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1. INTRODUCT ION

Let x{8] be the bisequence space over a finite symbol set
8, where $ has wore than one clement. Let G be the shift
transformation on X{S}. The topological properties of the shift
dynamical system (X{$},0) have been analysed in [1}, {2] and
[3], and a study of the continuous transformations on X{S] which

commute with the shift was initiated in [3].

In this discussion, some of the known properties of the shift
are summarised. The work done in [3] and [5] on the set 9(8)
of continuous, shift-commuting mappings on X{S] is surveyed and

further properties of ¢{8) are developzd.

The basic structurc theorem which characterises members of
#(8] was first proved by Curtis, Hedlund and Lyndon, {3). A proof
of this result, due o Ryan [5] is given in section three, while the
theorems, proved in [3], establishing ccnditicons under which members
of ®{S) are onto or one-to-one, appear in sections four and five.
In particular, the structure of the growp of shift-commuting avtomorphisms,
a(8) , was developed in {3] , and Theorem 7,05, first proved by
Curtis, Hedlund and Lyndon, shows that every finite group is isomorphic

to some subgroup of A{S}.

The properties of membexs of A(S] are of particular ‘nterest
in an investigation of symbolic flows. A study of periodicit_ is
undertaken in section six and results are developed which establish

when a member of A{S] is periodic. The concepts of permutivity

and dep.ndence, due to ¢:dlund [3] are used. It follows from

Theovem 7.05 that for each integer k , there is a member of A{S}



which has perlod k. Based on an oxample by ledlund [3], it is
shown in 6.19 that a member of A[S) also exists which has

infinite ordes .

A question which arises from provious studies is that of
determining which automorphisms on X(S) have the same properties
as the shift. A proof is givep in section two of the statement
that any property of the shift which is prescrved by isomorphism
of flows, will hold on the flow (x{S§},d") , where n is any
non-zero integer, Purthormore, it is shown in this dissertation
that a continuous mapping of x(S) onto X{S} behaves 1ike the
shift with respect to the topological properties of expansivencss,
transitivity and mixing if the map is a xoot of some power of the
shift, It can also be seen from section seven that not all mappings
which satisfy the hypothesis of this theorem commite with the shift.
It has, however, been proved by Ryan [5] that if a mapping commutes
with every member of A{5) , then it is a power of the shift.
Fina'ly, it is deduced that avery finite group is isomorphic to

some subgroup of the inner awtomoxphisms on A[S).
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THE DYSEQUENCE SPACE AND THE SHIFT DYNAMICAL SYJURM.

NOTATION, Let I dencte the set of all integers. For

L amowber of T, let Iy ={j:3€1, >l
DEFINITIONS.

(i}  ret S Dbe a finite set which contains more than one
element. The set $ is called the syrbol get and

any element of S is a aymbol. A convenlent cholce

of S istheset {0, 1, ..., s -1}, with s in

I,- The cardinal of 8 will be denoted card S.

(1L} A discquonce over § is a function on I to S.
Let X{S} denote the set of all bisegquences over
S, that 15, W) e ST, The set XS is the

biscquence set over S.

NOTATION. If x € X(§) and i € I, then x(i) will

often be denoted by

DEFINITION.  The bisequence space RS} over S is
the set X(S) togather with the metric 4 defined as follows:
let x,y be members of X{(8). £ x =y , then let

dix,y) I£ x#y let k bhe the least non-negative

integer such that eithex x *y, or x, *y, . and

define d(x,y) = (1 + k)",

REMARK.  The metric topology induce@ by d coincides with
the prrduct topology induced by the discrete topology of S.

The space X(§) is a compact, totally discomnected, perfect,
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THE BISEQUENCE SPACE AND THE SHIFT DYNAMICAL SYSTEM.

NOTATION. fet I denote the set of all integers. For

i a member of I, let ={y:3€1, 3521},

DEP INITIONS,

(1) Let S be a finite set which contains more than one
element. The set S is called the symbol set and

any element of § is a symbol. A convenient cholce

of S is theset {0, 1, ..., s -1}, with s in

Iz' The cardinal of S will be denoted card S.

{4i) A bisequence over S is & functionon I to §,
Let X(8) denote the set of all Lisequences over
S, that is, N(S) is ST, The set X(S) is the

bisequence set over 8.

NOTATION. I xEx(S) and L€ I, then x{i) will

often be denoted by

DEFINITION, The bisequerce epace X(8) over S is

the set X(S) together with the metric d defined as follows:
let x,¥ be members of X(S). If x =y , then let

alx,y) = 0. If x*¥y let k he the least non-negative
integer such that either x, #* ¥ or X * Y.y ¢ and

define dlx,y) = (1 + k)7,

REMARK.  The metric topology induced by d coiacides with
the product topology induced by the discrete topology of S.

The space X{S) is « compact, totally disconnected, perfect,



2,07,

2,09,

2.10.

metric space and hence is homeomorphic to the Cantor

discortinuum,

DEF INITIONS.

) The shift or shift tion is the

onto
gz X(S) + %(S)

defined by [u(x)]1 =Xgyp o X in X8, i tn I

(14) The flow (¥({8),0) is called the diserete fiow
over S oxr the syrbolic flow cver $ or the

shift dynamical system over S.
The following jroperties of the shift are well known.

DEFINITION. A homeomorphism 8 on xX(S} is said to be
expansive proviied there exists a positive number § such
that if %,y € X{8) with x#y , then there exists an

integer n such that a(0™(xt , My > 6.

REMARK.  The shift is expansive on X(8) , since if x
and y are members of X(S) with x #y , then there exists

L 4n T euch that x, #y, , and so d(*(x) , ot (¥) = 1,

DEFINITION., The homeoworphism & is point transiiive on
X(8) if there exists some x in X(8) such thet

(0} , 1€ 1) is gense tn x(5).

NOTATION.  An cxdered set XX ... X , where x; € s,
(1=1,2, ..., is called a block of length n over

s, If x & X({S) and A is ar n-block over S, then A

e 1 e rass i e




appears in x if and only if thore exists i Jn I such

that  x. = A.

5e1¥ie2 00 Koy

! 2,11, REMARK. If x is a member of X(S) such that every block
©
appaars tn x then the set O (ohx) is donse 1n x(8),

hence ¢ 1is point tramsitive on X(S).

2,12, DEFINITION. The homeomorphism 0 1is said to be sirongly
nixing provided that {f U and V are any &wo non-empty
open subsets of X(8), then there exists N such that

[n] ® w implies thar 0°(W) N v #¢.

2.13. REMARK, To show that © is strongly mixing on X{(§) we

need only consider open sets of the form 5, (x) = [y:a(x,y) < %),
®
xE XS , n€I, Iex U= Sp(x) and V=80 , x
P ™
and ¥y in X(S8) , m,p in I,. Take N= max{2p , 2m}.

(n}

For each n with [n| » N, define z by

z(“;=yi, if |i] <m,

()
2 =k, if il <p,
z("; =0 elsewhere.

l : then 2'" s a member of v 0 o™(up.

2.14. DEFINITION. A homeomorphism 8 on X(S) is transttive
g or ergodic if for any two non-empty open sets U and V

of X{S) there exists some n in I such that

(U My # .

2.15.  REMARK, It is clear that if © is point transitive or

(i




strongly mixing on X(8) then 0 is trxansitive, hencc the

shift is transitive en X(S).

It is obvious that tiie properties of the shift discussed
above hold alsc for the inverse of the shift. A problem which is
suggested by this is that of determining to what extent powers of
the shift behave like the shift on the bisequence space. Theorem

2.17 is concerned with this question.

2,16, DEFINITION. A flow (X.$) is isomorphic to a flow (¥,8)
if there exists a homeomorrhism @ from X onto Y such

that 6(P(x)) = ${d(x)} for all x in X.

2,17, THEOREM. Given any synbel set S of cardinality s> 1
and n in Il s there exists a syrbol set S' of ecardinality

s" such that (x(S),6™) is isomcrphic to (X(8),0).

