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ABSTRACT

This dissertation studies the problem of generating ant' enumerating
all topological sorting arrangements of a partially ordered finite

set#

Three algorithms that generate topological sortings are analysed and
compared. An algorithm for enumerating topological sortings is dis-
cussed, and methods for enumerating the topological sortings of some

special types of partially ordered sets are presented.

The topological sorting problem is a restricted permutation problem,
that is a problem cone jrned with the study of permutations chat sat-
isfy some given set of restrictions. Two other restricted permuta-
tion problems are permutations with prescribed wup-down sequences,
and permutations with a given number of runs. Both these problems

are shown to be reducible to topological sorting.
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CHAPTER 1 - 3ASIC Cri.CKPTS
1. 1 Prel imin.i'-las

Let S be a set, then any subset R of S x S 1is called a binary
relation on S. If the pair (x.y) < R we write xRy, and if (x.y) ~ R
we write xjty. If xRy and yRx in; "y x - y for all x.y in then P is
called a precedence relation and is said to be ajaLisynuetri_ce If xRy
and yRz imply xRz for all x,y,z in S, R is said to be transitive; if
xRx for all x in S, then Ris said to be reflexive and if xfex for
all x inS, then R is said to be irte flexi.-e. If S - {Xj,x.,,... ,xn>,
then the relation R can be represented by the n x n matrix H where
1~ - 1if x*RXj and 1t - 0 otherwise. M is called the adjacency

matrix of R

A partially ordered set or posut (S,R) is a set together with a bi-
nary relation R which is antisymmetric, transitive and reflexive. R
is railed a partial ordering on S, and x is said to precede y (in
the partial ordering) if xRy. If S is finite and non-empty, (and we
shall always assume so), the poset (S,R) can be represented pictori-
ally by a Basse diagram in which each element of S is represented by
a node, and there is a falling line joining x to y if and only if
xRy and there is no z such that xRz and zRy, for all x,y,z in S. For
example Figure 1.1 shows the Basse diagram of the poset (S,R) where

S - (1,2,3,4,6,12) and xRy if x divides y.

12

Flcure 1.1 A Basse diagram of a poset



A Hirerrml araoh G- (V,E) is a finite, non-empty set V together

with a binary relation E on V. The elements of V and E are the

vertices and edges of G respectively. We say that y is adjacent to x

if (x,y) ¢ E and the set Ax of all /ertices adjacent to x is called

the adjacency set for x. A sequence of edges of the form (v~Vj),

(v,,V3) (vk-1»V 13 CaUed 3 Path °f lenRth Kk~ * G AS 3
special case, a single vertex denotes apath of length 0 from Itself
to itself. If there is a path from x toy then x is said to reach y.
A cycle is a path of length at least 1which begins and ends at the
same vertex. If G- (V,E) isa directed graph and E is

precedence relation, then G will have no cycles and it

a transitive

is said to be

acyclic. If E'c¢ E, then the directed graph G' - (V,E') is called a

spanning subgraph of G * (V,E).

Let G- (V,E) be an acyclic directed graph. We define G* - (V,E¥)
such that (x.y) e E* if and only if y is reachable from x in G G*

is called the (reflexive and) transitive closure of G. It follows

that G* is a poset - since E* satisfies the required properties -
and any spanning subgraph of G* which preserves reachability can

represent the poset (V,E*). In particular, the Hasse diagram of the

poset corresponds to the minimal spanning subgraph of G* with that
property. In this dissertation we shall refer to these structures,

either by posets or acyclic directed graphs representing them.
1.2 The topological sorting problem

Given a partial ordering Ron a finite non-empty set S of size n,

the problem of topological sorting is to find a permutation
Plp2...pn of the elements of F such that 1 appears to the left of J
if iRJ. This permutation 1is called a solution to the topological
sorting problem, or simply a topological— sorting, The topological

sorting problem is equivalent to each of the following.

(1) Given a partial ordering Ron a finite non-empty set S
find a way to permute the rows and columns of the adjacency

matrix Mof R so that M becomes an upper-triangular matrix.

(2) Given a partial ordering on a finite, non-empty set, find a
linear (total) ordering in which the partial ordering

be embedded.

can



(3) Given an acyclic directed graph G with n vertices, find a
way to label these vertices with the Integers n>
such that the label of vertex x is less than the label of

vertex y for e* -h edge (x,y) in G

(4) Given an acyclic directed graph G find a way to arrange
the wvertices in a straight line so that all arcs go from

left to right.

In our study of topological sorting the reflexivity of partial

orderings is of no importance, and when convenient we shall ignore
this requirement. (Knuth [1968, pp. 258-9] in fact defines a partial
ordering to be a binary relation that is either (a) antisymmetric,

transitive and reflexive, or (b) antisymmetric, tramitive and

irreflexive).

Topological sorting is a process which is of potential use whenever

we have a problem involving a partial ordering. Following are some

examples of topological sorting:

(1) Constructing a glossary of terms
If the definition of a word x depends on that of a word vy,
we denote this by the relation xRy. Topological sorting of
the words means arranging them into an order so that no

word is used before it has been defined.

(2) Scheduling activities of a project

A project consists of a set of activities that must be

performed. If activity x must be completed before activity
y can commence, we write xRy. Topological sorting means the

arrangement of the activities in such an order that upon

initiation of each activity all its prerequisite activities
have been completed. (Several sophisticated techniques such
PERT, RAMPS and CPM have been developed to evaluate such
activity models - see for example Horowitz and Sahni
[1976]).

(2) Drawlnt! up a university currlcul m
In a university curriculum, certain courses must be taken

before others since they rely on the material presented in



the prerequisites. If a course x is a prerequisite for a

course y, we write xky. Topological sorting means arranging

the courses in such an order that no course lists a later

course as a prerequisite.

(4) Declaration of procedures in a computer, program

In a program, some procedures may contain calls to other

procedures. If a procedure x is called by a procedure y, we

write xRy. Topological sorting implies the arrangement of

procedure declarations in such a way that tuere are no

forward references.

There is essentially one method to do topological sorting, and it

appears in the literature in a number of different forms.

Firstly, let Rbe a partial ordering on a finite non-empty set S. In

order to sort S topologically we start by taking an element which is

not preceded by any other element in the partial ordering. This ele-

ment may be placed first in the output. Now we remove this element

from Si the resulting set is again partially ordered, and the pro-

cess can be repeated until the whole set has been sorted. The only

way in which this method could fail would be if there were a non-

empty partially ordered set in which every element was preceded by

another; for in such a case there would be nothing to do. But if

every element is preceded by another, we could construct an arbitra-

rily long sequence Pi»P2»Py "'' *n I'er Pj+1**pj * slnLe ° 13 f~ ’

we must have P - Pk for some j < k, but this implies that PkRPj+1

contradicting the antisymmetric prope-ty of the partial ordering.

This form of the topological sorting method is given by Kahn [L962j,

Knuth [1968], Knuth and Szwar- fiter [1973] and Wlrth [1976]. (It is
easy to see that this is in fact the only way to sort topologically,

since if Plp2...pn is a topological sorting of S, then ?1 must he an

element without predecessors, and P2 must have no predecessors other

than perhaps p”, and so on)-

A second way to describe this topological sorting technique is given

in Aho, Hopcroft and Ullman [1974], and Horowitz and Sahnl [1978].

Let G - (V,E) be a directed acyclic graph. Select a vertex with no

incoming edge. This vertex may be placed first in the output. Delete

the vertex from the graph along with all outgoing edges. The result-

-4



ACYCLIC DIR; :TF:P GRAPH OUTPUT

1)
XT
2) a
3)
db
4) e dp
5) dbac
6) dbace

Fliiurti 1. 2 An example of topological sorting

ing graph la again acyclic and the process can be repeated until
every vertex has been output. An example of this process Is shown In
Figure 1.2. As before, his method can fail only if there is an acy-
clic graph in which every vertex has an incoming edge. However this
situation can never occur since it would imply that there was a
cycle in the graph. A variation of this form of the topological
sorting method is given by T”-jan [1974], and Reingold, Mievergell
and Deo [1977]. A depth-first spanning forest of the acyclic di-
rected graph G m (V,E) 1is obtained by performing a depth-first

search on G The vertices are selected in such an order that every

ns-



vertex is selected before any of its

Another fo;a of this method, described in
adjacency matrix of a partial o dering is
Wilf [1975].

1.3 Scope of this dissertation

We shall be concerned primarily with the
pological sortings of a given poset. This
restricted permutation problem, that is a

study of permutations that are consistent

strictions - in the case of topological

are, of course, the partial ordering

in question.

In Chapter 2 we discuss various

logical sortings and the related problem

sortings is considered in Chapter 3.

Chapter A deals with two other

namely permutations with prescribed

tations with a given number of runs.

In Chapter 5.we contider possible areas

descendants

imposed on the set ci

algorithms

restricted

ror future

in the forest.

terras of triangulating the
presented by Nijenhuis and
problem of finding all to-

problem can be viewed as a
problem concerned with the
with some given net of re-
restrictions

sorting these

objects

for generating all topo-

of enumerating topological

permutation problems,

up-down sequences and permu-

research.



CHAPTER 2 - ALGORITHMS FOR GENERATING TOPOLOGICAL SORTING:;

2.0 Introduction

The number of permutations of n objects consistent with a partial
ordering Is often small compared with n! - a single relation reduces
tne number of permissible permutations to nl/2. It is grossly inef-
ficient to generate the topological sortings of n objects by gene-
rating all nl permutations and then testing each one for consist-
ency. We therefore consider more efficient methods of generating

topological sortings.

2.1 Backtracking algorithms

A backtracking (or tree programming) algorithm for generating all
topological sortings of n objects is a procedure where at every
stage we consider a subproblem of the form "find all ways to com-
plete a given partial permutation plp0...p1_1 to a topological sort-

ing PiP2‘*epn"" The 8eneral method is to branch on all possible

choices of p~.

Such a backtracking algorithm will have the basic structure shown in
Figure 2.1. TOPSORTS(i) will generate all permutations of the set
{1,2,...,n> consistent with some partial ordering which begin with
PIP2 «*.Pi.-i* On entry (and exit) to TOPSORTS (i), S m <1,2,...,n}-
(pl,p2........ A-1A the set °f integers not yet considered for the
current configuration being generated, and consists of all inte-
gers in S which can be chosen as p* without contradicting the re-

strictions imposed by the given partial ordering.

2. 1.1 Wells' algorithm

The algorithm given by Wells [1971], is shown in Figure 2.2. The
iteration quantifier "for pt e M do" (line L8) selects the elements
of the set |IL in ascending numerical order and so the topological

sortings will be generated in numerical (lexicographical) order.

In its original form, Wells' algorithm generates a new topological

.-



procedure TOPSORTS(i):
begin If i < n+tl then
for Pt e M do
begin S:- S - (p">;
TOPSORTS(i+1);
S:- S U {pl>

end;
endlf;
return;
Figure 2. 1 The basic backtracking algorithm
sorting every time It Is called. To process each sorting (for what

ever purpose it may be required) a main program is used to call this
procedure. A simple modification to the original procedure (which
does not affect time/space complexities or the basic structure of
the algorithm) results in the generation procedure becoming the
"main program" and each topological sorting is processed as it is
generated. To indicate this clearly we shall assume a macro called
PROCESS which will be Invoked each time a topological sorting is
generated. We shall explicitly include calls of the form PROCESS(P),
where P represents the topological sorting to be processed, in all

the generation algorithms discussed.

In Wells' algorithm, the partial ordering is represented by the
adjacency sets A", j - 1,2........ and is the transpose of A (i.e.
k < Aj <">1Je \ <>]JRk)" The property of reflexivlty is ignored
(i.e. we assume x f Ax) and we can view and as the sets of
elements which must respectively follow and precede element j In a

topological sorting.

