repair cost limit policy in which,
when a system fails, the repair cost is estimated and the repair is
undertaken if the estimated cost is less than a pre-determined

limit , ¢ and the repair is minimal.

Otherwise, the system is replaced. This policy by Yun and Bai, is

a generalization from the one by Drinkwater and Hastings [1967].

The cost function for Yun and Bai’s model is
c R(c)+c_R(c)
K(c) = — r 1 TE (4.29)
R(c)j(o;e_ (OR(C) gy

The structure of the function is similar to the one given by Park
[1985]. The optimal ¢, was studied for the exponential repair cost
distribution and Weibull distributed lifetime.

A numerical example was also given. In the numerical evaluation

it was shown that the optimal repair cost limit is sensitive to c.

and p (which is the probability that the system after repair has

the same failure rate as before failure), but insensitive to

B (Weibull distribution’s shape parameter).

Kapur et al.[1989] also combine the failure type model with
repair cost limits, but in another way than done in this thesis.
Replacement are performed when a type 2 failure occurs and/or
when the repair cost exceeds the limit. Hence in this case the

failure type does not depend on the corresponding repair cost.
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Kapur et al. [1989] proposed three extended models that
generalizes model due to Park [1983, 1987]. In each model the

minimal repair cost is estimated by inspection.

The system begins to operate at time zero (=0) and is replaced at

the n™ failure or when the estimated repair cost exceeds the pre-

determined repair limit. In Model a, and Model b, the failed

system is replaced at the n™ type 1 failure; type 2 failure or

when the repair cost due to type 1 failure exceeds the limit.

Type 1 failures are minimal failures and occur with constant
probability and Model c, the failed system is replaced at nh typel

failure, type 2 failure occurring before ntt type 1 failure or when

the repair cost due to type 1 failure exceeds the cost limit.

The costs involved in the models presented in Kapur et al.,

involves, besides the basic minimal repair cost at failure c and

cost of scheduled replacement € and the cost due to inspection

c._.
S
The long-run expected cost per unit time for each of the models

a, b, and c, respectively, are

k-2 n
c,+ (cs + cmR(c))rEOR(c)

K _(n.c)= — . k=23, (4.30)
Y R(c)"E(Y )
n=0
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where R(x) is the cumulative distribution function of the

minimal repair cost.

K, (n.c)= n=0 (4.31)

where p is the probability of type 1 failure.
If p=1, we get K_(n,c).

K (n.c)= n=0 (4.32)

where Ak(t) represents the probability of k type 1 failures and no

type 2 failures in the interval (0,t]; p(t) is the probability of type

1 failure when the age of the system reaches t.

k
Jo Px)dA(x)
A (t)= ( & = ) exp[-A(t),  k=012,.. (4.33)
with A () =e 0 = Fy

A, (t) was derived in Beichelt [1976]. An application of these

models to computer science was also discussed.
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Butani [1991] presents two modifications which generalize the
model given by Muth [1977], by considering 2 types of failures as
introduced by Beichelt [1976], e.g type 1 and type 2 failures,

each occurring with probabilities p and p, respectively.

The policy by Muth[1977], does not consider the case when there

is a major breakdown before the system attains age to- In such a

case it may not be worthwhile undergoing minimal repairs and
may be advisable to replace the system by a new one.
The modifications give alternative models that emphasize

practical considerations.

In Model I, depicted graphically below:

System begins to operate at time zero (t=0).

System is replaced because of type 2 failure before to-
System is replaced on failure after age to-
The expected cost rate, K(t), for Butani’s Model I is
t —
c. +c [JOG x)dA(x) - G(t)}

LG (x)dx + G (t)ult)

K(t) = (4.34)

where J(t) G(x)dA(x)-G(t) = E(Zt)
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z, represents the random number of minimal repairs during the

time interval [0, min{Yt}],

4(t) is again the mean residual life of the system at time t.

G (t) = exp[-pA(1)]

Model II

System begins to operate at time zero (t=0).

System is replaced on type 1 failure before time to when the

repair cost determined by inspection exceeds limit c.

System is replaced because of type 2 failure before t,- System is

replaced on failure after age to-

The expected cost rate, K( t,c) for Butani’'s Model II is
ﬁ[cmR(chs}l {1 ~ e_H(t)}

K(t.c) = TR (4.35)
J(t)e_H(x)dx re HO 7(3

where Cq represents inspection costs.

H(0) = [1- PREAW)
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Butani [1991] also looked at the special cases where p =1, for

Model II, the cost function becomes

¢, +|c R(c)+c |G (t)/R(c)

K(t.c)=—"—! (4.36)
JG(x)dx+G(t)u(t)
0

Beichelt and Krober [1992] considered maintenance policy with
time-dependent repair cost limits. Since system aging implies an
increase in the mean failure frequency and in the mean repair
costs with increasing system age t.

