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Abstract

Symmetries and conservation laws of partial differential equations (pdes) have been
instrumental in giving new approaches for reducing pdes. In this dissertation, we
study the symmetries and conservation laws of the two-dimensional Schrodinger-
type equation and the Benney-Luke equation, we use these quantities in the Double
Reduction method which is used as a way to reduce the equations into a workable
pdes or even an ordinary differential equations. The symmetries, conservation laws
and multipliers will be determined though different approaches. Some of the reduc-
tions of the Schrodinger equation produced some famous differential equations that

have been dealt with in detail in many texts.
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Introduction

In this dissertation we will be investigating soliton-type equations, in particular, the
nonlinear multidimensional Schrodinger-type equation and the Benney-Luke equa-
tion. These equations are characterized by their ability to govern the motion of
solitons which will be defined in detail. The main objective of the dissertation is to

use the double reduction method to reduce the given equations [18].

The Benney-Luke equation is a well-known Sobolev-type equation, which is used
in long wave asymptotic approximation of shallow water waves. The term Sobolev
equation is used in Russian literature to refer to any equation with spatial derivatives

on the highest order time derivatives [7].

Soliton theory is an attractive field of present day research in nonlinear physics
and mathematics [14]. An important component in soliton theory is the nonlinear
Schrodinger equation (NLSE) and its variants which appear in a vast spectrum of
problems (see [1, 11]). A soliton is a pulse-like nonlinear wave (solitary wave) which
emerges from a collision with a similar pulse having unchanged shape and speed
[17].The solitary wave or soliton was discovered by John Scott Russel in August

1834, he then pioneered the study of the wave and its equation of motion.



The double reduction method will be employed to reduce the Schrédinger equation
[2] down to its final solution, this method involves the extensive use of symmetries,
conservation laws and multipliers to reduce multidimensional equations into first
or second order equations or even ordinary differential equations (odes), which are

simpler to handle.

Aims
The aims of the dissertation are as follows:

e investigate the symmetries, conservation laws, conserved vectors and solutions

of a NLSE and other soliton equations.

e extend the NSLE to three independent variables (z,y,t), i.e. two space vari-
ables and the time component as above. Thus we will be investigating the
two-dimensional nonlinear Schrodinger-type equation which is given by the
equation, [2, 16]

0

__ 1o 2

e use the multiplier method for systems in order to determine the conservation

laws of the NLSE.

e investigate the solutions of the two-dimensional NLSE using the double reduc-

tion method given in [4].



This dissertation is structured as follows.

In the first chapter, we state definitions of concepts that will be required to perform

the calculations that are vital in this dissertation.

In the second chapter, we provide an illustrative example through the reduction of
the Benney-Luke equation. We will compute the symmetries, conserved vectors and
multipliers which will be then used to reduce the partial differential equation (pde)

in the double reduction method.

In the third chapter, we will apply the same technique we did in the second chapter

to the nonlinear multidimensional Schrodinger equation.



Chapter 1

Definitions and Notation

This chapter contains definitions, notations and theorems required to analyze the

equations in this dissertation.

A function f(x,u,u(),. .., uq)) of a finite number of variables is called a differential

function of order r [9, 19, 20].

We denote A to be the universal vector space of differential functions .

Consider an rth-order system of pdes of independent variables z = (2!, 2%,...,2")
and m dependent variables u = (u!,u?, ... u™)
G"(z,u,uaqy, -, ugy) =0, pw=1...,m, (1.0.1)



denote the collection of all first, second, . .., rth-order partial

where w1y, ue), ..., u
ug; = D;D;(u®), ...respectively, with the total

derivatives, that is, u$ = D;(u®),

differentiation operator with respect to z* given by

0 0 0
Di=—4u—Fur—+..., 1=1,...,n, 1.0.2
ox? b ou” Y ous ( )
where the summation convention is used whenever appropriate A current
d = (P,...,d") is conserved if it satisfies
(1.0.3)

D;®' =0

along the solutions of (1.0.1). It can be shown that every admitted conservation law

arises from multipliers @, (z, u, u(), . ..) such that

Q.G" = D;®' (1.0.4)

holds identically (i.e., off the solution space) for some current ®* [6]. The conserved
vector is then obtained by the homotopy operator [8, 12].

Definition 1. The Euler operator, for each «, is defined by

0
E= E i Dy : =1,...,m. 1.0.5
(Suo‘ aua ! s>1 1 Sa Za1 s ¢ " ( )

The Euler operator is also sometimes referred to as the Euler-Lagrange operator [5]

The Lie-Backlund or generalised operator is given by

0 .
Oé_ (] (0% 1 .
et &t eA (1.0.6)

Definition 2.

X = 5% oxt
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The operator is an abbreviated form of the following infinite formal sum

0
oxt

1 a a a a
X=¢—+n aua+z9‘1 _____ o (1.0.7)

where the additional coefficients are determined uniquely by the prolongation for-

mulae
G = D;(W%) + &u,
( ) +¢ J . (1.0.8)
Ciolé 77777 i = Dil C DZS<WQ) -+ @u%l 77777 is? s > 1.

In (1.0.8), W is the Lie characteristic function given by

W =n" —&us. (1.0.9)

One can write the Lie-Backlund or generalised operator (1.0.7) in the characteristic

form
X—giD»+Wai+ZD- D; (W) 0 (1.0.10)
— i aua - i1 - is 8u?115 . .U.

We determine the conserved flows [23, 24] by first constructing the multipliers @Q,,
which are obtained by noting that the Euler operator annihilates total divergences,

i.e., the defining equation would be

i[QuG“] = 0. (1.0.11)

ou®



Noether’s Theorem

The relationship between conservation laws and symmetries of differential equations
is a very popular topic which has sparked a lot of interest which eventually lead
to interesting concepts like Noether’s Theorem which was first proved by Emmy

Noether,[13] in 1915, and later published in 1918.

