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Abstract

For right near-rings the left representation has always been considered the

natural one. A study of right representation for right distributively gener-

ated (d.g.) near-rings was initiated by Rahbari and this work is extended

here to introduce radical-like objects in the near-ring R using right R-groups.

The right radicals rJ0(R), rJ1/2(R) and rJ2(R) are defined as counterparts

of the left radicals J0(R), J1/2(R) and J2(R) respectively, and their proper-

ties are discussed. Of particular interest are the relationships between the left

and right radicals. It is shown for example that for all finite d.g. near-rings

R with identity, J2(R) = rJ0(R) = rJ1/2(R) = rJ2(R). A right anti-radical,

rSoi(R), is defined for d.g. near-rings with identity, using a construction that

is analogous to that of the (left) socle-ideal, Soi(R). In particular, it is shown

that for finite d.g. near-rings with identity, an ideal A is contained in rSoi(R)

if and only if A ∩ J2(R) = (0). The relationship between the left and right

socle-ideals is investigated, and it is established that rSoi(R) ⊆ Soi(R) for

d.g. near-rings with identity and satisfying the descending chain condition for

left R-subgroups.
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Chapter 1

Introduction

If R is a ring with identity, then several characterizations of the Jacobson

radical of R, J(R), exist. Amongst others, each of the following subsets of R

is equal to J(R):

J1: the intersection of all maximal left ideals of R

J ∗
1 : the intersection of all maximal right ideals of R

J2: the intersection of annihilators of all irreducible left R-modules

J ∗
2 : the intersection of annihilators of all irreducible right R-modules

J3: a left quasi-regular left ideal that contains every left quasi-regular

left ideal of R

J ∗
3 : a right quasi-regular right ideal that contains every right quasi-regular

right ideal of R.

A notable feature of the Jacobson radical is the left-right symmetry of its

characterizations. In the case of a (non-ring) right near-ring R, the left char-

acterizations of J(R) can result in a number of distinct Jacobson-type rad-

1



CHAPTER 1. INTRODUCTION 2

icals. In right near-rings with identity, the sets J1 and J3 both represent

the left ideal J1/2(R). As addition in near-rings is not commutative, there is

a distinction between R-subgroups and R-submodules, resulting in near-ring

modules of type-0 and those of type-2. Hence the set J2 can characterize

either J0(R) or J2(R). The properties of and relationships between these left

radicals are well-known, but the sets J ∗
1 , J ∗

2 and J ∗
3 have not been exten-

sively investigated as they involve the right representation for right near-rings

which is considered the unnatural one. In this thesis we examine the sets J ∗
1 ,

J ∗
2 and J ∗

3 in the case of right distributively generated (d.g.) near-rings and

seek to find relationships between these sets and their left counterparts. In

order to do so, we first consider the formation of a right representation theory

for such near-rings. There is a small body of work that is related to right rep-

resentation for right near-rings. Fröhlich [4], Laxton [13], [14], Rahbari [21],

Tharmaratinam [25], [26], and Grainger [6] have considered right R-groups

for such near-rings under various special conditions. It is the right represen-

tation theory for right d.g. near-rings initiated by Rahbari that we use and

extend here.

All near-rings R in this thesis are assumed to be right distributive and dis-

tributively generated by the semi-group S. If R satisfies the descending chain

condition for left ideals (right ideals), we will say R satisfies the DCCL (re-

spectively, DCCR). If R satisfies the descending chain condition for left R-

subgroups, we will say that R satisfies the DCCLS.

The next chapter builds on Rahbari’s definitions and results to develop a rep-

resentation theory that parallels, where possible, the already well-established

left representation theory for right d.g. near-rings. The use of a distributively

generated right R-group, defined by Rahbari [21], is pivotal to the establish-
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ment of a right representation theory and, in particular, a right radical theory.

Concepts of right primitive ideals, right modular right ideals and right quasi-

regularity are introduced in this chapter in an analogous way to the notions

from left representation theory, and many of the standard results for left R-

groups are modified and proved for right R-groups. Various types of right

R-groups are defined, the annihilators of which will be used to construct the

right Jacobson-type radicals.

The third chapter is devoted to right radical theory. The right radical rJ0(R)

was defined in [10] in the case of d.g. near-rings R with identity as an analogue

of the left radical J0(R), and was shown to be the largest two-sided ideal

contained in rJ1/2(R), the intersection of all maximal right ideals of R. In

this chapter we define the right 2-radical for arbitrary d.g. near-rings by

using annihilators of certain right R-groups. At the same time, we extend

the definitions of rJ0(R) and rJ1/2(R) to include d.g. near-rings R without

identity. We explore some of the properties of the right radicals; of particular

interest are the relationships between the left and right radicals. In ring

theory, the Jacobson radical that is defined using left R-modules coincides

with the radical that is defined using right R-modules, and we investigate the

possibility of the same being true in the near-ring case. It was shown in [23] for

d.g. near-rings with identity and satisfying the DCCLS that J0(R) ⊆ rJ0(R)

and the relationship was improved in [10] where it was shown under the same

assumptions that J2(R) = rJ0(R). In this chapter we show in the case of

finite d.g. near-rings with identity that all the right radicals coincide and are

equal to the left radical J2(R).

Examples of right R-groups for right near-rings are presented in Chapter

4, where the structure of the d.g. near-ring T considered by Laxton [15] is
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examined in some detail. We further investigate the relationship between T

and the matrix near-ring, Mn(R), defined by Meldrum and van der Walt [19],

and show that Mn(R) can be expressed as a direct sum of normal right Mn(R)-

groups. Chapter 4 ends in showing that T is isomorphic to a generalized

matrix near-ring.

Hartney [8] constructed an antiradical, the (left) socle-ideal, and in Chapter

5 we adapt this construction in order to define the right socle-ideal. The

chapter is concerned with the antiradical properties of the right socle-ideal

and with the connection between the left and right socle-ideals.

Some future problems relevant to the work in this thesis are discussed in the

concluding chapter.



Chapter 2

Preliminaries of right

representation theory

All near-rings R in this thesis are assumed to be right distributive and dis-

tributively generated by the semi-group S. If R satisfies the descending chain

condition for left ideals (right ideals), we will say R satisfies the DCCL (re-

spectively, DCCR). If R satisfies the descending chain condition for left R-

subgroups, we will say that R satisfies the DCCLS.

Rings have both left and right modules, and for each result on right modules

there is a corresponding left result. In particular, the same Jacobson radical

arises whether left or right modules are used. Modules over a near-ring R

have similarly been defined, but, in contrast to ring theory where either left

or right modules can be used, only one type of module for a near-ring is

usually considered. Due to the fact that one distributive law is missing, left

R-groups are the natural choice for right near-rings, and for left near-rings

right R-groups are used. To date, little work on the alternative ‘unnatural’

5



CHAPTER 2. PRELIMINARIES 6

R-group has been done. Rahbari [21] initiated a right representation theory

for right distributively generated (d.g.) near-rings and these definitions and

results were extended in [10] and [23] with the aim to develop a right radical

theory. Only right d.g. near-rings with identity were considered in [10] and

[23]. In this work we include right d.g. near-rings without identity. The

distributively generated right R-group is central to the development of the

theory and so we start with its definition.

2.1 Right R-groups

Definition 2.1 An additive group Ω is a right R-group if there is a map-

ping Ω×R→ Ω such that for all ω, ω1, ω2 ∈ Ω, x, y ∈ R,

(i) ω(xy) = (ωx)y

(ii) (ω1 + ω2)x = ω1x+ ω2x.

Note that this is the corresponding definition for a right R-module from ring

theory with the exception of the axiom ω(x+ y) = ωx+ωy for all ω ∈ Ω and

x, y ∈ R. Also note that this definition does not depend on the semi-group

S of the d.g. near-ring R, and could therefore apply to a general near-ring.

However, with the view to generating a radical theory later on, we require

additional conditions to be fulfilled as a right R-group defined above will not

meet our requirements. Although the above ring-theoretic condition may not

necessarily be satisfied by all the elements of Ω, we require that it be satisfied

by certain elements of Ω. We also require that R be a d.g. near-ring. Thus

we have
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Definition 2.2 [21] Let R be a d.g. near-ring. A right R-group Ω is said to

be distributively generated (d.g.) if it is additively generated by ∆ ⊆ Ω

where

(i) δ(x+ y) = δx+ δy for all δ ∈ ∆ and x, y ∈ R, and

(ii) ∆S ⊆ ∆.

If R has identity 1, then we assume that ω1 = ω for all ω ∈ Ω. That is, Ω is

unital.

The existence of a set ∆ is crucial to right representation theory. We call ∆

a distributive basis of Ω.

It is clear that R+ is a d.g. right R-group with distributive basis S and that a

right ideal is a right R-group but is not necessarily distributively generated.

The earliest work relating to right representation for right near-rings was

done by H. Neumann [20] who constructed a right near-ring R by writing

endomorphisms on the right of a reduced free group Ω. The details of the

construction are taken from [18].

Example 2.3 Let Ω be a group with a relatively free basis ∆. Thus every

map from ∆ into Ω can be extended uniquely to an endomorphism of Ω.

Define multiplication on End(Ω) as mapping composition and define addition

by the rule:

given α, β ∈ End(Ω) and x ∈ ∆, then α+ β is the endomorphism
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of Ω obtained by extending the map

x(α+ β) = xα + xβ

from ∆ into Ω.

This addition is sometimes referred to as addition of the second type

[3]. With these definitions of addition and multiplication R := End(Ω) is a

right near-ring, called the Neumann near-ring on Ω with respect to ∆.

If, in particular, ∆ = {x1, . . . , xn} is finite, then R is a d.g. near-ring with

distributive semi-group S := {εi
j | 1 ≤ i, j ≤ n}, where εi

j is defined by

xkε
i
j =

 0 if k 6= i

xj if k = i
.

Finally, if we define a map Ω × R → Ω using the above action of εi
j on

the elements of ∆, then it can be seen that Ω is a d.g. right R-group with

distributive basis ∆.

Example 2.4 Let R = {n0, . . . , n7}, where + and · are given in the following

tables.
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+ n0 n1 n2 n3 n4 n5 n6 n7

n0 n0 n1 n2 n3 n4 n5 n6 n7

n1 n1 n0 n3 n2 n5 n4 n7 n6

n2 n2 n6 n0 n4 n3 n7 n1 n5

n3 n3 n7 n1 n5 n2 n6 n0 n4

n4 n4 n5 n6 n7 n0 n1 n2 n3

n5 n5 n4 n7 n6 n1 n0 n3 n2

n6 n6 n2 n4 n0 n7 n3 n5 n1

n7 n7 n3 n5 n1 n6 n2 n4 n0

· n0 n1 n2 n3 n4 n5 n6 n7

n0 n0 n0 n0 n0 n0 n0 n0 n0

n1 n0 n0 n1 n1 n0 n0 n1 n1

n2 n0 n0 n2 n2 n0 n0 n2 n2

n3 n0 n0 n3 n3 n0 n0 n3 n3

n4 n0 n0 n4 n4 n0 n0 n4 n4

n5 n0 n0 n5 n5 n0 n0 n5 n5

n6 n0 n0 n6 n6 n0 n0 n6 n6

n7 n0 n0 n7 n7 n0 n0 n7 n7

Note that (R,+) is the octic group and R = LibraryNearRing(GTW8 4, 765)

in [1]. The near-ring R is d.g. with S = {n0, n1, n2, n4, n5, n7}, and does

not possess an identity element. It is not left distributive as n3(n2 + n2) 6=

n3n2 + n3n2. The group {n0, n2} is a d.g. right R-group with distributive

basis {n0, n2}. Notice that {n0, n2} is not a left R-group. The right ideal

{n0, n3, n5, n6} is a right R-group but is neither a d.g. right R-group nor a

left R-group. The ideal {n0, n1, n4, n5} is a left R-group and a d.g. right R-
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group with distributive basis {n0, n1, n4, n5}. The set {n0, n1, n4} also forms

a distributive basis since n1 + n4 = n5.

Definition 2.5 Let R be a d.g. near-ring.

(i) An element ω of a right R-group Ω is said to be distributive if ω(x+

y) = ωx+ ωy for all x, y ∈ R.

(ii) A d.g. right R-group Ω is monogenic if there is a distributive element

ω of Ω such that Ω = ωR.

Note that if ω is not distributive, then ωR need not be a subgroup of Ω as

we see in the following example.

Example 2.6 Consider the d.g. near-ring R in Example 2.4, page 8. The

d.g. right R-group {n0, n5} = n5R is monogenic, but is not monogenic as a left

R-group because Rn5 = {n0}. Notice that the element n3 is not distributive

and that the set {n0, n3} = n3R is closed under multiplication by R on the

right, but is not a subgroup of R.

Definition 2.7 Let R be a d.g. near-ring. A subgroup Γ of a right R-group

Ω is called a right R-subgroup of Ω if ΓR ⊆ Γ. If, in addition, Γ has a

distributive basis then Γ is a d.g. right R-subgroup of Ω.

Homomorphisms between right R-groups are defined in the obvious way and

the homomorphism theorems correspond to those for left R-groups.

Definition 2.8 Let R be a d.g. near-ring and let Ω and Ω′ be right R-groups.
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A group homomorphism φ : Ω → Ω′ is called a right R-homomorphism if

φ(ωr) = (φ(ω))r for all ω ∈ Ω and r ∈ R.

2.2 Constructing new right R-groups from old

There are a number of ways of constructing right R-groups. We discuss these

using distributive monogenic generators, factor groups and direct sums.

If ω is an element of a right R-group and r an element of R then it is easily

verified that (−ω)r = −(ωr). However, due to the absence of the left distrib-

utive law, it may not be true that ω(−r) = −(ωr). In particular, we have

the following.

Lemma 2.9 Let R be a d.g. near-ring and Ω be a right R-group. If ω ∈ Ω

is distributive and r ∈ R then

ω(−r) = −(ωr).

Proof

ω(−r) + ωr = ω(−r + r) = 0.
�

We know that the set ωR is a d.g. right R-group if ω is distributive. More

generally we have

Proposition 2.10 Let R be a d.g. near-ring, K a (d.g.) right R-subgroup of
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R+ and ω a distributive element of a right R-group Ω. Then ωK is a (d.g.)

right R-subgroup of Ω. If, in particular, K is a right ideal of R and Ω = ωR

is a monogenic right R-group then ωK is a normal right R-subgroup of Ω.

Proof If ωk1, ωk2 ∈ ωK where k1, k2 ∈ K, then, using Lemma 2.9, ωk1 −

ωk2 = ωk1 + ω(−k2) = ω(k1 − k2) ∈ ωK. Clearly (ωK)R ⊆ ωK, so ωK is

a right R-subgroup of Ω. Next suppose that K is a d.g. right R-subgroup of

R+ with distributive basis ∆ = {δi}i∈I . For ωk ∈ ωK, k ∈ K we have

ωk = ω(Σj∈J εjδj) for some J ⊆ I and εj = ±1

= Σj∈J ω(εjδj) since ω is distributive

= Σj∈J εj(ωδj) using Lemma 2.9.

Hence ω∆ = {ωδi | δi ∈ ∆} is a distributive basis for ωK. Finally, to prove

normality, let ωk ∈ ωK and ωr ∈ Ω where k ∈ K and r ∈ R. Then

−(ωr) + ωk + ωr = ω(−r) + ωk + ωr = ω(−r + k + r) ∈ ωK,

where we have again used Lemma 2.9. �

It is seen from this that every monogenic right R-group is a d.g. right R-group.

The following is a generalization of a result proved in [23].

Proposition 2.11 Let R be a d.g. near-ring, Ω a right R-group and Γ a

normal right R-subgroup of Ω. Then Ω/Γ is a right R-group, called the right

factor R-group of Ω by Γ, where we define (ω+Γ)r = ωr+Γ for ω+Γ ∈ Ω/Γ

and r ∈ R. Moreover, if Ω is a d.g. right R-group with distributive basis ∆

then Ω/Γ is a d.g. right R-group with distributive basis {δ + Γ | δ ∈ ∆}.
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Example 2.12 Let R be the d.g. near-ring in Example 2.4, page 8. The set

I = {n0, n5} is an ideal of R and R/I = {I, n1 + I, n2 + I, n3 + I} is a d.g.

right R-group with distributive basis S/I = {I, n1 + I, n2 + I}. Notice that

R/I = R(n2 +I) is a monogenic left R-group, but is not monogenic as a right

R-group.

Proposition 2.13 Let R be a d.g. near-ring and {Ωi}i∈I be a set of normal

right R-subgroups of a right R-group Γ. If

Ω =
∑
i∈I

Ωi and Ωk

⋂ ∑
i∈I
i6=k

Ωi = (0) for each k ∈ I,

then Ω is a right R-subgroup of Γ. We call Ω a direct sum of the Ωi and

write Ω =
⊕

i∈I Ωi. If, in addition, each Ωi is a d.g. right R-group with

distributive basis ∆i, then Ω is a d.g. right R-group with distributive basis

∪i∈I∆i.

Lemma 2.14 Let R be a d.g. near-ring. Let Ω be a right R-group and

Ω1, . . . ,Ωk be normal right R-subgroups of Ω such that Ω = Ω1 ⊕ · · · ⊕ Ωk.

If ω ∈ Ω where ω = ω1 + · · ·+ ωk, ωi ∈ Ωi, then ω is distributive if and only

if ωi is distributive for i = 1, . . . , k.
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Proof Firstly, if ω = ω1 + · · ·+ ωk is distributive and x, y ∈ R then

ω1(x+ y) + ω2(x+ y) + · · ·+ ωk(x+ y)

= (ω1 + ω2 + · · ·+ ωk)(x+ y)

= ω(x+ y)

= ωx+ ωy

= (ω1 + ω2 + · · ·+ ωk)x+ (ω1 + ω2 + · · ·+ ωk)y

= ω1x+ ω2x+ · · ·+ ωkx+ ω1y + ω2y + · · ·+ ωky

= (ω1x+ ω1y) + (ω2x+ ω2y) + · · ·+ (ωkx+ ωky),

since ωix + ωjy = ωjy + ωix if i 6= j. In addition, ωi(x + y) ∈ Ωi for each i

and by the uniqueness of expression as a sum of elements from different Ωi,

we conclude that ωi(x + y) = ωix + ωiy, so each ωi is distributive. For the

converse, if each ωi is distributive then

ω(x+ y)

= (ω1 + ω2 + · · ·+ ωk)(x+ y)

= ω1(x+ y) + ω2(x+ y) + · · ·+ ωk(x+ y)

= ω1x+ ω1y + ω2x+ ω2y + · · ·+ ωkx+ ωky

= (ω1x+ ω2x+ · · ·+ ωkx) + (ω1y + ω2y + · · ·+ ωky)

= (ω1 + ω2 + · · ·+ ωk)x+ (ω1 + ω2 + · · ·+ ωk)y

= ωx+ ωy,

where again we have used the fact that ωix, ωiy ∈ Ωi and that addition of

elements from distinct Ωi is commutative. Thus ω is distributive. �
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2.3 Right annihilators

Definition 2.15 Let R be a d.g. near-ring, Ω be a right R-group and X and

Y be non-empty subsets of Ω. We define

(X : Y ) = {r ∈ R | Xr ⊆ Y }.