They assumed for a given ¢, > ¢, that

c O0<t<T
repair cost limit, c(t) be given by c(t) = { 1
Cy t>
They also assumed that the cost of minimal repairs depends on

the repair cost limit.

The probability to carry out a replacement at failure time ¢, is

E@J,ostST

P(C>C(t)):p(t): }—2(0 ) £ T
o)

The cycle length L has survival function

(QR@J 0<t<T
610 = exp(-Jopboaax) = re™) onie) g
F(T E(Cz) ,
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The maintenance cost rate is

&1 R(x) dx ] _ [jSZR(x)dx]
G(T) *———-¢ |+G(T) >=——
( )[ R(c,) 1 &) R(c,) o (4.37)

K(Cl’cz’T) ) jg’c_;(t)dt

Beichelt and Mamabolo [2004], further investigated the influence
of the continuous age-dependent repair cost limits on the
maintenance cost rate. Contrary to Beichelt and Krober’s model
above, they assumed that the cost of minimal repair does not

depend on the repair cost limit.

They considered the hyperbolic and linearly decreasing repair
cost limits as follows:

For hyperbolical repair cost limit they assume

c_, O<t<-4
A - r c.—c
=1 4 4 i
t’ cr—c_

The system failure rate at age t implies a replacement with

probability
0 0<t<-4
Cr—C
t) =
PO=Nee g 4 _,__
c ct 'c_-c~
r r r
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Otherwise, our basic notation and assumptions still apply. They
also did the comparison to the constant repair cost limit policy.
Under the assumptions that the repair cost distribution follows a

uniform distribution

] cr—xh 0<x<
| e WEXSC withh=1

1 ,C S X <oo
r
and the system lifetime has a Rayleigh distribution with

At2

Ft)=1-e" for t20, 1>0,

the maintenance cost rate is

K(r,s):;\/g(l—s+r1l% +r2§+k)cm (4.38)
r+ .=
47

where

c
k=-—">1 by assumption.

(64
m

Under the same assumptions, they also assumed that repair cost
limit function is given linearly by

C
r
off) = cr—dt for Ost<d

C
r
0 for d<t
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A system failure at age t, implies a replacement with probability

L o<t<z ¢,
p(t)z{i < with z =+
Hence, the maintenance cost rate is
c L 1 -1
K(z)= K—mﬂﬁ [KN (Az)3 + (k-1)z 3 } (4.39)
L
1
where K, =153 r(%) ~ 102268
2
and K, =15° r(g) ~ 118295

d=2zc
-

4.4 Repair time limit models.

Analogously to repair cost limit maintenance policies, Nakagawa
and Osaki [1974], proposed a repair time limit policy in which a
unit is replaced at failure: An alternative considered here is to
repair the failed unit if the repair time is short and replace the
unit if the repair time is long. This is achieved by stopping a
repair if it is not completed within a specified time T (repair limit
time), and the unit is then replaced by a new one, otherwise the

repaired unit is put back into operation again.
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It is assumed that failure of the unit is immediately detected and
the failed unit is immediately repaired or replaced upon failure. It
is also assumed that the unit is ‘as good as new’ upon repair or

replacement.

The total expected maintenance cost rate up to time t is
— T—
_ cR(T) + [ R(t)dc(t)

T ,  A>0 (4.40)
A+ [ R(t)dt

K(T)

where A represents the mean failure time and cR(t) , the

expected repair cost during (0, t], also includes all costs incurred

due to repair and system down cost during (O, t].

It is evident from equation (4.40) that if the mean repair time
U= J(o; R(t)dt is finite, then

C

e i —_R
K(0) —ThglOK(T)— e (4.41)
and
“R(t)dc ,(t
K(e) = lim K(T)= Jo R()deg (! : (4.42)

K(0) represent the expected costs per unit time with only
replacement. K(e) represent the expected costs with only repair

maintenance.
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Two special cases were also considered by the authors.

1. The repair cost is proportional to time

cp(t)=at a>0, b20 & t=0

2. The repair cost grows exponential
c(t) = alexp(bt) -1] for a>0, b> 0.
The optimum repair time TO, for both scenarios were obtained

analytically and numerical examples presented.

Nguyen and Murthy [1980] developed a model where the repair
limit T', is a random variable (instead of being a constant repair

limit) governed by some distribution B(t) selected optimally with

Nakagawa and Osaki [1974] assumptions and ¢ R(O) # 0.

