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Chapter 1

Introduction

S,

We consider the time ¢( value of Forward Starting Call Options with payoffs of the form |:S_T1 - K } ’
and [St, — K ST1]+ where ty < 11 < T with T} the determination date, 75 the maturity date, S the
underlying stock price and K the strike price. We refer to these as % and $ type payoffs respectively,
with % type options more commonly traded. We restrict our attention to a specific affine framework
for the state variables S and V' - the underlying process and the variance thereof. The affine framework
is defined such that the natural logarithm of the conditional joint characteristic function for X = In S
and V is a linear function of these state variables. The characteristic function is the Fourier transform of
the corresponding density function. Within this framework, we focus on the Stochastic Volatility Jump
Jump (SVJ]) model, as presented in Duffie et al. [2000]. The model is driven by correlated Brownian
motions and a single Poisson process which yields simultaneous jumps in X and V' where correlated
jump size distributions are assigned to the respective jumps. These dynamics are assumed under a
specific risk-neutral measure.

The semi-analytic valuation of such options requires us to first consider the corresponding results for
European Options, focussing on any technical issues that arise when numerically evaluating the pricing

formulae.

From the efforts of Carr and Madan [1999], Lewis [2001] and Lee [2005], we have semi-analytic pricing
formulae for European Options in terms of a damping parameter . The role of this parameter is to
(effectively) specify the contour of integration in the complex plane when obtaining option prices by
means of complex Fourier inversion. The conditional characteristic function for X features in these
formulae. In subsection 2.1.1 we derive the semi-analytic formula for a European Call Option. Making
use of alternative versions of the option’s payoff function and the value of such an option as presented
in Bakshi and Madan [2000], we avoid having to directly introduce Residue Theory into the derivation.
In subsection 2.1.2 we obtain the corresponding pricing formulae for % and $ type Forward Starting
Call Options, making use of the insight provided in Hong [2004]. These formulae feature what we refer
to as the conditional forward (%, $) characteristic functions for X. In subsection 2.1.3 we re-iterate the
definition of this affine framework and point out how the conditional joint characteristic function may

be used to determine the conditional characteristic and forward (%, $) characteristic functions. In section
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2.2 we derive the analytic form of the conditional joint characteristic function for X and V. In subsection
2.3.1 we highlight the fact that there is a discrepancy between forward implied volatilities obtained from
% and $ type Forward Starting Options. This discrepancy may be attributed to a shift between the risk-
neutral and the stock price measure over the period (ty, 71]. In subsection 2.3.2 we make use of the above
mentioned pricing formula from Bakshi and Madan [2000] to infer the effect of this shift in measure on
the dynamics of the model. In section 2.4 we present the form of the conditional characteristic and

forward (%, $) characteristic functions allowing for piecewise constant, time-dependent parameters.

Numerical evaluation of these semi-analytic pricing formulae requires us to consider several technical
issues. We begin section 3.1 by highlighting several useful results regarding the moment generating
function for X. In subsection 3.1.1 we consider the issue of discontinuities arising from the complex
logarithm featured in the conditional characteristic function for X. Within the context of the time-
homogenous Heston model, several authors have considered proving the conjecture that for an appro-
priate representation of the conditional characteristic function, discontinuities cannot arise. The issue
has been laid to rest in Lord and Kahl [2008]. In subsection 3.1.2 we address a potential discontinuity
noted in Albrecher et al. [2007] and show that the issue may be ignored. In section 3.2 we consider the
existence of these pricing formulae. This may be determined in terms of a valid range for the damping
parameter o For the time-homogenous case, the issue is considered in Lee [2005], Lord and Kahl [2007]
and Lord and Kahl [2008] (excluding the case of jumps in the variance process). In subsections 3.2.1 we
address the issue for the diffusion component of the SVJJ] model where we allow for piecewise constant,
time-dependent parameters. In subsections 3.2.2 and 3.2.3 we derive bounds for this valid range of «
assuming time-homogenous parameters. This yields the result for the Heston model. In Lord and Kahl
[2007] a result from Andersen and Piterbarg [2007] is used to determine this range. In subsection 3.2.4
we determine the valid range of « for the jump component of the SVJJ model allowing for piecewise
constant, time-dependent parameters. It is specifically the presence of jumps in the variance process
that requires us to consider the jump component in this context. In subsection 3.2.5 we determine the
valid range of « for Forward Starting Options, making use of the preceding results from this section.
Having obtained this valid range of «, we follow the novel approach of Lord and Kahl [2007] in section
3.3 to determine the optimal value of a for which the pricing integrand is neither too oscillatory nor too
peaked. This approach is not complicated by the presence of piecewise constant parameters as long as
the valid range of « has been determined appropriately. In section 3.4 we present the approach of Kahl
and Jackel [2005] to avoid having to truncate the domain of integration and obtain the corresponding
results allowing for piecewise constant parameters and for Forward Starting Options. In section 3.5 we
return to the issue of complex discontinuities and address the issue in the context of the Heston model,
for European and Forward Starting pricing formulae allowing for piecewise constant, time-dependent
parameters. We prove that branch cutting is not an issue for —1 < a < 0 (with parameter restrictions

only for the case o = 0).

Having obtained pricing formulae within this affine framework, we introduce the SABR model (or the
SABR approximation) in section 4.1. In subsection 4.1.1 we motivate approximate semi-analytic pricing
formulae for % type Forward Starting Options. In subsection 4.1.2 we highlight the complications that
arise when attempting to obtain similar results for $ type Forward Starting Options. In subsection 4.1.3

we briefly discuss the fact that consistent pricing of Forward Starting Options with determination date
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T} and maturity date 75, where the model is separately calibrated to the market prices of T} and 715
maturity European Options, would require us to make use of the Dynamic SABR model as the SABR
model yields maturity specific constant parameters. This complication highlights a merit of the affine
framework - the analytic conditional joint characteristic function allows us to introduce piecewise con-
stant, time-dependent parameters into the semi-analytic pricing formulae, a result that we find has also
been documented in Mikhailov and Nogel [2005] and more recently in Elices [2007]. In section 4.2 we
digress to obtain an analytic forward parameter for a special case of the square root CEV model. The
term forward refers to the constant parameter value, as seen at time ¢y, that should apply over the period
(T1, T5], for example.

Finally, in section 4.3 we present an application of the methods of this thesis. In Piterbarg [2005], ap-
proximate forward parameters are obtained for two time-dependent parameters in an (uncorrelated)
stochastic volatility model. For one of these parameters, the result is specifically obtained for an at-
the-money option. We show that for this parameter an exact result is available (assuming piecewise
constant, time-dependence) and for an at-the-money option, can be evaluated efficiently. For alternative
strike levels, an exact result is still available but we are required to make use of the methods described,
to determine the valid range of o and the optimal value therein. Our approach illustrates that corre-
sponding results may be obtained for the entire parameter set of the SV]JJ model, as an example of an

affine model.



Chapter 2

Semi-analytic pricing formulae

The Black-Scholes model yields a closed form solution for the value of a European Option at time ¢
with maturity 7" and strike K. This can be derived from the analytic form of the conditional density
function, for the terminal value of the underlying asset St given S;,. As an alternative to this map from
density function to option price, one can obtain the value, albeit in semi-analytic form, by mapping
from the corresponding analytic conditional characteristic function where the characteristic function is
the Fourier transform of the density function. The solution obtained from the latter approach is labeled
as semi-analytic as the resulting formula must be evaluated numerically and so, in this case, is not
preferable. However, when relaxing the assumptions of the model, specifically allowing for stochastic
(correlated) volatility and jumps (in the now coupled stochastic process), the characteristic function
approach remains valid (for judiciously specified dynamics) while the density function approach cannot
hope to.

Assuming an analytic conditional characteristic function, we derive the form of this semi-analytic value

for a European Call Option and apply the same approach to the valuation of Forward Starting Options.

2.1 Semi-analytic pricing formulae

To re-iterate, for X7 = In Sy and k = In K, the value of an option at time ¢, whose payoff ]‘:‘[tO,T(XT’ k)
depends only on the terminal value X7, may be expressed as

oo

0k = e / [, (2, k)f, o (2]Es)da @.1)

— 00
where the value is an explicit function of the conditional risk neutral density function f, ,(x|Zs,) with

7, the vector of state variables at ¢y, 7 = T' — to and r the constant discount rate that applies over the
period (o, T.
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Alternatively, we can write

1 co—ia s o
HtQ,T(k) = % L € k\Ith,T(Z)dZ (22)
v, (7)) = / e"*F I, (k)dk (2.3)
where W, (%) is the complex Fourier transform of 11, ..(k) and z := u — ia with u € R. The value

—a specifies the contour of integration in the complex plane and must be chosen from within a valid
range. Inserting equation (2.1) into equation (2.3), we attempt to express ¥, (%) as an explicit, analytic

function of ®, (%), the conditional characteristic function of Xr, i.e.

o, +(2) = E2 [e"¥T|zy,] 2.4)
= [l 2.5)

If an analytic expression is available for ®, (%) then inserting equation (2.3) into equation (2.2) yields
a semi-analytic result for the option price as we need only to perform a one dimensional integration to
obtain the final result. This approach is followed in subsections 2.1.1 and 2.1.2. The valid range of « is
defined such that the moment generating function ®, ,.(—i[« + 1]) exists. We elaborate on this point in

subsection 2.1.1.

Switching from the complex variable Z to the real variable u, equation (2.2) may be simplified down to

1, (k) = % /0 " Re [e—““—m)’“wtﬂ(u,a) du 2.6)
To see this, consider that
U, o(u0) = / h 'k (k)dk
= / h eI, (k) cos(uk)dk + i / h eI, (k) sin(uk)dk (2.7)

Since cosine and sine are even and odd functions respectively, we see that Re [¥, . (u, )] is even in u,
while Im [¥, . (u, )] is odd in u where Re [Z] and Im [Z] refer to the real and imaginary parts of Z € C,

respectively. Furthermore, we can write

o, (k) = % _OO e by (u,q)du (2.8)
= % 700 ek (Re [\I/tO,T(u, )] cos(—uk) — Im [\I/tO,T(u, )] sin(—uk)) du (2.9)
+ z% h e " (Re (¥, (u,a)]sin(—uk) +Im [¥,  (u,a)]cos(—uk))du  (2.10)

From equation (2.10), we see that the imaginary integrand is odd in « and since the domain of integration
is symmetric about the point u = 0, the integral disappears. From equation (2.9), we see that the real

integrand is even in u. This gives us equation (2.6).



CHAPTER 2. SEMI-ANALYTIC PRICING FORMULAE

2.1.1 European Call Options

From the work of Carr and Madan [1999], Lewis [2001] and Lee [2005], we have the semi-analytic option

value

I (k) = e TR, p(a) + /OOO Re [(_( ¢ HuTiok ])) ®, (u—ifa+1])|du  (211)

T u—ia)(u—ila+1
where the superscript C specifies the Call value and

_ 1 _ 1
(@) = E2[eX 4] Lla<o) — SED [eX7 |24, Tjamo) — € ja<—1] + Eekﬂ[a:—l] (2.12)

R; 54

to T

where I is an indicator function. The parameter « is chosen from within the interval (o™i, a™#%) such
that @, ,.(—i[a + 1]) exists and hence the integrand exists, subject to points of singularity at u = 0 and
a=-—1,0.

Proof: Making use of alternative versions of a European Call’s payoff function and a result of Bakshi and
Madan [2000], we verify the pricing formulae for European Options, as presented in Lee [2005] Theorem
5, without having to explicitly appeal to Residue Theory.

We can express the payoff of a European Call Option II, ,.(X7, k) in four distinct forms

Case1: max [e™” —€F, 0] (2.13)
Case2: e~7 —¢F 4+ max [ek — eXT,O} (2.14)
Case3: ¢*7 —min [eXT,ek} (2.15)
Case4: e Iy, — € Ixpn (2.16)
From these cases, we derive the result.
Case 1: Working from II§, (X7, k) = max [eX” — ¥, 0], we have
U, (2) = 87”/ e'?k / max [¢” — ek, 0] foor(@|Zt, ) dxdE (2.17)
= T / Fro (2[4, / [eif’m - e“f—i)’f] dkdz (2.18)
o S - eiZk+a ¢ ei(E—i)k v 4 519
= [ gtea) || - | 2.19)
= e 7 o1 /OO ET L (2] Zy, )da (2.20)
B iz i(z—-1)) ) to Ao ‘
1 1
_ (L & (5—i 2.21
(=) Basle D) @21
where the integration leading up to equation (2.20) is valid only for —Im [z] > 0. Hence, for o > 0, we
have
e (k " ["r e ek o o +1))| d 222
tO,T( ) - T /0 e{<—(u—ia)(u—i[a+l])) tO,T(u_Z[a+ ]) U ( : )

Case 2: Working from IIS, ,.(Xr, k) = eX7 — ¥ 4+ max [e* — e*T, 0], we consider the Fourier transform
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of a European Put (P) Option

\I/fO,T (z2) = 87”/ eizk / max [ek —e”, O] ftU,T(a:|a_7to)d:cdk (2.23)
o ) piz=i)k | gizkta |
= e /_OO fto'T (x|T4,) G0 - dx (2.24)
—rT 1 1 5 .
= e (ii e z)) ®, ,(2—1) (2.25)
where the integration leading up to equation (2.25) is valid only for —Im [z] < —1. Hence, for a < —1,
we have
.0 = e (58 [ — )+ S [ Re (e ) e+ 1) 4
= € & X — € U — 1| U
ot ‘o0 fo T Jo —(u—ia)(u—ila+1]) ) o7

Case 3: Working from II¢ (X7, k) = X" — min [¢*", ¥], we consider the Fourier transform of a Cov-
ered Call (CC) Option

\IISST(E) = e_”/ eigk/ min [ew,ek} fior (T Z1, )dzdk (2.26)
™ ) pizktax | Liz—ik [
= [ fusleim) || o= | 2.27)
1 1
= (=m0, (i 22
) (22 i(z—i)) wrE=9) (229

where the integration leading up to equation (2.28) is valid only for —1 < —Im[z] < 0. Hence, for
—1 < a < 0,we have

—rT 0 —i(u—ia)k
€ (k) = e "EQ [X7|z ¢ /R ¢ o —ila+1])| d
wr®) = T T R | ST ) P e 1D

Case 4: Working from IIS . (X7,k) = eX7lx, >4 — €*lx, >4, we must value an Asset or Nothing
Call (AC) Option and a Cash or Nothing Call (BC) Option where the latter has a notional value of e*.

Regarding the Asset or Nothing Call Option, we choose to express the payoff as e*” (1 — Ijx, <)) and
so we consider the Fourier transform of an Asset or Nothing Put (AP) Option

W (z) = e / eiF / € Tpcr s, (]2, )k (2.29)
e o] eiEkJrz >
- / Frgr(@lr)——| da (2.30)
—’I‘Tl = .
= - to,T(z—z) (2.31)

where the integration leading up to equation (2.31) is valid only for —Im [z] < 0 i.e. for o < 0.

Regarding the Cash or Nothing Call Option, we consider the Fourier transform specifically for a notional



CHAPTER 2. SEMI-ANALYTIC PRICING FORMULAE

of eF
V() = e / ik / s fo (]2, )k (2.32)
[ ik *
= ¢ [m ftO,T(x|xt0)i(2_Z-) dx (233)
_ 1 .
= e""—®, (2—1) (2.34)

i(z—1i) ™7
where the integration leading up to equation (2.34) is valid only for —Im [z] > —1i.e. for o > —1.

Returning to the Asset or Nothing Call Option, we specify « = —1 and obtain

1 co—1iex a
5,0 = e TES [N - [ Referuy )] as (2.35)
—rT = R —i(uti 1
= (& E% |:€XT|ZrtD} + - /0 Re |:€ ( + )kl(u + Z) @tO,T(u) du (2.36)

while for the Cash or Nothing Call Option with notional e*, we specify o = 0 and obtain

co—1i

I (k) = % / - Re[e #FUT (2)] dz (2.37)
- / T L o (= i)du (2.38)
Y Y i(u—1) "7 ’

From Bakshi and Madan [2000] Theorem 1 and Case 2, we have the following formula for the value of a

European Call Option
I (k) = e (Ei% (X724, | PL— €' Py) (2.39)
where
EQ [X7|z,] P, = LEQ [X7|z L [T Re|em Lo )| d 2.40
W[ TIF] o= SED [T 3] + — | Re T ol (=) du (2.40)
0
1,1/~ —iuk L
P, = 5—1—; ; Re |e E¢f0rT(u) du (2.41)

Since I}, (k) = e ""E2 [eX7|Zy,| P, we can write
HSO,T(k) = H?[)C,T(k) — eirTekPQ

—rT Q [, X1 |5 1 k e T[> e iurDk
e Eto [6 |£L’t0] — 56 + . A Re m@tom(u) du (242)

1 1 _ 1
i(uti) — du w(u+1)

for & = —1 where we have used the fact that

Since eFI1% (k) = e """k P,, we can write

e
IS (k) = e "E2 [eX7 |2y, | P — €IIC (k) (2.43)
— e EL XT3, ] + e: /0 TRe [%@M (u—1)| du (2.44)

for a = 0 where we have used the fact that m =L+ @
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Hence, from these cases we obtain the option value in terms of the specified value of a.

To determine the valid range of «, we refer to the integrand in equation (2.11), for which we have

Re (= fam sy ) Por e 1) ‘

‘efi(ufioc)k| »
< m [®,,.0(u— ila+1))| (2.45)

[(u—ia)(u—ila+1

The inequality results from the fact that |Z| = \/ Re[Z])* +Im[Z)?, for Z € C. The fraction in equation
(2.45) exists at all points except z = 0,7 i.e. at u = 0 and o = —1, 0. Regarding the characteristic function

®, Jensen’s inequality gives us

ei(ufi[aJrl])XT

]E(% [ei(ufi[aJrl])XT'i,to} ‘

IN

&l 7]
E2 [e[a“JXTmO} (2.46)
= E2 [S¢1 2] (2.47)

The moment generating function for X in equation (2.46) exists for « in an open interval about the

point —1 i.e. the interval (o™, a™%). [

From Lee [2005] Appendix A.2, a™" is the largest value in the range (—oo, —1) and o™~ is the smallest
value in the range (0, 00) such that EZ [S3!(z;,] no longer exists i.e. the valid range of « is free of any

moment explosions in S7.

Considering the range a € [—1,0], we have
E2 [S5zy,] < max (E2 [Sr|7y,), 1) (2.48)
since S < S for § > 1and S* < 1for S < 1. So assuming the forward price exists, we have

oM <« —1and 0 < a™ex,

2.1.2 Forward Starting Call Options

Proposition 1. The time ty value of a % type Forward Starting Call Option with determination date T\ and

maturity date T is

H:/O(STl,Tg (k) = eirTR?OC,Tl,TZ (a)
e T 00 e*i(ufia)k ) .
+ R () S el et )
(2.49)
, _ _ 1 _ _ 1
Rf;,C,Tl,T2 () = E% [eXTg X1y |xt0} H[ago] — QE(% [eXTg X, |$t0] ]I[azo] — ek]l[agfl] + iekﬂ[a:,”
(2.50)
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The time to value of a $ type Forward Starting Call Option with determination date T\ and maturity date Ts is

Hﬁ,Tl,Tg(k) - eferfg'Terz(a)
e~ T OOR efi(ufia)k o ) ) ) i
2.51)
_ 1 _ _
Ry () =BG (%721 Tago) = 5B [6772 [7t0] Tamo) — "B [¥7[T4] Tax
1 _
b Lohm [, By
(2.52)

Regarding these pricing formulae, the subscripts to, 11, T refer to the valuation, determination and maturity dates
respectively, 7 = Ty — to and r is the constant discount rate that applies over the period (to, Tz]. Furthermore,
D, pmy (Zes, 2) i = B2 [exp (izo9 X1, +12X1,) [T1,), Ty, is the vector of state variables at to, z := u—i[a +1],
29, = —zand zg := —(z + 1) With 2,5 = 2y, for a % type option and z., = zg for a $ type option. We refer to
®

$ characteristic function.

vy (2% 2) as the conditional forward % characteristic function and ®, .. .. (25, 2) as the conditional forward
The parameter o is chosen from within the interval (a™™ 9, o™*%9) such that ®, .. . (2(%.s), Z)‘u:O exists
and hence the respective integrand exists, subject to points of singularity at w = 0 and « = —1,0.

Proof: Having obtained pricing formulae for European Options, we can determine the corresponding
results for Forward Starting Options by expressing the value of the latter as

s, (k) = e "TMED [ ED [0, . (k)|zn,] |24, (2.53)

to,T1,To to,T1,To

where I1{*%. . (k) is the appropriate payoff function, the superscript (%, $) specifies whether the option
isof a % or of a $ type. The term is split into two increments 7, = T — to and 7 = T — T}, allowing for
piecewise constant parameters. Specifically, r; is the constant discount rate that applies over the period

(to, T1] and 74 is the constant discount rate that applies over the forward period (77, T5].

For a % type Call Option, we have

¢, o, (k) = max [ETZ - K, 0} = max [eX72 "X — ¢ 0] (2.54)
T
while for a $ type Call Option, we have
I . 1, (k) = max [Sp, — K Sr,, 0] = max [eXT2 — Xm0 (2.55)

Rather than obtaining the risk neutral ¢, value of the payoff at maturity directly, we first obtain the T}
value of the payoff. At T}, the payoff depends only on an uncertain outcome at the maturity date and
so is European in nature. We can, therefore, make use of the form of the pricing formula for a European

Call Option to obtain the option value at this point. We then obtain the ¢, value of this 7} value.

10
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For a % type option, we have the value at T}

107 7y ()
= €7T272E(% [max [eXT2 Xy _ ek,O] |5ch]
—T2T — = 1 — = 1
- (E% (%7270 |20, | ooy — ER, [e772 7 |21, Tiamo) — € Tas—1) + iek]l[“‘”)
e~ T2T2 OOR e—i(u—ia)k EQ . ot 1)) (X, — X1 ) g
(u—rjx 5 1 -
. e[(—w—mxu—imu)) e mﬂ !
(2.56)
and at tg, the value is
1L 7 oy (K)
= e MMEY (IS, 4, (F)| T4, ]
= TR ()
87(7’1714*7"27'2) 0 e*i(ufia)k
_ R P — j 1, u—1 1) | d
v T [ (e ) B e ok 1)
(2.57)
where
. _ B 1 _ _ 1
Risrm(@) = B [e¥m %03y [ Taco — BT [eX2 75021 ] Ta=g) — € Tja<—1) + 5 a=—1)
(2.58)
For a $ type option, we express the payoff in terms of the payoff of % type option
I, (k) = ™ max [eXm "X — ¥ 0] (2.59)
and so we have the T} value
H:’SIFI,TI,T2 (k) = e'n H;:S,TI,TQ (k) (260)

Making use of equations (2.56), (2.57), (2.58) and (2.60), we see that the ¢y value follows in a straight-
forward manner. For the piecewise constant, time-dependent discount rate arbitrage arguments yield

T1T1 + T2To = TT.

Regarding the valid range of « for % and $ type Forward Starting Options, we determine the values
Q™ and omax:*9 from the respective conditional forward (%, $) characteristic functions, in the same

manner that o™ and a™?* are determined from the conditional characteristic function. O

It is worth noting that we have not required a change of measure argument to obtain the pricing formula
for a § type option. Such an approach is followed in Kruse and Nogel [2005] where a ‘Black-Scholes’ type

pricing formula of the form in equation (2.39) is obtained for a $ type option, within the Heston model.

11
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2.1.3 The affine framework

We define the affine framework as that where the conditional joint characteristic function, for the state

variables X and V, has the form
Eg lexp (12 X7 4+ i2,Ve) | Xty Vi) =  explizXe, + D(7,i2,i2,)Viy + C(7,i02,02y)] (2.61)
where z := u—i(a+ 1) and we leave iz, unspecified, for the moment. The analytic form of the functions

C'and D is derived in proposition 2 of section 2.2.

Regarding the arguments of the functions C' and D, iz and iz, refer to the coefficient of X and V re-
spectively, at the terminal time 7" where we have the value exp (12X + 12, Vr). Setting z,, = 0 yields the

conditional characteristic function for X
Eg [exp (12X7) | Xy, Vio] = explizXy, + D(1,i2,0)Vy, + C(7,iz2,0)] (2.62)
while setting z = 0 yields the conditional characteristic function for V'
E2 [exp (iz,Vi) | Xty, Vi) = exp[D(7,0,iz,)Vs, + C(7,0,i2,)] (2.63)

From equation (2.11), we see that an analytic expression for IE‘% [exp(izX+)| X4y, Vi, | allows us to value
European Options in semi-closed form. Equation (2.62) lies at the heart of models presented in Heston
[1993], Bates [1996], Scott [1997], Duffie et al. [2000] and Yan and Hanson [2006], for example.

From equation (2.49), we see that an analytic expression for the conditional forward % characteristic
function @, ,. .. (2%, 2) allows us to value % type Forward Starting Options in semi-closed form. Within

the affine framework, we have

D, 0 (29,2) = E2 [exp(izgX1,) ES [exp (i2X1,) | X1y, V] [ Xeo, Vio] (2.64)
= E2 [exp (iz9 X1, +i2X1, + Dan(r2,i2,0)Vpy + Caa(72,i2,0)) [ X4y, Vi) (2.65)
= exp[Ca2(72,iz,0)] Eg [exp (D2:2(72,92,0)Vy ) | X1y, Vi (2.66)
= exp[Di;2(11,0, Daja(72,i2,0))Viy + Cr,2(71,0, Daja(72,12,0)) + Cosa(72, 12, 0)]
(2.67)

where we have made use of the tower property to obtain equation (2.64), the analytic form of the con-
ditional characteristic function for X to obtain equation (2.65), the fact that zy, = —z to obtain equation
(2.66) and the analytic form of the conditional characteristic function for V' to obtain equation (2.67).

Regarding the subscripts of the functions C,,,., and D,,,, m specifies the increment currently considered

while n specifies the total number of increments. We clarify the use of this subscripting in section 2.4.

From equation (2.51), we see that an analytic expression for the conditional forward $ characteristic
function @, . . (zg,2) allows us to value $ type Forward-Starting options in semi-closed form. Within

12
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the affine framework, we have

D, rim(28,2) = E2 [exp(izsXr,) ER [exp (i2X1,) [ X1y, Vi ][ X4y, Vi | (2.68)
= E? [exp (izs X1, +i2X7, + Daa(72,i2,0)Vpy + Coa(72,i2,0)) [ Xy, Vi, ] (2.69)
= exp [Cop(72,i2,0)] E2 [exp (X1, + Daia(72,i2,0)Vry ) | Xey, Vi, ] (2.70)
= exp[Xy, + Di1.2(n,1, Dao(72,i2,0))Viy + Cr.2(11, 1, Daio(72,42,0)) + Ca.2(72,i2,0)]
(2.71)

where what differs from the corresponding result for % type options is that we have made use of the fact
that zg = —(z + ¢) to obtain equation (2.70) and the analytic form of the joint conditional characteristic

function for X and V' to obtain equation (2.71).