Stated below is the formal statement of Noether’s Theorem taken from a book by

D.E.Neuenschwander, entitled Emmy Noether’s Wonderful Theorem.

Theorem 1.0.1. Noether’s Theorem/[13] If the functional

b
J = / Lt ", ")t

18 an extremal, and if under the infinitesimal transformation

V=t4+er+..
¢ =q" et + ..
the functional is invariant according to the definition (allowing for the inhomoge-

neous case)

/
F
E'le—i — L= chi_t + O(€%), wheres > 1,

then the following conservation law holds:

puCt — HT — F' = const.



Main Theorems

The following theorems will form the basis of much of this dissertation.

The first theorem will help us to determine whether there is a an association between

the symmetry X and a conserved vector T.

Theorem 1.0.2. [}/ Suppose that X is any Lie-Bdcklund symmetry of a system of
differential equations and T;, 1 = 1, ...,n, are the components of the conserved vector

of the system of differential equations. Then
T =T X]=X(T)+T'Djy —T'Djn’, i =1,.n (1.0.12)
constitute the components of a conserved vector of a system of differential equations.

Theorem 1.0.3. [4] Suppose that D;T* = 0 is a conservation law of a PDE system.
Then, under a contact transformation, there exists functions Tt such that J D;T =

D;T?, where T is given as

T! T! T! T
T2 T2 T2 T2
— J(AHT LI | =AT (1.0.13)
™ ™ ™ ™
in which

D1{E1 .Dll'g cee Dlxn Dllfl leQ cee Dllfn
A _ DQl'l D2$2 . '. . Dgl‘n ’ A_l _ Dgfl Dgfg cee Dgfn
Dnl’l Dn(L’Q cee Enl’n Dnlfl Dn.fg cee Dn‘fn
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and J = det(A).

Theorem 1.0.4. (fundamental theorem on double reduction) [}] Suppose
that D;T* = 0 is a conservation law of a system of partial differential equations.
Then under a similarity transformation of a symmetry X of the form (.....) for the

pde, there exist functions T' such that X is still a symmetry for the pde D;T* = 0

and
XT* [T'.X]
XT?2 T2, X
, = JAHT ! ' / : (1.0.15)
X1 I, X]
where
[)11'1 D1$2 T Dﬂn Dyzy Dyzy -+ Dizy
A DQIEl DQIL‘Q cee DQiL’n ’ A_l _ Dg.fl Dgfg cee Dgfn
Dnl’l ang cee [?n:cn Dn'fl anQ cee ann

and J = det(A).

Our original system is equivalent to

1G1 + 2G2 — 0,
sysy = o n (1.0.17)
@'G' —q*G* = 0.

This system can be rewritten as
DIV + D, T\* + D, T = 0,

'G' — ¢’G* = 0. (1.0.18)

11



Chapter 2

The Benney-Luke equation

In this chapter we will present an illustrative example via a version of the Benney-

Luke equation.

2.1 Introduction

The Benney-Luke equation is quite an established equation and has been researched
quite extensively over a long period of time. The Stability, Cauchy Problem , Exis-

tence and Analyticity of solutions have been researched widely [22].

The Benney-Luke equation is used to model the evolution of long water waves with
small amplitudes, in particular the equation below models three-dimensional water

waves with surface tension [15].

12



The Benney-Luke equation reduces to the Kadomtesev-Petviashvil (KP) equation
for waveforms propagating predominantly in one direction, slowly evolving in time
and having weak transverse variation. Many works have been published about the
KP equations which are obtained under the assumption of quasi-two dimensionality

and undirectional propagation [15].

The Benney-Luke equation is given by,

Uty — Uy — EUyy + V6 (Upgry + EUyyyy) + €[0; (U2 + eui) + U (Ugy + €uyy)] = 0. (2.1.1)

The work covered in this chapter has been submitted for publication, see [21].

2.2 Symmetries and Conservation Laws

The Lie point symmetry generators of (2.1.1) are

X1 =0,
Xy =0,
X3 =0,
Xy, =1

We consider a linear combination of X, X5 and X3, viz.,

X = cOp + m0Oy, + 0. (2.2.2)

We have chosen a linear combination of X, X5 and X3 above because we aim to

obtain a non trivial solution to the equation (2.1.1).

13



The multipliers and corresponding conserved vectors, which were computed using
the methods presented in Chapter 1 namely Definition 2, Equation (1.0.6) and
Equation (1.0.10) are,

(i) Q=1

Tvlm = (_1 + 6ut) Uy + Q€Uggy,
TV = e((—1+ eur) uy + acuy,,),

TP =3 (2u + e (eul +ul)) .

Iy = % ((=3 + deu) ug + u (Bug + € (deuyuy + (=3 + 2€u;) uyy + €Uy, + 2uste)))
—|-% (—SQEUix + 6Oé€u:ruaczm) )
Ty = %e (Baveuyyytiy + 3utlyy — 26Ul ULy — 30U, U;y)

5 (uy (=3 4 deuy) up — 26Uty + 30€Uyyy) — 3a€Ullyyy,) ,

T: = % (3utuz + 262uf/wr + 2eud — Buuy — 262 uny iy, — 2€uuzum) )
(i) Qs = 1,
TS = L (—30€Upytze + 30€UUL,)

3 % oy Uzx xUzzy

—|—é (uy ((—3 + 4deur) uy + 30€Uyyy) — w (2€Uytiy + (—3 + 2€u;) Ugy + 30€ULLy))

Ty = 3 (e((-3 +dew)u,? - 3aci, + Gacu,u,,))

