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Abstract

For right near-rings the left representation has always been considered the
natural one. A study of right representation for right distributively gener-
ated (d.g.) near-rings was initiated by Rahbari and this work is extended
here to introduce radical-like objects in the near-ring R using right R-groups.
The right radicals "Jo(R), "Ji/2(R) and "Jo(R) are defined as counterparts
of the left radicals Jo(R), Ji/2(R) and Jo(R) respectively, and their proper-
ties are discussed. Of particular interest are the relationships between the left
and right radicals. It is shown for example that for all finite d.g. near-rings
R with identity, Jo(R) = "Jo(R) = "J1/2(R) = "Jo(R). A right anti-radical,
"Soi(R), is defined for d.g. near-rings with identity, using a construction that
is analogous to that of the (left) socle-ideal, Soi(R). In particular, it is shown
that for finite d.g. near-rings with identity, an ideal A is contained in "Soi(R)
if and only if AN Jy(R) = (0). The relationship between the left and right
socle-ideals is investigated, and it is established that "Soi(R) C Soi(R) for
d.g. near-rings with identity and satisfying the descending chain condition for

left R-subgroups.
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Chapter 1

Introduction

If R is a ring with identity, then several characterizations of the Jacobson

radical of R, J(R), exist. Amongst others, each of the following subsets of R

is equal to J(R):

T
Ji
T
Ji
T

the intersection of all maximal left ideals of R

the intersection of all maximal right ideals of R

the intersection of annihilators of all irreducible left R-modules

the intersection of annihilators of all irreducible right R-modules

a left quasi-regular left ideal that contains every left quasi-regular

left ideal of R

a right quasi-regular right ideal that contains every right quasi-regular

right ideal of R.

A notable feature of the Jacobson radical is the left-right symmetry of its

characterizations. In the case of a (non-ring) right near-ring R, the left char-

acterizations of J(R) can result in a number of distinct Jacobson-type rad-
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icals. In right near-rings with identity, the sets J; and J3 both represent
the left ideal J;/2(R). As addition in near-rings is not commutative, there is
a distinction between R-subgroups and R-submodules, resulting in near-ring
modules of type-0 and those of type-2. Hence the set J> can characterize
either Jy(R) or Jo(R). The properties of and relationships between these left
radicals are well-known, but the sets J;*, J5° and J5° have not been exten-
sively investigated as they involve the right representation for right near-rings
which is considered the unnatural one. In this thesis we examine the sets J",
Js and J5 in the case of right distributively generated (d.g.) near-rings and
seek to find relationships between these sets and their left counterparts. In
order to do so, we first consider the formation of a right representation theory
for such near-rings. There is a small body of work that is related to right rep-
resentation for right near-rings. Frohlich [4], Laxton [13], [14], Rahbari [21],
Tharmaratinam [25], [26], and Grainger [6] have considered right R-groups
for such near-rings under various special conditions. It is the right represen-
tation theory for right d.g. near-rings initiated by Rahbari that we use and

extend here.

All near-rings R in this thesis are assumed to be right distributive and dis-
tributively generated by the semi-group S. If R satisfies the descending chain
condition for left ideals (right ideals), we will say R satisfies the DCCL (re-
spectively, DCCR). If R satisfies the descending chain condition for left R-

subgroups, we will say that R satisfies the DCCLS.

The next chapter builds on Rahbari’s definitions and results to develop a rep-
resentation theory that parallels, where possible, the already well-established
left representation theory for right d.g. near-rings. The use of a distributively

generated right R-group, defined by Rahbari [21], is pivotal to the establish-
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ment of a right representation theory and, in particular, a right radical theory.
Concepts of right primitive ideals, right modular right ideals and right quasi-
regularity are introduced in this chapter in an analogous way to the notions
from left representation theory, and many of the standard results for left R-
groups are modified and proved for right R-groups. Various types of right
R-groups are defined, the annihilators of which will be used to construct the

right Jacobson-type radicals.

The third chapter is devoted to right radical theory. The right radical "Jy(R)
was defined in [10] in the case of d.g. near-rings R with identity as an analogue
of the left radical Jy(R), and was shown to be the largest two-sided ideal
contained in "Jy/2(R), the intersection of all maximal right ideals of R. In
this chapter we define the right 2-radical for arbitrary d.g. near-rings by
using annihilators of certain right R-groups. At the same time, we extend
the definitions of "Jy(R) and "J;/2(R) to include d.g. near-rings R without
identity. We explore some of the properties of the right radicals; of particular
interest are the relationships between the left and right radicals. In ring
theory, the Jacobson radical that is defined using left R-modules coincides
with the radical that is defined using right R-modules, and we investigate the
possibility of the same being true in the near-ring case. It was shown in [23] for
d.g. near-rings with identity and satisfying the DCCLS that Jy(R) C "Jo(R)
and the relationship was improved in [10] where it was shown under the same
assumptions that Jo(R) = "Jo(R). In this chapter we show in the case of
finite d.g. near-rings with identity that all the right radicals coincide and are

equal to the left radical Jo(R).

Examples of right R-groups for right near-rings are presented in Chapter

4, where the structure of the d.g. near-ring 7' considered by Laxton [15] is
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examined in some detail. We further investigate the relationship between 7'
and the matrix near-ring, M, (R), defined by Meldrum and van der Walt [19],
and show that M, (R) can be expressed as a direct sum of normal right M, (R)-
groups. Chapter 4 ends in showing that 7' is isomorphic to a generalized

matrix near-ring.

Hartney [8] constructed an antiradical, the (left) socle-ideal, and in Chapter
5 we adapt this construction in order to define the right socle-ideal. The
chapter is concerned with the antiradical properties of the right socle-ideal

and with the connection between the left and right socle-ideals.

Some future problems relevant to the work in this thesis are discussed in the

concluding chapter.



Chapter 2

Preliminaries of right

representation theory

All near-rings R in this thesis are assumed to be right distributive and dis-
tributively generated by the semi-group S. If R satisfies the descending chain
condition for left ideals (right ideals), we will say R satisfies the DCCL (re-
spectively, DCCR). If R satisfies the descending chain condition for left R-

subgroups, we will say that R satisfies the DCCLS.

Rings have both left and right modules, and for each result on right modules
there is a corresponding left result. In particular, the same Jacobson radical
arises whether left or right modules are used. Modules over a near-ring R
have similarly been defined, but, in contrast to ring theory where either left
or right modules can be used, only one type of module for a near-ring is
usually considered. Due to the fact that one distributive law is missing, left
R-groups are the natural choice for right near-rings, and for left near-rings

right R-groups are used. To date, little work on the alternative ‘unnatural’
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R-group has been done. Rahbari [21] initiated a right representation theory
for right distributively generated (d.g.) near-rings and these definitions and
results were extended in [10] and [23] with the aim to develop a right radical
theory. Only right d.g. near-rings with identity were considered in [10] and
[23]. In this work we include right d.g. near-rings without identity. The
distributively generated right R-group is central to the development of the

theory and so we start with its definition.

2.1 Right R-groups

Definition 2.1 An additive group €2 is a right R-group if there is a map-

ping ) x R — € such that for all w,wi,ws € Q, x,y € R,

() wlzy) = (wr)y
(i) (w1 +w2)r = wix + wo.

Note that this is the corresponding definition for a right R-module from ring
theory with the exception of the axiom w(z +y) = wr +wy for all w € Q and
x,y € R. Also note that this definition does not depend on the semi-group
S of the d.g. near-ring R, and could therefore apply to a general near-ring.
However, with the view to generating a radical theory later on, we require
additional conditions to be fulfilled as a right R-group defined above will not
meet our requirements. Although the above ring-theoretic condition may not
necessarily be satisfied by all the elements of €2, we require that it be satisfied
by certain elements of (2. We also require that R be a d.g. near-ring. Thus

we have
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Definition 2.2 [21] Let R be a d.g. near-ring. A right R-group 2 is said to
be distributively generated (d.g.) if it is additively generated by A C 2

where

(i) 0(z +y) = dz + dy for all § € A and z,y € R, and

(i) AS C A.

If R has identity 1, then we assume that wl = w for all w € 2. That is, €2 is

unital.

The existence of a set A is crucial to right representation theory. We call A

a distributive basis of 2.

It is clear that R™ is a d.g. right R-group with distributive basis S and that a

right ideal is a right R-group but is not necessarily distributively generated.

The earliest work relating to right representation for right near-rings was
done by H. Neumann [20] who constructed a right near-ring R by writing
endomorphisms on the right of a reduced free group 2. The details of the

construction are taken from [18].

Example 2.3 Let €2 be a group with a relatively free basis A. Thus every
map from A into 2 can be extended uniquely to an endomorphism of €.
Define multiplication on End(€2) as mapping composition and define addition

by the rule:

given a, # € End(Q2) and = € A, then a + (3 is the endomorphism
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of 2 obtained by extending the map
r(a+f) =za+z0
from A into .

This addition is sometimes referred to as addition of the second type
[3]. With these definitions of addition and multiplication R := End(f2) is a
right near-ring, called the Neumann near-ring on (2 with respect to A.
If, in particular, A = {z1,...,x,} is finite, then R is a d.g. near-ring with

distributive semi-group S := {e} | 1 <4, j < n}, where £} is defined by

0 ifk#i
if k=i

Lj

Finally, if we define a map 2 x R — () using the above action of ej- on
the elements of A, then it can be seen that 2 is a d.g. right R-group with

distributive basis A.

Example 2.4 Let R = {no,...,n7}, where + and - are given in the following

tables.
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Ng |Mop N1 N2 M3 Nyg Nz Neg N7y

ny|mny Nog N3 N2 N5 Ny N7 TNg

Ng | Mo MNg Mg N4 N3 N7 N1 Nj

ng|m3 Ny N1 M5 Ng MNg No T4

Ng | Mg N5 Mg N7 Mo N1 Ng N3

Ns | M5 Ny N7 Mg N1 Ng N3 N2

Ng | Mg Mg Mg Mo N7 N3 Ny 1N

ny|n7r N3 Ng N1 Ng N2 Mg Ty

Ng N1 Ng N3 Mg N5 MNg N7

Nog|NMg N Mo T TN Mo To No

ny|no Nog M1 N1 Nog Nog N1 M

Ng | Mg Mg Mo Ngo MNg Ng N2 N2

ng|ng No N3 M3 Nog Ng N3 N3

Ng | Mg Nog Mg Mg Mg Mo Mg Ny

Ns | Mg Mo N5 N5 N Mo N5 N

Neg | Mo Mo Mg Mg No MNg Ne Mg

ny|Mog No Ny M7 No Ng N7 Ny

Note that (R, +) is the octic group and R = LibraryNearRing(GTW8_4, 765)
in [1]. The near-ring R is d.g. with S = {ng, ny,ns, ng,ns,n7}, and does
not possess an identity element. It is not left distributive as ns(ny + ng) #
nsng + nang. The group {ng,nq} is a d.g. right R-group with distributive
basis {ng,na}. Notice that {ng,ns} is not a left R-group. The right ideal
{ng,n3,ns,ng} is a right R-group but is neither a d.g. right R-group nor a

left R-group. The ideal {ng, n1,n4,ns5} is a left R-group and a d.g. right R-
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group with distributive basis {ng, n1,n4,n5}. The set {ng, ni,ny} also forms

a distributive basis since n; + ny = ns.

Definition 2.5 Let R be a d.g. near-ring.

(i) An element w of a right R-group {2 is said to be distributive if w(z +

y) = wr +wy for all x,y € R.

(ii)) A d.g. right R-group (2 is monogenic if there is a distributive element

w of € such that ) = wR.

Note that if w is not distributive, then wR need not be a subgroup of €2 as

we see in the following example.

Example 2.6 Consider the d.g. near-ring R in Example 2.4, page 8. The
d.g. right R-group {ng, ns} = nsR is monogenic, but is not monogenic as a left
R-group because Rns = {ng}. Notice that the element ng is not distributive
and that the set {ng,n3} = n3R is closed under multiplication by R on the

right, but is not a subgroup of R.

Definition 2.7 Let R be a d.g. near-ring. A subgroup I' of a right R-group
Q) is called a right R-subgroup of Q if 'R C I'. If, in addition, I" has a

distributive basis then I" is a d.g. right R-subgroup of (2.

Homomorphisms between right R-groups are defined in the obvious way and

the homomorphism theorems correspond to those for left R-groups.

Definition 2.8 Let R be a d.g. near-ring and let 2 and 2’ be right R-groups.
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A group homomorphism ¢ : 2 — ' is called a right R-homomorphism if

¢(wr) = (p(w))r forallw € Q and r € R.

2.2 Constructing new right R-groups from old

There are a number of ways of constructing right R-groups. We discuss these

using distributive monogenic generators, factor groups and direct sums.

If w is an element of a right R-group and r an element of R then it is easily
verified that (—w)r = —(wr). However, due to the absence of the left distrib-
utive law, it may not be true that w(—r) = —(wr). In particular, we have

the following.

Lemma 2.9 Let R be a d.g. near-ring and () be a right R-group. If w € Q2

is distributive and r € R then

PROOF

w(—r)+wr=w(—r+r)=0.

We know that the set wR is a d.g. right R-group if w is distributive. More

generally we have

Proposition 2.10 Let R be a d.g. near-ring, K a (d.g.) right R-subgroup of
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R*™ and w a distributive element of a right R-group Q. Then wK is a (d.g.)
right R-subgroup of §2. If, in particular, K is a right ideal of R and 2 = wR

is a monogenic right R-group then wK is a normal right R-subgroup of €2.

Proor If wky,wks € wK where kq, ks € K, then, using Lemma 2.9, wk; —
wky = wky + w(—ky) = w(ky — ko) € wK. Clearly (WK)R C wK, so wK is
a right R-subgroup of €2. Next suppose that K is a d.g. right R-subgroup of

R* with distributive basis A = {§;};c;. For wk € WK, k € K we have

wk = w(Xjes €0;) for some J C I and €¢; = £1
= Yy w(ed;) since w is distributive
= Yjecs €(wd;) using Lemma 2.9.

Hence wA = {wd; | ; € A} is a distributive basis for wK. Finally, to prove

normality, let wk € wK and wr € €2 where k € K and r € R. Then

—(wr) +wk+wr=w(-r)+wk+wr=w(-r+k+r) €wk,

where we have again used Lemma 2.9. n

It is seen from this that every monogenic right R-group is a d.g. right R-group.

The following is a generalization of a result proved in [23].

Proposition 2.11 Let R be a d.g. near-ring, 2 a right R-group and I' a
normal right R-subgroup of 2. Then Q/T is a right R-group, called the right
factor R-group of Q2 by I', where we define (w+1I")r = wr+TI for w+I" € Q/T
and r € R. Moreover, if € is a d.g. right R-group with distributive basis A
then Q/T" is a d.g. right R-group with distributive basis {0 + T | 6 € A}.
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Example 2.12 Let R be the d.g. near-ring in Example 2.4, page 8. The set
I = {ng,ns} is an ideal of R and R/I = {I,ny + I,ny + I,ng + I} is a d.g.
right R-group with distributive basis S/I = {I,n; + I,ny + I'}. Notice that
R/I = R(ny+ 1) is a monogenic left R-group, but is not monogenic as a right

R-group.

Proposition 2.13 Let R be a d.g. near-ring and {€2;};c; be a set of normal

right R-subgroups of a right R-group I'. If

Q=)0 and Q) Q=(0)foreach kel
el zii

then € is a right R-subgroup of I'. We call €2 a direct sum of the §2; and
write Q@ = @,.; . If, in addition, each €; is a d.g. right R-group with
distributive basis A;, then Q is a d.g. right R-group with distributive basis

Uier A,

Lemma 2.14 Let R be a d.g. near-ring. Let (2 be a right R-group and
Q1,...,% be normal right R-subgroups of €2 such that Q = Q; & --- ® Q.
If we Q where w=w; + -4+ wg, w; €€, then w is distributive if and only

if w; is distributive for z =1, ..., k.
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PrRoOF Firstly, if w = wy + -+ - + wy, is distributive and z,y € R then

wi( +y) +waz+y)+ - +wi(z+y)
=(w+wr+-Fwp)(z+y)

=w(z +y)

= Wwr + wy

=(w +ws+-Fwp)r+ (w +wr+-+wp)y
= W1 + Wall + -+ WET F Wiy +way - WrY

= (w1 + w1y) + (Wax + woy) + - - - + (WkT + WiY),

since w;r + w;y = w;y + w;x if i # j. In addition, w;(x + y) € €, for each i
and by the uniqueness of expression as a sum of elements from different 2;,
we conclude that w;(z + y) = w;z + w;y, so each w; is distributive. For the

converse, if each w; is distributive then

w(z +y)

= (w1 twat - Fwp)(z+y)

=wi(z+y) +wlx+y) + - +w(r+vy)

= wW1T + WY + W + woly + - -+ + W + Wiy

= (T +wax + - +wpt) + (W1y + woy + - - - + wiy)
=(w+ws+-Fwp)r+ (W +wa+ -+ wp)y

= wWr + wy,

where again we have used the fact that w;z,w;y € 2; and that addition of

elements from distinct €2; is commutative. Thus w is distributive. u
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2.3 Right annihilators

Definition 2.15 Let R be a d.g. near-ring, ) be a right R-group and X and

Y be non-empty subsets of 2. We define

(X:Y)={reR|XrCY}

The case Y = (0) is of particular importance. For this situation we write
(X :0); similarly we write (z : Y) if X = {x} is a singleton. The following

lemma is easily verified.

