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_sm_ ' R PR e
We mwatlgate Mean Convergence of Lagrauge Interpolatxon and: Ra.tes of Ap--' o

L | :proxlmatlon for Erdds Wexghts on the Real line.

o An Erdfs nght is of the. form, W= eucp[—-Q] where typmally Q is even, )
- contiruous and is of faster than polynomial growi-.h at. mﬁmty o

B Conoemmg Lagrange Interpolation, we obtain necessary and suﬂiment condltmns' S

¢ for convergence in Lp(l Y p< oo) and in partmular, sharp results for p } 4 and
=1<p<4  :_
On Rates of Approuuma.tmn, we ﬁrst invest te the problem of formulainng and" -

: . proving the correct Jackson Theorems for Er s Weights. This is accomplished in

- L,, 0< p< < oo) thh endpomb effects in {'—am ﬂn] the MhaskapRahmanav-Saﬁ' m';'_ .
tarvel, g

We next obtam a na.tural Reahsatmn thaﬁmnal for our. dass of welghts and= S

- pmve its fundamental equwalence to our modulus of contimiity.

' Finally, we prove the correct converse or Bernstein Theorems in L, (0 < p < 00) e
= _and deduce a Marchaud Inequahty for our modulus. _ .
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Chapter 1
' A General Introduction

11 Bérﬁétein’s 3A§pproximation Problem

.The sub Ject of welghted polynomla.l approximation on the real line has its origing in the problem :
of the famous ma.thematlman S.N Bernstem, who in the 1910’ made the foliowing 1mporta.ut
observation. As polynomxa.]s are unbounded on nnbounded sets, he realised the need to weight
them What resulted was the following: _

- Let W : R — {0, 1] be a weight function satisfying -

Wi(z)20,VzeR,
with
Jim m“W(n.)da: 0, n=0,1,2...
|zl=—to0
I f:R— R is a given contintous function, is it true that there exist polynbmis..ls. P making
sup |f () - P ()| W (z)
xeR

arbitrary small? Alternatively, under what conditions on W, are the polynomials dense in
the weighted space of continuous functions generated by W [28,29]? Naturally, this question

generalises the well known theorem of Weierstrass, which states that each continuous function



. can be umform}y appl‘oxlmatﬁd by polynomia.ls ) _ .
Bemstem’s problem was golved in the 1950’5 by Margelyan, Aclueser a.nd Poﬂatd in. vamous SR

| "forms ’but. we choose to state the followmg versmn dne to DzrbaSJa.n and Carleson

:-il : '_

_ Theorem 1 . 1 (Tbe pasmbﬂlty of a.pproxlma.tmn by welghted polyncmxa}s) Let W{z) o
' exp (-Q (a:)} Q R — R Q et:en aﬂd Q (e"’) convez in (0, eo) Thefoﬂounn_q are equwalent LT
(z) v contznuous f R -—;R wsth | :

Hllm fW(a:)

| ".and Ve > 0 3 a po!ynomsal P such that
| Il_(if = 1?)' W’II'L,;@; <5
fl-l—a:sd.”_ S (1'1}-_

We rama.rk that. (1 1} a,]though qulte sample to absorb, has ha,d far rea.chmg consequences:' '-
on Welghted a.pproxlma.tlon up to this day. Thla is borne out in the foﬂow;ng o

Curollary 1.1.2. Let 7> 0 und set
W,, (=) :=_exp_(—~-l?—2[—-)-. o _ R (12}
Then the p_a?yﬁbﬂﬁals' are dense for W, iff v > 1. :

- This corollary essentially tells us that at least for polynomial é.pprbximaﬁon on R, our

_wexght must decay at least as fast as exp( |a:|) Quite na.tura.l]y, we are lead by the reasons-' o

above and others, for example the det‘.erma.ncy of the moment problem [28], 1o two. 1mporta.nt_ .

classes of welghts on R.



1.2 The Freud Class

A welght 154 (z) = exp (-—Q (m)) is sa.ld to be a Freud welght if Q is cf smooth polynomlal growth

at mﬁmty They a,Ie named a‘fter the Hungama.n ma.thematlclan, Geza. Freuc‘i who,. wluie work—-

-ing on problams rela,ted to we:ghted approxlmatlon, Ortbogona.l Fourler Series, and Lagrange
| inter pola.tmn, dxscovered that there had been a camplete lack of results rega,rdmg generai or-
thugOnal polynom:als on mﬁmte mterva.la[42] For example, itis weli known, ‘that the: theory of -~ .

rates, of appromma.txon on ﬁmte mf.ervals depen G hea.vnly on mgonometrxc a.pproxlma.tzon Here, _

' hea.vy use is ma.de of the ort‘.hogona.} trlgunumetnc polynonuals,

(L‘DS (ng) (8111 (ﬂﬁ’)))n—o |

o Freud reahsed tha.t. for many quest.mns of Welghted a,ppromma.tmn on the :rea.i hne, one needed -

a proper understa.ndmg of the we:ghted urthonorma.l polynomla.ls (E,. {:t:)) =01 satisfymo‘ o |

AR; (:t:] P'm (:c]W2 (x) :dz':-'ﬁ‘n;,.n,.

A classical example of a Freud Weight is (1.2) of which _tﬁe:'ﬂer_mite Weight,

wg(m) _exp('“;’z) o BTy

is a special example.

1.3 The Erd&s Class

A Weight W (z) 1= exp (—@Q (z)) is said to be an Erdds Weight if Q is of faster than polynomial .
growth at infinity. They were named by D.S Lubinsky, afier the Hungari= “athematician,

Paul Erd&s, who was the first to consider them, obtaining the contracted zero distribution of

their orthogonal polynomials, as well as investigating the asymptotlc behavior of the la.rgest :

zeros of their orthogonal polynomials. Some classical examples of ErdSs Welghts are’

WMo o -om (el b2 Tan1 g

e



where expy, (z) = exp (exp (- (exp ())))denotes the kth iterated exponential,

| Ww (z)"-.; exp ( exp (Iog (A o )) )'.B > 1 Alarge enofzg’hﬁ o (:14'5)"'

We see that to some extent the Freud a.nd Erdos classes are analogues to entlre functions of E

B ﬁmte a.nd mﬁmte order\. )

We mentmn that l;here is of course a thu‘d ua.tura.ﬂy occurrmg claas of welghts, the class S

_cnf 2, where Qis of slower than polynomla.} growth at 1nﬁmt.y. “The canomcal example is the o

' S‘Glelt‘]les-ngert nght or Iog—norma.l d:strlbutlﬁn, '

w2 '(:5)- = exp (-k‘ (logz)*) & > 0. .

We obsérvé_,'-'However, that for mbs_f questions of weighted a.pprdxima..tidn'on the real line,

Théoreﬁz 1 1.1 forces us to ﬁ'ﬂrk with the former two classes of @#éi'gli_ts', dthnug}i Ith'e latter '_

: class ha.s been mvestlga.ted for other related problems

_ T i is then not supnsmg that the theory of orthogonal pulynomna.ls for both Freud and -
Erd& Welght_s and the theory of welg..zed approximation on R have _developed in parallel

over the last twenty years. The idea, of course, is to obtain a complete understanding of tie’

| orthogonal poiynomiais generated by these two classes of weights. For example, the asymptutics
of their zeros, their bou-nds_'a.nd 50 on, Although Freil__d iniﬁa.te_d-.this study, his restilts have been
surpassed in w'v uot every respect in both sharpness and generality by'ni any inclﬁdi’ng Bauldrjr,

Bonan, Levin, Lubinsky, Magnus, Mate, Mthembu, Mhaska,r, Nevai, Rahmanov, Saff, Sheen, _

Totrk and Ulma..n See[13, 24, 26, 28,29, 42] and later chapters,

1.4 Infinite finite B.ange Ineq'ualities

When dealing with weights on R , one realises immediately that unlike weights on finite intervals,
these weights are of unbounded support. It took a Freud and Nevai inspiration [42] to allow us
effectively to work on finite intervals when dealing with weighted pblynomia.ls (P.W) on

R . They developed the so called Infinite-Finite Range Inequality. The idea was to conéi_der a

e T U S,

e g e, <

A1, e it et ok <Py m A A e et




 given expression of the form, -

. (m) = atep [~Q (m)]’ .

g a.ud to dete:rmme xts maxlmum a* R . S
the 8o cailed Freud Numl:er gwen by

They eﬂ‘ectwely shuwed t:ha.t mcst of the txme, the qua.ntlty (PW) “hves” m an mterva.l
' .hke [—q,,, Gn) s 8O that the mt.erval tlepends on the degree of the polynomxal n and not. on the
" :polynomal in questlon The ﬁharp form of (1 6) was obtained mdependently by Rahma.nov and . o

- '_'._-then Mhaskar and Saff37, 38]. W have:

Deﬁmtmn 1.4.1 (I\#Ihaska.r-Ra.hma.nov-Sa.ﬁ‘ number) Let W= exp V—Q) .

: _whem Q R —F R is even, contintious and :t:Q’ (z) is posmve and mcf'easmg in (0, oo) wstk- s

Ismzts 0 and o0 ut 0 and w2 For > 0, the Maaskar-ﬂahmanov-,ﬁ'aﬂ' msmber au is the pos:iwe .

' _ root of the equatzon

(0,00) , au 1s umquely deﬁned increases witu u and growa rcughly like Q1 (m), where Q"
the inverse. of Q.on (0, oo} . '
We remark that it is oﬂ'.en pessﬂ)le to use somethmg other than e f.ha.t would require Iess

" of mQ’ {z), namely, tha.t 1t be quas1—mcreaamg for large T, for nxa.mple Q"1 (u) However, th1s' '

often comPhca.tes formula.tmns ancl o0 is omltted Here, a functlon
f (a;b_) — (u,co)' .
is quasi-increasing if 3C > 0 such that -

 a<a<y<b=s F@0) <CF).

. u____f ﬂth’(ﬂut)‘/—ﬁ _ (138) o

Under the conditions o Q abave, Whmh guarantee tha.t Q (s) and Q’ (s) mcrease si‘.nct]y m -

T



Mhaskarand Sa.ﬁthen used auto prove the_iinﬁhitg-ﬁn.ite iﬁegu'a.l_ity. [38)
IanW-nm; = IIP!’*'W."L«@'[%GE#J.’ e -(1;-9.)' -

holdmg for all polynmmals P,, of degree & n, w2l a.nd where Q is a8 in Deﬁmtmn 1 4 1 ,s'-"_ |

convexonsoftheform laz[“,a’:»l o . L BT
) Theee mequaixhes have been 1mpro~'ecl a.nd genera.hsed smce then for example 1-,0 _'
- Lp ( 0<ps oo) See [24 26, 39] and Tater chapters. |

_ It is mstructlve to gee some concrete representa,tlons of‘ u For exampie, for W.T (:n) deﬁned 5 c

i by {1 2}, Gy~ u‘r wherea.'a for Wk,ﬂ. () deﬁned by (1 4y, Gury (mgk u) S where log (log (log {

. denotes the kth Itera.ted Ioga,nthlm. A.iso, Qk,a (a.u) ~. u{ﬂj._l log, u} See [26] a.nd 1atér
cha.pt‘.ers ' ' - : '

1.5 .Entire-:FunCtions.

Let W = exp( Q) be a Freud or Erdus Weight By Carlema.rfs Theoxam, i Q is contmuous, |

WE know tha.t there exist f.wo ermre functmns G1 a.nd G’z auch tha.t for a. gwen £ > 0.

ls < @ ()<1+e V:ceR -
: 1
1'—_5_ < WC:‘ E())<1+E szR

E .It_ was D_.S Lubingky, who _i'nitia.t_ed the .stuﬂy of 'app'roximating Freur,_l or Erdés Weig.ht.' type
weighted polynomials of the form P, () ¥/ (a, :x:) by én_t:iré_ funétiohs; véhose_ _ r@pfeséntaﬁbn' '

could be explicitly .written down '[28 42). Foi*lma'.ny of our ma.in resu.l'ts, it. will be i'mpor.ta.nt. to
consider theorems ofi pol_vnomxa.l approximation of W“I The fallowmg theorem of Clunie and,

Kovari wﬂJ be frequent!y used

’I‘he.orem 1.5.1. {Clunie a,ncl Kovari), Let 6 : R — R be an increasing function and



- _' supp&se ﬂmt zt kaa t!ze repnesentatwn |

‘b(’) ‘b(”““’ (f Wp)dﬂ) "2l (1103

- Jor some posimc mcnsasmr; functaan eﬁ R — R 4ssume ﬁerther that for some C > 1 tmd:

every r > 1

Then tkere e:csszs an cntm: functian G wzﬂx posztwe caeﬁczents

e  ? L um

_ J'-O
.Z -such that | L -
< .
Gy S

o whem C‘1 cmd 02 depend oniy on o) 'znd not r.

-.1. | Towards Lagrange Interpolatmn and Rates of Appraxlma- .

tmn for Erdos Welghts

The pnma.ry aim of this thEsls concerns the a.pproximatlon of functlons f R— R by Welghted o

: polynomlais of Brdds type Several problems were conmdursd

181 ':'_Ljagrange 'Interpolaitimi for..Erd'o“'s W_eightg et

Fdllbwing from earlier work of 'Neva.i, Bonan, Lubinsky, Knolima,Chex, Mthembu and Mé‘.tjiia, o

we mvestlga.ted mean convergence of La.gra.nga Interpolation fot Erdos Wetghts, We obtained

Necessamy and Suiﬁment conditions for L, {1 £p< co) a.nd in pamcula.r, aharp results for

p>4and1<p<4

w(ﬁ) "“'")“ Cqan



1,;6.:2' -_Rates of Approximation for Erdg_’s'Weight_s

Jackson Theorems

Following fmin from earlier work 'of Dit.z‘x.a.n, Lubinsky and Totik, we investigéted the 'probfe'llﬁl-
of formulating and provmg the correct Jackson Theorems for Erd8s Weights. This was accom- )
' _phshed in L, (0 <p<oo). An interesting feature here i is that the degree of the a.ppromma.tlon B

improves towards the endpomts of the Mhaskar—Rahmanov—Sa.ﬂ' interval [—-an ) » ’I‘Ius fsin -

contrast to the Freud case,

K-Functlona]s

 Following from earher wmk -of Dltzlan, Lubmsky and Totik, we mvestlga,ted the problem of
formulating the correct Realisation Functional for our modulug of continuity and prove its

'éq-uiva;lence. We deduce classical properties of our modulus, includiﬁg Marchaﬁd _Ineqdalitiés-. '

Converse Theorew's

Foll__oﬁring from earlier work of Ditzian, Lubinsky and 'Toi';fl.c, we investigated the problem of
formulating and proving the correct Converse Bernstein tyj.¢ Theorems for Erd8s Weighte. This
was accomplished i» L, (0 < p € o0) with endpoint effects in [—a, an}.

1.7 General Information

This thesis consists of two parts. Part 1 deals with the quantitative theory of Lagrange
Interpalation for Erdds Weights, while Part 2 considers the question of rates of approximation
for Erd8s Weights. Both parts contain in turn, their own chapters, historical background,
definitions and theorems and are thus self contained and can be read independently of each
other. To encourage “reader” friendliness, we ha.ve.in many places, resorted to stating well
known results with references, _

Throughout, P, denotes the class of polynomials of degree < n, C, ¢y, Cy... denote positive
constants independent of n,z and P, € Py. The same symbol does not necessary denote the_
same constant in different occurrences. We write C # C (L) to indicate that C is independent

of L. Finally we introduce some more notation.

8



B 7 P

-

(1) '_.f_-'u Ndn mea.ns tha.tt"‘l < ﬁ: <C‘z for somef’, > 0, =1, 2 and the releva.nt ra.nge of

(2) a.,, O (b,,,) mea,ns tha.t i < < Cgb fur smne Ga > 0
(3] Oy = o(b,,) mea.ns tha.t ltm,‘__m l—nl =0. - ) _
Simlla,r notatmn is used for functmns and ae.quertces of f‘unchons .
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  -':_ -_Entmductmn a.nd Statemem @f

__ esuﬁ?s

_' One cxf the most qua.ntita,twe a.nd exphcit methods of approx‘rmatmg 3 gwen fum tlDI‘E f is tha.t _ -
- of polynomla.l mterpola.mon, In this first pa.rt., we conssder the pmblem of welghted Lagra.nge :
o mterpola.tlon for Erdos We;ghts ' ' ' :

_-_.2;1_ - Som Histﬁric al Ba d{mﬁn&.__

) _Let us be gwen 2 1"reud or Erdos Welght, W R --)- R. We call then deﬁne, for thls weighf. a

: umque set. of orthonnrma,] polynomials s ' TR
N e B U

with 7, =4 (W) >0 =

and satisfying | .

h e

See{13, 42] | | R | R

© We write W2 not W as we welght ea.ch Pn = Pn (’W2 :t:) by W. It is well known that p,, has

1



"':._<n ltof!)y

: ."n rea.l zeros (a.;, ,;) Bt and wa order them a4 follows B o

’ ~°°<-'f-ma < :tu-_.':-,n < wzn< @1 <°<1 (23)

Now for ea":h 1 S7s < “' Iet us deﬁ“e the f““dameﬂt&i Polynommls of La-gra-nge Interpola.tion hE

a i ' F'P.. ooy
‘w.‘!( ) j]*:l “"J.n - a:g,,,, ' P‘x (”J.n} (‘.t: 3"& n) e CooE ( . )
: J#ﬁ' S ' o '

saf.ﬁﬁfyizﬁg e - o o RPN | o -
Then for a gwen f R -—-+ R ‘we deﬁne the Lagra,nge Interpola.tmn Polynomla.l of degree '
: m] - L . -

For la.rg,e ciasses of Freud a.nd Ezdos Welghts, mean convergenre of La.grange Interpola.tmn |

is an extens:vely researched and wuie]y studled sub;ect. We survey some caf t.he htera,hure but N

_refer the rea.dar to [33 35 41 441 fow more on thls subJect, and Its correspondmg a.na.logue on _
. 'ﬁmte mterva,ls ' : : . . . o

We begm thh the fo].lomng fonn of the Erdos—’[‘ura.n ’I‘heorem a8 extended by Shohat
. _.See[13,cha.pter 2‘ pg 97]. . - __ _ .

‘I‘heorem 2. 1.1. (Erdos—Turén) If f R ——-+ R 18 Rzemann mtegmble n each ﬁmtf" -

' .-mtewal and there ezwts an even entire function G wnﬁh al! non—neya*we Maclaﬂmn serfes .

cw_ﬁiczenta such that '
. " f*c)_o |
]wl-——}oa G(m)
and . L
: fmG(—'ﬂ)W2 _(.w)dw'_'< co. -
Ti_xen'. o o : - _ _ L o
| | .. W [ 2 [f])_WI_IL,m;}—- o.. . T R



Remark RS : .
For “mc 'wejghts W hka W;.,.,u a.nd WA@, Theorem L 5 1 a.llows us to choose G wlf.h

So tha.t wg can ensure (2 '?} holds 1f :

UWﬂ@au44ﬂP+%' f;ffﬁ;;{jj; ;1z$;7’

. 2, 2 Mean Convergence far P ;é 2 for Freud Welghts S

| __ ¥ p Nevau and h;s Ph. 9. ,stude.nt. &Bona.n, &ssentlaily completed the sturl}r for the Hermﬂ:e Welght .- .'
o : deﬁned o (1 3} Neva-l [45] proved o _

‘I‘heorem 2 2 1 Let f R —~—> R be carztmuous w:th

gmfmaﬂw%whmf

'_ T}aen far every ? > 1, if L, [f] dr.notes tke Lagmnge mtefpoluhan polynamaa! of degme < _' 3

- 1 to f at the zems of pn =pﬂ, (W :c),

hmeLﬂmmmm { 7 "fo"@®:i

o Mor*eoven af (2 9) holds far some wesght W and for every contmuous f w:th campact suppoﬂ,. =

then W srstzqﬁes E
14js]

Wa: P ._ ._ ;
| f |:._ﬁ“.':'-'___. M] de<oa,

X ao.tﬁat“W ifs 'quite' clo.éc to Wg.

S.Bona,n in h:s Ph. D, thesxs, obtmned premse necessary and suﬁicnent condztmns fur the

' Hermﬂ;e we:ght, as ‘well as obtammg results for the generahsed Hermxte welght o

3

(m) ]:u|'?exp (—%-) ;e._e-R", 5 > 1.



Herewoneofhls resultsforqr 0[1] o o oL L .
_ Thenrem 2.2.2. - Let Wz (x) = exp( LL) Let f R ——+ R be oantmuous and Iet -
Ln[f] be. ﬂae Lagmnge Inte:poiatwn pa!ynamsa! of a‘egree < w—1 at ﬂze zems of P = __
pﬁ(W“.c) Tkensf o g LR '
f(:r:)W m] .0 (|a,-r=') |z[ —oo

we hm:e for U < p < co, and

<{1-1 0<pcs
L 2+ p>4

| LA il(f L [f]) w& (1 + rmn‘uL -

o A KnOpma.cher a.nd D.S Lubmsky, o the other ha.nd deduced suﬁiment condltlons for mean
" ronvergence for & la,rge class of l“reud welghts mcludmg W (m) == exp ( ) m 2 4 6.. [19] )

23 N ecessary and Suﬂicxent Condltmns for Mean Convergencei'

of Lagrange Interpolat:on tor Freud Weights. |

' The possxbﬂity of obtmnmg identical, necessa.ry a.nd sufﬁcuent condltlons for mean convergence o

of La.gra.nge Interpola.txon for latge classes of Freud and Erdés We1ghts arises from ‘the correct -

.hounds for the urthonorma,l polynommls, together thh the asymptaotics and drstributlon of _.

. their zeros, abtained recently by B Levm, D.S Lubmsky a.ncl T. Mthembu[24 26]. D, Matjila
a.n(l DS Lubmsky ta.ckled the Freud case[33]. For nota.mona,l Blmpllclt}', we recall theu mam. :
result for W,,, {z), 7> 1 given by {1 2). _ -

Theorem 2.3.1. Let W(m) Wa:, (z) = exp(ﬂ}“in), v > 1. Giueﬁ fe R-R,

Tet Ly, [f1 denote the Laymnge Interpalatwn po!ynommi to f ot the zeros af o (W2 2}, Let )

14



L1<p<on A €R,a >0 a_n'd' o

| T“_p | ’ ’6 '
Tﬁen Igr .. o ; L "

i ||cf Lﬂ [f]) w3 (1+ t--r=|J“||L m =0

- to kold for every contmuous f R —3 R #iog )s‘n'g- o

Y (fW) (:c)(1+l:c:|) —o

- Jelren
BN t_'& ..ne_éeé-sfqry:aii& _suﬁ‘i@:ieqt.thc_it. :
(1) A>T 1f1<p<4

(2)A>f1fp>4a.ndae-] _
-(3) A>T if pr>dandozkl

24 Necessary and 'S.'uﬁcient 'ICOﬁditiOIiis. " fof' Mean :Com}éi'gexicé_
of Lagrange Interpola.tmn for Erdos Welghts iR “

| : In deacnbmg a.nalogous results for Erd& Welghts, we need a class of welghts W for Whlch.
'suztable bounds are a,valla.ble for pn (W"1= ) These were found in [26] and L,, a,nalog;um in [31] '
2.5 'S-tatéfnenb of resnlts

For our ptrposes, the follumng subelass of welghts from [26] is su:table*

Definition 2. 5.1 Let W = = exp [-Q] where Q R - R g even, contmuazw, Q® exists
~in (0,00) and the functwn, '

() =1 Qm e )’ (2.10)
is increasing in (0, c0) , with |
Jim T () = o0, T" (04) = zg_%r* @>t (21

1



* Moreover, we asyume for some Cl', (:g, C-; > .0' '

- (ﬂl

f%?

o< (Gg, :’:;.M>_'_'C__'.¢3_'f D ¢ 50 B

C T@=0Q@Y, e~ o (28)

o Then we tmte W € 31

_ The new restrictions over those fn [26] are (2 13) a,nd Q > {] The Ia.tter is easﬂy a.chleved by"" |
' repla.mng Q by Q+IQ (B)i The formems neetled in mmphfymg the formula.tlon of our t‘.heol'ems :

. We note tha.t the restrlction 18 a Weak one, smce one has typlca.]ly for ea.c:.h e > l}, .
| T* (m) =0 (Iog Q’ (m))”‘ g~+00.

; In fact, one can show t.ha.t for any welght W satlsfylng our cond1t.10ns except posmbly for
"(213) weha.Ve, _ o o L _ S
meast, = m.eas'{az- T (o) 2 ellog Q! (@)‘*‘_}T -
- satisﬁ:es | : . o
's,.i_ 0, r = ca [32] a
' Hore mens denotes Lebegue measure S
The prmclpa.l example of W exp [-- ] € 81, is Wk,a = exp (—-Qg"u) given by (L. 4) with
t‘r>1 Forl.hlsW, ' o '
. o1 . R _ :
| Pe)=Tl.()= [1+a“ZHexp, @)fie20 @

=2l j=1
Here (2.12) holds in the stro.nger form;

lim ﬂﬂi =1 _ (215)

. —poo sz%x!
. Q=

and (2.13) holds in the sﬁrangér form

16



Hm T (z)

ag,...5"3:c» [H§=1]0gJQ (:.-:)] =

"..W%'.'.re;ﬁ@rk_:.ﬁ.}:la}t.-h‘ere,.' -

3__1 T

Far g < 1 the second pa.rt of (2 11) famls1 but tlus can be clrcumventad by conmdermg-

o Wh,g {A + wz) with A large enough to gua.ra.ntee ™ (0+} > 1

- whlch

R (a:)

A+:¢:2 [lug(A+:u2) A+ 2

B Aga.m (2 12) holr}s in the strr.mger form, (2. 15) ) whﬂe (2 13) hnlds m the stronger i‘orm _ )

. T* (m) Iogm
s ”“‘"”‘“logq(m} _

We begm mth our ﬁrst result. for 1<y < 0.,

Theorem 2. 5 2. Let W= exp[ Q] g 81 Let Ly [] denate the Laymnge Interpofatwn to -

fatﬂ;ezemsaf pn(WQ,.) Let1<p<ooiAER k> 0. Thenfor o

hm [l(f Lan])W(H-Q)"A”

Lp (R)

o hold for every 'cantifmoﬁs Junction f: R —-PR satisfying

'l;,lj‘_n;;lfv:fflt.ei(1og_la:n‘+*=§d, - (-M)

it is necessary and sufficient that

A >ma.x{0 3 (4 P)} _ | - (2.22)
At first, the choice of the extra. weighting factor (1 + Q) in (2 20) may seem ra.ther se- |

vere. After all, Q growa fagter than any polyncmla.l Howwer, even if f vanishes uutmde 3, ﬁxecl"

17
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Ancther more slowly decaymg example of W exp [—wQ] E El 1s gmen bv WA,B [:::) for h
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B S finite mte:val we need such a.far_tor 1f p > 4 |
. sat:sﬁes N R SR R

. hm nf, U(«z}m"( »)Q tm)s ) >0 m 23) S

hen there ea:asts cantmuous f R —> R vanwhmg outazde [—-2, 2] .mck that | |

_,nmwnmm b

'I‘heurem 2. 5-3 Let W Ln be as ubove and ;p > 4 Suppose that measumﬁle U R »-—+ R :

A So for p > 4,00 growth rest;nctlon on f, howwer severe, allows us a Welghtmg factor wea.ker

_ 'tham a power of 1+ Q One can mrmulate Versmns of Theorem 2.5.2 for p > 4 tha.t mvolve _

A= -( - ~) a.nd t.hen one has to 1ntroduce extra. factors in (2. 20) . such as nega.trve powers S

r

of 1 + jz [ a“d nega.txve powers of T* or log (2+Q) Unfcrtunateiy, one’ then needs ext.ra._'..'__" o

' _ hypotheses on T* to a.vmd ve:ry cumphca.ted furmula.tmns One of the comphca.tmg fea,tures -

. herﬁ, is that T"‘ may grow faster than any power of Ia:l [as in {). 14) for k > 9), like a a power of

wfosin (214) for k= 1), or slower than aay power ofla] (as i (218)). Moreover,one hasto

a compa,re T" to IngQ We spare the reader the details. . .
For p < 4, the wexghtmg factor i 4 Q is unnessesa.rﬂv strong Indeecl Theorem 2 5.2 does :

'_not. extend the dassu..a,l ErcL -Turam theorem, ie. Theorem 2 1.1 for p 2 Follow:ng is our - R

. extensxon

Th‘*‘“‘em”‘l MW EXP["Q}EEI Let1<p<4 undaeR Let L, [ﬂdenate-_

the Lagmnge mterpolatmg polynonua! to f af, the %eros, of Py (W2 ) T!wva the follawmg ate ..
| equwaient ' '

(n) For every continuous fiR—R wzth

ngu_gm;f_(m)\w._cx)u+*1i::n*'-—;d, R %)

we have ) : s .
| i 7 - an)wub,,m,_o S ew

18




(8)

B O S
- o - (2.27)
A S S -(_ x

“Thus our result extends Theorem 2.1.1 for a>L

* We next show that Theorem 2.5.4 14 sharp in the sense, that we ca.miot'.inSérE any positive

-~ power of 1+ ] insule the L, norim in. (2.26), ak least when a> 3

~ Theorem 2 5.5 Let W e exp [— @l € & Let 1< p < 4 and A 3 B. Then the fol!awmg

e equwaient

{a) For every (!:‘a‘l and every bm'ztinuous fuﬁctibn f R —s R ',édtisfyiﬂg '(2.25)_, we have

i u(f L) @W (@) (1+I«=D“||;, ®=

N | T
Ago. o L {229)

What about a sharp form for p 47 The fnllbwmg points t.he way.

Theorem 2.5.86. Let W = exp{—Q] € 6'1. Suppose that a measurable functwn iR

— R gdtigfies

Then there esists a continuous function f: R —+ R vanishing outside [-2,2], such that

im g | WOy = 0. .

If, for example, Q (x) grows faster than exp (x3+*) ,s0me & > 0, then Theorem 2.5.6 shows

that we cannot choose I/ = 1 and hope for convergence, So therw is no anwlogue of Theorem

2.5.4 for p == 4. However, it seems that a negative power of log (, ra.t'hei' than the 14+Q rgquired
for p > 4, will allow some analogue of Theorem 2.5.2 for p = 4. '

We note that with more work, we can replace continuity of f in Theorems 2.5.2, 2.5.4 and

2.5.5 by Riemann integrability and we can replace, in Thenrems 2.5.4 and 2.5.5 (14 {2])*, a>

}—-,, by {1+ ]ml)}- (log (2 + lml))li""" , some € > 0, (and so on).

