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1. INTRODUCTION

Let x(S] be the biscquenco space over a finite symbol set

S , where S has more than one clement. Let a be the shift

transformation on x(S). The topological properties of the shift 

dynamical system (x(5) ,0) have been analysed in [11 , {?.] and 

[3] , and a study of the continuous transformations on X(S| which 

commute with the shift was initiated in [3].

In this discussion, some of the known properties of the shift 

are summarised. The work done in [3] and [ 5] on the set *(S) 

of continuous, shift-commuting mappings on X(S] is surveyed and 

further properties of ^IS) are developed,

The basic structure theorem which characterises members of 

5>(S) was first proved by Curtis, Hedlund and Lyndon, (3) . A proof 

of this result, due to Ryan [5l is given in section three, while the 

theorems, proved in [3], establishing conditions under which members 

of $(S) are onto or one-to-one, appear in sections four and five.

In particular, the structure of the group of shift-commuting automorph 

a (S) , was developed in [3] , and Theorem 7.05, first proved by

Curtis, Hedlund and Lyndon, shows that every finite group is isomorphi 

to sane subgroup of a (S|.

The properties of members of A(SJ are of particular 'nterest 

in an investigation of symbolic flows. A study of periodicity is 

undertaken in section six and results are developed which establish 

when a member of A(Sj is periodic. The concepts of permutivity 

and dependence, due to !' <dlund [3] are used. It follows from 

Theorem 7.05 that for each integer k , there is a member of A{S|



which has period k. Based on an example by llodlund [3] , it is 

shown in G.19 that a member of A(S| also exists which has 

infinite ordci .

A question which arises from previous studies is that of 

determining which automorphisms on X(S] have the same properties 

as the shift. A proof is given in section two of the statement 

that any property of the shift which is preserved by isomorphism 

of flows, will hold on the flow (x/SJ ,<7n) , where n is any 

non-zero integer. Furthermore, it is shown in this dissertation 

that a continuous mapping of x|S) onto x{S| behaves like the 

shift with respect to the topological properties of expansivenoss, 

transitivity and mixing if the map is a root of some power of the 

shift. It can also be seen from section seven that not all mappings 

which satisfy the hypothesis of this theorem commute with the shift. 

It has, however, been proved by Ryan [5] that if a mapping commutes 

with every member of a (5) , then it is a power of the shift.

Fina'ly, it is deduced that every finite group is isomorphic to 

some subgroup of the inner automorphisms on A(S).



2 . THE BJSEgilENCE SPACE AND THE SHIFT DYNAMICAL Sy^TPM.

2.01. NOTATION. Lot I denote the set o£ all Integers. For

1 a member of I , let = {j : j £ i , j > i),

2.02. DEFINITIONS.

(1) Let S be a finite sot which contains more than one 

element. The set S Is called the sytrfcal set and 

any element of S is a oyirbol. A convenient choice 
of S is the set {o, 1, ... , s - l} , with s in

1^. The cardinal of S will be denoted card S.

(ii) A biscqivnct over 5 is a function on I to S.

Let X(S) denote the set of all bisequences over 

S , that is, x(S) is S1. The set X(S) is the

biccquenaa set over S.

2.03. NOTATION. If x 6 X(S) and 1 ^ 1 ,  then x(i) will

often be denoted by x̂ .

2.04. DEFINITION. The bisequcnco space X(S) over S is

the set X(S) together with the metric d defined as follows:

let x,y be members of X{S). If x = y , then let

d(x,y) =0. If x * y let k be the least non-negative

integer such that either xk * yk or x_k *  y_k and

define d(x,y) = (1 + k)"'.

2.05. REMARK. The metric topology induced by d coincides with

the product topology induced by the discrete topology of S.

The space X(S) is a compact, totally disconnected, perfect.
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the set X(S) together with the metric d defined as follows: 

let x,y be members of X(S). If x - y , then let

d(x,y) ■ 0. If x * y let k he the least non-negative

integer such that either xk * yk or x_k * y_k and

define d{x,y) = (1 + k)*' .

REMARK. The metric topology induced by d coincides with 

the product topology induced by the discrete topology of S.

The space X{S) is & compact, totally disconnected, perfect.



metric space and hence is homcomorphlc to the Cantor

diPcoi.tinuum.

2.06. DEFINITIONS.

(i) The shift or shift transformation is the homeomorphism

0 : X(S) + X(S) 

defined by [ CT(x)] t = xi+L , x in X(S) , i in I.

(ii) The flow (X (5) ,□) is called the discrete: flow 

over S or the synfclic flow over S or the 

shift dynaniaal system over S.

The following properties of the shift are well known.

2.07. DEFINITION. A homeomorphism 6 on X(S) is said to be

expansive provided there exists a positive number 6 such 

that if x,y £ X(S) with x ̂  y , then there exists an

integer n such that d(On (x) , 6n (y)) 51 6.

2.08. REMARK. The shift is expansive on X(S) , since if x

and y are members of X(S) with x t6 y , then there exists 

i in I such that x^ #  y^ , and so d(ai(x) , a1 (y)) = 1.

2.09. DEFINITION. The homeomorphism 6 is point transitive on

X(S) if there exists some x in X(S) such that

{0i(x) , i 6 i} ig dense in X(S) .

2.10. NOTATION. An ordered set x x^ ... xfi , where x^ £ S ,

(1 = 1 , 2 , . . . , : : )  is called a block of length n over

S. If X 6 x(S) and A is m  n-block over S , then A



appears in x if and only if there exists i Jn I such 

- " i n " ' '

2.11. REMARK. If x is a member of X(S) such that every block

appuars in x then the set (o1"(x)} is dense in X(S)

hence a is point transitive on X(S).

2.12. DEFINITION. The homeomorphism 9 is said to be strongly 

Ktxitig provided that it U and V are any two non-empty 

open subsets of X(S), then there exists N such that

|n| > N implies that Gn (U) n v s6 4>.

2.13. REMARK. To show that O is strongly mixing on X(S) we 

need only consider open sets of the form (x) = (y:d(x,y)

x G x(S) , n S i. Let U = S^(x) and V = (y) , x

and y in X(S) , m,p in I). Take N = max{2p , 2m}.

For each n with |n| > N , define z ^  by

z(n! = y, , if |i| < m ,

^ j ~ ej.sewnere.

Then z<n) is a member of V n an {U).

2.14. DEFINITION. A homeomorphism 8 on X(S) is transitive

or ergodia it tor any two non-empty open sets U and V 

of X(S) there exists soma n in I such that

6n (U) n v *

2.15. REMARK. It is clear that if 6 is point transitive or



strongly mixing on X {S) then 0 is transitive, hencc the 

shift is transitive on X(S).

It is obvious that tfro properties of the shift discussed 

above hold also for the inverse of the shift. A problem which is 

suggested by this is that of determining to what extent powers of 

the shift behave like the shift on the bisequonce space. Theorem 

2.17 is concerned with this question.

2.16. DEFINITION. A flow (X,fr) is ieomoi'pkic to a flow (V,0) 

if there exists a homeomorphlsm ij1 from X onto Y such 

that 6(iKx>) = tMtKx)) for all x in X.

2.17. theorem. Given any eyirbcl set S of cardinality s > 1

and n in , there exists a syrtol act S' of cardinality

Sn such that <x(S) ,an) td isomorphic to (X{S'),cr).

Proof. Let n be in I , and let 6 (S) be the set of all n-blocks 

over S. Define S' to be the symbol set obtained by regarding

each member of B (S) as being written to the base S and converting

it to the base Sn. Then the cardinal of S ’ is Sn.

Now suppose that x is of X(S) , say x is

the bisequence

then x nsay I- represented as follows:

... B 8 B B D .

where is the n-block x(n1)x(ni+1) ... x(ni + n-1) and the



"arrow" indicates tho. .. -u'Jexed at the first position of 

Bo . Define i|' : X(S) •* X(S'' by i|i(x) = y , where y(l) is 

tho symbol of S' obtained by converting the n-block 8^ from 

base S to base Sn.

It is easily verified that i) is well-defined, one-to-one

The following aroument shows that ij/icrn(x)) = 0 (iji (x)) for

all x in X(S). Lot x be any bisequcnce over S represented

in the form

... 8 B ByB B ... as above.

Then on (x) is

... B t B0B* B2 B3 ...

and ) = y , where y(i) is obtained by regarding the block

Bi+1 as a number written to base S and converting it to base S .