+& (1 (Buy + 2€%uyy + AeUytay — 3gy + 26Uty + 30€ULL,;)) |

T =1 (Buuy, + 262Ul + 2euy, (—eutyy +ul) — u (3uy + 26Uy llyy)) -

1
6

14



(iv) Qs = uy

T = % (deuuy, — 3Q€Upttipy + 30E€ULUZpr + Up (—3Uy — 26Utz + 3OEULy,))
+5 (U (—2€uytiy + gy — 30€ULgat)) |

Ty = e (deuju, — 3oetyty, + 3aety iy, + uy (—3uy, — 2euty, + 3aeuy,,))
—|—%e (u (—2€uuy + 3uy — 3o€tyyy)) ,

) = % (Bfuf + 2euy (euf/ + ui + u (€euy, + Um)))

—|—% (u (262 uyuy — 3euy, + 3aeetyyy, + 26Uty — By + 3QEULLLy)) -

2.3 Double reduction

The association between X and 77 will be investigated by substituting the relevant

information into the association matrix in Theorem 1.0.2 from Chapter 1.

We get,
Tt Dyt Dyt Dyt K Tt
T =X | T* | = | D& Dy D¢ 7 | +0) | 7= (2.3.3)
TY Dyx Dyx Dyx TY TY
Tt 0 00 Tt Tt 0
=X| T |—-1000 7 | +0O)| 7 | =] 0 |. (2.3.4)
Y 0 00 Y TY 0

Therefore X is associated with T7.

Since an association exists, a solution can be found by applying the double reduction

15



0

method. Firstly, transform X to its canonical form YV = &

in (r,s,w,p). Then the

generator is of the form

0 0 0 0
y =02+ 2102 10l
087“ + 0s +06’w +O@p

Without loss of generality, we choose X (r) =0, X(s) =1, X(w) =0 and X (p) =0,

for which we obtain the following invariance condition,

dz _dy _dt _du_ds _dr _dw _dp (2.3.5)
c m 1 0 1 0 0 0

We get the invariants

b =x—ct,
by =y—mt,
by =u,

by =,

bs =p,

be = w,

b; =s—t.

A suitable combination of the above equations yields the canonical coordinates,

b =b3s = w=u,
b;=0 =
by=0, = r=ux—cs,
bs =by =

where w = w(r, p).

16



The inverse canonical coordinates are given by

(2.3.6)

I
s

t = s, T =71+ cs, Y = p-+ ms, U

The A and A™' matrices are constructed using the equations in (2.3.6) above,

Dt D,x D,y 010
A=| Dt Da Dy | = 1 ¢ m |,
Dyt Dyx Dpy 0 01
Dyr Dis Dyp —c 1 —m
A7=| Do Dss Dip |=]1 00 ,
Dy,r Dys Dyp 0 01

and J = det(A) = —1.

The first, second and third derivatives of u in terms of the new dependent variable

w are,

Uy = Wy,

Uy = Wp,

U= —Ccw, + muwy, (2.3.7)
ux:m? - w’l"’l"'f’?

Uyyy =  Wppp

The reduced conserved form is given below,

17



T T
s | =JAHY | 7= |. (2.3.8)
T? TY

Now by substituting (2.3.6) and (2.3.7) into (2.3.8) we obtain,

r 2 1,202 3.2

T (1 + )w, + emw, + 5e°cw; + Scew, — Mewpw, — A€Wy,

T | =1 cw —mw, — 3w — jew? :
P _ 2y, _ 1292 | 1 2 2 a2

T cmw, + (€ +m?)w, — emw; + semw, + cewyw, — A Wy,

where the reduced conserved form is also given by D, 77 = 0.

The second step of the double reduction method represented by 7" = k which is

given as

1 3
(1—cAw, + cmuw,, + 562011}}2, + 506@0? — MEWHW, — QEWypy = K (2.3.9)

where k € R is a constant. We will now solve equation (2.3.9) using its symmetries.

It is clear that Y7 = 0, and Y, = 0, are symmetries of (2.3.9). We will consider a

linear combination of the two say,

Y =0, + 80,

We do this so we do not obtain a trivial solution to equation (2.1.1).

Whose invariant condition are given by

@ dp dw

1 B8 0
18



That is, let
z=p— B, (2.3.10)

where w=w(z).

The first, second and third order derivatives of w are,

Wr = w/(_6)7
Wyp = ,w// _ 2’
(=F) (2.3.11)
Wypy = w/”(_ﬁ>37
w, = w'(1).
Substituting equations (2.3.11) into (2.3.9) we obtain,
1 3
(Bc? — B+ cm)w' + (5626 + 50662 + meB)w’” + aefPw” = k. (2.3.12)

The above computation has now allowed us to transform the pde (2.3.9) into an ode

as seen in equation (2.3.12) above.

To further reduce the order of (2.3.12) from a third order ode to a second order ode,

let ¢ = w'. Thus (2.3.12) becomes

1 3
(Be* = B+ cm)q + (56% + §ce62 +meB)g* + aefq’ = k. (2.3.13)

When computing the final solution to equation (2.3.13) we obtain a tedious solution.

An analysis of the coefficients of ¢ and its derivatives will be made below.

Let the coefficient of g% equal zero, that is
1

3
5620 + 56652 + mef = 0. (2.3.14)

19



Solve equation (2.3.14) for both € and f:

For 5:
—m + \/m262 — 4%66%620
B = 3 , c#0,e£0 (2.3.15)
2506
_ —mex evm?2 — 3ec?
N 3ce ’
For e:
33%2c+m
= 25—15 c#0 (2.3.16)
2
=38 - “mp.
c

Substitute the value obtained for € in (2.3.16) into equation (2.3.13),

(e was chosen for its simplicity as compared to () to obtain

—afB* (38 + %m)q” + (=B + B +em)q = 0. (2.3.17)

Note that (2.3.17) ha the same form of equation as that of a simple harmonic

operator.

