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ABSTRACT

This thesis treats systems of ordinary differential equations that

are from the K v forward ti of a clase of Markov

processes, known generally as birth and death processes, In particular
we extract and analyze systems of equations which describe the dynamic
behaviour of the second-order moments of the probability distribution
of population goverued by birth and death processes. We show that
these systems form an important class of stochastic population models
and conclude that rhey are superior to those stochastic models derived
by adding a noise term to a deterministic population model. We also
show that these systems are readily used in population control studies,

the rost of uncertainty in the population mean size is taken

in wh
into account.

The first chapter formulates the uiivariate linear birth and
death process in its most general form. ¥ predatility distribution
for the constant parameter case is obrained exactly, which allows ane
to state, as special cases, results on the simple birth and death,
Poissom, Pascal, Polya, Palm and Arley processes. Control of a popu=
lation, mpdelled by the linear birth and death process, is considered
next. Particular attention is paid to system performance indeces
which take into aceount the cost associated with non-zero variance
and the cost of improving initial estimates of the size of the popula=
tion under comtrol.

Chapter 2 is devoted t0 a broad class of multivariate birth and
death processes restricted to the instantaneous occurrence of single

events only. The approach taken in deriving ordinary differential
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equations is gemeralizeéd. Ia particular two birth and death pro=
cesses are examined in depth. A system of linear ordinary differen=
tial equations is derived as a stochastic model for populations
governed by the gemeral multivariate linear birth and death process,
while consideration of a non-linear process leads to a stochastic
model, directly related to the quadratic Lotka~Volterra model often
used in the study of the dynamics of interacting populations.

A non-linear multiple migration process is formulated in chapter
3.  THis study essentially extends the methods discussed in chapter 2
to muitivariate birth and death processes in which the instantaneous
occurrence of multiple events, such as multiple births and migration
of families, is allowed.

In chapter 4 we study the linear system of oxdinary differential
equations, derived in chapter 2, as a population model, and investi=
gate its use in optimal control studies. In particular, we discuss
the application of such systems to harvesting populations, which are
divided into distinet age or size classes, taking into account the
use af control variables that enter the system in a linear and bilinear
way. In thig discussion we invoke Pontryagin's maximum principle and
certain results from linear-quadratie regulator theory. As a demon=
stration, the solution to, a theoretical harvesting problem is solved
numerically and the optimal contrel turns out to be bang~bang.

In chapter 4 the non~linear systems of ordinary differential
equations derived in chapters 2 and 3 are discussed more fully.

The stability amd equilibrium properties of sclutions of these
systems are compared with results obtained for directly related

deterministic systems. In this analysis it emerges that these

(ii)
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deterministic system models give biased estimates of the population

means as predicted by the stochastic system models. This result

directly questions the validity of the deterministic system model.
The thesis concludes with a brief résumd of the contribution made
in this work to modelling and control studies in population dynamics.

Two facts which emerge are:

(i) wvery little progress has, up to now, been made in analyzing
multivariate birth and death processes, so that the systems of
gquations derived in chapters 2 and 3 provide am important
method for solving for the first two moments of the joint
muisivariate probability distributions of these processes

(ii) these systems are superior in a number of raspects to stochastic
systems generated by adding a noise term to a deterministic
gystem: firstly because they contain more information on the
nature of the noise of the popularion process; seccudly because
they can be utilized more easily in control studies, and t}hirdly
because the bias in the estimate of the population means, as

given by the solution to the detevministic system, is avoided.
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GENERAL INTRODUECTION

Y..... the power of population is indefi=
nitely greater than the power in the earth
to produc. subsistence for man.
Population, when unchecked, increases

in & geometricel ratio. Subsistence in=
creases only In an arithmetical ratio.

. A slight acquaintance with numbers will
shew the immensity of the first power in

comparison of the second.”'

The efficient management of the world’'s renewable resources is a
problem for which we have only najve solutions, despite dramatie techno=
logical advances during this quarter-century, TFundamental to an nnder=
standing of the influence we have on these yesources, is a knowledge of
the dynamic behaviour of their constitutive populations.

This thesis is concerned with the development of techaiques for
modelling the dynamic behaviour of populatioms, and the use of populaw
tion models as wanagement tools for Eormulating optimal exploitation
policies. A population is considered to be a lomogeneous group of
individusls: homogeneous in the sense that the behaviour of each indis

by the same probabilit

vidual group in the population is
distributions. The modelling techniques employed ave basad on a class
of stochastic processes known as birth and death processes.

{vid)

1
T, Malthus (1798), An Essay on the Principle of Population
p. 13 (¥irst edition). Printed for J. Johnson in St. Pauls
Churchyard London.
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The first chapter is concerned with the dynamics of populations
whose behaviour is assumed to be wodeilad by & simple univariate linear
birth and death process. The linear birth and death process has been
extensively used to model the behaviour of a single population subject
to birth, death and migrecion processes, The simple univariate
linear birth and death process in its most general form is a four-
parameter process. The four parameters govern the increase and dew
crease of the population at rates proportional to and independent of the

size of the population. Many special forms of this process have been

atudied; from the TFaisson to the three=
paramete simple birth, death and immigration processes. A comprehen=
aive review of ther: simple Linear processes can be found in Goel and
Richter-Dyn (1974},

In the first chapter of this thesis we derive the probability dis=
tribution for the general four-parameter process. This generalizes
all previously known vesults on the probabiliby distributions of the
various simple linear processes. A now interpretation is also’ glven
to the kwo parameters describing the vates of increase aud decrease thab
are independent of population size, viz. in terms of positive and nega=
tive control, vespectively. The actual physical interpretation of
these control parameters will vary, depending on the nature of the
population and the type of control that can be applied, but these para=
meters may, for example, ba related to controlied migration policies.
Tt is posgible that the remaining two parameters of the model can also
be menipulated, but as »o essentislly new ideas are involved, this
extension is not pursuvi. Contrel of a constant parameter and piece=
wise constant parameter process are studied. Particular attention is

paid to deriving a cogt p rformance index where a coat is associated




with the non-zeve variance, and estimation, of the population size
The results contained in this chapter have appeared in Getz (1975a).

Although non~linear congiderations are a natural extension to the
model formulated in chapter §, & more gencral extension is made in
chapter 2 to linear and non-linear single-event multivariate pro=
cesses. Multivariate processes are important in modelling a system
in which a number of basically diffevent groups of individuals
(species, colonies, classes within a given population) interact to
influence each other's behaviour. This sort of situation arises,
for example, in predator-prey systems, systems of populations compe=
ting for the same food source and single populations whose life cycle
can be divided into distinct developmental stages.

Although systems of interacting populations are very common,
multivariate processes have been subjected to comparatively little
analysis., A number of results have, however, been derived for special H
.ypes of bivariate systeme, Billard (1974) has obtained result'p for
bivariate processes in which deaths, but not births, are allowed to
oceur.  Puri (1975) has obtained xe~-trs for a bivariate process in i
which one populatien is influt ther but not vice versa.
Tsokos and Hinkley (1973) obtained expressions for the conditional
digtributions of two interacting pupulaiions, but these results, as
pointed out by Beyer and Keiding (1975) and Cormack and Newton (1975),
are {.r~orreckt. In faet Cormack and Newton (1875) go as far as to
sta hat it is questionable whether the approach used by Tsokos
and Hinkley can ever be successfully used, although Tsckos (1975)

has argued to the contrary,

The complete solution to des ribing the behaviour of & multivariate

{ix)




population process lies in finding its joint multivariage distribution.
This is a difficult problem and little success bas been achieved,
Notably, however, Boswell and Patil (1972) have obtained the distribum
tions for a elass of multivariate linear birth and death procasses but
only under the initial conditioms of zero members in each population.
In this second chapter we develop & method, applicable to the general
multivariate linear process and a class of non~linear processes, of
obtaining the most important (usually first and second-order) moments of
the jo;n: muitivariate distyibution of the process. Tﬁis is achieved
by deriving a system ¢f ovdinary differential equations in the firgt~
and second-order mowents from the Kolmogorov forward equations of the

. The is &

by dariving the system of
equations for the linear process and for a specific non-linear process.
In the non-linear process, the system of equations obtained turns out
to be directly related to the deterministic Lotka-Volterra population
model. The results presented in this chapter are also in Ge:z'(l97s)A
The third chapter extends the scope of the formulation discussed
in the second chapter, to include the occurrence of instantaneous
multiple events such as multiple births and the migration of families.
The Kolmogorov forward equation for a mon-Llinear multiple migratiom
proeess is derived and as in the previous chapter a system of oxdimary
differential equations is cbtainmed, desceibing the first~ and second—
order moments of the joint multivariate distribution of the process.
The system discussed in this thizd chapter has application to modelling
migration processes between a system of colonies (populations).
Although a number of papers have appeared dealing with migration pro=
cesges between colonies, the approach taken in this chapter allows for

generaiizacion that have not been dealt with before: simultaneous

(x)
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migration of a group of individuals and a migration rate dependent upon
the size of the colony to which the group is migrating. The results
obtained in this section may be found in Getz (1975¢).

In the fourth chapter the system of linear ordinary differential
equations arising from the Kolmogorov forward equation of the multi=
variate linear birth and death process is presented ag a marrix popula=
“ion model. TFirst we show that the equations describing the sacond-
order momenta of the probability distribution can, using the Kronecker
matrix product, be generated from the equations describing the first-
order r:mn\ents. The method of penerating the equations deseribing the
second~order moments is shown to be equivalent to the method developed
by Pollard (1973) for discrere time systems. In addition we show that
this method is valid for a 1a ger class of processes than the class of
processes considerad by Pnllard.

We then formulste a particular specialization of the linear matrix
wodel, that has applications in the management of populations struc=
tured into classes (age, size, etc.). The use of this model i!; de=
viving management policies for the optimal harvesting of £ish or contrel
of pest populations is discussed in detail. TIn particulax both the case
where control enkers the state eguations of the syttem (model) linearly
and where it enters bilineaxly are dis.ussed and a number of results
from optimal control theory invoked. Finally the ideas discussed im
this chapter on the optimal control of population, using the system
derived in chapter 2, ave demonstrated through the numerical solution
of a simple problem based on Fictiticus data.

In chapter 5 the non-linear systems of equations derived in
chapters 2 ond 3 are snalyzed and compared with deterministic systems

to which they are directly related, These non-linear gystems possess

(=i}




quadratic terms and under certain conditions their solutions explode

3 - in a finite time. VUsing a theorem derived by Getz and Jacobson (1975)
we show that an explosive solution of the deterministic system is

actually 2 lower bound {in the sense of its norm) to the solution, with
some initial condition, of the stochastic system. The stability pro=
perties of the detes ainistic system are then discussed and its equili=

brium points compared with those of the stochastic system.

Chapter 6 concludes the thesis with a brief résum of the material
covered and the results obtained. The advantages are discussed of

using the modeliing formulations developed im this thesis but the need

is also stressed for evaluating these techniques in future research in
this area.
' Finslly the principal contributions of this thesis to modelling and

control studies in population dynamics can be summarized as follows.

i
H . (i) (a) The probability distribucion for the gemeral univariate
simple birth and death process is derived;

(b) strategies are formulated for contrelling populations
w; modelled by this process; and
(e) eost performance criteria are devaloped which penalize

Jncertainty associated with the mean size of the population.

(ii) A methodology is developed for modelling stochastic systems of
. interacting populations whage behaviour can ba described by a
Markov jump process. In particular the approach allows linear

f and non-linear i jons and the i

occutrence of

multiple events.
(iii} A continuocus time matrix model for stxuctured stcchastic popu=

lations is derived. This model is shown to be suitable for

(xii)
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population harvesting studies and furrher allows the stochastic
elements of the population to be included in the formulation of
optimal control strategies

Pollard's results on generating the second-order momwents of a
multitype Galton-Watson process (Pollard 1973) are rederived for
continuous time systems and are shown to bold as well for
multivariste linear birth, death and migration procegses.

A stochastic analogue of the deterministic Lotka-Volteira model
is developed. Further it is demonstrated that the deterministic
model gives a biased estimate of the size of the population.
Stability results for quadratic~type population models are ob=
tained, particularly results related to the existence of explo=

sive solutions.

§
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CHAPTER i

FORMULATION OF A GENERAL UNIVARIATE LINEAR BIRTH

AND DEATH PROCESS

1.1

INTRODUCTION

The formulation of a birth and death type process as pionsered by
Yule, Feller and Kendall among others, has been successfully used

" to model the behaviour of stochastic populations. —Recent examples
of the spplication of this technique to finding the probability dis=
tribution of the size of the population being modelled, are many and
veried. They include modelling multiple births (Doubleday 1973),
competing species (Tsokos and Hinkley [973) and birth death and
migration processes (Renshaw 1972) as well as models in which dif=
ferentiation between the sexes is imco ~orated (Keyfitz 1968).

Tn general the object of work done in this field is to £ind an
expression to describe how the probability distribution of the size
of the population will vary with time, It appears, however, that
very little analysis has been done on the control of a population
in order to steer its distribution towards a desired target and at
the same time minimize some cost performance criterion. An iso=
lated example, however, is Becker (1970). Lt should also be
noted, though, that there are & number of papers in the ecological
field that consider optimization problems (Sancho 1973 and Shoemaker

1973).

[¢3]
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In this chapter a birth and death population procrss is for=
mulated to include positive and negative control parameters. The
general golution for the distribution of the size of the pipulation
at any instant in time, is obtained im the form of a probability
generating function. The forms of the mean and verience are de=
rived for constant birth and death parameters, aud the values of
the control parameters which steer the mean towards a targat value
are obtained. Optimal control of this process is discussed with
tespect to minimizing @ cost performance index. The cost of
variance and the cost of determining the initial distribution of
the population are taken into account. 'The analysis is extended

to inciude piecewise constant parameters.

FORMULATION OF THE PROCESS -
TRE DEVELOFMENT OF A GENERAL MODEL

Let n, the number of members in a population, be a stochastic
variable taking on the values 0,),2 *at P(aj;t) denate the
probability that the population is ¢ at time t. Let At >0
denote a smsll increment in time.

If the population is of size n at time t, then during the inter=
val {t,t+AC) it is assumed rhatany of the following five ecvents may
oceur:

“

Each individual present at time t may give rise to an additional

individual with probability A(£)At +o(At).
(ii) Each iudividual preseat at time ¢ may leave the population {die

or emigrate etc.) with probability p(t)at +o(At).

i
1
i
}
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1ii) Positive control is applied to the population, inm which case
an individual may be added to the population (immigrate) with

probability v{(t)At +aldE).

(iv) Megative control is applied to the population, in which case an
individual may be removed (culling, forced emigration) from the
population with probability afe)be +o(Ac).

(v) None of (i)~ (iv) occur, and the population level remains the

same.

We also assume that the probability of more than one of the

events (i) - (iv) oceurring is o(At). Under these conditions we

derive the following relatiow

Plnsrihe) = { (-1 A(e)aerolAL)] + v(E)At » o{At) IP(n-1;£)
+ {1=n[A{e)Ausule) etoaL)]) ~[ v{e)dt+alt)At+o(Ae)] FP(ns L)
+ {{or )] R{EXBEro {AE)} + alE)Dr+o (DL IR (nrist) + o(AE),

1.2.1)
which on letting At + 0 becomes the following differential equation:
PUlust) = [ (nedue) + ale)) Blarlie) ~{n(u{t)+A(e))+a(t)+v ()] P(nst)

+ DALMY Ba=15t)

ne1,2,3,..., (1.2.2.1)

where ' denotes differentiation with vespect to t. Since negative

control cannot exist when a»0, we have

!
1
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%%(p;t) Cu(e) +a(e)] 2(15E) = v(L)P(0;t). (1.2.2.2)

If at time tw0 ' know that the population has a distribution

' R(L30) = vy 0,1,2,... (.2.3.0
®
Ty =1 (1.2,3.2)
i=0

(vecause P(i;0) is a distribution),

mesn = 5y, (1.2.3.3)

variance = qé, {1.2.3.4)

we can solve (1.2.2.') subject to (1.2.3.7).

Taking one or more of the parameters A{t), u(t), v(t) and a(t)
equal to zero, we obtain the equations for the Poisson, Pastal, Polya,
pure birth and death, Palm and Arley processes as spacial cases.

The most peneral of these is Arley's birth and death witrh immigration

model (Arley 1967) in which enly olt) of the four parameters is zera.

1.3 GENERAL SOLUTION DISTRIBUTION .

Define a probability generaking funcrion

®
G{asr) = 5 Plage)e” (1.3.1)
=0
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Then
(sit) .y
K az,c) - IP(niryet (1.3.2)
u=0
38(s; 3 -
aa,t) = T nPjt)s® (1.3.3)
5
=0
2g¢5: ® -
B05iD) o g neumldPnsers™E (1.3.43
3s* =0

=
Obvieusly (1.3.1) converges for |s| < 1, sinee I P(njt) = I.
=0

In addition (1.3.3) and (1.3.4) exist for |s] € | provided the mean
and variance of the distribution are finite for all fimite t. WMo
attempt will be made to be mathematically rigovous, as the physics of
the problam justifies most mathematical steps. The reader can
refer to Takaes {(1972) for a rigorous mathematical account of gene=
ral gqueueing processes,

Multiplying equation (1.2.2.1) by s and summing over all m,

we have, using (1.3.1), (1.3.2) and (1.3.3),
B aweuentn B v - XY emne. 3.9

where for tractability the arguments of G(s;t) have been dropped.

The wethod of solution to (i.3.5} is ak d balow for complek: s

The full theory can be found in Piaggic (1956).

The auxilliary equations correspunding to (1.3.5) ave



=

e - 5 weeTee - (8
We first £ind a function
U(s;t) = constant
by solving
. & o D OEe . (1.3.7)
Making the substitution s = 1+1/2 we obtain
& - 0@ ~ueDze A,
Tha integrating factor for this equation is
plt) = axpfz [u(t) =AC0)] ax}, (1.3.8)
8o that
zplt) = Z At)p{T)dr vk, (1.3.9)

where k is a constant of integration. Finally, sinee z = 1/(s~1),

we have
G
(sse) = B - [ atrp(nar = k (1.3.10)
4

as vequired.
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Manipuleting (1.3,10), we find that

SR> N

¢ s (.30
k+ [ Mrp(tddr
0

or

13
k+ple) + [ Mrp(riar
0

. = = . 1.3.12)
1:+£ AlmIp(Tiar
We now £ind & function
V{6, k) » constant
by solving
48 fuge) - EEY) (unye (1.3.13)

dt 8

and substituting for & and s-1 in (1.3.13) from (1.3.11) and {1,3.12).

Since

%—; = log G(s;t) ~K,

where K ig the constant of integration, we have




—8~

t
1og G(sit) ~ | [___1___\/(1) ..
O by [ A@yptadan
0

-_.__ELT%B(_T)__...__« at e X (130 1k 1)
T+ plry + [ AMwplwdda
Q

~ i.e,, we have found

V(B,t,k) = K, (1.3,14.2)

where % given by (1.3.10) is veplaced after the integration has baen
parformed.