The case Y = (0) is of particular importance. For this situation we write

(X : 0); similarly we write (x : Y ) if X = {x} is a singleton. The following

lemma is easily verified.

Lemma 2.16 Let R be a d.g. near-ring. If ω is a distributive element of a

right R-group Ω then (ω : 0) is a right ideal of R. Moreover, if Ω is a d.g.

right R-group then (Ω : 0) is a two-sided ideal of R and (Ω : 0) = (∆ : 0) for

any distributive basis ∆ of Ω.

Definition 2.17 Let R be a d.g. near-ring and let ω be a distributive element

of a d.g. right R-group Ω. We call

(i) (ω : 0) the annihilating right ideal of ω

(ii) (Ω : 0) the annihilating ideal of Ω

(iii) Ω faithful if (Ω : 0) = (0).

One reason why a distributive basis for a d.g. right R-group is essential to

right representation theory is that if Ω is a right R-group that is not d.g.,

then (Ω : 0) need not be an ideal of R. We see in the next chapter how
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annihilating ideals of certain d.g. right R-groups play an important role in

right radical theory.

Proposition 2.18 If Y is a right ideal of a d.g. near-ring R then (R : Y ) is

an ideal of R, and if I is an ideal of R contained in Y then I ⊆ (R : Y ).

Proof We have (R : Y ) = (R/Y : 0) which is an ideal of R because R/Y is

a d.g. right R-group by Proposition 2.11. Furthermore, RI ⊆ I ⊆ Y , giving

I ⊆ (R : Y ). �

Proposition 2.19 Let R be a d.g. near-ring and let ω be a distributive

element of a right R-group Ω. Then R/(ω : 0) ∼= ωR.

Proof The mapping r 7→ ωr for all r ∈ R is a right R-homomorphism of

R+ onto ωR with kernel (ω : 0). Hence R/(ω : 0) ∼= ωR. �

2.4 Right primitivity

We shall use two classes of monogenic right R-groups when defining the right

radicals, namely type-0 and type-2. An analogue of a left R-group of type-0

was given in [10] for d.g. near-rings with identity.

Definition 2.20 Let R be a d.g. near-ring. A monogenic right R-group

Ω 6= (0) is said to be (right) type-0 if Ω does not possess any proper,

non-zero normal right R-subgroups.

This definition is motivated by the fact that for a zero-symmetric near-ring

R with identity, a unital left R-group Ω is of type-0 if and only if Ω ∼= R/M
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where M is a maximal left ideal of R. For the case of right representation, if

X is a maximal right ideal of R then the right factor R-group R/X has no

proper, non-zero normal right R-subgroups.

In order to define the concept of right type-2, we note the following in con-

nection with a unital left R-group Ω of type-2 of a zero-symmetric near-ring

R with identity: for any ω ∈ Ω, ω 6= 0, we have Rω = Ω. This idea is used

in the definition of a right R-group of type-2, Γ, as follows. If γ is a non-zero

distributive element in Γ, we should like γR to be equal to Γ. But γR is a

d.g. right R-subgroup of Γ and this suggests that (0) and Γ are the only d.g.

right R-subgroups of Γ. Thus we have the following.

Definition 2.21 [11] Let R be a d.g. near-ring. A monogenic right R-group

Ω 6= (0) is said to be (right) type-2 if

(i) Ω does not possess any proper, non-zero normal right R-subgroups, and

(ii) Ω does not possess any proper, non-zero d.g. right R-subgroups.

Remark 2.22 (a) Property (i) in the above definition ensures that every

right R-group of type-2 is also of type-0.

(b) A right R-group of type-2 is equivalent to a strongly minimal right

R-group in [21].

(c) In [21], a d.g. right R-group Ω is irreducible if Ω does not possess any

proper, non-zero normal d.g. right R-subgroups. Clearly a right R-

group of type-0 is irreducible, but an irreducible d.g. right R-group

may not be right type-0. Rahbari also defined a minimal d.g. right
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R-group to have no proper, non-zero d.g. right R-subgroups.

We note that a rightR-group Ω of type-ν (ν = 0, 2) is monogenic and therefore

is distributively generated. Hence (Ω : 0) is an ideal of R.

Definition 2.23 [10] For ν = 0, 2, an ideal of a d.g. near-ring R is right

ν-primitive if it is the annihilating ideal of a right R-group of type-ν. The

d.g. near-ring R is right ν-primitive if there is a faithful right R-group of

type-ν.

The following proposition was proved for d.g. near-rings with identity [23].

Using a proof that mirrors that for left representation [15], the result also

holds for d.g. near-rings without identity.

Proposition 2.24 Let R be a d.g. near-ring. Every right 0-primitive ideal

of R is a prime ideal.

The following lemma was proved by Hartney [8] for the left case; the proof

carries over almost verbatim for right representation.

Lemma 2.25 Let R be a d.g. near-ring. Let Ω = ⊕i∈I Ωi be a d.g. right

R-group where each Ωi is a normal right R-subgroup of Ω of type-0. Then

any proper, non-zero normal right R-subgroup of Ω is a direct summand of

Ω and is right R-isomorphic to a direct sum of some of the Ωi.

Proof Let ∆ be a proper, non-zero normal right R-subgroup of Ω and let

X be the collection of all normal right R-subgroups Γ of Ω which are of the

form

Γ = ∆⊕ (⊕k∈KΩk) where K ⊆ I.



CHAPTER 2. PRELIMINARIES 19

Partially order X by

Γ1 = ∆⊕ (⊕k∈K1Ωk) ≤ Γ2 = ∆⊕ (⊕k∈K2Ωk)

if and only if K1 ⊆ K2. Apply Zorn’s Lemma to obtain a maximal element of

X, say Γ∗ = ∆⊕ (⊕j∈JΩj). If Γ∗ 6= Ω, then there exists Ωi such that Ωi 6⊆ Γ∗.

So Ωi∩Γ∗ = (0), since Ωi∩Γ∗ is a proper normal right R-subgroup of Ωi and

Ωi is right type-0. But then we would have Γ∗ < ∆ ⊕ (⊕j∈JΩj) ⊕ Ωi ∈ X,

contradicting the maximality of Γ∗. Thus Γ∗ = Ω. Therefore ∆ is a direct

summand of Ω and ∆ ∼= Ω/⊕j∈J Ωj
∼= ⊕i6∈J Ωi. �

We conclude this section by using an example to illustrate some of the con-

cepts defined thus far.

Example 2.26 Let R be the d.g. near-ring in Example 2.4, page 8. We begin

by considering the right structures of R. The following is a complete list of

the proper, non-zero right R-subgroups of R+:

Ω1 = n5R = {n0, n5}, Ω2 = n1R = {n0, n1},

Ω3 = n4R = {n0, n4}, Ω4 = n2R = {n0, n2},

Ω5 = n7R = {n0, n7}, Ω6 = {n0, n1, n4, n5},

Ω7 = {n0, n3, n5, n6}, Ω8 = {n0, n2, n5, n7}.

Of these, Ω1 and Ω6 are ideals of R, and Ω7 and Ω8 are right ideals. Therefore
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the right factor R-groups are

R/Ω1 = {Ω1, n1 + Ω1, n2 + Ω1, n3 + Ω1},

R/Ω6 = (n2 + Ω6)R = {Ω6, n2 + Ω6},

R/Ω7 = (n1 + Ω7)R = {Ω7, n1 + Ω7},

R/Ω8 = (n1 + Ω8)R = {Ω8, n1 + Ω8}.

With the exception of Ω7, all of the right R-groups are distributively gener-

ated. All of the monogenic right R-groups are of type-0, in fact of type-2, and

the ideal Ω6 is the annihilating ideal of each. Therefore Ω6 is the only right

0-primitive ideal of R and the only right 2-primitive ideal of R. Furthermore,

the only monogenic left R-group is R/Ω6 and it is of type-2. The left anni-

hilator of R/Ω6 is the ideal Ω6. Therefore Ω6 is both a left 2-primitive ideal

and a right 2-primitive ideal of R.

2.5 Right modular right ideals

If X is a maximal right ideal of R then the right factor R-group R/X does

not possess any proper, non-zero normal right R-subgroups. If, in addition,

R has identity 1 then R/X = (1 + X)R is monogenic and therefore is of

right type-0. However, if R does not have an identity then R/X need not be

monogenic and, if not, is not of type-0. Thus we introduce the concept of

modularity. The remaining definitions and results of this chapter appear in

[11].

Definition 2.27 Let R be a d.g. near-ring. A right ideal X of R is called

right modular if there exists e ∈ R where −er + r ∈ X for all r ∈ R. In
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this case we call e a left identity modulo X.

If R has identity 1, then every right ideal X of R is right modular with 1 a

left identity modulo X.

Lemma 2.28 Let X be a right modular right ideal of a d.g. near-ring R.

Then R/X is a monogenic right R-group.

Proof If e ∈ R is a left identity modulo X, then it is easily verified that

R/X = (e+X)R. To show that e+X is distributive, let r1, r2 ∈ R. Then

(e+X)(r1 + r2) = e(r1 + r2) +X

= (r1 + r2)− (r1 + r2) + e(r1 + r2) +X

= r1 + r2 +X,

as −r + er ∈ X for all r ∈ R. Similarly,

(e+X)r1 + (e+X)r2 = (er1 + er2) +X

= (r1 − r1) + er1 + (r2 − r2) + er2 +X

= r1 + (−r1 + er1) + r2 + (−r2 + er2) +X

= r1 + r2 +X.
�

Lemma 2.29 Let R be a d.g. near-ring and let Ω be a monogenic right

R-group. Then Ω ∼= R/X where X is a right modular right ideal of R.

Proof Write Ω = ωR with ω distributive. Then Ω ∼= R/(ω : 0), where

r 7→ ωr by Proposition 2.19. We show that the right ideal (ω : 0) is right

modular. Now ω ∈ Ω, so there exists e ∈ R such that e 7→ ω. Also e 7→ ωe,

so ω = ωe. Then for all r ∈ R, ωr = (ωe)r, giving ω(−er + r) = 0 and
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−er + r ∈ (ω : 0). Consequently, e is a left identity modulo (ω : 0). �

As seen in Proposition 2.18, for any right ideal X of R, (R : X) is an ideal

of R that contains every two-sided ideal contained in X. However, if R does

not have identity then (R : X) itself need not be contained in X. We show

that if X is a right modular right ideal of R then (R : X) ⊆ X, and in this

case we can speak of (R : X) as being the unique largest ideal of R contained

in the right ideal X.

Lemma 2.30 Let X be a right modular right ideal of a d.g. near-ring R.

Then (R : X) ⊆ X.

Proof Let e ∈ R be a left identity modulo X and let r ∈ (R : X). Then

Rr ⊆ X, so in particular er ∈ X. Also −er + r ∈ X, which gives r ∈ X. �

Definition 2.31 For ν = 0, 2, a right ideal X of a d.g. near-ring R is right

ν-modular if X is right modular and R/X is a right R-group of type-ν.

Clearly every right 0-modular right ideal is a maximal right ideal of R and

if R has identity then every maximal right ideal is right 0-modular. Likewise

if R has identity, then a right ideal X is right 2-modular if and only if X

is a maximal right ideal and R/X has no proper, non-zero d.g. right R-

subgroups. We emphasise that if R does not have an identity element then

these statements need not be true, for example, consider the following near-

ring.

Example 2.32 Let R = {n0, . . . , n7}, where + and · are given in the follow-

ing tables.
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+ n0 n1 n2 n3 n4 n5 n6 n7

n0 n0 n1 n2 n3 n4 n5 n6 n7

n1 n1 n0 n3 n2 n5 n4 n7 n6

n2 n2 n6 n0 n4 n3 n7 n1 n5

n3 n3 n7 n1 n5 n2 n6 n0 n4

n4 n4 n5 n6 n7 n0 n1 n2 n3

n5 n5 n4 n7 n6 n1 n0 n3 n2

n6 n6 n2 n4 n0 n7 n3 n5 n1

n7 n7 n3 n5 n1 n6 n2 n4 n0

· n0 n1 n2 n3 n4 n5 n6 n7

n0 n0 n0 n0 n0 n0 n0 n0 n0

n1 n0 n0 n5 n5 n0 n0 n5 n5

n2 n0 n5 n1 n4 n5 n0 n4 n1

n3 n0 n5 n4 n1 n5 n0 n1 n4

n4 n0 n0 n5 n5 n0 n0 n5 n5

n5 n0 n0 n0 n0 n0 n0 n0 n0

n6 n0 n5 n4 n1 n5 n0 n1 n4

n7 n0 n5 n1 n4 n5 n0 n4 n1

The near-ring R is LibraryNearRing(GTW8 4, 1059) in [1] and is d.g. with

S = R and with no identity. The ideal X = {n0, n1, n4, n5} is a maximal

right ideal of R. However, as −nin2 +n2 6∈ X for i = 2, 3, 6, 7, it is clear that

there is no left identity modulo X and therefore X is not right modular. The

d.g. right R-factor group R/X = {X,n2 +X} has no proper, non-zero right

R-subgroups, but is not monogenic as (n2 +X)R = X. Hence R/X is not of

type-ν, ν = 0, 2, and X is not right ν-modular.
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Proposition 2.33 For ν = 0, 2, an ideal I of a d.g. near-ring R is right ν-

primitive if and only if I = (R : X) for some right ν-modular right ideal X

of R.

Proof Firstly, let I = (Ω : 0) where Ω = ωR is a right R-group of type-ν.

By Lemma 2.29, Ω ∼= R/X where X is a right ν-modular right ideal of R. It

is routinely shown that I = (Ω : 0) = (R/X : 0) = (R : X). Conversely, if

I = (R : X) and X is a right ν-modular right ideal of R, then R/X is a right

R-group of type-ν and (R/X : 0) = (R : X) = I. Consequently I is a right

ν-primitive ideal of R. �

Example 2.34 Let R be the d.g. near-ring in Example 2.4, page 8, and I

the ideal {n0, n1, n4, n5}. It is routinely verified that −n2r + r ∈ I for all

r ∈ R, so that I is right modular with n2 a left identity modulo I. Notice

that the element n7 is also a left identity modulo I. Furthermore, as R/I

is a right R-group of type-2, the ideal I is right 2-modular. Lastly, I is left

modular with n2, n3, n6 and n7 each right identities modulo I, and as R/I

is a left R-group of type-2, I is also a left 2-modular ideal of R.

2.6 Right quasi-regularity

There is a close connection between quasi-regularity and the Jacobson radical

in rings. The concept of left quasi-regularity for right near-rings is well-known

but right quasi-regularity has not been extensively investigated. In this, the

final section of this chapter, we define the concept of right quasi-regularity

for right d.g. near-rings.
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Definition 2.35 Let R be a d.g. near-ring.

(i) An element z of R is right quasi-regular if every right ideal that

contains the set {−zr + r | r ∈ R} also contains z.

(ii) A subset X of R is right quasi-regular if every element of X is right

quasi-regular.

As for left quasi-regularity, right quasi-regularity generalizes nilpotence.

Proposition 2.36 Every nilpotent element of a d.g. near-ring R is right

quasi-regular.

Proof Let z ∈ R be nilpotent, say zn = 0 for some n ∈ N, and let X be

a right ideal of R containing {−zr + r | r ∈ R}. We have −z(zj) + zj =

−zj+1 + zj ∈ X for j = 1, . . . , n − 1. Therefore (−zn + zn−1) + (−zn−1 +

zn−2) + · · ·+ (−z2 + z) = −zn + z = z ∈ X. �

It is well-known that in near-rings satisfying the DCCLS, the notions of left

quasi-regularity and nilpotence are equivalent. This leads to the following

connection between left quasi-regularity and right quasi-regularity.

Corollary 2.37 Let R be a d.g. near-ring. If R satisfies the DCCLS then

every left quasi-regular left R-subgroup of R+ is right quasi-regular.

We shall see in the next chapter that the converse of the above corollary does

not hold.

Lemma 2.38 If X is a proper right modular right ideal of a d.g. near-ring

R with e a left identity modulo X, then e is not right quasi-regular.
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Proof We have −er + r ∈ X for all r ∈ R. If e is also right quasi-regular

then e ∈ X, which gives the contradiction X = R. �



Chapter 3

Right radical theory

The right radical rJ0(R) was defined in [23] for the case of a d.g. near-ring

with identity, and was shown to be the largest two-sided ideal contained

in rJ1/2(R), the intersection of all maximal right ideals of R. It was also

shown in right d.g. near-rings with identity and satisfying the DCCLS that

J0(R) ⊆ rJ0(R). This relationship was refined in [10] where it was shown

under the same assumptions that J2(R) = rJ0(R). We extend the definitions

of rJ0(R) and rJ1/2(R) to general right d.g. near-rings and define the right

2-radical for such near-rings. In addition, we investigate the properties of

the right radicals and the relationships between the left and right radicals,

improving the relationships presented in [10] and [23].

27
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3.1 Right radicals

Definition 3.1 Let R be a d.g. near-ring. For ν = 0, 2,

rJν(R) = ∩{P | P is a right ν-primitive ideal of R}.

If there are no right ν-primitive ideals of R, then define rJν(R) = R.

Example 3.2 Let R be the d.g. near-ring in Example 2.32, page 22. The

proper, non-zero right R-groups are Ω1 = {n0, n5}, Ω2 = {n0, n1, n4, n5},

R/Ω1 = {Ω1, n1 + Ω1, n2 + Ω1, n3 + Ω1} and R/Ω2 = {Ω2, n2 + Ω2}. As

none of these right R-groups are monogenic, there are no right R-groups of

type-ν for ν = 0, 2, and therefore no right ν-primitive ideals of R. Hence

rJν(R) = R. Notice that R also has no left ν-primitive ideals, so Jν(R) = R

for ν = 0, 2.

It was proved in [10] that R → rJ0(R) is a radical map in the case of right

d.g. near-rings with identity. We use a similar proof for arbitrary right d.g.

near-rings and include rJ2(R). For the proof we need the following lemma.

Proposition 3.3 [11] Let I be an ideal of a d.g. near-ring R and Ω a group.

The group Ω is a d.g. right R-group with I ⊆ (Ω : 0) if and only if Ω is a d.g.

right R/I-group. Furthermore, Ω is right type-ν as a right R-group if and

only if Ω is right type-ν as a right R/I-group (ν = 0, 2).

Proof Let Ω be a d.g. right R-group with I ⊆ (Ω : 0). Define the action of

R/I on Ω by

ω(r + I) := ωr for all ω ∈ Ω, r + I ∈ R/I.
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To verify that this action is well-defined, suppose that r1 + I = r2 + I and

let ∆ be a distributive basis of Ω. Then r1 − r2 ∈ I ⊆ (Ω : 0) = (∆ : 0)

so δ(r1 − r2) = 0 for all δ ∈ ∆ and, as each δ is distributive, δr1 = δr2.