We can now specify the conditional forward (%, $) characteristic function in a more compact manner

D, rom, (2(%.8)s %)
= exp[IXy, + D1.2(71, 1, Dasa(72,i2,0))Viy + Cri2(71, I, Do2(72,12,0)) + Co2(12,12,0)]  (2.72)

where z( 5) 1= 29, for a % type option, z(y 5) := 25 fora § type optionand I := I, ,, o ...

2.2 The analytic conditional joint characteristic function for the SVJ]J

model

From Dutffie et al. [2000], we have the affine jump-diffusion stochastic volatility model

1
dX, = <r —q—dw— §Vt> dt + /VidWX + J<dN, (2.73)
dVi = k(0 —Vi)dt + v\/V,dW) + J,dN, (2.74)
AWXdWy = pdt (2.75)
where
1
Jy ~ exp (E) (2.76)
JxlJv ~ N (u+p'Jv,0°) (2.77)

Regarding the specified state variables X and V/, each process has a drift, diffusion and jump component.
The drift of X includes the parameter w which provides a degree of freedom to ensure that the arbitrage
condition ]E‘% [S7[St,] = Si,e""97 is not violated by the presence of jumps in the state variables. The
drift of V mean reverts with the long term mean ¢ and rate of mean reversion x. The Brownian motions
driving the continuous component of each process are correlated by the parameter p. This may be
specified in terms of the independent Brownian motions WV and B where W* := pW" + /1 — p2B.
The jump component of each process is driven by the same Poisson process N (with intensity parameter
A) which counts the number of jumps in a certain interval. The jump sizes .J,, and .J are correlated with

an exponential distribution specified for J,, where EQ [J,,] = 1 and the conditional distribution of .J

13
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given J, is specified to be normal with the correlation parameter p’ controlling the conditioning of J

on J,. Setting A = 0 yields the dynamics of the Heston model.

Proposition 2. For the period (to,T] and 7 = T — ty, the conditional joint characteristic function for X and V,
within the SV]] model, has the analytic form exp [iz Xy, + D(7,iz2,i2,)Vi, + C(7,1z,iz,)] where

. b(iz) — 7(22)) Aliz,iz,) — e 7027
D(r iz iz,) = —C 278
e = (5 Lum% (i) e o
C(ryiz,iz,) = (r—q)izt +C(1,iz,iz,) + N (7,i2,i2,) (2.79)
~ K0 K0
C(r,iz,izy) = 2 [b(iz) — ~(iz)] T — 2}/—2 log [¢(7,i2,iz2y)] (2.80)
. A iz, izy)e AT
P(1,iz,12y) = i—l(iz,)z’zv) — (2.81)
. izu—L1z%0% 7 . ertze .
J(1yiz,iz,) = €727 J(1,iz,izy) — (1 o 1) izt — T (2.82)
B _ b(iz)—~(iz)
= X . N A(ZZ, iZU)T 1 A(ZZ, ZZU) (b(iz)Jr'y(iz)) 19(7,2 ZZU) —+ 19( )e v(iz)T
Tmizin) = S T 70 (ﬁ(iz,izv) RTE ) log ( D(iz,izy) + 0(iz) )
(2.83)
V(iz,iz,) = A(iz,iz,) [1 —iznp’ —n (w)} (2.84)
) bliz) — ~(i
Aliz,izy) = Aliz,izy) (bgzzi _T_ 182) (2.86)
o vz, — b(iz) — y(iz)
Aliz,iz,) = iz ~b(i2) £ 1017) (2.87)
v(iz) = /b2(iz) — 2v2c(iz) (2.88)
b(iz) = k-— priz (2.89)
cliz) = %zz(zz -1) (2.90)
(2.91)

We assume the arquments z and z, are specified such that the characteristic function exists. In particular, we have

the restriction Re [1 — iznp” — nD(s,iz,iz,)] > 0 for 0 < s < 7 and the parameter restriction 1 — np’ > 0.

Proof: As stated in Rockinger and Semenova [2005], the conditional joint characteristic function

EQ [exp (12 X1 4+ iz, Vi) | Xe, Vi] =1 ée(Xy, Visiz,iz)

must satisfy the PDE

av, V2

MEL [ (Xt + Jx, Vi + Jy) —

14

2 2 2
6¢t+(?‘—q—)\w—%‘/}>%+—v}a ¢t+"€(9—‘4)%+— 2‘45 (bt‘f'pVV} 0° by

X0V,
¢ (X, V)]

+

0
(2.92)
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This follows from the appropriate version of It6’s formula and the Feynman-Kac theorem. We assume

the solution ¢ (X, V;;iz,iz,) has the form
exp iz Xy + D(T —t,iz,i2,)Vi + C(T — t,iz,i2,)] (2.93)
and must now determine the analytic form of C' and D subject to the terminal conditions
C(0,iz,izy) = 0 (2.94)

D(0,iz,izy) = iz (2.95)

The partial derivatives of ¢, are

% <aC ¥ ‘9—th>¢t

ot ot ot
S i
gi?g = —22¢t
- Do
‘2@5 — D%,
6?;‘2‘;4 = izD¢, (2.96)
Having specified the form of ¢, we have
0i(Xo + Ix, Vi + Jyiiz,iz,) = ¢ Xy, Visiz,izy)exp (izJx + DJy) (2.97)

Inserting these partial derivatives and equation (2.97) into equation (2.92) yields

(%—(tj + (r —q — Mw)iz + k0D + \E2 [exp (izJx + DJy) — 1]) +

oD 1. . . Lo _
(E—|—§zz(zz—1)—(li—pmz)D+§uD>V = 0

Switching variables from ¢ to s = T' — ¢, we must solve the ordinary differential equations

oD 1 4., . )
25 = 37 D* = b(iz)D + c(iz) (2.98)
%—C = (r—q— M w)iz + x0D + AEQ [exp (izJx + DJy)] — A (2.99)
s
where
b(iz) = k-—priz (2.100)
c(iz) = %zz(zz -1) (2.101)

15
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From Spiegel and Liu [1999] equation (17.12.1), we know

dx 1 2ax — b — Vb% — dac
—— = In (2.102)
ar? —bxr +c b% — 4ac 2ax — b+ Vb% — dac
for the coefficients a, b and c.
We choose to express this as
dx 1 2ax — b+ Vb?% — dac
5 = In (2.103)
az? —bxr+c —Vb?2 — 4dac 2ax — b — /b2 — dac

which can be viewed as working with the non principal square root function —v/b? — 4ac. The signifi-

cance of this choice (regarding the relevant literature) is discussed in subsection 3.1.1.
Using equation (2.95) (to obtain the integrating constant) and equation (2.103), for 7 = T' — ¢(, we obtain

S\ . A(i~ 7 _ = (iz)T
D(riz i) = (WRZAG)Y | Alziz) —e (2.104)
v? VR biz) —v(iz) —v(iz)T
Al iz0) = s ) ¢

where
y(iz) = /b2(iz) — 2v2c(iz) (2.105)
Aliz iz) = ZZZ:ZEZ%;ZEZ; (2.106)
Aliz,iz,) = Aliz,iz,) <%> (2.107)

We defer a discussion of the existence of the function D(r,iz,1iz,) to section 3.2.

From Spiegel and Liu [1999] equation (17.1.4), we know

dz 1 T
/m - Eln(aﬂb) (2.108)

Using equation (2.104), we make the substitution z = e™” (i2)s for 0 < s < 7 where 4 % = —(iz)x to

/1 (b iz) — 7(12)) A(iz,iz,) —
. : : dx
e—(in)T V2y(iz)x Aliz,izy) — (b(w)*'v(w)) Z

b(iz)+~(iz)

for the coefficients a and b.

obtain

/ D(s,iz,iz,)ds
0

() 1o [ i - (2022262 17 L
- () A [ Az <<z’> <z’z>) [
_(bliz) —~(G2)\ [ Az in) — (2002) = 7(22)
v2(iz) e—r(io)r {A( i%) ( )+ 7(iz
(
(2.109)
e—(iz)T

)
biz)+~( zz)
. bliz) — (i
log { A v
og< (iz,12y) <b(zz )+ (iz) >I> | —(iz)T

1 —~(iz)T _
r— 2 log (A liz, iz )e 1) (2.110)

()
()
- <b(iil;(i1)iZ))log([A(iz,izv) (b(w 'y(zz
()
(=)

V2 A1(iz,izy) — 1
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where we have made use of equation (2.108) to determine equation (2.109). Again, we defer a discussion

of the existence of equation (2.110) to section 3.2.
Regarding the joint characteristic function for the jump sizes Jx and Jy, we have

EQ |:einx+D(s,iz,izv)Jv
t

/ / eizix +D(saz20)v £ |jv) f(v ) djx djv
0 —00

[ D(sinin )i 1 ,;(-,(JFJ-))H_L L
— / / ezz_]x-i— (8,iz,izy)jv : 26 3,2 \Jx —(u+p" v Ee ”]Vd]Xd]V
V 2TTOo
_ ezzu——z202717/ eIV (1 iznp” —nD(s,iz, zzv))djv
0

S
s s e —jv = (1 iznp” —nD(s,iz 1zu))
izp—3z%0

= e

— (L —iznp” = nD(s,iz,iz)) |

2 2
iz ——z o
e /"L

(1 —iznp’ —nD(s,iz,i2y))

(2.111)

(2.112)

(2.113)

(2.114)

where equation (2.112) is obtained by completing the square in the previous equation and re-arranging

terms. The result in equation (2.114) is valid only for Re [1 — iznp’ — nD(s,iz,iz,)] > 0.! We defer any

further discussion of the existence of E¥ [¢i*/x +D(s:i2:i2.)/v] to subsection 3.2.4.

Furthermore, we have

l 1 d
= s
o (L—iznp” —nD(s,iz,iz,))

A(i~ 4 b(iz) =~ (iz) —v(iz)s
/T Aliz,izy) — (W%n) e—(i2)

0 9(iz,i2,) + D(iz)e~(2)s

b(im)—(iz)

_ 1 /1 Aliz,iz,) B (b(iz)-l—’y(iz))
Y(i2) Je—rtnr |\ @ [9(iz,iz0) + I(i2)z] I(iz,iz,) +J(iz)x
b(iz)*v(iz))

1 Aliz,iz,) o x B (b(iz)-m(z‘z)
1(@2) | 0liz,iz0) 2 \D(iz,iz) + D(iz)z (iz)

ds

B _ b(iz)—~(iz)
A(iz,iz,)T 1 A(iz,iz,) (b(z‘z)Jr?y(iz))
)

Wiz, izy)  (iz) (iz,i2y) * 9(iz)

(M)

where

Wiz izy) = Aliz,iz,) [1 —imp’ —n <M)}

) = [n (M) - (T )

log[¥(iz,iz,) + ¥(iz)x]

(2.115)

(2.116)

e—v(iz)T

(2.117)

(2.118)

(2.119)

(2.120)

We have switched variables from s to 2 = ¢?(%)¢ in equation (2.116) and used equation (2.108) to obtain

equation (2.117). Again, we defer a discussion of the existence of J(7,iz,42,) to section 3.2.

IThis point is not specifically made in Duffie et al. [2000] equation (4.5).
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Using equation (2.94) (to obtain the integrating constant) and equations (2.110), (2.114) and (2.118), we

solve equation (2.99) and obtain

C(ryiz,izy) = (r—q)izt + C(7,iz,izy) + N (T,i2,12,) (2.121)
where
. KO ) 2k0 Ail(iz,izv)e"y(”)" —1
C(ryiz,izy) = 2 [b(iz) —y(iz)] T — —r log < A (im0 1 ) (2.122)

J(1,iz,iz,) = e”“*%zzdzj(ﬂiz,izv) -7 — zz/ wds (2.123)
0

From Gatheral [2006], the compensating drift factor w is specified such that the arbitrage condition
Eg [S7|Si,] = S,,e"~97 is satisfied. For z = —i and z, = 0, the conditional joint characteristic function
yields E? [S7|S;,] and we can show

D(r,1,0) = 0 (2.124)
C(r,1,0) = 0 (2.125)
J(1,1,0) = 1_17”)'])7 (2.126)

since (1) = |b(1)|. We require J(7,1,0) = 0 so that C(7,1,0) = (r — ¢)7 and so we must have

T eu+%a2
/ wds = T—T (2.127)
0 L —=mnp’
ehtzo’
w = -1 (2.128)
L —np’

with the restriction

1L—np’ —=nD(s,1,0) =1 —np" >0

Finally, we have

IV izp—12%0% 7 U elt+%02 :
J(T,iz,iz,) = e 2% 7 J(1,iz,12) — —1|izr—7
1—np’

(2.129)

subject to the parameter restriction 1 — 7p” > 0 and the restriction 1 — iznp’ — nD(s,iz,iz,) > 0 for
0<s<rt.0

The dynamics of the model are specified under a risk neutral measure. The specified value of the market
price of variance risk )/ (V;) determines exactly which risk neutral measure we are working under. To
determine the value of A} (V;) implied by the model, we consider the effect of shifting from the real
world to the risk neutral measure, on the variance process (ignoring the jump component). Had we
specified the square-root, mean-reverting dynamics in equation (2.74) with the parameters x* and 6*

under the real world measure, Girsanov’s theorem would yield the risk neutral dynamics

AV = K0F — V)t — v VN (Vi)dt + v/ V,dWY (2.130)
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For \Y (V;) := r/\" we can write
dv, = k(0 = V)dt + v/ VidW) (2.131)

where k = k* + AV and 0 = This yields the result presented in Heston [1993]. By calibrating the

*_;’_)\V
parameters ~ and 6 to market prices, we implicitly specify AV and hence, the risk neutral measure.

2.21 The analytic conditional characteristic function

Working from proposition 2 and setting z, = 0, we have

N A et 1 eGiar

e = (B )L—(72222;3222)6‘“@7] o
~ K K “L(iz,0)e 027

C(riz,0) — y—f[b(iz)—’y(iz)]r—zy—flo (A 151—’1?2')2,0)—1 1) (2.133)
. b(i2) + ()] 7

Hi50) = T o) i) + 2] — % ) — 726

( 5—727 [bQ(iz) — 2 (iz ] )
(1 —dznpy2(iz) = [(1 = dznp i) = () B2 (32) = )]
< log (1 () [22) = 122)] — (1 iznp”) b(52) — A(2)]) (1 — e762)7) )

T | D R )
[b(iz)—~(1z)—v2iz,)

(2.134)
ehtao”
L —mnp’

C(r,i2,0) = (r—q)izr +C(r,iz,0) 4+ X~ 2% J(7iz,0) — At — A < - 1) iz7 (2.135)

where A(iz,0) = % and using our notation, equation (2.134) confirms the result d obtained in
Duffie et al. [2000] Pg 1362. The functions D(r,iz,0) and C(r,iz,0) yield the conditional characteris-
tic function for X as can be seen from equation (2.62) of subsection 2.1.3. For A = 0, we obtain the

conditional characteristic function for the Heston model.

2.2.2 The analytic conditional forward % characteristic function

Working from proposition 2 and setting z = 0, we have v(0) = b(0) = x > 0 which yields

D(r,0,iz,) = (’1“_ ) (2.136)

~ 2k6 A7H0,izy)e " — 1
izy) = ——10 ! 2.137
C(r,0,iz) 2 ( A0, i2,) — 1 > (2.137)
= —2—”91 (1 - ﬁ) (2.138)

V2 W
_ , 217! (1—m) (I—e™7)
J(1,0,izy) = 74+ |k——| log|l— (2.139)
2 (1 - iz}m)

C(1,0,iz,) = C(7,0,iz,) + A (7,0,iz,) — AT (2.140)
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where w,, = and A(0,iz,) =1 —

2k
v2(l—e—*r7) u21zu

The analytic form of the functions C(7,0,iz,) and D(r,0, iz,) feature in the conditional forward % char-
acteristic function as can be seen from equation (2.72) of subsection 2.1.3 (for I = 0). The form of the
functions D(r,iz,0) and C(7,iz,0) presented in subsection 2.2.1 also feature in the conditional forward

% characteristic function. In particular, iz, takes the form of D(r,iz,0). To clarify, we have

Dao(72,i2,0) = D(r,i2,0) (2.141)
Ca.2(72,12,0) = C(12,iz,0) (2.142)
D1.2(71,0, Do.o(72,i2,0)) = D(71,0,D(72,iz,0)) (2.143)
Ci1.2(11,0, Da.o(12,i2,0)) = C(71,0, D(Tz,m 0)) (2.144)

in equation (2.72) (for I = 0) with a constant parameter set over the period (¢, T5].

Setting A = 0, we confirm the result presented in Hong [2004] for the Heston model.

2.2.3 The analytic conditional forward $ characteristic function

Working from proposition 2 and setting z = —i, we have (1) = |b(1)| = |s — pv|. For b(1) # 0, we have

; —b(1)T
D(r,1,iz,) = <”1€7> (2.145)
@y,
- 20 A1, iz, )eIPMIT 1
1,i2y) = ——1 : 2.14
Crtiz) = ~ 2oy (At =221 (2.146)
2k0 [ Zy
= —Zlog (1 - Z) (2.147)
1% TWp
— _r _ ,—b()T
_ 1 27! (1 2b(1)77) (1—e77)
Jrliz) = — |+ {b1 ——] log |1 — (2.148)
I TR A N ()
2
- 12 - ettzo
C(r,1,izy) = (r—q)m+C(1,1,i2,) + Ae!T27 J(1,1,iz,) — A <1 ,> T (2.149)
“ap
where 7] = =, @}, = % For b(1) = 0, we apply I'Hopital’s rule to obtain
lim D(r,1,iz,) = 12y (2.150)
(11)120 T liz) = l—izvéuz '
2k0 1
(lll)IE}OC(T,l,’LZU) = —Vilog <1—izv§u27> (2.151)
2
L= . 1 21] 5T
im J(r1,iz,) = — (7= iog |14+ —21_ 2.152
b(1)—0 ( ) (1 —np’) 2 & (1 _ izlﬁ) ( )

The analytic form of the functions C(7,1,iz,) and D(r, 1,iz,) feature in the conditional forward $ char-
acteristic function as can be seen from equation (2.72) of subsection 2.1.3 (for I = 1). Again, the form
of the functions D(7,iz,0) and C(7,iz,0) presented in subsection 2.2.1 also feature in the conditional
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forward $ characteristic function with iz, taking the form of D(7,1iz,0). To clarify, we have

Ds.2(72,i2,0) = D(12,iz,0) (2.153)
Ca2(72,i2,0) = C(72,i2,0) (2.154)
D1.2(71,1, D2o(72,i2,0)) = D(m1,1,D(72,iz,0)) (2.155)
Ci.2(m1,1, Daa(12,i2,0)) = O(Tl,l,D(TQ,ZZ 0)) (2.156)

in equation (2.72) (for I = 1) with a constant parameter set over the period (¢, T5].

The analytic results obtained may be used to confirm simulation results for specific examples of $ type
Forward Starting Call Options in Broadie and Kaya [2006] table 8.

2.3 The discrepancy between % and $ type Forward Starting Options

2.3.1 % and $ type forward implied volatilities

We have analytic values for % and $ type Forward Starting Options in the Black-Scholes world where we
allow for a term structure of parameters - specifically, piecewise constant parameters for the increments
(to, Tl] and (Tl, TQ]

In the Black-Scholes world, the value for a % type Call Option is

BS/C = e "T'BS (1,K, T‘Q,QQ,UQ,TQ) (2157)

to,/T1,T2

and that for a $ type Call Option is

BS®© = Spe  "TBS(1,K,r9,q2,092,T2) (2.158)

to,/T1,T2

where BS (S, K, 2, g2, 02, T2) refers to the Black-Scholes value with underlying S, strike K, risk-free rate
ro, dividend yield ¢, volatility o2 and period 72. Furthermore, 7 = T —to, 72 = 15 — 11, the parameters
r1 and g1 apply over (to, T1] and the parameters 73, g2 and o apply over (11, T5].

Proposition 3. For a % type option, the forward implied volatility o3 satisfies

EZ l@—f - K) +H (2.159)
E2 [@—ZZ - K) +H (2.160)

In general, the value of a % type Call Option can be expressed as

(g—f _ K> +H (2.161)

BS(1,K,r2,q2,05,72) = 87T2T2E(%

while for a $ type option, the forward implied volatility o§ satisfies

BS(LKvTQanngaTQ) = e—TszE(tQ;S

Proof:

to,T1,T2

%C _ 8_(T171+T272)Eg [E%
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while that for a § type Call Option can be expressed as

€, , = ¢ (imtrmgl {Egl {(STZ _ KST1)+H (2.162)
= Sje (@mtram)g0s []E‘% [(STZ - KST1)+] Si] (2.163)
Ty

Sy, e~ (@™ +T272)Egs E(%

(g—f _ K> +H (2.164)

We have shifted from the risk neutral to the stock price measure in equation (2.163) where we specify
that dividends are reinvested into the stock and so the value of the numeraire at time ¢ is S,,e~9". The
usefulness of shifting to the stock price measure, in the context of pricing $ type options, is pointed out
in Kruse and Nogel [2005].

Setting the values of such options in the Black-Scholes world i.e. equations (2.157) and (2.158) equal to
their respective general versions in equations (2.161) and (2.164) gives us the results. [

From proposition 3, we see that solving for the forward implied volatility depends on the form of the
Forward Starting Option. The resulting difference between the forward implied volatilities can be at-
tributed to the shift between the risk neutral and the stock price measures over the period (¢, .

2.3.2 The effect of a shift from the risk-neutral to the stock price measure on the

dynamics of the model

In Kruse and Nogel [2005], the authors confirm that Girsanov’s theorem may be used to shift from the
risk-neutral to the stock price measure, within the Heston model. Furthermore, it is shown that under

the stock price measure, the dynamics are

1 :
dx, = <r —q+ 514) dt 4+ /VedW;* s (2.165)
dVi = RO —V)dt + v/ VidW} s (2.166)
AW Ssaw) % = pdt (2.167)

KO

R

where & = k — prand § =

We now confirm the effect of this shift in measure on the dynamics of the Heston model (i.e. the con-

tinuous diffusion component of the SVJJ] model) and show that this shift in measure affects the jump

1,2
component by adjusting the jump rate intensity to A (%) and the jump size distributions to

1
Jy o~ exp(j)
n

Jx|Jv ~ N(p+0*+p'Jy,0%)

under the stock price measure with 7 = =, the parameter restriction 1 — 7p” > 0 and the restriction

Re [l —izfjp? — 7D(s,iz,i2,)] > 0for 0 < s <.

Following the same methodology as that in section 2.2 (where we derive the analytic form of the condi-

tional joint characteristic function) and focussing on the Heston model, we assume the dynamics under
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the stock price measure (where the drift of each process is adjusted) as specified in equations (2.165)-
(2.167). We obtain the Ricatti equation

oD 1 4, 5 o .
5 = EVD —b(iz)D + ¢(iz) (2.168)
where
b(iz) = FR— priz (2.169)
1
oiz) = gizliz+1) (2.170)

The coefficients b(iz) and &(iz) differ from the corresponding coefficients b(iz) and c(iz) for the Ricatti

equation in (2.98) where the risk-neutral dynamics are assumed. Furthermore, we now have

iz) = foliz)? - v2iz(iz + 1) 2.171)

To determine the effect of a shift from the risk-neutral to the stock price measure on the dynamics of
the model, we refer to equations (2.40) and (2.41), where P1 = E2s [[[x-j] and P2 = E2 [[[x~y].
Comparing P2 with P1 allows us to determine this effect where the two expressions differ as P2 is a

function of
@tolT(u) = exp [iu(Xt +7r —q)7 + D(7,iu,0)V; + C(1,iu,0) + \J (7, iu, O)} (2.172)

while P1 is a function of

q)to,T(u - Z)
q)to,T(_i)
exp [(Xt + 71— )7+ iu(Xs +r — q)7 + D(7,i[u —4],0)V; + C(1,i[u — i],0) + N\J (7, i[u — ], O)}

exp [(X¢ + 7 — ¢)7]

(2.173)

where @, ,.(—i) yields the forward price.

Setting A = 0 in equations (2.172) and (2.173), we focus on the functions P1 and P2, within the Heston
model. Regarding equation (2.172), D(r,iu,0) and C(r,iu,0) are functions of b(iu) and ~(iu) while
C(r,4u,0) is also a function of k6. Regarding equation (2.173), D(r,i[u — i],0) and C(r,i[u — i],0) are
functions of b(iu) and (iu) while C(7, iu, 0) is also a function of £ = xf. This confirms the effect of the

shift in measure on the dynamics of the continuous diffusion component of each process.

The effect on the jump component i.e. the jump rate intensity and the jump size distributions can be de-
termined by focusing on the functions AJ(7,iu,0) and AJ(7,i[u — i],0) in equations (2.172) and (2.173),
respectively. To this end, we consider the risk neutral jump-rate intensity multiplied by the joint char-
acteristic function for the jump sizes Jx and Jy, in equation (2.114) of section (2.2), in terms of the

arguments v and v — ¢

. ] iu,uféuza'z
\EC querD(S,m,O)Jv} — € 2.174
o ¢ 1 —iunp’ — nD(s,iu,0) ( )
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with the restriction Re [1 — iunp’ — nD(s,iu,0)] > 0 and

)\]EQ i[u—i]J +D(S i[u—i] O)J j| A e“+%o'2 eiu(ﬂ+a2)_%u2o-2
e x 9 ’ v e
' 1 —np’ —dunp’ —nD(s,ifu —i],0)

/\ e,qu%crz eiu(u+a2)—%u2o’2
L—np’ | \ 1 —iunp’ —0D(s,i[u —i],0)

_ Re[1 — iufp’ — 7D(s,i[u —i],0)]
L=np’

with 77 = —L— and the restriction
1=np

Re[1 —i[u — ilnp” —nD(s,i[u —i],0)]

>0 (2.175)

so we must have Re [1 — iufjp’ — 7D(s,i[u — i],0)] > 0 since we already have the restriction 1 — 7p”’ > 0.