Consider one cycle from the beginning of the operative unit to the
completion of the repair (or replacement), then the expected cost

of one cycle is
oo — t —
I [CRR(t) + JLR(x)de () + CR(O)} dB(t) (4.43)
and the mean time of one cycle is

lo [/1 + Jéﬁ(x)dx} dB(t) (4.44)

By using the renewal reward theorem Smith [1958], Ross [1970]

the expected cost per unit time for an infinite time span if a
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repair limit policy with the random repair limit time T governed

by distribution B(t) is
= o V()aB(t) / [, S(t)aB(t) (4.45)
where

V(T) = cR(t jo )+c¢,(0)

S(T) = /1+j(t)§(x)dx

They also concluded that with a suitable choice of B(t), the

deterministic policy by Nakagawa and Osaki [1974], is the

optimal policy among the class of random repair limit policies.

Nguyen and Murthy [1981] obtained optimum repair limit
replacement policy with imperfect repair (the repaired unit is not

as good as new).

In their model, it is assumed that the mean life of a repaired unit
is less than that of a new unit and the mean life of a repaired
unit is independent of the number of times it has been repaired.
Also they studied a repair limit replacement policy with two types

of repairs- local and central repair.
In the local repair, the failed unit is repaired on site, while in the

central repair the failed unit is brought to a central workshop for

both repair and complete overhaul.
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It is assumed that the local repair is imperfect whereas central
repair is perfect, which may take a longer time to complete. They
obtained the optimal solution by using the theory of semi-markov

Processces.

Koshimae et al., [1996] considered another repair time limit
policy. Under this policy, when the original unit fails, the repair
is started immediately. If the repair is completed in a pre-

specified time limit T', T € [0, ), then the repaired unit is

installed as soon as the repair is finished.

Otherwise, the failed unit is scrapped and the spare unit is
ordered immediately and delivered after some lead time (amount
of time between placing of an order and the receipt of the goods
ordered). It is assumed that the unit once repaired, is presumed

‘as good as new’.

The concept of estimated repair time is not included in the
problem, but the lead time for the spare is considered. The policy

decision variable is the repair time limit T .

Unit begins operation at t = 0.

Mean failure time for each unit is A(> 0). R(t) assumed to be
continuous and strictly increasing having an inverse function
R™}(t). They also define the interval from start of operation t = 0.

to the following start as a result of repair or replacement of the

unit as one cycle.
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Further costs included are as follows:

repair costs= ¢, , shortage costs= c, and ordering cost= ¢

R S D

where it is assumed that C, >C,L , implying that ordering

costs are larger than the repair costs during the interval

t €[0,L] i.e., until the delivery of a new unit.

Expected repair costs are:
t)dt
RJO (4.46)
where R(t)=1- R(t)
Expected shortage costs are given by:

co{loR(t)dt + LR(T)} (4.47)

Expected ordering costs are:
C,R(T) (4.48)
Mean time of one cycle is given by:

E(T,) = z+jo t)dt + LR(T) (4.49)

75



Then, the total expected cost per unit time is

K(T) = lim E[total cost on (0,t)]

t—oo t

~E_(T) / [2+[gR(t)dt + LR(T)} (4.50)

where

E_(T)=(cq +cg)[gR(t)dt + (cgL +Cp, )R(T)
Special cases if

T—>0 and T — oo,

CSL+C

K(0) = /1+LD (4.51)

(4.52)

respectively.

Dohi et al., [1996] considered a generalized repair time limit
replacement problem with lead time and imperfect repair, which
is subject to a time constraint and proposed a nonparametric
solution procedure to estimate the optimal repair time limit. The

optimal policies are given directly from the repair time data.

Rattihalli [2002] considered a model in which cost per unit time

can be reduced by controlling both lifetime and repair time of a
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unit. This policy is called “AGE AND REPAIR LIMIT REPLACEMEMT
POLICY."

The description of the model:

1. A single unit system starts working at time zero.

2. There are two types of failures.

The repair time is independent of the age of the system. If the
repair time exceeds ‘" units the failed unit is replaced by a
new unit. Otherwise the repaired unit which is as good as new

is put into operation.

3. If the unit attains age ‘r’ without type 2 failure it is
exchanged by a new unit.

4. Units need maintenance while working.

Suppose that the state space is {N, Ng, R, Nc¢, Ngr}.The
interpretation of these states is

N: a new unit is in use;

NE: a new unit which has been used as an

exchange to a unit of age ‘a’ is working;

R: a unit under major repair;

Nc: a unit which was made as good as new after

completion of major repair;

Nr: a new unit which was used as replacement to failed unit

due to incomplete repair is in use.
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Let
Y: time until type 2 failure of a new unit.

R(7): distribution function of Y.
T - Major repair time

Q(T) : distribution function of T .