Now if ω ∈ Ω we can write ω = Σiεiδi, where εi = ±1 and δi ∈ ∆. Then

ωr1 = (Σiεiδi)r1 = Σiεi(δir1) = Σiεi(δir2) = (Σiεiδi)r2 = ωr2. To verify that

Ω is a d.g. right R/I-group, let ω, ω1, ω2 ∈ Ω, x+ I, y + I ∈ R/I and δ ∈ ∆.

Then:

(i) ω[(x+ I)(y + I)] = ω(xy + I) = ω(xy) = (ωx)y = ωx(y + I) =

[ω(x+ I)](y + I).

(ii) (ω1 + ω2)(x+ I) = (ω1 + ω2)x = ω1x+ ω2x = ω1(x+ I) + ω2(x+ I).

(iii) δ[(x+I)+(y+I)] = δ((x+y)+I) = δ(x+y) = δx+δy = δ(x+I)+δ(y+I).

(iv) A distributive semi-group for the factor near-ring R/I is S + I/I. If

s+ I ∈ S + I/I, then δ(s+ I) = δs ∈ ∆ since ∆S ⊆ ∆.

(v) If R/I has identity 1 + I, then ω(1 + I) = ω1 = ω.

Conversely, if Ω is a d.g. right R/I-group, then define the action of R on Ω

by

ωr := ω(r + I) for all ω ∈ Ω, r ∈ R.

Let ∆ be a distributive basis for Ω. Then for ω, ω1, ω2 ∈ Ω, x, y ∈ R and

δ ∈ ∆:

(i) ω(xy) = ω(xy+I) = ω[(x+I)(y+I)] = [ω(x+I)](y+I) = (ωx)(y+I) =

(ωx)y.
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(ii) (ω1 + ω2)x = (ω1 + ω2)(x+ I) = ω1(x+ I) + ω2(x+ I) = ω1x+ ω2x.

(iii) δ(x+y) = δ((x+y)+I) = δ[(x+I)+(y+I)] = δ(x+I)+δ(y+I) = δx+δy.

(iv) If s ∈ S, then δs = δ(s+ I) ∈ ∆ since ∆(S/I) ⊆ ∆.

(v) If R has identity 1 then ω1 = ω(1 + I) = ω.

Thus Ω is a d.g. right R-group. Clearly ΩI = (0) so I ⊆ (Ω : 0)R. To show

that Ω is type-ν, we see that Γ is a normal right R/I-subgroup of Ω if and

only if Γ is a normal right R-subgroup of Ω, by defining the action of R or

R/I on Γ via that on Ω. Similarly, Γ is a d.g. right R/I-subgroup of Ω if and

only if Γ is a d.g. right R-subgroup of Ω. Thus Ω is a right R-group of type-ν

if and only if it is a right R/I-group of type-ν. �

One of the properties for a map R→ R(R) to be a radical map in the sense

of Hoehnke is that θ(R(R)) ⊆ R(θ(R)) where θ : R → R′ is any near-ring

homomorphism. We note that θ(R) ∼= R/ker θ, and θ(R) is thus a d.g. near-

ring.

Theorem 3.4 [11] Let R be a d.g. near-ring. For ν = 0, 2, R→ rJν(R) is a

radical map in the sense of Hoehnke. That is:

(i) rJν(R/
rJν(R)) = (0).

(ii) If θ : R→ R′ is a near-ring homomorphism then θ( rJν(R)) ⊆ rJν(θ(R)).

Proof (i) Let r + rJν(R) ∈ rJν(R/
rJν(R)) and let Ω be a right R-

group of type-ν. By Proposition 3.3, since rJν(R) ⊆ (Ω : 0), Ω

is a right R/ rJν(R)-group of type-ν and is therefore annihilated by
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rJν(R/
rJν(R)). Hence (0) = Ω(r + rJν(R)) = Ωr and so r ∈ (Ω : 0).

Thus r ∈ rJν(R) and r+ rJν(R) = rJν(R), i.e., rJν(R/
rJν(R)) = (0).

(ii) Let θ(r) ∈ θ( rJν(R)), r ∈ rJν(R) and let Ω be a right θ(R)-group of

type-ν. By Proposition 3.3, since θ(R) ∼= R/ker θ, Ω can be considered

as a right R-group of type-ν with ker θ ⊆ (Ω : 0)R. Then, as r ∈
rJν(R), Ωr = (0). Now Ωθ(r) = Ω(r + ker θ) = Ωr = (0), so θ(r) ∈

(Ω : 0)θ(R), and θ(r) ∈ rJν(θ(R)). �

Hence the right radicals are so-called Hoehnke radicals. On the other hand,

it would be interesting to know whether these radicals are Kurosh-Amitsur

radicals. In other words, do the radicals satisfy the additional idempotent

property rJν(R) = rJν(
rJν(R))? In order to prove this, it is sufficient to

prove the hereditary property, namely rJν(I) = rJν(R) ∩ I for any ideal I

of R. However, to study rJν(I) it will be necessary to define a right rep-

resentation theory for the more general class of zero-symmetric near-rings,

since if we regard the ideal I as a near-ring of which we wish to find the

right ν-radical, then the near-ring is not necessarily distributively generated.

Grainger [6] defines right R-groups for general right near-rings R, but this

work does not extend to radical theory. Although a conclusion regarding the

Kurosh-Amitsur property cannot be reached here, we can prove containment

for a specific type of ideal.

Definition 3.5 [21] An ideal of a d.g. near-ringR is said to be a distributive

ideal if it is a d.g. right R-subgroup of R+.

Proposition 3.6 [11] Let R be a d.g. near-ring. Let I be a distributive ideal

which is a direct summand of R. Then rJν(I) ⊇ rJν(R) ∩ I for ν = 0, 2.



CHAPTER 3. RIGHT RADICAL THEORY 32

Proof Let π be the natural projection ofR onto I. Now rJν(R)∩I ⊆ rJν(R)

so π( rJν(R) ∩ I) ⊆ π( rJν(R)). As π is the identity map on I and using

Theorem 3.4(ii) we have

rJν(R) ∩ I = π( rJν(R) ∩ I) ⊆ π( rJν(R)) ⊆ rJν(π(R)) = rJν(I).

The following example from [1] shows that it is possible for equality to hold,

but whether or not equality holds in general is unknown.

Example 3.7 Consider the d.g. near-ring (R,+, ·) where R = {n0, . . . , n15}

and + and · are given in the following tables.

+ n0 n1 n2 n3 n4 n5 n6 n7 n8 n9 n10 n11 n12 n13 n14 n15

n0 n0 n1 n2 n3 n4 n5 n6 n7 n8 n9 n10 n11 n12 n13 n14 n15

n1 n1 n0 n3 n2 n5 n4 n7 n6 n9 n8 n11 n10 n13 n12 n15 n14

n2 n2 n6 n0 n4 n3 n7 n1 n5 n10 n14 n8 n12 n11 n15 n9 n13

n3 n3 n7 n1 n5 n2 n6 n0 n4 n11 n15 n9 n13 n10 n14 n8 n12

n4 n4 n5 n6 n7 n0 n1 n2 n3 n12 n13 n14 n15 n8 n9 n10 n11

n5 n5 n4 n7 n6 n1 n0 n3 n2 n13 n12 n15 n14 n9 n8 n11 n10

n6 n6 n2 n4 n0 n7 n3 n5 n1 n14 n10 n12 n8 n15 n11 n13 n9

n7 n7 n3 n5 n1 n6 n2 n4 n0 n15 n11 n13 n9 n14 n10 n12 n8

n8 n8 n9 n10 n11 n12 n13 n14 n15 n0 n1 n2 n3 n4 n5 n6 n7

n9 n9 n8 n11 n10 n13 n12 n15 n14 n1 n0 n3 n2 n5 n4 n7 n6

n10 n10 n14 n8 n12 n11 n15 n9 n13 n2 n6 n0 n4 n3 n7 n1 n5

n11 n11 n15 n9 n13 n10 n14 n8 n12 n3 n7 n1 n5 n2 n6 n0 n4

n12 n12 n13 n14 n15 n8 n9 n10 n11 n4 n5 n6 n7 n0 n1 n2 n3

n13 n13 n12 n15 n14 n9 n8 n11 n10 n5 n4 n7 n6 n1 n0 n3 n2

n14 n14 n10 n12 n8 n15 n11 n13 n9 n6 n2 n4 n0 n7 n3 n5 n1

n15 n15 n11 n13 n9 n14 n10 n12 n8 n7 n3 n5 n1 n6 n2 n4 n0
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· n0 n1 n2 n3 n4 n5 n6 n7 n8 n9 n10 n11 n12 n13 n14 n15

n0 n0 n0 n0 n0 n0 n0 n0 n0 n0 n0 n0 n0 n0 n0 n0 n0

n1 n0 n1 n0 n1 n1 n0 n1 n0 n0 n1 n0 n1 n1 n0 n1 n0

n2 n0 n0 n2 n2 n5 n5 n7 n7 n0 n0 n2 n2 n5 n5 n7 n7

n3 n0 n1 n2 n3 n4 n5 n6 n7 n0 n1 n2 n3 n4 n5 n6 n7

n4 n0 n1 n0 n4 n1 n0 n4 n0 n0 n1 n0 n4 n1 n0 n4 n0

n5 n0 n0 n0 n5 n0 n0 n5 n0 n0 n0 n0 n5 n0 n0 n5 n0

n6 n0 n1 n2 n6 n4 n5 n3 n7 n0 n1 n2 n6 n4 n5 n3 n7

n7 n0 n0 n2 n7 n5 n5 n2 n7 n0 n0 n2 n7 n5 n5 n2 n7

n8 n0 n0 n0 n0 n0 n0 n0 n0 n8 n8 n8 n8 n8 n8 n8 n8

n9 n0 n1 n0 n1 n1 n0 n1 n0 n8 n9 n8 n9 n9 n8 n9 n8

n10 n0 n0 n2 n2 n5 n5 n7 n7 n8 n8 n10 n10 n13 n13 n15 n15

n11 n0 n1 n2 n3 n4 n5 n6 n7 n8 n9 n10 n11 n12 n13 n14 n15

n12 n0 n1 n0 n4 n1 n0 n4 n0 n8 n9 n8 n12 n9 n8 n12 n8

n13 n0 n0 n0 n5 n0 n0 n5 n0 n8 n8 n8 n13 n8 n8 n13 n8

n14 n0 n1 n2 n6 n4 n5 n3 n7 n8 n9 n10 n14 n12 n13 n11 n15

n15 n0 n0 n2 n7 n5 n5 n2 n7 n8 n8 n10 n15 n13 n13 n10 n15

In [1], R = LibraryNearRingWithOne(GTW16 6, 416), and R is a d.g. near-

ring with S = {n0, n1, n3, n8, n9, n11} and identity n11. Let I1 := {n0, n8} and

I2 := {n0, n1, n2, n3, n4, n5, n6, n7}. It can be seen that I1 and I2 are distribu-

tive ideals with distributive bases {n0, n8} and {n0, n1, n3} respectively, and

R = I1⊕I2. We show that rJν(I2) = rJν(R)∩I2 for ν = 0, 2. For the right 0-

radical, as R possesses an identity element, we use the result that Ω is a right

R-group of type-0 if and only if Ω ∼= R/X for some maximal right ideal X of

R. The maximal right ideals of R are I2, I3 := {n0, n2, n5, n7, n8, n10, n13, n15}

and I4 := {n0, n1, n4, n5, n8, n9, n12, n13}. Each is a two-sided ideal. The

right R-groups of type-0 are R/I2 = (n8 + I2)R, R/I3 = (n1 + I3)R and

R/I4 = (n3 + I4)R. As I2, I3 and I4 are ideals of R, we have (R/I2 : 0) = I2,

(R/I3 : 0) = I3 and (R/I4 : 0) = I4. This gives rJ0(R) = I2∩I3∩I4 = {n0, n5}

and rJ0(R) ∩ I2 = {n0, n5}. We use a similar method to compute rJ0(I2),

since I2 has identity n3. The maximal right ideals of I2 are {n0, n2, n5, n7}

and {n0, n1, n4, n5}, both of which are two-sided ideals. Therefore rJ0(I2) =
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{n0, n2, n5, n7} ∩ {n0, n1, n4, n5} = {n0, n5} = rJ0(R) ∩ I2. Next, turning to

the case of the right 2-radical, we make use of the result that as R has an

identity, Ω is a right R-group of type-2 if and only if Ω ∼= R/X where X is

some maximal right ideal of R and R/X has no proper, non-zero d.g. right

R-subgroups. As R/I2, R/I3 and R/I4 are of order 2, it follows that they are

right R-groups of type-2. Therefore rJ2(R) = I2 ∩ I3 ∩ I4 = {n0, n5}, and a

similar argument gives rJ2(I2) = {n0, n5}, so that rJ2(I2) = rJ2(R)∩ I2. Fi-

nally, note that J2(R) = {n0, n5} from [1], giving J2(R) = rJ0(R) = rJ2(R).

We will see later that this is no coincidence but a property enjoyed by all

finite d.g. near-rings with identity.

Next we find an alternative characterisation for the radical rJ2(R) using right

modular right ideals.

Theorem 3.8 [11] Let R be a d.g. near-ring.

rJ2(R) = ∩{X | X is a right 2-modular right ideal of R}.

Proof Firstly, rJ2(R) = ∩{(R : X)|X is a right 2-modular right ideal ofR}

⊆ ∩{X | X is a right 2-modular right ideal of R} by Proposition 2.33 and

Lemma 2.30. On the other hand, let Ω be a right R-group of type-2 with

distributive basis ∆. Then (Ω : 0) = (∆ : 0) = ∩δ∈∆(δ : 0) = ∩δ′R 6=(0)(δ
′ : 0).

Now if δ′R 6= (0) then, as Ω is of right type-2, we have R/(δ′ : 0) ∼= δ′R = Ω.

Thus (δ′ : 0) is a right 2-modular right ideal of R and (Ω : 0) is there-

fore an intersection of right 2-modular right ideals. Accordingly, rJ2(R) ⊇

∩{X | X is a right 2-modular right ideal of R}. �
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Similarly, using Proposition 2.33 and Lemma 2.30 we can show

rJ0(R) ⊆ ∩{X | X is a right 0-modular right ideal of R},

but it is not known whether equality holds. Instead, we define

Definition 3.9 Let R be a d.g. near-ring.

rJ1/2(R) = ∩{X | X is a right 0-modular right ideal of R}.

Both rJ0(R) and rJ2(R) are two-sided ideals of R, but as the intersection

of an arbitrary collection of right ideals is a right ideal, rJ1/2(R) may, in

general, only be a right ideal of R. However it will be seen that rJ1/2(R) is

a two-sided ideal in the case of finite d.g. near-rings with identity. We note

also that if R has identity then this definition of rJ1/2(R) coincides with the

definition given in [10] as the intersection of all maximal right ideals of R.

In Example 3.7, page 32, it is easily seen that rJ1/2(I2) = rJ1/2(R) ∩ I2. We

prove that although rJ1/2(R) is not a radical map, Proposition 3.6 also holds

for the right half-radical. We first need two preliminary lemmas, the proofs

of which use the following properties of a direct sum of ideals, R = I ⊕K:

1 Left distribution: r(i+ k) = ri+ rk for all r ∈ R, i ∈ I and k ∈ K.

2 Commutativity of addition: i+ k = k + i for all i ∈ I, k ∈ K.

Lemma 3.10 [11] Let R be a d.g. near-ring and let R = I ⊕K where I is

a distributive ideal and K is an ideal of R. Let X be a right modular right

ideal of I. Then XR ⊆ X and I/X is a d.g. right R-group.
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Proof As R = I⊕K, each r ∈ R can be uniquely written as r = i+k where

i ∈ I and k ∈ K. If x ∈ X and r = i+k ∈ R, then xr = x(i+k) = xi+xk =

xi ∈ X because x ∈ X ⊆ I and xk ∈ I ∩K = (0). Thus XR ⊆ X. Define

(i + X)r = ir + X ∈ I/X for all i + X ∈ I/X and r ∈ R. Since XR ⊆ X,

this product is well-defined and I/X is a right R-group. By Proposition 2.11,

I/X is a d.g. right I-group with distributive basis {δt +X | t ∈ T}, say. For

all i, i′ ∈ I, t ∈ T ,

(δt +X)(i+ i′) = (δt +X)i+ (δt +X)i′

= (δti+ δti
′) +X.

We show that each δt + X distributes over sums of elements from R, from

which it will follow that I/X is a d.g. right R-group. Let r1 = i1 + k1,

r2 = i2 + k2 ∈ R, ii, i2 ∈ I and k1, k2 ∈ K. Then

(δt +X)(r1 + r2) = δt(r1 + r2) +X

= δt(i1 + k1 + i2 + k2) +X

= δt(i1 + i2 + k1 + k2) +X

= (δt(i1 + i2) + δt(k1 + k2)) +X

= δt(i1 + i2) +X, since δt(k1 + k2) ∈ I ∩K = (0)

= (δt +X)(i1 + i2)

= (δti1 + δti2) +X, by the above.

On the other hand,

(δt +X)r1 + (δt +X)r2 = (δtr1 + δtr2) +X

= (δt(i1 + k1) + δt(i2 + k2)) +X

= (δti1 + δtk1 + δti2 + δtk2) +X

= (δti1 + δti2) +X,



CHAPTER 3. RIGHT RADICAL THEORY 37

since δtk1, δtk2 ∈ I ∩K = (0). �

Lemma 3.11 [11] Let R be a d.g. near-ring and R = I ⊕ K where I is a

distributive ideal of R and K is an ideal of R. Let X be a right ν-modular

right ideal of I for ν = 0, 2. Then there exists a right ν-modular right ideal

Y of R such that Y ∩ I = X.

Proof Write R = I ⊕ K, where I and K are ideals of R and let X be a

right ν-modular right ideal of I. Define Y = X +K, then Y ∩ I = X. Next

let y = x+k ∈ Y and r = i+k′ ∈ R where x ∈ X, k, k′ ∈ K and i ∈ I. Then

yr = (x + k)r = xr + kr = xr + k(i + k′) = xr + ki + kk′ = xr + kk′, since

ki ∈ I ∩K = (0). By Lemma 3.10, xr ∈ X, so yr ∈ X +K = Y and Y is a

right R-subgroup of R+. Furthermore,

−r + y + r = −k′ − i+ x+ k + i+ k′

= −k′ − i+ x+ i+ k + k′

= −k′ + x′ + k + k′ for some x′ ∈ X since X is normal in I

= x′ − k′ + k + k′ since x′ ∈ X ⊆ I and − k′ ∈ K

∈ X +K = Y,

so Y is a right ideal of R. In order to show that Y is right ν-modular, we first

have I/X is a d.g. right R-group of type-ν by Lemma 3.10. Next, note that

every coset r + Y in R/Y can be written in the form i + Y for some i ∈ I

because K ⊆ Y . Hence define θ : R/Y → I/X by θ(r+Y ) = θ(i+Y ) = i+X.