From this, we have

T eiuu—%u2a2 eu+%a2
A (T,iu,0) = A / ( ))dS—T A ——— —1)iur (2.176)
0

1 —iunp’ — nD(s,iu,0 1 —np’
e,qu%a'2 T eiu(,qua'z)f%uzoz
M (1,ifu—1],0) = A ds — 2.177
(i =4,0) e | e e e 2477
ehtzo’
A —1|iur (2.178)
L—=mnp’

Comparing AJ (7, iu, 0) with AJ(7,i[u — i],0), we see that a shift, from the risk-neutral to the stock price

1.2
€H+2<T

measure, yields the jump rate intensity A ( fE— ) and the jump size distributions

1
Jy, o~ exp<—)
n

x|y~ N (u+0*+p’Jy,0%)

1,2
The constant term A (% - 1) iuT ensures that Eg [S7|St,] = S.ye" 97 holds true (as already men-

tioned) and we see that this compensating term is a function of the difference between the jump rate

intensities under the two measures.

Focusing on our pricing formulae for Forward Starting Options, we have

I o S "
7(3—02??2 = ¢ mmEQ [E(% Ks—f - K> H (2.179)
1
e, . S *
to,T1, - —roTorQ Q >
7&02_1@31 = e mEY [IETI l<_5n K) (2.180)

from the proof of proposition 3.

Jr
Within the affine framework and regarding the state variables S and V, EZ {( % -K ) } is a func-
1

$C

. . : . H‘;OCT T Ht 11,7
0-£1.72 0-11.72
tion of Vr, only. Therefore, by comparing our semi-analytic formulae for —2%2 and S,e-mn We can

confirm the effect of a shift, from the risk-neutral to the stock price measure, on the dynamics of the

variance process as the shift in measure over the period (¢,77] is the only difference between the two
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expressions. Making use of the pricing formulae in equations (2.49) - (2.52) of section 2.1, we can show

RS R , , .
that 272 = S22 and so we need only to compare @, ;. ;. (—u + i[a + 1],u — i[a + 1]) with
0 A,
D, 7 (—u+ic,u —i[a+ 1]) to confirm that the parameters of the mean reverting drift of V, the jump

size distribution parameter of V' and the jump rate intensity differ according to the discussion above.

2.4 The conditional characteristic and forward (%, $) characteristic
functions allowing for piecewise constant, time-dependent pa-

rameters

From equation (2.11), we know that an analytic expression for the conditional characteristic function for
X allows us to price European Options in semi-closed form and so the formulae may be used to calibrate
the model’s time-homogenous parameter set?. Consider the period 7 = t,, — to (Where t,, is the maturity
date and t( is the valuation date) divided into n increments with the mth increment 7,,, = t,, — t;—1.
Replacing Eg [exp (izX,) | X4y, Vi, ] in the semi-analytic formula for a European Option with its iterated

extension
E2 [ES [...Egl lexp (i2X,) | X, 12 Vio ] ...|Xt1,vt1] |Xt0,vt0] (2.181)

allows us to incorporate piecewise constant time-dependent parameters into the model by providing
a practical approach with which to calibrate these piecewise constant parameters when an analytic ex-
pression is available for equation (2.181). To determine the form of equation (2.181), we must solve a
time-homogenous PDE for each increment where from one increment to the next, the constant parame-
ter set may differ. At¢,,_1, we must solve the PDE presented in equation (2.92), assuming the solution
Gty (X, Vi, _13i2,0) :=E2 [exp (izXy,) Xy, _,, Vi,_, | has the form

1

exp [i2Xt,_, + Dnin(Tn, 12,00 Vi, + Crin(Tn,i2,0)] (2.182)
subject to the terminal conditions

Cpin(0,i2,0) = 0 (2.183)
Dypin(0,i2,0) = 0 (2.184)

At this point, for the time-homogenous model, the task of solving for the analytic characteristic function
(for the entire period (to, t,,]) would be complete. For the extended model, we move on to the preceding
increment. At ¢,,_2, we must solve the same PDE, assuming the solution
Stn s (Xt 2y Vi 2312, Dn(Tsi2,0)) == EQ [Ei’{fl [exp (12X0,) | X1, 1> Vi 2] 1X0 s VtH} has the
form
exp [Crin(Tn, i2,0)] Eg% [exp (ithTkl + Dy (T, 02, O)thfl) | X, thd} (2.185)
= exp[Chin(Tn,i2,0)] (2.186)

X exp [Z'Zth72 + Dn—l;n (Tn—h iZ, Dn;n(Tna Z'Z, 0))‘/:‘%,2 + Cn—l;n (Tn—l ) Z'Z, Dn;n(Tn7 iZ, 0))}

2 Assuming these vanilla options represent the most liquid options on the underlying, the model must, at the very least, repro-
duce the corresponding market prices.
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subject to the terminal conditions

Cnfl;n(ovizaDn;n(TnvizaO)) =0 (2.187)
Dyp—1:1(0,i2, Dpon(70,i2,0)) =  Dyn(7n,iz,0) (2.188)

We continue in this manner until we reach . Regarding the subscripts of the functions C,,.,, and D,,.,,,

m specifies the increment currently considered while n specifies the total number of increments.

The semi-analytic formulae for % and $ type Forward Starting Option prices can also accommodate for
piecewise constant, time-dependent parameters by replacing the respective conditional forward (%, $)
characteristic functions with their iterated extensions. We divide the period 7 = (¢, —#;)+ (t; —to) (Where
t; is the determination date) into n increments where 1 < [ < n — 1 and require an analytic expression

for

E2 [...E?jfl [exp (#2009 X1,) E [...Ei’{fl [exp (i2X1,) [ X0 1, Vi ] ...Ith,th} |th71,‘/,5171} ...|Xt0,Vt0}
(2.189)

Consider the case ! = n—11i.e. only one increment separates the determination date ¢; from the maturity
date t,,. Att;, we then have

exp (1205 X1,) EZ [exp (i2X4,) [ X, Vi ] (2.190)
= exp (i [2ws + 2] Xt; + Dnin(Tn, 12,0)Vy, + Cpin(7n, i2,0)) (2.191)

For a % type option, izy + iz = 0 while for a § type option, izg 4 iz = 1. Hence, for [ = n — 1, we can
re-express equation (2.189) as

E2 [...Egl [exp (IXy, + Dosn (o, 82, 0)Vi, + Crusn (7,82, 0)) [ X1y 1, V] ...|Xt0,Vt0}

where I := H[ . At the terminal time ?;, the coefficient of X;,, to which the exponent is raised, is

Z(%,s):ZSB]
I rather than iz. So regarding the functions C' and D, for each increment m where m < [, the second

argument ¢z is replaced by L.
We now present the form of the conditional characteristic and forward (%, $) characteristic functions,

allowing for piecewise constant, time-dependent parameters, in more detail.

Proposition 4. Considering the period T = (t, — t;) + (t; — to) expressed in terms of n increments where

0 <1 < n — 1and the mth increment is 7,, = t;, — ty—1, we have

E(% [eXP (izf%,sttl + iZth) |Xt07 V;So}

- [([H iz I+ ZZ) Xig + Dy (1,1 D;;/ﬂ;’n)vto]
l n
Y G, LDES )+ D Conin (T 2, Dmﬂm)]

m=1 m=Il+1

X exp

(2.192)

where I := 0], 2o = 2. for a % type option, ze,s := zs for a $ type option and 1 := 1., .. Furthermore,
we define the following:
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Form > 1,
ngni:,n (Tma L DZ@%—Hm) = Dmn (T, iz, Derlm) (2193)
Dyin(Tm» 12, Ding1:n) = Dumn(Tm, 12, Dyt 1.0 (Tims1, 12, <. Dp—1:0(Tn=1, 12, Dpn(Tn, 2, 0))...))
(2.194)
Oz,/nsz),n (Tma I, DE?;fi—i-l;n) - Om?"(va iz, Derl;") (2'195)
Om;n(Tmin;Derl;n) = Om;n(vaiZaDerl;n(TerlviZa '“anl;n('rnfl;iszn;n(TnviZaO))-'-))
(2.196)
with Dn-‘rl;n = 0.
Form <I,
ngniz,n (Tm, I, D;O;/urlijJrl;n) = ngniz,n (va L, D;O;/urlerl;n(Tm"‘l L nglf;l (Tl’ L DH_lm (TH_l 12, Dl+2m))m))
(2.197)
CZ,/ansm),n (T"“]I’ D;‘?nsijJrl,n) = sz/af;sm);n(Tm7H7DEH;/asﬂ:Jrl;n(Tm‘i‘l?]L DE:}?%(T[,]L Dl+1m(7’[+1,Z'Z,DH.Q;”))...))
(2.198)

Regarding the subscripts of C}* —and D{"? 1 specifies the determination date t;, m specifies the increment

lym;n lymin/

currently considered and n specifies the total number of increments.

Proof:

For [ = 0, we have I = 0 and require an analytic expression for
E?S [exp (iZth) |Xt07 ‘/;50] = E(tQ()) {E% [ng1 [exp (iZth) |th—1 ) ‘/tnfl} "'|Xt1 ) W1j| |Xt07 V;fo}
For n = 1, we have

E2 [exp (i2X4,) | Xto, Viy) = explizXy, + D1a(m1,i2,0)Viy + Cr1(11,i2,0)] (2.199)

to
For n = 2, we have
E?S [Eg [exp (iZth) |Xt17‘/;51] |Xt07 ‘/;50]

= E?S [exp [iZth + D2;2(7—2a iz, O)th + CQ;Q(TQa 1z, O)] |Xtov Vto]
= exp[izXy, + D12(71,02, D22(72,12,0))Vi, + Cra(71, iz, Da;a(72,12,0)) + Co2(72,2,0)]

(2.200)
Continuing in this manner, for n > 2, we obtain
EQ [E2 [E2_, [exp (2X0,) [ Xt s Viy] X, Vi | X1, Vi |
= exp |12Xt, + Din(71,12, Da.p) Vi + i Crnin(Tm, 12, Dint1:n)
" (2.201)
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For | > 0, we have [ = 1 and require an analytic expression for

E(% [eXp (Z.Z("/o,S)th + iZth) |Xtov Vto]
B [exp iz X0 ) B2 [exp (i2X0,) [ X, Vil [ Xea, Vi

= E% {E?Ll [exp (iz("u,fB)th)E(g [exp (iZth) |th7v;51] |Xt1717‘/;5171} "'|Xt07 V;fo}
(2.202)

For a % type option, we have 2y, = —z and so iz¢,+iz = 0 while for a $ type option, we have zg = —(2+1)

and so izg + iz = 1. Hence, we define I := H[ = iZwg + iz. In what follows, we make use of the

2008 =2s]

appropriate version of equation (2.201) to determine ES’ lexp (12Xt,) | Xy, Vi, |-

For ! =1, we have
E% [exp (iz("u,ﬂi)th) E% [exp (ZZth) |Xt1 ) Wl] |Xt07 V;fo}

= IE(% exp

Hth =+ D2;"(7-25 iZ, D3;n)‘/tl + Z Om;"(va iZ, DerL")] |Xtoa ‘/to

m=2

= €xp []IXto + D(lf?m (7-17 Hu D2;n (7_27 iZ, D3;n))v;€0]

C(l/:fzn (7-17 Hu D2;n (7-27 ’iZ, D3;n)) + Z Cm;n(Tmu iZ, Dm—i—l;n)}

X exp
m=2
(2.203)
For [ = 2, we have
Eg [Eg [exp (iz("u,ﬂi)th) Eg [exp (iZth) |Xt27 V;fz] |Xt1 ) ‘/;51] |Xt07 V;fo}
= Eg [Eg [exp []IXt2 + D3;"(T37 1z, D4;n)‘/tz] |Xt1a ‘/tl] |Xtov Vto]
X exp Z Crsn(Tm, 12, Diy1in)
Lm=3
= Eg [exp [Hth + ng;{n(TQa ]I, DS;n(TB, izv D4;n)>VtJ |Xt07 Vto]
X exp 0(2/725),77.(7—2’ H, Dg;n(’?’g, iZ, D4m)) —+ Z Cm;n('rma iZ, Dm+1;n)]
L m=3
= exp []IXtO + D(foin(Tl NiR D(g/:);)’n(T% L D3;n(7—37 iz, D4,n)))m0}
X exp [C55, (11,1, D53 (72,1, Dan (73,2, Dan)))]
xexp | C55), (72,1, Dan (73,12, Dan)) + D Conen (T, 2, Dmﬂm)] (2.204)
m=3

Continuing in this manner for [ > 2, we obtain

E2 [E?ﬁ [~~]ng1 {exp (12009 X1, E2 [exp (X, ) |th,141]th71,1/th1} ...|Xt1,vtl} |Xt0,VtO}

= exp {]IXtO + Dg?’ﬁ)n(ﬁ, I Dﬁ;;n)vto}
1 n
Z C;(;A;i),n (Tm, I[, Dg’jﬁ1)+l;n) + Z Cm;n (Tm7 7;2’, Dm-‘,—l;ﬂ)]

m=1 m=Il+1

X exp

(2.205)
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O

The analytic expression for the conditional joint characteristic function for X and V, derived in sec-
tion 2.2, is all we require to determine the functions Cj;)). ( -,-,-) and D20 (-, -,-) with the piecewise

constant, time-dependent parameter set

(K:ta0157Vtaptv)\tantvlutvo'tvpgvrtaqt) = (l{maeﬂhy’mapm’Amvn’ma,u’maO'M7p;ln7rm’q77l)]l[tm,1<t§tm]

(2.206)

where z,, 1= X (tgst ] form =1,...,n and all parameters z i.e. x,, is the constant parameter seen at

m—1,tm

to that applies over the period (t,—1, tm)-

We have the iterative expressions

Crun(Tmy 12, Dimt1:n) = C(Tm, 12, Dimsain) (2.207)
Dinin (T iz, Dynsin) = D(Tm,i2, D) (2.208)
Dittn = Dmt1n(Tm+1,12, Dimti;n) (2.209)

with D41, := 0. Regarding the subscripts of Cy,., and D,y,.y, the first subscript m specifies the current
increment and so the constant parameter set (K, O, Vins Py s Ty oy Oy Py T'ms @) that applies
over the period (¢y,—1, t,,]| where 7,, = t,,, —t,,—1. The functions D(7,,, 12, Dyny1:n) and C(7om,, iz, Dipt1n)

are presented in equations (2.78) and (2.79) of proposition 2 respectively, where iz, = D,yy1:n.
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Chapter 3

Issues regarding the semi-analytic

pricing formulae

3.1 The conditional characteristic function

For z := u — i¢ and ¢ := a + 1, the characteristic function
o0

Eg [e*%7 Xy, V3] = / e cos(uz) f,, »(|Zs,)dz + z/ ST sin(uz) f,, r(z|Zs,)dz  (3.1)

— 00 — 00

o0

is single-valued where f, .. is the corresponding density function and 7;, = (X,, V4,). The restriction
¢ € (¢min, (max) ensures that the real integrals do, in fact, exist. Within the affine framework, we can
work with +7(iz) (Where ~(iz) is defined in equation (2.88)) as seen from equations (2.102) and (2.103)

and can express the conditional characteristic function as

exp [( X+, + Re [D(1,iz,0)] Vi, + Re[C(7,iz,0)]] cos (uXt, + Im [D(7,iz,0)] Vi, + Im[C(7,iz,0)])
+ iexp[(Xi, + Re[D(r,iz,0)] Vi, + Re[C(T,iz,0)]] sin (uXy, + Im [D(7,iz,0)] Vi, + Im [C(7,iz,0)])
(3.2)

We can show that the functions D(r,iz,0) and Re [C(T,iz,0)] are even in ~(iz). Since Im[C(7,iz,0)]
features only as part of the argument of the trigonometric functions sine and cosine, Im [C(7, iz, 0)] must
be even in (iz) modulo a factor of 27 to ensure that the characteristic function is, in fact, even in v(iz)

and so single-valued.

Atu = 0 where iz = (, we obtain the moment generating function EZ [e¢*7|X,,, V},]| which is both real
and positive. Within the affine framework, E2 [e¢X7|X,,, V, ] = exp [( Xy, + D(7,(,0)Vi, 4+ C(7,¢,0)].
We now highlight several results, regarding the moment generating function, which will be referred to

within the chapter.

Proposition 5. For u = 0and ¢ € [(~,("]

(¢ = V(k—pr()®> -2 —1)¢ (3.3)
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with v(¢) = 0 for the roots ¢* where (= < 0and (T > 1. Foru = 0and { € (—o0,(7) U (¢F, 00)

Q) = ilmy(Q)] (3.4)
Q)] = -k~ p()? —v2[¢ 1] (8.5)

Proof: The quadratic function v?(¢) = —12(1—p?)(3+v(v—2kp)(+k? is concave in ¢ since —v?(1—p?) <
0. At ¢ =0, we have v%(¢) = k2 while at ¢ = 1, we have v*(¢) = (rk — pv)?. Therefore, we have the roots
¢~ <0and ¢t > 1with~y2(¢) >0for ¢ € [¢(—,¢H]. O

Proposition 6. Within the affine framework, we have
Im[D(7,¢,0)] = 0 (3.6)
and require that, for somen € Z,

Im[C(7,(,0)] = 27mn (3.7)

Proof: We can express the moment generating function as

exp [( X, + Re [D(7,¢,0)] Vi, + Re [C(7,¢,0)]] cos (Im [D(7,(,0)] Viy + Im [C(7,¢,0)])
+ iexp[(Xy, + Re[D(7,(,0)] Vi, + Re[C(7,¢,0)]] sin (Im [D(7,¢,0)] Viy + Im [C(7,¢,0)])

(3.8)
Since the moment generating function is both real and positive, we must have
Im [D(7,¢,0)] Vi +Im [C(7,¢,0)] = 27mn (3.9)
for some n € Z to ensure that both
sin (Im [D(7,¢,0)] Vi, +Im [C(7,¢,0)]) = 0 (3.10)
cos (Im [D(7,¢,0)] Vi, +Im [C(7,¢,0)]) > 0 (3.11)
Since equation (3.9) must hold for any positive V;,, we must have!
Im[D(7,¢(,0)] = 0
leaving us with the requirement that for some n € Z
Im[C(1,(,0)] = 2mn
a
From the proof of proposition 6 it follows that
D (1, L DY) lu=0) € R (3.12)

1We originally derived this result by tediously splitting the function into its real and imaginary parts and then made use of
the properties of even and odd functions. Subsequently, it was pointed out by Roger Lord, in a personal communication, that
the coefficient of the variance process can be shown to be real by simply appealing to the definition of the moment generating
function.

31



CHAPTER 3. ISSUES REGARDING THE SEMI-ANALYTIC PRICING FORMULAE

for0 <1 < n.Givennandl, Di’y) (12,1, Dj3), |u=0) has the same form (regarding the terminal conditions

i1 (%,$) (%,8) (%,8) (%,$) (%,$)
specified by the arguments [ and D;3) [u=0) as D;"",., (71,1, D) 5. u=0), Dp3), (73,1, Dy lu=0)
has the same form as D}, (71,1, D", 5lu=0) and so on. Hence, we have
8) 8)
Dl;m;n(Tm7 H’ Dl;m+1;n|U:0) eER (313)

form=1,...,nand 0 <l <n.

The logarithm of a complex number Z is multi-valued since its imaginary part is the argument or angle

of Z. Specifically, we have

log(Z) = In(|Z])+iarg(Z) (3.14)
arg (Z) = Arg(Z)+2mn (3.15)

where In (Z) is the natural logarithm of Z, | Z] is the modulus or absolute value of Z, Arg(Z) € (—m, 7]
is the principal branch of arg(Z), n € Z where values of n other than zero shift the argument of Z to
alternative branches with each branch specifying a single-valued portion of the argument of Z. Defined
as such, arg (Z) has a branch cut along the negative real axis in the complex plane (including the origin).
Working counter-clockwise, as Z crosses the branch cut, its argument increases from say, the value =
along the branch cut to the value 7 + € where these two points lie in different branches. When evaluated
with a software package such as MatLab, the argument of a function is restricted to its principal branch.
In this example, as the function crosses the branch cut it is forced to jump from the value 7 along the
branch cut to the value —7 + e.

Regarding the condition characteristic function for the Heston model, we work with the logarithm of

the complex function (7, iz, 0). Focussing on the moment generating function, we have the following.

Proposition 7. Foru = 0and { € (—o00,(™) U (T, 00), re-defining

arg[$(r,(,0)] = —5Imb(Q)]7 3.16)

ensures equation (3.7) of proposition 6 is satisfied for any value of 252 In particular, we have Im [C (7, ¢, 0)] = 0.

Proof: From proposition 5, we have v(¢) = i{Im [y(¢)] foru = 0and ¢ € (—o0, (" )U(¢T, o) and working

from equation (2.103) of the proof of proposition 2 in section 2.2, we obtain

0
(06,0 = -2 (Gimb(©] 7 + arglur.,0)]) 3.17)
Working from equation (2.102), we would obtain
2k6
m[C(r,(,0)] = — (%Im O) T — ang [(7, . 0>e”<<>f}> (3.18)

From equation (3.7) of proposition 6, we know that Im [C'(7, ¢,0)] must be an integer multiple of 2.
Focussing on equation (3.17) and assuming that this requirement is satisfied for a particular branch
of arg[¢ (7, (,0)], it does not necessarily follow that the requirement is satisfied for alternative branch

choices because of the constant 2,%9 attached to this multi-valued function. Re-defining

arg[0(7,¢,0)) = —3Im[(Q)]r 3.19)
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ensures that the requirement is satisfied for any particular choice of the parameters «, § and v i.e.
Im [C(7,¢,0)] = 0. We can show that (7, ¢,0)e7(¢)7 is the complex conjugate of (7, (,0)? and so we

obtain the same result if we work from equation (3.18) instead. [J

From the proof of proposition 10 in subsection 3.2.2 (which follows) it will be clarified that for { €
(¢min ¢=) U (¢, ¢™*) we have

%Im WOl € (0,7) (3.20)

and so by making use of proposition 7 we are effectively restricting the multi-valued argument to its

principal branch.

3.1.1 Discontinuities introduced by the complex logarithm in the Heston model

Regarding the conditional characteristic function for the Heston model and working from equation

(2.103) of the proof of proposition 2 in section 2.2, we obtain

0 2k0
Im[C(r,iz,0)] = (r—qur+ % [Im [b(iz)] — Im [y(iz)]] 7 — U—’z arg [1h(r,iz,0)]  (3.21)
Had we started off working with equation (2.102) (where only the sign of the square root function differs
from that in equation (2.103)), we would have obtained

Im [C(r,i2,0)] = (r—qJur+ ’Z—f [Im [b(i2)] + Im [y(i2)]] 7 — QU—’ZG arg [1/;(7, i2,0)e7)7] (3.22)
The conditional characteristic function as originally presented in Heston [1993] is expressed in terms of
equation (3.22). In principle, equations (3.21) and (3.22) are the same (multi-valued) function. However,
when evaluated within a software package, arg [¢(7,iz,0)e?(#)7] is restricted to its principal branch
which introduces discontinuities when the function crosses the negative real axis. This problem was
originally noted in Schobel and Zhu [1999] footnote 7 where the authors suggest keeping track of the
complex logarithm along its integration path. Effectively, one must correct any discontinuities arising
from the restriction to the principal branch of the multi-valued argument. In Kahl and Jackel [2005], an
algorithm is presented to avoid having to track the function. The key step is to redefine the imaginary

part of the complex logarithm as

arg {1/)(7', iz, O)eV(iZ)T} = Arg [A(iz, 0)e? )7 1} — Arg[A(iz,0) — 1]+ 27 (n —m)  (3.23)

2We can write
Im [v(¢)] (1 + cos[—Im [y(¢)] 7]) — b(¢) sin[—Im [y(¢)] 7]

Relv(r 6,00 = 2m (O]
imfoing0) = MO N Q) 1)+ I Qim0

For ¢ € (—o0,(™) U (T, 00), Euler’s formula gives us €7($)7 = cos[—Im [y(¢)] 7] — i sin[—Im [v(¢)] 7]. It follows that
Re [4(r,¢,0e7O7] = Refy(r.¢,0)]
Im [4(7,¢,0e7O7] = —Im[(r, ¢, 0)
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where?
m — int {Arg[A(ZT’ 0] + ”} (3.24)
0 = int {Arg[A(iz, 0)] +27T + Im [y(iz)] T:| (3.25)

For a detailed discussion of equation (3.23), we refer the reader to the original article.

However, in Lord and Kahl [2007], the authors observe that an ‘alternative’ expression for the condi-
tional characteristic function has emerged in the relevant literature since Heston’s seminal work. The
defining difference being that Im [C(r, iz, 0)] is a function of arg [¢(7, iz, 0)] rather than

arg [w(T, iz, O)eV(iZ)T} i.e. the alternative arises from working with equation (3.21) rather than equation
(3.22). It has been noted that using this alternative leads to results free of any complex discontinuities.
In Gatheral [2006], it is conjectured that arg [¢)(7, iz, 0)] may be restricted to its principal branch without
introducing any discontinuities (this claim is made at least for Heston’s original representation of the
option price which has the ‘Black-Scholes’ form of equation (2.39) and so makes use of the characteristic
function for ¢ = 0,1). Several attempts have been made to prove this result. In Lord and Kahl [2006]
a proof is provided for ¢ € (¢, (") with the restriction p < S or ( < % and £ < p < 2. In Al-
brecher et al. [2007] a restriction free proof is provided for ¢ > 1. In Fahrner [2007], a proof is provided
for the ‘displaced-diffusion” extention of the Heston model (which we elaborate on in subsection 3.5.3),
specifically for the case ( = £. Finally, for the (time-homogenous) Heston model, the issue is laid to rest
in Lord and Kahl [2008] where a restriction free proof is provided for ¢ € (¢™®, (™?*). Hence, we can
restrict arg [¢(7, iz, 0)] to any one branch, for all u € [0, 00). We return to the issue of branch cutting in

section 3.5, where we allow for piecewise constant, time-dependent parameters.

Discontinuities arise when the branch cut is crossed. However, this in itself is not the reason for the prob-
lem. Referring to the form of the conditional characteristic function as presented in equation (3.2), we
see that Im [C'(7, iz, 0)] features only as part of the argument of the trigonometric sine and cosine func-
tions. The problem arises specifically because of the constant coefficient of the multi-valued argument
or angle, 222 The value Im [C(r,iz,0)] may be specified modulo a factor of 25227. Hence, restricting the
argument to a specific branch when the branch cut is attainable by the original function leads to discon-
tinuities when the function crosses the branch cut, the argument is forced to jump by an integer multiple
of 27 and Im [C(7,iz,0)] jumps by a non-integer multiple of 27. When working with equation (3.21)
where the range of ¢(7,iz,0) does not include the branch cut, one can specify any particular branch, for
allu € [0, o). The principal branch avoids any complications introduced by the constant coefficient 2.

