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ABSTRACT

In a series of papers by Wen-Chi Kuo, Coenraad Labuschagne and Bruce
Watson results of martingale theory were generalised to the abstract setting
of Riesz spaces. This thesis presents a survey of those results proved and aims
to expand upon the work of these authors. In particular, independence results
will be considered and these will be used to generalise well known results in
the theory of Markov processes to Riesz spaces.

Mixingales and quasi-martingales will be translated to the Riesz space

setting.



PREFACE

Sections of this PhD. Thesis have been submitted for publication. They

are as follows:

Chapter 3, Section 3.2 and Chapter 4, Section 4.3.

Chapter 5, Section 5.2.

Chapter 6, Section 6.2.



ACKNOWLEDGMENTS

I would like to acknowledge my supervisor Prof. Bruce A. Watson for his

generosity and support during the course of my PhD.



DECLARATION

I declare that this thesis is my own, unaided work. It is being submitted for
the Degree of Doctor of Philosophy in the University of the Witwatersrand,
Johannesburg. This thesis was converted from a dissertation submitted to-
wards the Degree of Master of Science, under rule 12.2(b). As such, a portion

of this work (Chapters 2 - 4) has been examined prior.

Ladet

Jessica Joy Vardy

Signed on this the 24" day of April 2013, at Johannesburg, South Africa.



Contents

Table of Contents
1 Introduction

2 Preliminaries
2.1 Classical Stochastic Processes . . . . . . ... .. ... ... .....
2.1.1 Conditioning . . . . . . .. ...
2.1.2  Some Measure Theory . . . .. ... .. ... ... ......
2.1.3 Properties of Conditional Expectations . . . . . .. ... ...
2.2 Riesz Spaces . . . . . ...
2.2.1 Partial Orderings . . . . . . . .. ... .. oL
2.2.2 Lattices . . . . . . .
2.2.3 Elementary properties of Riesz Spaces . . . . ... ... ...
2.2.4  Ordered Vector Space Properties . . . . . ... .. ... ...
2.2.5 Riesz space inequalities and distributive laws . . . . . . . . ..
2.2.6 Ideals, Bands and Disjointness . . . . . . ... ... ... ...
2.2.7  Order Convergence and Uniform Convergence . . . .. .. ..
2.2.8 Projections and Dedekind Completeness . . . . . . ... ...
2.2.9 Dedekind Completeness . . . . ... ... .. ... ......
2.3 Linear Operators in Riesz Spaces . . . . . . . .. .. ... ... ...
2.4 Conditional Expectations in Riesz Spaces . . . . . . . . .. ... ...
2.4.1 Riesz space conditional expectation operators . . . . . .. ..
2.5 Martingales in Riesz Spaces . . . . . . .. ... ... ...
2.5.1 Martingale Convergence . . . . . . . ... ... ... .....

3 Independence in Riesz Spaces
3.1 Ando-Douglas-Nikodym-Radon Theorem . . . . . . . ... ... ...
3.2 T-Conditional Independence . . . . . . . . ... ... ... .. ....

4 Markov Processes
4.1 Introduction . . . . . . . . . ..
4.2 Classical Markov Processes . . . . . . . . . . . . . ...
4.2.1 Classical foundations of Markov processes . . . . . ... ...

vi

vi

f—

—
— O 00 Ul i

12
15
16
17
20
22
26
29
33
35
38
41
44
45



CONTENTS CONTENTS
4.3 Markov Processes in Riesz Spaces . . . . . . ... ... ... 66
4.3.1 Preliminaries . . . . . .. .. ... ... 66

4.3.2 Independent Sums . . . . . ... ... 74

5 Mixingales 78
5.1 Classical Mixingales . . . . . . . . . . . ... ... . 79
5.2 Mixingales in Riesz Spaces . . . . . . . . ... ... ... ... ... 81
5.2.1 The Weak Law of Large Numbers . . . . . . . ... ... ... 83

6 Quasi-martingales 90
6.1 Classical Quasi-martingales . . . . . . . .. .. ... ... ... ... 91
6.2 Quasi-martingales in Riesz spaces . . . . . . . . ... ... ... ... 95

7 Further Work 114
7.1 Markov Processes . . . . . . . ... 114
7.2 Quasi-Martingales . . . . . . . ... Lo 115

vii



Chapter 1

Introduction

Studying stochastic processes in Riesz spaces gives us insight into the underlying
structure of the processes. In this thesis, we focus on Markov processes and martingale
generalisations. We continue the work of Kuo, Labuschagne and Watson on the
generalisation of stochastic process to the Riesz space setting, see [37, 38]. Other

generalisations and studies of martingales and stochastic processes in the setting of

Riesz spaces have been given by Boulabiar, Buskes and Triki [13], Dodds, Grobler,
Huijsmans and de Pagter [19, 27, 28], Luxemburg and de Pagter [10], Stoica [57, 58],
Troitsky [60].

Each chapter begins with an introduction and description of what is to follow, so here

we will briefly outline of the structure of the thesis.

In Chapter 2 we present a literature review of results and definitions pertinent to
the work that follows. We first define stochastic processes in the classical setting of

probability spaces and present a motivation for the definition of stochastic processes
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in Riesz spaces. We then give a survey of the properties of Riesz spaces that are
needed to define stochastic processes in Riesz spaces. Linear operators in Riesz spaces
are then discussed and used to define conditional expectations in Riesz spaces. We
conclude Chaper 2 with a review of known results concerning martingales in Riesz

spaces.

In [63], Watson proved an And6-Douglas-Nikodym-Radon type result for conditional
expectation operators in Riesz spaces. In Chapter 3 we build on this result and
define the notion of T-independent conditional expectation operators. The notion of
T-conditional independence is required in order to translate Markov process results

to Riesz spaces. The results of Chapter 3 were published by Vardy and Watson in

[61].

Markov processes are considered in Chapter 4. Results relevant to the thesis from
classical Markov process theory are given. Following this, the theory is generalised to
the Riesz space setting. Independent sums and their relationship to Markov processes

are also considered. Again, this work has been published by Vardy and Watson in

[61].

Generalisations of martingales are considered in Chapters 5 and 6. Mixingales (a
combination of the concepts of martingales and mixing processes) are considered
in Chapter 5. We define mixingales in a Riesz space and prove a weak law of large
numbers for mixingales in this setting. The content of this chapter has been submitted

for publication.

In Chapter 6 we generalise quasi-martingales to the Riesz space setting. We show that
quasi-martingales in a Riesz space can be decomposed into the sum of a martingale
and a quasi-potential (a Riesz decomposition). If, in addition, the quasi-martingale

2
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is right continuous then the martingale and quasi-potential of this decomposition are
also right continuous. Further to this, we show that each right continuous quasi-
potential can be decomposed into the difference of two positive potentials. Again,

the material of this chapter has been submitted for publication.

Finally, we conclude the thesis with a discussion of further work in Chapter 7.



Chapter 2

Preliminaries

2.1 Classical Stochastic Processes

This thesis is concerned with translating results from the classical setting of L! prob-
ability spaces to the more abstract setting of Riesz spaces and, as such, it is necessary

that we first give a brief introduction to probability theory.

Recall that in a measure space, say (€2, F, i), a random variable is a measurable, real

valued map with domain 2. That is, X is a random variable if
X: Q=R X YB)eF
for all Borel sets B C R.

In this setting, a filtration (F,)nen is a collection of sub-o-algebras of F such that
Fi1 C Fy C .... The random variables (X,,),en are said to be adapted to the filtration

(Fa)nen if X, is F,, measurable.
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2.1.1 Conditioning

Let (£2, F, P) be a probability space (that is, (2, F, P) is a measure space with P(2) =

1). We start by considering independence.

(i) We say that measurable sets A and B (i.e A, B € F) are independent if

P(ANB)= P(A)P(B).

(ii) If Fy, Fa, ..., are sub-c-algebras of F then Fj, Fs,..., are independent if for

all iy <ig <+ <ip, n€N,and Ay, € Fj, j=1,2,...,n, we have

n

P(A;, n---nA;,) =[] P(A4y).

(iii) The random variables X, X;,, ... are said to be independent if the o-algebras
generated by them are independent. That is, o(Xy,),0(Xy,),... are indepen-

dent.

Next we consider the concept of expectation. Let f € LY, F,P). We define the

expectation of f to be

Bl = | fap

In order to define conditional expectations, we first need to consider conditional prob-
abilities. If A, B € F then the probability that B occurs given that event A has

occurred is given by
P(ANB)

P(B|A) =
(B14) = —50h
We note, in this case, P(-|A) is a measure defined on F and the conditional expectation

can be easily built: Let f be a random variable and consider an event A € F. The
5
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conditional expectation of f given A is

E[f| A] = fA() = [sarcia,

In particular, E[f|A] is the average value of f over A relative to the measure P. If

f = xp for some B € F we see that

Elxs | Al = P(B|A).

We now consider conditioning on a random variable. If we are given a random vari-
able, £ : @ — R, which takes on countably many distinct values (a;);en, then setting

“1({a;}), we have that ¥ = {A,},en is a partition of Q and
P(B[¢ = a;) = P(B|4;).

The above statement can be more effectively expressed by defining the conditional
probability of B relative to the random variable ¢ as a new random variable which

takes the value P(B|A;) on the set A4;, i.e

P(B|g)lx] = P(B|€ ' ({5(x)}))-

Here it should be observed that the random variable P(B|{) is measurable with
respect to the o-algebra generated by ¥, as it is constant on each A;. Using this
interpretation of the conditional probability we obtain that E[f|¢] is a random variable

that on each A; takes on the average of f on A;.

In particular, suppose X and Z are random variables taking the distinct, discrete
values x1,9,... and zq,z9,... respectively. As seen above, the probability that

X = x; given Z = z; is

P({w] X(w) = 2} 0 {w] Zw) = 5))
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and the expected value of X given that Z = z; is
EX|Z=z]= le X =ux;17Z = zj).
Thus, E[X | Z] defines the random variable
Y(w)=E[X|Z=Zw)]

that is constant on each of the sets Z7'(z;) and is thus measurable with respect to

the minimal o-algebra under which Z is measurable, o(Z). We also note that

/{|Z() }YdP = ZZEiP({W|X(w):mi}ﬁ{W|Z(w):Zj})

- / X dP.
{w] Z(w)=2}

/YdP:/XdP
A A

and Y is 0(Z) measurable. In particular, the only relevance of the random variable

So, for each A € 0(Z),

Z in the above construction is that it generates o(Z). That is, if Z’ is a random
variable which also generates the o-algebra o(Z), then E[X | Z] = E[X|Z’]. Hence, it

makes sense to denote Y = E[X|Z] by
Y =E[X |o(Z)].

This leads us to the final definition of conditional expectation over a sub-c-algebra

of F.

Definition 2.1.1. Let G be a sub-o-algebra of F and X be a random variable with
respect to F. We define the conditional expectation of X with respect to G as the

G-measurable function Y with

/YdP:/XdP, forall Aeg
A A

and denote Y = E[X | G].
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We note that Y has the same expectation (average) over sets in G as X but is G-
measurable where, in general, X is not. In general, the existence of the conditional

expectation relies on the Radon-Nikodym Theorem.

2.1.2 Some Measure Theory

In order to make the above discussion rigorous, we need a few results from Measure

Theory.

Let F be a o-algebra on (). By a signed measure A on F we mean a real valued
countably additive set function on F. A set A € F is said to be totally positive (resp.
totally negative) with respect to A if A\(B) > (resp. <) 0 for all B C A with B € F.
We say that two measures, p and v, are mutually singular if there exist disjoint sets,
A and B, such that AU B = 2 and p is zero on all measurable subsets of A and v is
zero on all measurable subsets of B. In this case, we say u is concentrated on B and

v is concentrated on A.

Theorem 2.1.2. (Hahn Decomposition Theorem)
If X is a signed measure on F then there exist sets A, B € F that are respectively
totally positive and totally negative with respect to X such that AN B =0 and

AU B = Q. The pair (A, B) is called the Hahn decomposition of ) with respect to A.

Theorem 2.1.3. (Jordan decomposition theorem)
If X is a signed measure on F and (A, B) is the Hahn decomposition of Q) with respect
to A let
M(C)=XMANC) and N (C)=-XNBNC)
for all C € F. Then A\ = A\t — X\~ and \* are mutually singular measures with \*

concentrated on A and A\~ concentrated on B.



2.1 Classical Stochastic Processes Preliminaries

Remark: The measures \* can be characterised as the minimal measures with

A=AT ="

A signed measure A is said to be absolutely continuous with respect to a measure p,

denoted A << p, if
(A)=0=AA) =0 forall Aec F.

Theorem 2.1.4. (Radon-Nikodym Theorem)
If v is a o-finite measure and X\ is a signed measure with A << u then there exists

f e LyQ,F,u) such that

)\(A):/Afdu for all A € F.

The function f is p almost everywhere unique and is called the Radon-Nikodym deriva-

tive of A with respect to p and is denoted by

A

=

The Radon-Nikodym theorem is needed to prove the existence of the conditional
expectation of an £1(Q2, F, P) random variable, in general. Again a generalisation
of the Radon-Nikodym Theorem is needed when considering stochastic processes on
Riesz spaces, as will be demonstrated later. A Riesz space analogue of this result can

be found in Chapter 3.

2.1.3 Properties of Conditional Expectations

In this section we will give some important and useful results pertaining to conditional

expectations on probability spaces.
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Theorem 2.1.5. If (Q, F, P) is a probability space and X is a P-integrable random

variable, then E[X | Y] exists and is P-almost everywhere unique.

Let ¥ be a sub-g-algebra of F. We may define the conditional probability of A given

> in terms of conditional expectations as follows
P(A|YX)=E[xa|X] forall Ae F.

The following are well known properties of conditional expectations (see, [51, 53, (4]
to name a few) on probability spaces and are useful guides in the generalisation of

the theory of stochastic processes to a Riesz space setting:

1. If X, Y € LYQ,F,P), a,3 € R and ¥ is a sub-o-algebra of F, then
E[laX + 8Y | X] = aE[X | ] + BE[Y | X].
That is, E[- | ¥] is linear.

2. f X € LY, %, P) C LY, F, P) then E[X |X] = X. i.e. For any
Y e £YQ,F,P)
EEY [X] | %] =E[Y| %]

making E[- | ¥] is idempotent.
3. From 1 and 2 above, we have that E[- |X] is a linear projection.
4. If f > 0 then E[f | X] > 0.
5. E[1|X] =1, where 1 is the function with value 1 almost everywhere.
6. If X € LYQ, F,P) and Y € L}(Q, X, P) with XY € L}(Q, F, P) then
EXY|T] = YE[X |3,

i.e. the conditional expectation operator is an averaging operator.
10
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7. If ¥, C 3y C F are o-algebras and X € £1(Q, F, P) then

]E[E[X | 21] | 22] = E[X | 21] = ]E[E[X | 22] | 21]-

8. If X € LY, F,P) and 0(X) and X are independent, then

E[X |5] = E[X].

2.2 Riesz Spaces

Riesz spaces were first defined by Frigyes Riesz in 1928, [541]. However, Riesz is not
solely responsible for the development of Riesz Space Theory. Independent work
done in the mid 1930’s by F. Riesz, H. Freudenthal and L. V. Kantorovitch, each
with their own methods, founded the theory of Riesz spaces. It is interesting to note
that even in the work done in Riesz spaces today, some 70 years later, the different
approaches are evident [11]. Riesz’s work dealt primarily with the order dual of
a given vector space, Freudenthal proved a spectral theorem for Riesz spaces from
which the Radon-Nikodym theorem (mentioned in Section 2.1.2 of this thesis) follows,
whilst Kantorovich sought insight into the algebraic and convergence properties of
Riesz spaces. The research of Freudenthal and Kantorovich has many applications in

Operator Theory.

Several other mathematicians, notably A. G. Pinsker, A. I. Judin and B. Z. Vulikh,
joined Kantorovich in his research of Riesz spaces. Further contributions to the theory
of Riesz spaces were made by H. Nakano, T. Ogasawara, K. Yoshida, S. Kakutani and
H. F. Bohnenblust from 1940 to 1944. However, much of the work done by the afore
mentioned authors was done independently of one another. It is however possible to

11
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identify three main centres of research: Japan, Russia and the United States. Each
centre had its own terminology and it took sometime for the results and terminology
to grow together. A good illustration of this is the paper written by I. Amemiya in
1953 [3]. It is not immediately clear that this work is in fact an extension of earlier
work by H. Nakano. The reason for this ‘obscurity’ is the different terminologies used
by the different authors. Fortunately there has been an attempt to unify the different
results and terminologies in the literature. In particular, the book by Luxemburg and

Zaanen, [11] has achieved much in this regard.

A Riesz space is also referred to as a vector lattice or lattice-ordered vector space.
As the last name suggests, a Riesz space is an ordered vector space where the order
structure is a lattice. Here we shall present a survey of definitions and theorems on

lattices. These results form the foundations of Riesz Space Theory.

Many of the proofs in this chapter are of an elementary nature. As a result, proofs

are omitted. Details of the proofs can be found in [66, 41].

2.2.1 Partial Orderings

If X is a non-empty set, we shall denote by z,vy,... the elements of X (also known
as the points of X). X x X is known as the Cartesian product of X and is the set
consisting of all ordered pairs (x,y) of points of X. A relation, R, in X is any non-
empty subset of X x X. We write x Ry whenever (z,y) € R. A well known example
of a relation and one that is of importance to us is a partial ordering. A relation R

is said to be a partial ordering in X if, for all z, y € X,

(i) xRz (the relation is reflexive);
12
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(ii) if xRy and yRx then x = y (the relation is anti-symmetric);

(iii) if xRy and yRz then xRz (the relation is transitive).

Note that the relation ‘less than or equal to’ obeys all the above properties. It is for
this reason that the partial ordering R in X is often denoted by <. Elements x,y of
X for which either z < y or y < x are called comparable. It is important to note
that not every element in a partially ordered set X need be comparable to another

element. That is, if z,y € X it is not true, in general, that z <y or y < z.