When solving the ode in (2.3.17) we obtain a solution in z,

ck Ve zy/em — B+ 2B Ve zy/em — B+ 2B
—emtp—cp P\ T apvam s ) 2P\ T Jagvam 138
(2.3.18)

q= -

20



Since the solution to (2.3.17) must reside in the null space of the operator, it follows

that the constant term in (2.3.18) is zero, which implies that & = 0. Hence

q=c1Exp(A) 4+ coExp(—A) (2.3.19)

her A_\/E\/cm—ﬁchQﬂ
where NN TR

If A > 0 then the answer can be written in terms of cosh and sinh. If A < 0 then

the solution can be expressed in terms of cos and sin functions.

¢ (p—PBr)y/cm—pB+c?
R =
= +
s JerJan BT 28
cxp (_ﬁ%ggm) TN e
Veem — B+ 2B '

(2.3.20)

Note that if k=0, then the constant term vanishes. As above, the answer can be
expressed in terms of the trigonometric functions cosine and sine or the hypobolic

Vey/ em—pB+c2B

functions cosh and sinh, depending on the sign of A = NN TR

21



2.4 Conclusion

In this chapter we were able to solve the Benney-Like equation and obtain a non-
trivial solution. The symmetries of the Benney-Luke equation were obtained and
because of their trivial form we decided to consider a linear combination of the

symmetries hence giving us equation (2.2.2).

Next we utilised Theorem 1.0.4, the Fundamental Theorem on Double Reduction,
to reduce the Benney-Luke equation into an ode that would be easier to solve. We
then reduced the third order ode in equation (2.3.12) which was i.t.o. w into a
second order ode i.t.0. ¢ which resulted in equation (2.3.13). We let the coefficient
of ¢? in equation (2.3.13) equal zero and this resulted in equation (2.3.17) which is
an equation in the same form as a simple harmonic operator. We were then able to
solve the ode and found that the solution was in terms of the trigonometric functions

cosine and sine or the hypobolic functions cosh and sinh depending on the sign of

A.
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Chapter 3

Two-dimensional Schrodinger-type

equation

3.1 Introduction and Background

In this chapter we consider the two-dimensional NLSE

.aq 1 2 2
o 3.1.1
i 5V q+gld”q (3.1.1)

where g = 1 and m = 1.

The equation in (3.1.1) above comes from [16], which is a paper about two-dimensional

dark solitions.

The Schrodinger equation is one of the cornerstone of quantum physics, which de-

23



scribes what a system of quantum objects such as atoms and subatomic particles

will do in the future based on it’s current state [25].

The nonlinear Schrodinger equation has been studied extensively but the behavior
of its symmetries, conserved vectors and solutions given an increase in it’s dimen-
sions has not been studied yet. In this chapter we will compute the symmetries
and conservation laws of (3.1.1) and use them to reduce (3.1.1) through the double

reduction method.

To create a system of equations, substitute ¢ = u + iv into equation (3.1.1) and
recall that v = u(x,y,t), v = v(x,y,t). Then separate into real and imaginary parts

to obtain

G' = v — ugy + uyy) + u(u? + %) =0,
Yt )+ 40 o)

G? = —uy — 5 (Vgg + vyy) + v(u? +0?) = 0.

3.2 Symmetries, conserved vectors and the Dou-

ble Reduction method

The symmetries and conservation laws were computed by using the Lagrangian

method and Noether’s theorem.

The Lagrangian is given by

1 1 1 1
L= —évut + EU’Ut + Z(Ui + Ui + 'U; + Uz) + Z(UZ + U2)2. (323)

24



3.2.1 Case 1: X; =0; + k(ud, — v0,)

The first prolongation of X; which is represented below,

le =0+ k(u&, — 00, + Utavt =+ Uxav;c + uyavy - Utaut - Ufﬁausc B Uya“?)‘

Through the use of Noether’s theorem we get the following conserved vector,

¢ 1.2 1.2 1,2 1,2 1,4 1.2.2 1.4

Ty qUy = gV — gUy — qVy — U —QuWUT — 4V

T | = S0 + Sy, : (3.2.4)
Yy 1 1

Ty 5 Uty + ULy

The association between X; and 77 will be investigated by substituting the relevant

information into the association matrix in Theorem 1.0.2 from Chapter 1.

klu(—u?v — v®) — v(—u® — v%u) + uy(—3vz) + uy(—3vy) — va(—Sus)

o y(—5uy)]
Tl* - Xl Tlx - 1 1 1 1
o Elug(502) + ue(5ve) — vi(5Ua) — va(5ur)]
1

k[ut(%vy) + uy(%vz‘) - Ut(%uy) - 'Uy(%ut)]

=10 |. (3.2.5)




Therefore, X; and T are associated.

We now proceed to solve the system in (3.1.2) by the method of Double Reduction.

Double reduction

Firstly, transform X; into its canonical form Y; = — in (r,s,l,p,w), then the

O0s

generator is of the form

o o 0 0 0
Vim0g oo 4054050400,

where X(r) =0, X(s) =1, X(p) =0, X(w) =0 and X(I) = 0.

From (3.2.6) above we obtain the following invariance condition,

We get the invariants,

26
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(3.2.7)



bQ—w,
b3:p7
by =1L,
b5—[L‘,
b6:y7

ds dt

—:—:>S—b7:t,

1 1
d—u—ﬁézﬂ—b = —v?
—kv  ku * ’

dv dt v
— = — = arctan <—> — kt = by.
ku 1 U

A suitable combination of the equations in (3.2.8) yields,

by =bs = r=ux,

by =0bs = [ =y,
Vbs = by = wzx/m,
b, =0 = s=t,

b3 =by = p = arctan (%) — kt.