3.1.2 A second discontinuity

In Albrecher et al. [2007], a second discontinuity is noted at u = 0. As effectively stated by the authors,

for z = u — i¢, to avoid a discontinuity in v(iz) at u = 0, let v(¢) := lim, ¢ y(iz).

We analyse this issue in more detail to illustrate that it can, in fact, be ignored. From the definition of

3int(z) refers to the integer part of =
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7(iz) in equation (2.88) of proposition 2 in section 2.2, we have

iz) = V=l =12 = )¢ + w22 (1 — ?) — i P2 — 1) + 200f — ] (3.26)

Restricting ourselves to the principal square root (whose real part is positive), we have the following
result from Rabinowitz [1993]:

Theorem 1. If a and b are real (b # 0), then v/a + bi = p + qi where p and q are real and are given by
1
p = 7 Va2 +b2+a (3.27)

. - Sigjg” V@ + 8 —a (3.28)

Theorem 1 allows us to highlight the case within which a discontinuity arises. For a < 0, we have

1 -1
1{)1%1\/@—1-172' = —+/|a|+a+i—=+/|a|—a

V2 V2
= —iv—a (3.29)
since limy sign(b) = —1 while for b = 0, we have
Va = iv—a (3.30)

From equation (3.26), we see that as u | 0, the problem arises for v?(2¢ — 1) + 2pv[s — pv¢] > 0 and
[k — prC]? — v3(¢ — 1)¢ < 0. Atu = 0, we have v(¢) = iIm [y(¢)] while

lim (iz) = —ilm [7(¢)] (3.31)

and so a discontinuity arises, at « = 0, as the function switches sign from its limit at this point.

For v(¢) = iIm [y(¢)], Matlab evaluates Im [C(, ¢, 0)] (from the representation in equation (3.17)) as

Im[C(r 6.0 = ~25 (SEmB] T+ Arglu(r. 0] ) 6.2

For v(¢) = —iIm [y(¢)], Matlab evaluates Im [C(7, (,0)] (from the representation in equation (3.18)) as

m[C(rc0)] = 20 (

V2

%Im V()] T — Arg |¢(T, ¢, O)eW“)TD (3.33)

However, as pointed out in the proof of proposition 10, ¥(7,¢,0)e?(©)7 is the complex conjugate of
¥(7,¢,0). Hence, Arg [¢(7,¢,0)e7©O)7] = —Arg[y(r,¢,0)] and Im[C(7,(,0)] is evaluated as an odd
function of Im [v(¢)].

Assuming Im [C(T, ¢, 0)] satisfies equation (3.7) of proposition 6 for —Im [y(¢)] it then follows from the
odd property that the requirement is also satisfied for +Im [y(¢)]. Therefore, the sign change in Im [y(¢)]

does not affect the moment generating function.
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3.2 Strip of regularity

The range of ¢ := a + 1 such that the moment generating function E2 [e¢X7|X,,, V;, ]| exists is referred
to as the strip of regularity. For this strip, the option price obtained via a Fourier inversion in equation
(2.11) exists subject to points of singularity at v = 0 and { = 0,1. From the discussion in subsections
2.1.1 and 2.1.2, we need only to consider the respective conditional characteristic and forward (%, $)
characteristic functions to determine these strips for European and Forward Starting Options where, for

the latter, we refer to the strip as a (%, $) strip of regularity.

In this section, we determine the strip of regularity for the SVJ] model (allowing for piecewise constant,
time-dependent paremeters) with respect to European and Forward Starting Options. Making use of

proposition 4 in section 2.4 and Jensen’s inequality, we have

[exp (iz(%s)ﬁth " ithn) Xy, Vto} ’

< H exp (zz(/s,Hth +izXy, ) ‘|Xt0, Vto}
- [exp (Re i20s] Xy, + Xy, ) |Xt0,vto}
= exp[( ]I+<)Xt0+Dl1n(T17HDl2n‘ )Vto}
l n
X exp Z C;,i)n (Tmu]l Dl imA1nly= 0) + Z Cm;n (Tm7<aDm+1;n)‘|
m=1 m=Il+1
(3.34)
To clarify our notation
D(/ S)+1 n|u 0 = D;/72+1 n(Terl,H,D; m+2n(7’m+2,ﬂ, ---Dz/l’ly;sll(n,ﬂ,Dl+1;n(7l+17C;Dl+2;n))---))

ie. C and D are functions of ¢ rather than iz. The required strips of regularity may all be determined
from equation (3.34). Focussing on the European case (ﬁ = 0) in subsections 3.2.1, 3.2.2,3.2.3 and 3.2.4,
we determine the effect of the continuous diffusion and jump components of the characteristic function
on this strip separately and allow for piecewise constant, time-dependent parameters. In subsection
3.2.5 we determine the % and §$ strips for the corresponding Forward Starting Options (I = 1).

We begin by identifying useful properties of the cumulant generating function in the affine framework

where the cumulant generating function is the natural logarithm of the moment generating function.

Proposition 8. The cumulant generating function K (C) := In (E2 [e“*T[Xy,, Vi, ]) is convex in ¢. Within the
affine framework, where K (¢) = ( Xy, + D1;n (71, ¢, Do) Vig + >om— i Conin (Tins €, Din13n), the functions
Do (Tiny € D) form =1, .. onand Y | Croin (T, €, Dm+1m) are also convex in (.

Proof: We have

0? 1 2
K@) = [E2 [ | Xi,, Vig) B2 [e<57 X2 X1y, Vi ] — B2 [e457 X1] X, Vi
a<2 (C) E(% [ecXT|Xt0, W0]2 to [6 | to to} to [8 T| to to] to [e T| to to}

In Venezian [2005] the author points out that the convexity of K () may be determined from the Cauchy-
Schwarz Inequality:
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Theorem 2. Let yi(z) and yo(x) be real, integrable functions in [a, b] then

b 2 b b
[ / y1<x)y2<x)d4 < / () de / () de (3.35)

with equality if and only if y1 (x) = kya(x) where k is a constant.

Setting y1 () = /e f, ,(¢[T4,) and ya(z) = |/e$* f, . (x|Z4,)x yields the inequality

EQ [ecXTXT|XtU,VtO]2 < E2 [eY7(Xy,, Vi | B2 [eXT X7 X4y, Vi (3.36)

to

where the restricted range ((™™", (™) for ( ensures that the integrability assumption is satisfied and so
we have
52
¢z
Furthermore, in the affine framework, we have K (¢) = (X, + D(7,¢,0)V;, + C(7,¢,0) and so we can

write

K¢ > 0 (3.37)

0? o o
8_§2K(C) = 8—<2D(T,<,O)V§g0 +8_CQC(T’<’O) (3.38)
Equation (3.38) must be strictly positive for any positive V4, and so we must have
92
8—<2D(T, ¢,0) > 0 (3.39)
92
8—@C(T’ ¢,0) > 0 (3.40)

Considering the iterated extension for K (¢)

In (Eg [E?ﬁ [...E%fl [exp (CX1,) [Xt, s Vi ] ...|Xt1,vt1] |Xt0,VtOD (3.41)
we have
(Xt + Di:n (71,6, Dain)Vig + D Coza(Tons G Ding1m) (3.42)
m=1

at ¢p and so from the argument above, we must have

32
a—é.QDl;n(Tlv C; D2;n) > 0 (343)
0? &
6—4.2 Z Om;n('rma C; Derl;n) > O (344)
m=1

This holds for any n > 1.

Given n, Ds.,,(72,(, Ds.,) has the same form (regarding the terminal conditions specified by the argu-
ments ¢ and D3,,) as D1.,—1(71,(, D2n—1), D3;n(73,C, Da;n) has the same form as Dy, —2(71, ¢, Da;n—2)

and so on. From this, we have

32
a—é.QDm;n(Tma C; Derl;n) > 0 (345)

form=1,...,n.0

37



CHAPTER 3. ISSUES REGARDING THE SEMI-ANALYTIC PRICING FORMULAE

3.2.1 Strip of regularity for the diffusion component

For the diffusion component of the SVJJ characteristic function i.e. the Heston characteristic function,
we now determine appropriate conditions to identify the critical values (™" and (™** of the strip of

regularity, allowing for piecewise constant parameters.

Proposition 9. For m =1, ..., n we can write

[bm(<) + '7m(<)] + h/m(g) B bm(éh)]e_’ym(oﬂn — V?an-i-lm[l — e_%n(C)Tm]

Ymin (T, €, Dm-i—l;n) = 27m(C)

with

[2 + b (GF) 7] — V72an+1;n|g:g$Tm

li min\Tm, aDm n =
Cg?iw (T € Dint1;n) 5

where (£ are the roots of the quadratic function v2,(C). The critical values (™" and (> satisfy
1/)771;71 (va C; Derl;n) = 0 (346)

with (2" the largest value in the range (—oo, 0) and (™2* the smallest value in the range (1,00).

Proof: Working from equations (2.78) of proposition 2 in section 2.2 (and bearing in mind the iterative

expression in equation (2.208)), we can write

Dm;n(Tma <a Dm-i—l;n)
’/rQan-Fl;n ([bm(C) + ’Vm(C)]e_%n(OTm + [VW(O - bm@)]) - [%271(0 - bfn(ﬁ)][l - e_'Ynl(C)Tm]
V2, ([bm(€) + ¥m (O] + [¥m(€) = b (O)]e=1m (O — 12 Dip1;n[1 — e (O7m])

Working from equations (2.80) of proposition 2 (and bearing in mind the iterative expression in equation

(2.207)), we can write

Cm;n(Tmu Ca Dm-l—l;n)
Km0

= 2 = [0 (C) = Y ()] T
C 26mOm b (C) + ¥ Q)] + [m(€) = bin(Q)]e™ O — 12 Dy gy [1 — e 1m(O7m]
2 %8 < 29m Q) )
For
B (€) + Y (O] + [ () = b (O)]e O — 12 Dy 1 [1 — e (O] = 0 (3.47)

both Dy (Tin, ¢, Dint-1:n) @and Corepy (Tiy ¢, Dimt1:0) explode.

At ¢ = (£ we have v,,(¢) = 0 with D,y (T, ¢, Dint1:0) and Crp (T, ¢, Dint1.0) both functions of the

indeterminant J form. Applying ’'Hopital’s rule, we have

V,QanJrl;n|g:g$1 [2 - bm(Cr:rE)Tm] + b%((fg)Tm

lim Dy,.p Tm, Cv D,, 1;n = (348)
3, Do ) = Bt b (R 7] — 2 Dol 7o)
. = ’{mem + 2’im9m [2 + bm (C;E)Tm] - V?an+1§"|<:C$ Tm
Jm, G (7. € Donin) - = =57 (G — =57 Lo < >
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When the denominator in equation (3.48) is zero the numerator is % 80 Dpon (T, G, Dint1:0) explodes

to positive infinity. At this point, Cy,.n (T, ¢, Ding1:0) also explodes to positive infinity.

When equation (3.47) is satisfied for v,,(¢) # 0, Cyzn(Tim, ¢, Dint1:n) €xplodes to positive infinity while
the sign of D,y (7o, ¢, Dim1:n) is unclear. At this point, the numerator of Dy, (Tim, ¢, Dint1:n) 18

475, (Q)e”m O
1 — e 1m(OTm

(3.49)

and so for 7,,,(¢) # 0 there are no further complications. The convexity of D,,.»,(Tim, ¢, Din+1:n), estab-
lished in proposition 8, tells us that the sign of the explosion must be positive and s0 Cy,., (T, ¢, Dint1:n)
explodes to positive infinity only when Dy, (T, ¢, Din1:) (Whose integral it is a function of) explodes
to positive infinity.

At these points of explosion, we have the logarithm of zero in Cm;n(Tm, ¢, Dpm+1;n) and so, for ¢ €
(¢min, ¢max) and all u

wm;n (Tm7 iZ, Dm-i—l;n) 7& 0 (350)

We now show that the range [0, 1] always lies in the strip of regularity. At ¢ = 0,1, we have v(¢) = |b(¢)/|.
For b(¢) # 0, this gives us

2D 4 150bm (C)e”bm (T

Dm"ﬂ msy Sy Dm n 3.51
T & D) = (o 0 = 2. Doyl = 0] o0
For b(¢) = 0, we have an indeterminant § form. I'Hopital’s rule gives us
. 2Dm+1'n
1 Dy my Gy Dopain = : 3.52
b(cl)n_l’o 7 (T C i ) 2 - 1/7271Dm+1;n7—m ( )

For m = n, we have D, 1., := 0 and so from equations (3.51) and (3.52), we have D,,.,,(7»,¢,0) = 0.

Working backwards, from m = n — 1 to m = 1 an inductive argument yields
Dpin(Tim, ¢, D) = 0 (3.53)

form =1,...,nand ¢ = 0,1 and from proposition 8 we know D,,,.;, (T, ¢, Dm+1;5) is convex in ¢. Hence,
¢min < gand (U > 1. 0

For a piecewise constant parameter set, we must work backwards from the nth to the 1st increment to
determine the effect of each increment on the strip of regularity. For the nth increment, we determine
¢min < 0 and (M > 1 from equation (3.46) for m = n. For each preceding increment m < n, we then
determine whether equation (3.46) is satisfied for ¢ € (¢2i,0) and ¢ € (1,{2%). If so, these critical

values (™" and (2% replace (7, and (%%, respectively.

3.2.2 Bounds for the strip of regularity within the Heston Model

We now derive bounds for the critical values (™ and (®#*. For n = 1, these are bounds for the strip of
regularity (¢™", (™) in the Heston model.
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Proposition 10. For x > 0and 7 > 0, we define

- (V—2/{p):|:\/(V—2/€p)2+4(52+f—§)(1—p2)
¢ = ) (3.54)

where (%F = (* (the roots of the quadratic function v%(()).

Casel: -1 < p<0

¢mnoe (¢, (3.55)
e (¢ (3.56)
Furthermore, at p = 0, we have
¢min =1 — (3.57)
Case2:0<p<1
¢mte (P, () (3.58)

with subcases for ("™

Case2a:0< p<landk —pr <0

We search for (™ in the range (1, (). If (™ does not fall in this range, we must determine whether (* = ”:—V%.
Ifso ¢™ = (F. If not (™ € (¢F, ™),

Case2b: 0 < p <1, w—pv>0and 2 < ("

We search for ("™ in the range (4=, ¢ ). If €™ does not fall in this range, we must determine whether (T =
L2 Ifso (™% = CF Ifnot (™ € (¢, (7).

Case2c:0<p<l,k—pr=20

We have ¢t = 1and (™ € (¢*,¢?™T).

Proof: From proposition 9, we know that the moment generating function explodes to positive infinity

only when ¢(7, ¢,0) = 0. We can write

[b(Q) + (O] + [(¢) —b(QJe O

Y(7,¢,0) = 2(0) (3.59)
Jim, 0(r.¢,0) = 2N (3.60)
which yields the conditions
b(C) (1_e*7<<>f)+~y(<) (1+e*V<<>7) -0 (3.61)
b(Ci)Jr% =0 (3.62)

from which we can determine (™ and (™2,

We have b(¢) = k — pr¢ € R and from proposition 9, we know that (™ < 0 and ¢(™** > 1. We now
consider the range [¢~,0) U (1, ¢*]. To satisfy equation (3.61) for some ¢ € (¢~,0) U (1,(") where, from
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proposition 5, we know v(¢) € R, we require b(¢) < 0 since y({) > 0. To satisfy equation (3.62) for
¢ = ¢*, we also require b(¢*) < 0.

Casel: -1 <p<0
Making use of the inequality

(v —2kp)2 +4r%(1 - p*) < (v+2kr)? (3.63)
we obtain, for —1 < p < 0,
_ (v —2kp) — /(v — 2Kp)% + 4k2(1 — p?)
b - k-
1+p

o (1 - pz)

> 0 (3.64)
and since %(CO = —pv > 0, we have b(¢) > 0 for { > (. For p = 0, we have b({) = k > 0. Hence, for
—1<p<0,¢M» < ¢ and (™2 > ¢t
Case2:0<p<1
Here ﬂ(é) = —pr < 0 and b(0) = k > 0 and so we need only to consider the range (1,(*]. Since

b(1) = k — pv, we must consider the sign of kK — pv:

Case2a:0<p<landrk—pr <0
Here b(1) < 0 and so we must consider the entire range (1,("]. At { = ¢, we have an explosion if

b(¢T) = —2 and so we need to confirm whether (T = N:—f if ¢max & (1,¢T).

Case2b: 0 < p <1,k—pv>0and 7 < ¢t
Here b(1) > 0 and for ¢ = =, b(¢) = 0 so we need to consider the range (piy, C*}. Again, we need to

ﬁ/

confirm whether (* = "X jf ¢mex ¢ (ﬁa<+)~

pv
Case2c¢:0<p<1l,k—pr=0
Here we have (T =1 and b(¢*) = 0 and so (™ > (*.

Hence, for 0 < p < 1, (™™ < ¢~ and if ("™#* does not fall within the intervals considered for cases 2a and
2b, we have (& > (T,

For (™in < ¢~ or (M > (¢, we must consider the intervals (—oo, (™) and ((*, oo) respectively where,
from proposition 5, we know v(¢) = iIm [y(¢)]. We now derive bounds for (™" < ¢~ and (™ > (.

Following proposition 7, we re-define

1
arg [¥(1,(,0)] = —§Im (O] (3.65)
For z > 0 and 7 > 0, we define (** as that in equation (3.54) such that Im [y(¢**)] = £ and ("% = (*
where 7(¢*) = 0. We restrict our attention to x € [0, 27] i.e. to the principal branch of arg [¢(, ¢, 0)].

From the RHS of equation (3.65), we see that 8%Arg [¢(7,¢,0)] > 0for ¢ € (¢*™~,(")and
(_,%Arg [¥(7,¢,0)] < 0for ¢ € (¢F,¢?™ ). Furthermore, Arg [¢)(7, (,0)] is continuous in (. At { = ¢, we
have (1, ¢*,0) = W € R. From subsection 3.1.1, we know (7, (*,0) > 0 assuming (™ # ¢+
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for cases 2a and 2b where 0 < p < 1 (in which case we would not need to obtain bounds for (™**). From
the fact that exp [i{Im [v(¢(*™*)] 7] = 1 where Im [y(¢(*™*)] = 2T and equation (3.59), we can see that

1/1(7—7 <2W7i7 0) =1.

For ¢™2* > (*, we start off on the positive real axis with Arg[¢(7,(",0)] = 0. Since Arg [¢(7,¢,0)] is
strictly decreasing in ¢ for ¢ € ((*,¢*™7), we rotate about the complex plane in a strictly clockwise
manner, into the negative imaginary plane, where the positive real axis cannot be attained again from
this plane. Furthermore, (7, ¢,0) cannot attain the negative real axis (again, from subsection 3.1.1) and
yet, we have ¢(7,(*™",0) = 1. Since Arg[y(7,¢,0)] is continuous in ¢, for ¢ € ((T,¢*™T), we must
have (M® < (?™% where (7, (,0) attains the origin at ("™#*. The same reasoning holds for (™" < (¢~
where Arg [¢(7,(,0)] = 0, the argument on this principal branch is strictly increasing and continuous
in ¢ for ¢ € (¢*™~,¢7) and ¢(7,¢*™~,0) = 1. The only difference, in this case, is that we rotate about

the complex plane in a strictly anti-clockwise manner, into the positive imaginary plane.

Finally, for p = 0, we have (™" = 1 — (™2*, We see this from the following argument. For ¢ := ( — %, we

(¢ = K2+ %uz —v2e? (3.66)

Therefore, v(¢) is even in € about the point ¢ = 0 and so even in ¢ about the point { = %

have

This symmetry which arises for p = 0 is noted in Lord and Kahl [2007]. O

This result tells us that (™" — (=~ and (™** — (* as 7 — oo and accommodates for Proposition 3.1 of
Lord and Kahl [2007] which says that (™** ~ (?™* for p ~ —1.

The proof of proposition 10 illustrates that (>™* are bounds for the critical values of (. However, the
proof does not determine whether these bounds are appropriate, meaning that it is not clear whether the
conditions used to determine these critical values in proposition 9 (for n = 1) can be satisfied for more

than one value of ¢ within these bounds. We now address this issue for p < 0.

Proposition 11. For p < 0, the explosion condition (7, ¢,0) = 0 can only be satisfied once in the respective
ranges (¢¥™~, ¢ ) and ((T,(*™F). Furthermore, we tighten the bounds for (™™ and (™ax,

For p <0
é-max c (Cﬂ',-’-’ <27r,+) (367)

where one can make use of the fact that for p = 0, (™0 = 1 — (™max,

Forp <0
<min c (é‘ﬂ',—’ <$07_) for ) <7 (368)
<min = (™ for zo=m (3.69)
Cmin c (Cmin[%\-,mo]w*’ Cﬂ"i) fOI’ Zo > T (370)
where
_ K 2 71
Ty = F(H_pV)T (3.71)
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Proof: For ¢ € (¢*™~,(7)U(¢T, ¢*™T) where v(¢) = iIm [y(¢)] and re-expressing the explosion condition
¥(7,¢,0) = 0, both (™™ and (™?* satisfy the pair of equations

. ]
sin(—1I T 3.72
(Imp©l7) = SR (3.72)
b(¢)? — Im [y(Q)]*
cos(—1I T) = 3.73
(Imb(@)) = pe e (3.73)

For ¢ = (** (where (** is defined in equation (3.54) of proposition 10 with Im [y((*'*)]7 = x and

¢%* = ¢*), we can show
O [ 22QOQIm(Q)) ) b(¢)? —Im[y(Q" | &¢
6w< e +1mh<<>]> - 2§(O<b<<>2+1mmo12>6w C7
0 (b2 -Im[H(QP) _ 2b(O)Im [y(¢)] | 9¢
6w<<> +1mh<<>]2> - <b<<>2+1mh<<>12> v ©7
with
% < 0 for ¢=com (3.76)
% > 0 for ¢=co (3.77)
and for p <0
o V2 pv¢ + k(1 —2¢)
£(CQ) = T (0] (b(§)2+lmh(c)]2> (3.78)
0 for (=¢"t>1 (3.79)
0 for (=¢* <0 (3.80)
With respect to equation (3.73), we have
& cos(~Im[(0)]7) = sin(~1m [3(0)] ) TN _ o (1 y(0)]7) (3.81)
and we know
sin(—Im [y({)]7) < O for x € (0,m) (3.82)
= 0 for z=m (3.83)
> 0 for x € (m,2m) (3.84)

For (™%, we consider the range (¢*,¢?™*+) where (* > 1, £(¢) < 0, 2 > 0and b(¢) = & — pv¢ > 0 for
p < 0. The RHS of equation (3.72) is, therefore, positive and so, from equation (3.84), we need only to
consider z € (7, 27) to ensure that equation (3.72) is satisfied. To satisfy equation (3.73), in this range of
x and for b(¢) > 0, consider that from equations (3.81) and (3.84), we have

%cos(—lm[v(g)]ﬂ > 0 (3.85)
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and from equation (3.75), we have

5 (M) —Im(Q)P
%<MvﬂmmmJ <0 (350)

Therefore, equation (3.73) can only be satisfied for one value of ¢ € (¢, ¢*™T).

For (™", we consider the range (¢*™~, (™) where (- < 0, £(¢) > 0, a—fc < 0. The sign of b(() is, however,

unclear. We have three cases to consider.

Case1: b(¢) >0
The same reasoning followed when considering (™** yields the result that equation (3.73) can only be

satisfied for one value of ¢ € (¢*™~, (™).

Case2: b(¢) <0

The RHS of equation (3.72) is negative and so, from equation (3.82), we need only to consider z € (0, 7)
to ensure that equation (3.72) is satisfied. To satisfy equation (3.73), in this range of x and for b(¢) < 0,
consider that from equations (3.81) and (3.82), we have

% cos(—Im[y(Q)]7) < O (3.87)
and from equation (3.75), we have
9 (b —Imp(QF) (3.89)
9z \ b(¢)? +Im [y(¢)]? ‘

Therefore, equation (3.73) can only be satisfied for one value of ¢ € ((™~, (7).

Case3: b(¢)=0
The RHS of equation (3.72) is zero and from equation (3.83), we see that equation (3.72) can only be
satisfied at { = (™.

From these cases, we now show that the presented bounds are appropriate for (™. Using equation
(3.76), we have

e o
or pax

Solving for the point (**'~ such that b({*°>~) = 0, we have

<0 (3.89)

(v —2kp) — \/(u—Qmp)2+4 (m2+ i—é) (1—p2)
e (1~ ) -0

Re-arranging terms, we obtain

T = % (k — pv) 72 (3.90)
p

Since b(() is decreasing in = we have b(¢) > 0 for x < zo and b(¢) < 0 for x > x.

If 2o = 7 then b(¢) > 0 for « € (0,7) and b(¢) < 0 for = € (m, 27). Hence, from the cases above we see
that ¢™i* = (™.
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If xo < wthenb(¢) > 0for z € (0,20) and b({) < 0forz € (xg,7) and x € [, 27). From case 1 we see that

¢min & (0, z0) and from case 2 we see that (™" ¢ [r, 27). Hence, from case 2 we have (™ € (¢™~, (% 7).

If m <29 < 27w thenb(() > 0forx € (0,7] and z € (7, z9) and b(¢) < 0 for z € (x¢,27). From case 1 we
see that (™" ¢ (0, 7] and from case 2 we see that (™" ¢ (g, 27). If 29 > 27 then b(¢) > 0 for = € (0, 27)

and from case 1 we see that (™" ¢ (0, 7]. Hence, from case 1 we have (™" € (¢™ezr.zol= (™ 7). [
The results of proposition 11 are valid for the nth increment in a piecewise constant setting.