If X is partially ordered and Y is a non-empty subset of X then Y inherits the partial
ordering of X. If x € X is such that x > y for all y € Y, we say that = is an upper
bound of Y. If in addition z is such that x < 2’ for any other upper bound z’ of Y’
then z is called the (unique) least upper bound or supremum of Y. We denote the

supremum, x, of Y by x = supY.

In a similar manner, we define the notions of lower bound and infimum. A lower
bound of a non-empty subset Y of a partially ordered set X is an element of X, say
xo, such that zop <y for all y € Y. The infimum of Y, denoted inf Y, is the greatest
lower bound of Y. That is, a lower bound zy of Y is the infimum of Y, i.e. g =inf Y,

if xy > z{, for any lower bound z{, of Y.

A maximal element, say zg, of a partially ordered set X is an element that is not
smaller than any other element in X. That is, for any x € X, if g < z then zy = x.
Since not every pair of elements of a partially ordered set X need be comparable, x,
being maximal does not imply that xo > x for all x € X. We define the minimal
elements of X in a similar manner. Note that there may be many minimal and

maximal elements of X.

13
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If xy is a maximal element of partially ordered set X with the property that xq > x
for all x € X then z is called the largest element of X. In this case, xg is the only
maximal element. However, even if zy is the only maximal element of X it is not
necessarily true that zq is the largest element of X. The definition of the smallest

element of X is similar.

Definition 2.2.1. Let X be a partially ordered set.

(i) The set X is said to be Dedekind complete if every non-empty subset of X which
is bounded from above has a supremum and every non-empty subset which is

bounded from below has an infimum.

(i) The set X 1is called Dedekind o-complete if every non-empty countable subset
which is bounded from above has a supremum and every non-empty countable

subset which is bounded from below has an infimum.

(iii) The set X is called a lattice if every subset consisting of only two elements has

an infimum and a supremum.

Remark: It is clear that every Dedekind complete space is o-Dedekind complete.
However, the reverse implication is not true. We have the following one-sided char-

acterization of Dedekind completeness.

Theorem 2.2.2. The partially ordered set X is Dedekind complete if and only if

every non-empty subset which is bounded from above has a supremum.

14
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2.2.2 Lattices

A partially ordered set X is a lattice if for each pair of elements, a,b € X, sup{z,y}
and inf{z,y} exist in X. Suppose X is a lattice. We denote the supremum of the set
consisting of the elements x,y by z V y and the infimum as x A y. It is easily seen
by induction that in a lattice every finite subset has a supremum and an infimum. If

the elements in the finite subset are xq, xs, ..., z,, then the supremum and infimum

of the set are denoted by \/ x; and /\ ;.
i=1

=1

Definition 2.2.3. The lattice, X, is called distributive if for all x1,x2,y in X,

yA(x1 V) =(yAz)V(yAzxs).

A distributive lattice has the additional property that the operation of the infimum
is distributive over the operation of the supremum. The following theorem illustrates

this.

Theorem 2.2.4. The lattice, X, is distributive if and only if for all x1, 29,y in X

yV (r1 Axe) = (y V) A(yVx).

The smallest element of lattice X (if it exists) is called the null of X. We denote the
null of X by 0. If the lattice X has a largest element, we call this element the unit
of X and denote it by 1. If X is a distributive lattice with both null and unit and
the elements z,y € X are such that xt Ay = 0 and x Vy = 1 then x,y are called

complements of one another.

15
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2.2.3 Elementary properties of Riesz Spaces

We now give an outline of Riesz Space Theory. Much of the material appearing
in this section was introduced in the period 1935-1942 and is mainly due to Riesz,

Kantorovich, Freudenthal, Birkhoff, Yosida, Nakano and Ogasawara.

Definition 2.2.5. The real, linear space, L, is an ordered vector space if L is partially

ordered and for each f,g,h € L,

(i) if f <gthen f+h<g+h;

(i1) if f >0 then af >0, for each a € R;a > 0.

In other words, an ordered vector space, L, is a real, linear space with a partial

ordering compatible with the algebraic structure of L.

The ordered vector space, L, is a Riesz space if for every pair f,g € L the supremum,

f Vg, with respect to the partial ordering is defined and exists in L.

Remark: The terminology in the above definition is taken from Bourbaki who used
the term espace de Riesz. A Riesz space is also referred to as a vector lattice. To
illustrate the point made earlier about different centres having different terminology,
Nakano and his school called a Riesz space a semi-ordered vector space and in Russian

literature a Riesz space is a K-lineal.

We now discuss LP(Q2, F, P), 1 < p < 00, as a Riesz space. Clearly, LP({), F, P) is a
vector space. We define the partial order on £P(2, F, P) almost everywhere pointwise
as follows. For f, g € LP(Q, F, P), then f < g if and only if f(z) < g(x) for almost

all z € Q. For f, g, h € LY, F,P) and a € R,
16
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(i) if f < g then f(x) < g(z) a.e in Q. Thus, f(z) + h(z) < g(z) + h(z) a.e in Q.

Hence, f < g implies f +h < g+ h.
(ii) If f > 0 then it is evident that af > 0 for all « > 0.
(iii) It is easy to check that sup{f,¢g}(z) = max{f(x),g(z)} is always defined and

sup{f,g} € LY, F, P).

Thus, £P(Q, F, P) is a Riesz space.

2.2.4 Ordered Vector Space Properties

We define an important subset of an ordered vector space.

Definition 2.2.6. Let L be an ordered vector space. The positive cone of L, L™, is

the subset of L consisting of all positive elements of L. That is,

Lt ={fIf € L, f > 0}.

The following theorem gives some important properties of the positive cone.

Theorem 2.2.7. Let L be an ordered vector space and L™ its positive cone.

(i) If f,g € L then f+g€ L".
(i) Ifa>0,a € R and f € L" then af € LT.
(iii) If f,—f € L™ then f =0.

Conversely, if Lt is a subset of the real, linear space L such that (i), (ii) and (iii)

above are satisfied, it is possible to make L into an ordered vector space through
17
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defining a partial order on L by
f<gifandonlyifg— fc L™ .
Then LY is the positive cone of L with respect to this partial ordering.

Theorem 2.2.8. Let L be an ordered vector space with positive cone Lt and let

f,g € L. Then,

(i) f>gqgifand onlyif f—ge L*.
(it) f>gifand only if f=fVg (org=fNng)
(iii) > g if and only if af > ag for a >0 (or af < ag ifa <0), a € R.
(i) if fV g exists then (—f) A (—g) exists and
(=N (=9) == V)
(v) fV g exists in L if and only if f A\ g exists in L. We then have, for any h € L,

f+9=(fVg) = Fhy,
(f+h)Vig+h) = (fvg) +h
(f+m)A(g+h) = (FAg)+h
In particular, if L is a Riesz space then both fV g and f N g exist in L. Fur-

thermore, if L is an ordered vector space such that fV 0 exists for all f € L

then L 1s a Riesz space.
(vi) If fV g exists then, for alla > 0,a € R,

af Vag = a(fVyg)

af Nag = a(f Ng).
18
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(vit) If L is a Riesz space then any finite set of elements in L has a supremum and

an infimum in L.

Note 2.2.9. Part (v) of the theorem above proves that a Riesz space is indeed a

lattice.

Definition 2.2.10. Let L be an ordered vector space and f € L be such that f V0

exists in L. We define

fr=fvo, fm=(=HV0, [fl=fV(=f)

Remark: By the previous theorem, if f Vv 0 exists, then f A 0 exists, so (—f) V0
exists. Furthermore, the element (2f) V 0 exists. Adding —f to 2f V 0 we have that

fV(—f) exists.

Theorem 2.2.11. Let L be an ordered vector space and suppose f € L is such that

f AN O exists. Then,

(i) f*,f~ e LY,

(i) f=f"=f" and|f|=["+f;

(111) for all a € R with a > 0 we have (af)t = af™, (af)” = af™ and |af| = a|f|;
and for all a € R with a < 0 we have (af)" = —af~, (af)” = —af" and
laf| = —alfl;

(i) if f,g € L and f*,g" exist in L, then f < g if and only if fT < g* and

g < f.

Suppose LT is the positive cone of an ordered space L. We say L' is generating if

every element of L can be written as a difference of elements of L*. That is, L™ is
19
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generating if for all f € L we can write f = u — v where u,v € LT. The positive
cone of any Riesz space is always generating. Indeed, if f is an element of a Riesz
space then f = f* — f~. Furthermore, if the ordered vector space L has positive
cone LT such that L™ is generating and f V g exists for all f,¢g € L*, then we have
that L is a Riesz space. To see this, consider arbitrary elements f and g of L. By the
hypothesis, we can write f = u; — vy, g = us — v where u;, v; € L™, i =1, 2. Now,
let fi = f+ (vi+wvy) and g1 = g+ (v; +v2). Then f1,91 € LT and f; V g1 exists. Let
hi = f1 V g1. Then,

fvg:hl—(U1+U2),

so [V g exists and L is a Riesz space.

The following theorem proves that the decomposition f = f* — f~ is the decom-
position of f as a difference, u — v, of elements u,v € L' for which v and v are

minimal.

Theorem 2.2.12. Let L be an ordered vector space. If f = u — v where u,v € L

then f* <w and f~ <w.

2.2.5 Riesz space inequalities and distributive laws

The following results concern inequalities and distributive laws of Riesz spaces. Let
FE be a Riesz space.
Theorem 2.2.13. For all f,g € E we have

(f+9)" < fT+g",

(f+g9)” < f+g,
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and

ILfI = 1gll < 1f + gl < [f]+ gl

Theorem 2.2.14. If D is a subset of E such that fo = erD f exists in L, then, for
all g € L,
foNg = \/(f/\g)-

feb

The result also remains true when V and A are interchanged.

The subsequent result shows that a Riesz space is in fact a distributive lattice with

respect to its partial ordering.

Corollary 2.2.15. For any f,g,h € F,
(fVgINh=(fAR)V(gAR) and (fAg)Vh=(fVh)A(gVh).
In the previous section we gave a decomposition theorem for elements in an ordered

vector space with a generating positive cone. In a Riesz space we have another

decomposition property, known as the Riesz Decomposition Property.

Theorem 2.2.16. (Riesz Decomposition Property)
Let E be a Riesz space with positive cone E+. Suppose u, z1, 22 € ET are such that

u < 21+ 2o. Then there exist elements uy,us € E* such that u; < z; fori= 1,2, and

U = U + Ug.

It will be shown that some stochastic processes admit a Riesz decomposition.
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2.2.6 Ideals, Bands and Disjointness

Ideals and Bands

Let E be a Riesz space. There are some particularly important linear subspaces of E
which will be the focus of this section. Before we define these spaces, recall that all

subsets of E inherit the ordering of E.

Definition 2.2.17. Let E be a Riesz space.

(i) The linear subspace V' of E is called a Riesz subspace if for f,g € V we have

that fV g and f A g, in E, belong to V.

(ii) A solid subset S of E is a subset of E such that if f € S and g € E with
lg| < |f| then g € S. That is, if f € S it follows that set {g : —|f| < g <|f|}

in E, is a subset of S.
(11i) The subset A of E is an ideal if A is a solid linear subspace of E.

(iv) An ideal B in E is called a band if for each D C B with sup D ezisting in E

we have that sup D € B.

We now present a theorem which shows consistency between the ordering in subspaces

and that of the space from which the ordering was inherited.

Theorem 2.2.18. Let E be a Riesz space.

(i) Every band in E is an ideal and every ideal in E is a Riesz subspace. The
trivial spaces - {0} consisting only of the null element, and the space E itself -

are bands.
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(ii) Every Riesz subspace (resp. ideal, band) of a Riesz subspace (resp. ideal, band)

of E is itself a Riesz subspace (resp. ideal, band) of E.

For any subset A of E, put At = ETN A where ET denotes the positive cone of E. If
D is a subset of E such that for any finite number of elements fi, fa,..., f, of D the
supremum, \/ fi exists in D, we shall say D contains finite suprema (equivalently, D
is closed unél:e; finite suprema). Similarly for finite infima. Note that if D is bounded
above and D is the set of all finite suprema of D then D; contains D and both have

the same upper bounds.

Theorem 2.2.19. Let E be a Riesz space.

(i) Any intersection of Riesz subspaces of E (resp. ideals, bands) is again a Riesz

subspace (resp. ideals, bands).

(ii) Suppose that B is an ideal in E. If for each J C B with J containing finite

suprema we have that sup J € B if sup J exists, then B is a band in E.

We now introduce a few conventions. For any non-empty subset D of F we define the
Riesz space generated by D as the intersection of all Riesz subspaces of E containing
D. In a similar manner, the ideal and band generated by D can be defined. For
ideals, we denote the ideal generated by D as Ap. In the particular case that D
consists of only one element, say f, we have Ap = A; and we call A; a principal

ideal. A principal band is a band generated by a single element.

Definition 2.2.20. Let E be a Riesz space and let f € E, f > 0. We say that f s
an order unit if Ay = E. We call f a weak order unit if the principal band generated
by f is E.
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In a Dedekind complete Riesz space with weak order unit, every band is a principal
band, see [11]. Also, if o is a real number then, since A is an ideal, every element

g € F such that

9] < |af] (2.2.1)

is an element of Ay. Conversely, the set of all g satisfying (2.2.1) for any o € R is an

ideal in F that contains Ay. Hence, we can write A, explicitly as follows.
Ar={g € Ellgl <laf|,a e R}.

If D is a finite subset of E with elements f1, fs,..., f., we can generalize the explicit

formula above and have that

ADI{QEE

9] < Z i fil, i € R} :

i=1
Before we can give a decomposition theorem with respect to ideals, we need to intro-
duce some simple vector space theory. If V} and V5, are subsets of a vector space V,

the algebraic sum, V; + V4 is given by

Vi+Vo={fi+ fo|l i eV, foeVa}.

If V; and V5 are linear subspaces of V' then their algebraic sum is also a linear subspace
of E. If, in addition to being linear subspaces, we have that V1NV, = {0}, then V; +V;
is the direct sum of V; and V5 and denote this by V; & V5. Furthermore, any f € V@&V,

can be written as a unique sum of elements from V; and V5. That is,
f=fi+fo where fi eV, foe€Vs.

We now present a decomposition theorem which relies on the Riesz space structure

of the space.
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Theorem 2.2.21. If A, and Ay are ideals in E, then Ay + As is an ideal in E.
Further, (Ay + A)t = A + AS. Thus, for each f € (A; + As)™, we have that
f = fi+ fa, for some f1 € AT, f, € AF.

Note that in general f; and f; in the above theorem are not unique, but when A; +
Ay = A1 @ Ay, this decomposition is obviously unique. In this case, we also have the

following theorem.

Theorem 2.2.22. If f,g € A & Ay where Ay, Ay are ideals of E and f,g have
decompositions f = fi1 + fo and g = g1 + g2, where f;,9; € A;,i = 1,2, then f < g

implies f1 < g1 and fo < gs.

Remark: A similar decomposition theorem with respect to bands does not exist since
the algebraic sum of bands is not always a band. To see this, consider the example
where £ = C([—1, 1]) the space of all real, continuous functions on the interval [—1, 1].

Define the bands B; and B, by
Bi={f€E|f=00n[0,1} and By={fec E|f=0on[-1,0]}.

Then By + By = By @ By = {f € E'| f(0) =0} is an ideal E in but not a band. The

band generated by B; @& B, is the entire space E.

Disjointness

Here we give the foundational aspects of disjointness. There are many more results
on this topic, but these are not required for the purposes of this thesis. The interested

reader can find more details in either [11] or [60].
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Elements f, g of the Riesz space E are said to be disjoint if |f| A |g| = 0. We write
f L gif f and g are disjoint. For any non-empty subset D of E we denote the disjoint

complement of D by D¢ and define
DY={feE|fLgforall ge D}.

The second disjoint complement of D is the disjoint complement of D? and is denoted
D = (D44, If Dy and D, are non-empty sets in E such that for every d; € D; and

dy € Dy, then dy L dy and we say that D and Dy are disjoint and write Dy L Ds.

Theorem 2.2.23. Let E be a Riesz space with non-empty subsets Dy and Do. If
D1 J_DQ then DlﬂDgz@ OTDlmDQ :{O}

Theorem 2.2.24. Let D be a non-empty subset of E. We have the following results

concerning D:

(i) D% is a band in E;
(ii) D C D% and D = Ddd,

(iii) D4 N DY = {0} so D'+ D™ = D@ D%, [n general, this direct sum is an

tdeal, but not a band.

2.2.7 Order Convergence and Uniform Convergence

We now prove some basic results relating to the convergence of nets of elements of a

Riesz space. We start with sequences and then generalize the results to directed sets.

We say a sequence (f,)nen is increasing if f; < f, < ... and, for convenience,

we denote an increasing sequence by f, 1. Similarly, (f,)nen is decreasing if f; >
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fo > ..., denoted f, |. If f, is increasing and f = sup f, exists, then we write
fo T f. If f,, is decreasing and f = inf f,, exists, then we write f,, | f. We call this
type of convergence monotone convergence. The following properties of monotone

convergence are well known and easily verified.

(i) If fu 7 f then f, + g1 f+ g. Similarly, if f, | f then f, + g1 f +g.
(i) fo 1 £ if and only if (—fu) & (—f). fu b f if and only if (—f) T (~f).
(iii) Finally, f, 1 f if and only if (f — f,) 1 0. f, | f if and only if (f, — f) ] 0.

Lemma 2.2.25. Consider the sequence (f,)nen and suppose (fn, )ken, 1 < ng < ...,

is a subsequence of (fy).

(i) If fu 1 f then fo, T f.
(ii) If fo 1 f then af, T af for alla >0 € R.
(i5i) If p, 1 0 and r, | O then p, + r, | 0.

() If 0 < g, < pn | 0 then infq, = 0. Thus, if q, is decreasing, g, | 0. On the

other hand, if q, is increasing, then g, = 0 for all n.

Similar results hold for decreasing sequences.

We now define order convergence, a type of convergence that is more general than

monotone convergence.

Definition 2.2.26. A sequence (f,)nen s said to be order convergent to f if there
exists a sequence p, | 0 such that for alln, |f — fu| < pn. We use f, — f to denote

order convergence.
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The following properties are easily verified.

