CHAPTER 1 INTRODUCTION TO THE STUDY

1.1 INTRODUCTION

Mathematical reasoning is one of the important etspaf the new curriculum in South Africa
(DoE, 2002). To partake in this activity learners expected to actively examine, conjecture,
make valid justifications, generalize and preserguments for mathematical solutions
realised in problem solving. Educators are theeefexpected to promote and incorporate

these practices during mathematics lessons froly gtages.

This study is designed to investigate grade 9 &rafnmathematical reasoning when
generalising from number patterns. The study walldonducted in one grade 9 class. The
class consists of 29 learners of mixed ability ¢i3s and 16 boys) at a former model C
school in Johannesburg, South Africa. | will work a qualitative paradigm using a case
study approach. Research literature related to enakical reasoning within problem solving
has been reviewed in order to shape and informsthdy. The theoretical framework of
commognition, developed by Sfard (2008) which dedirithinking as communicating” will
be used in the study. A questionnaire-based tagkiteins on number patterns is designed to
be used as the main data gathering instrumentrandwhich a task-based interview will be
developed. Six learners purposely drawn from thenreample (see section 3.3.1) will be the
focal-sample for the task-based interviews. Dathected through use of the task and
interview will be analysed mainly using qualitatispproaches informed by the theoretical

framework the study is using.
1.2BACKGROUND/CONTEXT

Recently, there have been curriculum shifts in maidtics in many countries that are driven
by national policies, and influenced by researcher€ is advocacy for a transition from
traditional ways of teaching that emphasize mastryprocedures and algorithms, to
approaches which also forster mathematical reaganifearners or learning mathematics as
a set of practices e.g. justifying, representirgpegalising etc. It is believed that these new
approaches to teaching mathematics would enabiedesato re-invent mathematical ideas,
procedures and algorithms when forgotten henceesenaid retention of the learnt facts.
These curriculum innovations are also found in Bodfrica. Brodie & Pournara (2005)

argue that these shifts are signalled by terms asaaducator, facilitator and mediator within
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the South African curriculum. According to Brodieese terms indicate new roles for
teachers and learners. The South African DepartiwfeBtiucation, aligning itself with these

curriculum shifts, advocates that learners shouokkestigate patterns and relationships in
order to “develop mathematical thinking skills suzh generalizing, explaining, justifying,

representing ..., predicting and describing” (D2&0)2:63).

In South Africa, algebraic reasoning in the Gendtdlcation and Training band (GET)
curriculum is very limited in scope and yet therfeag achieved in Mathematics in the GET
band has to provide the basis for the demands ohévi@atics in the Further Education and
Training (FET) phase. This situation creates a reeekplore how mathematical reasoning
evolves from algebraic reasoning in the GET barm @ssentials of Numeracy developed in
the GET band are taken further into working in msyenbolic ways (algebraic) in the FET
band. In so doing, the emphasis on contexts amdiation within Mathematics and across
the curriculum is maintained where mathematical eflody which largely constitutes
algebraic generalization becomes more prominerg. GBT engagement with shape, space
and measurements becomes more formalised, and ¢tieods and uses of statistics and
chance are dealt in greater depth in the FET. HoathEmatics can contribute to an
understanding of financial issues is taken beyaadidg with budgets as in GET band.

The revised national curriculum statement (RNCS) ipuplace to strengthen Curriculum
2005 (C2005) is the first National Curriculum Stagnt (NCS) that emphases integration of
mathematical reasoning within mathematics and acatser learning areas (DoE, RNCS:
2005). The C2005 is an Outcomes-Based EducatiorEj@Brriculum established in 1997.
Therefore, it is imperative that teachers and pofiakers understand how learners reason
mathematically in the context of the NCS demantiss lagainst this background that |
decided to explore learners’ algebraic reasoningnMpeneralizing. In particular | wish to
explore the representations and routines the gdddarners use when engaging with a task
on number patterns and also the difficulties thegeeience. The questionnaire-based task
being used in the study contains questions seifferent representations (forms) of number
patterns. Some questions, are formulated in terimsumbers only (e.g. table of values),
some in terms of pictures/diagrams and some as protelems. Table 1 provides a summary
of how the Mathematics Learning Outcomes (LO’shhef GET and FET bands are linked:



Table 1: How the Mathematics Learning Outcomes of &T and FET bands are linked.

LEARNING
OUTCOME GET (RNCS) PHASE FET PHASE
1 Number and Number Number and number
Relationships Relationships
2 Patterns, Functions and Functions and algebra
Algebra
3 Shape and Space Shape, Space angd
measurement
4 Measurements Data Handling and
Probability
5 Data Handling and
Probability

1.3RESEARCH PROBLEM

1.3.1 STATEMENT OF PURPOSE

The study sets out to investigate grade 9 learadgsbraic reasoning during problem solving
involving number patterns. This study is thereflaeated in the broad area of mathematical
knowledge for learning. In order to gain deeperghis into the learners’ reasoning when
generalizing, | first analysed the written worktloé 29 participants followed by the interview
responses from the target six learners drawn fioenntain sample. The following specific

research questions guided the study:

1.3.2 RESEARCH QUESTIONS

1. What routineqstrategie$ and_visual mediatordo grade 9 learners use when engaging

in a task on number patterns?

2. How do these grade 9 learners explain orally tteiught processes in problem solving

involving number patterns?



1. 3. 3 NUMBER PATTERNS

The study investigates learners’ algebraic reagpminen generalizing in one algebra topic
“Number Patterns”. The study of number patternsbesme an integral component across
all grades of the South African school Mathematigsiculum (DoE, 2002:2003b). Number

pattern activities in the Senior Phase (grades9j are essentially an extension of the
Intermediate Phase with the expectation that learaé this level can “use algebra and
algebraic processes in their description of thegeems” (DoE, 2003a:39). In the FET Phase
learners explore sequences, series and real-liteameatical problems which develop and

require an ability to generalize. The literatureiees undertaken to inform the study suggests
that linear sequences is an appropriate topicitit eich data for generalization processes.
However, it is not clear how the learners’ routimeffuence their generalization in number

patterns. This study explored the routines and atiedj tools the grade 9 learners’ use when
engaging in the task on numeric and geometric pette

1.3.4 LIMITATIONS OF THE STUDY
The limitations of the study include:

» Learners’ written responses from the task and théresponses from the follow up
task-based interview are unique to the learnerpeggnces. As such the findings of
the study cannot be generalized to all grade S vé&arin South Africa or to the ability
levels that the six learners represent.

* The validity of the study’s findings cannot be cuaeed should another person
replicate [conduct] the study under similar cormhis. This may be partly due to
unintentional biases of the researcher who is alkey participant and a mathematics
educator. Although it is possible that the researchay deliberately choose what to
see or hear, as a researcher | tried as much aibjgo be objective in my analyses

with the guidance of the research questions.

1.4RATIONALE OF THE STUDY

My focus in the study was on learners’ algebraa&soming when generalizing from number
patterns. Generalizing and justification activite#salgebra afford us opportunities to express
relationships between quantities. Such activitiesvipe further opportunities that help us
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move beyond empirical arguments of arithmetic imaking algebraic generalizations and
justifications. The reasons for my choice of thenber patterns topic in algebra are based on
the following factors: my experience of working asigh school mathematics educator in
South Africa whereby | see most high school learigrades 8 — 12) experience difficulties
to reason algebraically even after being introduimedlgebra, my awareness of the current
curricular developments both locally and internaailby, and also my knowledge of existing
literature and current research related to learna&gebraic thinking particularly when

generalizing in number patterns.

The high visibility of pattern-based activitiesrgcent school mathematics materials points to
the increased value placed on teaching patterrs @®ductive way to introduce algebra
(Driscoll, 1999:10). As early as kindergarten, teas see different coloured geometric
shapes often sequenced in orderly manner from wthieh are asked to predict the next few
shapes. Then later, when number concept is talngisetlearners begin to recognize and
describe the various number patterns. The haliltioking that causes one to look beyond a
perceived pattern to wonder what “always works” &my pattern’s rule of generality is a
feature of a broader capacity of mathematical thipkGeneralization is a thinking process
that applies throughout mathematics.

1.4.1 ALGEBRA WITHIN THE SOUTH AFRICAN SCHOOL CURRI CULUM

In South African classrooms, the focus of algelrdahie new curriculum has moved away
from a focus on symbolism, rote learning and madafpee skills to the link between
procedural and conceptual understandings. Proakdmd conceptual understandings are
essential for the development of problem solvingitas and routines that bring about
progress in the learning of mathematics, in padicalgebra. In the RNCS for the learning
area mathematics (DoE, 2001: 19), the LO on “Nunfa&tterns, Functions and Algebra”
stipulates that a learner must be able “to recagniescribe and represent patterns and
relationships, and solve problems using algebraimguage and skills” (DoE, 2003a: 37).
There is no specific statement that emphasisesitgpalgebra skills in their own right;
rather the emphasis is on using algebra for thepgm&r of problem solving and
communication in mathematics. This suggests thathenaatics is about learning to
communicate mathematically within a discourse. &mmple, the learner needs to become

fluent with vocabulary and symbols, ways of spegkimwriting and presenting the



mathematical arguments. Within the South Africainost curriculum, algebra is made up of

“simplifying expressions, factorizing, solving e@oas, functions and graphs, variables,

word problems and others” (DoE, 2003a : 37). At Gihkse in particular, school algebra

consists of “number patterns, solving linear equretj graphs, algebraic expressions and
algebraic vocabulary” (DoE, 2002: 75-79).

1.4.2 PERSONAL EXPERIENCE AND CURRENT CURRICULAR REFORMS

From my personal teaching experience in the mattiesnelassrooms, learners in the GET
and FET bands continue to grapple with algebraicepts. As a result they perform poorly
in both internal and external mathematics exanonati Also, educational research locally
and internationally has shown that learners haffecdlties in carrying out problem solving
that requires the use of algebraic expressions Kegscovics & Linchevski, 1994; Sfard &
Linchevski, 1994, 1995; Bernarz & Janvier, 1996yrez, 2001). There are also major
curriculum shifts happening internationally in teda to the way school algebra is conceived
and its purpose in mathematics curricular in gdnéeag. Pimm, 1982; Arcavi, 1995;
Wheeler, 1996; MacGregor & Stacey, 1997;Malati, Z;%Brodie, 2005). Nonetheless, from
the literature reviewed, not much has been repasteclgebraic reasoning at GET phase
from a South African perspective (Brodie, 2005).isThtudy is intended to contribute to
filling this gap in the South African mathematicdueation. Hopefully the findings will
benefit the current formal and informal debatesthe mathematics education research

community.

The study is expected to inform me as a teachentdbarners’ thinking and the difficulties
that learners encounter when engaged in a taskuotber patterns. In this chapter | have
described the importance of reasoning in mathemgizticularly when generalizing from
number patterns and how the new curriculum in Séditica emphases the notion through its

Learning Outcomes and Assessment Standards-AS @EBD).

1.5THE STRUCTURE OF THE REPORT

1.5.1 CHAPTER1

This research report consists of seven chapteihidrchapter | have discussed among other

things: the background of the study, the purposthefstudy and its research questions, the
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rationale, my intended contribution to mathematckication literature, specifically with

reference to the link between generalizing from hanpatterns and algebra.
1.5.2 CHAPTER 2

In Chapter 2 | discuss the theoretical perspedcine the literature review that helped in
shaping and informing the study. The theoreticalmiework is based on the notions of
thinking and communicatingin a mathematical discourse. This theoretical &ark of
commognition is adapted from Sfard (2008). Sfapgsspective of commognition is used to
explain how a participant of a discourse commuegatith others or with himself by verbal
means or otherwise. The other key feature of Chaptes the literature review, which
highlights important aspects drawn from other stadi

1.5.3 CHAPTER 3

In Chapter 3 | discuss the study’'s design and nusthused in data collection and analysis.
The rationale for the choice of the methods and eq@propriateness is explained to indicate
how the study was conceptualised. An outline of issyes related to ethical compliance is

highlighted. Similarly, issues of validity and wdbility are discussed.
1.5.4 CHAPTER 4

Chapter 4 presents the analytical framework (AF) skudy is using. The AF provides a
description of how data were analyzed and integokethe AF draws on previous literature
and previous studies in the area of generalizatiahis elaborated so that it is consistent with
the theory of commognition.

1.5.5 CHAPTER 5

Chapter 5 presents the analyses of quantitativeyaalitative data that was collected through
the questionnaire based task. The problem solvingines and solution representations
(forms of mediation) that learners demonstratedhim written task when generalizing in
number patterns are highlighted and discussed atargly. Also, the problem solving
routines and solution representations that leardisaissed in the task-based interviews with
the researcher are analysed (qualitatively).. Toesiple implications of learners’ routines,

representations and oral justifications to genzadilbn of patterns are also highlighted.



1.5.6 CHAPTER 6

Chapter 6 presents a discussion about pedagognaications of issues and trends that
mainly emerged in the results and findings repoitechapter 5. The explanations and
interpretations of the results were drawn fromliteeature reviewed, theoretical assumptions
(see Chapter 2) where appropriate and from my owpergence as a researcher and a

classroom practitioner.
1.5.7 CHAPTER 7

In chapter 7, the final chapter of the report, dosions are reached about learners’ reasoning
routines in the GET phase when generalizing fromimer patterns. This was done in view of
summarising the findings of the study. The refleesi made highlight the experiences and
knowledge | have gained while working on this imigegtion. The weaknesses of the study

are discussed and highlighted in terms of limitadiof a qualitative research study.



CHAPTER 2 THEORETICAL FRAMEWORK AND LITERAT URE REVIEW

2.1 INTRODUCTION

The introduction of the new curriculum followingettadvent of democracy in South Africa
brought changes in mathematics teaching and lagginithe classrooms. These changes are
consistent with the view that mathematics should/ie&ved as a key subject among other
learning areas (DoE, 2002; 2003). The shifts in twericulum are in line with the
communication theory of cognition (Sfard, 2008) e¥hdescribes thinking as an activity of

communication and learning mathematics as an fimtianto a specific type of a discourse.

The purpose of an appropriate theoretical framewisrkhat it allows the study to be
reformulated so that illuminating explanations awhcepts can be brought to bear on the
observations and the results of the study. A #temal framework is also an integral to the
coherence of the data analysis process. In thisarels | will broadly work within a

commognitivist’s perspective as outlined in thddaing section.
2.1.1 COMMOGNITION PERSPECTIVE

According to Sfard (2007) educational studies tradally conceptualise learning as the
“acquisition of knowledge” where knowledge consistsntities such agleasor concepts

In contrast, participationists define learning afoan of transformation in what and how

people are doing in patterned human processesalsah individual and as a collective. They
conceptualise developmental transformations asggsgam what and how people are doing
instead of inquiring about personal acquisitionttiBipationists further claim that patterned
collective activities are developmentally priorttwse of the individual (Sfard, 2008). In a
commognitive perspective (ibid.), learning is rabie the participationist assumption that all
uniquely human skills are products of individualiaa of historically established collective

activities. For example, children develop the #&pito speak and read by slowly changing
from interlocutors to independent performers (Vg§gt 1987). According to Sfard (2007)

learning occurs when there is change and developaiendiscourse. A discourse is a type
of communication that draws some individuals toggtlvhile excluding others. Sfard (2008)
contends that learning is about individualizingplective discourse through “participation”.



In my study, the commognition theory provides asléa explain the learners’ reasoning
when they participate in mathematical discoursesparticular algebraic generalization in

number patterns.

2.1.2 DEFINING COMMOGNITION THEORY

Sfard (2008:65) defines commognition in terms ofo tkey concepts:thinking’ and
‘communication’. Briefly, commognition refers tehinking as communicatingSfard argues
that thinking as individualized communication, dedrning as becoming adept in historically
established discourses is rooted in the partiopai’'s assumption that all uniquely human
skills are products of the individualization of aslished activities (Sfard, 2007). As an
inherently individual activity, thinking is no ddfent to other uniquely human abilities.
Thinking can therefore be defined as the indivichesl form of the activity of
communicating. In self-communication, a person doet necessarily communicate with
herself audibly or visibly; nor does it have to inewords. Such type of communication is
dialogical in nature and it involves acts of infamgn oneself, arguing, asking questions and in

fact waiting for one’s own responses (ibid.).

The commognitive definition othinking according to Sfard implies that communication is
both interpersonal and intrapersonal (individualgrdbon). On the other hand the
commognitive definition oEommunicationrefers to a performed patterned collective agtivit
that mediates and coordinates other activitiehefdollective (Sfard, 2008). There are four
basic tenets of commognition and these are: thghlaa an individualized (interpersonal)
communication, mathematics as a form of discouessning mathematics as a changing

discourse and commognitive conflict as a souraaathematical learning.
2.1.3 BRIEF DESCRIPTION OF THE COMMOGNITIVE TENETS

Thinking as individualizatianThis refers to a process of communicating betwagrerson
and herself or himself. This self-communication sloet have to be in any way audible or
visible, nor does it have to be in words. The notithinking” is in fact dialogical in nature
thus it involves acts of informing ourselves, amgjiasking questions, and waiting for our
own responses. The commognitive definition of timgkimplies that argumentation does not
have to be inter-personal; rather it can take pleitein a person and hence becomes an act

of communication in itself.
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Mathematics as a form of discours®lathematics is a distinct discourse with its own
vocabulary that contains, for example, words treferr to numbers and operations on

numbers and to geometric shapes.

Learning mathematics as a change in discoutssarning mathematics means modifying
one’s present discourse so that it acquires thpepties of the discourse practiced by the
mathematical community. Such change can be attamedextending the vocabulary,

developing new routines or by producing and endgrsiew narratives. The terms “routines”
and “endorsed narratives” are briefly defined irctem 2.1.4. In a commognitive

perspective, enquiring what the participants oftady have yet to learn is equivalent to
asking about the required transformations in thewys of communicating mathematical

concepts and ideas.

Commognitive conflictThis refers to a situation that arises when latertors participating

in inconsistent discourses try to communicate withe another. Inconsistent or
incommensurable discourses differ in their use ofds and in the rules of substantiation as
they do not share criteria for deciding the endoes® or rejection of a given narrative.

Commognitive conflict may be interpersonal or ip&esonal.

In this study the theory of commognition is situhteithin a Mathematical discourse
focussing on learning where learning is a “par@tipn” activity that involves social
interactions. Sfard (2008) regards learning asigypating in discourses. Through this
participation, learning mathematics means modifyoge’s present discourse so that it
acquires the properties of the discourse practigeitie mathematical community. As a result
the learner develops new vocabulary and routinesismble to endorse certain narratives.
The commognitists view learning as the “changet tteanes when substantial features of a
discourse have been transformed and such “changg’occur due to conflict created by two
discourses within a discourse (Ben-Zvi & Sfard, 2866). Identifying modifications in the
discourse can help teachers measure the learnev&lappmental changes that result in
learning. | will draw specifically on the secondnmmmognitive tenetmathematicabliscourse

on thinking (Sfard, 2008) by focusing on the featuor properties that make a discourse

count as mathematical.
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2.1.4 MATHEMATICS AS A DISCOURSE

In education studies, different types of commumicest that bring people together while at
the same time excluding others are referred tdisurses There exist different discourses

each with its own characteristics. For example, athematical discourse is comprised of
many sub-discourses, such as algebraic and geoméiscourses. The mathematical
discourses are made distinct by specific featurggaperties: their key words or vocabulary
and the way these keywords are used; the visualatoesl with which participants of a

discourse identify the object of their talk and boate their communication, and by the
form and outcomes of their processes (the routares endorsed narratives they produce
respectively). A brief discussion on how | intera use Sfard’s notion of mathematical

discourse (Sfard, 2008: 133-4) is given in thedi@ihg section. | draw on question 2 of the

guestionnaire based task of this study to illustrat

Figure 1; Tile - Pattern:

group 1 group 2 Group 3

1. Draw tile-group number 5. Explain in words what group number 5 would look like and how
many tiles are in the group?
2. How many tiles are in each of the following group number:
a) Group®6
b) Group7
c) Group 10
d) Group 50

3. How many tiles are in the n™ group of tiles?

In this question, the use of visual mediation mesutt in the observation that each group of
tiles consists of tiles that are placed in the radat the bottom (bottom-centre) with an
associated number of tiles on each of the vertgides. This approach uses iconic
representations. Thus fol' figure there areBtiles with extra two tiles on each side. This

generates an expressiom 2.
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Vocabulary These are key words used for communication p@gposa discourse. A
discourse counts as mathematical if it featureshamatical words. In mathematics,
vocabulary refers to words that signify quantit@sshapes and their meanings are
generally used and shared by participants withmashematics discourse. Word use
is very important because what the user is abkayoabout the world and what s/he

sees is informed by the word meaning.