As noted in Lord and Kahl [2008] for the time-homogenous case (n = 1), solving for the critical values
of ¢, in the manner presented in proposition 9, is not a well-posed problem as these values are not
unique. The bounds we have derived in propositions 10 and 11 are useful for dealing with this problem.
However, a slightly different approach is followed in Lord and Kahl [2007] where the critical values (™
and (™** are obtained by referring to Andersen and Piterbarg [2007] Proposition 3.1 (as presented in
Lord and Kahl [2007]):

The (-th moment of Sy, is finite for T' < T and infinite for T > T where T is given by one of three possibilities:

1. Forv(¢)?> > 0,b(¢) > 00r ¢ €10,1]

T — oo (3.91)
2. Forv(¢)? >0,b(¢) <0
(MO0
= (o) e
3. Fory(¢)?> <0
2 c
T — @ |:H[b(<)>0]ﬂ' + arctan <—%>} (3.93)

where ¢(¢) = |y(¢)].*

The approach proves useful when searching for the critical values of ¢ given T" (or the period 7) partic-
ularly for case 3 where v(¢) = iIm [y(¢)] and our explosion condition (7, (,0) = 0 is not unique for
¢ € (—00,0) and ¢ € (1,00). Regarding this critical time approach, we now motivate equation (3.93)
where b(¢) € R and the explosion condition may be written as

il = 1og (MO AMB(C
bl = o (3R ) (99
= (‘b(@)—z‘lmh(<)]D+ g<b<<>—ilmh<<)]) (3.95)

b(¢)—Im[y(¢)] b(¢)—ilm[y(C)]
know that b(¢) + iIm [y(¢)] does not cross the branch cut and we have

We have |2HIMNOL — 1 and arg (M) = 2arg (b(¢) +{Im[y(¢)]). Since Im[y(¢)] > 0 we

Arg (b(¢) +im[y(¢)]) € (0,m) (3.96)

The function &(¢) was originally defined as %\'y(g‘ )| in Lord and Kahl [2007], the typo was observed by Roger Lord as a result

of a discrepancy between the outcome of our respective approaches.
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From the proof of proposition 10 we know that for ¢ € (¢*™~,(7) U (¢*,¢*™T) we have

—Im[y({)]r € (-2m0) (3.97)

Hence, the critical period for a given value of ( satisfies

. 2 .
T = T (0)] [Arg (b(C) + im [y(¢)]) — ] (3.98)

For a given 7 equation (3.98) may be used to solve for (™" and (™** where one can conveniently make

use of the bounds we have derived in this subsection.

3.2.3 Bounds for the strip of regularity within the Heston Model allowing for piece-

wise constant parameters

Proposition 12. For the incrementsm =1,...,n — 1,z > 0and 7, > 0, we define

(Vi — 26mpm) £ \/(vm — 26mpm)? +4 (m?n + f—f) (L—p2)
T, + . "

bm;n(<a Dm-i-l;n) = bm(<) - 7/72an+1;n (3100)

and assume Yp.n (T, 12, Dimy1.n) cannot lie on the branch cut (—oo, 0).

We search for (™0 in the range (¢,,,0). If (™ does not fall in this range, we must determine whether
bmin(Gns Dim1in) = =2 If so Gt = G If mot ¢t € (G~ G-
We search for (™2 in the range (1, (). If (22 does not fall in this range, we must determine whether

bmin (G Do) = =2 150 G = G If mot G & (G, )

For py, = 0, we have

Coin = 1 — g (3.101)

Proof: From proposition 9, we know that ¢,., (i, ¢, Dint1:0) = 0 at (21 and (%, We can write

[bm;n(<a Dm-i-l;n) + 7m(<)] + ['7m(<) - bm;n(C7 Dm—i—l;n)]e_%n(C)T

7/)m;n(7'mv<7Dm+1?”) 27m(C)

(3.102)

2 bmn - ) Dotiin
(hI?i 1/)m;n(7'ma Cv Dm+1;n) - i ’ (<"2L +; )T (3103)

We follow the same approach as that used to prove proposition 10 as we have b,,.,, (¢, Dynt1;n) € R since
Dii1:n = Dt (Tmt1, ¢ Dig2.n) € R from equation (3.13) with ¢,,, < 0 and ¢/}, > 1. However ap-
proaching the problem in terms of the sign of by, (¢, Dyn+1.,) is nOt as convenient as the corresponding

case in proposition 10 where we need only consider the sign of b, (¢).

Following the proof of proposition 7, we re-define

A8 [ (7 G D )] 1= — g (O] 7 (3104
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For z > 0 and 7, > 0, we define (;* as that in equation (3.99) where Im [y (¢f;*)] = £ and (% * = (i

with y(¢E) = 0. We restrict our attention to « € [0, 2] i.e. to the principal branch of arg (.. (Tm, ¢, Dim+1:n)]-

From the RHS of equation (3.104), we see that (_,%Arg [ (Toms € Dims1:n)] > 0 for ¢ € (¢, ¢") and
%Arg [Vmin (Tim, ¢, Ding1:n)] < 0 for ¢ € (¢, ¢*™ ). Furthermore, for the intervals considered,

Arg [Yrmin (T, ¢, Dy 1;0)] is continuous in ¢.

At C = 1%’ we have wm;n(Tm7<$7Dm+l;n) = 2+bm:n(<$)2Dm+1m)Tm c R.If bm,n( r%qu-i-l;n) = —%

then (max = (f and (M" = (, respectively. For (™® < (= and/or ¢(™® > (*, we consider that

Vimisn (T ¢, Dimg1;n) > 0 (by assumption) and make use of the fact that ¢, (7, (25F, Dipy1n) = 1.

The result follows from the same reasoning as that followed in the proof of proposition 10 as does the
fact that ¢i" = 1 — (™M for p,,, = 0. O

Regarding the critical time approach and equation (3.98) in particular, we can accommodate for piece-

wise constant parameters by replacing b(¢) with by,.,,(¢, Dyny1;n) € R and so we have the critical period

2
T = ———— [ATg (bym:n((, Dimt1in) + M [y, (Q)]) — 7 (3.105)
For a given 7,,, equation (3.105) may be used to solve for (" < (;, and (2% > (| where the critical

values lie in the respective intervals (¢?™~, () and (¢}, ¢2mF).

3.2.4 Strip of regularity for the jump component

We now present an approach with which to determine the critical values '™ and /(1 of the strip of
regularity for the jump component of the SVJJ characteristic function, allowing for piecewise constant,

time-dependent parameters.

Proposition 13. For the increments m = 1, ..., n, the strip of reqularity for the jump component (’ (&=, 7 (max)

is specified such that

min [1 - Cnmp}]n - WmDm;n(Tma ¢, Dm+1;n)a 1- C??mp'fn - WmDm;n(Ov ¢, Dm+1;n)] (3.106)

is positive. Subject to the parameter restriction 1 — nyp;, > 0, 7¢I < 0 and 7™ > 1 and at these critical

points equation (3.106) is zero.

Proof: Referring to the joint characteristic function for the jump sizes Jx and .Jy-, derived in the proof of

proposition 2 in section 2.2 and making use of Jensen’s inequality, we have

IN

E2 [exp (izJx + D(s,iz,i2,)Jv)] ’ E2 H exp (izJx + D(s,iz,1zy)Jv) H

= E(t@ [exp ((Jx + Re[D(s,iz,iz,)Jv])]
_ eSrtace” 3.107
~ (L=Cnp? —nRe[D(s,iz,iz,)]) (3.107)

From the derivation of equation (2.114) in the proof of proposition 2, we know that equation (3.107) is

valid only for 1 — (np’ —nRe [D(s,iz,izy,)| > 0.

From proposition 19 (which follows), we have Re [D,., (S, 72, Dint1:0)] < Dinin (8, ¢, Dint1;n) SO

1- Cﬁmp‘fn — nmRe [Dm:,n(sa iz, Dm+1;n)] >1- Cnmp'fn - anm;n(Sv ¢, Derl;n) (3-108)
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From the inequality in equation (3.108), we need only to ensure that

1- Q?mp;ln - anm;n(Sa <7 Dm-i—l;n) > 0 (3109)

to ensure that the joint characteristic function for the jump sizes Jx and Jy exists.

From proposition 2, we have the parameter restriction 1 — 7,,p;, > 0 and so for ¢ € [0,1], we have
1 —¢nmp;, > 0. From proposition 20 (which follows), we have D,,,.,(s, ¢, Dypt1:n) < 0 for ¢ € [0,1]. This
yields

1- Cnmp;'n - anm;n(Sa ¢, Dm+1;n) >1- Cnmp}]n >0 (3.110)

and so from equation (2.115) in the proof of proposition 2 we have

_ Tm 1
Jm‘n Tm s ;Dm n = ds 3.111
7 ( C o ) /O (1 - Q/]mp;ln - anm;n(Sa Cva-l-l;n)) ( )
Tm
_— 3.112
L= (nmpy, ( )

Therefore, the range [0, 1] always lies in the strip of regularity for the jump component subject to the
restriction 1 — 9, p;, > 0.
For ¢ ¢ [0, 1], we restate the defining ODE from the proof of proposition 2 in section 2.2,
9
0Os
where b, (¢) = Km—pmrm¢ and ¢(¢) = £¢(¢—1) and from equation (3.13) we know Dy (s, (, Dimy1:n) €
R. The function %Dm;n(S, ¢, Dmy1;n) is quadratic in Dy, (S, ¢, Dint1;) and convex since %ufn > 0, with

) — b (O Fvm ()
5 .

Vin

Dmm(sa Cva+1;n) = %V?nDQ(Sa C»Dm+1;n) - bm(C)D(Sa C»Dm-i-l;n) +¢(€) (3.113)

roots at Dy, (S, ¢, Dmt1n

For C S (Ciao) U (17 <+)/ we have bm(()r 'Ym(C)/ Am((a Derl;n)/ Am(<7 l)erlqn)6 R Where the form Of
A, and A,, is presented in proposition 2. We can write

- A — e=vm(Qs
Dm?"(s7<7Dm+1;n) _ (bm(<) Vm(g)) [A ( Am(<aDm+1;n) e~ 1m(¢

Z b () =vm(Q) ) o=y (¢)s
. ¢ Duern) = (P22 ) e
= bm(<) + '7m(<) Am(g Dm-l—l;n) _ e m(Q)s
V?n Am(C,Dm_,_lm) — e~ Tm(Q)s

] (3.114)

(3.115)

From equations (3.114) and (3.115), we see that D, (s, ¢, Di+1:n) # M as this would require

(bm(C)*'ym(C)
bm (C)"l")’m (C)

for ¢ = (;5. Furthermore, at ¢ = (%, the function Dy, (s, ¢, Dimy1:n) is of the indeterminant § form.

) = lie. v,(¢) = 0 which is not possible for the considered range of ¢ since 7,,(¢) = 0

However, we need only point out that, at { = ¢ *  the function %Dmm(s, ¢, Dpy+1;n) has a single root at
Dyyin (8,6, Dinsain) = bnl®) For ¢ € (—00,(7) U (¢T,00), we have 7(¢) € C i.e. the quadratic function

2
U'm.

has no real roots. This analysis yields

O Dyn(s,C. D) # 0 for Ce(¢¢Y) (3.116)
> 0 for ¢=¢(*F (3.117)
> 0 for (€ (—00,(7)U(CT,00) (3.118)
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For & Dyin(s,¢, Diny1:n) > 0and 0 < s < 7, we have

Dinin(0, €, Dt 1;n) < Dinin (8, €, Dt 1) < D (Tins € Dint15n) (3.119)
and so
L= Cnmpi = M Dmn (8, ¢, Dingim) > 1= Cmpiy = Mm Dmin (T, € Dinyain)
Therefore
_ T .
Jmen (T €, Ding1n) = /0 TG, _anmm(SanDm-i-l;n))dS (3.120)
Tm (3.121)

L= Cnmpy, — anm;n(Tmu ¢, Dm-l—l;n)

for 1—Cnm 0, —Mm Dmin (T, €, Dimt1:n) > 0. This ensures that Jp,., (T, 12, Diyy1:0) €Xists where J (7, iz, -)
is defined in equation (2.82) of proposition 2 in section 2.2.

For %Dmm(s, ¢,Dmt1n) <0and 0 < s < 7,,,, we have

Dm;n (07 Ca Derl;n) > Dm;n(sa Cv Derl;n) > Dm;n (Tm7 Ca Dm+1;n) (3122)
This yields
1= Cﬁmp'fn - anm;n(Sv Ca Derl;n) >1- Cﬁmp;’n - WmDm;n(Ov Ca Derl;n) (3123)
and
T (Tms €, Dt 1:n) / " ! d (3.124)
m;n\Tm, G Pm+1;n = S .
i 0 (1 - Q/]mp;ln - anm;n(Sa Cv Dm-l-l;n))
Tm (3.125)

1- Cﬁmp;’n - anm;n(Ov ¢, Dm+1;n)
for 1 — ¢nmp;, — MmDmin(0, ¢, Diti1.) > 0. This ensures that Jy,., (7o, 12, Dipt1.,,) eXists. O

From proposition 13, we see that setting 7, = 0 for all m < n, explosions cannot occur in the jump
component. Hence, in the SV]] model, only if we allow for jumps in the variance process do we need to

consider the strip of regularity for the jump component.

Solving for the critical values of ¢, from proposition 13, is a well-posed problem. We see this since, from
proposition 8, we know Dy, (T, ¢, Dint1:) is convex in ¢ for m = 1,...,n and D, (0, (, Diyy1:n) =
Dpt1:0(Tm+1, €, Dimyo:n). Hence, the equations 1 — (nmp;, — mDimin (Tm, ¢, Dimy1;n) and

1 — CMmpyy, — MmDmin(0, ¢, Diy1.n) are concave in ¢ and positive for ¢ € [0, 1] (subject to the specified

parameter restriction).

The strip of regularity for the characteristic function is given by (max[¢2™,7 (2i2] min[¢™*,7 (m2¥]) and

m ) m

so we may conveniently use (1" and (%% as bounds for /(" and 7 (™%, respectively.

3.2.5 Strip of regularity for Forward Starting Options

For % and $ type Forward Starting Options where the period ¢,, — t; + t; — ¢ is split into n increments

with the determination date ¢;, we make use of the forward (%, $) characteristic functions where u = 0 to
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determine the corresponding strip of regularity. The defining difference between the characteristic and
the forward (%, $) characteristic functions, expressed in terms of piecewise constant parameters for the
same number of increments 7, is that for the increments m = 1, ..., [, we replace iz (where iz is the second
argument of the functions C' and D) with I := ]I[Z(%ﬁ):%]. Hence, for the increments m = [+ 1,...,n, we
have the critical values (209 — (Min (Max,ces) — (max JEmin,®s) — Jmin gpd J¢max,os) — Jmax gnd we

need only to address the effect of this argument specification on the strip of regularity for the diffusion

and jump components of the characteristic function for the increments m = 1, ..., where we have

(@) = Vbn([D)? - 21— 1) (3.126)
= [bm(D)] (3.127)

Proposition 14. For m = 1, ..., 1, we have

(%,$) (%,$)
Lymsn (Tm? H’ Dl;erl;n‘u:o)

2bm(1) = Vi Dl in g (1= €707 O7)
= ImT R u= b (1 0 3.128
2b,, (1) Jor 0> ( :
2 (l) = V2, D5 1, (1= et @) ]
_ m~lim+1n |ly= m (D) Tm b, (I 0 3.129
[ (D) e for by (I) < ( )
2 _ V2 D('i%z,$) ) T,
_ m l,m2+1,n’u—0 for bm(]l) =0 (3.130)

For a % type option, we have b,,(0) = Kk, > 0, while for a $ type option, we have by, (1) = K, — PmVim.

CminCes) g (%09 satisfy

E':/uni),n (Tma ]L D;:/u'r,ii+1;n u:O) = 0 (3131)
with (M9 < 0 and (D09 > 1,
Proof: From proposition 23 (which follows) we have D;> . | < 0and so w;/nsl’n (Tm, LD ’u:O)

> 0 for ¢ € [0,1]. Hence, (&9 < 0 and ¢m*"9 > 1. The remainder of the result follows from the
comments above and the proof of proposition 9. To clarify our notation

D;:;?;Jrl;n’u:o = D;o;nr'inrl;n(Tm-i-lv I D;:';:Jﬂ;n (Tm+27 I D;,l?)n (Tl7 I Dl-‘,—l;n (Tl+17 ¢ Dl-‘r?;n))"'))

(3.132)

O

Proposition 15. For the increments m = 1, ..., 1, the strip of reqularity for the jump component
(7¢min,oes 1 emaxi3) js specified such that

min (1= Wi, = 1 D (7L Do) + 1= T = i D (0.1 D101, )| 8:133)

is positive. We have (™9 < 0 and 7(max"9 > 1 and at these critical points equation (3.133) is zero where
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the parameter restriction 1 — n,,,p;, > 0 (for m = 1, ..., 1) applies to the case of a $ type option only and we have

2D;"'/u,$)+1;n ’u:()bm (]I)e—bm (D) Tm

(%,%) (%,%) _ ;m
Dl;m;n(va I Dl;m-i—l;n‘u:O) N (Qbm(]l) - VﬁlDE%ﬁi"‘l-n‘u:o[l _ efbm(]l)rm]) for b (D) # 0
(3.134)
2D(0.A"$) )
= P ’”*‘: for bu(I) =0
2 — Ule;m+1;n|u:0Tm
(3.135)

where by, (I) = 0 can occur only for a $ type option with K, — pmVm = 0.

Proof: The result follows from the comments above and proposition 13. [J

Following the proof of proposition 8, we can see that D{"?  (7,,,L, D} is convex in ¢ for m =

Lymin ,m+1;n‘u:0)
1,...,n. From equation (3.53) of the proof of proposition 9 in subsection 3.2.1, we know
Dopon (T, C; Ding1in) = 0form =141, ...,nand ¢ = 0, 1. From equations (3.134) and (3.135) it follows
that Dy (T, I, Dy 1| o) = O form = 1,...,nand ¢ = 0, 1. Hence, from propositions 14 and 15, we
see that identifying ('™ ®®, (%9 and /R0, 7 (maxt9) are well-posed problems as the equations
from which we determine these critical values are concave in ¢ and positive for ¢ € [0, 1] (subject to any
specified parameter restrictions).

Furthermore, the values ¢}, (15 and “¢, /(115 serve as bounds for the respective critical values.

3.3 The optimal contour of integration

An important point to consider is the chosen value of o where —a specifies the contour of integration
in the complex plane. Starting with Carr and Madan [1999], who introduced this damping parameter
to option pricing, it has been observed that the shape of the pricing integrand is sensitive to the value
of a passed through it. In particular, for far out-the-money and short maturity options, the shape may
become highly oscillatory. Several ad hoc suggestions have been made to deal with this significant
problem - Carr and Madan [1999] suggest working with #z2x Schoutens et al. [2005] suggest working
with a = 0.75 while Lewis [2001] specifies « = —0.5.

In Lee [2005], a bound is obtained for the truncation and discretization errors that arise for a discrete
Fourier transform of the option price. A constant value of « is then chosen such that this bound is
minimised. With this constant value, one then prices a set of options ranging in strike via the Fast
Fourier Transform (FFT) method. It should be noted, however, that this approach relies on a bound for
the truncation error that is decreasing in u. Obtaining such a bound is model specific and non-trivial.
With respect to the Heston model, the author provides such a bound in Appendix A.2. Its derivation is
presented in Lee [2006]°. The issue of identifying an appropriate value of « is tackled in Lord and Kahl
[2007] where the authors suggest working with the value o* that minimises the total variation of the
integrand

o = argmin / ’2\1 o (u, a)|du (3.136)
0 ou o

= (Otmin, amax)

5Thanks to the author for providing this derivation on request http://www.math.uchicago.edu/~rl/dftHestonBound.pdf
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where

¥, (u,0) = Re K T ja)((z_a);a - 1])) ®, ,(u—ila+ 1])} (3.137)

Practically, the authors suggest determining o* by assuming that \iJm,T (u, ) is a monotone function of
u € [0, 00). This leads to

[e%s) o . 5 ~
| getartaldn = [¥,,0.0) - 8,,(0.0)
0
- ]\izw(o, a)‘ (3.138)
since ‘i’tD,T(OOv «) = 0. Therefore, we have
a*
argmin =
o (amm, qmixy| Yror (0, a)\ (3.139)
_ argmin <
= e (amin, gy 1 ( v, (0, a)D (3.140)
_ argmin o Q [, (a+1)Xxr
= ae (amin amex) [ ak —In(Ja(a+1)]) + 1In (Eto [e |Xtovvto}):| (3.141)
= AN [—ak — (ja(a + 1)) + (@ + 1) X, + Re [D(r, o+ 1,0)] Vi, +Re [C(r,a + 1,0)]]

a € (amin.’ amax)

(3.142)

We distinguish between equation (3.141), which is effectively the form of a* specified in Lord and Kahl
[2007], and equation (3.142) as we wish to avoid the evaluation of any exponents when solving for o*.
In MatLab, we have e® := oo for values of z > In(realmax) ~ 709.° It is possible for (a + 1) Xz, +

Re [D(7,a 4+ 1,0)] Vi, + Re [C(7, + 1,0)] > 709 for some parameter set. If this occurs, for a range of «
containing o, then the approach may fail to determine a* from equation (3.141).

In proposition 8, we confirm that the cumulant generating function (« + 1) X, + D(7,a + 1,0)V,, +

C(r,a+1,0) is convex in e and explodes to positive infinity at a™" and a™**. The remaining term —ak—
In(Ja(a + 1)) is also convex in « and explodes to positive infinity at « = —1, 0. The sum of two convex
functions remains convex and since we have positive vertical asymptotes at « = o™i, —1,0, o™, we
must have local minima in the ranges (o™, —1), (—1,0) and (0, a™#*) as stated in Lord and Kahl [2007].
Hence, we search for a* in these three ranges. This approach avoids specifying « = —1,0 and so we

avoid the points of singularity © = 0 and « = —1, 0 mentioned in subsection 2.1.1.

Referring to equations (2.45) and (2.46), we can show that for the range of « considered

5 ‘efi(ufioc)k‘ .
[¥prlusal] < <Ku—mMu—ﬂa+ﬂﬂ Pl =t 1Phuso G148
< ]\izw(o, oz)’ (3.144)

and so by following the o* approach we are, in fact, minimizing the absolute value of the integrand at

its maximum point - this minimization is also considered in Ng [2005].

brealmax is the largest value that can be represented as a double-precision floating-point number
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In general, the simplifying assumption of monotonicity is not valid for values of « in the interval
(™in q™max) as we are considering the issue of an oscillating integrand for u € [0,00). At the very
least, however, this approach should prove to be effective for parameter sets where the assumption is
valid over the bulk of the integrand (evaluated at the optimal value a*) i.e. for u € [0,u*) and some
value v* where the magnitude of ‘i’tD,T (u, o*) is insignificant for v > u*. As an example, we consider the
integrand \thO,T(m «) in figure 3.1 for a parameter set considered in figure 2(a) of Lord and Kahl [2007].
In figure 3.1(a) we present the integrand (scaled such that the value at u = 0 is 1) evaluated at a* as
well as at @ = —0.5,400. We see that, as a function of a*, the integrand appears to be monotone in u.
Taking a closer look at this o* integrand in figure 3.1(b), we see that its decay to zero is not monotone,
though insignificantly so. In figures 3.1(c) and 3.1(d) we present the unscaled integrand evaluated at o*
and o = —0.5 respectively. The latter is more peaked.

Following the approach suggested in Lord and Kahl [2007], we transform the domain of integration (as
described in section 3.4) and make use of the adaptive Gauss-Lobatto quadrature algorithm of Gander
and Gautschi [2000] to evaluate the call value. We, very briefly, discuss the implementation of this algo-
rithm in subsection 4.3.2. Evaluated at a*, we obtain the value 3.2521 x 107126 while at « = —0.5, we
obtain —1.9984 x 10~ !5, We refer the reader to Lord and Kahl [2007] sections 3.2, 3.3 and 4 for a more

detailed discussion of the optimal contour of integration.

Figure 3.1(a) ©10° Figure 3.1(b)
1 : . . 1 . . :
0.5¢
e} ©
= =
g g
o (=) 0
Q Q
2 2
£ £
-0.5
-1 £ L L L L -1 L L L L
0 20 40 60 80 100 0 20 40 60 80 100
u u
<1077 Figure 3.1(c) Figure 3.1(d)
35 . . . 05 . .
sl
Ol " e e e e e e e m e e ]
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1
z 2 o5
g g %
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Figure 3.1: Heston integrand as a function of « for the parameterset: S =1, K =2,r=0,¢=0,x =1,
p=-09,v=1,0=0.1,V,=01,71= % with o = o = 541.93 for —, o« = 400 for - - - and o« = —0.5

for - - -.
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3.4 Transforming the domain of integration

Numerical evaluation of the semi-analytic formulae for European and Forward Starting Options re-
quires one to truncate the domain of integration [0, c0). Alternatively, as suggested in Kahl and Jackel
[2005] and Lord and Kahl [2007], an appropriate transformation of the integration variable u yields the
domain of integration [0, 1]. To determine this transformation, we make use of the following result from
Lord and Kahl [2007] Proposition 2.2 (assuming the dynamics of the Heston model), for the pricing in-
tegrand in equation (2.6) of section 2.1. We make use of the functions derived in proposition 2 of section

2.2 throughout this section.

Theorem 3. Assuming k,v,0,7 > 0and p € (—1,1), we have

R cos(uS.,)

lim e (u,a) &~ WS (0, 0)e — (3.145)
where
2
R, = Y1=Z¢ (;/t“ + K67) (3.146)
S = Xpy+(r—qr—k-— P (Vig + K07) (3.147)

v

The proof follows from Kahl and Jackel [2005] Appendix A Proposition 3.1. We now work through the
proof in order to obtain the corresponding results for the SV]] model allowing for piecewise constant,

time-dependent parameters in proposition 16 and for Forward Starting Options in proposition 17.

From equation (3.26) and equation (3.27) of theorem 1 in subsection 3.1.2, we see

lim Re[y(iz)] = oo (3.148)
and so
lim e 7057 = 0 (3.149)

Working from the authors’ proof, we have

him 202 —ipv (3.150)

u—oo U

and making use of equation (3.26) again, we have

Jim 202

u—oo U

— lm [k —pr(a+ 1)) —v2a(a+1) + u?v?(1 — p?) —iu[?2(2a+ 1) + 2pv[k — pr(a + 1)]]

U—00 u2
= vy/1—p2? (3.151)

Using equations (3.150) and (3.151), we have

b(iz)—~(iz)
lim A"'(iz,0) = lim ——
U—00 ’ u—oo b(iz)+v(iz)

—ipr — /1 — p2
—ipr + /1 — p?
= —1+2p%—i2py/1—p? (3.152)
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From equations (3.149) and (3.152), we have

. D(T, 12, 0) . 1 b(zz) — 7(12) 1 — e 0i2)T
! —— = [Jlm — : 3.153
we 5 (25 = A 1(iz, 0)e 1 (3153)
i L <b<z’z>—v<z‘z>>
u—0o0 I/ U
12—
B VA (3.154)
12

Again, from equations (3.149) and (3.152), we have

. CO(r,iz,0) o1k _ 2k0 A=1(iz
uh_)ngo — = uh_}ngo " {—2 [b(iz) —y(iz)] T — 7 log (

o KO <b(iz)—'y(iz)> T

,0)e 7027 1
A-1(iz,0) — 1 ﬂ (3155

uU— 00 y2 u
_ 12 _
— <— le”’) . (3.156)
14

The authors state that this analysis leads to the result in theorem 3.