Proof. Let n be in I, and let B (S) be the set af all n-blocks
over §. Dbefine S' to be the symbol set cbtained by regarding

each member of B ($) s being written to the base S and converting

it to the base S". Then the cardinal of §' is s

Now suppose that x is -~v of X{(§) , say x is

the bisequence

v

e XX X XK aas
caop o

then x may b. represented as follows:

N
B B BBD ...
-2 -1 O 2

where Bi is the n-block X(n’_)x(ni+l) e )t(l'\i + n-1) and the



“arrow" indicates tha: L .3 indexed at the first position of
B, Define ¢ : X(8) + X(§'Y by ¥(x) =y , vhere y{i) is
the symbol of §' obtained by converting the n-block 8, from

base § to hase S".

It is easily verificd that ¥ is well-defined, one-to-cne

and onto.

The following araument shows that $(o"(x)) = o(¥{x)} for

all x dn X(S). Iet x be any bi over §

in the form
+
««» B B BBB ... as above.
w2 et Ok 2
Then o {x) is
$
wes BBB ...
B-|B'31 23

and Yo" (x)) =y , where y(i) is obtained by regarding the block

By, as a number written to base S and converting it to base st

Now G(p{x}) = 0(z) , where 2z(i) is the conversion of B; to base

n

s'. thus lo(2)}; = z,,, which is the conversion of B, .

141

To show that ¥ 1is a homeomorphism of X(S) onto X(S') ,
it is sufficient to show that % is continuous. Let € > 0 and
choose k in I such that (k41)™' < ¢, et & = {nk+1)7' > 0.

(1) (2) (1)

vow 16 x@ ana %' axe membors of () witn at!), ) < g,

enen x M a0 e o x0) tntan-y = 10 k@ maen) L x @) niaeny,

for a2 & with (1] <k mence, 1r B = x¥iat) . k) ntene1y, gm0

then 50 = 5®) for all t with (4] <k, Suppose that

=y ana ) = v 1e foriows £rom tho asove that




BT SRR

()

Yy =

Proof.

v whenaver {4 <k, whence aw®!, yPh < ke,

This compiotes the proof.

COROLLARY. IS proporty » holds on tra flow (X(S7),¢}
for every oywbol set $' , and T is an teomorphiem
{rvaniank, then given any synbol set § and n in 1.
® houds on the flow (x(S),d".

Let o be an element of I, and S= {0, 1., .., sl

n

Then therd exists a symbol set §' of cardinality § such that

(x(8),0") is isomorphlc to (X($'),0). Now P holds on (X(S'),),

hence

2.19.

2.20.

2.21.

oy (x(8),0M.

REMARK. The shift may be replaced by its inverse in the

above Theorem and Corollary.

REMARR. It 18 well kncwn that -he properties of being

point transitive and stroagly mixing are isomorphism
invariants and expansivencss is preserved under an isomorphism
in the case of a compact space. It therefore follows

that if n 1is any non-zero integer and S is a symbol

set then 0" 48 expansive, point transitive and strongly

mixing on X(S).

DEPINITION. Let x be in X(§). The point x is saia
to be periodic if there exists some W in I such that
% =X

y % Xy, forall i in I. Hence x is pexiedic if and

only if there exists w in I such that M) = xe

REMARK ., Clearly the set of pericdic points in dense in x(S},



2,23,
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DEFINITION. Furstenburg, [1], defines a flov (X,T)

to be an F-flow if is satisfies the following two conditions:

[§3] Each of the flows (X7 , m=1,2,3, ..,
1s ergodic.

(i1} The set of all fixed points of all the powers T
(ie. , {w : for some m, T(w) = w}) is dense

in X.

REMARK.  Siuce the flows (X(S),0™ n=1,2,3,.

are strongly mixing, hence exgodic, and the periedic points

are dense in X(S) , the flow (X(S),0) is an F-flow,



3. CONTINUOUS MATPINGS WHICH COMMUTE WITH THE SHIFT.

3.0l, NOTATION. et n be an cloment of Il and En )
denote the set of all n-blocks over S, Let £ be a
mapping of B {8) into B (S) = S. he set of all such
mappings for a given n in I and a given symbol set
S is dencted by F(S,n). Each member f of F($,n)
induces a function £, : X(S} > X(S} in the following way:

for x in %{S} and any integer i define

[E M IR JC T TR

3.02. PROPOSITION. Let £ be a menber of F(S,n). Then
£, ¢ X{8) » x{8) s coniinuous and commtes with the

shift o.

Proof. Let £ be in F{S,n)} , let x be a member of
let £ (x} = y. Suppose that € > 0 and let k be in Il with
(L+k)™' < e, Choose & > 0 such t'at & < {1+ k +n)”' and let

u be an element of X[S) with a(x,u) < 8, hen if [i] €k +n,
% =ug. Let £ (w =v. Then for all i with lil <%, ¥ = v

whence dly,v) = @(f,(x) , £,(u})) < €. It follows that £, is

continuous.

Now suppose that x & X{S} and y = £,(x). Then for each
tnteger i, [0 £,(x0), = [0}, = v, = £, oo X)) 7
[£,000]; = 00k, oo [oG] 0 = £, woo %y, 0. Thus

0L (x) = £,0(x) so £, commites with the shift.

3.03. NOTATION. Let F_{S,n) ={f_ : £E€ F(S,m}.

3,04, REMARK. If 1<m<n then F_(S,m) CF,(S,n). For if




£€ ®(S,m , wo may define g : Bn(s) > E‘(S) by

€ X)) = f(x‘ xm)~ Then £, =g, €F_[Sn).
3.05. PE . Let n be in '.(l and S De a synbol set.

Then o € F_(S,0) if and only £f O <k € n-l.

Proof. Let n be an clement of Il and let k be an integer,

OSk<n-l . vpefine £: B (S)~8IS] by

< = i ko & F
ElxXyyy oe PExy . WED. Then o = £ €F {Sn).

“Nitn-1
Conversely, suppose that ¢ € F_{S,n) for k an integer.

Then there exists £ in F(S,n) such that of = £, + whence

is the identity map on X($) and [U_kf‘”(x)]i

=LE, 00}, = Elxy g e %

joknoy) T ¥y for all x in xI(S)

and all integers i. In particular, £0x ... x.) for

Fiea
all x. Suppose that k<O or k >n - 1. Define x by

choosing x, =0 if i#k+1 and ¥y #f(xl e xde It
follows that of € F_(S,n).

-
3.06. NOPATION. (i) Let F[S} denote the set U F_[S,;n).

n=1
Note that if k » 0 , then OF € F_[S) , but as the cardinal

of § is >1,akﬁrmls} if k<O,
(1) Let FA(S] denote the set {o"p : m€ 1, ¢ € r (5]},

(114) Let (S} be the set of all continuous mappings of

x{8) into X[S} which commute with 0.

3.07. REMARK. It is clear that F,(S] € r¥(S) C #{S} and as
X <0 implies that ¢* & F (S} , F IS} is a proper subset
ot F4{S). The next theorem shows that the last two sets

are identical. The proof is due to J.P. Ryan [5]).
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3.08, mHEOREM. FX[S) = (S},

Proof. It is sufficient to show that (S} C FX(S). Let ¢ be

in ¢{S}. since ¢ is uniformly continuous , there exists a positive
integer m such that if x and y are in X{S] and d(x,y) < (L+m~",
then d(¢(x) , ${y)) < 1 or equivalently, {$()] = (¢ .ot n=2m1
and define £ : B (5] > S as follows : 1f A is any n-block

such that A = x__ ...

... x_ for some x in X[S) , then
m n

£(m) < [¢0] . The function £ is a well-defined member of
F{S,n}. Now ket x be any element of X[S). Then

-, _ g Crobe e e ot
Lo, 00}, = Le 0l = lof al | = le0 ]

= £t eal_fa' (0] sttty =ttty

-kl
= To'al, = 1400l , for any integer

Hence $ =G and the proof is complete.

4. ONTO MEMBERS OF F_ (S}

4.01 DEFINITION. Let n bLe an element of I . For every £

in F{S,n) and mw in I‘ define a mapping

Ly BlingfS) » B(S) as follows s if B=bb ...b 0 is
any (min-l}-block over S then

. = s .. L E L. .
R UL [RESCH b £ )

Clearly £ = £.

4.02.  wEEOREM. Let n bedn 1 ond lev . we a menher of
PlS,n}. Then £, s onto if and only if each

™

£

Lt By (S) o+ BUIS) ds onto for all m in 1.