To be considered as mathematical, a discoursechasritain words that count as
mathematical. For example, in algebraic discoungeuse of some words may differ
from their use in an arithmetic discourse or inrgday discourse. In this study | am
not analyzingvord usespecifically as a distinct feature or propertyaahathematical
discourse. Rather my focus is on theutines mediators and narratives the
participants use to communicate their reasoningnwdeneralizing from the task on

number patterns.

An example of vocabulary or word use in generaliz&n

In Mathematics, operational wordsich asaddition and multiplication may imply

increasingin some instances wheresghtractionanddivision may imply adecrease.
The interpretation to such words depends on théegbim which they are used. For
example, the tileincreaseby 3 in number per group all the time in questofifom

the questionnaire — based task used in the study.

Mediators These are visible objects that are operated agamn part of the process of
communication. Visual mediators enable participafits discourse to identify objects
of their talk; this enables communication. For eplan meanings of symbols are
made visible through a well organized syntax caltegthematical language. In a
mathematical discourse, operations on visual mediasuch as symbolic artefacts
becomes automated and embodied. The most commaompisaof visual mediators
include mathematical formulae, graphs, drawingsgidims, numbers and verbal
explanation. The mediators are generally viewe gmrt and parcel of the act of

communication and in particular of the reasoninocpsses.
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An example of a mediator - use in generalization

Drawing on question 2: conversion of the pictopaltern representation of tiles in

multiple or other forms such as:

)] Verbal explanation: the tiles increase by threeefegry change in position or
group.
i) Numeric: 5;8;11; ...} coeij. = 3XTBX2+ 2; 3X3+2; ... ereeens

i) Symbolic or algebraic: JJ= 3 x n + 2 where n is group number andsithe
number of tiles in that group.

Narratives This refers to any sequence of utterances fraaged description of

objects, of relations between objects or of thecpss with or by objects subject to
endorsement or rejection with the help of discowsecific substantiation procedures
(Sfard, 2007). In a mathematical discourse, endorsgratives are often labelled as
true because they describe a true state of affakxamples of endorsed narratives

include mathematical theorems, definitions, pratts
Examples of narratives in generalization

The rules or formulae that learners generate fer rifi term and other specific
calculated values for the sub-questions of questiane examples of narratives. The
examples of mediators listed i) — iii) above areemainces subject to endorsement or

rejection. As such, they may be regarded as neesati

Routines These are repetitive patterns characteristic ofisaourse. For example,
mathematical regularities can be noticed whethee @ watching the use of
mathematical words and mediators or following theocpss of creating and
substantiating narratives about numbers or geocaétshapes. The strategies the
participants of this study used to communicaterttienking when generalizing from

number patterns are referred to as “routines” (aealytical framework” chapter 4).
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An example of routines in generalization

The learner’'s transformation of pictorial patterts a number or symbolic
representation either recursively or explicitly hlwitthe aim of deriving a
generalization, is a routine. A different routinayrbe when; the learner makes use of
other definitions or formulae to generate new rukes example the use of a general
linear formula; T, = a + (-1)*d to generate or derive a mathematical ruldhagT, =

3 xn + 2 for the ' term in the tile problem 2.

In the context of the envisaged study, | use tlsealirse characteristics to analyse learners’
written or oral responses in the following manrfs.learners engage in problem solving of
pictorial, diagrammatic or numeric problems thadd¢o generalizing I, as a researcher, will
be looking for the kind ofvords/vocabularyhe learners use. | will consider how these words
relate to the mathematics embedded in the numb&rpa And | will specifically analyse
routines, i.e. strategies, used by the learnessliving the problems. | will further analyse the
symbolic artefactsvisual mediatorsthat each learner uses or creates when generglimr
example, mathematical formulae or graphs. Findllwill endorse or reject the learners’
representation of their routines in terms of whettiey concur with the accepted school

mathematics narratives or not.

2.1.5SUMMARY OF COMMOGNITIVE PERSPECTIVE

A participationist:

* regards thinking as developing from patterned ctile activity.

* regards thinking as an internalized and individiediform of communication.

» defines mathematics as a discourse which has i3 mgister and means of
communication governed by some rules involving wondsual mediators, routines
and narratives. Mastery of these rules resultshenléarner becoming a successful

participant in mathematics discourse.
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The theory of commognition has the following basimciples called commognitive tenetes:

1. Thinking as individualization of communication.
The commognitive definition of thinking implies thargumentation does not have to
be inter-personal; rather it can take place withperson and hence becomes an act of

communication in itself.

2. Mathematics as a form of discourse.
Commognition is defined as thinking and interpeedooommunication and this
happens according to certain established rulesolany to Sfard (2008) these rules
involve a particular use of words or vocabularysuwal mediators, narratives and

routines.

3. Learning mathematics as changing discourse.
Commognitivists define learning mathematics asviadializing mathematics through
mathematical communication both with others andselieLearning of an individual
student or the class as a whole can be measur&debyfying the extent to which

rules of a mathematics discourse are used in coneation by the participant(s).

4. Commognitive conflict as a source of learning.
According to Sfard (2007:575) learning occurs agsult of commognitive conflict
(change of discourse). She defines this conflict as“situation in which
communication is hindered by the fact that différéiscussants are acting according
to different meta-rules through the use of the sameds but in different ways”
(Sfard, 2007:576). The change of discourse is wiewe terms of two types of
learning: object-level learning and meta-level téag. Object-level refers to learning
that expresses itself through expansion of thetiagisdiscourse by extending the
vocabulary; constructing new routines and producieg endorsed narratives. On the
other hand, meta-level learning involves changengta-rules of the discourse for
example defining a word or identifying geometriguies will now be done in a

different and unfamiliar way.

In the following section | highlight the literatureview that has contributed to shaping the

study.
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2.2 LITERATURE REVIEW

The purpose of a literature review is to show thlationship between research at hand and
previous related research studies. In fact, aalitee review reveals how the research at hand
can make a unique contribution. As such, the rekearhas a responsibility to indicate the
connections between current research and the piewtudies, as well as the gaps and
weaknesses of previous studies (Vital & Jansen7199review of the previous studies also
provides a researcher with useful lenses for ifi@gng methods and techniques of gathering
information which could be helpful when conductitig current research study. In light of
the above, | reviewed the literature relating te three main aspects of this study and these

are:

» Literature relating to number patterns.
» Literature relating to generalizations.

» Literature relating to algebraic thinking when gealiging.

In this section, | define what number patterns gederalizations are and how they are

connected in mathematics particularly in the algehscourse.

2.2.1 NUMBER PATTERNS

Formal school algebra often begins with instrucioabout manipulation of literal
expressions in equations and functions. The beginoi the algebraic reasoning is generally
aimed at identifying fundamental relationships amesituations [quantities] and expressing
them using correct algebraic symbolism (Kieran,@9%ormal school algebra recommends
introducing algebra through numeric and geometattepns (Lee, 1996; Macgregor &
Stacey, 1995).

Words such as “generalization” and “number patteans worth highlighting in this study.
Algebra provides a language in which to expresegdities precisely and concisely, to the
extent that these generalities can be manipulatedorder to facilitate reasoning.
Generalization and patterns are two interlinkedamst and difficult to separate from each
other in a context. The underlying structure ofpagtern sequence is often used to generalize
the number and arrangement of the terms for arp ist¢he pattern. Aaumber patterris a
sequence of numbers in which there is a well-ddfinge for calculating each number from

the previous numbers or from its position in thgussce. In a geometric number pattern, the
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numbers relate to a sequence of geometrical figaradich each figure is derived from the
previous figure by some well-defined procedure. Aniber or geometric number pattern is
linear if each number is obtained by adding a amntdtifference to the previous number or,
equivalently, if each number is a linear functidnt® position in the sequence.

Several types of patterns or sequences are idmhtifi previous research for example:
Repeating patterngre patterns with an easily recognizable repeatyaje of elements
(Zazkis, 2002:2). An example of a repeating patierthe linear pattern, where an element of
the pattern is duplicated vertically, horizontadlyobliquely e.g. KLMKLMKLM..... Another
form of repeating pattern is the cyclic patterminich there is no beginning or ending point.
Students’ abilities to generalize number patteahg on their observations and understanding

of “units of repeat” within a cycle of patterns.

Growing patternsare patterns in which the number of componentarofelement in a
sequence increase or decrease systematically. Ggopatterns are commonly used for
pattern generalizations. It may be most effectiweintroduce students first to repeating
patterns and then to growing patterns (Papic, Z08Y.: Papic argues that experience with
repeating and growing patterns can develop funatitnnking when students move beyond
simple data sets to seeking relationships betweda skbts. Generalizing repeating patterns
from the unit of repeat of any orientation providgsportunity to further generalize even
more difficult patterns such as growing patternshe Tfollowing pictorial pattern

representation is an example of a growing pattern.

Figure 2: An example of a growing pattern — pictorial representation
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2.2.2 ALGEBRAIC GENERALIZATION

The process ofjeneralizationof patterns in mathematics introduces learnealdebra and

algebraic reasoning. Carraher (2007:2) says thatctions in mathematics are generally
introduced through the use of algebraic expressibawever, this option is not viable for
most young learners who are not familiar with atgéb notations”. The study of number

patterns for elementary school learners could beiadble means of developing an
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understanding of algebraic concepts. When leamiteserve and understand how to continue
a pattern and then generalize that pattern, theg Hamonstrated algebraic reasoning skills.
Warren and Cooper (2006) argue that while not lalinentary school students are able to
formally express a pattern generalization, the @ggn of introducing algebra as the study
and generalization of patterns lays the foundafmmlearners to reach the next level of
understanding in algebra and to use formal, syrob@presentations to describe patterns.
Warren and Cooper (2006) concur with Papic thatagpce with repeating and growing
patterns can develop functional thinking when stislenove beyond simple data sets to
seeking relationships between data sets. Genemglatterns has been described as “one of
the roots of, and routes into, algebra” (Zazkisigeldahl, 2002:4)

The idea of algebraic generalization is being adblexpress a pattern algebraically, to notice
and state the commonality that can be generalzed terms in a given sequence (Radford,
2006). However, many research studies done on rimde different age group define

“generalization” differently. See Table 2 below.

TABLE 2: DEFINITIONS OF GENERALIZATION

Age group studied Definitions of generalization ancuthor

Pre-kindergarten Patterning is an essential skill in early matheasatearning... This includes the ability to idepté&nd
(4-6 year olds) describe attributes of objects and similarities difiétrences between them (Papic, 2007:8)

39 graders aged 9 Mathematical generalization inwlzeclaim that some property or technique holdsafdarge set of

mathematical objects or conditions (Carraher, 28)08:

6" graders aged 11 Figural generalization focuses on visualization of thegratand how it changes with each transformatign.
Numericalgeneralization mainly focuses on numbers in thesfiormation of patterns; it may involve tria
and error and finite difference approaches (Beck@06)

Junior & High school Generalizing a pattern algebraically rests on aat@lity to grasp a commonality among elements gf a
sequence S. And also the learner needs to be ahereéhis commonality applies to all elements of|S.
Finally the learner must be able to generate athdé provides a direct expression for any elenoér$
(Radford, 2006:4). Radford further describe geieatibn as factual, contextual or symbolic.

Pre-service teachers Generalization is constructed through abstractibthe essential invariants. The abstracted qualitiee
relations among objects, rather than objects thimes¢Zazkis. 2002 : 381)

Several types of generalization exist. Dorfler (@99) differentiates between empirical
generalization and theoretical generalization. Dmgwon Dorfler's work, Zazkis and

Lilledahl (2002) defines empirical generalizatios aaking generalizations based on
common features or common qualities of objecteons in a pattern. In contrast theoretical

generalization is “intentional and extensional vetgr essential invariants are identified and
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generalization is constructed through abstractibrihese essential invariants” (Zazkis &
Lilledahl, 2002:3). Carraher (2007) also distintpeis between empirical and theoretical
generalizations by looking at aspects of reasommglved in each. According to Harel and
Tall generalization is “applying a given argumaniai broader context”. They focus on three
types of generalizations: expansive generalizatioggonstructive generalization, and
disjunctive generalizations (cited by Zazkis & edjahl, 2002:3-4). Becker discusses two
types of generalizations: numerical generalizatiavisich mainly focus on numbers in the
transformation of patterns and figural general@adi which focus on visualization of the
pattern and how it changes with each transforma{®ecker, 2006:2). Radford (2006)
differentiates between what he calls algebraic ggizations and arithmetic generalizations
and presents the generalization process as cowgsistithree elements. The first element in
the generalization process is “noticing commonality some given particular terms.”
(Radford, 2006:14) The second element in the gdimation process is “formation of a
general concept by generalizing the noticed comtitgn@ all the terms of the number
sequence.” (Zazkis & Liljedahl, 2002: 3-4). Therthelement of the process involves use of
the generalization to provide “an expression foy d@erm in the sequence” (Carraher,
2007:2). He further argues that in order to conepl¢he first two components of
generalization process students must perform ahnagtic generalization, and it is only
when the third element/component becomes part efptiocess that we have an algebraic

generalization.

Many problems faced by students in generalizing lmempatterns are not necessarily linked
to recognizing a pattern but rather in creatingsaful algebraic pattern or rule about the
pattern. Students are often able to see a patteincan continue a pattern but grapple to
create a formula for it. Becker (2006) discussessaarch study involving grade six students
and their abilities to generalize patterns algeaidi. The students in this study were able to
generalize a pattern and justify their approachdyg after the researcher employed some
intervention measures. Carraher (2007:5) suggéstselementary phase and intermediate

high school students learn to make generalizaiiosguations involving physical quantities.

From all these studies conducted by several reseac it seems that patterns and
generalization is a key topic which is included tiee mathematics curriculum at all
instructional levels. The National Council of Teachof Mathematics (NCTM) supports the

inclusion of algebra in the K-12 curriculum, withgeeat emphasis on “students’ learning to
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make generalizations about patterns” (Carraher7 2)0While instruction in the elementary
and intermediate grades focuses on identificatioth jastification of number patterns, the
approach to introducing patterns prepares the stader a deeper understanding of patterns

and the ability to algebraically generalize numpbetterns.

In an attempt to seek more information on studemtslerstanding of mathematical number
patterns, other studies (Macgregor & Stacey, 1998)n & Orton, 1994, 1996; Stacey, 1989;
Swafford & Langrall, 2000) have explored learnewsiderstanding of linear geometric
patterns with students aged 9 -14 and have idedtifjuite a number of strategies
corresponding to various levels of understanding thatterns. For example, Stacey
(1989:150) showed students a pattern of ladderfigiges built with matches and asked the
students to determine the number of matches thatdalwe needed to build ladders with 20
and 100 rungs. The general rule to this problemesdrwas found to be 3n + 2 for a ladder
with n rungs. Stacey identified several differepp@aches/strategies that students used when
working in such number patterns (e.g. countingfed#nce, whole-object and linear

methods).
» A global picture of generalization

Drawing from Radford (2006), algebra is made upasfables, the use of letters, and the use
of basic operational signs (i.e. rules for signjused discovery of their shared qualities.
Learners generalize number sequences in differags vior example, trial and error method
where different symbols are used until some rulefoomulae are generated. Another
approach that learners use to generalize in matiesma to identify and make conjectures
about how each number of the pattern problem etadlto the next number in that pattern
(add or difference method). All this takes the fosinmental imaginations which later turn
into formulae. The generated formula basically Ipee® a general representation satisfying
all the shared properties of the pattern or sequdac generalization. However, such a
formula or rule has to be expressed in the coardtacceptable algebraic notation (endorsed

narratives) within a specific context [domain].
Stages of generalization

Several studies on generalization (Radford, 20@@id? 2007; Carraher, 2007 etc.) suggest

different stages through which students move ag dleaeralize from number patterns. These
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stages are achieved through different methods. eThEgyes together with other aspects of

generalization, as posited by different educatioeséarchers, are summarized in Table 3.

TABLE 3: ASPECTS OF GENERALIZATION

AUTHOR CHARACTERISTICS OF GENERALIZATION

Zazkis, 2002. e Generalization defined as a single formula

e The unit of repeat is key to generalization

« Equivalent expressions is key to generalizing

» Algebraic symbols describes generalizations

* The position of every element can be determinech fgeneralization.

Becker & Rivera, * Seeing patterns additively.
2006. *  Generalizing through listing and visualizing.
*  Generalizing tasks visually and numerically thriowtrect proportion.
» Predisposition towards generalizing formulae.
* Reverse operations.
NB: These are important characteristics observedy study’s data.

AUTHOR STAGES OF GENERALIZATION

Radford, 2006. * Noticing commonality of elements.

» Forming a general concept.

e Generating a rule which gives an expression foh @&ment in the
seguence.

« Justifying equivalence

Carraher, 2007. » Building an idea of the pattern and noticing simiilas or differences of the
elements in a sequence.
*  Visualization.

Papic, 2007. » Observing linear, cyclic and growing patterns.

» Locate an element that repeats itself in the patter

» The repeating portion becomes the common elemeheqgbattern.

» Justification of the discovered unit or portiorrepeat in the pattern.

The literature review reveals a number of simiiesiton the notion of generalization. The
main similarity was the issue of prevalence of salvand different types of generalizations
that learners make. Radford (2006) argues thatestaduse layers of algebraic generality
which are in the form of factual, contextual or $gtic generalization (see section 2.2.2. and

Table 2). According to Radford students who usetul¢c contextual or symbolic
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generalization demonstrate true algebraic genetadiz (theoretical) unlike those that use

empirical methods.

On the other hand Becker & Rivera (2006) categdrigadents’ approaches to generalization
as figural and numerical. Figural generalizatiosimilar to theoretical generalization while
numerical generalization is comparable to empirgaheralization. The studies referred to

above are similar ithe following ways

* In all the studies, linear, growing and repeatiatjgrns were used.
* Small groups of participants were asked to germzaind justify their findings when
solving number pattern problems.
* The studies reported on students’ routines whelifyiurgy generalizations.
* Emphasis on the importance of early developmetti@ability to generalize patterns.
» All studies were based on the assumption that ppatézognition is the foundation of
introducing and building algebraic skills and re@sg.
* All studies explicitly recommend the study of patteas an introduction to formal
school algebra.
Besides having similarities, these studies als¢emdifl in many ways starting from their
definition of the term “generalization”, the ag®gp researched (see table 2), length and type
of research carried out etc. The longer studieluded that of Papic which was based on a
six month intervention programme with 53 preschmobnd Radford, whose research was a
longitudinal study of several teachers’ studentsr@vperiod of six years. On the other hand,
Carraher observed 15 grade three learners acrasdessons; Zazkis used 36 pre-service
teachers on one task over a period of two weekBaeler studied 29 grade 6 learners over

a period of six weeks.