The algorithm uses significant impasse detection to compute dynamic-

ally the set 11" of elements which can appear in position i in order

to extend a partial permutation p*p,...p "~ into a topological sort-
ing P m P~ 2'""" First of all, note that element j cannot occupy
positions 1,2, ..., |81 or positions n-|]AM|+l,n-[A"|+2,..+,n in a

topological sorting since these positions are reserved respectively

for those elements which must precede and follow j. The precomputed



LI.
L2.
L3.
L*.
L5*
L6.

L7.

L8.
Lo.
L10.
LU.

set

is

precede it already exist

available for use

procedure GENERATE W(A,B,n):

bexln S«- {1,2,... ,n>;
for j:- 1 to n do
begin 07:- {|IB"|+1,||+2 coevieeee . IA™> end;

TOPSORTS W (1);

end;

procedure TOPSORTS W(1):
begin If 1 - ntl then PROCESS (P);
else ;- (ot 0;
for ] ¢ S such that 1€ Q, and H, n S - { ) do
if 1 mn-1Aj1
then If t - 1 then return.

else ti- 1; Ml:- {j);

endll;
ei.dic;
M t » 0 then v {J> endlf;
end;
for pt < do

begin S:- S - {p"};
TOPSORTS (i+1);
S;- SU {p>
end;
endlIf:

return;

Figure 2.2 Wells' generating algorithm

Q gives the positions not so blocked to J. Also, an element J

in position 1 only if all elements which

qualifier at line L3 restricts the elements of according

these observations. One further Impasse detection is incorporated

into this loop which constructs

is

the last chance for placing element J; if so, it becomes the

element of M (line L6J. If position i is the last chance for

in the partial permutati -n. The iteration

The test at line L4 asks if this



another element (test at line L5 is successful), an impassu exists.
In this case, the procedure TOPSORTS W(i) terminates, control is
passed back to TOPSORTS_W(i-1), and the next element of is se-
lected as pl_1-

Wells' algorithm will generate topological sortings correctly but,
as we shall now show, it 1is not particularly efficient. Firstly, It
has the limitation of being applicable only to sets of elements on
which antisymmetric, transitive binary relations are defined. Given
an arbitrary binary relation, the construction of the required tran-
sitive closure and/or the detection of symmetries (cycles) in the
relation would require an additional prccedur- of 0(n3) time com-
plexity. (We shall see that the other generation algorithms discuss-
ed do not have this limitation). For a binary relation where a high
proportion of the elements are related to one another, the numbei of
topological sortings will be small, and an 0(n3) closure procedure

may require more time than the actual generation procedure!

Another reason for inefficiency in the algorithm is the excessive
use of impasse detection; most of the work involved in testing for
impasses (and in the precomputations required for this testing) is
unnecessary. Consider the test at line L5. If this test is success-
ful, then position 1 is the last chance for placing two distinct
elements, so an impasse exists and the procedure "backtracks". If
position i is the last chance for placing an element x, then at this
stage, the set S of elements yet to be assigned a position in the
current partial permutation consists of x and all elements which
must follow x, i.e. S - Ax u (x>.If positioni is also the last
chance for placing another element y,then similarly, S m Ay u(y).
This implies that x e Ay and y € Ax (i.e. yRx and xRy), contradict-
ing the antisymmetry of the partial ordering. So this situation can

never exist and line L5 can be removed.

If position 1 is the last chance for placing some element x, lines
L4, L6 and L7 are used to ensure that x becomes the sole element of
Ml. Now the condition "3* n S - { }" in the quantifier at line L3
will also ensure that element x is the sole element of !V, since at
this stage, S * Ax u <x>and therefore for any y < S, y I x, ye Ax
and so x f (Bv n S) which means thaty cannot beselected as a mem

ber of H,. So lines L4, L6 and 17 are unnecr sary.

-10-



As we have noted, -element j cannot occupy positions 1 , 2 , or
positions n-|Aj !+l»r-“ |Aj 1+2, ... ,n and the condition "I e Qj" in line
L3 Is used to restrict the choice of elements for accordingly.
This condition is however, redundant. Since the condition "B n S m
< >" ensures that element x will be the sole element of when 1 is
the last chance for placing x, it also ensures that element x will
never be considered as a possible candidate for positions n-|AX|+1,
n-|Ax|+2,...,n. Furthermore, "By n S - < >" will ensure that element
x 1s never considered as a possible candidate for positions 1,2......
IBx|, since if we are forming the set for any i e <1,2,...,|Bx]|},
the set S, at this stage, will contain at least jB”~+1-i elements of

I'x, i.e. Bx n }. So we can simplify line L3 tc

L3. for J 6 S such that 3 n S m { } do

By removing the wunnecessary impasse tests we have eliminated the
need for the sets ,J m1,2,...,n and hence we do not need the ad-
jacency sets Aj any longer.

Note that the procedure TOPSORTSJ1 is called most often when i “ n,
at which stage S contains exactly one element, and so it can be
greatly simplified for this case. "By combining this fact with the
elimination of all that we have proved to ©be redundant in Wells'
algorithm we obtain the algorithm of Figure 2.3. As Wells [1980]
states, this.algorithm represents a significant improvement to, and
a generalization of, his algorithm. It can be seen that when using
this improved algorithm, at each stage of the process of construct-
ing a topological sorting p”p”,*«Pn» element J is considered for
selection as only if B n S - { > that is only if all elements
that precede j in the partial ordering have already been selected.
This is exactly the method discussed in Chapter 1 for finding a
single topological sorting, a fact that is not surprising since, as
we noted, it is the only method for finding a topological sorting.
The algorithm in Figure 2.3 generates all topological sortings by

using this method in conjunction with backtracking.

This algorithm is more general than Wells' algorithm in the sense
that it can be applied to any arbitrary binary relation R defined on
(1,2,...,n>. Remember that Wells' algorithm Is applicable only to

binary relations on {1,2,...,n) that are antisymmetric, transitive

-11-



proce'tare GENEKATE 1 (B,n):
begin S:- {1, 2.
TOPSORTS 1 (1);

end:

procedure TOPSORTS_I(1):
LI. begin If 1 - n then p”:- sole element of S; PROCESS(P);

L2. else for < S such that 3p* n S - < > do
L3. begin S:m S - {p"};
LA. TOPSORTS(1+1);
L5. S:- Su {p"};
end:
endlf;
return:

Figure 2.3 An Improved generating algorithm

(and reflexive) - i.e. partial orderings. The only reason that the
property of transitivity Is required Is that the sizes of the adja-
cency sets Aj and their transposes B., J - 1,2,...,n are needed for
detecting impasses. The algorithm in Figure 2.3, on the other hand,
does not employ these impasse detection techniques. So firstly, any
binary relation R whose transitive closure is a partial ordering can

be used in this algorithm instead of the partial ordering itself.

Secondly, if R is a binary relation whose transitive closure R* is
not a partial ordering, then R contains one or more cycles. Suppose
for the moment that R contains exactly one cycle; this means there
la some integer k > 1 and a subset (c*.c ,...,c,"} of <1,2,...,n}
such that c1/ 2'7A2*/~3" " ani* ck”cl’ and therefore c¢”R¥c,
and c”R*cl and so there is no possible way to sort (1,2,...,n> topo-
logically. Now using the algorithm in Figure 2.3, when TOPSORTS_I(1)
is called for 1 - n+l-k, we have S - {ct,c ¢ . ~ ). Since none of
the c¢”'s satisfies the requirement to be selected as Pn+1 l» the
loop of lines L2, L3 and LA is never executed, so TOPSURTS I (i) is
never called for 1 m n+2-k,n+3-k,...,n and the algorithm correctly

terminates without generating any permutations. Similarly if R con-



tains more than one cycle then TOPSORTS_ I (i) will not be called for

1 > n+l-tn, where m is the total number of elements lying on cycles.

It is interesting to note that if the condition "Bp* n S - { }" s
removed from the iteration quantifier in line L2 of this algorithm,

what we are left with is simply an algorithm which generates, in in-

creasing lexicographical order, all the n! permutations of the set
(1,2,...,n>. Wells [1971] in fact presents this permutation genera-
tion algorithm, and although he dot s not apply it to thetopological

sorting problem, he makes the pointthat this basic permutation
generation algorithm can be readily modified to generate permuta-
tions subject to various restrictions by including the required

conditions in 1i,ie Iteration quantifier.

2.1.2 The Knuth-Szwarcfiter algorithm

Knuth and Szwarcfiter [19741 presei t a generating algorithm that has
the identical basic structure of the algorithm in Figure2.3. Like
the algorithm in Figure 2.3 it generates all topological sortings

by combining backtracking techniques with the method given in Chap-
ter 1 for finding a single topological sorting. There is however one
important difference between the two algorithms. Consider the stage
in the process of generating a topological sorting where the partial
permutation p~p~.e has been constructed, and S - {l1,2, ..., n}~
{pI»P2» ’Pi-i* contains those eclements not yet selected for this
current configuration. In order to find all possible choices for p?*,
the algorithm of Figure 2.3 secarches through S selecting those ele-
ments that have no predecessors in the partial ordering other than
(p 1»P2y»e*e The Knuth-Szwarcfiter algorithm, on the other
hand, maintains a list » that contains, at each stage, precisely
those elements that have no predecessors in the partial ordering
other than (p".p,,***,p” > By maintaining this list M the Knuth-
Szwarcfiter algorithm avoids the need to make a brute-force search
through S at avery stage of the generation process in order to find
all the possible choices for p”, and as a result it is on the order

of n times faster than the algorithm in Figure 2. 3.
The Knuth-Szwarcfiter algorithm is shown in Figure 2.4. Procedure
TOPSORTS KS(i) assumes that for all elements y in S - (1,2,...,n)~

PP P --- D } the current value of a global variable COUNT [y] is

-13-



procedure GENERATE KS(R,n);

begin S:« {1,2,...,n);
M:- (y|there is no x in S such that xRy};
TOPSORTS KS(1);

end:

procedure TOPSORTS KS(1):
begin 1 - n then P[n] - stole element of M, PROCESS (P);
else for j e II do
begin erase all pairs of the form JRk;
Mil:- j:
TOPSURTS_KS(i+1 );
retrieve all pairs of the form JRKk;
end;
endif;

return;

Figure 2.4 The Knuth-Szwarcfiter generating algorithm

the number of ordered pairs xRy for x in S, that isCOUNT [yl is the
number of predecessors of y other than <p”.P"* eeeeP " and the ki3t

M contains precisely those elements y in S such that COUNT[y] - O.

The execution of TOPSORTS KS(i+l) may cause temporary changes to the
contents of Mand array COUNI, but both are restored to their entry

values upon exit. The array P contains each topological sorting as
it is generated, that is P[i] " p” for 1 m 1,2,...,n«
When the operation "erase all pairs of the form JRkK" is executed,

COUNT[k] is decreased by 1 for each element k such that JRK, and
those elements for which COUNT[k] drops to zero are added to the
list M Conversely, when the operation ‘"retrieve all pairs of the
form JRk" is executed, COUNT[k] is Increased by 1 for each element k
such that JRk, and those elements for which COUNT[k] Is now 1 are

removed from M

As in the case of the algorithm of Figure 2.3, the Enuth-Szwarcfiter

algorithm is applicable to any binary relation R defined on the set

14-



<1,2,...,n)e Knuth and Szwarefiter [1974] give an efficient machine-
oriented /ersion of their algorithm, in which the recursion is eli-

minated .

2. 1.2. 1 Time complexity

Suppose a binary relation R defined on (1,2, ...,n> consists of m
pairs of the form iSJ. For each topological sorting generated, the
procedure TOPSORTS KS is called at most n times, and in the process
at most all m of the pairs iRJ are -erased and subsequently re-
trieved. So the algorithm takes at most O(nrh>) time per topological

sorting generated.

Now let us briefly look at the behaviour of m  The maximum value
that mcan be is (n"-n)/2; this happens when the given poset is a
chain, and in this case O(n") time will be required to generate the

single permutation that will be a topological sorting.