19
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_ Furthermore, the methods of praof of ’I‘heorem 2*5 2 ancl 2.5 3 rrniy heavnly on estama.tes '
a.n& result.s of [26 31}, whereas those of Theorems 2. 5 4—2 5 6 rely on [20 21 26,31] SR

o 2-‘-6-. sme' -mor_e' matm o
' | The nt.h Chr:stof fel f'unctwn for 2 welght W2 15

}"-T& 1{. (ml

The C‘h.mstof fel or ( ’otcs 'numbers are.
Y (W2250) 1g5<m
e '::-_ Thefundamental polynomials &, of (2.4) acixhit_thé-'r'epfesentatioﬁ S

Pﬂ (“’)
&=,

'Yﬂ-l

: Ijﬂ'(‘_”) = ) Pfa-l (%.u)

.T'hfe ‘?Bi?fﬁdudﬂé.kerﬁel' '_:fo'r W2 is

Kalen) =Ky (W, 1) = Zm (@) ps .
e _ o o g=0 .

Tﬂ—‘l Pn ("") pﬂ—-l (t) Pn ® Pn— (m)
Pos _ (@~ t)

a (the C‘hnstoﬂ'el-Da.rboux formula.)

('RL—-IVr’) di . (2“?‘2)

A

)

Given measura.ble Fi R — anth f (:x:) a:5W2 € L1 (R) Vj 0, the nth pa.rma.l sum’ _
of its Orthonormal expa.nsiun wnth respect to we, '1s denoted by S.,,,[f] (:1:)| and aﬂmlts the .

: represeat;a.t.mn

_'s,,[fua':) . fmxn (o) £ () wz-(i_) @

%

| (2.36).



. We ;nrmduce the Hxlbert Transfarm of 4 e L; (R) b,v
- H[g](:z:) H%f ng. , S ean

. whu:h exists 4. [49] : R
_ We nay then usethe Chnstoﬂ“el-Da.rboux formula. for Kﬂ (m t) to’ rewrlte (2 36) as B

ES [f]._ ek {pn [fpn-iwl ?ﬂ-xﬂ’ [ f?ﬂw?]-_} : (‘Z.ng :
Fm#lly, Wwe deﬁne an a.uxﬂla.ry qua.nﬁr.& o | oo e |
Thls -qﬁm_ﬁ.i't_y s .Iaséfu'l. m deséfibiﬁg"fpe _beh'a{riou;- of ;;,,, .(?ex'p [_-”-éQ].) ;_.-_:ea;r: zlﬂ Fﬁr':e._:'campl_e',_ e

|a:?é). | Lsﬂ

Here Lis mdependent of n. . o .
We often use the fact. that 5,, is much sma;ller than any pc.wer of ’T"('_ (see Cha.pter 3] We_

o aJso use t'.he* functmn

M-I—LJ,,, [T*(a,,) o, T Lo },Izlﬁan (241) .

. !I.fn.(:c).:'.: max{ |

'a.n_d: s'eﬁ ) ' I ' :
wn(:é)e:wn'(aﬁ). el > (243

"This funct1on is used in descrlbmg the spacing of zexos of p,.,the behavmur of Christoffel-

functions and so on, Finally, we a.dopt the foliuwnng conventions: Set

G 1= B (L4 L6n)§ Buprg = T (14 Ldn), .' .:. . (2.43] :

21
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B I

.. i = {00 "’55—'-1_'..41)'_5‘1 <ig "

s

Ml = Bimtim ™ m.f;m"l <igm

Also, in provmg our qaadra.ture estlma.tes, we uae

f:m (m) .;mm {, |Im1

!m| (»’0 *:n]

and the charactenstfc functwn of IM =

x:,n(:c) = x:,n _( @) =

ey

S _@ﬁz_;ﬁ;j. .
o -(é@_‘fs) o

} [[1 Bl g, ]-4 E L

Can



. R Techmcal esﬁ:zmat@s, Hﬂbert

';’E‘mmsf@rms and u&dmmrée; B S

Throughout this chapte., let W € £

3.1 ’I‘echnical-' Lemmas |

_ 'In thns aection, we gather techmca,l estnna.tes from various aourcea We begln by reca.llmg a.-
' number of estlma.tes from [26]. _
Lemma 3.1 1 (a) Umformly for w1 and Ia:l < a,,

Aﬂ (W2 ) a.,,wg (m)m (J) : : R : o (31) .

(6) For n 2 1

. Gn . ) . . : . ..

and. uniformly fdxf n>%nd 1<j<n-1
. LT . S o o
a:jlﬂ! = mj""l:“ ~ ?wﬂ (m-iﬂ") o . ’ ’ (3.3) .

(c)_F;.)rn__iz.l . . |
| “sup pa V] (2) }1--——] ~ato o (34)
zER o : .

923



- : and

' (d) Let 0 < pE < oo, K } 0 There e;nsts C’ :> 0 such that fnr 7 > ng a.nd By E P,-_- S

HPnW”L,,(R} < C"IIPnW||z.,,{-a,.(1-..mn).u.,{a-rxs,‘n e (?-:.-'6:)"'- "

: Moreovar, g1ven r> 1 thEre exlsts 01 >Usnch t.ha.tforn> ng. a,nd 15;x E'Pn - S

IIPuW”Lf{Isz) e ['f_("i'f | -(“ﬂ)

e '_For n 2_1._ s

(f) Umformiy forn>2a>nd 1 <g <n-1 -

‘”"“'+Ls “"“‘"'wj:l.‘”lﬁ'fﬁﬁ; T

: Here, Lis chosen 50 large enongh tha.t (2 40) is true, _ L
{g) Umformly for n>2 :md 9< J < n-1, -

o %w“(:ﬂj,“) (1—"3.&1_“!"'{"-['6“) lP:;Wl(mﬁ'“) - (311) g

Lo

1 L ST 4
~ o |Pa-_IW| (@jm) ~ (1 - l—-f—] + Ltf'n) :

Praof (a) Thls is part of Theorem 1.2 in [26i p204]

(b) {3.2) is part of C‘ornllary 1.3in [26, P 205] We note l1oweve* tha.t the pronf there actually -

establ:shes

“n

B 1--___-9:_-1_,3 _<- ggn'_ )

]"P “Lpr?an a,,l | (3?)

' ﬁ’n z(“".f'.'u.)-"“'}"'l’;z fﬁ‘ﬁl-_’.‘) _ _. L : (310)



e e e e A L T

i h e il pr o (42 Tho s e

\'_'-:-_1-'._5;&-;;@5“: I

a2y

. ._':-m [31] (A weaker form of (3 3) appea.rs in Corollary 1 31 m [26])

ey Th;a is Cnrollary 1 4(&) in [26]

(d) Tlus is. Theorem 1.5 1 in [26 p206] We noﬁe f.hare is a. miner oversnght in the proaf of o L

- : Theorem i 5 in [26] far 0 < P < oo The proof in {26, p!Sl 236] correctly showa tha.t -

“PW”L [—‘Mn: a.;,,] < CIIPWIIL€[~nn(1 R’Jn] v anfl-l-ffﬁﬂj] y

| -'.wmh c mdependent. o’f n and P To estuna.te iPw Iln “__u i B m] san a.ppeal Is made to Lemma,'-_ o
i 2, 5in [26, p‘215] and unfortuna.tely tha.t lemma. is: mcorrect. 1t should actua.lly 1ea.d s follows:.
-Forr)ﬂands)l,n>landP€'Pﬂ ' ' ' o '

PWQP don) S [ .';] PW pl-semitn]
" I ' llL,ﬂ:ﬂ[) mj . p i’(ﬂm)_' " . “L‘p[ ¥y m]

= The assertmn is ea.sﬂy proved usmg the method of [26, p*: 231] The ca.se e O glVES (3 7)

(o) This i (1[] 33) 1 111 [26].
(f) (3. 9) {9.9) in {26] &nd (8. 10) fullows lmmedmtely from (3 9)
(g) Thts is Corollary 1. 4(5) in. [26] o :

25
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We _includé- a. full pro;if of (3.2) aud (3.6).

B _The proof of (3.2)

. Note thai. 'We already ha.ve

S 1’“?:06
e

E 3F0r the. converse mequalxty one needﬁ the follcwmg

- I K > D is large enough, then for n large enough and RE 'Pz,,,, o o

| Rwees) [ mrw%mm
. |z|>a,.(1+K6,,) . _ ]m}(an(1+K6n)

- Th.ta follows by using (418) of [26 and the method of Theoreta 1. 5 in [26]
- Then, o

an(..li-}-.K.a J Ty
f(a (1 + K&,) — m)P(:c)Wz(a:)ds:

- re;z,,_u, | fP(m)W’(a:)da: —
-1 (a {1+ K6ﬂ) - m)P(w)Wz(m)da:
. ]ml<n..(1+x.sn) o
> = - =} >0,
— 2 Peﬁ,_g fP(n:)W“(m)da: - — 1208

The proof of (3.6)

First note that under more general conditions on W (see pa.rf. I}, we have V Pe 'P _
and 8 > 1,

ew )< e/ Py

L.F(l”l?f‘m' - p(]”lsalr_l). :
Then as in the proof of Lemma 2.5 in [26], we deduce that

IPWIQTY, (serr) S o l-Cun/ T P IPWY, (1o, )0

- 25(a)



Next. we recall some results from [30 31], mvolvmg mostly the funda.mental polynomxd.ls '

of La.gra.nge lnterpola,tlon

Lemma 3.1. 2. (a) et 0 < p < o0, Then for. ’n > 2 o |
o "PﬂW“Lp(iﬁ} e

(logm)t - p=4
(nff*(a,,))a(* 5 #>4 |

(b) Umformly fur n2l, 1 <3 <niz€R

.. 'lfs'.ﬂ (m)]ru (q: w) (m:’“) (( Ixj,n|+L6) P ().

-y
" - {2) Umformly fqr n :_>.1, 1 g'j- <n,e€ ,R |
llﬂ._nﬂ (iﬂ)[w (m)w‘*] (a‘.jaﬂ) S C.

: (d) FOI. ﬂ?_ 2’ 1 Sj S‘n’ = Il.'m e [zjﬂ'l mf']“l\ﬂe] ;

@ W W () Hisin @ W @ W raa) 2L

Proof. () This is Theorem 1.1in [31].
(b) and (). These are Theorem 1.2 in [31].

(d) is a special case of the main result in {30] .0

Next, some technical estimates on the growth of uy, @ (as) , 7 (@x) ect.

;

1)

= (3.14)

(3.15)

Lemma 3.1.3. - (a) Given r > 0; there exists zp such that, for z > zg and 7 =

0,1,2, Qgéﬂ_is increasing in (2, 00} .

26



(b) Un :nrmlyforu)(‘ andy_o 1 2, o

(c) Let 0 < _c»_<'_'ﬁ.-_*rﬁe'n, unifnr_mly_for'uz ¢ j.=__-a, 1—', 2, o

T*(aau)rurr* (@9); mew @‘ﬂ (aﬁﬂ)}_

{d) Gwen ﬁxed r > 1

1
- Moreover; | | " |
o eru~vay w€ (loo),
o (€) Uniformly for t € (C00) S
S o - Eﬁ I
. O . : 'af,_ : tT* (Gt)
(f) meormly for u € (C, oo) and v € [2,2u] we ha.Ve

e

- ‘[T* cau)

* Proof. (a) This is lemma 2,14 in 126, 5207
(b) — (f) are part of Lemma 2.2 in [26, p208 209] @

@)
(3;-19_). -
@)

ey

Our ﬁnal lemma, in thxs secmon concerns esttma.tes that specﬁcally follow from [2 13) Recaﬂ

ihat, 8, was deﬁned by (2 39).

Lemma 3.1.4. (a) Let & £> 0. Then
n <O, T () SO, 02 1.

(6) Given 4 > 0, we have . o

a7

o -(3.22_). |

(3.23)



. .(cj Let 0 <’. n < 1 Umfc:rmly fur n > 1, 0 <. |a:] < a,,m i&'] = a,, we hmve__ L

(x) ._ﬂ_n._
Proof (ci}"ﬁom (3-.'_'1'6) for i '.—.-7_.:0-, we h‘é.vé :
Qe vt @ gar @y h
 Since @ grows faster than any power of @ (Lemma 3.1.3(a)) ,we deduce
- tln < n‘
' _ :for n 1a.rge enough _
Also{2 13) then showstha.t [ _ S SR
o T (@) =0 @) S Cn.
(b This follows as | :
o | 6 < n"iT* (a )--

tha.t 1s 5,; decays faster than a power of n, whﬁe T"‘ (m,,) grows slower than amy power uf n |
{e) Fl"sf.ly 1f 1—1 < %, then '

T (a) (1 an) >T(04)3 > 5
If % > %,_ ﬁ_frité |z} = a,,80 that s < qn; Thet_t ..
o (1-E) 2o (%- Ei) 20
by Lemma 3. 1 3(d) _ . _ _ _
So we ha.v:a the Iower bound in (3 24) We proceed to the upper bound. We ca.n assume that -

T =Gy 82 1, a.nd n > ng. Then using the inequality '
1-ug Jlogul, u€ (0,1),

28
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we obtain : -

o )

'ﬁf'

ﬂ’*(m)sT*{ a“’gl? faoh log .

: 3 2 'I‘he Hﬂbert 'I‘.ransform

; : We begm by recallmg the deﬁmtmn of the Hllbert transform of a g E L1 (R) gwen by (2 31'}

'](m) l}m g y(t)

et [m._¢|>,-,- z - t

- It is well known ‘that H is'a boundad opera.tor from. L (R) e} Lp (R) 1 <p< o3 [49]

In the 1970’3, B Mnckenhoupt, whlle mvestlga.tmg mea,n convergence of orthogona.l po]y-' o
'nomlal expansions for the Hermite Weight given by (1 3) ' lmtla.ted the the study of the

boundedness of the Hilbert. ‘transform. between wexghted L,, gpaces, This lead ult.xma.tely to

'lus A,, condltnon winch we will state Wlthout proof as it will be 1mport.ant in what follows .

_ Theorem 3.2.1. (Muckenhoupts A condmonmet U R— [0, oe) be mea.swvabie, 1<
' pe’ooandg--—ﬁ- Then ' ' |

“H (f) U”z,p(ne} < ¢ ”fU”Lp(R}

sﬁ' 9 C‘g rmek tkat for every mterval [a, b], -

Here C1, Cy # C1.C2 (£)-

We now present two lemmas on bounded operators. The first is adapted from a vesult in

Konig [21] and the second, essentially appea,rs in 1970 papers of Muckéhhoupt [41: P44 — 451] and -
later in Komgs pa.per[?l] but is of course lmplxed by results on the weighted L, baundedness o

of Hﬂbert Transforms such as Theorem 3.2.1.
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Througlmut. we a,dopt. the nota.t.lon o

|9||L,,(dp) = (f |.9‘I d.u)

for p measura.ble functlons gona measure space (ﬂ, ,u)
Lemma3 2.2 Letl < p< oo and q -J’— Let (Q p,)be ameasurespace, k T Q" -m-HR._. ;
- and ' ' - - A
Selfl): f 'k.-(f_s-,v)f_(v)du’(;v;): R
' for 7 measumb!e f Q — R - B ' -
__ _As.s_ume that _ _ : 3 o o o
| su'p-Lwe wollr@ulfdp@ <M. 0 @2

sp [ eolllr o)l Pdp@) SM. 0 3m)
'_Then; Sy is a bounde_d} operator from L, (d,u.)io' L, (_dp) .
-More precisely, '

NSz spy < M- - (3.20)

Proof, We sketch this, as no proof is given in [21], though such lemmas are standard, First
‘use the dual expressxon for the L, norm of T%{f], then Fub:m 8 theorem and ﬁna.lly Holder s
inequality to show that

1% UMzt < I nncaysop [ [ | [ b em)g ) d )]

where the sup is taken over all g with |igfly, (4, = 1-
Let us call the sup J . So we must show that J is bounded by M. Using Holder’s ineciuality_ on
the inner integral in J gives

l [ kg (0 W] |
< [ ol o an@)]” 1ol o)l e du

. 30



__ < M’ [, " l.rf(_q_,}))i'f _I'g? )" d,u (u) : - o

Sﬁ_bs.tﬁ;ﬁﬁ@ ii'l'li&.%..-in!::z J a.ﬁd ﬁsin'g l;’txll}i.ni‘s Theoremgwes, |

| T s Mbsp U 2ok f e (,,,,,,)H,.(u, o 2 o) (ﬂ)]
< MFM., ~-Mc: '

' Lemma3.2.3. Let1< p<--'4‘ Then o
f . (3.30)
“er) [

y(w) ll

HH Is) (2 |1 - -’-|

- _ Lp(“)
Here Cis mdependent of n and g e L,, (R)

Proof The proof nppea.rs mth Gy = 1/211 + 2in [21] but we aketch the 1dea.s of the proof )
- here. Conmder the operator ,5’;, gnren by (3.26). wﬂ;h ' '

bw,v) = “ e ]

Ty

Usmg P (*u, o) |8 ]Pa ,where g =, Lemma 3. 2.2 can be used to show tha.t Sk is bounded _
from Ly (R) to Ly (R). Comparison of T a.r:d the boundeﬂ opera.tor H show tha.t '

H o )=, iy, | 10

!ta—u] el

is bounded from. L (R} to Ly (R}, _
" Replacing © by ay, & 4, and v by an v eas.uly gives the rrasult I:I

Our final lemma in this section concerns bounda on the dlﬁ&l‘ﬂl&&‘ between r——-—-—— a.nd t]w
Hﬂbert transform of a welghted characterisiic function. Recall the- natation (2 45 ~ 2,47) for :
Limy Fim i a,nd xm In pa.rtlcular, reca[l tha.t _ ' '

finfe)= mm{ ; lIMI.) }[“%'%L&F;

IIJ| I (ﬂ? Bim

S



Lemma 3.2.4. : Uniformly fof n>1 a_hd '1'5' ign an_'d z e [b:;,!n_; ' m’lm]

‘ﬂ-

TJ,ﬂ (:B] = an (H’ g ) Z (”)I II H[?C:,ﬂ] (3’) < Cf:;.n (n:) - (831 _
o Proqtl The idea 'alrea.dy _appears in -[2‘1]_'. Nat_,e' :ﬁr‘st thg;t_

H [x.hﬂ] (IG] log w—-——-—-—-—m — '@‘i'ﬁ: = -—'IIUE. 1o _________._IIJ".?II 3R

Timipm — ¥ T — Bin

'We cansu-ler two ranges

Case 1: lm - :a,,,;\ > 2 Ll Usmg the 1nequa.hty [t+ log (1 -t < t2, [t] € ‘2, we see that :

H L = _Mjmt 1 ,_.._..«?*_.._.
& — ‘”J,n IIJ;‘“I [xm](m)i Ifml z - ”zn + o.g [ E=Zjn
: .ma! ' .

(@~ ”J.n)-

| Next, the bounds (-3.4), (3.5) show tha.'t.urﬁforni'ly m n and «,
| i .'c 15 e T
@nmwnu)gcﬂl-E¢+L&]_. | . (333)

So, we obtain the result for this range of 2.

Case ;2:' [% ~ 2im] € 2|{;4]. From the identity
af (5 W) (2) = UinW) (£ W (03) (2 - 2i) ak (,7) (in)s

{for both 7 and § — 1) .
and from (3.3), (3.9), (3.11), (3.14) , we obtain for jeja| < 2|fin],2 <7< n

. | | |
@i [paW] (#) < Crlfgm (@) min {f — @jul s 0 — @juiml}. (3.34)

For j =1, this holds w;t‘.h the minimum replaced by |z — m,,,,| Then for2<j<n

m“%m”]' (3.35)
mj'—-l,n — &

Fin (8) < Cafin (2) [H-mm{lw = @inls |6 = 85-1nl} 7 l‘l -
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Since ]fj&_,]_ >y ma.x{]m ~ il s | = 25 |}, we'see that with o

ey

— & - -‘.'c.?'l"'-'

Y AR B

we obtain for both #igns of the'.e'xll’bne.nt. .
Tim () -'S .Cgfj;f;_(ﬁ)' [1 + 2u! |10g ! l] n

As elther o or u"l hes in [0, 1] amd t[logt[ i bounded for t e [0 1], we ha.ve (3 31) It

) fema,ms to handle the case = 1 No!:a that for

€l ial

it i.s':opi_\_r. .h-ete :t‘..:ha.t.we..-leéd _this _reétr'ictioii) with]'c—~ :ﬂ.1.,n| < 2.{11',,1.|',.w'e ha'vé.
fo gl ~ 00

x (Se‘e..(ét.'zl) '-.(3.:'.'3) ('2. 44) . 45j) N |

' Then mstea.d of (3.35) ,we obtain =

| 'j:n[. ] |

where o ~ 1 independently of =, j and n. As lz — 21 £ Cganaﬂ, the boundedness of u|log ui'-

log g

_ﬁﬂﬂ<0ﬁdmb+cin%M

in any finite interval in (0, co) again gives our result. a

3.3 Some .Quadi'ature Estimates

Estimating certain sums by means of integrals is very crucial in the study of mean _conVérgence '
of Lagrange Interpojation. These sums involve the product of the Christoffel functibns;.pth_ '
powers of polynomials, (1 < p < oo} and certain functions taken at the zeros of the orthonormal

polynomials. The simplest form of a quadrature sum is the well known Gauss-Jacobi quadrature

338



formula, : S : : : S
EPzn-l (:cm) A.-..u = f Ponea () W? (t)dt VPz,;-i S mn_p e

J"""l
! Of course, the measure dcx W"’ (t) dt-can be repla.ced by more genera.l mea.sures [13] ]
- For a.pphcatmns in the study of mean convergem‘.e of Lagra.nhe Interpolatmn, ‘the mnst useful o

. qua.drature sun estlma.tes are t.hosa- of the form
| Zlﬂn cwml f\m <@ f IPm 0l wﬂ (e _.

0<pKoo a.nd Pm € Pm'where C‘ C" (a, P) often dapencls on some function of ma.nd n These L

types of inequahtlea have been mVestlgated by many including: Neva.i ‘Lathingky, Ma.te for the- _—

generahsed Jacobl welghts, Shi, for welghts on ﬁmte intervals a,nd Lubmsky tmd Ma.t]:la. for_ e

' Freud welghts

We present tw:) qnadrature sum estlmates, the first of whu h is 1eally part uf a Lehesguc -

.fum:tlcm type estunate Thp second mvolves qua,dra.ture sums for nel, nomials,

Lemma 3.8.1. Let ,G e (0, 4) and

}3,., (a:) Z ll.n {a:)|W -1 (zu;,m) | (33*;) |

|:Ekn|‘>dpn
" We. hgée for Jaf < a,a_ .-and |2 > don
Mﬁreovef, folf ag%,_ '5_.].0:} < fign ) | |
(EnW)(m)<G .(1ogn + o I'anI @T* (@) ) | o (3.-3_9)

Proof. Let =% (a:) denote the sum X, (z) rmitting those térms Zn for which = €

fﬂ'n+n,§ s Zi—2.n), (if there are any such _k} - Here a_-r_nd_ the sequel, we set for / > 1
Tl = T n ‘+' 183 mn+!.n = g By, - g (3'40)
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: Of course the sum E“ E“ 'c'ansists of at most 4 terms Eax:h of these 4 terma aclr.mts the bound o

__:_mLeuuna.312(c) So _- T R R U
o Eemwese ee
Next b.v (3 3) amd (3 13) L |

(Z"‘W) (3) Y ﬂn |‘p-n,W] (9,) zlfknlSu_aﬂ {m{;n:f;k;:in) (1 ]mk,nl + LJ,;) (3A2)

| Now (cf (3 9))
- +L6 ~ 1 a +L5mte[zk+1,umkmj.__ (843

uniforml_y in ka.ndn. Next., ifr g [mH.z,ﬂ a;,g__gm_], and t e Em kel mk,‘u]

t“”""<._ 2L
|’”&:|=2.n_-—'-'_5km| R

:z: mk,n _

-__t o
"’"—'—'—"'*-.1_
& - ,‘2-';41“ )

Slmﬂa.rly we. bound -(Lﬂ}l‘)-

|3‘ tl ~ |-’~" - “""!s.nl te [“'L-I-lm J"k,u] . ﬁf 24420 ﬂa‘k-—zm] S (34

I view of the'spasing'-of thé' zefos-_(Lémma-a._l.I(b)),ive deduce-that: '
(53 W) (w) ~o b IanI (2) asnShl<an lt— wl : dt o {3.45)
]t--w|>0m‘1in(w) ' L

(sl Lan)*

= ﬂn Ianl ('ﬁ)[ ..P;'L<|s]<1 s
L la-"‘—**-POL'I'n(”) _ 3 o '

Mote that since &, is _mu'ch _s‘_m‘al_ler_ than ‘F(%ﬁi-
E 1_3+L£,, <G (1 Jf'—‘) <03T*? -
{See Lemma 3.°..( %))
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o -".'I‘lw.;en_."we' dbt_a;in ' .thé_' bounci .

(ﬂ*wm (m)«*a,%immcm)r*(an) f e
_ ' <[s]<1

PR Now ifﬂ < % < aL or.z > G'g,“ then for 7 > n,, we can bounci the mtegra.] by o -

-'__'.hy-_L-éiz_im'a _3,':'1.'3':(f)._ L-.In ﬁhis_r;aisé ﬁhé’Boﬁ_nﬂ -_(3.'4)__@;@5. o

(E*W’ @<a (“" il -TT" (o ! ) <o o

So we. ha.ve (3 38] an let us ‘turn to to the more dlﬂ'icult; casa where agn <% < ag,, We

bound the mtegral m (3 45) as follosz '

f _. |s|+L6,;)é
-E—~<|s]<1 7 " _

L il . e ——

- [s~-£-|>clw,,(sj 1Tl o o
» N ...(.1___:-3){.-_.___ _ ) |
e lﬂ-—l><”b%(=1| N e e R MR I O

f' 7[3'1 + 12]

-H

Now since %Qﬂ (@) is bounded belbw by @ power of n, e see that

"]'2 gagﬁélogn._ L



If'}r:g dy, Ve estimate.
o (1 .s)* by -k -
R IK = To- Idﬂm (G“) :

o If a: -'_<'-."'a;,;, WB__'-ma-ké'_the substitu-tion”i;-—i-_s = (1 - -f;;) v'to g‘éh._ - S

L b=

’ S 010 (1 e """) { : ”E[ﬂ,ﬂ] : _......_..dv + -
- .-; ‘/I‘u 1I>C' nls) l'U "'1' -

'_'f-@_ B8

Gu{(l“")ikign+1‘* (an.] *}

A

Cbmbinfng our .-as:timaftes for Iy a.nd using the “hou’n_d,- o
Ly |
okl e <€y
. whlch falloWs frnm (3 5) we deduce (3. 39) from (3 45) o

T our second qua.drature sum estimate, we need the kernei functlon for the Chabyshev

1

3

wetght _ : o - o
- 0] —(1 ta)‘ te (-1, 1) R (3463_

It p; (v, a:) \/‘ 2T {:r: is the jth orthonormal polynomial for v (a.t. least for j > 1), then

' ' nel __ s '_ R o
Kn (v,:rt ZP; (u,:c);;:rJ (v t), B ' . '(3.47)
 admits the following estimates{[46] , 2.36] , [44], p.lUS].

Kaoa)~m g1 (a48)
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amd

S ' — -5 : | . S S

]Kﬂ (v,a: t)| < C‘mm {n, ‘/1 Tm+;'{1 7 } ET E[*—l,l] _._(3_;'4_91_.

| | Lemma 3‘3 2. Let. 0 < n < 1 Let d: R --—> (D g:o) be a, cont.muous funct:on w;th thef":_

) followmg praperty‘ For n >~ 1 therf: exlst polynommis R,, of degree < n such t.ha.t L
o Then for n > nn and R; E 'Pm

e Z ’\M |P,, _ll (”‘m) ‘35("":.-0) $ rff IPnW| ‘?5 | (351) R
|33I“i<ﬂ“r‘ : o 3 . . . : . :

N Prooi‘ Essenma.lly the proof is the same as. in [35] a,nd the 1deas appea.red mnch earller_. :
(a4, [451 but we mc]ude the details. T o

Step 1 An 1 Chr:stoﬁ‘el funcl:lun type estlmate -
We ﬁrs(: note tha.t far Rm € P-ru .1 - o

(&,,_ﬂ{)_? @ < }\4“ (WEg 2) wé.(m)‘ j '(R;,QW)? fdt |
B c~1~—(w4,,{m))-‘ " (P W)“(t)czt, IR

--.by Lemma.3 1, 1(11) (d)
We deduc:e tha.t L

B '. ;4.
<c;'1-'.'-‘;_

Lm[—ﬂdﬂ aqnl Bn' Jmtgn

.P 4n W‘Pén Pfinwdn: W (t) dﬁl

Loo ["""'dn “m! ‘

| and hence. tha.t for ]w] < a.q,,,

[Rﬂwh

(m) < Cl—

Ly d—agy 3

qux,m W‘ (t) dt.

I



©'Now we apply this for fixed |z| < agn fo

: where Pzn E 'Pgu L
We obtam, usmg (3 48) tha,t. L

ez —')' B

111 PMﬁCﬂlafa applymg thls to Pan = P,,Rm Whene P e Pﬂ, and usmg (3 50) , we, obﬁa,m - o

P.mq"m

(-"*‘) < C:zT

n. “'“4::

Pﬂﬂ,‘l‘4

|R,11f4,,w¢

@ “?'?""f o !Pnﬂ«fw 0 (v‘ sa)e (51 B

dﬂ

Step 2. ‘l‘he general quadrature sum bOunded in terms of a spec:al quadrature .
Cswm. e
T We take (3.52) for & = a;,4, multiply by.-,\-j,,,w.-% (@ ,;-‘,;) 77 ‘.,-‘,i) , and sum over all jzj,] <
a,i,;.: Using -f}_u:r e.stima.l_;_e for Christbﬁ'el fumtion A (W2, ) in L_émma .3'.1.1”(&:)'; ﬁ'#_ﬂbtailsl.-' S
T Aj,,, |in—1|(wj,,,)q:(z3,n) ey

I-'b':,n!<cem. . . | o : C
< C f anWtI)i @ 2,,, (t) dt,

where’

|¢:.n|<“nﬂ

T 2 e
o By ) = E w, (m_.,,»,,)llé"lﬂ (mj‘“) Kﬂ( n * ) 0w, (asd)

| ' . _ Gdn_ ‘141; ) _ R
'Then the result waI follow if we ¢ can show ' R - -
RGO Mtew G

Step 3: Estimation of (3.55).