The general solution to (1.3.5) is given by
V(B, ¢,k = £(UCa;t)), (1.3.15)

where £ 18 an arbitrary function detormined from the initinl com=

ditions. From {1.2.3.1) and (1,3.1),
®
6(s50) = I v,8",
=
and from (1.3.14.1) and (1.3.14.2) for t=0 we have

Vv{6,0,k} = log G(s;0)

©
= log Tyt (1,3.16)
=0

From (1.3.8) and (1.3.10),since P(0) =1, we have



=

—g-

(s:0) =y, (1.3.17)

which leads fromequations (1.3.15) and (1.3.16) to
1] M n
£} = log Ly s
51 ) ’

giving the penaval foxm ¢f f ag

. £w) = log £V (1 + 7, (1.3.18)
=0

So finally, from (1.3.15) for all t, using (:.3.10), {(1.3.14.+) and

(1.3.18), we have that

v{ryp(ry - (el ar

t

Glest) = exp [ T 3

Olxe JAt)ptwydn T+ pr) + fAw)p{widy
0 ]

w
Wn
* “fcvn[l g (1.3.19)

where I given by (1.3.10) is replaced after the integration has been

pexformed,

CONSTANT PARAMETER SOLUTION DISTRIBUTION

Let the parsmeters be comstant for all t so thab
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At) = A
HOER
we) = v

aft) = o

Then £rom (1.3.8),

and

H 3
é Moot = ooy (e

p(e) » @ BDE,

(ME gy,

From (1.3.10), we have that

13

. %_J SR

S ET

which after adding unity to both sides, becomes

k1

L] e
e u—)‘]e "'HET *

Thus (1.3.19) becomes

¢
G(s5t) = exp [v é’

ST ¢
R A
M (] Ry
LT

14
..uj
0k

+e<""’\”+[}\/(u-h>l <ﬁ(u—>»)r_ 5

(1.4.1)

(1.4.2)
(1,4.3)
(1.4.4)

b ]

(1.4.5)

e et vt o
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Using the identity
at
de. T = o log be——t + const,
c+be® 8 T cupe

we can integrate (1.4.5), which after simplification and substitu=

tion for k becomes

~ Gowye -v/A
Glsst) = [(u As) *)\u(i—)‘l)e ]

- ofu
o | o) s ugsen e A0E
SO0

x

s rye e
Ly, I:u—)\s + s 1)e< _th . (1.4.6)
=0 H=As + A{s~1)e

Thus we have found the form of the generating function for the
distribution of the sizs of the population at any time t, which here,
stated in its most general form for constant parameters, appears to
be a new result. However, the task of finding a particular P(ait),
i.e., finding the coefficient of s in (1.4.6), poses a difficult

problem.

ey

FINDING THE MEAN AND VARIANCE

The two most important moments of a distribution are the mean and
variance, and these can be found quite easily.

If we put s=) in (1.3,3) and (1.3.4) we obtain

{
f
P
H
i
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" B (40 = 2 apmio £ Ew, RN
} =0

i . ®

\ 28 (50 = & ne-DPsE) & EmGE-D], (1.5.2)
. 3s? n=0

which are the mean and second factorial moment of the distribution,
respectively. Let n(r) denote the mean at time t and 0%(t) the
variance at time t. Since the variance is the seciud moment of the

distribution about the mean, we have

o(t) = Efnla~1)] + B(e) -2%(r). (1.5.3)

To facilitate the manipulations invelved in differentiating (1.4.6)

once and then twice and setting 8= | after esch differentiation, we

can approach the problem step by step as follows: L=t
£(338) = (uhs) + Aa-1)e T, (154

Best) = (u-Re) + pls=DePIE, (1.5.5)

£(13E) = p-h,

£ (158 = AneAWE
(15 = 0,

h(lze) = pu-h,

(}\-u)c,

hi{13) = ~Atpe

w(15e) = 0.
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Fls;t) = f—é%l% B

W) « Meidd

hsit)
f(sst

Ris;t) = Flerey -

F(1:8) = 1,
Pl = b
) =0,
o13e) = 1,

e = e g OE g

LUTEEY - SO

R{ise) = I,

RE(LE) w o O

R = - 2 o

ey,

(1.5.8)

4.5.7)

(1.5.8)

s ——— e .




Rewriring (1.4.6) in terms of {1.5.6) and (1.5.8), using (1,5.4) and

(1.5.5), we have

/A

alssed = 3os0 ™ Mucas M 1 v e (1.5.9)
=0 .

Recalling equations (1.2.3.7) and using (1.5.3) we have that
®

T wy, = u, (1.5.10)

n=

®
I nln-i)y_ = 6% -n +n?. (1.5.11)
0 n "% """

We can now proceed to find n(t) and 02(t) by differentiating

(1.5.6) once and then twice and setting s=1. Using the preceding

analysis we finally obtain

() = ageAWE L 8y (AE Ly, (1.5.12)
a2t = Ugazo—u)t L YAmau (eA-u)t_ ,)‘
w-A)?
' %}%noeo‘"‘)“(e“"‘”t*lh (1.5.13)

These results, giviag the explicit time-varying trajectory af the
mean and variance, will be crucial to the ensuing onalysis, as the
mean and varisnce of the population are the two most important

state variables of the model.




i

j
i
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1.6 DIRECT DERIVATION OF MEAN AND VARIANCE

It is possible to find the mean and variance directly from (1.3.5)
without first solving for the distribucion. Differentiating
(1.3.5) with respect to s and (1.5.1) with respect to t, we have

when 8= 1 that

N _
e AUGEE1CN (6.1

similarly using (1.5.2)

3%
9?3

(158) = & Etute-1)
= £ G - &R, (1.6.2)

Differentiating (1.3.5) with respect to g and setting s=i leads

directly to the set of equations

82 (6) = [A(E) ~u(ENT(E) = v(E) ~a(t), (1.6.3)

£ B®) ~ 200 - (O] EGe?) = { 2906 = 20(6) » ALE) +W(BIR(E)

+ v(e) +ale) . (1.6.4)

E(n?) is the second noment of the distribution around zero, so that

o? (1) = E@?) -u(c)?. (1.6.5)
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Equations (1.6.3) and (1.6.4) are thus subject to the initial con=
ditions '
50 = ny {1.6.6a)
En®) | g = af+nl (1.6.6b)

It is easy to solve these equatioms subjsct to the imitisl condi=
tians (1.6.6) if the integral of A(t) ~u{t) can be evaluated, since
the equations are linear, first order, and only coupled one way.

Let
£
g [AG) =Dl dr = ne). (1.6.7)
The integrating factor for (1.6.3) is then e-—n(t)‘ 80 that
h t
Ay = e O [I [0 = a0} e'"mdnc} . (1.6.8)
0

Thus from the initial conditions the constant of integration C is

given by

¢ = n.e MO, (1.6.9)

To evaluate ({.6.8), the form of the controls w(t) and alt) must be
given, This freedom may allow us te chocoe them in some optimal
fashion. If A(k) and u(t) eve constant and we choose V(&) and a(t)

constant, we have
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n(t) = (i ~we,

i
j
|

s0 that

n(e) = “De(k-u)t + ﬁ

R T WA

which is identical te (1.5.12). Similarly, for comstant perameters,
solving (1.6.4) subject to (1.6.6b) and using the relarionship
(i.6.5), we will obtain an expression for 6(t) which will be identi=
cal to (1.5.13). When only the mean and variance of .the distribus
tion are required, it significantly reduces the amount of work
involved to.use (1.6.1) and (1.6.2) directly, rather than solving

(1.3.5) £irst and then finding the mean and variance afterwards.

1.7 UNRESTRICTED CONSTANT CONTROL

Suppose that we are interested in steering the population distribu=
tion mean towards a desired value (N, say) at & given time ey alil
parameters are constant and there are no restrictions on the controls —

i.e,, we want
E(tf) =X,
or by (1.5.12)

N » e, = (AEE_ gy, (1.7.1)

Rearranging (1.7.1), we get the form of the control as

B AU ——
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(=) @1 - nge AW
awa__._._..__._e()\_u)tf_l . (1.7.2)

For all &, > 0 the inequality

-3
_(X)—ju)T7<° (1.7.3)

holds for all X and U, since A and ¥ are both non-negative.

* Xf no contrel is spplied, i.e. €=~V = 0, then

(e = noeo‘—u)tf,

so that

N -ngeA0EE (1.7.4
is the difference between the means when control and zero control

vespectively are applied.

@ 189> W then grom (1.7.3) and (1.7.2) ve have

v~y < 0. Since o snd v are both non-negative this implies
that & < v. Thus positive control exceeds negative contvol,
giving & net positive control level of v-a. In order to
minimize the awount of control used, choose G = G,  Imtuitives
1y the above analysig says that if the desired mean N cxceeds
the natural mean r\ae()‘ku)tf, we must apply positive control.
From (1.7.2) the level of constant positive comtrol required

to achieve the mean N must be
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(- n e A28
V= (ST

(1.7.5)

® 189 <ne® W, o nad ta apply s net negative conerol, and

similarly to A we find that

Y (N_noe(}\’u)tf)
& & — e
Qg (1.7.6)

v =0,

EY

MAINTAINING A CONSTANT MEAN

Once we have reached the dusired mean N at time t, we may want to
maintain the mean at this lavel For all time in the future. Thus
congider tg to be the inicial time, so that ﬁ(cf) = N is our initial

condition, and find the form of the conirol so that
H(e) = ¥ for all >t

Adepting equation (1.7.2), we have

ERTPI ERICRTN
8V S T .8.1)

for all t > tes i.e.

@-v = (AN, (1.8,2)

H

s
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15 0> me MM | ek Smplies A <y, then (1.7.5) becomes
Vo= (=N, (1.8.3)

1 8 < we AWt | i dmplies A >y, then (1.7.6) becones
@ = G- (1.8.4)

The results (1.8.3) and (1.8.4) appeal intuitively, since
clearly the effect of the control is to cancel the net decrease
in the total population by epplying positive control at the same
level as in (1.8.3), or to cancel the net incresse in the total
population by opplying negative control at the same lavel, as in
{1.8.4),

VARIANCE POR CONSTANT PARAMETERS AND CONTROL

The variance at any tiwme & can be easily found using equation
{1.5.13) aud the results obtained in sections 1.7 and 1.8 for the

control levels. Since

SO

S >0 (1.9.1)

for all AN non-negative, all the texms in (1.5.13) are non=
negative exeept

Qe
o (e

—— i
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which is non-positive. So ¢*(&) is always gresrer than or squal
to zero when o = 0, as it must be to be mathematically consistent.
When @& is nom-zero, however, the greatest value ¢ can have aver the

interval {ty,t.] is such as to make N = 0; d.e. from (1.7.6)

- g elAWt A=
% %08 f(m:.l_) 1.9.2)

Gonsidering the term

O-weg_ .2 - st
oy + 2 L Osr Bder (1.9.3)

in 0*(t) we find that, on substituting (1.9.2) in (1.9.3}, we ave
left with
)\l‘oe(}‘-u)cf(a()‘;)i):f— ]) 3

which by (1.9.1) is non-negative for all A,i non-negative, so that
¢*(k) is positive for all t, for all possible constant parameters
and no doubt for all feasible contrvois of the system. Also from
¢1.5.13), 6%(t) is not necessarily wonotonic, because of the appea®
cance of the factor M Eo 1, I¢ the mean is deereasing (i.o.,
A <y and/or v < 0), however, the variance will tend to decrease
after a certain time, and vice-versa,

The variance at auy time t for N < nge® WL, wsing (1.5.13),

(1.7.6) and (1.8.4), is as foll-ws:
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[¢3) U<°<“ff

R et 7
oty = gretGwe , BT
0

e ey
b=l —7—*—*8 T te 0

+%uoe‘*"’)“(&"‘““)"— 0. (1.9.4)

(i) &= g
ot ey = céazﬁ'u)ff*’é‘? noaﬂ—u):f@(w)tf_ D

ngu(e“'“)‘f-m (1.9.5)

{i1) e> e

) = q‘(tr/az(}"“)(c'tf)

. ﬁ—:",f npe (e (O (eed

- rgvn(e(k-m(twf)_ nt (1.9.8)

Similarly, we can obbain a sat of expressions for g?(t) when

5> 0 W yatng (1.5.13), (1.7.8) snd (1.8.3),

DERIVING 4 COST PRRFOKMANCE TNDEX

Although in wany engineering systams rr- cost of control is easgily
evaluated, iu most ecosystews thexe are subtle coscs that are jusk

ag easily overlooked, Yox example, culling an overpopulated group
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of animals in a tourist game park may cause the population to
become xenophobic to the extent where tourism in the park is af=
fected. Since mach system has.its own inherent cost subtleties,
it is impossible to formulate a general cost performance index.
In a large class of problems, however, we may be interested in the
cost of steering a system towdrds a desired mean, and the cost of
nrot having attained rhis goal at some given time t = g We can

.=k the cest to increase as che following factoxs increase:

(i) 'The difference between the desired mean N and the actual

mean (t) at the finil time.

(i1} the size of the variance — i.e., we "pay" for being uncertain
of the true size of the population.
{iii) the magritude of the control variables.

In the particular model described in this paper there are two
modes of control, a and V. Since v, the positive control, increases
the mesn and @, the negative comtrol, decreases rhe wean, it is
physically incongruous for them to operate simultaneously. Their
mathematical dependence can be seen in equation (1.7.2), which in
fact shows that there is effectively only ome control, namely & -v.
An interesting point to this model is, however, that we may have some
control in determining our imitial distribution. In human popula=
tion studies the mean of the population can be determined to a high
degree of accuracy because full population cemsuses are conducted
periodically, but in many populations, especially certain animal
populations, it ‘s enormously difficu’. and costly to obtain an

initial distribution with a small variance, to the point where ar
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exact knowlsdge of the size of the population is "infinitely costiy"
Thus in some systems ve can consider the initial variance aé {ox
equivalently the initial standard deviation Ty the positive square
Toot of the variance) as a control variable, and for a given inmi=
tial mean ng we ean with increasing cost reduce the maguitude of
Goe
Suppose at time t = ke we desire the mean to be N, where
< noe(knu)tf. As in section 1.7(B), we take v = 0, 1In opti=
mizing a cost performence index, however, we may find that since
there is 2 cost involved in applying o, the optimal o will in
general differ from the o given by (1.7.6), and the actual mean
obtained will in general not be equal to the desired mean N.
Let x; be the difference between the actual and desired means at

time e Then from (1.5.12) we have

LA-wdee

SAmee
e (1.10,1)

%) (o) = ny

Let ., denote the variance at time tg; then from (1.5.13) we have

" (A-wieg _, 2
a*(eg) & %, (1,04 = oéazo‘ g o (& e B}
+ 2 g (P2 o Bideg, .02y

If J(2,0,) is our cost performence index, them from (i), {ii) and
o

(iii) ve must have

Joop) = £ (0) 1%, (0,0),2,00) (1.10,3)

i
i

SN

prte—

B L S S S S
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In order to find a statiocnary minimum of J with respect to the control

parameters ¢ and %s £ must be non-linear in these parameters.

I. Cost of deviating from the mean

H When xs is zero, we are at the desired mean, so that x['s

J
!

a eentribution to the cost at this value must be by (i) also zero.
’ In addition f must be a monotonically inereasing function of e

If we can estimate the cost £(x},0,0,0) at two.or more points

! « %), excluding x| = 0, we can fit the graph I
4
: ;
; |
i £0x;,0,0,0) = a |, @] (1.10.8) i
s 1
] i
! exactly or by a least squares method, respectively, to obtain !
. !
! the form of the cost contribution of x,. i
| Intuitively, & good guess at k) is 2, because mean values H
; ; i
: close to ine desired mean should relatively be less heavily
penalize) thon mean values further away from the desired mean,

IT. Cost of vapriance

“rom general statistical theory the standard deviation O‘(tf)

is a linear measure of the confidence interval around the mean
Atg). At a glven lavel of confidence, there is 2 8> 0,

whose valve depends on the level of confidence, and the number

of samples used to estimate the size of the population, such

the interval

[5(.) = Poley),nley) + Bo(t)) o

i
|
i
that the mean will be found at that level of confidence within }
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From (1.10.2) we have o(t) = xz(ﬂ,ﬂ‘o){‘ Since both x; (@)
and G(tf) }neasure the deviation of the mean from a desired
value, they should have the same foym in the cost function,
i.e., G(tf) should also be raised to the power k], although the

actual weighting constants will in general differ. Thus

£00,2,,0,0) = &,y (5,051, (1.10.5)
again, a, may be calculated by estimating the cost corresw
ponding to a number of different X9 values. Since the maxi=
mum deviation of the mean from n{t;) at the desired level of
confidence is Ba(t.), using the idea that Bo(te) and x (0)
should push up the cost at the same rate, i.e.,

PR AR

we have, vaising both sides to the power kl and multiplying

by ey, that
ki . gk ki/2
alx[(u) aIB xz(u,co) . (1.10.6)
This implies from (1.10.5) that .

ny B o Gaen
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Either a, is known, so that the necessary level of confidence
can be callculated through B, or the level of confidence is
known and 32 can be calculated from {1.10.7).  The greater
the confidence needed in the mean, the larger B must be and
(since ¥ >0 and a, is constant) the larger 2, will be.  Thus
the greater the confidence with which we need to know our mean,

the larger the weighting factor a, will be, and the more ef=

fect the variance will have on the cost function.

Cost of control

The cost involved in applying & will very oftem be linear,

although in general it will be of the Eorm

£00,0,8,0) = 2502, (1.10.8)

where a5 > 0 and k, > 0 can be estimated as in I.

Cost of improving initial variamce
£(0,0,0,0,) must be such that the cost will inmcrease as the
magnitude of gy decreases. It must also model the alter=
natives of finite or infinite cost in finding an ny with a9 = o.
Consider
a,

4
£(0,0,0,0,) = e (1.10.9)
20210y, (uls’ﬁvs)m'

where 1, >0, a5 ® 0, kk, > 0. Since kyk, > 0, (1.10.9) is

a monotonically decreasing function of g I ag = 0 it is

P
h
i
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Pinfinitely costly" to make Gy = 0; otherwise, for a5 >0

it will cost &, aZn,
475

Suppose that the gize of a ﬁiological population is estimated
from sawpling, using a capture-tag-recapture technique, where the
statistics are derived from the proportion of animals captured more
than once. Let n be a best estimate of the population size. The
variance associated with n, denated var(n), has the property that
the smaller var(n) is the move we known about n. Let us define

information I on 1 as

(1,10.10)

var(n)

Glearly, zero information implies infinite variapce and vice versa.
Consider a multiple recapture census comprising a sequence of
are all

samples 51'52“"’31:’ where the members of 5‘.~ Sr—

1
tagged before beins returned to the population, while the members

SZ,A”,Sr are classified according to when, if at all, they have been
captured before. It is nssumed that the method of capture does not
kill or affect the future behaviour of a population member. Let

p be the probability of an individual being caught in a sample, and
let q=i~p. fTo improve our estimate of n by reducing var(n), we
can either increase the number of samples taken or decrease the value
of q. Let e be the amount of effort expended in obtaining p
members in each sample; then if e=0, pn is zero, so q=1, If

it is "infinitely difficult" to count the whole populatien exactly,

then pn=n (which implies q=0), ouly when e {5 infinitely large.

Thus d iz related to e by

S —
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q = exp(~ ae) o> 0. (1.10.11)

Darrach (1958) proves that if e is increased to ke, k > 1, the
information I is enlarged to more than k%I, while if e is held
constant and the number of samples is inareased from r te r+l,

the informstion is increased by wore tham (x+1)/(x-1), i.e.

T
I, > 41,

and

(2x) (2x~1)
Lr > ) {(x-1) N

~a,

where I, denotes the amount of informetion obrained with alfort e
for fixed r, and I, is the amount of infarmstion obtained with x

sawples for fixed e.

IF oer << 1, then the firsk order approximation

- 41, (1.16.12)
=4 (1.10,13)

will be good. This condition will invariably hold sinse pn/n
will usually be of the order of a fraction of a percent. This
implies that q will be very close to I, and from (1.10.11) ge will

be very small indsed,
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Suppose increase im cost is directly proportional to increase
in effort or increase in the mumber of samples. fhen doubling the
effort or number of samples will increase the information by a
factor of 4, or by (1.10.10) will decrease the variance by a factor
of 4. This is equivalent to decreasing the standard deviation by
a factor of 2 - i.e., the increase in cost is proportional to llao,

and thus (1.10.9) becomes

4
. f(O,O,O,UO) =5 €1,10,14)
[

Clearly {1.10.14) is only applicable te populations where it ie
“infinitely difficult” to determine the size of the population
exactly. 34 > 0 can be calculated as before. In general if the
cost can be determined empirically for s number of points

(05, £(0,0,0,65), then a,, a,, ley and K, in (1.10.8) can be deter=
mined (as previously discussed) by fiteing a curve through these

points.

in cap statistics should

The reader i
consult Derrech (1959) and Jolly {1965}, .
Finally, using (1.10.3), (1.10.4), (i.10.5), €i.10.7),

(1.10.8) and (§.10.9), (1.10.3) can be written as

Ia,04) = “i"‘l (u}jk‘ * ;.lﬁ%‘”xz(ct,txo)k"/2
N
saght et (1,10.15)
(ﬂo + as)

¢
i

PR
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& similar analysis can be done for N> noe("""“f, in vhich case

0=0,v>0andJ= J(v,uo).