Now 0 (i#i{x) ) = a (z) , where z(i) is the conversion of to base

Sn. Thus [0(z)]i = zi+^ which is the conversion of Bi+1.

To show that ^ is a homeomorphism of X (S) onto X (S1) , 

it is sufficient to show that t|/ is continuous. Let e > 0 and

choose k in I) such that (Jc+l)"’ < e. Let d = (nk+l)'1 > O.

Now if and x  ̂ are members of X (S) with d (x ̂  * , x^2 )̂ < 6,

then x*1* (ni)x*! * (ni+1) ... x^1  ̂(ni+n-1) = x^2 ̂ (ni) x *2* (ni+1) .. .x *2* ini+n-l),

for all i with |i| < k. Hence, if B^* = x ( n i )  ...x (̂ 1 (ni+n-1) , (3=1,2),

then = ^ 2  ̂ for all 1 with |i| < k. Suppose that

and ^(x<2)) = y*2^. It follows from the aoove that



This completes the proof.

2.18. COROLLARY. If property ’■ holdo on flow (x(S') ,vrl

for every oytrbol eat S ’ , and P is an isomorphism 

invariant, then given any eytrbol set S and n in ,

p hoi.ds on the flow (x(S) ,<P).

Psvof. Let n be on element of I and S » {o , 1 , ... , s-l).

Then then exists a symbol set S' of cardinality Sn such that

(X(S) ,0n) is isomorph .c to (X(S') ,0) . Now P holds on (X(S’) ,o),

hence on {x(S} ,crn).

2.19. REMARK. The shift may be replaced by its inverse in the

above Theorem and Corollary.

2.20. REMARK. It is well knewn that 'he properties of being

point transitive and strongly mixing are isomorphism 

invariants and expansiveness is preserved under an isomorphism 

in the case of a compact space. It therefore follows

that if n is any non-zero integer and S is a symbol 

set then 0n is expansive, point transitive and strongly 

mixing on X(S) .

2.21. DEFINITION. Let x be in X(S). The point x is said

to be periodic if there exists some w in Ij such that

= xi+w for all i in I. Hence x is periodic if and 

only if there exists w in 1^ such that ow (x) = x.

2.22 REMARK. Clearly the set of periodic points in dense in X{S).



2.23. DEFINITION. Furstenburg, [1] , defines a flow (X,T)

to be an ¥-floti if is satisfies the following two conditions:

(i) Each of the flows (X.T1™) , m = l , 2 , 3 , . . .  

is ergodic.

(ii) The set of all fixed points of all the powers Tm 

(i.e. , {w : for some m , Tm(w) = w}) is dense

2.24. REMARK. Since the flows (X(S) ,on) n = 1 , 2 , 3 , ... 

are strongly mixing, hence ergodic, and the periodic points 

are dense in X(S) , the flow (X(S),0) is an F-flow.



3. CONTINUOUS MAPPINGS WHICH COMMUT1S WITH THE SHIFT,

3.01. NOTATION. Let n bo an olomont of I and 5^(5)

denote the sot of all n-blocks over S. Let f be a

mapping of Sn (S) into IMS) = S. The set of all such

mappings for a given n in I( and a given symbol set

S is denoted by F(S,n). Each member f of F(S,n) 

induces a function f̂ , : X(S) ■+■ x(S) in the following way:

for x in X'(S) and any integer i define

3.02. PROPOSITION. £et f be a meirbev of F(S,n) . Then

fm : x|S) -♦ x(S) is contimiciie and eonrmtcs with the

shift a.

Proof. Let f be in F(S,n) , let x be a member of x(S) and

let fe (x) = y. Suppose that E > 0 and let k be in I> with

(1+k)"1 < £•. Choose 6 > 0 such f at S < (1 + k + n)"1 and let

u be an element of X(S) with d<x,u) < 6. Then if |i| < k + n,

x^ = u1. Let f^(u) = v. Then for all i with ji| < k , yi - v^,

whence d(y,v) = d(f^(x) , fro(u)) < E. It follows that fM is 

continuous.

Now suppose that x 6 x(S) and y «= f^Ix). Then for each

integer i , (o f^(x)] ̂  = [ 0(y)3 ̂ = y1+1 = f(xi+1 . .. xi+n) ;

( ^ = fllatx)]^ ... = f(xi+1 ... xi+n>. Thus

af^tx) = fggOtx) so fM commutes with the shift.

3.03. NOTATION. Let FjS.n) = { f ^ : f 6  F(S,n)}.

3.04. REMARK. If 1 < m < n then Fm (S,m) C F^fS.n) . For if



f € F(S,m) , wo may define g : G^fS) * (S| by

t ... xn) = f(x^ ,,. xm ). Then = gm G F^lS.n).

3.05. PE jf.. if6 n be in and S be a oynbol set.

Tnt>n ok E Fro(S,n) if and only if O < k < n-1.

Proof. Let n be an element of I and let k be an integer,

0 <  k < n-1 . Define f : B^(S) -*• 6̂  (S) by

f{xixi+1 •••xi+n_1) = xk+i , (i 6 I). Then ok = £ro G F^IS.n).

Conversely, suppose that CĴ  e Fro{5,n) for k an integer.

Tlien there exists f in F|5,n) such that Ok = £OT , whence

f̂ cr •k = a k is the identity map on x(S) and [a k 

= tf„(x)3i_k - £(x^k ... x . ^ ^ )  = xL for all x in x(S) 

and all integers i. In particular, £(x ... x^) = xfc+1 for

all x. Suppose that k < 0 or k > n - 1. Define x by 

choosing x \ = 0  if i # k + 1 and Xj,+1 * f(x ... x^) . It 

follows that ak ? Fw (S,n) .

3.06. NOTATION. (i) Let Fto(S| denot,, the Set U  Fro(S,r.) .

Note that if k > 0 , then ok E F^IS) , but as the cardinal

of $ is > 1 , Ok ? FjS) if k < 0.

(ii) Let F^(S) denote the set {om(fi : m G I , € fw (S)}.

(iii) Let be the set of all continuous mappings of 

x(S) into x|Sj which commute with a.

3.07. REMARK. It is clear that FjS) C f*(S) C Q{S\ and as

k < 0 implies that 9 fm (S| , F^IS) is a proper subset

of F*{S). The next theorem shows that the last two sets 

are identical. The proof is due to J.P. Ryan [5 ] .



3.08. THEOREM. F*|S) = 4>(S).

Pj’OO/. It is sufficient to show that <MS) C F*(S). Let <j> be

in ♦(S). Since ^ is uniformly continuous , there exists a positive

integer ra sudi that if x and y are in x(S] and d(x,y) < (l+mi-1 ,

then d«i(x) , *{y)) < i ox equivalently, (iji(x)] = [ <My)| .leu n = 2m+l

and define f : B^iS] -*• S as follows : if A is any n-block 

such that A “ x_m ... xQ ... x for some x in x|S) , then 

f (A) 1 [ (Mx)] . The function f is a well-defined member of

F(S,n). Now let x be any element of x|S). Then 

I a "'f̂ lx)] i = [ ^ = ( o1f0j(x)]_m = [fcotJ1(x)] _m

-  f({ciM l _ m[oi(x)]_ni+;l ... (a^x)]^ = [^ai(x)]0 

= [ 0^  (x)] o = [ ifi(x)] i , for any integer i.

Renee <j> = C mfro and the proof is complete.

4. ONTO MEMBERS OF P„(S]

4.01 DEFINITION. Let n be an element of I . For every f

in F[S,n) and m in I define a mapping

f» 1 Be„-Ils| * B„ISI ”  IoUo“  = 1£ B - 6,6, "Vn-l 1«
any (or+n-lj-block over S then

£« (i, 6w„- i l " l(b, b„>t16, ••• V i *  ■ £!V - '  -
Clearly f = f.

4.02. theorem. Let n be in and let * ve a menber of

F|S,n}. Then fM is onto if and only if each

fm : 8m+n-l*S  ̂ ie 0,160 for I11

Proof. Assume that f^ is onto. Let m be in I[ and let

B = b b^ ... b^ be a member of K^IS). Let x in x(S| be

defined by = 0 if i > m or i < O and x ... xm => B.



There exists y in X(S| such that f^(y) = x. Let

A " yiya"* V n - 1  * Then fm t« “ B .hence ^  is onto.