Lemma 2.16 Let R be a d.g. near-ring. If w is a distributive element of a
right R-group ) then (w : 0) is a right ideal of R. Moreover, if  is a d.g.
right R-group then (€ : 0) is a two-sided ideal of R and (2:0) = (A : 0) for

any distributive basis A of €.

Definition 2.17 Let R be a d.g. near-ring and let w be a distributive element

of a d.g. right R-group 2. We call

(i) (w:0) the annihilating right ideal of w
(ii) (€2:0) the annihilating ideal of Q
(iii) Q faithful if (Q:0) = (0).

One reason why a distributive basis for a d.g. right R-group is essential to
right representation theory is that if €2 is a right R-group that is not d.g.,

then (€2 : 0) need not be an ideal of R. We see in the next chapter how
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annihilating ideals of certain d.g. right R-groups play an important role in

right radical theory.

Proposition 2.18 If Y is a right ideal of a d.g. near-ring R then (R :Y) is
an ideal of R, and if I is an ideal of R contained in Y then I C (R:Y).

PrROOF We have (R :Y) = (R/Y :0) which is an ideal of R because R/Y is
a d.g. right R-group by Proposition 2.11. Furthermore, RI C I C Y, giving
I g (R : Y) ]

Proposition 2.19 Let R be a d.g. near-ring and let w be a distributive
element of a right R-group Q. Then R/(w: 0) = wR.

PrROOF The mapping r — wr for all » € R is a right R-homomorphism of

R* onto wR with kernel (w : 0). Hence R/(w : 0) = wR. n

2.4 Right primitivity

We shall use two classes of monogenic right R-groups when defining the right
radicals, namely type-0 and type-2. An analogue of a left R-group of type-0

was given in [10] for d.g. near-rings with identity.

Definition 2.20 Let R be a d.g. near-ring. A monogenic right R-group
Q # (0) is said to be (right) type-0 if 2 does not possess any proper,

non-zero normal right R-subgroups.

This definition is motivated by the fact that for a zero-symmetric near-ring

R with identity, a unital left R-group € is of type-0 if and only if Q = R/M
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where M is a maximal left ideal of R. For the case of right representation, if
X is a maximal right ideal of R then the right factor R-group R/X has no

proper, non-zero normal right R-subgroups.

In order to define the concept of right type-2, we note the following in con-
nection with a unital left R-group 2 of type-2 of a zero-symmetric near-ring
R with identity: for any w € €2, w # 0, we have Rw = (). This idea is used
in the definition of a right R-group of type-2, I, as follows. If v is a non-zero
distributive element in I', we should like yR to be equal to I'. But vR is a
d.g. right R-subgroup of I and this suggests that (0) and I' are the only d.g.

right R-subgroups of I'. Thus we have the following.

Definition 2.21 [11] Let R be a d.g. near-ring. A monogenic right R-group
Q2 # (0) is said to be (right) type-2 if

(i) € does not possess any proper, non-zero normal right R-subgroups, and

(ii)) € does not possess any proper, non-zero d.g. right R-subgroups.

Remark 2.22 (a) Property (i) in the above definition ensures that every

right R-group of type-2 is also of type-0.

(b) A right R-group of type-2 is equivalent to a strongly minimal right

R-group in [21].

(c¢) In [21], a d.g. right R-group {2 is irreducible if 2 does not possess any
proper, non-zero normal d.g. right R-subgroups. Clearly a right R-
group of type-0 is irreducible, but an irreducible d.g. right R-group

may not be right type-0. Rahbari also defined a minimal d.g. right



CHAPTER 2. PRELIMINARIES 18

R-group to have no proper, non-zero d.g. right R-subgroups.

We note that a right R-group 2 of type-v (v = 0, 2) is monogenic and therefore

is distributively generated. Hence (2 : 0) is an ideal of R.

Definition 2.23 [10] For v = 0,2, an ideal of a d.g. near-ring R is right
v-primitive if it is the annihilating ideal of a right R-group of type-v. The
d.g. near-ring R is right v-primitive if there is a faithful right R-group of

type-v.

The following proposition was proved for d.g. near-rings with identity [23].
Using a proof that mirrors that for left representation [15], the result also

holds for d.g. near-rings without identity.

Proposition 2.24 Let R be a d.g. near-ring. Every right 0-primitive ideal

of R is a prime ideal.

The following lemma was proved by Hartney [8] for the left case; the proof

carries over almost verbatim for right representation.

Lemma 2.25 Let R be a d.g. near-ring. Let Q0 = @,;c; ) be a d.g. right
R-group where each €; is a normal right R-subgroup of Q2 of type-0. Then
any proper, non-zero normal right R-subgroup of € is a direct summand of

Q2 and is right R-isomorphic to a direct sum of some of the €2;.

PROOF Let A be a proper, non-zero normal right R-subgroup of 2 and let
X be the collection of all normal right R-subgroups I' of 2 which are of the
form

=A@ (®rexQ) where K CI.
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Partially order X by

Iy = A D (@keKlﬂk) <TI'y= A® (@kEKQQk)

if and only if K; C K,. Apply Zorn’s Lemma to obtain a maximal element of
X, say I' = A@ (B;e,Q;). If '™ # Q, then there exists €; such that €; Z I'.
So Q;NI™* = (0), since ; NI is a proper normal right R-subgroup of €; and
€); is right type-0. But then we would have I''" < A @& (®,c,Q;) & Q; € X,
contradicting the maximality of I'*. Thus I'* = Q. Therefore A is a direct

summand of Q and A = Q/ @jcy Q; = gy Q. [

We conclude this section by using an example to illustrate some of the con-

cepts defined thus far.

Example 2.26 Let R be the d.g. near-ring in Example 2.4, page 8. We begin
by considering the right structures of R. The following is a complete list of

the proper, non-zero right R-subgroups of R™:

Ql == nE)R = {n07n5}7 QQ = an = {n(bnl}a
Q3 =ngR = {ng,n4}, Qp =naR = {ng,na},
Qs =R = {no,n7}, Qs = {no,n1,n4,ns},

Q= {no,ns,ns,%}, Qg = {ng,nQ,ng,,m}.

Of these, €2; and Qg are ideals of R, and €27 and (g are right ideals. Therefore
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the right factor R-groups are

R/ ={Q,ny + Q.m0+ Q1,ns + O}
R/Qs = (no + Q)R = {Q6, na + N5},
R/Q7 = (n1 + Q7)R = {Q7,n1 + Q7 },
R/Qg = (ny + Q)R = {Q,n1 + Qs}.

With the exception of {27, all of the right R-groups are distributively gener-
ated. All of the monogenic right R-groups are of type-0, in fact of type-2, and
the ideal ()4 is the annihilating ideal of each. Therefore €} is the only right
O-primitive ideal of R and the only right 2-primitive ideal of R. Furthermore,
the only monogenic left R-group is R/ and it is of type-2. The left anni-
hilator of R/ is the ideal Qg. Therefore (s is both a left 2-primitive ideal

and a right 2-primitive ideal of R.

2.5 Right modular right ideals

If X is a maximal right ideal of R then the right factor R-group R/X does
not possess any proper, non-zero normal right R-subgroups. If, in addition,
R has identity 1 then R/X = (1 + X)R is monogenic and therefore is of
right type-0. However, if R does not have an identity then R/X need not be
monogenic and, if not, is not of type-0. Thus we introduce the concept of

modularity. The remaining definitions and results of this chapter appear in

11].

Definition 2.27 Let R be a d.g. near-ring. A right ideal X of R is called

right modular if there exists ¢ € R where —er +r € X for all r € R. In
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this case we call e a left identity modulo X.

If R has identity 1, then every right ideal X of R is right modular with 1 a

left identity modulo X.

Lemma 2.28 Let X be a right modular right ideal of a d.g. near-ring R.

Then R/X is a monogenic right R-group.

PRroOOF If e € R is a left identity modulo X, then it is easily verified that

R/X = (e+ X)R. To show that e + X is distributive, let 71,79 € R. Then

(6+X)(T’1+7“2) = €(T1+7“2)+X
= (ri+rey) —(r1+ry) +e(r+m)+X

= 7’1+T’2+X7

as —r +er € X for all » € R. Similarly,

(e+X)r1+(e+X)rag = (eri+ery)+X
= (m—r)+err+(ra—ry) +erg+X
= 7“1+(—7"1+67“1)+7"2+(—T‘2+67’2)+X

= 7’1+7’2+X.

Lemma 2.29 Let R be a d.g. near-ring and let ) be a monogenic right
R-group. Then Q2 = R/X where X is a right modular right ideal of R.

PrROOF Write @ = wR with w distributive. Then 2 = R/(w : 0), where
r — wr by Proposition 2.19. We show that the right ideal (w : 0) is right
modular. Now w € €2, so there exists e € R such that e — w. Also e — we,

so w = we. Then for all r € R, wr = (we)r, giving w(—er + ) = 0 and
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—er +1r € (w:0). Consequently, e is a left identity modulo (w : 0). m

As seen in Proposition 2.18, for any right ideal X of R, (R : X) is an ideal
of R that contains every two-sided ideal contained in X. However, if R does
not have identity then (R : X) itself need not be contained in X. We show
that if X is a right modular right ideal of R then (R : X) C X, and in this
case we can speak of (R : X) as being the unique largest ideal of R contained

in the right ideal X.

Lemma 2.30 Let X be a right modular right ideal of a d.g. near-ring R.
Then (R: X) C X.

PROOF Let e € R be a left identity modulo X and let r € (R : X). Then

Rr C X, so in particular er € X. Also —er +r € X, which givesr € X. g

Definition 2.31 For v = 0,2, a right ideal X of a d.g. near-ring R is right

v-modular if X is right modular and R/X is a right R-group of type-v.

Clearly every right 0-modular right ideal is a maximal right ideal of R and
if R has identity then every maximal right ideal is right 0-modular. Likewise
if R has identity, then a right ideal X is right 2-modular if and only if X
is a maximal right ideal and R/X has no proper, non-zero d.g. right R-
subgroups. We emphasise that if R does not have an identity element then
these statements need not be true, for example, consider the following near-

ring.

Example 2.32 Let R = {ny,...,nr}, where + and - are given in the follow-

ing tables.
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+|ng N1 Ng N3 Ng N5 Ng N7
Nog | Mg N1 Mo N3 Mg Ny MNg N7
Ny |Ny Ng N3 No2 Ny Mg N7 Ng
Ng | Mo MNg Mg N4 N3 N7 N1 Nj
NnNg | My Ny N1 Ny Mo Ng Mg N4
nNg | Mg Ny Mg N7 Ng N1 N9 N3
Ng | My Ny N7 Mg 11 TNgo 13 N2
Ng | Mg Mg Mg Mo N7 N3 Ny 1N
Ny | My Ng Ny N1 Ng MNgo Mg Ny

Mg N1 M9 N3 Mg Ny Mg N7
Ng | Mg Mg Mo Ng Ng Ng Mo No
ny|Mg Ng Ny Ny Mg Nog Ny N5
Ng | Mg Ny M1 Mg Ny TNgog Mg TN
ng| Mg Ng Mg N1 Ny Mo N1 N4y
Nng | Mg Ng Ny Ny Mg Ngog Ny N5
N5 | Mo Mo Mo To To To To Mo
Ng | Mg Ny Mg N1 Ny MNo M1 N4
Ny Mg Ny M1 Ng Ny TNgog Mg TN

23

The near-ring R is LibraryNearRing(GTWS8_4,1059) in [1] and is d.g. with

S = R and with no identity. The ideal X = {ng,ni,n4,n5} is a maximal

right ideal of R. However, as —n;ny +ne € X for i = 2,3,6,7, it is clear that

there is no left identity modulo X and therefore X is not right modular. The

d.g. right R-factor group R/X = {X,ny + X} has no proper, non-zero right

R-subgroups, but is not monogenic as (ny + X)R = X. Hence R/X is not of

type-v, v = 0,2, and X is not right v-modular.
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Proposition 2.33 For v = 0,2, an ideal I of a d.g. near-ring R is right v-
primitive if and only if 7 = (R : X)) for some right v-modular right ideal X
of R.

PrROOF Firstly, let I = (2 : 0) where 2 = wR is a right R-group of type-v.
By Lemma 2.29, Q = R/X where X is a right v-modular right ideal of R. It
is routinely shown that [ = (2 :0) = (R/X : 0) = (R : X). Conversely, if
I =(R:X)and X is a right v-modular right ideal of R, then R/X is a right
R-group of type-v and (R/X :0) = (R : X) = I. Consequently [ is a right

v-primitive ideal of R. ™

Example 2.34 Let R be the d.g. near-ring in Example 2.4, page 8, and [
the ideal {ng,n1,n4,n5}. It is routinely verified that —ngr 4+ r € I for all
r € R, so that I is right modular with ny a left identity modulo I. Notice
that the element n; is also a left identity modulo I. Furthermore, as R/l
is a right R-group of type-2, the ideal [ is right 2-modular. Lastly, I is left
modular with ny, ng, ng and n; each right identities modulo I, and as R/I

is a left R-group of type-2, I is also a left 2-modular ideal of R.

2.6 Right quasi-regularity

There is a close connection between quasi-regularity and the Jacobson radical
in rings. The concept of left quasi-regularity for right near-rings is well-known
but right quasi-regularity has not been extensively investigated. In this, the
final section of this chapter, we define the concept of right quasi-regularity

for right d.g. near-rings.
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Definition 2.35 Let R be a d.g. near-ring.

(i) An element z of R is right quasi-regular if every right ideal that

contains the set {—zr +r | r € R} also contains z.

(ii) A subset X of R is right quasi-regular if every element of X is right

quasi-regular.

As for left quasi-regularity, right quasi-regularity generalizes nilpotence.

Proposition 2.36 Every nilpotent element of a d.g. near-ring R is right

quasi-regular.

PROOF Let z € R be nilpotent, say 2" = 0 for some n € N, and let X be
a right ideal of R containing {—zr +r | r € R}. We have —z(z7) + 27 =
—2tl 42l € X for j = 1,...,n — 1. Therefore (—2" + 2" 1) + (=21 +

M+ ()=t e=2€ X "

It is well-known that in near-rings satisfying the DCCLS, the notions of left
quasi-regularity and nilpotence are equivalent. This leads to the following

connection between left quasi-regularity and right quasi-regularity.

Corollary 2.37 Let R be a d.g. near-ring. If R satisfies the DCCLS then

every left quasi-regular left R-subgroup of R™ is right quasi-regular.

We shall see in the next chapter that the converse of the above corollary does

not hold.

Lemma 2.38 If X is a proper right modular right ideal of a d.g. near-ring

R with e a left identity modulo X, then e is not right quasi-regular.



CHAPTER 2. PRELIMINARIES 26

Proor We have —er +r € X for all r € R. If e is also right quasi-regular

then e € X, which gives the contradiction X = R. n



Chapter 3

Right radical theory

The right radical "Jy(R) was defined in [23] for the case of a d.g. near-ring
with identity, and was shown to be the largest two-sided ideal contained
in "Jy/2(R), the intersection of all maximal right ideals of R. It was also
shown in right d.g. near-rings with identity and satisfying the DCCLS that
Jo(R) C "Jo(R). This relationship was refined in [10] where it was shown
under the same assumptions that Jo(R) = "Jo(R). We extend the definitions
of "Jo(R) and "Jy,2(R) to general right d.g. near-rings and define the right
2-radical for such near-rings. In addition, we investigate the properties of
the right radicals and the relationships between the left and right radicals,

improving the relationships presented in [10] and [23].

27
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3.1 Right radicals

Definition 3.1 Let R be a d.g. near-ring. For v = 0, 2,
"J,(R) =N{P | P is aright v-primitive ideal of R}.
If there are no right v-primitive ideals of R, then define "J,(R) = R.