. First note that fo:'_|a:]'_<._:_a_:,,,;-_ R

»al-'

., (m)wmcm) ( ‘“') it

'. Thlsfollows easily from the fact tha.tl—éﬂ—?_-l - Ja"f—f > Cs'/’-l‘_"" (an)fnr thls range. Moraover,

B 2 1) L
LR A

P S i

o Then we ha.\'a, usmg a.lso (3 49) a.nd the spamng in Lemma 3.1, l(b) tha.t.'
| . m -
2,, [t} g +L5,, | 5:_ o |
LS -k (o)
Bjm = 8 1- =22 K 2 —
naﬂ lmmlgﬂnn(_ .:h‘ _ H‘I’ﬂ‘) - Gan " a‘m a‘h‘ o

< C*sn_ > (P;,n"‘yj-!-l.n) (1 Iy,.nl)“’l' R

AN

hl; n. ]<unm’“4n

I { (“"""‘1 ym“" "—-—_1——1’2}
_ Xmm Ty = o o

|y.'hﬂ i Tl

| ;S-_'an;' f (1— lyl) %mm {n, \(1&‘%;;.’-;’]1 Ta}dy L _ (.3.56)" |

In boundmg the sum in_ f.erms of the mt.egral we have used (3 9) Let' us assume tha.t

d—n >T > 0. Then we ca.n contmue the a.boveas .
gy ap | | o
{“ yelO =TI (1 T}* (- ”’) "d” R
1-T L
"_'fyero,naiu_—a"tz,,u T:% - 3’) = rl’“d”}

{'"'2 -7y, pevls -k VT
_ eyt 3
EEORUIENREE - )

| L=
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_ (subsmtutlon 1 y (1 - ) ]I : -
< C'u(l T)a. -
: __'--Here we ha.ﬁe used £he-_-_fant t.hat-_-

'-—(l—T) L

N

. So in thla caa&, we ha.Ve (3 55) In the remaming case where 1= ﬂ.‘B <T < 1 we contmue

._1 { ny{U 1): Iv-T[-:-m—-! (1 ~y)" } dy
i 2 b 3
+fo o fl Gf) * !‘i‘rly 4;-} y}

S C'xan B

 nmt < o

.. Since #] decays scarcely faster than n"} we again have (8.55).00 -

'3..4_ : A'-“Cibhverse_ Quadrature_ Sum. Es’timate .
In thls sect.mn, we. prove a convetse Quadrature type estimate tha.t will be needed in pravmg o
: Theorems 2.5, 42.5.6. The proof fu]Iows that of H.Konig in [21] We prove ' '

Theorem 3 11 Let 1 < p < 4. There ea:wts C‘ > 0 such that for n>1 and F, e ‘Pn,_1 )

"P??-W”Lp(ﬂ&) < 0{2 ’\:.nwﬂz ("}J.n) IE!WI (xa,n)} S ._ (357)

i=t .

Our proof of Theorem 3.4,1 foliowa tha.t of H.Konig. We shall dzv:de the proof mto seVeraJ
.steps In the sequel; we shall use the abbreviation ' '

.,U-.i,n Amwﬁa (ma.n)NlIJ.ﬂl—m3—1,n ms.n - _ (’3.58)?
(See (3.1) and (3.3)).

Step 1: Express P,W as a sum of two tarmé.‘ '

41



- et Pn 3 ‘Pﬂ_x We write (reca.ll (2 47))

-

(P,.W) (m) = (L [P,a W) - ;11% (s tt,,nW) (w) e 59)' .
'=_-_- a,,, {p“W] (m)zyw{ 1- |f ‘ H[x:.n] (:t:)}
o =1 dim

o (pnw) (z)_H LZ?J;.»]ZS’.:I] @
; = Jl (m)+ Iz (mJ | -

_Héife_ _ )( ) A
L D ,,W m_m ST T '
Yom 1= (PﬂW) (m:p.ﬂ.) L (3'60)

~ Note tha.t in wew of the beha,vmur of f.he sma.llest and Ia.rgest Zetos (see (3 2)) a.nd in \new of A

ﬂ'-'l*u

_ the mﬁmte—ﬁmte ra.nge mequa.ht.y (3 6) . 1t suﬂices to estlma.te ”'PﬂW“Lp[Wn,n;
e the nght -hand side of @ 07) '

Step 2: Estlmate ”J3|| _ _ . o . _
We begm wﬂ'.h Jo as. it is easier to ha,ndle Usmg our bound (3 4) for p,,,,and then the
wexghted boundedness of the Hllbert transform in Lemma. 3 2.3 gwes '_ S

._p|.J2||;',.,,¢,ﬁ,.,,,,,_,,1 <c Z%nxf}“ (T) ]f—' o
o . 5...1 m ) ™ L L(]ll}*‘ .
‘I . o
- ly:.ﬂl} f |5’3| B
. CY LZ{IIJMI- Ian aﬁ . . )
| Usmg the spacmg (3 3) and also (3 9) , one deduces tha.t '
. f Iml ({.'B o~ |Ihﬂ| I lm:ml
) . Ijah.
© Next, from (3.60) and (3.11), we éee that
"

Wil ~ 1PaW] (@) Miml 1 - i | n - (3.61)
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‘Hence,

S N T L _’1_’ : .
: "sz“Lp[s:n,n,w;,n] 5 : 02 . ZIIN*I IP W’.PJ {”Jm)]

. .. S '._Ca"zAJr’iW_z (ma’“) Iinl?? (w-”u):l .. o

! J--l o
o -Iby (3,58) |
_ ' Step 3* Estmmte J1

IJI (m)l < C‘l Z ijml fjl“{m‘ L ﬂ'.' E{“rﬂ,ﬂ-: .mlv?.‘_] ¢ |

el
' lIJIIILp[-*Fn.ﬁ,#l.ﬁ] << l LL yf'“lfj’n {m)] dz} o

Nu’w usmg the Spa.cmg (3,3) (3 9) and the deﬁmtwn ie2 46) of f,,,.., we see tha.t

Then B

el e ﬂl

Tlear — mﬂ)z
( ¥ ._?:_ '

] V& E I.k.ﬁ!_ .
uniformly in n and j # k.
 We deduce that - - e o -
. o : _"JI."Lp[mn-.mﬂaﬂ] < Cs {31 #_-|-..‘5'2')- | : . (3.62)

- where

+4 ] * | 3 .6_3)_

Elk,ﬂl zwm lf:.ul nl .Iz:’.:tl

3
k_z : ‘”:.n)
L k

i

and by (2.46)
. I --lp 4
+ ﬁnJ d&} e

5y 1= “ .ﬂ.”.}_'n.i—'P |mrgal
{kgnm.m.l[) e



" Exactly a5 in the last part of Step 2, we see that (3.61) gives
1»

L 5250 LZ‘ f\.f,nW_'_’ (@i} PP (wf._n)_]' .

- To deal thh 51, we use Lemma 3. 2 2 wit.h ES dxscrete measure spax:e. Usmg (3 61) a.nd -
(3 58) we see that ' '

s <c*7{ [z‘bk., {ﬁ,,,,,PW cmj,nJ}] }

k""l g=1

L
»

where )
bk;g i 0= by Yk and for j #k

.1 ' R .
[2salf ]? ” |2kl | ]"'
. 1 —_—— 5 6 1 .
| o al - + On _
_ Note the order bg; rather than b, k- Defining B (b"k, iVe ﬂ-;,_ , we see that if g daﬁo_tea- the
usual (little) I, space on R ™, then o

-

by lf,.ﬂl““lrk.nl» (54n - mb.n)"“‘[ |

: L
' 51 <CB||BHIH-—+I'° {EW.?:IPnW| (‘“sm)] .

FE |

So the result follows if we can sliow f,ha.t independently of n,
iBllig—ppy < Co. - (3.64)

Step 4: We prove (3.64). . o
This is far more complicated than the analogous proof for the Hermite welght [21] becauss of
the more complcated. behaviour of the spacing of the neros of the orthogona.l polynomials, We
apply Lemma 3.2.2 with the discrete measure space € = {1,2,.n} and p({j}) = 1, j =

1,2, .1 Moreover, we set there

ljal \ 7
k= = ()
‘Note that because of the way we order the variables {by,; rather than ;) ,the variable 4 in
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(3 27) {3 28) is k a.nd the vana.ble o in (327) (3 23) is 4. «30 (3 27 3 28) become . -

RS

1= |m.1‘nﬂl

B aulefj,ﬂl l.za.ﬂ mm}..g[ +5] ' M - | (365] o
- =1 . H : I

a,n'd.' o

| aﬁp"z;rj.m,;l (m.,.uﬁ ?Fk.n}“” flt- '”;;“' +dn ] . U '_m:n“l

o _Récall that -gi.\?én_ﬁxed fe -_(.0, _i)__; w;é_ haﬂfe_ ul_iifor'm.ly'in landn

"_Ife‘.nl ~ %T“ (“n)“l (1 - Jﬁ."" 5n)- 1. m;l-,,l > tgy. - (3.68)

(See (3.3) and 2.41), - _ . _ _
To take account of this dual behaviour of -]I;‘,,;] ,-' we consider three ranges of xjj;,,.ﬁ:k,n. It i not
difficult to see that we may consider only @y, g 2 0.

Range 1: 0 < By T < a\% |

Using (3.67),we see that il we restrict summa.tlon in the sum in (3 65) to g ¢ |:r5ml <

@sa, then, the resultmg +m is bounded by a constant times

55_ t
. Uy Tha Y o o daf
hy=—={1--= 0gt<agy 5 di
" -
}i—a-'k.n]>0w|1k nl

We make tlie substitution



o im this_-'in:-t'egra;l; and use (3.67) again to give

' | Sy .m :2_1. o B : fuft
s g (1- " tin ) f Couk(-R2)T -u)*d
' . ) . |1-u|>n—1cu (1-—-’&.'-'.)

e _1. f_“.'..":.) ( ' m"'“)
C12 ( ) [ﬂl o + 1

: S 013[1+—=T(a,,)l] <G.1.1. L

”u\ -

- by (3. 21) and (3 32) | o | |
" Next, 1f weé restnct. summa.t;on in (3 66) to k eknl S nf, and we use (3 67), we gea. that hhe .
' 'resultmg sum fs- bounded above by a consta.nt times ' ' ' '

L

.\ 8 . 1 -4
- & 1
I]Q = '—ﬁ"(l — .._-L'.’}.) [ O<i<a dt‘
. . Un (t m—?ﬂ’l)
: S lf—ar;.n!aﬂulf:,nl

. The sa.me subsmutlon as before shows that }'1‘2 haa 2 simila.r npper bound f hat for I; 1
_ and hence, is bounded independently of J, ‘n. : ' ' ' B

Range 28 ﬂ}jin, w}, ,j, o ﬂan. o
Using (3. .68) ywe see that after restricting summatlon in the sum in (3, 65) to 3t minl 2
ag, then the reaulting sum is bounded by a constant times, . '

S
Z |Ia'.n'|_’ l'_Ik;n' 2 .
dlegaizag im = Tka)”
Cislleal? 3 Hind

. j}]ﬂh‘ﬂl:}_u* |mjan = mk.ﬂli
g

738

_ N di
Cir Hinl? f R
Ult=2icn | 201 [fin| £ — 2p,0 |

In

Similarly, after restricting summation in the sum ir (3.66) to & : |ogal 2 a2, then the
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o 'res_ﬂ!i;ing' sum is bounded by a constant; times, .
' o .".,1. Lk
Ik;ﬂl |Ig’.n|-“

5]::& n|>a§ (53_7,,; ;'-‘.’k,':,';)z-_?._? .
e o

Ai'ter awoppmg the indxces, 3 arid k, we see that. ti:ua 15 the same as the s yust estxma.ted, o

Range 3 ﬂlm; ‘< an and .‘Bk‘ﬂ > ﬂ,y_t_, DI‘ m_w; > ﬂ-{hl and ;Bk,n, < avﬁ
Here, o S R R
]“l“,,ﬂ,-—zkn] > aan -a.g > CET“( )

. (S‘ee (3 21)) Also, given ﬁxed small € > 0, we see that .
[I;,',,I < Cﬁm".a*‘,nnifprmly in-!fa_,nd'n
L (See (3.67),(3.68), (3.22) -,:_(2'.39))_. Finally,

+6n:| 'f ;.,,;h

| [l l%km'

" Then we gee afher smtably restnctmg the ra,nge of summa.tnon in (3 65),we obtam a sum
' bounded by ' o '

GBI () 3 |linl S Con T e e =0 ()

 Similazly the sum siising from (3.66) Is 0(1). So we have completed the proof of (3.64) .0



"'."_'Necessary aﬂd Suﬁcnem: Condﬂ:mng

.""“;'._'for 1 p < oo

- we set fOr some ﬁxerl n > 0

41 -Sﬁfﬁciency for"‘?["hé.bre'm?.&;z
-'In provmg the auﬁimency condlttons, we spht our functmns into’ pleces that va.msh mﬂide m' o
| ont.aide [ an a%g] Throughout, we let xs denote the cha,ractemtlc functicm of a set S Also. R
¢(m)‘—-(log(2+m)) L (.*.;_)

'l‘hroug;hout, we assume that W= exp [-Q] € 6’1, that L < p < 0o and

Lemma 4.1, 1 Leb {fn}n-1 be a sequence of :neasumble functmr.s from R— R such |
that for n> 1, _ o S
fn(.m)=01 Iw'{ﬂ.&; - . o "'.E4.!3)

AW <o), weR. wey



o '_'tha.t

S llln "Ln [f“ l_l__QJ-ﬁ"L (R} []‘ (4'5}

Proof Fxrsﬂy for ]$| < an ot Iﬂ-‘| z ﬂzm Lemma, 3 3 1(“'1‘311 ﬁ )..an_&. (43)‘(44)5}10‘? | ._
L IIAIWIE - < Mﬂﬁ) .I ? Tam (a:)]W"‘l (mk,ﬂ)W(m) IR
ST sfReg. o
e S C"ﬂ*(u) R
-4 ey
| " Ln [fn] W (1 + Q u Lp ((iﬂ(“ ﬁ_)u([mpuan })
< Clqb o4 "(1+Q)—A||L {msc’w(m.) |

| 'Here we llave used the fax:t t.ha.t Q grows faster than a.ny power of & (Lemma 3 1. 3 (a)) Next‘_.' '

.for an < lm[ < a-,;,,, Lemina 3 3. 1 g.ves
A Wi st (a3) {iﬁsnﬁr AP @ T )Ty

Also for t.hi.g-' fa.nge__ of », . o
o | Q (x) Q (an) ~ T (ﬂn)" -

_ Bo

“Im [f'n-] w (1 + Q)-L\HLP [ <|==i<ﬂ=-=]

A

Gt (ag) (o (an‘)‘l) - {1ogn (62 - d%)%+a§T {ﬂm) “IIPqulem)}

7N

vt (as) (nr* e™8) ™t (5 (;,;))5
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) (e ey s
S AN S (Iogn)a' st
(ﬂT- (%ns(%' 1) p>4

_by Lemma 3. 1 2(1:) a.nd Lemma. 3.1 3(f) _ o -
o Z'Smcp ™ (aﬂ) and a, grow ‘slower than | a.ny por tive. power of n (Lemrna 3,14 (a)) we see tha.t.'_
"the nght. ha.nd axderso(qs( ))-_0(1) because of (4 2) a.’ o ST
= Next, we deal mth functmns that v - h outslcle [ aa,an] Wé éépafa.tel'y.eéﬁnia;te .t'h_é
_ we1ghted Ly norms of thelr Lagrange mterpolamts over [——a,n, ﬁ‘.n] and R \[—»an_,an.] |
_ o Lamma 4. 1.2 Let {_r,;rﬂ}i;'i“';1 be a sequence of measurable functmns fram R — R
o _suchtha,tfo:-n>1 o L ; _. ' o _ o

' g,, (m) 0 le > oz I . (4.6)

| lon W) ¢(m),meR ! S :'(4'.?}'.
Then- | : o |
=5 _ _ . -
Jimy "Lﬂ[gn]W(I-%-Q] || [zm%]_.u. R %)
 Proof. Fora 2 g,
Lalgl @] € 5 Ui (&) W (04) 6 (280)
S el o
L A
L Ciadlp () ) '(Wk.n-—wk-u.rj:) o= o] G {Thn}
SR "
' (by Lemma 3.12(5) and (3.3))
. 1] ‘U"'" ‘sﬂ.
< Chad Ipn (@) _f;( == ) o (1) dt.
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© Here we have used the monotonicity of ¢ and (3.44) Next, for t & [0,ag]and w3 az

Fo

T *=1+-* 1<1+r-__

a
-t — L '
g—t. . 1=z’

ks

e

- EkE

by Lemma 3.13(f).
CMoreover, . o e
SRR l—lﬂ>04 R oy 6

Se S

_:1-;,?..-[%].@_)1._-_ Coad |,, @) f&(an iyt s .
B Gsﬂu'pn(iﬂ)'f-E(.'B—-t)—'@(t)dt ':

-IA

__Here:ft-a,, 9>s?_1 weha.vefora:>au'

AN @)

e (D215 ront
[ 0] () < Csaz® I ) [F T* ¥ gy
o SR

 zasmw @t [[LP feizeg]

< Coon? [/ ¥t qb(t)dt} (ag) ™ "p,,,W”LP{R)

It is easy to see that the integral involving ¢ in the lost right hand side grows' sl'ow‘er' than any -
power of 7. Then using (4.2) and the estimate on Jipa W1 provnded by Lemma 3.1 2(0,) ,we
“obtain [4.8).0
We now turn to the most difficult part of the suﬂimency proof namely the estlma.tmn of

"Lﬂ fgn) W (14 Q)"A "Lp |a:|<4.g.]
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_ We present the most techmca.l pa.rt. of thxs aga separate lemma Recail the notatmn (2 35 2 38) I’n
' the pa.rtia.l sums S‘n [] of the arthonormal expa;nsmns wﬂ;h respect to W2 R

Lemma 4.1 3. Let ar R ——-} R ba ! bounded measura.bla funcmon Then, for n 3> 1
"3" ["’QSW_ ] w (1 + Q)"A“ [Ia:k ] G“a"me} o (4 9)-_::

Here C‘ is mdependent of 4 and N

_ Proof We splnt thls into severa.l steps Pa.rt of the dliﬁculty 11es m thaf. we cannot snnply'-
: ;esmmate Hllbert Transforms in L w:th the welght (1 + Q)"_‘ , as it does not sa.tlsfy Muckeu- o
houpt 8 A,, condition(seeTheorem 3 2 1) We ma.y assmne that ][or][l, (R)' = 1 o

. Step 1 Spht S [ (m) tnto. se‘v'era! terms dependmg on the locatmn of @
Fu-st note tha.t. by (? 38) a.nd by our est:lma,tea for "'—-"-‘- a,nd Pn (se.e Lemma. 3, 1 I (c) (e )

J—'n—-l

ISn oo |Wtw)<0w» (1--—)-? > |H[a¢p,wmm) e

- Now let us choose i ::-'. I{n) éuch tha.t_ '

2: f}_ 2l+1 S ) o L o ."(4__11) L
Rl T D
Note that aur cholse of I =  {n) guarantees 'thg,z
S 1= fage, agern], K21 ' - (4.13)
The reason for this choice of intervals is that
Q () ~ Q (agh) ~ 2°T" (a0) ¥, 7 € Dy, O aey
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:umtormly m k For j= n 1 u and ze Efk, we. spllt

. ;-_5 11 [m) +12 (;».)-1- ;3 (z) + 14 (m)
N Here PV stands for prmc:ple va.lue
_ Step 2. Estmmtmn of 11 a,nd Iz for f E E?;,

We ses that (reca.ll 2 > ag) - '

| ':‘--:"'l’*i'(‘.";)..l.f'é f ;?Jtilzwt @

-__cga,;f t‘i“) & +c f |p_,W[(t)dt

R

: _ -_..Here we have used the bound (3 4) the bound fur Il?nWII L:(R} in Lemm'i 3. 1 2(a) amd 3,130 the R
L '_farm of @ (recall (4 1)) which guarantees that : '

Next the bound (3 4y gl\'es

”2(‘”)‘ <‘ fﬁzk-—i l'r”:wﬁbl (t)dt .

& t S
o= Coiﬂn (1 ﬂm) 10g (1 -_m . .. :

N FEc= S O mprs !

‘Now o |
> >
ezl ng CaT*( ) CST*( 5

Thus : b
| IIz (m)l < c‘?“n (1 -~ f—-) log (CeT™ (m))

B8



Step 8: Estimation of [, for z € Sy
‘Now using otr bound"(B'.4)'-again g’i’vﬁs’

IPijﬁl (t) lpWel® 5

m: )

()
14( )] “nk+2 cbem o S .
S 2 "‘.1;‘-. ] axq2 1"7?‘
< ot [ S e — 4 ¢(t)dt
ﬂnk-l-g . . . an t e m. . 2“‘2""‘2
N bl LA PP | |
o Jf.'-f.e; _T_dt]
S Cion? 14 7]
- J= 1= —
: : L - f%m ' t“'
- | {We have used (4 Iﬁ) and the bound on the Ly norm ofp,;W]

(1 - -—) then -

i) (”)

. Thqs

P ' ' _dt
1- ;"' 1-—%-[>§(1—-— t—m
*E[ueu-l-z 2“2#+2]

+a“1 (1 ﬁ'n)_ 1“““|<= 1“—)!

[“'gk+2 2;k42]

. o

ll e ds]

L3S

1

BEAR o
£ Cn [3(1 fn log (1 + Gohts =~ a:)

1A
A
=
Py
Fry
I
£la
\..___../
-|--
&
—
&
-
3
H
a—
b ]
et
B

Step 4t Estimation of [|Sn [zmey
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 Combining our estimates for [; j = 1,3, 4 gives,
i _'_-111'+.f:£+ I_d (¢)'5'3C14¢: (1 - E‘) 105 (OmT* (z)) e
Together wﬂ:h (4 10) [4 14) a.nd (4 15) ) thls gtves -
ﬂsﬂ [a¢W*-1] WL+ Q)“‘
= :-' -A “2k+1 -4
| (I - 221‘1—) : ' 1og (C{sT*(ugk+1)) (ﬁzf.k'.p;" - aég)%.. _

+an _1—;1'4-1 "P V. foakae M HLpf—‘Jk]}

d-zj;—l &t

"L [9‘::1

X .

. We use M. Rlesz’s theorem cm the huundedness of the Hﬂbprt tra.nsform from Lp (R) to -
o LP (R) {(see Secmon 3. 2) to deduce tha.t . _ o

g2 arqu,W (t]

: IP..V
' uga-z ‘f-'“‘t

. Lp[ﬁ‘k}
ak

< O f% " lognwir ol da
feome

< Cl'?-ﬂn (1 - éz“z) (“2*1-2 "'ﬂrgk-l)

' Next, note that, in view u_f'(4,_12) i m 2 2k fm k<l so

= § -~ Okl Y g Gokga Y ( Rakt2 ) y 1 '. .'
: —— |2 ] e R | o — 1 T
(1- G, )‘( n )"‘ . gk ‘f.claT"(azk) o
Moreov'er,'

‘12*4-! - ng < tpkiz — Gok1 S Cmm

Hence,

Iso oo} 140 wn

= “M[ﬁ]

Jer

B

C':on (ag;.) AT (“ﬂk)" log (OlsT* (“’2*“)) (:m (a2 ,‘))
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Step 5 Completmn of the proof o '_ _ L N
_ ’I‘he est:ma.tmn of Sn[](a:) for z: [ \sk = [""ﬁrgk-|-1 - ugk] is exax:t.ly the sa.me as for % e
o "3‘;» Siace we have, (4 14) .. a.nd smce G-z.k, T (azn) grow much slower tha.n Q{ﬂzk)(l’aemma.

- 3 14 (a)),we obta.m - DR S

[M<Isi<n§]

Z llsn ww-l] w (1t m“‘* llf,..,m

IIS» [+ W“‘]W(HQ)“"IL,;

m”

S 02122—"&{022 -
- b= N

The estlmatxon uf ".S'n o'qu“i] W (1 + Q)““"L e ]<§ qt is sm-nla.r but gasier, We spht

]amwmdt
'ga, 2,,2. % —t B

H[UQSPJW] (m) = [f +PV f

The ﬁrst and third mtegrals m .7 be est.lma.ted as we. dld before, a.nd the second 15 estlmated as
- wedid O | | |
Armed wlth t}ns Iemma, we Lzm complett ,he estlmatlon of L,._ [qﬂ] over [—agn ) a,g,,,]

Lemma 4.1. 4. Let & € (0 1) Let {gn} be a.s in- Lemma. 4. 1 2, except ‘that ra.ther ths.n-_ B

' (4 7) ,we assume that

: ;..-rgnWI-(m)is;eg&_(w);'w..-s-R,.nz1-__”_- .-f s (4-18)_
© Then, ; - | S
| i gup IIL»W(I+Q>““IIL,,[,$I<“§.] SO
where Cls mdependent. of n, {g,,} a.nd & -
~ Proof. Lﬂt '
X =:x |
” .[—ﬂ%,aﬁ]

hn 1= Sign (Ln [gn]) an [.%J. Xn Wp_2 (1 + Q) o
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| -wé-'shau_ -s'h'ow'ihat: -

"Ln [y,.]W(I-i-Q]"a[I [ . (4 20)

lmka,g] < C’s ](sn a¢w-1] W i+ Q)_A “

LP l==i< g-]
Then Lemma 4 1.3 gives the reSult

' Now umng the orthogana.hty of f .5',, [ f] to 'pﬂ,_h ancl the Gauss qlla.drahure formuia.'. .
_.(336) weaeeﬂwat o : : -

||L"' ]W (1 + Q)_‘A"Lp ]z](a*} | = f Ln "] h“WQ

/ Ly [g,;] .S',; [hn] Wg Z )\J.ﬂgn (meﬂ) Sn [h'n] (‘”J,u)

. : :""1 )
e Z Aa,ngn (%,ﬂ) Sﬂ- [h’ﬂ] (mJ,ﬂ-)

. 'ﬂ?}z h|<ﬂ'ﬂ‘

< ..5 ' Z J,n§6 (mam} W_I (n:_,, J|Sn [hn] (“’JMN
Img ,;[(ug .

-u‘

- s"demw |sj,._[h.;11 =
by Lemma. 3, 3.2, o \ _ : : L :
B Note that it is easy to verlfy the appmxxma.tmn property in Lemma 3‘3 2 for ¢ (m fact’ J aa.kscn’s :

Theorem gives polynomlals of degree o ('n) satxa.fymg (3 50))

We can contmue thisus
= GEL‘ﬁ?’nW_IW?Sn.{hﬁ]. o
Ce f h“sn [dowwr=1jw?
i3 -1t
C FeuSn
sf_m& tnSn [qécrﬁW ]W

I

t

for hy, has {ts support mslde [ az, a%] .o
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Usi.n'g__ ﬁﬁld_ér_"s -Inéqﬁal_ity_' w1th qg= 2 we. mntlnue tlus a5 ._
Sn [an—n] w (1 + Q)*Al )

=S
R C' . a
C s oLy rorort) ([ ;
| s : GE "Lﬂ‘ {g“]w(l +Q)“Aan ’l.z-]<.n. J ISﬂ (i,U“Whl]w(l +Q)“A”LP {.e[(mé]
Cancellmg f.he (p 1)th power of 1|L,; ..H gmas (4.20) l:l

We can now tum t.o

The Proof of the Suﬂictency Pari; of Th&orem 2. 5 2. Let f R — R be cantmuoup, |
| .a'“d sa‘“’“‘fy (2 21) Let e > 0 BY C‘orolla-ry L 1.2, we can chnose a polynomial P ouch that, '.

nu mwiu;

| T!mni forn la.rgé ex;t.augh,. E
(- Lﬂ[f])wuw)*“ ST e
Le(R) o
ll(f P)W(1+Q)"“||L o F P Ln[f])W(1+Q)‘A|I
||¢ (1+Q)'A||L (m+||‘1'“'?f’ f])wum)”“llz, e

'1}\ _

LR}

COIA

The ﬁrst. norm in (4 21) pE: ﬁmte as A > 0 a.nd as Q grows faster than any power of :c
- Next, et ' ' ' '

Xn =X["'ﬂ9, e]
and write"l
(P f)Xn“‘(P f) (1 th-) == gn ‘|‘fn

By Lemia 4.1, 1, S '
Jm ||L,, [f,,)wu +Q)'A"

_ L (R)
- Also Lemmas 4.1 2 and 4.1.4 together gwe
. My r -All
lnP sup "L-“ [Hﬂ] W (1+6) " L {R}.S C‘e,
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with- C mdependent nf £

.aubshtutmg the estlma.tes for L,, [fn], and L [g,-] mt.o (4 21) a,ntl then lettlng £ ..__.; B g;vea i B

@ 20) o

4. 2 Suﬁimency for Theorem 2. 5 4

Let f R -—-} R be continuous a.nd satisfy (2 25) wﬂ;h o > — We must show (2 26) Let‘._ o
- E E (0 1) We can choose a ponnommI P such that | o : .

-llﬁ(f - P) () w () f‘1_ +_]$D“I|LW_(_1§)_ ga.
f(.S_éé '_Corolla.’fy '1;1.2), ‘Fhen for n Iargé_ enough

LWl 4
< - P)W"L,,m)HMH{P f]W”L o(R) |
"(H‘le)_a L. (R)+”L" [P- f]W“Lp{n)

A

. The ﬁrst norm in the right-hand side of (4 22) is, of courae, ﬁl‘ll‘l‘-t. as o > 1. Next Theorem .
3.4.1 shows that for large enough =, : - .

=t . .

_-“Ln_[P_—'f]W”LF'{R'] < _ {L’\J, w2 (“’:m)I(P f) W|p (f”:m)} '

.1.

A

{Z {Tinl (1 + ]mm])""’“}

F=1
Cae “(l + lml)—“HL,,(na) .