MINIMIZING THE COST PERFORMANCE INDEX

Suppose that kl - 2, kz = 1, and we are analysing a large animal
population whose size is "infinitely costly” to determine exactiy.

Then (1,10.15) becomes

1111y

- 2 2
RACRAY -'a]x‘(a) + 2 Bix, (0,00) + aje +

We can minimize (1.11.1) by finding the stationary points of J(m,ug)
with respect to the parameters & and 9 and checking to see if the
second derivative matrix of J is positive semi-definite.

Recalling (1,10.1) and (1.10,2), and letting

Oudeg _
e ukf Lo vy, (1.11.2)

we have

ax, (o)
da

= xltgd,

2y, (@)
g,

90

33y (0, 0)
'~25a'—0— = - ur(e)?,




.

3%, (0,0}
200 = 0,
MZ

[ERCRAN
e Yol R TS
W, - %° :

3%x, (a,0,) .
2% | 20wt

3
. 31"2(“»%) .
ECEEN ‘
Thus
%i = 28, (@) B‘a’} a8t ?;52‘ * a3y
= 22 [noea"‘)tf =N+ ox(ey)] etg)

~ &gy
a)Bfur(ee) + ag

Solving for ¢ in $J/3a = 0 and substituting for r(ty) gives

(-3) (-nge At
@ (e(}\m)tf‘l)

3,
wod (A )
= Cwe)

B, a
8 a2 4
———E A B e e
80, 17 8wy oy

0ty 2OIEE L 3
= 2a 8040 EOT .

(1.11.3)

I
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: A AP
Selving for % :}n 860 =0 gives

2, /s

2 .
e 1004
% (Z"‘]B"ez e ¢ ’

Since
B,
sa?
2a,
2% 2, 2(A=n) g 4
355 2335 @’ +* -;6-> [+]

{because al,B,aA,uu ave all positive} and

2%y
AL,
650,

8% 1)

30 3:;035
it Eollows thar the matrix

323 34

Tada, arg

is positive semi-definite, so that the values of o gud % given by
(1.11.3) and (1.11.4) minimize J(a,do). If 8=90 and ay = 0, .
in which case we are not interested in cost of variance or control,
{1.11.3) is identical to (1.7.6). Thus in (1.11.3) we have found

the optimal level at which to apply constant negative control on the

system, and in (1.11.4) we have found how accurately we must deter=

S U
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mine our initial mean by indicating the size of the initial
variance, so as to minimize the cost performance index (1.11.1)

at the final time tye

PIECEWISE CONSTANT PARAMETERS AND THE MINIMIZATION PROD]

So far we have only considered systems with constant parameters
A, vand o over the interval [tg = 0,t.  The zx:gnsion of the
analysis to piecewise constant parameters over this interval is worth
while, since this may be a good approximation to complicated time
varying parameters, especially birth and death parameters that vary
seasonaliy.

Suppose that we divide trhe interval [to,tE] into m subintervals.

Denote the i-th gubinterval “i—

I’ti] by At:‘.’ and let the parameters
over this interval have the constant values Ay, My, @, and V. If
the mean at time t, ) is n; , and the variance U;_,, then adapting
(1.5.12) and (1.5.13) to the new notation, we have

“]e(z\i—vi)Ati +

ng =1y MM Ly ()

- oot Ouetes MW Ggmnsdbes (eviddes g

& Ay mHy

VoA oy
oobd A OEmuDAE Ly (1.12.2)

Gugag)*

Thus {1.70,1) and (1.10.2) becoms

e

o e et —
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x (“iﬂ’u) =

®y {ny

The cost of runming the system over the i-th interval will be,

using (1.10.15),

. B, g /2
Iy o0y a0 = eyl (g0 ) ] va B (00 0g)
ks 4
*aget 4 . (1.12.5)

ka Ky
O3 *25)

Hence the total cost of running the system over [to,tf] will be

given by

=
Plag, 0050 30g, 0 +50,) B Jlng 1,0, 1,00, (1.12.6)
i=t

As before, ng is fixed, but we can choose the m+ ! parameters

woiing that; choosing each o, to minimize J(“i—

o winimize J(no,do,ui) will not in general minimize F, since
N . £ [+ AP ST

o and “1—1 are dependent o Tgs%yr 0

There are two important computstional procedures to find a

A
u S (0h,08),0p,0 00 0) (1.12.7)

that wiil minimize (1.12.6).

(1.12.3)

-2
1203108;) = of - (1.12.4)

+»0, optimally so as to minimize (1.12,6), It is worth

1303 1084) and Oy
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I. Non-linear programming

There are a number of elgowithms, including the various gradient
methods (Himmelblau 1972 and Hadley 1964), thut are designed to

calculate
w? = (0,00
such that
*
Flng,u®) < Flug,u)
for all admissible u defined by (1.12.7), A more detailed
i analysis of this type of approach would only be worth tackling

if a specific problem were being considered.

1. Dynamic programming

Define

n
2 .
Fk("k—l’ak*l) = o min N izk J(ni_].a._],ai-).
seees
™ N

Then
Fk(nk_l,q o) = owin I Lo e
3
m

+ nin D J(n,_ 0,50,
Gy pperety Ak P~
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since “i—l’.qi-l’“k are all independent of akﬂ’“k*rl""’“m'

Thus

LR BT "&“‘ (o150 po8) + By g (ms0)],
'

¥ = mel,me2,.0.,0, (1.12.8)
forms a recurtence relation to solve for
Fo(no) = nin F‘(no,co)
%
+ min Flng,u), (1.12,9)
u

as required, with the given initial condition

By sTg ) * ain EICHNC NN (1.12,10)
m

The problem of solving for (1.12.9) is complicated by the fact

that (1.12.1), (1.12.2) and (1.12.8) ave coupled and that

(1.12,1) and (1.12.2) are solved forwards in time while (!.12.8)

is golved backwards in time.

Some optimization problems lend themselves readily to a dynamic
programming approach, whenever it is possible to obtain a general
form fox T in terms of a reproducing function, e.g., the optimiza=
tion of a general stochastic linear system with a quadratic perfor=

mance criterion (Meditch 1969).  Is it not possible to obtain a
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reproducing form for T, in the above problem, as L contains terms

A . : s

ino} | and 1/o (5 ¥ ) contains terms in op o, /o ), 9L on s

and o®_,0 ; end F__, contains even more non~linear and cross
=21 -2

product, terms., Hence the application of dynamic programming to the
cost function in its general form as given in ([.12.5), is not
pursued further at this point.

For a particular problem, however, a suitable algorithm may
posgibly be found in Hadley (1964), Bellman and Dreyfus (1962) or

Jacobson and Mayne (1970).

i
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CHAPTER

FORMULATION OF A GENERAL MULTIVARIATE BIRTH AND DEATH PROCESS

2.1

INTRODUGTION

The previous chapter deals with the simple linear univariate birth
and death process in its most gemeral form. One extensicn of this
work is to consider more complex univariate processes allowing
non-linear rates and multiple events.

We will, however, go straight on to a second possible extension
of the previous work i.e., multivariate birth and death process
models. Both linear and won~linear gingle event multivariate pro=
cesses will be dealt with in this chapter, while the extension to
multiple events is dealt with in the next chapter.

General multivariate populations have proved difficult to ana=
lyse, partly owing to the motational complexities involved. As was
pointed out in the introduction, not many results have been obtained
for bivariate birth and death processes. For the more general mulgi=
variate process joint miltivariate probability distributions have
been derived only for a few special cases. Notuble among these
results are the distributions obte .ed for a class of multivariate
linear birth and death processes under the initial conditions of zero
menbers in each population (Boswell and Patil 1972), and migration

processes ‘between colonies of the same species where the birth,

death and migration are linearly dent on population

size (Remshaw 1972).

(39)
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Usually it is sufficient for most modelling purposes if the
means, vﬂtiancels and covariances of the individual populations are
the oniy parameters of the joint multivariate distribution known.
These results have been derived for the bivariate two-sex problem
{Prabhu 1965, chapter 16) and bivariate Lotka-Volterra predator—
prey system {(Goel et al. 1971).

A general procedure has been derived to generate the variance,
covariance and higher—order terms for any Galton-Watson multitype
process (Pollard 1973). Pollard's stochastic version of the Lesli:
model of population age structure is an important applicatiom of
this theory. No methodology exists, however, for generating the
desired statistics for general Marl ov jump processes. In addition,
most analyses of systems in this area have been primarily concerned
with the properties of the stochastic matrix of a particular Marke
process.  Inglehart (1964), folloving Reuter's method of analysing
the transition probability matrix of a Markev process, gives condi=
tions of unigueness tecurrence and properties of absorption states
of a class of multivariate Markov jump processes kaown as competition
processes.

In this chapter we are primarily concerned with deriving ordinary
differential equations describing the f£irst and second srder
moments of the joint multivariate gistribution for single event
Markov jump provesses.  Although the formulation is general, two
specific processes are deslt with in depth. The first is the
multivariate version of the limear control process discussed in the
previous chapter and the second is & non-linear process that leads
to a stochastic form of the deterministic Lotka~Volterra population

nodel.
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For a general suxvey of the application of atochastic processes
especially of the Markov type, the reader is referred tq two volumes

by Tosifescu and Tautu (i973a, 1973b).

DEFINTTIONS

In view of the lack of a standardized notation and the motational
complexities involved when 2 multivariate system is analysed, the
folloving definitions are introduced, which facilitare formulation

of the problem.

2.2.) Let n; denote the i~th element of & vecter g€ .

Then
R fnyamp e )|y € AR T U
where

2* € {non nugative integers).
2.2.7 Tor notational purposes, we define the follawing vectors in Q
o' % (0,0,...,0)
e,y

&2 (1 in the i-th position).

2,2,3 We define the Z‘{' norm on the elements g, p* €0, i.e.

OGE]
2

i) g =

s

¥
|
i
i
]
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n
(1) lgn™t = 2 1ni—n§l .

i=}

An mrspecies population process is an m-dimensicnal stochas=
tic process X(t} deFined on R for t€[0,%) by the probability

density function
Pln;t) = Pr{x(t) = n} for all n€il
=0 for all n#& .

We define the transition probability distribution of the pro=

cesas in terms of any n, 8*€Q and t,5€{0,%) as:
Plua*is,t) = Prix(ess) = p*|¥(¢s) = gt
Also define

. (0 if g # a*
P(,n*i8,0) = 8(a,0%) =
1&g =t
g0 that equation (2.3.1) comsidered in the next section
holds when bt = 0.
Further since P(g,*;8,t) is a probabilicy distribution we

must have

Ply,n*se,t) » 0 and L Plgap*is,t) = 1.
n'en

In this chapter we shell be primarily concerned with formu=

iating, in detail, models of the following process.

i
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2.2.6 An g-dimensional multivariate birth-and-death process is a
popularion process X(t) defined on R with a transition pro=

bability distribution satisfying the fellowing conditions:

(i) Pg,g*st,At) = ofbr) for all p,0*€Q such that

o' > 2

(1) PlLptst,be) = 0 for all n,n* € 0 such that

n, =0 and n}>0.
i i
Qondition (i) allows only single events to occur at auy

instant in time. Thie assumption is standard for most birth

and death models, a notable exception being models which pro=

vide for the occurrence of multiple births (Doubleday 1973).

Condition (ii) states that no spontaneous generation (i.e.
births) can take place in a species that has zero members.
This assumption provides ame of the essential differences

between birth and death aad queveing processes.

2.2,7 We define vectors u(t) € &P, y(r)€RY for all t&[0,=).
Using systems terminolegy we sometimes refer 'to X(t) as the
state vector of the system (process) and m(t), x(r) as the

external or control vectors of the system.
GENERAL FORMULATTON

In this seceion we shall derive the farwurd Kolmogorov differential
equation for P(git) to be splved under a given initial condition,
P(ni0) sey, for the process defined in 2.2.6. This process will be

shown to be a denumerable Markov jump process

i
i

i
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Since condition (i) in 2.2,6 restricts state transitions to
single events, at any instant in time, with probability one, we can

write down the following equationm

P(ustrht) = P{p;e)B{n,nst,At)
n» .
+ '): P(mei;t)ﬂ(n«-ei,n;t,/:c) +l’(g—ei;t)l?(n—ei,g;t,bc) +o{bt)
= . (2.3.1)
wh?ch holds for all p€Q.
If the limits as defined in the following equation exist we
have, from equation (2.3.1), the forward Kolomogorov differential

equations of the process:
P'(nst) = lim{{P(g,mit,at) ~ 11 /Ac}P(nit) +
Atvo

m
Lin{ T [Plare;,n5t,00) AL P (nre5e) +
btvo ixi

i

(4zE]

[P (ge ,mst,06)/0L} Blpre 5 0)} (2.3.2)
i

for all n&9Q, which can be solved subject to a given initial condi=
tion B(n;0).

The existence and uniqueness of a solution P(p;t) t€[0,®)
will depend on the functionzl form of the limits as defined in the

above equation. In addition, a limiting distribution
P(g).= lim 2(gst) (2.3.3)
o )

will exist for a time homogeneous system under certain counditions.

;
i
i
i
1
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Since @ is denumerable, the process defined by 2.2.6 turns out
to be a demumerable Harkov jump process under the following condis

tions (Prabhu 1965, p. 325):

We define
Clasr) & Um[1-Ba,nst,be |78k (2.3.4)
At>o
and
) * * & s 3
ctie)n*,nit) = Lim P(n,nit,Ae) /e, (2.3.5)
Atro

Then C(g;t), C(a*;k), H(n*.p;t) must be continuous in t for all

pairs (n*,n), n*, REQ with
Clgst) > 0, Tp.pst) = 0 and

L MG*mst) = 1 for all t€[0,m=).
€0

Cly;t) is referred to as the “jump rate" from srate g and N(y*.ust)
is the probability of a jump from p* to state y . The readsr should
refer to Prabhu (1965, chapter 4) and Iosifescu and Tautu (1973a,
P. 201) for an account of the theory on which the Rolmogorev forward
end backward equations of a Markov jump Lrocess are based.

Suppose that the transitional probabilities of the process arve
functions of the state and external vectors of the process, as well

as t explicitly, If we define these probabilities as:
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P{ge; ,nit,88) ¢ 2 ey >u(e), 0 (E), )AL + o {Ar)

i=l, ... ,m

(2.3.6}
PQgre;,03t,88) & i, Gueeg (6D, (), )48 + 0 (A8

=, ,m

Since P(g,p*st, t) is a probability distribution satisfying the con=
ditions of an m-dimensional multiveriate birth-and~death process
{definition 2.2.6), ve have, using (2.3.6) above

w
Plaapit,bt) = 1= F Oy o) n0ed,5) + 1y Gale) i (e) 631 +o ().
B (2.3.7)

In order that conditioen (ii) in definition 2.2.6 be savisfied

we must have
Ay ) = 00
Further, sinte the probabiliries sre only defined on § we must have
I R LE my-1 <0,

Substituting (2.3.8) and (2.3.7) in (2.3.2) we see that vie
limits in equation (2.3.2) are defined by (2.3.6) and (2.3.7).

So finally we obtain the equation

m
Pmaey = I {A; (are, ule), (), )P (e 58) ~ [, fmaufe),y(td,e) +
1o i i i

1y (6,0 06), DT PlRs £) + by (rey (), u(t), 0P Cgre 3 1)}
(2.3.8)

|
|
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which describes the trajectory of the probability density function
P{nit) for the m-dimensional multivariate birth-and-death process
X{t) defined in 2.2.6.

From (2.3.4) we have
n

Cit) = T 1A GLule),x(e)e) + i (ragle),xled, el (2.3.9)
i=1

Clearly C{n;t) » 0 since it is the sum of non-negative functions
(a’consequence of (2.3.6)). Using (2.3.5), (2.3.6) and (2.3.9)
ve see that for any 8€0 T{n,n%;t) will have two forms:
MLgsgre 36) = A (o,u(8),3(6),€)/Clust)
i=1,.00,m
(2.3.10)
Tlmonme;5t) = 1; (a,n(6),x(e),8) /Clast)
L=1,000m .

Further, T(g,n* 0 for all other g*€Q including p* = p so that

clearly from {2,3.9) and (2.3.10)
I Mgt = 1
nten

for all L€[0,%). Therefore, under the stated conditions, if ex=
preseions (2.3.9) wad (2.3.10) are continuous in t for n€R, the
process defined in 2.2.6 fs a denumerable Markov jump process.and
equation (2.3.8) is the well-defined forward Kolmogorov equation of
this process. .

To sum upt  If we chocse Ai(',‘,',') and pi(',',',') as con=

tinuous non-negative functions of time for all p€Q, the continuity

;
:

Sy ——

KN 7200

g
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conditions are sarisfied,. the various probability distributions are
well-defined and equation {2.3.8) is the forward Kolmogarov diffe=
rential cquation of the stochastic process X(t) defimed in 2.2.6

which turns out to be a denumerable Markov jump process.

BUILDING SPECIFIC MODELS

In this section we shall choose specific forms for the functions
uglesseyt) and A (40,1, ) dncroduced in the previous section and
state the physical interpretation that can be given to these forms.
The systems comsidered turn out to be the stochastic analogues of
the linear an. Lotka—Volterra deterministic systems that have been
used widely in population dyremics (Goel et al. 1971, Usher 1972
and  Smith 1973). The buils ing of controls into the system will

also be considered, ailowing the models to be used in opimal con=

trol studies (Dreyfus 1972).

A. Linear control System

For i=l,...,m we define

s 37 H
A Gaaale),(e), ) jz »\ij&)n]. + rflair(t)urm
for m; >0 (2.4.1)

0 for n; =0

H
3
{
i
!
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n 13
P SUONTOND] é jzluij(t)nj - ,E;Bit(c)“r(c)

for n> 0 (2.4.2)

[
o

for n; = 0

where all ti p < functi ire in t,
tE[0,=).
Using the above definitions, for all n€Q aquation (2.3.8)

becomes

m m
P (i) = iix jil()\ij(t)njl’(n—ei;t:) - [Aij(t)wij(t)]njl’(n;t)

¥
m
*uijmnjy(wei;t)} + iEID\ﬁ(t) (o122 (p~
agg g la e + uﬁ(:)(ni»v!)l?(n*ei;t))
m D .
- 121 r§1 {og 1 (R)u (P (e 38) = [og, ()48, ()l u ()P (Rst)

+ Bh(:)ur(t)y(n‘rei;t)). (2.4.3)

The physical interpretation of (2.4.1) and (2.4.2) is that each
i-th species is influenced to inerease and decrease at
(i) a linear time~dependent rate with respect to its own
size and the size of every other species;
{ii) a linear time-dependent rate with respect to the size

of the elements of a mon-negative external vector y.
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Lorka-Volterra competitive systems

For i=i,...,m and R€Q ve define

n

A () ,x(0),6) & 4 (o), tm, + S (2.4.8)
N B

¥y (o) ,uled, ) = u Guled, dng + 'Exuij (@, (2.4.5)
: i

where all time-dependent functions are continuous in t,
tE€(0,%),

It is clear from definitions (2.4.4) and (2.4.5) that
ApCastyt) and g (40,0,) are zevo when ny = 0.

Using the above definitions, Eor ull n&f equation (2.3.8)

becomes
m

P'{gst) = i-E-t([ A5 Gu€ed,£) (g =1) + Ay £ (0 (g~ DF B ey 383
-1 (r\i’wﬂt),c)*ui(x(t),t))ni+()‘ii(t)+uii(t))n§]P(n;t)
+ ity Q) £) (ng ¥ 1)y (63 (g #1) P R aveg 30

m m
+ iEr jf}{).ij(t) (“i'l)“jl’(rei;t)
1
= Hij (t)ﬂlij(t)]niujl’(n;:)*uij(t)(niﬂ)an(xp*ei;r)).
(2.4.6)
The physical interpretation of (2.4.4) and (2.4.5) is that each

i-th species is influenced to inmcrease and decrease at
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(i) a lint_eat time-dependent rate with respect to its own
size, where the rate may depend on an external vector
x(e);

{ii) a quadratic time~dependent rate with respect to its
own size; the inclusion of this term is equivalent
to building a Pearl-Verhulst type limit term into the
model (Goul at al. 1971, p. 237);

(iii) a time~dependent rate directly proporticnal to size of
the product of the i-th and j-th species, for i=l,...,m
and j#i; this rate is usually termed the interaction
rate between the i-th and j-th populakions. -

Note:

Linear controls can be added to model B as was done in

A.  More general models can be built using combinations of A

and B as well as by introducing various non-linearities, e.g.

bilinear terms in g and u{t) (Mokler, 1973}.