(i) If f,, increases or decreases to f (that is, f, T f or f, | f) then f, — f. That

is, monotone convergence implies order convergence.

(i) If f, = f, gn = gand a, B € R then af,, +5g, — af+Bg. Also, f,Vg, — fVg

and f, ANg, — fAg.
(iii) If f, — f and f, > g for all n then f > g.

(iv) If (f,) is a monotone sequence and f,, — f, then f,, converges monotonically to

f (that is, fu 1 for ful f).

(v) If f,, = f then f,, — f where (f,,) is a subsequence of (f,,).

We now generalize from sequences to nets. In the following definition, the set A is,
in general, an infinite set. In the case where A is N, we are in the special case of

sequences. We now define the notion of a directed set.

Definition 2.2.27. Let A be a non-empty set. We denote the elements of A by . Let
E be a Riesz space. Assume that for each element o € A there is a mapping o — fo
which maps from A to E. We say that A is the index set for the family (fo)aea. The
family (fo)aea is said to be an upwards directed set (denoted fo Taen) if for any two
elements aq, g € A there exists ag € A such that fo, > fo, V fay- Finally, if fo Taea
and f = sup (fa) we write fo Taca f. In this case, we say that (fo)aen i upwards

acl
directed with supremum f. Downward directedness (denoted fo Laca) can be similarly

deﬁned but now fag < foq A faz' [f fa iaEA and f = Hég (fa) we write foz \LaEA f In

this case we say that (fu)aea is downwards directed with infimum f.
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The results for directed sets are analogous to those for sequences, as is shown in the

lemma below.

Lemma 2.2.28. Let A be a non-empty set.

(i) If fo Taea f then (fol|fa = fao) Taen [ for any ao.
(1) If fo Taen f and 0 < a € R then afy Taen af.

(7’7’7’) [f ftx TaeA f then f; TaEA f+ and fa_ \LaEA f_'

We can also define upwards directedness and downward directedness for subsets D of

Riesz space E that are not indexed.

Definition 2.2.29. Let D be a non-empty subset of Riesz space E. We say that D
is upwards directed (denoted D 1) if for any two elements p,q € D there exists r € D
such that r > pV q. Downward directedness (denoted D | ) is defined in an analogous

manner.

Finally, we are able to define order convergence for nets. Let (f,) be an order bounded
net in £, then u, := sup{fs : o <} and ¢, := inf{fz : @ < f} exist in E, for a in
the index set of the net. We denote limsup f, := inf, u, and liminf f, := sup, ,.
Now, (f.) is order convergent if and only if limsup f, and liminf f, both exist and

are equal. In this case the common value is denoted lim f,.

2.2.8 Projections and Dedekind Completeness

We have already seen that the algebraic sum of two ideals in a Riesz space is again

an ideal, but the algebraic sum (even the direct sum) of two bands is not necessarily
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a band. However, if the direct sum of two ideals, say A and B, in Riesz space F is

E the following theorem applies.

Theorem 2.2.30. Let A and B be disjoint ideals in E. If A® B = E then B = A?
and A = B?*. Thus A= A% B = B% and A and B are bands.

Before we state the next important result, we recall some well-known definitions from
linear algebra. A mapping between vector spaces, T : V — W, is called linear if for

all scalars «, § and f, g € V, we have that

T(af + Bg) = oT(f) + BT (g).

Such a mapping is often known as an operator (or linear operator). For any two
operators, T1, Ty we define TyT5f = T1(Tyf). An operator T : V' — V is said to be
idempotent if T2 =TT =T.

We now come to a theorem which plays an important role in the defining of stochastic

processes in Riesz spaces. We first define what is meant by a projection band.

Definition 2.2.31. Let E be a Riesz space. The band B € E is a projection band if

for any u € Et we have

Uy = \/ v

veB; 0<v<Lu

exists. We call uy the component of u in B.
If

U = \/ w
weB?; 0<w<u

exists then us is the component of v in B and we have that u = uy + us.

Theorem 2.2.32. Let E be a Riesz space.
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(i) For any f € ET we denote the component of f in the projection band B by

Pgf. Pg is a mapping from E into itself and has the following properties.

(a) Pp is linear and idempotent. (i.e. Pg is a projection);

(b) for allu € E*,0 < Pgu < u.
We call Pg the band projection onto the projection band B.
(ii)) We can extend Pg to E by setting Pgu = Pgu™ — Pgu~ for all u € E.

(i11) If P is a projection from E to E such that for allu € E*, 0 < Pu < u then

there exists a band B such that P is the band projection on B.

(i) For all u,v € E, if P is a band projection, then P(u A v) = Pu A Pv and

P(uVwv) = PuV Pv.

Remark: By the component of f in the projection band B we mean the following.
If f = fi+ f, where fi € B and f, € BY then f; = Pgf. Band projections can
be thought of as the ‘characteristic functions’ of Riesz spaces. In the particular case
where F is the Riesz space £1(X,§, P) and A € ), the map Pf = x4 - f is a band

projection in E onto the band {f € E'| f|x\a = 0}.

We denote the set of all projection bands in £ by B(E). Since B(E) C 2F we have
that B(E) has set ordering. Consider the mapping from the set of all projection bands
to the set of band projections given by A — P,4. This mapping is one-to-one. We
define the partial ordering on the set of band projections by P, < Pg if and only if
A C B. Now the mapping A — P, is bijective and the map and its inverse are order
preserving. Thus, B(E) and the set of band projections in E are order isomorphic.

We now give some properties of band projections.
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Before we give further properties of band projections, we require the notion of an
Archimedean space. These spaces play an important role in the study of Riesz spaces.

The interested reader can find more detailed results in [41, G0].

We say that a Riesz space is Archimedean if for all elements u in the positive cone of

E7
/\ n~tu = 0.

The Archimedean property of Riesz spaces is important as it is this property that
gives the uniqueness of order limits in Riesz spaces. In an Archimedean Riesz space,

the intersection of projection bands is again a projection band, as stated below.

Theorem 2.2.33. If By, B, are projection bands in the Archimedean Riesz space E

then Bz = B1N By is a projection band and the corresponding band projections satisfy

PP, = P; = P,P;.

As a direct consequence of the previous theorem we have the following.

Theorem 2.2.34. If E is an Archimedean Riesz space with projection bands By, Bs,

and corresponding band projections Py, Py, then the following are equivalent:

(i) By C By,
(ii) PP, =P, = PP,

(iii) P, < P;.
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2.2.9 Dedekind Completeness

The notion of a Dedekind complete Riesz space is needed in the definition of stochastic
processes in Riesz spaces. This allows us to give a theory which is rich enough to be
interesting and agrees with the classical theory when the underlying Riesz space is
L' over a probability measure. Recall that a Dedekind complete space, as defined in
Definition 2.2.1, is a partially ordered set for which every non-empty subset that is

bounded above has a supremum.

We now show that it is sufficient to consider only upwards directed sets of positive

elements in the definition of Dedekind completeness.

Theorem 2.2.35. Let E be a Riesz space.

(i) The space E is Dedekind complete if and only if every non-empty subset of E*

that s upwards directed and bounded above has a supremum.

(ii) The space E is o-Dedekind complete if and only if every increasing sequence in

E™* that is bounded above has a supremum.

Theorem 2.2.36. Let E be a Dedekind complete Riesz space.

(i) If By and By are disjoint bands in E then By @ By is a band in E.

2 ver ana in 18 a projection ban 1.€. eac an m as ) = .
(ii) Every band in E is a projection band (i h band B in E has B& B! = E)

We now show that the Riesz space L£'(2, F, P) is Dedekind complete. To avoid
clumsy notation we will denote the positive cone of £L1(Q, F, P) by L (Q, F, P). Let

D be a non-empty subset of L1 (Q, F, P) that is bounded above by v € L1 (Q, F, P).
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Without loss of generality we may assume that D contains finite suprema. Let

S:{/QudP ueD}.

It is obvious that S is bounded above by va dP. Thus, § = supS exists and

there exists a sequence (v,)nen in L4 (2, F, P) such that hm/ v, dP = (3. Since
noJa

finite suprema exist in D we can define u,, = sup v;. Then (u,),ey is an increasing
=1

i=1,..., n

sequence in D with 0 < v, < u, < v for all n € N. Let lim u, = ug. Then,
n—oo

ug < v and ug is an element of D, by the choice of D. That is, lim w, exists
n—o0

in D. Also, /vndP < / U, dP < [ giving f = lim /vn dP < lim [ wu,dP <§.

n—o0 0

By Lebesgue’s Dominated Convergence Theorem we have

n—oo n—oo

£ = lim undP:/ lim undP:/uodP.
Q Q Q

We show ug = sup D. Consider u* € D. Since D contains finite suprema, we have

that u* V u, € D for all n € N and u* V u,, T, u* V ug. Thus,

/u*\/uo dP = lim/u*Vun dP
Q n

Q
> lim/undP
noJa
5.

But [, u*Vug dP € S and (u* V ug —ug) > 0. Thus, [,u*V ug dP < f and hence,
fﬂ(u* Vug —ug) dP = 0 giving (u* V ug — ug) = 0 almost everywhere. Thus, u* < uy,
in the Riesz space sense, and we have that ug = sup D and £!(Q, F, P) is Dedekind

complete.

Note 2.2.37. FEvery Dedekind complete space is Archimedean.
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2.3 Linear Operators in Riesz Spaces

In this chapter we will consider various properties of linear operators on Riesz spaces
and also some spaces of linear operators. Linear operators, in particular positive
order continuous linear operators, play a vital role in the generalization of stochas-
tic processes to the Riesz space setting. It is important that we understand these

operators.

Let V and W be ordered vector spaces, not necessarily Riesz spaces. We denote by T’
the mapping 7 : V' — W and recall that T is a linear operator (operator for brevity)

if for all scalars o, 8 and for f, g € V,

T(af + Bg) =aTf+ BTyg.

Assume that T is an operator. We use L(V, W) to denote the space of all operators
from V into W. IL(V, W) is a vector space. We now define some important classes of

operators.

Definition 2.3.1. Let V, W be ordered vector spaces and let T € L(V,W).

(i) T is a positive operator if T maps the positive cone of V into the positive cone

of W. We denote this T > 0.

(ii) T is reqular if T =Ty — Ty for some positive operators Ty, To. We denote the

set of all reqular operators between V- and W by L,.(V,W).

(iii) The order interval [g, f] is a subset of V' of the form {h € V |g < h < f}. We
say that T is order bounded if T maps order intervals of V into order intervals
of W. We denote the set of all order bounded operators from V into W by

Ly(V,W).
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Remark: From part (i) of the above definition we have that L(V, W) becomes an

ordered vector space by defining 77 < Ty in L(V, W) whenever Ty — T is positive.

It is easy to see that T is order bounded if and only if 7" maps the interval [0, f]
into an order bounded subset of W. Thus, if T" is a positive operator then 7" is order
bounded since T" maps [0, f] into [0, 7 f]. Furthermore, by (i7) of Definition 2.3.1 it
is evident that T' is regular if and only if there exists a positive operator 77 such that

T < T;. We now have the following theorem.

Theorem 2.3.2. For ordered vector spaces V.W and operator T € L(V, W), if T is

reqular then T is order bounded.

We now consider operators between two Riesz spaces which do more than preserve the

ordering, they preserve finite suprema and finite infima, i.e. Riesz homomorphisms.

Definition 2.3.3. The operator T' between the Riesz spaces & and F, is said to be a

Riesz (or lattice) homomorphism if for all f, g € E

T(fVvg) =TfVvTyg.

From the above definition it is immediately clear that every Riesz homomorphism is

a positive operator.

Consider the band projection P onto projection band B in Riesz space E. Since
0< Pf < fforevery f>0in E, we have that f A g = 0 implies that Pf A Pg = 0.
It is easily verified that this is a characterization of a Riesz homomorphisms, and thus

that every band projection is a Riesz homomorphism.
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Another important class of operators acting between Riesz spaces is that of order
continuous operators. Note that by |T f| we mean the absolute value of T'f. That is

to say, |T'f| = (Tf)" + (Tf)~ where (T f)* = sup(+Tf V0).

Definition 2.3.4. Let E and F be Riesz spaces and T be an operator between E and
F. We say that T is an order continuous operator if for any directed set D C E with
D | 0 we have that /\ |Tf| =0.

fep
For the most part, we are interested in order continuous positive operators. However,
we note that if F' is a Dedekind complete space and T : E — F' is regular then |T|
is a well defined positive operator. Order continuous operators have the following

properties.

Theorem 2.3.5. Let ¥ and F' be Riesz spaces and consider operators T' and S map-

ping from E into F.

(i) If T is order continuous then for all scalars, o, o/T is order continuous.

(1) If T'> 0 then T is order continuous if and only if D | 0 in E implies Tf Lep 0
mn F.

(i5i) If T > 0 is order continuous and 0 < S < T, then S is order continuous.

Note that there exist Riesz spaces for which every operator mapping between the

spaces is order continuous, see [60].
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2.4 Conditional Expectations in Riesz Spaces

Sufficient background has now been presented for us to be able to define the concept
of a conditional expectation in a Riesz space setting. In the classical setting, it is
through probability measure that stochastic processes are defined. This can be shown
to be equivalent to working via conditional expectations, see [52], and this will be
our approach in the Riesz space setting. The majority of the results and definitions

in this section can be found in [37].

We recall from Section 2.1, some properties of the conditional expectation on £1(Q, F, P),

conditioned by the sub-o-algebra X of F:

(i) f— E[f]%] is linear;
(ii) if f >0 then E[f|X] > 0
(iii) if 1 is the function that takes the value 1 almost everywhere, then E[1|X] = 1;
(iv) E[E[f[X] | X] = E[f[X];
(v) if fn T f in LY, F, P) then E[f, | 2] 1. E[f | X] in L1, 3, P).

Properties (i), (ii), (iv) and (v) give that E[-| ¥] is a positive order continuous linear

projection.

To make use of (iii), the weak order units in the Dedekind complete Riesz space
L1(Q, %, P) need to be considered. We provide a sketch of this result, further details
can be found in [37]. We show that an element f in £} (Q, X, P) is a weak order unit

if f> 0 almost everywhere. Fix f € £ (Q,%, P) with f > 0 almost everywhere and
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let

H={9eLL (X, P)|g<afaecR"}

To show that f is a weak order unit it is sufficient to prove that the order closure, H,
of H contains £ (2, X, P). Let h € £} (Q, X, P) and define h,, = hAnf,n € N. Then
h, € H and (h,,) is an increasing sequence with h,(z) T, h(z) almost everywhere in

Q. As h € LY(Q, X, P), this gives that h is the order limit of (h,,), thus giving h € H.

Note that the function with constant value of 1, denoted 1, is a weak order unit of
L£1(Q,3, P) and in addition is invariant under each conditional expectation operator
on £1(Q, X, P). We can show, moreover, that if f is a weak order unit of £!(Q, F, P)
then E[f | ¥] is a weak order unit by making use of the order continuity of E[- | ¥]. In
summary, we take a conditional expectation operator in a Dedekind complete Riesz
space with weak order unit to be a positive order continuous projection that maps

weak order units to weak order units.

Before we are able to give a formal definition of Riesz space conditional expectation

operators, we need two further results.

The first of these is a result by Rao, relating contractive projections to conditional

expectations.

Proposition 2.4.1. ([52]) Let (2, %, 1) be a finite measure space and 1 < p < co. If
T : LP(L, X, pu) — LP(Q, %, 1) is a positive contractive projection with T1 = 1, then
T = E[- | F], for some (unique) c-algebra F C 3.

In the Riesz space L£}(€, F, P) we have that E[- | ¥] maps weak order units to weak
order units and that the 1 function remains invariant under E[- | ¥]. The following

theorem shows that if either of these conditions is satisfied then the other is too.
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Theorem 2.4.2. [75] Let E be a Riesz space with weak order unit and T' be a positive
order continuous projection on E. There is a weak order unit e of E with Te = e if

and only if Tw 1s a weak order unit of E for each weak order unit w in E.

We are now able to define conditional expectations on Riesz spaces. The above two

theorems and the properties of conditional expectations motivate this definition.

Definition 2.4.3. [78] Let E be a Riesz space with weak order unit. A positive order
continuous projection T on E with range, R(T'), a Dedekind complete Riesz subspace
of E, is called a conditional expectation if Te is a weak order unit of E for each weak

order unit e in E.

We require that the range of 7', R(T), is Dedekind complete in order to most closely
resemble the classical setting. The motivation for this is the subject of [37] and the

interested reader can find more details here.

Remark: If T is a conditional expectation operator on E, then, since R(T) is a
Dedekind complete Riesz subspace of E and as T is order continuous, we have imme-

diately that R(7) is order closed in E.

In order to consider convergence properties of stochastic processes in Riesz spaces,
we will need the notion of a T" — universally complete Riesz space. A Riesz space
E is said to be universally complete if E is Dedekind complete and every subset of
E which consists of mutually disjoint elements has a supremum in E. The universal
completion of Riesz space E, denoted E*, is a Riesz space that is universally complete

and contains F as an order dense Riesz subspace.

Definition 2.4.4. Let E be a Dedekind complete Riesz space and T' be a strictly

positive conditional expectation on E. The space E is universally complete with respect
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to T, i.e. T-universally complete, if for each increasing net (fo) in ET with (T f,)

order bounded, we have that (f,) is order convergent.

We give a brief outline of the construction here. For more details, the reader is
referred to [37]. If E is a Dedekind complete Riesz space and T' is a strictly positive
conditional expectation operator on F, then E has a T-universal completion, see [37],
which is the natural domain of 7', denoted dom(7") in the universal completion, E*,
of E, also see [19, 28, 18, 65]. Here dom(T) = D — D and Tx := Tat — Tz~ for

x € dom(T") where
D={z e E!|3x,) C B,z T x,(Tx,) order bounded in £},
and Tz := sup, Tz, for x € D with x, Tz, (z,) C E4, (T'z,) order bounded in E".

It is useful to have available the following Riesz space analogues of the LP spaces as
introduced in [39], LY(T) = dom(T) and L*(T) = {x € L(T)|2* € L}(T)}. Here we

note that for each x € F, 22 exists and is defined in E*.