IA

Substituting into (422} and noting that the various constants are independent. of e,'givta's'the '
resu.lt.D ' :
4.3 Sufﬁciency_ for Theorem 2.5.5

As (14 |:i:'|)‘A < 1if A < 0,the limit {2.28) follows from (2.26) .0
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44 -'_mcéss'itsrfarx Theor_em{;s;s;z’ E

' Pm"f F“‘ 1 < P <00, A& £ R, K> o, 5 > 1 +K- and assume the conclusmn of Theorem 2 5: 2-__ . :

o a.ll contmuous functlons f R -—+ R thh

' s true; 1e (2 20) hoids for eVery contmuous functlun sa,tisfymg (2 21) Let Y be the space of -

" .Mére.oité,r;.l.ef_ﬂl.’ -B‘é-fhe spax:e of all .ﬁ_léa;au'fébzlé functlonsz-—-}Rmth - o

|f “Y il ”f W (1 +Q)-&"L {R}

Eac:n f € X sa.tlsﬂes (2 20) » 50 ‘rhe conclusmn of Thearem 2. 5 2 ensures t:ha.t

i llf - L, [f]lly-— 0.

’ !‘l*"'}OQ

" Since X is a Banach space, the um_form boundednes& prm_cx_ple' gives .

- Ln-[flu;. < -c:;‘um

- with C mdependent of n and f In partlcular 48 L1 [f] f (O) (recall tha.t 7 (a:)

| deduce tha.t for f € X thh f (0)
= _Il'fih'r <CWllx-
'”S'ofqr_suc_ljxf, | R R
I W iflly <260 Al
' Cliq_ose n _conti'nuous in R ,'. with g;, =0in [b,- qo)_.l__j-{;-'c_,a, gl'a;‘]; with

 lonlly = suplenWl (o) Gog 2+ el =1,
S __a:ER. _

0

. _‘ .(4'2:4) -



| ERN an (“;J,n] (log (2 + l“a,ﬂl))a szgnpn (mz.n)— 1
s fbr éxa.mple, (g,;W (a:] [103 (2 + Iml)]‘s) cam be chosen to .be ple:c‘ewra; ﬁnear Then for.:r €

. ma.n E("" l'ﬂmn)

- X [log(2+]b,ﬁ|))_8 -
NS 3 ] (a;,,,,) {m+|$:.un

o nE( éﬂn U}

> ad |pn @) (logan)-‘ T (e a:,+1,,,.) S
. . ”1 nE[—- I‘Gnaol R R .
(by Lemma 3.1 1(g) amd (b))

C'zﬂm lpn (@) (loganr‘

; iV

© Thenby (424),

20 = gl 2 el
2 Ched loga)F W 1+ @)

LF[L&H:] -
. :

Cyal (logan)™ Q (8a)” ma.x{mou L o p<s
: - _ e (logn)ﬂ_ L g g
(nT"‘(a,,))B(s p) ,p>4

o Here we used the monotomtnty of Q, Lemma 3. 1 2(a) a,nd Lemma 3. 1 1 (d) Note tha.t. o
) [-~;, 1] does not give a blg contnbutlon to the Ly norm of p W . We obtain a contradlctmn if
A <4 ,for all . So, A >0, Alsc:, for P > 4, we obtain from Lemma 3 1 3(b), - o

O> Csﬂn (luga,,) -5 (a“)%h(*fﬂl) ~A+§(_§-p).-- o
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' Si;_ice'if;hé -té_rmé invq'ving; Gy _a.nﬂ T"‘(a,,) -grdw_:tb ocwith n, we sae that necessfmly .
| _...A>3 (4 p)

| -4 5 Proof of 'I‘heorem 2 5 3 _'

AR Thns is similar t6 t.he prevmus proof We 1et X be t.he Ba.nach spase of mntmuous functlons3_- -

iR — R v&nlshlng outside [*2 2]: with. nom
W= |:|fu;;-'z.'§1?
el bothe s ofll st /B 1 R Wi,
E "_-u.fuyfé% I|fWUHL | <°° |

- Assume tfia.t'{éé-"cé.nnot find £ satisfying (2,24} Then the nmform boundedness prmcxpie- "
-gnzee 4 ‘2.3) for a.ll ,f E X. Again, when f {0) =0, we o'btam (4 24) ‘We now choose gn € X with.

. _|_|-g,;ux =1
. (an} (fb‘jﬂ) §ZQ?L (p;l. .('T',J‘;ﬂ)) =1, mjln E . [—'11 wﬁ] Y
gu=0 in (_-—foq{.:—?]'.il: {0,00) ..
. and . | o
| W (“J.n) sign (Pn [:6,,,.)) 2 0 “'"J.ﬁ S [ -2, 2]
Much as before, we deduce t.ha.t for @ > 1
[ o] ()] 2 Caf 221
| Also by hypotheﬁs, there exists Cy and Gy such that, |
V(a2 Gt 5 @)D 25
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| Hence by (4.24)

= 20||gnux>||LnLqﬂ]uy |
Lﬂ [g,,] (m)W(:c)a: -;q (@)~ a(-f_-)

o LP[Cz,ﬂ-nI

2 Czﬂn ”Q(a) “(" ”) "P"W" ["f ] |
| 2 csT*(an)* y

R much s befom, by Lemma. 3 1 2(&) and (3 4) Of course thm is zmposmble for large n a.nd wv:

o have X contra.dlcmon l:l

3 '_:;4 6 Proof of N ecess:ty oi‘ Theorems 2. 5 4 and 2 5. 5

o We begm wn'.h,

Lemma461 LetD<p<oo Let0<A<B<mamd£ R-—-}(U oq)bea.connnnous..'

o ﬁmctmn such tha.t for 1< s, t < S thh 1<% 2 <2, we h‘we,

.'A"E(::i B | S @..2'5)

1?or n > 1, let Q,, C [na,, an] be an. mterva.l contammg at least two zeros of pﬂ (W ) Then' o
=t | 4l lf! ;;;
&{t)- (I_1 - _-HI +5ﬂ) o

. forn)l

||p,;W£i|;,,[5,,] .z'_crl‘a? C(a28)

| _eri .
Here (‘1 depends tmly on A B (a,nd not on £ or n . o “3‘,.) ' |

 Proof, me (3.15), fors € fa:m Binl,

.mn-n_

| max{ im (m W= (mm)W(m) Listn (m) W (mm.u)W(m)} >
a.nd'. hence fér such z, |
P (e) 2 g {Js = iul W) 33) o = vl (W) i)}
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|ﬂf3ull+5 )_mm {[m""%,ﬂl ':t $f+1n]};..

> cg-%-m“i (:c,,n) (

B '_ '_ by (3 11) (3 10) ancl (3 9)
6"“\ '_ [mj-i‘l*ﬂ + (wj‘ﬂ' mj"—liﬂ') ,ﬂ:yn-F' (x.:hﬂ $J+1|ﬂ)] ._ T
. ﬁo tha.t 5?1.1; has length 3 (mjm "?J-'Fl.h) . B}"(3;3=] -’. - ST

; '..1.

. . 3 I J.nI
Then usmga.lso (39}‘ .. e _
: 'f " "FF?F"I*‘- vews

- [2aal] )J j & (t) s,

} Cgﬂ 2 (
. The result ft;lldws if _W_e catt shpgit tha._f. _

H(t) dt.>.(;,‘5 .....E”(t).dt.
fe0uzal ens

QJ‘“ S . J"I"I;l'l

. _(TheL, normoff(t) ll - .Ll[ + 5
s easily estima.ted in tertns of the rest)

over that pa.rf. of Sy n near. the endpomts of thls mterva,l

_- To do tlns 1f suﬂices to show tha,t
an in v;ew of‘ (4 25) it suﬂices to. shaw that if a:,.,.;,,; = g and 31 = Gy where 8> 5, >.

0 (Here we use the contmmty of the ma.p o -+ Gy then, 3

22 o _(4.‘27):

H-[du .

- 1g

64 g



Butif 4> 2 then _(3..‘17'):@&_{3;13}'--gi_§e_'.'._ Co

;"'m"l-;'“1>—“-“1>6' _{;'
ECle TS T ( )—-‘m 3

whlle ot spamng (3 3) gwes I

_?f.v__.._ < o Eﬁﬁ_) <Ch -—wﬂ (an) < oman (n'f* cann“
=r:3+1,n o n ='='J+1,u S _ _ :

' Our hypothes:s shows that T* (a,,) =3 is much- la.rger than a.ny nega.tlve power of 7, f’or

_n large, a.nd we ha.Ve a coutradlc cm So (4 27] a.nd the result fo]low o
We can now procead wmh* -

. “fThe Pmof uf the necessnty parts of ‘I‘heurem 2.5 4 and 2.5.5. Fix o a, A e R a;nd 1<
o < 4. Assume mOreover tha.t we have the convergence (2. 28) for every contmuous f sa.tlsfymg_:
-'(2 25) Let i’jf R ——> (!J oo) be a. posat:ve even contmuous functmn, dec:reasmg m [0 oo) ; w:th -
- . _. lmut 0 a.t oo, We sha.ll assume it deca.ys vary slowly la.ter on. Let R :

L xi= {_f'.-'ZR-'—'—m' continuous with ||’f]’|'x - sﬁg | fW] (@) t1"+l|'=¢|)#n(¢)%‘ <00 } A
" Moreover, let ¥ be the sp'aéé of-'a.ll'méa;s‘ufame fun’ctians"f. ‘R-—R with
.Y
hflly —-H(le ) (1+lwf) [L-, m)
Eaah f € X sa.tlsﬁes (2 25) + 50 the conclusmn of Thm 2.5 5 ensures tha,t S
nhglm li(7 - L [ﬂ)lly 0.
Since X isa Banach s’i‘pé,ée, _the uniform baundedness 'principle gives
I[(f Ly [f])ilv<f'l|f||x o 428)

_ thh C’ mdepmldent of n and f In pa.rtlcula.r as Ly [_ﬂ f (0) (Reca.l] that pl (:c] =m (n:) )
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o we deduce tha.t for f 6 X WIth f (0) 0: ) )
]lf lly < C”f ||X
R Tt nL,; b sl L « 29);*

S uhODSE gﬂ contmunus m R mth gn = 0 in [(] oo) U (_cg, —la,._], mth

- -f 'Hy'nl'l-;';fr-_:ggi’yﬁWl_(w)-(_'l;__%’lé:])_?n@jﬂ_-:j_ Lo

- .. 'a.nd for a:” E ("%“m ) : '

T -. .[114]

(guW) (:a:n) (I + la:, nl)“ﬂ(z,m)"l szgn (pﬁ, (:c_,,,,)) = 1 | N

For exa,mple, (gnW (z] (1 + |n:|)"" n (m)“‘) caln- be chosen ta be plecemse hnea.r Then for rE .

bl = [ ) Je- )
o ' I (1+|3:ﬂ[)—a7?(31n)
Sl X B G G )
l(l'i“%ni)
S

) Cldi*lﬁ'ﬁ"*"'?(“ﬂ}@-' [Zz i
(by (3 )y e
& m A lpa (=) 7 (aa) f t‘i“"‘dt
(by (33)) -
Caok Ipn {#)'I#(an)é

v

v

-

. N".'

-Theh by (4.20), | B
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IV_.' E .' .. o

ng (n:) a:“‘"“

C'«!Gn 7 (aﬂ}
05'} (“n)

||LP[1 &] .

L

A a"b;h -'-'-u]

_by Lemma.46 1.

 We. ma.y assume that ﬂ deca.ys s0 slowly to 0 that
o ,,_f(a,-,); (Ioglbg.d,;)_*“l_;: T

_ _(Note that. we could have 1mpoaed thlS condxtnon on 7t the sta.rt but, delayed th:s for Clarity) o
Suppose now that A= a > ‘—‘l Then we obtam; o - : -

R e. _‘>_~' Co (logldg (%))—1 log .

g :Then for large m, we ubtam a contra.d1ct1on So we deduce A ~- < Lig necesaaxy ConseQuentIy-f‘ -

iffor a gwen Ag R we have the convergence {2. 28) for every contmuous _f sa.tlafymg (2. 25) ancl

a for every o > then, we must ha.ve A< 0 The necess:ty pa.rt of Theorem 2. 5 5 is proved

_ Fma»lly1 for the. necesszty pa,rt. of Theorem 2 5. 4 we take A = 0 n the above and deduce
= tha.t o > Lo ' ' ' '

4.‘7.- Prdof of 'I‘he.ore_m' 2.5.6

.'Thls is sm:ular to the pre\rlous proof We let X Le the Ba.na.ch spax:e Uf contmuous functmns

f R —HR va.mshmg outside [—2 2],with norm |
il = ufnl,,,,'[;;.g] ;
We lt;f Y -.be.t_he space of all measﬁrable f .: R --}R witn .
Wty = -llfifvrf||z,;;g;f'<:"oo,'

 Assume that we cannot find f satisfying (2.31). Then the uniform__ﬁdun&ednesé principle
gives (4.28) for all f € X. Again, ‘when £ (0) = 0, we obtain (4,20). We now choose g, €

e



T (an) tws.a sign w (z,.nn 15 [*—1 —-‘-] S

s M““h as beforer wededuce tha't f°f ='= 2 1. | |

. o N lL'Lq“](le 2@% L’—”—‘@
AJSO by N yp othesls, gwenA) 0, thel-e emts Cz Sm:h that .

” - v ()zA [ioé‘s?.-c#)if%*??cz# -

" Heuce by (4.29),

"'2’65119,4; >|1Lﬂ[gn]ny IR S (430)
iAo ||p,. ()W (e} =T nogcz cwn L., S
> CsAﬂa ﬂogﬂ]‘ IanWII [ ]

: - %0

: -'26.2':

w_.

5[05 a]

 by(3.16)and (322).
" Now by Lemma 4,6.1_,:

. "IIJP;--Jf?"II.L;[&st %‘]_. > Cuad (1~——-+5,,)“T L[ ]
- & : _ 4 u.& Bn .

Uy

.1.

.' 2(‘413; L<s<{1_i)f§n (lfS) ds]

"'2 Csﬂn [1ag{1+os&- (r (an)"l) *



s 30) we cibtam

_ '.2 . C_?sa,?-” (lo_gﬂ}% c
Here we make the substltutmn 1- L '_Jn's,"-a:hd*al_so used (3.21) and (3.29) Finally, vsing. -~
2G.-> C'}A;'

_ lt. :s clear tha.t; C‘~ is. mdependent. of A Of course, t.hls is unpossxble for 1arge A Su there o
S must ex:st :mntmuous f vamshmg outsxde [-—2 2] sa.ttsfymg (2‘31] Ei c o
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" Rates of Approximation for Erd8s

g .



:--Emrod;m:tmn and Sta‘temem @f

| "__'_"Resuiﬂ;s

In chapter I 1t. was pomted out tha.t each continuous functlon ) could be unrformly a,ppromv "
mated by weighted polynomlals of Erdcs type In this gecond part, weé consuler the questioriof
N how fast we can. approxsma,te otr nge:n f in our welght.ed ﬂense, i 2. we are mterested in the _- |

degree of our a.pproxun&t.ion or mnre precnsely, we estimate how fast. '
B, g = é;‘ﬁn_u(f ~P) wnf;ﬂm —omn—e. ()

Here U<pgoa . . _ : . : _
Drrect and converse results in ‘this ﬁeld are commonly known as Ja.ckson and Bernstem- o

“Theorems and are closely rgla.ted to-_the smoothness properties of th_e a.pprommated. _functmn. '

5.1 M.Odllli of Continuity"aﬂd Ja'cksbn Thebr_emsr S
Ons of the dass:cal tools used in descnbmg the degree of smoothness of a functmn, is the' :

‘modithus of mntmuxty deﬁned by _

wy (1) = aup. ™ (f,x,mnw >0, e

N



where for an interval J r_?_'l a.‘nd’ fiR ——%R _ ':

'-"I,_,.-. 027 ( Ppea) etdes 63

Lo . . _..'..,otherwlse

o mmd =

8t the nth urder symmetnc dlﬂ'erence o f I J 13 not Spec}lﬁed it can be taken as R _ _
. : Dssent:a.}ly, Uy 8 J mea,sures how contmuous a.fnnctlon oy For Welghts on R, a.naiogues T
“of. Jm:ksun »Bernstem theorems were mltmted by Datbasjan but ‘more mtenswely studled by
E Freud in the 1960"3 ~1970's [42]. Freuds prmmp]e tools for proving Ja.ckson type t.heorerm"-' |
._._.-_-wa.s orthogonal poLyI‘lOIl‘ll&l& and de: la. Vallee Puussm EVE TR Recently, Dn:zmn and- Lubmsky : -
- ha.ve for mulat.ed and prov:ad Jackson’ Theorems for- Freud Welghts by a drﬂ'erent mathod Thezr :

techmque does ot use otthogona.l polynnmxa}s but reljes on an approach wiuch gc:es back to

. Freud/Brudny-l and mote. recently, to DeVore, Levxa.tan and Yu £9,23]. The approa.ch invoives .

approxlma.t.mg £ hy a spline (or pneceWtse polynommi), representmg; the pzecewxse polynomla.l'

' m terms of certain cha,ra.ctenstlc functions and then, a.ppromma.t.mg the cha.racterlstlc functlons' -

: _(m 2 suitable sense) by polynomia.ls 'I‘henr mcreaamg modulus st

w;,-,,'(f,'W‘t')- = oiﬁgtnw'(A’}.;f)"_lap([zls&{hi} o o | (54)

FR oo ofdeg<r-~1 “(‘f R) W“I‘Pﬂ’” 1’“(‘31

" Hers, . o - S .
. o’(t) =mf{au.£'-"-<t},t>0 (55) o
- We rema.rk that their modulus is diﬂerent, but equwalent to others uaed in hhe monograph. |
of Dltzm.n and Tot.:k[12] Ditzian and Lubinsky then proved [11] : '

Pheorem 5,1.1. Tetd<pKooyr2 1 Let W = exp (~—Q) where Q R — R i

‘even, Q' exists in (0,00), Q' (z} 15 posxtwe and i ln_t:reasmg thera and for some 4, _B, A>1,

Q) _ T
AL Qr()<B >c‘._ o ) (55)

2 -



.'.Thén o L ST
 Balflwy < Crur, (f,- W, c'zi‘-'t) .

' Note here tha.t (5 6) holds in pa.rtlcular fur W.,, gwen by (1 2).

; For the correspondmg Erdos wexght problem, we a.dopted *he method of Dxtman a.nd Lubm— C
" sky [11 12 27]. Thxs method ha.d the advanta.ge 0f mvolvmg only hypotheses. on Q’, in contraaf,' o
" with the more comphcated a.pproach via, orthogonal polynommls that. typlca,lly mvolvad hy- :

_ potheses on Q"’ [12 18, 36,49] . In the Erdos welghf. context, some now - foatures arise: The"

'degree of a.pproxima,tmn :mpmvea towa.rd the endpamts of the Mha.skar—sa,ff mtervaj, and’ to.'-" .

reflect this leolslu Tlman-Brudnyl eﬁ'ect e need a more ccmphca.ted mudulus of coni‘.mult)r :

‘and the proofs bet:ome more mVolved

'We need - -sulta,ble t:lass of weight.s . o

Deﬁmt:lon s 1 2. Let W= e Q wfm'e

(e) Q- R -+ R 5 even, com‘muoua, and. Q" is pasmve in (0, oo).
() a:Q’{a:) i str:ctfy increasing in (0 00) with rzgkt limit 0 at 0.

(’ c) The funct:on .
mQ"(m)
7= LoN

18 quasi-inereasing tn (C, oo) for some C’ > 0, anc_f. E
g T =oe
(d) 3 C1,C,Ca > U such that

ey ve2ce

Then we write W =e~% € &.

Some Remarks

_..(-5-7) | _

(58

(5.9)

(a) We notic: trat £ is a “much larger class of weights than &5 deﬁned in Deﬁmmon 2. 5.1,

The main reason for this, is that hers, we are not deperdent on the correct bounds of th_e _

orthogonal polynomials, as we were in Part A.

73



_ (b) Mui.h a8 in Part A wa need [b) to enaure the exxstence of the Mhaska.r-R.a.hma.nov-Sajf o
i Tnumber, am: deﬁned by (1 8) L - . e .
() The functmn T (z) pla.ys much the same role a5 T"‘ (m) in Part A 1. e, it serves asa
'measure of the regula.nty of growth of Q (m) For example for nice” welghts hke Wk & given by -
(1 4} N . o _

. s - _
T (m) ozo:“ l;]:[ taxp_,r (m"‘)]

. 50 tha.t T (m) ~. T"' (n:) in t'.his case. .

(d) As in Pa,rt A (5 9) i a wea,k regulanty condiluun on T ,See (2 13)

. We next pmceed to deﬁne our welght.ed moclulus of contmmty/smouthness

Deﬂne for t> ﬂ a (t) gwen by (5 5) Reca.ll tha.t it has the form
E (tj = inf{a;, : 9-“; < f;} |
Eurther, to reflect endpmnt eﬂ'ects we need our our mcrement h in (5 .3} to depend on z,in

| _Partlcula.r oft the functmn .

le

'In(a:) l (t) +T(a ))'5 ,.a:__eR.__ ) : (5__;1'_0)

~ The functmn By (x) describes the 1mprovement in the degree of a.pproxlmat.:on near :t:a.n, m
mnch tke same. wa.y that v/T ~ - 2 does for Welghts on [-1, 1]

| Se.t,fort>0 ﬂ<p<ooa.ndr>1
. _w,,,, (f;WstJ = émp -ll W(-’—'\F@(a)'(f)) "Lp(lalsvtﬂ)) B C O]

+o of ||(f R} w"L,n{]z 1So(t)
Further, we define its a.veraged cousin,
e (F, W, 8) = ('t_ fo il W_(A}.u!!i'(a:)- (f ))_ 1% pet<oton) dh’) - e
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o +R ni‘d g(r 1 "(f R) W“L,.ua,- f>a(4t))

: pr oo, we set: Wr,p"'"wf‘,p Clﬂaﬂbﬁ ERTET

 m U s-@._-,_,_;;f.w, 9. e

Our modulus consxsts of a mam pa.rt a.nd a tail, ’I‘he main: pa.rt mvolves rth symmetnc_":'-"’:': _

dlﬂ‘ewnces over’ a. suntable mterval wlulst the ta;ll mvolves an’ error of we1ghted polynomza.l '-

- approx;ma,tmn over the remainder of the real line. Ore can ‘think of the ‘main’ part of the -

: modulus hemg ccmtrollecl by the decrea.smg ﬂmetlon, a‘, whlch is essentla.lly thein\*erse functlon B
_ofthefunctlon o T ' I
o . . u-——-}ﬁ

_ _ v _ _ |

_ .. Wi clecays t0 0 as 4 — 0. A good way t.o vww the funct.mn cr(t), is t.hat for purposes of o

| a,ppro}nma.i.ian by pulynomia.ls of degree at most n, essent.xa.ﬂy t = 82 the main. pa.rt of the'

R modulus is taken over the range [ﬂcm, an] and the t‘.a.ﬂ over R\[—'an, an] ,The tail is necessa.ry )

because of the mabihty of (P,._W) Pn € P to a.pproxxma.te beycmd [—a,, aﬂ] The inf is also_ o

.' ta.ken over polynomxa,ls of degrae < r — 1 €0 ensure tha at lea.st for f € ‘F',-..;, Wy (i W, t) =

0 [28 29]. It is possnble to repla.ce a (2#) by a sampwha.t largar term 7 (£} — ~ At and ¢ (4t] by a e

_ somewhat sma.lfer term o (t) Bt, for suxta.ble A, B in our modulus, under a.ddlmon al condltlons

. on Q’ However, it ha.rdly seems worth the eﬂ'ori:, as the resu lting modulus is almost. celta.mly_ '

" 'eqmvalent to the a.bove one. As evxdence of t.hls, see Theorem 5:2.1.

We a.re rea.dy ta sta.te our Jackson Thecrems

Theorem 5.1.8, Let W 1= ¢m9 € 81 Let r>1 and 0 <p < oo, Thenfor f R—HE. _
far whsch W ¢ L,,(]R), (and Jor p= co, we requsre f to0 be contmuaus, cmd fW to vamsh at
00, we have for n 2> Ca, L ' '

B < clw,.p(f,woz——)mwr.p (f,W a2) e

 where G;, j=1,2,3 do not d;gpend' on f or n.
: Fllﬂ;he_r_, we need for later use the following:
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'I'beorem 5 1.4, Far n> 1, :et A (-n) € [ } Tben,for n> C’a o

B [f]m = _caw,.,, (mv e (u) ) R
: where Cl,C‘g do not depe-zd on n or f or {A [n)}
) I. Momonei' : L D ' e

}&s mtr moduh are nnt. monotone mcreasmg in t we also present. 2 result mvolvmg the_--

mcreasing modulus, S

.-,p(foW t) = SllP " WAL h@&(m)(f!m R) ”Lpumiquﬁn
0<‘T'{- Co ) . ) AU
mf Il (.f P)W "Lp([mPo-(&t}j IR o (515} -

Here L 1s a ﬁxed (la.rge enough) number mdependent of f, |

_ Theorem 5 1 5. Under the hypotheses of Thearem 5. 1 3

5 [ﬂw,, < caw,..p (.f, W, G (5.10)
: wheﬂe C,, §=138, 4 do not depl nd on f orn . _ :
Tt seems hkely tha.t. one shonld only really need T = L in t.he deﬁmtmn of w‘,‘:m but we ha,ve

| only been able. to prove thls under a.ddltlonal cundltmns :

© o Set:

'w,-,p (f , W, t) = Sup "WALth(-’ﬂ) (f B :b', ) L,,(|a¢l<a-(2h}’} -

mf II(f P)Wllr,puwpa(un I ':_(5‘1'_7.}
Then we hawe | |

Theorem 5.1.8. As.sume the hypoﬂacses of Theomm .5 1 3 and further assume that Q"
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- eme.sts nnd ts nownegative in (0 co),and

Moreover, we. assume that a

.-.f.l.#hen".'.__'. . U : P _
o E,,, [f]w,, 5 C'sw,.m (f,W c'5 ) TS X R
':.whereC_,,j-—ﬁ bdonotdependanforn o o | e

_ We note tha’e the addltmnal cond:tmns (5 18) a.nd (5 19) are certa.m}y satlsﬁecl for Wk,a a.nd o

B :5.'2 KFFQHCtidhals .aﬁd -Coni'refs'e ?' T'hébrerﬁs :

: Whﬂe K- funct;nona.ls were mtroduced in the context. of mterpolatmn of spaces, one of t‘nalr e

" most 1mportant apphcaluons has been in the analysxs of moduh uf contmmt.y, and i m ccmverse '

theorema in approximation theory J. Peet;re first ma.de the connectmn between lns K-ﬁmctlona.l e

a.nd the modulus of contmu:ty in 1968,

The Dxtz:an-Tatnk rt;h order K—functional has the form

nP (f:Wt) li}f {"(f g) W”Lp{ll)'l'tr,

yl""'ll locally absolutely ;
: cuntltmous .

r} a1y
{ W“L [R}} (e
Here, t>0 -r)la.nd p>1

We may think of the second. term measunng the smooth pa.rt of f a.nd the ﬁrst pa.rt
measuring the dlsta.nce of fto tha.t smooth pa.rt[12] The idee is t.o prove mequahtles of the
form, e . ' . S .
o, (W) <G (7, W, t')- < Cownp (AWt~ (529

- for a suitable modulus, 2y p. -He_i'e, > 0is fixed in advance , Cy, C3>0,and tis small enough.

7 -



_ Under mﬂd condlt:ons on W, Dltzxan a.nd Tﬂtlk estabhshed the funda.menta.l eqmva,lence Qf :_'_:'
' _'thexr mudultm of continmty and the K-functlonal[lz] All they assumed was that i 1s even, E

:.contmuous, Q’ I8 contmuous a,nd mcreasmg in (U' oo) and

@u+)<c

Q*‘() ,a::al].

S In partl-:ular, tlus halds fur W.,, (n:] 7> pt and Wi (m)

Unfortunately, i H in L,, ({J < p < 1) [1(]] 150 ma.ny others ha.ve mtroduced the concept._f :-

| of rea,hsa.tmn far 0 < p < 1 [I?] Set

- where the degree nis determmed m terms of t b}'

- Note tha.t. here, (compa.re [5 22]), the mf is taken mrer polynommls of sulta,ble degree Z. Ditzlan |

_ ond D.S Lubinsky then proved {1] that if W satisfes the hypotheses of Theorem 5.1.1(which

. are. of | course weaker thau thiose of DltZlan/TOtIk) amd omxts a Markov—Bemstem lnequaht.y, _
- then (5. 22) holds forp > >1 with w replaced by “and further for 6< p < 1, (5 23) holds wﬁ;h |
Fe repla.ced by K and with w replaced by w". Th]B y:elded converse theurems

- For our purposes, the formulatlons become mors comphca.tecl

We deﬁnqa. smta_bly -modlﬁed- reahaamon- funcmonal by E

mm ) xﬂﬂw mwmmﬁflwthm} o
wheret>0 U<p<oo,a.ndr>1arechosanm advanceand

.—..n.(t) :iinf{k:—k—k<t} R (525’) ..

8



.'Further we deﬁne the o.rdmary I{-funcuana.l by

K.‘fp(f.Wt") = - g)Wllem)"‘fr lﬂ‘”"l”"WIL @} (52‘5)".: .

B g(.-«x) locaily’ al:solutely
o . nontmum!s .

' _' We. begm Wlth our eqnivalence resuit o

a Theorem 5 2. 1. Let W E L 1 > l] r > 1 and 0 < p < oo Assume t!mt there w a_._'
-._Markov-Bemstem mequahty of the farm o S '

"R:;D_nW" oy S HR"W“LP(R} 0<p<oo, R“e'Pm o (5 27)_; -
. where C C'(n, R) . Then 3 ca, C'g 03 >0 mdependent af 7 and ¢ such ﬁm for te
(oh)‘ e L o -
RN ) wr,p-(fiW;Lﬂf) < ql-fq;p o #) < Qﬁw:},zé'(f,:mfc.‘st)-'._. S By

" (b) wmcf,Wt)»vwr,p(f,waa o (f.Wt’) IR >0

ﬂmfor'mly int r:md f : : S | R o
o (c) ey (1, at) < cuwr.p{f,w t) L (530

Hem, 6'4 depends on o but not on f ana‘ s | |

Remark _ : -
The Ma.rkov mequahty (5 27) wa.s prr.wed forp -0 in [32] . and for 0 < p< oo in [17] for
We 81 (see Definition 2.5. 1) o

Theorem 5.2.1 a.llows us to deduce 2 sm‘.tpler Jackson thecrem to. Theorem .5.1.3.