If the given poset is completely unordered, m is at its minimum val-
ue of zero, and the n! topological sortings will each be generated

in 0(n) time.

In general, for topological sorting problems where t, the number of
solutions, is relatively close to nl, mtends to be small; and for
problems where t is very much smaller than nl, m tends to be large.
So in general, the higher the ratio of t to nl, the more efficiently

the solutions are generated.

It should be stressed that this is a very general rule and it is not
always true, because a poset may be represented by any spanning sub-
graph (i.e. binary relation) that preserves reachability (see p.2),
and so the value of m may vary for different instances of the same

topological sorting problem.

2.2 A non-backtracking algorithm

For a topological sorting problem on the set (1,2, ...,n) for which
the permutation 12...n is a solution, Varol and Rotem [1977] give an
algorithm that will generate all other solutions by application of a

series of adjacent transpositions and cyeclic right-rotations.



In general, the permutation 12...n is not necessarily a solution to
a topological sorting problem on n elements, and therefore a renam-
ing process is used to transform the problem into an equivalent pro-
blem having the permutation 12...n among its solu.ions. If R is a
partial ordering defined on a set of n elements, and p”p..*<pn is
any permutation consistent with R, then renaming the elements with
their locations, that is *> 1, and translating the relation R
accordingly, that is p"Rp” m> IRj, gives the required transforma-
tion. We call this topological sorting that is renamed 12...n the
starting solution for the given topological sorting problem. The
starting solution for a topological sorting problem may be obtained
by an application of the method for finding one topological sorting

described in Chapter 1.

Given a permutation of {1,2,...,n> consistent with the partial
ordering R we say that an element i is blocked (from moving right-
wards) if IRj for j the right-hand neighbour of 1, or if 1 la the
right-most element in the permutation. If p*pv ..p* is a permuta-
tion consistent with R then the transposition of the adjacent ele-
ments p”~ and P*jwill violate the precedence imposed by Rif and
only if P”RPi+i and therefore transposing an element p”*with its
right-hand neighbour p ~ will yield a new topological sorting if
and only if is not blocked. This principle is used to generate
all topological sortings, given the starting solution p”p,,...p" -

12...n as follows.

Suppose we have a topological sorting of the n-1 elements 2,3,...,n.
From it we can construct all the topological sortings of 1,2,...,n
in which the elements 2,3,...,n remain fixed relative to one another

by placing element I on the left-hand side of the topological sort-
ing of 2,3, ...,n and then moving 1 rightwards by a series of adja-
cent transpositions, until it is blocked. A cyclic right-rotation
is then performed on the subsequence consisting of 1 and all the
elements to its left, resulting in 1 being placed back on the left
at its starting position. The next topological sorting of 2,3, ... ,n
is formed, element 1 is moved rightwards again until it is blocked

and a cyclic right-rotation is performed, and so forth.

All topological sortings of 2,3,+.e,n are formed in the same way

using each of the topological sortings of 3,*,...,n through which to



procedure GENERATE V (R,n):

begin compute one topological sorting p”p, ...p";
translate R so that each p"Rp" becomes iRj;
TOPSORTS_V;

end;

procedure TOPSORTS_V:
begin for i:- 1to n do P[i]:- LOG[Il]:- i;
PROGESS(P);
li- 1;
while 1 < n do
begin i£ i is not blocked
then j:e right-hand neighbour of 1;
transpose i and J;
LOC[1]:- LOO[i]+1l; i:- 1;
PROCESS(P);
else ROTATE(1);
LOG[i]:- 1; i:- 1+1;
endlf:
end;

return;

Figure 2.5 Varol's generating algorithm

move element 2. This process is repeated for the topological sort-
ings of 3,4,...,n, the topological sortings of 4, 5,...,n and so on

up to the single topological sorting of the element n.

This algot ' 1iis shown in F'tiure 2.5 The array P Initial!, con-
tains the permutation 12...n, and the array LOG is used to give, at

each stage, the location of element k, for all k < i.
We assume that we have a primiti'.e operation "ROTATE (i)" which per-

forms a cyclic right-rotatlon of the elements P[i],P[i+1], ... R

P[LOG [1]] - i. In other words, "ROTATE(i)" equivalent to

-17-



n:- LOG[i];
while m > i do

begin P[m]:- P[m-L]j

m:- D-1;
end;
Pli]s- 1;
This operation can be performed very ef° on some computers,
although, of course, it will generals jore efficient than a
transposition of adjacent elements, si. . such a transposition is

equivalent to a cyclic right-rotation of a sequence of two elements.

Consider finding all permutations of the set S - {a,b,c,d,e> subject
to the constraints aRd, bRd, and eRa. One such permutation is becad.
By wusing this permutation as tne starting solution, we reformulate
the problem as: Starting with the permutation 12345, generate all
other permutations consistent with the partial ordering R character-
ized by the pairs 1R5, 2R4 and 4R5. The sequence of permutati

generated is shown in Figure 2.6. The starred permutations are re-
dundant solutions produced as a result of the cyclic right-rotations

and are not passed through the PROCESS marco.

12345 becad 21435 ebacd
21345 ebcad 24135 eabed
23145 ecbad 24315 eacbd
23415 ecabd *12435

*12345 *12435
13245 bcead 12453 beadc
31245 cbead 21435 ebadc
32145 cebad 24153 eabdc
32415 ceabd *12453

*13245 *12453

*12345 *12345
12435 beacd *12345

Figure 2.6 Solutions generated by Vnrol's algorithm

—18-



2.2. Tine complexity
Firstly, finding a starting solution, and translating the partial
ordering accordingly, will clearly take O(nrt-n) time, for m the num-

ber of pairs iRje

Now suppose we apply the algorithm to a topological sorting problem

on the set <I1,2 n> for which there are t solutions, and that in
the process of generating these solutions, r cyclic right-rotalLions
are executed. From Figure 2.5 it can be easily seen that the total

time required by the algorithm will be c¢”r + c¢”t, for some constants

Cl and c2- Varol and Roten [1977] show thatr < nt, by noting that
there can be at most n-1 successive rotations after the generation
of each topological sorting, and in fact this worst-case situation
happens only after the generation of the final topological sorting.
Therefore cr + ¢c2t < t(c”n + c¢2) and hence the algorithm takes at

most O(n)time per solution generated (except for the starting solu-

tion).

We shall now consider a more detailed approach to analysing this

algorithm in order to find a more refined upper bound un r, the num-

ber of rotations.

n
Lemma 2.1 £ it - a”.nl where 1 < an < 3/2
i.-1
n
Proof: For n > 1, let Sn - ] it - an.nl
1-1
Then Sn m + nt
an-1*(""1)! + nt
- ( + I).nl
By inspection a* - 1, a2 “ a3 * aru* a4 178 < .

For n > 4, assume that a ~ < an 2» Then



that Is a, <un_p and therefore by induction the result follows.

(Q E.D.)
During the execution of the algorithm, each time that an element 1
is blocked from moving rightwards, a cyclic right-rotation is exe-

cuted by an invocation of ROTATE (i), and we call such a rotation an
i-rotation. Since an element | is moved rightwards and subsequently
rotated back to position 1 once for every arrangement of the ele-
ments {t+1,i+2,... ,n> which is consistent with the given partial or-
dering, the total number r* of l-rotations is equal to the number of
topological sortings of <1+1,i+2,.. ,n). Therefore the total number

of rotations executed in the process of generating all topological

sortings of (1,2,...,n) is
n-1
i-i
n-1
- 7 (number of topological sortings of {i+1,1+2,...,n>)
1-1

The smallest possible value that r”~, the number of topological sort-
ings of {i+1,1+2,...,n), can be is rl1+1l,whichwill occurinthe
case when -IRj for all J - 1+2,1+3,... ,n, that is ifelement it+1
must precede, in the partial ordering R every higher numbered ele-
ment. The largest possible value that r* can be is (n-i)rl+l whi:h
will occur when i+1Xj for all j - i+2,i+3, ee¢.,n that is if element
1+1 can be placed on the right of every higher numbered element
without contradicting the restrictions of R Therefore we have the

conditions:

) r*/(n-i) <rl+l <rl for 1 - 0, 1,2,...,n-2
2> rn-1 " 1
where r* - t is the total number of topological sortings generated

by the algorithm. The largest possible of r, let us call it rnax,

occurs for:

Hrt -t for i < n-k

2)rt - (n-i)l for 1 > n-k

-20-



where k is the Integer

satisfying k!

<t < (k+1)1

if k < n-1
n-k-1 n-1
rmax m [ [ + I (n-1)1
1-1 1-n-k
n-k-1 k
-1t + 1 11
1-1 1-1

- (n-k-1)t + a”.k!

by Lemma 2.1

So the maximum number of rotations per solution generated is
y - (n-k-1) + a~.kl/t <n-k-1 +a% <n-k + 1/2 (2.1)
if k- n-1. n
(1) k - n-1 when t - nl/2, that is when there is exactly one
pair iRj in the partial ordering.
(2)k - n when t - nl, that is whenthe partial ordering is
empty.
n-1 n-1
In either case, rmax - , (n-1)1 - T il
1-1 1-1
- an_1l.(n-1)1 by Lemma 2.1
So the maximum n'lmber of rotations per solution generated is
3 - l_/\ - -
( ‘an-1 for k n-1 @2.2)
an-1*4 for k - n
From (2.1) and (2.2) we have firstly that the number of rotations

per solution la

seen, the algorithm

strictly

requires 0(n)

less that n and so,

time per solution generated.

-21-
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Secondly, as t approaches n!, k approaches n, so the maximum number

of rotations per solution decreases, and consequently the total time

per solution decreases. In fact for the two highest values that t
can assume, namely nl/2 and n!, the maximum number of rotations per
solution - and therefore the total time per solution - Is 0(1/n).

So It follows that the algorithm generates solutions most effici-
ently for problems where t is relatively close to n!, that is when
t/nl, the ratio of topological sortings to the total number of per-
mutations, is large; and it generates solutions least efficiently

for problems where t/n! is small.

So far we have analysed Varol's algorithm assuming the existence of
a primitive operation ROTATE which performs a cyclic right-rotation
on a sequence of adjacent elements in constant time. We now show
that if no such primitive operation exists, and ROTATE is imple-
mented by a procedure that requires tine proportional to the Ilength
of the sequence being rotated, then the order of complexity of the

algorithm does not change.
Suppose that the ROTATE operation is implemented by the procedure

procedure ROTATE():
bep.In m:- LOG[i];
while n > 1 do
begin P[m]:- P[m-1];
mm m-1;
end;
P[1]:* 1;

end;

This procedure needs 2d(l + LOG[!]-!) tine, for some constant d, to
perform a cyclic right-rotation on the sequence of elements P[l],

P[i+1], ...,P[LOC [I]J.

When ROTATE is about to be called for the j-th time, element t, is
in position LOC[lj] of array P, having moved there from its left-
most position P[ij] as the result of (LOC[iv - ij) transpositions.
Each topological sorting solution (except the starting solution) is
generated from the previous one as the result of a transposition, so

the total number of transpositions executed is t-1, and therefore:



So the total time required for the execution of all r rotations is
2d(r+t-1)c Now the algor.thn needs c¢”r + c,t m 0(r+t) time when a
primitive ROTATE operation is assumed, andtherefore when the non-
primitive ROTATE procedure is used the total running time increases
by (2d-1)r + 2d(t-1) to [(c*+2d-1)r +(c*+dd)c - 2d] which is still
O(r+t).

2.2.2 Rotations and the starting solution

When Varol's algorithm is used to generate all topological sortings
of a given poset, the total number of rotations executed (and so the
total running time, since it is an 0 (r+t) algorithm) depends on the
starting solution chosen, that is the particular topological sorting

which is renamed 12...n.