Conversely,assume that ■■ ®m+n_1(̂ l l'm 1S1 is onto for

each m in I . Let x ho in X[S] and let k be in I . Let 

m = 2k + 1. Then D = x_k ... C 8 {S| and there exists an

(m+n-1) -block A such that A = y_k ... yk+n_1 and f^(A) = B.

Define y in X(S] By y_k ... yk+n-1 = A , = 0 if i < -k

or i S k+n-1 , and let f^ly) = u. Then u_k ... uk = x_k ... xk 

and d(x,u) < (1+k)"1 . Since k is arbitrary in , it follows 

that the set fe(x(S!) is dense in xfSl. But since fw is

continuous and X(S) is compact , f^EX(5)) is compact, hence closed,

and so (x(S|) = f^lxTST) = x(S). Thus is onto.

4.03. REMARK. If card S = S and - is in 1̂  , and if

card f^ ‘ {b } = Sn 1 for all B in I3JSI and all m in

1̂  , tiien it follows from Theort t 4.02 that f^ is onto. 

Theorem 4,07 shows that the converse of this statement is 

also true. The result is due to W.A. Blankenship and 

O.S. Rothaus [3 ].

4.04. NOTATION. Let n,m be in 1^. If A = aj ... am G

and 8 - .,. bn 2 (S) , then AB will denote the

(nri-n) -block ... a^b^ ... b^. If A and 6 are

collections of blocks over S , then A 5 will denote

(AB : A SA , B £ B}. The notation may be generalised 

in the obvious way.

4.05. lemma. Let n be in î  and let f be in F(S,n).

Suppcoe there exioto cm m-bloak b over S ettah that



card f̂ 1 {a} = k > o and car'd > k for each

b in S, Than cca'd r^htb) = k for aaah b in S,

Proof. Let D be a member oC BIS) such that card f ' (i)} = k > 0.

Suppose tliat ^  (n) = (Ci , C2 , , Ck) - C. Then (bS) = CS.

For if c £ S , c) G gS if and only if C is an (nt+n-1)-block

such that f <C) = B , that is if and only if C e C.

Thus carti (BS) = kS =  ̂ card (Bb). Now suppose

that card > k for each b in S. If , for some b in

S , card {Bb] > k , then card (bS) > kS. Hence

card {sb} - k for each b in S , which concludes the proof

of the Lemma.

4.06. lemma. Let n be in 1 and let £ be a menter of

F(S,n). Let them exist an n-block S over S aifo* that 

card r 1 {bJ = k > o and a m f  f2m+n-i ^DB) = k for every 

fn-1) -block D. Ther, k = Sn"’1.

'Proof. Let r' (a) = (ci , ... , Ckj = C. Let V = 6^(51.

The following argument shows that

Let A be a member of CC. Then A = where , C\ are

in C. Since and are of length ra+n-1 each , A is oi

length 2m + 2n - 2 and f2 m + n - l “ E is o£ length 2m + n - J

Since = B = (0̂ ) , E is of the form BDB , where D ii

of length n-1 , so that A e f g ^ _ ^  (Pt>B).

Now suppose that C2m+n-l(A) = BDB * “here D € P. Then



A is of length 2m + 2n - 2 , A = A A , whore A and A arc 

of length m + n - 1 , f^(A ) = □ = Cm 'A ) , so that A^, A ^ ^ C  

and A A G CC.

It follows that f^‘n+n_1 (DOB) = CC.

Clearly card CC = k8. If card f-inn-n-]̂ 130̂  “ k for 

each D in D , then since card 0 = Sn 1 , card a

From (1) it follows that k2 = k Sn 1 j Id.us k = Sn 1.

4.07. THEOREM. Let n be in ij and let f be in F(S,n).

Then the following atatevcnts are equivalent.

(1) fM is onto

(2) card r 1 {b! = Sr‘_1 for all b in and 

for all m in I .

Proof. It is sufficient to prove that (1) implies (2).

Suppose n = 1. For any a in 5 , define x in X(S) by

x0 = a , xi » 0 , 19*0. Then there exists y in X(S) such

that f^fy) = x ; thus f(y0) = a and f is onto, hence f is 

a permutation on S. Now it follows from Theorem 4.02 that for 

any m in and B in B^(S) , card f^1 (b ) > 1. Suppose for

some m-block B there exist blocks A = a^ ... am and A 1 = aj...

in Bm (S) such that fm (A) = f^(A') = B. Then

f(ai) = f(a'^i = bt , 1 < i < m ; thus a^ - a 1̂  , 1 ^ i < m ,

and so A = A'. It follows that card f"1 {b} = S° , for all B

in Bbi(S) and for all m in Ij .

Now suppose that n > 2 .  Let

k -= inf (card r' (nj : 6 B^(S| , m e I >,



It follows from Theorem 4.02 that k > 1. Tliere exist an integer

m and an m-block B over S such that card {b } = k. Then 

card I T ^  (Bb) 5* k for each b in S , so it follows from Lemma

4,05 that card JT^tnb} = k for each b in S. It can be inferred 

by induction that card f ^(bM = k for every i-block A and

lienee, in particular, card ■ k for every D in iS'j

It follows from Lemma 4.06 that k = Sn 1 and thus card r '{Bp} > Sn 1

for each in BpiS) and each p in 1̂ .

Suppose there exist p in Ij and B in Bp (S) such tliat

card iT' (B) > s'1”*. alien

I card r' (B ) > Sp+n":t , (2)
Bp in-Bp |S) p p

since card T 1 {fil > Sn-1 and card fT1 {Bp} >  Sn  ̂ for each Bp 

in Sp (S). It follows, however, from Theorem 4.02 that

%  " V W  ' , -  a "

= card Bp+n_i = sP+n 1 which

contradicts (2). Hence card f^1{b} * Sn 1 for B in B^|S)

and all m in I .  This completes the proof.



CUABRCTERISMTON OF SHIPT-COMMOTJNG AUTOMORPHISMS ON x(S).

fTION. The set of shift-commuting automorplii 

be denoCod A(S). Tlius AlS) is the 

x(S| onto x{S) which commute with the shift.

of homcomorphisnis

OSITTON. Let f be a rr,ember of F(S,1).

A(Sj if and only if f is a permutation of S.

for ach integer i , there is an element in S

(yi) = x^. Hence there exists y in x(S) sueli that 

id fg, is onto SupixDse tliat fw is not one-to-onu.

f(yj) for all

integers i.

which implies chat f(x,) * f(y ) ,

permutation

C. The following theorems proved in f3 j show that 

consists precisely of those members of 41 (S) which

let D(D,q) bes the set of all 

appeara and lot N(B,q) = card P(B,q)q-blorke ovar S in which



Proof. Let <|p(q) = S-qN(D,q). Lot c bo in £>{n,q) . Then

Cc G D(B,q+l) for each c in S , so that N(B,q+l) > S.N(B,q) 

and hence *(q+l) = S ^N(B,q4-l) > S q N(B,=) = *(q) . Since

card Bg {S| = Sq , it follows that N(B,q) < Sq , whence *(q) < 1. 

Thus liro ji (q) = a , where O < a <  1.

Let k bo in and let h be a block of length km.

Then A = B 6 ... , where each is an m-block, 1 < i < k.

Let be the collection of all such blocks A for which = B,

if 3 < i and Bj is arbitrary for j > i. If i # j , 

then n = $. Let A (k) =• U A^. Then B appears in every

member of A(k) ; hence N(B,km) > card A(k) , and so

$(km) = s~kmN(BAm) > s'km card A(k).

Let a = Sm-1 , b = Sm. Then

card A«k, = I oard/^I - I
1=1 ‘i-i i=i a w

= (ak - bk)/(a - b) = Skm - (S™ - l)k.

It follows from (1) that

1 > lim <J.(q) = lim $(km) > lira s“kln [ Skm - (S1"-!)11]

= lim (1 - [ 1 - — ]k} = 1.

Hence lim N!B,q) s"'q “ 1.



5.05 lemma. Let m be in i) , let f be in F(S,n) and 

suppose that fro 13 not onto. tat k,t he in 1 .

Tftcn there exists an nr-bloak A with m S> t such that 

card f^1 {a} > k.