Example 3.2 Let R be the d.g. near-ring in Example 2.32, page 22. The
proper, non-zero right R-groups are Q) = {ng,ns}, Qo = {ng,ni,nq4,ns5},
R/ = {Q1,n1 + Q,no + Qp,ng + Q1) and R/Qy = {Qo,n0 + Qo). As
none of these right R-groups are monogenic, there are no right R-groups of
type-v for v = 0,2, and therefore no right v-primitive ideals of R. Hence
"J,(R) = R. Notice that R also has no left v-primitive ideals, so J,(R) = R

for v =0, 2.

It was proved in [10] that R — "Jy(R) is a radical map in the case of right
d.g. near-rings with identity. We use a similar proof for arbitrary right d.g.

near-rings and include "J5(R). For the proof we need the following lemma.

Proposition 3.3 [11] Let I be an ideal of a d.g. near-ring R and € a group.
The group 2 is a d.g. right R-group with I C (€2 : 0) if and only if Q2 is a d.g.
right R/I-group. Furthermore, €2 is right type-v as a right R-group if and

only if € is right type-v as a right R/I-group (v =0, 2).

PROOF Let Q be a d.g. right R-group with I C (£2: 0). Define the action of
R/I on Q by

wr+1I)=wrforalweQ, r+1e€R/I.
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To verify that this action is well-defined, suppose that vy + 1 = r, + I and
let A be a distributive basis of 2. Then ry —ry € I C (2 :0) = (A : 0)
so §(ry —ry) = 0 for all 6 € A and, as each ¢ is distributive, dr; = drs.
Now if w € Q we can write w = Y;€;0;, where ¢, = £1 and §; € A. Then
wry = (8€;0)r1 = i€;(0;m1) = 2i€;(0;r2) = (X;€;0;)r9 = wry. To verify that
2 is a d.g. right R/I-group, let w,wi,wo € Q, z+I,y+1 € R/I and § € A.
Then:

(1) wile+Dy+ID)]=wly+1)=w(@y) = (wr)y=wr(y+1) =
w(z+ D](y + I).

(i) (w+w)(x+1)= (v +we)r=wz+wx=wi(z+1)+ws(z+1I).

(iif) O[(z+D)+(y+1)] = o((z+y)+1) = d(z+y) = dx+0y = 0(z+1)+0(y+1).

(iv) A distributive semi-group for the factor near-ring R/I is S + I/I. 1If
s+1eS+1/1, then 6(s+1)=ds € A since AS C A.

(v) If R/I has identity 1+ I, then w(l1+I) = wl = w.

Conversely, if 2 is a d.g. right R/I-group, then define the action of R on {2
by
wr:=w(r+1I)forallweQ, r €R.

Let A be a distributive basis for €2. Then for w,wi,ws € Q, z,y € R and
0 e A:

() wlzy) = wlzy+l) = W@+ (y+D)] = wa+Di(y+1) = (wr)(y+1) =

(wax)y.
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(i) (wi4w)r=(wtw)(z+I)=wi(z+1)+w(r+1)=wiz+ wsr.

(i) d(zty) = 6((z+y)+I) = §[(z+1)+(y+1)] = 6(z+1)+0(y+1) = dx+0y.

(iv) If s € S, then s =6(s+ 1) € A since A(S/I) C A.

(v) If R has identity 1 then wl =w(1+ 1) =w.

Thus €2 is a d.g. right R-group. Clearly QI = (0) so I C (2 : 0)g. To show
that  is type-v, we see that I is a normal right R/I-subgroup of 2 if and
only if I' is a normal right R-subgroup of €2, by defining the action of R or
R/I on T via that on . Similarly, I" is a d.g. right R/I-subgroup of € if and
only if I' is a d.g. right R-subgroup of 2. Thus (2 is a right R-group of type-v

if and only if it is a right R/I-group of type-v. n

One of the properties for a map R — R(R) to be a radical map in the sense
of Hoehnke is that (R(R)) € R(A(R)) where § : R — R’ is any near-ring
homomorphism. We note that §(R) = R/ker #, and 6(R) is thus a d.g. near-

ring.

Theorem 3.4 [11] Let R be a d.g. near-ring. For v = 0,2, R — "J,(R) is a

radical map in the sense of Hoehnke. That is:

i) "L(R/"J(R)) = (0).

(ii) If6: R — R'isanear-ring homomorphism then 6("J,(R)) C "J,(0(R)).

Proor (i) Let r+ "J,(R) € "J,(R/"J,(R)) and let 2 be a right R-
group of type-v. By Proposition 3.3, since "J,(R) C (Q : 0), Q

is a right R/"J,(R)-group of type-v and is therefore annihilated by
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"J,(R/"J,(R)). Hence (0) = Q(r+ "J,(R)) = Qr and so r € (2 : 0).
Thus r € "J,(R) and r+ "J,(R) = "J,(R), ie., "J,(R/"J,(R)) = (0).

(ii) Let 0(r) € 0("J,(R)), r € "J,(R) and let 2 be a right §(R)-group of
type-v. By Proposition 3.3, since §(R) = R/ker 6, € can be considered
as a right R-group of type-v with kerd C (Q : 0)g. Then, as r €
"J,(R), Qr = (0). Now Qf(r) = Q(r + kerf) = Qr = (0), so §(r) €
(£2:0)gr), and O(r) € "J,(0(R)). n

Hence the right radicals are so-called Hoehnke radicals. On the other hand,
it would be interesting to know whether these radicals are Kurosh-Amitsur
radicals. In other words, do the radicals satisfy the additional idempotent
property "J,(R) = "J,("J,(R))? In order to prove this, it is sufficient to
prove the hereditary property, namely "J,(I) = "J,(R) NI for any ideal [
of R. However, to study "J,(I) it will be necessary to define a right rep-
resentation theory for the more general class of zero-symmetric near-rings,
since if we regard the ideal I as a near-ring of which we wish to find the
right v-radical, then the near-ring is not necessarily distributively generated.
Grainger [6] defines right R-groups for general right near-rings R, but this
work does not extend to radical theory. Although a conclusion regarding the
Kurosh-Amitsur property cannot be reached here, we can prove containment

for a specific type of ideal.

Definition 3.5 [21] Anideal of a d.g. near-ring R is said to be a distributive

ideal if it is a d.g. right R-subgroup of R™.

Proposition 3.6 [11] Let R be a d.g. near-ring. Let I be a distributive ideal

which is a direct summand of R. Then "J,(I) D "J,(R) N[ for v =0, 2.



CHAPTER 3. RIGHT RADICAL THEORY

32

PROOF Let 7 be the natural projection of R onto I. Now "J,(R)NI C "J,(R)
so m("J,(R)NI) C 7n("J,(R)).

Theorem 3.4(ii) we have

"I(R)NT

7("J,(R)N 1) C (" J,(R))

"Ju(m(R))

rJ,(I).

As 7 is the identity map on I and using

The following example from [1] shows that it is possible for equality to hold,

but whether or not equality holds in general is unknown.

Example 3.7 Consider the d.g. near-ring (R, +, ) where R = {ng,...,ni5}

and + and - are given in the following tables.
+ no ni no ns N4 ns ne6 nr ng ng n10 nii ni2 n13 niq nis
no no ni n2 ns3 T4 ns ne nr ng ng nio nii ni2 n13 niq nis
ni ni no n3 n2 ns na nr ne ng9 ng nii nio ni3 ni2 nis niq
n2 n2 ne no n4 n3 nr ni ns nio ni4 ns ni2 nii nis ng ni3
n3 n3 nr ni ns n2 ne no Uz nii nis ng9 n13 n10 n14 ng ni2
N4 N4 ns ne nr no ni n2 n3 ni2 ni3 ni4 nis ns ng nio nii
ns ns n4 nr ne ni no n3 n2 ni3 ni2 nis ni4 ng9 ng nii nio
ne ne n2 na no nr n3 ns ni ni4 nio ni2 ns nis ni1 nis ng
nr nr n3 ns ni ne n2 4 no nis nii n13 ng ni14 n10 ni2 ng
ng nsg ng nio nii ni2 ni13 ni4 nis no ni n2 n3 Ty ns ne nr
ng ng9 ng ni1 nio ni3 ni2 nis ni4 ni no n3 n2 ns na nr ne
nio nio ni4 ns ni2 nii nis ng ni3 n2 ne no N4 n3 nr ni ns
nii nii nis ng ni3 n10 ni14 ng ni2 n3 nr ni ns n2 ne no Uz
ni2 ni2 ni3 ni4 nis nsg ng nio nii Ty ns ne nr no ni n2 n3
ni3 ni3 ni2 nis ni4 ng9 ng ni1 nio ns n4 nr ne ni no n3 n2
ni4 ni4 nio ni2 ns nis nii nis ng ne n2 ng no nr n3 ns ni
nis nis nii n13 ng nia n10 ni2 ng nr n3 ns ni ne n2 Uz no
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no ni n2 n3 Uz ns ne nr ng ng nio nii ni2 ni3 nia nis

no no no no no no no no no no no no no no no no no
ni no ni no ni ni no ni no no ni no ni ni no ni no
ng no no no ng ns ns nr ny no no ng ng ns ns ny ny
ns no ni no ns ng ns ne ny no ni ng ns ng ns ne ny
ng no ni no ng ni no ng no no ni no ng ni no ng no
ns no no no ns no no ns no no no no ns no no ns no
ne no ni ng ne ng ns ns ny no ni no ne ng ns ns3 ny
ny no no no ny ns ns no ny no no no nr ns ns n2 nr
ng no no no no no no no no ng ng ng ng ng ng ng ng
ng no ni no ni ni no ni no ng ng ng ng ng ng ng ng

nio no no n2 n2 ns ns nr nr ng ng nio nio nis ni3 nis nis

ni2 no ni o na ni no na4 no ng ng ng ni2 9 ng ni2 ng
ni3 no no no ns no no ns no ng ng ng ni3 ng ng n13 ng

ni4 no ni n2 ne N4 ns n3 nr ng ng nio niq ni2 ni3 nii nis

nis no no n2 nr ns ns n2 nr ng ng nio nis ni3 ni3 nio nis

In [1], R = LibraryNearRingWithOne(GTW16.6,416), and R is a d.g. near-
ring with S = {ng, ny, ng, ng, ng, n11} and identity nq;. Let I} := {ng,ng} and
I := {ng, ny, na, n3, Ny, 5, ng, n7}. It can be seen that I; and I, are distribu-
tive ideals with distributive bases {ng,ng} and {ng, ny,ns} respectively, and
R = I,®1,. We show that "J,(l3) = "J,(R)NI; for v = 0, 2. For the right 0-
radical, as R possesses an identity element, we use the result that €2 is a right
R-group of type-0 if and only if 2 = R/X for some maximal right ideal X of
R. The maximal right ideals of R are I, I3 := {ng, ns, ns, n7, ng, N1, 13, N1s }
and Iy := {ng, ny,n4,ns,ng, ng, n12,n13}. Fach is a two-sided ideal. The
right R-groups of type-0 are R/Iy = (ng + Iy)R, R/I3; = (ny + I3)R and
R/1, = (ng+ I4)R. As I, I3 and I, are ideals of R, we have (R/I5: 0) = I,
(R/I3:0) = Iz and (R/1I, : 0) = 1. This gives "Jo(R) = I,NI3NI; = {ng,ns}
and "Jo(R) N Iy = {ng,ns}. We use a similar method to compute "Jy(I2),
since I, has identity ns. The maximal right ideals of I, are {ng,ns, ns,ns}

and {ng, n1,ny, ns}, both of which are two-sided ideals. Therefore "Jy(I3) =



CHAPTER 3. RIGHT RADICAL THEORY 34

{no,n2,ns,n7} N {ng,n1,n4,n5} = {no,ns} = "Jo(R) N I. Next, turning to
the case of the right 2-radical, we make use of the result that as R has an
identity, € is a right R-group of type-2 if and only if Q = R/X where X is
some maximal right ideal of R and R/X has no proper, non-zero d.g. right
R-subgroups. As R/I5, R/I3 and R/I, are of order 2, it follows that they are
right R-groups of type-2. Therefore "Jy(R) = I, N I3 N Iy = {ng,ns}, and a
similar argument gives "Jy(Is) = {ng, ns}, so that "Jo(ly) = "Jo(R) N I. Fi-
nally, note that Jo(R) = {ng,ns} from [1], giving Jo(R) = "Jo(R) = "Jo(R).
We will see later that this is no coincidence but a property enjoyed by all

finite d.g. near-rings with identity.

Next we find an alternative characterisation for the radical "Jy(R) using right

modular right ideals.

Theorem 3.8 [11] Let R be a d.g. near-ring.

"Jo(R) = N{X | X is a right 2-modular right ideal of R}.

ProOF Firstly, "Jo(R) = N{(R : X)|X is a right 2-modular right ideal of R}
C MN{X | X is aright 2-modular right ideal of R} by Proposition 2.33 and
Lemma 2.30. On the other hand, let 2 be a right R-group of type-2 with
distributive basis A. Then (2:0) = (A : 0) = Nsea(d : 0) = Nyrr0) (8" : 0).
Now if 0'R # (0) then, as 2 is of right type-2, we have R/(¢': 0) = §¢'R = Q.
Thus (& : 0) is a right 2-modular right ideal of R and (2 : 0) is there-
fore an intersection of right 2-modular right ideals. Accordingly, "J5(R) 2

N{X | X is a right 2-modular right ideal of R}. n
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Similarly, using Proposition 2.33 and Lemma 2.30 we can show

"Jo(R) € N{X | X is a right 0-modular right ideal of R},

but it is not known whether equality holds. Instead, we define

Definition 3.9 Let R be a d.g. near-ring.

"Jij2(R) = N{X | X is a right 0-modular right ideal of R}.

Both "Jo(R) and "Jy(R) are two-sided ideals of R, but as the intersection
of an arbitrary collection of right ideals is a right ideal, ".J;/2(R) may, in
general, only be a right ideal of R. However it will be seen that "J;o(R) is
a two-sided ideal in the case of finite d.g. near-rings with identity. We note
also that if R has identity then this definition of "J;,5(R) coincides with the

definition given in [10] as the intersection of all maximal right ideals of R.

In Example 3.7, page 32, it is easily seen that "Jy/o(l2) = "Ji2(R) N Io. We
prove that although "J;/»(R) is not a radical map, Proposition 3.6 also holds
for the right half-radical. We first need two preliminary lemmas, the proofs

of which use the following properties of a direct sum of ideals, R =1 ® K:

1 Left distribution: r(i + k) =ri+rk forallr € R, i € [ and k € K.

2 Commutativity of addition: i + k=k+iforalli eI, ke K.

Lemma 3.10 [11] Let R be a d.g. near-ring and let R = I & K where [ is
a distributive ideal and K is an ideal of R. Let X be a right modular right

ideal of I. Then XR C X and /X is a d.g. right R-group.
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PROOF As R =1® K, each r € R can be uniquely written as r = i+ k where
iclandke K. Ifx € Xandr =i+k € R, then ar = z(i+k) = vi+ak =
xi € X because v € X C [ and zk € I N K = (0). Thus XR C X. Define
(t+X)r=wr+Xel/Xforalli+ X € I/X and r € R. Since XR C X,
this product is well-defined and /X is a right R-group. By Proposition 2.11,
I/X is a d.g. right I-group with distributive basis {§; + X | t € T'}, say. For

alli,i' €I, teT,

G4+ X)i+i) = (64 X)i+ (6, + X)i!

We show that each 9, + X distributes over sums of elements from R, from
which it will follow that /X is a d.g. right R-group. Let r; = iy + ky,

ro = 19 + ko GR, 13, 19 € I and ]{31,]{32 € K. Then

(0 + X)(r1+12) = §(r1+re) +X
= &1+ k1 +io+ ko) + X
= 0(i1+io+ ki + ko) + X
= (0¢(ix +i2) + 0e(k1 + k2)) + X
= 0(i1 +i2) + X, since §;(k1 + ko) € IN K = (0)
= (6,4 X)(iy +i2)

= (0481 + d¢i9) + X, by the above.

On the other hand,

<5t+X)7'1+((5t+X)T2 = 5t7”1—|—5t7’2)—|—X
0c(i1 + k1) + 0e(ia + ko)) + X
O¢ty + Ocky + Opig + Oiko) + X

(
(
(
(

0piy + Oin) + X,
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since 0;k1, Oiky € TN K = (0). n

Lemma 3.11 [11] Let R be a d.g. near-ring and R = I & K where [ is a
distributive ideal of R and K is an ideal of R. Let X be a right v-modular

right ideal of I for v = 0,2. Then there exists a right v-modular right ideal
Y of R such that Y NI = X.