We elaborate by observing that Re [e=““*WS  (u, a)] may be written as

R [—u? + a(a + 1)] cos(F) + u(2a + 1) sin(S) (3.157)
[—u? + ala+ 1)]2 +u?(2a + 1)2 '
where
= —r7+ (a+1)Xy, +Re[D(7,iz,0)] Vi, + Re [C(T,iz,0)] (3.158)
S = w(Xi = k) +Spriz,0)Vie + Sc(riz,0) (3.159)
From equations (3.154) and (3.156), we have
im &= _w (3.160)
u—oo U
o~
lim > = S (3.161)
u—0o0 U
with
[—u? + a(a + 1)] cos(T) + u(2a + 1) sin(<) o 1 (3.162)
[—u? 4+ a(a+ 1)+ u?(2a + 1) u?

where ¢1(x) € O (g2(z)) as * — oo if and only if there is a constant M and a value x( such that |g;(z)| <
Mlga(x)| for x > xo.

From their result in equation (3.145), the authors observe that the asymptotic decay of the integrand is

uf

at least exponential. Focussing on the term e~ ">, since .. > 0 the following transformation is valid

i)

= 3.163
u(a) R (3.163)
where x € [0, 1]. In this range of x the pricing integrand is a function of
Re [e~w@kgc  (y(z), o
[ to,T( ( ) )} (3.164)

R
which is undefined at + = 0. Making use of equation (3.145) (as suggested in Kahl and Jackel [2005]), we
see that the limit at this point is zero.
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Proposition 16. For the valuation of European Options with piecewise constant, time-dependent parameters

_In(z)
R

u(x) (3.165)

where

141

2 n _ 2
R, = Y1ZPiy o > kb <7lem> T (3.166)

1%
m=1 m

and x € [0, 1] is an appropriate transformation from u € [0, 00).
Proof:
Following exactly the same approach as that outlined above for the time-homogenous case, we write

Re [e™™* WS (u,a)] as

to, T

= <[—u2 + oo+ 1) cos(S) + u(2a + 1) Sin(g)) (3.167)

[—u? + a(a+1)]2 + u? (20 + 1)2

where we now have

—r7 + (o + 1) Xy, + Re[D1n (71,2, Doip)] Vig + Y Re[Conin (T, 12, Ding1in)] - (3.168)

% =
m=1
S = w(Xy, — k) +Im[Din(r1,i2, Do)l Vi + 3 I [Crnin (T, 12, Doy 1:m)] (3.169)
m=1
with
Cm;n(Tma 12, Dm-l—l;n) = (rm - Qm)Tm + Cm;n(Tma 12, Dm-l—l;n)
) _ Hm+ 302,
+ [ewum%zzam.n@m,iz,pmﬁ.n) _ <7 _ 1) o Tm]
’ ’ L= Nmpin

Again, from equations (3.149) and (3.152), we have

Dm;n(Tmu Z'Z, Dm-l—l;n)

lim (3.170)
UuU—00 u
i) — ; A . (i ) — e m(ix)Tm
— lim t (bm(w) 2%(12)) ] Am,n(waDmi,n()‘ s | (3.171)
v Yin Am;n(lza Dm+1;n) - (Wz:(u)) e~ 1m(12)Tm
1 [bm(iz) — ym(i
= lim — (M) (3.172)
U— 00 Vm u
—J1=p2 —ip,
- ypm P (3.173)
From equations (3.152) and (3.173), we have
bm(iz)—mn(iz)—llanm+1m
uh—{EIO A:n}n(z,z’Dm-’_l’n) - uh—>H;o bm(iz)+V7n(i:)_V72an+1;7l (3174)
/1—p2 PP
—ipmVm — Umn\/1 — p2, + V4, {—1 p?;j ’ H]
- . 1=p% tipmia
—ipmVm + Umn/1 — p2, + V2, {*
= A;l}n (3.175)
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From equations (3.149), (3.150), (3.151) and (3.175), we have

C_vrn;n (Tm7 iZ, Dm-i—l;n)

lim (3.176)
uU—00 u
1| Kb 2mBOm Ar_nln(lza Dm-‘rl'n)e_’ym(iZ)TWL -1
= lim — b (12) — Yo (2 ™ 1 : ’ 177
“LHSOU[ va, bm(i2) = A (2] 7 va, n( Amin(iz, Dypyam) — 1 G177
o mmfm (bm(w) —%n(w)> . (3.178)
uU—00 I/m u
—JT=0% —ip,,
Vm
We can write
- . B Tm 20m Apin (12, Dingiin) gm (12) — B (i2)e = Ym (2) 7
Tmin(Tms 2 Dmttin) = o=y = Sy k’g{ Aov (022 Do) gm52) — o (i2)
(3.180)
where
gm(i2) = 1= i20mph — tm <Lﬂm”) (3.181)
hniz) = 1= i20mphy — (M) (3.182)
Vm
) T2 +ip
Tim gmffz) = i+ <—Vi’”+”’> (3.183)
= gm (3.184)
) ST ipn
LG R < VI Pt ) (3.185)
U— 00 u ]/m
- h, (3.186)
and so from equations (3.149), (3.175), (3.184) and (3.186), we have
_— . . Tm 20m AminGm
ulglgo Jm;n(va’LZ’ Derl;") N ulglgo (ugm ; V?nuzgmhm log [Am;ngm - hm])
= 0 (3.187)
Therefore,
lim % - R (3.188)
O
m > = S (3.189)
u—o0o U
where
1— p2 n /1= p2
R, = Yo Py > kb < pm) - (3.190)
%1 1 Um
o - P1 . Pm - ehm+3om,
oo = Xto +mZ:1(Tm - Qm)Tm —k— I/_l‘/to _mzzlfimom Z Tm _mzzl)\m 1 —ﬁmpfn -1 |7
O
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For a set of constant parameters, the result in proposition 16 reduces to that which follows from theorem
3.

Proposition 17. For the valuation of % and $ type Forward Starting Options with piecewise constant, time-

dependent parameters

u(@) = _11;(0:5) (3.191)
where
n 1_ P)
Re = > kb | L) 7 (3.192)
m=Il+1 Vm

and x € [0, 1] is an appropriate transformation from u € [0, c0).

Proof:

The distinction from the European case (for the same number of increments n) is that for % and $ type
Forward Starting Options with determination date ¢;, the conditional forward (%, $) characteristic func-
tions are functions of 7,,, (I) and b,,, (I) where v, (I) = |b,, (I)| and b, (I) = Ky, — pm Vi ] for the increments
m = 1,...,l and functions of 7,, (iz) and b, (iz) for the increments m = [ + 1, ..., n. The conditional char-
acteristic function is a function of ~,,(iz) and b,,(iz) for all increments m = 1, ..., n. Since b,,(I) is not a

function of u, we see from equations (3.172) and (3.178) respectively that form =1, ...,

D(%,SS) (Tma]L D(%,S) )

lim lymin - lim+1in = 0 (3.193)
CU (rn, I, D),
f Sl tmein) (3.194)
u

From equation (3.174) and equations (3.180)-(3.186) of proposition 16, we see that only A,,,., (I, D{*Y | )

lym+1;n
is a function of u and limy .o Apm;n (L, Dy 4 1.,,) = 1. It follows that for m = 1, ..,
J(“’/o,ﬂé)‘ Trms H, D((m) )
lim l,m,n( l,erl,n) - 0 (3195)

UuU— 00 u
Hence, R.. consists of the contributions made from " ., C_'mm (T2, Dyt 1.,) which we obtain from
equation (3.179). O

From the proofs of propositions 16 and 17, it is clear that the presence of jumps does not influence the

form of the transformations - this is pointed out in Lord and Kahl [2007].

3.5 Branch cutting in the presence of piecewise constant, time-dependent
parameters
We now return to the issue of branch cutting raised in subsection 3.1.1 and make use of the notation of

proposition 4 in section 2.4. Allowing for piecewise constant, time-dependent parameters in the Heston

model, introduces a series of complex logarithms into the conditional characteristic function

L 2k Om )
=D 5108 [Ymin (T, 82, Diny1in)] (3196)

m=1 m
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where

djm;n(TmuizaDm-l—l;n) = wm;n(TmaizaDm-l—l;n(Tm-l—laiZa'-'Dn—l;n(Tn—luizaDn;n(Tnuizao))'--))

(3.197)
for the increments m =1, ...,n with D,,11,, := 0,z :=u—i(and ( ;== a + 1.

For the forward (%, $) characteristic functions, we have the series
!
2
m=1 Vin

where

. . 2 2%mOm .
g [Vl (P L D) | = D o 108 [min (Tms 32, D)) (3:198)

m=Il+1 m

1/};,72,71 (Tm7 H’ D;n:-i-l,n) = djm;n(va izv Dm+1;n) (3199)

for the increments m =1+ 1,...,nand

(%,3) (%,3) . (%,3$) (%,%) (%,3) .
Lim;n (Tma L Dl;m-l—l;n) = 1/}l;m;n(7-m7 L Dl;m.g_l;n(Terlv L ---Dl;lm(Tlv L Div1m (Ti41, 12, Dl+2;n))---))

(3.200)

for the increments m = 1, ..., with I := ]I[Z(o' =]

We aim to show that the range of the complex function ¢ does not include the negative real line for
¢ € [0, 1]. We achieve this by first identifying a property that must be satisfied by the conditional charac-
teristic and forward (%, $) characteristic functions in this stochastic volatility setting. We then show that
if the function ¢ lies on the negative real line then this property is violated. To illustrate the approach, we
consider the time-homogenous Heston model and the corresponding conditional characteristic function.

We can express D(r, iz, 0) as an explicit function of (7, iz,0),

. b(iz) +~(iz 1
D(r,iz,0) = [o( )V27( ) (1 _ 1/}(77%0)) (3.201)
Assuming that ¢(7,iz,0) = —p € R where ¢ > 0 we then have
Re [b(iz R iz
Re[D(riz0)] — Kl )]:2 el CI)l (1—_%7) (3.202)

If we can show that Re [D(7,iz,0)] < 0 and Re [b(iz)] + Re[y(iz)] > 0 then the assumption yields a

contradiction.

We consider the issue separately for the conditional characteristic function and the conditional forward
(%, $) characteristic functions. In both cases, however, we will make use of the following proposition

and the notation established in section 2.4.
Proposition 18. For z := u —i(, ¢ € [0,1] and increments m = 1,...,n, we have
Re [ym(iz)] > |Re [bm(i2)] | (3.203)

with an equality only for w = 0and { = 0,1. For uw = 0 and { = 0, we have Re [b,,(0)] > 0 while for u = 0 and
¢ =1, the restriction pn, < 3 gives us Re [by,(1)] > 0. Furthermore, for u = 0 and ¢ € [0, 1], we have

Tm(C), b (C) € R (3.204)
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Proof: We have
b (iz) = [Em — pmVmC] — ipmVmu (3.205)

From equation (3.26) of subsection 3.1.2, we can write

m(iz) = \/[Re B (i) = v2,(¢ = 1)¢ + uv2 (1= p3,) | = i [V2,(2¢ = 1) + 2pmvm(Km = pmvinC)]

= /Re[12,(i2)] +iIm [72,(i2)] (3.206)

From theorem 1 of subsection 3.1.2, we have

Re [ym(iz)] = %\/ VRe [32,(i2)]* +Im 2, (i2)]° + Re [, (i2)] (3.207)
(3.208)

For ¢ € [0, 1], we have Re [v2 (iz)] > 0 and so

Re [vm(iz)] > +/Re[2,(i2)]
VRe B (i2)]2 = 12,(C — 1) + w22, (1 - p2,)
[Re [by (i2)] | (3.209)

Y

Foru =0and ¢ = 0,1, we have Re [y,,(iz)] = |Re [b,,(i2)] |. Atu = 0, we have Re [b,,(()] = £m — pmVmC.
Specifically, Re [b,,(0)] = £y, > 0 and Re [by(1)] = Km — pmvim > 0 where the latter holds for p,, < £=.
We have Im [b,,,(i2)] = —pmVmu and so b,,(¢) € R and from equation (3.206), we have ~v,,(¢{) € R for
¢elo,1.0

3.5.1 European Options

The semi-analytic formula for a European Option features the conditional characteristic function for X
as can be seen from equation (2.11) of subsection 2.1.1. We prove that ©,,.,, (T, i2, Dy 41,,,) cannot lie on
the negative real line for ¢ € [0, 1] (subject to parameter restrictions for ¢ = 1). To achieve this, we focus
on Dy (T, 12, Dypt1:n) for m = 1, ..., n, identifying properties of this function in propositions 19 and

20 which allow us to then prove the final result in proposition 21.

Proposition 19. For the increments m = 1, ..., n, we have

Re [Dm,n (Tmu Z'Z, Dm-i—l;n)} < Dm;n (Tm7 <a Dm+1;n) (3210)

Proof: Jensen’s inequality gives us

‘Eg [exp(iZthHXtov V;fo] | < E(t% H eXp(iZth) |Xto7‘/;fo]
= E2 [exp(CXe, )| Xto, Vo (3.211)
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Making use of proposition 4 in section 2.4, for [ = 0, we have

‘Eg [exp(iZth)|Xtoa ‘/to] |

Z Cm;n(Tmu Z'Z, Dm+l;n)‘| ‘|
m=1

= exp |(Xy, +Re[D1,n(m1,i2, Da.yy)] Viy + Re
(3.212)
E?ﬁ [exp(CX¢, )| Xto, Vio)
= exp [(Xy, + Drin(71, ¢, Doin)Viy +Re | Y cmm(rm,g,DmHm)H
" (3.213)
within the affine framework where we know D; ., (71, (, Da.,) € R from equation (3.13) and so
0 < [Din(m1,¢, Do) — Re [D1,n(71, 12, Do)l Vi,
+ |Re z”: Crnin(Tims €, Din+1in) | — Re z”: Crnin (T, 12, Dm+1;n)] 1
" " (3.214)
Equation (3.214) must hold for any positive V;, and so we must have
Re [Dy.n (11,12, D)) < Din(11,¢, Da:p) (3.215)

Given n, Dy, (72,12, D3.,) has the same form (regarding the terminal conditions specified by the argu-
mentsizand Dy,,)as D1.,—1(71,72, D2;n—1), D3.n (73,12, D4.,) has the same form as Dy, —2(71, 2, Do;n—2)

and so on. From this, we obtain the result, form =1,...,n. O
Proposition 20. For the increments m = 1, ...,n, we have

Dypin(Tim, ¢, Dint1n) < 0 for (€(0,1) (3.216)
and

Dm;n(Tm7<aDm+1;n) = 0 fOV C:O,l (3217)

Proof: From equation (2.78) of proposition 2 in section 2.2 and for v = 0, we can write

o5 [bm (¢) = ()] [bim (€) + vm (Q)] (1 — e ()
[bm(g) +Ym () — v2 2 Doy ] (1 e Vm(o"'m) + QWW(C)e_’Ym(C)Tm
([6m () = ¥ Q)] = [bm () +m ()] e O™ Dy

J

[bm(C) + FYm(C) -2 Dm+1 n ( —e 'Vm(C)Tm) + 2”ym(<)e*’>’m(<)7m
(3.218)

Dm;n (Tma C; Derl;n)

From proposition 18 we have b,,, (), Ym (¢) € R, by () — m(¢) < 0 and by, (¢) + ¥ (¢) > 0 for u = 0 and
¢ €(0,1). Form =nand Dy1., := 0, we have

D 0) = Viﬁ [05(€) = 1(0)] [bn (€) + 1 (Q)] (1 — e*'Yn(C)Tn)
n;n(Tna C? B [bn(C) + /Yn(C)] (1 — e_'Yn(C)Tn) 4 2’Yn(C)€_7n(<)Tn
= (3.219)
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For 1 < m < n, the above mentioned inequalities (which follow from proposition 18) and equation
(3.219) may be used to induct the final result.

From proposition 18 we have 7,,,(¢) = |b; ()| for u = 0 and ¢ = 0, 1. Hence, equation (3.218) reduces to

Din1nbim (Q)e™"m (O

P Pr) = G A G e Dy O

. Dm+1'n
I Do (Fons €. Do) = ; 3.221
o, Jm D (Tms ¢, Dimt1:n) 1= 102 Ditonrm ( )

For m = nand D, 41, := 0, we have D,,.,(7,,(,0) = 0 where, again, an inductive argument yields the

resultfor1 <m < n.O

Proposition 21. For the increments m = 1,...,n and ¢ € [0,1), ¥,,.,,(Tm, 12, D,,.,,) cannot lie on the branch

m;n(

cut (—oo, 0]. Subject to the parameter restriction p,, < ==, the same is true for { = 1.

Proof: From the proof of proposition 9 in subsection 3.2.1, we know that for ¢ € (¢™", (™) and all u
wm;n (Tma 12, Dm-i—l;n) 7é 0 (3222)

AS VYyin (T, 12, Dyps1;n) hits the origin, the conditional characteristic function explodes to infinity. Hence,
we can ignore the origin when considering the range of the function. Regarding the negative real line,

we can express D, (7,12, D,, ,1.,) in a far more enlightening form

7/)m;n(7'7 1z, Derl;n) V72n 7/}m;n(7'7 1z, Derl;n)

From propositions 19 and 20, we have

Dm;n(Tmu Z'Z, Dm-l—l;n)

Re [Drn (T 12, Ding1n)] < 0 (3.223)
form=1,...nand ¢ € [0, 1].
We now obtain the result by means of a contradiction. Assume 4., (Tm,z,D,,1.,) = —¢ € R and
¢ > 0. This gives us
Re [Dytim Re [by, (i Re [V (i 1
Re (Do (7.7, D) = ~olomttn] y [ReBm(2)]* Re fin(2)] (1 - —) (3.224)
- Vi -

From equation (3.223), we see that the RHS of equation (3.224) must be non-positive. From proposition
18, we have Re [by, (i2)] + Re [y, (iz)] > 0 (where the parameter restriction p,, < 7 applies to the case
¢ = 1) and since the sign of Re [D,,, , ,.,,] is the same as that of Re [Dy,., (T, i2, D 1:0)], the assumption
¢ > 0 implies that the RHS of equation (3.224) is always positive. O]

The available literature only considers this issue of branch cutting for the time-homogenous case where
n = 1. For this case, proposition 21 confirms the result proved in Lord and Kahl [2008] (granted only
for ¢ € [0,1)). However, the major result of Fahrner [2007] - proving that branch cutting is not an issue
for ( = 1 in the “displaced diffusion” extension of the Heston model - is confirmed without having to
introduce any parameter restrictions (we elaborate on this in subsection 3.5.3). For n > 1, proposition

21 tells us that for the considered range of ¢ (and the specified parameter restrictions) branch cutting is
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not an issue and hence, discontinuities will not arise when valuing European Options with piecewise
constant, time-dependent parameters in terms of the functions presented in proposition 2 of section 2.2.
However, we claim that the range of the function vy, (T, iz, Dyn41.n) does not include (—oo, 0] for all

¢ € (¢min ¢max) where (™ < 0 and (™** > 1. Unfortunately, we must leave this claim as a conjecture.

3.5.2 Forward Starting Options

The semi-analytic formulae for % and $ type Forward Starting Options feature the corresponding con-
ditional forward (%, $) characteristic functions as can be seen from equations (2.49) and (2.51) of propo-
sition 1 in subsection 2.1.2. We prove that the function ., (7,42, D};} ;.,) cannot lie on the negative
real line for ¢ € [0, 1] (subject to parameter restrictions for ¢ = 1). For the period 7 = (¢, — t;) + (& — to)
split into n increments with the determination date ¢; and 1 <[ < n, the form of the conditional forward
(%, $) characteristic functions differ from the form of the conditional characteristic function for the same

period (with n increments) only because the argument iz is replaced with I := H[ , for the incre-

2=

ments 1, ...,1. The form of the respective functions are exactly the same for the in(cﬁ)emse]znts l+1,...,n.
Hence, for increments m > [, the result follows from proposition 21. To prove the result for increments
m < land ¢ € [0,1] (subject to parameter restrictions for ( = 1), we follow the same approach as
that taken in subsection 3.5.1. Focussing on the function D;‘;/;f;l(Tm, 12, Dymt1.n), we determine two of its

properties in propositions 22 and 23 which then allow us to directly prove the final result in proposition
24.

Proposition 22. For the increments m = 1, ...,n, we have

Re [ D (7oL D) | = Dl (7oL Dl o) (3.225)
where
D;:/urlf«jJrlm w=0 = D;:/urlf«iJrlm(Tm-l-laHuDE:/ﬁZJrQ;n(Tm-i-QaHu '-'D;?Yf)rl(TlaﬂuDl+1;n(Tl+17<aDl+2;n))---))
(3.226)
Proof: For m > [, we have
D;,/rg,n (va L D;,/rg-i-l,n) = Dmn(Tm,i2, Dmy1in) (3.227)

and the result follows from proposition 19.

For m < [, we consider the forward (%, $) characteristic function EZ [e"*c+9 X0 +72Xu | X, |V, ] for n > 2

and 1 <[ < n. Jensen’s inequality gives us

ES [explizus Xe EL [exp(izXe,) | X, Vi 1 Xuo: Vao] |

IN

E2 [\ exp(izes Xo, ) [E [| exp(izXe, )| Xt V] [ X, Vto}

= E('LQ; [exp(Re [iz("u,ﬂi)] th)E(g [exp (Cth) |th ) V;fz] |Xt07 V;fo}
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Making use of proposition 4 in section 2.4, for [ > 0, we have

B [explizens X B2 [exp(izX, )| Xup, Vil [ X1y, Vao| |

= exp

1
IX,, + Re [D;‘jﬁ’n (n, I, D;"gﬁ’nﬂ Vi + > Re [Cl“j;f;m (rm, I, D§? +1;n)”
m=1

X exp l Z Re [Cmm (Tm,iz,Derlm)]

m=Il+1
(3.228)
ES |exp (Re [iz.] Xo) E2 [exp (CXe, ) [Xer, Vi [Xtq, Vi
l
= e[+ D () i 32 Re [ (D)
m=1
X exp[ > Re[Crpn (Tm: ¢ Dyi1n) ]
m=Il+1
(3.229)

within the affine framework where we know D/ (7’1, LDy |u:0) € R from equation (3.13) and for

Zws = 2w, we have I = 0 while for z.,5 = z;, we have [ = 1. This leads to

Re [, (oL 0ig, )] < D, (mo 1 DL (3.230)

i2inlu=0
Givennand l, D}y, (72,1, Dj’3), ) has the same form (regarding the terminal conditions specified by the
(%,8) (%,8) (%,8) (%,8) (%,$)
arguments ['and Dl;3;n) as Dl—l;l;n—l(Tl’ ]L Dl—1;2;n—l)’ Dl;3;n(7-37 Ha D4;n) has the same form as
(69) *%8) ; ;
Dy —o(m1, L, D% 5., 5) and so on. From this, we obtain the result. [

Proposition 23. For the increments m = 1, ...,n, we have

Dy (Tm,H,D;?;f;+lm\u:0) < 0 for ¢ce(0,1) (3.231)
and
D (P LD inlumo) = 0 for €= 0.1 R
Proof: For m > [, we have
Dé/fi)n (va]LDg,;/orf«ZH;nL:o) = Dimin(7im, ¢, D 1in) (3:233)

and the result follows from proposition 20.

For m < I, we have 7, (I) = |b,, (I)| from proposition 18. For z,s = 2., we have I = 0 while for zu,5, = z,

we have I = 1. From equation (2.78) of proposition 2 in section 2.2 and for v, (I) = |b,,(I)|, we have

D(on,S) |u:0bm (]I)e_bm M) T

o, o, Iim+1n
DS (Tm LD ) _ im+1; _ (3.234)
l;msn ] l,m+1,n|u:0 bm(H) _ %V?n (1 _ e—bm(]l)'rm) D;;g+1;n|u:0
D("u,ﬂi) | -
. (%,9) (%,9) _ l;m+1;n |u=0
y 1(1]%)11%0 Diimin (TWH’ Dl;m+1;n’u:0) T o1-Li2pt | or (3.235)
m 2Ym~ym+1;nlu=0"m

64



CHAPTER 3. ISSUES REGARDING THE SEMI-ANALYTIC PRICING FORMULAE

To clarify our notation
Dt luco = Dl it Tty LD o (T, L oo DU (70, 1 Digain (7141, G, Divasn)-o2)
(3.236)
Form =1, ¢ € (0,1) and making use of equations (3.234) and (3.235), we have
D;,/l,S)n (Tl’ I Dl+1;n|u:0) < 0
since D% 1., lu=0 = Dy 1., (1141, ¢, Dy 5.,,) < 0 from equation (3.216) of proposition 20.
Similarly, for m =/ and ( = 0,1, we have
D;,/l,S)n (Tl’ I Dl+1;n|u:0) =0
since D% 1. lu=0 = Dy 1.,(T141, ¢, Dy yo.,,) = 0 from equation (3.217) of proposition 20.
For m < [, an inductive argument yields the result. O

Proposition 24. For the increments m = 1,...,nand ¢ € [0,1), ¥} (7, L, Dy ) cannot lie on the branch

cut (—oo, 0]. Subject to the parameter restriction p,, < == for m > I, the same is true for { = 1.

Vm

Proof: For m > [, we have

Uomn (P L DE 1) = a2, Din) (3.237)
and the result follows from proposition 21.

From equation (2.81) of proposition 2 in section 2.2 we have the following for the increments m < [. For
b (L) >0

1,2 D(O_"':s) 1= e*bm(H)Tm
o (T L D ,) = 11— 2t [(H) ] (3.238)
For b,,(I) <0
1.2 D — o bm(DTm
% %, QVle;erl;n [1 € } b (1) T,
ko (8 P) = (1 b -

For b,,(I) =

: : 1,

b (T LD 1) = 1 SVADEA 1T (3.239)

Since by, (1) = Km — pmvml € R, Re { (er8) (Tm, I, D" )] is a function only of Re {D““’S’ } and not

lymin Iym4+1;n Iym+1;n

Im |:D;/1: +1m} . From propositions 22 and 23, we have

Re [Di, (LD 1)] <0 (3.240)
form =1,...,nand so
Re (62, (T LD 1)| > 0 (3.241)
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3.5.3 An additional parameter

Regarding the Heston model, we can introduce the parameter ¢ to the underlying process such that
dS; = rSidt+ S/ VidW* (3.242)

without complicating the analytic tractability of the model. For X = In S, Itd’s formula yields the dy-

namics
1
dX, = (7’ —q— 55“‘%) dt + o/ Vi, dW;
dVy = k(0 —Vy)dt + v/ VidW)
dAWrdW) = pdt

Solving for the analytic characteristic function, one need only replace the functions b(iz) and ¢(iz) in

equations (2.100) and (2.101) of the proof of proposition 2 in section 2.2, respectively with

b(iz) = k- pvoiz (3.243)
c(iz) = %621',2(1',2 -1) (3.244)

and so
~v(iz) = \/(Ko — pv5iz)’ — 1262iz(iz — 1) (3.245)

Focussing on the functions b(iz) and (iz), we see that the results derived in subsections 3.5.1 and 3.5.2
accommodate for this extension of the Heston model where & > 0 as we then have v > 0 in the

functions b(iz) and 7(iz).