Fvocf. Assume the hypothesis of the lemma and suppose that 

card {a} <  k for all m-blocks A , m >  t. Since

is not onto, it follows from Theorem 4.02 that there exists an 

Integer q > 1 and B in 8^(5) such tliat fq"1 {b ) = # , whence

card fq'1 (b ) ■» 0. Thir iplics that card £^1 {d } = 0 , where

D is any m-block in which B appears.

Let D(B,m) be the set of all ra-blocks over S in which 

B appears and let V'(B,m) be the set of ail m-blocks over S in

which B does not appear. Let N(S,m? = card 0 ( 8 , .  Since

6^(5) = V EB,m) U V  (B,m) and card 6^(5] = Sm , 

card 5' (B,ra} = Sm - N(B,m) . Now fB^IS!)

= £*' (P(B,m) U r' (0'(B,m)) and the sets ar.d V  (B,m)

are disjoint, so that

gtn+n-l = card = card (P(B,m) + card f^1 (Pr (B,m)) .

If m >  q , card r 1 = 0 , so that s^""" = card f*' {V (B,m)) .

By assumption, card f"1 {a } < k for all m-blocks A , m > t.

Thus if m >  t + q

gin+n-l c  k card p, (B|ln) = k [ s1" - N(B,m)!

N{B,m) <  Sm - Sm+n"1/k



N(B,lll)/Sln < 1 - Sn“1/k

Tliis Implies that

lim sup N ( U , m ) < 1 - Sn V k  < 1 , contrary to

Lomma 5.04.

This completes the proof.

5.06. LEMMA. Let n be in x , m in lj and let E be a

collection of (m + 2n - .1)-blocks ovci' S such tlwt cca\i 

E > s2"-2. Then there c.ci-st distinct blocks E and E* 

in C such that E = adb and E* = AD*B , tohcre A and 

B are (n-1)-blocks.

Proof. Let 6n !S) - !Al : 1 = 1 , 2 , . . .  , Sn-:l>. For 1 < i < Sn"'1, 

Let be the collection of all members of E with initial (n-1)-

block A^. Suppose that for all i , card < Sn ^. Then 

card E = ^ card E^ < Sn 1 = S2n 2, contrary to hypothesis.

Thus there exists an integer j such that card > Sn But

then at least two distinct members of Ê  must have U m  same terminal 

(n-1)-block B. Let these be A^DB and A^D*B. The proof of the

Lemma is concluded by taking A = A^ , E = ad b and E* = AD*B.

5.07. lemma. Let n be in , let f be a narrber of F(S,n)

and let m be in l . Let there exist an (m+n-1)-block

c over S such that card f ^ ^ ( c }  > s2n~2. Then there 

exist distinct (m+n-1)-blocks p and p* end an (n-1)- 

block A such that



Proof. Let L" - Then C is a collection of (nrt-2n-2)~

blocks and, by hypothesis, card E > S2n 2. It follows from 

Lemma 5.06 Chat there exist distinct blocks E and E* in E 

such that E = ADR and E* = AD*B , whore A and B are (n-1)- 

blocks. Then D and D* are m-blocks and D ^ D*. Since E

and E* are members of E , fm+n_; (E) = C = fm+n_1 (L*).

Let P = DB , P* = D*B. Then P and P* are distinct

lw+n-1)-blocks. hoc = g. TJ>cn

fm+2(n-l) (APR’ " fm+2( n - n ™  = CC ' and 

f^2(n-l)(AP*R) " W n - l ) flD*BA) = C5‘

5.08. THEOREM. Let n be in I j let £ be in F(S,n) and

suppose t)iat is not onto. Then there exists a periodic 

point x in x|S) such that the set Fj {x} is uncountable.

Proof. Suppose n = 1. Since fM is not onto, f is not a 

permutation of S , so there exist elements a,b in S with a ̂  b 

such that f(a) = c = f(b). Let x be the bisequence defined by 

= c , all i in I. Then x is periodic and the set f^1 (x)

includes all bisequences y defined by yi = a or b , i in I.

This set is uncountable.

Now assume that n > 2 .  From Lemma 5.05 there exists an 

(m+n-1)-block C sych that card f^_^_^{c} > S2n 2. It follows 

from Lemma 5.07 that there exist distinct (m+n-1)-blocks P and P* 

and an (n-1)-block A such that



Let Y be the subset of x(S) defined by

... A Q_i A Qo A Q] A ...

where , for 1 in I , Q, is either r or P*. Let x in x(S)
+

be defined by x = ... DDDD ... . llicn x is periodic, and if

y G y , then £„(y) = *• The set Y is uncountable, and since 

Y C (x) , the set f^'tx} is uncountable.

5.09. theorem. Lot $ be a mctrbcr of "MS' and suppose that

* is not onto. Then there, exists a periodic point x of 

x{S) and an uncountable subset Y of x(5) such that

Proof. Let * be in M S } . By Tlieorem 3.08, there exist m in 

I and n in I such that <J> = o"f^ , where f £ F(S,n) . Since 

<*i is not onto, fw is not onto,hence,according to Theorem 5.08, 

there exist an uncountable subset Y of x(S] and z in X(S) , 

z periodic, such that f„(Y) = z. But then MY) “ omfM (Y) = om (z),

Let x = cm (z) . Then x is periodic.

5.10. THEOREM. a(S) - {* : $ £ *(S) and * is one-to-one).

Proof. Clearly A(S) c {<() : <)) £ 4>(S] and * is one-to-one}.

Now suppose that <Ji in MS) is one-to-one, then by Theorem

5.09, $ Is onto, whence $ £ a (S),



6. PERIODICITY OF MEMBBRS OF A(S|.

E.Ol. DEFINITION. h function 0 is periodic on x|Sl, if

there exists a positive integer n such that 6n(x) = x , 

all x in X(S).

5.02. REMARK. If f € F(S,n) for n in 1̂  and fw is periodic,

then ^  G Ai'S}. For, suppose the period of f^ is p , p 

in I . Then fro(x) = fro(y) implies that f£ ̂  f^Cx)] =

f£-1 [ fw (y)I , whence e£ (x) = f£(y) , that is, x = y.

6.03. NOTATION. Let rafn be in I , and let f be a member

of F(S,m) and g an element of F(S,n). Then g^ maps

6Bttn_i(S) into B^IS) and E maps B^(S) into 6^(5] = S  ,

so that fgm is a well defined mapping of (S) into S. The

mapping £g will also be denoted by Eg.

6.04. lemma. Let £ be a merrbov of F(S,m) , g an element of

F(S,n). Then (Eg)^ = f^g^.

Proof. Let x be a bisequence in x(S] and let <fg)ro!x) = y.

Let 1 be in I. Then Yi " fg„( ̂  ^

- t[g(x1 ... ... g<xH|1_1 ... xltmtn_2>]. let g_(x) - v,

thus - ,(x^ ... x.^_^l. let t„(u)- v. Then v. - £ (^  . . . u ^ ^ l

- f ... x1 + n ... S C X ^ ^  ... x1+-tn_2)]. Thue t=r ,11

integers i , y ^ =  v^. Hence y = v and so (fg)^ (x) = (E^g^)(x).

Since this is true for all x in x[S) , (fg)„ = Eg,ĝ  .

6.05. PROPOSITION. If f e f(S, 1) then £„ is periodic if and

only if f is a permutation of S.



Proof. Let S = {o , 1 , 2 , ... , s-l) and let f be a rerroutation 

of S, Then there is q positive- integer p , p < SS such that

is the identity on S. Thtm is the identity on x(S).

It follows from Lemma 6.0-1 that (fP)M = (f^)i?. Hence (f̂ ) ̂ Ix) = x 

for all x in x|S) , so £M is periodic.

Now suppose that fw is periodic. Then fM is one-to-one, 

thus fM € a (S|. By Proposition 5.02 , £ is a permutation of S.

6.06. DEFINITION. Let n be in I . A function f in F(5,n)

depends on x, , 1 < i <  n , if and only if there exist

elements x , , xi_L , xi+i , ... , xn in S ,

and , x| in S with ^  x^ , such that

f (xixj ... ... xn) ^ f (x^ ... x| ... xn).

6.07. proposition. Let n be in I and £ be cm element of

P(S,n) k'Cth £m one-to-one. If f do&s not depend on

x ", x , , xn , then fM is periodic.

Proof. Define g in F{S,1) by g{a) = f(a x ... x^l for each a

in S and any members x , ... , x in S. Then since f does

not depend on x .... , x ^ , g  is well defined and = £„.