To show that θ is well-defined, let r1+Y = r2+Y , then i1+Y = i2+Y and so

−i2+i1 ∈ Y ∩I = X, giving i1+X = i2+X. It is straightforward to prove that

θ is a right R-isomorphism, therefore R/Y ∼= I/X and R/Y is a right R-group

of type-ν. Lastly, suppose that e is a left identity moduloX. Then−ei+i ∈ X

for all i ∈ I, We show that e is also a left identity modulo Y . Let r = i+k ∈ R,
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then r+ Y = i+ Y and er+ Y = e(i+ k) + Y = ei+ ek + Y = ei+ Y , since

ek ∈ K ⊆ Y . Now −ei + i ∈ X and X = Y ∩ I, so −ei + i ∈ Y . Hence

r + Y = er + Y , giving −er + r ∈ Y for all r ∈ R. �

Proposition 3.12 [11] Let R be a d.g. near-ring and let I be a distributive

ideal which is a direct summand of R. Then rJ1/2(I) ⊇ rJ1/2(R) ∩ I.

Proof By the previous lemma, for each right 0-modular right ideal X of I

there exists a right 0-modular right ideal Y of R such that Y ∩ I = X. Let

K be the set of all such right 0-modular right ideals of R. Then

rJ1/2(I) = ∩{X | X is a right 0-modular right ideal of I}

= ∩{Y ∩ I | Y ∈ K}

= I ∩ (∩{Y | Y ∈ K})

⊇ I ∩ rJ1/2(R).
�

We now examine the relationships between the right radicals.

Proposition 3.13 Let R be a d.g. near-ring. Then

(i) rJ0(R) = (R : rJ1/2(R))

(ii) rJ0(R) is the largest ideal of R contained in rJ1/2(R).

Proof (i) As rJ0(R) is a two-sided ideal contained in rJ1/2(R), it follows

that R( rJ0(R)) ⊆ rJ1/2(R) and so rJ0(R) ⊆ (R : rJ1/2(R)). Next,

if Ω = ωR is a right R-group of type-0 then (Ω : 0) = (R/Y : 0) =

(R : Y ) where Y = (ω : 0) is a right 0-modular right ideal of R. Now
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rJ1/2(R) ⊆ Y , so (R : rJ1/2(R)) ⊆ (R : Y ) = (Ω : 0). As Ω is arbitrary,

(R : rJ1/2(R)) ⊆ rJ0(R).

(ii) Follows from (i) and Proposition 2.18. �

Using the previous proposition together with Theorem 3.8 shows that the

relationship between rJ0(R), rJ1/2(R) and rJ2(R) is similar to that between

the corresponding left radicals, namely

rJ0(R) ⊆ rJ1/2(R) ⊆ rJ2(R).

3.2 Right semisimplicity

The following result was adapted from [15]. It shows that factoring out

rJ1/2(R) from a near-ring satisfying the DCCR gives a direct sum of right

R-groups of type-0 and factoring out rJ2(R) results in a direct sum of right

R-groups of type-2. A proof of (i) appears in [23] for d.g. near-rings with

identity, but the result does not depend on the presence of an identity.

Theorem 3.14 [11] If R is a d.g. near-ring that satisfies the DCCR then

(i) R/ rJ1/2(R) = ∆1⊕· · ·⊕∆n, where the ∆i are right R-groups of type-0.

(ii) R/ rJ2(R) = ∆1 ⊕ · · · ⊕∆n, where the ∆i are right R-groups of type-2.

Proof Let ν ∈ {1
2
, 2}. If ν = 2, then since R satisfies the DCCR, there

exists a finite number of distinct right 2-modular (for ν = 1
2
, 0-modular)



CHAPTER 3. RIGHT RADICAL THEORY 40

right ideals Y1, . . . , Yn such that

n⋂
i=1

Yi = rJν(R) and Xk :=
n⋂

i=1
i6=k

Yi 6= rJν(R), k = 1, . . . , n.

Hence

Yi ⊇ Xk for all i 6= k

and

Yk ∩Xk = rJν(R), k = 1, . . . , n.

Under the canonical right R-homomorphism of R+ onto R/ rJν(R), let Yk be

mapped onto Ωk and Xk onto ∆k, k = 1, . . . , n. It follows that
n⋂

i=1

Ωi = (0).

Also

Ωi ⊇ ∆k for all i 6= k

and

Ωk ∩∆k = (0), k = 1, . . . , n.

As Xk 6⊆ Yk and Yk is a maximal right ideal, we have R = Xk + Yk. Thus

R/ rJν(R) = ∆k ⊕ Ωk for each k = 1, . . . , n.

Now

Ω1 = Ω1 ∩ (R/ rJν(R))

= Ω1 ∩ (∆2 ⊕ Ω2)

= ∆2 ⊕ (Ω1 ∩ Ω2)

by the modular law, so

R/ rJν(R) = ∆1 ⊕ Ω1

= ∆1 ⊕∆2 ⊕ (Ω1 ∩ Ω2).



CHAPTER 3. RIGHT RADICAL THEORY 41

But

Ω1 ∩ Ω2 = Ω1 ∩ Ω2 ∩ (R/ rJν(R))

= Ω1 ∩ Ω2 ∩ (∆3 ⊕ Ω3)

= ∆3 ⊕ (Ω1 ∩ Ω2 ∩ Ω3),

giving

R/ rJν(R) = ∆1 ⊕∆2 ⊕∆3 ⊕ (Ω1 ∩ Ω2 ∩ Ω3).

Repeating this procedure and using the fact that
n⋂

i=1

Ωi = (0), we obtain

R/ rJν(R) = ∆1 ⊕ · · · ⊕∆n.

Since R/ rJν(R) = ∆k ⊕ Ωk for k = 1, . . . , n,

∆k
∼= (R/ rJν(R))/Ωk

∼= R/Yk.

Consequently, each ∆k is a right R-group of type-2 (for ν = 1
2
, type-0). �

Definition 3.15 Let R be a d.g. near-ring. If rJν(R) = (0), then the near-

ring R is called right ν-semisimple for ν = 0, 2.

Hence we have

Corollary 3.16 Let the d.g. near-ring R satisfy the DCCR and be right 2-

semisimple. Then R = ∆1⊕ · · · ⊕∆n, where the ∆i are right ideals of R and

right R-groups of type-2.

Remark 3.17 One can define R/ rJ1/2(R) to be right half-semisimple and

extend the notion to d.g. right R-groups. For the d.g. right R-group R+,

rJ1/2(R) = (0) implies that rJ0(R) = (0). One can define the right half

radical of a d.g. right R-group to be the intersection of all normal maximal
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right R-subgroups. If this intersection is zero, then we say the d.g. right R-

group is right half-semisimple. We will not pursue the matter any further in

this thesis.

3.3 Relationships between the left and right

radicals in d.g. near-rings with identity

In ring theory the Jacobson radical that is defined using left R-modules is

equal to the radical that is defined using right R-modules. A question arises

of whether this characteristic of the radical depends on the presence of com-

mutativity of addition and both distributive laws. Thus in this section we try

to ascertain if the same property that holds for rings holds for any or all of

the near-ring radicals. We restrict ourselves in this section to d.g. near-rings

with identity and, in particular, have results for those d.g. near-rings with

identity satisfying certain descending chain conditions. Note that as we are

assuming that R has identity, we can use the alternative characterisation for

rJ1/2(R), namely

rJ1/2(R) = ∩{X | X is a maximal right ideal of R}.

A key result is stated, but not proved, in [14]. We present a proof here.

Theorem 3.18 [10] Let R be a d.g. near-ring with identity. The right half-

radical rJ1/2(R) contains all the nilpotent left R-subgroups of R+.

Proof Let Ω be a nilpotent left R-subgroup of R+, say Ωp = (0). We show
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that Ω is contained in every maximal right ideal of R. Let

Y :=
{ n∑

i=1

(xi + ω′
iri − xi)

∣∣∣ ri, xi ∈ R, ω′
i ∈ Ω

}
.

Then Y is a right ideal ofR containing Ω. Suppose that there exists a maximal

right ideal B of R such that Ω 6⊆ B. Then the right ideal Y is not contained

in B so R = Y +B and the identity can be written as 1 = y + b, with y ∈ Y

and b ∈ B. Let ω1, ω2, . . . , ωp−1 ∈ Ω. Now

ω1ω2 . . . ωp−1

= (y + b)ω1ω2 . . . ωp−1

= yω1ω2 . . . ωp−1 + bω1ω2 . . . ωp−1

= [Σn
i=1(xi + ω′

iri − xi)]ω1ω2 . . . ωp−1 + b′ for some b′ ∈ B

= Σn
i=1(xiω1ω2 . . . ωp−1 + ω′

iriω1ω2 . . . ωp−1 − xiω1ω2 . . . ωp−1) + b′

= b′,

since riω1 ∈ Ω and so ω′
iriω1ω2 . . . ωp−1 ∈ Ωp = (0). Hence Ωp−1 ⊆ B.

A similar argument gives

ω1ω2 . . . ωp−2

= (y + b)ω1ω2 . . . ωp−2

= yω1ω2 . . . ωp−2 + bω1ω2 . . . ωp−2

= [Σn
i=1(xi + ω′

iri − xi)]ω1ω2 . . . ωp−2 + b′′ for some b′′ ∈ B

= Σn
i=1(xiω1ω2 . . . ωp−2 + ω′

iriω1ω2 . . . ωp−2 − xiω1ω2 . . . ωp−2) + b′′

∈ B,

since riω1 ∈ Ω and so ω′
iriω1ω2 . . . ωp−2 ∈ Ωp−1 ⊆ B. Hence Ωp−2 ⊆ B.

Repeating this procedure we finally arrive at the contradiction Ω ⊆ B. �
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We remark that the right ideal Y in the proof of Theorem 3.18 is actually a

two-sided ideal. As this result is important in the sequel, we state it more

formally as follows.

Proposition 3.19 [10] Let R be a d.g. near-ring with identity. Let X be a

right ideal of R and let Ω be a left R-subgroup of R+ contained in X. Then

Y = {Σn
i=1(xi + ωiri − xi) | ri, xi ∈ R, ωi ∈ Ω} is an ideal of R contained in

X and containing Ω.

Proof Now Y is a right ideal of R containing Ω from Theorem 3.18. More-

over, Y is the smallest right ideal containing Ω, so Y ⊆ X. To show that

Y is also a left ideal of R, write r ∈ R as r = Σjεjsj where εj = ±1

and sj ∈ S. If y = Σn
i=1(xi + ωiri − xi) ∈ Y , it follows that for each j,

sjy = Σn
i=1(sjxi+sjωiri−sjxi) ∈ Y since Ω is a left R-group, and so ry ∈ Y .�

Theorem 3.20 [10] Let R be a d.g. near-ring with identity. The right radical

rJ0(R) contains all nilpotent left R-subgroups of R+.

Proof Let Ω be a nilpotent left R-subgroup of R+, then by Theorem 3.18

Ω ⊆ rJ1/2(R). Let Y be the ideal defined in Proposition 3.19. Then we have

Y ⊆ rJ1/2(R). As rJ0(R) is the largest ideal of R contained in rJ1/2(R),

Y ⊆ rJ0(R) and therefore Ω ⊆ rJ0(R). �

For a d.g. near-ring R with identity that satisfies the DCCLS, J2(R) is the

smallest ideal that contains all nilpotent left R-subgroups of R+ [14]. Hence

we have the following.

Lemma 3.21 [10] Let R be a d.g. near-ring with identity that satisfies the
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DCCLS. Then

J2(R) ⊆ rJ0(R).

In order to prove the reverse inclusion we need the following lemma.

Lemma 3.22 [10] Let R be a d.g. near-ring with identity. Every maximal

ideal of R is right 0-primitive.

Proof Let M be a maximal ideal of R. If M is also maximal as a right

ideal, then R/M is a right R-group of type-0. Since M is an ideal of R and

R has identity, we have M = (R/M : 0), so M is a right 0-primitive ideal.

If M is not maximal as a right ideal, then by Zorn’s Lemma there exists a

maximal right ideal, say X, containing M , and R/X is a right R-group of

type-0. Now we see that M ⊆ (R/X : 0) since RM ⊆ M ⊆ X. But M is a

maximal ideal of R, so (R/X : 0) = M and M is right 0-primitive. �

If R satisfies the DCCLS then J2(R) = ∩{I | I is a maximal ideal of R} [14],

and we can conclude that

rJ0(R) ⊆ J2(R).

Combining this with Lemma 3.21, we have

Theorem 3.23 [10] Let R be a d.g. near-ring with identity and satisfying

the DCCLS. Then

J0(R) ⊆ J1/2(R) ⊆ J2(R) = rJ0(R) ⊆ rJ1/2(R) ⊆ rJ2(R).
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By Proposition 3.13(ii), it follows that

Corollary 3.24 Let R be a d.g. near-ring with identity that satisfies the

DCCLS. Then J2(R) is the largest ideal of R contained in rJ1/2(R).

Laxton states without proof in [14] that the intersection of all the maximal

right ideals of R contains all the nilpotent right R-subgroups of R+. He does

however prove that in the case of DCCLS J2(R) contains all the nilpotent right

R-subgroups. For the sake of completeness, we prove that rJ1/2(R) contains

all nilpotent right R-subgroups, even though this proof uses an argument

similar to that given in Theorem 3.18.

Theorem 3.25 [10] Let R be a d.g. near-ring with identity. The right half-

radical rJ1/2(R) contains all nilpotent right R-subgroups of R+.

Proof Let Ω be a nilpotent right R-subgroup of R+, say Ωp = (0). Define

Y =
{ n∑

i=1

(xi + ω′
i − xi)

∣∣∣ xi ∈ R, ω′
i ∈ Ω

}
.

Then Y is a right ideal of R containing Ω. Suppose that there exists a

maximal right ideal B of R such that Ω 6⊆ B. Then Y 6⊆ B so R = Y + B

and the identity can be written as 1 = y + b, with y ∈ Y and b ∈ B. Let
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ω1, ω2, . . . , ωp−1 ∈ Ω. Then

ω1ω2 . . . ωp−1

= (y + b)ω1ω2 . . . ωp−1

= yω1ω2 . . . ωp−1 + bω1ω2 . . . ωp−1

= [Σn
i=1(xi + ω′

i − xi)]ω1ω2 . . . ωp−1 + b′ for some b′ ∈ B

= Σn
i=1(xiω1ω2 . . . ωp−1 + ω′

iω1ω2 . . . ωp−1 − xiω1ω2 . . . ωp−1) + b′

= b′,

since ω′
iω1ω2 . . . ωp−1 ∈ Ωp = (0). Hence Ωp−1 ⊆ B.

Similarly,

ω1ω2 . . . ωp−2

= (y + b)ω1ω2 . . . ωp−2

= yω1ω2 . . . ωp−2 + bω1ω2 . . . ωp−2

= [Σn
i=1(xi + ω′

i − xi)]ω1ω2 . . . ωp−2 + b′′ for some b′′ ∈ B

= Σn
i=1(xiω1ω2 . . . ωp−2 + ω′

iω1ω2 . . . ωp−2 − xiω1ω2 . . . ωp−2) + b′′

∈ B,

since ω′
iω1ω2 . . . ωp−2 ∈ Ωp−1 ⊆ B. Hence Ωp−2 ⊆ B.

Repeating this procedure we finally arrive at the contradiction Ω ⊆ B. �

We next proceed with the relationship between the left and right radicals in

the case of finite d.g. near-rings with identity.

Lemma 3.26 [21] Every finite simple d.g. near-ring R with identity is right

2-primitive.

Proof As R+ is a finite d.g. right R-group, let Ω denote a non-zero minimal

d.g. right R-subgroup of R+ and let ∆ be a distributive basis for Ω. Since Ω
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is minimal as a d.g. right R-subgroup, δR = Ω for all non-zero δ ∈ ∆. If Ω

is not right type-2, then Ω has a proper, non-zero normal right R-subgroup.

Since R is finite, let Ω′ denote a maximal proper normal right R-subgroup

of Ω. Thus Ω/Ω′ is a right R-group of type-2. Since R is simple and has

identity, (Ω/Ω′ : 0) = (0). �

Thus we have the following improvement on Lemma 3.22 in the finite case.

Corollary 3.27 [11] Let R be a finite d.g. near-ring with identity. Then

every maximal ideal of R is right 2-primitive.

Corollary 3.28 [11] Let R be a finite d.g. near-ring with identity. Then

rJ2(R) ⊆ J2(R).

Proof From the previous Corollary,

rJ2(R) ⊆ ∩{M | M is a maximal ideal of R},

and as R is finite, J2(R) = ∩{M | M is a maximal ideal of R} [14]. �

This, together with Theorem 3.23, proves

Theorem 3.29 [11] If R is a finite d.g. near-ring with identity, then

J2(R) = rJ0(R) = rJ1/2(R) = rJ2(R).

Corollary 3.30 [11] Let R be a finite d.g. near-ring with identity. Then R

is left 2-semisimple if and only if R is right 2-semisimple.
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Remark 3.31 1 As the mapping R → rJ2(R) is known to be Kurosh-

Amitsur on the universal class of all zero-symmetric near-rings [12],

Theorem 3.29 verifies that in the case of finite d.g. near-rings with

identity the right radicals are indeed Kurosh-Amitsur, but whether this

is true in general is not known.

2 In the finite case the same radical, J2(R), can be reached using left or

right representation, however this is not the case for J0(R) or J1/2(R)

as examples of finite d.g. near-rings exist for which J0(R) ⊆ J1/2(R) 6=

J2(R).

3 Note that rJ1/2(R) is a two-sided ideal in the case of finite d.g. near-

rings with identity.

4 In [14] Laxton asks whether for right d.g. near-rings with identity J2(R)

is the intersection of all maximal right ideals. Theorem 3.29 gives the af-

firmative answer for finite d.g. near-rings with identity but the problem

remains unsolved for infinite near-rings.

For the case of finite d.g. near-rings with identity, we have J2(R) = rJ1/2(R)

or, in other words,

∩{X | X a maximal ideal of R} = ∩{X | X a maximal right ideal of R}.

The question arises whether every maximal right ideal of a finite d.g. near-

ring R with identity is a two-sided ideal. The following example using [1]

shows that this is not the case, even for rings.

Example 3.32 Consider the finite near-ring R where R = {n0, . . . , n15} and
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+ and · are given in the following tables.