STATE TRANSITION DIAGRAM OF THE SYSTEM:

The epochs at which the process enters state N can be regarded
as regenerative epochs. Let {S; : i 20} be a sequence of epochs of

successive entrances to state N with So=0 and L (7.T)=S, - S, ;.
Then the sequence {S; : i 20} is a renewal process and Li(z',T)a
cycle length.

L(z.T) = min{Y, 7} + min{T_,T}[Y < 7]

The cost per cycle C(7,T) is given by
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C(#.T) = M(min{Y, 7} + C[Y > 7))+ {C(min{T . T}+CL[T >T|)|[Y <]
Where M(t)= cost of maintenance and of minor repairs over the
period (O,t).

C(t) = the total cost of repair over the interval (O, t).

Ce = the cost of exchanging a unit.

Cr = the cost of new unit for replacing a failed unit whose repair

is not completed by time T.

The long run expected cost per unit time is given by

_ E{C(z.T)}

K= Bl )

For some specific models, optimum values of zand T were

obtained so as to minimize K(7,T).

In what follows, we are only going to concentrate on the repair
cost limit replacement policies, where our limit will be cost
instead of time and our optimality criterion will be minimizing

the maintenance cost rate under an infinite time horizon.
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5. Combined Repair Cost Limit and

Preventive Replacement Policy

5.1 Development of the combined policy

A disadvantage of the repair cost limit policy (RCL) is that the
replacement or repair decision depends only on the cost of a
single repair. Long lasting situations characterised by frequent
repairs whose costs are below the corresponding limit do not
directly influence the time of replacement. The combined model
that follows can overcome one of the drawbacks of RCL model -
less efficiency. However, the combined model also brings a new
extra management effort- tracking the time of type 2 failure

(renewal point).

Policy: On failure the system is replaced by an equivalent new
one if the random repair cost C exceeds a given repair cost limit
c , or at age 7 (7z=time after its installation) by a preventive
replacement if in an interval (0,7) , no failure induced a
replacement of the system. After any replacement, the time is
returned to zero. Otherwise, after failure a minimal repair is

carried out.

This is equivalent to saying that: the system is maintained
according to the failure type model (refer to section 3.2), whereas,

if in a fixed interval (0,7) no type 2 failure occurs, then the

80



system is renewed at time 7 by a preventive replacement. This
policy arrangement combines the attributes of the repair cost

limit and the “classical age replacement model”.

Let X be the moment of the nth failure in a cycle, with X 0= 0.

The probability density of the random vector (X1’X2""’Xn) is
given by equation (2.22). Let Sn be the random number of

minimal repairs in the interval (0,t).

Then according to equation (2.16),

P(S =n|=P(S <tnS__ >t)=P (0

Hence, {Sn;t > O} is a NHPP with trend function given as:
E[S |= A(t).

Let Y denote the time until first type 2 failure without preventive
maintenance since the last replacement; that is, the time

between successive replacement.

In what follows, we use facts presented in section 3.2.
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Let Z be the random number of minimal repairs during the time
interval {0,min(Y,t)}and
G(t)=1-G(t)=P(Y 2t
- exp(— [ p(x)/l(x)dx). (5.1)
Then,
P(z, =ny =t), t=012...

is given as

. P(Zt:nmtSYSt+At)

5.2
At—0 P(t <Y <t+ At) 5:2)

Hence, for any continuous random variable Z, , with condition

Y =t and At > 0 , we obtain

P(tSY:X St+At)
lim ntl
At—0  G(t + At) - G(t)

By using equation (2.22) and (3.11)

Pt<y =X <t+ At)
n+1

= Jtt+At Jg”“ .[(;CS J(;CZ ﬁI_Q(Xi)/uxi)dxip(xnﬂ)f(xn+1)dx

n+l

1 (t+At

= Og}_o(x)/l(x)dX) p)fy)dy
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Hence the limit (5.2) can be obtained after dividing the
numerator and denominator by (At) (taking into account

equation (5.1) as
P(Z =ny =t)= %( jt p(x)/ux)dx)n exp [ P Axdx

Thus, given that Y =t , the random variable Z is Poisson

distributed with mean

E(Z,|Y =t) = [} P Ax)dx (5.3)

It must be noted at this stage that this conditional probability

distribution of Z , on conditionthat Y=t and Y >t , are the

Ssarne.

i.e.

E(Z|y =t)= E(Z,|]y 2 t) = || PO)Ax)dx (5.4)

E(Z|v <t)= [ E(Z,lY = x) dG(x) / G(t)

= J(t) J[oPWAY) dy dG(x) / G(O) (5.5)

The details of the derivation are given in the Appendix (A3).