Since f^ e a (S) , gM € a (S) , whence, by Proposition 5.02 . g is

a permutation on S. Thus, by Proposition 6.05 , fM = ?„ is 

periodic.

6.08. REMARK. The converse of the above Proposition does not 

hold as example 6.09 shows.

6.09. EXAMPLE. Let S «* {o , 1 , 2} and define f in F(S,2> by



£(00) a 0 £(01) = 2 f (02) = 0

f (10) = 1 £(11) = 1 £(12) = 1
£(20) - 2 £(21) = 0 £(22) = 2.

The following argument shows that fw has period two, 

that is, £(f(xi xi+1!C<x1+1 - x^g)) ■ xi , for any 

xi ' XH -1 ' xi+2 ln Sl

Suppose that = 1. alien since f(la) = 1 , for any 

a in S , f [ f (1 , xi+1)f(xi+1 , xi+2)l = 1.

If xi = 2 and xi+1 «= 1 then f(xi xi+1) = 0 and

f(xi+i , xi+2) = 1. Since £(01) = 2 = xi , this case

is done.

If x.= 2 and x .+1 * 1 , then £ [ £(xi x.+1)f(xi+1 x.+2)] 
is £(20) or £(22) both of which equal 2. Similarly 

if Xj=0 , f [ f (xi xi+1)f (xi4-1 xi+2)J = 0. This shows that 

fj, is the identity on xiS) and so fro G a(S) , but £ 

depends on x .

6.10 DEFINITION. Let n be in I . A function f in F(S,n)

is said to be per'nuiivc in , if for every choice of 

fixed elements , ... , x^ , and x̂  any element of

S , f (x̂  ... xfi) = g (xj) where g is some permutation of

S. Hence f is permutive in x^ if and only if for 

any given elements x , ... , xn in S , 

f(xi x2 ... xn) = f(xj i<2 ... 5n) implies that x = xj .

6.11 REMARK. Let n be in I and £ in F(S,n) . Then the

following example shows that fm a member of a (S| does not



imply that E is pcrmutive. in . However, it will

be shown in Proposition 6.13 that if £n is periodic,

then f is permutive in x^.

6.12. EXAMPLE. Lot n be in I . Define f in F(S,n) by 

f(a^ ... ®n) = an for all n-blocks aj ... afi over S, 

TliGn = CT (nHD  g a|S1 , but £ is not perrautative In

6.13. proposition. Lot n be in I a.id suppose that £ G F(S 

Then if fro is prriodic3 f ia pernSitivc in x .

Pi’oof. Assume that is periodic on x|S) but that f is not

pennutive in x . Then there exist n-blocks A = x x • • • *n 

and A' = xj ... , with x( ^ x| such that f(A) = f(A') .

Let x be the member of x(S! defined by x. = 0 if i < O or 

i > n , and ... xn = A and let y in xiSl be defined by

y^ = 0 if i < 0 or i > n and ... yn = A’, Now there is

some integer p > 1 such that (fm)^ is the identity on x(S).

Hence = x and (f^)^(y) = y. Since for any integer

i >  1 , [ fro(x)) ± = [ £„(y)l x , J‘: follows that

», -ifjtoil, - l V : y ) l l

This contradiction completes the proof.

6.14. REMARK. The converse of Proposition 6-13 is not true in 

general. For suppose S = {o , 1 , 2} and consider f 

defined by

flOO) = 1 f (01) = 0 f (02) = 0

f (10) ■ 0 f (11) - 1 f (12) = 1
f (20) = 2 f (21) = 2 f (22) = 2.



Then £ is pcrmutive in , but if x in x(S) is

defined by = O , all i in I , then for all positive 

integers p , f£(x) = y , whore y^ = 1 , all i in I.

If the cardinal of S is two, however, then Theorem 6.16 

due to Hedlund, |3] , shows that fM is periodic if and only

if f is pcrmutive in .

6.15. NOTATION. Let S = {o , l). Let a = 0 , if. a = 1 and

• a = 1 , if a = O.

6.16. Theorem. Let S = {o , 1} and n ba in I . Lat £ be

a msnber of F(S,n) suah that f is ’perzzttivc in xj and

£„ s a(S). Then there exists g in F(.S,l) such that tm = g_,

Proof. Suppose there does not exist g in F(S,1) such that f^ = g^.

Let k be the least integer such that f^ G Fro(S,k). Then k > 1

and there exists g in F(S,k) such that = gM. Since fM

is one-to-one so is g^. There must exist a k-block a ... a^_^a^ 

such that g(aj ... a^_^ ak) * g(aj ... . For if not,

define h : 8k_j |S) ■» o by h{xj ... xk_1> = g(a] ... ak_1a).) .

Then h is a well defined member of F(S,k-l) and h^ = gro = fx , 

contradicting the minimality of k. Hence g depends on xk .

Since £ is permutive in x̂  , so is g and thus g(o ... â ) =

» 11 %  ■■■ ak-i V -  let “ " ”, ■■■ *k-i »k ■ B " '" *k-i *k.

Then g(0A) = g(lB) .

Let P be the set of all integers p > k with the property 

that there exist p-blocks Ap = Oa ... ap and Bp = lb ... bp

such that 9p_k+1 &P) = 9p-k+llDp) ' Then k G Pl 71,6 £oiio»ing
argument shows that P “ {m|m 6 I , m > k}. If p > q > k and



p S p , then q t' p. Thus it is sufficient to show chat P is not bounded.

Suppose that P is bounded and that m is the least upper 

bound of P. Then there arc tn~blo<_'ks Am = O c ... cm , Bin •= 1 d ...dm 

sucli that = 9m-k+l^liI"* ' Wow slncf m is maximal,

Vk+2(0 Ani) * Vk+2a Bm) ' ane ■
9m-k+2a  Am) * 9I„„k+2(° Bm).

Hence, as g is permutivQ in , gm_k+2<0 *"> = gm-k+2f0 ^

,na Vkt2U m) " «„-Ma B"1 •
Thus gm_k+2(e Ani) = gm_k+2(e S») , e - 0 or 1. This 

process can be continued to obtain

gm !D Am) = gm (D Bm) , all (k-1) -blocks D.

But then g(DO) = g(Dl) for all D in (S) , which contradicts

the fact that g depends on x^. Thus P = { j D : m E i , m > k } .

Let p be in P. Tliere exist (p-1) -blocks

- y / ' l  ... ^  ... s

that Sp-k+x (0 A ^  ̂ ° s(P'5 • Define y ,p) in x(Sl by

yi<p) « O if i <  0 or i >  p 

... =

V pl -1 -
zj (pl = 0 if i > p

and ... b W  - b (p>.



Since g is pormutive in x , for each i <  -1 there exists

'V1'1 s »«» that ... =,5^) - gly/P' ...
(i <  -1). Tliis defines 2 ̂  in x(5I).

Let g£0(i’(E’*) = , giM(z(r,)) = v (p) . Then

(i < p - k) . Ill is implies that d(u*pl, v *!'*) < (p - k +

Thus lim , v'^) *■ O.

Since X(S| is a compact metric space, any infinite sequence 

of points contains a convergent subsequence, so assume that 

lim y*p  ̂ = y , lira z ̂ = z ,  lim u = u , lim = v. Since
p-WS p*CU p̂ OJ p-KO

liin d (u v ) = 0 , it follows that u = v. Since y^P* = 0 ,

yQ “ 0 , and since z^p) « 1 , zQ *» 1. Thus y *  z. Now

gro(y) = g^tlio y (p>) = Urn gM (y^p)) = lim u (p) » u and
p*<” p w  p+<o

9^(2) = g^dim z^p*) = lim g„{z,p^) = lim v (p  ̂ = v = u , so that
p-KO p+CO p-KO

gc6<y) = 9̂ ,(2). This contradicts the hypothesis that fro , and hence

The proof of the theorem is completed.

6.17. COROLLARY. Let S = (o , l} and n be in I . Then if

f e F{S,n) and fm s h(S) , fm is periodic, if and only if 

f is penmtive in x .

Proof. If fg, is periodic, then the result follows from Proposition

6.13. Suppose f is pormutive in xj and fM 6 a(SI. Then by

Ther.uin 6.16 there exists g in F(S,1) such that = fM . Since 

f„ e A(S1 , gro € a (S) , whence by Proposition 5.02 g is a permutation



of S. It follows from Proposition 6.05 that fro = g is periodic.