Proor Write R = [ ® K, where I and K are ideals of R and let X be a
right v-modular right ideal of I. Define Y = X + K, then Y NI = X. Next
lety=ax+keY andr =i+k € Rwherex € X, k,k' € K andi € I. Then
yr = (x+ k)yr =axr+kr =ar+ k(i + k') = xr + ki + kk' = xr + kk', since
ki e INK = (0). By Lemma 3.10, 2r € X, soyr e X + K =Y and Y is a

right R-subgroup of R". Furthermore,

rhyd+r = K —itr+k+titk
— K —itrtitk+k
= —K+2'+k+Fk for some 2’ € X since X is normal in [
= o —K+k+Ek sincer’ e XClTand — K € K
e X+K=Y,

so Y is a right ideal of R. In order to show that Y is right v-modular, we first
have I/X is a d.g. right R-group of type-v by Lemma 3.10. Next, note that
every coset 7+ Y in R/Y can be written in the form i + Y for some i € [
because K C Y. Hence define 6 : R/Y — I/X by 0(r+Y) = 0(i+Y) =i+ X.
To show that 0 is well-defined, let r1+Y = ro+Y, then i1 +Y =iy +Y and so
—i9+ip € YNI = X, giving i1+X = 1o+ X. It is straightforward to prove that
0 is a right R-isomorphism, therefore R/Y = [ /X and R/Y is aright R-group
of type-v. Lastly, suppose that e is a left identity modulo X. Then —ei+i € X

for all i € I, We show that e is also a left identity modulo Y. Let r = i+k € R,
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thenr+Y =i+ Y ander+Y =e(i+k)+Y =ei+ek+Y =ei+Y, since
ek €e KCY. Now —et+i € X and X =Y NI, s0o —ei+1 €Y. Hence

r+Y =er+Y, giving —er +r €Y forall r € R. n

Proposition 3.12 [11] Let R be a d.g. near-ring and let I be a distributive

ideal which is a direct summand of R. Then "Jy,5() 2 "Ji/2(R) N 1.

ProoFr By the previous lemma, for each right 0-modular right ideal X of
there exists a right 0-modular right ideal Y of R such that Y N1 = X. Let

K be the set of all such right 0-modular right ideals of R. Then

"Jijp(I) = N{X | X is a right 0-modular right ideal of I}
= {YNnI|YeK}
= In(N{Y | Y € K})
o 1IN "Jya(R).

We now examine the relationships between the right radicals.

Proposition 3.13 Let R be a d.g. near-ring. Then

(i) "Jo(R) = (R:"Ji2(R))

(ii) "Jo(R) is the largest ideal of R contained in "J;/2(R).

ProoOF (i) As "Jy(R) is a two-sided ideal contained in "J;/2(R), it follows
that R("Jo(R)) C "Ji2(R) and so "Jo(R) € (R : "Ji/2(R)). Next,
if @ = wR is a right R-group of type-0 then (2 : 0) = (R/Y :0) =
(R:Y) where Y = (w : 0) is a right 0-modular right ideal of R. Now
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"Jijp(R) CY,s0 (R:"Jis(R)) C(R:Y)=(2:0). As Q is arbitrary,
(RI TJ1/2(R>) Q TJ()(R)

(ii) Follows from (i) and Proposition 2.18. m

Using the previous proposition together with Theorem 3.8 shows that the
relationship between "Jyo(R), "Ji/2(R) and "Jy(R) is similar to that between

the corresponding left radicals, namely

"Jo(R) € "Ni2(R) € " (R).

3.2 Right semisimplicity

The following result was adapted from [15]. It shows that factoring out
"Jij2(R) from a near-ring satisfying the DCCR gives a direct sum of right
R-groups of type-0 and factoring out "Jy(R) results in a direct sum of right
R-groups of type-2. A proof of (i) appears in [23] for d.g. near-rings with

identity, but the result does not depend on the presence of an identity.

Theorem 3.14 [11] If R is a d.g. near-ring that satisfies the DCCR then
(i) R/"Jij2(R)=A1®---®A,, where the A; are right R-groups of type-0.
(i) R/"J2(R)=A1&---&A,, where the A; are right R-groups of type-2.

PROOF Let v € {%,2}. If v = 2, then since R satisfies the DCCR, there

exists a finite number of distinct right 2-modular (for v = 1, 0-modular)
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right ideals Yy, ..., Y, such that

=1
itk

Hence

Y; D X foralli+#k

and

YkﬂXk: 7nJ,,(R), k‘:l,...,n.

ﬂY;: "J,(R) and Xj ::ﬂn# "L(R), k=1,...

40

Under the canonical right R-homomorphism of R onto R/"J,(R), let Y}, be

mapped onto €, and X, onto Ay, k =1,...,n. It follows that
i=1

Also
Q; DA, foralli#Ek

and

QkﬂAk:(O), k:zl,...,n.

As Xy € Yy and Y}, is a maximal right ideal, we have R = X + Y,.. Thus

R/"J,(R) =A@y foreach k=1,... n.

Now
Q= N (R/7(R)

= Ql N (AQ @QQ)
- AQ @ (Ql QQQ)

by the modular law, so

R/"J(R) = A@O
- AI EB AQ EB (Ql N QQ)

N = (0).
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But
0N = (NN (R/"J,(R))
= U NN (A3 Q)
= A3 (21N NQy),
giving

R/TJU(R> == Al EB AQ @ Ag EB (Ql ﬂ QQ ﬂ Qg)

Repeating this procedure and using the fact that (N €2; = (0), we obtain
i=1

R/"J,(R)=A1® - D A,.
Since R/"J,(R) = Ay @ Qp for k=1,...,n,
Ap = (R/"1,(R)/Q = R/ Y.
Consequently, each Ay is a right R-group of type-2 (for v = %, type-0). n

Definition 3.15 Let R be a d.g. near-ring. If ".J,(R) = (0), then the near-

ring R is called right v-semisimple for v = 0, 2.
Hence we have

Corollary 3.16 Let the d.g. near-ring R satisfy the DCCR and be right 2-
semisimple. Then R = A; ®--- ® A,,, where the A; are right ideals of R and

right R-groups of type-2.

Remark 3.17 One can define R/"J;/5(R) to be right half-semisimple and
extend the notion to d.g. right R-groups. For the d.g. right R-group RT,
"Jij2(R) = (0) implies that "Jy(R) = (0). One can define the right half

radical of a d.g. right R-group to be the intersection of all normal maximal
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right R-subgroups. If this intersection is zero, then we say the d.g. right R-
group is right half-semisimple. We will not pursue the matter any further in

this thesis.

3.3 Relationships between the left and right

radicals in d.g. near-rings with identity

In ring theory the Jacobson radical that is defined using left R-modules is
equal to the radical that is defined using right R-modules. A question arises
of whether this characteristic of the radical depends on the presence of com-
mutativity of addition and both distributive laws. Thus in this section we try
to ascertain if the same property that holds for rings holds for any or all of
the near-ring radicals. We restrict ourselves in this section to d.g. near-rings
with identity and, in particular, have results for those d.g. near-rings with
identity satisfying certain descending chain conditions. Note that as we are
assuming that R has identity, we can use the alternative characterisation for

"Ji/2(R), namely
"Jij2(R) = N{X | X is a maximal right ideal of R}.
A key result is stated, but not proved, in [14]. We present a proof here.

Theorem 3.18 [10] Let R be a d.g. near-ring with identity. The right half-

radical "Jy/2(R) contains all the nilpotent left R-subgroups of R*.

PROOF Let Q be a nilpotent left R-subgroup of R*, say (2 = (0). We show
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that €2 is contained in every maximal right ideal of R. Let

n

Y = {Z(m, +wir; —x;) | r, i € R, W € Q}

i=1

Then Y is a right ideal of R containing 2. Suppose that there exists a maximal
right ideal B of R such that Q € B. Then the right ideal Y is not contained
in Bso R=Y + B and the identity can be written as 1 =y + b, with y € Y

and b € B. Let w,ws,...,w,—1 € §). Now

Wiwg ... Wp—1

= (y + b)w1w2 S Wpo1

= Ywiwy...wp_1 +bwiwy ... wy_;

= [ (v +wiri — x;)jwiws .. .wp_y + b0 for some V' € B

= X (riwiws ... wp_1 + wiriwiws ... wp_1 — Tiwws ... wp—1) + b

since rw; € Q and 80 Wirwiws . .. w,_1 € QP = (0). Hence P! C B.

A similar argument gives

Wiwg ... Wp—2

= (y+bwiwy...wpo

= Ywiws...wp_o + bwiwy ... wp_o

= X (z +wir — x)|jwiws .. .wp_o + 0" for some 0" € B

= X! (ziwwe .. wp_g + Wiriwiws .. Wy_g — Tiwiwa . .. wp—2) + "

€ B,

since r;w; € Q and so wWirwiws . .. wp_2 € QP~1 C B. Hence (72 C B.

Repeating this procedure we finally arrive at the contradiction €2 C B. n
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We remark that the right ideal Y in the proof of Theorem 3.18 is actually a
two-sided ideal. As this result is important in the sequel, we state it more

formally as follows.

Proposition 3.19 [10] Let R be a d.g. near-ring with identity. Let X be a
right ideal of R and let Q2 be a left R-subgroup of R™ contained in X. Then
Y = {3 (z; +wiri — x;) | i, 2 € R, w; € Q} is an ideal of R contained in

X and containing €).

Proor Now Y is a right ideal of R containing €2 from Theorem 3.18. More-
over, Y is the smallest right ideal containing €2, so Y C X. To show that
Y is also a left ideal of R, write r € R as r = Xj¢;s; where ¢; = =+1
and s; € S. If y = X7 (2x; + wir; — x;) € Y, it follows that for each j,

s;y = X (sjxi+s;wir; —s;z;) € Y since Q is a left R-group, andsory € Y.

Theorem 3.20 [10] Let R be a d.g. near-ring with identity. The right radical

"Jo(R) contains all nilpotent left R-subgroups of R™.

PROOF Let € be a nilpotent left R-subgroup of R', then by Theorem 3.18
Q2 C "Ji/2(R). Let Y be the ideal defined in Proposition 3.19. Then we have
Y C "Jija(R). As "Jo(R) is the largest ideal of R contained in "Jy/»(R),
Y C "Jo(R) and therefore Q C "Jy(R). n

For a d.g. near-ring R with identity that satisfies the DCCLS, J2(R) is the
smallest ideal that contains all nilpotent left R-subgroups of R [14]. Hence

we have the following.

Lemma 3.21 [10] Let R be a d.g. near-ring with identity that satisfies the
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DCCLS. Then
J2(R) C "Jo(R).

In order to prove the reverse inclusion we need the following lemma.

Lemma 3.22 [10] Let R be a d.g. near-ring with identity. Every maximal

ideal of R is right O-primitive.

PROOF Let M be a maximal ideal of R. If M is also maximal as a right
ideal, then R/M is a right R-group of type-0. Since M is an ideal of R and
R has identity, we have M = (R/M : 0), so M is a right O-primitive ideal.
If M is not maximal as a right ideal, then by Zorn’s Lemma there exists a
maximal right ideal, say X, containing M, and R/X is a right R-group of
type-0. Now we see that M C (R/X :0) since RM C M C X. But M is a
maximal ideal of R, so (R/X :0) = M and M is right O-primitive. n

If R satisfies the DCCLS then Jy(R) = N{I | I is a maximal ideal of R} [14],

and we can conclude that

"Jo(R) C Jo(R).

Combining this with Lemma 3.21, we have

Theorem 3.23 [10] Let R be a d.g. near-ring with identity and satisfying
the DCCLS. Then

Jo(R) € Jij2(R) C Jo(R) = "Jo(R) € "Ji2(R) € "J2(R).
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By Proposition 3.13(ii), it follows that

Corollary 3.24 Let R be a d.g. near-ring with identity that satisfies the

DCCLS. Then J5(R) is the largest ideal of R contained in "J;/5(R).

Laxton states without proof in [14] that the intersection of all the maximal
right ideals of R contains all the nilpotent right R-subgroups of R*. He does
however prove that in the case of DCCLS J,(R) contains all the nilpotent right
R-subgroups. For the sake of completeness, we prove that "Jj,(R) contains
all nilpotent right R-subgroups, even though this proof uses an argument

similar to that given in Theorem 3.18.

Theorem 3.25 [10] Let R be a d.g. near-ring with identity. The right half-

radical "J;/2(R) contains all nilpotent right R-subgroups of R.

PROOF Let Q be a nilpotent right R-subgroup of R, say Q¥ = (0). Define

n

Y:{Z(:L‘H—wg—xi) z; € R, wQEQ}.

=1

Then Y is a right ideal of R containing ). Suppose that there exists a
maximal right ideal B of R such that Q € B. Then Y € Bso R=Y + B

and the identity can be written as 1 = y + b, with y € Y and b € B. Let
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Wi, wa, ..., wp—1 € 2. Then

Wiwg ... Wp—1

= (y + b)u)lwg ceeWpo1

= YwiWwsy ... wWp_1 + bwiws ... wp_1

=X (v +w —x;)|jwiws .. wp—y + U for some V' € B

=X (rjwws . . wpo1 FWiwiws . . Wy — Tjwwa .. wWp—1) + U

since wiwiws . ..w,_1 € QP = (0). Hence QP! C B.

Similarly,

Wiwg ... Wp—2

= (y+b)wiws . .. wp—2

= Ywiwy . .. Wp—g + bwiwy ... wp_o

= [E (2 + wl — z)]wiwy .. wp_o + V" for some V' € B
=27 (Tiwiws . .. Wp—g + Wiwiws . . . Wp_g — TiwWa . . . Wp—2) + "

€ B,

since wiwiws . ..wy—2 € QP C B. Hence QP2 C B.

Repeating this procedure we finally arrive at the contradiction €2 C B. n

We next proceed with the relationship between the left and right radicals in

the case of finite d.g. near-rings with identity.

Lemma 3.26 [21] Every finite simple d.g. near-ring R with identity is right

2-primitive.

PROOF As R™ is a finite d.g. right R-group, let 2 denote a non-zero minimal

d.g. right R-subgroup of R and let A be a distributive basis for €. Since 2
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is minimal as a d.g. right R-subgroup, 0R = 2 for all non-zero § € A. If Q
is not right type-2, then €2 has a proper, non-zero normal right R-subgroup.
Since R is finite, let €2’ denote a maximal proper normal right R-subgroup
of Q. Thus Q/€ is a right R-group of type-2. Since R is simple and has
identity, (©2/Q : 0) = (0). n

Thus we have the following improvement on Lemma 3.22 in the finite case.

Corollary 3.27 [11] Let R be a finite d.g. near-ring with identity. Then

every maximal ideal of R is right 2-primitive.

Corollary 3.28 [11] Let R be a finite d.g. near-ring with identity. Then

"Jo(R) C J2(R).

PROOF From the previous Corollary,

"Jo(R) CN{M | M is a maximal ideal of R},

and as R is finite, Jo(R) = N{M | M is a maximal ideal of R} [14]. n

This, together with Theorem 3.23, proves

Theorem 3.29 [11] If R is a finite d.g. near-ring with identity, then

Jo(R) = "Jo(R) = "Jya(R) = "Jo(R).

Corollary 3.30 [11] Let R be a finite d.g. near-ring with identity. Then R

is left 2-semisimple if and only if R is right 2-semisimple.
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Remark 3.31 1 As the mapping R — "J3(R) is known to be Kurosh-
Amitsur on the universal class of all zero-symmetric near-rings [12],
Theorem 3.29 verifies that in the case of finite d.g. near-rings with
identity the right radicals are indeed Kurosh-Amitsur, but whether this

is true in general is not known.

2 In the finite case the same radical, Jo(R), can be reached using left or
right representation, however this is not the case for Jy(R) or Ji/2(R)
as examples of finite d.g. near-rings exist for which Jo(R) C Ji/2(R) #
J2(R).

3 Note that "Ji2(R) is a two-sided ideal in the case of finite d.g. near-

rings with identity.

4 In [14] Laxton asks whether for right d.g. near-rings with identity J,(R)
is the intersection of all maximal right ideals. Theorem 3.29 gives the af-
firmative answer for finite d.g. near-rings with identity but the problem

remains unsolved for infinite near-rings.

For the case of finite d.g. near-rings with identity, we have Jo(R) = "J;/2(R)

or, in other words,

N{X | X a maximal ideal of R} = N{X | X a maximal right ideal of R}.

The question arises whether every maximal right ideal of a finite d.g. near-
ring R with identity is a two-sided ideal. The following example using [1]

shows that this is not the case, even for rings.

Example 3.32 Consider the finite near-ring R where R = {ng,...,ni5} and
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+ and - are given in the following tables.