+ n0 n1 n2 n3 n4 n5 n6 n7 n8 n9 n10 n11 n12 n13 n14 n15

n0 n0 n1 n2 n3 n4 n5 n6 n7 n8 n9 n10 n11 n12 n13 n14 n15

n1 n1 n0 n3 n2 n5 n4 n7 n6 n9 n8 n11 n10 n13 n12 n15 n14

n2 n2 n3 n0 n1 n6 n7 n4 n5 n10 n11 n8 n9 n14 n15 n12 n13

n3 n3 n2 n1 n0 n7 n6 n5 n4 n11 n10 n9 n8 n15 n14 n13 n12

n4 n4 n5 n6 n7 n0 n1 n2 n3 n12 n13 n14 n15 n8 n9 n10 n11

n5 n5 n4 n7 n6 n1 n0 n3 n2 n13 n12 n15 n14 n9 n8 n11 n10

n6 n6 n7 n4 n5 n2 n3 n0 n1 n14 n15 n12 n13 n10 n11 n8 n9

n7 n7 n6 n5 n4 n3 n2 n1 n0 n15 n14 n13 n12 n11 n10 n9 n8

n8 n8 n9 n10 n11 n12 n13 n14 n15 n0 n1 n2 n3 n4 n5 n6 n7

n9 n9 n8 n11 n10 n13 n12 n15 n14 n1 n0 n3 n2 n5 n4 n7 n6

n10 n10 n11 n8 n9 n14 n15 n12 n13 n2 n3 n0 n1 n6 n7 n4 n5

n11 n11 n10 n9 n8 n15 n14 n13 n12 n3 n2 n1 n0 n7 n6 n5 n4

n12 n12 n13 n14 n15 n8 n9 n10 n11 n4 n5 n6 n7 n0 n1 n2 n3

n13 n13 n12 n15 n14 n9 n8 n11 n10 n5 n4 n7 n6 n1 n0 n3 n2

n14 n14 n15 n12 n13 n10 n11 n8 n9 n6 n7 n4 n5 n2 n3 n0 n1

n15 n15 n14 n13 n12 n11 n10 n9 n8 n7 n6 n5 n4 n3 n2 n1 n0

· n0 n1 n2 n3 n4 n5 n6 n7 n8 n9 n10 n11 n12 n13 n14 n15

n0 n0 n0 n0 n0 n0 n0 n0 n0 n0 n0 n0 n0 n0 n0 n0 n0

n1 n0 n1 n2 n3 n4 n5 n6 n7 n8 n9 n10 n11 n12 n13 n14 n15

n2 n0 n2 n2 n0 n11 n9 n9 n11 n11 n9 n9 n11 n0 n2 n2 n0

n3 n0 n3 n0 n3 n15 n12 n15 n12 n3 n0 n3 n0 n12 n15 n12 n15

n4 n0 n4 n15 n11 n1 n5 n14 n10 n8 n12 n7 n3 n9 n13 n6 n2

n5 n0 n5 n13 n8 n5 n0 n8 n13 n0 n5 n13 n8 n5 n0 n8 n13

n6 n0 n6 n13 n11 n10 n12 n7 n1 n3 n5 n14 n8 n9 n15 n4 n2

n7 n0 n7 n15 n8 n14 n9 n1 n6 n11 n12 n4 n3 n5 n2 n10 n13

n8 n0 n8 n0 n8 n13 n5 n13 n5 n8 n0 n8 n0 n5 n13 n5 n13

n9 n0 n9 n2 n11 n9 n0 n11 n2 n0 n9 n2 n11 n9 n0 n11 n2

n10 n0 n10 n2 n8 n6 n12 n4 n14 n3 n9 n1 n11 n5 n15 n7 n13

n11 n0 n11 n0 n11 n2 n9 n2 n9 n11 n0 n11 n0 n9 n2 n9 n2

n12 n0 n12 n15 n3 n12 n0 n3 n15 n0 n12 n15 n3 n12 n0 n3 n15

n13 n0 n13 n13 n0 n8 n5 n5 n8 n8 n5 n5 n8 n0 n13 n13 n0

n14 n0 n14 n13 n3 n7 n9 n10 n4 n11 n5 n6 n8 n12 n2 n1 n15

n15 n0 n15 n15 n0 n3 n12 n12 n3 n3 n12 n12 n3 n0 n15 n15 n0
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In [1], R = LibraryNearRingWithOne(GTW16 5, 23) and is d.g. with identity

n1. In fact, R is a ring. The following sets are maximal right ideals of R:

{n0, n2, n9, n11}, {n0, n3, n12, n15} and {n0, n5, n8, n13}, but they are not two-

sided ideals as R is simple. Clearly rJ1/2(R), the intersection of all maximal

right ideals of R, equals (n0), and as R is simple and finite,

J0(R) = J1/2(R) = J2(R) = rJ0(R) = rJ1/2(R) = rJ2(R) = (n0).

Also note that the sets {n0, n2, n13, n15}, {n0, n5, n9, n12} and {n0, n3, n8, n11}

are the maximal left ideals of R.

The next result shows that right R-groups of type-0 and those of type-2 are

equivalent in finite d.g. near-rings with identity.

Proposition 3.33 If R is a finite d.g. near-ring with identity and Ω is a d.g.

right R-group, then Ω is right type-0 if and only if Ω is right type-2.

Proof If Ω is right type-0, then let Ω ∼= R/Y where Y is a maximal right

ideal of R. Using Theorem 3.29,

rJ2(R) = rJ0(R) ⊆ (Ω : 0) = (R/Y : 0) = (R : Y ) ⊆ Y.

Let Ȳ := Y/ rJ2(R). By Theorem 3.14(ii),

R̄ := R/ rJ2(R) = ∆1 ⊕ · · · ⊕∆n,

where each ∆i is a right R-group of type-2. By Lemma 2.25, as Ȳ is a normal
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right R-subgroup of R̄, R̄ = (
⊕

i∈I ∆i)
⊕

Ȳ for some I ⊂ {1, . . . , n}. Then

Ω ∼= R/Y ∼= R̄/Ȳ ∼=
⊕
i∈I

∆i.

Now, as Ω is a right R-group of type-0 and has no proper, non-zero normal

right R-subgroups, the index set I must be a singleton so that Ω ∼= ∆i for

some 1 ≤ i ≤ n. Accordingly, Ω is a right R-group of type-2. �

3.4 Examples

We consider four examples of d.g. near-rings, concentrating on the relation-

ships between the left and right radicals. The first two examples are fi-

nite d.g. near-rings with identity and thus by Theorem 3.29 we know that

J2(R) = rJ0(R) = rJ1/2(R) = rJ2(R). The last two near-rings do not meet

all of the conditions of Theorem 3.29, so we use these examples to explore the

possible relationships that exist between the left and right radicals in other

classes of near-rings.

Example 3.34 [2] Let G := Sn, the symmetric group of degree n, for n ≥ 5.

Let R be the d.g. near-ring generated by End(G) in M0(G). The following

results regarding R can be found in [2]:

(i) There exists an ideal N of R such that N2 = (0).

(ii) Let H := An = {0 = g0, . . . , gm} and G − H = {gm+1, . . . , g2m+1},

where 2(m + 1) = n!. The near-ring R contains an subnear-ring which

is isomorphic to M0(H). We can write R = M0(H) + N + Z2, where
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Z2 = {0, θ} and θ maps G−H to (1, 2) and H to zero.

(iii) M0(H) =
m∑

i=1

M0(H)εi, where εi maps gi to itself and H −{gi} to zero.

(iv) N =
m+1∑
i=1

M0(H)δi, where δi maps gi+m to g1 and G− {gi+m} to zero.

(v) The following is a complete list of left ideals of R:

∑
k∈K

M0(H)δk +
∑
i∈I

M0(H)εi,
∑
i∈I

M0(H)εi +N + Z2,

where K ⊆ {1, . . . ,m+ 1} and I ⊆ {1, . . . ,m}.

(vi) The following is a complete list of right ideals of R:

(0), N, N + Z2, M0(H) +N and R.

(vii) All right ideals of R are two-sided ideals.

We use the above results to determine the left and right radicals of R. Con-

sider the left ideals listed in (v). Firstly, when K = {1, . . . ,m + 1} and

I = {1, . . . ,m}, then by (iii) and (iv),

∑
k∈K

M0(H)δk +
∑
i∈I

M0(H)εi = N +M0(H),

which by (ii) is not equal to R, and thus is a maximal left ideal. Next, when

I = {1, . . . ,m}, then by (ii) and (iii), the left ideal
∑
i∈I

M0(H)εi +N + Z2 is

equal to R. Therefore, maximal left ideals of R will arise from
∑
i∈I

M0(H)εi +

N + Z2 only when I is a subset of {1, . . . ,m} with cardinality m− 1. Taking
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the intersection of all maximal left ideals, we have J1/2(R) = N . Hence

J1/2(R) is an ideal of R and therefore coincides with J0(R). By (vii), J2(R),

the intersection of all maximal ideals of R, coincides with the intersection of

all maximal right ideals, i.e., with rJ1/2(R). Using (vi), the only right ideals

of R that are maximal are N + Z2 and M0(H) +N and their intersection is

N . Consequently,

J0(R) = J1/2(R) = J2(R) = rJ0(R) = rJ1/2(R) = rJ2(R) = N.

The next example focuses on finding the right 0-primitive ideals. A similar

example was used in [7] to illustrate that it is possible for J0(R) 6= J1/2(R) 6=

Js(R) 6= J2(R) to hold.

Example 3.35 Consider the setX = {1, 2, . . . , 12} and letX1 = {1, 2, 3, 4, 5}

and X2 = {6, 7, 8, 9, 10, 11}. Denote the alternating group on X1 by A5 and

the alternating group on X2 by A6. We regard A5 and A6 as subgroups of

A12, the alternating group on X. We use + as the group operation in A12

and denote the permutation groups on X1 and X2 by S5 and S6, respectively.

For each x ∈ S5 or S6, define a map φx : A12 → A12 by

φx : a 7→ x+ a− x

for all a ∈ A12. Let Φ denote the set of all these mappings. Clearly Φ is a

set of automorphisms of A12 which induce automorphisms on A5 and A6. We

note that if x ∈ S5, then φx is the identity map on A6 and if x ∈ S6, then

φx is the identity map on A5. Let T be the d.g. near-ring generated by Φ.

Then T has identity and A12 is a faithful left T -group. We show that A12 is

of type-0 by finding a monogenic generator. For this purpose we characterize
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the T -subgroups of A12.

Let (a, b, c) be a fixed 3-cycle in A5 and let e and d be the remaining two

elements from X1. Now φ(a,d)(a, b, c) = (a, d) + (a, b, c) + (a, d) = (d, b, c) ∈

T (a, b, c). Similarly (a, b) + (a, b, c) + (a, b) = (a, c, b) ∈ T (a, b, c) and (a, e) +

(a, c, b) + (a, e) = (e, c, b) ∈ T (a, b, c). We see that (d, b, c) + (e, c, b) =

(e, d, b) ∈ T (a, b, c). It readily follows that the monogenic left T -group

T (a, b, c) contains all 20 3-cycles so that T (a, b, c) = A5.

The left T -group T ((a, b) + (c, d)) contains (a, e) + (a, b) + (c, d) + (a, e) =

(e, b)+(c, d) and so contains (a, b)+(c, d)+(e, b)+(c, d) = (a, b, e). It follows,

as above, that T ((a, b)+(c, d)) contains all 3-cycles and so coincides with A5.

Now T (a, b, c, d, e) contains (a, d) + (a, b, c, d, e) + (a, d) = (a, e, d, b, c), and

so contains (a, b, c, d, e) + (a, e, d, b, c) = (b, d, c). Again one concludes that

T (a, b, c, d, e) = A5.

Since every non-zero element of A5 is a monogenic generator, it is of type-2.

Similarly one shows that A6 is a left T -group of type-2.

Consider now the left T -subgroup T (a, b, 12) of A12, where a, b ∈ X1. Let

c ∈ X1, c 6= a, c 6= b. From (a, c) + (a, b, 12) + (a, c) = (c, b, 12) and

(a, b, 12) + (c, 12, b) = (a, b, c) ∈ T (a, b, 12), we see that T (a, b, 12) properly

contains A5. Indeed, A5 is the only proper, non-zero left T -subgroup of

T (a, b, 12) and as (1, 12, 3) + (1, 2, 3) + (1, 3, 12) = (1, 12, 2) 6∈ A5 shows that

A5 is not normal in T (a, b, 12), we see that K1 = T (a, b, 12) is of type-s.

Similarly, K2 = T (a, b, 12), a, b ∈ X2, is of type-s with A6 the only non-zero

left T -subgroup. It is clear that J2(T ) 6= Js(T ).

Consider the monogenic left T -subgroup H of A12 generated by (a, b, c) +

(e, d, 12), where a, b ∈ X1 and c, d, e ∈ X2. From (d, e) + (a, b, c) + (d, e, 12) +

(d, e) = (a, b, c) + (e, d, 12) ∈ H, we see that (a, b, c) + (d, e, 12) + (a, b, c) +

(e, d, 12) = (a, b, c) ∈ H. Thus H contains the alternating group on the set of

symbols X1∪X2. But (a, b)+(a, b, c)+(d, e, 12)+(a, b) = (a, c, b)+(d, e, 12) ∈
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H. This gives (a, b, c) + (d, e, 12) + (a, b, c) + (d, e, 12) = (d, 12, e). It readily

follows that H is all of A12 and so is of type-0.

Let R = T/Js(T ). Then by Lemma 2.14 in [7]

R = L1 ⊕ · · · ⊕ Lk ⊕ Lk+1 ⊕ · · · ⊕ Lr ⊕ Lr+1 ⊕ · · · ⊕ Ls ⊕ Ls+1 ⊕ · · · ⊕ Lt,

where

Li
∼= K1, i = 1, . . . , k,

Li
∼= K2, i = k + 1, . . . , r,

Li
∼= A5, i = r + 1, . . . , s,

Li
∼= A6, i = s+ 1, . . . , t.

We have the maximal ideals

M1 = L1 ⊕ · · · ⊕ Ls and M2 = L1 ⊕ · · · ⊕ Lr ⊕ Ls+1 ⊕ · · · ⊕ Lt.

If Yi is a maximal right ideal containing Mi, i = 1, 2, then Mi is the annihi-

lating ideal of the d.g. right R-group R/Yi of type-0. Thus the Mi are right

0-primitive ideals and their intersection is the right 0-radical, rJ0(R). We

note that this right 0-radical is also J2(R) = L1 ⊕ · · · ⊕ Lr.

Although the right radicals are defined for all d.g. near-rings, the relationships

that exist between the left and right radicals were studied only for those d.g.

near-rings with identity. In the following example we consider the left and

right radicals of a d.g. near-ring without identity.

Example 3.36 Let R be the d.g. near-ring without identity in Example 2.4,

page 8. We noted in Example 2.26, page 19, that I = {n0, n1, n4, n5} is the

only right ν-primitive ideal of R for ν = 0, 2, so that rJ0(R) = rJ1/2(R) =

rJ2(R) = I. Furthermore, I is the only left ν-primitive ideal of R for ν = 0, 2.
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We conclude that

I = J0(R) = J1/2(R) = J2(R) = rJ0(R) = rJ1/2(R) = rJ2(R).

Thus the relationship between the right radicals and the left 2-radical in

this finite d.g. near-ring without identity is identical to that in all finite d.g.

near-rings with identity. It is not known if d.g. near-rings without identity

exist in which the right radicals do not coincide. Furthermore, whether or

not any relationship exists between the left and right radicals in infinite d.g.

near-rings either with or without identity is an open question. We present

an example of an infinite d.g. near-ring that does not satisfy the DCCLS in

order to illustrate that a situation similar to the finite case can occur.

Example 3.37 [17] Let D denote the infinite dihedral group. We write

D = Gp〈a, b | a+ b+ a+ b = 0, 2b = 0〉

= {na+mb | n ∈ Z, m = 0, 1}.

The list of non-zero endomorphisms of D is

EndD := {αr,s, βt, γt, δt | r 6= 0, r, s, t ∈ Z},

where

αr,sa
2n = a2nr, βta

2n = 1, γta
2n = 1, δta

2n = 1,

αr,sa
2n+1 = a(2n+1)r, βta

2n+1 = atb, γta
2n+1 = atb, δta

2n+1 = 1,

αr,sa
2nb = a2nr+sb, βta

2nb = atb, γta
2nb = 1, δta

2nb = atb,

αr,sa
2n+1b = a(2n+1)r+sb, βta

2n+1b = 1, γta
2n+1b = atb, δta

2n+1b = atb.
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Let R be the right d.g. near-ring generated by the endomorphisms of D. To

show that R does not satisfy the DCCLS, let p be any prime and consider

the descending chain of left R-subgroups of R+

Rαp,0 ⊇ Rα2
p,0 ⊇ Rα3

p,0 ⊇ . . . .

We show that Rαk
p,0 6= Rαk+1

p,0 for k ∈ N, thereby concluding that the above

chain is strictly descending. For this purpose, we look at how the generators

of Rαk
p,0 act on the group D. Now αk

p,0 = αpk,0, and for r, s, t ∈ Z, r 6= 0, we

have

αr,sαpk,0 = αpkr,s,

βtαpk,0 =

 δt if pk is even

βt if pk is odd
,

γtαpk,0 =

 0 if pk is even

γt if pk is odd
,

δtαpk,0 = δt.

The action of the endomorphisms βt, γt and δt is given above, and that of

αpkr,s by

αpkr,sa
2n = a2npkr, αpkr,sa

2n+1 = a(2n+1)pkr,

αpkr,sba
2n = a2npkr+sb, αpkr,sba

2n+1 = a(2n+1)pkr+sb.

Accordingly, the images all lie in Gp〈apk
, arb〉. As apk 6∈ Gp〈apk+1

, arb〉, it fol-

lows that Gp〈apk
, arb〉 6= Gp〈apk+1

, arb〉, and this gives an infinite descending

chain.

Next we consider the relationship between the left and right radicals in this
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infinite near-ring. We have

J0(R) = J1/2(R) = J2(R) = [R,R],

where [R,R] = Gp 〈[r, s] | r ∈ R, s ∈ R〉 and [r, s] = r + s− r − s. As [R,R]

is nilpotent, by Theorem 3.20

J0(R) = J1/2(R) = J2(R) ⊆ rJ0(R).

Also, R̄ = R/[R,R] is a ring, so

Jacobson radical of R̄

= ∩{M̄ | M̄ is a maximal left ideal of R̄}

= ∩{M̄ | M̄ is a maximal right ideal of R̄}.

Using the one-to-one correspondence between the left ideals (right ideals) of

R containing [R,R], and the left ideals (respectively, right ideals) in R̄, we

have

∩{M | M maximal left ideal of R} = ∩{M | M maximal right ideal of R}.

Therefore

J1/2(R) = rJ1/2(R).

So

J0(R) = J1/2(R) = J2(R) = rJ0(R) = rJ1/2(R).

The relationship between these radicals and rJ2(R) is unknown.
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3.5 Right radicals and right quasi-regularity

It is well-known that both J0(R) and J1/2(R) are left quasi-regular but J2(R)

need not be. We now look at the connection between right quasi-regularity

and the right radicals. It was shown in Section 3.3 that for d.g. near-rings

with identity, rJ0(R) contains all the nilpotent left R-subgroups of R+ and

rJ1/2(R) all the nilpotent right R-subgroups of R+. We attempt to generalize

these results to right quasi-regularity. The results in this section all appear

in [11].

Proposition 3.38 Let R be a d.g. near-ring. The right ideal rJ1/2(R) is

right quasi-regular.