Proof. Assume that f, 1is onto. let m be in I, and let
Be=bb ...b_  beaumember of 8 (S}, ret x in x(SI be
v 2 w '

defined by =0 if i>m or 190 and x’sz.xmnﬂ.




There exists y in X[S} such that £ (y) = x. et
A=yy ooy - Then £(N) =& hence £ is onto.
r ¢ v S}~ G (S s e
Conversely,assunc that £ ¢ 8 (S} > B (S) is onto for

each m in 1. Let x boin x(S) and let % be in I, Let

m=ik+l. Then b= «.. % CB{S] and thore exists an

- n
(mn-1)~block A such that A =y ...y, ., and £ () =B,
Pefine y in X{S] By Yog 0t Vgqey SA 0 ¥; =0 4F 1<k
or 4B kin-l, and let F,(y) =u.  Then u, ... u = e
and dfx,u) < (+k)7'.  Since k is arbitrary in T, + it follows
that the set £ (X{S}) is dense in X[S|. But since f_ is
continuous and X($] is compact , £ (x{S)) is compact, hence closed,

and  so £, [8h) = TSN = x(S}. Thus £, ts onto.

4.03. REMARK, If card S= 5 and - is in I, and if
card £ {8} = 1 for a1t 8 in B (S) and all m in
I, . then it follows from Theor.: 4.02 that £, 1is onto.
Theorem 4.07 shows that the converse of this statement is

also true. The result is due to W.A. Blankenship and

0.5, Rothaus {3].

4,04, NOTATION, Let n,nm be in I

. If A=a ...a €B (S}
f m - m
and B=b ..,.b & B (S}, then AB will denote the
tmn)-block a ... ab ...b. If A and B are
1 w1 n
collections of blocks over $, then AE will denote
{aB : A€A , B€ B}, The notation may be generalised

in the cbvious way.

4.05,  1mMA.  fet n bedn I and let £ be in F(S,n).

Suppose there exiots an m-block B over S stwch that
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card £7' {u} =k >0 and card £

o1 {B) * ko for each

b in S, Then eard fmﬂ(ub) X for each b in S,

Proof. Let B he a member of B (8] such that card £ {8} =k > 0.
3 ¢! = B no £ =

Suppose that £ (B} = (c) PG ek €} = €. Then £5,(B8) = CS.

For if c€§, £, (Cc) €8S ifandonly if C is an (mn-l)-block

such that £ (C) = B, that is if and only if C €L,

Thus card £0. (BS) = i catd (su}. Now suppose
n

b
that card €,,{8b} >k for cach b in S, If , for some b in

S, cara £, {E} >k, then card £} (BS) > k5. Hence

mtl
card f£1, {mb} ¥ k for cach b in §, which concludes the proof

of the Lemma.

4.06. LEMMA. Let n be in Iz and let £ be a wember of
F(S.n}.  Let thera exist an n-block B over § such that
card £{8) =k >0 and ewd £,

(n-1)-Block D. Then % = g™

-1 {8pB} = kx for every

Proof. et £'(s} = (c‘ (e Gl =Co et P=8 (8.

The following argument shows that

- _
omin-y (B0B) = CC )

Let A be a member of CC. fThen A =cicj where C; ,

in €, Since €, and cj are of length mn-1 each , A is of

i

length 2m + 2n - 2 and f, (A) = E is of length 2m+ n - 1,

2m+n-1
Since fm(ci’ =B = fm(Cj) + E 1s of the form 8pg , where D is

- l & g
of length n-1 , so that A€ £pmin-l (aDB) .

Now suppose that Ez.m»n-l (A} = BOB , where D€ §, Then
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A is of length 2m+ 2 - 2, A=AA , whore A and A are
of length m+n -1, fm“‘,‘ =8 = fm“‘;’ , so that 1\‘, l\l €c
and AL € CC.

172

It follows that I

'
oty (B0B) = CC.

- 1 - .
Glearly card (C if card £, .{B0B} =k for
. S ' .
each D in D, then since card D=8~ , card Ll (308) = k &

From (1) it follows that k2 = k s"1 ; wus k= 80,

4,07, TUEOREM, Let n be in I and let £ be in F{S,n).

Then the following statements are equivalent.

1) £, 78 onto

2 card £l = &1 forall B n B (S} and

for all m in I

Proof. It is sufficient to prove that (1) implies (2).
Suppose n =1, For any a in S, define x in X(S] by

X, % &, X =0, 1i%0 Then there exists y in XI[S) such
that £ {y} = x ; thus f(Yo) =a and £ 1is onto, hence £ is

& permutation on S. Now it follows from Theorem 4.02 that for
any m 4n I and B in B (S}, card 1;“(5)3;. Suppose for
some m-block B there exist blocks A =a ... 3, and A'=al...a

n
in B [S) such that £,(A) = £ (A') =3B. Then

flag = fla') =b; , 1Si€m; thue ay=a; (18i<m,
and so A= A', It follows that card £, {8} =35° , forall s

in Bm(s) and for all m in I

Now suppose that n ® 2. Let

= 1 N
k = dnf {card £i (o }: 5 € B (S}, me RS
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It follows from Theorem 4.02 that k # 1. ‘here exist an integer

m and an m-block B over § such that card £;'{p} = k.  Then
card E;“LL {Bb) ®k for cach b in S, so it follows from Lomma
4.05 that card £1,(Bb} = k for each b in S. 1t can be inforred

by induction that card £, (BA) = k for every i-block A and

3 = for ery
henee, in perticular, card L‘Zmn_l(mm‘: X for every D in Bn_lls)
n-1 n-1

It follows from Lemma 4.06 that k = 8 and thus card £' {5} # &'

{8 in I,
for each By in Gp( ] and each p in N
Suppose there exist p in I and B in Ep(s) such that

cara £l (8 > S ahen

card £, {8} > sFnel )]
inB S
B in BP( )
-1

; IS @ cara £1 (8} > s"! g hoB
since card £ {8} > § and  cax p(P} or each B

in Bp(s]. It Follows, however, from Theorem 4.02 that

) =
B (By(S) = By (81 o thac
7 card £' {8} = cara £.' (B_(8}}
B_ in B_{8) ?OF PP
P p
- _ opin-l
card Bp-!—n—l (s) = ¢ which
contradicts (2), Hence card C!{B) = s"1 for B in B8]

and 91l m dn I . This campletes the proof.




5. CHAR
5.0L.  NOTA
wil
of
5.02.  PROY
£, 9

ACTERISATION OF SHIFT-COMMUTING AUTOMORPIISMS ON  X[S).

f'ION.  The set of shift-comwuting automorphisms on X{S)
Pbe denotod AlS). Thus AlS) is the set of homcomorphisms

x{S} onto X{S} which commute with thc shift,

0SITION, Let £ Dbe a member of r(S,1). Then

NS ¢F and only ©f £ {5 a permutation of S.

Proof. Supgos: bt £ 15 a permutation of S,  Let x be in

x{S}.  Then
such that
£.09) =% g
Then there &
£,00 = £,(y

integers 1.

fox - ach integexr i, there is anm element y; in s

[(¥;) = %;. Hence there exists y in x(8) such that
jd £, is onto Suppose that £ is not enc-to-one,

ire elements x,y in X[S} such that x#y and

S0 by definition of £, , [£(x], = [f(y)]  for all

But since X #y , there exists an integer i such

that x; # y|, which implics chat f£(x) # fly) , as £ isa
permutation p€ S. Hence £, must be one-to-one and so is a
j
member of A8},
Convexsely, suppose that £, € A{S]. As £, is onto, it

follows from

Theorem 4.02 that £ : 8§+ S is onto, hence £ is

a permutatiof of S.

5,03, REMARK, ' The following theorems proved in {3} show that

a{s)

consists precisely of thosc members of ¢{S) which

axe one-to-one.

5.04. LEMMA, Let m be in 1, and let B be an mrblock over

S,

for-q in I, q®m, et DiB,q) bo the set of all

q-blodke over S in which B appears and let N(B,q) = card D(B,q)




|
|
|
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1in B2 = 1
e ST

Proof. Let (@) = $"WN(B,@). Let ¢ be in D(B,q). Then
Cc € D(8,qtl) for each ¢ in S, so that N(B,g+l) » S.N(B,q)
and hence  dlqn) = 8TV N(E,q) 2 5T N, = (@), since
card Bq(s) =59, it follows that N(B,) < 5%, whence ¢(g) < 1.