20

+ no ni n2 n3 ng ns ne nr ng ng nip N1 M2 N1z Ni4 N5
no no ni n2 n3 ng ns ne nr ng ng nip MN11 Ni12 N13 N14  N15
ni ni no n3 n2 ns n4 nr ne ng ng ni1 nio N1z MN12  Ni1s5  Ni14
n2 n2 n3 no ni ne ny ng4 ns nio nNi1 ng ng ni4 N5 MN12 N3
n3 n3 n2 ni no nr ne ns ng ni1 nio N9 ng nis N4 M1z Ni12
n4 ng ns ne nr no ni n2 n3 ni2 MNi13 Ni4  Ni1s ng ng nio Ni1
ns ns n4g nr ne ni no n3 n2 ni3 ni2 Ni5  Ni4 N9 ng ni1 N1o
ne ne nr ng ns n2 n3 no ni ni4 MN15 M2 N1z N1 N1l ng ng
nr nr ne ns Ny n3 n2 ni no nis N4 M1z N12 N11 N10 ng ng
nsg ng nmg Mmio N11 N12 N13 N14 N15 N ni n2 n3 ng ns ne nr
ng ng ng mi1  nip N3 MN12 Nis N4 N1 no n3 n2 ns ng nr ne
nio | n1o Ni11 ng ng ni4  Ni1s Mi12 N3 n2 n3 no ni ne nr ng ns
ni1 | n11 N1o ng ng nis N4 N1z Ni12 n3 n2 ni no nr ne ns n4
ni2 | 12 N13  Ni4  Ni1s nsg ng nio nNi11 N4 ns ne nr no ni n2 n3
ni3 | N1z MNi12 Ni5 N4 ng ng ni1  nip N5 ng nr ne ni no n3 n2
ni4 | 14 M5 N12 N13 N0 N1l ng ng ne nr ng ns n2 n3 no ni
nis | n15  MNi4  N13  N12 N1l N1o ng ng nr ne ns ng n3 n2 ni no
no ni n2 n3 ng ns ne nr ng ng nip MNi11 MNi12 N13 Ni14 N5
no no no no no no no no no no no no no no no no no
ni no ni n2 n3 n4 ns ne nr ng ng mi0 n11 Ni12 N13  Ni14 N15
n2 no n2 n2 no nii ng ng ni1  nii ng ng nii no n2 n2 no
n3 no n3 no n3 nis  N12  Nis Ni12 n3 no n3 no ni2 N5 N2 Nis
ng no ng nis  Nii ni ns ni4  N10 ng ni2 nr n3 ng  Ni13 ne n2
ns5 o ns5 ni3 ng ns5 no ng ni13 no ns5 n13 ng ns o ng ni13
ne no ne ni3 mni1 N1 Ni12 ny ni n3 ns ni4  ng ng  Nnis n4 n2
ny | no nr nis ng niq ng ni ne Ni1  Ni2 ng n3 ns n2 nio nNi13
ng no ng no ng n13 ns ni3 Ny ng no ng no ns ni3 N5 n13
ng no ng n2 nii ng ng ni1 n2 no ng n2 nii ng no nii n2
nio [ o MNio N2 ng ne ni2 N4 niq n3 ng ni nii ns nis ny  nig
ni1 | "o Ni11 no nii n2 ng n2 ng  Ni1 no nii no ng n2 ng n2
ni2 | o MNi12 Nis5 n3 ni2 no n3 nis no ni2 N5 ns3 ni2 no n3  nis
ni3 | no N13 N13 no ng ns ns ng ng ns ns ng no N1z N13 no
ni4 | o MNi14 N13 n3 nr ng  nio ng  Ni11 ns ne ng ni2 n2 ni nis
nis | no Nis N5 no n3 ni2 ni2 n3 n3 ni2 ni2 n3 no nis N5 no
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In [1], R = LibraryNearRingWithOne(GTW16.5, 23) and is d.g. with identity
ny. In fact, R is a ring. The following sets are maximal right ideals of R:
{ng, na,ng, n11}, {no,ns,n12,n15} and {ng, ns, ng, n13}, but they are not two-
sided ideals as R is simple. Clearly "J;/2(R), the intersection of all maximal

right ideals of R, equals (ng), and as R is simple and finite,

Jo(R) = Ji)2(R) = Jo(R) = "Jo(R) = "J1j2(R) = "J2(R) = (no).

Also note that the sets {no, ng, n13, n15}, {no, ns, ng, n12} and {ng, n3, ng,n11}

are the maximal left ideals of R.

The next result shows that right R-groups of type-0 and those of type-2 are

equivalent in finite d.g. near-rings with identity.

Proposition 3.33 If R is a finite d.g. near-ring with identity and 2 is a d.g.

right R-group, then € is right type-0 if and only if ) is right type-2.

PROOF If Q is right type-0, then let Q = R/Y where Y is a maximal right

ideal of R. Using Theorem 3.29,

"Jo(R) = "Jo(R) C (2:0) = (R/Y :0) = (R:Y) C Y.

Let Y :=Y/"Jy(R). By Theorem 3.14(ii),

R=R/"L(R)=AM1®--- DA,

where each A, is a right R-group of type-2. By Lemma 2.25, as Y is a normal
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right R-subgroup of R, R = (,.; A:) @Y for some I C {1,...,n}. Then

Q= R/Y = R/Y =(PA,
el
Now, as 2 is a right R-group of type-0 and has no proper, non-zero normal
right R-subgroups, the index set I must be a singleton so that Q = A; for

some 1 < i < n. Accordingly, 2 is a right R-group of type-2. ™

3.4 Examples

We consider four examples of d.g. near-rings, concentrating on the relation-
ships between the left and right radicals. The first two examples are fi-
nite d.g. near-rings with identity and thus by Theorem 3.29 we know that
Jo(R) = "Jo(R) = "Jij2(R) = "J2(R). The last two near-rings do not meet
all of the conditions of Theorem 3.29, so we use these examples to explore the
possible relationships that exist between the left and right radicals in other

classes of near-rings.

Example 3.34 [2| Let G := S,,, the symmetric group of degree n, for n > 5.
Let R be the d.g. near-ring generated by End(G) in My(G). The following

results regarding R can be found in [2]:

(i) There exists an ideal N of R such that N? = (0).

(ii) Let H := A, = {0 = go,...,9m} and G — H = {gmt1,---,92m+1}s

where 2(m + 1) = n!. The near-ring R contains an subnear-ring which

is isomorphic to My(H). We can write R = My(H) + N + Zy, where
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Zo ={0,0} and 6 maps G — H to (1,2) and H to zero.

m

(i) Mo(H) = Z My(H )e;, where €; maps g; to itself and H — {g;} to zero.

i=1

m+1
(iv) N = Z My(H)é;, where §; maps g; 1, to g1 and G — {g; 1} to zero.
i=1

(v) The following is a complete list of left ideals of R:

> My(H)op+ Y Mo(H)es, Y Mo(H)e; + N + Zo,

keK il icl

where K C{1,...,m+1}and I C{1,...,m}.
(vi) The following is a complete list of right ideals of R:

(0), N, N+Zy, My(H)+ N and R.

(vii) All right ideals of R are two-sided ideals.

We use the above results to determine the left and right radicals of R. Con-
sider the left ideals listed in (v). Firstly, when K = {1,...,m + 1} and
I ={1,...,m}, then by (iii) and (iv),

> My(H)o + > Mo(H)e; = N + My(H),

keK 1)

which by (ii) is not equal to R, and thus is a maximal left ideal. Next, when

I ={1,...,m}, then by (ii) and (iii), the left ideal ZMO(H)Q + N +7Zsis
el
equal to R. Therefore, maximal left ideals of R will arise from Z My(H)e; +
iel
N +Zs only when I is a subset of {1, ..., m} with cardinality m — 1. Taking
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the intersection of all maximal left ideals, we have J;/5(R) = N. Hence
Ji/2(R) is an ideal of R and therefore coincides with Jy(R). By (vii), J2(R),
the intersection of all maximal ideals of R, coincides with the intersection of
all maximal right ideals, i.e., with "J;,5(R). Using (vi), the only right ideals
of R that are maximal are N + Zy and My(H) + N and their intersection is

N. Consequently,

Jo(R) = Jij2(R) = Jo(R) = "Jo(R) = "Jij2(R) = "Jo(R) = N.

The next example focuses on finding the right O-primitive ideals. A similar
example was used in [7] to illustrate that it is possible for Jo(R) # J1/2(R) #
Js(R) # Jo(R) to hold.

Example 3.35 Consider theset X = {1,2,...,12} andlet X; = {1,2,3,4,5}
and Xy = {6,7,8,9,10,11}. Denote the alternating group on X; by As and
the alternating group on Xy by Ag. We regard As and Ag as subgroups of
Ajg, the alternating group on X. We use + as the group operation in Ajs
and denote the permutation groups on X; and Xy by S5 and Sg, respectively.

For each x € S5 or Sg, define a map ¢, : Aja — Az by

Griar—r+a—z

for all a € Aj5. Let ® denote the set of all these mappings. Clearly ® is a
set of automorphisms of A;5 which induce automorphisms on As and Ag. We
note that if x € S5, then ¢, is the identity map on Ag and if x € Sg, then
¢, is the identity map on As. Let T be the d.g. near-ring generated by .
Then T has identity and A;s is a faithful left T-group. We show that A;s is

of type-0 by finding a monogenic generator. For this purpose we characterize
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the T-subgroups of Ajs.

Let (a,b,c) be a fixed 3-cycle in A5 and let e and d be the remaining two
elements from X;. Now ¢.q)(a,b,¢c) = (a,d) + (a,b,c) + (a,d) = (d,b,c) €
T(a,b,c). Similarly (a,b) + (a,b,c) + (a,b) = (a,¢,b) € T(a,b,c) and (a,e) +
(a,c,b) + (a,e) = (e,c,b) € T(a,b,c). We see that (d,b,c) + (e,c,b) =
(e,d,b) € T(a,b,c). It readily follows that the monogenic left T-group
T(a,b,c) contains all 20 3-cycles so that T'(a,b,c) = As.

The left T-group T((a,b) + (¢,d)) contains (a,e) + (a,b) + (¢,d) + (a,e) =
(e,b)+ (¢, d) and so contains (a, b)+ (¢, d)+ (e,b)+ (¢, d) = (a, b, e). It follows,
as above, that T'((a,b) + (¢, d)) contains all 3-cycles and so coincides with As.
Now T'(a,b,c,d, e) contains (a,d) + (a,b,c,d,e) + (a,d) = (a,e,d,b,c), and
so contains (a,b,c,d,e) + (a,e,d,b,c) = (b,d,c). Again one concludes that
T(a,b,c,d,e) = As.

Since every non-zero element of As is a monogenic generator, it is of type-2.
Similarly one shows that Ag is a left T-group of type-2.

Consider now the left T-subgroup 7'(a,b,12) of Ajs, where a,b € X;. Let
c € Xy, ¢ #a, c # b From (a,c) + (a,b,12) + (a,c¢) = (¢,b,12) and
(a,b,12) + (¢,12,b) = (a,b,c) € T(a,b,12), we see that T'(a,b, 12) properly
contains As. Indeed, Ajs is the only proper, non-zero left T-subgroup of
T(a,b,12) and as (1,12,3) + (1,2,3) + (1,3,12) = (1,12,2) ¢ A5 shows that
As is not normal in T'(a,b,12), we see that Ky = T'(a,b,12) is of type-s.
Similarly, Ky = T'(a,b,12), a,b € Xy, is of type-s with Ag the only non-zero
left T-subgroup. It is clear that Jo(T') # J4(T).

Consider the monogenic left T-subgroup H of Ajy generated by (a,b,c) +
(e,d, 12), where a,b € X; and ¢,d,e € X5. From (d,e) + (a,b,c) + (d, e, 12) +
(d,e) = (a,b,c) + (e,d,12) € H, we see that (a,b,c) + (d, e, 12) + (a,b,c) +
(e,d,12) = (a,b,c) € H. Thus H contains the alternating group on the set of
symbols X1UX,. But (a,b)+(a,b,c)+(d,e,12)+(a,b) = (a,c,b)+(d, e, 12) €



CHAPTER 3. RIGHT RADICAL THEORY o6

H. This gives (a,b,c) + (d,e,12) + (a,b,c) + (d,e,12) = (d, 12, ¢e). It readily
follows that H is all of A5 and so is of type-O0.
Let R=T/Js(T). Then by Lemma 2.14 in [7]

R=Li® 0L, oL@ @OLOL @ LD L1 DD Ly,

where
LigKl, izl,...,k,

LigKQ, i:k—l-]_,...,’f’,
LigAEn Z':'I"—Fl,...,S,
LigAG, Z:$+1,,t

We have the maximal ideals

Mlle@"'EBLs and MQ:L1€B“'EBLTEBLS+1@"'®L7§.

If Y; is a maximal right ideal containing M;, ¢ = 1,2, then M; is the annihi-
lating ideal of the d.g. right R-group R/Y; of type-0. Thus the M; are right
O-primitive ideals and their intersection is the right O-radical, "Jy(R). We

note that this right 0-radical is also Jo(R) = L1 & -+ - & L,.

Although the right radicals are defined for all d.g. near-rings, the relationships
that exist between the left and right radicals were studied only for those d.g.
near-rings with identity. In the following example we consider the left and

right radicals of a d.g. near-ring without identity.

Example 3.36 Let R be the d.g. near-ring without identity in Example 2.4,
page 8. We noted in Example 2.26, page 19, that I = {ng, ny,n4,ns} is the
only right v-primitive ideal of R for v = 0,2, so that "Jy(R) = "Jy2(R) =

"Jo(R) = I. Furthermore, [ is the only left v-primitive ideal of R for v = 0, 2.
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We conclude that

I'=Jy(R) = J1/2(R) = J(R) = "Jo(R) = TJ1/2<R) = "J(R).

Thus the relationship between the right radicals and the left 2-radical in
this finite d.g. near-ring without identity is identical to that in all finite d.g.
near-rings with identity. It is not known if d.g. near-rings without identity
exist in which the right radicals do not coincide. Furthermore, whether or
not any relationship exists between the left and right radicals in infinite d.g.
near-rings either with or without identity is an open question. We present
an example of an infinite d.g. near-ring that does not satisfy the DCCLS in

order to illustrate that a situation similar to the finite case can occur.

Example 3.37 [17] Let D denote the infinite dihedral group. We write

D = Gpla,bla+b+a+b=0,2b=0)

= {na+mb|neZ, m=0,1}.

The list of non-zero endomorphisms of D is

End D := {ays, Bi, W, 0c | 7 #0, r,8,t € Z},

where
ar,sazn - a2nr’ ﬁtCLQn - 1a ’Ytazn - 17 5ta'2n = 17
ar,sa2n+1 — a(?n—i—l)r’ ﬁta2n+1 — CLtb, ,yta2n+1 — atb’ 5ta/2n+1 — 17
Q. sa*"b = a®"" D, Bia®"b = a'b, ya*b =1, 5:a*"b = a'b,

ar,sa2n+lb — a(2n+l)r+sb’ ﬁta2n+1b — 1’ ,yta2n+lb — atb’ 5ta2n+lb — ath.
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Let R be the right d.g. near-ring generated by the endomorphisms of D. To
show that R does not satisfy the DCCLS, let p be any prime and consider

the descending chain of left R-subgroups of R™
Ray,p 2 Raio D) Raio DL,

We show that Ra’;p #+ Ra';i;l for £ € N, thereby concluding that the above

chain is strictly descending. For this purpose, we look at how the generators

of Ra’;’o act on the group D. Now Oz];;o =y, and for r,5,t € Z, r # 0, we

have
amapkp = Ozpk,,7s,
(
8, if p* is even
ﬁtapk,o = )
B, if p¥ is odd
’
0 if p* is even
P}/tapk,[) = )
v if pF is odd
\
6tOépk70 = 5t'

The action of the endomorphisms f3;, v, and d; is given above, and that of

Qphy s DY

2 2npFr

n _ 2n+1 _  (2n+1)pkr
Qpky s0°" = @ , Oy 50 = ql )» )

k k
ozpkmba% — 2P 7“+sb7 apkmbaz’”l — a(2n+1)p Tsp

Accordingly, the images all lie in Gp(apk, a'b). As a? ¢ Gp(apkﬂ, a'b), it fol-
lows that Gp(apk, ab) # Gp(apkﬂ, a"b), and this gives an infinite descending

chain.

Next we consider the relationship between the left and right radicals in this
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infinite near-ring. We have

Jo(R) = J12(R) = Jo(R) = [R, R],

where [R,R| = Gp([r,s] | r € R,s € R) and [r,s] =r+s—r —s. As [R, R]

is nilpotent, by Theorem 3.20

Jo(R) = Jij2(R) = Jo(R) C "Jo(R).

Also, R = R/[R, R] is a ring, so

Jacobson radical of R
= N{M | M is a maximal left ideal of R}
= N{M | M is a maximal right ideal of R}.

Using the one-to-one correspondence between the left ideals (right ideals) of
R containing [R, R], and the left ideals (respectively, right ideals) in R, we

have

N{M | M maximal left ideal of R} = N{M | M maximal right ideal of R}.