Now the unconditional mean value of Zt can be derived as
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B(Z,)=E(Z]Y <t) GO+ EB(Z Y > t) G®)

= s GIAM) dx - Gt (5.6)

The details of the derivation are given in the Appendix (A4).

Let ¢ ,c,and ¢ with O<c_ <c_<c_ denote the mean cost of
m r p m p r

a minimal repair, a replacement after a type 2 failure and a
preventive maintenance (pm), respectively. Then the random

length of a replacement cycle L_is:
L_= min(z,Y)
with mean value
E(L )= [ P(Y >t)dt = [ G(t)dt (5.7)

Thus, in view of equation (5.6) and (5.7) the maintenance cost

rate has the structure

T

o cm[ TG (O)A(t)dt - G(T)} +¢,G(7) +¢ G ()

JoG(t)at
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In particular, for p(tf)=p, p>0

{cr + [“;p)]cm}a(f) v, G0
Jo([F(OIP )ae

The details of the derivation are given in the Appendix (A5).

If we assume that the system lifetime has a Weibull distribution

with distribution function

_ R
Ft)=P(X<t)=1l-e ™~ , t=20, f>1, 1>0.

In case of constant repair cost limit c:

p=R(), pP=R).

Then,
R(c) —
{cr + [R(C)}cm }G(T) + ch(T)
K(z,c) = — 7 (5.10)
J(Z)'e—R (c)At dt

The maintenance cost rate depends on ¢ and on 7.
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5.2 Discussion of the Optimal Solution

Necessary conditions for the existence of a unique optimal policy.
Let =c -c_+Pc and a=d+c .
r p p m p

Then (5.9) becomes,

K(z,p)= (5.11)

For a fixed p, the 7, = 7(p) that minimizes (5.11), is obtained by

setting the partial derivative of K(z, p) with respect to 7 (while

holding p constant) and equating the result to zero.

The optimal policy satisfies

0
—K(7,p)=0
T (7.p)
0
—K(7,p)=0
o (z.p)
0
From, —K(z,p)=0
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_ G(r) «
A G at + —~2L =2 (5.12)
(7)), G(t) b pé

If A(7) is continuous and strictly increasing to «, then the LHS

(left hand side) of equation (5.12) is continuous and increasing. If
T — oo, then LHS increases to <, whilst the RHS (right hand side
of the equation) is constant. However, if 7 =0, then LHS equals

1

— or —— and RHS is greater than L since a>9¢.
p  R(c) p

Therefore, if A(r) is continuous and strictly increasing to «, then

the 7, which minimizes K(z, p) for O < p <1 is unique and finite.
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6. Optimization

6.1 Optimal Solution and Numerical Example.

In this section, we obtain the optimum replacement interval 7,

for model equation (5.10), which minimizes the expected cost

rate.

Equation (5.10) contains two variables 7 and c. Therefore, its
optimization is not straight forward. There are two situations
with respect to c. Either the management decides in advance and
puts a predetermined limit on the repair cost or does not make

any decision about c.

If we assume the value of ¢ is known, we can find an optimum

TO which minimizes the maintenance cost rate. In case the

optimum c is also to be determined, the marginal analysis of
equation (5.10) and (5.12) should be performed with various

values of c.

The vector (fo;co) giving the lowest maintenance cost rate is the

optimal solution.
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As an example, we assume that:

A. The system lifetime follows a Weibull failure distribution with
the survival function
3
F(t)=1-e ' | t>0, B>1, 6>0,
where [ is a shape parameter.

Its hazard function is:

Differentiation yields the failure rate

Alt) = E(E)ﬁ_l.

6
Expected value of X is

where I'(x) is the gamma function :

[(x) = J;; X e tay,
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The distribution is most popular due to its properties:

» Many distributions (including the truncated normal
distribution) can be represented, at least roughly, by

suitable choice of parameters.

» It has an increasing failure rate when £ > 1.The lifetime

distributions of many systems can be described adequately

which, when in normal use, experience positive aging.

» when S =1 : Exponential distribution which is widely used

to describe the failure characteristics of certain systems eg

electronic appliances.

» when S =2 : Rayleigh distribution

B. The estimated repair cost follows a negative exponential

distribution with average - 4 ,the probability that the repair cost

will exceed a repair cost limit c is

R(c)= exp(—c ﬂ) =1-R(c)

C. The replacement cycle begins at t = 0, and ends at
replacement.

Note that there are no theoretical justifications for our choice of
R(c)- estimated repair cost distribution; as one can also consider
log-normal or other forms of repair cost distributions. As the

exponential distribution is relatively easy to handle algebraically,
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it was used in preference to the log-normal in the analytical

approach which is introduced next.