Proof Let z ∈ rJ1/2(R) and suppose that X is a right ideal of R containing

{−zr+r | r ∈ R}. If z 6∈ X then by Zorn’s Lemma we can choose a right ideal

Y of R such that X ⊆ Y and z 6∈ Y , and Y is maximal with respect to these

properties. We show that Y is right 0-modular. Firstly, −zr + r ∈ X ⊆ Y

for all r ∈ R, so Y is right modular with z a left identity modulo Y . By

Lemma 2.28, R/Y is a monogenic right R-group. Now suppose that K is a

right ideal of R such that Y ⊂ K ⊆ R. Then −zr + r ∈ K for all r ∈ R,

and we must have z ∈ K since Y is maximal with respect to the properties

−zr+ r ∈ Y for all r ∈ R and z 6∈ Y . Thus K = R and Y is a maximal right

ideal of R. Therefore the right factor R-group R/Y possesses no proper, non-

zero normal right R-subgroups. Hence R/Y is a right R-group of type-0, so

Y is right 0-modular and rJ1/2(R) ⊆ Y . This gives the contradiction z ∈ Y .

We must have z ∈ X and it follows that rJ1/2(R) is right quasi-regular. �
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A d.g. near-ring satisfying the DCCLS has nilpotent left half-radical [14]. On

the other hand, for d.g. near-rings with identity and satisfying the DCCLS,

if rJ1/2(R) is nilpotent then so is J2(R) by Theorem 3.23. As there are many

examples of finite d.g. near-rings with non-nilpotent J2(R), we conclude that

rJ1/2(R) need not be nilpotent, even in the finite case. So although the left

half-radical is nilpotent in the case of the DCCLS, the symmetric result does

not hold for right representation. However, J1/2(R) contains all left quasi-

regular left ideals of R, and we prove the corresponding result for the right

case. We first need the following lemma.

Lemma 3.39 Let R be a d.g. near-ring. Let X be a right modular right

ideal of R with e a left identity modulo X. If e can be expressed as e = q+x

where q ∈ R and x ∈ X, then q is also a left identity modulo X.

Proof As e +X = q +X it follows that e and q have the same properties

in the right R-group R/X. �

Proposition 3.40 Every right quasi-regular right ideal of a d.g. near-ring R

is contained in rJ1/2(R).

Proof Let Q be a right quasi-regular right ideal of R and suppose that

Q 6⊆ rJ1/2(R). Hence there exists a right 0-modular right ideal X of R such

that Q 6⊆ X. Now Q+X is a right ideal of R properly containing the maximal

right ideal X, so Q +X = R. Let e be a left identity modulo X, then there

exists q ∈ Q, x ∈ X such that e = q + x. By Lemma 3.39, q is also a left

identity modulo X which, using the fact that q ∈ Q is right quasi-regular,

contradicts Lemma 2.38. Thus Q ⊆ rJ1/2(R). �
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It follows from Proposition 3.38 that rJ0(R) is right quasi-regular. Further-

more, by Propositions 3.13(ii) and 3.40 we have the following.

Corollary 3.41 Let R be a d.g. near-ring. The largest right quasi-regular

two-sided ideal of R is rJ0(R).

Remark 3.42 Using Theorem 3.23 we see that J2(R) is right quasi-regular in

the case of d.g. near-rings R with identity that satisfy the DCCLS. However,

examples of finite d.g. near-rings exist for which J2(R) 6= J1/2(R) so J2(R) is

not necessarily left quasi-regular. From this we can conclude that the converse

of Corollary 2.37 is not true.

The left 2-radical contains all left quasi-regular left R-subgroups of R+ [22].

For the corresponding right representation result we restrict ourselves to near-

rings with identity and to d.g. right R-subgroups of R+.

Proposition 3.43 Let R be a d.g. near-ring with identity. Every right quasi-

regular d.g. right R-subgroup of R+ is contained in rJ2(R).

Proof Let Ω be a right quasi-regular d.g. right R-subgroup of R+ with ∆

a distributive basis, and suppose that Ω 6⊆ rJ2(R). By Theorem 3.8 there

exists a right 2-modular right ideal X of R such that Ω 6⊆ X, and so there

exists δ ∈ ∆ such that δ 6∈ X. Now δR is a d.g. right R-group and δR 6⊆ X.

It is easily seen that (δR +X)/X is a right R-subgroup of R/X, and since

(δR +X)/X ∼= δR/(δR ∩X),

it follows that (δR + X)/X is a d.g. right R-subgroup of R/X. As R/X

is a right R-group of type-2, either δR + X = R or δR + X = X, and as
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δR 6⊆ X, it follows that δR+X = R. Let e be a left identity modulo X, then

there exists δr ∈ δR, x ∈ X such that δr + x = e. By Lemma 3.39, δr is a

left identity modulo X. Also δr ∈ Ω is right quasi-regular which contradicts

Lemma 2.38. Thus Ω ⊆ rJ2(R). �

To summarize, for a d.g. near-ring R with identity we have the following

results where
√ ∗ denotes true in the case of the DCCLS.
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Chapter 4

An example

4.1 The near-ring T

We use the example of the d.g. near-ring T from Laxton [15] to illustrate that

the notions introduced in Chapters 2 and 3 occur quite naturally.

Consider the d.g. near-ring P generated by all inner automorphisms of a finite

non-abelian simple group G. This near-ring was studied by Fröhlich [5] and

the following results will be required:

1 (i) (0) = J0(P ) = J1/2(P ) = J2(P ) = rJ0(P ) = rJ1/2(P ) = rJ2(P ).

(ii) P = L1 ⊕ L2 ⊕ · · · ⊕ Ln, where each left ideal Li is a P -group of

type-2 that is P -isomorphic to G. The number of summands n is

equal to |G| − 1.

(iii) For each i = 1, . . . , n, there exists ei ∈ Li such that Pei = Li,

65
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1 =
∑n

i=1 ei and {ei}n
i=1 is an orthogonal idempotent set.

(iv) There is a one-to-one correspondence between the right P -subgroups

of P+ and the subgroups of G.

Now let T be the d.g. near-ring generated by the endomorphisms {φx}x∈P of

P , where

φx · y = yx for all y ∈ P.

The following results concerning the left structure of the near-ring T can be

found in [15]:

2 (i) T is a subnear-ring of M0(P
+) with P+ a faithful left T -group.

(ii) The right P -subgroups of P+ are precisely the left T -subgroups of

P+.

(iii) Under the correspondence mentioned in 1(iv), normal subgroups

of G correspond to right ideals of P and so P+ is a faithful left

T -group of type-0.

(iv) The finite non-abelian simple group G can be chosen such that

(0) = J0(T ) 6= J1/2(T ) 6= J2(T ).

We now look more closely at the near-ring T , focusing on its right structure

and on finding connections that exist between the structures of P and T .

Firstly, as T is finite, we have the following.

Lemma 4.1 The right radicals of T coincide with J2(T ) and are non-zero.
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Next we express T as a direct sum that is similar to the direct sum decom-

position of P in 1(ii) and (iii).

Proposition 4.2 [10]

(i) The identity of T is of the form

1T = φe1 + φe2 + · · ·+ φen = φ1,

and {φei
}n

i=1 is an orthogonal idempotent set. Here the ei are the or-

thogonal idempotent components of 1 ∈ P .

(ii) T =
⊕n

i=1 φei
T where each φei

T is a right ideal of T and a d.g. right

T -group, and φei
T ∼= φej

T, i, j = 1, . . . , n.

Proof (i) Firstly, if p ∈ P then

(φe1 + φe2 + · · ·+ φen) · p = φe1 · p+ φe2 · p+ · · ·+ φen · p

= pe1 + pe2 + · · ·+ pen

= p(e1 + e2 + · · ·+ en)

= p,

where we have used left distribution over a direct sum of left ideals, and

φ1 · p = p1 = p,

giving φe1 +φe2 + · · ·+φen = φ1. Next, let t ∈ T and p ∈ P then t ·p = p′
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for some p′ ∈ P . Now

(φ1t) · p = φ1 · (t · p) since P is a left T -group

= φ1 · p′

= p′

= t · p,

so φ1t = t. It is similarly shown that φ1 is a right identity and hence a

two-sided identity of T . If p ∈ P then

(φei
φej

) · p = φei
· (φej

· p)

= φei
· (pej)

= (pej)ei

= p(ejei)

= φejei
· p

=

 φei
· p if i = j

φ0 · p if i 6= j

by the orthogonal idempotence of the ei in P .

(ii) That φei
T is a d.g. right T -group with distributive basis

{φei
φx | x ∈ P} = {φxei

| x ∈ P}

follows from Proposition 2.10. To prove normality, let t, t′ ∈ T and
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p ∈ P . Then

(−t′ + φei
t+ t′) · p = −t′ · p+ (φei

t) · p+ t′ · p

= −t′ · p+ φei
· (t · p) + t′ · p

= −t′ · p+ (t · p)ei + t′ · p

= xei for some x ∈ P, as Pei is normal in P

= (xei)ei since e2i = ei

= (−t′ · p+ (t · p)ei + t′ · p)ei

= (−t′ · p+ t · p+ t′ · p)ei

= φei
· (−t′ · p+ t · p+ t′ · p)

= (φei
(−t′ + t+ t′)) · p .

Hence −t′+φei
t+t′ = φei

(−t′+t+t′) ∈ φei
T . To show that the φei

T are

right T -isomorphic, we have by 1(ii) and (iii) that in the decomposition

of P =
⊕n

i=1 Pei there is the (left) P -isomorphism Pek
∼= Pej. Let

ek 7→ pej under this isomorphism. Now define a map Ψ : φek
T → φej

T

by

Ψ(φek
t) = φpej

t = φej
(φpt).

If φek
t = 0, then 0 = (φek

t) · s = φek
· (t · s) = (t · s)ek for all s ∈ P .

Hence (t · s)pej = 0 by the left P -isomorphism, and (φpej
t) · s = 0 for

all s ∈ P . As P+ is a faithful left T -group, φpej
t = 0 and it follows that

Ψ is well defined. Using the fact that the φx are distributive elements

of T it is routinely verified that Ψ is a right T -isomorphism. Lastly, let

t ∈ T then t = (
∑n

i=1 φei
)t =

∑n
i=1(φei

t), which gives T =
∑n

i=1 φei
T . If

x ∈ φei
T ∩

∑
j 6=i φej

T , then x = φei
t =

∑
j 6=i φej

tj so that x = φei
φei
t =∑

j 6=i φei
φej

t = 0 by the orthogonal idempotence of the the set {φei
}.

We have established that T =
⊕n

i=1 φei
T . �
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We next look at the relationship between the normal subgroups of P and the

right ideals of T .

Proposition 4.3 [10]

(i) If ∆ is a normal subgroup of P , then

X∆ := {t ∈ T | t · p ∈ ∆ for all p ∈ P}

is a right ideal of T .

(ii) If X is a right ideal of T and ω a distributive element of P , then

X · ω = {x · ω | x ∈ X}

is a normal subgroup of ωP . In particular, X · 1 = X ·P := {x · p | x ∈

X, p ∈ P} is a normal subgroup of P .

(iii) If I is a two-sided ideal of T , then I ·1 = I ·P = P or I ·1 = I ·P = (0),

and I · 1 = I · P = (0) if and only if I = (0).

Proof It is straight forward to show that X∆ is a right ideal of T and that

X ·ω is a subgroup of ωP . To prove the normality of X ·ω, let ωp ∈ ωP, p ∈ P

and x · ω ∈ X · ω, x ∈ X. Then

−ωp+ x · ω + ωp = −φp · ω + x · ω + φp · ω = (−φp + x+ φp) · ω ∈ X · ω,

as X is normal in T . Clearly, with ω = 1, X ·1 ⊆ X ·P and if x ·p ∈ X ·P, x ∈

X, p ∈ P then x · p = x · (φp · 1) = (xφp) · 1 ∈ X · 1. For (iii) suppose that

I is a two-sided ideal of T , then I · 1 is a normal subgroup of P and if p ∈ P
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and i · 1 ∈ I · 1, we have (i · 1)p = φp · (i · 1) = (φpi) · 1 ∈ I · 1. Thus I · 1 is

a right ideal of P . But by 2(iii), P has no proper, non-zero right ideals, so it

follows that either I · 1 = P or I · 1 = (0). Finally, as P is a faithful T -group,

I · 1 = I · P = (0) if and only if I is the zero ideal. �

Proposition 4.4 [10] Let Ωi = L1 ⊕ · · · ⊕Li−1 ⊕Li+1 ⊕ · · · ⊕Ln and define

Xi := XΩi
. Then Xi =

⊕
j 6=i φej

T .

Proof It is not hard to see from the definition that φej
∈ Xi for all j 6= i so

that φej
T ⊆ Xi for j 6= i as Xi is a right ideal of T . Using the modular law

on the direct sum in Proposition 4.2, we have Xi =
⊕

j 6=i φej
T

⊕
(Xi∩φei

T ).

Now φei
t ∈ Xi ∩φei

T implies that (φei
t) · p = (t · p)ei ∈ Pei ∩Ωi = (0) by the

definition of Xi. Thus (φei
t) · p = 0 for all p ∈ P , hence φei

t = 0. It follows

that Xi =
⊕

j 6=i φej
T . �

Proposition 4.5 [10] If X is a maximal right ideal of T then for some i, 1 ≤

i ≤ n, either φei
X = φei

T ∩X or φei
X = φei

T .

Proof If φej
T ⊆ X for each j = 1, . . . , n, then X = T . Hence there exists

i such that φei
T 6⊆ X and, as X is a maximal right ideal of T , we have

T = φei
T + X. Let Y := {t ∈ T | φei

t ∈ X}. Then Y is a right ideal of

T and for j 6= i we have φej
∈ Y . Let Xi be the right ideal of T defined in

Proposition 4.4. Then Xi ⊆ Y . It is readily shown that φei
T ∩Y = φei

T ∩X

and, using the modular law on T = φei
T ⊕Xi, that Y = (φei

T ∩ Y )⊕Xi =

(φei
T ∩X)⊕Xi. As X is a maximal right ideal of T , T/X is a right T -group

of type-0 and so, from the right T -isomorphism

T/X = (φei
T +X)/X ∼= φei

T/(φei
T ∩X),
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φei
T/(φei

T ∩X) is a right T -group of type-0. As φei
X/(φei

T ∩X) is a normal

right T -subgroup of φei
T/(φei

T ∩ X) we have either φei
X = φei

T ∩ X or

φei
X = φei

T . �

If Y is the right ideal of T defined in the above proof, then it can be shown

that Y is a maximal right ideal of T so that T/Y is a right T -group of type-0.

Furthermore, as T is finite, T/Y is a right T -group of type-2.

4.2 Similarities between T and Mn(R)

Let R be a d.g. near-ring with identity. Multiplication of the endomorphisms

φei
in T is similar to multiplication of the matrices f r

ij in Mn(R) [19], since

in T we have

φei
φej

=

 φ0 if i 6= j

φei
if i = j

,

whilst in Mn(R)

fa
ijf

b
kl =

 f 0
il if j 6= k

fab
il if j = k

.

Furthermore, the identity of T is φe1 + φe2 + · · · + φen and in Mn(R) the

identity is f 1
11 + f 1

22 + · · · + f 1
nn. In this section we seek to find additional

similarities in the structures of T and Mn(R). At the same time, we obtain

another example of a near-ring in which d.g. right R-groups naturally occur.

Recall the alternative notation [r; i, j] for f r
ij.

Lemma 4.6 Let R be a d.g. near-ring with identity. For i = 1, . . . , n,

f 1
ii Mn(R) is a faithful d.g. right Mn(R)-subgroup of Mn(R) and a right ideal

of Mn(R).
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Proof Each f 1
ii is a distributive element of Mn(R) so it follows from Propo-

sition 2.10 that each f 1
ii Mn(R) is a d.g. right Mn(R)-group with distributive

basis {f 1
iif

s
ik | s ∈ S and 1 ≤ k ≤ n} = {f s

ik | s ∈ S and 1 ≤ k ≤ n}. We first

show that f 1
11 Mn(R) is normal in Mn(R). Let U, V ∈ Mn(R), then

−U + f 1
11V + U

= −(f 1
11 + f 1

22 + · · ·+ f 1
nn)U + f 1

11V + (f 1
11 + f 1

22 + · · ·+ f 1
nn)U

= −f 1
nnU − · · · − f 1

22U − f 1
11U + f 1

11V + f 1
11U + f 1

22U + · · ·+ f 1
nnU

= −f 1
nnU − · · · − f 1

22U + f 1
11(−U + V + U) + f 1

22U + · · ·+ f 1
nnU

(by Lemma 2.9, since f 1
11is distributive)

= −f 1
nnU − · · · − f 1

22U + f 1
11W + f 1

22U + · · ·+ f 1
nnU, (∗)

where W = −U + V + U ∈ Mn(R). Write W = Σj,kεjk[sjk; j, k] and U =

Σp,qεpq[s
′
pq; p, q] where sjk, s

′
pq ∈ S and εjk, εpq ∈ {−1, 1}. Then

−f 1
22U + f 1

11W + f 1
22U

= −f 1
22Σp,qεpq[s

′
pq; p, q] + f 1

11Σj,kεjk[sjk; j, k] + f 1
22Σp,qεpq[s

′
pq; p, q]

= −Σp,qεpqf
1
22[s

′
pq; p, q] + Σj,kεjkf

1
11[sjk; j, k] + Σp,qεpqf

1
22[s

′
pq; p, q]

= −Σrε2r[s
′
2r; 2, r] + Σlε1l[s1l; 1, l] + Σrε2r[s

′
2r; 2, r]

(where if q ∈ {1, . . . , g} and k ∈ {1, . . . , h}, then r ∈ Q ⊆ {1, . . . , g} and

l ∈ L ⊆ {1, . . . , h}; some of the terms in the sums may be 0, hence the

subsets Q and L)

= −Σrε2r[s
′
2r; 2, r] + Σrε2r[s

′
2r; 2, r] + Σlε1l[s1l; 1, l]

(using the result that [w;u, v] + [z;x, y] = [z;x, y] + [w;u, v] for u 6= x)

= Σlε1l[s1l; 1, l]

= Σj,kεjkf
1
11[sjk; j, k]

= f 1
11Σj,kεjk[sjk; j, k]

= f 1
11W.
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From equation (∗) we have

−U + f 1
11V + U = −f 1

nnU − · · · − f 1
33U + f 1

11W + f 1
33U + · · ·+ f 1

nnU,

and after repeating the above argument, we see that

−U + f 1
11V + U = f 1

11W ∈ f 1
11Mn(R).