For example, given the restrictions aRd, bRd and eRa on the set S »
{a,b,c,d,e>, if becad is used for the starting solution 9 rotations
will be executed (see Figure 2.6). The number of rotations can vary
between 7 (if cbead is chosen as the starting solution) and 14 (if
ebadc is chosen). Another example is the poset shown in Figure 2.7
which consists of a chain of n-1 elements and one Isolated element.
There are n+l topological sortings of this poset. If the topological
sorting yx”x”exn ~ is wused for the starting solution, then the
number of rotations is n-1 (which means less than one per solution
generated), and the total time required to generate all the solu-
utions is O(n)e If, on the other hand, x”x.,...xn_"y Is used for the
starting solution, (n”-n)/2 rotations are executed and O(n") time is

needed to generate all solutions.

The problem of determining which topological sorting to use as the
starting solution so that the minimum number of rotations are exe-
cuted, received a good deal of attention from this writer, but not
much success was obtained in finding a complete solution. The fol-

lowing is one of the more promising approaches considered.

Given a poset of n elements, we associate with each element j a num-

ber, called the blocking fa tor of J, which is equal to the number



n-2

n-1
Figure 2.7
of elements which must follow j in the partial ordering. The
value of a topological sorting p”p,...p" is defined to be the radix
n number b’b., ,.b , that is
n-1

blb2“ ,bn “ L bn-i,ni’
1-0

where b” is the blocking factor of p~.

For' example, given the partial ordering bRa, bRc, bRd and dRc on
<a,b,c,d>, then the topological sorting bade has an L-value of 3100
(base 4).

Now for the starting solution, we choose that topological sorting
PPy *p with the lowest L-value. To construct this topological
sorting, at each stage, when the partial permutation PAPi'"Pi-1 has
been constructed, we choose for p* that element of (the set of
valid choices) which has the lowest blocking factor. The motivation

for choosing the starting solution in this way is as follows.

Firstly, a rotation is executed by Varol's algorithm every time that
an element is blocked from moving rightwards, and so we wish to find
a starting solution that results in the smallest number of block-
ings. Secondly, note that in generating all t topological sortings

of a given poset:

(1) The number of transpositions executed is t-1, no matter

which topological sorting is used as the starting solution.
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(2) In Dbetween every transposition of element 1+1 with its
right-hand neighbour, element 1 is repeatedly transposed

with its right-hand neighbour until it is blocked.

So by choosing as the starting solution that topological sorting in
which the elements least likely to be blocked are as far to the left
as possible, we are attempting to keep the numoer of transpositions
(and therefore solutions generated) between successive rotations as
high as possible, and consequently the number of blockings (and

therefore rotations) as low as possible.

The writer found for most posets considered that this method cor-
rectly selected the starting solution which resulted in fewest ro-
tations. Also in many of the cases, the number of rotations produced
by the topological sortings (when used as the starting solution)

was, more or less, an increasing function of their L-values.

As an example, in Figure 2. 8(a) is the tlasse diagram of the partial
ordering given oy Knuth (1968, p.259] to explain the principle of
topological sorting. Figure 2.8(b) shows the actual ordered pairs
that constitute the partial ordering R and Figure 2.9 shows all
topological sortings (listed in increasing L-value), their L-values,
and the number of rotations they produce when used as the starting
solution. (Note how the number of rotations tends to increase with

increasing L-value).

This method for choosing the starting solution has been discussed
primarily to provide some guideline for possible future research.
The results obtained by the writer are not conclusive, since the
testing was by no means comprehensive and the posets considered were
chosen rather ar icrarily. (In the following section we discuss the
problems involved in defining a good sample of posets to wuse for

empirical tests).

Note also that to generate all topological sortings of a poset using
Varol s algorithm, the partial ordering can be represented by any
binary relation (i.e. the set of restrictions) whose transitive clo-
sure is equal to the partial ordering. Now to find the lowest L-
valued topological sorting, the partial ordering itself is needed In

order to compute the blocking factors, and this means the execution
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1R3 4R6

1R4
IR5 5R6
IR6 5R8

1R7
1R8 7R4
7R5
2R6 7R6
2 2X8 7R8
8X6

3R4
3R5 9R2
3R6 9R5
3R7 9R6
3R8 9R8

(a) (b)
Figure 2.8 A partial o ering
of an O(n”) transitive closure procedure. So finding the lowest L-

valued topological sorting and using it for the starting solution
may not always result in a reduction of running time, since for a
topological sorting problem having, for example, O0(n) solutions
Varol's algorithm requires only 0O(n~) tine no matter which solution

is used as the starting solution.

2. 3 Conclusion

ihree topological sorting algorithms have been discussed. The two
backtracking algorithms are essentially the sane - we have shown
that Wells' algorithm is just a less efficient .ersion of the Knuth-

Szwarctlter algorithm.
The Knuth-Szwarefiter algorithm requires O(nrrn) time for each solu-

tion generated, and in general the solutions are generated most ef-

ficiently when t, the number of solutions is close to nle
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Varol's algoritiim requl™es O(nrt-n) time to generate the starting so-
lution, and O(n) time for every other solution. The solutions are
always generated moat efficiently for problems where t is close to

n!, and for t - n!/2 or nl the time per solution is 0(1/n).

To maintain some perspective we oust note that our analysis does not
give much idea about the values of the constants of proportionality
for these order-of-magnitude measures of me complexity. Suppose we
are concerned with the practical details of solving topological
sorting problems for which a reasonably large proportion of all nl
permutations are solutions. Since the function n! grows extremely
quickly, real-world time considerations will restrict us to dealing
with those problems for which n is small, and in such cases the con-
stants of proportionality will indeed be significant. Nevertheless,
most practical problems involving topological sorting, like those we
discussed in Chapter 1, are concerned with finding only one, and not

all possible topological sortings.

A possible way of comparing the algorithms is by obtaining empirical
results, that is by implementing the algorithms on a real computer
and comparing their running times. We face a number of problems
using this approach. F.rstly, whatever results we may obtain will be
of limited significance, since they will be dependent, to some ex-
tent, on the specific implementation. For example, while we have
shown that the order of complexity of Varol's algorithm is not
affected by whether or not the ROTATE operation is primitive, when
the algorithm is implemented, the actual running time will certainly
depend on whether or not the computer used has hardware rotation
capabilities. (In his survey of permutation generation algorithms,
Sedgewlck [1977] points out the problem that the comparing of algo-
rithms by empirical testing can really become a romparison of compi-

lers, programmers and computers, not algorithms).

A second problem encountered with empirical tests is how to select a
good sample of partial orderings for input to the. programs. The pro-
blem of defining what constitutes an average pardal ordering and a
good distribution of partial orderings is not simple. Even assuming
(optimistically) that we manage to overcome this difficulty, we im-
mediately face another problem. Remember that for the Kuuth-Szwarc-

fiter and Varol's algorithms, a partial ordering may be represented
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by each of the binary relations whose transitive closure is equal to
the partial ordering. For example a chain of length n may be repre-
sented in n! different ways, and depending which representation we
choose to use, m the number of pairs xRy can vary between n and
(nM-n)/2. Since O(nrt-n) time is required for each solution generated
by the Knuth-Szwarcfiter algorithm, and for the starting solution
generated by Varol's algorithm, we have the situation where a pro-
gram may have many, and possibly vastly differing, running times for
the same topological sorting problem, depending on the representa-

tion of the partial ordering.

Yet another problem with empirical tests, one that we have mentioned
previously in this section, is that of topological sorting problems
where the the number of solutions is .atively close to n!. It is
reasonable to assume that a good sample of partial orderings will
contain problems like this. This means the empirical testing will be
limited to problems for which n is very small, and so whatever con-
clusions may be reached will not be very general. (For n > 25, the
time required to generate n! permutations, at the rate of one per

microsecond, is greater than the age of the earth (Sedgewick 1977]).



CHAPTER 3 - EM'JMERATIG

3.0 Introduction

There is no simple formula to calculate the number of permutations
consistent with an arbitrary poset, and the enumeration must be done
in other ways. There are some classes of posets however, for which

formulae can be derived.
3. 1 Some special cases

a) Trees: If T is a directed graph wl ch is a tree, then N(T) the
number of permutations consistent with T can be calculated by the

following expression which appears 1 "xwarcflter and Wilson [1978]:

HO’) - n!/ H (|T(x) I)
xeT
where n is the number of vertices, the product is over all vertices
x in T, T(x) is the subtree rooted at x, and |T(x)| is its number of
vertices. Basically, the reason why this formula solves the problem
is that if x is a vertex in the tree T, and y is another vertex be-

longing to a subtree of x, then xmust necessarily precede y in any

of the permutations. Hence, the total number of permutations in
which x precedes every vertex belonging to any of its . atrees, is
n!/|T(x;|. By considering all vertices of the tree, we obtain the

above formula for N(T). There are, for example
81/8.6.4. 1. 1. 1.1.1 » 210
permutations of {1,2,+.¢,8} conslatent with the poset of Figure 3.1.

This result for trees can easily be extended to forests. If Gis a
forest of trees T",Tg,...,T", we construct the tree T with root x so
that ij,ij, *+, T* are the subtrees of x, and apply the formula to T.
In fact, the number of topological sortings ofthe forest G will be
equal to the number of topological sortings ofthe tree T rooted at
x, constructed from G, since corresponding to every topological

sorting PJPT**ep|l of G is the topological sorting xplpn...p~ 0f T.



Figure 3.1 A tree

b) Zlr.-zag posets: A partial ordering on the set (1, 2,...,n> which
can be represented by n— pairs* each o. the forra iRi+l or i+ldi for
i - 1L,2,...,n-1, is called a zig-zag poset, since its Hasse diagram
has a characteristic zig-zag shape* The enumeration of the topologi-

cal sortings of zig-zag posets is discussed in Section 4.1. 3.

c¢) Graphs corresponding to Young tableaux: A graph that corresponds
to a Young tableau is an acyclic directed graph G, ~where the ver-
tices can be arranged into an array of left-justified rows of de-

creasing length in such away that:

(1) for each vertex v, if b is the vertex below v then (v,b) is
an edge in G, and if r is the vertex to the right of V then

(v,r) is an edge in G; and
(2) no other edges exist*

In this kind of graph, the hook of a vertex is defined to be the
vertex plus the vertices that lie below and to its right* ihe hook
length of a wvertex is the number of vertices in the hook of this
vertex. For example, the directed graph in Figure 3... corresponds to
a Young tableau, and the vertex at the top left-hand corner has a

hook length of 9. The following theorem is from Knuth 1973];
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Figure 3.2 A graph corresponding to a Young tableau

Theorem 3.1 If G is a graph with n vertices corresponding to a Young
tableau, then the number of ways to topologically sort the partial
ordering represented by G, is n! divided by the product of the hook
lengths.

From this theorem we can calculate the number of permutations con-

sistent with the poset in Figure 3.2 as

151/9. 7.6.5.4.1.6.4.3.2.5.3.2. 1.1 - 80080.

Referring to. this theorem, Knuth states: "It would be nice if there
were some simple formula which would gener'lize [the theorem] to the
case of an arbitrary directed graph; but not all graphs have such
pleasant properties as the graphs corresponding to tableaux." i.vnuth
1973, p.65]. He goes on to say that while there are certain other
classes of directed graphs, such as trees, which have a simple solu-
tion to this enuneration problem, it can also be shown that some
directed graphs have no simple formula. For example, the number of
solutions to a topological sorting problem on n elements is not al-

ways a divisor of n! For instance, the 4-element poset:



has the five topological sortings: 1234, 1243, 2134, 2143 and 2413.