So the canonical coordinates are,

(%

s =t, w = Vu?+ v?,

r=ux, =1y,

u

where p = p(r,1) and w = w(r,1).

27

(3.2.8)

(3.2.9)

p = arctan (—) — kt, (3.2.10)



Using (3.2.10) above we compute A and (A~")7,

Dst Dsz Dy 100
A=| Dt D Dy |=|0 10 [=@AhH (3.2.11)
Dlt Dll’ Dly 0 01

and J=det(A)=1.
The inverse canonical coordinates are presented below,

r=r, y=1, t=s, u = w(r, 1) cos(p(r,l)+ks), v =w(r,)sin(p(r,l)+ks).
(3.2.12)

The first and second partial derivatives of v and v in terms of the new dependent

variables w and p are,

Uy = w,cos(p+ ks) — wp,sin(p + ks),

Upy = Wy cO8(p + ks) — 2w,p, sin(p + ks) — wp? cos(p + ks) — wp,, sin(p + ks),
u, = wcos(p+ ks) — wpsin(p + ks),

Uy, = wy cos(p+ ks) — 2wpysin(p + ks) — wp? cos(p + ks) — wpy sin(p + ks),

uy = —kwsin(p + ks).
(3.2.13)

28



v, =  w,sin(p + ks) + wp, cos(p + ks),

Uiz = WypSIn(p + ks) + 2w,p, cos(p + ks) + wp,, cos(p + ks) — wp? sin(p + ks),
vy = wsin(p + ks) + wp; cos(p + ks),

Vyy = wysin(p + ks) + 2wip;, cos(p + ks) + wpy cos(p + ks) — wpi sin(p + ks),
vy = kwcos(p+ ks).

(3.2.14)
The reduced conserved form is given below,
Ty i
™ | =3JA D" 1= |. (3.2.15)
T Ty

Substituting (3.2.11), (3.2.12), (3.2.13) and (3.2.14) into (3.2.15) we obtain,

—2(w, cos(p + ks) — wp, sin(p + ks))* — 1 (w, sin(p + ks) + wp, cos(p + ks))?
_1 1
1

1 (wy cos(p + ks) —wpysin(p + ks))? — ;(wysin(p + ks) — wpsin(p + ks))?

_iw‘l cost(p + ks) — %w“ cos?(p + ks)sin®(p + ks) — iw“ sin(p + ks)

1 00
010 Ykw cos(p + ks)[w, sin(p + ks) + wp, cos(p + ks)]
00 1 —Skwsin(p + ks)[w, cos(p + ks) — wp, sin(p + ks)]

skw cos(p + ks)[w;sin(p + ks) + wp; cos(p + ks)]

—Skwsin(p + ks)[w; cos(p + ks) — wp; sin(p + ks)]
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—tw? — 2w?p? — twi — 2w?p} — 3 (w? cos?(p + ks) + w?sin’(p + ks))?
= skw?p,
%IﬂUQPz
—tw? — Jw?p? — twf — Jw?p} — Jw?
_ Leup, , (3.2.16)
%kapl

where the reduced conserved vectors are given by D, T7 = 0 and D;T! = 0, for the

second and third entry in (3.2.16) respectively.

The second step of the double reduction method is given by the equations 7! = j

and T} = f which are represented below,

1

§kw2pl =j (3.2.17)
and

1 2

§kw pr= [ (3.2.18)

Differentiate (3.2.17) and (3.2.18) in terms of [ and r respectively, which yields

1 1
§k:(2wwlpl +w?py) =0 = kwwp; + ikap” =0 (3.2.19)
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and

1 1
§k(2wwrpr + w?py,) =0 = kww,p, + §kw2pm« =0. (3.2.20)

Compute the multipliers of (3.1.2), namely @7 and (s, using the following formula

Q1(GY) + Q2(G?) = D, T + D, T + D,T". (3.2.21)

Expanding the right-hand side (RHS) of (3.2.21) and substituting in the relevant

entries from the matrix given in (3.2.4) we get,

RHS =

Therefore,

1, 1, 1,5 15, 1, 1,45 14
Dt<—ZUI—ZUI—Z—ly—Zvy—ZU—§UU—Z—lv)
1 1 1 1
+Dx(§vtvz + §utux) + Dy(EUth + Eutuy)

1
§ut(um + Uyy) — wpu(u® + v%) — wy + évt(vm + vyy) — v (U + 0%) + vy

1 1
ut[i(um + Uyy) — u(u® + 112) — v + vt[é(vm + vyy) — v(u? 4+ v?) + Uy

Q1(G") + Q2(G?).

Ql = U,
Q2 = v

(3.2.22)

Substitute (3.2.9), (3.2.13) and (3.2.22) into Q;G' — Q2G? = 0 from Theorem 1.0.4.
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— kwsin(p+ ks)[%(ww cos(p + ks) — 2w,p, sin(p + ks) — wp? cos(p + ks)
— wpy,sin(p + ks) + wy cos(p + ks)

— 2w sin(p + ks) — wpf cos(p + ks) — wpy sin(p + ks))

— wecos(p + ks)[w? cos?(p + ks) + w?sin®(p + ks)] — kw cos(p + ks)]

— kwcos(p + ks) [%(ww sin(p + ks) + 2w, p, cos(p + ks) + wp,, cos(p + ks)
— wp?sin(p + ks) + wy sin(p + ks) + 2pyw; cos(p + ks)

+  wpy cos(p + ks) — wpj sin(p + ks))