Thus Llim ¢(q) = o , where O Sa <1,
T

Tet k boin I and let A be ablock of length km.
Then A = Blaz ... B, where each By is an m-block, 1 <4i<xk,

Let I\1 be the collection of all such blocks A for which By =8,

aj #B if §<i and nj is arbitraty for § > i, f i#3,
k
then Ai MNA =¢. Let Al(k) = UA . Then B appears in every
3 =1t
member of A(k) ; hence N(B,km) 2 card A{k} , and so
o gokmy —km
$lkm) = 57UN(E Am) F 8T card A(k). [¢8)
Let a=s8"1,b=s" men
I x ik oLkt
cazd Ai) = ) cara/s] ot WM ] B {g}
1=1 1=1 i=
B O Y O S B AN CLE P
It follows from (1) that

13 lim ¢lg) = 1im $Ckm) > dim ¢ KV [T L (shyyK)
el Ky koo

e lim {1 -1 -
Yeveo

Hence lim N{B,qis™d = 1.
o
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5.05 LEMMA. Let m be in 1, let £ be in F{S,n) and
suppose that £, 78 not onto. Let k.t he in I.
Then theve exists an m-block A with w2 ¢ such that

card £ {n} > x.

Proof. Assume the hypothesis of the lomma and suppose that
card qn‘ {n} € k for all m-blocks A, m™t. Since £,

is not onto, it follows from Theorem 4.02 that there exists an
integex g#1 and B in Bq(s; such that fg'{8) = ¢ , whance
card £q' (B} = 0. Thic plics that card £'{D} = 0, wheve

D is any m-block in which B appears.

Let D(B,m) be the set of all m-blocks over § in which
B appears and let D'(B,m} be the set of all m-blocks over § in
which B does not appear. Let N{B.m) = card D(8m). Since
m

B (S) = Dieym) UD'(B,m) and card B I8} =",

card D' (8,m)

n et
-N@m. Now B (S} = £ 18 (S})

= £ PE,m Ve (D Bm) and the sace Fismi ang §(Bm

are disjoint, so that

St o cara By (S) = cerd £ (DB + caxa £ (D' a,m)) .

1 mPq, card £} {D(3,m) = 0, so that §™ = cara £ (D' (8 ,m)) .

By assumption, card f"n’(A) % x for all m~blocks A , m > &.

Thus if m Pt + g
Ll €k card D'z =k [57 - NeB,m]
Hence
N0 € S" - SRl

that is ,

v s i s e o o oo oot PP et e e




N /s AL - 8k
This implics that
Lim sup N(B,m) , €1 - YK < 1, contrary to
/gn
oot
Lomia 5.04.
This completes the proof.

5.0G. LEMMA. Zet n be in Loem in 1, andlet £ bea

collection of (m+ 2n - M) -blocks over S such that card

E> 522 Mien thove cwist distinct blocks & and E*

in E such thal E = apB and E* = AD*B , where A and

B are {n-1)-blocks.

Proof. et B (S) = Tag

Let Ei be the collection of all members of E with initial {n-1)-

block A Suppose that for all i , card F, & 7% mhen
en-1

card E= ] card E € 8 2n-2
12

n-1 S“‘.l g

, contrary to hypothesis.

Thus thore exists an integer 3 such that card Ey > L

then at least two distinct members of Ej must have the same texminal

{n~1)~block B. Let these be AjDB and AjD"E, The proof of the

Lemma is concluded by taking A = A E = RDB and E* = AD*B.

g v
5.07. LEMMA. Let n be in Iz s let £ be a mewber of F(S,n)
and let m be in 1. Let there exist an (min-1)~block

C over § ouch that cara £, (c} > $"L  Thon there

extet dietinet (min-1)-blocks P and P* and an  (n~1)-

block A such that

(APA) = £

b2 (o) DTN -

farz(n-1)

ci=1, 2, 00, 8" For 115,



i
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Froof. Let L[ =g {c}, Then [ is a collection of (mé2n-2)~

win~l

2n-2

blocks and, by hypothesis, card £ > § It follows from

Lemma 5.06 {hat there exist distinct blocks E and EB* in [

such that E = ADB and E% = AD*B , where A and B are (n-1)~

blocks, Then D and D* are m-blocks and D # DY, Since £

and E* are members of £, Epan—y (B) = € = Foao ) B4

Let P =DB, P* = D*B. Then P and P* are distinct

{mrtn-1) ~blocks. et fn_l(BA) =Q. Then

) (wn) = ADBA = €Q , and

£m42 (n1 Fv2 (n-1y

(AP*A) AD*BA) = CQ.

Fmr2 (n1) = fae2(n-1)

5.08. THEOREM. L2t n be in I, et £ be in F(S,n) and

suppose that £, 1s not onto. Then there exists @ periodic

point x in xIS) such that the set f£'{x} 15 uncountable.

Proof. Suppose n =1, Since £, is not onto, £ is mot a

permetation of S, so there exist elements a,b in § with a#b

such that £(a) = ¢ = £(b}. Let x be the bisequence defined by
% =c,all i in I. Then x is periodic and the set £'{x}
includes all bisequences y defined by y; =& or b, i in I.

This set is uncountable.

Now assume that n » 2, From Lemma 5.05 there exists an
(mtn-l)-block C such that cara £ {c} > s, 1¢ totlovs
from Lemma 5.07 that there exist distinct (m+n-1)-blocks P and

and an (n-l)}-bleck A such that

)(API\) =D = £

2 (n-1) (AP*A; .

Fut2 (n1

pr
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Let ¥ be the subsct of X(S] defined by
+
ses A AQ A aes
9, nQ,AQ AD

where , for i in I, @ is either D or P*. Let x In XIS}
+

be defined by x = ... DDDD .. . Then x is perioedic, and if

Y€ ¥, then £ (y) = x. The set ¥ is uncountable, and since

v € i {x} , the set £ 1x} is uncountable.

5,08, THEOREM. Let ¢ be a member of ®(S' and suppose that
¢ 18 not onte. Then there exists a periodic point x of
%{S) and an uncountable subsct Y of x{S) such that

819 = x.

Proof. Let ¢ be in ¢{S}. By Theorem 3,08, there exist m in
T and n in I, such that ¢ = O°f, , vhere £€ F(S;m). Since
$ is not onto, £, is not onto,hence,accerding to Thecrem 5.08,

there exist an uncountable Subset ¥ of x{S) and 2z in x(S),

z periodic, such that £,(¥) = z. But then ¢(Y) = 0" (v) = a"(2),

Let x=0"(z). Then x is periodic.
5.10. THEOREM. A[S) = {¢ : ¢ € ¢(S) and ¢ Zs one-to-onel.

Proof. Clearly A[S} € {¢ : ¢ € ¢(S] ana ¢ is one-to-omel.
Now suppose that ¢ in ®(8} is one-to-one, then by Theorem

5,09, ¢ is onto, whence ¢ £ al$),
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6. PERIODICITY OF MEMDERS OF a(S}.

B.OL. DEFINITION. A function 6 is perfodic on x[8), if
there exists a positive integer n such that B7(x) = x ,

all x in XI(S].

.02, REMARK. If £ € F(S§,n} for n in Il and £, is periodic,
then £, € A{S}. For, suppose the poriod of £, is p ., p
) in T e £,00 = f0) implics that £51g (0] -
e ], whence EE (o) = £8(y) . that is, x =y,

6.03. NOTATION. Let mm bedn I . andlet £ be a member
of F(S,m) and g an element of F(S,n). Then g, maps
{ i Sl =
, smn~1(5) into Em(sl and £ maps Bm(S] into Bl (sl =8,

so that fg is a well defined mapping of B {Slinto S, The

N =)
mapping €9, Will also be denoted by fg.

6,04, LEMMA. Let £ be a mermber of F(S,m} . g an element of

FiS;n). Then (f@)g = f

ooTost

Proof. Let x be a bisequence in X(S) and let (fg) (x) =

Let 1 bein I, Then y; = fgm[xi Kgpp oo xl+mn_21
= Elgley v X ) e gl X ) Det g 0 =

)

thus u = q(xi

jinep) s Dot £ lwl=v. Then vy = fluy comgo

= E LGl e Xy ) e Gl e X )] Thus for all

integers 1, y; = Hence y = v and so (£9), (x) = (£,,) (x).