6.18. NOTATION. Denote tnc set of ell powers of the shift by

P<o). That is, p(0) = (a" : n G i}. clearly Via) C a(S).

G.19. REMARK. Hie following example due to Ilodlund, [3j, shows

that A(S] contains two elements a and 6 , each of period 

two , such that the product of these elements , * , i s  not a 

member of Via) , yet has infinite order.

6.20. EXAMPLE. Let S be any symbol set and define f in F(S,4) 

by f (x^ xi+1 xi+2 xi+3) = xt+1 for all 4-blocks except 

1001 and 1101. Let f(1001) = 1 and f(1101) = 0.

Define a : X/5) * x/S) by 5r(x)J . = unless xi = 0 

or 1 , if xi = 0 or 1 , let [ ct(x)] ̂  = x^. Clearly 

a G a(S) and a has period two. Let 6 = a"'£„. Then 

it can be seen that 8 6 A(Si and 6* is the identity on 

X IS).

Now lot i}> = a6 . Then, as a(S) is a group, * G a(S).

Let z be the member of x(S! having z^ = 0 , all i in I.

Then, clearly, for all integers p , iii2p (z) * z , and 

*?p+1 (z) = y , where y ^ = l ,  all i in I. From this it 

can be deduced that # P P(O) , and, if there is some positive 

integer n such that (jin (x) = x , for all x in x(S) ,

then n is even and n >  2. Hence n = 2p , for some p

Now let x in x(SJ be defined by 

xi = 0 , i >  0 ,



That is, x is the blsequoncc

4
L 1001001 R

where L is the left infinite sequence ... 1010 ,

R is the right infinite sequence ..- 00 ,.. ,

and x is indexed at the first element of R. It will 

be shown by indue ion that <t?*> (x) = L 1001001 (01) ̂  R , 

for all p in I .

Now x is L 1001001 R

Thus B(x) is L 1101101 R

and t(x) is L 10010010 R

where R is the right infinite sequence 111 

Then 6*(x) = L 11011010 R , 
whence <j>2 (x) = L 100100101 R , 

that is, $2 (x) is L 1001001(01) R .

Assume that 6^(x) = L 1001001 (01) ̂  R .

Then $2itI'1 (x) is L 1001001 0(10)P R and so.

(j)2(p+1) (x) is L 1001001 01(01)P R.

We have ^2{p+1) (x) = L 1001001(01) E* 1 R which completes

the inductive argument.

Since the block 100101 does not appear in x but appears 

in <t>2k(x) , all p in Ij it follows that 6 is not periodic.



7. SOME FURTHER PROPERTl!"3 OF AUTOMORPHISMS ON x(5| ,

7.01. REMARK. It is clear that A(S| is a grcvin. It has been

shown by Curtis, IlccUuntl and Lyndon [3] that every finite 

group is isomorphic to some subgroup of AlS|.

7.02. NOTATION. Let n be an element of I and let

B •» b^b^... bfi be an n-block over 5. Let m be in 1̂  , 

m <  n. The initial m-block of B is the block bj ... b^.

The terminal mblock of B is the block b m+1 ... b^.

7.03. DEFINITION. Let m,n be in 1 .̂ Let B be an m-block

over S and let C be an n-block over S. Then B and

C overlap provided there exists k in Ij such that either the 

terminal k-block of B coincides with the initial k-block 

of C or the initial k-block of B coincides with the 

terminal k-block of C.

Let n be in 1̂  and A be an n-block over S. Then

Ara is the (mn)-block ... , where A^ = A (i = 1, 2,... ,m).

7.04. LEiWi. Let n be in ^  , A = I0*1 and let B = (10)m 
where m = n/2 if n is even and m= (n+l'/2 if n is odd.

C = A o 8n (S) 0 B.

Then no two members of C overlap.

Proof. Let C,D be unequal elements of C , say



Suppose there exists k in 1 such that the terminal X-block of 

C coincides with the initial k-block of D . Since C ^ D , and 

C,D G B2n+2ni+3 ' it f°13ows that l < k < 2 n + 2 m + 3 .

Suppose k > n + 1. Tlicn the initial k-block of D contains 

ln+^ as a sub-block. But no terminal k-block of C contains

ln+i as a sub-block for k < 2n + 2m +3. Thus 1 < k < n.

Since the initial 1-block of 5 is 1 and the terminal 1-block

of C is O , k ^  1 , whence 2 ^  k ^  n.

If 2 < k <  n , the initial k-block of D contains 11 as

a sub-block. Since the length of OB > n , Uie terminal k-block

of C is a sub-block of OB. But' 11 is not a sub-block of OB.

Hence there cannot exist k in I such that the terminal

k-block of C coincides with the initial k-block of D. The proof 

is completed by interchanging the roles of C and D.

7.05. theorem. Every finite group is isomorphic to some subgroup 

of the group x{SI of automorphisms of <xlSl,o).

Proof. For n in I , let H(S,n) be the symmetric group on 

[S|. If G is an arbitrary finite group, then G can be

represented isomorphically as a subgroup of some symmetric group.

Hence there exists an integer n >  2 such that G is isomorphic 

to a subgroup of H(S,n). It is thus sufficient to prove that a (S) 

contains a subgroup isomorphic to H(S,n) , n in I .

Let n be an element of I . Corresponding to each it

in H(S,n) define a map : X|S| ■» x|S| as follows. Let C 

be as in the above lumma and let x be a member of x|S!. If 

C = A 0 ci ... cn 0 B is & member of C which appears in x ,



then Yj,- changes C into the block A 0 ¥(c( ... cn) O B  ,

while any other block in x not overlapping a member of C is

left unchanged. Since no two members of C overlap, is

well defined, and it is clear that is uniquely defined by ir.

Since any member of H(S,n) has period (Sn) , the map 

is per iodic of period (Sn) and so is one-to-one. To show

that 6. / (S) , it is sufficient to show that Y^ is continuous

and ccoimutes with the shift.

Let e > 0 and choose m in I such that (1-f-m)"1 < Z.

Let j be the length of each member of C and let 6 = (nrt-j)~’ .
Suppose that x and z are elements in x|Sj with d(x,z) < 6'.

Then = zi if |i| < m + j. Let Yw (x) = y , Y1f(z) = u.
For each integer i , y \  is uniquely determined by the block 

xi_{j_l) ••• whil<i ui is uniquely determined by

“i-lj-D ” • V(J-l)- 'i " “i lf Ul < ■ ■ "hince
d(Yt (x) , Y^ W  ) = d(u,v) < (1+m)'1 < e. Thus yw is continuous.

The following argument shows that Y.% commutes with 0.

Let x be in x(SI , Y^tx) = y and 0 (x) = u. Then

[a Y,(*)li = yi+1 » and Ui = xi+i , i in I. Let Y%(u) = v.

It must be shown that for 1 any integer, yi+1 = , or ,

equivalently, y^ = vi_1. Suppose there exists an integer, k

such that k < i < k  + j -  l and xk ... x^j_^ € C , where j is

the length of an element of C. Then xk ... = A 0 c)...cn OB,

say, and this equals u^_^ ... u^j_^. But then 

vk-l vk+j-2 - 6 = o B - y,. ... , «h«r«

d ... dn ■ if (e ... cn>. Since k - l < i - l < k  + j - 2 ,

it follows that v1_1 “ yi.



If there docs not exist an integer k such that 

k < i < k - i - j - l  and x̂ . ... ^ G C , then yi = x^. But

\  ' “ktj-l " “k-i V j -2 ' =° “ “  U "=" ao“  "0t °xl,t *"
integer p such tiiat p < i - l < p + j - l  and up ... u^y_^ G 

This implies that vi_1 = ui_1 = = y^. Thus 0 Y„ = Y^C. It

follows that e a (S].

If a,S are elements of H(S,n) , then YgYa = Yga ' For 

if A 0 a ... a O B is a block of C appearing in x , x in

X{S) , then the block A 0 bj ... bn 0 B , where bj ... bn ■ a(a ..

will appear in the same position in y =■ Ya (x) as the block 

A 0 ai ... an O B is in x. Similarly, Yg transforms the block

A 0 b^ ... bn 0 B in y into the block A O ĉ  ... cn 0 B , where

c^ ... cn = 6 (b] ... bn) , in the same position in z = Yg(y) •

Now Ygg transforms A 0 â  ... an 0 B appearing in x

into the block A O (6a) (aj ... afi) O B = A 0 B(b^ ... b^) 0 B

= A 0 ... cn 0 B in Yg^(x) and the transformation does not

change the position of the block.