— wsin(p + ks)[w? cos?(p + ks) + w?sin®(p + ks)] — kwsin(p + ks)] = 0

which implies that

—  kww,, sin(p + ks) cos(p + ks) + kw?p?sin(p + ks) cos(p + ks)

—  kwwy cos(p + ks) + kw?p? sin(p + ks) cos(p + ks) + 2k*w? sin(p + ks) cos(p + ks)

4+ 2kw* cos(p + ks)sin®(p + ks) + 2kw* sin(p + ks) cos®(p + ks) + kww,p, sin®(p + ks)
+ %kuﬂpw sin®(p + ks)

1
+  kwwp; sin®(p + ks) + ékuﬂpu — kww,p, cos*(p + ks)
1, 5 9
— §kw Drr — kwwp; cos®(p + ks)

1
— ékap” cos’(p + ks) =0
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and this, in turn, implies that

sin(p + ks) cos(p + ks)(—kww,, + kw?p? — kwwy + kw?p; + 2k*w?)

1 1
—  (—kww,p, — Eszpw — kwwp, — Eszp”)[cosz(p + ks) —sin®(p + ks)] =0

and hence

kwsin(p + ks) cos(p + ks)[wp] + 2kw + 2w* — w,, — wp? — wy]

1 1
—kwcos2(p + ks)[—w,p, — S WPrr — WPy = Ewp”] =0. (3.2.23)

Substituting (3.2.19) and (3.2.20) into (3.2.23) above we obtain the following result,

kwsin(p + ks) cos(p + ks)[wp} + 2kw + 2w* — w,, — wp? —wy] = 0.  (3.2.24)

Since k, w, sin(p + ks) and cos(p + ks) in (3.2.24) cannot equal zero, we let

wp; + 2kw + 2w* — w,, — wp? — wy = 0. (3.2.25)

Let p be a constant, ie. p = A where A € R such that p, = p; = 0.

So equation (3.2.25) now becomes,
2kw + 2w* — w,, — wy = 0. (3.2.26)
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The equation above in (3.2.26) is a special case of the famous Klein-Gordon equa-
tion.

The Klein-Gordon equation was first proposed by Oskar Klein and Walter Gordon,
[3], in 1926 in an attempt to describe relativistic electrons, which was later proved
false. This equation is basically the relativistic version of the Schrédinger equation

or the Schrédinger equation for a quantum state.

Let a = r — cl, where ¢ € R.

The partial derivatives of w now become

Wy = Wy,
W = —CWq,
(3.2.27)
Wrr = Waa,
wy = CQIUaa.
Let w, = w' and w,, = w".
Substituting (3.2.27) into (3.2.26) the equation now becomes,
2kw + 2uw® — w" — Fw’” =0, (3.2.28)
which implies that,
" 2 3
w” — (kw +w’) = 0. (3.2.29)

1+ ¢?

We use the Euler-Lagrange equation from Chapter 1 , which is stated below
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(3.2.30)

We know that £(L£) = 0 on the solutions of (3.1.2), so we can compute £ by inverse.

The Lagrangian of equation (3.2.29) above is given below,

1 2 k 1
L=-w?+—"— 2w+ ~w*). 3.2.31
W +1+02 (2w + W ( )

Firstly we substitute the equation (3.2.31) into the different terms of the Euler-

Lagrange equation, (3.2.30) above which gives us,

oc oLy oL |2 5
5 = Y Da(aw/)—w 5 {—1+62(kw—|—w)].

When we add these two terms above we get the original equation of motion, i.e.
equation (3.2.29) so we have now verified that the Lagrangian in equation (3.2.31)
is the Lagrangian for equation (3.2.29).

One of the symmetries of equation (3.2.29) is X, = 83
o

- 9,
Since Xy = % is also a Noether symmetry we can use Noether’s Theorem, [13].
o

We will use the formula below [10],

@ _d

xXUryr .
+ do da

(3.2.32)

By using formula (3.2.32) above we can deduce that f = 0, where f is the gauge

35



quantity.
Next compute the conserved quantity, I, in this case since we only have one inde-

pendent variable, . The formula for I is given by,

oL B
ow’

I=LE+ (n—w'f) f- (3.2.33)

We know that € =1, n =0 and f = 0 from the information given above, therefore

> [k, 1
I=—w?+ —— | zuw?+-uw"). 3.2.34
SR <2w v (3:2:34)

1
By the Double Reduction method, 3— = () so therefore
!

1 2 2 k 2 1 4
o+ —— (S —wt) =k 3.2.35
2" +1+c2<2w+4“’ b (8:2.35)

where k; € R.

Let k; in equation (3.2.35) above equal zero (for simplicity of our solution), i.e.

k1 = 0 which yields,

1 12 k 2 4
—— +—— | zw + - =0 .2.36
2w 1+ 2 (211) 4w ) (3 3 )

which implies that,
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dw 2

= da. (3.2.37)
w«/%—l—iuﬂ V1+c?

To solve the above equation (3.2.37) we will use Mathematica for ease of computa-

tion. So by integrating both sides of (3.2.37) respectively we get the final solution

below,

V2 |logw — log(2k — V/2kv/2k + wz)] 9

7 = Vi a+ K7, (3.2.38)

where K* is the integration constant.
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3.2.2 Case 2: Xy = —y0, + 0,

A Lie-point symmetry generator of (3.1.1) is Xy = —y0,+x0,. The first prolongation

is represented below,

0 3} 5}
— —_—. 2.
+ uy Ju, Uy a0 + v, o, (3.2.39)

0
Xél] = —y0y + 20y — Uy 5

The symmetry X, yields the following conserved vector T,

1 1 1 1
—5UTVy — FUYVy — 5VTUy + 50YUg

T: — Gyl — Jyvl + Jyud 4 Jyvl — Syous + syun,
| = Flyut + Lyu2e? + Lyt + Lav,w, + daug, , (3.2.40)
T
—rul — 1702 + arul + v + STou — FTUD,
_ixuél — %ZEU?/UZ — %$U4 — %yvmvy — %yuxuy

The association between X, and 75 will be investigated by substituting the relevant

information into the association matrix in Theorem 1.0.1 in Chapterl.