Therefore
JI/Q(R) = le/g(R).

So
Jo(R) = J12(R) = Jo(R) = "Jo(R) = "J12(R).

The relationship between these radicals and "Jo(R) is unknown.
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3.5 Right radicals and right quasi-regularity

It is well-known that both Jy(R) and J;o(R) are left quasi-regular but Jy(R)
need not be. We now look at the connection between right quasi-regularity
and the right radicals. It was shown in Section 3.3 that for d.g. near-rings
with identity, "Jo(R) contains all the nilpotent left R-subgroups of R and
"Ji2(R) all the nilpotent right R-subgroups of R*. We attempt to generalize
these results to right quasi-regularity. The results in this section all appear

in [11].

Proposition 3.38 Let R be a d.g. near-ring. The right ideal "J;/(R) is

right quasi-regular.

PROOF Let z € "Jy2(R) and suppose that X is a right ideal of R containing
{—=zr+r|r € R}. If z ¢ X then by Zorn’s Lemma we can choose a right ideal
Y of R such that X CY and z € Y, and Y is maximal with respect to these
properties. We show that Y is right O-modular. Firstly, —zr +r € X CY
for all » € R, so Y is right modular with z a left identity modulo Y. By
Lemma 2.28, R/Y is a monogenic right R-group. Now suppose that K is a
right ideal of R such that Y ¢ K C R. Then —zr +r € K for all »r € R,
and we must have z € K since Y is maximal with respect to the properties
—z2r+reY forallr€e Rand 2 ¢ Y. Thus K = R and Y is a maximal right
ideal of R. Therefore the right factor R-group R/Y possesses no proper, non-
zero normal right R-subgroups. Hence R/Y is a right R-group of type-0, so
Y is right O-modular and "J;/5(R) C Y. This gives the contradiction z € Y.

We must have z € X and it follows that "J; /Q(R) is right quasi-regular. n
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A d.g. near-ring satisfying the DCCLS has nilpotent left half-radical [14]. On
the other hand, for d.g. near-rings with identity and satisfying the DCCLS,
if "Ji/2(R) is nilpotent then so is J>(R) by Theorem 3.23. As there are many
examples of finite d.g. near-rings with non-nilpotent Jy(R), we conclude that
"Ji/2(R) need not be nilpotent, even in the finite case. So although the left
half-radical is nilpotent in the case of the DCCLS, the symmetric result does
not hold for right representation. However, J;,5(R) contains all left quasi-
regular left ideals of R, and we prove the corresponding result for the right

case. We first need the following lemma.

Lemma 3.39 Let R be a d.g. near-ring. Let X be a right modular right
ideal of R with e a left identity modulo X. If e can be expressed as e = ¢+«

where ¢ € R and x € X, then ¢ is also a left identity modulo X.

PROOF As e+ X = ¢+ X it follows that e and ¢ have the same properties

in the right R-group R/X. n

Proposition 3.40 Every right quasi-regular right ideal of a d.g. near-ring R

is contained in "J;5(R).

PROOF Let ) be a right quasi-regular right ideal of R and suppose that
Q < "Ji/2(R). Hence there exists a right 0-modular right ideal X of R such
that Q € X. Now Q+ X is a right ideal of R properly containing the maximal
right ideal X, so @ + X = R. Let e be a left identity modulo X, then there
exists ¢ € @, * € X such that e = ¢ + x. By Lemma 3.39, ¢ is also a left
identity modulo X which, using the fact that ¢ € @ is right quasi-regular,

contradicts Lemma 2.38. Thus @ C "J;/2(R). n



CHAPTER 3. RIGHT RADICAL THEORY 62

It follows from Proposition 3.38 that "Jy(R) is right quasi-regular. Further-

more, by Propositions 3.13(ii) and 3.40 we have the following.

Corollary 3.41 Let R be a d.g. near-ring. The largest right quasi-regular
two-sided ideal of R is "Jo(R).

Remark 3.42 Using Theorem 3.23 we see that Jy(R) is right quasi-regular in
the case of d.g. near-rings R with identity that satisfy the DCCLS. However,
examples of finite d.g. near-rings exist for which Jy(R) # Ji/2(R) so Jo(R) is
not necessarily left quasi-regular. From this we can conclude that the converse

of Corollary 2.37 is not true.

The left 2-radical contains all left quasi-regular left R-subgroups of Rt [22].
For the corresponding right representation result we restrict ourselves to near-

rings with identity and to d.g. right R-subgroups of R*.

Proposition 3.43 Let R be a d.g. near-ring with identity. Every right quasi-

regular d.g. right R-subgroup of R™ is contained in "Jy(R).

PROOF Let ) be a right quasi-regular d.g. right R-subgroup of R™ with A
a distributive basis, and suppose that Q@ & "Jy(R). By Theorem 3.8 there
exists a right 2-modular right ideal X of R such that Q ¢ X, and so there
exists 0 € A such that 0 ¢ X. Now 0R is a d.g. right R-group and R € X.

It is easily seen that (R + X)/X is a right R-subgroup of R/X, and since

(6R + X)/X = 6R/(6R N X),

it follows that (6R + X)/X is a d.g. right R-subgroup of R/X. As R/X
is a right R-group of type-2, either )R + X = R or R+ X = X, and as
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0R & X, it follows that )R+ X = R. Let e be a left identity modulo X, then
there exists 6r € 6R, x € X such that 0r + x = e. By Lemma 3.39, dr is a
left identity modulo X. Also dr € () is right quasi-regular which contradicts
Lemma 2.38. Thus 2 C "Jy(R). =

To summarize, for a d.g. near-ring R with identity we have the following

results where v/ * denotes true in the case of the DCCLS.
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Chapter 4

An example

4.1 The near-ring T’

We use the example of the d.g. near-ring T' from Laxton [15] to illustrate that

the notions introduced in Chapters 2 and 3 occur quite naturally.

Consider the d.g. near-ring P generated by all inner automorphisms of a finite
non-abelian simple group G. This near-ring was studied by Frohlich [5] and

the following results will be required:
I (i) (0)=Jo(P) = Jij2(P) = Jo(P) = "Jo(P) = "J1)2(P) = "Jo(P).

(i) P=Li ®Ly®---® Ly, where each left ideal L; is a P-group of
type-2 that is P-isomorphic to G. The number of summands n is

equal to |G| — 1.

(iii) For each i = 1,...,n, there exists e; € L; such that Pe; = L;,

65
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1=>%"" e and {e;}}, is an orthogonal idempotent set.

(iv) There is a one-to-one correspondence between the right P-subgroups

of P and the subgroups of G.

Now let T be the d.g. near-ring generated by the endomorphisms {¢, },.cp of
P, where

¢r -y =yx forall y € P.

The following results concerning the left structure of the near-ring 7' can be

found in [15]:

2 (i) T is a subnear-ring of My(P") with Pt a faithful left T-group.

(ii) The right P-subgroups of P are precisely the left T-subgroups of
P,

(iii) Under the correspondence mentioned in 1(iv), normal subgroups
of G correspond to right ideals of P and so P% is a faithful left

T-group of type-0.

(iv) The finite non-abelian simple group G' can be chosen such that

(0) = Jo(T') # J1)2(T) # Jo(T).

We now look more closely at the near-ring 7', focusing on its right structure

and on finding connections that exist between the structures of P and T

Firstly, as T is finite, we have the following.

Lemma 4.1 The right radicals of T coincide with J5(7") and are non-zero.
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Next we express T as a direct sum that is similar to the direct sum decom-

position of P in 1(ii) and (iii).

Proposition 4.2 [10]

(i) The identity of T is of the form

1T:¢e1 +¢62+"'+¢6n:¢17

and {¢e, }I; is an orthogonal idempotent set. Here the e; are the or-

thogonal idempotent components of 1 € P.

(ii) T = P;_, ¢e,T where each ¢.,T is a right ideal of T and a d.g. right
T-group, and ¢, T = ¢, T, i,j=1,...,n.

Proor (i) Firstly, if p € P then

(¢61+¢62+"'+¢en)'p = ¢61'p+¢62'p+"'+¢en'p
= pep+pex+ -+ pey
= p(€1+€2+"‘+€n>

= D

where we have used left distribution over a direct sum of left ideals, and

¢1-p=pl=p,

giving ¢, + Pe, ++ -+ e, = ¢1. Next, let t € T'and p € P thent-p =p/
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for some p’ € P. Now

(p1t)-p = ¢1-(t-p) since P is a left T-group
= ¢1-p
/

= P

= tp:

so ¢t = t. It is similarly shown that ¢; is a right identity and hence a

two-sided identity of T. If p € P then

(¢e¢¢ej) p= Qe (¢6j “p)

= ¢, - (pej)
= (pej)e;
= plejer)
= Geje; P
b p ifi=j
| bep i

by the orthogonal idempotence of the e; in P.

(ii) That ¢, 7T is a d.g. right T-group with distributive basis

{¢e;02 | ¥ € P} = {ye, | ¥ € P}

follows from Proposition 2.10. To prove normality, let ¢, € T and
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p € P. Then

(=t + Gt +t)-p = —t'-p+(¢et) - p+t' -p
= —thptde - (t-p)+t-p
= —t'-p+({t-pe+t-p
= we; for some x € P, as Pe; is normal in P
= (ze;)e; since ef =¢;
= (~t'-p+(t-pe+t-pe
= (—t'-p+t-p+t-pe
= ¢ (—t'-pH+t-p+t-p)
= (¢e,(—t' +t+1))-p.

Hence —t'+ ¢, t+t' = ¢, (—t'+1t+1") € ¢, T. To show that the ¢, T are
right T-isomorphic, we have by 1(ii) and (iii) that in the decomposition
of P = @@}, Pe; there is the (left) P-isomorphism Pe, = Pe;. Let
ex — pe; under this isomorphism. Now define a map W : ¢, T — ¢, T
by

U (e t) = pe,t = de, (dpt)-

If g, t =0, then 0 = (¢, t) -5 = ¢, - (t-5) = (t-s)e; for all s € P,
Hence (t - s)pe; = 0 by the left P-isomorphism, and (¢y;t) - s = 0 for
all s € P. As P* is a faithful left T-group, ¢,.;t = 0 and it follows that
U is well defined. Using the fact that the ¢, are distributive elements
of T it is routinely verified that W is a right T-isomorphism. Lastly, let
teTthent= (D" ¢t =D o (¢et), which gives T = >"7" | ¢, T. If
x € ¢, TN Z#i ¢e, T, then x = ¢t = Z#i Pe,t; s0 that £ = ¢e,¢e,t =
> jzi Peife;t = 0 by the orthogonal idempotence of the the set {¢,}.

We have established that T = @, ¢.,T. n



CHAPTER 4. AN EXAMPLE 70

We next look at the relationship between the normal subgroups of P and the

right ideals of T'.

Proposition 4.3 [10]

(i) If A is a normal subgroup of P, then

Xa:={teT|t-pe Aforal pe P}

is a right ideal of T.

(i) If X is a right ideal of T" and w a distributive element of P, then

X w={r w|zeX}

is a normal subgroup of wP. In particular, X -1=X-P:={z-p|z €

X, p € P} is a normal subgroup of P.

(iii) If I is a two-sided ideal of T, then /-1 =1-P=Por[l-1=1-P = (0),
and [ -1=1-P = (0) if and only if I = (0).

PRrOOF 1t is straight forward to show that X, is a right ideal of T" and that
X -wis a subgroup of wP. To prove the normality of X -w, let wp € WP, p € P

and r-w € X -w, x € X. Then

—wptzrwtwp=—¢pwH+r-w+¢, w=(—p+r+¢,) weX- w,

as X isnormal in T'. Clearly, withw =1, X-1C X-Pandifz-pe X-P, x €
X, pePthenz-p=x-(¢,-1) = (z¢,) -1 € X -1. For (iii) suppose that

I is a two-sided ideal of T', then [ - 1 is a normal subgroup of P and if p € P
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andi-1€ -1, wehave (i - D)p=¢,-(i-1) = (¢pi)-1€I-1. ThusI-1is
a right ideal of P. But by 2(iii), P has no proper, non-zero right ideals, so it
follows that either 7-1 = P or I -1 = (0). Finally, as P is a faithful 7-group,
I-1=1-P=(0)if and only if I is the zero ideal. n

Proposition 4.4 [10] Let ;=L ® - ® L;—1 ® Liy1 @ -+ - @ L, and define
X; = Xgq,. Then X; = @#i G, T

PROOF It is not hard to see from the definition that ¢.; € X; for all j # i so
that ¢, 7" C X; for j # i as X; is a right ideal of T'. Using the modular law
on the direct sum in Proposition 4.2, we have X; = P, _; ¢., T D(X; N ¢, T).
Now ¢t € X; N, T implies that (¢e,t)-p = (t-p)e; € Pe; N = (0) by the
definition of X;. Thus (¢.,t) - p = 0 for all p € P, hence ¢.,t = 0. It follows

Proposition 4.5 [10] If X is a maximal right ideal of 7" then for some i, 1 <
1 < n, either ¢, X = ¢, T NX or ¢, X = ¢, T.

ProOF If ¢, T C X for each j = 1,...,n, then X =T. Hence there exists
v such that ¢, 7" € X and, as X is a maximal right ideal of 7', we have
T =¢,T+X. Let Y :={t € T| ¢t € X}. Then Y is a right ideal of
T and for j # i we have ¢.;, € Y. Let X; be the right ideal of T" defined in
Proposition 4.4. Then X; C Y. It is readily shown that ¢.,7'NY = ¢, T'NX
and, using the modular law on T'= ¢, T & X;, that Y = (¢, TNY) & X, =
(e, TNX)DX;. As X is a maximal right ideal of T', T'/ X is a right T-group

of type-0 and so, from the right T-isomorphism

T/X = (¢, T+ X)X = 6o, T/(de, T N X),
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Ge; T/ (P, TNX) is aright T-group of type-0. As ¢e, X/(pe, TN X) is a normal
right T-subgroup of ¢.,T/(¢., T N X) we have either ¢., X = ¢, T N X or

¢eiX = ¢eiT- |

If Y is the right ideal of T" defined in the above proof, then it can be shown
that Y is a maximal right ideal of T" so that T'/Y is a right T-group of type-0.

Furthermore, as T is finite, T'/Y is a right T-group of type-2.

4.2 Similarities between T and M,,(R)

Let R be a d.g. near-ring with identity. Multiplication of the endomorphisms

¢e, in T' is similar to multiplication of the matrices ff; in M,(R) [19], since

in T we have

¢o fiFy
¢6i¢€j - )
¢ei if 1=
whilst in M, (R)
o eb w o ifj#£k
ijfkl = .
ﬁb if j=*k

Furthermore, the identity of T is ¢¢, + ¢e, + -+ + ¢¢, and in M, (R) the
identity is fi; + fa, + -+ + fL.. In this section we seek to find additional
similarities in the structures of 7" and M,,(R). At the same time, we obtain
another example of a near-ring in which d.g. right R-groups naturally occur.

Recall the alternative notation [r;4, j] for f7..

Lemma 4.6 Let R be a d.g. near-ring with identity. For ¢« = 1,...,n,
L M,,(R) is a faithful d.g. right M, (R)-subgroup of M, (R) and a right ideal

113

of M, (R).
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PRrROOF Each f}; is a distributive element of M, (R) so it follows from Propo-
sition 2.10 that each f}: M, (R) is a d.g. right M, (R)-group with distributive
basis {fifs |s€Sand1<k<n}={f5]|s€Sand1<k<n} Wefirst
show that f{; M,,(R) is normal in M,(R). Let U,V € M,,(R), then

U+ fhV+U

=-(fhtfut - +L)UF AV L+ o+ + LU

= —fanU = = fU = fLU+ LV + fLU + fuU + -+ fo U

=—fLlU— - — LU+ fL(U+V +U)+ fU+---+ fLU
(by Lemma 2.9, since f,is distributive)

= —foU— — fU+ LW + f,U + - + fL.U, ()

where W = U+ V + U € M, (R). Write W = X seji[sjr; J, k] and U =

Y p.q€pqlSpgs D5 ) Where 55,57, € S and €, €y € {—1,1}. Then

—[U + fLW + f,U

= —fglgzp,quq[S;q;p, ql + flllzj,kejk (5515 3, k] + f%zzp,qepq[séq?p» q]

= —Ypaepafnlsng s al + Sjnesnfir[sin; J, k] + Spgpg farlspq: 0: d]

= —X,€[8h,;2, 7] + Xien[su; 1, 1] + Xrea[sh,; 2, 7]
(where if g € {1,...,g} and k € {1,...,h}, thenr € Q@ C {1,...,¢} and
l e L C{l,...,h}; some of the terms in the sums may be 0, hence the
subsets () and L)

= —Y,e.[8h,:2, 7] + Brea[sh; 2, 7] + Tien[su; 1, 1]
(using the result that [w;u,v] + [z;2,y] = [2; 2, y] + [w; u,v] for u # z)

= Yeulsu; 1,1

= Sjxeinfirls;e; ;K]

= fhiZik€inlsin: J; K]

= f111W
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From equation (%) we have

—U+f111V+U=—fénU—---—f§3U+f111W+f§3U+---+f$nU,

and after repeating the above argument, we see that

—U+ fLV+U = LW € fiM,(R).