In Fahrner [2007], the issue of branch cutting is considered regarding the dynamics

dS; = o[BS+ (1 - B)L] /VedW)
AVi = k(0 —V;)dt + v/ VidWyY
AWXdWY = pdt

where 0 < 3 < 1,0 >0and L > 0. For X = 35 + (1 — 3)L (as considered in Andersen and Brotherton-
Ratcliffe [2005]) and X = In X, It6’s formula yields the dynamics

1
dX, = —50262%dt+06\/%thX (3.246)
dVi = k(0 —=Vy)dt + v/ VidWY (3.247)
dWXdw) = pdt (3.248)

Since 0 > 0and 0 < B < 1 we can treat this specification as that arising from equation (3.242) where

o > 0 as we have

b(iz) = k— profiz (3.249)

v(iz) = \/(m — profiz)’ — 202 (2iz(iz — 1) (3.250)
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However, we restrict the parameter /3 to a constant when allowing for piecewise constant, time-dependent
parameters as specifying X = 35S + (1 — 3)L complicates the evaluation of a European payoff. Specifi-
cally, we have the payoff

1
g
where K = K + (1 — 8)L and so it follows that within the valuation formulae for European Options,

Sr— KT = Z[Xr-K]" (3.251)

the parameter (3 is not restricted to feature only within the characteristic function.

For time-homogenous parameters, Fahrner [2007] specifically considers a proof for the case ( = 1 as-
suming that Re [b(iz)] > 0 and states that, in this case, Im [y(iz)] and Re [b(iz)] Im [b(iz)] have the same
sign. However, from this we know that Im [y(iz)] and Im [b(iz)] have the same sign (and specifying
Re [y(i2)] > 0)’, we then have

Re[b(iz)|Re [y(iz)] + Im [b(iz)] Im [y(iz)] > O (3.252)

From Lord and Kahl [2008] Lemma 2, equation (A.17) and Theorem 2, we know that if the form of the
inequality in equation (3.252) is satisfied then (7, iz,0) cannot lie on the branch cut (—oc,0].% Hence,

for the assumption made, the result may be inferred from the work of Lord and Kahl [2008].

Furthermore, our method of proof accommodates for the specified dynamics and ( = 1 within the
context of both European and Forward Starting Options with piecewise constant, time-dependent pa-

rameters, without the need to introduce any parameter restrictions.

3.5.4 A more general problem

The jump component of the conditional characteristic function for the SV]J] model also features a complex

logarithm. Working from equation (2.83) of proposition 2 in section 2.2, we can express this as

log <§(iz’m) - &(izze—w””) — log AT iz, im)e 7 - 1 (3.253)
Wiz, izy) + V(iz) A=Niz, izy) — 1

where

Alizyizy) = Aliz,izy) b(iz)+7(iz)
1—iznp’ —n (uif)

and so for > 0, we have a more general version of the complex logarithm that appears within the

(3.254)

diffusion component of the conditional characteristic function. However, again it would seem that the
function, whose logarithm we are considering in equation (3.253), cannot lie on the branch cut (—o0, 0].
Having pointed out articles, in subsection 3.1.1, which prove that the branch cut is not crossed for the
diffusion component of the SVJ] model for ¢ € ((™", (™#*) and presented a proof, in this section, allow-
ing for piecewise constant parameters where ¢ € [0, 1], it would seem that there is an underlying reason
that has, as of yet, not been identified which ensures that, even for the jump component, branch cutting

is not an issue.

"This choice represents the principal value for the complex square root.
8This appears in an earlier version of the result in Lord and Kahl [2007] Lemma 3, equation (A.19) and Theorem 3.

67



Chapter 4

Obtaining forward parameters from the

semi-analytic pricing formulae

4.1 The SABR model and Forward Starting Options

From Hagan et al. [2002], we assume the following dynamics for the forward value F and volatility «

dF, = aFlawf
doy = voudWy (4.1)
dWlawe = pdt

where £}, is the current forward price.

Had we first considered the dynamics of o under the real world measure, we would have obtained
day = [plar) = glan) Ay ()] dt + qar)dW? (42)

under the forward A\¢ () measure. Hence, in the SABR model

Noon) = 583 (43)

where ¢(a;) = va; but p(ay) is left unspecified.

In Hagan et al. [2002], an approximate solution is derived for the value of a European Option in terms
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of a skew in Black’s model! where the implied volatility is given by

1— 2 a? Bro 5 )
Qi (1 + [( 246) (FmKo)l—B + i(FtopK)(lfﬁ)ﬂ + 24P 1/2} 7_) )
(4.4)
£(y)

0',5 ,T,K(Ftoaatoaﬁapay) - e F; — aa Fy
0 (Fy, K)=072 [1 + 5 n® (70) + Ui In (70)}
with
v F;

- 2 KA-B/21 | T

y ato( tO ) n K

€y) = In VI-2py+y*+y—p
. 1—p

where 1’'Hopital’s rule is used to deal with the indeterminant % form that arises in equation (4.4) for
K =F,,.

4.1.1 Forward Starting % Call Options

+
To obtain the time ¢ value of the Forward Starting % payoff {2—? - K } , we first obtain the time T}
1

value. Assuming the specified dynamics, we have the approximate time 7 value,

. Fr
Wpn = Brm | goN(dy) - KN @)
1
; B In (;;%) + %037’2
s 2y/T2

with 5 = Ty — T, 09 = g (g—?, ary, B2, p2, I/Q) where the constant parameters 3, p2 and v, are
! ! 1
valid for the period (71, 75]. Assuming a constant dividend yield ¢, for the period (T3, T5], arbitrage

arguments yield g—? = %;”;2 . Regarding the state variables F' and ¢, it is clear that the value of the
1 1,42

option at 7 is only a function of a7, and so the time ¢, expectation (under the forward-T} measure) of

H;/:fTLTz takes into account only one source of randomness. Furthermore, for 7y = T} — o and v the

constant parameter that applies over the period (to, 71], we have
I/2
Inap ~ N (ln oy — 717'1, 1/127'1) (4.6)

This follows from equation (4.1).

1Referring to Hull [2002], Black’s Model gives us the value at ¢g for a European Call Option on the underlying .S, maturing at
T with strike K

G » = Big,r[FigN(d1) — KN(d2)]
J B In (%) + %027'
G o\/T

where F is the forward price of S for a contract maturing at T', By, r is the price at to of a Zero Coupon Bond paying 1 at T, o
is the volatility of F" and we explicitly assume that St is lognormally distributed where ¢+/7 is the standard deviation of In S7,

IE%T [ST] = F, and Qr refers to the forward-T measure where B, 7 is our numeraire.
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From the approximate value of the option at time 77, in equation (4.5), and the fact that the marginal

distribution of ar, is lognormal, we have the approximate value at time ¢

%o T %
HtOC,Tl,T2 = Bto-,Tl E(t% ' [HTlc,Tl,T2|at0]
Bto,Tl / [e—quzN(d+) - BTl,Tz KN(d—)] f(OLT1 |at0)daT1 (47)
0
where f(ar |a,,) 18 @ lognormal density function with parameters 1 = In oy, — %fn and o = vir.

Equation (4.7) must be evaluated numerically. The analytic form of the integrand simplifies this exer-
cise as one must, effectively, carry out a one dimensional integration. A simple Gaussian or Adaptive
Quadrature rule may be used to determine II; . .. . It may be useful to specify an upper bound for the
integration variable in terms of the standard deviation o = vim. Alternatively, one could make use of
a one factor finite difference method, such as the Crank-Nicholson scheme, to determine I1*€ The

to,T1,T2"

problem can be conveniently evaluated using this latter approach as the terminal condition IT;.,. ., isa

smooth function of a, with limay, —0 07, mpc =0 and lima ., —o0 Oy x = 00

4.1.2 Forward Starting $ Call Options

For the $ type payoff [Sr, — K Sr,]", we have the approximate value at T},

H$TC1,T1,T2 = BTI-,T2 [FTlN(d+) - STI KN(d*)]
Sty [e™™N(d+) — Bry,r, KN(d-)] (4.8)

and d is as specified for a % type option. Again, referring to Kruse and Nogel [2005], the valuation of
$ type options may be simplified by shifting to the stock price measure with numeraire Sz, (where we
assume that dividends are re-invested into the asset). The time ¢y expectation (under the S7, measure)
of IT¥ would then take into account only one source of randomness as the numeraire would remove

T1,T1,T2

St, from TT¥¢

1,1+ Lhis approach was specifically considered assuming the Heston dynamics. Unfortu-

nately, we cannot make use of this approach when assuming the SABR dynamics.

Firstly, there is a non-zero probability of the underlying process hitting zero. We do not prove this claim?
but simply motivate it by observing that the SABR model reduces to the form of the CEV (Constant Elas-
ticity of Variance) model® when v = 0. Cox [1996] presents the non-zero probability of the underlying
hitting zero, assuming the CEV dynamics. This implies that use of S, as a numeraire is not technically
valid. However, if one insists on making use of the underlying as a numeraire when the process can
become zero, Boyle and Tian [1999] describe an approach to circumvent the problem. As it stands, when
working with the CEV process, an absorbing barrier is specified at zero. Replacing this with a closely
related but strictly positive process would allow the underlying to be used as a numeraire. A minimum
value € > 0 is specified and if this level is reached, one would effectively liquidate the position in the
underlying and invest the proceeds in a money market account. For more details, we refer the reader to
the original article.

Having addressed the validity of a shift in measure, one must then consider the effect of this shift on

2A proof is provided in Andersen and Piterbarg [2007] proposition 5.1
3For the underlying S, the CEV dynamics are dS = rSdt + oS H dW where 0 < 3 <2
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the dynamics of the model. Specifically, ar, is no longer lognormally distributed and so tractability of
the density f(a,, |a,,) WOuld appear to have been lost, under the stock price measure. Hence, we are not
able to provide an approximate and efficient pricing methodology for a $ type option within the SABR

model.

4.1.3 The SABR model and forward parameters

Equation (4.4) may be used to calibrate the SABR model directly to the implied volatilities of European
Options for a range of strikes and a specific maturity. This yields maturity specific, constant parameter
sets. As stated in Hagan et al. [2002], the derived approximation is not intended to provide an adequate
fit to market prices when a single, constant parameter set is obtained from a calibration over a range of
both strike and maturity. Fitting the implied volatility surface requires use of the dynamic SABR model
Hagan et al. [2002] Appendix B with the specification

dFy = v FldwrF
dOét = I/tattha (49)
dWEdwe = pdt

where the parameters v, 3, v and p are all time-dependent. In a manner similar to that within the non-
dynamic model, an approximate solution for European Options is derived. The result, however, is not
easily interpreted.

In principle, an approximate formula for European Options incorporating time-dependence allows us to
calibrate the model to specific maturities, building up a term structure for the respective parameters and
so consistently price European and Forward Starting Options, for example. Elaborating on this point,
we start off at time ¢y and assume the time-dependent parameters are all piecewise constant. For the first
maturity 7', the model is calibrated to the market prices of European Options with maturity 7}, ranging
in strike. This yields a constant (¢, 71] parameter set i.e. we have (Vs 11], B(to.11] V(to,71]s Pto,11]) -+ FOL
the second maturity T, we use the already calibrated (¢¢,71] parameter set as an input into the calibra-
tion procedure to determine the forward (to; 71, 72| parameter set that provides the most appropriate fit
to the market prices of European Options with maturity T5. For ¢ty < t < 75, this yields

(v Bes v pt) = (Vto,11) Bito, T1]s Vito s Pto 1)) Lito<t<m]

+  (VtosTa o] BltosTy Ta) VitosTr Ta)s PltosTs 7)) Ly <t<1T3) (4.10)

allowing us to price % type Forward Starting Options (as presented in equation (4.7) for the determi-
nation date 7 and maturity date 75) with parameters that will return the calibrated model prices of
European options of maturities 77 and T5. Hence, the Forward Starting prices specified by the model are
consistent with the prices specified by the model for T} and 75 European Options. Without the dynamic
model, we would be left calibrating the SABR model to the maturities 7} and 75 separately, resulting in

constant (to, T1] and (to, T>] parameter sets, respectively. Which of these parameter sets would we then

4In fact, if we can assume that Y(to,m1] = 1 then the remaining (o, 7] parameters can be calibrated directly from the non-
dynamic SABR approximation.
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use to price the specified Forward Starting Option in equation (4.7)? Using the (¢, T»] parameter set, for
example, would yield Forward Starting prices that are inconsistent with the model prices of T European
Options. For a consistent price, we would have to simultaneously calibrate the model to both maturities
and so obtain a single, constant parameter set. However, as already stated, the model’s resulting fit to
T and T5 European market prices may not be adequate.

4.2 A digression: forward parameters for a very special case

Proposition 25. For the affine square root process
dVy = k(0 — Va)dt 4+ v/ VidW,)

where we assume k is constant while 6, and v, are piecewise constant and

0, _
7 k (4.11)

for some constant k, we have the forward parameter

by — \/V2 (er™ —1) — v (er™ — 1) 412)

eRT — ekT1

for the periods T = Ty —to, 71 = 11 —to and 7 = To — T} where vy is the constant parameter that applies over the
period (to,T1], v is the constant parameter that applies over the period (to,Tz] and vy is the constant parameter
that applies over the forward period (T4, T5].

Proof: To obtain formulae for forward parameters, we attempt to analytically satisfy
ED [e#V2|V,] = E2 [ER [V |Vp] Vi, ] (4.13)

Working from equation (4.13), we have

EQ [eizvVT2|Vt } _ eD(T,O,izu)VtOJrC(T,O,izv) (4'14)
to 0
E(% [E(% [eizvVT2|VTJ |V;50} —  P152(71,0,D2;2(72,0,i20)) Vi +C152(71,0, Da;2 (72,0420 ) )+ Co;2 (72,0520 (4.15)

where from section 2.2, we have

K1Zy
D(r,0,iz,) = 4.16
(7.0, i) T3 (1— o)  rer (4.16)
2K0 izyv? (1 — e FT)
i2y) = ——%-log|l— —————= 417
Crvsiz) = 2oy ( ) @17)
The forward parameters v, and 6, must satisfy
D(T,O,izv) = D1;2(7’1,O,DQ;Q(TQ,O,?;ZU)) (418)
O(T,O,izv) = 01;2(7'1,O,DQ;Q(TQ,O,iZU)) + CQ;Q(TQ,O,Z’ZU) (419)
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Working from equation (4.18), we make use of equation (4.16) and the assumption that « is constant

T
B l/g iz, (1—efT2)+KrerT2

K |: KiZy }
Dl;Q(Tla07D2;2(727Oaiz71)) = .
V12 [1 K1Zy ] (1 _ em—l) + kehT1

$v3iz, (1—€eR72 ) +re"T2

N[

KiZy
020z, (1 — evm) + 2131z, (er™ — e7) + KerT
K1z
= 5 - (4.20)

1120z, (1 — e57) + ker™

= D(7,0,izy)

where equation (4.20) holds for v» defined as that in equation (4.12). Working from equation (4.19), we
make use of equation (4.17) and the assumptions that x and the ratio % are constant

C1;2(71,0, D2;2(72,0,12y)) + Co;2(72,0,12,)

_ K1z 1 _ 1
= —2kklog(1— v — 2 (1—e ")) —2kklog [ 1 — —izpr2 (1 —e ™

[ izve } iuf (1- eml)) — 2k log (1 - ;—Hizvl/g (1- e”‘”))

sizyv3(1 — e r72)

= —2kklog (
(1 zzv 2(1 — e "72) 4 e h 22 (1 - eml)}>
= —2rklog (1 — —zzv T [V%(e’” — ") 4 v (eFT — 1)]
(1 — —zzv 1 — e"”)) (4.21)
= C(1,0,izy) (4.22)
where, again, equation (4.21) holds for v defined as that in equation (4.12). [
From proposition 25, setting 6, = 0, we can write

dY = uYdt+uvVYdWw>

for some process Y and constant drift parameter y = —x where the SDE for Y has the square root CEV

form. For this process, we then have

2 _ o—puT) _ 4,2 _ o—HuT1
- \/V (1—e») —vi(l—eHrm) (423)

e HTL — = HUT

To obtain our analytic formulae for the considered forward parameters, we have matched the functions
C and D, separately. This is a special case. The same approach immediately yields the forward parame-
ter for a piecewise constant, time-dependent volatility ¢ in the extended Black-Scholes model (working
from the corresponding conditional characteristic function for X = In S). In general, we must match the

resulting European Option prices numerically.
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4.3 Stochastic Volatility Model with Time-dependent skew: An affine

approach for the “effective” volatility

Consider the process

dS; = o/ [8:Si + (1 — B1)Ss, ] V/VidW? (4.24)
AV, = k(0= Vi) dt + v/ VidWY (4.25)

where 3 and ¢ are time-dependent while «, 6§ and v are constant and the Brownian motions driving
S and V are uncorrelated.”> As stated in Andersen and Brotherton-Ratcliffe [2005]° ”Piterbarg [2005]
provides an approximative algorithm to reduce a time-dependent o into a single representative constant; this is
particularly useful in calibrations, as option prices can always be represented by an implied constant o before
the calibration algorithm is activated.” This single representative constant is referred to as the "effective”
volatility. Furthermore, Piterbarg [2005] provides an analytic, approximate formula to reduce a time-
dependent 3 into a single representative constant. The latter result may be determined from theorem 3.1
and corollary 3.3 of Piterbarg [2005]. For the period (%o, t,,], this yields

tn
B = Brwydt (4.26)
to
2.2
w, = ——tL (4.27)
Jo) viodt
t t KS __ ,—KS
v o= 92/ Ugd5+9V2€7Kt/ afwds (4.28)
to to 2K

with V, = 6.

This result is strike independent and allows us to approximate the SDE in equations (4.24) and (4.25) by

dS; = o [BS:+ (1 = B)Sy,] V/VidWS (4.29)
AV, = k(0—Vy)dt + v/ V,dW) (4.30)

where 3 = (34, 1, is a constant value valid for the entire period (to, ¢, ].

We now focus on o;. Essentially, for the special case of an at-the-money (K = S;,) European Call Option,
Piterbarg [2005] derives an approximate pricing formula that accommodates for a time-dependent o.
From Piterbarg [2005] Theorem 4.1, we present the approximative algorithm for a maturity of ¢,,.

Theorem 4. Denote the Laplace transform of the integral of o2V, by
tn
L(u) = E [exp (—u/ afl/}dt)] (4.31)
to

and the Laplace transform of the integral of V; by

L(w) = E[exp (—u / " I/}dt)] (4.32)
to

5As stated in Piterbarg [2005], the slope of the implied volatility smile is generated by the function 3:S; + (1 — 3¢)St, and so

one does not need to introduce correlation between the driving Brownian motions.
bregarding caplet pricing formulae

74



CHAPTER 4. OBTAINING FORWARD PARAMETERS FROM THE SEMI-ANALYTIC PRICING
FORMULAE

The second-order accurate "effective” volatility o is given as a solution to the equation

o 9?2
7 _8—@9(5)02> E(_TQQ(@) 133
< Z406) Z4(6) (39

where
£ =0 / : o7 dt (4.34)
Sy, 1

g(z) = 7[2@ (55\/5)—1] (4.35)
o(y) = PY <y) (4.36)
Y~ N(0,1) (4.37)

In Piterbarg [2005] Appendix D, the application of this theorem is considered. From Andersen and
Brotherton-Ratcliffe [2005] Lemma 1, the RHS of equation (4.33) may be determined by observing that
L(u) has the affine form exp [A(to, t,) — B(to, tn)Vi,] where the functions A(t, ¢,,) and B(t, t,,) satisfy the
Ricatti system of ODEs

%A(t,tn) = KOB(tt,) (4.38)
%B(t,tn) = nB(t,tn)+%u2B2(t,tn)—ua§ (4.39)

with the terminal conditions

Altn,ty) = 0 (4.40)
B(tn,tn) = 0 (4.41)

Furthermore, the LHS of equation (4.33) may be determined by observing that £(u) satisfies the same

system of equations where o, = 1 and so an analytic solution may be obtained. Specifically, we have

L (u) = exp [f_l(to, tn) — B(to, tn)V}O] (4.42)
where’
_ 2u(l—e )

Blto.t,) = 443
ot = G-t e @
Alto, t,) 260 1, 2y 20 (4.44)

L) = = — 2K T .

o 2 08 (k+7)(1—e 7))+ 2ye= 7 K+

vo= VK2 4202 (4.45)

This result allows us to approximate the SDE in equations (4.29) and (4.30) by the time-homogenous

pI‘OCESS
dS; = o[BS+ (1 — B)Ss,] VVidW} (4.46)
AV, = k(0 —Vy)dt + v/ VidWY (4.47)

"Note the typo in Piterbarg [2005] equation (D3) for A(to, t,) which appears within the denominator of the term whose loga-

rithm is considered.
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where 0 = 0, ] is a constant value valid for the entire period (to,t,] while 3, s, § and v are the same

constant parameters from the SDE in equations (4.29) and (4.30).

For the term 7 = ¢,, — to split into n increments with the mth increment 7,,, = t,,, — t,,,—1, we restrict our-

selves to a piecewise constant, time-dependent o and a constant 3. In particular, for oy, 1= T(10:1,, 1 t,0]

we have
ot = Zamﬂ[tm,lqgtm]
m=1
¢ = 0> o (4.48)
m=1

Consider the case n = 2 where we have the periods (to, 1] and (to,t2] with t1 < t2. From the quote
above, one can represent option prices for the respective periods in terms of the implied constant values
O (to,t,] and (4, ¢,) Which correspond to the SDE in equations (4.46) and (4.47) for the respective periods
(to,t1] and (to,t2]. Given oy, ¢, and oy, 1, (as well as (4, +,), #, 0 and v), theorem 4 may be used to
approximate oy, +,]- One can then make use of the SDE in equations (4.29) and (4.30) for the entire
period (to, t2] where oy = 0, 4,11jto<t<t:] + Oto;t1 1] I[t, <t<t.)- The approach remains valid when solving

for U(toétn—lytn] with n > 2.

Regarding the implementation of theorem 4, it is not clear from Piterbarg [2005] Appendix D as to exactly
how the author intends for the algorithm to be implemented. Specifically, evaluation of the ODEs in
equations (4.38) and (4.39) requires some clarification. One can evaluate the simple system numerically
with, for example, MatLab’s ode45 function. This, however, is not an efficient approach. The merit
of theorem 4 lies in the fact that the RHS of equation (4.33) may also be determined analytically for a

piecewise constant o and hence, forward parameters may be determined almost instantaneously.®

For the specified model, an exact semi-analytic pricing formula is also available, for a piecewise constant,
time-dependent o and constant 3, from which we can determine o(;,,;, _, 1, efficiently. In the following

subsections we describe how approximate and exact forward parameters may both be determined.

4.3.1 The conditional joint characteristic function

Following Andersen and Brotherton-Ratcliffe [2005], we set X = 35 + (1 — 3)S;, and make use of Itd’s
formula together with equations (4.29) and (4.30) to obtain
1

dX = —50352th+atﬁﬁdws (4.49)

AV = k(0 —=V)dt+uvVVAW" (4.50)

where X = In(X) and so we have expressed the specified dynamics in the same affine form as that of
Heston [1993], for example, where the natural logarithm of the corresponding characteristic function is
linear in terms of the state variables (X and V).

The corresponding conditional joint characteristic function for X and V,

EQ [exp (12X, +iz,Vi, ) | X0, Vi] =1 (X4, Vasiz,iz,) (4.51)

8The intention, to make use of available analytic results, was communicated to us by the author Vladimir V. Piterbarg.
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must satisfy the PDE
dgp 1 0Py av, 201 Py 2 oy
o 20t Vegx, 90t Vigxe Tl - Vigy + vVigre = 0 (4:52)

Switching variables from ¢ to 7 = ¢,, — ¢, we assume that the solution ¢, has the form
exp [i2 Xy + D(T,iz,i2,) Vi + C(T,iz,12y)] (4.53)

reducing the problem to a system of ODEs

gD(?,iz,izv) = %I/2D2(T iz,izy) — bD(T,iz,i2,) + ¢ (4.54)
=
gC(?,iz,izv) = kOD(T,iz,iz,) (4.55)
=
with
b = & (4.56)
1
c(iz) = 502622'2(2'2—1) (4.57)
and the terminal conditions
C(0,iz,izy) = 0 (4.58)
D(0,iz,izy) = iz (4.59)

Regarding the arguments of the functions C' and D, iz and iz, refer to the coefficients of X, and V;,
respectively to which the exponent is raised at the terminal time ¢,. For 7 = ¢, — ¢, this yields the

analytic solution

D(iz, i) (H_WZ)) e (4.60)
T i2,1%y) = — , .
V2 Afiz,iz) - (224 ) et

C(ryiz,izy) = IZ—Z [k —~(iz)] T — 21/i lo ( XZ Z:,)(;:) Zj); — 1> (4.61)
Aliz,izy) = Aliz,iz) <%> (4.62)
Alizyiz) = ZEZ - 21182 (4.63)
~v(iz) = K2 — 2v%¢(iz) (4.64)
Setting z, = 0 yields the characteristic function for X

E2 [exp(izXy,)| Xeo, Vis] = explizXy, + D(7,i2,0)Vy, + C(7,iz,0)] (4.65)

We allow for a piecewise constant o by making use of the tower property

E2 [exp(izXs, )| Xi, Vo] = EZ [Eg [...Ei’{fl [exp(izX,)| X0, Vi ] ...|Xt1,Vt1} Xy Vto}

(4.66)
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and must now determine an analytic expression for the RHS of equation (4.66). To achieve this, we
make use of the analytic result for the conditional joint characteristic function presented in equations
(4.60)-(4.64). Dividing the term 7 = t,, — to into n increments with 7,,, = ¢, — t,,—1, we solve a time-
homogenous PDE for each increment where from one increment to the next, the constant parameter
set may differ. At ¢,_;, we must solve the PDE presented in equation (4.52) assuming the solution
Gty (Xt 15 Vi, _1312,0) = B2 [exp (izXy,) | X1, ., Vi,_,] has the form

exp [i2X¢t,_, + Dnin(Tn:12,0) Vi, ) + Chin(7n,i2,0)] (4.67)

subject to the terminal conditions
Crin(0,i2,0) = 0 (4.68)
Dy:n(0,i2,0) = 0 (4.69)

The functions C,,.,, (7, iz, 0) and D,,.,, (75, 2, 0) are determined from equations (4.60)-(4.64) where iz, :=
0 and (T7 67 R, 07 V) = (Tnu ﬁna Rn, 977,7 Vn)*

At t,,_o, we must solve the same PDE, assuming the solution ¢y, , (X, ,, Vi, 5;12, Dpin(Tn,12,0)) ==

n—279

Eg,z [E%,l [exp (izX4,) |th,17‘/;tn,1] | Xt s, V}n,z} has the form
exp [Crin(Tn, 02, 0)] Eg,g [exp (ithTkl + Dy (T, 02, O)thfl) | X, s, thd} (4.70)
= exp[Cnn(Tn,iz,0)] (4.71)

X exp [iZthfz + D10 (Tn=1,%2, Dpon (70, 12, 0)Vi,,_y + Crm1:n(Tn=1, 12, Dy (Tn, 12, O))}(4.72)
subject to the terminal conditions

Cr-11(0,12, Dpyn (7, 12,0)) = 0 (4.73)

anl;n (07 1z, Dn;n(Tn7 1z, O)) = Dn;n (Tn7 1z, O) (474)
The functions Cy,— 1.5 (T—1,92, Dion (70, 2,0)) and Dy, 1,0 (Tn—1, 12, Dp;n(Tn, 12,0)) are determined from
equations (4.60)-(4.64) where iz, := Dy, (Tn, 12,0) and (7, 8, &, 0, V) := (Tn—1, Bn-1, Kn—1,0n—1, Vn—1).