Most researchers discussed algebra as a disctaiseslates to students’ understanding and
representation of generalization of the numberepadt while focusing on different aspects of
generalization process. Radford (2006) identifigwr@cess he calls “objectification” which
actually involves different levels of generalityetargues that the levels of generality that
students achieve are reflected in their representaind communication of the pattern.
Contrary to Radford, Carraher focussed on studamtoaches to a task and noted that formal
representations of a pattern as a function in ddsem should be the ultimate goal for
algebra teachers. “Generalization is not merelyuahagorous inference. There is an
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important role for conjecture in mathematical gatization. Functions can also be
introduced in situations where students are engedrato make conjectures” Carraher
(2007:4).

All these studies made some mention of the impodanf using different representations in
generalizations. Radford said that students’ regragions depended heavily on their social
environment, that the semiotic gesture a studees isimpacted by their culture (Radford,

2006:13). Carraher noted that students can useahdainguage, line segments, function
tables, Cartesian graphs, and algebraic notatioaxfwess generality (Carraher, 2008:6).
Becker mentioned students’ predisposition to gemgydormulae when trying to generalize

patterns although they seem to experience diffranltfinding alternative generalizations as

well as determining equivalence between formulaxk®r & Rivera, 2006:6).

Carraher indicates that two major types of studgmroaches to a generalization task were
prevalent: recursive or as a function in closednfotudents who used a recursive approach
either focused on the difference from one iteratmthe next. For example(n) - f (n-1), or

they focused on the difference between the resfulin iteration of the function and the
number of the iteration e.d(n) - n (Carraher, 2008:16-17).

Papic (2007) focussed on three different types aitepns rather than different types of
generalization. Her research methods include obsgistudents work on pattern tasks and
observing children’s’ use of patterns during pl8he describes two main types of patterns:
repeating patterns (e.g. linear, cyclic and hog¢goand growing patterns (Papic, 2007:9).
My study uses both the linear numeric and lineanggtric patterns (see Appendix A). These
numeric and geometric patterns are referred agdlinbecause they all translate into linear
algebraic generalizations of the foys mx+ cor T,=a + -1) d.
Drawing on the literature reviewed it is imperatihat mathematics instructional programs
should include attention to patterns, functionsnisgls, and models so that all learners:

* understands various types of patterns and fundtreteionships.

» use symbolic forms to represent and analyse matiwahsituations and structures.

» use mathematical models and analyse change inréaithnd abstract contexts.
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2.2.3 ALGEBRAIC THINKING

Algebraic thinking refers to the use of tools angmbBols as mediators (multiple
representations) to analyze different mathematioatexts. At an elementary level this takes
many forms such as extending pictorial and numbattems, doing and undoing,
understanding equivalence, solving for unknown amiting a generalization for a pattern
(Carpenter, Fraenkel, & Levi, 2003; Kaput, 2000; TMC 2000). | summarise these

mathematical skills as:

» Extracting information from a given context.

* Representing the extracted information mathemdyicaing visual mediators such as
verbal explanations, diagrams, tables, graphshedgerepresentations.

* Interpreting and applying the mathematical findisggh as solutions from solving
equations for the unknowns, testing the conjectamres identifying the functional

relationships in a context.

The use of number patterns in this investigativaess is an example of exploring learners’
algebraic reasoning. My study is using a task basedtionnaire which elicit learners’ skills
such as pattern seeking (extract information)gpattecognition (mathematical analysis) and
generalization which involve interpretation and leggtion of patterrseekingandrecognition

skills.
2.2.3.1 REASONING THROUGH GENERALIZATION

In many countries “pattern” recognition and “getieedion” are considered fundamental to
the development of mathematical reasoning. Heneg llave become important components
of mathematics curricular reform. However, “numbgattern” is not central to any
mathematics curricular. Most of the current culaciare organised into parallel strands, for
example, number system, space, measurement, dhtatistics, functions and algebra (see
Table 1). Such curricular structure or organisatioes not explicitly encourage teachers to
see common processes of patterns across the stoands make important connections
between strands or learning outcomes. The RNCS5§200 South African classrooms
emphasises the importance of generalisation in saintkee specific outcomes (SO: 2, 9 &
10).
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A 2007 study commissiondsy Mathematics Learning and Teaching Initiati@ALATI ) in
Cape Town in South Africa reported on grade 7 lea'nability to handle algebraic
generalisation problems. The learners were drawam feight schools of which seven were
situated in traditional black townships. The foafsthe study was on moments when the
learners grapple with deciding about the validifytteeir generalisations. The Malati study
showed that most learners’ justification methodsreweot valid because the learners
themselves were not aware of the role of contetmation in the process of generalisation
(see Sasman, Linchevski, Olivier & Liebenberg, 199899). Also, learners used almost
exclusively numerical strategies when calculatittggey neglected drawings and favoured
recursive methods and made several mistakes refatéte use of direct proportion. The
study does not elicit what strategies dominatethengrade 7 learners’ reasoning processes
when generalising and what could have changedliff@arent pedagogical context was used.

Hence this is seen as a gap.

My study focuses on learners’ use of different galwation strategies [routines] in different
representations. Also, the study explores how mdiffe contexts in which patterns appear
resonate differently with different learners. Innms® previous research on mathematical
reasoning and algebraic generalisation (e.g. O&o@rton, 1994, 1996; MacGregor &
Stacey, 1993) much about learners’ difficulties@ported (see literature in the following
section). However, there is not enough informatrothese reports to enable teachers in the
practice to understand how the learners reflecheir strategies and solutions when engaged
in problem solving and generalisation. Some ofelifficulties arise from learners’ inability
to operate spontaneously with or on the unknovahgepra- arithmetic cognitive gapthe
nature and operational structure and reificatioocess of algebraic symbols/objects
(conceptual developmgnt and difficulties in using representations and ameg
comprehensionefrors and misconceptiopselated to algebraic thinking. Issues or aspects
relating to students’ difficulties with generalimat are explored briefly in my study with a

view to seeing whether new trends emerge from &te cbllected specifically for this study.

2.2.3.2 LEARNERS’ THINKING PROCESSES IN GENERALIZAT ION

The use of patterns to probe and promote geneialiss seen by many as a pre-algebraic
activity (e.g. Mason et al., 1985; Mason, 1996,,5396). Recent research approaches to the

study of algebra have focussed on investigatingepet. The search for regularities in
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different mathematical contexts, the use of vagaldnd symbols to represent patterns and
generalisations are key components of school matiesncurricular in many countries
ranging from pre-kindergarten to secondary schgoliMason (1996) noted that school
algebra is traditionally centred on numbers andctions of numbers. Observing and
reasoning about patterns in number sequencesdp@ortunity for learners to experience the
process of mathematical generalisation. Yet at dhme time, a number of researchers,
including Radford (2000) and Nossal (1997), point to the difficulties students encourie
shifting from pattern spotting to structural undamsling. Students often tend to base their
conclusions on superficial or incidental patteimsytobserve in the sequence, rather than on
arguments referring to its structure. Although time of structural reasoning increases
modestly with age, Kichemann & Hoyles (2005) ndtat tempirical reasoning remains
widespread.

Stacey (1989) carried out an investigation focusingthe generalisation of linear patterns
with students aged between 9 and 13 years oldgifiant number of the participants used
an erroneous direct proportion method in theirmagteto generalise. Stacey also reported
some inconsistencies in the students’ strategiggablems that could readily be solved by
use of a drawing or recursive methods. Stacey aded in her findings that drawing had a
major influence on the students’ approaches, afthaghe did not explore the theme any
further. Also Garcia Cruz & Martinon (1997) condedta study with 14 - 16 years old
students. The study aimed at analysing the way stivelents validate results and on
ascertaining if they favoured numerical or geonsednalytical strategies. The findings of the
research showed that drawings or pictures playgduale role in the process of abstracting
and generalizing. Drawings represented a settingtialents who used the visual strategies
in order to achieve generalisation and, on therdtl@&d, acted as a means of checking the
validity reasoning of those students who optedniamerical analysis approaches. Mason et
al. (2005) promotes the use of the strategy of 8Wahat You Do” as learners draw further
cases of patterns and attend to how they natuladly the patterns efficiently. Each efficient
drawing method offers a potential generalizatiorewlexpressed as an instruction on how to
draw or represent the pattern. What become clean the different studies is that learners’
arithmetic incompetence and their fixation on recwe methods when generalizing are
obstacles to successful algebraic generalisati@mcel a cognitive gap between arithmetic
and algebra is created [exists].
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Carraher et, al. (2000) also reported that algebna@asoning skills and algebraic
representations are not foreign concepts in primselgool mathematics curricular. In
particular they note that algebraic reasoning idveaded in arithmetic exploration in the
early grades. They argue in their work that aseglbate emergence of algebraic reasoning to
developmental constraints is incorrect; they furthryue that algebraic thinking enters the
school curriculum too late. They suggest that tosld be the main cause of learners’

subsequent difficulties in algebra.

2.2.3.3 COGNITIVE GAP BETWEEN ARITHMETIC AND ALGEBR A

Reflecting on the literature and my own classroxmegience, arithmetic and algebra can be
viewed from two perspectives. Separation of algebrd arithmetic creates the gap that |
suggest is the main cause of learners’ difficulithvalgebra. Arithmetic is perceived as the
study of numerical quantities and relationshipstxg between them through carrying out
operations on these quantities. Arithmetic doescoatain as many symbols as algebra does
(in the form of variables) and yet it is fundaméimathe study of algebra course. It should be
noted that the four basic operations of arithmgtie, / and x) are key too in the algebraic
processes. Wheeler (1996) argues that algebraisampletion of arithmetic characterised

by abstractions and generalisations.

Early research in mathematics education describedlgebra and arithmetic relationship as
beingdichotomousecause there is a perception that their taskdifiezent in structure and
the purpose they serve (Carraher et. al, 2006;ddeiss et. al1994). Arithmetic was seen in
early studies as dealing with operations that medlnumerals and focused on the evaluated
result while algebra was seen as dealing with gdised numbers in the form of variables
and functions (Carraher et. al, 2000). The mathiesidaught in schools at present is
characterised by work with numerals in primary g@sdnd work with variables in the middle
and higher grades. That is, arithmetic and algabeakept separate. Many text book authors
seem to take very little or no consideration ataddbut linking algebraic and arithmetic
concepts as early as possible across all gradegydest that these are the main factors that
influence learners to think that algebra is merdling manipulations by following
algorithms and some rules and that algebraic réagois disconnected from arithmetic
reasoning. The arithmetic and algebra gap widenkawers continue acting on or with

symbols without really making sense of their atiég when working on arithmetic and
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algebraic sequenced instructions separately. Limal.e(2008) described this as the absence
of symbol-embodiment. From my experience of teaghiigh school mathematics, learners’
conceptual and procedural intuitions about numand symbolic representations are very
limited and shallow suggesting a reason why thilyestperience difficulties with algebra in
the upper grades. Kaput (2000) supports the arguimerattributing learners’ difficulties
with algebra to the delay in starting algebra uhigh school coupled with detachment of

algebra from other fields and from within matherosti

There is also aymbiotic perspectivevhich refers to coexistence of algebra and arittone
and as argued by researchers, this signals apaghpwhich can reduce the levels at which
learners struggle to make sense of algebra (exgsD&71-2, Polanski 1991, Carraher et. al,
2000; Herskovits et. al, 1994; Kaput 2000 and Mak@®6). Recent research arguments echo
the call for early algebraic instruction in whiclgebraic reasoning skills become part of the
primary school mathematics curricular focus. Bo#ar(8991) found in his study that
algebraic thinking embedded within the usual atésiof arithmetic is possible to teach at
the beginning of the basic course of educationcardlead to narrowing the cognitive gap.
Also, difficulties with algebra can be minimiseddhgh a slow transition from arithmetic to
algebra itself (Carraher et. al, 2000). In supprtthis Kaput (2000) advocates that the
algebraification of arithmetic will help integratalgebraic reasoning into the entire
mathematics curriculum. What stands out for meh& the difficulties learners experience
with algebra may be lessened if teachers in thesad@m take the symbiotic perspective
when teaching algebra at all levels of schoolingisTmay enable learners to operate on
numerals and symbolism that will trigger reasoniag an early age. For example,
mathematical statements such as=3n + ¢ and 354 + 530 = are in fact both algebraic in
nature; yet most school textbooks present the tsvalgebra and arithmetic respectively. A
child’s inability to spontaneously act with or dmetunknown in any of these two examples
indicates existence of the cognitive gap.

29



2.3 CONCLUSION

In conclusion, what is apparent from most of thedss is the fact that authors agree that
generalization of number patterns is the path tdwaalgebraic reasoning. However, this
route can be difficult to follow as most studerdéers to grapple with connecting patterns to
algebra. Students experience no problems when ifigiegt a pattern but rather have
problems in perceiving an algebraically useful gratt(Zazkis & Liljedahl, 2002: 382). The
literature review on research findings in algebrgeéneralization from patterns reveals that
most studies were done in developed countriesfiist.world countries) and very little has
been reported about third world countries, paréidyl those in Sub-Saharan Africa. This
literature is silent on “how” and “to what exterdd the learners particularly at elementary
and junior high school grades reason mathematicalhen generalizing from number

patterns. Hence | decided on this study.

In this Chapter, | have discussed the literatureere with focus on literature relating to
mathematical patterns, generalizations and algebit@inking (reasoning) in which the
definitions and process entailed by each of thepeds have been described for this study.
Literature relating to algebraic thinking focusing generalization strategies and research
findings linked to number patterns has also beewmewed for this study. Furthermore, a
theoretical perspective that frames the basis fqlamations for this study has been
discussed. In Chapter 3, | discuss the researdgrdesd methodology that facilitated the
process of data collection and analysis.

30



CHAPTER 3 RESEARCH DESIGN AND METHODOLOGY

3.1 INTRODUCTION

In this chapter, I first outline the research apgioand design methods. | then discuss issues

of validity and reliability. | also discuss ethigssues related to the study.

3.2 RESEARCH APPROACH

The study is informed by the commognitive approachich focuses on thinking as
communicating in a Mathematical Discourse. Thenee’ mathematical strategies [routines]
and how they present and communicate their answé&en generalizing from number
patterns are explored\ccording to Schumacher and McMillan (1993), a sbuiasearch
design provides results that can be relied upoe.rékearch design explains the plan used to
select the participants, characteristics of theeassh site and data collection procedures
employed to answer the research questions. Le&8gfMefines research methodology as an
operational framework within which facts are plasetth that their meanings may be seen
more clearly. | highlight and justify my choice data analysis approach (i.e. research
methodology) while reflecting on the guiding resdagquestions, theoretical framework and

the problem that has informed the study.

This study aims to explore and interpret in detaa learners’ spoken and written responses-
explanations using both qualitative and quantitatapproaches respectively. The spoken
explanations refer to the learners’ comments duthmg task-based interviews while the
written responses refer to written answers to éis&-based questionnaire. Creswell defines a
gualitative study as “an inquiry process of underding a social or human problem based on
building a complex, holistic picture, formed withowds, reporting in detail views of
informants and conducted in a natural setting”. tba other hand, he defines quantitative
study as “an inquiry into a social or human prohlé&ased on testing a theory consisting of
variables that can be measured with numbers amblgtistically in order to verify the
predicted generalizations about a theory” (CreswiB4:2 cited in Leedy, 1997). Leedy
(1997) further points out the essential featuretheftwo approaches. A quantitative approach
relies on deductive analysis where data is redacedpresented in numeric form whereas a
gualitative approach uses inductive methods ofyaisal.e. narratives are constructed from

data.
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3.3 RESEARCH METHODOLOGY

3.3.1 CASE STUDY

This is a case study consisting of 29 grade 9 &arrages 14 to 16. The study was conducted
in a former model C school situated in a northerousb in Johannesburg, South Africa. The
student population in the school is predominanigcB (50%), while the remaining students
are Indians & Coloureds (30%), Whites (19%) and€bke (1%).

The case study design is chosen because of itdbifigxand adaptability (Schumacher &
McMillan, 1993). Opie (2004) describes a case stadyan in-depth study of a single
instance. A case study looks at an enclosed systegre certain features of social behaviour
or activities influence the situation. Opie (20@4ther argues that a case study employs real
people (learners & researcher) in real situatidiss is a case study because | investigate a
set of pupils from one school and one particuladgr9 class. All the participants in this class
were given a task-based questionnaire (see se8i®B.1). | then identified six learners at
different levels of ability in generalizing whosemk | investigated and analysed in detail. |
also interviewed these students. The six learnen®e wurposefully sampled according to
their general performance (abilities) in class tradr ability to speak. The learners’ abilities
varied from high, medium to low ability. Purposisampling, according to Schumacher and
McMillan (1993: 401) refers to “selecting small gales of information-rich cases to study
in-depth without desiring to generalise to all sweses”. This study employed primarily a
gualitative approach (see 3.2); a method of datkeatmon that focuses on a small scale
sample and elicits quality information is called gaalitative method (Schumacher &
McMillan, 1993; Fraenkel & Wallen, 1990). Some dtitative data was also collected and
forms the background to this study (see Chapter 5).

3.3.2 RESEARCH INSTRUMENTS
3.3.2.1 THE QUESTIONNAIRE-BASED TASK

Qualitative approaches usually use various formscalfecting data. This study is no
exception as a mathematics task on number pattrdghe questionnaire-based task was
used to collect data. Literature based on sevstadlies in education research have revealed
that the quality of the data gathering tools sustgaestionnaires, observations, interviews
and tests, are key (see Fraenkel & Wallen 1990ui@akbher & McMillan 1993, Sanders
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1995, Oppenheim 1996, Bell 1999 and Cohen et. @Q0R In this study, | used a
guestionnaire-based task on number patterns. foatlaof the question items in the task
provided enough workspace for the participants tiewboth their solutions as well as an
explanation of their thinking around the solutidme learners’ written explanations served
three purposes. Firstly, it was a necessary reseagquirement in order to accurately
categorise the adopted solution routines. Secoitdiyas hoped that writing would scaffold
the participant’'s process of reflection (Kaput, 1P9Thirdly, it was hoped that verbal
reasoning in natural language, as opposed to matieahabstraction, would lead learners to

symbolic formulation or representation of the gah&rms.

The questionnaire-based task design is adapted lfiterature of previous studies and re-
developed from Grade 9 Classroom Mathematics textl{@aridon et. al. (2006), Malati
(2007), and Healy and Hoyles (1999)), to providédence of difficulties, strengths and
weaknesses experienced by learners when solvirgeons and to reveal what causes such
weaknesses or strengths (Cohen et. al. 2000).hibped that the questionnaire task used in
this study elicits the learners’ reasoning and ¢hellenges they encounter when solving
algebraic problems. Cohen et. al. (2000) and Frd$€£1) concur that a task of this format is
useful in that it determines how much the leark@&®y about the mathematics content. The
task consists of two sections with items that americ and diagrammatic. The first section
(see appendix A) was used in this study and cansitfour questions leading to linear
generalizations. The second section was used lier oésearch purposes and consists of five
guestions that led to quadratic generalizations. "Rumber patterns topic” is chosen because
much of the literature in mathematics educatione (fecavi, 1995; Wheeler, 1996;
MacGregor & Stacey, 1997; Chick & Kendal, 2004 )eteport that number patterns in

school mathematics is key for introducing algebra.

The written responses from the questionnaire-béasdprovided quantitative data and also
to informed the interviews. | made analytic notes each of the 29 participant’s written
response in order to keep track of their routiiess from the routines that one may be
informed of the learners’ reasoning skills when egatizing from patterns. The learners’
representations, meanings and routines were abified into categories from the written

responses (see details in chapter 4).
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3.3.2.2 DISCUSSION OF THE FOUR QUESTIONS IN THE QUESTIONNAIRE
BASEDTASK

Various pattern questions in both numeric and p@tocontexts were drawn from the
relevant literature, e.g. Stacey (1989), Orton d9%™ealy and Hoyles (1999) and Malati
(2007), and adapted to the needs of this study.example, from each number pattern
question, participants were required to provide etical values for the next, £050" terms

as well as a written explanation of their reasorongeach questions’ solution process. The
participants were also asked to provide an algelegiression for the"hterm. Each question
was constructed in such a way that the learner«kedosequentially from small to larger
terms. It was hoped that this would encourage @patnts to closely examine the properties
and general relations in a given pattern conteke Tse of notation systems within this
process was viewed as “contributing to the orgdiuraof the person’s thinking processes”

(Kaput, 1991:54). In this study, the learners’ esgntations should reveal such processes.