Since this is true for all x in X[S) , (£9), = £,9, -

6.05, PROPOSITION. If £€ F(5,1) then £, o periodic if and

. only if f ie a permutation of S.
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Proof. Let S={o,1,2, ..., 31} andlet £ be a permutation
of S. Then there is a positive intcger p , p € S5 Such that
£F is the identity on S. Then (fp)m is the identity on XI{S),

It follows from Lamma 6.04 tnat (£% = (2% nence (£)70x) = x ,

for all x in X{8) , so i is periodic.
Now suppose that £, is periodic, Then £, is one-to-one,

thus £, € AlSl. By Proposition 5.02 , £ is a permutation of §,

6.06. DEFINITION, Let n be in I . A function £ in F(S.n)

depends on Xy 1<i<€n, if and only if there exist

S AR i . x5 roean g i »
element: X0 X, g v Kiel %, in S

and  x; ¢ x{ in & with x; ¥ x!, such that

f(xlxz ee X e xn) # f(x}xa cee X oees xn}.

6.07.  PROPOSITION. Let n be in I and £ be an elerent of
B(S,n) with £ one-to-onc. If f does not depend on

% e X4 e, %, then £, is periodic.

Proof. Define g in F{S,1) by gla) = f(a xz e xn) for each a

in S and any members x,

(%, in S, Then since £ does

not depend on %, . ... s X, . § is well defined and g, =

since £ € AlS] , g, € a(S) , whence, by Proposition 5.02. g is

a permutation on S.  Thus, by Proposition 6.05 , f is

w = %

periodic.

6.08, REMARK. The converse of the above Proposition does not

hold as example 6.08 shows.

6.09. EXmMPLE. Let Se {0, 1, 2} and define £ in F(S,2) by



£(00) = O £(O1) = 2 £{02} =0
£(10) =1 £411) £(12) = 1
£420) = 2 £(21) =0 £(22) = 2.

The following argument shows that f_ has pericd two,

that s, E(E0x %y 180y, o x,00) = x; , for any

L K 0 Ny In S

Suppose that x; = 1, Thon since £(la) =1 , for any

a in S, f£[£01, Xgaq ) EK ) xi+2)) =1.

e Xirz and xi+1ﬂl then f(xix ) =0 and

i41

fix,

(41 ¢ Fgeg) = 1. Since £(0) = 2= x; . this case

is done.

I ox= 2and xp F Ll then £1EGy xp ) fG, %00

is £(20} or £(22) both of which equal 2. Similarly

i+l

iE w0, £ [£lxg xg ) )E(x This shows that

41 Xigol!
£2 is the identity on X{S) and so £, € A[S) , but £

depends on %, .

DEFINITION.  Let n be in I. A function £ in P(S,n)

is sald to be permuiive dn x ., if for every choice of

fixed elements ;Z ey . and x  any element of

n
S, £lx; %, ... X)) = g(x) where g is some permutation of
S. Hence £ is permutive in x if and only if for

any given clements Ez , e

,;'cn in 8§,

X ) = [ % =x' .,
f(xl X, e Xn) f(xl X, e x") implies that X, EN

REMARK. Let n be in Ia and £ in F{S,n). fThen the

following example shows that f, a member of A[S] does not




imply that £ is permutive. in x . However, it will

be shown in Proposjtion 6.13 that if £

is periodic,

then £ is  permutive in x .

6.12, EXAMPLE. Lot n be in Iz‘ Define £ in F(S,n) by

£(a ... a) =a for all n-blocks a ... a_  over S,
1 n n 1 n

men £, = 0" ™ € AlS}, but £ is not permtative {n x .

6.13.  PROPOSITION. Let n be in 1:2 atd suppose that £ € F(S,n)

Then if

£, is periodic, © is pemuttve in x .

Proof. asseme that £, is pericdic on X[S) but that f is not

permative  in

%

and A' = x!
170

% . Then there exist n-blocks A

;n culth x Fx! such that (Al = £(3V).

Let x be the memker of X{S} definedby x; =0 if 1<0 or

t>n, and x

=0 if i€

cee X = A and let y din {8} be defined by

0 or 1>n and y ...y, =2, Now there is

some integer p P 1 such that (£,)F is the identity on x{S).

penee  (£,)710

=x and (£)P(y) = y. Bince for any integer

171, [5,00], = [£,0} , {¢ follovs that

This con

6.14.  REMARK,

(s ? arg P -
tePeal = 12Fm1 =l

tradiction completes the proof.

The converse of Proposition 6.13 is not true in

general. For suppose S = {0, 1, 2} and consider £
defined by

£{00) =1 f{o1) = o0 £(02) = 0

£(10) = 0 £(11} =1 £02) = 1

£(20) = 2 £e21) = 2 £(22) = 2.
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Then £ is  permutive in x ., but 1f x in x(8) s

defined by

=0 ,all L in I, then for all positive

integers p ., £L(x) =y , where y =1, all i oin oI,

If the cardinal of § is two, however, then Theorem 6.16
due to pedlund, |3] , shows that £ is periodic if and only

if £ is permutive in x.

NoTATION. Let S = {0, 1}, Det 0, if 1 and

1, 4if a=o0

THEOREM. Lot S ={0 , 1} ad n ke in I, Let £ be

a menber of T(S,n) such that £ < permutive in ® and

£,€ AlS).  Thon there ewists g in FI(S,1) swech that £, = q_.

Suppose there does not exist g in F(S,1) such that £ =g

Let k be the least intsger such that £, € F (S,k). Then k > 1

ang there exists g in F(S,k) such that £, =g, Since f_

is one-to-one so is g_. There must exist a k-block a ... a _,a

&3 1 k-1"k
such that gla, ... &y &) * gla coway 3. For if met,
Gefine h : B (S) +3 by R X ) = gla e e,

Then h is 2 well defined member of P(S,k-1) and h, =g, = £

contradicting the minimality of k. Hence g depends on Xx.
Since f is permutive in x , so is g and thus glo &, ... ) =
glla, cea ) B lev Asa .o a o Bea o &
Then g(0A) = g(1B),

Let P be the set of all integers p ® k with the property

that there exist p-blocks Ap = Oa, ... ap and Bp = lb ... bp

such that g0 = g (Bp). Then X € P, e following

argument shows that P = {mim€ 1 , m>k}, If p>q>k and




pEP , then q€ p, Thus it is sufficient to show that P is not bovnded,

Suppuse that P is bounded and that m is the least upper
bound of P. Then there are m-blocks M= 0 ¢, ... cm, Bn=1d...dn

such that g (W) =g, {Em).  Mow siice m is wawimal,
Gnogs2 {0 P F g o (L B, ane .
Gegera (L AW # o (0 B

Hence, as g is permutive in X . m_k”(o Am) = Iyt 2 {0 Bm)

and g (LA =g (B

Thus (e Am} = = {e Bm) , e =0 or 1, This

Fm-kr2 k42

process can be continued to obtain

9 (P Am) = g (D Bm) , al} (k-1)-blocks D.
But then g(P0) = g(b}) for all D in B [S) , which contradicts

the fact that g depends on Thus P={m:m€1,m>k}.

Let p be in P. There exist (p-1)-blocks

Al o e ) g W .y @

- (©)
=0l 2B ovex § auch

tp}, p) (P} .
that qp“kﬂ(oA } qp‘k4~fls ). Define y in x(8} by

yi(P)=0 if 1€0 or i®p

® e e

¥ fad

Define

=1,

® o 1 13y

ma P2 ),
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Since g is pormutive in X for each 1 € ~1 there exists

() (p}
2% an 8 seen e gtz Ll zjiﬁ)_l) - g(yi‘P’ ySL‘ll
(L€ -1, mis detines =P in x{(S).
Let g vy < ot g @)« v qnen
0P v, Tlgp o0 . mis dmpites that a®, o) < g -k w7t

mhus Lima@® , v P e o,
g

Since X[8) is a compact metric space, any Infinite sequence

of points containe a convergont subsequence, SO assume that

twy® oy, 1 e e, 0 0 ® c w1t P = vl sinee
e e e e

1w aw®v Py o, it follows that u=v. Since y;"’ =0,
o

(p)

and since 2P =1, 2, = 1. Thus y#z. Now
9o = g im y P = 1t g vy = Lim w4 ana
o P P

iply

9.l2) = g (lin z = Lim g (2P} = Lim /P = u, so that
B pre

9.{¥) = g, (2). This contradicts the bypothesis that £, , and hence

G + 1S cne-to-one.
The proof of the theorem is completed.