2.5 METHOD OF SOLUTION

We are now faced with the problem of solving equations of the type
given by (2.4.3) and (2.4.6) for the probability deasity function
P(pst), which will then define our procass X(t) (see definition

2,2.4), subject to a given initial condition P(pi0). The method
outlined in this section is versatile in that it can be applied to
general population processes of the type discussed in section 2.4,
although only the statistics of the distribution P{p;t) can be dew

rived, e.g. means, variance and covarisnce terms and not P(n;t) itself.
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We dafine a gemerating function

w -
Glsit) = I ... T Blge) 71 §02,...,6"m
n,=0 o 2 w
1 P
2 3 pgue)dd. (2.5.1.1)
€9

The summation in (2.5.1.1) is well-defined since & is denumerable,

and uniformly cunvergent for |

<1 d=l,...mas I PQuit) = 1.
nES

For & well-behaved multivariate distribution P(p;t), i.e. finite

second and third order moments around the mean, we can derive the

following relationships: '

3G(gst)
T,
kS

= 5 ny R (2.5.1.2)
P

or multiplying (2.5.1.2) by s,

36(g;6)
35,
f

5
i

= Iy Plait)eR (2.5.1.3)
e

Clearly {2,5,1.2) can be written as

ki (ny+1) 2 it
g = 5 _(ny+1) Plpre, st)g
557 o y 4

where we have changed the index of summation from running over the
. - A N .
space § to running over the space §; = {n-eiham. It is easily

seen that the only elewent in n; that is not in @, is the element
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,Q-—ei and that
(niH)P(B*ei;:)gn)n_ei =0

since the i-th e¢lement of the vector ,Q—-ei is =1 i.e. ("i”) = 0.

Thus the specific index Q—ei can be dropped from the summation

index set O leaving the index set Q itself. i.e.

. de(et)
asi

= I (ng+DB(are ;)8 (2.5.1.8)
e

Similarly by changing the summation imuex set from § to

§ig & fure;|n€0) and multiplying by 55, (2.5.1.3) can be written as

e fgit)
8
1 S)'.

" & : [CRRICIRDES

Clearly {0, wre; (€0} = O and by definitiou 2.2.4 B(fre;se) = 0
since Qe €0, so thar addine the vector { to the index set 8 will

uot alter the summation and the index set can be taken as & i,e.

36(g; )
asi

s?
1

= 3 (nm10PGmesgR (2.5.1.5)
=

A8 in (2.5.1.2) we can easily show for i#j thab

3%G(g;t) Begme,
= 3 oagn Plutdg 4,
0

95y asj
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Using this identity, identities (2.5.1.1) and (2.5.1.2) and where

applicable the summation index set arguments discussed above, we

can derive the following identities:
o) = I Pare0d
* 3
8;60a3e) = I Plgeo;iedd
e

s, 38(ge)
— nP(gey 10380

3
3% (g5 t)
T (ag#DusP ute s22a
826 (g5t)

5,8, = I n,m,Post)s®
13_351_%‘3,‘ T 5

D) M
538, e 5 (ng~Dn,Plame,3t)g
i%] §si Esj = i il i’

1331’.;}6{1

(2.5.1.6)

(2.5.1.%)

(2.5.1.8)

(2.5.1.9

(2.5.1.10)

{2.5.1,11)

(2.5.1.12)

Further, since s, so- I n.P(ait)sd = I of P(ust) we have
* g

i
i
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a%6(s5t)  36(gse)

s, s () = I (e D) Plgre ;0080 (2.5.1.13)
toas? 3s, d e t i
1 1
3%G{g;t) 36(g;t)

s

2 + s, } = I n¥p(pitded (2.5.1.14)
1 gl o, i

3%(g a;
o} ("} = Z (n,~1)%P(ge,st)g® (2.5.1.15)
o 1
Hote:

Since (2,5.1.6) and (2.5.1.8) do uot contain a term in (ni+1), they
are the only expressions where summation cannot be taiken over 2,

ag was the case in (2.5.1.4).  We shall see that this problem arises
in models of the typa 2.4A, but can be overcome bacause the birth
and death parameters )‘i("""') and ui(-,-,-,-) are defined to be
wero when LS

Differentiating (2.5.1.1) with respeat to t we obtain

Be(gst)
ot

= § P'(mse)sh. (2.5.2)
w0

Gonsider equation (2.4.3). Multiplying it by s® aad suuming aver

all g€ we obtain:




~5Gm

m
z
1=t
ki

lénp.(n;c)g“ = Uii(t)nén ng Plare 56340

= Dhgg(e) #ug (0] ngn ny Plos [Or

* Mgy

(t) & n, Plote,;)6%

= *

n
. if‘“u“’né,‘“i'”‘"”"i‘”‘n
- “ii““"ii“”néz n; Plase)g®

B pii(nngﬂ(nin)v(mei;t)s“}

n P
+ T 5oy fedu (6) B Plome, o)
sol g TN g i

- o, (6 8 0l u ) 2 Pling®
by
LB
- Eir(t)ur(t)nén Plateg;en (2.5.3)

The process of taking the summation over p€§ inside the finite
summations over i, j and x i; valid (as previously remarked) for
wellwbehaved distributions which lead to uniformly cotvergent sums
for [s;] < il ,m

In {2.. ., since the hirth and death paramecers of section
2.44 (defined in (2.4.1) and (2,4.2)) ave zero when the size of the

i~th species is zero, we can replace




7.
"“mp,én N Plgte 5eig®  and ‘Qij(”“r“)nén*’@“i-'”ﬂn

by the same expressions, except that summation can he taken over n;
instead of @, :

Thus using expressions of the type (2.5.1.1) to (2.5.1.9) equa=
tion (2.5,3} can be writren ss

36(a5t)

wlest) nom
= if] ].21(}‘13'(:)—uij(t)/si)sj(s{") 5

3

=P
+ if\ zfl(uh,(’w-Sir(t)/si)(si—l)G(g;r)ur(:). (2.5.4)

similarly, equation (2.4.6) can be multiplied by g® summed over

nER and using identities (2.5.1.1) to (2.5.1.15) we obtain

3e(g;e) £y ag;t)
5 iEI(( Ay Gaded, tdsg = w (), ) (851 ——B—a—i—-

3%6(git) . 3G(git)
+ Oy (08 Uy (1) (D) Loy o b mo™ 1)

2
3%s; 38y
m o 36last)
ss ~Hs s (8,~1) g (2.5,
* ifl jE‘O\”(c)si VlJ(t:))sJ (ag=1) B, {2.5.5)
i

Solving (2.5,4) and (2.5.5) for G(g;t) subject to the inirial

condition

Ggi0) = & P(ni0)g?
prcd



-58-

we can, From (2.5.1.1) find P{g;t) for cach €8 2¢ rhe coefficient
of g% in G(sit). Howaver, solving the above equations for G(g;t)
proves to be extremely difficult and even then it may be impossible

to find 4 closed Form for the coefficients of g% in

G{gst), In most ¢i it may be sufficient to know only

the first few moments of the multivariate distribution, e.g. meaums,

varignce and covariance terms, These can be found es follows:
Put gu] (see definition 2.2.2) in expressions (5.1.1) to

(5.1.15) and (5.2).  Then we have

G(L3E) = B Elast) = 1 (2.5.6.1)
20

since P(nst) is a prebability distribucion.

86(l;t) A

'_vq— - x!énlxi}’(xg;x:) = E(“i) (2.5.6.2)

3%6(L5¢) s

Ereraaa AT RS CU E(n}) - E(ny) (2.5.6.3)
385 2] .

*a(lse) N

mi—a—ﬂj-—- = E_‘ ninjl’(g;t) = E(ni“j) g, (2.5.6.4)

g

Ciearly eince G(gjt) is well-behaved for well-defined probability

distributions
E(“inj )= E(njni)

3% (L) B8(Lt)
«
2
Bsi {)si

= 5 alp(ge) & E(d). (2.5.6.5)
e *
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Purther for a well-defined probability distribution

g 96(sst) 5 3G(gse)
Bs; 9% 9E  Da

38,
i
50 that

36(L5t)
3 T
3t s, ar =yl

i

similarly, ve can easily show that

0%6Q5t)

' 2
IR O ,énni“s‘“k Plgse) = Edoyyngn)

3%6(Le)

RRErIre

= - ey 8 2.y
—gs—ziﬁj— Eefnni(ni Oy Plgie) © Elnfng) -Fagng)

s [PPewin  Besn .
TR TE, T Lt

i

& () ~Emd)

xénl\;nj Plast)

& Eln),

it)

it

(2.5.6.6)

(2.5.6,7)

(2.5.6.8)

'(2.5-6‘9)

(2.5.6.10)

If ve denote the mean of the i-th population by ;i, its va=

riance by Tig0 its covariance with the j-th population by c’._j and
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the general thirq order moment of the i~th, j-th and k-th popula=

tions around the mean, where possibly j=i or k ete., by gijk’
then we have the following definitions and relationships:
a :
£ EMm)  dmlom (2.5.7.1)
Since ve have
- E(an,) = 0, +n.3 1,5%1,...,m (2.5.7.2)

. 2 - - -
Since Uijk = Elni "i>("j "j>("k_“k) we have
E(ninjnk) = Ot m 10y F Ty g Ry
i,3,k=1, 000 m (2.5.7.3)

Clearly (2.5.7,3) is symmetrical with respect ta the indeces i, §
and k. As in (2.5.6,6) we can derive the following expressions

using (2.5.7.2)

ataclie) ,
g w = E{n,m,)
Bedeor T Er 4%
day, _ dh, . db;
i AT (2.5.8.1)

3 3%6(1;E)  86(15t)
el EEA * 35y

1~ Ead (2.5,8.2)
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Ir .. centiate (2.5.4) or (2.5.5) with respect to 8 for
some 1 . 1,...,n) and then put g=l we obtain, using expressions
(2.5.6.*) and (2.5.7."), an ordinary differenrial equetion in t
for 1, () which is then the mean of the distribution of the process
corresponding to the particular set of equations that have been dif=
ferentiated. Similarly differentiating (2.5.4) or (2.5.5) twice,
first with respect to 5 and then with respect to sj (where possibly
j=i), using expressions {2.5.6."), (2.5.7.*) and (2.5.8.°) we obtain
an ordinary differentiel in t for o;;(t).  Ordinary differential
equations in t for higher-order moments can be similarly derived.

Proceeding #s described above, we can from equation (2.5.4),
derive the equations describing the dynamic behaviour of the means,
variance terms and covariance terms of the linear control system

defined in 2.44. These equations turn out to be the following?

@, m - v
T jElI Xij(t) - “ij(m“j * 1‘El[mir(t) - B8N u.(t)

i=1,...,m (2.5.9)
di; m _
T=j£]2[lij(t)-uij(r)loij +[)\ij(t)+ﬂij(t)]nj

?
* ,E;M"-‘(t) + B (0w (6)

i=l,.00,m 2.5.10)

1
¥




2

ety
re

m
= jE]{[ Agged = pgs(0)ogs # [Aso(e) =y ()] 0y}

1,8=1,...,m ik 2.5.11)
Similarly, from equation (2.5.3) the following equations arise:

dn, . m o
= Dy, 0 -y o), e “i*ﬁ,“ij“) -ty 0 @R g0, O

i=l,..m (2.5.12)

do, .
il EORS RSN M ONS EAEE. SN ORORIH TR L
n P
+ ji]{z[)\ij(u) —uij(:)l (000, 40,50) +

#5000 (r‘\iﬁjwij)}

i=1,..0,m (2.5.13)

da,
T = 1), 0 - 0,6 + A Gele) - v eg(e), oy,
n - -
+ jix(““j(t) "”xj(ﬁ)‘ (:\,erijmjuiJL ot

+ [Aij(n gy 6e) <“iqi.j+"jaik+ﬂilj))
i8s1,..0,m R (2.5.14)
Equations (2.5.12) describe the dynamic behaviour of the mean

size of the m different species in a Lotka~Volterra competitive

system as defined in section 2,4B. Hquatfons (2.5.13) and (2.5.14)

|
|
!
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deseribe the dynamic behaviour of the variance and covariance
terms of this sys‘tem.

It should be noted that equations (2.5.12), (2.5.13) and
(2.5.14) cannot be solved directly since (2.5.13) and (2.5.14)
are dependent of the third order momeuts Gilj' A method for
dealing with this problem is discussed in more detail afrer equa=
tion (3.3.10) in the next chaptex.

As previously mentioned, under certain conditions there will
exist, for a time homogeneous system, a limiting distribution
(Bray 1971), . The generating function for this distribution will,

by (2.3.3) and (2.5.1.1), be
6(p) = L Punig®
prcy]

since the probabilities will no longer be a function of t.  Thus

a6(g)
3¢ = 0, so that replacing G(gst) by G(g) in equations (2.5.4)

and {2.5.5) and putting the Left-hand sides of these equations
equal to zeroc we tan gvive sach of these two systems for G{(g).

Further the means, variance and covaviance equations of each system

dn do, da,
will satisfy Tn:“- =0, ko0 and —Ee0 respectively and

can be found by solving the corresponding set of algebralc equa=

tions that will arise by sotting the left-hand sides of equations

" {2.5.9) to (2.5.14) equal to zero.

Systens {(2.5.9), (2.5.10), (2.5.10} and {(2.5.12), (2.5.13),

{2.5.14)} can now be used as stochastic linear and Lotka~Volterra




i
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type populstion models. The linear system is discussed move
£ully in chapter four, especially with regard to population har=
vesting models. In chapter five an analysis of the stabiliry

properties of the Lotka-Volterra system is pursued further.




CHAPTER 3

MULTiPLE EVENT MULTIVARIATE BIRTH AND DEATH PROCESSES

INTRODUCTION

In this chapter we are concerned with relaxing condition (i) as given
in the definition (see 2.2.6) of an w-dimensional multivariate birth
and death process, to allow P(p,p*it,At)/At to be non-zero in the
limit as At tends to zevo, for certain n,n*€Q satisfying hp-n'l » 2.
The procedure for relaxing this conditivn is best demonstrated by an
example. In this respect we will, in this chapter, formulate a non-
lisear migration process allowing multiple births and group migratiom,
to occur.

Recalling definition 2.2.3, a migration precess allowing a group
of k& individuals to migrate from one colony (species) to another is
characterized by P(g,n*;t,At)/At being non-zero in the limit as At
tends to zaro, for certain g,p* € R satisfying lp™l = 2k and
gl = ig*. A& more explicit definition is given in the next sectiom,
where the transition probabilities for the nen~iinear multiple migra=
tion process are defined.

Models of migration processes betwean colonies subject to birth
and death processes have been used to analyze spatlally distributed
populations (Bailey 1968), and have important applications in the
life seiences (Iosifescu and Tautu 1973) and social sciences.

The eaxly work of Bailey (1968), Puri (1968) and Whittle (1967,

1968) on migration processes has been fallowed by the more recent

(65)
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work of Renshaw (1972) and Aksland (1975). The following under=
1ying assumptions apply to the models analysed in the research
papers mentioned above: the migration rate is assumed to be either
linearly (Puri 1968, Remghaw 1972 and Aksland 1975) or non-linearly
{(Whittle 1967 and 1968) dependent on the size of tge colony from
which an individual is emigrating; the migration rate is not de=
pendent on the size of the colony to which ap individusl is immi=
greting; and only single individuals are permitted to migrate at any
instant in time.

The above restvictions prove unrealistic inm modelling certain
systems, especislly in the social sciences, for the following
reasons. Firstly, it may be nove veasonable, iu these systems, ta
assume that the rate of migration between two colonies is dependent
on the size nf both colonies, and secondly wultiple events can veas
listically oceur as in the case of a "family" of individualy in a
colony simultencously migrating to another colony.

Tn this chapter we devive the Kolmogorov forward equations for
migration processes between colonies subject to non-linear birth
and death processes. The .igration ratas will dependent non-
linearly on the size of the two colomies concerned and the event of
a multiple birth in any colony is allewad te occeur with non-zero
probability. The Kolmoporov equations are then used %o derive a

syatem of inary differential 131 in the means, variance

terms and covariance terms of the probability distributions

describing the whole pracess.

i
|
i
i
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3,2 FORMULATION OF A NON-LINEAR MULTIPLE EVENT MIGRATION PROCESS

Recalling the definitions of section 2.2, we restrict ourselves

to proceases for which
‘mont 3,800 ('t seent, (1m0)AE) = o(At)

For all o saciofying 0 <a <,

. This allows us o write down the following eyuation
Plast+ae) = T B{p*ic)Pla*.nst,Ar) #o(AE). (3.2.1)
a0

The migration prosess considered in this paper is Cormulated

under the following assumptions:

Blragrregst,e) = Ay {edng (kg pn dAE 40 (ALY relyeni,qy

kiiEZ+, isl,e,m (3.2.2)
Pluameyst,At) = Wy (e)ngAe +o (Ac) i=lm (3.2.3)

Plmspregiresst,be) = Vij‘(t)ni(kijﬂj)ét‘*n(ﬂ) ag-r 20
gy kijEZ*, i e, 00m

20 d=j or mmr <O dydel,vne,m (3.0.4)

P(rontit,AL) = o(At) for all p*EQ other tham wreg,

meey and n—-rei’rrej i d,i%b,.00me {3,2.5)
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A physical interpretation of (3.2,2) = (3.2.5) can be made as

follows:

(i) The i-th colony, i=l,...,n, is subject to a non-lineax.

multiple birth and death process defined by (3.2,2) and
ter2.3).  More specifically:s for L < kii the bireh rate

For the i~th colony is
kS

I deomg e,

where t denotes the litter size of & birth event, and the death
rate for the i~th colony is Hi(t)ni: for n; > kg, the bireh

rate of the i~th colony is zera and the death rate is given by

4
uyle)my ¥ rzl [IMOLHCHR IR

i
tg] )\ir(t)ni(kii—ni) switches from a birth rate to a death rate

whan the i-th colony reaches size kii.’ gince the gign of this
expression switches from positive to megative at this point.

Clearly kii 18 a saturation population level for the i-th
colony, beyond which no births occur. The concept of & satura=
tion level in population medel, has been Erequently used

{Goel et. al, 1971),

|
|
|
|
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As an illustration, Diagrams } and 2 graph the birth and
death vates respectively as a function of colony size, for

parameters )'ir’ rnl,.‘.,qi and ¥ independent of time.

Birth rate

9
2 Aoyl T
r /

Zero birth rate

kyyl2 Yy
Colony size '
DIAGRAM |. Birth rate in the i-th coleny
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Death rate

.

i1

e ek

uyny
L
ii
Colony size
DIAGRAM 2. Death rate in the i~th colony

The migration process between tha i-th and j-th colonigs is
defined by (3.2.4). The index r in this case refers to the
number of indlviduals in a particular "family" that are migra=

ting from the i-th colony to the j~th colony at the vate
Yige{thng gy =np)e

Cleaxly if the size of the i-th colony ia large and the size of
the j-th colony is small {comparad with kij) the migration rate
ie comparatively high, This rate drops as the size of the

recipient colony (j-th in this case) approaches a ssturation

|
!
|
|
|
|
|
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level given by kjj' Although the savuration level is denoted
here as being dependent on the donor colony (j-th in this nase)
in most real situations, the assumption

k.. =k,,
b J1

i=1,..0,m
will hold, i.e. the saturation level does not distinguish bes
tween individuals from different colonies, but depends only on

the numbers of individuals concerned.

4s in (1)

4.
r ijr

i

Z‘ AZTMOLICE

changes sign at ny = k;. so that for n > k;; the actual divecs
tion of migration of individuals from the i~th colony Lo the
j~th colony reverses.

It should be noted that if a givea colony is above its
saturation level and all other colonies are below, the probabis=
1ity of the given colony increasing in a time interval At is
o(A). Further, if all colonies are above their respective sa=
turation levels, the probability of a new individual being boxn
in the total system in a time interval At is also o(At), Hence
the saturation levels are probabilistic upper bounds on the size

of the colonies within the system. .