In Questions 1 and 2, pictorial patterns were priegeusing three consecutive terms.

QUESTION 1

A contractor is asked to build a new set of townhouses in attached clusters of different sizes. He
created a plan for one, two and three house clusters as shown in the following page. The builder

used computer software to draw and generate line segments used to represent the houses.

VAN

1 house 2 houses 3 houses

1. How many line segments are needed to draw or create a plan for:
i) 4 houses
i) 10 houses

iii) 50 houses

2. Generate a formula or rule for the above pattern (i.e. nth term)
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QUESTION 2
The figures below show three groups of tiles:

Group 1 Group 2 Group 3

1. Draw tile-group number 5. Explain in words what group number 5 would look like and how
many tiles are in the group?
2. How many tiles are in each of the following group number:
e) Group6
f) Group?7
g) Group 10
h) Group 50

3. How many tiles are in the n™ group of tiles?

In Question 3, numeric patterns were presentedth pictorial and tabular forms.

QUESTION 3

The United Artists Studio makes geometric decorative borders or motifs for picture frames. One
motif is made from a pattern consisting of 4 dots and five lines joining these dots as shown

diagrammatically and in table form below.

Number of motif (m) 1 2 3 4 20 30 63 m
Number of dots @) 4
Number of lines () 5

1. Extend and draw the next two motif’s designs.
2. Copy and complete the above table for the rest of the motifs’ designs or pattern.
3. What is the mathematical relationship between:
i) m and d.
ii) mand /.
4. Will the points representing each of the relationships in i) and ii) lie on a straight line when

plotted on the graph?
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In Question 4, a numeric patter was presentedsas@e sequence of numbers.

QUESTION 4

Study the number patterns and answer the questions that follow:
a) 5; 12; 19; ; ; I
b) 35; 30; 25; ; ; -

1. Determine in each case;
i) the next three terms in the pattern.
ii) the 10" term.
iii) the 50" term.

2. Generate a formula or rule for the n" term

The literature review undertaken to inform thiseggh suggests that linear sequences would
be most appropriate in terms of eliciting rich dataall levels of the pattern generalisation
process. As such, the choice of the linear nunsaguences as well as the various pictorial
contexts was an attempt to provide sufficient ugrie the verbal and visual reasoning skills
likely to be found in the group of 29 Grade 9 pap@ants of the study. The questions in the
task also provide means of assessing particip&ntvledge and their ability to apply this

knowledge to new situations.

The use of a written task has advantages. Somen&adyes as outlined by Tuckman (1978)

and Sax (1968) are of particular necessity for shusly. For example,

» Learner’s written responses with procedures cachleeked by the researcher thereby
informing the researcher about aspects of thettakmight not have been identified
when designing the task.

* The questionnaire items are relatively easy to atondompared to interviews which
are time consuming to conduct. The questionnaio®iges immediate data that can
be categorized and analyzed.

* It is not easy to omit learners’ responses wheryaimg written work compared to
interviews where errors may occur in both the rdicys and the transcriptions. There
is a also possibility of addition, misinterpretirgy omitting the interviewees’

statements in the recording or transcription.
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Apart from the advantages, a questionnaire task r@search instrument has its own

limitations. These include:

» The difficulty in setting questions that will measuhe intended outcome.

* The coding process of the open-ended questionsailteaging in that the researcher
is required to notice important trends coming uphi@ data. For example, interesting
patterns, surprising or unexpected instances, arydapparent inconsistencies or
contradictions (Cohen et. al. 2000)

* Questionnaires may not be completed or returneldtlaere may be very little or no

written responses to analyse.

Some of these challenges and limitations infornmedstudy in that ways of minimising them

were sought in advance. For example, the questiotise questionnaire were subjected to
expert scrutiny that involved colleagues in the hreatatics department at the school where
the study was conducted and also my supervisoer Afte review, the questionnaire items

were then piloted to further check whether the gaithree questions would be answered.

3.3.2.3 PILOTING THE QUESTIONNAIRE-BASED TASK

The piloting of the main instrument for the studgsxconducted in a different grade 9 class to
the one intended for the study. The two grade Sselawere from the same school. Cohen et.
al. (2000) asserts that the sample for pilotingdse® be similar to the sample intended for
research so that the researcher is in a positicass$ess and analyze the likelihood of the
trends observed during pilot stage, should thesedf re-occur in the main study. The
purpose of the pilot study was to inform the maudg about the quality of the questions in
the task. Also, a pilot study became very helpfutihoosing questions which would provide
rich data about generalization. The pilot studyhbdlto indicate the task’s suitability for the
study in terms of clarity in the instruction, sttw@ and content/context of the questions and
whether the questions really provoked mathematieasoning. The execution of the pilot
study gave me opportunity as a researcher to peattie administration protocols (Cohen et.
al 2000; Wallen & Fraenkel 1990).

The pilot studies should also help get rid of # ttems that seem to provide irrelevant data
for the study (Bell, 1987 cited in Opie, 2004).ny study, certain questions were removed in

the main task as a result of the pilot. Spellind ather minor errors noticed during piloting
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of the instrument were corrected. The amount oétgpent in piloting the task informed me

about how much time | needed for the main study.
3.3.2.4 THE QUESTIONNAIRE TASK-BASED INTERVIEW

The task-based interview was developed from theaéza’ written textual responses from the
main questionnaire-based task. The interviews @admeinistered to 6 target learners selected
from the 29 participants according to their almhti(see section 3.3.1) that is, 2 high
achieving, 2 medium achieving and 2 low achievegyhers. An interview session with each
participant was recorded using a voice recorder kasted for about 45 - 60 minutes
maximum. A day prior to the interview appointmesdich participant was given back his or
her written response sheets to the questionnagie fAuring the interview, and through
continuous probing, learners were expected toakefle their answers and the processes they

went through when doing the written task-based tipu@saire.

The task-based interview is used for two purpodesstly, observing participants’
mathematical behaviour when they generalizing frommber patterns. And secondly, to
draw some inferences about the learner's meaningsepresentations, cognitive processes,
knowledge structures or changes in these in theseonf the interview (Goldin, 1997:40). |
(at best) was able to observe the six target paaints’ verbal and spoken explanations as

captured on the voice recorder during the intengegsions.

Interviews were chosen for the study as a datactillg tool because the research requires
the raw opinion of the respondents on their writtenesponses As
Opie (2004) indicates, the interviews offered tippartunity to ask the question “why”. In
this study, task-based interview offered me theoojmity to deviate from prearranged text
and wording of questions. During an interview, ope flexible discussions should enable
the examination of matters and issues not fullyeced in the other data collection schedules
(Denzin, 1970 & Silverman 1993 cited in Cohen €t2800).1 also made notes during the
course of the interview about key ideas or issued emerged from learners’ spoken
explanations. | did this in order to understand asdablish their reasoning. Later, |

transcribed each recorded interview from the voso®rder.

The following table 4, outlines how the questiomedask and the questionnaire task-based

interview were used to help answer the two critgquagstions of the study.
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TABLE 4: RESEARCH QUESTION INSTRUMENT USED

1. What routines (strategies) and visual mediators | The task-based
do grade 9 learners use when engaging in a task | questionnaire and interview
on number patterns?

2. How do these grade 9 learners explain their The task-based interview
thought processes when generalizing in number
patterns?

3.3.2.5 THE TRANSCRIPTIONS

A transcript is intended to be an exact accountlmdt was said in an interview. In this study,
the interviews were recorded using a voice recoated then later transcribed onto the
computer. They were transcribed several times ¢oease accuracy. The section on analytic

framework provides details regarding how the trapsswere analysed (see chapter 4).

3.4 VALIDITY AND RELIABILITY IN QUALITATIVE RESEARC H

3.4.1 VALIDITY & RELIABILITY

The strength of a research study lies in its viglidnd reliability - a concern that any person
embarking on an investigation would have to addréssexample of such a concern was
echoed succinctly by Bosk (1979: 193) cited by Mak\{1992) when he said “All fieldwork
done by a single fieldworker invites the questiarhy should we believe it?” Such a
guestion made me aware about the dangers of niieixg and supporting my objectivity in
the study. In this qualitative researthstworthiness is used to address issues of validity
and reliability. Trustworthiness, according to leht and Guba involves credibility,
transferability, dependability and confirmabilitpgie, 2004:71). These four concepts are
extensions, or adaptations of the traditional aaieg used in quantitative research of

internal validity, external validity, reliabilityral objectivity.
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3.4.2 TRUSTWORTHINESS

Opie (2004:68 -72) discussed trustworthiness aedilollity as indicators of goodness of

research:

The basic issue in relation to trustwordis® is simple: How can an enquirer persuade
his or her audiences (including self) tihat findings of an enquiry are worth paying
attention to, worth taking account of? \Waigyuments can be mounted, what criteria
invoked, what questions asked, that waelghersuasive on this issue?

(Lincoln and Guba, 1985:290 cited in Oi@04: 70)

A research study igustworthy if it is reliable, referring to the consistency thie study’s
findings under the same conditions. It relatesansestency of the findings if the research is
repeated with the same group. Reliability is vievasdsynonymous with dependability that
indicates the extent to which results can be reghiak stable (Lincoln and Guba cited in
Opie, 2004). In qualitative research, replicabilifyresults cannot be guaranteed because of
bias inherent in the individuals. Any given dataymiae represented and interpreted
differently by different researchers. During intews in the study the same questions were
repeatedly asked in different ways (if not undesdtby interviewees) to ensure some degree
of trustworthiness in the responses the particgpgatve. Other possible factors that may have
affected objectivity and the outcome of the stuaglgdme extent are as described in detail in

the following section.

3.4.2.1THE INSTRUMENTS

For trustworthiness, data in a research study needave various forms of validity, for

example construct validity, content validity andtemion validity. My research design used
content and construct validity related evidenceesehtwo forms of validity describe what is
measured unlike the criterion validity which giv@dy criteria of how validity is determined

(Fraenkel & Wallen, 1990).

Construct validity in this study refers to the eattéo which the questions measured a
theoretical construct of the study. This involvérkcking if the task was properly constructed
So as to elicit the kind of information envisagedtbe research questions through the pilot
study. On the other hand, content validity referthe adequacy of the questions with respect

to the topic number patterns. In this study, expétipervisor and colleagues) were consulted
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to assess the research task on its content valithtgy face-validated the task by critiquing
for example, the content knowledge level in thestjoes, ordering of questions and clarity

of some phrases in each question.

The task was designed to cover enough contenteonumber patterns. Enough content gave
adequate information about learners’ knowledge, mimgg and algebraic reasoning when

generalizing in patterns.

3.4.2.2 USE OF TAPES

Audio recording of the interviews with the learnergs done using a voice recorder. Gestures
and facial expression conveying feelings of leagrauring interviews were not taken into
account as the study focused mainly on learnerdbaleand spoken explanations when
generalizing. These aspects could be a limitatiothe study. However, for the purpose of
maintaining the scope and purpose in terms oftilndy% three questions this strict adherence
had to be made.

3.4.3 DATA INTERPRETATION

The written task and interview data were transckitaalysed and then interpretedilso,
audio tapes and interview transcripts were audibgd colleagues for accuracy. The
interpretation of data was guided by the theorkfreanework of commognition along with
the notion of mathematical reasoning as operativecin the RNCS and NCS documents
(DoE, 2003a:39; DoE, 2003b:18).

3.4.4 RESEARCHER EFFECT

My presence as a teacher in the study may havéest en the behaviour of the participants
especially during interviews. Fraenkel & Wallen 909 contend that unexpected observers
are likely to detract learners from concentratingtbe task at hand. To avoid this from

happening in this study, no observer was allowéal time interview venue.

3.4.5 RESEARCHER BIAS
Being a researcher and at the same time a teachehave affected what | said and actually
did in this study. In the interviews, | recordée@nscribed all the four questions then decided

to analyze only questions 1, 2 and 4 because thayided rich data. The preparation of
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interview guiding questions from the learners’ tenit responses helped me as a researcher

minimise such bias.

3.5 ETHICAL ISSUES

3.5.1 ETHICS OF THE STUDY

Both the pilot and the main instruments were cotetleinder consideration of the ethical
issues in research. The purpose of the researcltieady explained to all the participants.
Before commencing the research study, | applie@fioical clearance from both the Gauteng
department of Education (GDE) and the Ethics Clem@aCommittee at the University of the
Witwatersrand. In these applications, | made itaclehat the rights of individuals
participating in the research were to be respeatetiprotected. The research was conducted
at a school where | work as a mathematics educalus. enabled me to have easy access to
the school and the participants. Ethical - Con&sitérs were sent to the school principal and
to parents whose learners participated in the relsesiudy requesting their permission. In the
letters, | disclosed the aim and reasons for theysand how the learners and teachers would
benefit from it. | indicated in the consent letteyent to all parties that participation was

voluntary.

The problem of social power as supported by Op@#42 may hinder accessibility of the
respondents to the findings of this study. As alltesll respondents and the principal were
assured that the study’s findings will be made kmdw them. Also, all un/used data would
be kept in safe place once the report is writtem @dpproximately 5 years) and thereafter

destroyed.

3.5.2 CONFIDENTIALITY

Confidentiality throughout the study was adherednd | used pseudonyms (L1, L2, etc.) to
keep anonymity of the participants. During the rviews, | tried not to offend the
participants.

3.6 CONCLUSION

In this chapter | have described and motivated esearch design, instruments and data
collection procedures. Issues of trustworthinasgualitative research and how this relates to
this study were also discussed in the chapter. dilikne of an analytical framework and

analyses of the data follow in the next two chaptérthe study respectively.

42



CHAPTER 4 ANALYTIC FRAMEWORK - DATA ANALYSIS

4.1 INTRODUCTION

In this chapter, | present a detailed descriptibthe AF that was used to provide a lens into

the routines and mediators that students used stlgimg specified tasks.

4.2 CLASSIFICATION OF LEARNERS’ ROUTINES

My classification approach of the learners’ strasdor generalizing in mathematical task
involving number patterns is derived from Becked &ivera (2003). Lannin (2006) used
similar categorization. The adapted generalizatiamework was later reconceptualised and
interpreted in terms of Sfard’s perspective of ahamatical discourse, using her theory of
Commognition (see section 2.2.1). During the reephgalization process, the emerging
learners’ strategies and methods of working from whitten text and interview responses
were categorised asoutines Over 15 different strategies/methods (i.e. rag)nwere
identified from the learners’ written and intervies@sponses. These include: counting,
recursive, guess, connecting, relate to patterfyesequation, analyse structural, work
backwards/reverse, functional, uses expressioryaligiconic), addition, multiplication,
division, proportioning, substitution, etc. Therears used different representations such as
symbols, formulae, graphs, pictures and drawingsdmmunicate their thinking when
responding to the questionnaire task. In the conmitivg framework these are referred to as

visual mediators

During the analyses of the collected data my foerevon pattern generalization routines,
representations (mediators) and the interpretatem$ meanings the learners hold. The
meanings are inferred from spoken explanationsedlsas written responses to communicate
mathematical reasoning. This communication is endbntext of an algebraic discourse. For
the purpose of monitoring the trends in the ddtgrher routinés(LR) and “learner visual
mediators (LVM) are two main classifications of participants’ wankthis study. The LR
and LVM each entail various forms of learners’ kihealge content, solution representations,
and meaning all of which contribute to pattern geheation. The learners’ forms of

communication in an algebraic discourse when gdimerg from the number patterns is
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interpreted in terms of the commognitive tools asduby Sfard (2008) in order to respond to

the three questions of the study. In this studg, ldarners routines identified from the data

were classified into three main categories as ibl&& below:Numerical Figural and

Pragmatic generalizationgBecker & Rivera (2003). The LR classifications étger with

LVMs classifications were used in both quantitatwel qualitative analyses of the data.

Table 5: The classified categories and sub-categories of the learners’ routines (LR) and learners’

Visual Mediators (LVM).
LR LR Further LR L \ M
Category Sub-category | sub-categories
iconic numeric Symbolic/words Table/graph

Counting (Co)

Numerical Recursive (Re) | Chunking (Cu)
Guess & check
(G)
generalization Structural
analysis (SA)
Explicit (Ex) Work backwards
(Wb) also called
reversibility
Solve  equation
(Se).
Figural Proportioning
(P)
generalization Structural
analysis (SA)
Pragmatic Relational (R)
generalization
Unclassified Unclassified Unclassified
Others

The systematic coding and classification of data uwsed for both the written questionnaire-

based task and the related interviews.

Category Abbreviations Re: RecursiveCo: Counting,Cu: Chunking,Ex: Explicit, SA: Structural analysi®R: Relational,
P: Proportion, Wh: Work backwards,Se Solve equation, an@&: Guess. SEE THE USE OF THESE IN QRASS
SUMMARY PER QUESTION IN APPENDICES B - E.
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4.3 DETAILED DESCRIPTIONS OF ROUTINES: CATEGORIES A ND
SUB — CATEGORIES

From the literature reviewed, there has been ity tonsistency in the naming of strategies
that learners use in problem solving involving nemlpatterns. The basic procedural
descriptions of different strategies are largelgniksir while strategies’ nomenclature is
different (Stacey, 1989; English & Warren, 1998;alyeand Hoyles, 1999; Orton & Orton,
1999; Bishop, 2000; Lannin, 2003, 2005 & 2006 etdipve in this study tried to consolidate

these similar but differently named categories gitgle categories.

4.3.1 THE ROUTINES: CATEGORIES

The method of classification is a key componenthig study. The routines are interlinked
and | give a description of each routine in théofwing section. Later on (in Section 4.5) |

describe the indicators for each of these routines.

* Numerical generalization routines

Learners use numerical generalization routines wthey employ some form of trial and

error techniques without sense of what the coeifits or constants in the linear pattern
represent. With numeric generalization routinesrriers also demonstrate a lack of
representational fluency in terms of formal coni@m in algebra discourse. Furthermore
variables are merely used as placeholders in linearber patterns. Numeric generalization
routines consist of recursive or explicit methotlse recursive category includes counting,
chunking, and guessing etc. whereas the explitéigoaly extends to structural analysis of the

pattern problem.

* Figural generalization routines
In this category, learners employ perceptual smitylaoutines in that they focus on the
relationships between or among pictorial terms.sToategory is further classified into

“proportioning” and “structural analysis” routineworking in number patterns.
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* Pragmatic generalizationroutines
In this category, learners use both numerical agdrdl routines when generalizing. The
learners identify patterns within number sequeneiéls specific attributes (properties); they
are also able to identify relationships between thams in the pattern. Pragmatic
generalization routines also require the use ah&drnotational conventions and algebraic

representations.

4.3.2 SUB-CATEGORIES OF ROUTINES

The routines that the participants adopted wheerdening the next, 1 2d" or the 58
terms in a pattern were further analysed and d¢iedsinto one of several sub- categories,
some of which (explicit and recursive categorie®) farther sub-divided. In this section |
sometimes use the pictorial and numeric pattei® fsection A of the questionnaire task to

exemplify the categorizations.