6.17. CORCLLARY. ZLet S=1{0, 1} and n be in 1, Then if
£E€F(S,n and £,€A(S}, £, is pertodic, if and only if

£ is permutive in x .

Proof. If £, 1is poriodic, then the result follows from Proposition
6.13, Suppose f 4s parmutive in x, and £, € A{Sl.  Then by

Thee .vm 6.16 there exists g in F(S,1) such that g, = Since

£, € AlS} , g, € A[S} , whence by Proposition 5.02 g 1is a permutation



of S.

6.18.

6.19.

6.20.

It follows from Proposition 6.05 that f, = g, is periodic.

NOTATION. Denote tine set of all powors of the shift by

p{o). That is, P(o) = {o" : n € 1}, Clearly B € a(S).

REMARK.  The following cxample duc to Hedlund, [3], shows
that A[S} contalns two elements o and B , each of peried
two , such that the product of these elements , ¢ , is not a

member of P(0} , yet has infinite order.

EXAMPLE. Let § be any symbol set and define £ in F(S,4)

by f(xi Xep1 ¥y x“_3) =% for all 4-blocks except

1001 and 1llOL. Let £(1001) =1 and £(1101) = O.

pefine & : X{S| + xS} by lalx)); = x; unless x =0
or 1, 4f ¥ =0 or 1, let [a(]; =%. Clearly
o« € A(S] and o has period two. Lot B =0 'f,. Then
it can be seen that B € A[S) and B® is the identity on

x(8).

Now let ¢ = 0B, Then, as A[S} is a group, ¢ € a(8),
Let 2z be the member of X(S} having z; =0, all 1 in I,
Then, clearly, for all integers p , 6°P(z) = z , and
¢

can be Geduced that ¢  P(o) , and, if thers is somc positive

7P*iz) =y, where y, =1, all i in I. From this it

integer n such that ¢"(x) = x , for all x in x{S) ,

then n i3 even and n # 2. Hence n = 2p , for some p

I
Now let x din X([S) be defined by

=0 , 120,



X_g¥ g e Xy m L00I00L

and  x_y yx =10, i 24,

That is, x i the bisequence
X ¥
L 1001001 R

whers L is the left infinite sequence ... 1010 ,
R is the right infinite scquence ... 00 ... ,

and  x is indexcd at the first clement of R. It will

be shown by induc ion that ¢2P(x) = L 1001001 (o1)P ; ,

for all p in 1.
¥
Now x is L 1001001 R
+
Thus B(x} is L 1101101 R
+
and ¢(x) is L 10010010 R

where R is the right infinite sequence 111 ... .
Then B¢(x) = L 11011010 g
whence ¢2(x} = L 100LOOLOY ; .
that is, ¢*(x) is L 100LOOL(OL) R .

.
hssume that ¢°P(x) = L 100100L{OL R . .
2ptL pi
Then ™ 45 n 1001001 000IP B and so,
B
Y () is 1 1001001 o1 (011P R.
we nave 62" (3) = & 1001001 (01)P*L R which completes

the inductive argument,

Since the block l0DLOL does not appear in x but appears

in ¢2b(x) ,all p in I it follows that ¢ 15 not periecdic.
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Proof.

SOME FURTHER DROPERTIN'3 OF AUTOMORPHISMS ON  x{S},

REMARK, It is clear that A{S) 4is a group. It has been
shown by Curtis, Hedlund and Lyndon {3] that overy finite

group is isomorphic to some subgroup of A{S|.

NOYATION, Lot n Dbe an element of I and lot

B=Dbb
12

b, be an n-block over S. et m be in I,
m€n. The initial m-block of B is the block B by

The terminal mblock of B {s the block b, ev b
‘n-mrt1 n

DEFINITION. Iet mn be in I, Let B be an mblock

over S and let ¢ be an n-block over S. Then B and

C overlap provided there exists k in I] such that either the
terminal k~block of B coincides with the initial k-block

of C or the initial k-block of B coincides with the

terminal k-block of C.

Let n be in X and A be an n-block over §. Then

An

is the {(mn)~block A1A1 cee Ay where Ay = Af{i=1, 2,...,m.

LEWA. Let n betn I, A= 1™ and et B = o)™
Where m = n/2 Lf n is even and m= {n+11/2 if n is odd.

Let
C=n081(S)osn,
n
Then no two members of ( overlap.
Let €,D be unequal elements of C , say

¢C=AOc ...c 0B,
1 n

D=AOQ .4 OB,




1
H
i
[
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Suppose there exists k in I such that the texminal k-block of
¢ coincides with the initial k-block of D. Since C# D, and

c,D € B it follows that 1 €k < 2n + 2m + 3.

20+2m+3 ¢

Suppose k # n + 1. Then the initial k-block of D contains

"
1™ 4g 4 sub-block.  But no terminal k-block of C contains

1™ a5 a sub-block for k < 2n + 2m +3.  Thus 1k € n.

Since the initial l-block of D is 1 and the terminal l-block

of C is O, k# 1, whence 2<k<a.

If 2<k<n, the initial k-block of D contains 1l as
a sub-block. Since the length of OB # n , the terminal k-block

of C is a sub-block of OB. But' 1l is not a sub-block of OB.

Hence there cannot exist k im I such that the terminal
k-block of € coincides with the initial k-block of D. The proof

is completed by interchanging the roles of C and D.

7.05. THEOREM. Every finite greup te isomorphic to sore subgroup

of the growp X{S] of automccphisns of (xIS},0).

Proof. For n in xl . let B(S,n) be the symmetric group on
Bnts). If G 4is an arbitrary finite group, then G can be
represented. isomorphically as a subgroup of Some symmetric group.
Hence there exists an integer n ® 2 such that G 1is isomorphic

to a subgroup of H{$,n). It is thus sufficient to prove that a[$)

contains a subgroup isomorphic to H(S,n} , n in 12.

iet n be an elemont of I . Corresponding to each 1
in H(S,n) define amap Y. : X[S) > IS} as follows. Let C
be as in the above lemma and let x be a member of X{S|. If

c==1x0cl .08 is a member of € which appears in X ,

;
{
|
.f




1
|
|

then Yy, changes C into the block A 0 1v(.:l see ) 0B,
while any other block in x not overlapping a member of C is
left unchanged. Since no two membexs of C overlap, Yy is

well defined, and it is clear that Y, 1is uniquely defined by T.

since any member of (S,n) has period (s™)! , the map
Yy 4s periodic of period (s™)! and so is one-to-one. To show
that Y, € {8) , it is sufficient to show that Yy 15 continuous

and commites with the shift,

Let € >0 and choose m in I_ such that {l+m)™' < g.
Let 3 be the length of each member of C and let § = (mj)™'.
Suppose that x and z are elements in X{§] with dlx,z) < &

Then x; = 37; if |} <m+ 3. zet Yt =¥ ¢ Yz =,

For esch integer i . y; is uniquely determined by the block

Ri_giop) ** Xgeqi-y ¥hile ug is niquely determined by

Ce Bgggey s ThUS ¥y = if |i] €m , whence

#3-(3-1)
aly,(x) , vy (2)) =d,v) € (+m™' < e, Thas Y, is continuous.

The following argument shows that Y, commutes with o.

zet x be in XI[S] , v (x) =y and () =u, Then

[y, 0]y =y »and uy=x,, , I ip I. Let Yp(u

It must be shown that for i any Integer, v, =V, ,or,

equivalently, y; = v, ). Suppose there exists an lateger k
such that k S 1<k +3j -1 and x .‘.xk+j_leclwhere i is
the length of an element of (, Then Hy o+ xk+j»1 =a0 LR o8B,

But then

say, and this equals ) o U o

v,

el 0t Y

tjoz TR0 e GOB Ry Ly, vhere

= FPTISS 1€t -1% -
a ...a =le c). Stnce k-1€L-1<k+qf-2,
it follows that v, , = ¥,.