2.4.1 Riesz space conditional expectation operators

In the previous section we considered various properties of classical £! conditional
expectation operators and then used these properties as the defining properties of
conditional expectation operators in Riesz spaces. The Riesz space definition of a
condition expectation operator and the classical definition of a conditional expectation
coincide when the Riesz space in question is £'. We now consider whether there are
additional properties obeyed by classical conditional expectation operators that are

inherited by their Riesz space analogues.
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Unless noted otherwise, T" will denote a Riesz space conditional expectation operator.

Commutation Properties

In £1(Q, X, P) we have that E[- | 7] is an averaging operator, i.e. E[gf | F] = gE[f | F]
for all g € LY(Q, F,P) and f € L}(Q, %, P) with gf € £L}(Q, %, P). Taking g = xa
where A € F, the above averaging property gives that the band projection, Pf = gf,
has P1 € F and commutes with the conditional expectation E[- | F]. This can be

generalised to the Riesz space setting, as shown in the following lemma.

Lemma 2.4.5. [77] Let E be a Riesz space with a weak order unit and T be a con-
ditional expectation on E. Let B be the band in E generated by 0 < g € R(T') and P

be the band projection onto B. Then:

(i) Tf € B for each f € B;
(ii) Pf,(I—P)f € R(T) for each f € R(T), where I denotes the identity map;

(iii) Tf € B? for each f € B

We now have that the conditional expectation, T, and band projections generated
by an element in the range of T" commute. The averaging properties of conditional

expectations follow from this important result.

Theorem 2.4.6. [77] Let E be a Dedekind complete Riesz space with weak order unit,
T a conditional expectation on E and B be the band in E generated by 0 < g € R(T),

with associated band projection P. Then TP = PT.

If no other structure on our Riesz space is assumed, Theorem 2.4.6 is our Riesz space

analogue of the averaging properties of conditional expectations. However, if F is not
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just a Riesz space but is an f-algebra, i.e. has a multiplicative structure compatible
with the order and additive structures of the space, then the Riesz space averaging
property can be strengthened so as to more closely resemble the classic version of the

averaging property.

A Riesz space, F, is a Riesz algebra if F has a multiplicative structure that is both
associative and distributive over addition. If the Riesz algebra E has the further
property that for u,v € E u A v =0 implies uw A v =wu Av =0, for w € E then E

is called an f-algebra.

On the Dedekind complete Riesz space E€, where e is a weak order unit in F, there
is a natural f-algebra structure generated by setting (Pe)- (Qe) = PQe = (Qe)- (Pe)

for all band projections P and (). In E€, e is also the multiplicative unity.

We are now able to state a version of Freudenthal’s theorem in Riesz spaces which

highlights its compatibility with conditional expectation operators.

Theorem 2.4.7. [77](Freudenthal)
Let E be a Dedekind complete Riesz space with a weak order unit e and T be a

conditional expectation on E with Te = e. For each g € R(T)y, there exists a
k

sequence (s,) such that s, 1 g in order. Here, each s, is of the form ZaiPie, where

i=1
a; € Ry and P; is a band projection which commutes with T

Using Freudenthal’s theorem, the multiplication described above can be extended to
the whole E€ (that is, not just elements of E° that are band projections) and in fact

to the universal completion E*. The interested reader will find more detail on this in

[37].

For a general f-algebra, Freudenthal’s theorem gives the following averaging property
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for conditional expectation operators.

Corollary 2.4.8. Let E be a Dedekind complete Riesz space with a weak order unit
e and T" be a conditional expectation on E with Te = e. If E is an f-algebra and e
is the multiplicative unit of the f-algebra, then T'(gf) = gTf for each g € R(T) and
fek.

2.5 DMartingales in Riesz Spaces

The contents of this chapter are taken from [33, 32] and are included here for complete-
ness. Further, these results, in particular those concerning martingale convergence,

will be used in subsequent chapters.

Recall that martingales are traditionally defined in terms of a parametrized family of
random variables and a filtration. In order to define a martingale in the Riesz space
setting, we first consider the Riesz space analogue of a filtration. A filtration (F;);en
in a probability space (2, F, P) is an increasing family of sub-o-algebras of F. In

terms of conditional expectations, we can write
EE[f | F] F;] =E[f| F] =E[E[f [ F]|F],

for all f € £1(Q, F,P) and i < j. Since to each sub-o-algebra of F there corresponds
precisely one conditional expectation operator and vice versa, a filtration can also be
characterised as a sequence of conditional expectations with increasing range spaces.

In light of this, we define a filtration in a Riesz space as follows.

Definition 2.5.1. Let E be a Riesz space with weak order unit. A filtration on E is

a family of conditional expectations, (T;)en, on E with

TT =T, =T/T,, forall i<j.
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The Riesz space analogue of a martingale now follows immediately.

Definition 2.5.2. Let E be a Riesz space with weak order unit. The pair (f;, T;)ien

is said to be a martingale on E if (T;)ien is a filtration, f; € R(1;),1 € N, and

Tzifj:fiv fOT’ all ZSJ

If T f; < (=) fi for alli < j then (fi,T;)ien is a sub(super)-martingale.

We say that a sequence (f;);en is predictable (or previsible) with respect to the fil-
tration (7;);en if fir1 € R(T;),i € N.
We will now state the Doob-Meyer Decomposition theorem in Riesz spaces.

Theorem 2.5.3. [78, Thm 3.3/ (Doob-Meyer Decomposition)
Let (fi, T;)ien be a submartingale on Riesz space E with weak order unit. Define, for

each j € N,

7j—1
= Tifis1—f;) and M;=f;— A
=1

Then (M;,T;)jen is a martingale and (Aj);en is an increasing, predictable sequence

with Ay = 0. The decomposition
fi=M; + A,

is the unique decomposition of (fi, T;)ien into the sum of a martingale and a predictable

sequence with starting value zero.

2.5.1 Martingale Convergence

For later reference (cf. Theorem 4.3.8) we now give the main results concerning mar-

tingale convergence in Riesz spaces, as proved in [32]. According to Meyer [16], ‘It is
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natural that martingales should be applied to Markov processes.” The implementation

of Meyer’s claim is not always obvious, as will be seen later.

The idea of local convergence is core to martingale convergence theorems. By a
strictly positive operator on a Riesz space E, we mean an operator that maps to

Et\{0}, where E™ denotes the positive cone of E.

Lemma 2.5.4. [0, Lemma 3.2] Let E be a Dedekind complete Riesz space with
weak order unit e. Consider the sub (super) martingale (f;, T;)ien where the operators
(T})ien are strictly positive. If there exists g € ET such that Th|f;| < g, for all i € N,
then, for each n € N, (ne A f; V (—ne))ien is order convergent and the order limit,

F, € E, is given by

limsup(ne A f; V (—ne)) = F, = liminf(ne A f; V (—ne)).

7

From the above lemma a martingale convergence result for order bounded martingales

can be deduced.

Theorem 2.5.5. [70, Thm 3.3] Let E be a Dedekind complete Riesz space with weak
order unit. If there exists g € ET such that |f;| < g, for all i € N, then (f;) is order

convergent and the order limit, fo € E, is given by

limsup f; = foo = liminf f.

It has been noted in [32] that this result falls short of being a Riesz space analogue of
Doob’s classical martingale convergence result. However, if we make the additional
assumption that £ is T-universally complete, we are able to generalize Doob’s theorem

to Riesz spaces.

Theorem 2.5.6. [70, Thm 3.5] Let E be a T-universally Riesz space in which T is

a strictly positive operator and with filtration (1;);en such that T, 7 = T = TT,. If
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(fi, Ty) is a sub (super) martingale on E and there exists g € ET with T|f;| < g for

all i € N then (f;) is order convergent and the order limit, fo, € E, is given by

limsup f; = foo = liminf f;.
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Chapter 3

Independence in Riesz Spaces

In probability theory the concept of independence relies on both the presence of
a probability measure and the multiplicative properties of R™. In the Riesz space
setting, the role of the probability measure has to be taken on by a conditional
expectation operator while the role of multiplication is mirrored at operator level
by composition. Recall that an f-algebra is a Riesz space that has a multiplicative

structure compatible with the order and additive structures of the space (cf. p.42).

For the remainder of this thesis, we will use wicket brackets, (-), to denote the closed
Riesz space generated by the elements within the wicket brackets. For example, (f, g)

denotes the closed Riesz space generated by f and g.

Before we are able to state independence results in Riesz spaces, we first need an

Ando-Douglas-Nikodym-Radon Theorem for Riesz spaces.
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3.1 Ando6-Douglas-Nikodym-Radon Theorem

The Radon-Nikodym theorem is widely known and used in Measure Theory. It is
from this theorem that we are able to deduce many results regarding independence
and Markov processes. It is important that an analogue of this result can be given in
Riesz spaces. In [63] B. A. Watson proves a Radon-Nikodym type theorem in Riesz
spaces. This result is fundamental to the work that follows in this thesis. It should be
noted that J. J. Grobler has presented a alternative variant of the Radon-Nikodym

theorem in Riesz spaces, [20].

Throughout this section T is a strictly positive conditional expectation operator acting

on the Dedekind complete Riesz space, F/, with weak order unit e = T'e.

By a Dedekind complete Riesz subspace, F', of E we mean that F'is a Riesz subspace
of E and that F' is Dedekind complete in its own right. Further, we require that if
(fa) is upwards directed and bounded above in F' with supremum f € F, then f is

also the supremum of F in E.

Let FF C E. We will denote by B(F') the class of all band projections on E with
Pe € F. Before we are able to give the Radon-Nikodym theorem, we require a Hahn-
Jordan decomposition theorem in Riesz spaces. This result was also given by Watson

in [63]. The result gives a decomposition of the map B(F') — E with P +— TPf.

Consider f € E. We say that J € B(F)) is positive (resp. negative) with respect to
(T, f)if TPf > (resp. <) 0 for all P € B(F) such that P < J. A band projection,
J, is strictly positive (resp. strictly negative) if J is positive (resp. negative) with

respect to (T, f) and TJf # 0.
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Theorem 3.1.1. /67, Thm 3.5/ (Hahn-Jordan Decomposition)

Let E be a Dedekind complete Riesz space with strictly positive conditional expectation
operator, T', and weak order unit, e = Te. Let F be a Dedekind complete Riesz
subspace of E with R(T) C F and let f € E. There exist band projections Q}', Q7 €
B(F) with I = Q}r + Q5 having Q}“ positive with respect to (T, f) and Q; =1 — Q}r

negative with respect to (T, ).

Note: The band projections Q}“ and @} of the above theorem can be chosen so that
Q}“ and () are respectively monotonically increasing and decreasing with respect to

f. For details of the construction see [63, p.561]

Theorem 3.1.2. /65, Thm 4.1] (Radon-Nikodym)
Let E be a T-universally complete Riesz space with weak order unit, e = Te, where T’
18 a strictly positive conditional expectation operator on E. Let F' be a closed Riesz
subspace of E with R(T) C F. For each f € E* there exists a unique g € F* such
that

TPf=TPg, foral P€B(F).

If E is a T-universally complete Riesz space with weak order unit e = T'e where T is a
strictly positive conditional expectation operator on E, F'is a closed Riesz subspace

of E with R(T) C F and f and ¢ are as in Theorem 3.1.2, then we denote
Trf = g. (3.1.1)

Lemma 3.1.3. [0, Lemma 5.6] Let T be a strictly positive conditional expectation

operator on the T-universally complete Riesz space, E, with weak order unit e = Te.

Let I be a closed Riesz subspace of E with R(T) C F. The map Tr is additive on
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ET and has
TPTr(f)=TPf, forall PeB(F) fekE".

Remark: The results can be extended to E by noting that each f € E can be

decomposed as f = ft — f~ where f*,f~ € ET.

Corollary 3.1.4. [03, Cor. 5.9] (Douglas-Ando)

Let T be a strictly positive conditional expectation operator on the T'-universally com-
plete Riesz space, E, with weak order unit, e = Te. The subset I of E is a closed
Riesz subspace of E with R(T) C F if and only if there is a conditional expectation
Tr on E with R(Tp) = F and TTr = T = TET. In this case Trf for f € ET is

uniquely determined by the property that
TPf=TPIrf
for all band projections on E with Pe € F.

Lemma 3.1.5. Let E be a Dedekind complete Riesz space with conditional expectation
operator, T', and weak order unit, e = Te, and Fy and Fy be two closed Riesz subspaces
of E both containing e. Let E be the closed Riesz subspace of E generated by Fy and

FEs5. For band projections Py, Py with Pie € Ey and Pye € Es, we have

P1P2€€E.

Proof. Consider Pie € E; and Pye € E5. Then
Ple/\P2€:P1P2€
Certainly, Pie A Pye € E, giving that P, Pse € E. O
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3.2 T-Conditional Independence

Definition 3.2.1. Let E be a Dedekind complete Riesz space with conditional expec-
tation, T, and weak order unit, e = Te. Let P and @) be band projections on E. We
say that P and Q are T-conditionally independent (that is, conditionally independent

with respect to T ) if
TPTQe = TPQe = TQT Pe. (3.2.2)

We say that two Riesz subspaces Ey and Ey of E, where R(T) C E;,i = 1,2, are T-
conditionally independent if all band projections, P;,1 = 1,2, in E with Pe € F;,i =

1,2, are T-conditionally independent.

In the case of E = L'(2, A, 1) where p is a probability measure, e = 1 and T is the

expectation operator
7/~ [ 7 du=ElfL
Q

we have that the band projections on E are maps of the form Pf = fx4 and Qf =
fxp where A, B € A. Here

TPTQe = E[x4E[x35]] = E[xapu(B)] = u(B)E[xa] = u(B)u(A)

and similarly
TQTPe = u(A)u(B).
Also

TPQe = Elxaxs] = Elxans] = p(A 0 B).

Thus, in this case, the Riesz space independence of P and () corresponds to the clas-

sical independence of A and B.

52



3.2 T-Conditional Independence Independence in Riesz Spaces

This definition is independent of the choice of the weak order unit e with e = Tle, as

is shown in the following lemma.

It should be noted that the remaining results in this chapter have been published by

Vardy and Watson in [61].

Theorem 3.2.2. Let E be a Dedekind complete Riesz space with conditional expec-
tation, T, and let e be a weak order unit which is invariant under T'. The band

projections P and @ in E are T-conditionally independent if and only if

TPTQw =TPQw =TQTPw forall we R(T). (3.2.3)

Proof. That (3.2.3) implies (3.2.2) is obvious. We now show that (3.2.2) implies
(3.2.3). From linearity it is sufficient to show that (3.2.3) holds for all 0 < w € R(T).
Consider 0 < w € R(T). By Freudenthal’s theorem, there exist a} € R and band
projections Q7 with Q%e € R(T),j = 0,...,n2", such that

n2"

=2 0Qe

=0

has

w = lim s,.

n—oo
Here we can take
n2m™
_ nn

Sp = g a;Qje,

j=0

J
n o __ o n
a; = on’ 7 =0,...,n2",
n _
n2n P(w—ne)"’a

= (I - Q?)P(wfa;ile)-h j=1,...,n2"
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As e,w € R(T), Q7T =TQ7. Thus
TPTQQ"e = Q"TPQe (3.2.4)

since )} commutes with all the factors in the product and therefore with the product
itself. Again using the commutation of band projections and the fact that Q77" = T'Q7

we obtain
TPQQje = QjTPQe. (3.2.5)

Combining (3.2.4), (3.2.5) and using the linearity of 7', P and @) gives

n2m n2"
TPTQY alQje = TPQY ajQfe. (3.2.6)
j=0 =0

Since T, P, () are order continuous, taking the limit as n — oo of (3.2.6) we obtain
TPTQw = TPQuw.

Interchanging the roles of P and @) gives
TQTPw = TQPw.

As band projections commute, we have thus shown that (3.2.3) holds. O

The following corollary to the above theorem shows that T-conditional independence
of the band projections P and () is equivalent to T-conditional independence of the
closed Riesz subspaces (Pe, R(T)) and (Qe, R(T)) generated by Pe and R(T) and

by Qe and R(T') respectively.

Corollary 3.2.3. Let E be a Dedekind complete Riesz space with conditional expec-
tation, T', and let e be a weak order unit which is invariant under T. Let P;,1 = 1,2,
be band projections on E. The band projections, P;,1 = 1,2, are T-conditionally in-
dependent if and only if the closed Riesz subspaces FE; = (Pe,R(T)),i = 1,2, are

T-conditionally independent.
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Proof. The reverse implication is obvious. Assume P;,i = 1,2, are T-conditionally
independent. We show that the closed Riesz subspaces E;,7 = 1, 2, are T-conditionally
independent. As each element of R(7') is the limit of a sequence of linear combinations
of band projections whose action on e is in R(T") (see Theorem 2.4.7) it follows from

Lemma 3.1.5 that E; is the closure of the linear span of
{P,Re, (I — P;)Re| R band projection in E with Re € R(T)}.

Consider band projections R;,i = 1,2, in E with Re € R(T),i = 1,2. From the
linearity and continuity of band projections and conditional expectations, it suffices
to prove that each of the band projections PRy and (I — P;)R; are T-conditionally
independent of both P,Ry, and (I — Py)Ry;. We will only prove that PRy is T-
conditionally independent of P, Ry as the other three cases follow by similar reasoning.

From Theorem 3.2.2,
TP, TP,RiRye = TP, PR Roe = TP, TP, R Rse.
As band projections commute and since R;T = TR;,7 = 1,2, we obtain
TP R\ TP,Rye = TP R PyRoe =TP,R, TP, Rye
giving the T-conditional independence of P;R;,i = 1, 2. O

In the light of the above corollary, when discussing 7T-conditional independence of
Riesz subspaces of E with respect to T', we will assume that they are closed Riesz

subspaces containing R (7).