In the two-colony case, letting kj, =k, =k and by =k, =k,

the actual birth and death rates for the four cases that arise are

given in the tables below,

;
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Two-colony birth, death, and wmigration model with saturation

levels kl -and kZ in colonies 1 and 2 respectively

2+ 1

Colony 1 - Colony 2
Qase | Rk n, <k,
4 4,
Birth rate Z Ay Geyng) I A aply (kymmy)
=1 =2
Death rate Ry Hym,
%2
2 le Vg f00m, (kyma,y)
Migration
rate 4
2 1ovgp(0my )
=1
Gase 2 ny >k n, Sk,
9
Birth rate nil I 2,0 (kyny)
=2
Y
Death rate ey J‘IE] Ay (ogmkp) Hptty
Y2 D94
Migration | 1+ 2§ oy {0y vy (k)
rate r=i =]
nil

Table continued 73/ .....
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Table continued

+ Golony 1 Colony 2
>
Gase 3 n < K ] ny > ky
9
Birth rate :21 At Ckpap) ©oail
32
Death rate [N Wymy + r)=:2 Agplg(nyk,)
- 12 il
Migration .
rate 92 92y
2 b Y (00 (agmig) ¢ T vy (EmyCpmp)
=i =t
case 4 n >k 5, >k,
Birth rate il nil
q 9,

Death rate

Migration
rate

Wy +r21 Appny Gy

+ rz] Ay By (myky)

991
142 Zl ARG S]
=

912
21 MR OERCIC N
r=1
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3.3 DIFFERENTTAL EQUATLONS FOR THE MOMENTS OF THE DISTRIBUTION

Using expressions (3.2.1) ~ (3.2.5) we derive the following diffe=

rential equation:
d v % 2
4 Pleie) = 121{er A (Blk, ty=0) = (0021 R (e 5e) =

9
- l);" A4 (E) (g ynemad) 0y (TP mse) +

+ ui(c)niH)P(;ﬂei;t)}‘lr

9y

n m
vl -

J

”

&

I

- (ni-»r) (nj—-r)] ? (mxei—rej 38) =

- Vijr(t)(kijni“ninj)l’(n;t)). (3.3.1)

Equation (3.3.1) is thus a difference-~differential equation governing

the dimamics of the probability distributien P(nst) of the migration
process.K(t) defined im the previous section.
To derive & partial differential equation in the probability

generating function
Glgst) = L P(ase)gl (3.3.2)
R
from (3.3.1) for the migration process defined in the previous sec=

tion, as was done for the two processes discussed in the second

chapter (see equations (2.5,4) and (2,5.5)) we need to generalize

i
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expressions (2.5.1.°).
It can be shown that for any integer r, the following express

sions hold for' i,j=1,...,n:

- CHD)
® 5" ing )P (pirey 56080 ) (3.3.3)
* gty
T - E(ni+r)P(n+rei-rej 3T iti (3.3.4)
3%6(zst) :
1 1 * T
s; fsf' 'TFST = E(a;+7) (nj-r)l’(pjrei—rej;t)‘,gn it (3.3.5)
3%6(sit)  d6(sit)
i [ 5 e | e | .30

Boas?
H

The indices of summation in (3.3.4) - (3.3.6) are not over Q. When
multiplying (3.3.1) by g° and summing over R &R, however, expressions
(3.3.3) ~ (3.3.6) canm be used since the fact that P(gst) = O if

nEQ and Yijr
range over all pER (see the more detailed argument given in section

(&) = 0 if nymr < 0 allows the summation indices to

2,5).
Using (3.3.3) = (3.3.6) and (2.5.2) equation (3.3.1) can,

after rearranging texms, be written as:
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36(g;5¢t) 3 4 .
e ;.Zx :Zn s3 oy (0 - (oD, (0 &
w %j 1 ve(est)
e 3% -
+ jzl rzl 8508y sj-i)kijvijr(t) J—T—“
j#
n 4 . 8%6(g5t)  96Cait)
B izl rzl N t] T D
. i
p w34 . 3%6(g;t)
+ 1 & A TN R o
it

Solving (3.3.7) subject to the initial condition
Glgi0) = I (i)t
e

we can from (3.3.2) find P(g;t) for each n€R es the coefficient of
£%in G(git). It is not casy, however, to find a solution to
(3.3.7). As in the previous section, however, wa can find ordinary
differential equations describing the means, variance terms and
covariance terms of the diatributios P{gst}. These ordinary dif=
ferential equations ¢z then be solved numerically to yield all

the first and second ovder moments, These ave the only moments

of the joint multivariate probability distribution P(nst) that are

usually required.
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Differentiating (3.3.7) an appropriate number of times with
respect to g and using expressions (2.5.6.%), (2.5.7.°) and

(2.5.8.7) the differential equations are:

9 - i -
xz MR N O N Y i R T

9
Z Ay, (:)(n 0550+

L )
Y., (t) i| (a, an.‘)
r=1

jir

]

(3.3.8)

i=1,.

if

GO SO A ]cf *

A+ (ete2r)k, .n.}v“r(t) +

+ % i ((ZI'kH'r’)wi ~r%h,
J=] =}

aj
} {rzn?+2r(iﬁiuﬁ 000} A ()

Ui

) - :i rv..(t)Hn c‘.+;ja‘. #0445

ol

{3.3.9)

dwl, ...
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a

a 9,
s
rél rku}‘i\:(t) ug rzl Thyghg (£ -1y ] It

2 4

n
+ 4 TPV LI k; - A e
jzr{ri, Thg¥ oo (60055 ril why¥q4 (0IOG; rz g g5 (950

i

3
- 1 zx na (‘)"m}“
=1

X {1¢e—? )k.L-r nzlylmr(t)n -t Yxlr(t)cil} *

+

+

N
2 2T ol 2,
rzl{‘(r—r Vgl vy (£)my - Tlir(twﬂ.i} -

% I
2 Ay (£) (0 0420,050) = Z xhy (£) (O 42n00y ) +

o [ qii B .
- jzl DR TR A A TR P LY
it
ng qiz
rzl Yy (e) = L g (8 | ] R0, 40,000,

[RETeS (3.3.10)

The sbove equations ave very similar to the Lotka-Volterra
system {(2.5,12), (2,5.13), (2.5.14)} in that they contain the same
type of non-linearities. The following discussion on the sbove
system applies equally well to the Lotka-Volterra system derived

in chapter two.
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Bquations (3,3.8) canmot be directly solved for the means

ni,i=1,‘..,m since these equations are dependent on the variance

and covariance terms cij' Furthermore, the system of equations

{3.3.8), (3.3.9) and (3.3,10) is not closed, since (3.3.9) and

(3.3.10) are dependent on the third-order moments 50 of the

probability distribution. Suitably differentiating (3.3.7) a

number of times with respect to the elements ¢f §, an ordinary

differential equation in any moment of the probability distribution

of the migration process can be found, but because the differential

equation for any n~th order moment contains (n+1)={“ order moments,

one

@oel et. al. (1871), discuseing & non~linear two-species interaction

model, suggests solving the two equations for the means of the popu=

cannot obtain a finite elosed system’ of equations to solve.

lations concexnad, hy considering the variance and covariance terms

in these equations as random driving forces (noise).  In wmaking

such an approximation little use would, however, have been made of

the

considerable infoxmation available about the behaviour of these

second-order moments. A far bettexr approximation would be to solve

the

system equations for the means, variance and covarisnce terms,

rather assume the form of the third-order moments U,

le; for

following reagons:

For reasonably large populations we can expect the proba=
bility distribution of the aystem to sufficiently approxi=
mate a joint multivariate normal distribution (for which

ci“=0, i,i,8=1,...,m) so that the assumption
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can be used.
(b) If we either set %ie =0 or yeplate 938 by an appropriate
noige cerm, we lose iittle information on the behaviour of

the second-order moments of the system.

Using the techuiques developed in this and the previous
chapters we now have the machinery to formulate a system of
equaticng that will model the behaviour of a number of inter=
acting populations. We are able to desl with the cecurrence of
single and muliiple instantaneous events, as well as linmear and
won-lineat growth and interaction rates. Hence we are now ready
to discuss the application of these models to the development of
management strategies for controlling populations, as well as to

analyse thair properties.




CHAPTER 4

THE LINGAR MULTIVARIATE BIRTH AND DEATH PROCESS POPULATION MODEL

4.1

THE GENERAL LINEAR STQCHASTIC POPULATION MODEL

From the linear birth and death parameters defined in section 2.4A
we devived the system of ordinary differential equations {(2.5.9),
{2.5.10), {2.5.11)} (which is easily seen to be linear) describing
the dynamic behaviour of the meens, variance terms and covariance
terms,

It is interesting to compare eguation {2.5.9), i.e., the equa=
tien in the mean, with the general linear deterministic model,
In order to write system {{(2.5.9), (2.5.10), (2.5.11)} in matrix

Form w2 define the following matrices for i,j=l..,,m and r=l,...,p.

’
Wy (N gy = A (ed (4.1.1,9)
“’u(t))ij - “ir(") 41,12}

(B, (D) = vy, (8) (4.1,1,3)
' [LAOIE Bi‘r(:) (ha1.1.4)
Al) = A)\(t) —Au(t) {4.1,1.5)
B(t) = Ba(:)-ns(t). (4.1.1.6)

(81)



~82-

Using the above definirions, equations €2.5.9) van be written an

matrix form as

& -
ZE‘A(!:))@_-)- Bleyule). (h.1.2)

This equation is identical to the deterministic model

@ .
. T = Alen+ (e 4.3.3)

except for the interpretation of the elements of the matrices A(t)
and B(t). In the deterministic system (4.1.3) these elemeuts are
instantaneous growth and interaction rates while in (4.i.2) the
elesents are parameters measuring the instantaneous probability of
certain events cecurring.

Further, we see that the solutions to (4.1.2) and (4,1,3) must

be identical when solved subject to the same initial conditions, i.e.

z 0, RP(ni0)
po]

B0) = [l0) =
}En n, Pli0)

This solution camnct, however, be realilstically interpreted in the
contexk of the deterministic s,stem since we know from differential
equation theory that for A(t), 2™}, and u(t) continuous in t, the

solution p(t) will be continuous in t. Thus p{t)€Q for all

i
|
!
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t€[0,@), However,’n(t) is not expected to belong to f since 3
18 en average measure of a population size which need not itself be
an integer to be realistically interpreted.

It is cowmon practice te stochasticize a deterministic system
by selecting a disturbance vector w(t) and suitably couplinmg it to
the system through a matriz G(t) (Mediteh 1969) so that (4.1.3)

becomes

dn
5 = A+ B(ER(E) +6(e)ulE). (4.1.4)

To solve (4.1.4) for.nlt), which will now represent a probable rra=
jectory of the stochastic process X(t), we are required to know the
statistics of the disturbance vector y{t) (which is often assumed to
be Gauseian) and the matrix G(t). The statistics of tu: noise for
the stoehastic linear control system {(2.5.9), (2.5.10), (1.5;11)}
can, in contrast to the stochastic linear control system given by
equation (4.1.4), be directly solved for, utilizing equations
{2.5.10) and (2.5.11) subject to given initial conditions, i.e. the
gtochasticity is implicitly defined in the system given by equations
€2.5.9), (2.5.10) and {2.5.11), Further, if g(t) is a vector of
elements aij(r) listed in dicrionary ovder, say, the equatigns

(2.5.9), (2.5.10) and (2.5.11) form an extended linear system

£ @ = A @ + 8w (6.1.5)

i

S

b
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where A(t) and B(t) ave appropriately defined in terms of the pars=
meters of the three equations. The actual form of A(t) and B(t) is
discussed more fully in the next section.

Using the extended system {4,1.5) it is possible to Formulate
an optimal control policy that takes the cost of variance and co=
variance into account, by directly utilizing results of the well-
known quadratic linear control problem (Lee and Markus 1967), where
(é) will now be the system vector under consideration.

"A model of the type (4.1.5) avoids some of the mathematical
intricacies involved in analyzing continuous stochastic systems of
the type (4.1.4) where, if w(t) is uncorrelated in time, the rigour
of Tto calculus is mecessary. It is, however, simpler to work with
the diecrete form of equation (4.1.4), and well-known results exist
for optimally controlling such systems (Meditch 1969).

The comparison of the stochastic model given by equation (4.1.4)
with the stochastic model developed in this paper, i.e. equations
(2.5.9), (2.5.10) and (2,5.11), applies only to the case where the
stochasticity in the system is due to the probabilistic nature of
the birth, death and interaction parameters of the species being
modellied. The comparison does not cover external noise interfering
with the system, as this type of noise has clearly not been ancoun;ed
for in equations (2.5.9), (2.5.10) and (2.5.11). More explicitly,
we arrived at equations {2,5.9), (2.5.10) and (2.5.11) using a gene=
valized stochastic birth and death formulation and the resulting model
represented by these three equations generates the time-dependent
means, variance and covarisnce terms of, in general, the non-statio=

nary, multivariate probability distribution for this birth and death

?
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process. In contrast the mode! described by equation (4.1.4) is
based on the assumption that the population process has an instan=
taneous deterministic growth rate so that a raudom noise component

ig added to compensate for this simplif{ying assumptivn.

DIRECT DERIVATION AND TREORETICAL VALIDATION OF THE STOCHASTIC
MODEL USING KRONECKER PRODUCTS

>
S

In this section, using the matrix Kronecker product, we discuss in
detail the structure of the matrices A(t) and B(t) piven in equation
(4.1.5). Ve also show that the covariance matrix satisfies a linear
matrix equation and is indeed positive semi-definite.

The Kromecker product of two general matrices A€R™™ and

BERPY i5 gefined (Bellman 1970) as & matvix CE€X™ ™ genored by

H
1

C=A®B
s
whose elements in the (i-1}» to ip rows and (j-1)q to jg columns

are (a;8) i=},...m §=1.....a where a;. fs the ij-th element of

A, i.e.

4.2.1.)

A®B = H

a® veen a B

Let p and g be vectors of elements pij and 43 respectively listed
in dictionary order for i,j=l,...,n. Then for & given n-square

matrix A we can easily, using (4.2.1), show that the expression

TR

e e R RS
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n
Py = kil(“ikqjk*ajk“ik) i,3=l.0m 4.2.2.1)

can be written in matrix form as
B = (A48T + 1@4)g (4.2.2.2)

where I is the n-square identity matrix.

‘Bxamining system {(2.5.9), (2.5.10), (2.5.11)} we see that
(4.2.2.%) can be applied. Using definitions (4.1.1.°) and applying
(4.2.2.%) the matrices A(t) and B(t) in (4.1.5) can be given in de=

tail so that (4.1.5) can be written {suppressing the argument t} as

e

LRI AU\
0

(A}\-AH) ®I+ ]@(AX*A“) g

0
L&y

1) Loy
(4.2.3)
where (A,\+A u)i and (BU*BB)i’ are the i-th rows of (A;(“"p) and

(Buﬂae) vespectively and are to be found in the [ (i~1)m+il-th row

i=1,..:,m of the m® Xm and m® X p matrices in which they respectively
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appear, , The remaining rows of these two matrices are zero for each
column entry.

It should be noted from symmetry that aij (£} = aji(:)
i,5*1,...,m.  The redundant m{m~1)/2 equations are, however, ine
cluded in (4.2.3) to facilitate the use of the Kronecker notation.

Extracting the homogeneous equations in p and g from system

{4.2,3) ve have using (4.1.1,5) that

]
o AR (4.2.4.1)

o

d—% = A®Y + IQA, (4.2.4,2)
Examining system (4.2,3) we see that the equations for g can be
getierated directly from the matrices AA' Au. Ba and BB defined in
the equation for ;.
Pollard (1973) has shown that the homogeneous equatioun in g for
a discrete multitype Galton-Watson pr‘OCESS can be generated from

the equation for the mean
Ble+) = Lolt) (4.2.5.1)
using Kronecker products, and that it will have the form

g(e+1) = L8L g(t). (4.2.5.2)

{
|
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On compari g systems (4.2.4.2) and (4.2.5.2) “t is interesting to
note that they are the discrete and continuous time analogues of
each other.

Discretizing (4.2.4.1) we have that
nlt+2e) = (AAt + Dple)

whence on comparisen with (4.2.5.1)} we can identify % and AAt+ 1 so
that,when At =1 we have that L = A+I. Purther for arbitrary ¢

{6,2.5,2) can be written as
GUEsAL) = (ADL+ ) @ (Ade + T)g(t) .

Multiplying out the brackets and dividing by At, the above equation,

after vearranging terms, becomes

gle+d) ~a(t)
A

= (ABI+I1@A)g(t) + (ABA)AL g(t)

vhich on letting At » 0 is seen to be identical to equation (4.2.4.2),

Hence Pollard’s results for the multitype Galton-Watson process
apply equally ;ell to the general multivariate linear birth and death
process. As is pointed out in the next section this result alse
holds when linear migration is imcluded in the process,

An important question to answer concerning the solution g{r) in
equation (4.2.3) is: does the covaviance matrix S(t) of elements
”«'_j(‘) > tgo vemain positive semi-definite if s(to) is positive

semi-definite.
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Before answering this question we note that the solution to the

equation

.
T = Aledp + Bedult) (4.2.6)

is non-negative for all t > t;. This follove from the assumptions
explicitly stated in equations (2.4.1) and (2.4,2) that the birth and
death pavameters for the i-rh population are zero when the i~th popu=
lation is zaro, i.e. system (4.2.6) is not strictly linear since
A(t) and B(t) arve dependent on 1 in the sense that at a boundary
point (niBO for some i) of the process modelled by (4.2.6), certain
of the elements of A(t) and B(t) are switched to zern.
Examining the equation for g in (4.2.3) we see that it can be

written in matriz form as
§ = a%(e)s + SAGE) + KRG, 0 (4.2.7)

where K(3,u,t) is a diagonal matrix whose diagnol elements are

given by the vector

diagik) = (AA(t) +Au(:))ﬁ + (B, (6) +Ba(:))n. (4.2.8)

Since the matrices A)‘(t), Au(t), Bu(t) and Be(t) and the vector g
by definition contain non-negative elements only (the birth and
death parameters must always be non—negative) diaglkl is a non—

negative vector and hence K(f,u,t) is positive semi-definite.
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It is emsy to verify (Brockett 1970) that the solution to

(4.2.7) is given by

£
$¢e) = INE, S0, ) + | ¢T(E TIR(Rg, (DAY (4,2.9)
t
wheve qi(c,to) is the transition matrix (prinmcipal solution) of the
vector equation

ax
T = Ax -

®(R,u,t) is positive semi~definite, hence from (4.2.9) we see that
8(t) is indeed positive semi-definite for alt t > tge whenaver S(to)
is positive semi-definite.

We have thus shown (4.2.3) to be a physically realistic model
under the assumption that certain parameters in the matrices A(t)
and B(t) will switch to zexo at the lower boundary of the population

mean size (i.e. n; =0 for some i}.

A CONTINUOUS TIME STOCHASTIC PQPULATION MODWT

Matrix population models have been used extensively to simulate the
dynamic behaviour of a population that can be sepa-ated into a
number of distiact classes.

The First matrix population models were introduced by Lewis
(1942) and Leslie (1945 and 1948), These models were designed fox
populations divided into age classes of equal length. Given m

age classes sach of unit time length (exvept possibly for the last age
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elags), let oy denote the number of individuals in the i=-th age

class. The models proposed by Lewis and Leslie have the following

Form:
L N A
Py O T————— 0
ales) = opx\ ale) 4.3.0)
0 —0 Ppep O

where £, 3 0 i=1,...,mand 0 € p; € 1, is1,...,u-1 respectively
represent in a unit time intervel for an individual in class i, the
expected number of offepring and the probability of surxvival. Note
that the lower right diagonal term is zere which results f£rom the
aseumption that all members in the oldest age group die in a unit
time interval. This assumption is easily modified by making the
lawer right diagonal term non—zero. This and other modifications
af the basic model {4,3.1), e.g. differentiating between sexes,
have been introduced in different spplications, some of which can be
found in Usher's survey of the discrete~time Leslie matrix model
(Usher 1972).