Looking at equation (5.10), it has been shown that the average

cost per unit time for repairs and replacement is

+ R(e) c 7)+c G(r
) b
JoG (tt

If the repair cost , follows exponential distribution with mean u

. R(c) = exp(—c/u)

JoGet = [ €1 gy

For a fixed ¢, 7, =7,(c) is computed by minimizing K(z.c).

Taking into consideration that equation (5.12) satisfies the

following:

(c)e,
(c -c_-c )I_?(c)+c
r p m m
A sufficient condition for the existence of a unique solution of

(5.12) is  A(x) — oo for x — co.

A2)[SG(t) dt - G(7) =

. : o R(c)
A unique solution exists if 0 <c < c. - cp and c.+t=C_ >C

R(c) m P

91



Suppose,
u=25, C. = R 100, cp = R 67
c =R13 , A1=1
m
B=2 (Rayleigh distribution)
A(t) = at? =2

At) = 24t = 2t

Using nonlinear integer programming software (See Appendix ),

the solution ( ) that minimize the maintenance cost rate

74:Co
(5.10) is

7, =[20802] c, =[32.6639)

and the corresponding optimal cost rate is

K(7,.c,)=[7631]

The results show that the optimal maintenance policy is to
perform preventive replacement every 2,1 times at a cost of R67
and minimally repair the system upon failure at the cost of R13 if
the repair cost limit of approximately R33 is not exceeded.

Otherwise replace the failed system at a cost of R100.

Checking the effect of =1 and g = 3.
The example indicates that the optimal solution K (TO,CO) is

sensitive to the change in the shape parameter £.
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This table shows some values for the numerical evaluation of

K(TO,CO) for
(izl,ﬂ:RZS,c _R100, ¢ =R13, ¢ :R67)
r m p
T C

b 0 0 K(TO’CO)
1 138,32 33 36,24

2 2,0802 32,6639 76,31

3 1,25 33 85,62

We now consider a constant cost limit, cand 7 = .

Keeping the other parameters the same, the optimal solution is
T=o, c,=[33]

and the corresponding optimal cost rate is

K(c,.e) =[79,1201],

which coincides with results given by Park[1985]. Thus, at this
time the optimal cost rate is somewhat increased compared to

the combined model above.

For finite 7and c = O the optimal maintenance cost rate is
K(7,.0) =[112,593]

Since the present model is only for the evaluation of combined

(7.c) values, direct comparison to the optimal results from the

other policies like equation (4.22) is unfair, except that the close
conformity of the two results somewhat supports the validity of

the present modelling approach.
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6.2 Special Cases
Case where p=0 (minimal repair policy)

This is the case where one always proceeds to a minimal repair at
failure. The system is always replaced at age-7. In case of failures
between the periodic replacements a minimal repair is carried

out [Barlow and Hunter, (1960), policy II].

All cycle lengths are equal to -7. From equation (5.8), if p=0, it

can be seen that

G(r)=0
G(r)=1 and jg@(t)dtz T

E[N(t)] = -In F(z) = [ A(t)dt = A(7)

Thus, the maintenance cost rate is given as

c +c A7)
K(r)=-L (6.1)
T
Replacement interval 7 = 7, which minimizes K (), satisfies
condition
TA(7) - A(7) = c, /e (6.2)

In case of Weibull distributed lifetime,
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—(ﬂt)’b)

Flt)y=1-e B>1
At) = ABtP1
At) = atP

Optimal preventive maintenance interval is given by:

1
C B
p
T, =|——7""" (6.3)
0 _
[(ﬁ ch
If A(t) > «~ as t — o, there exists a unique solution 7 = 7, of this
equation.

Minimal maintenance cost rate will be

K(z'o) = cml(z'o) (6.4)
The details of the derivation are given in the Appendix (A6).
Case where p=1 (age replacement policy)

Equation (5.8), becomes

K(r1) - c F(7)+ ch(z') 65

JoF(t)dt

This is the case where no minimal repair is made. It is the so

called classical age replacement policy. The system is replaced
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upon failure or at age 7 by a preventive replacement whichever

occurs first, where 7 is constant.

After a replacement the system has the same lifetime distribution

as the original one, i.e it is ‘as good as new’.

The age replacement problem has been discussed, formulated
mathematically and solved in general by several authors, firstly
by Senju [1957]and later by Barlow and Hunter [1960], Barlow
and Proschan [1962, 1965], and Morse [1958].

Differentiating K(z,1) with respect to 7 and equating to zero

yields the equation which the optimal Ty has to satisfy as:

from equation (6.6),
[ ] JO t)dt — F( )[cr —~ cp] =c,
[ ] OfgF(t)dt+ F(z)e —c = F(z),

When finite 7, exists, we obtain by combining (6.5) and (6.6), the

minimum expected cost per unit time as:
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K(z- ) i [cr - cp]/l(f)JgF(t)dt + ch(z') —c, +ep - ch(z')
0 [SF(t)at

K(TO) = (cr — cp)/l(z'o) (6.7)

If no finite solution to equation (6.6) exists, then Ty = °° is the

optimal policy.