If i G i and there is no k I such that

k <  i < k + j - 1 and ... xk+j-1 f . then Yj. = xi ' 2i ^ Yj, -

and ui = Xl , so that *i = uv  Thus Yga - YgYa .

It has been shown that the mapping A : H(S,n) -*■ a (S) 

defined by = Y^ is an isomorphism of II(S,n) into a (S).

Hence the set A(H(S,n) is a subgroup of A(S) isomorphic to 

H(S,n) , This completes the proof of the theorem.

7.06. COROLLARY. The set A(S) - P(0) is infinite.



Proof. It follows from Theorem 7.05 that given any k in , 

there exists an element of a(S| of order k. Since o*5 is 

not the identity for any k i n  I , the oleinunt is not a power 

of the shift.

7.07. COROLLARY. Every finite group is isomorphic to some subgroup 

of a(5]/p(o).

Proof. Since the elements of A (SI commute with <J , P(SJ is a

normal subgroup of A|S) and the quotient group A(S)/P(cr) is

well defined. It has been shown that H(S,n) is isomorpliic to 

the subgroup G = A(H (S,n)) of A(S). Let G 1 = G/P(o). Then

since G n  p(o) = {7} where I is the identity element of x(S) ,

G' is isomorphic to G and so to H(S,n) .

It follows that every finite subgroup is isomorphic to 

some subgroup of AfSj A3(a) .

7.08. REMARK. Since A(S] is a subgroup of the group of all

automorphisms on X(S] , it follows from Tlieorem 7.05 that

the group of automorphisms on x(S) contains elements of 

every finite order.

If 0 is a map from x(S) onto x(S| such that some power 

of d is a rnember of P(O) , then 6 has infinite order.

Such maps are roots of pcucrs of the shift- In the following 

theorem we describe some of the properties of continuous 

roots of powers of the shift.

7.09. THEOREM. If 6 is a continuous map from x(S! onto x(S)

such that 6P = ak for some positive integers p and k, then



(1) 0 is an automrphiom of x(S| ,

(2) 0 i'8 expmeiw,
(3) 6 is point transitive!,

(4) 9 is etrongly mixing,

(5) 0 ie not periodic.

Proof. (1) It Is sufficient to show that 0 is one-to-one.

Suppose that 0 (x) = 0(y> , for x,y in x(S). Then 1(0(x)) =

e ^ C e  (y)S , whence 0p (x) = 6p (yi and so crk{x) = ak (y).

Since the shift is one-to-one , x = y.

(2) It has been shown in Section'two that o'4 is expansive, 

for any integer k. Hence there exists & > 0 such that if x *  y,

there exists an integer n such that d(cr*cn(x) , (y)) > 8.

Hence d(0pn ix) , 9pnfy)) > 6  so 0 is expansive.

(3) Since a is point transitive, any k in I , 

there is some x in x(S! such that {(cr̂ ) n(x) : n E l} is dense

in X(Si. Hence {0pn(x) : n 6 l) is dense in X(S) , so clearly 

0 is point transitive.

(4) Let u and V be any two non-empty open sets in

X(S|. Since 0 is a homeotnorphism, if j is an integer, 0 S j < p,

6^(14 is open and non-empty. Now as ak is strongly nixing, there

exists Nj such that

0"3 (u) n okl(V) *  » , for all i with |i| > N...

Thus 6"3<U.> A  dpL(V) *  <f> , for all i with |i| > ^

and so U n 0Pi+^(V) f  * , if |i| > ^ .

Thus for |ij > max N. , un 0pi+3 (v) *  ji for any j.
0 <  j < p ^



This is sufficient to prove that 0 is strongly mixing and it 

follows Chat 0 is also orgodie.

(5) Suppose that 0 is periodic. Then there is a positive 

integer n such that 01' = I , whore I is the identity on x|S|. 

Hence (Qn)^ = o^n - I. But O is not periodic. This contradiction

concludes the proof.

7.10. EXAMPLE. It 9 is any member of a(S) which is periodic,

then for n in , on9 satisfies the five properties of 

Theorem 7.09. For, if 6 has period p , £> 1 , then as

6 £ A (S) and so commutes with the shift ,

(on8)P = anpep = onP.

7.11. EXAMPLE. We construct a class of functions in Fm {Sl such

that each function, hre , is a member of a|S) \ P (0 ) and

h^ = ap , for p > 2.

Let p be in I and S be a symbol set such that the

cardinal of S is at least p , say

S = {o , 1 , ... , p-1 , ... , s-l). Define B C S to

be {0 , 1 , ... , p-l} and let tr be the cyclic permutation

on 8. tor any n in 1 , define h in F (S,n) as follows.

If x. xw  ... -s any n-block, let h(x.xj+1 ...

«= xi+1 , except in the following p cases. Let A be the 

set of p distinct n-blotics = a^i a ... an , such

tiiat a ■ an “ 1 » a = a ■=...= an__̂ = 0 and i is a

member of B , and let h (Â ) = ir̂ ^ (i) , each i in B.

Hence h(100 ... 01) = ir (0) = 1 , 
h(HO ... 01) = ir2 (0) = 2 , 
fid p-l 0 ... 01) = irp {0) = 0.



Since no two members of A overlap, h is a well defined

member of F(S,n).

Now let x be any member of x(S). If a block B

appearing in x is not a member of A , then hm acts 

on the block in the same way as a does, whence C-1 hm 
leaves B unchanged. It follows that (0"'h^)^ acts

as the identity on B. If B is a member of A , that

is, B = Ai some i, 0 < i < p - l  , then the map a'1 

changes to Ai+1 if 0 < i < p - 1 and 0"'liw
changes to Ay. Tlius (o"' h^)^ also leaves any

member of A unchanged. It follows that a Ph£ = (o"'hco)p 

acts as the identity on x. Thus h£ = op . Thus hro is

one-to-one and so is a member of AlSl.

To show that h^ ? P(cf) , let x be the element of

X(S) defined by x * L Aq R where R is the right infinite
sequence 00 ... and L is the left infinite sequence 

... 00 and x is indexed at the first element of A^.

That is , x is ... 0100... 010 ....
Then h^(x) is L A R " ... 0110 ... 010 ... ,

and clearly hro(x) * crP (x) for any integer p. Since 

h£ = 0P , has the five properties of Theorem 7.09.

7.12. REMARKS, (i) If j is an integer such that 1 < j < n - 1 ,

where n G i , then a member h of F(S,n) may be obtained 

with (h„)p = a3p , by defining h(x1x1+1 ... xi+n_1) = 

for all n-blocks x ^ x ^  ... x1+n-1 except the p-blocks

where a_ = an = 1 , 

“j ~ ej+2 " • ■ • " V i  ‘

aj 1 a)+2
and i is in



Define h(A^) =TTi+1(l) , each 1 in B,

(ii) It is not known whether all roots of powers

of the shift which arc tnembcrs o£ FroIS) have tills form. 

However, in tiio case where the cardinal of S is a prime,

C.R. Welch (3 ] has proved the following theorem, which is

stated below without proof,

7.13. theorem. Lot s * aard S ba a prime. Let n be in ,

let £ be a meid'cr of F{S,ni and lc~ there exist q in

ii , p t« I , ouch that f^ = ap then q divides p.

7.14. EXAMPLE. If is the member of a |S) constructed in

Example 6.20 , then there do not exist non-zero intesjecs 

p and k such that (Jp = 0 .

It is sufficient to show that $ is not expansive.

Suppose if is expansive. Then there exists 5 S1 0 , 

such that if x and y are members of x(S) and x * y, 

then there is some integer 1 such that d($^(x) , <ii1(y)) > <$. 
Choose k in I with < 6. Let x in x(S) be

defined by xkxk+ixk+2xk+3 = loo:t and “ 1 elsewhere.

Then x may be represented as

11001 1 where 1 denotes the left 

infinite sequence ... 11 , 1 in the right infinite sequence 

11 ... and- "X" indicates the position of x^.