Clearly the contimuous time analog of (4.3.1) is given by

(see section 4,2)
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+We can generate the stochastic equivalent of (4.3.2) as de=
seribed in the previocus section (see equation (4.2.3)) where AA
will be the metrix defined in (4.3.1) and Ap is the identity
matrix,

We will, however, derive from first nrinciples a birth and
death nrocess population model which is closely related to, but
more general than the stochastic model based on (4.3.2). The
wrjor difference will be the diagonal terms. In the model con=
sidersd hereunder, these terms will not necessarily ba -1. This
generalization allows classes to be used which are not directly
related to age structure, so that the progression of an individual
from one class to the next is not rigidly controlied by given time
intervals. An example of this is the division of a population into
size clagses when the growth rates of all the individuals in the
population differ slightly. In the discrete model (4.3.1) this
type of structure would be characterized by positive diagonal
entries.

Consider a population divided into m classes. Let nf!,.-.,m

denote the number of individuals in the i-th class, Suppose that
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the population can be modelled by the following birth and death

process.

i) An im.!ividual in the i-th class may give birth to an indivi=
dual in the first class in the inmterval { t,t+At] with
probabilicy £, (£)de+o(AL) i=1,...,m.

{ii) An individual in the i-th class may die in the interval
[ t,t+At] with probabilicy R.i(t)At#o(At) i=ly . 00,m
(iii) Av individual in the i~th class may enter the (i+!1)-th class
{e.g. by virtue of increasing age or sive for age-class or
size~class structures vespectively) in the incervsi [ t,t+At]
with probability pi(t)At+o(At) i=l, 0.0 ,me1.
(iv) The probability of more than one event oceurring in the inter=

val [ t,t+At] is o(At).

Clearly assumptions (i) - {iv) define a process that is a special case
of the general linear multivariete birth, death and migr&tim} Ppro=
cess.  Although in chapter 2 we dealt only with the gemeral linear
multivariate birth and death process, the addition of migration
parameters poses no additional problems and following the methodow
logy of chapter 2, ordinary differential equations in the means,

variance texrms and covariance terms can be derived to yield

g -
45 = W -niENe (4.3.3.1)
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[L(e) +DD] |

w® e 2+ L) =D(E)) BT + 1® (L{L) ~D(t))]g
[n(e) +D(eN
(4.3.3.2)
where
l‘ e () L. £ () £(0)
, Py (t) 0 [
L(t) = T*(t)
Q20 () 0
(4.3.401)
and
EROL A 0 e e 0

0 wz“‘)
RIG I \zm_l (Edpy (8 0

0 2.(e) 1

[ p—
(4.3.4.2)

Comparing systems (4.3.3.') and (%.2.3) and equating Ay with L and &,
with D, we see that they are identical medulo the introduction of
the control vector y, and hemce (4.2.3) is valid when interspecies
migration is introduced.  (Although we have demonstrated the vali=

dity of (4.2.3) only for the particular process considered asbove,

i
i
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(4.2.3) is valid in general for limear migration between species.)
Further, since the elements of D(t) and L{t) in (4.3.4.%) are non~
negative and D(t) is diagonsl, examining (4.3.3.1) we see that the
assupption of zero death rate for a populatinn of size zero is
naturally satisfied and heuce there is no need to artificially
switch the parameters to zero as remarked in the discussion after
equation {4.2.6). Thus system {4.3.3.") remains a liv:ar system
at the boundary points of the population.

A BYLINEAR SCALAR CONTROL HARVESTING MODEL

The makrix population model has been used to develop harvesting
policies for the exploitation of various auimal populations.
Lefkoviteh (1967) investigated the effect of harvesting upon the
development structure of a four—class insect model (viz. egg
iarva, pupa and adult}. Doubleday ({975) used the Leslie mltrix
model to anal,’e harvesting policies, particularly taking seasonal
variation into accouat. Rorres end Fair (1975) used an age speci=
fic Lesiie matrix model of the females in a population to devise a
harveating policy to maximize the yield from a population under con=
ditions in which the population is to refurn to a fixed initial age
structure after each harvest,

in this section we analyze a harvesting model based on system
{4.3,3.°).  Unlike system (4.,2.3), however, contral is introduced
in 8 bilinear associacion with . As will be seen, in many har=
vesting model:, this type of control arises more naturally than
linesr control but the non-linearities introduced into the system

make the problem more difficult to solve,
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Consider a popalation modelled by system (4.3.3.°).  Suppose
we wish to exploit or control this population in some optimal fashion
by applying a scalar control of intensity u(t). In fish resource
management problems, for example, u(t) would be the intensity of the
fishing activity while in pest control problems for example, u(t)
would be the intemsity or rate at which pesticides are applied.

(learly in this type of problem u(t) will be constrained above
by a maximum activity rate @ say, which may be dependent on time
(e.g. the capacity of the fleet of fishing boats may be imcreased)
and will be naturally constrained below by zezo.

Recalling assumption (i) = (iv) in section 4.3, on which system
{6,3.3.°) is based, we make the following additional assmmption.

(v) ‘The probability that an individual in the i-th class is re=

moved in the interval [ t,t+At) due to the application of u(t)

is by(tu(tdbe+ofdt) d=i,...,m.

This assumption then leads to a modified form of system

(4.3.3,*) viz.

dg -
qo = o) - d(e) ~u{E)B(E)Inle) [C'RY)

[L(e)+D (eI +u()B(E)]

0
dg o -
g = [[LAED(e)hu(e)BLLY] 1n(e) +{{LCe)-D{t)~u(e)B(t)) ®FL +
[
0

(2(0)p(e)+ule) BN
+ 18 (L{e)-D{e)-u(eIB(E))] g (t)
' (4.4.2)
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1f the i-th class, say, does not respond to the application of
u then cbviously we must have bi(t) in B(t) equal to zero. This
will occur in the fisheries management problem if, for example, the
mesh size of the £ishing nets is so chosen as to captuxe fish in
the k~th class and above, say, or in  insect control problem if,
for example, only t.2 larval life stage is affecred by the
pesticide being applied.

The remarks at the end of section 4.3 on the non—negativity of
the solution to (4.3.3.1) still epply to (4.4.1) since B(t) is dia=
gonal. 4

Congider the following two problems relating to the control of

a.population modeiled by aystem {{4.4.1), (4.4.2)},

A, The deterministic problem
Minimize the integral performance criterion

te

TgGm0) = (= g OBOREE +E0u(E) +£ GOt + £, Gale D)
T,

0
{4.6.3)

over u(t) €[0,8], subject to equations (4.4.1) where @ is assumed

to be constant.

|
}




B.

98-

The stochastic problem

Minimize the integral performance criterion

t
-~ £ -
3, Ggn ) = [ [ (BT + 160 + £ @(E) +

b

LENCONEY +fz(§(tf)) +E,(a(e))  (4.4.4)

“over u(t) €10,T] subject to equations (4.4.1) and (4.4.2).

The terns appearing in J; and J, are interprated as follows.

@

(ii)

From (4.4.1) we see that u(t)B(t)p(t) is the rate of har=
vesting the population. The value of the harvest is ob=
tained by weighting the harvested individuals classwise,
using a non-negative vector w(t) € R™ whose elements are
chosen to reflect the economic value of the corresponding
class, and integrating this weighted sum over the h;r=
vesting period. Hence the total value of the harvest

over the period [tg,t ] is

[3
T -

IR CLIOHOMEBLES

£,

1
Since we wish to maximize this quantity, it must appear
with a nepative gign in Jd and Js (since these performance
integrals are to be minimized).
The term k{t)}u{t) is associated with the cost of applying
the control u.  Although we have assumed in thie case

that the cost of contrel is linear, in many cases non—

o=

R s B b a2 ¥
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linear functions for the cost of control may be more
suitable. The fuunction k(&) is assumed to be time-depen=
dent since the cost of applying u(t) at a given level may
vary seasonally or escalate with time.

The terms £,(3(t}) and £,(R(c,)) have been included for
genarality to reflect inherent costs related to the size of
the various population classes. For example: in the con=
trol of a pest population £ (§(t)) would reflect economic
losses due to pest damage; in the exploitation of a fish
population £,((t.)) could be used to reflect the cost of
leaving an overexploired population at the end of the
harvesting program (i.e. at t=tf). Suitable functions
could be of the form discussed in section 1.10.1 (see
equation (1.10.4)), provided that their first partial devi=
vatives, with respect to 3, sxist. )

In J, ve considered costs associated only with 3 and u.

In I, in addition to 7 and u, we have included costs
associated with g. The function fa(gz(t)) will typically
penulize the variance terms aﬁ(:) i=l,...,0 when they
are non-zero (i.e. positive). Given the variance terms
for each class of tne population, we are able to estimate
a coufidence interval around p within which the real sizes
of the classes are likely to be found. Since the control
strategy is based on the mean class size a large class
interval could lead to under- or over-exploitation of the
population. Hence the reason for associating a cost to

non—zere variance (see also section 1,10.II).  The funcw

P
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tion fb(g(cf)) is used tov penalize non—zero variance at

the final time.

Using Pontrysgin's maximus principle (Lee and Markus 1967,
Leitmann 1966, Athens and Falb 1966) we can set up-a system of equa=
tions that will be satisfied by the controls that minimize .7s and
34+ Since the control u appears linearly in J, I, and system
{(6.4.1), (4.4.2)] the optimal control will be bang-bang with
possible singular arcs depending on the form nf’fl(ﬂ(t)) and
£5@(6)).

Problem B arises when the cost of the varisace is a considera=
tion in the performance criterion, otherwise £5 and i,i are identi=
cally zero and we have problem A, Consider problem A.  The

Homiltonian associated with this problem is

BGR(6),p(6),u(e),8) = =  (OB(OR(D + k(ul) + {; @) ,

+ 2T ~DOIRE = 26 BOREuE)

@.4.5)
where p(t) satisfies the adjoint equation
aE, (3(e))
= 306 = [1() =) Tpte) + B(aY (e fp() + ()] = —bo
9%, (@(E)
plty) = ——— . (4.4.6)
) on(e)
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Pontryagin's maximum principle states the following necessary
conditions for a contrel to be optimal (i.e. for Jd to be minimal).
Let u*(t) be 2 plecewise continuous Function satisfying the

congtraint
0= ut(x) S8 t€L et (4.6.7)

Define p*(t) as the solution to (4.4.1) with u(t) = u*(£). Thea

£or u*(t) to be optimal it is necessary that

() a ~>lution p*(&) o (4.4.6) (with F(6) = B*(t) and
ult) = u*(e)) exists.
i) HEHE),p* (e e (1), 1) < HGRH(E),p* (1), u(t), )
for all u(e) satisfying (4.4.7).
(141 HGGH(E) ),y = BEHE,p (k) M bty -

£ om =¥ * *
BEE - Y OBMORUOR TN
i
Using (ii) we can immediately deduce that since
% = - (alt) +g(t))TB(t) + k()

the optimal value must be given by

D) =0 uhenever - (u(e) + pH(ENTH() FH(D) >0 (6,4.8.1)

wt) » § vhenaver -~ (g(t) +3*(c))“’n<c)+x<c) < 0. (h4.8.2)
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~ Gale) +p* (e TRCE) + k() (4.4.9)

changes sign at € &[ty,t,] say, then u*(t) can be chosen to be 0
or @ at e=k,,  If this function, however, is zero on an inmterval
[t‘,nzl cf to,tf] where t, < %y, then the problem is singular. In
this case the form of the control (referred to as a sinmgular subare)
can be derived by exsmining higher-order conditions (Bell and
Jacobson 1975).  In meny problems singular subares play an impor=
taont part in the control of biological populations (CIiff and
Vincent 1973, Goh et. sl. 1974).

Clearly the choice of u*(t) depends on p*(t) which itself de=
pends an u*(t) and the optimal trajectory p*(t). Solving for g*(t)
requires the substitucion of u(t) = u*(e) in (4.4.1). Further from
(4.4.6) ve see that p*(t) is solved backwaxds in time from a boun=
dary condition p*(t) dependent on ;?(cE). Equations (4.4.1) and
(4.4,6) must be solved simultencously, subjeet to u®(t) gemerated
by condition (4.4.8.+). This type of problem, usually referred to
as @ two~point boundary value problem with switching condiriom,
cannot be solved using the techniques applied to solving regulas
two-point boundary value probiems. The presence of the switching
function ﬂ; \aquatiou 4.4.9) complicates tie problem of solving for
w*. A differentinl dyanmic programming type algorithm described in
Jacolsnn and Mayne (chapter 3, 1970} can, however, be applied to

golving two~point boundary value problems with a switching condition.
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Since Pontryagin's principle provides only necessary conditions
for u*(t) to be optimal, u*(t) may in fact not minimize the integral
Jd. We can, however, check to see whether u (t) satisfies any of the
known sufficiency conditions. fTypically these arise from the exis=
tence of a scslar function that satisfies various conditions

(Leitmann 39 3, Lee and Markus 1967) usually related to the existence

of a solution to the Hamilton-Jacobi~Bellman partial differential

equation
W, t) Gt A, b -
- = min ML), —m—, ulE),t
T wmeEh,d o

ot conditions arising from the requirement that the second variation
of J; should be positive definite.

Equations corresponding to (4.4.5), (4.4.6), (4.4.8.°) and
(4.4.9) can, i an entively snalogous manner, be derived for problem
B.  As in problem & we shall have to solve a cwo-point houndary
value problem with a switching condition, although the system of
equarions for the state (i.c. 0.8) and costate variable (i.e..p)

will in general be (n+3)/2 times larger than in problem A.

A LINEAR-QUADRATIC LESLIE MATRIX HARVESTING MODEL

When the harvesting model is linear the minimization of a quadra=

tic cost performance criterion can easily be solved by direct

application of the numerous results available on the linear-quadratic

Jptimal control problem (Anderson and Moore 1971, Brockett 1970).

Hense it is desirable, when feasible, to model the harvested popula=
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tion by a linear comtrol system. Although a linear model is not
as physically appealing as the bilinear model (equatian‘ (hoba1))
considered in the previous section it can be valid for populations
for from a boundary point {i.e. ni=0 for some i).

Az in the vrevious section we shall consider a population
modelled by system (4.3.3.-). Tn addition, suppase that ve can
manipulate the i-th class of the population by adding or removing
individuals from this class at & vate “i(:) which will be respective=
1y positive or megative. Further suppose that control is only
applied co classes iy k=1,...,p<w and where only coutrol w, is
applied Lo class 1‘( ‘then equation (4.3.3.1) can be extended to

include control and written as

;‘é = (L(E) =DLENR + B ult) 4.5.1)

where the ik-th row &f the mX p matrix B contains & § in the 'k-:h
column k=l,...,p and the rest of the elements of B are zero. If f
tepresents the application of a deterministic type of contrel then
{4.4,3.2) remains unmodified. Otherwise (as in system (4.2.3))
additional terms in y will have to be included.

uk(t) will, for example, be deterministic if it reflects a
deterministic number of fish, say, removed from the ik-th class
within a unit time interval. u (t) may, for example, be stochastic
if it represents adding fertilized eggs to a fish population, and
each egg has a given probability of hatching into a member of the

Eivet class,

¢
h

|
!
i
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Examining equation (4.5.1) we see that although (as mentioned
in gection 4,3) the solution to the homogeneous system will always
be positive for positive inmitial conditionms, an element in the solu=
tion may become negative through the application of y. Obviously
this situation is physically impossible and the model should either
be rejected when the class being controlled is small or at least
modified to ensure that the results remajn valid. Im fact the
validity of the model should be examined a posteriori with respect
to the solutions it has generated. In the application of this
modal to the optimal contrel of populations one can ensure that the
population classes remain sufficiently large to emsure the validity
of the model, This point is discussed in more detail further on
(see discussion nader (iii)).

As in the previous section we ecan set up a deterministic and
a stochzstic minimization problem. Glearly the deterministic
problem is just a special case of the more general stochastic’ prow
Dblem so that for generality we consider the problem in its stochas=
tie form. Since the addition of the stochastic elements merely
extends the dimension of the problem, howeves, the deterministic.
and stochastic problems ave equivalent from a notational point of
view,

Consider the foliowing cost pexformance index
Bl m - -
S=h [ | T {20 () (0) +r (DO} + E](qi(t){ni(t)—ni(t)]z
£, | k=) im
o .

+ qii(t)aii(:)}} de

i

n
a 3 2
+ iigl{fi(niuf)mi(tf))’ +f0d el (4522

|
|
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The terms appearing in (4.5.2) can be interprated as follows:

(i) The elements w(t) of the vector 1(t) € KX are all assumed

(iid)

to be non-negative. Hence the first term in J, compactly
written as zT(t)g(t), is a weighted sum of the rates at which
individuals ave added to and harvested from the various classes
when the corresponding control variable is positive or negntive.
Since wk(c)uk(t) is positive when uk(:) is positive we shall be
minimizing the cost asgociated with artificially increasing the
‘k~th population. If, however, uk(:) is negative, then wk(r.)uk(t)
is negative and we shall actually be maximizing the quantivy
wk(t)uk(r.) which is associated with the economic value of th
yield from harvesting the ik—th class,

In (0 (t) is the tern associated vith the cost of the applicas
tion of uw (t) to the i ~th population. We see that we have
asgumed that the cost increases quadratically with the elements
of 3. The following four rerms in J are also quadratic! This
form of costing is applicable when small deviations from zero
are proportionately better tolerated tham large deviations from
zero,  In matrix notatiov the rate st which the cost for all
controls is sccumulating can be written as W' Ry, were R is the
pXp dingonal macrix of positive elements (L) k=l,...,p.

In general R need not be diagonal but R is always assumed to be

positive definite.
m . ~

Gonsider the term 4 I (E}(a;(e) =0, (0)* for all g (x) ® 0.
im}

Clearly this term penalizes deviations of §y(t) fxom 8, () with
emall deviations being proportionately more tolerated than large

deviations. The vector § can be intarpreted as the ideal popu=




(iv)

)
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lation size for exploitation. Although this vector may be difs
ficult to obtain, the role of this texm is to prevent the popula=
tion from being under— or over-exploited (since both lead to a
loss in economic terms), 1f, for example the optimal control
allows a particular class of the population to go too close to
zero hence threatening the viability of the population model,
the problem must be reformulated by suitably increaping the ele=
ments of . If, however, the optimal c.atrol predicts a low
yield with the population level still remsinimg high, the yield
could possibly be improved by suitably reducing the elements of
i, provided of course that it is not a high cost of control that
is preventing a reasonable level of exploitation from takiug
place.

» 2 : s
The term }151 95 (€303, (8), q;; (k) > O for all i, penalizes,
costwise, non-zero variance, again tolerating proportionately
small deviations from zero more readily tham large ones.
The final two verms play voles very similar to those discussed
in (iii) and (iv) the only difference being that they penalize
costwise an under- or over-exploited population and large
variance at the end of the harvesting program. The vector
B(xy) can be interpreted as a papulation level that is viable
for immediate expioitation. Tuis follows since after the
harvesting program it is desivable to leave a population that
can be exploited again. If this connt;:aint is not needed then
obviously Q(:f) can be made close to zero. As mentioned earlier

the linear model is only valid for f{t) mot closu to zero,
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Hence B(tf) will always be taken tc be larger than the point
at which the popuiation comes sufficiently close to zero for the

model to break down.

Note: TIo (ii) we have made the implicit assumption that to remove
members at a given rate from a small population is as costly as re=
moving them from a large population, Clearly this is not true and
the cost will incresse as the population decreases. Hence r (t)
should in fact depend on g(t). However, in some cases.this assump=
tion can be made as long as the population remains sufficiently far
from a boundary point. This is where the bilinear model considered
in the last section is superior to the iisesr model in this see=
tion, since in the bilinear model the rate at which members are removed
is praportional to the imtensity of the control multiplied by :the &le
of the population.

Using matvix notation, ovr control problem tan be stated as
follows.