Thus f 1
11Mn(R) is normal in Mn(R). Similarly, we can write

−U+f 1
22V +U = −f 1

nnU−· · ·−f 1
22U−f 1

11U+f 1
22V +f 1

11U+f 1
22U+ · · ·+f 1

nnU,

and if V = Σc,dεcd[s
′′
cd; c, d] where εcd = ±1, s′′cd ∈ S and d ∈ {1, . . . , t}, then

−f 1
11U + f 1

22V + f 1
11U

= −f 1
11Σp,qεpq[s

′
pq; p, q] + f 1

22Σc,dεcd[s
′′
cd; c, d] + f 1

11Σp,qεpq[s
′
pq; p, q]

= −Σaε1a[s
′
1a; 1, a] + Σbε2b[s

′′
2b; 2, b] + Σaε1a[s

′
1a; 1, a],

(where a ∈ A ⊆ {1, . . . , g} and b ∈ B ⊆ {1, . . . , t})

= −Σaε1a[s
′
1a; 1, a] + Σaε1a[s

′
1a; 1, a] + Σbε2b[s

′′
2b; 2, b]

= Σbε2b[s
′′
2b; 2, b]

= Σc,dεcdf
1
22[s

′′
cd; c, d]

= f 1
22Σc,dεcd[s

′′
cd; c, d]

= f 1
22V. (∗∗)

Therefore

−U + f 1
22V + U

= −f 1
nnU − · · · − f 1

22U + f 1
22V + f 1

22U + · · ·+ f 1
nnU

= −f 1
nnU − · · · − f 1

33U + f 1
22W + f 1

33U + · · ·+ f 1
nnU,



CHAPTER 4. AN EXAMPLE 75

giving a situation similar to that in equation (∗). Proceeding in an analogous

way we have f 1
22Mn(R) is normal in Mn(R). For i = 3, . . . , n, after repeating

the arguments used for equation (∗∗), we have

−U + f 1
iiV + U

= −f 1
nnU − · · · − f 1

iiU − · · · − f 1
11U + f 1

iiV + f 1
11U + · · ·+ f 1

iiU + · · ·+ f 1
nnU

= −f 1
nnU − · · · − f 1

(i+1)(i+1)U − f 1
iiU + f 1

iiV + f 1
iiU + f 1

(i+1)(i+1)U + · · ·+ f 1
nnU

= −f 1
nnU − · · · − f 1

(i+1)(i+1)U + f 1
iiW + f 1

(i+1)(i+1)U + · · ·+ f 1
nnU,

which is of a similar form to equation (∗). Hence we can show that f 1
iiMn(R)

is normal in Mn(R) for i = 3, . . . , n. Finally, we show that each f 1
iiMn(R)

is faithful. Suppose there exists U ∈ Mn(R) such that f 1
ii Mn(R)U = 0.

Then, in particular, for j = 1, . . . , n we have f 1
iif

1
ijU = 0, so that f 1

ijU = 0.

Hence f 1
jjU = (f 1

jif
1
ij)U = f 1

ji(f
1
ijU) = 0 and U = (f 1

11 + f 1
22 + · · · + f 1

nn)U =

f 1
11U + f 1

22U + · · ·+ f 1
nnU = 0. �

Next we show how Mn(R) can be decomposed into a direct sum of normal

d.g. right Mn(R)-groups. This decomposition resembles that of the near-ring

T in Proposition 4.2.

Proposition 4.7 Let R be a d.g. near-ring with identity. The matrix near-

ring Mn(R) can be expressed as a direct sum of normal d.g. right Mn(R)-

groups, specifically,

Mn(R) =
n⊕

i=1

f 1
ii Mn(R).

Proof If U ∈ Mn(R), then U = (f 1
11 + f 1

22 + · · · + f 1
nn)U = f 1

11U + f 1
22U +

· · ·+f 1
nnU , so that Mn(R) = f 1

11 Mn(R)+f 1
22 Mn(R)+ · · ·+f 1

nn Mn(R). Next,

let x ∈ f 1
ii Mn(R) ∩ Σj 6=if

1
jj Mn(R). Then x = f 1

iiV for some V ∈ Mn(R)

and f 1
iix = f 1

ii(f
1
iiV ) = f 1

iiV = x. We can also write x = Σj 6=if
1
jjUj for some
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Uj ∈ Mn(R), which gives x = f 1
iix = f 1

ii(Σj 6=if
1
jjUj) = Σj 6=i(f

1
iif

1
jjUj) = 0.

Thus Mn(R) = f 1
11 Mn(R)⊕ f 1

22 Mn(R)⊕ · · · ⊕ f 1
nn Mn(R). �

4.3 T and generalized matrix near-rings

In this section we relate the near-ring T with a generalized matrix near-ring

[24].

Let G be a finite group and A a group of automorphisms of G. Consider

N = MA(G), the centralizer near-ring determined by A and G, where N =

{f ∈ M0(G) | f(αg) = αf(g) for all α ∈ A and g ∈ G}. Let R denote the

right near-ring of N , i.e., the d.g. near-ring generated by the set {ρa | a ∈ N},

where each ρa is an endomorphism of N defined by ρa(n) = na for all n ∈ N .

It is shown [24] that R is isomorphic to the generalized matrix near-ring

Matk(S;G), where k is the number of non-zero A-orbits of G, and S is the

subnear-ring of M0(G) generated by A.

Now consider the case where G is a finite non-abelian simple group and A =

{1}, the identity automorphism of G. It is easily seen that N = M0(G). As in

Section 4.1, let R be the d.g. near-ring generated by the inner automorphisms

of G and T the d.g. near-ring generated by the endomorphisms φx of R. It is

shown (2.4 in [5]) that if f is a mapping from G into itself such that f(0) = 0,

then f ∈ R, hence R = M0(G) and we have R = N . Clearly the actions of φx

from T and ρa from R are identical, and so T = R. With the specific choice

of A = {1}, we see that k = |G| − 1, and conclude that T ∼= Mat|G|−1(S;G).



Chapter 5

The right socle-ideal

5.1 Construction of the right socle-ideal

The (left) socle-ideal of R, Soi(R), was constructed by Hartney [8] and is an

antiradical in the sense that it annihilates J1/2(R). We follow these results

and adapt them to right representation in order to form the analogous right

socle-ideal. In this chapter all near-rings are assumed to have identity.

Definition 5.1 Let R be a d.g. near-ring with identity. Let the symbol F

denote the collection of all ideals A of R which are of the form A =
⊕

i∈I eiR

such that

(i) each ei is a distributive element of R

(ii) each eiR is a right R-group of type-0 and a right ideal of R

(iii) e2i = ei for all i ∈ I and eiej = 0 if i < j for some total ordering on I.

77
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In this case we say that
⊕

i∈I eiR is an F-decomposition of A.

Lemma 5.2 Let R be a d.g. near-ring with identity. Let A,B ∈ F and

suppose that A = ⊕i∈I eiR and B = ⊕k∈K fkR are F -decompositions of A

and B respectively. If A ⊆ B, then there exists an index set T such that

I ⊆ T and B = ⊕t∈T etR is an F -decomposition for B.

Proof Using Lemma 2.25, we can write B = A⊕(⊕k∈K′ fkR) = (⊕i∈I eiR)⊕

(⊕k∈K′ fkR) for some K ′ ⊆ K, where, without loss of generality, we assume

that I and K ′ are disjoint. Consequently, (fkR)A ⊆ fkR ∩ A = (0) and so

fkei = 0 for all k ∈ K ′ and i ∈ I. Therefore the ei and the fk are distinct.

Put T = I ∪K ′ and order T as follows: The orderings on I and K ′ are as in

the above F -decompositions for A and B, and k < i for all k ∈ K ′ and i ∈ I.

It is now clear that B = ⊕t∈T etR is an F -decomposition for B with et = ft

for all t ∈ K ′. �

Theorem 5.3 Let R be a d.g. near-ring with identity.

(i) If A,B ∈ F , then A+B ∈ F .

(ii) If F is not empty, then there exists a unique maximal element in F .

Proof (i) SupposeA = ⊕i∈I eiR andB = ⊕k∈K fkR are F -decompositions

of A and B respectively. For each k ∈ K, A ∩ fkR = (0) or fkR ⊆ A

since fkR is a right R-group of type-0. By dropping those fkR ⊆ A, if

any, we may write A + B = (⊕i∈I eiR) + (⊕k∈K′ fkR) = A +X, where

K ′ ⊆ K and X = ⊕k∈K′ fkR is a right ideal of R. Using the fact that

A∩fkR = (0) for k ∈ K ′, it is straightforward to show that A∩X = (0)

so that A+B = A⊕X. Now for all i ∈ I, k ∈ K ′, fkei ∈ XA ⊆ X∩A =
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(0), and so by extending the orderings of I and K ′ to I ∪K ′ (with k < i

for i ∈ I, k ∈ K ′) we have A+B ∈ F .

(ii) Partially order F by A ≤ B if and only if A ⊆ B. Consider a chain of

ideals A1 < A2 < . . . < As < . . . in F . We first prove that A = ∪sAs

is an element of F . By Lemma 5.2, we have a chain of ordered sets

I1 ⊂ I2 ⊂ . . . ⊂ Is ⊂ . . . with As = ⊕i∈Is eiR an F -decomposition for

As. Furthermore, for each r and s, r < s, the ordering in Ir induces

that in Is in the sense that for j ∈ Is\Ir, k ∈ Ir, j < k. These

orderings induce an ordering in I = ∪sIs. Thus A = ⊕k∈I ekR is an F -

decomposition for A and hence A is an upper bound for the chain. By

Zorn’s Lemma, F has a maximal element, M , say. If B ∈ F , then by

(i), B +M ∈ F . Consequently, B ≤ M and M is the unique maximal

element of F . �

Definition 5.4 Let R be a d.g. near-ring with identity. The unique maximal

element of Theorem 5.3 is called the right socle-ideal of R, and we denote

it by rSoi(R). If F is empty, then we define rSoi(R) to be the zero ideal.

By Propositions 2.10 and 2.13 we see that rSoi(R) is a d.g. right R-subgroup

of R+, which gives us another natural example of a d.g. right R-group.

Note that if rSoi(R) = ⊕i∈I eiR is an F -decomposition of rSoi(R), then

(ei : 0) is a maximal right ideal of R for each i ∈ I. Hence, as R has identity,

rJ1/2(R) ⊆ ∩i∈I(ei : 0).

Lemma 5.5 Let R be a d.g. near-ring with identity. Then

rJ1/2(R) ∩ rSoi(R) = (0).
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In particular, if rSoi(R) = R then rJ1/2(R) = (0).

Proof If x ∈ rJ1/2(R) ∩ rSoi(R) ⊆ ∩i∈I(ei : 0) ∩ (⊕i∈I eiR), then x =

ei1ri1 + ei2ri2 + · · ·+ eikrik , ij ∈ I, where we assume that i1 < i2 < . . . < ik.

As ei1 is distributive, ei1x = ei1ri1 , and since x ∈ (ei1 : 0), we have ei1ri1 = 0.

Thus x = ei2ri2 + · · ·+ eikrik . Repeating this argument, we obtain x = 0. �

The above lemma implies that rJ1/2(R) rSoi(R) ⊆ rJ1/2(R)∩ rSoi(R) = (0)

and so also rJ0(R) rSoi(R) = (0). Thus rSoi(R) is antiradical in the sense

that it annihilates at least one of the radicals of R. Furthermore, if R satisfies

the DCCLS then by Theorem 3.23

J0(R) rSoi(R)

⊆ J1/2(R) rSoi(R)

⊆ J2(R) rSoi(R)

= rJ0(R) rSoi(R)

⊆ rJ1/2(R) rSoi(R)

= (0),

and in this case rSoi(R) is a right annihilator of both left and right radicals.

One-sided orthogonality can be replaced by the more familiar two-sided or-

thogonality if the index set is finite with the natural ordering, as the following

theorem shows.

Theorem 5.6 Let R be a d.g. near-ring with identity. If rSoi(R) has an

F -decomposition which is a finite sum rSoi(R) = ⊕k
i=1 eiR, then rSoi(R) =

⊕k
i=1 fiR where fiR = eiR, f

2
i = fi and fifj = 0 if i 6= j for i, j = 1, . . . , k.
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Proof Let e := e1 + · · ·+ ek. We first show that rSoi(R) = e( rSoi(R)). If

ekr ∈ ekR then ekr = (e1 + · · · + ek)ekr, since eiek = 0 for 1 ≤ i < k and

e2k = ek. Consequently, ekR ⊆ e( rSoi(R)). Similarly, if r ∈ R then

ek−1r = (e1 + · · ·+ ek)ek−1r − ekek−1r

= e(ek−1r)− ekek−1r

∈ e( rSoi(R))

since e(ek−1r) ∈ e( rSoi(R)) and ekek−1r ∈ ekR ⊆ e( rSoi(R)). Thus ek−1R ⊆

e( rSoi(R)) and by repeating this argument we obtain rSoi(R) = ⊕k
i=1 eiR ⊆

e( rSoi(R)). As e( rSoi(R)) ⊆ rSoi(R), we have rSoi(R) = e( rSoi(R)). Next

we show that the mapping ψ : rSoi(R) → e( rSoi(R)) given by ψ(r) = er

for all r ∈ rSoi(R) is a right R-automorphism. Using the fact that e is

distributive by Lemma 2.14, we can show that ψ is a right R-epimorphism.

If ψ(r) = 0, where r = e1r1 + · · ·+ ekrk, then

0 = ψ(r)

= er

= (e1 + · · ·+ ek)(e1r1 + · · ·+ ekrk)

= e1(e1r1 + · · ·+ ekrk) + · · ·+ ek(e1r1 + · · ·+ ekrk)

= (e1r1) + (e2e1r1 + e2r2) + · · ·+ (ek−1e1r1 + · · ·+ ek−1rk−1)

+(eke1r1 + · · ·+ ekrk),

since eiej = 0 for i < j. Now each eiejrj ∈ eiR so that e1r1 is the only term

on the right hand side which is in e1R, so e1r1 = 0. Hence also eie1r1 =

0 for i = 2, . . . , k. Thus we have

0 = (e2r2)+(e3e2r2+e3r3)+· · ·+(ek−1e2r2+· · ·+ek−1rk−1)+(eke2r2+· · ·+ekrk).
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Similarly, e2r2 = 0. Repeating this argument, we deduce that r = 0 and ψ is

one-to-one. Now e ∈ rSoi(R) = e( rSoi(R)) and so there exists f ∈ rSoi(R)

such that ψ(f) = e. To show that f is a distributive element of R, let a, b ∈ R.

Then

ψ(f(a+ b)) = (ψ(f))(a+ b)

= e(a+ b)

= ea+ eb

= (ψ(f))a+ (ψ(f))b

= ψ(fa+ fb),

which gives f(a+ b) = fa+ fb for all a, b ∈ R because ψ is one-to-one. Write

f = f1+· · ·+fk where fi ∈ eiR. By Lemma 2.14, each fi is distributive. Next,

if x ∈ rSoi(R) then ψ(x) = ex = (ψ(f))x = ψ(fx), giving x = fx ∈ fR.

Since also fR ⊆ rSoi(R), we have fR = rSoi(R). It is readily shown that

fR = ⊕k
i=1 fiR and that fiR = eiR for each i. Finally, since fx = x for all

x ∈ rSoi(R), we have ffi = fi for each i, therefore (f1 + f2 + · · ·+ fk)fi = fi.

This gives f 2
i = fi and fjfi = 0 if j 6= i, by the uniqueness of the expression

of an element in a direct sum. �

Corollary 5.7 Let R be a d.g. near-ring with identity. If R satisfies the

DCCR then rSoi(R) has an F -decomposition rSoi(R) =
k⊕

i=1

fiR, where

{fi}k
i=1 is an orthogonal idempotent set.

The next result shows that if R satisfies the DCCR then rSoi(R) is a direct

summand of R.

Theorem 5.8 Let R be a d.g. near-ring with identity. If R satisfies the

DCCR thenR = rSoi(R)⊕X, where rSoi(R) has F -decomposition rSoi(R) =
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⊕k
i=1 eiR as in Corollary 5.7 and X := ∩k

i=1(ei : 0) is a right ideal of R and a

d.g. right R-subgroup of R+.

Proof Write r ∈ R as r = (e1r+ · · ·+ ekr)+ (−ekr− · · ·− e1r+ r). Clearly

e1r+· · ·+ekr ∈ rSoi(R). Using Lemma 2.9 we obtain ei(−ekr−· · ·−e1r+r) =

−eir + eir = 0 for each i, giving −ekr − · · · − e1r + r ∈ X. Therefore

R = rSoi(R) + X. If x ∈ rSoi(R) ∩ X then x = e1r1 + · · · + ekrk and

x ∈ (ei : 0) for i = 1, . . . , k. So for each i, 0 = eix = ei(e1r1+· · ·+ekrk) = eiri,

giving x = 0. Hence

R = rSoi(R)⊕X.

As an intersection of annihilating right ideals, X is a right ideal of R. To show

that it is also a d.g. right R-group, write 1 as 1 = p + x where p ∈ rSoi(R)

and x ∈ X. By Lemma 2.14, p and x are both distributive elements as 1

is. We will show that X = xR and then apply Proposition 2.10. As X

is a right ideal of R and x ∈ X, we have xR ⊆ X. Let y ∈ X. Then

y = 1y = (p+x)y = py+xy and so y−xy = py ∈ X ∩ rSoi(R) = (0). Hence

y = xy ∈ xR and X = xR. �

In Lemma 5.5 it was seen that rJ1/2(R) ∩ rSoi(R) = (0). The following

theorem shows in the case of the DCCR that rSoi(R) is the largest ideal of

R having zero intersection with rJ1/2(R). The corresponding result holds in

the case of DCCL for the left socle-ideal [9].

Theorem 5.9 LetR be a d.g. near-ring with identity that satisfies the DCCR

and let A be an ideal of R. Then A ∩ rJ1/2(R) = (0) if and only if A ⊆
rSoi(R).

Proof Firstly, if A is an ideal of R such that A ⊆ rSoi(R), then A ∩
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rJ1/2(R) = (0) since rSoi(R) ∩ rJ1/2(R) = (0) by Lemma 5.5. Conversely,

put J = rJ1/2(R) and suppose that A ∩ J = (0). We show that A has an

F -decomposition. Firstly, since R satisfies the DCCR, by Theorem 3.14(i)

we can write

R/J = (X1/J)⊕ (X2/J)⊕ · · · ⊕ (Xn/J),

where the Xi/J are right R-groups of type-0 and the Xi are right ideals of R.

Since (A⊕J)/J is a normal right R-subgroup of R/J , it is a direct summand

by Lemma 2.25. So, re-indexing if necessary,

R/J = [(A⊕ J)/J ]⊕ (Xk/J)⊕ · · · ⊕ (Xn/J).

Let 1 + J = (a+ J) + (ek + J) + · · ·+ (en + J) where a ∈ A and ei ∈ Xi for

i = k, . . . , n. Then for any b ∈ A, b+J = (1+J)b = (ab+ekb+ · · ·+enb)+J .