A lack of "pleasant" properties in arbitrary acyclic directed graphs
compels us to consider ai alternative, and more complicated enumer-

ation method.
3.2 Wells' enumeration algorithm

Wells [1971] presents an algorithm to enumerate topological sortings
which isbased on three easily established facts. Let (S,R) be a
poset of n elements. Then for T ¢ S, denote by N(T)the number of
permutations of elements in T which are consistent with the restric-

tions imposed by the poset. The three facts are:

(a) If Vand Ware disjoint subsets of S and xRy for all x <V,
ye W, then N(Vu W) “ 11(V).NM)«

(b) If Kl and K2 are disjoint subsets of S, and xKy, yRx for
x « KI, y« K2, then N(KI u K2) - N(KI) .N(K2).(|K1j~""T1)e

(¢) If T is a subset of S and t< T, then N(T) “ L N(V),N(W)),
where the summation is over all partitions of T - {t) into
two sets V and W such that Vn W*“ { > (x e T|xRt} ¢ Vand
{x < T[tRx) ¢ U.

Statements (a) and (b) follow from the product rule for independent
events. The binomial coefficient in (b) gives the number of ways
that a permutation of the elements in Kl and a permutation of the
elements in K2 can be combined to yield a legitimate permutation of
the elements in Kl u K2. Assertion (c) is a straightforward applica-

tion of the sum rule for mutually exclusive events and of statement

(a).

The idea of the algorithm is to split the problem into simpler and
simpler parts, recursively. First of all, the poset, treated as an
undirected graph, is tested for connectivity. Each component of t..e
problem independently yields an enumeration; tnese results are even-
tually combined wusing (b). To resolve a component, an element t,
called the cleavage vertex, is chosen on which an analysis wusing

statement (c) is fashioned. This analysis produces a set of pairs of
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simpler problems and each such problem Is solved In a recursive man-
ner, the results be?ng combined by the formula of (c). (We assume

that for T « empty set, N(T) = 1).

An example of the process Is given in Figure 3.3 for the set S m

{1,2 10}, and the partial ordering represented by the ordered
pairs

1R3 6R5

2R3 6R9

3R4 7R6

3R6 6R7

4R5 9K10
This poset consists oi .e component (represented by the Uasse
diagram shown in the ' . the top of Figure 3.3), so the first
step 1* to resolve the r t into a set of simpler problems
using (c). With t = ;ircled vertex), there are two pairs of
problems to consider, 1 . ,ere a“e two partitions which satisfy
the conditions stated in (c). Each pair is shown in two solid boxes
at the end of the first level links; the two members of a pair are

labelled V and W Each of these members is them analysed for con-
nectedness - the components arc shown separated by a dotted line and
are labelled KI, K2, etc. Each component is then further resolved,
the branching process being terminated at a primitive problem, 1i.e.
a chain or an empty set, either of which yields exact!- consis-

tent permutation.

The numbers shown underneath each box in the diagram give the number
of permutations consistent with the poset illustrated within the
box. They are computed from the formula of (b) when combining compo-
nents and from the formula of (c¢) when combining problem pairs. For
instance, the calculations 2.1.(4"') and 20.6 + 30.3 yield respect-

ively the numbers 30 and 210 of the diagram.

The enumeration algorithm is shown in Figures 3.4 and 3.5. The basic
recursive procedure COUNT of Figure 3.4 returns the number of topo-
logical sortings of the poset (S,k). (Note that the algorithm will
not work correctly if the binary relition It Is not transitively
closed). The principal variables are the sots V and Wwhich describe

the resolved problem pairs, and the set K which describes the compo-
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210
W
K2 K1 K2 Kl K2 K1 K2
10
1 1
3
U W
K1 K2 K1 K1 K2 K1
empty
set
2 2

Flf.ure 3.3 An example of the recursive procedure

for enumerating topological sortings
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proc edure COUNT (S, R):
begin amnt:- 1; J:m K- { };
while J f S Ij)
begin UEXTCOLtIP(S, J, K);
_if K Is a chain then c:* 1;
else repeat NEXTPAIR (K, V,U);
n”~1- COUNT(V,R);
n”:» COUNT O/.R);
c:- ¢ + ny.nwi
until all the pairs (V,U) of K have
been generated by NEXTPAIR;
endlf;

amnt:m amnt.c.( . )$
K1

end?

return amnt;

Figure 3.4 ftain procedure for the topological

sorting enumeration algorithm

nent currently being resolved. The initial problem may consist of
several components —possible values for K (in the example of Figure
3.3 there was one component only). Each of these components splits
into several pairs of smaller problems given by values of V and V,
each of these problems has components and so forth. The recursion
terminates when a chain is discovered (an empty component is consi-

dered to be a trivial chain).

The variables c¢, a, and tv register various accumulated tallies at
each level of recursion. The quantity ¢ which ultimately gives the
number of permutations for the active component K is the sum of
products of fact (c) on page 33. The quantities n” and n* ultimately
give the number of permutations for the pair of problems indicated
by Vand Wrespectively. The quantity amnt *s computed by applying
the formula from fact (b) while contributions accumulate from di-
stinct components. The set J (formed within the NEXTCCtIP procedure)
cumulates the vertices of the components already considered in the

subproblem currently being resolved.
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The NEXrCGtlP procedure shown In Figure 3.5 generates a new component
K of the poset S each time it is called. At each stage the set S ~J
contains those vertices that do not belong to the components already
generated. A vertex j is chosen from this set and the component K
containing j is then generated. The set K' consists of recently dis-
covered vertices of the component, and the set K* consists of all
vertices connected to any vertex of K'. This process continues until

K' is empty, that is until no new vertices are found.

The procedure NEXTPAIR of Figure 3.5 produces the subproblem pairs
(V,W) resulting trom component K by generating a new pair every time
it is called. The vertex on which the cleavage [fact(c)] 1is based is
chosen as that vertex for which the number of unrelated vertices

(i.e. the vertices which mneither precede nor succeed the vertex in

procedure NEXrCOIIP(S, J, K):
begin J:* J u K;
choose an element j e S - J;
K:- K- (j);
while K'f { } do
begin K*:* K*u (p e S|pRk or kRp 'or some k e K*>;
K':- K* - K
Kz- KuK'i
end;

return;

procedure NEXT PAIR (K, V, W):
begin if this is the first call for this component K
then CLEAVAGE(K,H,t) endif ;
Gs - tIEXTSVB(H);
V;- (p e KlpRt) u G;
W;m (K- (t>) - V;

return;

Figure 3.5 Auxiliary procedures for

the enumeration algorithm



the partial ordering) is a minimum. (This vertex t, and the set H of
sertices unrelated to it are computed by the procedure CLEAVAGE,
which is invoked during the first call to NEXTPAIR for component K).
Those vertices of K which precede t are put into V, and those which
succeed t into W. Each legitimate way in which the vertices of H may
then be divided between V and V yields a problem pair. This is
achieved using the procedure NEXTSUB which generates all the subsets
of Uclosed under the partial ordering. (A subset G of His closed
under the partial ordering R if, for all x and y,y « G and xSy, im-
plies x € G). The closed subset G is included with V, and W becomes

the relative (to K - {t>) complement of V.

Like the procedures HEXTCOt]? and NEXTPAIR, NEXTSUB produces a niv
solution each time it is called. To generate all the closed subsets
of H Wells' algorithm computes every possible subset of H anu then
tests if it satisfies the required conditions. If the s. ! has nm
elements this brute-force method requires the generation and testing
of 2n subsets for each component K A more efficient method t ’ gene-

rate closed subsets is given by Waite [1967].

3.2.1 The cleavage vertex

A curious anomaly in the highly detailed presentation by Wells of
his enumeration algorithm is the total absence ofan explanation for
the method of selecting as the cleavage vertex, that vertex t for
which the size of the corresponding cet H of unrelated vertices is a
minimum. (The algorithm will, of course, work correctly for any

choice of cleavage vertex).

The most probable reason that this method of selecting the cleavage
vertex t is used, is that it is an attempt to make the algorithm ef-
ficient by limiting the number of subproblcms generated at each le-

vel of recursion.

When the algorithm splits a poset (S,R) of size n into subproblem
pairs, each pair (V,W) will have a combined size of n-1 (the cleav-
age vertex having Dbeen eliminated). So the total size of all the
subproblems is proportional to the number of subproblen pairs.

Now the number of subproblem pairs (V,W) is equal to the number of
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subsets of Hclosed under the partial ordering R, where H is the set

of vertices unrelated to the cleavage vertex t.

In some cases, for example the poset in Figure 3.b(n), the number of

closed subsets of His an increasing function of the size of H but

in general this may not be true, nevertheless, as we shall see,

Veils' method of choosing t so that the corresponding set H has min-

imum size, is a reasonable way of limiting the number of closed sub-

sets (and hence the number of subproblem pairs) generated at each

level of recursion.

Firstly, the number of closed subsets of H must be limited, to some

degree, by the size of H, since if |H| - m then the number of closed

subsets of 1l must lie between mtl and 2m these bounds corresponding

respectively to no ordering and total ordering of the elements of H

So, on average, it is likely that a large set has more closed sub-

sets that a small set, and if j < log2k, then any set of size j will

always have fewer closed subsets than a set of size k.

Secondly, it should be noted that 11 is not an arbitrary set, but in

fact a partially ordered subset of the original poset (S,R) of the

enumeration problem. The significance of this can be seen from the

following lemma.

Lemma 3.1 Let (S,R) be a poset, and H, H' ¢ S where 11I' - » u <z> for

some z ¢ S. If p subsets of Hare closed under R, then the number p'

of subsets of H' that are closed under R satisfies p+l < p' < 2p-

proof; The subsets of H' closed under R which do not contain the

element z will be precisely the p closed subsets of H Also the set

H' ig a closed subset of Itself, and so ptl < p'- Furthermore, for

each subset C of 11' which contains z, G - <z> will be a closed sub-

net of H  Since there are p such subsets, there can be at moat p

closed subsets of 11' containing z and so p' < 2p. (Q.K.U.)

It follows from this lemma that if vertices t and t" are unrelated

to the sets of vertices Hand H' respectively, where 1l ¢ H', then

the policy of choosing t over t' as the cleavage vertex will always

result in fewer subproblem pairs.
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Therefore it can be seen that Wells' nethod of cleavage vertex se-
lection is a useful one - it restricts, to sone degree, the number
of subproblems (and therefore the sun of the sizes of the subprob-
lems) at each level of recursion, and also, perhaps the most deci-
sive factor in favour of this method, it is simple and relatively

cheap to use.

1
4 5
(2)
cleavage set Hof number of total
vertex unrelated closed subsets/ subproblem
t vertices subproblem pairs size
1 - 1 6
2 <7> 2 12
3 (6,7} 4 24
4 (5,6, 7} 8 48
5 4, 6,7} 8 48
6 (3.4, 5,7} 10 60
7 (2, 3, 4, 5,6} 11 66
<b'

Figure j»5 (*) A poset; (b) the relationship between cleavage

vertex and the number of subproblems pairs



\ n-1

Flrure 3.6

The number of closed subsets of a set H does not,

however, depend
~l.ly on the size of H

but on the degree of ordering among it.
elements as well. Consider the poset in Figure 3.6.

Here, ut is unrelated to 2n vertices for 1 < i <n

s

W1 is unrelated to ntl vertices for 1 < i <n

s

y is unrelated to n vertices, and

z is unrelated to n vertices*

The sets tL - (u”u, .. u*> and H, - (w"w, of vertices
unrelated to y and z respectively are the same size, but while the
u.'s are all unrelated to one another, the w”a are totally ordered

(I.e. they form a chain). This difference results in vastly differ-

ing subproblem pairs depending on which of y or z is

chosen as the
cleavage v.rfe*. (The algorithm

resolves ties like

this by selecting
the vertex first encountered in the

search for the cle.vage vertex).

y .. the cleavage vertex: Each of the 2nsubsets of the set Hy

(u ,u,...,u >will be closed under
woids! ther: Will be 2" pair,
pair (V.M), the

the partialordering, in other

of subproblem.. For each subproblem

set Wwill contain vertex z as well as the component

w ,w,,...,v > Since these vertices ... always follow y in the

paitJ]l ordering. Within the 2" pair, will be 2"-(n+l) non-primltlv.

components which will have to be split up further - these non-primi-

tive components will each be of the form:
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for sonic subset {iv,..*,Uj 1 of ily.

s as the cleavaKe vertex: The set Hz = w*Horms a chain
and so there are utl closed subsets, namely t }, twirwz Ne o ¢ F
{w >w w }. Also, each subproblem will consist of primitive com-

ponents (i.e? chains) only, and so no further recursive applications
of the algorithm arc necessary.