Minimize the integral performance criterion

t
f3 ;
T= b [ 125 0ue) « uT R + Gete) - Ree))TaCe) (x(e) - R8N de
t
4]
o) ~20e)) TP OsCe,) - 3Ce,) (45.3)

over all piecevise continucus functions u(t) subject to the equation

&= A(t)s ¢ E{nu(t) BlEg)= %y (4.5.4)

|
1
|
i
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where o = @Tw,gTe) € R,
Adey & R X (afem) and - B(r) € g XP

are the system matrices generated as described in section 4.2 from
L{r), D{t) and the elements of B(t) that correspond to stochastic
elements of y(t) im equation (4.5.1). R(t) and g(t) are as defined
in remarks (i) and (ii) above while Q(t) and F are the (m’+m) X (n+m)
disgonsl matrices of elemeats (q;(£), . s1 (6),0; (6D 0 0 eeerdp)
and (fl,.-.,fm,f“,f)z,...,fm) respectively.  These matrices are
assumed to be positive semi-definite which holds in this cuse, since
the elements qi(t), qii(t)‘ fl and fii are by definition non-
negative.

This problem can be reduced to a standard form as follows (for

notational i we the t in all time-

’
varying functions), Completing the square in (4.5.3) we have

ti -1 -1 T~ T,

R R R R R
t,
0

4o = Re ) TP lx( ) - 2 D).

In addition (4.5.4) ecan be written as

%= A;ys(yx";g) ~BR 'y,
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ve=yg+rly

a2 x-AlBR g
where we must now assume A{t) is non-singular on [co,tfl . Also let
-i-AT'BR g
Then in terms of the new variable gz and y our problem is stated
as follows.

Minimize
tf tf
Jed [ifRet -2 ee-par ~ 4 [ gl e
to :0
Hate) ~BENTFGle) ~3(E)) *.5.5)

over the set of all piecewise continuous y, subject to the equation

Ag+ By £leg) = xg= A7 B8 . (4.5.6)

t
Except for the texm ~} | w'R 'y dt, the above problem has the form
t,

of a clags of linear quadratic regulator problems often referred to

as the tracking problem {since z(t) tracks the desired state 3(t) as

closely as possible). This additiunal term is, however, independent

of the choice of control ¥ and hence does enter into the minimization
problem, We can therefore directly apply tesults that have been ob=
tained (Athans and Falb 1966) to generate the optimal control that

minimizes (4,5.5) subject to (4.5.6).
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Clearly the minimum value of J must be greater than or equal
t
£
T
o -} [ w
to
positive semi-definite), Thus the numerical value of this term is

1

'y dt  (since R is positive definite, Q and F are

the minimum cost we can expect to incur, but since it is actually
negative it is the greatest profit we can expect to make. If Q
and F are zero we see from (4.5.5) that this profit is achieved by
setting y(t) = 0 for t€leg,t) fie., ylt) = ~1 o).

' For nou-trivial Q and ¥ the solution to our harvesting problem
is (Athans and Falb 1966, section 9.9)

2 = ~RTOBN O 5650 - g(e)]
i.e.

- T
aey = =2 H0ET () s(e)x(e) = g(0)) +

s
s oA B (0 -0 @57

where 5(t) and g(t) satisfy

-5(8) = q(r) * S(AR) +ATi)s (8) ~ S(BR™ (8 (8(e)

S(eg) = F (4.5.8)

O = —a(R) - [A) -8 @R (0F (8] o)

8t = Paty). {4.5.9)
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Equation (4.5.8) is the vell-known manrix Riccati equatfon (Reid

1972, Brockett 1970). Various numerical methods are available for
solving it. In most cases standard numerical integration routines
will be sufficient, although in cerlain circumstances (when @ and ¥
are not positive semi-definite)} the solution may blow up on the inter=
val !co,tll {Getz and Jacobson 1975) in which case the optimal von=
troller does not exist. Note that this equation is solved backwards
in time.

" once a solution to (4.5.8) has been obtained (4.5.9) is @
linear svstem, which presents no problems, and agsin is solved backs
wards in time, The optimsl contrelier iz then given in closed-loop
faedback form (i.e. direct depemdence on x(t)) but can be obtainad
in open-loop form (i.e. 2s a function of time only) by eolving
(4.5.4) with y substituted from {(4.5.7) and then substityting the
solution of (4.5.4) into (4.5.7) to obtain a function dependent on
the solutions to (4.5.8), (4.5.9) and x, enly. ‘

Tinally it may be noted that the elements of Z{t)} will usually
L. smaller than those of x(t) on | :U,t’] . This follows since for an
exploitable population the classes of p(t) that are going to be har=
vested must initially by defimition of §(t), be reasonably larger
than those of fi(t). Also §(t) can, in most cases, be set to zero =
where this is obviously the most desirable value it can attain (i.e.
purely detexministic). This means that a particular ur(t) will only
switch sign if the corresponding class nit(:) i3 over-exploited on
[tyatgd. This may happen if u(r) is cheap or ny (t) is mot suffi=
ciently larger than ﬁir(t) to prevent over-exploitation from taking

place. If ur(t) does switch from a negative to a positive sign the
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constant wr(:) chussr; to weight a harvested unit of the nir-th
classes in teyms of its economic value now gives the same weight to
stocking a unit of the n,',r—th class. in terms of the costs involved.
If the cost of stocking the “ir‘th population with a given number of
individuals is equal to the economic value of this number of indiviw
duals when harvested, no problem arises. If this is not the case,
howevar, we cannot introduce a change in w; (£) when u, (£) changes
sign without introducing a non-linearity that violates the linear

quadratic formulation.

NUMERICAL EVALUATION OF A BARVESTING PROCRAM USING LINEAR
SCALAR CONTROL

In this section we shall demonstr. e the use of the stochastic Leslie
matrix model, developed in section 4.3, by numerically wvaluating &
gealar control that appears linearly (as in section 4.5) in the popu=
lavion model end minimizes a Linesr integral perfarmance {ndex.
The system matrix and cost performance paramaters are, however, based
on fictitious data,

Suppose that a population p is divided into 3 age classes,
young (n,), juvenile (ny) and adult (ng) and under normal (uncontrol=
led) conditions the population (means ;1) can be modelled by the

Leslie matrix model

dg - _ .
It = Ales(e) Bltg) = ny (4.6.1)

where the actual values of the elements of A(t) are given by
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[ -0.06 0.0 0.12

A(E) = Ap = | 0,010 -0.014 0.0 t€[0,15) (4.6.2.1)
L o.0 0.004  -0.004
[ -0.06 a0 0.6 ]

Alt) = &) = | 0,013 -0.014 0.0 t€015,35)  (4.6.2.2)
L oo 0,006 -0.000
[ -0.04 6.0 " 0.0

A(E) = Ay =] 0.015 -0.014 0.0 € 135,50) {4.6.2.3)
L 0.0 0.008  ~0.004

and

Alt+50) = A(t) for all t. (4.6:2.4)

Note that we have put

Alt) = L(e) ~D(t) (4.6.3)

where D(t) is the diagomal part of A(t).

In this example we have chosen the unit time inkerval to be
one~fiftieth of a year so that all rats parameters are iun terms of
80 many units per fiftieth of a year. This unit of time has been
chosen as it approximates very closely the time interval of one week
which is s useful time unit for designing a program spanned over &

number of years.
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From (4.6.2.4) we see that A(t) is periodie with period ome
year. The year begins at the beginning of the braeding season
which lasts 15-16 weeks (taken as 15 time units). During this
period we see from 2)3 = 0.12 that the adults give rise to young
at the instantaneous rate of 0.12 juveniles per adult per week.

For the rest of the year i.e, t €[15,50) a3 is zero and no breeding
takes place. The other parameters are similarly interpreted in
terms of migration and death rates, where the migration rates are
seen to vary slightly over the year and the death rate for class one
is higher during the breeding season than éuring the rest of the year.

Suppose that the harvesting procedure consists of removing

adults from the population. Then (4.6.1) can be written as

;% = ARG+ pule) R(tg) = Ry 4.6.4)
’
where bT = (0,0,-1). u(t) is constrained to a maximum rate of 5 000
individuals per week.
Since in this example u(t) is a deterministic quantity, the
system of differential equations for the elements of the covariance
matrix will be given by system (4.3.3.2). Thus letting

6 = GReIT (1)) we have as i (4.5.4) the system
#(E) = Ale)x(e) + bu (4.6.5)

where
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roaw : [ 7
[L{e)+D(e)]
0 -
0
Ae) = [
[rn¢e3n(ell,
0
0
[
. [L(e)4D(e)] 4

AL @I+ I®4(E)

" = ©,0,-1,0,...,0).

As commented in the previcus section the solution obtained from
(4.6.4) through the application of a particular g must be examined
to ensure that class three of the population does not become negative
or even too close to zero to invalidate the assumption th * number
of fish removed from this class is proportional to tu applied,
Suppose we are interested in finding a harvesting policy u(t),
0 € u{t) € 5 000 over a ten-year interval, i.e. t€[0,10], such that

the following performance criteriou is minimized.

=

J= [ 14

3
But) +k u(t)]dv iEI( fiai(lo) g0, 0N {4.6.,6)

]

As in the previous two sections the firs: two terms are the value and

cost of the harvest respectively, The expression aute the integral



i
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attaches a cost to the final state of the system, i.e. [(10) and
2(10).  The constants £; will be non-pesirive as we wish to maximize
the quantities ny(10) i=1,...,3 to leave as viable a population as
possible at the end of the harvesting program. The constants 8
relating to the variaunce terms c“(lo) are taken as positive since
we should like to minimize the variance at the end of the harvesting
program.

Since (4.6.6) is Linear in u(c), g(10) and g(10}, Pontrysgin's
maximal principle (see section 4.4) leads to a set of uncoupled state
and codtate equations, thus reducing the usual two-point boundary
value problem to two initial-value problems. (Note that a final
value problem is equivalent to an initial value problem solved bagke
wards in time). Using Pontryagin'e primciple, the |2 costate
variables pl(t) = ()+PysP3sP yPygo+ +1P3g) MUSE satisfy the adjoine

syatam of (4.6.5), i.e.

4
pi(m) = £
pu =AT()p 8y (10 = gy foh,eend
Py (10) = 0 G jeR,...3 :
%.6.7)

Algo u(t} must minimize the Mamiltounian
B = pR(AE * p(e) T hule) + T hute) + &

which as in (4.4.8.") implias the Eollowing choice for u(t)




~118~

wH(t) = 0 whenever  H, = (p(t) «wlher >0
(4.6.8)
W) = 5000 whenever H = (p(t) #)Th ¥k < 0.

In thie problem, singular control does not arise s¢ that at any point
t! where B crasses the zero axis we can choose (') a8 we Llike.

To solve for u* we need the funceinn p(t)., The constents y, b and &k
have been chosen a priori in setting up (4.6.6)., We can, however
solve, (4.6,7) immediately as it is not coupled to the state equation
{4.6.5) and again the constants £; and g; is1,...,3 are chosen a
priori. This situation strongly contrasts with the general situation
described iIn saction 4.4. Thus when applicable s linear haxvesting
formulation is & computationally desirvable model from which to genes
rate the optimal barvesting program.  Although a non-linear formula=
tion will invariably bo more physically appealing as a population
model, the introduction of a single nom~linearity into the 1iqgar form
mulation will immediately couple the systems (4.6.7) and (4.6.5),

as system (4.6.7) will then depend on the solution to (4.6.5).

Onee we have solved (4.6.7) for p(t), u*(t) is generated via
{4.,6.8) over tha interval [0,10] and then the optimal trajectory =¥ (e)
can be solved for from system (4.6.5).

Sinca Pontrysgin's principal is a necessary condition for optis
wality we know that u*(t) is only a candidate control for minimizing
€4.6.6). It is clear, however, Erom the Ifnearity of the problem
that u(t) in fact is the optimal control. (Equatioun (4.6.7) is
totally independent of the rest of the problem and possesses a unique

solution waich from (4.6.8) generates a unique u*(t)).

|
i
|
]
|
i
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In the numerical example (whose solution is discussed below) k
was chosen as 0.92 and y as a vector of ones, so that the integrand
of (4.6.6) reduces to 0.08 y. . The interpretation of this is that
the cost of the harvesting program is 92 per cent of the value of the
harvest.

The £; and g; i=1,...,n sve difficult to choose a priori, If
for a given fi and 83 however, the state of the population ar the
end of the harvest is unsatisfactory, these parameter can be adjusted
untit the Pinal state of the population is within a suitable region.
For example, suppose we impase the restriction that Es(w) must be
greater than 53(0)/2, and 33()0) in fact turns out Lo be less than
half its value at che start of the program. Then the problem can
be rerun by decreasing the value of fy (i.e. increasing the modulus
of its value since it is negative) which will increase the pemaity
on 63(10) for being smell. This will cause the amount of control to
be Teduced 0 that 4(10) is alloved to increase uatil, for a Suffin
cient decrease in £, 7,(10) satisfies the required condirion.

An optimal control policy was obtained in the Following two
cases.

) £ =0.01, £, = ~0.04, £y« -0,08, q; =0 i=1,004,3
(ii) £; as above and q; = 0,002 isl,...,n

where the units of £; and q; are measured as unit cost per unit indi=
vidual and unit cost per umit variance respectively. Also

f3 > fz > f] since more stress is placed on having a viable adulb
population that can be re~harvested immediately after the present

harvesting program has been completed than on having a population of
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young that takes a number of years to reach maturity, so delaying re-
harvesting of the population,

Since the mdei is based on fictitious data a detailed discussion
of the results is politless. The following remarks are, howaver,
made as they relate directly to a comparison between the performance
of a deterministic model {g; =0 i=1,2,3) and the performance of the
stochastic model (qi >0 i=1,2,3).

From system (4.6.5) we see that the control u(t) enters into the
system only through the equation in xg(t) = f,(t). Hence the only
way of controlling the variance Uii{t,\ is through the appearance of
ng(t) in the equutions for oy (t) i%1,2,3, i.e. x,(t), xg(t) and
xlz(t). Purther the elements in the lower right~hand partition of
A(t)} (in (4.6.5)) are all positive so that the only way that the va=
riance can be reduced is by reducing xa(t), which can be done by
applying more control to xs(t).

The optimal contrel policies that result for these two problems
are graphed in Diagram !. In both cases the optimal control policy
is to fish for a given number of weeks per year starting at a given
week each year with the period of fishing increasing dramatically
in the last (i.e, 10~th) year of the harvest. If a cost is attached
to non-zero variance, the f£ishing peried, is longer each year than
otherwise in an effort to keep the population size, and hence the
variance, down).

In Diagram 2 the size of the adult class ng(t) has been platted at
the end of each yearly interval for the two cases discussed above.
The size of the adult class has also been plotted for the two ex=
treme cases: uncontrolled, and contrclied at the maximum level,

throughout the tep—year period.
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The initial class sizes for the population were chosen as

n(0) = 1x10° individuals
0,(0) = 1.5 10° "

ny(0) = 2.0% 108 "

snd it was agsumed at the outset that the population size was

completely determined, i.e.
. oi].(o) =0 3 3 R

The iollowing Table lists the final value for the three classes o

and the six independent variance and convariance terms Uy, and O,

13
FUETRE T EY SR R
Optimal exs Optimal .

tollcion oSt sl ot
t 2 3 4

;‘ 0.69 millions 0.45 millions 0.32 millions 0,12 millions
i, |13 6.97 " 0.73 " 037 ¢
Ay otz 1.23 " 0.8 " 0,22 "
oy |1 104 0.85 ™ 0.56 "
Dzz 4,22 " 3.41 " 2,89 " 2,14 "
oyy | 7230 " 6.22 " 5.47 Ghs "
0‘12 1.62 " 1.35 " 1.18 " 0.93 "
6‘3 2.15 " 1.87 " 1.66 " 1.38 "
o3 4.44 " 3.83 " 3.40 " 2,81 "
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Comparing cases 2 and 3 in the above Table we see that there
is only a small fwprovement in the variance in case 3 over the
results for case 2. This, however, is not surprising since the
smallest possible variance obtainable is given by case 4, which
compared with case ) shows roughly only a two-fold difference
between these values.

As mentioned before, the difficulty of controlling the variance
is due ro the appearance of the control only in the equation for
;3<")' In a modes such as {(4.4.2) where the control does directly
influence the varience equations (since the control is stochastie)
the final values of the variance terms will be more sensitive to the
control policy applied.

Although this example {s based on fictitious data we have
demonstrated that the inclusion of the cost of variance in the
cost performance index has a marked influence on the choice of the
optimal control strategy to be implemented, and hence on the final

state of the population.

i




CHAPTER 5

NON-LINEAR MULTIVARIATE BIRTH AND DEATH PROGESS POPULATION
MODELS

5.1 JNTRODUCTION

Chapter 4 ins a e di ion on the use of the

linear multivariate birth and death process as s population model
and’ as a tool for developing population control and mamagement
policies. The application of non-linear multivariate birth and
death processes to population management could similarly be dis=
cossed, We are, hovever,- faced with the following dilemma: the
more general one attempts to meke a discussion on non-linear systems
the less one can say about their qualitative properties,

This dilemma was partially resolved for the non-linear modelling
studies discussed in chapters 2 ond 3 as follows. We formulated the
the methodology for modelling a general clasg of multivariate Markov
jump procesges (see section 2,3), and then presented in depth models
of two important but specialized nonm-linear examples of these pro=
cegsses, Por a given problem, however, neither of these models may
be applirable, although it may be possible to derive a suitable model
by adapting the methods presented in chapters 2 and 3.  Clearly
these methods can be extended to any multiple-~event multivariate
Markov jump propess whose parvameters are polynomial functions of the
process variables.

The major problem posel by the non-lineax models is that any

finite system of differential equarions in the moments of the pro=

(125)
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bability distribution of the process remains open-ended., Recalliing
the discussion at the end of chapter 3, we see that wa were able to
close the two systems considered, by assuming their joint multivariate
probability distributions to be normal (or at least symmetrically
distributed about the population means). This assumption, although
intuitively appealing, remsins to be validated for general Markov
junp processes, or at leagt Ffor spacific examples.

As in chapter 4, we can discuss the application of Pontryagin's
maximom principle in optimal control studies using these non-iinear
models. This vesults in setting up systems of non-linear differens
tial equations. In contrast to what was possible in the case of
the lLinear model, however, there is no concise notacion to desevibe’
these equations and furtber, from a theoretical point of view, the
procedure for solving the problem is the same as that describad in'
section 4.4. Hence this topic is mob pursued in the context of
non-lineax modals. ’

Examining the eyustions derived for the means of the two non—
linear processes discussed in chapters 2 and 3, we notice that they
contain quadratic terms in the population means and are relatsd
to the deterministic Lotka-Volterra system of equations often used
to model imteracting populations. An interesting feature of the
deterministic model is its stability chracteristics (Reseigno and
Richardson 1973, Getz 975b).  Stability results for the stochastic
analogues of these detexministic models are more difficult to de=
rive. This is due to the appearance of the variance and covariance
terms as foreing functions in the equations for the means of the

populations. In comparing the solutions generated by the stochastic

t
i
|
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and deterministic models, some interesting {and even surprising)

results do, however, emerge.

THE STOCHASYIC LOTKA-VOLTERRA AND MULTIPLE MIGRATION
FOPULATION MODELS

In this and the following sections we discuss the stability of ‘o
aytonomous form of the models considered and hencg all parametec
arguments in t are dropped.