Theorem 3.2.4. Let E; and Es be two closed Riesz subspaces of the T-universally
complete Riesz space E with strictly positive conditional expectation operator T and
weak order unit e = Te. Let S be a conditional expectation on E with ST = T. If

R(T) C Ey N Ey and Tir(s),g,) is the conditional expectation having as its range the
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closed Riesz subspace of E generated by R(S) and E;, then the spaces Ey and Ey are

S-conditionally independent, if and only if
TiTir(s),B5_) = TiSTir(s),B;,_5) ©= 1,2,

where T} is the conditional expectation commuting with T and having range E;.

Proof. Assume first that £; and Ey be S-conditionally independent, i.e. for all band

projections P; with Pe € E; for i = 1,2, we have
SPSPe = SP Pye=SP,SPie.
Consider the equation
SP,SPe = SP, Pe. (3.2.7)
Applying T to both sides of the equation gives
TP, Pe =TP,SPye.
Thus, by the Riesz space Radon-Nikodym-Douglas-Ando6 theorem, Theorem 3.1.2,
T Pre =TS Pse.

Now, let Ps be a band projection with Pse € R(S). Applying Ps and then T to
(3.2.7) gives

TPSSP1P26 = TPSSPlnge.
As Pse € R(S), we have that SPs = PsS which, together with the commutation of
band projections, yields

TP1PSP2€ = TPl,S'Pnge.

Applying the Riesz space Radon-Nikodym-Douglas-And6 theorem now gives

T1P5P26 = TlSPSPge.
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Each element of (R(S), Ea) = R(Tir(s),r,)) can be expressed as a limit of a net
of linear combinations of elements of the form PgP,e where Py and P, are band

projections with Pse € R(S) and Pye € F5 respectively. From the continuity of T}

T\ Tir(s),E2) = T15T(R(5),E2)-

Similarly, if we consider the equation SP,Pie = SP,SPie we have

TyTr(s),m) = ToST(R(S),E1)-

Conversely, suppose TiT(r(s),5,_,) = LTiST(r(s),E,_;) for all t = 1,2. Again we consider

only TIT(R(S),EQ) = TIST<R(S),E2)- Then, for all Pye € R(TQ), Pge € R(S),
TlPSPQe = TlSPSPQe.

Since Pge € R(S) we have
T1P5P26 = TlPSSPge.

If we apply P;, where Pie € R(T}), and then T to both sides of the above equality
we obtain

TPlTIPSPQE = TP1T1PSSP2€.

Commutation of band projections, Ty P, = P,T} and T' = T'T7, applied to the above
equation gives

T Ps P, Pye =T PsP,SPse.
Now from the Radon-Nikodym-Douglas-Ando theorem in Riesz spaces we have
SPPye = SP,SPse.
By a similar argument using 15Tz (s),5,) = 125T(r(s),E,), We have

SPgPle = SPQSPQ@.
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Since band projections commute we get
SPlnge == SP1P2€ == SPgSPle
which concludes the proof. n

Taking S = T in the above theorem, we obtain the following corollary.

Corollary 3.2.5. Let E1 and Ey be two closed Riesz subspaces of the T-universally
complete Riesz space E with strictly positive conditional expectation operator T and
weak order unit e = Te. If R(T) C Ey N Ey, then the spaces Ey and Ey are T'-

conditionally independent, if and only if
Ty, =T =TT,

where T; is the conditional expectation commuting with T and having range E;.

The following theorem is useful in the characterization of independent subspaces

through conditional expectations.

Corollary 3.2.6. Under the same conditions as in Corollary 3.2.5, Fy and FEs are

T-conditionally independent if and only if

T.,f=Tf, forall fe€FEs3,; i=1,2, (3.2.8)

where T; is the conditional expectation commuting with T and having range E;.

Proof. Observe that (3.2.8) is equivalent to
ﬂTg,i == TT3,1' - T, Z == 1, 2
The corollary now follows directly from Corollary 3.2.5. O]
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Theorem 3.2.4 can be applied to self-independence to give that the only self-independent
band projections with respect to 1" are those onto bands generated by elements of the

range of T

Corollary 3.2.7. Let E be a T-universally complete Riesz space E with strictly pos-
itive conditional expectation operator T and weak order unit e = Te. Let P be a
band projection on E which is self-independent with respect to T', then TP = PT and
TPe = Pe.

Proof. Let T\ = Tig(r),pe), then, by Theorem 3.2.4, T} = T? = T and we obtain
TPe =T Pe. But Pe € R(Ty) so TPe = Pe, thus Pe € R(T') from which it follows
that TP = PT. n

In measure theoretic probability, we can define independence of a family of o-sub-
algebras. In a similar manner, in the Riesz space setting, we can define the indepen-

dence with respect to T' of a family of closed Dedekind complete Riesz subspaces of E.

For ease of notation, if (E))ea is a family of Riesz subspaces of E we put

Ey = <UA€A EA>, the Riesz space generated by all Fy, A\ € A.

Definition 3.2.8. Let E be a Dedekind complete Riesz space with conditional expec-
tation T and weak order unit e = Te. Let Ex,\ € A, be a family of closed Dedekind
complete Riesz subspaces of E having R(T) C E\ for all A\ € A. We say that the
family is T-conditionally independent if, for each pair of disjoint sets A1, Ay C A, we

have that Ex, and Ey, are T-conditionally independent.

Definition 3.2.8 leads naturally to the definition of T-conditional independence for

sequences in F/, given below.
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Definition 3.2.9. Let E be a Dedekind complete Riesz space with conditional ex-
pectation T and weak order unit e = Te. We say that the sequence (f,) in E is
T-conditionally independent if the family ({f,} UR(T)),n € N of Dedekind com-

plete Riesz spaces is T'-conditionally independent.
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Chapter 4

Markov Processes

4.1 Introduction

Markov chains were first studied in detail by A. A. Markov in the early part of the
20" century. The notion of Markov chains was born from Markov’s desire to show
that independence was not a necessary condition for the law of large numbers to hold.
That independence was required for the law of large numbers to hold was proposed by
P. A. Neskrasov, [3]. In correspondence between Markov and Chuprov [¢], a colleague
of Markov’s, Markov writes: ‘The unique service of P. A. Nekrasov is namely this.
He brings out sharply his delusion, shared, I believe, by many, that independence is
a necessary condition for the law of large numbers. This circumstance has led me to
explain, in a series of articles, that the law of large number and Laplace’s formula
can apply also to dependent variables. In this way a construction of a highly general
character was actually arrived at, which P. A. Nekrasov cannot even dream about.’

It is interesting to note that Nekrasov was a theologist by training and later took
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up mathematics. As a member of the Russian Orthodox Church, Nekrasov was a
strong proponent of the religious doctrine of free will. In fact, Nekrasov’s belief that
independence was a necessary condition for the law of large numbers was used to
provide mathematical ‘proof’ of this belief. Markov, an atheist and excommunicate

of the Church, was outspoken in his refutation of this, [3].

Markov’s first paper containing the concept of chains was published in 1907 [43]. In
this paper he defined the simple chain as ‘ an infinite sequence x1, s, ..., Tk, Ty, - - -
of variables connected in such a way that x;,; for any k is independent of z1, x9, ..., T

in case x is known’. However, it was not until 20 years later that the term ‘Markov

chain’ was coined by Bernstein, [10].

Markov, however, was not the first to study such chains. Some of the urn problems

studied by Laplace, Bernoulli and Ehrenfests are special cases of Markov chains.

An example of such a process is the following. Consider a deck of cards being shuffled
and the order of the cards after each shuffling. To predict the order of the cards
after shuffling, all useful information is included in complete knowledge of the current
state of the deck. Knowledge of prior states does not make the prediction any more

accurate.

Markov processes can be applied to the long term behaviour of systems. For example,
the evolution of animal (including human) populations can be described using Marko-
vian models. These models predict only three types of limit behaviour: extinction,

equilibrium or explosion.

This chapter is set out in the following manner: we first define Markov processes in

the classical setting and state the relevant classical results. The remaining subsections
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are dedicated to defining Markov processes in Riesz spaces and providing analogues

of classical results in the Riesz space setting.

We will show that a Markov process is a process for which, given the present, the
past and future are independent and give a Chapman-Kolmogorov type equation.
We show that sums of independent variables form a Markov process and that, under

certain conditions, these sums are martingales too.

It should be noted that the material in section 4.3 has been published by Vardy and

Watson in [61, 62].

4.2 Classical Markov Processes

Here we present the classic definitions of Markov processes and some well-known
results. This section forms the base from which we will develop the theory of Markov
processes in Riesz spaces. The results given here will be generalized to the Riesz space
setting later in this chapter. We give here only the definitions and results pertinent
to the thesis. The interested reader can find further details on these results and many

more results in [51].

4.2.1 Classical foundations of Markov processes

We say the collection {X;}en, where A C R, is a stochastic process if, for each t € A,
X; is such that
X,: Q= R, X, €LY F, P).

That is, for all £ € A we have that X; is a random variable.
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Definition 4.2.1. [7]]
A stochastic process {X;}ien in LY(Q, F, P) is called a Markov process if for any set

of points t; < ty < --- <tyi1, t; €A, and x € R, one has

P(Xt <.T|Xt1,Xt2,...,th> :P(Xt <$|th) a.e.. (421)

n+1 n—+1

It is important to note that the above definition defines the Markov Property in terms
of only one state in the future. However, if a stochastic process X is Markov, this
property holds for all states in the future. We are thus able to extend the Markov

property to all events in entire future, as is given in the following lemma.

Lemma 4.2.2. [7]]

If a stochastic process { X hen is a Markov process then
P(A|Xt1>Xt2a s >th) = P(A|th)

for any A € 0(Xs;s > t,),s € A.

The Chapman-Kolmogorov equation is at the base of many aspects of the theory of

Markov processes.

Theorem 4.2.3. [7/] (Chapman-Kolmogorov Equation)
Let {X;}ien be a Markov process in LY(Q, F, P) and u < t < v be points from N.

Then for each x € R we have

P(X, <z|X,)=FE[P(X, <z|X:)|X,] ae..

The definition of a Markov process is not uniform throughout the literature. However,

the more common of these definitions are equivalent, as shown in the result below.

Theorem 4.2.4. [5]]

For a process {Xi}iegen in LY, F, P) the following are equivalent.
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(i) The process is a Markov process, as defined in Definition 4.2.1.
(i) For each uw < v in J and v € R, one has

P(X,<z|Xs,s<u)=PX, <z|X,) ae..

(111) For sy < sy < -+ < Sy <t <ty <ty<---<t, fromJ, and x;,y; € R, almost

everywhere one has

= P(X,, <251 <i<m|X)P(Xy; <yl <j<n|Xy).

We note that all the above definitions and theorems concerning Markov processes are
stated largely in terms of conditional probabilities. In order to define Markov pro-
cesses in Riesz spaces we need to translate all these definitions to definitions in terms
of conditional expectation operators (as such operators have already been defined in
Riesz spaces, cf. [37]). Besides the usual translation (P(A|B) = E[xa|B]) we have
that if X is a Markov process, then for all bounded, Borel measurable functions g

and for t > t, > --- > t;, we have
Elg(Xe) | Xuys Xbpy - X, ] = E[g(X0) | Xo, ] (4.2.2)

To see that (4.2.1) is equivalent to (4.2.2) translate the probability definition to one
involving conditional expectations in the usual manner (using indicator functions)
and generalise from there. To see (4.2.2) implies (4.2.1) simply let g = xp. This is
the case if ¢ is continuous. For a general Borel measurable function, we make use of

Lebesgue’s Monotone convergence theorem

If the conditional measures are regular, part (iii) of Theorem 4.2.4 may be interpreted

as follows. A stochastic process is a Markov process if and only if, given the present
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state, the past and future states are independent. However, the condition of regu-
larity of the conditional measures is not a trivial one and requires restrictions on the

underlying measure space.

The interpretation of the Markov definition in terms of it’s past and present has an
interesting, and often useful, consequence. Since the ‘past’ and the ‘present’ depend
only on the ordering of A, we have that if {X,},c; is a Markov process then {X;},.;
is also a Markov process, where J, J have opposite orderings but are the same set. In

particular, if {X;}_,<t<q is a Markov process, then so is {X_;}_,<t<q-

Finally, we can relate the sums of independent random variables and Markov pro-

cesses.

Theorem 4.2.5. Let X1, X,,... be a sequence of independent random variables in

LY(Q, F, P), then the sequence of partial sums

neN

forms a Markov process.

Note 4.2.6. Let X1, Xs,... be as above. If in addition, E(X;) exists and E(X;) =0

for alli € N, then (S, By)nen is a martingale, where B, = o(S1,Ss,...,S,).

4.3 Markov Processes in Riesz Spaces

4.3.1 Preliminaries

Based on the definition of a Markov process in £' by M. M. Rao [51] we define a

Markov process in a Riesz space as follows.
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Definition 4.3.1. Let T be a strictly positive conditional expectation on the T -
universally complete Riesz space E with weak order unit e = Te. Let A be a totally
ordered index set. A net (Xy)rea is a Markov process in E if for any set of points

th<---<t, <t t;, t €A, we have
Ti,,..1mPe =T, Pe forall Peec (R(T),Xy), (4.3.3)

with P a band projection. Here Tiy, 1,...1,) 15 the conditional expectation with range

(R(T), X4y, Xigy -+, X4,))

Note 4.3.2. An application of Lemma 3.1.5 to (4.3.3) yields that (4.3.3) is equivalent
to

Tty f =10 f, forall feR(Ty),
which in turn is equivalent to
Ty Ty = 13, T}

where T} is the conditional expectation with range (R(7T), X;) .

We can extend the Markov property to include the entire future, as is shown below.

Lemma 4.3.3. LetT be a strictly positive conditional expectation on the T-universally
complete Riesz space E with weak order unit e = Te. Let A be a totally ordered index
set. Suppose (X))aena 18 a Markov process in E. If sy > -+ > 851 > 1> 1, >+ > 1,
tj,s;,t € A and for eachi=1,...,m, Q; is a band projection with Q;e € (R(T'), Xs,),

then

T(tl,...,tn,t)QlQZ Qe =TiQ1Q2 ... Qne. (4-3-4)

Proof. Under the assumptions of the lemma, if we denote sy = ¢, from Note 4.3.2

TS]' Qj+1TS]'+1 = TSjTSj+1Qj+1 = T(tl,...,tn,507...78j)TSj+1Qj+1 = T(tl,...,tn750,...,5j)Qj+1TSj+17
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which, if we denote S, = Tis, ... 1, .50,....5;)> &ives

T5,Qj1Ts;, = S5, Q51T (4.3.5)
Similarly, if we denote Us; = Ts,,...s;), then
T, QjnTs;, = Uy, Qi Ty (4.3.6)

Applying (4.3.5) recursively we obtain

T80Q1T31 Q2T52 Ce Tsm_lQme = SsleTs1 QQTSQ e Tsm_lQme

= S5,Q1595,QT, ... T Qe

= SSOQ1551Q2552 e S37n71Qm6.
Here we have also used that e = T e. But Q;Ss;, = 5,,Q; and S;,5;;, = S, for all
1 < j giving
Sso @155, Q2Ss, .. Ss,, Qme = S5, 55, .. Ss, 1Q1...Qme = 55,Q1...Qme.

Combining the above two displayed equations gives

TsleTleQTsz ce. Tsmleme - Ssle cee Qme-

Similarly

T50Q1T31 Q2T32 e Tsm_lQme = Usle e Qme.
Thus S5, Q1 ... Qme = Uy, Q1 - . . Qe which proves the lemma. O

Note 4.3.4. From Lemma 3.1.5, we have that the linear span of

{Q1...Que | Qie € (R(T), X,),Q; band projections,i = 1,...,m}
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is dense in (R(T), Xs,, ..., Xs,,), giving
Tty f =Ti f forall fe(R(T),Xs,....X.), (4.3.7)

where s; > sy > - > 8, >t >1t, > - >t.

Theorem 4.3.5. (Chapman-Kolmogorov)
Let T be a strictly positive conditional expectation on the T -universally complete Riesz
space E with weak order unit e = Te. Let A be a totally ordered index set. If (X))ren

18 a Markov process and uw <t < n, then
T.X =T, 1;X, foral X e€R(T,),
where R(T,) = (R(T), X.).
Proof. We recall that (X, )xea is a Markov process if for any set of points t; < -+ <

t, <t,t, t; € A one has

T( t

where X € (R(T), X;). Thus,
TwunX =T,f, for X € R(T,).
Applying T, to the above equation gives
T TunX =T,T, X,

and, thus

T,.X = T,T,X

since R(Tw) C R(T(wy))- O
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Under the hypotheses of Theorem 4.3.5, it follows directly from the Chapman-Kolmogov
Theorem and Freudenthal’s Theorem, as in the proof of Theorem 3.2.2; that if (X))aea

is a Markov process and u < t < n, then

1.1, =T, 1,1T,.

It is often stated that a stochastic process is Markov if and only if the past and future
are independent given the present, see [51, p 351]. It is clear that such independence
implies, even in the Riesz space setting, that the process is a Markov process. How-
ever, the non-commutation of conditional expectations onto non-comparable closed
Riesz subspaces (or in the classical setting, the non-commutation of conditional ex-
pectations with respect to non-comparable o-algebras), makes the converse of the
above claim more interesting. The proof of this equivalence (part (iii) of the follow-
ing theorem) relies on the fact that conditional expectation operators are averaging
operators and, in the Riesz space setting, that F°¢ is an f-algebra, and is as such

a commutative algebra. Classical versions of the following theorem can be found in
[6, 12, 51].

Theorem 4.3.6. Let T be a strictly positive conditional expectation on the T-universally
complete Riesz space E with weak order unit e = Te. Let A be a totally ordered index

set. For (Xy)ien C E the following are equivalent:

(i) The process, (Xi)ien s a Markov process.