Solutions of equation (6.6) have been tabulated by Glasser [1967]
for the classes of Weibull, Gamma and truncated normal
distributed lifetimes. Tables are no longer up to date in view of

computers.
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7. Conclusions

In conclusion, it is perhaps important to note that maintenance
policies have become more and more general because they
include some previous policies as special cases. The optimal
maintenance plans obtained from these general policies may
result in some cost savings since the optimal maintenance
schedules under them might be “globally” optimal (optimal in a
larger range). However, as the policies become more and more
complicated, these policies may also cause inconvenience for
implementation in practice. What has hampered application

amongst others are:

» lack of decision support systems for combining models and
data via a friendly interface.

* the multitude of technical systems, and the many different
ways in which they function and in which they deteriorate,
render maintenance management problems highly complex.
Taking into consideration that a model is, by definition, a
simplification of reality (thus, it will only work if the
simplification is relevant to the problem considered).

» A shortage of data.

» Alack of understanding with respect to mathematical
models (unfamiliarity with knowledge of the stochastic

processes).
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Basically, each maintenance policy for a one-unit system either
depends on counting/recording of the number of repairs,
preventive maintenance (PM) time, and/or estimating repair cost.
In practice, counting number of repairs and recording PM time,

and estimating repair costs after failure are all possible ways.

The current research seems to intend to use two or more of them
as policy decision variables in a single policy. Much of our
research reflects these developments, in fact, there is no new
theoretical research presented in this dissertation. The
combination of these established maintenance policies as well as
their numerical evaluation are regarded as our greatest

contribution.

Lastly, some further research along these lines seems to be
useful, since repair cost limit policies seems to be suitable for

practical applications.
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8. Appendix A: Derivation of formulas
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= %j:xe_x dx -1

and J: xe Xdx by parts
u=x, du=dx

dv=e"dx, v=[e ¥ dx=-e"

I =uv—Jvdu
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(A3)

B(ZY <7)= [JE(2 v = x)dG(t) / G(7)

_ o Jop(A(x)ax

~E(z)Y <7)= ﬁ i ( it p(x)/l(x)dx)dG(t)

B(Z,)=E(Z,Y <t)G(2) + E(Z,}Y 2 t)G(2)

= 71! P(x)Ax) dxdG(t) + G (2)]7 P(x)A(x) dx
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From Fubini’s Theorem, remember that,
t
Jo]o S (x.y)dyax

= JoJ, S (x.y)dX dy
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p

__ 1 pa@) 1, PA)
p p

_a(1-L] Lz

_G(T){l p} p
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K(7) = T (1)
dK(z) _~° -2 (]
i 2 —CmA(T)(T )+cmA (7)r
<, c A7) c A7)
=5 5 T ;=0

T T

c (7)) A7) =c
T%jgxl(t)dt ~ A7) = i
TA(7) - A(7) = z—p ............ (2)

Substitute (2) into (1)

from (2) CmA(T*) = cmz'/l(z'*) - cp

m

from (1) ¢ A(T*) = TK(T*) — cp

cmz'/l(z'*) —c, = TK(T*) -,
K(T*) = cmxl(z'*)

which is the function value when 7 = 7*
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9. Appendix B: Computer code for numerical

example.

alt_, c_] = Exp[- Exp[-(c/u)] A t*B];
B=2;

Alt_, c] = Jra[t, c] dt
0

e /7 Ext[e 26 ¢ V31|

2~ A1
K[t—l cl=
1
Az, c]
((Exp[c/u] -1) Cu (1-2a[z, c]) +C (1-a[z, c]) +
Cpalz, ] )
([ < | ( e w e
(‘2(2 2ul<7l+ec/u>‘ e 1)1‘ e tAlC+

\ \ \ /
[1oee 2x| ch \/}I}} J (V7 Erefe 26 ¢ v/ )

|
\ )
21=0.01; Cy=13; C,=100; Cy= 67; u=25;
NMinimize[{K[t, c], ©> 0, C:-Cp>c2 0}, {z, c}]

{7.63131, {c>33.,t>20.802}}
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alt_, ¢ ] = Exp[- Exp[-(c/u)] X t*B];

B=1;

Alt_, c] = jra[t, cldt
0

( .
/U1 Y T

(e}

)
|

)

A1
K[t_,c]= ALL, o ((BExp[c/u] -1) Cy (1-a[z, ¢]) + G (1-a[z, c]) + Cpaz, c])
e o | e i ( L
e ul(-1+e¥Y) I1-e® ""MlCp+e™ "M Co+ [1-e® "M Crl g
\ \ ) \ .