4.3.2.INUMERIC GENERALIZATION ROUTINE: ROUTINES
USINGRECURSION

This involves writing or constructing a term basedthe previous term or terms within the

number pattern, for examplé, (n+1) = f (n) +d. The learners tend to focus on the
relationship between successive numbers in thesrpatihe learners do not justify their

generalizations non-inductively or in some othedidvavay. The learners frequently employ

trial and error methods as a numerical routine with sense of what the parameters in
particular rule represent. Furthermore, some df th@merical methods contain fallacies and
contradictions, and they seem to be object-oriemtdtie sense that the generalization rules
they develop tend to be justified solely in termishow well the formulae fit the limited

information they have examined (Becker & Rivera®200

Further refinements of recursive routines may somes be identified. For example,
counting, chunking, and guessing routines are elasngf the sub-categories of recursive
generalization routines.
» Counting
This is a type of recursion strategy and involveastructing a model or re/drawing a
pictorial representation of a number pattern andsglally counting the desired
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structure/object. The terms in a sequence or pa#ter determined consecutively through

addition of a constant difference every time tophevious term(s).

Example:

In question 4b, the term could be calculated by adding (in a recurshanner) six
lots of the constant difference (-5) t8 #erm (20).

Thus, Tpo=20-5-5-5-5-5-5=-10

e Chunking
This is a method similar to the counting approdehe chunks of the constant difference
are added to a given term rather than recursivdting a constant difference to the

previous term.

Example:
The 2d" term in question 1 can be determined by chunkiegeén constant differences of
five. Thus o= 51+10x5 =51+50 = 101.
* Guess work
With guess work, a rule or formula is presentedalgh the learner does not really know

why such a rule works (he will also be unable tovpte a proof or a justification).

4.3.2.2 NUMERIC GENERALIZATION ROUTINE:
EXPLICIT ROUTINES

This is a method whereby a general formula or islérst derived for the i term. The
desired term or position number of a given terrthen calculated directly from this formula
using substitution in the'hterm. For an explicit rule, a general relationsisipdeveloped
between the input values and their corresponditgubwalues. Routines may be classified as
explicit regardless of whether the generated surrect or incorrect.

Example:

The explicit rule for the Aiterm in question 2 is,I= 3n + 2. This can be equally expressed
as: h=2n+(n+2), T, =5+ (n-1)3, T=5 + (3x n — 3). All these expressions are

algebraically equivalent.
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Further refinements of explicit routines may somet be identified. For example, the work
backwards (reversibility), structural analysis awlve equation routines are examples of the

sub-categories of explicit generalization routines.

* Solving equation
In this routine, the learner formulates a generkd directly from the relationship of variables
inherent in the pattern. Basic principles of sodvan equation are applied in this context.
Example:
The learners recognize that multiplication and glon are inverse operations to each other
and so are addition and subtraction. And also, Itlaeners are aware that the order of

operation matters in a generated rule or formuthsis |, =a + (n-1) x d for the " term.

* Work backwards as a means of justification
Another form of explicit routine is the work-backsda routine. This involves the use of the
generated rules of formulae to determine either gbsition of the term (independent

variable) or the term itself (dependent variable).

Example:

From question 4a, the position of 768 in the pateould be determined as follows:
Since |, = 768 then,
J=7n — 2, substituting,I= 768 to solve for n;

n—2=768
7n = 768+2
n=770

n=770+7 =110.

This means, the term 768 is at position numberidli@e number pattern problem given in
guestion 4a. This routine involves working backvgaird contrast to most of the questions in

the task which require finding the term with changeosition.
4.3.2.3 FIGURAL GENERALIZATION ROUTINES

Participants who use predominantly figural geneeadion are capable of justifying their

generalizations non-inductively and in other validys due, in part, to the manner in which
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they are able to connect their symbols and varsatidhe patterns that generate the figures.
The learners seem to focus on the relation by gemsguences of figural cues as possessing
invariant structures and thus, are necessarilytaaeted in particular ways (Becker & Rivera,
2005).

Further refinements of figural routines may somesnbe identified. For example, the
structural analysis routine is an example of thé-category of figural generalization

routines.

* Proportioning
This refers to the use of a constant rate of chasge factor for multiplication followed by
addition or subtraction of a certain number to adjhie expression until the rule holds for a
given pattern. Awareness of some relation betwaennumber and its position exists and
such a relation is expressed as a single multipdica
For exampley = 3x or T, = bn.

e Structural analysis
This is an example of an explicit routine in whitle learner sees a structure in the pictorial
representation of the pattern and works back antht to determine the term or the term’s
position.

4.3.2.4 PRAGMATIC GENERALIZATION ROUTINES

The learners who employ figural generalization ireiare more likely to generalize number
patterns to an explicit generality rule. Note tlents “predominantly numerical” and
“predominantly figural” in the sections 4.3.2.2 &34£.3 imply the possibility that some
learners manifest pragmatic modes for expressingrgéity (Becker and Rivera, 2005); that
is, the learners’ generalization abilities reflactapacity for employing both numerical and
figural routines. Proficiency in translating betweearious representations is an essential
component for the development of algebraic reagpmithen expressing generality. For
example, learners demonstrate proficiency when frexyuently make connections between
pictorial terms as in questions 1, 2 and 3 of thestjonnaire task through verbal descriptions
or explanations, numeric or symbolic representatiohile solving and generalizing pattern

problems.
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* Relational
The use of a relational routine falls under botmatic and figural forms of generalizations
(pragmatic) routines. Relational routines focustla relationship between the pictures or

numbers in the pattern and their position in th@sequence.

Example:
In question 3 the position number or number of fadt) is an input and the number of dots
(Dn) or lines (Ln) in the motifs at positionn] are the outputs. See the tabular representation

below. The table represented as figure 3 below sisastural analysis of the motifs.

Figure 3: Tabular representation only

Number of
motifs (n) 1 2 3 4 10 20 50 n

Number of
Dots (Dn) 4 6 8 10 22 42 102 | 2n+ 2

Number of
Lines (Ln) 5 9 13| 17 41 81 201 | 4n+1

In my study, data instances revealing numeric gdization routines far exceed other
routines. As such the focus of my analyses is nigalegeneralizations. This does not mean

that the other trends and routines from the datee wet given attention - there was also
interplay among the numeric, figural and pragmdtions of generalizations thus some
learners (high ability) used most of the routinefeatured in the three categories of

generalization within a pattern problem (see t&ble

» Unclassified others
These are routines which are neither numericalyéilgnor pragmatic routines. These routines
do not fit into the categories of routines clagslfin table 5. For example, “I don’t know”

responses could not be categorised elsewhere.

4.4 ASPECTS OF GENERALIZATIONS

The three main categories classified above rewaabspects of generalization that may lead
to fostering learners’ algebraic reasoning. Thesegbalizing and extending (Driscoll,
1999:94), see results section in Chapter 6.
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4.4.1 GLOBAL GENERALIZATION

Global generalization refers to thinking about what “always true” in considering

mathematical rules and relations. Friedlander amdsltkowitz (1997) suggest a way to
scaffold activities to encourage globalizing, pexging from what they call a “working
generalization” to an ‘explicit generalization”. dblalizing activity is further discussed in

Discussion of Results chapter.

4.4.2 EXTENDING OR LOCAL GENERALIZATION

Extending also known as local generalizing implgssuing mathematical procedures
beyond an algebraic result itself. The learnersllgageneralize by following the lines of
further inquiry suggested by a particular matheoaatiesult. Geometric patterns such as in
guestions 1, 2 and 3 are common features in mosdrdwcurricular materials and can be used
as a context in which to solicit and extend leahthinking in mathematics. Lee (1996:95)
summarizes a set of student routines with geomptiterns by reporting, “seeing a useful
pattern... seemed to be more problematic than girsphply seeing a pattern’. Perceptual
agility seemed to be key: being able to see seyatéérns and willing to abandon those that

do not prove useful”.

4.5 INDICATORS OF CATEGORIES

Since the researcher’s task (myself in this cas&) categorise learner activities into one or
more of the above routines, and since this categon necessarily involves inference (from
learners’ activities or written text) it is necessato present indicators for these

categorisations.

4.5.1 NUMERICAL GENERALIZATION

The learners use numerical generalizations if #v@ploy trial and error (guess) techniques
without a sense of what coefficients or constamts linear pattern represent. With respect to
the questionnaire-based task items, if learnersrgdine by making a table or writing down a

formula, checking that it works on one or two teramsl then moving on to the next question
without justifying their activities, these resposiseere classified as numerical generalisation.
Another key indicator of numeric generalizatiomisen the learners investigate relationships

between the output values only (recursive) or i@tahips between inputs and output values.
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Example 1 of recursive and explicit rules

Using the cluster house problem as an exemplamdes are reasoning recursively if they

explore consecutive output values to determinentn@ber of line segments required per

cluster. Noticing that the number of line segmeantseases by 5 each time a new house is
added will mean that the learner is able to com&guarticular instances leading to a general
relationship. A realization of the relationshipweén the output values 6; 11; 16; 21; ... ...
etc. as a numeric relationship of adding 5 rel&dethe iconic representation of the pattern.

And that relationship enables a learner to draweaegnl conclusion about the recursive

relationship.

Similarly, if a learner considers counting the nembf line segments per house s/he may
notice that it contains three lines on top, onthatbottom and two on the sides. Adding one
more drawing of a house results in five more liegnsents and not 6 because one line on the
side is shared. Such a conjecture allows the leameealize that the strategy could be
applied for any number of houses. This result ihendevelopment of an explicit rule, , ¥

5n + 1 where T is the number of line segments an$ the number or position of the houses.
In this case, we say the learner began reasoningdngnizing an iconic relationship and
applied the reasoning to a general case of (gepatiah) through the use of explicit rules.

In other instances, the learner can connect raau@nd explicit rules. For example, each
time the number or position of houses increase$ Ay a result of a house being added, the
number of the line segments increases by 5. Ehid 1o a development of a rule such as
Tho=a+0-1)di.e. =6 +50-1) which simplifies to T=5n+ 1.

4.5.2 FIGURAL GENERALIZATION

Figural generalization is indicated if the leareamploys perceptual similarity routines which
focus on the relationship among pictorial or diagnaatic terms. See Example 2 below. With
figural generalization, variables are treated mdy @s placeholders but also with a functional
relationship perspective. For a response to besifiled as figural generalization, the learner
treats the pattern spotting activity as trivialhé&/makes empirical decisions based only on
what the pictures and table tells them without logkat the relationship of the picture
position number and its precise number of liness dotiles.

Example 2 of figural approach:

In figural generalization, students use picturesabtes to deduce numeric relationships. For

example, in question 1, the tabulated values ach etermined consecutively from its
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proceeding term either by addition or subtractiba constant difference. On the other hand,
a pictorial context would mean a counting methaglized by drawing a simple diagram of
the required term and then counting the individzlaments afterwards. See the tabular and

pictorial representations below

Figure 4: i) FIGURAL OR PICTORIA REPRESENTATION

etc.

Position 1 Position 2 Position 3

ii) TABLE REPRESENTATION

Cluster position 1 2 3 4 5 n

Number of lines 6 11 16 21 26 5n+1=T,

4.5.3 PRAGMATIC GENERALIZATION

The learners employ both numerical and figural irm# when generalizing, when they see
patterns of numbers as having battributes(properties) of andefationships to each other.
This implies that learners identify and observe shictural attributes from any form of
pattern representation that results in generatimatConjecturing a functional relationship
using both the numerical and figural methods inat&tgon is a key indicator of a student
demonstrating pragmatic generalization. A pragmgéneralization routine mainly focuses
on learner’s formal conventions and algebraic regm&ations. The learner’s representational
fluency in this category refers to their symbol, rdjotable, iconic or numeric use and

interpretation (i.e. meanings they make of) whemegating a rule.

4.6 MATHEMATICAL VISUALIZATION

As defined in chapter 2 in terms of commognitionspective, “visual mediators provide the
images with which the discussants identify the cbjef their talk and coordinate their
communication” Sfard (2008:147). Visual mediatiena process that embraces the use of
visual mediators for communication purposes insgalirse. The communication of algebraic
generalizations takes different forms, for exam@gmbolic, iconic, gestures and verbal

(verbal includes written words and spoken words).

53



4.6.1 VISUAL MEDIATORS

With respect to the visual mediation category, ftiiwing sub-categories were seen to be
the main forms of learners’ representations: icomicneric, symbolic, words and tables (See
table 6). Although the visual mediation categorysvmaostly applied to the analyses of the
interview data, various visual mediators were appiarin the participants’ written
representations of solutions. They were thus alsefull in the quantitative analyses. |
highlight these mediators in the following section.

4.6.2 BRIEF DESCRIPTION OF VISUAL MEDIATORS

Pictorial representation

Traditionally, picturesor diagramsand other visual representations have been carsicgs
essential component of mathematics curricula ay tlaeilitate learners’ insight and
understanding of mathematical conceplest learners find it easy to associate the context

with the real life setting when modelled eithemgsdiagrams or pictures

Numbers
The data collected reveal that numeric responsesh@& most common type of mediators
used by participants in the study to communicagdr tldeas and thinking. This could imply

that the learners feel comfortable in the use ofiloers to verify their solutions.

Verbal explanation

This is a very common type of mediator and widesedi in ordinary conversation by
participants of a discourse. The verbal explanatigresses one’s reasoning. Hence, it could
be considered as the basic mediator for the paaits of a mathematical discourse to
communicate their mathematical ideas and thinking.

Algebraic representation

Algebraic symbols are visual mediators created ased in a mathematics discourse.
Algebra is conventionally communicated through sghtxrepresentations.
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4.6.3 VISUAL MEDIATORS AND THEIR INDICATORS

The following table summarises the types of vismadiators in my study.. The columns
relating to iconic and numeric mediators are adhpgtem Hoyles and Healey's (1999)
categories of generalization strategies whereasagtegwo columns are my own theoretical
elaborations. As can be seen in table 6, | havg oalegorised LVM with regard to the
numerical generalization routines. This is becausany research, numeric generalization

routines predominate

TABLE 6: SUMMARY OF LVM

Numeric
Generalization Learner’s Visual Mediators
Routines
Iconic Numeric Table/graph | Symbols/words
Recursive or The learner describes a relationshiprhe learners notice a number Tabulate Express the pattern
Counting Routines| that occurs in terms of the visual | pattern in the results for numeric terms | properties in words
relationship between consecutive| consecutive values of the recursively or using symbols
values of the independent variable. independent variable. For from either

For example, in Question 1 five
line segments must be added for
each additional house.

example, the number of line
segments goes up by 5 each tim
the number of houses increases
by 1.

numeric or
egeometric
patterns.

(the use of verbal
explanation when
finding next term).

Explicit Routines

An explicit rule is constructed
based on a visual representation
the situation. For example, there
are 6 lines for % position house
and a common difference of 5 fo
the consecutive terms. So
multiplying 5 by position number
and adding 1 gives a generalized
number of the line segments.

The learners guess an explicit ry

bfbased on a numeric pattern in th
output values using proportionin
method. For example, since the
number of lines in 1 house is 6
multiplying number of houses by
6 and + or — some number will
give the number of line segment:
at any position in the pattern.

leExpress number|

e patterns in a

j table or
graphical form

Use words to
express the nature
of a sequence.

Chunking

A recursive rule is established
based on a relationship establishe
in the diagram. . For example if
one cluster house has 6 lines the
cluster houses would have 6+5(4
line segments.

The learner builds on a recursive

dpattern by using a table of values

Example as under iconic
Sepresentation.

Mainly expressing
verbally the process
of chunking based
on the diagrams.

Work backward
(reversibility)

Explaining in own
words the use of a
general rule to find
position of a term in
a pattern

Structural analysis

Learners explain in
own words the
structural attributes
or properties in a
pattern.

As will later be discussing visualization of thetpirial structure of the terms in each pattern
has influence on how learners make justificatidmsua their own generalizations. The visual
mediators that were used for example in questioaadL2 have been described in detail in
chapter 5. There we see the diverse use of diffdféM when generalizing from number

patterns.
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4.7 CONCLUSION

In this chapter, | have described the analyticainiework used in the study’s data analysis
process. The categories and sub-categories of bR4d.9Ms are the key analytic tools in
connecting the study’s findings to the theoretipakspective of commognition and the
previous investigations on number patterns. | doat@m that the analytic framework the
study is using captures every possible activitgtesl to generalization. For example, an
activity that is not adequately captured in thelgi@l framework is “visual reasoning” in
generalization. The question design of the taskm#ed to linear generalization. In the
chapter 5 that follows, | provide the quantitatesed qualitative data analyses of the study

respectively.
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CHAPTER 5 ANALYSIS AND DAA INTERPRETATION

INTRODUCTION

My study centres around the following two questions
 What routines dtrategies)and visual mediators do grade 9 learners use when
engaging in a task on number pattérns
* How do these grade 9 learners explain orally ttieorught processes in problem

solving involving number patterns?

In this chapter, | present the overall quantitaawel qualitative analyses of the data collected
using the written task based questionnaires arldidased interview responses respectively.
The learners’ written work and interview responsese analysed both quantitatively and
gualitatively in accordance with the tools develbpe the preceding analytical framework
(see chapter 4). The participants’ routines (Sfa@8) in this study refer to the learners’
repetitive actions, procedures or methods usedadenstand and solve the numeric-geometric
pattern problem(s). In order to explain the leashevritten text and verbal responses,
explanations were drawn from the past literature the theoretical framework (see Chapter
2) the study is using. My own intuition as a classn practitioner also contributed to my
research role in this study.

5.1 QUANTITATIVE ANALYSIS

In the following section, | analyse and discuss rémults of all the participants’ task-based
written responses. The focus here is on the ppatnts’ use of routines and mediators (Sfard,
2008) within the different generalization categsneoposed in the analytical framework (see
table 5).

5.1.1 LEARNERS’ GENERALIZATION APPROACHES

Generalizations in mathematics and algebra in qudatii are expressed in various ways.
These include verbal (i.e. written and spoken wpssymbolic syntax which translate
sometimes to the same or different meaning. Fomela L23 approached question 1 in two
different ways: He first applied both recursivelaxplicit methods to generate the rule, T
=5n + 1. A different learner used a different approtckthe same question (i.e. Question 1)
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by considering the base of each set of cluster doas one line segment. This was an
approach that led the learner to generate a ruke 3 + 3. (Only the first rule is, of course,

correct).

Most learners were able to express the given seguigam a particular scenario through a
general rule by means of a functional relationshifhout realizing that they were making
use of independent and dependent variable-condeptee context. See an example of

globalization by tabular method in discussion @lutes section.

5.1.2 LEARNERS’ WRITTEN TEXT RESPONSES

In this section, | discuss the results and analgédbe written text responsegquantitative
data) to the questionnaire-based task. To give cladtgach stage of the analysis, learners’
results are summarised in tables classified intdime categories. The first four geometric-
numeric linear pattern questions from section Aha questionnaire task were analyzed in
this study because the learners provided rich aodigh written text data compared to the
responses to questions from section B. All thenlee responses to items 1 — 4 were
carefully classified into categories. This clagsifion was based on the specific routines
(strategies) the learners used, followed by lew#lsompletion for each item within the
guestion and an overall justification of the gehization established during the interviews.
The results of the written text-response analysessammarised on the Question Response
Analysis Summary Sheet (QRASS) adapted from Sammwh Schaefer (2007). See
appendices B to E. These summary sheets conta@h ¢escriptors (LD) and task level
attainment (TLA); these categories are both explain the following section. The summary
sheets give an overview of the results of my statlich | use as a basis for my discussion

later.