T 00 0 T
Ti=X| 18 | -] 00 -1 T
TV 01 0 TV
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(3.2.41)

We have proven that X, and T, are associated so we may now proceed with the

double reduction method.

Double Reduction

Firstly, transform X, into it’s canonical form Y, = 75 in (r,s,p,w,l). Then the
s

generator is of the form

09 8 o o 0
Yo, = (0— —_ — _ -
2= 0555 T, T V90 T o

where X (r) = X(p) = X(w) = X(I) =0 and X (s) = 1.

From (3.2.42) we obtain the following invariance condition,

dt d_x dy du dv

Solve (3.2.43) by method of invariance and obtain the invariants,

39

0 -y = 0 0"

(3.2.42)

(3.2.43)



p_an

w_b?n

l:b47

u = bs, (3.2.44)

U_b6>
d d
—S:—y:>xs:y+b7,
1 T

t:b87
d d
_x:_y:>12+y2:bg.

By choosing different combinations of the equations in (3.2.44) above we obtain,

b =0by = r=t,

b2 = b5 = p=u,

bs =bg = w =",

b; =0 = S = g,
x

b4:b9 = l:$2+y2.

The canonical coordinates are,
r=t, s = g, [ =a®+ 42, P =u, w = . (3.2.45)
x

where p = p(r, 1) and w = w(r,1).

We use | = 22 + y? from (3.2.45) to reduce (3.1.2) to a one-dimensional pde.
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The partial derivatives of (3.1.2) are recalculated with [ = 2%+ y* and are presented

below,

Uy = 2xuy,
Uy =  dx?uy + 2uy,
Uy = 2yuy,
Uy = AyPuy, + 2uy,
(3.2.46)
Vg = 2xvy,
Ve = A2y + 2uy,
vy = 2yvy,
Vyy = 4oy + 2v;.
Substitute the partial derivatives in (3.2.46) into (3.1.2) and we obtain,
o= ) ) (3.2.47)

up = —2(luy + v) + v(u? + v?).

The Lagrangian of (3.2.47) can be computed and verified with the use of the Euler-

Lagrange equation in Chapter 1.

The Lagrangian is given as,

1 1 1
L= — 5 v + Juvt + lu} 4 vf + Z(UQ + v?)2, (3.2.48)

Using the Lagrangian in equation (3.2.48) above we will now construct a symmetry
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of (3.2.47) which is given below,

X = 200, + 20, — udy — v0,. (3.2.49)

The multipliers and corresponding conserved vectors are given below,

(i) Q1= and Q2 = u.

T = 1 (—uguy — vy + uuy + vy,

T = 3 (u* + 2u*v? — du (wy + luy) + v (v* — 4 (v + loy))) -

(ii) @1 =wuand Q; = —v.

T = 21 (v — uyy),

T'= 3 (—u*—1?).

(ili) Q1 = lv + tv + 3v and Q2 = Ju + luy + tuy.

T = 1 (ut + 2uv? + vt — 4 (tuguy + lu? + togy + 107) + 2u (v + 2tuy) — 20 (up — 2toy))

1
4
T'= 1 (tu* + 2tu0? — 2u (2t + 1 (v + 2tuy)) + v (T0® + 20w — 4¢ (v + lwy))) -
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(iv) Qi = ltv, — $lu+ 3tv + 5120, and Qo = Stu + ltw + Flv + 2t7u,.

T = il (tu? + 2tuv? + tvt — 2t (tuguy + 20u,® + toevy + 200,2) + 2u (tog + lop + uyy))
+11 (2v (—tuy — Ly + o)),
T' = & (Pu* 4 u? (14 2t20%) — 4t (tuy + 1 (0 + tug)) + v (lo + 0% — 4t (=l + to, + tloy))) -

We choose to use multiplier and conserved vector combination (ii). Since the con-
served vector in (ii) was constructed from the symmetry (3.2.49) we may assume
that they are associated automatically so showing the calculation is not necessary.

Now we can proceed with the Double Reduction.

The canonical form of X3 in (3.2.49) is given below,

a 0 0 9,
Y; = 8f+0_g+00_m+08 (3.2.50)

where X (f) = X(m) = X(n) = 0 and X(¢g) = 1 and from which we obtain the

following invariance condition,

d d d
df _dg_dm _dn _dl_dt du _dv (3.2.51)
0 1 0 0 200 2t —u  —w

Solve (3.2.50) by the method of invariance and we obtain,
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H = f:bl)

dg dt

T =5 = g=3Int+ b,

d

d

dt dl

% = o = Int =Inl+ Inbs = t=1bs,
d d

au _av = Inu=1Inv+ bg = u = v bg,
—u v

dl  d b

£ _ 4 = %lnl:—lnu—i—lh = \/Z:—Y.
20 —u U

By choosing different combinations of the equations in (3.2.52) we obtain,

t
by = bs = f= Z)
bg = b6 = m = E,
v (3.2.53)
by = by = n =+l u,
by =0 = g =In(\/1).

So the canonical coordinates are,
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t
f= 7 g =In(\1), m = E, n=+vlu, (3.2.54)
v
where n = n(f) and m = m(f).
The inverse canonical coordinates are presented below,
29
P L A A (3.2.55)
f ed me9d

Using the inverse canonical coordinates in (3.2.55) we compute A and (A~")7 below,

e%9

Dyl Dyt =
A= = | ok : (3.2.56)

D, Dyt 27 9e
f

VA
(AT = e ¢f (3.2.57)
2e29
and J = det(A) = ——.