_c
1-e€UYTAL

A1=1; Cp=13; C,=100; C, = 67; u=25;

NMinimize[{K[t, ¢], ©> 0, C:-Cp>c2 0}, {t, c}]
{36.2408, {c=>33.,t—>138.319}}
Clear|[fB];

alt , c ] = Exp[- Exp[-(c/u)] A t*B];

B=2;

Alt_, c] = Jta[t, c] dt
0

1

- ec/50 \/‘7‘{ Erf[e—c/50 ]

2
K[t_,c]= ALL, o ((BExp[c/u] -1) Cy (1-a[z, c]) + G (1-a[z, c]) + Cpa[z, c])
26 (677100 (1-e P F) 13 (149 (1-eFF))

7 Erfle-/50¢]

A1=1;Cp=13; C=100; G, = 67; u=25;
NMinimize[{K[t, ¢], t> 0, C:-Cp>c2 0}, {t, c}]
{76.3131, {c>33.,1t->2.0802}}

Clear|[f3]
alt , ¢ ] = Exp[- Exp[-(c/u)] X t*B];

B=3;
Alt_, c] =

t (3 Gamma |

o

4

w

f} —Gamma[g,

Jta[t, c] dt

1 e—c/25 t3} )

K[t_,c]=

3 (e—c/25 t3) 1/3

Alzt,

c]

-c/25 3 -c/25.3 -c/25 .3
3 (67@’@‘ 2, 100 (17@:@ /Bt ) +13 (-1 +e%/%) (17@@ /25 ) (e 33

((BExp[c/u] -1) Cy (1-a[z, c]) + G (1-a[z, c]) + Cpa[z, c])

T (BGamma[%} —Gamma[%, ce’C/257:3})

A1=1;Cp=13; C=100; G, = 67; u=25;
NMinimize[{K[t, ], ©> 0, C:-Cp,>c2 0}, {t, c}]
{85.6173, {c—>33.,t>1.24735}}
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af[t , ¢ ] = Exp[- Exp[- (c/u)] A1 t"B];
B=2;
A[t_, c] = jta[t, c] dt
0

1 _
- @C/SO\[N Erf[e_C/SO ]

K[t,c]= ALz, c] ((Exp[c/u] -1) Cn (1-a[z, c]) + C(1-a[z, c]) + Cpa[z, C])

-c/25 2 -c/25 ;2 -c/25 2
260 (67677 1100 (1-e* 77 F) +13 (-1+7%) (1-e= 7))

A7t Erfe-</50 ¢]
A1=1;Cp=13;C,=100; Co = 67; u=25;
NMinimize[{K[z, 0], ©> 0, C,-Cp > c2 0}, {z, c}]
{112.593, {c>0.0613369,t>1.70596}}

Clear (3]

a[t , ¢ ] =Exp[- Exp[-(c/u)] A1 t"B];
B=2;
A[t_, c] = Jta[t, c] dt
0
1

E ec/SO \/‘; Erf[e_C/SO ]

K[t_, c]-=

((Exp[c/u] -1) Cn (1-a[z, c]) + C(1-a[z, c]) + Cpa[z, C])
Az, c]

-C/25 ;2 -c/25 ;2 -c/25 2
260 (67677 1100 (1-e 77 F) £ 13 (-1+9%) (1-e= 7T

A7t Erfe-</50 ¢]
A1=1;Cr=13; C,=100; Cp = 67; u=25;
NMinimize[{K[w», ¢], ©> 0, C:-Cp,>c2 0}, {z, c}]
{79.1201, {c>33.,t>1.12894}}

a[t_, c_] = Exp[- Exp[-(c/u)] A1t"*B];
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B=1;

Alt_, c] = Jta[t, c]dt
0
< )

( -C
ec/u 11-e© u ‘[)\1\'

J

Al
K[t_l c]-=
1
Alt, c]
((Exp[c/u] -1) Cu (1-a[z, c]) +C (1-a[z, c]) +
Cpalz, c])
[ _c | -<
lc |e u i(—1+ecm) (1—e_eut/\1}(ﬁm+
l_e—e_ﬁ Tl { { )
_c _c \ \
e—e u Tty Cp+ {1 _ e-e u ml)} Cri /lli

{ ) )
A1=1; Cu=13; C,=100; Cp = 67; u=25;

NMinimize[{K[w, ¢], ©> 0, C,-Cp>c2 0}, {t, c}]

{36.2408, {c»33.,t-»1.12947}}
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