Gorollary 5 2 2,5 Assume thc hypotheses of Theorem 5 2.1 Then we fuwe for n>Cy,

En[f]w,,s_caw,,m (f, )w@m (w‘ ) e

Here, Cz Is mdependent of f a,ntl .

-9



o We note t.ha.t the pomt of tlus Corollary is tha.t we , have removed the t:onsta.nt from msxde-: .
- the mﬁduh in 15 12), ' ' ' '

We Have the followmg converse theorems

- Theorem 5 2.8. Assume the kypotheses of Theorem 5. 2 1 Let g = mm{l, p} Fm- 0 <_"- _ .
t <: C’ determme W= ﬂ (t] by (5 25) and let l = [Iagz n.] ._tke Iaryest mt,gg, < 1Og2n Then o

we hane,

‘"’rm(ffwt)
“C‘f‘ [§ “"’““ﬁ (azk) E”‘mg‘“] . B
L where 01 ;ECI (f,t) and whene we set’ Ez_; E.,,u. R T
.' Wededuce R - o -
Comllary 5. 2.4 Assume the hgpatkeses of Tkeorem 5 2. I Then for every 0 <o < r the' o
- fat!omng are equwatemt ' |
S : Y 7 B E o _ -
e Cwetwg=o()e—o ey
Fmally, we obtam estlma.tes of our modulus in tarms of f(") a.nd deduce f.he eqmvalence of

" the K-functiona.l with the reallsa.tlon functlona.l for P21
We need ﬁrst. ; '

Carollary 5.2. B, Let W € 81, ” > 1 )< ps < oo and assume (527) Then‘o’n!mye_
enou_qh and VP,; € Pu satwjying

"(f - Fr) W"_L'F(R)SLEﬁmmp o O (5.35)

for some L > 1, we have

'R"(I)E';.“ .W"Lp(m} ~ K,..,,g, (f,W, (%) ) . | (536) .

80

s -2 Wilgpkn}_:r (3‘5)|



Here, the constan’r.s in the ~rela.t10n clepend on L bnt. are mdependent of " a.nd f T

We remark thati in parhcular (5 36) holds for P“ the best approxama.mon 1;0 f
We detluce . o '

Comllary 5 2 6, Let 1 < p < co cmd assume t};e hypotheses of Thearem 5 2 1
fﬂ) ff f (")W 6 Lp (R), we kaue for' t & (D‘ ("2) ' _ e

wr,p (f 3 T’V; t) ’( Cltr

(r]q,twnl' {m) (537}
o Hm (‘.,,.#t.?:.(f,z‘:)a.?....l 2, ' | R
(b) We havefor t € (0 0‘3),
1< Ic*,,p (f,.w t)./Kr,;.a f;Wtj <f; | o (533) -
-_-:.'.Hef;ec;%'c:(f,t),;;agl : - o _ T

| 5 3 A Marchaud Inequahty
N Fmally, we present a class:ca.l property of mlr mudulus, namely a Marcha.ud Inequahty |

Theorem 5.2.7 (Ma.rrha.ud Inequa.hty) CL . _
“Let W & 81, = mm {1,p}, 0 ( p < oo, r > 1 and assume (5 27} Then Vi’ > 0 small.

B 'enouyh L

¥
?'

Gz Wy, (an) 1og 7
wﬂp (f,Wi‘) <C;f" f "f t‘+1p ) : ﬂrq( 2( )) d 4 (;{OEQ (1)) ”fW”Lp[m |
‘Here the Cj, j = 1,2 are independent of fandt. h



 Chapter 6

" I_"Techmcal Estxmaﬂ;es and some

- Enequ&hties

| _._6 1 Techmcal Estmmtes |

We preaent. & serres of techmcal estnmates w}nch we wnll need for later chapters.

| Lemmaﬁll LetW€81 (a)ForsameC'_;,J-I23a.nds>r>(?3.

(e < %E%s (G,

Moreover, .

o) L Q) TE) 5o
(_)c " )T(" s ?‘Q'(") = T(?‘) (")c o o
(b) Give: § > 0 f.here exmts C'such that

1w ~T(u(1—“g-7f_~,n; v2 c.

(c) Given A4 > 0, the functions Q (u) ~4 and Q(ﬂ)u“"‘ ate quas:- mcrea.smg and mcreasmg |

respecmvely for large e:nough 1,

-_ (6.3)’ |



o Pmof (ar) Flrst]y, (5 1) fo]lows from the 1dent1ty

Q(s) T(t}
G " f

o “and 'the"'faht tha‘h Tis q’uasi;mcreamng T hen, the. deﬁmt:on (5 '?) of T gwes (6 2). " _'3 .
' (b) We can refurmula.te (5 9] 28 .

T(y) Q(y) gg..
TR <6 e )) .

o ] Hence, for T = y(l - TT)‘ the quasl-mcreaamg na,ture of T gwea

-T(
Tz) =

as aexp((ca~— ) j T‘*)dt)
< Cx exp(CsT(y) log y) < (5.

- '.'_R,eca.ll here that T(y) is la.rge for iarge Yo
(c}Frum(b‘2)1fs>r>C" '

Q’(f‘)“"“ 5 Tis) 8 C'.a%{t‘)**.;-'- T
Q’(r)r-** = T(r){ Rt AZG‘*’-'

_Here we have usecl the quam—monotcmlmtv of T, and also that xf C' is large enough then
(azT(r)—l—A>0 Slmllarly for Q(s)s"*‘-cl I IR .

Next some propertles ofau* o : - o _
Lemmn 6,1.2. Let. W e &. (a) a»u is uniqualy deﬁned and cont.muous for € (0 oo),'_

'a.nd is astnct;ly mcreasmg functmn of U,
(b)For'a>C’, : DR o
(i) G“Q’(du.) ~ ﬂT(gm)ﬂz | B o (6_4} !

(s Q(a.u)&#r{m;)‘,‘f‘*' | "__(e'.s)
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' (c) 'G'ivfen'ﬁxﬁd':_ﬁ > 0, we have fpr large u, C

| . (iu)Q"(aﬁu]N Q" (%) | E
o (d) .Givéh'ﬁfxea.-ix& 1 . | o

- E,_ II T(ﬂu) o (67)

~ from which it follows that e
e -...Zp;u.__u T Wi>0 U DR () B
[e) It Cz 13 as m (5 9],then fur some & > ﬁ

T(au) < Cj‘u (%‘T _-%(fj'lui.ll.-_-‘”_,_:' o . C : (59) .
Morover, Ye >0 I RSN

~{) It &> 1, then for large enough u;

(g} For some (."g, C’s,c.;, C's, C's, %2 C's alld L 3’ 1,

o 1og(c'2m) oL logfLC’s) e
exp (C“ T (e 2 » _.21“"0 T(a;,u) - e

(h.) EIC,,J-G 785nch tha.tforv>u>c'g o B R -
(“’") <Cs( ) ", B AT
_ Oy - S - L

a.nd_
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: -1" pa.mcular, giVen e > 0, we have for v > u > C’ﬁ

- :. 'u——-} fﬂth(ﬁ)‘/___zj;ae(OW):

' -_._whmh has r;,ght fimit 0 a4 0 a.nd hm:t oo a.t 0, (Note: that thls function is contmnous eVen 1f o

Q' is not), So'the assertion follows. A
{b) For u &0 la.rge tha,t T(au) > 2 Wwe have C

o ae) —,f[f‘,ﬂ‘-f -xma.a] duQ’(au) m. o

I. ’-2_ _‘-j.._l-ﬂ 1- 1}1(%) %Q’(aut)
- '_':‘“_WT"‘-!_'“)_ | f

2 R
o auQ'(au) f 1-1/T{an). \/ —ff -

.% ( )lfﬁQ(:ﬁg?r(;f)(o) fa T( )—1)'2

T( )1}‘2 Q(ﬂu) + T( )—1{2=_T(%J-—.I2 s

_ Q" ).
Here we a.lso need 1 80 la,rge that Q(a,,) 2 Q(O) | Sa we have

auQ (“u) ;, _“T(%)UB _ .. .

In the qther d:rection, (ﬁ 2) glves for la,rge 0

;u. 2f g,th* a,ut)
Q*(au] 0 auQ’(%) V1 1 - t? '_ :

8

| ( ) f(au) <C.G( )w‘ir“l.

: (EJ)/ ( )<ce( .)_H e

(6 1) o
Pronf (a,) Thf. functmn u —-} ﬂu 15 the mverse of the stru:tly mcreasmg t;outmuous funct.wn B |



j T(ﬁut) U;T(u..) .
1/2 T(au,) \/1 —-t2

. T[%(I—m)] it o BRE
Zcﬂ T{a) ( Tlﬂu)) 1 [ﬂﬂﬂadm

> cawcau) ‘f*‘

: ..I-Iere we have used (6 3} a.nd the qﬂasn-monot.ummty of T So we ha.ve (6 4)@} Then (b‘ 5}

e follows frorn the cleﬁmtmn of T,

(c) We can assume ,6 > 1. -Then by (6 5), ancl quasrmonotomclty of T

T(a,sa) Bu ) pa 1t
"‘ < Tho) [Q(aﬁu)] / [Q(%)I —-’3.-.

__ .The rest ¢ of (s m follows from (6. 4) and (s 5)
(d) Now ' o
| g fo- o) F -

.. - ‘ﬂ‘_‘_ ﬂuﬂ‘&u:am aﬂ V1 ___t!&
> CuT(w) - B

- 2O
by (6.4). Hence, o
. . o 1_&503/2.,(““)'
L Bay
In the other direct.ion, _
_p, fau/oas a y &
[ et

. 2 ﬁﬂ{ﬁ'a_u | dt : dt
< = 1) (Bl i - 2 2
Sgh et o )-m""_ e (“‘**‘) zm

Bl (a,.s) f—] + 20 @aea)(1 ~

0-,, )1[2
= Gu b1

< ut Cul(a) /3t~ ZE
_ . G .
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by (6.4) and (6.6)(4). Then = e
T 12 1
'._“_a‘.xﬁ(. Ty

(e) We a.pply (5. 9) wlth y= - Gy a.ud z= G‘s, 50 t.ha.t
. g ﬂuQ’(au) < CJQ(%)

= uT(au)”” < C'a(‘u.T{a )*1123‘*‘2
R;earrangmg t}us grves (6 9) Finally, usmg (6 4) gwes for any A 0

(au)*’

Gaus_Q{au)wnT(au)"‘?& =30, u—+ oo,

8o (ﬁ 10) follows. -

(F).For la.rge enoﬁgﬁ U, - ' ( ) .
Q(aau) eat Tt
Qo) ™ (f I04)

. Pexp(c“sT(au)log( ))>eXP(C-r)>1

by (d).of thls Iemma ' _
(g) From (5. 9) w:th Y= 0Ly and &= a.u o

T(abu] Q(“Lu) Oz-1,
c 2
TG < Q@)
- This forces C’z > 1, a8 the left—ha.nd slde -+ w as L = 00 Then. wn.h the constants in ~

~ independent of L, (6. 5) gives o
: : - Qoze) LuT(n,r_m)*'.lf 2
Qw ~ TuT(a) T

2 C'L(-———-ngf“;)' j-(Ca-t)/2

= Blaza) Ry
Q( ) 2 CLW%,

Then using _(6.1),
(GL")CIT(GL;:) S CLTEW y
o' .
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) '_ a.nd the nght. mequa.lxty m (6 12] follows In t.he other dn*ectnon (6 1) and then (6 5) gtve :' L

(Q(ﬂLuJ)E’ l“"j :
Q[au)
8 ("‘ M) <{03L) L
DERERTE L G IR E ) A Tl T
' | ) "Here the cnnsta.nts are mdepandent of L and % Then the Ieft: mequallty in: (6 12) folluws ]t
remams to show (h) Now by (6 5) and then {6. 1) ' . ' '

v:r(a,,)f Q(au) ( )Miﬂﬂ
S ¥ Q) !

 which imples
So we ha.'ve'(s 13) and then (6.14 - 6.6) also follow. O |

Lemma 8. 1.3 (Inﬁmte-Fimi;enRa.nge 1neqnahty3 LEt._-W e 81, U-_{-p < o0 and & » .1.
_ _ThenforsomeL C“C’>L”>1,andPe~pn, : S o _

||--Pw-|1n,,-_(_ms_c1 | PW e iy~ (6IT)

M_o‘réo\.fer,'.. o L
WPW lsolzomS Cro™Om TN | PW o gy (88)

Remark: Note that (6.9) shows that for some Cy >0, a.nd iarge enough %,
“T(“n)hu? > n%,

We prov1da a proof as those in the hterature f26], [37] [39], don’t quite m&f_.ch our needs/
hypotheses ' ' | | |

. Prnof : o
We ma.y change Q in & ﬁnite mterval without a.ﬂ‘ectmg (6 17) y (6. 18) apa.rt from 1ncreasmg"
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tlle const.ants Note too, tha.t the aﬂ‘ect on au is ma.rgmal &nd is absorbed mto the fax:t, that'...’:-_-' -

s > 1. Thus, we ma.y agsume. tha.t. Q’ 1s contmuuus in [--1 1] Thls, ancl the stnct monotbmmty .

:of tQ’ (t) in {0 oo), a.llow us tn a,pply ex:stmg sup-norm mequa.htles to deduce tha.t for P e ‘P.ﬂ, N

; _-;._n Pw:nmm;u Rw'lu;:-_q,,,.g,,,:_.

Fur & prec;se reference, see {48] and [16 Theerem 4 5] Moreovel the proof of Lemma. 5 N L

L _. ul [2(}1 pp 231—2-32] glves Wlthout. cha.nge

{PW lp{“’“”)(}'ﬂ“f lPWl”(amr)d:,wm "__(s'-"_ié'):

Let <z > denote t.he greatest. mteger Lo Let § be sma.ll a.nd pos:tlve, ler. I =< 67: > a.nd o |
_Iat T;(m) denote the Chebyshev palynomla.l of degreel Usmg the 1dentity B

ECE O s S T

(6.21’_}. :

.11; is not dtﬁirult w see that _
g exp(7=v‘ )iw E (1, 5)
: Tz_[-'ﬂ)-> e, n:>1 _

We now lét m 1= n+lmn+ <o >, m ‘-n+2_5_'=_n-—1_—_2_ < 6n > and apply (619) to -
_.P(m)ﬂ( )E?m Weobtamform;»l ' T S .

| PW P (ane) <T:(m) **1 2“ [PW g (amt)dt
Replacing oy 2 by_ # a.nd integrat.ing frbm Bt to_oo giv.es- _ _
S 3 po ._dy
> » » ?
[Cewp s ([T 12w (s)da)( /w iy )
I-_Ierg usiﬁg: '(6;21),.. -

[ ' :n("rp B
a'mfy"'am ) a am . umfjamm'_'l.' .
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o8 G-(f P L p(— s/mmf -fmm) S

m'/“m a1

<cluog(@ 2 )exp(-cazp( ‘. 1)1f2)+( )“‘P}

< ('3 exp(-—f‘.mT(an) 1‘12)

Here we have usecl (6 7) a,nd our. cholce ofl Now if 6 is small enough m" < sn. Then (6 18 N
: _;fo!lews easnly, and in turn y;elds (6 17) : B

) B Lemma Ga104» Let W E 51, ﬁ } 0 be small enough and ﬁ '> 0 Put fDI’ u ‘a‘rge enough

ﬁﬂu

t-“'—a--q

o | _'_.-ﬁ;;_-n-(tjgihf{k_.é-%ﬁ_%ﬁ}; T (X )

L o (6-‘25}. o

B E'rooﬂ (6.23) follows from the definition of n(624) fqllm’_vé fmm_(6.23] as
- an-—_i < an- . .
 To show (6.25) , we first show that Ja> 0 such that

w<aem. - (626) -
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e

3 whmh 1mp11es (ﬁ 26) Suppose u < e Then (6 26) follows thh o 1 So xt sufﬁces to shaw

:'_tha.tE]C‘l >Osuch tha.t -

".Well 1f n-—1>uby (6 23) a.nd Lemma&lz(h] there exxsts£*2>05uch tha.t.
. an..1 < =1
,s< / (u)

 which implies o
Do Cazom

. fofs‘aﬁié- Ca" >’ U.-F}irther,'- if u 2# -—1 Wére dbna;ﬂ o

We next. presenf. va.nous estlma.tes inmlvmg the functlons a, ¢I>f, and drﬁ'erences Through— _ :

" out; Wea.ssumetha.t W_—-e QE& g
R.ecall that: "

cr(t) -—mf{au E:- t_}_}' 50 '

1._

P

(ﬂ}w(a (t))“ >0,

Lemma 6.1.5. (a,} There emsts 80,1){) such that fnr s e {0, so} and v, we can wm.e. |

Ca= e, where > ’Uq Moreover. we can write -

- whers

91

SuppDSe ﬁrst tha.t w > e Usmg (6 23) and Lelnma 6.1 2 (h) t;here exlsts C‘ > 0 such that

N 1> - (%)/% ?.“ﬂ(ﬁjltdﬂ.z 1 -C‘/T(a,_.) _ - ': : .-(6.2.3.'.)



S b ﬂﬂ___ - i
| | Ty - S
(b] There exxst. C’l, 02 > o such tha,t for £ < -( t < s, a.nd g < Ci,' o

)

_L

(}

| Further for t small enaugh we. have for some & > 0,

Cz

1*?@@1”

IA

(e30)

Teb)=0 (ﬂﬂfﬁf’f   ;7f'&ﬁf@5If?

(c)'rhereex:stc.304 ;ﬁ&QPendent ofsf,, I::.,- su_.c.h. 'ﬁh.;t}fgr ;u'; t <'s < ca,_'._' R

| | | ;q;,(_'m) 5. c;é,_(x_); ;;.,|_<_ §('5_); - x (632}

.(d.] T_herel.ex.igts.ég,.aueh th;.t' f-o;_u < 5 '<_. C’s;and gg.t_s.’:&; . o |

| ,(a:) (I’:(m),mER | o | .:(_6,3_35__..'

{S)Umformlyformﬁﬂand“?-l’ o .. _ o : : _
oo B
Fusther givn ﬁ > 0 and > 0yve have fr séme .06_,07 > 0 and fq'r al ¢ €R, |

":é@@dz@rmo% “ :_ O ew

. and- ) : | | | : |

@) 2Cree)t, e

Proof (a) The existence of u for the given s, follows fmm the fact that u — a, is cont:nuous
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and _ .

';”%4@&4& ;@

See (ﬁ 10)

The contmmty of By a,llows us to wnf.e cr(s) = ap(,,}, some ﬂ(v) Smce ' . R '

"'._the Ieft inequa.hty in (6‘ 28) follows For the other dlrectlun, we nate that by deﬁmtlon of '

. (-%)and ﬁ (") we h%We ﬁ(v) < v imd

.

[ R
(ﬂ_)s_v:.-'

8o R
1 'U < ﬂyi < Q(ﬂru) )
%3 (0) = atw) " '(Q (aﬂ(,,} )

'..'for large enough n, by (6 1) Usmg (6. 5}, we obtam h '

s C =y S Cl ) .
: (v) _ ﬂ [U) T (aﬂ(g)) L (ﬁ (u))

It follov\rs l'.ha.t o < C’gﬁ {») and 80U ~ ﬁ (u) Then "

v a"

1< e &
B - “ﬁ(ﬂ)

—-}1, v-—-}oo

: by (6 7) 50 We- have (8. 29) Then f&") also gives: the nght mequa.hty in. (6.28)
(b) erte 5= 20 and ¢ = & Then as ¢ is decreasmg, _

) - Ga) ﬁam
( %m
If we can show that

g~y

P

| (6.37)



then (67) gives R
B _Ll) Oy
o) 217 ey

' ._Whlch together with (6 6)(‘ ) glves (6 30} We proceed to estahhsh (6. 37) Suppose that 11'. is not._ R

t-rue, sa.y, for example, we. can ha.ve '
. [+

e For the 'tihri:éspondiﬂg #,'t, otir hypothesis :i_s.:_

o . : ‘t_l_?_ _}0 e | (6-38)
i i o
o TE -Q(ﬂu) ar{a,) Guyy
N | '-Q(“)z()é_: >( )’__
' f“‘.. la._rge u, v. B’ut_ from (6.5), - | .
. S : ( Q(au) uT(nu)'I"z:"'
o = Q) ™ V@)

<CB-.-<GS“_“. |

again by our hypotheses on 8,1 Thls contra,dmts (8. 38) So we have (6 37) a.nd hence (6 30)
Flna,lly (6.9}, (6 27) a,nd {6. 28) glives for some £ > D ' ' '

!!

r (ﬂ (t)) <T (au) ( g_s) (zﬂ}a—e

~ 8o that we have (6.31). .
f") Let § > 0 e fixed. Fn‘stly for 1 | % | /a'(s) > 5}1‘(0‘(3)),

| '_?‘,_(:c)aa '\/1 _Izg; __.\/1—'—(75@‘(::)
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e ferficsl S HTEEN
o ‘I’a(-“?) ~ T(d"(...g)).-.‘lfﬂ'_ N

: : Tlus is baunded by C'ﬂIn(a:) if | 1- | % | /a‘{t) ]> E/T(a(s)) fcr a ﬁxed 5 :> 0. 0therw1se, We .
. ha.ve] 1 | % | /o‘(ﬂ) 1< 5/T(a(s)) a.nd | 1- || /ur(t i< §/T (0'(6)), |

o o cr(t) |‘*-’| ]z[ 0’(‘)
— l o‘(s]l |( d(s))_ﬂ'(s)lwl )‘
- éc;a/i*(tr(s)).-
- If 5 is smai.l enough, we decluce from (6 TJ a.nd (6 9) that o
T(ﬂ’(*)] T(ff(s))

~@and a.ga.ln {6.32) follows _ o N
(d) erte' § = fu a.nd t= -4 Then we l1a.ve (6 37), 50 -

‘1—-‘&-—- _“|1 L?a;+[:l'(} 1+1](1—§%—)
5|1;L L 1T0(T( ())]fO(T(;(s))),_

Then we obtain for £ € R,

Nshy
| ]1—!—,(7)' < Ot (a).

(7)€ C1®, (2).

Also T'(o-.(t)') ~T (0 (8)), ;5

The converse inequality follows similarly.

(e) By (a) of this lemma, we can write

a . o
o(=F) = e = Gn(14o))-

%



- B.ééa.ll t.hai:. . |

o msesyieggh
Hera by {6.6)(i) and (a) of this Jemma, -
S |ml I:ci
| . | (2“) i o | .
': for Iarge 7 and | & l< dyjy OF lwl > “ﬂ In the ra.nge %!2 <| @ 1‘: “m b"th the leff’ a*“d. |
o nght—hand side of (6. 34) are NT{Gn) /2 . : " .
o Fmally, note that . 35) and (6. 36) tollow from the deﬁmman of @t a.nd (6 34) o

Lemmaelﬂ. (a)FOr0<'8<t<Cl_ _
T(cr(t]) (1-—-l) <C‘110g(2+ ) ey
(b)ForD<s<t<C‘, _
(640)

Hence, gven7>0. s
. _ : : s\‘ (]),(a:) R T
(@3 ew

Further if 'm <nand n,m 2 '__04, then

_ u-'EIR ‘I’,—m— (ﬂ:) -

sup o 05 log(z-l— ) . (6.42)
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Proof IEREE TR - BRI
(“) We wnte 5= """ and b= E“ Note (wnth the notation nf Lemma. 6 1 5] tha,t o S
| .__'_.Gb(uj'%’?_'-(s} '_éff(t_)_"—"ﬂﬁt»}f_”: R
50 f(u) 2 A (v). Using the inequality
d-uglg=, we (9;1]

o

ol :
to® gam,,,_ .

<:Ig

(3)

:' (643) ;

l:y (6 12) Next,ﬂ (“) =u (1 + 0(1)) a“d Sim‘laﬂ)’ fOl‘ ﬁ (‘f’) 3 Bo 11'. suﬂices to shnw t.ha.t o
: 1og <('zlog(2+ ) o ) L (644)

Bt .from’(_ﬁl.'.l.) for s < i_a}nd'sm'a.ll _t'a.nd- then fx_‘om_ (6.5_} .

[
&
) FVTES

B2 ). S0

and we have .(6.44). :
(b) Now if % 2.0, S
ST A L)

o (s)

w ]

rom

|‘ - ““”a:(a)-| = II'



(t)l* (l (t)l “)l : Et))

Usmg pa.rt (a;) wa obta.m :

l ()I <é1z¢t(&') _..-:.lo.g .(24-.): i

Slncg g;r(s) } O‘(t) B.JSO . to S
e T("("))Tw("(*’n’
S0 (640) holds 'I'hen (s 41) a.nd (6 42) follow a

Lemma 6. 1. 7 (a) Let L, > 0 Uniformly for 3 > 1 a.nd ] e l | y |< ag, such that

R '{i;.éé)j

|w| ry| o
G2y '_ 2 (64?) :

(5) Furthermore, af 8> 0 then umformly for u 21 a.nd l © |, { y I< Cuis such tha.t

la~yl< L_;—_T_(aa)% |

~ wehave -

() Let L, M > 0. For ¢ € (0, :5)', XN (r(Mt) such that
|2~y IS L0 (x), o may
we have (6.46) and

T



(d) R.eca.ll th9 diﬂ'erence operator A" deﬁned by (5.3) Then ‘we ha:sre Vm € IR. VP e

| "\) ar P(m)ﬁo...'
(u) r' (h@ﬂ (m)) @,-, ( -}

Prouf :.

- (a,) It auﬂices to prove (6 46), (6 47) for largg . Moreover, (6 46) 'md (6 47) arg 1mmedia.te 3 :._ .
. for |a: l((" and la.rge u Let s suppuse tha,t ¢ < C < y <: i + L—“\/ E Then as Q’(q) s

: 'xs quasx~increasmg for large s, S i
U < Q(y) Q(ml < C’t@’(ﬂ) (y m)

W ha.ve then (6. 46) for o

50 that (6.45) iiﬁplies" (6.51) and h-énc'e .(6.46).'. 'if ﬁr'stiy,b '<.y < &, theﬁ_
: _c_ue'ty)_ L | <o) [ 7—-7-,: .

12

I | < C‘df_' a,.tQ (aut)m < Gsu . |

If on the other ha.nd fu < y< < ﬂ»m "

au@*(y) |1--n<os] a..,tmm)‘,—-e:cm._'

So we have (ﬁ 52) in all cases. Next fmm (6 45] a.nd a8y g < au,

o

1<___:-:____1_,.__.__,__._
1=k ay (1 lm) 1oL

89

1+0(_~_~_;)-

e DO

- (5_.5'.1.)_ -

s



= by (e 7) a.nd (a 9) | |
. (b) This follows much as in {6 46) usmg Lemma. 6.1 2(!:) (c) ancl (6 8)
L (c)_W_rxt_e_Mt =.._ , 50 tha.t I:z: ] I Y |< J[Mt) 4‘«: a,u, a.nd we cat ree.ast (ﬁ 48) as

l:r: -—y‘ﬁfﬁ E—‘i[ l - -l-f-l +T(nu)’—1{3] SG:;EEE- 1.

. _by (6 7), (ﬁ 33) and (6 34) Then (a) glves (ﬁ 46), sind [fi 49) fullows eaaﬂy frnm (ﬁ 47)

(d) Tlus follows from the deﬁnmon of A" EI

Lemmaﬂl& LetWESx.ﬂecam,L M>0antl o<p<m S
(a) Let.s E ((I I) and [aa. b] be conta.med in one of t‘.he ranges o

lrcl>a(t) [1+(25 m)g] -
] mm.@t.{mnjd@g-m-_L ._;_1f- (:c)rc_z_m o

‘Where

ez e__[af,frz]}- o

O esy
O
(55)

@6

(b)Letr>1, te( ) T € (0, M) and [a b]beaSabovewﬂ.hs.—Mrt Deﬁneaa,nd]j_ |

B by (6 56) with & = Mri, Assume moreover tha.t

| [a, IC [-o (Lt) o (Lt)]

0

- ._ '-{6._57) i



Then for soma C # C’ (a,b fi, 9)

;7\___ :

||Awm) (9* “*m W (@) IILriu 'R “‘f ||W (9 P)ﬂm[m zj . ':_ _(_‘? 53) |

]fW,qNLE[r,, g] B

.m.-

Pmof. (a) Deﬁne K= :1:1 a.nd . (m) =g + ns{b; (m]

WE sIr‘a.ll a.ssume that. [ﬂ“ Bis conta.med n the ra.nge (ﬁ 53) a.nd aiso a > 0. The case where R

o a < vi is Blmlia.l‘, 2k id t.ha case when {a b] is contamad in the ra.nge (6 54) . Then for.z e [a, b] o .

e (m)"1+2\/1 ,,( a‘(t))”
_-_by (é 53) Hen.ce " lg lﬁcreasmg in [a, ]a.ncl wntmg b= 'u(:c) gives o
| f lf(wsrw))ldw f lf(u(m))ld-'c -
f 1ftv)[dud=;; M@ |
-_HS[ 1 v |

/ u (xndm

Cin thns case. The extra 2 in (6 55) ta.kes care of havlng to spht [a, b] into two llltervals lf o < B < b._ N

(b) Now recal] that we ha,ve o |
W(-'B)A he(o) (9-(9:))

| =§()r 1)'W(z)g(a:+(--—s)hti>i(m)) B
A}so .(6.4'6)._ gives ' ' ' '

| #’(a:) | (:c-!— (5.- f,) I.atIn (:o)) |



| 'umformly m a and fm- l:cl <: 3 (Lt] a.nd k < Mt Thus we obﬁmn from pa.rt (a.)
= Ww%m@wwﬂ

e : _ p .
-._%=5‘%53./'¢”’(*+( )h@ﬁhﬂ

Note f.ha.t for 0 <4 < r, (6 53) wrt.h 8= M rt glves

- llm.|<a(t)(." [215‘?‘(1)]) .