The partial derivatives of v and v in terms of the new independent variables g and

f are,
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B —2nff% — nf%
e 2e%9 ’

élnfffg + 12nff% + 3nfg
Uy =

3.2.58
e , ( )
_nyf?
Uy = 639 .
2nff%+nf% 2mfnf%
U = — )
2me39 2m?2e39
9 7 5 z 9 2., £2
B anff2 + 6nff2 +3nf2 B 2nmff2 +nmfff2 menf2 (3'2'59)
= 2med9 m2eby m3ed9
_ngfr mmgf>
T et T med
The reduced conserved form from Theorem 1.0.4 in Chapterl is given below,
T T}
2 l=3Aa " 7. (3.2.60)
73 7
Therefore,
29 [_ 3 _ 242 3 2,02 _ 9,2 3
Tt N _f_2 o 2e [ 2nng f3 —nf +2nmnff +n*mf* —2n°my f
2 _ 2 020 o2 f 2med 2m?2et9
TS f? 2
2e%9

1/ n*f n®f
2\ €29 m2e
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n?  4n®my; f?

2
n® + 2 )
= (3.2.61)
n? n?
ﬁ * 2fm?
where the conserved form is also given by DT = 0.
The second step of the double reduction is given as
2,2 2 _ gp2 2
n‘m°+n : n my f — Ky, (3.2.62)
m
where Ky € R.
Let Ky = 0, we will now simplify (3.2.62) which is represented below,
m? +1—4f*m; = 0. (3.2.63)

Equation (3.2.63) above is an ode, so we can proceed and solve for m,

4f2mf =m?+1,

dy _ 4
m2+1  4f2
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arctan(m) = —= + a.

Then the solution of m is given below,

m = tan (a — %) : (3.2.64)

where « is an integration constant.

The second equation of (1.0.17) from Theorem 1.0.4 in Chapter 1 is stated below,

Q1 (de") — Q2(de®) =0,
which can be written as

—v[vy — 2(luy + wp) + u(u? + v?)] — u[—uy — 2(lvy + ) + v(u® +v?)] = 0. (3.2.65)

In this case ()1 = —v and Q)3 = u.

Substituting in the relevant entries from (3.2.55) and (3.2.58) into (3.2.65) above we

obtain,

me9 2e39 me39 m2e39

_n\/f [—4nfff; — 12nffg —3nf% +47szg +2nf% —|—2n3f% n nff% n n3f% —nmffg]

L [—nffg + 2npf 3+ nf2 +0Pf% —2nppfs — npf? — 3nf§]

ed e39 me39
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n/f Anmyf2 + 2nmypf2 — 2nmgf2 N ndfz — 4nmfff% _
e9 m2e39 m3e39

0

which implies that,

nm’y f2 + 8nmPngp f* 4 16nm*ng f* — 4n*m? f? + 5n*m? f* — 2n*mm, f*
m3
4n2m§f4 + anffz _ 2n2mmff3 _ nmnff2 - 2n4f2 _

m3

0. (3.2.66)
Substitute (3.2.64), the solution of m, into (3.2.66), to solve for n, which would

yield a 2nd order differential equation. Thereafter we proceed to solve for u and v

by substituting the canonical and inverse canonical coordinates.
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3.3 Concluding Remarks

In this chapter we have used the double reduction method of solving multidimen-

sional equations to find a suitable solution for equation (3.1.1).

The level of difficulty has increased quite substantially with the introduction of a
second dependent variable, v. A lot of manipulation was required to finally come

out with a suitable solution for equation (3.1.1).

In Case 1 the symmetries and conserved vectors were computed and their associa-
tion was tested and it resulted in the null vector, thusdeeeming X; and 7" to be
associated. Therefore, we could continue to solve equation (3.1.1) using the double
reduction method. We were able to reduce the Schrédinger equation to a special case
of the famous Klein-Gordon equation due to our choice of trigonometric canonical
coordinates. Thereafter, we used the lagrangian to reduce (3.2.29), through some

more workings we were finally able to deduce a solution for (3.1.1).

In Case 2, the computation was rendered more complex with our choice of a rota-
tional canonical coordinate [ in (3.2.45). We were able to calculate the symmetry in
(3.2.49) through the use of the lagrangian which gave rise to three sets of multipli-
ers and conserved vectors, we then went through the steps of the double reduction
method and we were able find a solution which was actually a very complex differ-
ential equation. through some careful substitution a final solution in terms of v and

v can be deduced.
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Chapter 4

Conclusion

In this dissertation, we dealt with the construction of solutions of the Benney-Luke
and nonlinear Schrodinger equations using the Double Reduction method. This
method was previously used on one-dimensional equations . To investigate further
we extended the number of independent variables from just two, namely (z,t), to
three independent variables those being (z,y,t), i.e a two-dimensional equation. We
were able to reduce some of our equations into special cases of some famous differ-

ential equations.

First we had to compute the symmetries, conservation laws and multipliers for
each equation through the approaches mentioned in Chapter 1. When using these
methods we would get more than one of each of these components above, so we
would have to choose one that would be more convenient to us. We then continued

to use the double reduction method to find the solutions.
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In Chapter 2, the Benney-Luke equation was investigated. The double reduction
method was used and we were able to reduce our equation into the form of a simple

harmonic operator.

Chapter 3 was divided into two cases, in the first case the following symmetry
was used; X7 = 0; + k(ud, — v9,). We were able to reduce our equation in this
case into a special case of the famous Klein-Gordon equation which made further
computation of the equations trivial. In the second case the following symmetry
was used; Xy = —y0, + 20, and were able to get a complex equation in terms of n

and m.
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