The difference between choosing y and z is quite significant - 2
subproblem pairs containing a total of 2n-(n+l) non-primitive compo-

nents, compared with n+l pairs having primitive components only.

example illustrates quite clearly that the number of closed

us of a net H depends not only on the size of H, but the degree

ng among its elements. In fact, If we modify the previous

jO chat the number u”'sis m/ n (I.e. y and z are no longer

unrelated to the same number of vertices), then Hy =~ ,ju 2,....u"}
willhave more closed subsets than will HEf m>w2><’' *wn”" tor m

even assmall as log"n + 1.

So far we have oiscussed the problems of finding the cleavage vertex
t that results in the fewest number of subproblem pairs. However,
splitting a problem into a minimum number of subproblem pairs (and
therefore obtaining a minimum for the total size of the subproblemn
combined) does not necessarily lead to the most efficient algorithm.

Consider the poset in Figure 3.7.

Wlgure 3.7
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Vertex 7 is unrelated to just one vertex, 6, nnd vertex 5 is unrela-
ted to the three wvertices 1, 4 and 6, and so it follows from Lemtna
3.1 that more subproblen pal:s are generated when the problem is
split around vertex 5 than when it is split around vertex 7. If 5 is
the cleavage vertex, there are six subproblem pairs, and if 7 is the
cleavage vertex, there are two subproblen pairs, as shown in Figures

3.6 and 3.9 respectively.
The six pairs obtained by splitting around vertex 5 are composed of

primitive components only, with the exception o" the V-shaped compo-

nent:

which appears twice, and so a further level of recur .ion is required

to resolve the probl, completely.

VI W1 V3 W3 V) W5
1
\ ‘ 7
4 t,
\

7 S

V2 w2 \%) W4 Wo
4 3
| o L 2 ¢
7 6

vertex 5 is the cleavage vertex



The two subproblem pairs obtained by splitting around vertex 7

contain two non-primitive components, and must be resolved further.

Another level 01 recursion (using 2 as the cleavage vertex) results

in ten more subproblems composed of primitive components only, with

the exception of the V-shaped component:

which appears twice, necessitating s third level of recursion to re-

solve the problem completely.

Comparing the two different choices for the cleavage vertex, it is
apparent that while splitting around vertex 7 results in fewer sub-

problem pairs, it is not necessarily the better choice; an extra

level of recursion is required, and the original problem is broken
down into a total of 39 primitive components, compared with a total

of 25 when vertex 5 is chosen as the cleavage vertex.

The six subprobiem pairs obtained by splitting around vertex 5 are

more balanced than the two pairs obtained by splitting around vertex

7, in the sense that the elements are more evenlydivided between

the two subproblens in each subproblempair (V,U). For = as the

cleavage vertex, there are three pairs of subproblems of sizes 2 and

4, two pairs of sizes 3 and 3, and onepair of sizes 5 and 1; so the

average sizes of the pair (V.W) are 2.83and 2-./. For 7 a? the

empty

set

Figure 3.9 The subprobiem pairs resulting when

vertex 7 is the cleavage vertex

mdd .



cleavage vertex, there is one pair of subproblems of sizes 5 and 1,
and one pair of slz”s 6 and 0; so the average sizes of the pair

(V,W) are 5.5 and 0.5.

The reason for this dilference in balance can be seen by looking at
the sets of vertices related to 5 and7; vertex 7 is related to five
other vertices, all of which proceed 7 in the partial ordering,
while vertex 5, although related to three other vertices only, pre-
cedes one of them, and follows the other two in the partial ordering

- a more balanced situation.

In general, if a poset contains among its elements three distinct
elements x, y and z where xRy, yRz and xRz, and if y is chosen as
the cleavage vertex, then the pairxRz will not feature in any of
the subproblems. (Since y is the cleavage vertex, it does not appear
in any subproblem and so, obviously, neither will the pairs xRy and
yRz or any other pair containing y). This _Ir xRz does not appear
in any subproblem, since the condition that x must precede z is now
implicit in the fact that in each pair (V,W) of subproblems x e V,
and z e W. So thi more -equally that the vertices related to the
cleavage vertex are divided between preceding and following this
vertex in the partial ordering, the more pairs of the form xRz will
disappear from the subproblems, and therefore the simpler these sub-

problems will be.

Note that in theprevious example, a pair of subproblems ofsizes 5
and 1 arises foreither choice of cleavage vertex. Because of the
balancing, the subproblem of size 5 obtained with 5 a» the cleavage
vertex is, however, a much simpler problem than the size 5 subpro-
blem obtained with 7 as the cleavage vertex. The former subproblem
consists of two components, one primitive and the other a simple V-
snape, while thelatter has one component, which on further resolu-
tion results in four subproblem pairs composed of u total ofl13 pri-

mitive components.

In conclusion, we have discussed how different choices of cleavage
vertex can result in vastly differing sets of subproblem pairs, and
how the efficiency of the enumeration algorithm is affected by pro-
perties such as the size of the set 1l of vertices unrelated to the

cleavage vertex t, the partial ordering on this set, and the measure



of balance between the vertices preceding and following the cleavage
vertex in the partial ordering. The question that now comes to mind
is "what criteria should be used to select the cleavage vertex to
achieve maximum efficiency?" In attempting to answer this question

we face a number of problems.

Firstly, the fact that an arbitrary ordering lacks what Knuth refers
to as "pleasant properties" makes a rigorous analytical evaluation
of the problem of cleavage vertex choice extremely difficult, if not
impossible. This difficulty is the most probable reason why Wells
offers no explanation for his selection method, since it is highly
unlikely that this selection method would be given as part of the
enumeration algorithm if It offered no advantage over some simpler
method. For example the cleavage vertex could be chosen (i) random-

ly, (ii) as the highest numbered vertex, or (iii) in some other way.

Secondly, Wells' selection method is relatively cheap to use, and
another method that results in a better choice of cleavage vertex
will not necessarily result in a more efficient algorithm, since the
gains in using this better choice of cleavage vertex may very well

be outweighed by the work involved in searching for it.

3.2.2 Repeated enumeration of a component

When a problem is split into suhproblem pairs, every component of
every subproblem is enumerated separately, these results eventually
being combined to give the required solution to the original pro-
blem. A particular component which appears in a number of different
subproblems will be enumerated repeatedly, once for each of these

subproblems.

That a component appears repeatedly in different subproblems is an
inherent feature of the algorithm, since in every subproblem pair
(V,W), the vertices that precede the cleavage vertex will always be
in the net V, and the vertices that follow the cleavage vertex will
always be in the set W For example, consider the poset of Figure
3.10(a). If vertex 6, which is unrelated to the fewest other ver-
tices, is chosen as the cleavage vertex, the component of liguru

3.10(b) will appear in each of th« eight sulproblem pairs.
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Repetition of components can be seen as well in the other examples
we have, discussed. For example, in the poset of Figure 3.6, if y is
the cleavage vertex, then the chain w”Ru,, Ww'Rw"....... *Wh -1 Rwn a *~
pears in the set W for each of the 2n subproblem pairs (V,U). Even
though this chain is a primitive component chat is mnot resolved
further, at least O(n) time is needed to test that it is primitive,
which means that at least O(n.2n) time will bespent on unnecessary

repetitions of this test.

A simple way to eliminate the repeated enumeration of components,
and so to improve algorithm efficiency, is to allot ate O(m) storage
cells to "remember" the components that have nlreao been evaluated
(where m is the number of closed subsets of t original poset (S,R)
of the enumeration problem). This modification can result in a very

significant improvement in the speed of the algorithm.



CHAPTER 4 - TOO PROBLEMS REDUCIBLE TO TOPOLOGICAL SORTING
4. 0 Incrodi'c tlon

In Qiapter 1 we saw that topological sorting can be viewed as a re-
stricted permutation problem, that is a problem concerning the study
of permutations of n objects that are consistent with a given set of
restrictions. In this chapter we look at two other restricted pemu-
tation problems, and we develop methods to solve them by reducing

them to topological sorting.

i Permutations with prescribed 'i--down sequences

A permutation P “ p”p0....p~ of {1,2,...,n) is said to have a rising
sequence (uf sequence) if pN < pl+l < ... <p", and a falling
Mgucnte (down sequence) if p* > pl+i > ... >Pj+k. Denoting rises
and falls by 1 and O respectively, the ups and downs are described
by a succession of n-1 I's and 0's, called the U-D sequence of the
permut.atlon pjp”.-.-p”, and the pemutation is called a solution tc

the U-D sequence. For example, the U-D sequence of 7258361'. ie
0,1, 1,0, 1,0, 1 and 81273645 is another solution ta this sequence.

A U-D sequence s”™.s™,....s " defines a set of permutations of the
form p”P2»e.pn for which the constraints that < p."i if -1
and if s® “ 0 are satisfied. So the U-D sequence repre-
sents a part.al ordering " < " (i.e. the wusual relation of "less
than" on the real numbers) of the positions p”p pn according
to their contents. (The topological sorting problem on the other
hind, involves a partial ordering of the elements of a set). The

iiasse diagrams of these partial orderings ha/e a characteristic zig-
zag shape. For example, the sequence 0,1, 1,0, 1,0, I defines the

partial ordering shown in Hgure 4.1.

The "ups" of the U-D sequence become the "downs" in the liasse dia-
grams and vice versa. This may seem «m unfortunate convention, going
against the usual notion of up and down, out it is perfectly consis-
tent with the concepts of up and down in mathematical, as opposed to

botanical, treos.
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Figure 4.1 A "zig-zag" Hassc diagram

Given an U-D sequence s”

s 3[i_1, the solutions of the form plp2

can be found by transforming the problem into an equivalent
topological sorting problem. For notational convenience, let us de-
note temporarily p” by p(i). Finding a permutation p(l)p(2)..*p(n)

consistent with the partial ordering on the p(i)'s defined by the U-

D sequence, amounts to finding a permutation a(l)a(2).¢.a(n) of the
set <1,2,...,n> satisfying
p(a(l)) <p(a(2)) <... <p(a(n))
. . . . -1 -1
that is p(a(i)) - 1 for i - 1,2,...,n, or p(i) » a (i) where a (j)

- k if a(k) - j. Therefore the permutation a \l)a 1(2)....a \n) -«
p(IJp(?)e..p(n) will have the required U-D sequence.

For example, the sequence 1,0,0 defines the permutations of the form
P1P2P3P4 satisfying p~ < p2, p2 > p3, p3 > p4» This partial ordering

can be extended to the linear orderings

P4 <P3< ?2!< P2
P4 <?!< P3< P2
Pi <P4< P3' P2

giving as possible values for a(l)a(2)a(3)a(4) the permutations

4312

4132
1432



Therefore the inverses of these pemutations, namely

3421
2431
1432

are the solutions to the U-D sequence 1,0,0.

Based on this concept, we have the following method to generate all

solutions to a given U-D sequence s”".s.,, ...

(i) Construct the partial ordering R on the set of integers
<1,2 n) such that IRI+1 if -1
and i+IRi if "0.

(ii) Find all topological sorting solutions.

(ill) Construct the inverses of the topological sorting solu-

tions, giving the required solutions to the U-D sequence.

Vle now consider two algorithms to generate U-D sequence solutions
based on two of the topological sorting algorithm a that were dis-

cussed in Chapter 2.