- (a-(t)( L;k{t)])

so the range réstricﬁio'ns of (a) 'a.-re-satisﬁéd. 5
Flna.ily reca.ll that by 50) for P € ‘P,‘.d, E |

_ AZ@;(@) (P! .L":,R) =0

' ﬁ_éhcé_-'_ R o . _
Mmmmmmwmm[ﬂ
= ".&M‘(‘“} (g P x R)W(z)"Lp[a b]
<Cllg- ]mmkj

It remains to take uf's over P

6.2 BSome InaQuélitiés

In this section, we prove an extension of thé_ Markov-Bernstein ineiqua,lity (6.27). |
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_' -.'-’Ifhéorém_'.ﬁza-_z.i_. ' _).L_et_:W_é & dﬁd_qsmime (527)}35# D <}J--__<_'Qd'é§nd.3eﬁﬁe fbr._'w_. 21, L

Then for n>01,0< { <n and VPGP,,, we have, _

P)"

f “Pﬂmq{{tﬂ)ﬁwﬂ <Cz{ ——T( )f}" “)m*MWIIL {nt}. (660):.

HereG',;éC(n,IP)J-_23 o | | o

We remark tha.t (6 60) and (6 61) w111 hold wlth constants dependmg on I 1{" we replace !

lﬁ by ‘I'_.u. j'.

" More prec:se!v,

Lp(R) ™ Gn Gy

R L P

<G f+lll|P“’¢‘ WIILP(R,

where G =£C, (n, P) 3 4 5.

: We need several Iemmas

Lemma 6 2.2, Let &> 1 a.nd 7 > C’ Then there exlst polynomla.ls Rof degree o(n) such'- :

“that umformly for |a:| < a,,., _.

and

wema<DeFe. e

_Pl'-bun Let . . . .
o C BT S o
u(s)w= (1-2%) ", 2 ef-1,1]

e the ultraspherical weight on (~1, 1) and let Ay (, 7) be the Christoffel furction corresponding

103
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 to  satisfying - _ o
o " l\_l ('u, a:) € 'Pzn-.z

Then 1i. s known [46, P 36] that gwen AS0we ha.ve umformly in n and |:c| < 1 — "5' a

| ! ['.c:.,a*)m_.’]:.(i-—.m) v e
and SR TR . '

' Now"'ch'aé_séiﬁi:.:;'*-—";ﬁu(n] = the la.l_'_gest integer_g :’Z_'_’ (dn)“i and put

"R (a:) = '—_--2-)\,,,2 (u,—;—:) 2 € -[-—a,m:am] .

| Then by (6 9) Rhasdegreeo(n) a.ndby(ﬁ 7, (6' 9) (6.34), (6 59) and (6 66) we ha,Ve umformly o

for |2] < ag,
R(z) lI>.n(:n) \I'.; [a:)

- To prove (6 65) we observe much 25 in [40,11 228] that

. X N

Al (u, _ﬁ_“)
S _ A24n

IA’ (ﬂ‘ "'2.!1'3)

Y

(6.68)

so that by (6.66), (6.67) a.nﬂl the definition of R we have uniformly for [z] < g,
R /R < 9—(1 - 1 )
: _ T Gn \ . N2am/

s =1
< -Hw al T .m
=g, (=)

Our next lemma is an infinite-finite range inequality:

Lemma 6.2.3. Let W = &.Let 0 < p<o0,8> 1and ¥, be as in (6.59). Then for

104



--_'n > c"hw’ e?,.. and o <ignwe have,

14 '
"PW@ “Lp(m S C‘ “PW‘I, “Lp(la.]<nsm)
: Moi-éovér,_ L
m G 174 PR IO
o upww || Lpuz:mm; <§C’aexp[ C’:m 4]||wa |]LPU,'K%) o (6.70)
'-.'Here,C,aéC’ (n,Pl),s--12 : ' '
We remark tha.t (8. 9) shows tha.t for large n,
ﬁT(nn)‘“‘f.z_ O ey
Proof. First note that by (6.35) and the definition of ¥, given § >0 we have,
| S e T e S
Wi '(ﬁ)_Z-T(ﬂ«n)_ 7, =R S (eT?)

- Now wr1te£-.-4j+k 1 0< k < 3 Then forsome0< a<3a.ncl Gy dependmg on- kwe :
- have, ' '

» bp{l“«'!>aa.n) = “ PW‘P ‘;.m

< G "PW‘I":s "

"wa‘f" HLP{leﬂ.as.ﬂ}.

LP('“‘-")‘GSJH} (6-73)

Now Pa:“\Iﬂ isa polynomla.l of degree < n+£+3 < 3n so by (1. 18) Wwe ma.y cuntmue (6 73)

< Cyexp [*C_'anT(““)_-%] :

oogd 1 o
: b Lp(fs|Soaam)

S Coexp -["‘?3“’*" () 73] 65T (o) fPruitit) (b}' 6.72))

. S CE exp [-—CBRT (an)%l-] ||P W‘I':f‘i L p{le|< ﬂg,“.}

by (6.9) and (6. 71)' u}
We can niow give the
Proof of Theorem 6.2.1. We prove (ﬁ 60) . Then (6 61) will- fo]low by (6. 9) (6 62) and
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| ”S’.Puuma.ndwmu-z;ﬁk 0<k<s Pth.~P“1 Then

.. ‘_ IlP U+an‘“+nh"I;?(I-vkuam) !IQ’W‘I’UH)H“

IJP {[”i<ﬁa 'n)

G

@%* WJ -
: Sl [[Q Lp(]n:l‘:ﬂam}
’;Chooae b}f.‘Lemma 6 2 2 R of dagree o (n) Suf-h that. o

C
[R' f.-'ﬂ) /R (ﬂ’)l YigZ ( )
. __-umfm’tniy for !m] < agm | o

. Then mnhmue the a.bove st ma,te for J as  . N L

J P 02 Q’Wwf R"‘D‘

LP{]""'"(GBm} .

. ‘where Gy depends ohlwn . This s i ...t_u'r_n can be can continued as

- < Gg (Qﬁf; Rk_).f:.‘pé'w. |

L-P(l”[sﬂﬂan)' _

TR ( “) . bt I:P(]”‘Sﬁam} ) .

- 1
+G | (B quiw)
S bt [ip(elSasen)
-g~ﬂ+%+ﬁ _ _ |
- We begm w1th the estxma.tlon of T;
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_-'Ne.xl'. we estlmat:e !Tg

Note th""ﬁ Q‘I” Rk isa POlyﬂOl‘mal of degree<: n + I + 0 (n} < 39: Thus, we can Wute B

TI < 03"— HQW RkW“L (n}

( C'q"“' !’Q‘I' RkW"LF(IﬂK“am] ._

2ot

< 05—~ ”PU)%W

Lp(|3[<a3m) -

me)'
Note tha,t. for ]m] < am and by strmghtfurwa-rd dlﬁerentla,tlon, (6 7) gnres

( 1)

(m)<c'sw (w)*"a -~ -

 Thus

Tz < c'f—- “P“)w’ 2 W‘h W
s L’Puﬁl<“3ﬂ|} o

I:P(I='-‘|<aam)

IT(%): ' P 4 S
w {875
. ‘s'[! _{5_75_)___

L me)
by (6.72). i .
' It lxjgmla.ir_l.s__f_;b eétimate _-&"“3 s |
~ Write _. s ' '

T3 < Cok] 'IJ,-"R”“ R’QW‘W“

Lp(le|<assn)
_ C'wk

!1

w,w Q_w

IJP””KNN)

by (685)

< Cm.__.im ) - {6,768}
g

LP(R)

17



BT

T n' R

- asin the estlmatmn of Ty _ ‘L .
Ry Combnmng (6 74] (6 75) and (6 76) glves S

_Lp :

J< C’u{aﬁ _ :—-—T(a,,,) } |me‘1”

. : where ("'11 =;£ Cu (n P, 3] . _
L Fma.lly by (® 69) (6 77) becomes

“ pu+1)wq; "'i‘

<C‘1:;. : ;-T(a») }

L,,(R} an -y L,(R)_

as requxrecl where G;g # Ch fn, P i) fJ

108



~ Jackson Theorems
" In this chapter we prove Theorems 5.13-5.16.
7.1 Polynomial Approximation of W-!
| '_ The result of this section st
'_'l‘hébrér__n 7.1.1, For n > 1, there éﬁst porynéms'a!s.G'n of degree at most Cn, suck :fmt.
0<Gulz) SWa)se®y . (11)
Cand -
' Gula) ~ Wl(z), | &S ane B (&)

We remark that this does not follow from existing results in the literature on approximation

by weighted polynomials of the form P, ()W {anx) (28], [51] as our weights do not satisfy their = .

hypotheses, The methods of Totik [51] can be applied to give sharper results but we base our

proof on:
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- Lemm&.’(.ié- There exists. an’ 'even -entir'e .functioni S
.s_ﬁcixtiia;-. SR T e
o G(:c) W"I(m], P (—‘:R S <2 JE
 Proof et
| | Qz(f‘) Q(V’F)
(r) = f‘Q1(7‘) = "1/_ Q2 («/-)

- Then -1}: is mcreasmg m ((} oo), and lf Ao l, r > ra, the qﬂasmncreasmg nature of Q’ gwes '
- for some G' # (), ' | o
von-e2 %_ﬁ@’tv% WVic-nz1

i Als la_lfg'e'eno_ugh. Moreover, ¢(r) = éQf{-‘“] admits the representation
o e,
o) =y expl [ Llag), p>1,

By Theorein '1.5.1 , there exists a’nti;ré

Gi(‘") Zgﬁ’an‘h } 0 VJ

such.tha.t : _
G1(r) ~ §lr) = exp(@()yr 2 70,

Then, assuming go > 0 as we can, we see that
G(r) = Gh(r*)
gatisfies (7.4).00

In the analogous construction for Freud weights, 1.5 Lubins'ky and Z. Ditzisn used as the
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| _Pﬂlynomm.ls G‘m hhe partxal aums of C However, in the Erdoa case, for pa.rt;a,l sums of degree L
'O(n), we only ha.ve " L L AP
' ' ' Gn(m) W"" (a:)

o forl:&lc’. qn, whereq:,.,was g:ven by L7, _ . :
Although a,;/qn ~ 1;m ~+ oo for Erdoa W&lghtﬁ, i eﬂ‘ect q,, is sxgmﬁcantl}' smaller thamf '

G So, we use & more suphlﬁticated interpolant.

N Prouf of ’I'heorem 7.1, 1 Let J be a pos:tive even. int.eger (’ca be chosen la.rge enough e
Ia.her} a.nd let To(2) denote the classxcal Chebyshev polynomml on [, 1. Let G'n denote the -

o La.gra.nge mterpola.nt to G at the zeros of Tﬂ(m/aﬂ]-’ f0 tha.t G‘,,, has degree at most: Jn - 1. -

” a.nd a.dmlts the error representa.tmn ' ' ' ' ' -

1 /60 Talefea)s
@G0 =54 mwﬂ@w &

| fur by mmde P We shall choose T to be the alhpse with foct at :J:a.,L . intersecting the rea.l a.nd
imagmary a.xes ak er(p + p~*) and -‘*(p ,a"") respectwely Here we shall thoose for some ﬁxed '
-smalle>0. ' ' _ L '
: =1 If 2
| - + (T(ﬂ%)) . |
. . Smce G‘ ha& non-nega,twe Ma.claunn serles coefficients, a,nd sat:sﬁaa (7.4), we deduce tha.t -

W""(“—n(pw“‘)) o
- 1) mmtel“ ITu(t/ tiy) |'jr

. _ ﬂ- ""'” Gﬂ/(q'—' 1 [[Lw[-ﬂn,ﬂn]< C‘
Now fort & I‘,- we can write £ = (24 z‘*_‘) where | # ‘;—.. p, 80 tha.t

| Tt/ ) [z.'rn(-;-? (s +L ) = 3+ 2 |

N[H

(0" = o) 2 exp(CanT{un)~31?),

(Recall that "ntl“(a.,.)""‘f2 ~4 00 88 1 — _o‘ci and in fact grows faster than a po‘v&er of m). Itis

i



L tmportanthere _:__th#_f_ Cz ié iﬁél'e"pénd_énf_.-of-;I;""Né_':’ct § o

xfe IS small enough' a.nd n 15 large enough by (5 7) Than,

_ m'. it m» xmportant thast. C",; lS indepencfent nf J. Smce {p - 1‘“"’ r~ T(aﬂ) grawa o
U '__':=3faater than a pqwer of 71. we see tha.t ;:hoosmg J’ Ia.rge enough, gwes S

;:mmwﬂggﬁﬂ

We_now tnm to provmg (7 1) IT' S“fﬁceﬁ t’“ P"‘“’e L
| 05-:_% < C-'W“‘

: "for then (7 1) follows on’ multiplymg (",l by a suwable conatant Fxrstly, we can assume n s
eveu (for add n, we can- use (”,;4.1) 80 that Hﬂ(m) Gn(\/E) is a polynomial of degree at most
S | ﬁ- 1 (reca.ll T and J zre even) that mterpola,tes to the entu-e function H (%) 1= .G.(\/:E) at '_
" = --tha ZGros of &'}.,(31’:)"r that lie in: (0, a2), Phus, H,,(:c) is determined entirely by interpolation
- condltmna. Lpi; 4y denote the lea.dmg coeflicient of T, (#/,/dz). Then, the usual dorlvativenerror

S farmula fcu H.ermzte mterpolatmn gives for o e (0 o0) and some £ € {@, co),

H‘ )

o 2"

- mE =, cf REAEEC
(Recall that H is entire and has non-negative Maclaurin series coefficients). Soin R
G, s GLCW,

 Tu show that Gn 2 0 in R, we note that it is true in [~ay,,q,) and we must establish
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. it elsewhEre We use . af xdea employed in provmg, the Posse Markov—StxeltJes mequal:txes
i [13 p-30, JLiemma5. 3] (There the prouf s for («oo, o), but the proof goes through for {0, oc} B
: _thh trivia.l cha.nges} ‘Now His absoiutely monotone m (O oo) and H ‘Hy has s zeros m o

= (0 a,,] If m 15 the number of zeras of Hﬂ(a:) in [a oo), Lemma. 5 31 111 [13;1) 30] gWes o o

313’-' +m g deg(ﬂnJ ¥1g o

L2
. 60 m 0, th&t 15 H,, has no zems in- (am oc) Thus Hn > 0 therE, so G > U in R f.‘J
L 72 :Ptslyno;mw_ dals aipprd:&imating .chéraét'_eristié -funct_iéns- o

o Our Ja.ckson theorem 15 basecl OR polynomaa.l apprcmmations to i:he chara.ttenstic funct.mn

lebl of a.n mterVaJ [a, b] We beheve the followmg reault is of independent mterest |

Theorem 7‘.«1.3 Lez E 6e a pasztwe integer. Tkere cmsﬁ G’l, C’z, no auch that for 7 > -nn

. 'and g E = a,._, an] ’ there emsat palynomzat‘s R,m. of degree at most C'i'n- such that jar @ c R

|--x'[;_,-',_,_,-.,1'-R,;.f l-(_a-)W(w’)/W(rl__s;cltii+ —'iifl-:—"—-'-)’ N (7._5}

We empha.s1se that the consta.nta. are mtlependant of n, T8, Our pmof wﬂ] use polynomals :
from [24] built on the Chabyshev polynomxals ' ' '

Lemma 7.1.4. Tkere exist Ci, B, m such that for n > n and | ¢ |< o8 -2?};, there exists - |

: @ po!ynomsal Vot of de_qree at most n— -1 wath

1l Vag ||Lm[.1.1j,='u_=,¢(c)=_1; o e

R —“m“ R R
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L The con&t‘aﬁts are mdependent nf m{,t. A

Proof__""ne assertmns (7 ﬁ), (7 7) are Proposxt‘.ion 1'% 1in [24] The estxma.te (7.8) follows
from the classical Bernstam mequs;hty D ' ST .

nnal'edeterminedas follows: Let us suppose that, say, . -

T f = o
P %l-l’n

_[7..9) . :

and' lf G'n a.re the polynomia,!s of Thaorem ? 1 1,

fo Gﬂ(s)Vn.C(M,J“ )”ds
Gn (3) V"hc ( o494 e )[st

o R,,,,-( ) (7.0

. Tne pa.ra.meters > a.nd J are deﬁned asfollows Let A € (0 1] denote the constant in
- '-'-_-t.he quasn—monotonlclty of- Q" 50 tha.t ' D '

et M denote & poSitiVe cohétnn.t Buéh that for say; ﬁ'z 'llo.-_,.. .
Q'(e) 'S_MQF(_au), i1<axg agw_' R (AN

: The existence of such a,n M follows from (8. 4) and (6. 6) (1)

W@ set.
2AUn

AanQ’(r)ﬂ =z

Hi= H(n, )= (ra8)
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tha.t G‘,, hms degree at most J n -n'-ll a;n i a.lsrs

'“mm@%ﬁmf+2*fi~cﬂbsﬁ} Wf.xnuy}.?*

. _The reaspi for 'this (comphca.ted!) 'chmce wﬂl _becume cleaurer Iatm WB a.ssume tha.t. J > RN

th

D -?" oo ,'EE _ R o
W(T)/n .-‘_Eq’_‘f-{fj:v“’_da_zun:)j ‘_f'-'s 2 ¢ n _1_- sl SR (--7!16} '

I‘lé.ré f:'z 5& C‘g(nyr)

-1

o

=1
R

-rgfﬁﬁdm—ﬁﬁ<a~ﬁfm+ slecth- o

o and for = € (~aaum Ty

/:m _ "T’.d.s < 0151;“-\/1"— T+ 'j_ nle_rh (7.18)

Efmwa¢cww)

Praof. (a.) Let us denote the left-hand side of (7.16) by T By (7.2) and (7. 8),

Wi(s)ds > C‘.;—-—\/I_:C,

Lz¢ W(?)f aanWT'

 where we have _uSed (6.46).

(b) These follow in a straightforward fashion from the estimates (7.6}, (7.7) and the fact
that J > 4s0 i > 1+ 1.0
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Now we beg;m the proof of Theorem 7.1.3. We ﬁrst. shuw tha.t 1t. suﬁices to comnder T m -

. the ra,nge [S a,;],for some ﬁxed S

N Proof of '?I‘heor"gign : 7.1.8 for | .1_7 < 5, where § is fixed. Note ﬁfs't,_"th'at_'s'ir;cé forsuch -

W) SWOWE) R,

: we must anly prove t;here exxsts Rn,T of degree a.t most n such tha,t

| X[‘nanl - Rm 1 (m) < Cz(1+ “—""——’—L)—

. . n Y Ran
2 for ]:t»‘ I< azm a.ncl then our. mﬁmte—ﬁmte range 1ne<Iuahty Lemma. 6 1 3 gives the rest Settmg

o "-.here E s !am 3 i /Gm an d U,,, E( sJ ,1‘(3}) R,;‘,[a"s], we see that it suﬁicea to show
. I X[ﬁ‘il(‘f’)--'-' Un‘g(s) |5 Cg[l + n. | 8 -:5 I)fd,s E -2, 2];- '

o We ha.ve used here t.ha.t. £ |< 2» for 1a,rge n. The e:ustence of such polynomla.ls is rlassu:a.i

'See fm exa.mple [9] One couId also base them on the Vag a.bcwe =

It suﬂices to conalder € [S, a,.,], where S is fixed : _
Fc-l once this ig done, we kave the result for all T € [0 an]. With the result for 7 2 0, we set |

Rn,‘-—-r.(a':) ":'“—-"1 - R,g,(-:i:), 7€ R,

| It is not dxﬂ-‘lcult. to check the result for -—'r from the cormspondmg result for T, usmg the
1dent1ty :
. x{"'nuu](m.) = 1 - X(T,ﬂn] (‘—.m)‘

In the sequel, we define R, by (7.10)-(7.14).

It suffices to prove (7.5) for 7 ¢ [S,8,) and |z |< aagn
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g

Foa' then {7. 5) for thm :mbm.t.ed range 1mp11es ' S

J| {1+ [%}2)’3,;.T(m)wcmj n:.&.{..nz,,m S o

. | where (’4 # 6‘4 (n, -r) 6mce the ponnomna.I in the IEft-ha’.nd szde has tlegree at most 21 + Jn +
o -'.IJn < n2dn, some fixed 7 <1, n“ [>2 a.nd n is. Ia.rge enough (as we can: a,ssume) then t;he '
o mﬁmte“ﬁmte ra.nge maqual:ty Lemma, 6 1 3 g;wes Lo ' T "

S _ _ AR
i (1 + E (r______]g) Rn,-.-(w)W(w) IIL.»umlaam,.ﬁ C‘s exp(mn“")

A Then (7 5) follnws for ] x l> am,., Ej

We ca:n now begm l;he proaf of (T 5) proper. Wﬁ consxder 5 dxfferent ra,nges of a5 [0 -r), .

[r, ‘r“] (‘r‘“,au], {om, azun], ["‘a%hu al. Moreover, weset

-_ A(w) '—I x{-ria,.] R‘n.f} (-'E)W(?!)/W(T)

Proof of (7 5) for 2 € [0 T) Here usmg (7. 1) and then (7 16),

W(a:) fo G“("‘Wn&fu,,_,,, J!st
)f?‘ G"‘(slv“!dunt.m)”ds_ .

A(a')

W) E W= 1(3)Vn,c(,,m,,)”d8 _
. ....n. _
fo “-uC(agUn)”ds

< ¢
- .

by the mdnotonicit.y of W. Then (7.18) gives the result.D

<C

Proof of (7.5) for z € [, 7*), Here

W (o) [5” Go(s)Vag (i) do
W) Js Gn() Voo, Wds

A(z) =

7



fa: exv(Q(S) Q(ﬂc)m,( _,n]”ds
<C' — P—ﬂﬂ C_L

by (7 1) and ('TJ.E} Now for 8 E (m 'r*) the property (7 12) of Q" gwes (recall T"‘ < az,.)

QIS) Q{m)*iMQ’(ar)(s m)<M‘Q' f)(s ‘f')

Than usm eur bounds on Vﬂ,,c m (7 6) and (7 ?), we. ha.ve _

5(“*1< Gr exp( Q('r)(s 32‘)/?3{; 2

a«uﬂ ZIM Bu

w AT ) min {1;_3—}‘."@' o

exp(

%H IogH

y(-u) rnm{l —}"’fzdu o

B“‘AIJHI . 1*"

_._' fnr sa.y n-> m = n1 (J I) by (7 14), a.m:l where |

(-u) exp( f: “) '. }!m

Xy _.;_We dm‘ ﬂ"@ o large gh’ |
e B | RIOE c_;*;,u’é[n, %Hlagm. |
o wﬂh"ﬂ 'i'néépena?f_*’%_;f . Fistly we i tha i i g enough,
. _'unformly for 7 € [S)an] &#d n 2 no(J, 1) | |

o Flrstly recall tha.t B M,J,A are mdepandent of I (see (7. T) (T.Ii) , (7;12),(7'.15)) .Then
also from__(ﬁ 52) for r € [ , ] ' : L

Q- <cn
n (1‘) Gz Ty

us -



- with CAC (i) Then from @),

ol - f b—Z-\2 -
H-RAC‘(I--———"' )

TR EY

L Herefor ny no (4,1) eing 1w < 'Io'g i u e (_n, {]we obtain

o ﬂzlgn 1+ — ﬂ.'zlJn.

.—...".'.... . OV, i
1 rlg .. G2ﬂ1 2n -

<1+--g———‘m—<1+(‘qlog(hf)
’ ﬂzn

So{?l}))follm waechbosel 'elioil'gﬁ‘. Then

y(u) <exp( ),ue (0, 11

Next by elementary calculus, g has a.t most one Iocal extremum in [1, oo], and this Is &
_ }:mmunum ‘l‘hus in any submterval of {1 oo) g attains its maximum at the endpoints of that
- -..._Z--_'mterval In partlcular, we must only check that g(FH logH } i bounded, Note that by (7.19),

| —';qugﬂ'ge_)l.'..'
:-ﬁ_ Sa
: SM Jyo o Jl

g(-——HlogH) = exp(tlogH{—-—-— - E} - log[ logH) < 1

as J > 16M/A and H > ¢B/2 (See (7.15)). So we have
oo 1
Ay Cof .. min{l,>}"du
: ./‘Ba-'z.; Jn ;71 -é v .
and then _t'i’.&) follows as J > 4.0
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= W':r) f Gu{sm.c(—ﬁ—-ws: o

ﬂiiJn

.n.(’("""“]”ds + fL-L. Vn;{(”’""‘)“’ds)_

+ aw,_c] f} | (7 20)::___._ |

R Then, t.he ﬁrst part of the first term in t.he nght—ha,nd side of (? 20) a.lrea.d y gives the desu-ed '
S -esmmata' theaecqnd pa.rt of that first term can be bounded by 1. By qua.SI-monotumclty (7. 11)_ _

'. _'f.of @:

1’+z.‘

(w) Q( ) 2 AQ'

R “nlz — 1)

PR . . . . . a“. a ’
we ha.Ve | | _ _
Lo P AYMEVITTe w
= 2og(l+u) T~ Hlog(i+u)

 But

' n(r* --r) -
F- Ry vovda 2Hlog H,
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Recall frum (7 19) .-t'h H;I} e Then smn:e 1.he functmn m-)- is mcrea,smg fur % >

e } 2ch:gH
T -Hlog(l +2HlogH)

‘I this case,from: .'(-_ﬁ_?ffl; s
ety oy |
e T(a,) Ty

wufév?*—'-r-

a.nd the secand pa.rt of the first term in the nght—hand snde of (7. 20) alrea.dy gives the demred -
' '_"'_'estlma.ie (the ﬁrst pa.rt of the ﬁrst term can ‘be estimated by 1). i z > 'r(l + T[‘")‘ then -

. x 1 .
E3) >1+2T{ ]+121+3T(f)

C : large 1‘, s \fl'O.m (6-1),

o)
(_ﬁ) > (1+ 3'1’( )G‘RT(*""&E” >03> 1.

(Recall that 2% > r), Then |

() M1t ¢ ~Catelody 4 C8PT___ 1t
[1+ 71 [1+ﬂnT(T) {—‘z!l__ ]

This will admit the desired estimate; namely
i e ~1).
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f; wmﬁiawff;¢m-' L
R oaotw)/(fl E')>C‘-r(-’r-‘-")

Buf., AR -Q'{ if(li
R q.Q(r)f{] 'r Ge‘ A
ST ) YT .

B ."Y (6 5] (6 9) a,nd the faste.r than polynomlal growth of Q, 50 We ha»"'ﬁ the des’fed “S“ma‘te ﬂ E

> CQQ(-’B) 'k C’ma: > 013(3: -~ 7‘)

. '.'Proﬂf of('?vﬁ) fﬂ ﬁ & (a'ﬂ.s a"ZlJﬂ]
__Here.

tuch as in the previous ra.nge, | -

&(w) - W(m) fu Gn(a)vn.f(agwu)“ds
. W( )Jvr Gﬂ{s)v"‘t‘(uzun )‘st

_(e‘?.(. - ’3‘ ’f V t(‘w ) ds +f m,¢(ﬂl o )”d.é)
n(.'t: 'r] ]hf} |
Gay/1-C

'_%l_must'shaw tha.t. the ﬁrst. term on the last nght-ha.nd mde a.dlmts a bound tha,t is a.

\ Gs{eqi.‘ii‘.‘;}u—ta[w) _!_Il +

i muam _fmﬁltlple of the second i.erm on the last nght~ha.nd mde Let us write z = a, (80 v > n)
;- a,nd, I§‘1 = au (so that u < v) I firstly %> %, then i

Qm m”“

) > C‘ 4Q (anfz) {r— 33)

n('r :r:)
_ : /T~ _
: _by (ﬁ 4) and (6,7] (Recall that £ = = .) In this case the result follows. Fu < 3,

2 6'5—-—T(t.n)lfg(r %) 2 Cs

r-!-a:

(m') Q( ) 2 Qlas) = Q(Gmn)

3 CrQ(an) 2 ConT(an)™? > Gon®
by (6.5) and (69) Since

( ) ]—‘f > n'—ail

M+ o=t
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the result a.,gam foil’di_&s_.tl
- Proof 'of (7.5) fbr'a.'é [~a2n, 0 S T
Here usmg the evenness of w a.nd {7 1) (7.16) as bafui'e gives. '

W(:B)fugﬂls)"ﬂuq(n.gu“)t‘rds
W( )IJ 'Gn(SJVn.c(am..)”d*‘ o

| A(‘m)

o {ng—u—_ﬁ_—-—(/.ﬁ )uds-l_eq{z —Q(n:]f V :[--—“—)”ds) o
o < Cy {[1+ f;.l__z__l]*-f.]_eQ(a} Q(wl[l.{. ]-f}

Here]i--r|__u+'r~|a:-—r| Also,lfla:|<r,then1~~r+lml ]m—-rl Otherwme -

: (recall - > §), we ha.ve .
. eQ(—J—Q{wJ <e 040{3) < ;hcslwi < (Cs | v |)I-l
A'[;r,a_ﬁ-_n asl z | 1— >Cs (.1-—1-' |. % |.). _.—. _C"_g _| a;-u 7 |, the res’ult fé_llows.l:l o
7.3 The Proofs of Thédr.e:ms 5.1.3 and 5.1.4 |
In th_i_s Qeétioﬁ,' wé'proire Theorems :5..1.3 and 5'.1..4..' '-R;ec'a.ll-tha.t.dur .mn;’:.d-u.]i of 'cqh;iﬁuiﬁy_aaa :
| ur,,,(f,W.t) = e II WA g.kg;(f,w R) \IL;{izl«:ﬁﬂt)J '-

. || (F- PJW "L(Ia:|>v(4f11

and | | | N
Bealf W) = (2 [ WAL (BB I oy 4B )
“’rmff: ¥ ) A\t ” -hﬂ_’c(a:}( 72:,. Lpllel<e(2t)) ¢

+pd8f NG-PW Hatetzotany -
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Here, ' oL :_ .
S a(t) mf{au ""— <*}

We nee& further Iﬁoduh of cuﬁf.mmty If I is a.n mterva,l a.n;i f I —> R, we deﬁne for-t > (}. ;.f o
rm( f,t }-) - sup ( f l AT (f{ m, I) ]p da:)m’ (722)

é.ﬁd 1ts.a,verag§d cousm '_ | | . ..
,,(f,t, f> = (“f f | A:ff,m r) i ds)”" . "t'réé} -

.N;at.e tha.t for son;e C1 ;. Cz dependmg only onr a.nd p, (not or f , I t) [8]. [47, p 191], -

E g '}‘-_A;-.-a*(f.;c; :)-/9,,,,(;,'_:; ng -ce.' . ) : WJ :

' Forla.lgn -eﬁough n, .We';:ht;ose.&'Ipé.l;tiﬁﬁi_l.' o |
. -an =T°"<Tm < <1_m _-:a,, : | (725)

such that if | | . S |
D= e 0S kSR, (7.26)
 then uni'\f_'prm.l.y. in kand n, B - . _ _ _
. : Y A e
|_.I;¢I_.n - o IR 1
(71 denotes the length of the mterval I) We a.lso set Ty =1 There are ma.nv ways to do
this, For exa.rnple, one can start wwh the classical C}hebyshev points scaled to [~—amaﬂ], a.nd

then erP an aPPTOPI'i&te number nea.r tka,. Let us set o

["‘ﬂm an] U Tiem o A ('7.'28"}'.: .
and o
9?-11 (3) X[’l’.kman] ({L) Um.-j:fin {m) N | . .. (7.29) .