Continuing in this manner, until we reach ¢y, yields the analytic result

E% [Eg [-'-EgH [exp(iZth)|th71,V;5n71] "'|Xt17‘/;51} |Xt07V;50}

1

= exp |12Xt, + Din(71,12, Da.p) Vi + Z Crn (T, 12, Dm+1;n)] (4.75)
m=1
where
Dl;n(Tl N iZ, ng) = Dl;n(Tl N iZ, ng(Tg, iZ, -'-Dn—l;n(Tn—la iZ, Dn;n(Tnu iZ, 0))))
Cm;n(Tma 1z, Dm+1;n) = Cm;n(Tma 12, Dm+1;n(7'm+1a 12, -~-Dn71;n(7’n717 12, Dn;n(Tna 12, O))))

with Dy, 1, := 0. Regarding the subscripts of the functions C and D, the first argument specifies the

increment currently considered while the second specifies the total number of increments.

Returning to the implementation of theorem 4, we can make use of the analytic result in equations (4.60)-

(4.64) to determine the RHS of equation (4.33). For convenience, we specify exp [A(t, t,,) + B(t, t,,) Vi, ] as

78



CHAPTER 4. OBTAINING FORWARD PARAMETERS FROM THE SEMI-ANALYTIC PRICING
FORMULAE

the affine form of £(u) and set 7 := ¢,, — ¢. This yields the Ricatti system of ODEs

iA(%) = kOB(T) (4.76)
or
I = Leps) - wB) - uo? &.77)
or 2
Setting c(iz) = uo}, in equation (4.64), where o, is piecewise constant and specifying the terminal con-
ditions
A(0) = 0 (4.78)
B(0) = iz (4.79)

for an appropriate choice of the value iz,, allows us to determine an analytic solution for £(u). For

oy = 1 and iz, = 0, we obtain the solution for £ (u) as presented in equations (4.43)-(4.45).

4.3.2 Solving for the forward parameter

Regarding the payoff of a European Call Option, we have

1

(S, — K" = E[th—f(]* (4.80)

n

where X; = 3S;, + (1 —)S;, and K = 8K + (1 — 3)S,,. For X;, = In(X;,) and k = In(K), we have

the semi-analytic undiscounted value of the payoff [eXtn — ¢¥] ™

1 00 e—i(u—ia)k ) )
c _ C - Q | i(u—i[a+1]) Xy,
I, ) = @+ [ Re [—m T I Koo VfoH .
(4.81)
1 1
Rfo,tn () = E(% [eXt" |Xt0] H[QSO] - §E% [eXt" |Xt0] ]I[a:()] — ek]I[aS_l] + §€k]l[a:_1] (4.82)

The result is valid for o € (o™, ™) where EZ [e(etDXen | X, |V, | exists.

Replacing EQ [¢'(v—ilot1DXen | X, [V} ] in equation (4.81) by its iterated extension yields the pricing for-

mula Hfo,tn (O'[to, 11> O (tost,taly =0 O’(t();tnfl;tn])' From
I Ooea) = T, (T(teta]s Tltosts tals -+ Oltostn1.t.]) (4.83)
we can solve for one of the parameters o, 1,1, T(tost1 ta]s -+ T(tostn_1,t,] AN Oz, 1,1 given that the rest are

inputs. We focus on solving for o(;,.¢,_, ¢,.]-

At this point, we must acknowledge that, regarding semi-analytic pricing formulae, it has been noted in
Andersen and Andreasen [2002] that the specified dynamics can accommodate for a piecewise constant
0. Hence, we can claim only to have identified the usefulness of this result when working through the

approach of Piterbarg [2005].

Regarding the chosen contour of integration i.e. the value —«, we make use of the optimal o* ap-
proach of Lord and Kahl [2007] where this optimal value is a function of all the parameters of the

model. Regarding the numerical search for oy, , at each iteration within our preferred algorithm,

n—1,tn]

IS, (O(t0,t1]s T(tosta ta]s s Oltosta_1.t,)) Will be evaluated at a different value of o, _, +,). Hence, the
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corresponding o* will differ for each iteration. Furthermore, to obtain a* one must first determine the

range (o™, a™?*) numerically, as considered in section 3.2

When evaluating the option prices in equation (4.83), we specify the adaptive Gauss-Lobatto quadrature
algorithm of Gander and Gautschi [2000] (as suggested in Kahl and Jackel [2005]) with the optimal o and
the transformed domain of integration, as our benchmark approach.’ As pointed out in Kahl and Jackel
[2005], the algorithm evaluates the integrand at its boundary values. Having transformed the domain
of integration from u € [0,00) to x € [0, 1], we must define the integrand to be zero at the boundary
x = 0. The MatLab code for the adaptive algorithm is conveniently presented in Gander and Gautschi
[2000], allowing us to specify the value of the integrand at this boundary. To work with the transformed
domain, we must determine the appropriate transformation. Following the approach in section 3.4, we

specify the transformation

u(z) = _h%(x) (4.84)
R, = g 01Vig + K0 Y 0T (4.85)

m=1
where z € [0,1].

Piterbarg [2005] focusses on obtaining results for at-the-money options (K = Sy,). Our affine approach
accommodates for alternative strike levels. However, for at-the-money options, we can obtain results

conveniently by reconsidering the contour of integration.

Proposition 26. For o = —3, we have the integrand

e—i(utiz)k o { o {

e Q
— T i)Eto E

tn—1

[ei(u—i%)th |th—1 ) ‘/tn—1:| "'|Xt1 ) ‘/tlj| |Xt07 ‘/to:| (486)

t1

which is at its minimum at w = 0. For k = Xy, the integrand is strictly increasing in u where u € (0, 00).

Proof: We can write

D(r,iz,0) = [ +V72(iz)] (1 - (Tiz, 0)> (4.87)
C(r,iz,0) = ’Z—f[ — ()] T — 2V—l<;91n [0(r,iz,0)] (4.88)
W(r,iz,0) = Alﬁfzz((ji;)(i);_l (4.89)
ANiz) — % (4.90)
Fora — —1, we have
y(iz) = \/HZ + 120257 <u2 + %) eR (4.91)

and so ¥(iz) > k. This yields —1 < A7!(iz) < 0 and 1 < ¢(7,iz,0) < 1 with C(,iz,0), D(1,iz,0) € R.

9This is the preferred valuation methodology presented in Lord and Kahl [2007]
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Regarding D(7,iz,0), we can show that

0 .
, 1 1 [k +7(i2)] [ 77y (T 12,0)
FEPE0 = 7 (1 )t U2(iz0) @52
1—e)T) 0 A=1(i2) — A=1(i2) [A~1(iz) — 1] e )T
O y(riz0) — ( o Gl ( 2) A7) 1] (4.93)
Ov(iz) [A=1(iz) — 1]
7] 2K
AMiz) = it 494
G ) )P (899
where %A‘l(iz) <0, %1#(77 iz,0) < 0 and so
0 D(r,iz,0) < 0 (4.95)
97(i2) T, 1%, .
Regarding C(7,iz,0), we can show that
) 2k0 1
a0 = T ) S0 T (4.96)
Y(u,7) = —%T[A_l(iz) —1[1+ A7 62)e DT 4 1 — e—vﬁzﬁ]%/x L(iz)
The sign of Y (u, 7) is not immediately clear. However, we have
Tyn = 2 (et 2] - e (i) (i2) - o167
ar [k +~(iz))?
> 0 (4.97)
for 7 > 0 and any u while Y (u, 0) = 0. Therefore, Y (u, 7) > 0 for 7 > 0 and so
0 C(r,iz,0) < 0 (4.98)
e T, 12, .
We aim to show that the integrand (evaluated ata = — %) in equation (4.86) is monotonic in u for k = X4,.
Within the affine framework, we can write
e—i(utig)k 0 [0 o Humid)X .
mEto |:Et1 |:"'Etn,1 |:€ 2 " |th71"/tn71} "'|Xt17‘/tl:| |Xtoa ‘/to:| ( 99)

= —————€xXp
—(w?+3)

1 = 1
Xy + D1 <71,iu + =, ng) Vig+ Y Coen <7’m,iu + -, Dm+1m>](4.100)
2 L 2
for k = X;,, « = —% and making use of the notation established in section 2.4. From equation 4.100
and the fact that D(7,iz,0), C(r,iz,0) € R, we can see that the integrand is real and negative for z :=
u — i(a + 1). Furthermore, from equation 4.99 and making use of Jensen’s inequality, we can show that

the integrand is at its minimum at u = 0.

We have
6 (u—i|la
S-ED {]E?i [...]ngl {el(“ [ +1]>le|th,1,1/%,1] ...|Xt1,Vt1} |Xt0,vt0}
6 (u—i|la
- 8UE% {el(u ot |Xt07V%U}
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and so it follows that for k£ = X;,, we have

0 —i(u—ic i(u—ilo
= o (e gD [BR [LED | [0t DN, Vi ] X Ve | X, Vi | ) (420D
9 —i(u—ic i(u—ila
- = (e (u-ie)kgQ [e< [ +1])Xm|Xtht0D (4.102)
— o Xtg+D(7,i2,0)Vig +C(7,iz,0) [(%D(T, iz,0)Vi, + %c(ﬂiz,o)} (4.103)

From equation (4.91), we have

B V202 3%u

aﬁuw(iz)— ) >0 (4.104)

for u > 0 with an equality only at u = 0.

Making use of equations (4.95), (4.98) and (4.104), we have

0 0
0 . _ NP (i) < '
auD(T, iz,0) 6’7(2’2)D(T’ iz,0) 6u'y(zz) <0 (4.105)
0 0 0

_— ) = 3 B — ) < .
8uC’(T, iz,0) ) C(1,iz,0) auw(zz) <0 (4.106)

with an equality only for v = 0.

Therefore 2 (e~ @lER | .E2 | [eimilotDXn| X, | V] Xig, V| ) < O for b = Xiy, 0= —4
and v > 0. It follows that the integrand is strictly increasing in u for u > 0. [J
From proposition 26, we see that for k = X, specifying the contour o = —1 allows us to avoid the issue

of an oscillating integrand. Hence, rather than solving for the optimal « at each iteration of our numeri-
cal search, we suggest working with a = —3 thoughout (which always lies in the strip of regularity). In
terms of the optimal a approach, we can also confirm that the local minimum for o € (-1, 0) is always
—1fork = X,

The monotonicity of the integrand in u allows us to effectively make use of a simple Gauss-Legendre
Quadrature Rule to perform the required numerical integration. From Abramowitz and Stegun [1974]
equation (25.4.30), we make use of a 32-point rule for the integrand f(u)

/bf(u)du ~ (b;a>§:wif(ui) (4.107)
a i=1

- (b;a>xi+(b;a) (4.108)

with the abscissas z; and weights w; specified in Abramowitz and Stegun [1974] Table 25.4.

where

The final point we consider is the range of o, ) that the model can accommodate for by simply varying

G(t0§tn71;tn]'
PR o 1 o C . . . . .
Proposition 27. For a = —5 and k = Xy, II; | (0(1,,1,)) 18 strictly increasing in oy, ;) and
. e o
IS, (O (to,t1]s T(tostr tals -+ Oltostn_1,ta]) 18 Strictly increasing in oy, 4,)-
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Proof: For the time-dependent case, we can write

Dm+1'n (Tm-i—lu Z'Z, Dm+2'n)

Dm'n mul 7Dm n = : s : 4.109
(T, iz +1in) D (T 122 Do 1) ( )
[“m + '7771(7;2)] 1

1-— 4.110
* V12n 1/)m;n(7'ma 12, Dm+1;n) ( )
. KmOm . 26mOm .
Cruin(Tm, 12, Dypg1.n) = 2 [Frm — Ym (12)]Tm — 2 n[Ymn (T, 12, Dinyain)]  (4.111)
. V?n — 12)T, -
1/]m;n(7—mu 1z, Dm-l—l;n) = - 2”Ym(ZZ) [1 —€ ym (i2) m:| Dm+1;n(Tm+17 12, Dm+2;n) (4112)
2vm(iz)
We consider the case n > 2 with o, 1= 04,51, _, 1) and o := oy, +,,). We can show
B D D - e~ (i2)7; o D 0
E m;n(Tmu 1z, m+1;n) - 1__[ J - TJ,ZZ DJ+1 n) E n;n(Tna 1z, )
8 n n—1 9
a._ Cmn m ' Dm o = s 1-— 7'ym(iz)7'm:| 4.114
O, mZ:1 (T, 12, +1;m) Z iz ¢mn(Tm,12 Dorn) e ( )
0 ) 0 .
X aTDm-’_l;n(Tm-i_l , 12, Dm+2;n) + 87011’” (Tn, 1z, O) (4:115)
and from equation (4.91), we have
9 2532 (y2 + 1
2z = voF(w+i) (4.116)

0o ~(i2)

We know Doy 1.0 (Tim+1, 42, Dint2.n) € R from equation (3.13) and from proposition 20 and the discus-
sion in subsection 3.5.3 it follows that for o = —% and 1 <m < n,we have Dyt1:0(Tm+1,12, Dmyom) <

0. We also have 7,,(iz) > &, and so

Ymin(Tms 12, Dimg1n) > 0 (4.117)

n
m=1

Therefore, the sign of 55— D,.n(Tm, 12, Ding1;n) and ao > Chin (Tm 12, Dint1.) depend on the sign
of %Dnm(m, iz,0) and Ban Chin(Tn,i2,0).

The form of the functions D, (7, iz,0) and Cy,,, (7», 12, 0) is the same as that of D(r, iz, 0) and C(,iz,0)
since the terminal conditions, which determine these analytic functions, are the same. So making use of
equations (4.95), (4.98) and the form of equation (4.116), we see that these partial derivatives are both
negative, the integrand is strictly increasing in o,, and so the same is true for the option price. Regarding
o, equations (4.95), (4.98) and (4.116) can be directly considered, to determine that the option price is

also strictly increasing in o. [

From proposition 27, we see that setting o ;. ] = 0, we can determine (1.1, - the minimum value

n—1,tn

of 0(4,.1,] that the specified parameters can accommodate for.

4.3.3 Numerical results

To illustrate the efficiency of our ‘exact’ approach and the accuracy of the approximate approach, we

consider the case n = 4, where we specify o(;,.1,), T(19:t1,t2] O(tosta,ts] AN 0 (4,,¢,] and so must determine
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O (to:t4,t4) TeStricting our search to the range [0, 10].

We first present results for the parameter set: o(;, ;) = 0.9, 0111, ,t] = 2/ Otgita,ts] = 1.3, 8 =1, v = .2,

0=0.1,V, =017, =1forl <m <4and = 1where az‘to ta] = 1.2689:
O (toits,ta Evaluation time Discrepancy
O(to,t4) | Bxact’ GQQZ,% Piterbarg | ‘Exact’ GQQZ,% Piterbarg | ‘Exact’ GQQZ,% Piterbarg

1.27 10.1033 | 0.1033 0.1024 | 2.547s| 0.024s 0.005s [4x1079[4x10"7|1x 1075
1.3 |0.5595| 0.5594 | 0.5594 |1.891s| 0.022s 0.004s [1x1077|4x1077|2x 107
1.8 |2.5554| 2.5554 | 2.5553 |1.093s| 0.024s 0.005s |7 x1078[6x1078|9x 107
1.9 |2.8345| 2.8345 2.8345 |1.141s| 0.029s 0.005s [2x1077|3x1077|9x 107
2.0 |3.1026| 3.1025 3.1025 | 1.125s| 0.020s 0.005s [5x1077|5x1077|1x107°
2.5 |4.3457| 4.3457 | 4.3452 |1.469s| 0.021s 0.005s [1x1077|1x107%|6x107°

The “Exact’ (., ,,) column refers to the solution obtained from our benchmark approach where we

ta

specify a relative error tolerance of 107°. The GQ,,— 1 column refers to the solution obtained by means
of the specified Gauss-Legendre Quadrature Rule. We have left the domain of integration untrans-
formed, truncated the upper bound of integration to the point v = 100 and split the domain of inte-
gration into 2 equally sized pieces. The Piterbarg oy, ., column refers to the solution obtained by

following the methodology of theorem 4.

The discrepancies refer to

|Hfo,tn (G(t07t1] » O (tosti,ta]s Olig: ta. 3]s Oltg: t3, f4]) - HSg,tn (U[to, f4])|
Hfo,tn (G[to, f4])

where the option values are evaluated using the benchmark approach and the value of o, +,] is spec-

(4.118)

ified from the respective approaches.

Regarding the value of (.., , ] determined from our affine approach and equation (4.83), only the
RHS of equation (4.83) needs to be repeatedly evaluated. At each iteration of the optimisation algorithm,
the undiscounted option price must be determined by means of a numerical integration. However,
the Gauss-Legendre Quadrature Rule used to perform this integration can be efficiently implemented
in MatLab by making use of the software package’s vectorization feature. We have also made use of

Matlab’s fminbnd function (with ToIX set to 10~°) when searching for o* and T (tost

n—1,tn]"

Furthermore, it is worth noting that for oo = —% and k = Xy, the issue of branch cutting does not arise as
the functions involved are all real. For alternative values of «, the functions involved may be complex.
The ‘Exact’ approach makes use of the optimal value o* which lies in the range (o™, a™*) and, in
particular, is not restricted to the range (—1,0) (for which we have provided a proof in section 3.5 to
show that branch cutting cannot occur). The consistency of the "Exact” and GQQZ,% solutions serves to

motivate the conjecture that branch cutting is not an issue for a € (@™, ™).

We now consider the same parameter set with (j set to 0.1 rather than 1 with o7, , , = 1.2698:
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O (tosts,ta] Evaluation time Discrepancy
O(1,ta] | 'Exact’| GQ,__1 | Piterbarg | ‘Exact’| GQ,_ . | Piterbarg| ‘Exact’ |GQ,__: | Piterbarg
1.27 10.0508 | 0.0508 | 0.0522 |3.141s| 0.020s | 0.005s |8 x 107?|{5x1077|1x 107"
1.3 |0.5526| 0.5526 | 0.5529 |2.187s| 0.018s | 0.005s [5x 10783 x 1077 |2x 1075
1.8 25520 | 25520 | 2.5520 |1.281s| 0.021s | 0.005s [2x 10773 x 1077 |1 x 1075
1.9 |2.8300| 2.8300 | 2.8302 |1.282s| 0.018s | 0.004s [3x1077[1x1077|2x 1075
20 [3.0967| 3.0967 | 3.0968 |1.500s| 0.018s | 0.005s |4 x 107®*|{5x1077|3x 107°
25 |4.3284| 4.3284 | 43286 |1.094s| 0.020s | 0.004s |3 x1077{1x107¢|5x 107>

For the value of 0., ;,] obtained from the GQ,_ 1

cated domain of integration as 1 piece.

In Piterbarg [2005], the author states that “Test results indicate that the approximations are excellent, even

for high volatility of variance/ low mean reversion of variance parameters.” For the initial parameter set (with

a=—3

3 = 1), we increase v from 0.2 to 2 with aE*tO 1 = 1.1355:

approach, we have left the untransformed, trun-

O (tosts,ta] Evaluation time Discrepancy
O(t,ts] | 'Exact’| GQ,__1 | Piterbarg | "Exact’|GQ,,__, | Piterbarg| ‘Exact’ |GQ,__. | Piterbarg
1.136 [ 0.0455| 0.0454 | 0.2827 |2266s| 0.031s | 0.005s [9x107?{9x 107" |1x 1072
1.3 |1.1043| 1.1043 | 1.1484 |2.047s| 0.030s | 0.005s [2x 10773 x 1077 |7 x 1073
1.8 |3.0959 | 3.0959 | 3.0805 |2.078s| 0.030s | 0.005s [2x107%[6x1077|2x 1073
1.9 |3.4850| 3.4850 | 3.4522 |2.547s| 0.038s | 0.005s [6x 10786 x 1077 |4 x 1073
2.0 |3.8762| 3.8762 | 3.8227 |1.953s| 0.029s | 0.004s |7 x107%|7x10""|6 x 103
25 |5.8731| 5.8731 | 5.6784 |1.453s| 0.030s | 0.005s |8 x 107®|{3x1077|1x 1072

With regard to the benchmark approach, we specify a relative error tolerance of 10~ instead of 107°.
With regard to the GQ,__ 1

a=—3

approach, we split the truncated, untransformed domain into 4 equally

sized pieces.

We now consider obtaining o y,.;, .,] for alternative strike levels. For the original parameter set and the

case 0y, ¢, = 1.9 with 0,4, +,) = 2.8345 for an at-the-money option, we obtain the following:

O (tosts,ta] Evaluation time Discrepancy
K |“Exact’ GQQZ_% ‘Exact’ GQa:_% ‘Exact’ GQa:_% Piterbarg
25 (2.8180| 2.8180 |2.344s| 0.023s |2x107%|3x 107" |4x 107"
50 [2.8302| 2.8302 |2.641s| 0.027s |1x1077|5x 1078 |3 x 10~*
75 12.8338| 2.8338 [2.218s| 0.023s |[4x1077[4x 10779 x 107°
125(2.8341| 2.8341 [2.281s| 0.025s |1x1077|3x 10779 x 107"
150|2.8330 | 2.8330 |2.297s| 0.026s |6x 1078|9x 1078 |4 x 10~*
175]2.8317 | 2.8317 |2.141s| 0.024s |2x1077|4x 107" |8x 10~*
200(2.8302 | 2.8302 |2.656s| 0.027s |6 x 1077|2x 1077 |2x 1073

With regard to the GQ,_ 1 approach, we split the truncated, untransformed domain into 2 equally

sized pieces.
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The Piterbarg discrepancy refers to the discrepancy that arises from the at-the-money approximation
obtained from theorem 4.

L
365

O(tota] = 1.3 With 04,4, 1,) = 0.5098 (obtained in 0.016s with a = —31) for an at-the-money option. We

For the original parameter set, we replace 7,,, = 1 with 7, = for 1 < m < 4 and consider the case

obtain the following:

O (tosts,ta] Evaluation time Discrepancy

K |‘Exact’| GQ,- | Exact’ |  GQ,- ‘Exact’ | GQ,. |Piterbarg
25 | 0.56310.5631 | 9.390s |0.734s+0.016s |8 x 10-3[1 x 10-7|  0.96
50 | 0.5277|0.5277 | 11.562s [0.7185+0.016s |3 x 10-3{6 x 10-°|  0.28
75 | 0.5132|0.5132 [ 10.094s | 0.6095+0.016s |1 x 1073{5 x 108 | 1 x 10~2
125]0.5119 |0.5119| 9.000s |0.593s+0.016s|3 x 1025 x 1075 | 5 x 10~3
150 | 0.5164 | 0.5164 | 12.109s| 0.6415+0.016s| 1 x 10~8 |4 x 10~7 | 4 x 102
175]0.5219 |0.5219 | 11.922s|0.719s+0.016s| 5 x 105 |2 x 10-7|  0.14
200 0.5277 |0.5277 | 11.563s |0.7185+0.016s |3 x 1073{6 x 10=°|  0.28

The GQ,,. columns refer to use of the 32-point Gauss-Legendre Quadrature Rule in conjunction with the
optimal a (the GQ,,— 1 approach does not provide adequate accuracy for this parameter set). We have
left the truncated, untransformed domain as 1 piece. Furthermore, when searching for o(,.s, +,), we
have reduced the search to the range [0, 0.5098 + 1]. This reduces the evaluation time to approximately

two thirds of that taken to search the range [0, 10].

The Piterbarg discrepancy refers to the discrepancy that arises from the at-the-money approximation

O (tosts,ta] = 0.5098 (obtained from theorem 4).

With regard to the parameter and discrepancy values obtained for the cases K = 25, 50 (and the discrep-
ancy values for K = 75), we observed a problem that arises for these extremely short maturity examples.
In MatLab, the value 1+ 1 x 1071 is reported as 1. From the semi-analytic pricing formulae in equations
(4.81) and (4.82), we see that for a* < 0, we may have to add a constant (residue contribution) to the
value obtained from the numerical integration of the pricing integrand. If the value to which we add
this constant is less than or equal to 1 x 107!® then we will not be able to determine an appropriate
solution for o(;,.s, +,]- However, from Lord and Kahl [2007], we have the following rule of thumb: For
F < K, a® > 0 while for F > K, a* < —1 where F' is the forward price (this is not claimed to hold
for all parameter sets). From this we see that the problem is more likely to arise for ' > K (as it has in
our example). Confirming that o < —1 for the option value as a function of o(;, ;,; and as a function
Of O(19,41]r T(toits ta]r T(tosta,ts] AN (404, 1., We can ignore the residue contribution and simply compare
the values obtained from the numerical integration. For the case K = 25, numerical integration yields
the value 4.69 x 10~ '®3 where the integrand is a function of o, ,,] while the corresponding value for
K =501is 4.31 x 10~%5. Ignoring the residue contributions in these cases yields the presented results. A
similar problem arises for the discrepancy which we address in the same manner.

To conclude, a simple Gauss-Legendre Quadrature Rule would seem to be an appropriate tool with

which to determine the forward values for a piecewise constant, time-dependent o. For k = X;,, o = —%
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specifies an appropriate contour of integration. For alternative strike levels, one may need to make use

of the optimal value of o
The technique presented provides an approach to determine forward parameters within the SV]J] model,

as an example of an affine model.
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