«" OOOIOO ,

♦*<*)

4i3{x ) == 001100

♦ "(x) ” 110011 =



I

Now let y bo the bi.sequpncG defined by y^ = l,  all i

j.n I. Clonrly y * x , and for any Intcgci: n ,

4>̂ n (y) “ y i whllQ ^ n+^(y) = y , where |y) . = 0 , all i

Then <3(x,y) = ,

<3<<j>(x)<My) = jjyg- >

d{<'2 (x) , <fi2 (y)) = ,

and d(^s(x) , ̂ (y)) » ̂  .

Hence for all integers i , d(i|̂ (x) , (y)} < < 6.

Tills contradiction proves that $ is n°t expansive, and

so for all non-zor© integers p ( ^  S AfS) \ P (0).

The following example show that the map 0 of Theorem

7.09 need not commute with the shift.

7.15. EXAMPLE. Lex. S = {o,l}. Let 0 = 1 and 1 = 0.

Define 8 : x{S| + X(S) as follows:

.

1 0 M I 2i+l * ■'Jm  ' “u  1 ln

Hence if x is the biaequence

■■■ ’L 3*_2*_iVcl V 3  ■■■

then 0{x) is

••• *~2X-1*0X1X2X3X4 •



It is clear that 0 is a well defined map frrm X(Si onto 

X(S!. The following argument shows that 0 is continuous. 

Let C > 0. Choose k in I such that < £. Let

5 = 2i&T 1
Mow d(x,y) < 6 “ xt = , (-2k < i < 2k) ,

x2i = y2i ' (-k < i < k) and

-x2i+2 = y2i+2 ' ("k < J- < k) ,

- ( 9<x)] . = [ 0(y)] i , (-k < i < k) ,

» d(9(x) , 8(y,) < k?T < e •

Also, if x G x(S) , o6(x) is

■" x-iKoxlx2x3x4lt5 ■■■ '

while CJ(x) is

x-lxOxlx2x3x and it can be

seen that 6a s* 06. Hence 6 ? <>(5) , Now if x E x'S!,

(al,(x)]i = , all i in I,  and it may easily be

verified that

t6’|x|121 ' *2i« ' le',xl,2 i« " ,‘(2itl]M •

7.16. REMARK. The preceding example shows that there exist

continuous, onto transformations of x|S) which behave like 

the shift with respect to the properties of expansiveness, 

transitivity, mixing and periodicity, but do note commute 

with every member of a |S). It has, however, been proved 

by J.P. Ryan , [5] that any continuous, onto transformation 

of x[S) which commutes with elements of A(S1 is a power



of the shift.

7.17. NOTATION. Let n bo In I . Let C = A 0 S (S) 0 D

where A = and B = (10)m vrticre m = n/2 if n

is even and in = (n+l)/2 if n is odd, as in Lemma 7.04.

If C ^ A 0 ... cn 0 B is a member of C tlie block

ci ... cn will be called the control block of C. Let 

8(S,n)be the symmetric group on 8 (S). For each tt in

H(S,n) define ^  as in Tlieorom 7.05. Tlxen E a(S|. 

Let r(n) = (Yn : 7T 6 E(S,n)].

7.16. THEOREM. Let £ bo in F(S,n) Jiieh that fro is onto. 

Then if f^ commutes with all elements of F(n) , fro 

in a power of the shift.

Proof. Let 7 = {o , 1 , , s-l). If s = 2 , then the only

elements of F(S,1) such tiiat is onto are the identity map

and the map gM where ! g ^ x ) ^  = x^. The identity map is a0,

and it may easily be verified that gm does not commute with

if ir is the permutation on S defined by tt(0) = 1 , 7T(1) = o. 

Hence, it may oe assumed that n S I , or s > 2 , or both.

Let c c ... be a fixed n-block and let

C «= A 0 ci ... cn 0 B. Let x be a member of X(S) such that

C appears in x with *0 x, ••• xn-1 equal to the central block 

of C. That is, x is the bisequence

... A 0 c ... c 0 B ... •

Suppose there is no member of C which appears in fra(x)

and has [ fto(x)]o as a member of its central block. Then for



every tv in H (S,n) , [ Y,r(x)lc 

then for any 1T , £{ir(c ... c ) 1
- f Yir ^(x)lg = ( l.(x)]g . nut

[froY,r(x)L = I £(=,

which is Impossible sinco £„ is onto, 

of C which appears in fm (x) and has 

contral block , that is , fw (x) is

Thus them is some member 

[ f,,(x)L as a member of its

uj

where • • • dn is srane mtimbcr of 8n (S) and 1 < j < n. 
if 7T(di ... dn> = ... en , since fm and commute,

e, = [Y_ £ro(x)] = [ fro Y-tx)] = f ir(c ... c ). The following

argument proves that 

is not true and let aj 

it' (d̂  .. ) to :e

by Theorem 4.07 , card f  

either s > 2 or n >

cu ‘ (S - 

and card (f"' (5 -

.. cn = dj ... dfi. For, suppose this 

... be any n-block. Define 

.. e^ . Since the map fM is onto,

{a) = Sn 1 for any a in S. Also,

,n-l

J)

> 1 , if n :

> 1 , if s :

In either case an n-block A can be found such thau. A ?* ej ... ê  

and f (A) * e\ . Let tt' (CjC^ ... cn) « A. Then it1 can be 

extended as a permutation on F (S) but f(TT' (c ... c ) = f iA) * e 

which contradicts the commutativity of y'. Hence 

c ... c = d ... d_.

Now for any n-block ef 

such that tt(c j ... cn> - e ... 

f (ci ... en) = f (7r(ci ... c^)) ■

, there is !

It follows that f



7.19. COROLLARY. The centre of A(S| is P(6).

Proof. Clearly every jxnver of the shift is in the centre of A (S).

Let $ ho any continuous onto transformation of x(S] which commutes 

with all members of AiSI. Since * commutes with the shift, it

follows from Theorem 3.00 that there exist integers m,n > 1 such

that $ ■ o^fy , where f £ F(S,n) and is onto. If iji

coimictes with every element of P(n)- , then f^ commutes with all 

elements of F{n) , whence fai is a power of the shift. It follows 

that # is a power of the shift.

7.20. NOTATION. Let Z(a (S1) denote the centre of A(S). For 

each if) in A|Sl define : A(S) -* AlS) by G#,

for all 6 in A(S). Then the set I(AiSI) = : iji € a (S)}

is the group of inner automorphisms of A(S).

7.21. COROLLARY. Every finite group is isomorphic to some subgroup 

of 7 (a IS)).

Proof. Since 1(a|S)) is isomorphic to a(S|/Z(a|S]) , the result 

follows from Corollary 7.07.

1.29/7/76



BIBLIOGRAPHY

tl] ITURSTENBERG, H. : Disjointneso in prgodic thnory, minimal

sets, and a problem in Diophantine approximation. Math, 

Systens Theory , (1967), -49.

[21 GOTTSCHALK, W.II., and HEDLUND, G.A. : Topological DyiulriicO}

Amer. Matli. Soc. Colloq, Publ. Vol. 36, American Mathematical

Society, Providence, 1955.

[3] HEDLUND, G.A. : Endomorphisms and automorphisms of the

shift dynamical system, Math, Systems Theory, 3(1969),

[4] KEYNES, H.B. : Lectures on Ergodio Theory, University of

Minnesota Lecture Notes, 1972.

[5] RYAN, J.P., : The shift and comutativity, Math. Systems

Theory, Vol. 6 ,  No. 1 (1971), 62-85.



Author Gordon Susan Eve
Name of thesis Some Properties And Examples Of Automorphisms On The Bisequence Space. 1976 

PUBLISHER:
University of the Witwatersrand, Johannesburg 
©2013

LEGAL NOTICES:

Copyright Notice: All materials on the Un i ve r s i t y  of  t he W i t w a t e r s r an d ,  Johannesbu r g  L i b r a r y  website 
are protected by South African copyright law and may not be distributed, transmitted, displayed, or otherwise 
published in any format, without the prior written permission of the copyright owner.

Disclaimer and Terms of Use: Provided that you maintain all copyright and other notices contained therein, you 
may download material (one machine readable copy and one print copy per page) for your personal and/or 
educational non-commercial use only.

The University o f the W itwatersrand, Johannesburg, is not responsible for any errors or omissions and excludes any 
and all liability for any errors in or omissions from the information on the Library website.