4.1.1 An algorithm based on the Knuth-Szwareflter algorithm

The Knuth-Szwarefiter algorithm fur generating topological sortings
given in Figure 2.4 requires two minor modifications in order to be
transformed into the algorithm to generate U-D sequence solutions
shown in Figure 4.2. Firstly, the input to the algorithm of Figure
4.2 is not a partial ordering, but a U-D sequence contained in array
SEQ, and the partial ordering used in this algorithm is constructed
from this U-D sequence. The second modification to the original top-

ological sorting algorithm, is the replacement of the statement

P[Il:- j;

appearing in Figure 2.4, with the statement

P[j]:- ii
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The change resulting from this replacement is that the array P,
instead of containing each topological sorting solution as it is
generated, will now contain the inverse of each such solution. So
the U-D sequence solutions will be generated directly from the
partial ordering, and the intermediate step of explicitly computing

the topological sortings is not necessary.

From v.iapter 2 we know that for a partial ordering represented by m
pairs IRj on a set of n elements, the Knuth-Szwarefiter algorithm
needs O(nrt-n) time to generate each solution. Now a U-D sequence of
length n-1 always defines a partial ordering which we represent by
n-1 pairs, and therefore the algorithm of Figure 4.2 requires 0 (n)

time per solution generated.

procedure GENERATE KS(SEQ,n):
benin S:- <1,2, ...,n>;
construct the partial ordering R on S suih that
for U- 1,2....... IRi+1 if SEQ[1] - 1
and i+IRi if SEQ[i] - O0;
M:m (y|there is no x such that xRy};
UPDOUNIJCSd);

end;

procedure UPDOUNICS (i):
begin if I « n then P[n]:- sole element of M; PROCESS(P);
else for It Mdo
ber.In erase all pairs of the form JRk;
P(jli- i3
UPDOWN KS (1+1);
retrieve all pairs of the form jRk;
end;
endlf;

return;

Flxure 4.2 An algorithm to enerate U-D sequence solutions



4. 1.2 An algorithm based on Varoi's alaorlthn

The algorithm based on the Kauth-Szvarcfiter algorithm computes U-D
solutions directly from the partial ordering, skipping out the step
of computing explicitly the corresponding topological sortings. For
any algorithm based on Varol's algoritlim this step must be included,
since each topological sorting solution generated (with the excep-
tion of the starting solution) is constructed from the previous so-

lution.

An algorithm based on Varol's algorithm is given in Figure 4.3. The
array P 1= used to store topological sorting solutions as they are
generated, the array Q is used to store the corresponding U-D solu-
tions, and the array SEQ contains the U-D sequence " »s2»1**»sn_i 33

its first n-1 entries and 1 as its n-th entry.

Recall that Varol's algorithm requires an initial topological sort-
ing solution (the starting solution) which is renamed 12...n. !taking
use of the i rticular nature of the type of partial ordering defined
by a U-D sequence, we have the following method to compute a start-
ing solution in linear time. (For an arbitrary partial ordering no

such linear method exists).

Consider the sequence S m s”,s2, ¢« ¢ » | where 3 s2’’* " ’sn-I

the given U-D sequence, ano “orF

(1) Scon the sequence S from left to right, and output 1 for

each - las it is encountered.

(2) Scan the sequence S from right to left, and output i for

each s. - 0 as it is encountered.
For example, given the U-D sequence 1,0, 0,1, Owe get tie sequence S
- 1,0,0,1, 0,1. Scanning S from left to right, we encounter 1's in

positions 1,4,6 and so we output 146; then scanning S from right to
left, we encounter O's in positions 5,3, - and so we output 3J_. the

complete output is therefore the permutation 146532.
This permutation is a solution to the topological sorting problem
1IR2, 3R2, 4R3, 4R5, 6RS5 defined by the U-D sequence 1,0,0, 1,0 and

its Inverse, 165243 is a solution to this U-D svqu.nce.
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procedure GEHEI<ATE V(SEQ.n):
begin STARTItIG SOLUTION (H);
for 1:" 1 to n do QfHfIl I:m 1;
construct the partial ordering R on {1,2
lor i:- 1,2 Q[i] R Q[i+1] If SEQ[1] - 1
and Q[i+1] R Q[1] if SEQ[I] - O;

n} such that

UPDOWN.y;

end;

proced ire UPULXIN V;
begin for 1;- 1to n do P[i]:- LOG[i];- i;
PROCESS (Q);
1;- 1;
while 1 < n do
begin If 1 Is not blocked
then J:” right-hand neighbour of 1;
transpose i and j;
LOG[!]!s LOGI[ij+1; 1;- 1;
CONVERT (P.H.Q);
PROCESS(Q);
also ROTATE(1);
LOCUh- 1} 1;- 1+1;
endit;
end;

return:

Figure 4.3 An algorithm to generate U-D sequence solution:-

it la easy to see that this method of finding a starting solution to

the topological sorting problem defined by the U-D sequence s”,s ,
oo ' wvalide For i * 1,2,...,n-1, if * 1, we have the pair
IR1+1 and in the permutation constructed, i indeed appears to the
left of 1+1, and similarly if - 0. (Note that it is not impor-
tant that sn - 1, the method is still wvalid if - 0). Although

this method has been described in terms of two scans of the se-

quence one scan only is necessary, as shown In the STARTING SOLUTION

procedure given in Figure 4.4.
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procedure STARTIHG SOLUTIOH (I1I):
becln up:- 1; down:- n;
for 1:= Iron do
begin If SEQ[I] - 1 then H[up]l:=1;
up:- up+l;
else H[down]:- 1;
aown:- down-1;
endIf;
end;

return;

Figure 4.1 Procedure to find u starting solution

The permutation constructed by the procedure STARTING SOLUTION to be
used as the starting solution is scored in array H It is convenient
to view array H as a mapping of 12...n onto the permutation con-
structed. The inverse mapping H represents the renaming function
(i.e. it maps the starting solution onto 12...n). Array Q (which is
later used to store the U-D sequence solutions) is used temporarily
in procedure GENERAIE V to represent this renaming function H » for
the purpose of computing the set of pairs iRj of the renamed partial

ordering.

The procedure VPD(AIN V is simply the same as procedure TOPSORTS V oi
Varol's generating algorithm in Figure 2.5, with the addition of I
call to a procedure CONVERT appearing lust before the second call to
the PROCESS macro. The procedure CONVERT will convert a renamed top-

ological sorting solution to the corresponding U-D sequence solution

by (1) translating ti.- .i.: . topological corting back to its rri-
ginal name, and then (11) inverting this permutation. That 1 , if
the arraj P contains th2 renamed topological sorting si luticn, he

procedure CONVERT conputas ’rray Q si.ch that

Q[i]i- @[VI[ill) 1 for i - o .

or equivalently,

[v’ei = i i) 2,...
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A call to procedure CONVERT Is not required prior to the first call
to PROCESS, since at this stage array Qcontains the inverse of the
starting solution which is in array H that .s Q already contains
the U-D sequence solution corresponding to the starting topological

sorting solution.

Consider for example, the U-D sequence 0,1,0, 0,1. This sequence de-

fines the partial ordering

2R1 5R4
2R3 5R6
4R3

The procedure STARTING SOLUrION constructs the array H containing
the permutation 256431 to be used as the starting solution to the
topological sorting. This permutation is renamed 123456 and the par-

tial ordering is renamed giving

H1(2) R H-1(]) H"1(5) R H-1(4)
H~1 (2) R H~1(?) H-1(5) R H-1(6)
H-1(4) R H-1(3)

that is 1R6 2R4
IR5 2R3
4RS

All solutions to the renamed topological sorting problem are now
generated. For example, a particular solution is 216435; translated
by the mapping H to its original name we get 521463, and inverting

this permutation gives the U-D sequence solution 326415.

The computation of U-0 sequence solutions by procedure CONVERT re-
quires the recomputation of all n entries of array Q for each solu-
tion generated, however successive solutions wusually differ from
each other in a couple of positions only. (For instance, in the pre-
vious example, the first two U-D solutions generated are 615423 and
625413 which differ from one another in two positions only). Modify-
ing the procedure UPDOUN_V of Figure 4.3 to obviate the constant re-
computation of array ( results in the improved procedure UPDCUN_I

shown in Figure 4.5.
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procedure UPDuJN_I:
begin fur 1:m 1 £0 n do P[1] :“ LOG[1]:m i;
PROCESS (Q);
li- is
while 1 < n do
begin J f | is not blocked
then J:- right-hand neighbour of I;
transpose 1 and j;
QIH[J]]s - LOCti]; q[H [1] ]:- LOG[i]+1;
LOG[1]:* LOGIi] +1; 1:- 1}
PROCESS (Q);
else ROTATE();
k:- LOG[1];
while k > 1 do
bee; In Q[H[P [k] ]S- k;
k:- k-1;
end;
LOCti]: - 1, i:- 1+1;
endlf;
end;

return;

Figure 4.5 Improved version of the procedure UPDCWN V

The procedure UPDOWN V of figure 4.3 hes been altered so that when-
ever the contents of array P are changed, the cor esponding changes
to array Q are made. Firstly, when a topological sorting is computed
from the preceding one by a simple transposition of a pair of ele-
ments of array P, the corresponding U-D sequence solution is com-
puted by a transposition of elements of Q. This is achieved using

the statements

QtHtJ1h- LOG111;
q[H[i] ]:- LOC[i]+];

in Figure 4.5 which replace the call to procedure CONVERT.



Eliminating this procedure results in a saving of 0O(n) time per so-
lution generated, but there are now extra overheads. In order to
keep Q "up-to-date" with P at ivory step of the algorithm, whenever
cyclic right-rotations are performed on P between the generation of
successive topological sortings, the corresponding operations must
be performed on array Q. This is achieved by the "while" loop that
follows the call to procedure ROTATE in Figure A.5. Rotating the
elements of P requires a simple cyclic right-rotation of the ele-
ments in positions i,i+1,...,LOC(i), an operation which can be per-

formed very efficiently on some computers. The corresponding opera-

tions on the elements H[P[i)], H[P[it]l ] .rirnee e [LuC[i]l o array Q
may not be us si. /.e, s:nce these elements are not nect " |.f con-
tiguous.

Let us now compare the times complexities of the procedures UPDOWN V
(Figure 4.3) and UPDOWN 1 (Figure 4.5). Suppose that a U-D sequence
of length n-1 defines a topological sorting problem which has t so-
lutions, and that r cyclic right-rotations of elements of array P
are executed in the process of generating these solutions. Both of
the procedures UPUOUN V and UPDOWNJ will require O(r+t) time to
generate these topological sortings since, as we saw in Chapter 2,

this is the time complexity of Varol's generating algorithm.

To convert these t topological sortings into U-l1) sequence solutions,
the procedure UPUOWNV requires t-1 calls to the 0(n) CONVERT pro-

cedure giving a total conversion time of 0(nt).

The procedure UPDOWN [ generates every topological sorting solution
(except the starting solution) from the previous one by transposing
elements of P, and so the corresponding t-1 transpositions of ele-
ments of Q require 2c(t-1) time, for some constant c. The operations
performed on array < corresponding to the rotations of elements o.
array P are exactly those operations that would be performed on V if
ROTATE were not a primitive operation, but a procedure requiring
time proportional to the sequences being rotated, and from Chapter 2
we know that the total time r quired by ROTATE if it is not primi-
tive is 2d(r+t-1). So the total time required by procedure UPDOWN;t
for all operations on Q, and therefore its total conversion time Is

2¢(t-1) + 2d(r+t-1) - 2dr + 2(c+d)t - 2(c+d) which is 0(r+t).



*rom Chapter 2 we know that r < nt and ao UPDOWN YV ha. time co.ple,.-

Ity O0(r+t) + 0(nt) - 0(nt). and UPDOHN I has time complexity O(rft)

+ 0(r+t) - O(rt-t). So clearly UPDOWNJ is the better procedure,

since it is at least as fast, if not faster than UPDOWNV.