(i) For conditional expectations T, and T, with R(T,) = (R(T), Xn;n < u) and
R(T,) = (R(T), Xy), u < v in A, we have

T.7, =1T.7T,.
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(iii) For any Sy, > -+ > s >t >t, > --- > 11 from A, and P,Q band projections

with Qe € (R(T), X4,,...,Xs,,) and Pe € (R(T), Xy, ..., Xy,) we have
TyQTiPe = TiQPe = TiPQe = Ty PT,Qe.
Proof. (i) = (ii) Let v < v,u,v € A, and P be a band projection with Pe €
(R(T), X,). Let P, be a band projection with Pe € R(1Ty,),t1 < ta < --- < t, =

u,n € N. From the definition of a Markov process, forallt; <ty < ...t, =u<t=v

we have T{;, 1) i thus

7777777777

Applying T to this equation gives

TP,P,...P,Pe=TPP,... P,T, Pe. (4.3.8)
Note, by Lemma 3.1.5, the set of (finite) linear combinations of elements of
D ={P,P,... Pe | P, aband projection, Pie € R(T},),t; <ty < -+ <t, =u,n € N}
is dense in R(T,). This, together with (4.3.8), gives
TQPe = TQT,, Pe (4.3.9)

for band projections @ with Qe € R(T,). Applying the Riesz space Radon-Nikodym-

Douglas-Ando theorem to (4.3.9) gives
T,Pe =T,T;, Pe =T,Pe. (4.3.10)
Now Freudenthal’s theorem, as in the proof of Theorem 3.2.2, gives
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for f € R(T,), or equivalently

T.7, =T.,7T,.

(ii) = (i) Assume that for u < v we have
T,T, = T,7T,. (4.3.11)

Let ¢ < --- <t, <t. Taking v =1 and u = t,,, we have T(y, . 4,)Tu = T{4,,..+,) and

.....

T tn) to (4.3.11) gives

Tyeesy

.....

tn)ﬂ - T(t1 ..... tn)TuTv - T(t1 tn)TuTv - Enﬂ

77777777

Applying this operator equation to Pe where P is a band projection with Pe € R(T})

gives that (X, )xea is a Markov process.

(i) = (iii) Let @ be a band projection with Qe € (R(T), X,,, ..., Xs,,) then, from
Lemma 4.3.3,

Tyt Qe = TiQe.
Applying a band projection P with Pe € (R(T), Xy,,...,X;,) followed by T; to this

equation gives

TiPQe = TtT(tl tn,t)PQe = TtPT(tl ..... tn,t)Qe =T, PTQe.

77777

To prove T,QT; Pe = T,QQ Pe, we prove T;QQT; Pe = T, PT;(QQe and use the result above.
Recall that in the f-algebra we have Q) f = Qe- f. Using the commutativity of multi-

plication in the f-algebra F. and the fact that 7} is an averaging operator in E., we
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have

T,QT,Pe = Ti((Qe)- (TiPe))
= (TiPe) - (TiQe)
= (TiQe) - (TyPe)
= Ti((Pe- (T:Qe))

= TiPTiQe.

Finally, by the commutation of band projections, T; PQe = T,() Pe.

(iii) = (i) Suppose T;PQe = T, PT,Qe for all band projections P and Q) with Qe €
(R(T), Xs,,...,Xs,) and Pe € (R(T), Xy,,...,X;,). Let R be a band projection

Y Sm

with Re € (R(T'), X;), then

---------

TT;, so
TRPT,, +,nQe =TRPQe =TT, RPQe.

Since T}R = RT; we have TT;RPQe = TRT;PQe and the hypothesis gives that
T, PQe = T, PT;(QQe which combine to yield TT;RPQe = TRT; PT;Qe. Again appeal-

ing to the commutation of R and 7; and that TT; = T" we have
TRT,PT,Qe = TT,RPT,QQe = TRPT,Qe,
giving

for all such R and P. As the linear combinations of elements of the form RPe are

dense in (R(T), Xy, ..., Xy, Xi), we have, for all Se € (R(T), Xy,,...,X;,, Xy), that

TSTy,,..1.0)Qe = TSTiQe.
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By (3.1.2) and the unique determination of conditional expectation operators by their

range spaces, we have that T, ., »Qe = T;Qe, proving the result. O

.....

Note 4.3.7. Proceeding in a similar manner to the proof of (i) = (ii) in the above

proof it follows that (iii) in the above theorem is equivalent to
T.S; =T, = TS,

where S; is the conditional expectation with range space R(S,) = (R(T), Xn;n > u).
This shows that a process is a Markov process in a Riesz space if and only if the past

and future are conditionally independent on the present.

4.3.2 Independent Sums

There is a natural connection between sums of independent random variables and

Markov processes. In the Riesz space case, this is illustrated by the following theorem.

Theorem 4.3.8. Let T be a strictly positive conditional expectation on the T-universally
complete Riesz space E with weak order unit e = Te. Let (f,) be a sequence in E

which s T'-conditionally independent then

(1)

Proof. Let S, = ka We note that (R(T),S1,...,5,) = (R(T), f1,- fa)
k=1
Let m > n and P and @) be band projections with Pe € (R(T),S,) and Qe €

15 a Markov process.

(R(T), fat1y-- -y fm). Since (R(T), S,) C (R(T), fi1,..., fn) and (f,,) is T-conditionally
independent we have that (R(T),S,) and (R(T), fut1,- .., fm) are T-conditionally

independent. Thus P and () are T-conditionally independent.
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Denote by T,,,T,, and S the conditional expectations with ranges (R(T), fi,..., fn),
(R(T), S,) and (R(T), fas1, - - -, fm) respectively. Now from the independence of ( f,,)

with respect to T" we have, by Corollary 3.2.5,
T,S = T = ST,. (4.3.12)
As Pe € (R(T),S,) € (R(T),5S4,...,S,) and SQe = Qe it follows that
T,PQe = PT,Qe = PT,SQe. (4.3.13)
From (4.3.12)
PT,SQe = PTQe. (4.3.14)
As R(T,) C R(T,), which is T-conditionally independent of S,
7.8 =T =ST,. (4.3.15)
Combining (4.3.14) and (4.3.15) yields
PTQe = PT,SQe. (4.3.16)
As noted SQe = Qe, also T,,P = PT,, so
PT,SQe = T, PQe. (4.3.17)
Combining (4.3.13), (4.3.14), (4.3.16) and (4.3.17) gives
T,PQe = PT, Qe = PT,SQe = PTQec = PT,SQe = T, PQe. (4.3.18)
Again, using Lemma 3.1.5 the closure of the linear span of
{PQe| Pe € (R(T),S,),Qe € (R(T), fu+1,---, fm), P,Q band projections}
contains R(7T,,). Thus by the order continuity of 7, and T,, in (4.3.18),
T,h =T,h

for all h € (R(T), S,,), proving that (.S,) is a Markov process. O
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Corollary 4.3.9. Let T be a strictly positive conditional expectation on the T-universally
complete Riesz space E with weak order unit e = Te. Let (f,) be a sequence in E
which is T-conditionally independent. If T f; = 0 for all i € N, then the sequence of
partial sums (S,), where S, = Z fr, is a martingale with respect the filtration (T,,)

k=1
where T,, is the conditional expectation with range (fi,..., fn, R(T)) .

Proof. Since R(T;) C R(T;) for all i < j we have that

and (T,) is a filtration. Further, fi,...,f; € R(T;) for all ¢ by construction of T;

giving T;S; = S;.

If i < j, then from the independence of (f,) with respect to T we have T,T; =T =

T;T; which applied to f; gives

Tif; =TT f; =Tf; =0, (4.3.19)
Thus
J
T;S; = T;S; + Z Tifr =TS = S,,
k=i+1
proving (f;, T;) a martingale. O

From Corollary 4.3.9 and [36, Thm 3.5] we obtain the following result regarding the

convergence of sums of independent summands.

Theorem 4.3.10. Let T be a strictly positive conditional expectation on the T'-
universally complete Riesz space E with weak order unit e = Te. Let (f,) be a
sequence in E which is T'- condztzonally independent. If T'f; = 0 for all 1 € N, and

there exists g € E such that T’ Z fil < g for alln € N then the sum Z fr is order

=1 k=1
convergent in the sense that its sequence of partial sums is order convergent.
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It should be noted that the third last line of the proof of the upcrossing theorem (]
Thm 3.1]) by Kuo, Labuschagne and Watson should be replaced by

‘Now, as S > @, we have S}, < Q% and so Q% — Sy > 0, thus ... ".

Y
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Chapter 5

Mixingales

Mixingales are a generalisation of martingales and mixing sequences and were first
introduced by D.L. McLeish in [15]. McLeish defines mixingales using the L?*norm
and proves invariance principles under strong mixing conditions, [45]. In [44] a strong
law for large numbers is given using mixingales with restrictions on the mixingale

numbers.

In 1988, Donald W. K. Andrews used an analogue of McLeish’s mixingale condition to
define L'-mixingales,[5]. The L!-mixingale condition is weaker than McLeish’s mixin-
gale condition and makes no restriction on the decay rate of the mixingale numbers, as
was assumed by McLeish. Andrews used L!-mixingales to present L! and weak laws of
large numbers, [5]. The proofs presented in Andrews are remarkably simple and self-
contained. Mixingales have also been considered in general L” spaces (1 < p < 00)

by, amongst others, de Jong, in [16, 17] and more recently by Hu, see [30].

Examples of L!'-mixingales include martingale difference sequences, integrable M-
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dependent sequences and certain stationary Gaussian processes, [5].

In this chapter we define mixingales in a Riesz space and prove a weak law of large
numbers for mixingales in this setting. This generalises the results in the LP setting
to a measure free setting. In our approach the proofs rely on the order structure of

the Riesz spaces.

We first present the results (in the classical setting) that we will generalise to Riesz

spaces.

5.1 Classical Mixingales

For the most part, the contents of this section are due to Andrews, [5]. We follow the
usual conventions and let (£, F, P) be a probability space and consider the random
variables (X;);>1. We deviate from convention by considering the family of non-
decreasing sub-c-algebras of F indexed by {---—2,—1,0,1,2,...}. We will call this
family an integer indexed filtration. It is common to let F; = o(Xy, Xs,...,X;) for

all i > 0 and F; = {Q, ¢} for all ¢ <0. We denote by ||- ||, the LP-norm.

Definition 5.1.1. Consider the sequence of random variables (X;);>1 adapted to the
integer filtration (F;)icz. Let (¢;)i>1 and (¢m)m>o0 be sequences of non-negative con-
stants such that ¢, — 0 as m — co. We say that (X;, F;)i>1 is a mizingale if for all

i>1,m>0,

(1) EELX: | Fiom]| < cifm,

(”) E ‘Xi - ]E[Xi ‘ ]:z+m]| < Cz¢m+1-
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5.1 Classical Mixingales Mixingales

We refer to the numbers ¢, as the L'-mizingale numbers. These numbers index
the temporal dependence of the mixingale. We choose the constants ¢; to index the
‘magnitude’ of the X;’s. In applications of the theory it is common to set ¢; = E|X;|.
Further, if the (X;) are independent and (X3, Xs,...,X;) C F; we can set ¢, =0

for all m > 0.

Recall that a sequence random variables X = (X;);ey is uniformly integrable if

lim {supEnXA X > C]} 0.
€N

—00

We will now state a Law of Large numbers holds for mixingales.

Theorem 5.1.2. [5, Theorem 1] Consider the mizingale (X;, F;)i>1 and let (X;, J;)

be uniformly integrable.

1 n
Ifli — P < then,
(a) flmsuanc oo then

n—00 -
=1

lim E ZIX = 0.
(b) If the mizingale has constants ¢; = E|X;| for all i then

lim E iXi = 0.
i=1

n—oo

We note that (b) is a particular case of (a).

In order to prove Theorem 5.1.2 we make use of an LP Law of Large numbers for

martingale difference sequences. Andrews credits this result to Chow, [15].

Lemma 5.1.3. Let (X;);>1 be adapted to the integer filtration (F;);cz. Define the

martingale difference sequence

Y; =X, —E[X; | Fi4], i>1.
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5.2 Mixingales in Riesz Spaces Mixingales

If (|Yi|P)i>1 is a uniformly integrable family for 1 < p < 2, then

1 n
2V

—0 ast— oo.

p

5.2 Mixingales in Riesz Spaces

We now formulate a measure free abstract definition of a mixingale in the setting
of Riesz spaces with conditional expectation operator. This generalises the above

classical definitions.

Definition 5.2.1. Let E be a Dedekind complete Riesz space with conditional ex-
pectation operator, T, and weak order unit e = Te. Let (T});cz be a filtration on E
compatible with T in that T, T =T = TT; for alli € Z. Let (f;)ien be a sequence in E.
We say that (f;,T;) is a mizingale in E compatible with T if there exist (¢;)ieny C ET

and (®p,)men C RY such that ®,,, — 0 as m — oo and for all i,m € N we have
(Z) T|T‘7,—mfll S CI)mCi;
(1) T|fi = Tiymfil < Prmyrci.
As in the classical setting, the numbers ®,,,m € N, are referred to as the mixingale

numbers. These numbers give a measure of the temporal dependence of the sequence

(f;). The constants (¢;) are chosen to index the ‘magnitude’ of the the random

variables (f;).

In many applications the sequence (f;) is adapted to the filtration (7;). The following

theorem sheds more light on the structure of mixingales for this special case.
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5.2 Mixingales in Riesz Spaces Mixingales

We recall that if T is a conditional expectation operator on a Riesz space E then

T|g| > |Tg|.

Lemma 5.2.2. Let E be a Dedekind complete Riesz space with conditional expectation
operator, T, and weak order unit e = Te. Let (f;,T;) be a mixingale in E compatible

with T.

(i) The sequence (f;) has T-mean zero, i.e. Tf; =0 for all i € N.

(11) If in addition (f;)ien is T-conditionally independent and R(T;) = (f1, ..., fi-1, R(T))
then the mizingale numbers may be taken as zero, where (fy,..., fi_1, R(T)) is

the order closed Riesz subspace of E generated by fi,..., fi—1 and R(T).

Proof. (i) Here we observe that the index set for the filtration (7;) is Z, thus

Tfil = |TTi-mfil
< T|Ti-mfil
S Ci(I)m

— 0 asm— o

giving T'f; = 0 for all ¢+ > 0.

(ii) As (f:) is adapted to the filtration (7;), f; € R(T;) for all i € N from which it
follows that

fi—Tizmfi =0, forall 4,meN.

As (f;) is T-conditionally independent, from Corollary 3.2.6 and as (f;) has T-mean

zero (from (i)), we have that

Timfi=Tf =0,

for 2,m € N. Thus we can choose ®,, = 0 for all m € N. O
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5.2 Mixingales in Riesz Spaces Mixingales

5.2.1 The Weak Law of Large Numbers

We now show that the above generalisation of mixingales to the measure free Riesz

space setting admits a weak law of large numbers.

Lemma 5.2.3. Let E be a Dedekind complete Riesz space with conditional expectation
operator T, weak order unit e = Te and filtration (T;);en compatible with T'. Let ( f;)
be an e-uniformly bounded sequence adapted to the filtration (T;), and g; := f;—T;_1 f;,

then (g;,T;) is a martingale difference sequence with
TG, =0 asn— oo,

where

=13,

Proof. Clearly
Tigi+1 = Tifir1 = T firn = 0
and (g;) is adapted to (7;) so indeed (g;, T;) is a martingale difference sequence.
As (f;) is e-uniformly bounded, there exists B > 0 be such that |f;] < Be, for all
t € N. Let g, :== fi = Ti_1fi. For j >4, as T;1; = T, and T;f; = f; it follows that

Tig; = g; and
Tig; =T;f; — LT f; = Tif; — Tif; = 0.

In addition,

lgi] < |fil +|Tioafil < |fil + Tioalfil £2Be, forall €N,

Set

n
Sp = E g;.
i=1
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5.2 Mixingales in Riesz Spaces Mixingales

As |g;| < 2Be we have that g; is in the f-algebra E°. Hence the product g¢;g; is defined
in £°. Now as T is an averaging operator, see Corollary 2.4.8, and g; € R(T}) we
have

Ti(9i9;) = giT;9;, =0, for j>i.

Combining these results gives

T(sp) = Y T(a9;)

Q=1
= Y T(g))+2> T(gg;)
i=1 i<j

= Z T(g?)+2)  TTi(gig;)

1<j

= Z T(g7) +2)  T(9:Tig;)

1<j

= > T(g)+0.
=1

Thus
T(s3) = T(g)).
But
g; = lgil* < 4B%
as e is the algebraic identity of the f-algebra E° and |g;| < 2Be. Thus

T(s?) < 4nB?e. (5.2.1)

Now let

Ju =Py —(I—P)

Sn

where P+ is the band projection on the band in E generated by st. From the

definition of the f-algebra structure on E°¢, if P and ) are band projections then
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5.2 Mixingales in Riesz Spaces Mixingales

(Pe)(Qe) = PQe which together with Freudenthal’s Theorem (Theorem 2.4.7) en-
ables us to conclude

|Sn| = JnSn = (Jn€)sn

and (J,e)? = e, as J2 = 1. But
Jne S, 2
0 < (m - m)

B Jpe 2 Sy \2 Jne Sp
- ni/a + <n3/4> - 2n1/4 n3/4
e s> EN

Y + n3/2 —2 n

giving
2
e so EN
> .
nl/2 + 32 = 2 n

Applying T to this inequality gives

e L T() Tl

nl/2 nd/2 = n

Combining the above inequality with (5.2.1) gives

T)s,| e T(s?)
2—— = Gn T an

and thus

1+4B?

Tlgn’ < 2n1/2

e, (5.2.2)

Since E is an Archimedean Riesz space letting n — oo in (5.2.2) gives T'|g,| — 0 as

n — 00. O
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5.2 Mixingales in Riesz Spaces Mixingales

In order to prove an analogue to the weak law of large numbers for mixingales in
Riesz spaces, we first need to give a Riesz space equivalent of a ‘uniformly integrable

collection of random variables’.

Definition 5.2.4. Let E be a Dedekind complete Riesz space with conditional expec-
tation operator T and weak order unit e = Te. Let f,,a € A, be a family in E, where

A is some index set. We say that f.,a € A, is T-uniform if
sup { TP j—cey|fa] : @ €A} =0 as ¢ — oo, (5.2.3)

mn E.

Lemma 5.2.5. Let E be a Dedekind complete Riesz space with conditional expectation
T and let e be a weak order unit which is invariant under T. If f, € E,a € A, is a

T-uniform family, then the set {T|f,| : « € A} is bounded in E.