If there doos not exist an integer k such that

k<€i<k+3~1 and x_ ... X EC ., then y; = x;. Buc

kg1

X, v g ¢ SO that there does not exist an

% 00 Mgy T Yged t
integer p such that p€i-1<p+*3 -1l and wo .ug €0
This implics that v, ) =ug ) =% =y;. Thus O Y, = vC. It

follows that Y, € AlS].

If @B are cloments of H(S.m) , then Yg¥, =Ygy For
if a0 2 e 8y 0B is ablock of C appearing in x , x in

*{S} , then the block AOb ...b 03B, where b b —u(al.“an)

will appear in the same position in y = Yy (x) as the block
ROa .2 0B isin x. Sinilarly, yy trensforms the block
AObl cen bnOB in y into the block AOC] ...CnOB,whexE

=B ... b , in the same position in 2 = Ypiy).

Now Yp, transforms A Oa ... 8, OB appearing in x
into the block A O () (a ... a) 0B=2a0 Blo ...b ) 0B
=A0c ...c OB in Y (x) and the transformation does not

change the position.of the block.

If i€ I and there is no k -~ I such that

k€i®k+j~-1 and xkA..xMj_lﬂ. S then ¥g = Xp o B Ty .

and u, , S0 that 2, =uj.  Thus Yg = Yg¥.

It has been shown that the mapping A : H(S,n) + A[S]
Gefined by Ay = Yy is an isomorphism of W(S,n) into &(S).
Hence the set A(H(S,n} 4is a subgroup of A{S) isomorphic to

H(S,n) . This completes the preoof of the theorem.

7,06, COROLLARY. The set A{S) - P(0) 18 infintte.




Proof. 1t follows from Theorem 7.05 that givon any k in I,
. there cxists an element of A[S] of order k. Since of s
3 not the identity for any k in Il + the element is not a power

of the shift.

7.07. COROLLARY. Every finite group is isomerphic to some subgroup

of a{8)/ptu).

Proof. Since the elements of A[S) commute with o , P{S] is a
normal subgroup of A{S) and the quotient group AIS}/P(g) is
well defined. It has been shown that H{S,n) is isomoxphic to
the subgroup G = A((S,n)} of A(S). Let G'=G/P(G). Then
since G N P(0) = {I} where I is the identity element of x{S) ,

. G' is isomorphic to G and so to H(S,n).

It follows that every finite subgroup is isomorphic te

some subgroup of A(S] pio).

7.08. REMARK. Since A{S) is a subgroup of the group of all
automorphisms on  X(S] , it follows from Theorem 7.05 that
the group of automorphisms on X(8) contains elements of

every finite order.

If 0 is a map from x{8} onto X(S} such that some powexr
of § is a member of P(0) , then § has infinite order.
Such maps are roots of powers of the shift. In the following
theorem we describe some of the properties of continuous

- zoots of powers of the shift.

7,09. THEOREM. If © 76 a continuous map from Xx{S} onto x(S)

such that 6F w * for some positive intcgevs p and k, then
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) 6 18 an autorwrphism of x(S} ,
(2) 0 e expansive,
(3] 9 4s point transitive,
) 9 is strongly mixing,
(s) 0 is not pertodic,

Proof. (1) It is sufficient to show that 8 is one-to-one.
Suppose that O(x) = 0(y} ., for x,¥ o X[S). Then o® Mot =
6P Ytgiy)) , whence 0F(x) = 6Pyl and so dFi0 = Ny,

Since the shift is one-to-one , x = ¥.

(2) It has been shown in Section’ two thato® is expansive,
for any integer k. Hence there exists & & O such that if x #y,
there exists an integer n such that a(@ Gz , o (y1) 3 §.

Hence alf™ix) ., 8%'(y)) 26 so 0 is expansive.

(31 Since of

is point tramsitive, any k din I,
there is some x in x{S} such that (09 xin € 1} is dense
in %(S}.  mence {6P"(x) : n €1} is demse in X[S) , so clearly

8 is point transitive.

() Let U and V be any two non-empty open sets in
x{S}. since © is a homeomorphism, if 3 is an integer, 0 € j < p,
6"3(1 is open and non-empty. Now as oF is strongly mixing, there

exists N, such that

3

03wy no*t ) # o, for all 4 wien |1] > N

s 073W) 0 OPRY) # g, for al 4 witn 1] > n

and 50 wn ey wg, a1 > N

Thus for 4] > max Ny, un Py # ¢ for any 3.
03 <p




This is suificfent to prove that 6 is strongly mixing and it

follows that 0 is also ergodic.

5) Suppose that 0 is periodic. Then there is a positive
integer n such that 6" = 1, where I is the identity on X{S}.
Bence (0P = o = I, But o is not periodic. This contradiction

conéludes the proof.

7,10. EXAMPLE., If O is any wewber of A(S) which is periodic,
then for n in I, "8 satisfics the five properties of
Theorem 7.09. For, if § has period p , p* 1, then as
6 € A[S) and so commutes with the shift ,

@8 P = "PeP = o"F,

7.11. EXAMPLE. We construct a class of functions in F,{S| such

that each function, h, , is a member of A{S)\ P(0) and

w2 =0P , for p> 2.

Let p be in I: and § be a symbol set such that the
cardinal of $ is at least p , say
s={o,1, ... ,pl, ..., s-1}. Define BCS to
be {0,1, ..., p1} and let T be the cyclic permitation
on B. forany n in I defime h in F(S,n) as follows.
£

e x is any n-block, let hxgX; ) +ee Xy )

*i ¥ i4nel
® Xy ¢ GXCEPL in the following p cases. Let A be the

set of p distinct a-blocks Ay o= ali I such

s
that a =a =1, a =a =..=a ;=0 ad i isa
member of B, and let h(a) = w (i) , each 1 1o B.
Hence h{(loO0 ... Q1) =1(Q) =1,

h(110 .., o) = (0 =2,

B(l p-i 0 ... 01 = 1P(®) =0,




Since no two members of A overlap, h is a well @efined

member of F(S,n).

Now let x be any member of X{S}. If a block B
appearing in % is not a member of A, then h, acts
on the block in the same way as O does, vhence 0"'h,
leaves B unchanged. Tt follows that (07 h P acts
as the identity on B. If B is a membor of A, that

some i, 0¥ 1i<p-1, then the map ¢ 'h,

i< o -y
changes A, to Ay if 0% i<p-1 and o'hy

changes A to By, Thus (@ 'h )P also leaves any

p-1
member of A unchanged. It follows that o PhE = (¢7'n)?

acts as the identity on x. Thus h = 0P, Thus n_ is

one-to-one and 5o is a member of A[S}.

To show that h, & P{0) , let x be the element of
+

%{S} defined by = = L A, R where R is the right infinite

sequence 00 ... and L is the left infinite sequence

+eo OO0 and x is indexed at the first element of L

+
That is , x is ... 0L00. .. 01O ... .
+ ¥
Then h (x) is LA R® ... 0l0 ... 010 ...,

and clearly h(x) * 0P(x) for any integer p. Since

nE = 0P, b, has the five properties of Theorem 7.09.

7.12.  REMARKS. (i} If 3 is an integer such that 1< j<an ~ 1,

whexe n € Iu , then a member h of F{(S,n) may be cbtained

with (n)? = o?P , by defining Bl e Rypg) = Ny
for all n-blocks xixi"‘l cer Kyenel except the p-blocks
A maa, omyiag, e, where a =8 =1,

a,=a = ..ma A, e =0 and L isin B



7.13.

7.14.

g

Define h“\i) s each i in B,

(11} It is not known whethor all roots of powers
of the shift which arc membors of &, IS} have this form.
However, in the case where the cardinal of S is a prime,
C.R. Welch {3] has proved the following theorem, which is

stated below without proof.

THEOREM. Let 8 = card $ Dbe a prime. Lot n be in N
let £ Dbe a movber of F{(S,n} and le! there exist q in

Io.p dn T, ouh that £l=0F thon q divides ».

EXAMPLE. If ¢ 4is the member of A{S] construct~d in
Example 6.20 , then there do not exist non-zero integers

p and k such that ¢F = o®.