The method used in procedure starTIHC SOLUTION in Figure 4.4 to con-

struct a starting topological sorting solution in linear time is by

no means unique. An Interesting alternative method is as follows:

As before, consider the sequence S = si,s2.ue. sn wW'ere 81% 2%

is the given U-D sequence and s~ =1.

(1) Partition the sequence S into subsequences C*.C*

........... cr
placing Q@ vertical line at either end of S, and also after
every sh = 1. For each subsequence CA, m - 1,2 ............ r per
form Step (2)

(2) Output k,k-1,...,j+1,j where - sj,sjtl sk-i'sk*

For example given the U-D sequence 0.0,1,1,0,0,0 we have S - 0,0.1,

1,0,0,0,1 which is partitioned as follows:
10.0.11110,0,0,11.

That is,
G - 0,0,1 -sl,s2,s3
c2-1 -\
a- 0,0,0,1 - a3,s",s2,Sg

Starting with we output 321, then going on to Cg we output 4, and

finally reaching (3, we output 8765, and so the complete output is

the permutation 32148765. This permutation is a solution to the top-
ological sorting problem defined by the U-D sequence o ,0,1,1,0,0,0.

Aprocedure forthis methodis shown in Figure4.6. Wecan show that

this method willalways construct asolution to thetopological

sorting problem defined by the given U-D sequence, by using the same

argunent we used to prove that the previous method worked correct’ V.
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procedure ALTERNATIVE STARTI!liJ_SOLUrION (H):
ber.In J:- 1;
for i:* 1 to n do
begin if SEQ[1] - 1 then
k:- 1;
while 1 < 1 do
beiin H[j]:- k; j:¢ j+1; k:- k-1; end;
endlf ;
end;

return;

Figure 4.6 A second uethod Co construct a starting solution

The interesting point about this second method is that the topologi-
cal sorting solution constructed is the smallest solution (in lexi-
cographical ordering) and it is an involution, that is a permutation
which is its own inverse. Since this permutation is an involution,
it is also a solution to the U-D sequence defining the topological
sorting problem, and so this method can be viewed as a constructive

proof that every U-D sequence has as a solution at least one involu-

tion.
We can easily see that p”~p7....p", the permutation constructed by
this method is an involution, since for each subsequence - s,
Sj+1 sk-1,sk we liave that

Pk ¢ J

Pk-1 " J+1

Pj+1 - k-1

PJ] " k
That is pl m b <e> po * a for a,b - 1,2,.... ,n. Further, it can be

seen that the permutation will be the smallest topological sorting
solution (in lexicographical ordering), by noting that at each stage

in the construction of the permutation ptp ..p” the choice for p.
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is Che smallest possible integer chat can be selected without con-

tradicting the restrictions of the partial ordering.

4.1.3 Enumeration of U-0 sequence solutions

The number of permutations having a given U-D sequence can be com-

puted by applying Wells' enumerating algorithm (Chapter 3) to tne

topological sorting problem defined by the U-D sequence. More direct

enumeration techniques are g-'ven by Niven [1968] and Foulkea [197b].
The following result, which is from Niven [1968] can be used to de-

sign an algorithm to enumerate U-D sequence solutions.

Let S-s.,ST,....,sn-1 be a UD sequence. Let k"k". kr be the
subscripts of those s”shaving value 0 where ~ <k2 < ... <k, If

S consists of a sequence of 1's thenr - 0. Then H(S), the number of

solutions to the U-D sequence S equals the determinant of order r+.

with the binomial coefficient (j”~ ) at the intersection of row 1

and column 1 (i.j - 1,2..... wherekQ - 0, k . - n and (t) - O if
example, if s - 1,0,1, L0,1,1,1 then Kl " 2, k2 - 5 k3 -
9 and
1 1 0
(o> (5)
y - 1099
NS) - (0> <= (5) bt
<0> (2> (1) 1 36 126

4.2 Permutations with a tlven number of runs

If we place a vertical line at both ends of a permutation PI1P2*1-P,

and also between and pj+1 whenever Pj > pJ+1, the segments in be-

tween pairs of lines are called runs. For example, the permutation
2697|4813

hao 4 runl*
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Now a permutation with k r*ns has a U-D sequtnce with k-1 0 3. So

the problem of generating all permutations of {1,2 n> having k

runs can be solved by finding all U-D sequences which have k-1

0's (and n-k I's), and then generating all the solutions to each of

these U-D sequences by reducing them to topological sorting prob-

lems. A far more efficient algorithm can be designed by making use

of the following symmetry.

Lemma 4.1 If a,al...an is a permutation of {1,2,...n} having the UD
sequence b - "i,»2'"""n-1 and If bi “ nt+l~an+l-i £°r 1 *
.,n then the permutation b”by..b” has the

reverse U-D sequence S*

[

an-l‘an-2«-"* Jr
Proof: Let T - t"tg denote the U-D sequence of the permu-

tation b1lb2-..bn. If si - 1, then a® < al+l> so bn | <bn+l 1 and

therefore t ~ - 1. Similarly if ~ - 0 then tn-1 - 0. Hence T - S*
mV i,sn-2 8r
So if the solutions to a U-D sequence S - 3i»s2*e¢’’*8n-1 haVe been

generated, by reversing each solution, and replacing every element t

by n+1-1, the solutions to the reverse U-D sequence S* - 3n_i'"*n_2'

..,s 1 are obtained.
For example given the solutions

3421

2431

1432

to the U-D sequence 1,0,0 reversing each solution and replacing each

1 by 5-1 gives
4312
4213
3214

which are the solutions to the U-D sequence 0,0,1.

It is easy to sea that it is always cheaper to generate the solu-

tions to S* directly from the solutions to S in this way, than by
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using any U-D sequence solution generating algo'ithn. Consider any
such generating algorithm, and assume that an array P is used to
store ecach solution as it is generated. The algorithm must contain

assignment statements of the form

Pli]:- J;

By inserting after each such statement, the statement

R[n+t1-1]: * n+1-j;

the solutions to the reverse U-D sequence are obtained at a cost of
executing these assignment statements only which is obviously cheap-

er than executing the whole algorithm again.

By dividing all the (£_[) U-D sequences of length n-1 having k-1 0's
and n-k I's into pairs (S,S*) where S* is the reverse of S we there-
fore have the following algorithm to generate all permutations of

<1,2,...,n) which have k runs:

(1) For each pair (S,S*), generate the U-D sequence solutions

to S using a U-D sequence solution generating algorithm.

(2) If S f S* then generate the solutions to 2* by computing
them directly from the solutions to S. (If S - S* then ob-
viously the solutions to 5 are the solutions to S* as well,

and must not be generated a second time).

4.2.1 Enumeration of permutations with a Riven number of runs

The problem of generating all permutations with a given number of
runs can be transformed into a set of U-0 sequence solution pro-
blems, and these in turn can be transformed into a set of topolo-
gical sorting problems. So permutations with a given number of runs
can be enumerated by application of Wells' enumerating algorithm for
topological sorting. As for the case of enumerating U-0 sequence so-

lutions, a more direct enumeration technique exists.

Let <n,k> denote the number of permutations of (1,2,....,n> having k

runs. These numbers <n,k>, known as Eulerlan numbers. can be con-
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puted from the following formula that appears In Knuth [1973, p.37]

<nk> - kn- (k-nV"1) + (k-2)n(nr ) ——+ (-nV cO0*])

7 (-1)-5(k-j)n(nj 1), n>0 k> 0.
.1-0
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CHAPTEK 5 - PKOHUMS EuP. FUHTHHR RESE.\RCU

Sone specific problems related to the topics covered In this disser-

tation that nay be considered for further research are:

1) Designing new -teneratimt algorithms

If the Knuth-Szvarefiter and Varol's algorithms for generating topo-
logical sortings are modified by removing from them all references
to partial orderings, we are left with two algorithms that generate

all n! permutations of n objects.

The Knuth-Szwarefiter algorithm in fact becomes the standard back-
tracking permutation generation algorithm (see Wells [1971]), and
Virol's algorithm becomes the permutation generation algorithm at-

tributed to M Hall Jnr. (see Ord-Smith [1970]).

Mew algorithms for generating topological sortings may possibly be
designed by modifying other permutation generation algorithms so
that they generate only those permutations consistent with a given
poset. (During the past twenty years, over thirty different permu-
tation generation algorithms have been published - see for example

Sedgpwick [1977]).

2) Inprovlnp. Varol's deneratlnp. algorithm

Varol's algorithm contains a measure of arbitrariness in that the
choice of starting solution is not completely specified - any one of
the topological sortings may be used. In Section 2.2.2 we showed how
different starting solutions may result in different running times
for the same problem, and we considered a possible method of select-

ing the starting solution, but no conclusive results were obtained.

A possible area of research is to firstly find a way of choosing the
starting solution that will always (or perhaps on average) give us
maximum efficiency, and secondly to determine whether more time is
saved by using the best starting solution, than is used in finding

it.

_64-



3) Ues'-jnlng iuwu enumerating alaorlthias

As far as r.hls writer knows, Wells' algorithm (Chapter 3) is the
only topol -leal sorting enumerating algorithm that exists. A new
enumerating algorithm may possibly be uesigned by making use of Va-

rol's algorithm as follows.

There is a simple method to construct the final topological sorting
generated by Varol's algorithm, which is:
Starting with the permutation 12....n, for i - n-1,n-2, 1
move element t rightwards until it is blocked, that is until
either iRj for j the right-hand neighbour of 1, or until 1 is

the right-most element in the permutation.

The permutation obtained in this way is obviously the last one gene-
rated by the algorithm, since every element less than n is blocked,
and so at this point the algorithm ill execute n-1 successive rota-

tions and terminate.

For example, consider the restrictions 1R5, 2R4 and 4R5 on the set
{1,2,3,4,5}. (The order in which the topological sortings of this
poset are generated by Varol's algorithm is shown in Figure 2.6).
Starting with 12345, we first attempt to move element 4 rightwards,
but it is blocked by 5 and so nothing changes. Element 3 is then
moved all the way to the right giving 12433. Since 2R4, eclement 2
cannot move further right and so nothing changes, and then finally
element 1 is moved rightwards until it is blocked by 5, and we get
the permutation 24153, which is indeed the last topological sorting

generated by Varol's algorithm.

Therefore the enumeration of topological sorfIngs of a poset can be
tra..sformed into the problem of indexing the solutions generated by
Varol's algorithm, that is the problem of computing the integer Kk,
if the k-th solution generated by the algorithm is given, since the
index of the final solution is equal to the total number of topolo-

gical sortings generated.

It should be noted that the ;roblem of Indexing the solutions gene-

rated by Varol's algorithm Is not a trivial one. Further, because of
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Che nature of the algorithm, whereby each solution generated is con-
strv'ted from the previous one, it is possible that the cost of
indexing the final solution may not be significantly cheaper than

actually generating the solutions themselves.
4) Improving ’ells' enumera In% algorithm

In Chapter 3 we saw that the method used in Wells' algorithm for
choosing the cleavage vertex does not guarantee maximum efficiency.
A possible research problem is to find a method for choosing the
cleavage vertex which will give maximum efficiency, and to find out
alsc, if the time required by this method for finding the best clea-
vage vertex would Justify our using it instead of the original me-

thod .
3) Samples of poscts

In Section 2.3 we discussed the problem of how to define a good sam-
ple of peseta, and the related problem of how these posets should be
characterized. Solving these problems would be extremely usiful, ts
it would make erapt: al testing of any algorithms concerned with

topological sorting more nt .ningful.
6) Ocher restricted permutation problems

In Chapter 4 we discussed two restricted permutafion problems that
can be reduced to to ological sorting. An area for further research
would be to find out whether there are other restricted permutation
problems that can also be transformed into the topological sorting

problem.
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