Proof. As the family f,,a € A, is T-uniform
Jo = sup {T P -cept|fil : @ €A} =0 as ¢ — oo,

In particular, this implies that J. exists in E for ¢ > 0 large and that, for sufficiently

large K > 0, the set {J. : ¢ > K} is bounded in E. Hence there is g € E so that
TPf-cot|fal < g, forall acAc>K,
By the definition of Fjs,|—ce)+,
(I = Pfaj—cert)|fa| < ce, for aeAc>0.
Combining the above for ¢ = K gives

T|fa| = TP(|fa|—Ke)+|foc| + T(I - P(\fal—Ke)+)|fa| < g+ Ke,
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5.2 Mixingales in Riesz Spaces Mixingales

for all o € A. ]

We are now able to give a Weak Law of Large Numbers for Riesz spaces.

Theorem 5.2.6. (Weak Law of Large Numbers) Let E be a Dedekind complete
Riesz space with conditional expectation operator T, weak order unit e = Te and
filtration (T})iez. Let (fi,Ti)i>1 be a T-uniform mizingale with ¢; and ®; as defined

in Definition 5.2.1.
1 n
) If | — g i s bounded in E th
(i) f(n i:1c) . s bounded in en

T|f,|=T —0 asn— oo.

1 n
=~ f
n -

=1
(i1) If ¢; =T\ fi| for each i > 1 then

1 n
ggfi

T|f,|=T —0 asn— oo.

Proof. (i) Let

Ym,i = Lixmfi — Tigm—1fi, for ¢>1,m € Z.

Let h; = (I — P(‘f”*BE)"’)fi and d; = P(\fi\fBeﬁfi;i € N, then f; = h; +d;. Now
(Timhi)ien is e-bounded and adapted to (T4, )ien, so from Lemma 5.2.3 (T;1,,h; —

Tivm—1hi, Titm)ien is a martingale difference sequence with

n

1
T\~ (Timhi = Tigmorhi)| = 0

i=1
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as n — o0o. Thus,

1
1= (Tigmdi — Tipmadi)| < T— me i = Tiym1di]

IA

- Z(Tﬂ+m’di| + 1Ty m-1ldi])
=1

2 n
= = ;T’dﬂ

< 2sup{T|d;| : i=1,...,n}.

Using the T-uniformity of (f;) we can write

n

1
- Z(THmdi - Tz‘+m—1di)
n

i=1

T < 2sup {T|P(|fi|fBe)+fi| NS N}

Combining the above results gives

n

%Z( H-mfz_ i+m— lfz)

i=1

limsup T

n—oo

< 2s5up{TPyp-pey+|fil : i € N}

— 0
as B — oo by the T-uniformity of (f;). Thus Ty, .| — 0 as n — oo.

We now make use of a telescoping series to expand f,,,

_ 1 <&
M

- _Z (fz z+Mfz Z ( H—mfz_ i+m— 1fl)+TZ Mfl)

M+1
- %Z(fl_ z+Mfz Z Z l+mfl_ it+m— 1f1 ZTZ M‘fl
i=1 M+l =1
= %Z(fz_ 2+Mfz Z ymn+ Z,‘TZ Mfl
i=1 —M+1
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Applying T to the above expression we can bound 7T'|f,| by means of the defining

properties of a mixingales as follows

M n

77| < —Zm s+ 30 Tl + 5 ST
—-M+1 ]
S _ZCZCI)M+1+ Z T’ymn’+ ZCl(I)M

—M+1

1 n
Si ; bounded in E thereisq € F that — ; < g, foralln € N,
1nce< Zc) ounded in ere is q + so tha n;c_q or alln
which when combmed with the above display yields

M

=" M+1

Letting n — oo gives

1imsupT|?n| < (Ppre1 + Pur)g.

n—oo

Now taking M — oo gives

limsup T'|f,| =0,

n—oo
completing the proof of (i).

(ii) By Lemma 5.2.5, (T'|f;]) is bounded, say by ¢ € E,, so

lim sup — ZCZ = limsup — ZT|f1| <q,

n—oo M N—00

making (i) applicable. O
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Chapter 6

Quasi-martingales

Quasi-martingales were first introduced by H. Rubin in an invited lecture at the In-
stitute of Mathematical Statistics in 1956. In [25], by Fisk, quasi-martingales were
formally introduced and defined. Fisk gave the necessary and sufficient conditions
under which a quasi-martingale with continuous sample paths could be decomposed
as the sum of a martingale and a process having almost every sample path of bounded
variation. Orey, in [19] was able to generalise Fisk’s results to right continuous pro-
cesses (or F-processes, in Orey’s terminology). Finally, in [50], Rao gave a greatly
simplified and elegant proof of Orey’s result. Rao was also able to prove that ev-
ery right-continuous martingale can be written as the sum of two positive super-

martingales.

In [23], L. Egghe gives an application of quasi-martingales to a real world model.
Egghe constructs a stochastic process that ‘describes the evolution of a set of source
journals’, for example the set of ISI (Institute for Scientific Information) journals.

Under certain conditions, the model is a quasi-martingale. Other examples of quasi-
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6.1 Classical Quasi-martingales Quasi-martingales

martingales include sub- and super-martingales.

We begin with a review of the classical results for quasi-martingales. Unless otherwise

stated, the results in the following section can be found in [50].

6.1 Classical Quasi-martingales

Throughout this section we will assume we are working in the probability space
(Q, F, P) with right continuous filtration (F;):>0. We consider the stochastic process

(Xt)is0 = (X (t))r>0 adapted to (F;)i>o. Unless otherwise stated E[X;] < oco.

We aim to provide decompositions for quasi-martingales. One such decomposition is

the Riesz decomposition.

Definition 6.1.1. A process X = (X;) admits a Riesz decomposition if there exists
a martingale Y =Y; and a process Z = Z; with E[|Z;|] — 0 as t — oo (that is, Z; is
a potential) such that for all t,

Xt:}/;f_FZt'

We note that the Riesz decomposition is almost everywhere unique. To see this,

suppose
Xt)=Yi(t)+ Z1(t) and X(t) = Ya(t) + Zo(t).
Now,
Yi(t) + Z1(t) = Ya(t) + Zo(t) and  Yi(t) — Ya(t) = Za(t) — Z1(2).
Thus,

lim B[|Y1(t) — Ya(t)[] = lim E[|Z5(t) — Z1(1)]],
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giving

lim E[|Yi(t) - Ya(t)]) = 0
from the assumption that Z;(t) and Zy(t) are potentials. Y;(t) and Y3(¢) are mar-
tingales, so |Y1(t) — Ya(¢)| is a sub-martingale. Thus, E[|Y1(t) — Y5(t)|] > E[|Yi(s) —
Ys(s)|] > 0 for all ¢ > s. Taking t — oo gives E[|Y1(s) — Ya(s)|] = 0 and Y; = Y5.

Definition 6.1.2. A process X = X; is said to be a quasi-martingale if there exists

a constant M such that

sup ZE [|th - E[Xti+l | Ft]

{ti<to<-<tn}eRT T

| <M.
A quasi-martingale X = Xy is said to be a quasi-potential if

lim E[|X,]] = 0.
t—o00

We shall call the number M that satisfies the defining inequality of quasi-martingales

a quasi-bound.

Note 6.1.3. In [2)], Fisk defines a quasi-martingale as follows: Tet T C R. A
process (X;)ier will be called a quasi-martingale if there exists a martingale (X (¢))ser
and a process (Xa(t))ier with an almost everywhere sample function of bounded total

variation on 7" such that
P([X(t)=X1(t)+ Xa(t); t€T]) =1,

where [...] denotes the subset of 2 where ‘... 7 is true.’

However in [25, Lemma 3.1.2] it is shown that the definitions of Fisk and Rao are
the same. Further, Fisk’s definition is essentially the same as assuming that every
quasi-martingale admits a Riesz decomposition.
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In [50] it is shown that every quasi-martingale admits a Riesz decomposition. We

now state the relevant theorem.

Theorem 6.1.4. [50, Theorem 1.1] Every quasi-martingale, (X¢)i>0 can be written

wn the form

Xe =Y+ 2,

where Y, is a martingale and Z; is a quasi-potential. This decomposition is unique up

to sets of measure zero.

In [19], Orey makes the statement that any super(sub)-martingale, (Y (t))icp0.q, is
quasi-martingale. He continues ‘From the analogy of functions with bounded vari-

ation, one is prompted to ask whether every [F-process (quasi-martingale) is the

?

difference of two super-martingales. We do not know the answer. > Rao provides an

answer to this question.

Theorem 6.1.5. [70, Theorem 1.2] If X (t) is a quasi-potential such that, for all t,
l}glolEHX(t +h)—X(t)]]=0
then there exist two super-martingales X (t), X_(t) such that tlim E[XL(t)] =0 and
—00
E[IX(t) — (X:(t) = X_(t)|]] =0 forallt.

That is, X (t) = X, (t) — X_(t) almost surely.

Rao gives the following construction of super-martingales that satisfy Theorem 6.1.5.
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Let X(t) be a quasi-potential. For all k =0,1,2,...,n=0,1,2,... define

A(k,n) = E[X(k27") = X ((k+1)27") | Fra-n],

X)) = ) E[AT(kn)|F],
k>[27¢]+1

X"t = Y, E[A(kn)|F
k>[27t]+1

where |2"t] denotes the greatest integer less than or equal to 2"t and AT = max(A, 0),
A~ =max(—A,0). Here, X7 (t) are strictly increasing super-martingales with E[| X} (¢)|] —

0 as t — oo. Finally, we define

Xy(t) =sup XT(t) and X_(t) =supX"(¢).

Theorem 6.1.5 suggests a link between quasi-martingales and super(sub)-martingales.
Further evidence to support this idea is given in the form of the following super(sub)-

martingale inequalities which have been generalised to quasi-martingales.

The first inequality is given by Orey in [19] and is a generalisation of Doob’s sub-

martingale inequality.

Lemma 6.1.6. [/9, Lemma 2.1] Let (Xi)k=1..n be a quasi-martingale with quasi-

-----

bound M. Then for A > 0,
)\P(ml?XXk > \) < E|X,| + M; /\P(mkinXk < -A) <E|X,|+ M.
From the above discrete time result, one can deduce the Kolmogorov-Doob inequality,

a continuous time result. It is interesting to note that the proof follows from Lemma

6.1.6 as in the super-martingale case, see [19].
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Theorem 6.1.7. [/0, Theorem 2.1] Let 0 < a < oo and let (X¢)ico,a) be a quasi-

martingale with quasi-bound M. Then, for A > 0,

)\P(Os<1;£)aX5 > \) < E|X,|+ K; )\P(O;r;;XS < =)\ <E|X,| + K.
Rao also gives an inequality similar to the super-martingale inequalities. This in-
equality, under suitable conditions on the random variables, yields the Hajek-Renyi
inequality, see [50]. Before we state Rao’s result, we note that it is clear from the
quasi-martingale definition that every finite collection of random variables with finite

expectation is a quasi-martingale.

Lemma 6.1.8. Consider a set of random variables (X;) adapted to the o-algebras

Fi, 1 <i<n. Assume that the X;’s have finite expectation. We define:

Ai=X; —E[Xin | F] for1<i<n—1; A,=X,,

Ar=3 A0 A =3 A
i=1 i=1
Then, for all A > 0,

n—1
AP(max X; > A) < Y E[A] + E[X, | max X; > A] < E[A]]

i=1

6.2 Quasi-martingales in Riesz spaces

In order to translate quasi-martingales to the setting of a Riesz space, we first need

to define continuous time martingales in Riesz spaces.

The following definition is from Grobler, [27], where a more in depth discussion of
the properties of continuous time martingales (under slightly different assumptions

to ours) can be found.
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Definition 6.2.1. Let E be a Dedekind complete Riesz space with weak order unit and
conditional expectation T. Let Ty, t € [0,00), be a family of conditional expectations

on E with T;T =T = TT;. Denote by T,+ the conditional expectation with range

(R(T).

(i) The family (T})icp.00) of conditional expectations is said to be a filtration if
T, Ty =T, =TT, for all s <t.

(i) We say that the filtration, (T})icpo,00), 5 Tight continuous if Tor = T for all

s € [0, 00).

Note 6.2.2. The existence of T+ is guaranteed by the Radon-Nikodym Theorem,

[63]. Here Ty+ commutes with 7.

We now give a slightly stronger notion of right continuity than that mentioned above.

We call this ‘joint weak right continuity’.

Definition 6.2.3. Let E be a Dedekind complete Riesz space with weak order unit and
conditional expectation T. Let Ty, t € [0,00), be a family of conditional expectations
on E with T, T =T =T1T,. Let (f;) be a family in E. We say that the filtration (T})

18 a joint weak right continuous filtration if

lim T;fft = Tsfs-
tls

It must be noted that joint weak right continuity certainly implies right continuity.
Furthermore, we believe that right continuity, as defined above, implies uniform weak
right continuity. However, in order to prove this, we need to generalise the convergence
of martingales from the discrete setting to the continuous time setting. This work is

currently being undertaken by J. J. Grobler.
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Definition 6.2.4. Let E be a Dedekind complete Riesz space with weak order unit.
We say that (fs, Ts)scjo,00) 5 a martingale if (1) is a filtration, as defined in Definition
6.2.1, and Tsf; = fs for all s < t.

Definition 6.2.5. Let E be a Dedekind complete Riesz space with conditional expec-
tation operator T and weak order unit e = Te. Let (Tt)te[o,oo) be a filtration on E
with TT; = T = Ty T. We say a process (fi)icjo,0) 15 a T-quasi-martingale if (f;) is
adapted to (T) and there exists M € E* such that

(tl,t%‘éﬂgﬂ)en ; T\ fi, = T fropn | < M,
where 11 is the collection of all finite sequences of real numbers, (t1,ta,... ,thy1),n €

N, with 0 <t; <ty <tg<---<tpy1-

If (ft)ico,00) @8 @ T-quasi-martingale, then we say (fi)ico,00) @5 @ T-quasi-potential if
t—o0

Theorem 6.2.6 (Riesz Decomposition Theorem). Let E be a T-universally complete
Riesz space where T is a conditional expectation operator and e is a weak order unit
such that e = Te. Every T-quasi-martingale can be written as the sum of a martingale

and a T-quasi-potential. If T is strictly positive, then the decomposition is unique.

If, in addition, the T-quasi-martingale is right continuous and we have joint weak right
continuity of the filtration, then the martingale and the T-quasi-potential resulting

from the decomposition are both right continuous.

Proof. Let (s,) be a strictly increasing sequence in [0, 00) with lim s; = oo. Set
71— 00

Ai= fo, = Ts, fsii1 for i € N.
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Let

}/;,i:T;ffsia te [0,00), i€ N.

For s; > t,

LA =Y, — Y. (6.2.1)

Applying T to |T3A,| from (6.2.1) we get

Let M € E* be as in Definition 6.2.4, then

i<n i<n
TZ Yii — Yiiq]| < ZT|A1‘| <M,
si>t s>t

for all n € N. Thus, from the T-universal completeness of E, > (Yi; — Yii41) is
absolutely convergent in E and, as this a telescoping series, (Y;;) in convergent in £
as ¢ — 00. Denote

¢ = lim Y. (6.2.3)
71— 00
We show that ¢, is independent of the sequence (s;) chosen above. Let (u;);en and
(v3)ien be two increasing, unbounded sequences and
hm Efuz = q~t and hm ﬂfvz = qt‘
1—00 71— 00

Construct the increasing, unbounded sequence (s;);en such that (u;);eny and (v;)ien

are subsequences. By the above construction, there exists ¢; such that
lim T fs, = @ (6.2.4)
1—00

By the uniqueness of limits and the construction of (s;);cn, we have that

lim T3 f,, = lim T} fs, = lim T} f,,.
1—r00 1—>00 1—00
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That is,

Gt = gt = q4-

We now show ¢; is a martingale. Let s < ¢t. From the definition of ¢; and as T} is

order continuous, it follows that
Tth =T hm Yt,i = hm TSY;S,Z'~
1—00 1—r 00
As T,T, =T, and Y ; = T} fs,, from the above we have

TSY;,Z‘ - Tsﬂfsi
= Tsfsi
= Y,

— s, as 1 — 00.

So T,q; = g for s < t.

We now show that (fs, —¢s,) is a T-quasi-potential, that is T|fs, — qs,| = 0 as i — oo.
Note that Z T|A;] < M for all n € N. Thus, Z T|Ai|) converges in order to 0

i=1 >k %
as k — oo. That is (z) J 0 where

Y TIA| =, keN.

i>k
Consider s; > t. From (6.2.1) and (6.2.2) we have T;A; = Y;; — Vi1 and T|A;| >
T|Y;$,i - Y;,i—&-1|- Now

Y Yari = Yapis1) = Yook — Yo g1 = fo, = Yorje1,

k<i<j

as fs, € R(T},). So

T‘fsk - }/;k,j+1‘ < Z T’}/;k,l - Y;k,i+1’ < Z T|AZ‘>

k<i<j k<i<j
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and thus,
T|fs, — Yo 1] < ZTIAil =xp, forall j > k.

i>k
But Y;, j11 — ¢s, as j — 00, thus
Tlfsk - QSk| S Lk,

and T'|fs, — gs,| — 0, in order. Hence, (fs, — ¢s,) is a T-quasi-potential.

We have proved that for each sequence, s; < 59 < --- < 5, < ..., s, T 00, there

exists a martingale (g;)¢co,00) such that
T\fe — @l — 0, t — o0, te{s,s9,...}

We now extend the result to all ¢ € [0, 00). Consider the T-quasi-martingale ( f;)¢c[o,00)

and the martingale ¢; constructed as above. We suppose
T|ft —q@| -0 ast— ocoin [0, 00).
As T|fs — Tsf:| < M, we have
limsup T f; — g1 = h,
t—o0

for some h > 0. Let II denote the collection of all finite partitions (¢1,ts, ..., t,11) of

[0,00) with t; < tg--+ < t,41. The definition of a T-quasi-martingale gives

(t1,t2,stny1)€

Sup ZT’ftz - Ez‘ftprll S M
=1

2n
Let (t1,. .. tas1) € I, then Y T f, = T, fi,.,| < M. Thus,

=1
M > T\ fiy, = Ty froiy | (6.2.5)
=1
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By construction ¢ = limg, o T3 f5,;, for all t € [0, 00), where (s;)ien, s; — 00 as i — oo.
We recall that this construction is independent of the sequence chosen and that the

limit is a sequential limit. Consider the net (¢,) = [0, 00) with ¢, T co. Then,

T\fi - 4l = lim TIT.f,, — fi

= limsup T|T; fs, — fil

1— 00

< limsup T[T3 fr, — fil, (6.2.6)

ta—00

as (8;) C (ta).