5.1.2.1 LEVEL DESCRIPTORS(LD)

The learners written or verbal responses to theergdimation item in each question i.e.
guestions 1 to 4, were classified intevels' with numbers assigned ranging frdimo 4 with
the exception of question 4 whose level descript@rel to 3. A LD (Samson and Schaefer
(2007). refers to question classification-stagesasented by number point systén2, 3 and
4 (see tables 8 & 9). These numerical numbers argreessaccording to sub-question’s level

of difficulty for example,1 is assigned to any attempt to determine or caieule next two
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terms of a pattern antifor determining the hterm or general rule. It should be noted that
the numbers 1 to 4 do not in any way representhaenarchy or marks achieved. | did not
start from level zero in the analysis as zero wauleian the learners did not attempt the
guestions. The learner’s ability on each questias jdged on the total score of these levels.
The code TLA: Total Level Attainment representedttie 7' column of each question’s
QRASS in appendices B to E became the score boanglp determine how the learners

faired in the questionnaire task.
5.1.2.2 LEARNERS’ CHOICES OF ROUTINESAND MEDIATORS

The learners’ written responses during the probkmtving session on number patterns
include the following mediators: symbols or piesificonic), numbers, verbal explanations,
tables and graphs. The routines chosen by thesmelsa when responding to the
guestionnaire task varied according to the condémick context embedded in each question.
Written responses to all the questions were cdyefatutinized and analyzed along twain
dimensions: routines (my emphasis) and learners’ type aiediators (see QRASS

appendices B-E and table 10).

The number of responses to the 25 items spreadsatite four questions of the questionnaire
based task by the 29 participants was 787; thisheasause some had given more than one
form of solution representation. The actual nuntdfeexpected answer-responses is 725 i.e.
(25 x 29). The total number of routines (from 7@sponses) identified in the participants’
responses across the three main categories ofajjigagon (See Tables 5 & 7)is 1450 and
this number is double the number of the expectspamses because some learners used more
than one routine within a particular stage of eaah-question in the questionnaire based
task. There were also 10 instances of a questibrhawving been attempted at a particular
stage, for which no analysis or characterizations waossible (see the QRASS
appendices).There were more participants’ respaieset®e numeric decontextualized pattern
in Questions 4 than in any of the other three goestin the task. This could mean that the

participants were more familiar with the arithmedituations than others.
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Each response was carefully analysed and assigriedone of three routine categories
described in section 4.3.1 that Mymerical Figural andPragmaticgeneralizations. Table 7
summarises the use of the three routine categawes the first four questions in the

guestionnaire based task.

TABLE 7: OVERALL ROUTINE UTILIZATION BY 29 PARTICIPANTS INT HE STUDY.

(Level - Descripto
ROUTINE CATEGORIES rs)
AND SUB-CATEGORIES LEVEL(S)
ATTAINED
1 2 3 4 Totals Total %
Numeric: Next 10" or 50" n" term | Routine
Recursive: terms 20" term S
counting, 499 267 6 0 772 533
guessing & check 12 13 3 1 29 2.0
chunking 15 8 0 0 23 1.6
Explicit:
Solve equation
Structural analysis 79 210 237 43 569 39.3
Work backwards
(Reversibility)
Figural:  Proportioning
Structural analysis 8 5 2 2 17 1.2
Pragmatic:
Relational 0 0 0 20 20 14
0 0 0 13 13 0.9
Unclassified others 1 2 4 0 7 0,5
TOTAL 614 505 252 79 1450 100

A number sequence can be generated either by uwsinggeneral formula, where the
independent variable represents the positiba term, or by relating one term recursively to
the previous term in the sequence. Use of a reaeiegproach tends to emphasize local and
specific aspects of the relationship, while an iexpformula reflects the relationship in a

general way.
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With respect to Table 7, the learners’ proceduresewlominated by numerical generalization
which accounted for about 96 % (recursive + explicThe figural, pragmatic and

unclassified routines accounted for about 4%. H@methe total number of routines

identified from the data exceeded the expected murabresponses from the entire sample
because some participants used multiple routindsmand across level(s). There were also
a few instances where some sub-questions weretterh@ed at a particular level and it

became very difficult to analyse (unclassified o$heTable 7 summarises the routines that
consistently and frequently appeared in the dathlel 7 also shows that 56.9% of the
learners’ overall numeric generalization routinesrevrecursive while about 39.3% were
from explicit approaches. Most of the learners’ tioes under numeric category were
recorded in the first three TLA. The figural anéggmatic routines accounted for 1.2 % and
2.3 % of the overall routines respectively. Thelassified routines accounted for only 0.5 %

of the entire data and were not categorized folyarspurposes.

TABLE 8: LEARNERS’ OVERALL NUMERICAL GENERALIZATION ROUTINES

NOTE: RE: Recursive routines EX: Explroutines

Level Level Level Level Total

TLA's 1 2 3 4

Next | % 10"or | % 50 % n™ | % | Average

terms 20" term term %
QUESTION NUMBER term Or

more

1 .Three consecutive pictorial RE 62 RE 35 RE 0 RE 0 49
terms of cluster houses with a
numerical value of independent EX 25 EX 55 EX 70 EX/RE 72 56
variable given.
2. Three consecutive pictorial RE 70 RE 39 RE 0 RE 0 55
terms of groups of tiles with a
numerical independent variable EX 18 EX 48 EX 75 EX/RE 86 57
given.
3. Two consecutive pictorial RE 55 RE 20 RE 0 RE 0 38
terms of decorative motifs with
partly tabulated dependent and EX 22 EX 51 EX 60 EX/RE 68 50

independent variables indicated.

4. Three consecutive purely RE 88 RE 79 RE 0,5 RE 0 83

numeric terms with a dependent

variable indicated as in questions EX 10 EX 26 EX 45 EX/RE 53 36

1,2,3and 4. TOTAL
Overall % RE 69 43 0,5 0 56 812
Overall % EX 15 36 50 55 39 566
Figural, Pragmatic &
unclassified others 5 72
OVERALL ROUTINES 1450
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Since the numeric generalization routines far owoiper the Figural and Pragmatic
generalizations, this report focuses on the fornbawing on the participants’ numeric
routines classified in table 7, | present a furthealysis of learners’ numeric generalization
routines against level descriptors that the paaicis of the study used and achieved

respectively in responding to the four questionthefquestionnaire-based task as in Table 8.

In table 8, the recursive and explicit routines dwte the numerical calculation of the next
terms in each of the four questions from the quoastire task. At level there were more
recursive routines (69 %) compared to explicit ireg (15 %), at leve2 recursive methods
dropped to 43% while explicit methods rose to 3&é&m 15 %. And leveB was dominated
by explicit methods as most learners found the rersiincreasingly difficult to work with
recursively. At level 4, only the participants wbemployed explicit methods were able to
generate a rule for thé"rterm. In total, the recursive methods and accalifte 56 % of

routines used while explicit methodscounted for 39 %.

The explicit routines largely involved making uskrales derived from a numerical or
pictorial representation and expressed in termg,of he symboh is the term’s position in a
sequence or pattern - the independent variabldewWhirefers to the term itself (dependent
variable). Numeric generalization approaches ialtatcounts for almost 96 % (see table 7)
of all solution methods revealed at the four le@dsels 1-4). The findings resonate with
what Lannin (2004:217) describes as being almosdtaral tendency for learners to follow
recursive more than explicit approaches when géniexg from linear sequences where the

common difference is simply added to the previausxisting term.

Reflecting on the 29 learners’ written answers delgarners generalized correctly at levels 3
and 4 as compared to levels 1 and 2 across afbtirequestions in the questionnaire based
task.. Analysis of the task based interview respsralso show that the participant’'s TLA or
scores are attributed to the nature and contettieohumber pattern question (see qualitative
analysis). For example, the participants seemedtitoggle less when presented with
sequences or patterns consisting of consecutiveenarterms (see question 4a) compared
with the pictorial and tabular pattern represeoteti All the questions set in section A were
linear-geometric patterns of the foyr= mx + ¢ Concerning linear patternStacey (1989)
distinguishes between “near generalization” tagkswhich finding the next pattern or
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element can be achieved by counting, drawing, onstracting a table, and “far

generalization” tasks, in which finding a patteequires an understanding of the general rule.

5.1.3 LEARNERS’ USE OF MEDIATORS

The written responses to all the questions from tdek were carefully analysed and
categorised in terms of routines and how they waéseially mediated (i.e. forms of
representations) or spoken of. During the analgbthe generalization routines, it emerged
that different types of arguments and mediatorewsed by the 29 participants of the study
to communicate their ideas and thinking. The medsaaire summarized in table 9 against the

number of participants who used them as follows:

TABLE 9: SUMMARY OF THE USE OF MEDIATORS BY LEARNER S

Types of mediator used (only) Number of learners (n = 29)

Pictorial representations only

e.g. diagrams, tables or graphs 1

Verbal (words) explanation only

Number representation only

Algebraic (Symbolic) representation only

Pictorial + Number representations

Verbal + Number representations

o ~| © o dB

Algebraic + Number representations

All the different mediators above 2

Table 9 indicates the following: Some participaotghe study were able to communicate
their responses using only one form of mediatoprésentation). For example, only one
participant extended the pattern by drawing furtbetures while none used symbolic
representation only throughout the task. Most pigdints (24) used some numeric methods
in their responses. There are only two participavt® showed a strong understanding of
multiple representations of solutions when gengradi in number patterns (L23 & L28). It is
also interesting to note that the number of pgréists who used a combination of pictures
and numbers to communicate their thinking is mbeastany other mediator category and this
could indicate some interesting trends. In the exinbf this study such an “association” is

neither conclusive nor is it linked to the focugtod study
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THE QUESTIONS

The objective of questions 1 & 2 was to investigkarners’ ability to generalize from
patterns represented in diagrams and pictures foivhatask was to identify and classify the
routines (strategies) that learners employed wherking on these questions. In the context
of reading from diagrams or pictures in a pattéhere are several opportunities that may
lead to a generalization. It is interesting to b most learners derived numeric sequences
from the three pictorial terms in both questionsisimilar manner. For example, the learners
counted the number of items in each pictorial guifal term to generate a numeric sequence.
The numeric sequence may have prompted learndérsdtthe common difference among the
terms in order to determine the next term in botlestions. The inclusion of either a
dependent or independent variable seemed to irduarners work more towards explicit

methods of generalization.

The highest number of learners demonstrating re@irsutines occurs in question 4. In this
guestion, two sequences each with three conseaqutiveric terms of an arithmetic sequence
are given. The learners in the study experiencédulties in generating the correct rules or
formulae in the patterns. Levelsand?2 in question 4contributed the highest scores (TLA)
with respect to recursive routines compared toother questions in the questionnaire based
task responses (see Table 8). The use of the condifference between the consecutive
terms seemed to have influenced learners to admptting methods which were largely
classified and categorized in table 7 as recunsivaeric generalizations.

There were two interesting learner related behasioworth noting with regard to the nature
of the responses to question 3 and 4 b), Thesevaen the two or three consecutive pictorial
terms in a sequence are presented in a tabulaatavimch reveals the independent variable,
for example, the motifs’ position as in questiontl® learners’ use of recursive methods
decreased slightly.

In the formulaT, =a + (n—1) d “T," represents the term in a sequened,represents the first term of the sequenng,the position of a
term in a sequence addhe common difference or constant difference betwany two consecutive terms. In the corresponftirgula

y = mx + ¢, mis the rate of change which gives the gradientcsdhey — intercept.
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This may be attributed to the presence of both wigget (number of lines or dots in motifs)
and independent (position of motifs) variables Wwhimight influence some learners to
conjecture a relationship between the two. Sucélational functional approach resulted in
the use of explicit procedures rather than recarsoutines. Similarly, in question 4 b) the
responses show a drop in learners’ tendency torgkreea decreasing sequence compared to
the other increasing sequences. Most learners mseeof substitution approach into the
general expressiof, = a + (n — 1) din order to determine both the numerical terms thied
general formula. In my personal capacity as a nmaties educator | became curious to find
out how some of the participants knew about thentda T, = a + (h — 1) d In reply, some
learners indicated that they learnt the formulaetbgr with an equivalent formula of the form
y = mx + ¢ at mathematics extra lessons sessions whéchuarat the school every afternoon.
On the other hand, other learners indicated they tharnt the use of such formulae from
grade 10 and 11 friends during study sessions. t gasicipants of the study had difficulty
in noticing that the common difference in a dedreagattern was minus 5 (i.e. — 5). As a
result they ended up substituting +5 into the galnexpression. Other learners managed to
conjectured, the common difference as “- 5” but when substimitocarried out incorrect

manipulations.

From the first question (see appendix A) about kegments used to design the cluster
houses, the context itself requires a learner wddehow s/he can continue with such a
picture pattern. One could possibly suggest draveiogne more of these pictures, first in
order to clarify the general rule visually so ab&mome aware of the counting technique. By
structurally analysing the cluster houses’ desigmfone position to another, the pictorial
pattern is equivalent to showing the first threemnte of the linear sequence 6; 11; 16 ;
......... with a general formula .,T= 51 + 1. From this background, typical questions
requiring learners to determine for example thet,ngd", 20" and 108 terms as well as an

expression for the"hterm were asked. If a learner verbalises how tictuge sequence

extends then s/he will have accomplished what &neggd as the first attempt and procedure

towards generalization in this study.

Apart from being a mere visual representationa nfimeric patterns (see Questions 1, 2,& 3
in appendix A), number sequences presented in targ@ik context allow for a potentially
deeper appreciation of underlying structure of gattern, as such context allows for both a

greater depth and scope of interpretation. Claussserts that working directly from a
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pictorial context is often preferable to an algebteeatment derived from purely numerical
patterns. The use of a pictorial context is alsentkd “safer” as it limits the chance that
“irrelevant number patterns will mislead one intesaming the truth of an invalid

generalization” (Clausen, 1992:18).

The responses of learners who wrote and attemppitddgaestions are summarised in Table
10. | have taken into account all the responsesubtquestions within the main question
when capturing number of learners falling into npldt response levels. For example,
Question 1 includes 1.1 i), ii), iii) and 1.2. Slamly, Question 2 includes 2.1 i), ii) 2.2 i), ii),
iii), iv) and 2.3 etc.

TABLE 10: ABSOLUTE AND PERCENTAGE RESPONSES TO QUESTIONS 1 - 4 FROM THE
QUESTIONNAIRE BASED TASK

Level (TLA) 1 2 3 4 5

Question Learners who Learners who got Learners who got Learners who got Learners who got

number made an incorrect numerical | correct numerical correct numerical correct numerical
attempt answer and answer but no answer but answer & provided

incorrect formula formula provided incorrect formula an appropriate
formula

Q1 29 3 2 10 14

% 100 10,2 6,8 34,4 48,6

Q2 29 0 1 8 20

% 100 0 3,4 27,7 68,9

Q3 29 1 9 8 11

% 100 3,4 31,0 27,5 37,7

Q4 a) 29 1 2 12 14

% 100 3,4 6,7 41,5 48,6

Q4 b) 29 1 12 7 9

% 100 3,4 41,5 24,1 31,6

Total % 100 4,1 17,9 31,1 46,9

Drawing on the quantitative data in table 10, 8ll@arners attempted to answer all questions.
Nearly half of the learners (14 out of 29 i.e. 48 generalized correctly from questions 1
and 4a using the pragmatic approach of generalizdtie. numeric + figural methods). In
guestion 4b approximately 31.6 % of the learnensevadle to generalize correctly, i.e, 3 -

5 x n +40. In Question 2, about 69 % of the learners getad the correct formula fofrterm
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while the lowest performance was in question 3 whe&r.7 % generated an appropriate
formula and got a correct numeric answer. The drdparner achievement in this question is
attributed to multiple representations of the pattproblem. The learners grappled with
pictorial-tabular relations at the same time. Thwis revealed during the interviews where
some learners indicated that they would be morefaxdable if the pattern problem was
pictorial only or in the form of a table. Overadlbout 47 % of the participants in the study

correctly generalized from the number patterns.

Analysis of each participant’s solutions revealedt tearners L2, L9 and L19 provided the
most incorrect responses to the questionnaire imisaccounted for 10.2 % of the entire
sample. Examples of L2, L9 and L19 written resperiegquestion 1 were as follows:

TABLE 11: EXAMPLES OF SPECIFIC LEARNERS’S SOLUTIONS

LEARNER
CODE: L2 L9 L19
QUESTION NO:
1.1. 6+ 6 +6+6 =24 L=4x6-1=23 T = 6+ 4 houses
=10
1.2 ) hy=24, hg=6x6=36 Lig=10x6 -1 T10=6 + 10 houses
So 10 houses = hyg =59 -16
Hence h;p=24+36=60
ii) hso = 50 x6 Lsp=5xL1041 Tso=6 + 50
= 300 =56
1.3 h= x*6 A=6(n)-1 fiterm = 6 + n

Drawing from table 11he formulae generated by the three learners, B2arid L 19 signal
the consequences of these learners not carefuligreing and identifying common relations
in a given pattern and/or paying insufficient ati@m to what is asked in a given question.
These learners were distracted during the entoegss of finding a solution. As a teacher, |
find this a common scenario among the learnershen rhathematics lessons: finding an
answer is a priority and of less importance isgtecedure and steps followed in getting the
final answer. The detailed analysis of each legpeeiquestion is given in the appendices

B -E.
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5.1.4 SUMMARY OF PREVIOUS DISCUSSION

The quantitative analysis presented in this chegitews that learners have a shared approach
that favours numeric generalization routines. Andngnof the routines identified in the
present study are consistent with the results te@ain the previous research studies on
number patterns. What featured in this study asrséee and explicit routines correspond to
what Stacey’s (1989) calls counting, difference,olehobject and linear methods. The

recursive routines further correspond to Orton @nin’s (1994) recursive methods.

Numeric generalization routines and other routiagslassified and categorized in Table 8
have been reported in literature of the studies$ tise&d a set of similar number pattern
guestions to the ones in appendix A. For exampéenkers such as L23 & L28 who were able
to predict the next few terms or further numbers ipattern were also able to express their
procedure in algebraic form. Being able to recogrilze equivalent expression and use
algebra in solving problems associated with nungagtern is an indication of a student’s

ability to reason mathematically (algebraic repnégion).