We have

(−ab+ b) + J = (ekb+ · · ·+ enb) + J ∈ [(A⊕ J)/J ] ∩
n∑

j=k

(Xj/J) = 0 + J,

so that (−ab + b) ∈ J ∩ A = (0). Hence b = ab for all b ∈ A and a

acts as a left identity of A. Next, by the direct sum decomposition, for

i = k, . . . , n, [(A⊕ J)/J ] ∩ (Xi/J) = J , which gives (A⊕ J) ∩Xi = J . Then

XiA ⊆ Xi ∩A ⊆ J ∩A = (0). So if 1+J = (f1 + · · ·+ fn)+J where fi ∈ Xi,

then for any a′ ∈ A we have

a′ + J = (f1a
′ + · · ·+ fna

′) + J

= (f1a
′ + · · ·+ fk−1a

′) + J,

since fia
′ ∈ XiA = (0) for i = k, . . . , n. Thus −(f1a

′ + · · · + fk−1a
′) + a′ ∈
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J ∩ A = (0), giving for all a′ ∈ A

a′ = f1a
′ + · · ·+ fk−1a

′ ∈ (X1 ∩ A)⊕ · · · ⊕ (Xk−1 ∩ A).

Since also

A ⊇ (X1 ∩ A)⊕ · · · ⊕ (Xk−1 ∩ A),

we have

A = (X1 ∩ A)⊕ · · · ⊕ (Xk−1 ∩ A).

We show that this is an F -decomposition of A. Let the decomposition of the

left identity a of A be a = a1 + · · ·+ ak−1, ai ∈ Xi ∩ A. Then

ai = aai

= (a1 + · · ·+ ak−1)ai

= a1ai + · · ·+ a2
i + · · ·+ ak−1ai.

Therefore

−a2
i + ai = a1ai + · · ·+ ai−1ai + ai+1ai + · · ·+ ak−1ai

∈ (Xi ∩ A) ∩
k−1∑
j=1

j 6=i

(Xj ∩ A) = (0).

Hence ai = a2
i for i = 1, . . . , k − 1 and aiaj = 0 for i 6= j, i, j = 1, . . . , k − 1.

Next for i = 1, . . . , k − 1, aiR is contained in the right ideal Xi ∩ A, and if

x ∈ Xi ∩ A, then

x = ax

= (a1 + · · ·+ ai + · · ·+ ak−1)x

= a1x+ · · ·+ aix+ · · ·+ ak−1x

∈ (X1 ∩ A)⊕ · · · ⊕ (Xi ∩ A)⊕ · · · ⊕ (Xk−1 ∩ A).
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So by uniqueness of expression in the direct sum, we have ajx = 0 for j 6= i

and x = aix ∈ aiR. Thus Xi ∩ A = aiR. In order to show that each ai

is distributive, we show that a is distributive and then invoke Lemma 2.14.

The identity 1 + J = (a + J) + (ek + J) + · · · + (en + J) is distributive in

R/J so, using Lemma 2.14, a + J in particular is distributive. Hence for all

x, y ∈ R, (a+ J)[(x+ J) + (y + J)] = (a+ J)(x+ J) + (a+ J)(y + J). That

is, a(x+ y) + J = (ax+ ay) + J , and so −(ax+ ay) + a(x+ y) ∈ J ∩A = (0).

We have a(x + y) = ax + ay for all x, y ∈ R. Finally, if Xi ∩ A 6= (0), then

(Xi∩A)+J is a normal right R-subgroup of Xi properly containing J . Since

Xi/J is right type-0, this implies that

Xi/J = [(Xi ∩ A) + J ]/J ∼= (Xi ∩ A)/[(Xi ∩ A) ∩ J ] ∼= Xi ∩ A,

giving Xi ∩ A = aiR is a right R-group of type-0. Thus A has an F -

decomposition, and by the maximality of rSoi(R), we have A ⊆ rSoi(R). �

Corollary 5.10 Let R be a finite d.g. near-ring with identity and A be an

ideal of R. Then A ⊆ rSoi(R) if and only if A ∩ J2(R) = (0).

The following result is an immediate consequence of Lemma 5.5 and Theo-

rem 5.9.

Corollary 5.11 Let R be a d.g. near-ring with identity that satisfies the

DCCR. Then rSoi(R) = R if and only if rJ1/2(R) = (0).
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5.2 The relationship between the left and right

socle-ideals

As for the left and right radicals, we seek to find a relationship between the

left and right socle-ideals.

Definition 5.12 [8] Let R be a zero-symmetric near-ring. The (left) socle-

ideal, Soi(R), is the maximal ideal of R of the form
⊕

i∈I Rei such that

(i) each Rei is an R-group of type-0 and a left ideal of R

(ii) e2i = ei for all i ∈ I and eiej = 0 if i > j for some ordering on I.

The following results concerning the left socle-ideal are needed.

Theorem 5.13 [9] Let R be a zero-symmetric near-ring with DCCL and let

A be an ideal of R. Then A ∩ J1/2(R) = (0) if and only if A ⊆ Soi(R).

Corollary 5.14 LetR be a zero-symmetric near-ring that satisfies the DCCL.

Then Soi(R) = R if and only if J1/2(R) = (0).

We can now explore the relationships that exist between the left and the right

socle-ideals in near-rings with suitable chain conditions.

Proposition 5.15 Let R be a d.g. near-ring with identity that satisfies the

DCCLS. Then rSoi(R) ⊆ Soi(R).

Proof By Lemma 5.5, rJ1/2(R) ∩ rSoi(R) = (0) and since J1/2(R) ⊆
rJ1/2(R) for the DCCLS case, we have J1/2(R) ∩ rSoi(R) = (0). Using
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Theorem 5.13, rSoi(R) ⊆ Soi(R). �

We shall show by means of examples in the following section that either

equality or strict containment can occur. A necessary and sufficient condition

for the left and right socle-ideals to coincide in a finite near-ring is given in

the next proposition.

Proposition 5.16 Let R be a finite d.g. near-ring with identity. Then

Soi(R) = rSoi(R) if and only if J2(R) ∩ Soi(R) = (0).

Proof If Soi(R) = rSoi(R) then it is immediate from Lemma 5.5 and The-

orem 3.29 that J2(R) ∩ Soi(R) = (0). For the converse, using Theorem 3.29

gives rJ1/2(R) ∩ Soi(R) = (0). From Theorem 5.9 and Proposition 5.15 we

conclude that Soi(R) = rSoi(R). �

The following result gives equivalent conditions for J2(R) ∩ Soi(R) = (0).

Hence in the finite case, any of these conditions is necessary and sufficient for

the left and right socle-ideals to coincide.

Proposition 5.17 Let R be a d.g. near-ring with identity and let R satisfy

the DCCL. Write R = Soi(R) ⊕ L, where Soi(R) =
⊕k

i=1Rei and L =

∩k
i=1(0 : ei). The following are equivalent:

(i) J2(R) ∩ Soi(R) = (0)

(ii) J2(R) ⊆ L

(iii) Rei is a left R-group of type-2 for i = 1, . . . , k.

Proof We first prove that (i) is equivalent to (ii).
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⇒ If J2(R) ∩ Soi(R) = (0), then J2(R)Soi(R) = (0). So for all r ∈ J2(R)

and i = 1, . . . , k, we have rei = 0. Hence J2(R) ⊆ ∩k
i=1(0 : ei) = L.

⇐ If J2(R) ⊆ L, then, as L∩Soi(R) = (0), it follows that J2(R)∩Soi(R) =

(0).

Next, we prove that (ii) and (iii) are equivalent.

⇒ Assume that J2(R) ⊆ L. As R satisfies the DCCL, we can write [13]

R̄ := R/J2(R) = ∆1 ⊕ · · · ⊕∆n,

where each ∆i is a left R-submodule of R+ of type-2. Now J2(R) ⊆ L ⊆

(0 : ei) for i = 1, . . . , k, so define Ȳi := (0 : ei)/J2(R). As Ȳi is a normal left

R̄-subgroup of R̄, it follows by Lemma 2.3 in [7] that

R̄ =
⊕
p∈P

∆p ⊕ Ȳi for some P ⊆ {1, . . . , n}.

Then R̄/Ȳi
∼=

⊕
p∈P ∆p and we also have R̄/Ȳi

∼= R/(0 : ei) ∼= Rei. Hence

Rei
∼=

⊕
p∈P ∆p, but as Rei is of type-0, P must be a singleton and so

Rei
∼= ∆p. Therefore Rei is a left R-group of type-2.

⇐ If each Rei is of type-2, then J2(R) ⊆ ∩k
i=1(0 : Rei). As R has identity,

it is easily seen that (0 : Rei) ⊆ (0 : ei) for each i, which gives J2(R) ⊆ L. �

5.3 Examples

We complete this chapter by considering examples to demonstrate the various

relationships that exist between the left and right socle-ideals.

In view of Theorem 5.13 and Proposition 5.16, any finite d.g. near-ring with
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J1/2(R) = J2(R) has equal left and right socle-ideals. The following example

from [1] gives us an instance of such a near-ring.

Example 5.18 Consider the finite d.g. near-ring R given in Example 3.7,

page 32. It is seen from the multiplication table that the set of idempotents

of R is {n0, n1, n2, n3, n7, n8, n9, n10, n11, n15}, and of these elements, n0, n1,

n3, n8, n9 and n11 are distributive. We see that n8 is the only distributive

idempotent which generates a right ideal that is also a right R-group of type-

0, and as n8R = {n0, n8} is in fact a two-sided ideal of R, we conclude that

rSoi(R) = n8R. Similarly, when considering left R-groups, n8 is the only

idempotent of R that generates a left ideal that is a left R-group of type-

0, and so Soi(R) = Rn8 = {n0, n8}. Therefore rSoi(R) = Soi(R), which

illustrates Proposition 5.16 as J2(R) = {n0, n5}, so that J2(R) ∩ Soi(R) =

(n0). Furthermore, the right ideal X defined in Theorem 5.8 is equal to the

annihilating right ideal of n8 which, using the multiplication table of R, is the

ideal {n0, n1, n2, n3, n4, n5, n6, n7}. This gives the direct sum decomposition

R = {n0, n8} ⊕ {n0, n1, n2, n3, n4, n5, n6, n7}.

Example 5.19 Let R be the d.g. near-ring generated by the endomorphisms

of Sn, the symmetric group of degree n, for n ≥ 5. The left and right radicals

of R were discussed in Example 3.34, page 52, now we determine the left

and right socle-ideals of R. Firstly, by Lemma 5.5, Soi(R) is an ideal of R

having zero intersection with J1/2(R) and it was shown in Example 3.34 that

J1/2(R) = N . Using the list of ideals of R in Example 3.34 (vi) and (vii), we

conclude that Soi(R) = (0). Moreover, rSoi(R) ⊆ Soi(R) as R is finite, so

rSoi(R) = Soi(R) = (0).
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Our next example illustrates that the left and right socle-ideals can be dis-

tinct.

Example 5.20 Let R be the right d.g. near-ring in Example 3.35, page 54.

We have (0) = J0(R) = J1/2(R) ⊂ J2(R) and by Corollary 5.14 we con-

clude that Soi(R) = R. Hence J2(R) ∩ Soi(R) = J2(R) 6= (0) and using

Proposition 5.16, it follows that

rSoi(R) ( Soi(R).

We conclude by considering the left and right socle-ideals of the near-rings R

and T discussed in Chapter 4. We will need the following lemma.

Lemma 5.21 For any d.g. near-ring R with identity that satisfies the DCCL,

J2(R) ∩ Soi(R) = J2(R)Soi(R).

Proof Certainly J2(R)Soi(R) ⊆ J2(R) ∩ Soi(R) as J2(R) and Soi(R) are

ideals of R. If x ∈ J2(R)∩Soi(R), and Soi(R) has F -decomposition Soi(R) =⊕k
i=1 Rfi, we can write x = r1f1 + r2f2 + · · ·+ rkfk. For i = 1, . . . , k, by the

orthogonal idempotence of the fi, we have xfi = (r1f1 +r2f2 + · · ·+rkfk)fi =

rifi. Thus x = xf1 + xf2 + · · ·+ xfk = x(f1 + f2 + · · ·+ fk) ∈ J2(R)Soi(R),

where the left distributive law is valid over a direct sum of left ideals. �

Example 5.22 Let P and T be the d.g. near-rings from Chapter 4. Firstly,

as J1/2(P ) = rJ1/2(P ) = (0), we conclude that rSoi(P ) = Soi(P ) = P .

To study the relationships between the socle-ideals in the near-ring T , we will

use a result from [16]. The critical ideal is defined in [16] specifically for d.g.

near-rings with identity satisfying the DCCL. This ideal coincides with the left
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socle-ideal [8]. Theorem 2 in [16] shows that if R is left 0-semisimple then the

critical ideal is not zero. That is, in d.g. near-rings with identity and DCCL,

J0(R) = (0) implies that Soi(R) 6= (0). As T is finite and J0(T ) = (0),

so Soi(T ) 6= (0). We will show that rSoi(T ) ( Soi(T ) by proving that

J2(T )∩Soi(T ) 6= (0) and then applying Proposition 5.16. Firstly, both J2(T )

and Soi(T ) are non-zero ideals of T , therefore using Proposition 4.3(iii) we

have

Soi(T ) · 1 = P and J2(T ) · P = P.

Next, using Lemma 5.21,

(J2(T ) ∩ Soi(T )) · 1 = (J2(T )Soi(T )) · 1

= J2(T ) · (Soi(T ) · 1)

= J2(T ) · P

= P.

That is, (J2(T ) ∩ Soi(T )) · 1 6= (0), and again by Proposition 4.3(iii) we

conclude that J2(T ) ∩ Soi(T ) 6= (0).
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Conclusion

The work in [10], [21] and [23] has been extended to develop a right represen-

tation theory for right d.g. near-rings. Right radicals and a right antiradical

are defined using the corresponding definitions from left representation as a

guide. The properties of these right structures are investigated, and particu-

lar significance is placed on examining how the left and right structures are

connected. It was shown for d.g. near-rings R with identity and satisfying

the DCCLS that J2(R) = rJ0(R), with the stronger result J2(R) = rJ2(R)

holding in the finite case. Further investigation along these lines is still re-

quired. If a descending chain of right ideals or of right R-subgroups of R+

is imposed on the d.g. near-ring R, then does the same relationship hold

between J2(R) and rJ0(R) as in d.g. near-rings with the DCCLS? An exam-

ple of an infinite d.g. near-ring R without the DCCLS was given in which

J2(R) = rJ0(R) = rJ1/2(R), but it is not known whether it is possible for

the right radicals to exist independently of J2(R) in general infinite d.g. near-

rings, or whether the right radicals always coincide with each other. Particu-

lar d.g. near-rings without an identity are given in Examples 3.2 and 3.36 for

93
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which the right radicals coincide with each other and with the left 2-radical,

but what can be said about the relationships in general d.g. near-rings with-

out identity? A related question is whether or not rJ2(R) is the smallest

two-sided ideal of R containing rJ1/2(R). For left representation, Hartney [7]

proved that in zero-symmetric near-rings R with DCCL, Js(R) is the smallest

two-sided ideal of R that contains J1/2(R). Is there a distinct right radical

that corresponds to Js(R)?

As mentioned before, whether or not the right radicals are Kurosh-Amitsur

radicals cannot yet be determined. In order to determine whether the right

radicals satisfy the idempotent property rJν(R) = rJν(
rJν(R)) for ν =

0, 1
2
, 2, it is sufficient to prove the hereditary property rJν(I) = I∩ rJν(R) for

I an ideal of R. However, it will first be necessary to define these right radicals

for near-rings that are not distributively generated. Containment was proved

for the particular case of distributive ideals in this thesis, and equality was

shown possible by example. If the right radicals can be defined for non-d.g.

near-rings then, even if the right radicals do not prove to be Kurosh-Amitsur,

it may be worthwhile investigating other properties of the right radicals. For

example, is the completeness property satisfied, i.e., if rJν(I) = I for an ideal

I of R, then does it follow that I ⊆ rJν(R)?

A concept of right quasi-regularity was defined in Chapter 2, and in the case

of right d.g. near-rings with identity and DCCLS, J2(R) was shown to be

the largest right quasi-regular ideal of R. However, J2(R) is not necessarily

left quasi-regular, thus showing that left quasi-regularity and right quasi-

regularity are distinct in the case of non-rings. For the case of DCCLS, every

left quasi-regular left R-subgroup of R+ is right quasi-regular, but whether or

not this is true in general is not known. The concept of right quasi-regularity
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might be useful for further investigation into the relationships between the left

and right radicals. For example, can it be proved that rJ2(R) is right quasi-

regular for general d.g. near-rings R? If so, this will imply that rJ0(R) =

rJ2(R) by Corollary 3.41. Likewise, if it can be proved that J2(R) is right

quasi-regular for arbitrary d.g. near-rings R, then it will follow that J2(R) ⊆
rJ0(R).

No attempt was made to develop a right representation theory for the Meldrum-

van der Walt matrix near-ring Mn(R). It would be interesting to find if there

are any connections that exist between the right structures of R and Mn(R).

For instance, consider that R+ is both a left R-group and a d.g. right R-group

for any d.g. near-ring R. As Rn is a left Mn(R)-group we might expect that it

is also a d.g. right Mn(R)-group. To explore this possibility, we need to define

a map Rn × Mn(R) → Rn. Now the additive group of Mn(R) is generated

by the f s
ij, where s ∈ S, so as a first attempt we might consider the action of

the f s
ij on the set of n-tuples Sn as

〈s1, . . . , sn〉f s
ij := 〈0, . . . , 0, sjs, 0, . . . , 0〉,with sjs in the i-th position.

However, with this definition the multiplication identity

f r
ijf

s
kl =

 f rs
il if j = k

f 0
il if j 6= k

is not satisfied, as instead we have

f r
ijf

s
kl =

 f rs
kj if i = l

f 0
kj if i 6= l

.

To avoid this contradiction, one might instead define the action of f s
ij on Sn
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by

〈s1, . . . , sn〉f s
ij := 〈0, . . . , 0, sis, 0, . . . , 0〉,with sis in the j-th position.

Using this definition, the multiplication identity is satisfied, but the addition

identity f r
ij + f s

kl = f r
ij + f s

kl for i 6= k is not. It is therefore not clear how to

define the action of Mn(R) on the right of elements of Rn. However, if a right

representation theory for Mn(R) can be developed, it might be interesting to

investigate the connections between rJν(R)∗, rJν(R)+ and rJν(Mn(R)) for

ν = 0, 2.

Finally, turning to the relationship between the left and right antiradicals, it

was shown that rSoi(R) ⊆ Soi(R) for right d.g. near-rings R with identity

and satisfying the DCCLS, and examples were given in order to illustrate

that it is possible for equality or proper containment to occur in the finite

case. The relationship in general d.g. near-rings with identity has however

not been established.



Index to examples

Example Page

Example 2.3 7

Example 2.4 8

Example 2.6 10

Example 2.12 12

Example 2.26 19

Example 2.32 22

Example 2.34 24

Example 3.2 28

Example 3.7 32

Example 3.32 49

Example 3.34 52

Example 3.35 54

Example 3.36 56

Example 3.37 57

Example 5.18 90

Example 5.19 90

Example 5.20 91

Example 5.22 91

97



References

[1] E. Aichinger, F. Binder, J. Ecker, P. Mayr, and C. Nöbauer. SONATA
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