124



- ._'-Wes.et‘._{ o o L TSI _
| Ik,t'—ImUIb.;.M,O<k<n~1. (730)5_-:.;._.-_:"

By Whltney 5 theorem [47,p19a], we can ﬁnd a. pcﬂ}'nu‘mlal pk of degree at most r, such that;:_
"f PL”L,,(I‘ )< ": Ci'gA,.,,,(f vl 1!Ikn) | E _j . (731)

e wmh & #Ca{f. u.k Ik,J o
| Naw deﬁne an appro:uma.tmg plecewm pnlyncrmal/ splme b}'

| Ln[f](w) ——Pn(m)l?on(;cH Z:(Pk'— pk_ﬂ(m)ggn(a:) e

k-—l i

“We first show _-tha.t.'L_‘,:,_[f] .i's_a; gQad -a,pprqxima.tiqﬁ-.to_.f.__-'_ ':_ -

Lemma 7.1,8. Lst Uy, : [~y ] — R be such tlila.t-unifbrmly_'_in_ n, and z € [—a,;:;'an]_, |

' Then_ f_o'r.O.< » < 0o,
o . ||(f Ln[f])WllL,,(m
LGy {[a: f || Wﬁwn{z)(ﬁwsﬁ) llr_,,,[ anand | dh| +"fW”L,[|x|>n,;} a __(_7-34)_-_ o
and for p = 20, We replace the pth root and mtegral by Sllpu<h<(12 | |

Here, C"J # Cilf, n), i=12 Morec-\rer, the constants are independent of {‘11“}, dependmg B
only on the constants in ~ in (7 33}, For p o0, (7 34) holds if we remove the exponents .

Proof We first deal w:th p < 0o, Now

n-l

- Ln[ﬂ)wub,m,;-_zmw i A O
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- where Lol

| Note'that in (rjn,Tiaa)s Lulf] = pjpsothat

- <IEWII’j,m(},,,, CFA Ke)- |I;;1 oy mn

<||WIIL,,,U-]II W"l ”Lm( ,,} lf" |f / |WA"(f,:c,I;‘,,) lpdﬂ;d&’ _'

by (7 23) el 24) Now from (6 46)
" w ”Im(f"‘ )" W"I “Lm{f’ ~1
¥ _ﬁn’_if‘brxﬁlj m §and n. Moreover, _umfurmly m _7, n, a.nd zE€ I;;,,

m

'an:

| nl”"—.

aﬂw ( )
Then we can continue (7. 37) 25

A.’“"'.II* lf flﬂll“m"(fa n)l’”dsdw-

- 13,1/ ¥n(@) S
f, Ta(2) j IWA;w,.ta)(f.m, ,,)_I"-dt do

o I* = .
Cs"“-'f ‘/' | WAt.I,n(m)(f, %) |p dz dt.
Addlng mrer J gwes

B o S .
ZA,n < ca~— f f ! ‘WAN“{M)( fi2,R) 1*' da di.

J"'U
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TIus and (7 35) gwe the result Nut.e that we have also eﬁectwely shown tha.t __.' o

- E 2, (f, |I;“n| I;‘n ) (i) € G’s-—- - / f |w&m,,(,; (.3 R)l dmdt (740)

Fbrp =b°* thé pr°°f is Simil?*"s_:b“t e.@ﬁr: 'We__see"tha:.f_f e

Il(f Ln[f])W II;,‘,,{R)S fnax{kmgx I| (f P:)WIILW(I,,:) !I fW Ile(lzm,,)}

The rest ol‘ the proof is as before.

Nowwe can ﬂ'éﬁne .611:- pblynomiél 'é.ppr.bxim.ati:o.l.l taf .
| P [f] po[w)Rm., x)+Z(m—m-1)(wJRu,-m..(m) o '(-7-41J g

k—l

N ote, tha.t i.lus has been formed from: L,._[f] of (7 32) I:fy replacmg ‘the char a.ctenstlc funcf.xon o

Efm(z) x[q.*m%l (:‘c) by 1ts polynom:a.l a.pproxxma.tlon R,,,.,,m(:n) formed in the prevmus sectlon o
Lemma 7,1.7. Lét {¥s}n be as in the previous lemmai Then
M (Zalf1 = P fzpmy
ﬂi'.

<G ;[I; j; ol WAf.qx.,{a)(fv"-‘_sR).||z.;,[_.-,..,a,,1-'dh. _-+I|fW||LP{I;.“} - 142

and for p co, we replace the pth root'. and mteg al by supo<h<02

Proof We & see that if we deﬁne p_1{m) = D

(L,,[f] P,,,,[f]) (m)
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k—i}(w)tﬂ;m(a:)“ _ RMM(:})) - (?43)

'lnm{‘-’t:bﬂt;l T — .b I}) “ S "Lp[a 5] _ | (7.44} .

i .
Lﬁ.ﬁfﬁi)" W P& ~ P~ "Lp{fknl '

Hw<cu W”u+

Pk Pt M) € €1 D Arp(R 1 T5 | 1)
. . - . . s "=k_,-_1' .
Dshade

is remains true for k = 0 if we set

WMI%WM

|Iﬂ.ﬂ| 1T—I.n = '*"o n

%%IMHWAHMMJMWFM @

" Since (see (6.33), (6.34), (7.27) ) uniformly in &, n, and z € R,

I:t-—'rk,,l 1+|:1:‘ The1,n ]

1
T T |mw
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L we obtaln from (7 44) a,nd Theorem 7.1, 3 unifcrmly for U < k Sn-l a.nd z e R

1))~ B w'?vffl)

s k .—1,3' | I .Tmlru-l | *\ |
§ ml Pu‘*‘T) QF,P(ft!Im l1 u) (745J :

We_ onmder three diﬁ‘erent ra,nges of p, } SRR
no<p<1 AR R
__i'lt'fere from (7 43) and then (7.45],

fﬂan Pn[f]IW)” =

SR N
< Zfﬂ Ph = Ph-1 H B ~ Rﬂ’% |W)p
k=0 |
' ‘n-'[ to Tk | . o :
Z i 17 Qr,p(fel Ilml )‘,m)wp {Tkn] f (1+--—--I’l-)(r-1)rd,., (148
ka—-l . | | | .

Here if (r - I)p < v-l,
e - o+ S i ')"‘“”Pdw i (1+ u n("-ﬂpdu —iCh<oo

LaLain-rin 1wy
' ﬂ-;l ' | :
< Cy kz-}l Qr,p(f ' kn l_# Il':r't)wlp(fkn).'
This is the same as our sum in (7.40) except for the term for k = --1. So the est'. ate
(7.40) gives the estimate (7.42) , keeping in mmd our cholce of Qi (f, | Pymhs _1‘,‘) . '

M1gp<ew
From (7.43), (7.45) and then Halder’s lnequa.llty,

{| LlA - Bilf] | ()W ()}
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n—-I =

. {C’{ E I Ik I-—‘lfﬂ (1 + Lhtki’z_l)r-lnnp(f’ I Iim I! Ikn)W(Tkn)}p .

lﬂf " Tha

nlse

Note tha.t S,._(a:) is: a decreamng f*unctmn of 2 fOr T > a“ = 'rm,, 50 it suffices to conslder
B E [D _a,;] ' Reca.ll that | | |

| Ikn l”l fk+1.n |~ ey

_It is then not d:fﬁcnlt to 5EE that

du
Sﬂ(a: < C — 1 + L _|_‘-"-'__‘?_J_'-_|_‘ (""U?ﬁ__f.___.._._.._
) 2z _E“( Ty .L.l.) =

fitn ’ fzn

1-35

scanj (1+n\/_ sl)(’. ;)”2 dS

" where ¥ := 2/az,, so that.

15> 1% apfagg > CaT'(an) ™t > Cgn2
We make the substitution (1 - 3) = (1 —%)w to obtain

Sn(a?) < Can\/l_-;fi * (14 n\/l_—l w\/-l |)(r_nq!2jli

w

$C4nv/r—“a{ "2 ‘/_ ]f'"-”?f?j‘i
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MM-T-!‘)(NI}MEQ":PU ‘l Ikn |1 Ikn)W?(Tkn) Sn(m)p;g._' . _ (74’73

" supsup.ﬁ’,._ ﬂ:)S'C‘l:(.oo.._'.- - | S (7.48).
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T
ok
S
o
o It |z T () '5(1+ L2~ i '){f"“
1<k< A 1EEY kn!kn . .-[Iknl |
As I:oefore, t.he sum 1s bounded if I is lm-ge enough Then we can contmue thls as
<C su .- su A 1 sI w W *
Lo '._-._;._'1{n<k<12—»1 o<h<ﬁk I[ . (f b }m} "Lw{ j.'+ Ilm "L“’{I"“}}_ _
T 2{0<k<£-1 0<I;<Gunfn“ _ w“(‘}(f'x k“) .”Lm'(f_""] NI Nz}
e 3{0<’§UP | Aaota) (Fro, )W lLootmaman) + 1| T lrcaz 33+
- We can now turn to:
The Proof of Theorem 5.1.3. Now rmeall that R, has degree at most 21/, where J
" is as in the proof of Theorem 7.1.3. So Pulf] has degree at most 2AJn-+r. So, if M - 34], we
_ 'ha.ve for large n, -
Brmalflwp <K (F = PlDW iy - T
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SR w1 R )

S G‘I ) [_&:f "WA \F”(ﬁ)(f’m’a) "Ly[*-'ilman} h}

4 II f w "Lp(|a:l>u“{1 G’z[ﬂT(ﬂn}”z}_l))}}

ey )

B Here we have used Lemmas 7.1, 8 and 7 1 T, a.nd also (7 27 J Wthh lmplleﬁ thaﬂi A

'-Ne_xﬁ:fdrj'__ o .

L Mngi<Mnd)

. we write

.ﬂ:'”jl_ .

'whe're n.= kfj‘, n). th'e that .
~ We set

Note that then '
S 1 Mn, a_., __ :
= 3 T e —(1+ a(])),n—> oa.

Lat ﬂ > 3. We clalm that for Iarge enough n,
am(l- .c:z[nT{a,;)*”]-n % o(6t).
To see this, note from {6.9) that

T = ofT ()
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-' 80 that by (ﬁ 7), 1f1 > 14 > 3{[1‘,

L la;rge enough

Gn(l = C‘z[ﬂT(ﬂu)U'e]_I) > dn(l = O(T( ))) 56 a,,m -

>a( ) a(—-£1+o{1)1)>amt),

- '_._.for Ia.rge enough ;;, by ﬁrst (6 28) a.ncl then (7 52) Next we claam tha.t 1f 0 < 7 < 3 then for kO ’ :.':

g u(‘rt) o o (r54)

To see thls, note that by (7 52) if 1 <i< 3/1' .  ¥ R
i

T ('Yt) =q (“"‘"[1 + 9(1)]) > a ("—) = Gan(1+o(1}) > s

..-Here we aIso used the fact that o is -:1ecrt=.laamgai ancl alsa (6 28) (6 29] wn,h % la.rge enough
Smca also 2t < au/ n < 4t for Ia,lge enough n; (see (7 52)) we can recast ("r‘ 49) as

-1

<G {[5; f ” WAhW.».{m} (f i%,R) ||L,,{|w|<g(;;}] dh]

+ || W |IL,(|=4>0~(4¢1)} o | (7 55)._.;.._ |

_ Now we choose ny = hf (46) a,nd ‘11,._ = <I>¢/ (46‘) 80 tha.t. hllfn = hl tIn We must show tha.t S

(7. 33) holds wﬁ.h constants mdependent of J a,nd , tha.t is

_-(401__.1@1.(#)1&_ - _Ia:

But for t}ii_s_ra;ﬁge of &, .

Agn,

\/1-1-“”\/ _lml-l-T(ﬂz) ”2~<Iun(z) )
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by (633) and (6:34), Then, with a suitable choice of Pa € Proy, We have waing

o ‘kh;@t{g)(P,:caR) EO __

o : that o

j_ -_.+ u (f Pa)w "L,.(ia]w[u)]}

Tmibe

gl f " WAﬁIQ‘(z)(fam:R) ”L,[l«:ls’a(ﬂi)] dhl] . ”

+ mf || (f P)W ”L‘,([a]>a(ﬂ))}

s Zf’awr,p(f, w, = 2cawf.pcf, Mj ya -

_._?_’I‘he Pmof of ’I‘heorem 5.1.4, _ _ _ _
Ohmcusly (5‘14} 1mphes (5 13) The only dxfference to the above proof is that we choose -

b = pt :pw—-—’- L

> to'replace ¢ above. Then from (7.52),
h
= tara)

o ' 'a.nd Iiere 9- € [15, 3] Then 2a 4p > 3, (7 53) above shows thaf.

anli- G0 '1:»’?*1-'1 ) > olapi) = a(4é1) .
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R andasp < 1, (7.54) above s:h'oi:_v"s' t.ha.t o
5 _a,;-_ﬁ'-a‘.(%&);: 0[2'&)-.

) i ___-:_'_._'._’f_'iMorecher, aﬂ/n < 3?. < 4t1 a.nd >3 2t 2‘ > 2t1 Choasing h1 = h/(40) and ‘Iln(a:) -__-:_'
s g tI’g, (a:)/ (4("‘), We note 1:ha.t. (? 33) holds umformly in p We proceed as before to obtam o

Ej [f]w < cnwr.p (f, W, ; ”“’)

itk ';p;jsg@ﬁs.255_&@&5@1;_-c;.f p,'_'f,j._l_:t |

L We turrl tu hhe prcrof of Theorem 5. 1, 5 We provide full proofs only where the details are
o :_"aignrﬁcautly dxﬂ'e-'ent, and otherw:se refer ba.ck We begin wnt.h an a,na.logue of Lemma. 7.1.6 for
B _. .:.::.:.:. L“[f] ﬁf (? 32)

|| (f = Lal/DW llz,ms

<al swp WA, R) |z, foaan + Il F (7.56
< 1‘[u<%$<;l;£(3 || Jdl;,{:n)(fim J||L,.[ aman] 1 F) "Lptlwpanﬂ | (. J

- -'Here L is independent of f,n.
. Proof
We do this for p < co. Recall that the crux of Lemma 7.1.6 is estimation of

Ajni= [ 1£=25 P WP S CiQupl| T | T3P WP(r3n)
n :
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e We now c.huose L > 0 such that C __

r%(”) _1_
: :. n:él{ hq’h(z) = 2

B This B :pOSBlble by {ﬁ 40) Now _'.e-c.haose
,.:--5nk($l ‘“Ll"k;a“q’m»k.m(w) k2 1

* Note that by (7.56),.

L 1
e g Sueir (5) <L
e 265 kle) ST

| ”|< L»—-—ﬁ’_.m(m) Lsﬁ.i_(_si)_;_l"f;;; o 5,,.1'-(:,-)_.

z,s...lt) 1 . |
| -'_.__-'_._'A”“w“f f ) lWN(f’g"’I’”} P

-_ C*if

6 x |
/; ﬂk( ) | W 511 k{w}(f! ., n) P dv dz - .
:n k'—l .

ﬂnk() . 1 . , . )
/Mn.m{m) Bt (m)lwn (f"":fm ! dsd::. |

a,..w{»)ﬁn.w) Tt (®) (m)

k...
< 04 j;ﬂ\ .&Z"'l(z) 1 f I Wﬁ;‘sﬂ.k{w} (fl m‘ J“) IP dT dm‘

n-—-]

" 2A,,1<c4 f ):( k-1 f ]Wﬁ,,‘;“k{,)(f,_:ﬁ,lﬁ)]’_d%dz -

“tn =t

:Then' .

< 2C su WA-;- y a:, B
40(&&“&5!{37;} La“ | heal )(f 1 ) |
\
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o r59)

e i <,

-__..__‘”NI f f "“"‘|wa (f, ,,) |*= ds da. {1.57)

Lew of (7.2‘?}, {6 33] a.nd (6‘34), we may assume that. L is 5o la.rge that umformly inn,




" (an F niﬁ)W ||L»(m

75Therof of ','-[_‘heo:t.'ém 5.1.6

Usmg(BlB) a-nd thie mei;hod's of ﬁ;nof of Lemma 2.2 in [26,p.209], we obtain

: a,nd hence -

" Since © ~ % is then strictly decreasing for large u, we obtain the identity
nee %=+ % ge

[
a("i’) = Gy, u > C3.
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Differentiating this, and usirig (7.60), (?f-"ﬁéi)lééds tp.j S

P IS G 0< e < Ca o rea)

O iEpeeiscew s

: "____.'a<t<ca,l I | (766)

| Bl o = o
.Herev.é-s_ is! amy'ﬁxed posltNe number We now estimat.e Ajy & little dnﬁ'erently from the way
\ We- pmceeded a,fter (7. 5’3’) Let us make the substltutmn 8= LtlI) (2} in the rtghtwha.nd side of .

.qﬁ?) and keep m.lr chmce of L 6',,,1 (a:) to deduce ’cha.t _

[ wonllon) 1 | d
- Ajﬂ. < Gﬁf f _ “ 1(3) I WALth{w](f: m) ]plﬁ[tq)f-(z)]l dt d""'"

anf( )
1/ g(2+ aan) | WALtth(m}{f v, I} P dt da

- 'By..;(7g6_5) and (.6.40). -In a.pplymg (7.65), we must ensure that the range conditions in (7.66)
-~ must held for z € I}, and ¢ < agn/(3n). In fact if | » [< ap, then

6'731%

1 r m | 1 a'l'! an
o(t) = olasa/ (Bn)) " Gan(itol))
> CaT(an)™! 2 CsT'(a(8))™

by (8.28), (6.29), then (6.7) and then (6.6)(i), Thus,

n-1

2. A
=0
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< Cg '
- D<:<na,, {{an)

) l WA i;;(m)(f: w,R) I” dt d.a:

lﬁé'("i -+

sup' L

E“[ﬂw" chw’fr’(f' W,Cm%)n -
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‘The Equivalence Theo ot

s 1. A Crucml Inequallty

In thls sec.tlon, we obta.in a crucla.I mequa,llty mtroduced in- a smula.r context in [11], in order |
1o obtam an upper bound for our mudulus in terms of our 1ea.hsa.txon-functmnal The ma.m idea
15 to apprommate polynomlals of degree <n by pulynommis of' degree <r - 1 Here n > nu
and r > 1 ' ' ' '

We prove;

Theoremsll LetW€£1 andassume {5.27). Let r>1, L>G,0<p<oo, Pﬂe
___-'P\,l andn >C' Set ' '

T Ly -

P (m) = P (o) - / f o [P () gty € (8)
- _ arn ®ln _ o . ' o

Then, 3Gy > 0, Cy # C1(n, P, P) such that

B2

. ]IW (Pn - P)"Lp[a;,mw) ( ) ”WP(rJq]r LP(R)

We break the proof down iﬁto' several steps. We begin with:

Lemma 8.1.2. Let W € &1, 1 < < oo, Then for n > G and Yg & Lp[aj,ﬁ, 0}, 3 Cr >
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£Ci (o) suck that

g B
Lp[a:.n 100)_ T( n)

Q’ (u) > GQ" (a,nﬂ) @ "Tf:"” ,

. ....L
n',J,,(ﬂ“)_.w'(-fa)% / oW (1 ) W} 0

P j. 2 | 'C‘_l"’_"'("‘.)-’ f .

f g (u) .du‘ .
ELin
Now reca.lhng J énsen's. Tnequality for integrals

I f ol < ( firas) (faw)”

S valld for measurable functions f and non negative measures u, gives:

_Case 1, p = oq, Here (8.6) gives for 2 > ap,

; A:ﬂg (u) du

we

< PV @10 liafagom) [ @ )W )

T |gW Lol gy (BY (8:4)).

T( n)’z
< G

T( )
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o "g [[Lp[% m}. (83)

(8:5)

(8.6)



Gase? 1<p<oo Here o

Fiﬁ in ‘W)

][W ) j y\(‘r_{)__ u__ru

.:;nT faﬁ)z [fa,,; ["_" @) f lgW(u)ré* wt (“3 d'?‘] ‘”]

2p-1mm)z f X e )P’Q‘ W @ dudm] -‘ .

W(z) f lgW(u)[”Q'(ﬂ)W“(ﬂ)dm
..'.;l-.., lgW P [/ w (a;)z Q') da:] Wt () du
f IgW(u)l”[_[ W(z)ecz’(:e)dm] =(u)du (382 > 1)
G‘”!"W"Lpzm w0 - |

We..ai'e'néw in _the .pmltlon'to glve -

.The Pmof of Theorem 8.1.1 for 1< p < oo,
r"‘We wﬂl repeatedly ma.ke use of (6 35)

Ban (2} 2CT (@) 7k, VaerR. (8.7)
L .F_‘ir'i_a.tl_y,___if = 1, Lémma '8._1._2 with g = P! gives
<O ||P'W||
Enloin o) T( n)? LolR)
an ! _ )
.?-’17 |Pi e (a) W“LP w & GD).

| ”W (.;) f: P, () m]

1A

| - Now apply (8.1}, If r = 2, we apply Lemma 8.1.2 with

gluy= [ PO (u,) du,
ArL
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: Lpfﬁan m) U
Z_- '_ CS_""‘"“"T”,Q " -

Z-p[a in ,w} T ( Lp[ﬂb )
I‘P[“Ln MJ

<C'5( ) ||Pf31¢’*1n (m} W"

Lp(RI L,,{rse)

E .- __'!_J'_fi__ : f@,).._:.__?_ (Rﬁ ~B)(a)

Jn (”) i (8.8)

o= ()

Loojt £n 1]

o LU
f Ju(m)ﬂ.'e <G LZ( 2 ) [w (RO - B)| 69

nT (a, )
f a, {"—1)10 )
() )

Here i #Ciln, R, R).
s Proof Write

W(m))mi-'—pr

| In (2) = ||| W () (W

Lm[ﬂ[,,‘ ] A‘-‘]
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- o (‘_8.1- 0

. ma.x{k 2 —- (k—l— 1)1-> a,L,,}

(@< hth

= max
0<k<k

|9»W|” ( ) (W W) (8.11)

W Deo fe—{k+2)r, Z=bor]

(8.12)

et _ . Loa[npns 2—{kot1)7]
Fn'st we 6b$erve that f(_:ir. ﬂ..E: [:z: —(kA+1)7, 2~ k7]

WE".‘; < exp(Q (@ — k) — Q (=)

_.g

. Further, 8 # — k7 3 az >

- : _ Q (m)— Q(z —kf) Z ClkTQr (m . k,’_) 2 szTQr (abn) o CSET{ )% 5ank

a, 1T {an)‘l"

= Cgké
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Tsdueleerlnenk]

N ._k ‘I‘huawe may wnte "

I — 0<l}6&xk¢akIlgnwllfaw{ﬂ"(i"}d)?' =*’“’] o

-I-ak" "gﬂW"Lm[ﬂLm J"*-’[ko-l-l]'r]
ko)

I "gnW”Lm[m—(k+l}r,m—-kr]
il

'+ﬂc’°° "-%W"Lw [a;.m m—{km}ﬂ

T e n-l— m+1 '
=3 f“ e i (e)ds
C me Y emmtmT
) az.n+(m+!]-r kof#) ..
' f g [Z b "gnW"Lm[a:—{k-i-])T e

e m....D GLn‘l"m'l' k=0

o -+ﬂ'-“’-_. IIs_uW-II.Lm osns e (Rt 1] 92] -

Wedksarve that

a pnH{m—k)T

o a;.u+(m+1)r - —
/ "gnW"Lm[z, z47] dx

M-r IIQ“W"L«{-'G—{HI}"" ai—kr) de = anH'“"""'”"

"f:iﬂd_ﬁlnce. S '. .

L mefantim—k-Draatm-kr=m>k2m-1,
__ w_e.ha.ve- | _ o
: f } Jﬂ-(ﬂ?) dx <
tLn )
o | Mol sapnt(m—k)T
O[Zf RS T A

kmn ¢ eLnk(m—k—1)

2 'm.—1 L“+ W d
+ fag "gﬂ "Lmiﬂbnl :I?] %
&in
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B A E I (RO
> f "gnwllf-‘wf&’.?ﬂ}dx

s'—O u.r,,ﬁ-s'r -

+2 f ]];gnW"Loo[ﬂLm “] a (1 O:)
< C'g [fs + 14} . L

8“'0 Ln“[‘s?’

_.;____.-_13 "z[; > “9“ “L«[m :=+f}d‘° SRR

: We egln hy est1matmg Ig Observe tha.r gﬂ is a polynomla.l of degree < 7 - 1 in- *u. €

o [m,::: +r]-,éo expa.ndmg 1t in a Ta.yor series a.bout T gwes :

(u)l” = i o ) '(“‘"" ﬂ)-’“._l

_ij._g',-' G-
Sl @ e

I.'\

=21 . ’
. (by the mequallty, (a,-[-b)"‘ < a” +b“' 0 < cv < 1 @ he R)

E 1-(:*1)?’+ Z IR{J] (m)l 'r(”"np.- .

CIA '_

S W (u) W (2), wE [g,2+7], L (8a8)

| _. the definition :'of'fr and (8.10) gives -

-1

he CE [)3’—1 (Rm Rm)_
| +,—(r—1)p2ﬂ

Ly [a Lns 00) ,
1-(3 """) P]

LP[“Lm °°}
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o s Cs Lﬁ(nﬁ"z:) ){ o ||(R$r" - #"‘) vv.l.

Lp{az.m m}

Ger
_ +-r(‘”"1)”2 (1"_’%:3%‘,‘,:)__) "R(")W"me]

[E';:{ (nﬂm )&— ") ||(R Rm) W|

(m) (r-1)p I (r)W"Lp{RJ]

[n;.mGéJ .. '. - (816) ; -

'I‘o estlma.te I4 we proceed in a sm:ﬂar way to that of Ia,except that we use Lemma o

a "6 I,T(b] mstea.d of (8, 15} , which we. may in v‘ew uf the deﬁmtmn of 7 (6 7) and (b‘ 9} uombmmg:_ '

: otr estlma es for Iyand Iy gve the Ie:mma o

AR _ Lemma&lél LetWEﬁlandassume(EQ'f) Let{]-(p(l r>1,L>0 RnE
o ‘Pm R e 7—",..1 sa.hsf;nng, : ' -
(# R)(az.n)—n

N k Then for n > (" there exists C'1 ;é C.l (n, R,,, R) such tha.t

W (e R)IIL',,'[M,,,.,Q)-' S
<o [[(T e iw - ux,,,tuz,,. m)]

e G- S
=)™ (- e

- f a,.,, {r "‘1]( ‘P) ) o : o .
s T - . _ (517)
-!- (nT (a,,)z) IR" W“L,,(R} _ J.__ )

'Pro:':_if,-llf'.:ét" . |
' Ou {z) += (Rn — R) (%)
satisfying In (ﬂlm) =0 aJld write
gn (a:)'zf A (1) du. '
- Yain
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B Then '

A= W (R R)"Lp[n:.m'm} lIWynllmm.w} S (.8'»18).'_1

U U ﬂﬁaW(u)WU ]

!

o C %p
o @ ()

* Wioslagns 00)

‘/::
-r’ S % N :
L Igﬂwtu)l"kw(u)) ) dm] -

"\-J

L

- Nos: a,pply Hdlders Inequa.hty with » "_.1'-#. o= % sa.hsfymg 1t a"‘ =1 to gwe S

AL 1112

"~ where

1=

= | B
S s
Lioo[8 i s00) . .. _. .

=

 A——

5,
—
» |
g

| lgLW_{u)|'1*” (W (

o e
o L= (f
- -7 AV

and

I2 = (f f Ig:zW (u)P’ ( m) .duda:) _ - S
Now by (8 8) we ma,y wme : . _ S
. N = VAN G

11. = (f M.‘. Jy () dm) < o. L}: (m) ’

X “W (R“J - Rm “Lﬂahm)

8,



Iz—-f lQ:;W(unnf (gﬁ) d:z:d

. :f:NO“’ lf@‘ Z % 2 ,bm Lemma B 2 nges

(r-lltl*.—v}:.
) - ||WR${)

| a’ (w) 2 cm’ (‘Hm) z C‘ b [“")‘

;;—-—(——)-:f ]gﬂW (u}[?’ [W (ﬂ)“l/ W (.'r;)? Q' (:r:‘ d:r]

r f ignw (u)[” du.

T()

IzSG .1."(31 R’ W"Lp[a;,. .  (822)

| T( )2
: -;::-_:;Combmmg our eatima.tes for I; a.nd Iy give the result D

We are now m the posxtlon to glve the

S Pruof of Theorem 8.1, 1for0<p<l. Let P e Pyand P e Py be given by
(g}l) . _We first n_ote_tha.t fo<i<r,

(P,{,” - P{l}) (“L;a] = 0.