However, what the quantitative analysis has nohlsse to show is the nature of learners’
mathematical discourse in terms of their use ofsgheific routines in conjunction with word

use, mediators and narratives. It is possible fuame students were simply performing
learned procedures (rote learning). The next seghi@sents a qualitative analysis of the

interview data where learners’ mathematical disseus explored further.
5.2 QUALITATIVE ANALYSIS

The notions of generalisation, justification andogdr are intricately interwoven.
Generalisation, by its very nature, cannot be sgpdrfrom justification/proof and is seen as
a critical component of the algebraic reasoning@ss. The types of generalisation activities
in this study include those presented in pictodahtexts, thus allowing for a possible
connection to a referential context that has theemg@l of enhancing the generalisation
process. The central role of justification withihet context of this study is seen as
communication of mathematical understanding, and students’ ambres of their
generalizations are seen to provide “... a windowiéw their understanding of the general
nature of their rules” (Lannin, 2005:251).
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This section presents a qualitative analysis ofnk@’ solution routines regardless of
whether the answers are correct or not. Such alysissmas deemed to provide pertinent

information on the learners’ mathematical reasoning

| used the interview probes so as to encouragdeiumers to tell and say more. Other
techniques | used in the elaboration probing ineludently nodding my head as the
interviewee talked, softly voicing “yeah” very ofteand sometimes | remained silent but very
attentive. Probing questions included: ‘Tell me enabout that?’ and ‘Can you give me an
example of what you are talking about?’. The siarmers interviewed in the study were
coded as L5, L9, L15, L17, L23, and L28. The cba¢ these learners is discussed in detall
in methodology chapter (see section 3.3). TablesH®&vs the QRASS - a summary of the
responses of the learners interviewed. It can le@ siegat some learners (L23, L28) coped
very well with the questionnaire, others (L5, L®dhmany difficulties with the questions,
and yet others (L15, L17) were in between. Thenlea who coped well with the task
belonged to the high ability group, those that egpeed difficulties with the questionnaire
based task were from the low ability group and ttenlast two learners who were classified
as medium ability, their performance lie in betwésse sections 3.3 and 5.2.2). The average
percentage scores for each group (high, low andumgdas shown in table 12 in the row
denotedV: % are; 89 %, 41 % and 67 % respectively.
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TABLE 12: SUMMARY OF THE QUESTIONNAIRE RESPONSE SUMMARY SHEET FROM 6
INTERVIEWEES

KEY: V: Correct answer \/x: Partly correct answer
X: No attempt at all *: Incorrect answer
L: LOW ABILITY H : HIGH ABILITY M : MEDIUM ABILITY

H Xl = | *| &
ol s 8| % 8
o n ) q & - 9 | © x| %
(o &) - -l - - - | = [ =1 O
1.11) v v v v v v o |7 o |7
1.1ii) \ \' \ \ \ \ 0o |7 0o |7
1.1iii) X * \ \ \ X 3 |3 1 |7
1.2 X X \ \ \ \ 2 |5 0o |7
2.11i) \ \' \ \ \ \ 0o |7 0o |7
2.1ii) X X \ X X X 5 |2 0o |7
2.2i) \ \' \ \ \ \ 0o |7 0o |7
2.2ii) \ \' \ \ \ \ 0o |7 0o |7
2.2iii) \ \' \ \ \' \' 0o |7 0o |7
2.2iv) * * \ \ \' X 1 |4 2 |7
2.3 X X \ \4 \ \ 2 |5 0o |7
31 VX vy \ \4 \ \ 1 |4 2 |7
3.2i) * X \ \4 \ \ 1 |4 2 |7
3.2ii) * X v v v v 1 |4 2 7
3.3i) v v v v X 1 5 1 7
3.3ii) * * X X X X 4 |0 3 |7
3.3iii) * * X X X X 4 |0 3 |7
43) i) \ \ \4 \ \ \ 0o |7 0o |7

i) | vy Vv \ \ Vv Vv 0 |6 1 |7

iii) X v v v v v 1 6 0o |7
4b) i) v v v v v v o |7 o |7

ii) VX VY v v X X 3 2 2 7

i) | X X \ \ X X 5 |2 0o |7
V:% 9 39 |{10|43 (21|91 |20|87 |16 |69 |15 |65

L L H H M M

X:% 6 26 |7 |31 |2 |9 3 |13 31 35
*1 % 5 22 17 0 0 0 0 |0
VX: % 3 1312 |9 0 |0 0 |0 0 |0 0 |0
TOTAL 23 100 | 23 100 23 100 23 100 23 100 23 100 34 108 19 161

70




5.2.1 INTERVIEW APPROACH

The questionnaire task based interviews were sé@illimv up learners’ reasoning and how
they justify orally their written responses to qiimss in the questionnaire based task. The
interviews were conducted formally. A formal intew (Patton, 2002:342), otherwise
known as the semi-structured interview (Cohen arah$ibn, 1994:273), is an open-ended
approach to interviewing in which questions flowrfr the immediate context. During the
interviews participants were asked to provide aal explanation either in the form of an
addition or subtraction to their previously writterplanations. These interviews took place
soon after my analysis of the mathematical resmmsehe questionnaire based task had
been completed. The purpose of these interviewstwasovide the research participants
with the opportunity to further explain or expanal their written responses. The checking
process of an individual participant constitute$oan of external validation (Lewis and
Ritchie, 2003:276). Since the main objective ostheterviews was to allow for an accurate
categorisation of the adopted solution routine$y taarners’ written questionnaire responses
were taken into account. In addition, interviewsaveestricted to those specific cases where
a participant’s written articulation of their mehtaasoning was either ambiguous or required
illumination or elaboration by oral explanation. elimterview targeted participants were
allocated or divided into three groups (see sedi@al or 5.2.2 below) under methodology.

The next section outlines each participant’s gdizatéon approach to the questionnaire task.
5.2.2 DESCRIPTION OF THE INTERVIEWED PARTICIPANTS

As highlighted in section 3.3.1, the choice of $hhelearners from the sample of 29 is entirely
based on the general knowledge, performance (ab}liin class and their ability to speak. In
the following section I, further give a brief degtion for each of the six participants in their

respective ability groups.

HIGH ABILITY GROUP
L23 relied on formulating a general rule first bgngecturing first term and common
difference in the visual pattern in order to deteen1d”, 20" and 58 terms in the

sequences. He worked backwards and provided petidns for each step in his procedures.
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L28 mostly relied on figural — numeric computatig@asalysis) and use of a general linear
formula to generate a functional relation or ruihe justified her solutions as well by

demonstrating a good understanding of working backe/ (reversibility).

MEDIUM ABILITY GROUP

L17 relied on formulating the general ruée+ (n-1) d first. She then used this rule to answer
the rest of the questions.

L15 tabulated the dependent variables againstrtiependent variables. She then used a
numeric generalization by relying on counting methéor smaller terms and then using the
expression y= ax+b or y = mx + cto generate a linear rule to determind’%6rm and to

check the others.

LOW ABILITY GROUP

L5 relied on extending the pattern either pictdyiar numerically (recursive) and hardly
managed to get the correct general rule.

L9 relied on numeric counting (recursive) and coubd properly use symbols to formulate a

general rule (lacked verbal and algebraic represient skill).
INTERVIEW ITEMS

The interview items were drawn from Section A o thuestionnaire task. And the actual
transcripts analyses are drawn from questionsahd?4 only. | chose these questions because
they are contextually and structurally different ylee content embedded in them led to
similar type of generalizations. The other reassrthat most participants in the study
completed answering these questions (i.e. 1, 24and comprehensive summary (QRASS)
of the six interviewees showing the distribution rebponses to the four questions that |
analysed from the questionnaire task is shown lfeta2 in section 5.2 It is interesting to
note that each participant from the target growggsrhade an attempt to answer all questions.
67 % of the responses provided by these learnems eggrect. 25 responses out of 36 among
the six target participants show the correct gdizattion of the if' term from each question.
This is approximately 69% of the interviewees almdost 15 % of correct generalizations in

the entire study sample (29 participants).

The next section provides a comparative analysrsuoferic routines and forms of mediators

used in quantitative and qualitative approachegsecs/ely.
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5.2.3 LEARNERS’ GENERALIZATION ROUTINES

| categorised the learners’ interview responsesordatg to their use of routines and
mediators. | present this analysis in a table foradapted from Healy & Hoyles (1999) - See
table 13. Learners’ use of visual mediators isaly linked to the routines they adopt when
generalizing from the number pattern in problenviegl. An example of the dominant
routines and mediators analysed from the learner& v& shown in tables 13 and 14: The
complete discussion on how the learners’ routiredgte to their use of visual mediators is

represented in discussion section of results iptendb.

TABLE 13: SUMMARY OF LEARNERS’ ROUTINES VERSUS MEDIATORS IN GENERALIZATION

Numeric
Generalization MEDIATORS
Routines
ICONIC LEARNERS NUMERIC LEARNERS
The learner describes a The learners notice a number pattern
relationship that occurs in the in the results for consecutive values
visual relation of the situation of the dependent variable. For
Recursive Rule: between consecutive values of example the number of line segments
counting and the independent variable. For goes up by 5 each time when number L5; |9;
guessing example, in Q1 each additional LS ) L9, of houses increases by 1 each time. L15, L17
house adds 5 line segments and L17 ’ !
1 line segment becomes L23: L28
common to two houses.
A recursive rule is established The learner builds on a recursive
based on a relationship pattern by referring to a table of
Recursive Rule: established in the diagram, values, building a unit onto known
Chunking adding a unit onto known values L15, L17 values of the desired attributes. L5, L17,
of the desired attribute. For Example is under iconic
example if one cluster house has representation. L23
6 lines then 5 cluster houses
would have 6+5(5) line
segments.
An explicit rule is constructed The learners guess an explicit rule
based on a visual representation based on a numeric pattern in the
of the situation by connecting to output values. They reason that since
Explicit Rule a counting technique. For the number of tiles in the first group
example, in Q1 there are 6 line is 5 and 8 in the second group then L15, L23
segments for 1% position house multiplying number of tiles’ group by ’ ’
and a common difference of 5 for L23, L28, 3 and add 2 results in number of tiles. L28
the consecutive terms. So Hence | did not endorse the routine.
multiplying 5 by position number L15 While others applied proportional
then adding 1 gives a generalized routine for example, if group 1 has 5
number of the line segments. tiles then group 10 will have 5x10 =
50 tiles

(Adapted from Healy & Hoyles, 1999)
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TABLE 14: EXAMPLES OF MEDIATORS USED BY THE PARTICIPANTS

SYMBOLIC MEDIATOR(S)
i. e. numbers and algebraic represeniahs

ICONIC MEDIATOR(S)
i.e. numbers, verbal, tables, graphs and diagramsigtures

Counting:
Learners L5, L9, L17 counted individual pattern
items in an unstructured approach.

Visualization-Eidetic:
L15, L23, L28 mostly focussed on perceptual (visual) pattern
analysis rather than on mathematical properties.

Operate on terms:

The learners (L5, L9, L15, L17) carried out
their calculations using known terms in the
pattern in order to find the target term or
number. For example;

6;11; 16; ........

Thus 16+5 =21, 21+5= 26, 26+5= 31 etc.

Combine pictures or diagrams (structural analysis):
Learners chunked the known terms to obtain the next

others.
N\

+ =

Position 2 position 3

Operate on Difference:

The learners’ calculations were based on the
numerical difference between any two
consecutive terms. An example is very similar to
operating on a term or number above.

Chunking (Inter — term analysis): L15, L17 & L23.

From the diagrams in questions 1, 2 and 3, some learners opted
for a different visual analysis. For example, the cluster houses’
plan in position 2 contains 9 line segments compared to varying
the addition of a house with 1 line segment less than a house at
position 1 every time.

Operate on variables:
Learners’ calculations based on relationship
between dependent and independent
variables.
For example, L23 & L28’s written response to
question 4 part b) is: T, =40 —5xn
At position 50, n =50; Tso=40-5x50
=40-250
=-210

Chunking (Intra — term analysis):

Partitioning of line segments within a pictorial term in a
pattern or sequence.

set of 6 lines /\\
set of 3 lines
set of 4 lines
set of 3 lines
Example: L15, L17, L23

N

NUMERIC MEDIATOR(S)

TABLE & GRAPH MEDIATOR(S)

This involves all the routines in which a
numeric number structure is used to define a
term. An example drawn from L15’s work.

n T, T,

1 6 1+ (1x5)

2 6+5 1+ (2x5)

3 6+5+5 1+ (3x5)

4 6+5+5+5 1+ (4x5)

etC. e e

L19 and 28 analysed question 1 as:
House(s)/position (n)  Total line segments (Tn)

1 6
2 11
3 16
etc.
L28 constructed table for Question 1 as:
n 1 2 3 4 5 Etc.
T, 6 11 16 21 26 | ...
21 °
16 °
11 ] Linear graph of the form
T, y=mx+c
6 |®
1 2 3 4 5 6 7 8 9 10

House position (n)
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5.2.4LEARNER - INTERVIEW ANALYSIS

In the following section | provide a detailed arsadyof extracts from six learners’ interview

transcripts. Only transcripts of questions 1, 2 d4rate reported and presented in this study.

Learners’ responses (written & spoken) to questiomber 3 did not provide rich data to

analyse. Hence | do not analyse the responsesajti@stion

5.2.4.1 LOW ABILITY LEARNERS

NOTE: Interpretations in the Transcriptions and Episodes:

R represents the researcher; L5 represents learner coded as number 5;

[ 1:Pause;{ }: Learner counts or reads loud.

EPISODE 1 FORLS5

Episode 1,5: Learner 5 response to question cluster houses’ pattern (Question 1)

Properties of
mathematical

Speaker What was said discourse with respect
to routines, mediators,
words and narratives.

3R Take me through your written responses, hawydu start with the cluster house —

problem?

4 L5 | figured the number of line segments onwegiset of cluster houses by counting say|aMediator: diagrams and
position one, two and so on. And then | realizeat the pictures gave a similar numbef numbers
representation to: 6, 11,17, ........... , bmaeing one line segment on one house to getoutine: counting
to the next and then added five more line segntbats how many more lines | would
need any way in the next position. So | did theeséimng for all the questions that
followed in order to get number of line segments.

5 R Show me how you determined (calculated) timber of line segments for 10 or 20
houses?

6 L5 You mean like 2, 3, 4.... Until ten and twehOK, | think | figured out 51 lines in 10 Routines: counting and
houses and then use this to find the line segnmantsin 50 houses. So multiplying 51 | guessing
by 2 gives 102 line segments for 20 cluster houses. Mediator: diagram and

numbers

7R Would you use a different approach for 50 be@s

8 L5 Yes, but | think needs more time to find &eotmethod. So yeah!,.... You just do the | Routines: counting
same method as for 10 or 20 houses above. Mediators: Numbers

9 R Say more about that....

10 L5 I mean if 10 houses = 51 lines, 20 house82-lihe segments, then 40 houses will give Routines: Proportioning

102 multiply by 2 = 204 lines. So 50 houses will(h& + 40) houses = (51 + 204) line
segments.

Mediator: diagrams and
numbers
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EPISODE 2 FORLS

Episode 2,5: Learner 5 response to question cluster housesafiern (Question 2)

Speaker

What was said

Properties of
mathematical discourse
with respect to routines,

mediators and narratives.

61 R

How did you do this question?

62 L5 | looked at figure ... 1 and counted thesekdo The same thing with Mediators diagrams
fig. 2 until figure number 4. Routinescounting &

chunking

63 R Why did you have to do that?

64 L5 | think to look for any pattern that can halghe working this out. | Mediator, verbal

explanation

65 R How does that help you in finding the solusiom the problem?

66 L5 Can find a formula. Here my formula is 3 gufie number plus or Routines structural analysis
minus 2 and can be used to get the amount of biacksy tile group| Narrative formula rejected
or figure

67 R Did you write all what you have said in yeuitten responses?

68 L5 No, No, No | only wrote answers and not reahowing the formula| Narratives: rejected
nx3 or 3xn + 2 | think so. Mediator. symbols

69 R At first you wrote nx5 as the formula but ngew say its  nx3+2.

Explain this difference.

70 L5 Yeah, when | looked at figure 1, there at#es. Then | said this Mediators diagrams,
should be 1x5 = 5 where 1 is the figure or tileugrmumber but | Verbal explanation and
think this can be true for group 2. number

Routines structural analysis
71R Will this work for all the figures or tile gups?

72 L5 Yes it does work. This can be by formula gkdtion or counting the | Mediators verbal
tiles in each group if the pictures are extended...... explanation

Routinesstructural.
analysis

73R How would find the group number when you hai8 tiles

74 L5 Make an equation nx3=218 and then work ogifptifoblem for a Mediator. symbol and

group position n like in cluster houses’ problem.

numbers Verbal explanatio
Routinesproportioning

Narratives rejected
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EPISODE 3 FORLS5

Episode 3,5: Learner 5 response to questions on numeric pattern (Question 4)

Speaker

What was said

Properties of mathematical
discourse with respect to
routines, mediators and

narratives.

138 R

Can you take me through your response first. Anch tiedd me what you
would do if there were 50 numbers and want to firel5@" term or number.

139 L5 | With 50 terms given as in part iii), | would prolygh[......], | mean what || Routines counting
could have done is, ..., just look at 5 as fostfimumber and then addingmediator, number, verbal
seven to second gives 12 at position 2. | will keapdoing this until | have explanation.
the 50" term. Narratives 50" term-
endorsed
140 R Why are you adding seven?
141 L5 | | can see that the numbers in the pattern are algubg seven in 4a and 5 in Mediators: numbers
4b Routines counting
142 R Okay, are you talking about 4b as well?
143 L5 | Yeah. All these are similar sequences becauseugenumerical terms and || Mediators numbers
have to always start from the first number andrsee to get the second or
third, ..... etc.
144 R Will you keep adding the five until 8&term in 4b?
145 L5 | Not really. But on the first question Berm yes. | will add five but the Routines counting
pattern is decreasing, and it's confusing.
146 R Explain more about this addition of a number five.
147 L5 | I mean 58 house =50 + (-5) =55 + 5 = 55. Routines counting, add
Mediator. numbers
Narratives rejected
148 R Why do you have minus five added to 50?
149 L5 | 50 is the position of my lager value and minus list | will add ever time | Routines counting
since the pattern is a decreasing one. So irhd&d' term is 50 + (7) = 57. | Mediators numbers, verbal
explanation.
Narratives rejected
150 R Does this method always work for large values?
151 L5 | | think so. It should work as well for larger pasit numbers. Words
152 R What will be the nth term in 4a and 4b?
153 L5 | Inquestion 4a, itsn + (7) =5 + 7 and in questbri found it to be n| Mediators number,
+(-5)=n+5o0rn-5. symbols
Narratives formula rejected
Routine counting
154 R Is the expression (n + 5) the same as (- 5)
155 L5 | Yes, n stands for position of the term am lookiogand 5 or minus 5 Routinesrecursive counting

is just what | need to keep adding in order totgetnext terms.

Mediator. verbal
explanation
Narrative rejected
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5.2.4.1 (i) LEARNER L5: RESEARCHER’'S COMMENTS

The analysis of episodes 1 - 3 shows that diffetgmes of visual mediators were used by
learner L5 to communicate her ideas. These mediatciude numbers, diagrams, algebraic
representation and verbal explanations. The leasnase of the mediators provided a means
to understand the thinking process the learnelaged in when generalizing from the

number pattern task.

Learner L5 mostly used numbers as a form of visuadiators to communicate her thinking
and ideas. Such an approach resulted to numerargeration (see episodes 1, lines 4, 6, 10
and episode 3, lines 147-9). On the other handedmer used both verbal and algebraic
representations to explain and communicate hewsidespectively (for example, see line 66
of episode 2, line 139 of episode 3). The algebexipressions the learner is using are
incorrect narratives as they do not generalizentimaber patterns in context (see line 153 of
episode 3). The numeric representations were defreen diagrams drawn by the learner to
extend a given geometric pattern before analyZiigp use of diagrams or pictures in this

case provided access to numerical generalization.

A noteworthy finding in learner L5’s use of verleadplanation is a mismatch of the numeric
and algebraic representations when establishirenarglization. Also the analyses show that
her use of the verbal explanation helped in supppds well as interpreting the use of other
mediators when representing their generalizatiaarher L5 used recursive methods when
generalizing from the number pattern task. Thesthoas include counting and guessing and
fall under numeric generalization category (epis@gdine 10; episode 3, line 147). This
learner applied the incorrect narratives in moshef responses (see th® term formulae,
episodes 2 & 3, lines 74, 135 respectively). Tharder has misconceptions about the
formulae that can be used to derive general r@eary given pattern. This is manifested in
the way she incorrectly situated the operatiorgaist or/and — among the algebraic symbols

(see line 74 of episode 2).
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EPISODE4 FORL9

Episode 4,5: Learner response to question on cluster houses’ pattern (Question 1)

Properties of
mathematical

Speaker What was said discourse with
respect to routines,
mediators and
narratives

1R Tell me how you responded to this question.

219 When | read the question I..., found it is asking hoany line segments are needegdRoutines: structural

to construct 4, 10 or even 50 houses. And | thiakdwered these questions after | analysis
observing what was going on with given pictureslaster houses. Mediators: numbers,
diagrams
and verbal
explanation
3R What did you find or see?
419 I found, [....... ], but | think these were incorrectmfsupposed to work out the Mediator: verbal
formula first. explanation
5R Do you mean you had to use a different method?

6 L9 Yes

7R Explain the method please.