Thus f};M,(R) is normal in M, (R). Similarly, we can write

U+ fpV AU =~ fr U=+ = foU = fU+ foV A LU+ fU -+ £, U,

and if V' = X, seqqsly; ¢, d] where €,g = £1, s, € S and d € {1,...,t}, then

—fiU+ [V + flU

= _f1112p,q€pq [Sg/oq;pﬂ ql + fQIQEC,dGCd[S/c,d; ¢, d] + f1112p7q6pq [S;)q;p7 q]

= —Xa€14[814; 1, a] + Bpean[shy; 2, 0] + Xa€1a[s1,; 1, al,
(wherea € ACH{l,...,gtand be B C{1,...,t})

= —u€1a[1a; 1, a] + Xa€1a]51,; 1, a] + Lpeap[shy; 2, b

= Ypeap[shy; 2, b

= Zc,decdf212 [Slc,d; C, d]

= f212207d60d[8,c/d; ¢, d]

= f 212 V. (#)
Therefore

U+ fpV+U
= S == U TRV 4 RU e AU
= —faU = = [U + fu.W A+ fU + - + fu,.U,
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giving a situation similar to that in equation (). Proceeding in an analogous
way we have f3,M,,(R) is normal in M, (R). For i = 3,...,n, after repeating

the arguments used for equation (¥%), we have

U+ fiV+U

:—f%nU_'“_ z’liU_"'_f111U+ iliv+f111U+"'+ iliU+"'+f11nU
= —fﬁmU - f(1¢+1)(7;+1)U - lezU + iliv + iliU + f(1¢+1)(7;+1)U +oe Tt fgmU
= —fanU = = iU T LW + flpanU + -+ fan,

which is of a similar form to equation (). Hence we can show that fiM,,(R)
is normal in M,(R) for i = 3,...,n. Finally, we show that each fiM,,(R)
is faithful. Suppose there exists U € M, (R) such that f}M,(R)U = 0.
Then, in particular, for j = 1,...,n we have fif.U =0, so that fLU = 0.
Hence fLU = (ff;)U = fi;(f5U) =0and U = (ff, + foo +--- + [, )U =
f111U+f212U+""|’fﬁnU:0' u

Next we show how M, (R) can be decomposed into a direct sum of normal
d.g. right M, (R)-groups. This decomposition resembles that of the near-ring

T in Proposition 4.2.

Proposition 4.7 Let R be a d.g. near-ring with identity. The matrix near-
ring M,,(R) can be expressed as a direct sum of normal d.g. right M, (R)-
groups, specifically,

Mn<R) = @ zlz Mn(R)

PROOF If U € M,(R), then U = (f{; + fay + -+ fr)U = fLU + fl,U +
o4 fL U, so that M, (R) = f}; Ml,(R) + fiy M,(R)+- - -+ fL M, (R). Next,
let © € fiM,(R) N Y;xf;; My(R). Then z = fiV for some V € My (R)
and fir = fL(

2V) = fiV = 2. We can also write z = ;4 f};,U; for some
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U; € Myn(R), which gives = = fiz = fi(3;4f;U;) = Sz fif;U;) = 0.

i i

Thus M,,(R) = f}; M,,(R) @ foy M, (R) @ --- @ f,,, M(R). u

4.3 T and generalized matrix near-rings

In this section we relate the near-ring 7" with a generalized matrix near-ring

[24].

Let G be a finite group and A a group of automorphisms of G. Consider
N = M4(G), the centralizer near-ring determined by A and G, where N =
{f € My(G) | flag) = af(g) for all « € A and g € G}. Let R denote the
right near-ring of N, i.e., the d.g. near-ring generated by the set {p, | « € N},
where each p, is an endomorphism of N defined by p,(n) = na for all n € N.
It is shown [24] that R is isomorphic to the generalized matrix near-ring
Matg(S; G), where k is the number of non-zero A-orbits of G, and S is the

subnear-ring of My(G) generated by A.

Now consider the case where G is a finite non-abelian simple group and A =
{1}, the identity automorphism of G. It is easily seen that N = My(G). Asin
Section 4.1, let R be the d.g. near-ring generated by the inner automorphisms
of G and T the d.g. near-ring generated by the endomorphisms ¢, of R. It is
shown (2.4 in [5]) that if f is a mapping from G into itself such that f(0) =0,
then f € R, hence R = My(G) and we have R = N. Clearly the actions of ¢,
from T and p, from R are identical, and so T'= R. With the specific choice
of A= {1}, we see that k = |G| — 1, and conclude that T" = Mat;|-1(S; G).



Chapter 5

The right socle-ideal

5.1 Construction of the right socle-ideal

The (left) socle-ideal of R, Soi(R), was constructed by Hartney [8] and is an
antiradical in the sense that it annihilates J;/2(R). We follow these results
and adapt them to right representation in order to form the analogous right

socle-ideal. In this chapter all near-rings are assumed to have identity.

Definition 5.1 Let R be a d.g. near-ring with identity. Let the symbol F
denote the collection of all ideals A of R which are of the form A = @, ; e; R

such that
(i) each e; is a distributive element of R
(ii) each e;R is a right R-group of type-0 and a right ideal of R

(iii) ef =e¢; for alli € I and e;e; = 0 if i < j for some total ordering on I.

77
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In this case we say that ,_; e;R is an F-decomposition of A.

Lemma 5.2 Let R be a d.g. near-ring with identity. Let A, B € F and
suppose that A = ®;cre; R and B = ®per frR are F-decompositions of A
and B respectively. If A C B, then there exists an index set 7' such that

I CT and B = @yt ;R is an F-decomposition for B.

PrOOF Using Lemma 2.25, we can write B = A® (e’ frR) = (Bicr e;R) D
(Brer fxR) for some K’ C K, where, without loss of generality, we assume
that I and K’ are disjoint. Consequently, (fxR)A C frRN A = (0) and so
fre; = 0 for all k € K’ and i € I. Therefore the e; and the f; are distinct.
Put T = I U K’ and order T as follows: The orderings on I and K’ are as in
the above F-decompositions for A and B, and k < i for all k € K’ and i € I.
It is now clear that B = @1 e, R is an F-decomposition for B with e, = f,

for all t € K'. -

Theorem 5.3 Let R be a d.g. near-ring with identity.

(i) If A,B€F, then A+ B e F.

(ii) If F is not empty, then there exists a unique maximal element in F.

PROOF (i) Suppose A = @iere;Rand B = e firR are F-decompositions
of A and B respectively. For each k € K, AN fyR = (0) or ftR C A
since fyR is a right R-group of type-0. By dropping those f,R C A, if
any, we may write A+ B = (®ere;R) + (Brer frR) = A+ X, where
K' C K and X = @i frR is a right ideal of R. Using the fact that
AN fiR = (0) for k € K', it is straightforward to show that ANX = (0)
sothat A+ B = A®X. Nowforalli € I,k € K', fre; € XAC XNA=



CHAPTER 5. THE RIGHT SOCLE-IDEAL 79

(0), and so by extending the orderings of [ and K’ to UK’ (with k < ¢
forie I,k € K') we have A+ B € F.

(ii) Partially order F by A < B if and only if A C B. Consider a chain of
ideals A1 < Ay < ... < Ay < ...in F. We first prove that A = U A,
is an element of 7. By Lemma 5.2, we have a chain of ordered sets
L CclbC...CIy C...with Ay = ®;c1, ;R an F-decomposition for
A,. Furthermore, for each r and s, r < s, the ordering in [, induces
that in I in the sense that for j € I\, k € I., j < k. These
orderings induce an ordering in I = U,[l,. Thus A = ®perepR is an F-
decomposition for A and hence A is an upper bound for the chain. By
Zorn’s Lemma, F has a maximal element, M, say. If B € F, then by
(i), B+ M € F. Consequently, B < M and M is the unique maximal

element of F. -

Definition 5.4 Let R be a d.g. near-ring with identity. The unique maximal
element of Theorem 5.3 is called the right socle-ideal of R, and we denote

it by "Soi(R). If F is empty, then we define "Soi(R) to be the zero ideal.

By Propositions 2.10 and 2.13 we see that "Soi(R) is a d.g. right R-subgroup

of RT, which gives us another natural example of a d.g. right R-group.

Note that if "Soi(R) = @®cre; R is an F-decomposition of "Soi(R), then
(e; : 0) is a maximal right ideal of R for each i € I. Hence, as R has identity,

rc]l/g(R) Q mi€[<€i : O)

Lemma 5.5 Let R be a d.g. near-ring with identity. Then

"Tua(R) N " Soi(R) = (0).
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In particular, if "Soi(R) = R then "J;,5(R) = (0).

ProoF If z € "Jyo(R) N "Soi(R) C Nicr(e; : 0) N (Diere;R), then z =
€iTiy + €iyTiy + -+ €, 75, 1; € I, where we assume that ¢y <1 < ... < 1.
As e;, is distributive, e;,x = e;,7;,, and since x € (e;, : 0), we have e;r;, = 0.

Thus = e;,1;, +--- + ¢€;, 1, . Repeating this argument, we obtain z =0. nm

The above lemma implies that "J;o(R) "Soi(R) C "Jy/2(R)N "Soi(R) = (0)
and so also "Jy(R) "Soi(R) = (0). Thus "Soi(R) is antiradical in the sense
that it annihilates at least one of the radicals of R. Furthermore, if R satisfies

the DCCLS then by Theorem 3.23

Jo(R) 7"SOZ(}%)

C Jia(R) "Soi(R)
C Jy(R) "Soi(R)
— "Jo(R) "Soi(R)
C "Ji2(R) "Soi(R)

= (0),

and in this case "Soi(R) is a right annihilator of both left and right radicals.

One-sided orthogonality can be replaced by the more familiar two-sided or-
thogonality if the index set is finite with the natural ordering, as the following

theorem shows.

Theorem 5.6 Let R be a d.g. near-ring with identity. If "Soi(R) has an
F-decomposition which is a finite sum "Soi(R) = ®F_, e;R, then "Soi(R) =

@k, fiR where fiR = e;R, f?= fiand fif; =0if i #jfori,j=1,...,k.
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PROOF Let e :=e; + -+ - + e. We first show that "Soi(R) = e("Soi(R)). If
exr € exR then er = (eg + -+ + eg)exr, since e;e, = 0 for 1 < i < k and

ez = e;,. Consequently, e, R C e("Soi(R)). Similarly, if r € R then

€1 = (61 + -+ 6]@)6]6,17“ — erCr_1T
= e(ex_1T) — epep_1r

€ e("Soi(R))

since e(ex_17) € e("S0i(R)) and exer_17 € e R C e("S0i(R)). Thus ex_1 R C
e("Soi(R)) and by repeating this argument we obtain "Soi(R) = &% e;R C
e("Soi(R)). Ase("Soi(R)) C "Soi(R), we have "Soi(R) = e("Soi(R)). Next
we show that the mapping ¢ : "Soi(R) — e("Soi(R)) given by ¢(r) = er
for all » € "Soi(R) is a right R-automorphism. Using the fact that e is
distributive by Lemma 2.14, we can show that ¢ is a right R-epimorphism.

If ¥(r) =0, where r = eyry + - - - + egry, then

0 = ¥(r)
= er
= (e1+---+ep)(err+ -+ exry)
= e(er+---+epry)+ - Hepleri + - +erri)
= (e1ry) + (exe1m1 + €ar9) + -+ + (eg_1e171 + - + €x_17%_1)

+(€k617“1 + -+ ekrk),

since e;e; = 0 for ¢ < j. Now each e;e;r; € ;R so that e;ry is the only term
on the right hand side which is in e; R, so e;r; = 0. Hence also e;eqr; =

0 for i = 2,... k. Thus we have

0 = (eara)+(esearatesrs)+- - -+(ex_1€arat- - ~+ep_17p—1)+(ereara+- - -+exry).
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Similarly, esry = 0. Repeating this argument, we deduce that » = 0 and ¢ is
one-to-one. Now e € "Soi(R) = e("Soi(R)) and so there exists f € "Soi(R)
such that ¥ (f) = e. To show that f is a distributive element of R, let a,b € R.

Then

O(fla+b) = ((f))(a+D)
= e(a+b)
— eateb
= (@(f)a+ (@)D
= Y(fa+ fb),

which gives f(a+b) = fa+ fbfor all a,b € R because 9 is one-to-one. Write
f = fi+ -+ [fr where f; € ¢;R. By Lemma 2.14, each f; is distributive. Next,
if z € "Soi(R) then ¢(z) = ex = (Y(f))z = ¢(fx), giving z = fz € fR.
Since also fR C "Soi(R), we have fR = "Soi(R). It is readily shown that
fR =®F | fiR and that f;R = ¢;R for each i. Finally, since fx = z for all
r € "Soi(R), we have ff; = f; for each 4, therefore (fi+ fo+- -+ fi)fi = fi.
This gives f? = f; and f;f; = 0 if j # i, by the uniqueness of the expression

of an element in a direct sum. u

Corollary 5.7 Let R be a d.g. near-ring with identity. If R satisfies the
k

DCCR then "Soi(R) has an F-decomposition "Soi(R) = @ fiR, where
i=1

{f:}%_, is an orthogonal idempotent set.

The next result shows that if R satisfies the DCCR then "Soi(R) is a direct

summand of R.

Theorem 5.8 Let R be a d.g. near-ring with identity. If R satisfies the

DCCR then R = "Soi(R)® X, where "Soi(R) has F-decomposition "Soi(R) =
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®F_, e;R as in Corollary 5.7 and X := N¥_ (e; : 0) is a right ideal of R and a

d.g. right R-subgroup of R™.

PrROOF Writer € Rasr = (e;r+---+egr)+ (—epr —--- —eyr+r). Clearly
err+- - -+epr € "Soi(R). Using Lemma 2.9 we obtain e;(—egr—- - -—eyr+r) =
—e;r + e;r = 0 for each ¢, giving —egr — --- — eyr +1r € X. Therefore

R = "Soi(R)+ X. If x € "Soi(R) N X then x = e;ry + -+ + exry, and
x € (e;:0)fori=1,... k. Soforeachi, 0 =ex=e;(eyri+---+erry) = ey,
giving x = 0. Hence

R = "Soi(R) & X.

As an intersection of annihilating right ideals, X is a right ideal of R. To show
that it is also a d.g. right R-group, write 1 as 1 = p 4+ z where p € "Soi(R)
and r € X. By Lemma 2.14, p and z are both distributive elements as 1
is. We will show that X = xR and then apply Proposition 2.10. As X
is a right ideal of R and x € X, we have tR C X. Let y € X. Then
y=1y= (p+z)y=py+zyand soy—zy =py € XN "Soi(R) = (0). Hence

y=uzy € xR and X = zR. n

In Lemma 5.5 it was seen that "Jio(R) N "Soi(R) = (0). The following
theorem shows in the case of the DCCR that "Soi(R) is the largest ideal of

R having zero intersection with "J;/5(R). The corresponding result holds in

the case of DCCL for the left socle-ideal [9].

Theorem 5.9 Let R be ad.g. near-ring with identity that satisfies the DCCR
and let A be an ideal of R. Then AN "Jy/5(R) = (0) if and only if A C
"Soi(R).

PrOOF Firstly, if A is an ideal of R such that A C "Soi(R), then A N
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"Jij2(R) = (0) since "Soi(R) N "Ji/2(R) = (0) by Lemma 5.5. Conversely,
put J = "Ji2(R) and suppose that AN J = (0). We show that A has an
F-decomposition. Firstly, since R satisfies the DCCR, by Theorem 3.14(i)

we can write

R/J=(X1/J)® (Xy/J) D - B (X,/J]),

where the X;/J are right R-groups of type-0 and the X; are right ideals of R.
Since (A® J)/J is a normal right R-subgroup of R/J, it is a direct summand

by Lemma 2.25. So, re-indexing if necessary,
R/J=[AaJ)/J] & (Xy/J)® - & (X,/J]).