*_Thus applying (8.17) to £” with r in (8.17) replaced by r ~ I gives

I (#0- PO =

[ el
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o -!+1
S o, (r—-l—-—l){l—p) y RO
N (nT(a )s) o " _(P( ))"L»m)]

' .'We'_shaw thé_;t for _k =y 1,‘ r=2,.,0

"w (p,?“? _—Pl_k))"%r%m,sc;( ‘(‘ );.) " ml

nT (a,)? L{RJ

o r—-l | | R ;?*:—1')(1—?) P ] -. .. . |

ey
F:rstly, 1fk = r_- =1, (8.23) wnth I..- r—1 glves
Lplei = ‘?" (nT (m)? ) "W "

' Kssum'e now 'tha.t'(S 24) holds forr-=1 . k-l- 1 We prove (8 24) for k
Substituting (8 24) wlth r—1.k+1 mto (8 23} Wﬂ;b l = k. gwes

MW (pi-0- P"‘f‘*)l

R SRR
A,

et S S G -k—l){l-p} N {r= j)(i.;,,)
X 2 '. ( — ) ( J‘.._,) o X “Wp(r}
=g AT (“n)” o nT (ﬂn)’ -

Ly(R}]

1-p -

Lp{m o

me}

Pt

\n7 (o)}

' an \ Pl
. < Cs (;TT)—“) ”W ay

Thus (8.24) holds for all k. In particular, we have

e

( an ) (rk=1)(1—p) -

LofR)

- o\ ptr
I P~ Pl ) SO () oo

< cs( ) "w;vf*)qazn (z)"w)

150



. s;iz' ﬁE‘quiva;lence of Modulus and Realisation Funétidizfal._f
- I th:s section we prove ‘Theorem 5.2. 1 whxch esta.bhshes the fundamenta-l equwa.lence of our-.-

modulus of contmulty a.nd its correspondmg rea.hsa.tmn-funct:onal We also deduce Corollary- -

CBA Throughout. fn 0. < p < oo we' et ' L

. rg_:sﬁnm'{i,p};* "

We beg,m by qtuckly recallmg the deﬁmtlans of our muduh a.nd reahsa.tlon functmnal See__'
_ (5 13 (a)) (5. 11 (b]) and (5: 24) Let. #o2 1 0< i< 0 a.nd let n = n(t) be determmed by
| (a 25) Then we ha.ve - - | |

(1) 'wr',p (fsWt) = sup "W AM’E(“’) .‘f))"Lp{]:cl(u'{m})

. Tr ordeg<r -1 |"f R) W"&P(IwI‘?v’ﬂ}} h o --(8'25.) N

"
(2) Wy (f,W,t) ‘“[ f ||W Apeta) ) ||,,P{|¢[<,mnd']?

O ta ofaeﬁsmmf R)W”Lpuw!»wn o (32

“where we set = w for p=oc and

(8) Ken (AWLE) = jnf {ruu-_m Wi+t [POS@W], o} 6

We begm w1th our lower hound

Lemma 8.2.1. Let W ¢ 81, assune (5.27) and lot L > 0 be fixed. Let r > 1 0< p<
cooand 0 < <C '_I‘hen there exists C) # Cy (f,8) such that

wep (£, W, 1) < Cilep (FW, ). o (828)

Proof Let g = min{1, p}. . Then by Lemma 6.1.5(a) , there exists -u.sudh_'tha.t 4Lt =
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%}Now -1';;'@&_;;.’7; (t) be determ.ik;_ed'. by. '(5_;2'_5_:)_:"an_t'l.t"e¢alll _i:ﬁ I'ha:.a-_the form- - -

mf{k _kk <t} |

Thus by (6:24) and (6.33) w‘e-'ha;vé'

| - 'where the consta.nts m the ~ rela.tmn are mdependent of t a.nd z. Alsn by (6 27) and (6.25) 3 -

' ﬂ > o sut:h tha,t

ChooseP € P such that

II(f P) WNLP(M) + P MWW"LF(R}

’ <2I<,.,p(f,w,t*‘) ﬁ - S (88

" We show that

R 0<hSIL
wi
_ ﬁ of deg<r—
This then gives (8.28) nsmg the deﬁmtxon (8. 25) We begm with (8. 34}

We a.ppeal to Theorem 8.1.1 and choose for our glven P8 € Ppp asin (8 1) 50 that (8 2).

holds Using Lemma 3.1 in [11]1 we may assume thal. z > 0. Then

R td&“ 1||(f R) W”;,P(gw(m}) ||(f S)W”Lp{x>a'[41}ij]

<|its -—.P )_W“ip(mge@m)fi‘ "(E - S)WH'?;.(Q&(‘:W) :

152

< S (3_.,:29}___._

‘I’i(ﬁ)'“@'-n(m) %{m) Va:eR “ (83{1)._:_-__'

sup H w (Ah@u,(s) (f )) ||Lp{lsi<a(2m))< Ceffr.p 7 W, t") S (883

it (7 - R)W”Lp(]a:pa{mn<C'2Kr.p(fswﬂ B XV



. . .. < CB (K"!P (f,wr’tr))q + ||(P 3) W"LFQ)&.& ) |
IW(sm)mdwsa) R | o

W@W

ﬁ. ‘< Cs (Kr,? (f: W tr))q + C'*tr me)

| .-'(by cH 2) (s 20) a.nd (s 30)} | S
| SOk (f, W,t’"))“ |
mm@w | “ R -

 Next we proceed with (8 33).

Let0 <k 5 Li and wnte_ :

W (Bousie) D) Weigetazay

: l:A

IIW (Aaw (f - P))IL,,,{,,,.«M+"W(Aw}m) uwx.«(mn -
I] +Ig. ’ . . o

ll.

. We first ﬂéé.l with the estimation of 1,. Note tl}lat given A > 0,

| I:vl' < o (2L2)

Iy 1)
= mﬁ?aw)

o ___Cn At \?
R ark € crL))
by (6.30) a.nd (6.31), provided ¢ is small enough. Thus (6. 53) and (6 57).are sa.tlsﬁed 50 tha.t

by (6.58}), . |
L £ C'e W (s - Pl p(m < CrKyp (f, W, t")? (8.35)

by (8.32).
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'I‘o deal thh the estlmatlon of Ig we cbserve first much as in [1 1} tha.t fur

. R l c
S{w) “;E P (”)z(rw. __*v) €Piy
o =0

L Weha.veby (aso)tha.mm (,}s [ N |
| Thus expa.ndmg P (:z + (5~ k) h@i (:z:)) 0 < k < r, in a power ser:es a.bout z gwes

(.)( 1)“P a:+(-—k) hﬁm,(:n))

()(_.1')& f+2] @.hq"“' ("']] P )

l-'D - =

k) ho, (a:)] PO {:1:)
(k)w’* - Hioa )] P

Ah‘hg (-'s]P (m) =

0

"
K

' i ' .
M= i M~ fmﬂ

' SIDIIPh;é.-t o 1 ( .
o h e
£ . .
RE Gsk-n( [ ]“P ol ||Lp(iw1<ﬂim)) B

i | S
<C'92’”*'”E[w "P U‘I’f W"Lp(lzka{zm)) - (838}
* Now by repeated applications of Theorem 6.1, we have by using (8.26) and (8.30),
| -||*_”‘."%W||Lp(g)* |
<0m| G H(mn +—T.(ﬂn)=) - o (8.37)
g=r Mmoo o :

where C‘,, i= 10 11 are mdependent of n, 2,1, L and h, Now we observe usmg (6 9) that gwen

£ 0, we have for n large enough and r< i< n

ﬁ(n riret)

< Gmel';r (_Zf_)l_r o o | . o (8-38)
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Here 11-. id nnport.ant that C"m does not depend on: I n, h 01- L and that Cio a;# d C;l ib‘ﬂife_'m:
: _mdependentofa _ e o e o
We ma.y oW subst:tute (8 38) mto (8 3?‘) so tha.t (8 36) hecomgs S

r (ghCmCuE ) . I_ L
SO e ke
o SOt P‘fio‘;W](q'E[-l-']- o
(ﬁ‘ E‘ is gméﬂ- eno"u_gh.)-_;- - _

| Thus combmmg (8 35) a,nd (8 39) a.nd ta.kmg sups over. 0 < h < Lr. g;wes (8 33) EI

We proceed wn;h the upper bound Thls is more dnﬂicult. thai the lower bound a.nd does o

- not. follow a& easlly usmg for examp]e the methods of [1 1] The orux is eat;abhshmg the followmg_ -
. quasi monotomclty iype property of W ' ' '
Lemma822 Thereemsts(’,,y = 1 Za.nd 0 <su < 1 such that 1f0 <A < £y a.nd' |

0<3,t<C;W1t.h _ R T
| <e sy

. o

..__AS',
wéhavé | . . : S S
| 5 wr.p(f,W8)<Czwr.p(f,W t) e ey

Remark We rema.rk that the above property is by:no means obvmus as recall our modulus ) o

_ is not necessa.nly monotone mcreasmg We prove it for p < o0 a8 the case p oo is much' )

easier. ' ' '
'Proof.' L.ei.;”us write

| w*‘ﬂ’ (f ! Ws 5)

[ f |[W Aw.(m) 6 "L,,uﬂ«(sn)

165



T R o
/ HW (A"Mrl (f ) "Lp(cr(seﬁﬁimczan dh'] '; o

'+ "R deg <,_ 1. ||(f R) Wl]bp[l:&l)o’(ds]) s BRI

Flrstly, by chmce (:if s and t, i 5 1 g0 that | |

Iz S 5 de;(f ) Il(f R)W“Lp(|ﬂ>o{4s})

Next we est.lma.te II _ ' : .
Wnte (Il)p < fa+f4, where

;3 = fo "W (Aﬁé's(Q)'_(f ))-|Egc.|wis«.t5sn d&r .
“and - | L o

14 = = f HW Alp, () (f) llbp(agsg)<|m|<a{23}) dh.

-We begm with the estlma.twn of Is. To thls en(l we ma.l:e use of Lemma 6.1.8. Much asin the _

 proof of Lemma 8.2.1, we ha.ve

A< &‘ii%,,_l I¢s ‘_'-_R)'W||’:’,p(|¢]2a(m) < O\ (_J_‘.'=mt)?_"- (844)

‘Here ':we used that . | . .
) ' mf{m Mrs‘l) (m) a'(St) <z g 0(23)}

> zr(3t) CHT (o ()7

2060+ /TN 2 a-@t)__' |
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S fer small t, see (ﬁ 7) (s 9) and (6: 30)

It rema.ms to est.lma.te 13

“As s a.nd t are small enough We can use Lemma 6. 1 E(a) to obtam a Ia,rge enough posﬂ;We o

o .I "[—a‘ (St) , o‘(3t)] | | |
' ) —a‘(3t)--*n<v‘1 .g:'r,,-sa(St)

o integer n such tha.t ~g a.nd then much as m cha.pter 7 construct a partlt:on of J t=

_ -*\uth the followmg propertles If Jk = ['rkl 'rk.}.;] a.nd IJk| de:notes the lengh of Jk then, -

R '(1‘)'_ w "s,- sﬂf»;(w},- : m e“..n_g. -
(2) ‘I’s (ﬂr) ‘I’s (y) 3;FEJ:‘:

: (3) W(ft}ﬂ’...W(yJ a:,yEJk. o

- Here the consta.nts in the ~ rela.tmn are mdependent of z, y, 8, k
| Then ' '

neif ||w-(A:4.-(-ﬂ g l!i;.gm-ta;» %
<CQEW” ) f f [Af,(;.,(,,) (f)| dhdz

) ‘i’g (E)

dudx

. "CzZW”(TQ/ f

| 'Now by ®. 40) for soine c' # c (s, t)

sup séa(w) C-— lg(2+)

tsd)g{.v) (f)l

a:GIR N’f. ( ) -

<y
if £ <'eq, where g is independent of s, #. Then if A< £p, we have for

’\S <_éﬁs

“"Im
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'_“’I‘he__n"-"' | - ' o B e
R fa<052Wp("‘k)f f l uﬂ'g{a‘}(f)| d‘"-dm e e

- < Cﬁ—f IIW AM"(”} (f))illapﬁz](a(f&t}) d o
C‘ombmlng our estlma.tes (8 4'%) (8 44) and {8 46) glVF. +he lemma.ﬂ . :

Lemma823 LetWGSia,ndassume(SW) Letr>la.nd 0<p<oo Thenfor '
0<t<01, thereemsts("'g,f'3:;é C'mCa(f,t) such tha.t o SR

Ifr,p ( f, t") < Czwn? ( f, W, Gai’) | : (8,4?) _

- Proof . Put % = 3‘;:‘1’01' éom_e- u > g and Iet n = n{t) be de.termi.n.ec.l by (5.25), 5o that - |

~ and -
' (8.48)
| Noﬁ it is easy to see that for Iarge e:nou'gh U a.nd the.gi'\';ren .ﬁ,
= 2-—— = —)& ( n) C
for some ) € [%,'1} and G >0 indepeﬁdent.of n. We then apply (5.13) .,a.nd_ch'oo_ee Pe
P, such that - . T -
' II(f P) WILspm) < C\Brp (f, WGty O (849)

for some C'1, Cy ?'-‘ CI: Cs (£,2).
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- We show that for some Cs # Ci ('f,- t)',' B

|L {m

L forthenby(849), o S

KW, zf)’:,-:: inf {||(f R) W]| chm +t" ]R%’"W"
- $ (Cl + 03) ‘wr.p (f 1 W’s f'fzt)

IL {m}

Thus we show (8 50)

o oEsy

Now let. 5 > 0 be a sma.ll enough posmve number and put g = &t,. It ia sufﬁment at. thlS:. |

e point of the proof to choose 4 small enough 50 that by Lemma 8.2. 2.
| ro,:.p (f1 W, < ._c’fﬁm-_.p (FW.Cat).

' '-Later we will need to choose 6' Sma.ller stilI

Lef. us recall much as in &mma 8 2.1 tha.t we ha.ve for 0 < h <5

. | ()
Ah'l?s{:bjp (3) z: ( ) ( 1) 2 [(3 . éq’s {m]] P (a;)
Applymg (8. 52) to 2 =" e ’P, and using (6 50) gwea

"_(*'-!3'“1A£¢,(=j_w" - (o, ('ar)-)f z( )( 1>*= “ ‘“):}'Q’ (?”

k=0

We now .cm‘nbi'ne (852) aﬂ_d (853) fogeﬁ_hér with (6.63) to giva m-uch_ as in (8.39),.

( )
"WAM) {*)P {z) — W(h‘l’a (@) P (“’]" Lp(|a:[<a'{2s])
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| -"_-j__..('s.si} N

3 (852)

(8;53) | :




(GG—-II,) (1. r]q “g |

. < C—gﬁ h,nq ]I‘;x ,(j‘]q,r (.'L‘)
R L "L (mrga |
' where Cg xs mdependent. of t,mh P,, and I A

o Dewmy (e ok {6:25) sad (8.48) we can “h"“se a> 3 m&ependwt oft,1, Py, I amd s g
o such tha.t au <‘ Gan Further (if necessa.ry} we ma.ke 6 in the deﬁmtlon of s sma,ller a-.*;.;l so. that._ - :

3 2 '
- sothat N
o s
oz (_Za‘). ?-'_ (3‘"’1“) 2o e
forsomeﬁxed3<£<a B | : L
- It followa tha.t we obta.m usmg (8 56) (6 33) and (6 'r'(]],

|IWA;;¢,(1.}P(«:) W(h@s(w))r W( )[|L”“”I<,(3,,} o

- < lh“q

WP(’"}@’ {z} H

Lp{lzl<rr(2s)) 857

"pl'OVlded -'ﬂ-h < A where a is a ﬁxed ;osntwe small number mdependent of t, h n, P,, a.nd I. ;
Now by {8 55) and (8 48), it is easy to see that &s < A—ﬂ so that. Vo < h< As we have

" WA“‘-’ (E)P (m) ]ILpffa':l(o'{Ea})
> e w (@, {a:))" Pfri {iz) H.r,,, .

- ”WA;.@,&)P (@)~ W (b, (z))" P (“’)

ILp(leso{ﬁs)} =

> prprronl

2 Lp(lz|‘<u'(2s)}
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. } 07hrq I'WP(')@" (w)“I (R) o | | | . {8 58} -

by (ﬁ 70) Now ra.lsmg (8 58) to t.he p/q th- poviers, mtegra.tmg for h from 0 to As usmg the '
i fa.ct that tI!, (:x:) tln (a:) zER (see (6.33)) a.nd assummg that A < 1las we. ca,n, g:ves

| er HWP("lq: (® )|

Lp(ls!<¢r{2s)) -

LPGR} ' “Wﬁm,(a-)f’ (= )“

f "W&""‘*{ﬂp( )"L,,Uxtw(za)} d!;
/ NWAM’S"’J (P f ) (¢) “ Lp(Im|<a{2s))

+2 [ ||wah¢,(x>ft I

<c*9 {[IW(F f)l! m,+wr.p (f,Ws)}

Iar»(l==l<ﬂ'(2~'=}) dh

(by (6.58)) '
: < C J'dwr.p. (f s ) Cat)

by (8.61) and (8.49). Thus we have (8.50) and the lemma.D

We now combine Lemmas 8,2,1 and 8.2.3 to give
The proofs of Theorem B.2.1 and Corollary 5.2.2, We have for a.ny L>0and

0<t<ty, .
wr.p (f 1 W Lt) < 'wr,p (f j W; Lt) <Gy Kr.p (f ' tr)

< Coling (f, W, Cat) < Czwr;p (f, w, Cat) (8.59)

where C"a is mdependent of L, f and t whlle 6‘1 and Cy are mdependent of f and ¢ but depend

on L.

Fix M >0 and choosé_L = MCs and &= Cst to deduce that
w!"l'P (fl n’l MS)

<Crp(iWe (8.60)
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é.n_d simila_.rly_- o S . L
| < szwr,p (f ) "Va 3)

'.-'.'Then (5. 30) holds and (5. 31} folIowa from (5 12), (8 60) and (8 61)
' Fmally (8.59) then gives '

3 w,-,p(f.Ws)w,-,p(f,w,a) .rf,.,,(f,wmf,_:

 with constants independén_t of-'f and &0 -
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. Chapter 9 |

9.1 '-.CO'm'r.erSe Thedreins o

' In thns sectmn, we preseut the proofs for our cunverse results of polynomml apprommatnon

We begm wu;h '

‘The proof of Theorem 5.2, 3 For each L1 > 0‘ chooae P! o be the beat .Lpproxlmant o

to' f sa.tlsfymg

li'(f' -E) wuf,;ms = Bulfliy-

- Here, we set P2_1 = Po. Now let t > 0 be small enough and define n by (5.25). Put I =

[log, 1) =the largest intager< logy 1 80 that 2! < n < 211,
Then by Theorem 5.2.] and Corollary 52.2

o .
Wrp (.f ) W, E‘;—)

1A

IA

.C:fa

IA

0y

C’lKﬁP (f,W, (%)r)é ..

< C‘z [ﬂ (f - P&) W"?r.,p(uﬁ (&i)r

"(" W"LP(R]]

By [flyp+ (an) i Pz - B e W"Lp{nﬂ]

rq H. _
sz (¥ + (a“) 2 [EBge ~ ]( )‘I";;;; (tog (214‘ W”L (m}
" k=l
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‘asr 2 land by (6.42)'1’1113 can be-tonti.u'_iled as |

s:'cs-[Eiam%m: |

k“ml _

et S
( ) ' Z - k+1) ( ) 1{Pgise ~ Pﬁ‘k]_W"ipmy]z-_ -
bY(527) - Lo e e

We can cantmue this as

.<Cs l:Ferf]w‘p.. (:,)r?._if'(a._k-l-l} ( ) bgk[f]w'p]

k=—1

k=1

| <c_(&) | [z (z-&,+1)'5’ (agk, | Ezk[f]g,',ﬂ,] o ey
Now by (6.24) we have that £~ 1. Al -by_r_a.33), | .
q’: (m) ‘I’_n. :l?) zZE R

so.tha.'t . " ' I
KW t*’) Koy (1 (=)
so that by Theorem 5.2.1 - - | .
| Wep (s W) ~ ‘wr.p-(f:Ws ﬁnnf) . . ()
Thus (9.2) becomes o
| W (f, W)’ o
< Cgt™ | k“ —1 (f - k + 1) ("—2;‘-) Egk [f]gy’pi

where Cs # Cs (£,4).0
We deduce
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' The Proof of Corallary 5.2.4. Supposs ﬁ;ét that _.
o w,.,,,(f,w ) =0 ((&)) nmoe
: sotha.t by Corolla.ry522 I ‘ L e
| : I 47 Y0 LA N
Eﬂ{ﬂ_w.p =0 ((-;;-‘.))_ e

 Next suppose By [fl, = O (OVRE o<e<t, T-hén-,'by (582

| .' " (f 1)50 ( ) L;_Il (z_-_f_k+1)z (_%f_)"’"“.)qr

01(%—) a 2 (z - k + 1)-? ( a:g,k ) (r—-'&)q] ] |

[ k=1

A

o ganede g fonr ekl
G (E,f“) |3 e—e+n)? (25}-) o ] (by (6 15))

-1

én o -cio. S L I
L C3 (—-) LZ‘}%?:;N:I (forsome0<a<1)

w=l

SC; (%)a

Now for ¢ > 0 small enough, we may determine n by (5.25) and using (6 24) and (9.2) -

deduce the result fm t.0

9.2 The proofs of Corollaries 5.2.5 and 5.2.6

We begin with

" The .ptdo_f of Corollary 5.2.6. Let P# satisfy the required hypotheses. Then by the - -
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: '_ deﬁmtton of K,,,(f,w (a )r)?wE ha.ve . . : RS
> K,,, (f,w. (i Voo

{n(f 2) Wll:,;w( ) IIP"’"I’Wll

 Thea

e € L -y

_m’

cﬂll*r‘fr‘p( ¥ (?)!‘)q... S
_(by (95)) o

Further using {5, 2?) we can Wnte using (9 8) -

IA _-

" __Lp'm)..'._' C’(? ) .|(P,.. W”

| Ga (g) K ( 7, _W, ( )r) !

: (Pﬂ . "ﬂ )(") @gnW

In

Thus by (9.5) ;ﬁd. (9.‘7) |
o (a,,) " P#(,) ‘I’ Wl

5'_¢‘[(F)

Im(m

a, \
Ly(R) ( )
<Gty (1 (2)')'-

w0 that (9.4) and (9.8) give the result.lI

(p~ )" o

n

Pffhpf_m
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LP{R} .

! Lr(m] ..

{" f p# W"Lp{m ( ) "P#(r)@tuwllf*ﬁtﬂ}} (94)

o)

Y |



Wc can now give

The prcrof of Corollary 5, 2 B(a,) We sha-ll show tha.t

"WAM,@.) ff &, R)"

- (99)

r ("1 r o
I:p[[a:]-(a{zf-n <:-Glt If ‘D W"LFIR}I. .
: mf "W (f P)[[Lpﬂ,:l,,wn<cge ! f{rlq;;w|L (R);' e
_ Webegmw:th _ R '
o _The Pruof of (8. 9) We begm w:th an’ observa.tmn

If h >0 we ma.y wnte

rA':(f;'w_,nn -;=' [ fw (o4 e +t,)da1dt2 dtf’ Ay

- S Ir—l/ f("}{.’r-i-S)IdS .
~Now note that for ¢ e[-fﬁ%@,@ﬂ] aL_'nd'_é: € [--er'_"(z't) o '(25)] we have by -_(_.:_3-4'9)'
| _-'ﬁqn (m)m.tli_i(;i:+8). |

Thua we may deduce fram (9,1 1) that for Izl <o (2t)

IWA;MM (ha, R)I<Cgh m.m j_m } |wf(r)q> rafi @)

Case L. p _>_;}_._ We recall the deﬁmtion-of the _maxima;l fu-nction_.o_pera.tor |

Mig] (2} = iglg 5;/:; lg (= -+ s)l-ds .
 which is bounded from L, to Ly, 1 < p < co. It follows that (9.12) can be rewritten as
o r . | : r' (P}
'"W‘?h@:{f) (#zR) "Lp[[mka(?t)] S G IIM --[_W‘I’*f _]'"L,,-{n)_
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va(m

M Integra.tmg (9 12) and notmg that 1f w= m+3, then for the ra.nge G . a.nd
'_'_'s a.bove, _ _ _ . DRI
" )~ ~ e (m+ s)
web e
L | ./|;¢;<y(gg} |W Mn{z} (fu’ﬂ R)ldm - .
'_'.<Chr_1f {r)@r dd .
e 6 e I-‘!f|<6(2!) ‘I’t (3) Is[<—f*¢c(asjl f |(m+s) 5 m |
dsdu
( )/k-&mu) e

('u) d‘u

!Wf"’}@".

'. < C' h JC.. -
R 13?-!'?4?(.«{)2”_@ ()

£ Cah f

f{r)w@r

Next we give'
‘The Pruof of (9 10) We mimic the proof of (8 ‘2) for p > 1 For the glven > 0, wnte
4= Determme ne=n (t) by (5. 25) and raca.ll U ~R (pee (6. 25)) 50 t.ha.t

(aJ o (4t) < %lbam S (9.3)
(b) a (4t) > ag>ap |
for some. > 1 and )9 > 0.

As in Lemma 3 lin [11], we may mthout }oss of gener.. hty suppose that z > 0. Suppose s
first that. = 1, ‘We have

PBI U= Pl

<W(F-£1(a "-’.‘))lli,,[.cg,ﬂ,,]- - HW (=) 'f: f, (1) du

Im[3>“ﬁn}

2T (ay)? " W‘f "Lr “’>“ﬁﬂ]

aﬂ L "'w‘f’";ﬁp[xguﬁn] £ 05

T (_aq

L



C‘ _
e T( (t))' |
".hy Lemma.&lz, (6 6) and (6 36}

Assmna (9 14) holcls for 1, 2, ; ,r- 1 ChtJOSe S € ’P,-..g such thaﬁ

e,

|IW(f "'q)ubp[]xpa(t)] < C‘*( ) Lp(m o

P{a:) f(a,s,,,)-i- .S‘m)du o

)‘Jn

) Then vie can buund the left ha.nd slde of (9 10) by

]}W(f P)|-Lp[m>n,,,.] | .. o PR '__.'._.-_.(9'_'15}_

Cf

B A

W (m) L -9) (y-) ol

Lp[a:}ﬁpn]
nT (a )%" (f) < _Cgt" "f ?r

< .' .’_Gé' rﬂII!Lp[ﬂ)apﬂ] L,,.(lt} B

-~ and We ha\te our result = o

We deduce

_Flrstl_v

&Mﬂrm=m{w BWMW+WWWW

>Mﬂw ) Wl ¥

Wg Mq" "Lp(m}

“I'*.p(f,mt) S ':'_'(.9-_15)

N.ext,.w'e may. choose g such t_hat

"(f Q)W“LP{R)"I-‘»"' WQ{")@"

Lp (R)
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B T VR
NPo = ) Wiy oy < Coorp (y«_l’.":-;;‘-)_; ey
(an) “WP[I']er

Thus by (9 17 9 19) we ha.ve

arﬂ S e

I",P (f! tf)
E (f = B) . IIWPW@*

L. i
---c;: Il(f ¥) wuLP(mntg ~ B Wiz + 3
eI Wl (2]

'Cs_._[u(f D)Wl pqmy + 0 0, W8] (by 02)) | |
Cf" Il(f g) Wllermﬁ*' lgt"hb*'W"L ](by Corolla.ry 5.2. G(a)]

werl 1
wee], tR)], -

NN

I/.\.

A

<CsK¢p(faW¢') e

N 'Then (9 16) and (9 20) gwe the result o

9.3 A_M_archaud' inéqﬁal_ity- |

In this sactlon we give:
The pruof of Theorem 5.2.7.

_ Proof Fll’ﬁt let n be la.rge enough a.nd let Py be the best a.ppro:uma.nt. to f which emst.s'

and sa,tlsﬁes, o - . - _
Bl =N -PWh 62
‘By Theorem 5.2.1 and Corollary 5.2.2, we may thus write using (9.21), . .

_"’n_p_(f,m%)q | - (922)
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09 [Il(f P*)WII;P(R)-L( ) ||P*{r)‘1’1wW]|LFtR)]”'.'.:h

+( ) [|P*fflq>tn,w||

S 5 C’wwr+1.p( i P(R} -

ﬂ_.:
_' '-._fcr some. f‘g, C’m> 0 Here we nse t.he mequ&hty (ﬂ“lﬁ'f’)"t < ﬂ“+b°‘ a,b> (l 0 < a: <1 Now |
- .""..‘:_-"_r"-2“_"i 2‘?_: '22"1*2-‘?1;_ S --;'(9._23)-
Whél‘enZQr,ancfwrite s

tw)—-Z( ; ](a} Pf ](m))+P ) ](m) RERRTATE

- where [:r:] _the largest mteger <z _
Usmg Corolla.ry 5. 2 zand {9 21] nges for 0 < fc 5 I

-y
"(‘f P["E’fri' (z)) WILP(R]

anm.p (f: a[[_’ii']]) L

Lp(R) .
o

T,

e L (R} -

l/\

::' IZ\ -

| for some C‘u >0 Keepmg in mmd (9. 22), we ca.n now. combme (5.27) (6 42} (9 24} and_ o
: (9 25) to give, . ' : : ' L

*[r] r : nu{r) m(r}
s W"Lrtm = C“ILU 1‘“3 o] (“’). Lo

32 @y e
+|| ¥ ()_ "'? \Lpy

: | l:—; - ..( II*(r] \ B v
< Cu z(k_+2) ( r ](a:) p[_ﬁ_] (.'r:)) @"[ie,;]w -
L 2k nf2¥ |

o (sa2ny
H1p()
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who-
’] j'_r.p_{ijay CEe

2 o) (o 3
=wa[

(P" 00~ Pf‘m tw))

someC-‘m.("laa.ncftz;.;'}l] _ et - : T
- We ca.n now combme (9 32) wlth (9 29) and (9 26) a.nd ) press tlus as an mtegra.f as, .

o w,-,p (f:Wf—) (3'15 (a") [ Crs jvr+1.p {.fa_W u]‘? (logz (nu)) d (929) _

q S . :

) +(log§ ("’)) IIfWIIme)]

- whereby followmg the proof carefully, 1t can be easxly seen that 015 a.nd C;s are mdependent o
_offa.ndi ' . - ' o
Now et & > 90, sma.ll enuugh a.nd determme n by (5 25) First; observe that ugmg Lemma. .
_ 6. 5(a.) (6. 24) a.nd (6 10), we obtam conata.nts 017 and Cig>0 mdependent of t a,nd n such_ -
tha.t, ' ' ' g '

<Cw (s

s0 that using (9,2) and '-(9.;30) . (9.29) becomes,

g WA S Cuol” [f, - man ) (o (1),

1%‘1 q_.
. (lqu (2;)) . ”fW"LF(R)

Ta.kmg %th- roots gives the result.0
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