Taking the limit supremum as 5,4 tends to infinity of (6.2.5) and using (6.2.6) above,

gives
n—1
M > Z T\ fror — Tigi frony| + limsup T\ fy,, — Th, fronin |-
i=1 ton41—00
Thus,
n—1
M >3 T fo = T frzid + Tlftn, = o, (6.2.7)
i=1

Taking the limit supremum as t,,, tends to infinity in (6.2.7), gives

n—1
M > ZT’ftm' - Ttmftmﬂ‘ + h.
1=1

Repeating this process inductively, we obtain M > nh. But the choice of n € N was
arbitrary and so M > nh for all n € N. As F is an Archimedean Riesz space, it now

follows that A = 0 and
T|ft — @] =0, ast— oo witht € [0,00).

Setting Z; = fi — q, for all t € [0,00), we have that Z; is a T-quasi-potential and
ft = ({t -+ Zt for t € [0,00)
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To see the uniqueness of the Riesz decomposition, consider the quasi-martingale f;
with decompositions

@+ 2= fi =q, + Zi.
Rearranging the equation gives
@w—G =2 — Z,

taking absolute values and 7" on both sides of the equation and making use of the
fact that Z;, Z, are quasi-potentials we get
Tl — 4| = T2 — Z4|
< T|Z| +T|Zi|
— 0,
ast — oo. But (|¢;—¢,|) is a sub-martingale and, therefore, T'|¢;—¢,| is non-decreasing

in ¢t. Thus,
T‘Qt — qt’ = O

Hence, ¢; = q,, Z; = Z, and the Riesz decomposition is unique.

If the T-quasi-martingale (f;)cjo,00) is right continuous and the filtration (7})¢co,00) is

a joint weak right continuous filtration, then, if t > 7 > s,

¢ = Trqr — Tsqt = gs,

as 7 | s. This gives that the T-quasi-potential, (f; — ¢;) is the difference of two right

continuous elements and so is right continuous. O

Recall that a process X; is a potential if X; is an adapted super-martingale and

T|X;| — 0 ast — oo.
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Theorem 6.2.7. Let E be a T-universally complete Riesz space where T is a strictly
positive conditional expectation operator and e is a weak order unit with e = Te. Let
(T})tefo,00) be a joint weak right continuous filtration on E, where T,T = T = TT,

t €[0,00). If (Xi)icpo,o0) C E is a T-quasi-potential such that
1}%1 T|Xn — X¢| =0, for all t € [0, 00), (6.2.8)
then there exist two potentials XY, X™ such that

X, =X? - X" for allt € [0, 00). (6.2.9)

Proof. We first construct X} and X;™.

For k=0,1,2,... and n=0,1,2,... define
A(k,n) = Tro-n(Xpo-n — Xgg1)2-7) = Xpa-n — Tho-n X(pp1)2-n-

By the definition of a T-quasi-potential there exists M € ET so that for all n €

{0,1,...} and xk € N we have

> TIA(k,n)| < M.
k=0

Hence, by the T-universal completeness of E, Z |A(k,n)| converges. Thus, the

k=i
following sums converge in £

iﬁ(kan), iﬁi(k,n), (6.2.10)

where AT () (k,n) = sup{(—)A(k,n),0}. We can make the following definitions, for

all t € R, n € NU{0},

71E,n =T Z AJr(ku Tl)

k>[27]+1
Xt,n =T Z A_(k’n)v
k>|2nt)+1

103



6.2 Quasi-martingales in Riesz spaces Quasi-martingales

where |z] is the greatest integer less than or equal to x.

We will now show that th is a potential. The proof for X, is similar. Firstly, Yt,n
is a super-martingale. To see this, let s <t then,

T Xin=TT, Y  Af(kn)
k>|27t]+1

=T, Z At (k,n)

k>[27t]+1

<T, Y, Afkn)
k>[2ms|+1

= X, -

We now show that T|X;,| = 0 as t — oo. As X;,, >0, T|X;,| = TX,, and

TX1n =TT, > A(kn)

k>[27t|+1
=7 Y Af(kn)
k>[2nt|+1
— 0 as t — 00,

by (6.2.10). Thus, we have shown that X, is a potential.

We now show X, is increasing in n. If i2™™ <t < (i +1)27" (that is, i < #2" < (i +

1)), then

Xin=T, Y A¥(kn). (6.2.11)
k>i+1
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Suppose 2i2~ (") <t < (20 + 1)2-™+Y (that is, 2i < 2" < 2i + 1). Then,

Xinn =T, > At(kn+1)

k>2i+1

=TATQ2i+1n+1)+T, Y Af(kn+1)

k>2i+2

>T, Y (AT(2kn+ 1)+ ATQ2k+1,n+1)).

k>i+1
But, as AT (2k,n +1) + AT(2k+1,n+1) > (A(2k,n + 1) + A2k +1,n+1))" and
t < 2k2-0HD for k> i+ 1, so

X1 > > T (AREn+1)+ ARk + Ln+1))"
k>i+1

= > Tyo-on (AR2kn+1) + A2k + 1Ln+1))".
k>i+1

From Tyt () > (Topa-in f)T it follows that

X1 > Z T (Topa-cen {AR2K,n + 1) + A2k + 1,0+ 1)})"
k>it1

=Xn from (6.2.11).

So, for all 7+ < 2" < i+ %, thﬂ > th. The proof for the case where i + % < 2" <

i+ 1 is similar with the exception that the term T;A*(2i + 1,n + 1) does not occur.

We now define X7, X" by
XPi=sup Xy, = lim X;,,,
n n—oQ
X" :=supX,, = lim X,,.
n ’ n—00 ’

Here we note that these suprema and limits exist in F since F is T-universally com-

plete, Xy, (X,,) is increasing and TX,,(X,,) < M. Also, X! and X;" are right
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continuous in t, since Zkzpnt I+1 A*(k,n) are right continuous in ¢ and 7} is jointly

weakly right continuous (by assumption).

In addition, X7, X" are super-martingales as they are the suprema of super-martingales.

We show that X7, X/™ obey (6.2.9). Let r = i27* be a dyadic rational, then, using

(6.2.8) and as T'|X;| — 0 as t — oo we have

T|X, — (XP = X")| = lm T|X, =T, Y {A"(j,n) = A~ (j,n)}

Thus,

TIX, — (X7 — X

Thus, X, = X? — X

n—oo
j=|2mr]+1

=lim T|X, -7, Y A(n)

n—oo
j>onp41

=lim T|X, =T, > Tjor (Xjpn — X(js1)2-n)

n—oo
j>onp4l

N
= lim 7T |X, — lim Z T, Tio-n (ijfn - X(j+1)2f")

n— 00 N—oo

j=2nr+1

= lim lim T|X, — T (X,40-n — X(nv41)2-n) |

n—o00 N—00

< lim lim {T|X, — T, X, 9| + T| X (n11)2-1}

n—oo N—o00

- hm T|XT - TTXT+2771|

n—0o0

- 11m T|TT(XT - XT+277L)’

n—o0

< lim T|X, — X, 9-n]

n—oo

= 0.

Again using (6.2.8) and the right continuity of X" and X7

we obtain X; = XP — X" for all t € [0, 00).

106



6.2 Quasi-martingales in Riesz spaces Quasi-martingales

Finally, we show that X;™ and X} are potentials. We prove T|X;"| — 0 as t — 0.

The proof that X} is a potential is similar.

Recall
X,o= Y. TA (kn). (6.2.12)
k>|27t]+1

If k < [2"t] + 1 then k& < |27t]. In particular, k < 2"t giving that ¢t > 27"k, and

TiA(k,n) = T Tia-n (Xkrn - X(k+1)2*")
= Tho—n (Xpo—n — X(k1)2-n)

= A(k,n).
Also, A(k,n) = At (k,n) — A~ (k,n), so, for t > 27"k,
T,A%(k,n) = A*(k,n), (6.2.13)

as R(T}) is a Riesz subspace of E. By (6.2.10), we have

e}

AL, =Y A~(kn) existsin E. (6.2.14)
k=0

Now, by (6.2.12), (6.2.13) and (6.2.14),

2]
Xow+ Y A (kn)=TAL,

k=0

[27¢]
We note that X, , is increasing in n (proved prior), as is Z A7 (k,n). Further, the
k=0
127
limit of Z A~ (k,n), as n — oo, exists in F. Now, A, is increasing in n and, as

oo,n

k=0
TA, . < M, the T-universal completeness of E gives that the limit as n — oo of
AL exists in E. Let

Iim AZ . =: A

00,n 00"
n—00 ’
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Hence,
[27¢]

X' =TAL — lim Y A~(k,n),
k=0

S0,
[2"¢]

T\X" =TX"=TAL —T lim g A" (k,n).
n—o0
k=0

[2"7]
Also, Z A~ (k,n) is increasing in n and ¢ and its limit as ¢t — oo exists in E, so

k=0
|27t 127t
tliglo 7}1_)1{)10 Z A~ (k,n) = stunp A~ (k,n)
k=0 ™ k=0
12"t
= lim lim A (k,n)
n—o00 t—00
k=0
= lim A,
n—00 ’
= A;o
Hence,
lim T\ X" | =TA, —TAL =0,
t—o0
giving that X" is a potential, as desired. O

From Theorems 6.2.7 and 6.2.6 we have the following corollary.

Corollary 6.2.8. Let E/ be a T-universally complete Riesz space where T' is a strictly
positive conditional expectation operator and e is a weak order unit with e = Te. Let
(T})tejo,00) be a joint weak right continuous filtration on E, where T,T =T = TT,,

t €[0,00). If (Xi)eepo,o0) C E is a T-quasi-martingale such that
1}%1 T|Xin —X¢| =0 for all t € [0, 00),

then (Xi)tepo,00) can be decomposed as the sum of a right continuous martingale and

the difference of two right continuous positive potentials.
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In the particular case where the Riesz space E = LY(Q, F, P), where (Q, F,P) is a
probability space, Theorem 6.2.7 gives the following result. We believe this result
to be new in the classical setting. This result extends Rao’s in that his expectation

operator has been replaced by a conditional expectation operator.

Corollary 6.2.9. Consider the probability space (2, F, P). Let (F;)icp,00) be a right
continuous filtration in (Q, F, P), with Fo C Fy C F for allt € [0,00), and (X)ic[0,00)
an Fo-quasi-martingale in L (Q, F, P). If (X;) is such that

l}iig]EHXHh —Xi| | Fo] =0 forallte|0,00),
then there exist two right continuous positive super-martingales, X{ and X", and a

right continuous martingale, (Y;), such that X; =Y; + X7 — X" and

lim E[|(X, — Y;) — (X7 — X[")| | Fo] = 0.

t—o0
We now give an inequality for quasi-martingales. This equality is similar to that for
super-martingales.

Theorem 6.2.10. Let E be a Dedekind complete Riesz space with conditional expec-
tation operator T. Let E be T-universally complete with filtration (T;). Consider a

sequence (f;) in E adapted to (T;). Set

Aj=fi—Tifixn, 1<i<n—1, A, = fo,

@:iw,mzix,

and let
P=171-— P(/\e—\/?zlfif (6.2.15)
where P(/\ Vi AT denotes band projection onto the band generated by (Ae — \/_, f¢)+'
€= Vi=1/li
Then, for each X\ > 0,
n—1
ATPe <Y TAF +TPf, <TA/. (6.2.16)
i=1
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We note that since (—z)™ = 2~ it follows from (6.2.16) (changing f; to —f;) that

n—1
ATPe <Y TA; —TPf, <TA,,

=1

where P =1 — Ppeypr, 1)+

Proof. We note that for ¢ < j,

Ti(Aj) = Ti(f5 — T fir1)

=Tif; —Tifin-

This gives, for i < j,

n—1
(ZA> ZTfj_Tifj-H)"'_TiAn

7=t
=Tifi

= f. (6.2.17)
Now,
1—1 n n—1
STATHY A D AT+
j=1 j=i j=1
So, making use of (6.2.17),

n—1 i—1 n
T, (ZAj+fn> > T, (ZAHZAJ)
7=1 =1 j=t

i—

,_.

AT+ f;

1

<.
I

v

fi (6.2.18)
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Let

Po=1—Ppe g+ i=12,...
151:P1
Py = Py(I — P)

Py = Py(I — P)(I — P)

Then Y, P, = P, where P is as in (6.2.15). From (6.2.18) and the construction of

P, we have

n n—1 n
T}ZEE(E:Aj+ﬁ>22T§:Eﬁ
i=1 j=1 j=1

>T Z f’i)\e
i=1
= AT Pe.

Now, as TT; =T and T,lf’Z = P,»TZ-, we have

n n—1
,u?egTEZEﬂ(Z:Aj+h>

i=1 j=1
n—1

=TP> (A + fu).
j=1

But PAT < AT, so

n—1
AM[Pe <T> AF+TPf,

=1

=TY Af —TA} +TPf,

j=1
=TAy —T(Pf, +(I-P)f;)
<TA7,
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giving the desired inequality. ]

From Theorem 6.2.10 we are able to deduce the Hajek-Rényi inequality, [29]. Indeed,
let E be a Riesz space with strictly positive conditional expectation operator 1" and
weak-order unit e = Te. Consider the space £L2(T) = {x € LY(T)|x* € LYT)} (see
Section 2.4, p40). Let (1;);en be a sequence of independent random variables in £2(T')
with T-mean zero (that is, T'n; = 0 for all i € N). Let C4, Cy, ... be a decreasing (not

necessarily strictly) sequence of positive real numbers. Fix N € R. Let

Ji= C]Q\H-i (m+mn+--+ 77N+z‘)2

and define the filtration (7;);en such that T; is the conditional expectation with range
the closed Riesz subspace of E generated by R(T') and fi, fo,..., fi.

Making use of independence and the T-mean of the random variables, 7;, we have,

forall1 <i:<n-—1,

iTinN—l-H—l'r]j =0 for all 1 S j S N +1

and
Ar= fi— Tifin
= C]2V+i (m+m2+- -+ 77N+i)2 - Ti012\7+i+1 (m+n+--+ 77N+i+1)2
= Clyi(m+m+--+ In+i) — TiChpior ((m+m2+ -+ 1vp2)?)
- Tz'012v+¢+1 20 +m2+ -+ ONpi)INpit1) — ECJQ\H—H-I (77]2V+i+1)
= (CIQVJrz’ - 012\7+i+1>(771 + ot i) — Tin]z\/ﬂ'Jrl'
Thus,

AF < (CRui = Crair)m+ o+ -+ + ). (6.2.19)
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Let Q(,\ef\/gjﬁ Crlmmat-—+ml) be the band projection generated by

+
</\e — gjﬁ Crlm +m2+ -+ 7]k|> and P()\Q ) be the band projection gen-

G—V?zl fi
erated by (\%e — /', f;)". Consider Q = I — Q(

/\26_\/?:1 fi)+, then P = Q

+and P =
Ae=\/ R Crolmina+-+i )

I—P(

By Theorem 6.2.10, (6.2.19), independence and the T-mean property of the random

variables, we have

NTQe = N°TPe
n—1

<> TA} +TPf,

1=0

IN

n—1
Z T [(CIZV-H - 012\7+i+1)(771 TNt + 77N+i)2] +T [012\7+n(771 + N2+ 77N+n)2}
=0

n—1

= (CRi = CRa )T+ 03+ +1ss) + CRnn T 173 + -+ M)
=0
N+n
=T +m+-+m)+ > CiTn,
k=N-+1

which is the Hajek-Rényi inequality:.
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Chapter 7

Further Work

This thesis, building on the work done by Kuo et. al. in [34, 35, 36, 37, 38], presents
the foundations of the theory of Markov processes, quasi-martingales and mixingales
in Riesz spaces and some of their fundamental properties. Much more remains to be

done.

7.1 Markov Processes

In the case of martingales, many of the classical resuts were shown to hold in Riesz
spaces by Kuo et.al., [34, 35, 36, 37, 38], for Markov processes deeper aspects of the
theory, such as convergence, generating functions and the uses of stopped Markov
processes still need attention. In [33, 32] stopping times in Riesz spaces were defined
and used these to analyse the convergence of Riesz space martingales. However, this

method of approach presents non-trivial hurdles for Markov processes in Riesz spaces.
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7.2 Quasi-Martingales Further Work

Another difficulty that arises is the absence of transition kernels for Markov processes
in Riesz spaces. This makes many of the classical approaches to Markov processes

unusable in the Riesz space setting.

As was mentioned earlier, it is often said that the convergence of Markov processes
can be studied via convergence results of martingales. Beside the statement itself, we
have yet to find evidence of the validity of the claim. It is hoped that future work

will shed some light on this.

7.2 Quasi-Martingales

We have shown that a quasi-martingale can be decomposed as the sum of a martin-
gale and two positive supermartingales. In the classical setting, Rao uses this result
to decompose a quasi-martingale into the sum of a local martingale and a process
with finite expected total variation, [50]. In order to translate this result to Riesz
spaces, we need the notion of local martingales on Riesz spaces. However, difficulties
arise in constructing local martingales in Riesz spaces. One such difficulty is that of
continuous stopping times. We have yet to successfully construct continuous stopping

times on Riesz spaces.

Egghe has shown in [24] that quasi-martingales are uniform amarts. It was noted
by Bellow, [J], that any L£'-uniform amart converges. In [34], Kuo, Labuschagne
and Watson construct amarts in Riesz spaces. Thus, the structures of amarts and
quasi-martingales exist in Riesz spaces, but the link between the two remains to be

studied.
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