It is sufficicnt to show that ¢ is not expansive.
Suppose ¢ is expansive. Then there exists § 2 0,
such that if x and y are members of X{S} and x#y,

then there is some integer i such that a(6’Go , ¢ltyiy @

Choose k in I with 2n< 8. Let x in X(S) be
1 =51

defined by x = 100L and x; = 1 elsewhere.

et 253
Then x may be represented os
LX R L
11001 1 where 1 denotes the left
R
inginite sequence ... L1 , 1 is the right infinite sequence
11 ... and' "X" indicates the position of .
X R
Row  ¢(x) = 000100 ,
LX R
and ¢%(x) = Lllolr ,
1 LX R
$'{x} = ooileo ,

LA R
and  ¢"(x) = 110011 = x.

s



&
=

Now let y be the bisequence defined by y, =1, all i
- s I. Cloarly y #* x , and for any integer n
o =y, white ¥y =, where 17}, =0, all 4
i in 1.

, .
1
Then  alx,¥} = oo o

Y
a0, 0 = g
3 3 1
and A0 L A = By

i
Hence for all integers 1, atptte) , ¢'wn < dy < 6.
This contradiction proves that ¢ is not expansive, and

so for all non-zuro integers p , #F € AIS)\ P(o).

- The following example show that the map @ of Theorem

7.09 need not commute with the shift.

7.15. ExaMprE. tei S = {0,1}, Let O =1 and

Define 8 : X{S} » x(S) as follows:

Eohl 5y = 0y

[8ex}} ,8ll i in 1.

2141 T X2ue2

Hence if x is the bisequence

4

3 er K gK X KK KoXy o«

then B(x) is
! +

. - o V..
i cee R KKy KoKaKy see .
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It is clear that 0 is a well defined map from (S) onto

x(S}. he following argument shows that 0§ is continuous.

Let € >0, Choose k in I such that ml_-l< €. Let
1

§= L "

Now d(x,y) < § = X o=y 4 (-2k € i € 2Kk)
Xpy =¥y o+ (kS1€K and
X4z T Youez ¢ (RCL SR,

ol =(oeml, , (k<i<K ,

=@ , Bly)) Sk<e

k+i
Also, if x € X(S] , vB(x) is
_ b
v X RO KoXaR K wan
while €uix) is
+

o B pxxoxpEaniXe  and it can be

seen that 60 # 00. Hence 6 & ¢{S). wow if x € x!§],
{o" )]y =%, 0 all i in I, and it may easily be

verified that

. .
1870 oy = mppn o 1800 5000 = Rpppnyag -

REMARK, The preceding example shows that there exist

tinuous, onto ons of X[8} which behave like
the shift with respect to the properties of expansiveness,
transitivity, mixing and periodicity, but do note commute
with every member of A(S). It has, however, been proved

by J.P. Ryan , [5] that any continuous, onto ion

of X[8) which commutes with clements of A[S} is a power
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of the shift.

7.17, NOTATION. Let n bo in I. Det C=no0 Enls) oB
where A = 1™ and B = (10)" where m= w2 if n
is even and mw = (n*1}/2 if n ls odd, as in Lomma 7,04,
I CrAQe ... 0B isa member of € the block
e, w1 ¢, will be called the central block of C. Let
B(S,n)be the symmotzic group on B (S]. For each 7 in
H{S,n) define Y, as in Theorem 7.05. Then Y, € a(S|.

pet Tin) = {y, : m€ K(S,m}.

7.18. THEOREM. et £ be in F(S,n) ouch that £, is onto.
Then if £, commtes with all elements of T(n} , £,

<8 a power of the shift.

Proof. et IT={o,1,...,s-1}. If s=2, then the only
elements of F($,1) such that £, is onto are the identity map

The identity map is o0,

and the map g, where [g, (0], » X
and it may easily be verified that g, does not commute with Y
if 7w is the permutation on S defined by n(0) =1, w(l) = 0.

Hence, it may pe assumed that n€ I, or s> 2, or both.

Let ¢, ... g bea fixed n-block and let
C=a0¢c ...c 0B Let x be amember of X{S} such that

€ appears in x with X, % ... %) equal to the central block

i
of €. fThat is, x is the bisequence

e d0C Lo OB ... .
1 n

suppose there is no member of { which appears in £, (x)

and has [ £,(x)], as a momber of its central block. Then for
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every W in H(Sm) , DL, Y0l =Ty, £,0], =[f,00l . But

then for any T, £(M(c ... c) = Lo, Yty =1 fm(x)]g= fle, e ey
which is impossihlc since £, is onto. Thus there is some member

of C which appears in £ (x) and has [fm(x)]o as a member of its

contral block , that is , f,(x) is

+
... A0 e e )
aa, ay a, 08
where d) .o 4, is some member of Bnls) and 1 €3 <€n.  Tha
if md ... d) =ee ... , sice £, and Y, commute,

ey = [*{,r f“,(x)]‘l (£, Y, = £ e, «..oc).  The following

argunent proves that @ ... ¢ =4 ... . For, supposc this

is not true and let be any n-block. Define

since the map £, is onto,
by Theorem 4.07 , card £' {a} = 8" for any a in S. Also,

Ta, .. J teve e! ...
1 A

either > 2 or n>1, so that

o ’(S—(e~j)>>s"'1>1, if n>2

and  carg(£ (S - {er,h > s>, 15 s> 2,

In either case an n-block A can be found such thac A # e; e e;‘

and  f£(a) 9‘-35 . net 11'(<:lr:2 ees €)= A, Then W' can be
extended as a permtation on BISHbue £(rile, ... o) = £) Faly,
which contradicts the commutativity of Yi. Hence

Now for any n-block e, .- e, , there is some T in H(S,n)

such that W((:x e eg) = e wev@y and

£le, w.oep) m flile L)) = e

A It follows that £ is
J~1

egual to O
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7.18.  COROLLARY. The centre of AlS8} s »(§).

Proof. Clearly cvery povex of the shift is in the centre of AlS).
Let ¢ bo any continuous ento transformation of X{S] which commutes
with all members of A[S}., Since ¢ commutes with the shift, it
follows from Theorem 3,08 that there exist integers mn & 1 such
that ¢ = o”f, , where £€ F(S$,n) and £, isonto. If ¢
commutes with every element of P(a}', then £, commutes with ail
elements of T(n} , whence £ is a power of the shift. It follows

that ¢ is a power of the shift,

7.20.  NOTATION. Let Z(a{S}) denote the centre of A{S}., For
each ¢ in A[S}) define Tyt a{S} » a{S} ry T¢(6)=¢>"B¢,
for all 6 in A(S). Then the set I{S)) = [T¢ : ¢ € afs)}

is the group of inmer automorphisms of A[S).

7.21. CORCLIARY. Every Linite group is isomorphic to some subgroup

of T{a{S)).

Procf. Since [{A[S)) is isomorphic to A{S}/2(A{S)) , the result

follows from Corollary 7.07.

8,20/ 7/76




BIBLIOGRAPHY

{13} FURSTENDERG, M. : Disjointness in ergoedic theory, minimal
sets, and a problem in Diophantine approximation, Math,

Systens Theory , (1967), 1-49.

{21 GOITSCHALK, W.H., and HEDLUND, G.A. : Topologtieal Dynamics,
Amer. Math, Soc. Collod, Publ, ¥oi. 36, American Mathematical

Society, Providence, 1955,

{31 HEDLUND, G.A. : Endomorphisms and automorphisms of the
shift dynamical system, Math, Systems Theory, 3(1969),

320-375.

141 KEYNES, H.B. : Lecturcs on Frgodic Theory, University of

csota Lecture Notes, 1972,

{s] RYAN, J.P., : The shift and comutativity, Math. Systems

Theory, Vol. 6 , No. 1 (1971}, B2-8S.




Author Gordon Susan Eve
Name of thesis Some Properties And Examples Of Automorphisms On The Bisequence Space. 1976

PUBLISHER:
University of the Witwatersrand, Johannesburg
©2013

LEGAL NOTICES:

Copyright Notice: All materials on the University of the Witwatersrand, Johannesburg Library website
are protected by South African copyright law and may not be distributed, transmitted, displayed, or otherwise
published in any format, without the prior written permission of the copyright owner.

Disclaimer and Terms of Use: Provided that you maintain all copyright and other notices contained therein, you
may download material (one machine readable copy and one print copy per page) for your personal and/or
educational non-commercial use only.

The University of the Witwatersrand, Johannesburg, is not responsible for any errors or omissions and excludes any
and all liability for any errors in or omissions from the information on the Library website.