The deterministic autonomous Lotka-Volterra model for inters

acting populations hae the following form,

dn, n
L - fe
3t eyt ;Eiaijninj ny (£g) B0 >0 iwl,en,me (502.1)

In system (2,5.12) if we (2fine

Ai—ui =8y i=],000,m
hyg=Hgs " ey L,47hea,m
we ¢an write this system as
dn, . o -
T J.E}aij("‘i“j +aij(t)). i=l,e,m {5.2,2)

The essential difference between systems (5.2.1) snd (5.2.2) is the
appearance of the terms dij(t) in (5.2.2), otherwise they are identi=

cal. We also note that the linear term in the i-th equation of
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(5.2.1) and (5.2.2) involves only n;. This is in contrast to the
system of equations given in (3.3.8) where the i-th equation is
Linearly dependent on all the elements of .. Redefinim the pare=

meters in (3.3.8), e.g. letting

q,

1
g Eorkgh -y
=1
the system can be rewritten as
d;i - - m - -
ERE SR AV H RIS Rt
T4
L T
it

where we note that aij and bij 1pj=1,¢..,m are non-negativa,

.
Clearly the d stic model ding to (5.2.3) is

d“i ™
EoR R LU AR e

i

(5.2.4)

In system (5.2,4) we see tlearly the assumptions underlying the pro=
cegs on which (5.2.3) is based (see section 3.2). Undew zero migra=
tion batween the different colonies the first texm of the i-th
equation describes pure logistic growth for the i-th colony. The
ji“i)“j‘ for example, implies that members of the j-th
population migrate at a rate proportional to the size of the j-th

term (bji ~a
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population and enter the i-th population at a rate decreasing
iinearly with increasing size of the i-th population, The ceiling
at which the i-th population wiu. no longer accept members from the
j~tb population is obviously given by ny - bjilaji‘

As in the Leslie matrix model, aystems (5.2.1) and (5.2.4) are
physically appealing since in both cases for A0 >0 i=l,,..,n all
populations remain positive (i.e, there is no need to switch the
parameters to zero as discussed for system (4.2.6)), This follows

in(5.2.1) since n; is a factor of the i-th equatfion. In (5.2.4)

this follows since n; is a factor of the negative terms of the i~th
equation (recall a5 >0, bij >0 i,3=l,,..,m). A similar state=
ment cannot be made about the stochastic systems (5.2.2) and (5.2.3)
withoot snalyzing the behaviour of the terms cij(t) in both cases.
We do, however know that the terms 945 (t) come from the covariance
matrix S(t) and making use of the fact that S(t) must be positive
semi~definite (although we have not proved this as we did iw the
linear case in section 4.2) some interesting results ave deduced in
the next two sections of this chapter.

Finally, before going on Lo discuss qualitatively the stability
properties of systems (5.2.1) to (5.2.4) we nobe that these four
systeme are all special cases of the general non-autonomous quadratic
aystem of ordinary dif*evential equations
T

= A (0% * B + ey (6) fe1,

(5.2,5)

where Ai(t), b (t) and c}..(t), i=1,...,m are respectively m-square~

i
matrix, m-vector and scalar functions of time.
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The speci.al st;ructure nf systems (5.2,1) = (5.2,4) allows us to
deduce results about eaach system that do not apply to (5.2.5). On
the other han¢, however, results can be derived for (5.2.5),
especially pertaining to the existence of explosive solutions
(discussed in the following section) that can be usefully applied to

systems (5.2.1) = (5,2.4).

THE EXISTENCE OF EXPLOSIVE SOLUTIONS IN QUADRATIC MODELS

It ig well~knowm that certain systems of quadratic differential

equations posstss solutions that "blow up" in a finite time. The

simplest example of this phenomenon is given by the solution to the

quadratic scelir equatien
ax, 2

w gy

Tt a>0 x(O)"'xo>0.

The golution to this equation ig
(L) =x0/(l~ax0t7 tE(O,!/axo).

Clearly if e >0 then x(t} + = as t + 1/ axg. Tn this case the
solution is explosive and is seic to have a finite escape time

g ‘lﬂxo‘ Although an explosive solution hes no veal interpre=
tation for n physical system at t,, systems with explosive solutions

for t < t_may, over a reglon of time, model satisfactorily such

ds tie of an epidemic or & populaticn explogion.
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In this section we shall discuss sufficiency conditions for
solutions to (5.2.5) to explode, and the application of these results
to systems (5.2.0) to (5.2.4). These conditions were obtained by
Getz and Jacobson (1975) to which paper we vefer the reader for a
y-uaf of the following theorem. It should also be mentioned that
Frayman (1974) obtained sufficiency conditions similar to those
stated below. His results are, however, restricted to systems
for which ci(c) = ) and he does not obtain explicit bounds for the

regions in which ewplosive solutions will occur.

Theorem 5.3.1

Consider the autonomous System

(5.3.1)

X+ bx e,
T AN

Suppose there exists a vactor ¥ER of elemencs w; such that’ the

n .
matrix I wiAi is positive definite. Then the solution to (5.3.1)
iml

explodes
i

(i) for all x; satisfying

for all z,, whenever 4(g) < 0

by 7. 2 -1 R o
wxg > - (1£|wiAi) 1§1wi'!‘)'i + 4 /80 Wl
where

m n m m
T, T -1
A = Mgl Tweh (5 wa) . Sugh =4 L owed
i=1 i=1 i=t il

0
and 2 > 0 is the largest elgenvalue of I wiA. o
im}
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Note that without loss of generality Ai i=l,...,m can be taken as
synmetric. Also explicit upper boumds for te are given in Getz
and Jacobson (1975) to which papexr the reader is referred for
further details.

Clearly (5.2.1) can be written in the form of (5.2.5) by

defining for i=1,...,m

0...0 da; 0...0

0...0 N 0...0
Amlidag o e e ey (5.3.2.1)

6...0 " 0...0

0...0 ta, G...0

in ]
;

BY  (9,000,0,65,0,-..,0) (5.3.2.2)
B = (0,000,650,
c. = 0, (5.3.2.3)

Let A denote the matrix of elements a5 and g the vector of elawents

€ i,3=1,.v,n in systems (5.2.1), If A is non-negative then thexe

is a unique solution, g say, to the linear algebraic eguation

Ap=-g

el g=-4g. (5.3.3)
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Clearly if the elements 8 of g are non-negative then g is an

equilibrium point of (5,2.1) (see discussion preceding theorem

5.4.1),

Choose Ai’ }31 and ¢y as defined in (5.3.2.") and note that
m

+ is the symmetric part of the matrix A associated with system
i=1

(5.2.1). Then the corollary below follows immediately by choosing

¥ as the vectox whose elements are ull umity.
Cofollary 5.3.2

The solution to system (5.2.1) explodes in a finite time if the

system matrix A is positive definite and

n n

$ong>-4F g+ i/ hgs (5.3.4)
= =t

n
where A is the largest eigenvalue of I Ai and g is given b.); equas
=l

tion (5.3.3). °

Using the Cauchy-Schwarz inequality for immer products it can
be shown (Getz and Jacobgon 1975) that the right-tend side of (5.3.4)
is non-zerc for all g.

1f (5.2,1) is a model of predator-prey system then under a
suitable transformation of the vector p, the elements of the system

matrix A satisfy

i,5=l00a,m

®
¥
'
®
wF
e
o
&

So
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(Rescigno and Richardson 1973) and the symmetric part of A is the
diagonal matrix of elements 240 Hence from corollary 5.3,2 if
ag; >0 i=l,...,m and the transformed initial copdition satisfies
(5.3.4), the predator-prey model has an explosive golution,

Suppose (5.2.1) satisfies the conditions of corollary (5.3.1),
i.e, 4 ip positive definite and the initial condition satipfies
{5.3.4). Then under this assumption, a very interesting result
emerges in the comparison of systems (5.2.1) and (5.2.2). Before
this comparison can be made, however, we must state the followivg

result (Beckenbach and Yellman 1961),

' 'Result 5.3.3

A necessary and sufficient condition that a matrix B be pogitive

definite is that the inequality

trace(AB) > 0 45.3.5)

holds for all A > 0 (positive definite).

Tn fact it follows by continuity of the matrix B, = B4el in ¢,
that the strict inequality 5.3.5 can be weakened to hold with
possible equality for B positive semi-definite,

Using this vesult (i.e. when B is positive semi~defianice) we

prove the following theorem,
Theorem 5.3.4

Suppose that the matrix A of system (5.2.1) is positive definite and

2y eatisfies inequality (5.3.4). Then the zolution to system (5.2.2)




i
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with 50=x,° has a finite escape time and escapes not later rhan the
solution to system (5.2.1).
Proof

Summing the equations in system (5.2.2) we have

n dEi .. W W
§ —twgpn+pAp+t L I a..0..(t).
g1 9 i=1 gup MM
a
Now the term I I 8 J.(v:) is just the trace of the matrix pro=
i=l 3=t

duet ATS(t).  Since S(t) is a covariance matrix it is positive semi-
definite for all t for which the solution to the system is defined.
By assumption, A is positive definite so that trace A'S(£)) 2 0 for

all t for which the selution is defined, Hence

a

m dn,
LA

+5a

w3

.
. {5.3.6)

=7
1]

kL

dn,
o

m
¥rom (5.2.1) we see that I Ir satisfies (5.3.6) with equality.
i=f
- n
Since g, = g, the scalaz function iEl n,;(t) is a lover bound to
w o
I u(c) (Hale 1969, section 1.6). Bur by corollary 5.3.2 we have
i=}
m
that system (5.2,1) escapes in 2 figite time, i.e. 3 ni(t) + o
i=l
™
in & Einite time. Hemce I ni(ty <+ % not later than ni(t):
i=] i=t
since each ni(t) is positive, system (5.2.1) escapas when
n
b4 ni(t) + v,  Thus system (5.2.2) will escape not lacer than
i1

aystem (5.2.1),




§
H
H
1
H
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Finally, examining systems (5.2.3) and (5.2.4) we see that the

system matrix A of elements ., with Oy = -2, and

1]
Oy = By, = ~a,, is negative semi-definite (since in this case
ij ij i
the aij's are all non-negative) and hence the finite escape time

restlts cannot be applied to this system. This is not surprising
since, as discussed in sectiom 5.2, the non-lineaxr multiple migra=
tion process has limits built into the growth rates of each colony

wherever -a,. is negative.

id

A COMPARTSON BETWEEN SCLUTIONS 7O BE DETERMINYSTIC AND
STOCHASTIC MODELS

Tn section 4.! we saw that the deterministic model of the population :
siz; is identical to the stochastic model of the means of the linear
multivariate population process. lHence the solution given by the :
deterministic mouel is, in the linesr case, identical to the estim
mates of the means as given by the stochastic model. In section
5.2, howeover, we saw that for non~lincar processes the correspondence H
is not identical since in the stothzstic models the vaviance and

covariance terms enter the equations for the means of the popula=

tion, Thus in the non-linear case, the solutions given by the

deterministic models will be different from the estimate of the

population means as given by the stochastic models.

An example of the non-correspondence of the solutions given by

the inistic and ic models is ined in thedrem

5.8.4, In this cagse there is an interesting relationship between
the two solutions which arises as a result of the syatem matrix A

being positive definite. In the proof of this theorem we saw that the
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solution given by the deterministic system (5.2.1) is a Lover bound
(with respect to the sum of the elements) to the solution given by
the stochastic system (5.3.4). If A is negative definite, however,
the reverse is tfue and the deterministic solution is now & lower
bound.

Define a region D(A,g) in K" as
DALY = (pER"| sign(gTAn+,§1;3) = sign ,gT Ag}

i.e. D is the region in which the quadratic term dominates the lipear
term. If A is definite then D(A,g) is the whole space K™ minus
a region around the origen g = 0 in which the linear term dominates
the quadratic terr If A is posirive (negative) definite, then

m
obviously from {(5.2.1), I "1(1) is an increasing (decveasing)

i=]

function of time for € D(A,£). In addition if A ia positive

(negative) definite we have seen that
m mo_
b3 “i(:) < (P) T a0,
; A
i=) i=]

Thus we can conclude that the solution given by the deterministic
model tends to underestimate the rate at which the growth rate is
speeding vp or slowing down.

In the scalar case this phenomenon is illustrated by Diagram 3

below.

i

¢
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DIAGRAM 3. The scalar case

population

e n(t)

o ()

time

The same conclusion is reached by comparing systems (5.2.3)

and (5.2.4). Sunming the m equations in systems (5.2.3) and (5.2.4)

-

we obrain

wodn, wm N

iil Tl iEI(Ei“i—aiini) (5.4.1.1)
and

m dﬁi m —

e s ey maggnp (8

i=1 iml

(5.4.1.2)

All terms summed over the indeces i and j have dropped out, as these
sums are snti-symmetrical. Iu this case only the varisnce terms

O,y appear in (5.4.1.2) and are non-negative.  Since the a; are
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alsc non-negative we have thar

w o, w oo
I i<z i,
imp 98 gy dE

As mentioned at the end of the last section the system matrix A

is negative semi-definite so that we can again conclude that in the
region where the quadrztic term dominates the linear term the solu=
tion given by the deterministic model underestimates the rate at
whi'ch the population growth rate slows down as the colonies
approach their growth saturation levels.

These conclusions indicate that thare are important limitatiens
in using a deterministic system to estimate the means uf a pon~
linear population process.

Another important aspect to consider in comparing the solutioms
given by the deterministic and atochastic models is the relationship
between the equilibrium points and their stability propertiz;e.

The stabilicy properties of the predator-prey model

dni n
RO CAS LR T

where By >0 and Dij = 'Rji i#j d,j=t,...,m, have been extensively
studied since Volterra fivat turned his attention to this model in
1926 (Seudo 1971). A recent revien of these results is given by
Rescigno and Richardson (1973).

Some of these results have been generaiized to hold for aystem

{5.2,1) where no special relationship between the parameters of the



matrix has been assumed (Gatz 1975b).
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Examining equation (5.2.]) we pee that g = 0.is an equilibrium

point and solutions of the linear algebraic gystem Ap = -g are

equilibrium points.

that the solution

is unique.

§= -A'g

We shall assume that A is non-singular, so

(5.4.2)

Also since n is a factor of the i~th equation,

§=1y...,m, no solution to (5.2.1) can cross tbe hyperplanes =0

i=1ea0,m

orthant of X™ in which its initial value is defined.

Hence any solution of (5.2.1) is confined to the

Physieally

gpeaking all solutions in the positive orthaut are interpretable.

Thus choosing n(:o) > 0 ensures the physical sense of the solution.

Clearlyg=0 is a eritical (equilibrium) point for a solution in the

positive orthaat but g, piven by (5.4.2), is a critical poing for

a solution in the positive orthant only if its elements are non—

wegative, i.e. only if g2 0.

heazing thus in mind we can prove the following theorem.

Theorem 5.4.1

If A is negative definite and the alements of g = ’A—]E. are non-

negative then g is an asymptotically stable solution of

dni n
e o ant B oay
j=1

for all By > 0.

ni(o) =0 >0

isl,een,m

(5.4.3)
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Progf

We know that a unique soiution E(t;no)exisr,s to (5.4.3) on an inter=
val [:o,te) (where to < w only if the solution explodes), that its
elements u;(t) are a1l positive on this interval and that g is an

equilibrium point of (5.4.3). Hence on Itu,te) we can divide
n

the i-th equation of (5.4.3) by 0y and replace € by = L nijgj ko
=

abtain

p dng () ) .
WT=J'E! aij(“j(:)_gj) “i0> [ =l e,m,

Multiplying the i~th equatiou by (ni(t) ~gi) and then summing the
m equations we obtain the relation
dni(t) = d log ni(t)

m e
(5 y—ge) = (,B(UADJ"E)IA(Q(':LEU) -8

iei

This relation, after inmtegrating over the intarval gt for any
< t, and taking exponentials on both sides of the equatiom,

becomes

» » ) t

1R S 08 = 1 ["0/n Bl expl [ (alrigy) -7

i=t * imi * kS =
Alg(tigg) - gt (5:4.4)

Suppose A is the largest real eigenvalue of (A+A%)/2. Then X is

real and negative and the inequality
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T n
Kag <AL <o
i=)

holds for all €R™  Also the functions (e“i(“)/ni(t)zi) have a
positive global minimum at n(t) = 3; for g, 20, (Note if 8; =0
ny ()

tken the function is just e which assumes its minimum at niﬂo).

Hence the following inequality
o u

0 Tile/g® < 1 (& (080)
il i=1

"
< 1
is

, . £t om
'(e"m/nig‘] exp{} [ L (ng(timgd ~ Bi)zd't}
ty il

{5.4.5)
holds for all © € [t,c,). Since A < 0 and the integrand is nom~

angative the term

t m
expfd [ I (nlting) -g)Rard (5.4.6)
tg =1

is a ic i ion of t, ing from unity and

bounded below by the positive constant ﬁl: (e Birem 088
A7s0 the Funceions ("6 /m, (1)81) besides naving posirive global
minima, tend to infinity if and only if ni(t) tends to zero or
infinity, Thus, since the product of these functions is bounded
above and below by positive constants independent of t, each ni(t)
is bounded above and avay from zaro uniforsly on [ g,t,). Hence

£, = and n(t) is stable on{ ru,m).
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Since (5.4.6) is a continuous monotonic function bounded below

by a positive constant for all t&{ to,ce) we have that

—3

w
J_Lzl(ni(n,ga) -ggdter

o
is finite. But each term in the integrand is a non-negative con=
tinuous function of t.  Thus we have for i=l,...,n that
.ty + g, XN
m; (e O) 8 as t

i.e. g is asymptotically stable. Since this result holds for all

ny > 0, the theorem is proved. a

The stability of system (5.2.2) unlike that of system (5.2.1).
is difficult to analyze owing to its coupling to the highly non-
linear system of equations in the variance and covariance terms.
1f, however, we assume that the stochastic Lotka-Volterra model has
2 stationary distyibution with mean § and covariauce matrix P then
we can compare g and g as Eollows.

From (5.2.2) we have that

n
YH I oagp =0 ielum

o

which on adding the m equntions becomes

g +AR) = - trace AP < 0,




|

~hd

i.,e. g satisfies the algebraic imequality
FAE< -EE

Using (5.4.2) to veplace g we finally obtain the following relation=

ship between g and g

T m e =T
E8E<E Ag

FaG-g <o (5.4.7)

A simple geometric interpretation of (5.4.7) is only possible in the
univariate (scalar) case, whence we can conclude that the stable '
equilibrium point of the deterministic system is never less than the
equilibrium point of the stochastie system, ,

Thus once more we see that the deterministic model gives a
biased solution in estimating the means of non-linear multivariate
processes; a limitation that can be overcome by solving the stochage
tic model formulated directly Erom the probability transition rates

defining the process.




CHAPTER_ 6

CONCLYUSION

In the introduction we remarkei that this thesis is concerned with
developing technigues for modelling the dynamic behaviour of populations
and the use of population models as management tools for formulating
optimal exploitation policies,

In the first chapter we developed a stochastic model of a popula=
tion whose behaviour is governed by the gemeral simple linear birth and
death process. We introduced the concept of positive and negative con=
trol parameters and provided a control strategy for driving the population
mean towards a given target value, A performance criterion for use in
optimal contxol studies was discussed in detail and the novel idea intro=
duced of using the initial variance as a control parameter,

‘

In the second chapter we extended our techniques to modelling popus
lations whose behaviour is governed by single—event multivariate birth
and death processes. As discussed in the imtroduction, very little
progress has hitherto been mede in analyzing multivariate birth and
death processes of any generality. Hence the system of equations in
the firat and second order moments, as derived in the second chapter,
represents an important method of obtainimg the essential statistics of
populations governed by multivariate birth and death processes. The
extension, in chapter 3, of these modelling techniques to multiple-event
procesees, allows such phenomena as multiple births and the migration of

family units to be accounted for.

(145)
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In the fourth chapter we demonstrated the use of the multivariate
linear model for the optimal control of a population structured iunte
classes {age, size, etc.). We saw that these models made it possible
to solve a stochastic optimization problem withoui going beyond deter=
ministic theory. fThe only concession we had to make was to increase
the number of equations in our system by an order of magnitude,

Finally in chapter 5 we showed that in the uwon-linear case the
solution to the éacerminis:ic model gives s biased estimate of the
population mean size. This indicates that one cannot obtain an accu=
rate stochastic model of the population's behaviour by adding a Guassian
noise term with zero mean to the non-lineax deterministic model.
Rather, a thorough examination should be undertaken of the processes
governing the populations, and this will, in fact, lead to the rype of
stochastic model discussed in this thesis.

We thus propose that systems of ordinary differential equations
derived from the forward Kolmogorov equatioms of stochastic population
processes should be used to model stochastic population, in order to
avoid the biased estimates of population size as given by stochastis

cized deterministic models and to facilitate the application of deter=

ministic optimal coutrel theory in studies of ic
populations.

In a sense the vesults containtd in this thesis are presented in
the form of theoretical "case studies"”. Tach case study was motivated
ta demonstrate the methodology for dealing with a particular modelling
or management problem. We hope that the scope of this thesis is sufw

ficiently comprehensive to cover a large class of stochastic population

procesgses and that the methods described will allow us to model many
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teal-world systems more accurately then before, Clearly an essential

part of future research in this area should be the application of the
formulations discussed in this thesis to real-world problems and the
subsequent evaluation of their performance and the validity of the

results obtained.
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