Let 1+ J=(a+J)+(ex+J)+ -+ (e, + J) where a € A and e; € X for
i=k,...,n. Thenforany b€ A, b+J = (1+J)b= (ab+exb+---+e,b)+J.
We have

(—ab+b) +J = (exb+ -+ +exb) +J € [(ADJ)/JIND (X;/T) =0+,
=k
so that (—ab+b) € JN A = (0). Hence b = ab for all b € A and a
acts as a left identity of A. Next, by the direct sum decomposition, for
i=k,...,n, [(A® J)/J|N(X;/J) = J, which gives (A® J)NX; = J. Then
X, ACX,NACJINA=(0). Soif 1+J = (f1+---+ fn) +J where f; € X,

then for any a’ € A we have

ad+J = (fid+ -+ fod)+J

= (fid +-+ frad) + J,

since fia' € X;A = (0) for i = k,...,n. Thus —(fid' + -+ + fr_1d') +d €
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JNA=(0), giving for all a’ € A
a=fid + -+ frd € XiNA)& - (X1 NA).
Since also
AD(XiNA) & & (Xpm1 NA),

we have

A=(X1NA)d - & (X1 NA).

We show that this is an F-decomposition of A. Let the decomposition of the

left identity a of Abea=a;+ - -+ ar_1, a; € X; N A. Then

a;, = aa;
= (a1 4+ +ap1)a

= alai+"'+a?+"'+ak_1ai.

Therefore
—a?+a; = aa;+- -+ 10+ a0, + 0+ ag1a
k—1
€ (XinA)N) (X;NA) = (0).
7

Hence a; =a? fori=1,...,k—1and a;a; =0 fori # j, i,j=1,...,k — 1.
Next for e = 1,...,k — 1, a;R is contained in the right ideal X; N A, and if

r € X;NA, then

r = ar
= (a1 +-4a+-+a_1)z
= mx+- -+t apr

€ (X1NA)d---d(XiNA)D---d(Xpg1NA).
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So by uniqueness of expression in the direct sum, we have a;x = 0 for j # i
and x = aq;x € a;R. Thus X; N A = q;R. In order to show that each a;
is distributive, we show that a is distributive and then invoke Lemma 2.14.
The identity 1 + J = (a + J) + (ex, + J) + - -+ + (e, + J) is distributive in
R/J so, using Lemma 2.14, a + J in particular is distributive. Hence for all
z,y€R, (a+ N+ +w+ ] =(a+J)(z+J)+ (a+ J)(y+J). That
is, a(z +vy)+J = (ax+ay) + J, and so —(ax +ay) +a(x+y) € JNA = (0).
We have a(z + y) = ax + ay for all z,y € R. Finally, if X; N A # (0), then
(X;NA)+J is a normal right R-subgroup of X; properly containing J. Since

X;/J is right type-0, this implies that

Xi/J = [(X; N A) + J]/J = (X, nA) /(XN A)NJ] 2 X, N A,

giving X; N A = ;R is a right R-group of type-0. Thus A has an F-

decomposition, and by the maximality of "Soi(R), we have A C "Soi(R). m

Corollary 5.10 Let R be a finite d.g. near-ring with identity and A be an
ideal of R. Then A C "Soi(R) if and only if AN J2(R) = (0).

The following result is an immediate consequence of Lemma 5.5 and Theo-

rem 5.9.

Corollary 5.11 Let R be a d.g. near-ring with identity that satisfies the
DCCR. Then "Soi(R) = R if and only if "J;5(R) = (0).
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5.2 The relationship between the left and right

socle-ideals

As for the left and right radicals, we seek to find a relationship between the

left and right socle-ideals.

Definition 5.12 [8] Let R be a zero-symmetric near-ring. The (left) socle-
ideal, Soi(R), is the maximal ideal of R of the form ,_; Re; such that

(i) each Re; is an R-group of type-0 and a left ideal of R
(ii) e?=¢; foralli e I and e;e; = 0 if i > j for some ordering on I.
The following results concerning the left socle-ideal are needed.

Theorem 5.13 [9] Let R be a zero-symmetric near-ring with DCCL and let
A be an ideal of R. Then AN Jy/2(R) = (0) if and only if A C Soi(R).

Corollary 5.14 Let R be a zero-symmetric near-ring that satisfies the DCCL.
Then Soi(R) = R if and only if J;2(R) = (0).

We can now explore the relationships that exist between the left and the right

socle-ideals in near-rings with suitable chain conditions.

Proposition 5.15 Let R be a d.g. near-ring with identity that satisfies the
DCCLS. Then "Soi(R) C Soi(R).

PrOOF By Lemma 5.5, "Ji2(R) N "Soi(R) = (0) and since Jy/5(R) C
"Jij2(R) for the DCCLS case, we have J;/5(R) N "Soi(R) = (0). Using
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Theorem 5.13, "Soi(R) C Soi(R). n

We shall show by means of examples in the following section that either
equality or strict containment can occur. A necessary and sufficient condition
for the left and right socle-ideals to coincide in a finite near-ring is given in

the next proposition.

Proposition 5.16 Let R be a finite d.g. near-ring with identity. Then
Soi(R) = "Soi(R) if and only if Jo(R) N Soi(R) = (0).

PRrROOF If Soi(R) = "Soi(R) then it is immediate from Lemma 5.5 and The-
orem 3.29 that Jy(R) N Soi(R) = (0). For the converse, using Theorem 3.29
gives "Jy2(R) N Soi(R) = (0). From Theorem 5.9 and Proposition 5.15 we
conclude that Soi(R) = "Soi(R). n

The following result gives equivalent conditions for Jo(R) N Soi(R) = (0).
Hence in the finite case, any of these conditions is necessary and sufficient for

the left and right socle-ideals to coincide.

Proposition 5.17 Let R be a d.g. near-ring with identity and let R satisfy
the DCCL. Write R = Soi(R) ® L, where Soi(R) = @Y | Re; and L =

NE_,(0: ¢;). The following are equivalent:
(i) J2(R) N Soi(R) = (0)
(i) Jo(R)C L
(iii) Re; is a left R-group of type-2 for i =1,... k.

PrROOF We first prove that (i) is equivalent to (ii).
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= If ,(R)N Soi(R) = (0), then Jo(R)Soi(R) = (0). So for all » € Jo(R)
and i = 1,...,k, we have re; = 0. Hence Jo(R) C NY_(0:¢;) = L.

< If b(R) C L, then, as LN Soi(R) = (0), it follows that Jo(R)NSoi(R) =
(0).

Next, we prove that (ii) and (iii) are equivalent.

= Assume that Jy(R) C L. As R satisfies the DCCL, we can write [13]
R:=R/JL(R)=A & - ®A,,

where each A; is a left R-submodule of R of type-2. Now Jy(R) C L C
(0:¢) fori=1,...,k, so define Y; := (0 : ¢;)/Jo(R). As Y; is a normal left

R-subgroup of R, it follows by Lemma 2.3 in [7] that

R:@AP@YQ for some P C {1,...,n}.
peEP
Then R/Y; = ®D,cpr Ay and we also have R/Y; =2 R/(0 : e;) & Re;. Hence
Re; = EBPGP A,, but as Re; is of type-0, P must be a singleton and so
Re; = A,. Therefore Re; is a left R-group of type-2.
« If each Re; is of type-2, then Jo(R) C NF_,(0 : Re;). As R has identity,

it is easily seen that (0 : Re;) C (0 : ¢;) for each i, which gives Jo(R) C L. m

5.3 Examples

We complete this chapter by considering examples to demonstrate the various

relationships that exist between the left and right socle-ideals.

In view of Theorem 5.13 and Proposition 5.16, any finite d.g. near-ring with
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Ji/2(R) = Jo(R) has equal left and right socle-ideals. The following example

from [1] gives us an instance of such a near-ring.

Example 5.18 Consider the finite d.g. near-ring R given in Example 3.7,
page 32. It is seen from the multiplication table that the set of idempotents
of R is {ng, n1,ne, n3, n7, ng, ng, N1, N11, 15}, and of these elements, ng, nq,
ng, Ng, Ng and ny; are distributive. We see that ng is the only distributive
idempotent which generates a right ideal that is also a right R-group of type-
0, and as ngR = {ng,ng} is in fact a two-sided ideal of R, we conclude that
"Soi(R) = ngR. Similarly, when considering left R-groups, ng is the only
idempotent of R that generates a left ideal that is a left R-group of type-
0, and so Soi(R) = Rng = {ng,ns}. Therefore "Soi(R) = Soi(R), which
illustrates Proposition 5.16 as Jo(R) = {ng, ns}, so that Jy(R) N Soi(R) =
(ng). Furthermore, the right ideal X defined in Theorem 5.8 is equal to the
annihilating right ideal of ng which, using the multiplication table of R, is the

ideal {ng, n1, ng, n3, ny, ns, ne, n7}. This gives the direct sum decomposition

R = {no,ns} ® {no, n1, na, n3, n4, n5, ng, n7}.

Example 5.19 Let R be the d.g. near-ring generated by the endomorphisms
of S, the symmetric group of degree n, for n > 5. The left and right radicals
of R were discussed in Example 3.34, page 52, now we determine the left
and right socle-ideals of R. Firstly, by Lemma 5.5, Soi(R) is an ideal of R
having zero intersection with J; »(R) and it was shown in Example 3.34 that
Ji/2(R) = N. Using the list of ideals of R in Example 3.34 (vi) and (vii), we
conclude that Soi(R) = (0). Moreover, "Soi(R) C Soi(R) as R is finite, so

"Soi(R) = Soi(R) = (0).
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Our next example illustrates that the left and right socle-ideals can be dis-

tinct.

Example 5.20 Let R be the right d.g. near-ring in Example 3.35, page 54.
We have (0) = Jo(R) = Jij2(R) C Jo(R) and by Corollary 5.14 we con-
clude that Soi(R) = R. Hence J3(R) N Soi(R) = Jo(R) # (0) and using

Proposition 5.16, it follows that

"Soi(R) € Soi(R).

We conclude by considering the left and right socle-ideals of the near-rings R

and T discussed in Chapter 4. We will need the following lemma.

Lemma 5.21 For any d.g. near-ring R with identity that satisfies the DCCL,
Jo(R) N Soi(R) = Jo(R)Soi(R).

PrOOF Certainly Jo(R)Soi(R) C Jo(R) N Soi(R) as Jo(R) and Soi(R) are
ideals of R. If z € J5(R)NSoi(R), and Soi( R) has F-decomposition Soi(R) =
@le Rf;, we can write x = ri fi +rofo+ -+ 1 fi. Fori=1,... k, by the
orthogonal idempotence of the f;, we have xf; = (ri fi+rafo+-+rifi) fi =
rifi. Thus 2 = afy +afo+ -+ afy =a(fi+ fo+ -+ fu) € Jo(R)Soi(R),

where the left distributive law is valid over a direct sum of left ideals. u

Example 5.22 Let P and T be the d.g. near-rings from Chapter 4. Firstly,
as Ji/2(P) = "Ji/2(P) = (0), we conclude that "Soi(P) = Soi(P) = P.

To study the relationships between the socle-ideals in the near-ring T, we will
use a result from [16]. The critical ideal is defined in [16] specifically for d.g.

near-rings with identity satisfying the DCCL. This ideal coincides with the left
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socle-ideal [8]. Theorem 2 in [16] shows that if R is left O-semisimple then the
critical ideal is not zero. That is, in d.g. near-rings with identity and DCCL,
Jo(R) = (0) implies that Soi(R) # (0). As T is finite and Jo(7T) = (0),
so Soi(T) # (0). We will show that "Soi(T) C Soi(T) by proving that
Jo(T)NSoi(T) # (0) and then applying Proposition 5.16. Firstly, both J5(7")
and Soi(T) are non-zero ideals of 7', therefore using Proposition 4.3(iii) we

have

Soi(T)-1=P and Jo(T)-P =P,

Next, using Lemma 5.21,

(Jo(T) N Soi(T)) -1 = (Jo(T)Soi(T)) - 1
= J(T) - (Soi(T) - 1)
= L(T)-P
= P

That is, (Jo(T) N Soi(T)) -1 # (0), and again by Proposition 4.3(iii) we
conclude that Jo(T') N Soi(T') # (0).



Chapter 6

Conclusion

The work in [10], [21] and [23] has been extended to develop a right represen-
tation theory for right d.g. near-rings. Right radicals and a right antiradical
are defined using the corresponding definitions from left representation as a
guide. The properties of these right structures are investigated, and particu-
lar significance is placed on examining how the left and right structures are
connected. It was shown for d.g. near-rings R with identity and satisfying
the DCCLS that Jy(R) = "Jo(R), with the stronger result Jo(R) = "Jo(R)
holding in the finite case. Further investigation along these lines is still re-
quired. If a descending chain of right ideals or of right R-subgroups of R™
is imposed on the d.g. near-ring R, then does the same relationship hold
between Jy(R) and "Jy(R) as in d.g. near-rings with the DCCLS? An exam-
ple of an infinite d.g. near-ring R without the DCCLS was given in which
Jo(R) = "Jo(R) = "Jys2(R), but it is not known whether it is possible for
the right radicals to exist independently of J5(R) in general infinite d.g. near-
rings, or whether the right radicals always coincide with each other. Particu-

lar d.g. near-rings without an identity are given in Examples 3.2 and 3.36 for

93
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which the right radicals coincide with each other and with the left 2-radical,
but what can be said about the relationships in general d.g. near-rings with-
out identity? A related question is whether or not "Jy(R) is the smallest
two-sided ideal of R containing "J;/2(R). For left representation, Hartney [7]
proved that in zero-symmetric near-rings R with DCCL, J(R) is the smallest
two-sided ideal of R that contains .J;5(R). Is there a distinct right radical

that corresponds to Js(R)?

As mentioned before, whether or not the right radicals are Kurosh-Amitsur
radicals cannot yet be determined. In order to determine whether the right
radicals satisfy the idempotent property "J,(R) = "J,("J,(R)) for v =
0, %, 2, it is sufficient to prove the hereditary property "J,(I) = IN"J,(R) for
I an ideal of R. However, it will first be necessary to define these right radicals
for near-rings that are not distributively generated. Containment was proved
for the particular case of distributive ideals in this thesis, and equality was
shown possible by example. If the right radicals can be defined for non-d.g.
near-rings then, even if the right radicals do not prove to be Kurosh-Amitsur,
it may be worthwhile investigating other properties of the right radicals. For

example, is the completeness property satisfied, i.e., if "J,(I) = I for an ideal

I of R, then does it follow that I C "J,(R)?

A concept of right quasi-regularity was defined in Chapter 2, and in the case
of right d.g. near-rings with identity and DCCLS, J;(R) was shown to be
the largest right quasi-regular ideal of R. However, J;(R) is not necessarily
left quasi-regular, thus showing that left quasi-regularity and right quasi-
regularity are distinct in the case of non-rings. For the case of DCCLS, every
left quasi-regular left R-subgroup of R is right quasi-regular, but whether or

not this is true in general is not known. The concept of right quasi-regularity
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might be useful for further investigation into the relationships between the left
and right radicals. For example, can it be proved that "J;(R) is right quasi-
regular for general d.g. near-rings R? If so, this will imply that "Jy(R) =
"Jo(R) by Corollary 3.41. Likewise, if it can be proved that J(R) is right
quasi-regular for arbitrary d.g. near-rings R, then it will follow that J5(R) C
"Jo(R).

No attempt was made to develop a right representation theory for the Meldrum-
van der Walt matrix near-ring M, (R). It would be interesting to find if there
are any connections that exist between the right structures of R and M, (R).
For instance, consider that R* is both a left R-group and a d.g. right R-group
for any d.g. near-ring R. As R" is a left M, (R)-group we might expect that it
is also a d.g. right M,,(R)-group. To explore this possibility, we need to define
a map R" x M,,(R) — R™. Now the additive group of M, (R) is generated
by the f%, where s € 5, so as a first attempt we might consider the action of

the f;; on the set of n-tuples S™ as

S

(81,5 8n) [ = (0,...,0,8;5,0,...,0), with s;s in the i-th position.

However, with this definition the multiplication identity

. it g =k
ijfkl =
q ik
is not satisfied, as instead we have
o fig iti=1
fijfkl = ’ .
f,gj ifi#1

To avoid this contradiction, one might instead define the action of f% on 5"
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by

(81, s 8a) fi = (0,...,0,5;5,0,...,0), with s;s in the j-th position.
Using this definition, the multiplication identity is satisfied, but the addition
identity f7: + fi, = fi; + fiy for i # k is not. It is therefore not clear how to
define the action of M, (R) on the right of elements of R". However, if a right
representation theory for M, (R) can be developed, it might be interesting to
investigate the connections between "J,(R)*, "J,(R)" and "J,(M,(R)) for

v=20,2.

Finally, turning to the relationship between the left and right antiradicals, it
was shown that "Soi(R) C Soi(R) for right d.g. near-rings R with identity
and satisfying the DCCLS, and examples were given in order to illustrate
that it is possible for equality or proper containment to occur in the finite
case. The relationship in general d.g. near-rings with identity has however

not been established.
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