819 ljust ,.... | think counted the lines in 4 and 1Qikes but | guessed for 50 houses| Mediators: numbers and

diagrams
Routines: counting and
guess

9R Can you think of any formula or rule to help do this

10 L9 In grade 8 we learnt the formula Tn = a -(n-1)dnaths clinic but am not sure if theRoutines: explicit

bracket has — or + ,.... may be its Tn = a-(n+1)€(ar1)d. Narratives: rejected

11 R How do you know that you really have to use thegeessions?

12 L9 This is like a basic formula for finding equatidins number patterns. Mediator: verbal
explanation
Narratives: rejected

13 R Explain more about your formula then and do youituse

14 L9 The symbols have each a meaning. For examples fa'st term, ‘d’ is the difference Narratives: symbol

and ‘n’ is position of the term in a pattern. Knagithis expression helps in findin
any pattern’s general rule.

gmeaning
endorsed
Mediators: symbol,

formula
Routines: structural

analysis
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EPISODE 5 FOR L 9

Episode 5g: Learner response to question on Tiles pattern (Qestion2)

Properties of
mathematical

Speaker What was said discourse with respect
to routines, mediators
and narratives

31 R Can you write an expression or formula fg2 T

32 L9 Am not really sure what,Ts. Mediator. symbols

33 R It is a way to refer to nth term or numbetilek in this tiles pattern problem.Mediator: verbal

See, we called our first number, Bind T, the second number etc., so we ¢a@xplanation
call the 56'number E, and n can be any number. ~ symbols
Narratives: endorsed
the
explanation

34 L9 Oh! | see, so | think the number will.Yeah! ...., depend on the nhumber.

35 R What expression did you write fogor T,?

36 L9 | first counted all the tiles in the grougssdrawn in the question here. So gddediators numbers

5,8, 11, 14, and it meangoE 5+8+11+14+17+ 20+ ... + Until 50 times.| Routinescounting,
chunking

37 R Is that for 3, only?

38 L9 Yes, but for Tn I’'m not sure. Or do you meeid times n+8? Routines counting
Narratives rejected

39 R How do you express your observation of theepain words?

40 L9 | see first 5 tiles in figure 1, 8 tilesfigure 2 and then 11 in figure 3 etc. | Mediators diagrams,
verbal

explanation
41 R So what mathematical rule or formula can gome up with what you have
said?
42 L9 You mean a formula ...... , | think its somember or numbers times 3 plug Narratives rejected

or 3 minus 2 every time.

Routinesrecursive and
explicit
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EPISODE 6 FORL9

Episode 6,5: Learner 9 response to questions on numeric pattern (Question 4)

Properties of
) mathematical discourse
Speaker What was said . .
with respect to routines,
mediators and narratives

94 R How did you find the 020" and 58 numbers in question 49

95 L9 | extended the numbers in the pattern. Routine counting &

extending

96 R Ok. But how did you know that at positidathe number is
407?

97 L9 You see here ...., (pointing a pattermnf first number 5 t0 Mediators: numbers, verbal
next 12 we add 7, and from 12 to 19 we do the ghing. So explanation
every time | add a seven gives me the next nuniker Routines: counting

98 R So how then, did you find®%6r 50" numbers?

99 L9 I wrote down all the numbers until tweriyd the same thingRoutines: counting,
until 1 have fifty of them. For example; it's eagynce you| guessing
know what to add: 5, 12, 19, 26, 33, 40, 47, 54,881 75, 82, Narratives: endorsed
89, 96, 103, 110, 117, 124, 131, 138, 145, 152,..., etc. Mediators: numbers

100 R How do you explain in your own words tkemeral rule for thig
pattern, | mean the nth term expression?

101 L9 | think it is; if you have a number orrte every time you times Routine: recursive and
it by 7 then you still need to add or minus sorimgttelse. Sq explicit
here,...... , | need to minus 2. Narrative: endorsed

Mediator: numbers and
verbal

102 R Will that always work with a number pattéke this?

103 L9 | think so, [......], but I'm not very i Narrative: rejected

104 R What will be your formula for th& term?

105 L9 This one is difficult for me becauserofBut if | know the| Narrative: rejected
number represented by n, | can try to think........
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5.2.4.1 (ii) LEARNER L9: RESEARCHER’'S COMMENTS

Learner L9 appeared to have used verbal explanatimmbers, algebraic expressions and
numbers as forms of visual mediators to communibatethinking as she responded to the
number pattern task. The verbal explanation anchbeu representation appeared most
frequently in her dialogues throughout the task.

Algebraic symbols are visual mediators which pgénts of a mathematical discourse use to
access and communicate their thinking. In her aguggrdo derive an algebraic representation
for the " term, she uses her prior knowledge on patternscisty the use of the general
formula to derive a new generalization (episodéng, 10). The use of algebraic symbolism
or representations proved to be the most challgniginmost of the participants in the study.
For example, the results from the L5 and L9 analys®w that none were successful in
using algebraic symbols to mediate their commuitnatvhen generalizing from numeric
and geometric patterns in the task. Learner Lbtsvery sure of the operational signs in the
formula and she ended up using the incorrect esmmeswhich | rejected (un endorsed
narrative — Episode 4, line 10). Learner L9 appedcegrapple with what Tmeans when

asked to deduce or generalize the pattern in tefritee nth term (episode 5 lines 36-9).

The narratives L9 is using can be seen during nudatipn of numbers and other forms of
representations (mediators). The incorrect redagtireviously learned concepts in grade 8 is
an indication of some memorization of mathematindes with limited understanding
resulting in incorrect narratives. The learnerddilto verbally explain and interpret the
formula for the nth term (Episode 6, Line 101). Tilearner has misconceptions about the
formulae that can be used to derive general ra@eary given pattern. This is manifested in
the way she incorrectly situated the operatiorgisi+ or/and — among the algebraic symbols

(see line 10 of episode 4).

From the dialogue with learner L9, the analysiswahdhat she mostly used recursive
methods (routines) under numeric generalizationes€h include, counting, chunking,

structural analysis and guessing (see lines 26,8 B of episodes 4, 5 and 6 respectively).
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5.2.4.2 MEDIUM ABILITY LEARNERS

EPISODE 13 FOR L 15

Episode 13;5: Learner 15 response to questions on cluster houseattern (Question 1)

Properties of mathematical
discourse with respect to

Speaker What was said routines, mediators and
narratives
23 R Take me through the rules you generated éstepns 1, 3 and 4.
24 L15 | In question 1, | have two equivalent rule and therse = 5(n)+1 | Narratives: endorsed
and (1-x) + 6x=y. Mediator: symbol, verbal
explanation
25R What do you call the letters as used in thesrabove?
26 L15 Variables | think But in this case, | will call thenunknowns| Words: variables and
because they can represent any number. unknowns
27R How would find the position if you are giveteam in a sequence?
28 L15 Ok. You mean if there are 103 line segments. Mediator: number
29R Yes. How do you find or work out the position
30 L15 I will makey = 103 and then solve far Routines: solve equation
Mediator: symbols, numbers
31R What does that give you?
32L15 Its (1x) + 6x =103, 1+ % =103, X =103 — 1 = 102 henceb = | Routines: solve equation,
102+5,x=20,4 chunking
Narratives: endorse formula,
reject interpretation
Mediator: symbols, numbers
33R What doex = 20,4 mean to you?
34 L15 It's the answer to the problem when theeeld3 line segments. | Narratives: rejected

Mediator: verbal

explanation.
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EPISODE 14 FOR L 15

Episode 14;s5: Learnerl5 response to questions on numeric pattar(Question 2)

Properties of the
Mathematical discourse

with respect to routines,

Spealer What was said mediatorr)s and narratives

29 R Explain your approach to this question.

30 L15 | ....], then she reads the entire Q.

31 R What do you notice?

32 L15 | From figures 1-4, | see already a pattern such 6s8; | Mediators diagram,

..... for grey tiles and also another for whitegil You numbers o
multiply the figure number by 2 in order to getygtites | RoUtinesproportioning
and sometimes use of a formula would be suitabtkign

case.

35 R What formulae did you generate?

36 L15 | Gp=nx 2: Grey tiles and & n + 2 : White tiles Narratives endorse formula
where G is number of tiles per group and n is the gropfyediator symbols _
number or position. outine structural analysis

37 R How many tiles did you find in group 10?

42 L15 | This is what | did: Group 10 =Gw) + G, (g) Routines explicit

= nx2 + n+2 Mediator. symbol, number
—10x2 + 10+2 Narratives endorsed
=20 + 12

=32

43 R Is it possible to use one formula?

44 L15 | Yes itis possible.

45 R How do you do that?

46 L15 | Combine the formulae above and simplify, | mean Routinesexplicit, structural
Gn(w) and Gn(g) Mediator: verbal

explanation

47 R Say more......

48 L15 | If Gn = nx2 and Gn = n = 2 thendg = (nx2) + (n+2) = Routinesexplicit, structural

3n +2

Narratives endorsed
formulae
Mediator. symbols
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EPISODE 15 FOR L 15

Episode 15;5: Learner 15 response to questions on cluster houseattern (Question 4)

Properties of mathematical
discourse with respect to routines,
Speaker What was said mediators and narratives
121 R Take me through how you did this question.
122 L15 Ok. Here it is slightly different from thgrevious questions. This isMediators verbal explanation
straight forward and easy because we have numatierps in a) as well
asin b).
123 R How did you find the next three terms?
124 115 There is a common difference of 7 in padaits easy to see what Routines counting
formula is needed. But also one can only contiheepiattern by adding 7| Mediator. numbers,
every time to get the next number. Thus 5; 12;289;33; 40 and 35; 30; verbal explanation
25; 20; 15 ; 10 respectively.
131 R What were your ¥0and 58 terms in these patterns?
132 L15 First | had to find a formula or rule faoh pattern. Mediator: verbal explanation
133 R How did you come up with the formula?
134 L15 The common difference was 7, so | had to7mside and then multiply | Routinescounting,
the numbers for the position of the number by 7 lzeudito either add or chunking.
subtract a certain number for you to get to thelmemyou are looking for.| Mediator. verbal explanation
139 R So what formulae did you generate?
140 L15 Tn =7xn -2 in 4a) and Tn = 40 — 5xn in. 4lgot these expressions usindroutines explicit
the technique above. Narratives endorsed
Mediator: symbols

5.2.4.2 (i) LEARNER L15: RESEARCHER’S COMMENTS

Learner L15 initially used recursive methods undemeric generalization routine in
guestions 1 to 3. She developed a chunking approachthe recursive approach. This gave
way to explicit rules such agf 5(n) +1 or/and (1x) + 6x =y for question 1 where n, x are
positions of terms, hand y are the terms in the pattern (Episode 113¢ [24). The learner
relied on number and algebraic representationsddiate her communication and thinking
(Episode 13, Line 32, episode 14, lines 32, 36,aAd 48). The numbers as a type of
mediators were derived from the contextual (diagiamepresentation of the patterns in
questions 1 to 3 (Episode 14, Line 32). Verbal arption became the main tool for
providing and justifying mathematical validity dig generated rules (see episode 13 lines
26-30).
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In an attempt to determine the position of the tdrfb carried out the correct manipulation
procedure but failed to validate her solution (Bdes 13, Line 32-34). When she equated the
number 103 to the rule (1-x) + 6x her solutionxXawas 20,4; this did not matter really apart
from being the answer to the question. In the cdntbe symbol x represented the position
of cluster houses. As such this should be a whoteber and not a decimal number. The
learner’s algebraic manipulation resulted in arornect narrative (solution when working

backwards see Episode 13 line 33.

The learner is able to manipulate/work out the @adfi a term or its position but does not

seem to fully understand the meaning of the saistia terms of the context of the problem.

The analyses of L15’s interview responses fronthinee extracts leads me to infer the
following:

* L15 demonstrated appropriate mathematical compunaitiskills as required by the
task.

* L15 mostly approached the questions using numenalyais and reasoned
deductively when it came to generating a rule. $fas able to use mathematical
notation and variable representations adequately.

e L15 communicated mathematically although she cowutalways provide detailed
explanations to justify her routines and solutions.

» L15 reasoned deductively in her routines and refiedoncrete examples to support
her ideas and thinking.

* She also reasoned proportionally when extendinig et
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EPISODE 16 FOR L 17

Episode 16,7: Learnerl? response to questions on cluster housgmttern (Question 1)

Properties of mathematical

Speaker discourse with respect to
What was said routines, mediators and
narratives
3R Take me through your responses in Question 1
4117 Ok Sir. | looked at the paper and for ttfehbuse | counted with my fingers all| Mediators diagrams, numbers
the line segments so | got 6; 11; 16; ........ Routines structural analysis
5R What did you do next.
6 L17 I made up a formula when | saw there is a pattemtlie number of ling Mediator. verbal explanation
segments.
7R Explain more ......
8L17 My formula is Tn = 6 + (n-1)x5 Narratives formula endorsed
Mediators symbols
9R What do the symbols Tn and n stand for in your fde#
10 L17 Tn is the term, 6 is the first term in the patterty, is the position and 5 is the | Mediators number & symbol
common difference among the numbers in a pattern.
11 R How many line segments are in 4 houses.
12 L17 From my formula Tn = 6 + (n-1)x5 will be;, F 6 + (4-1)x5 =21 Narratives formula endorsed
Routines:solve equation
Mediator. symbol
25R Say more, ........
26 L17 I mean, you will have to extend the pattern thaglor else draw the pictures of Routines counting, extending
the cluster house further and this takes too mineé. t Mediators: diagrams
27R Is taking time a problem....?
28 L17 Yes. You see from 6; 11; 16; 21;..... carries ond Ance you have a position | Routinescounting
number 251 then it means you write down all the Inens until the pattern Mediator. numbers
reaches 151. Its going to be very difficult ... batlong as you understand it in
that way......
29 R What about number of line segments in n houses?
30 L17 This question is asking the nth term, and my foamwith n in it is the answer. | Narratives endorsed

So Tn =6 + (n-1)x5 represents line segments iousés.

Mediator. symbols
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EPISODE 17 FOR L 17

Episode 17;7: Learner 17 response to questions on tiles patterfQuestion 2)

Properties of mathematical
discourse with respect to

Speaker What was said routines, mediators and
narratives

31R Take me through your response to this question

32117 Ok. fig 1 has 5 tiles; fig 2 has 8 tilesldig 3 has 11 tiles | did the counting using my Mediators:number & picture

fingers to see if there is a pattern such adiiaisevery time | go to next figure the comm
difference was 3.

prRoutines counting,
structural analysis

33R How did this help you?

34 L17 Yes Sir, like in fig 5 | just used my fingdvecause adding 3 always say from fig 3 = 11; | RoutinesRecursive, explicit ,
then | knew there will be 15 tiles..... [ ]. Ndts ........ { counts fingers 11, 12,13, 14}.s¥e structural analysis
its 14 Sir. And then from there | just kept on adp8 this time | had not yet written down
the formula.

35R Describe the pattern briefly.

36 17 You see... the horizontal tiles at the bottmen7... each time they increase 1 more tileeat thMediators diagram, numbers
base and the columns each time also increaseiley $¢ when the base is 7 the top tiles arRoutinescounting, chunking,
5. This look like 3x1+2; 3x2+2; 3x3+2 e. explicit

37R How many tiles did you find fof"@nd 7' groups?

38 L17 20 and 23 tiles Mediators: number, pictures

39R Explain more, .......

40 L17 | fig Sthere are 17 tiles, then its 17 +8 20+3 in the next two fig. Routinescounting, explicit,

structural analysis
mediator numbers

EPISODE 18 FOR L 17

Episode 18;7: Learner 17 response to questions on numeric patte (Question4)

Properties of mathematical
discourse with respect to routines,

Speaker What was said mediators and narratives
87 R How did you determine the next three terms?
88 L17 | used a formula. Narrative— formula endorsed
89 R Which formula is it?
90 L17 T=a+ (n-1)xd; T= 35 + (n-1)x-5; this simplifies to, E 40 - 5n. Narratives: formulae endorsed
Mediators: Symbols
91 R What was the formula for 4a?
92 L17 Must | write it also.
93 R Yes.
94 L17 Ok. Its T =a + (n-1)xd where a =5 and d = 7 ther=T/n-2. Narratives: formula endorsed
Mediators numbers and
symbols
95 R Would you generate the formulae without stgrirom
To=a+ (n-1)d?
96 L17 This is a basic expression and one neekisaw otherwise you will have Mediator. verbal explanation
difficulties.
97 R Where is this basic formula or expressioningrfrom?
98 L17 My mathematics teacher at grade 8 taughamd also at maths extra lessons, || Routinesexplicit
think we did something like this. Narratives: formula
Mediator: symbols
929 R What if you had forgotten?
100 L17 | don't think it would be easy to work dbhese numbers. Mediator: verbal explanation
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5.2.4.2 (ii)) LEARNER L17: RESEARCHER’'S COMMENTS

Learner L17 demonstrated recursive and partly eiplinethods when answering the
guestions in the pattern task. The use of fingdrenacounting the number of line segments
in the position cluster houses resulted in a nunrepresentation of the pattern (episode 16,
line 4; episode 17, line 34). Using prior (see epés 18, line 98) knowledge L17 decided to
generate rules or general expressions for theerm from the formula 7= a + (n-1)*d (see
lines 95-6 of episode 18).

The use of previous knowledge became key for L1ffeinresponse to the pattern tasks. The
rules (algebraic) generated in each question wereect (i.e. endorsed narratives). For
example; in episode 18 lines 96-100, the learndi7)Lbelieved that one could not find

solutions to these pattern questions if s/he doe&kmow or has forgotten some rule that their

grade 8 mathematics teachers taught them.

The learner used numbers, verbal explanations, raliegy and formula (algebraic)
representations as mediators to communicate has iged thinking (for example; episode 16
lines 4, 8, 12, 28 and 30). L17 seemed to be morearned with the use of recursive
methods (see episode 16 lines 26, 28 and episodmelB4) in each pattern context and
quickly jumps to an explicit rule learnt in the pi@us grade 8 and at extra mathematics
lessons (Episode 18, lines 90 and 96). The leamesponse in episode 18, line 100 seems to
indicate that he was concerned about how much timeould take to think about other
approaches to calculate larger terms in the pattand not necessarily to what extent the
derived rule (generalization) could generate corvatues. The analyses of L17’s interview
responses from the three extracts leads me totiméefiollowing:

* L1 demonstrated partial understanding of necessamyputational skills as required
by the task.

* L15 mostly approached the questions using numetyais to find a few terms. He
was able to use mathematical notation and variegeesentations to communicate
his thinking.

* L15 communicated mathematically although, he cowitdfrequently provide detailed

explanations to justify her routines and solutions.
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5.2.4.3 HIGH ABILITY LEARNERS

EPISODE 7 FOR L 23

Episode 7.3: Learner 23 response to question cluster housesatiern (Question 1)

Properties of mathematical
discourse with respect to

Speaker What was said routines, mediators and

narratives

9 R | see you read there are three hougassiton 3. So, can you please explain
why you are multiplying by the number of housefiouse position by 5?

10 L23 If you look at the first house, the nnbf line segments can be expresserbutines: verbal explanation,
as 5 x 1 plus some number. Similarly, for two heusts 5 x 2 plus the same structural anal
number am adding in the first picture. So the nuenpattern constructed and counting
from the pictorial representation 6; 11; 16; 21;..,can be expressed as 5xi’0’ff7t’V951 endorsed
+ (1); 5x2 + (1); 5x3 + (1): 5x4 + (1); where thember added each time fjgV/ediators: numbers
1.

11 R | would like to understand your methodeh&vhy are you adding 1?

12 L23 | Because, in the first house there 1, 2, 8, and 6 (pointing at the picture)| Mediators: diagrams,
line segments use. So | figured out that 5 x Iskayives 5 lines but | have numbers,
counted 6, this means my answer is one line ngs&g adding 1 to 5 symbols.
makes it 6 line segments altogether. So my expmedsbks like 5x1 + 1. Narratives: endorsed
And this seem to generate a rule like Tn = 5 xInwhere Tn is term or line| gy tines: structural anal
segments and n is position of cluster houses. and counting

89 R From question 1, Can you tell me how yaubd determine the position
number when you are given 201 line segments?

90 L23 | I will first write down my formula Tn Hn +1. And if 201 is given as Narrative: endorsed
number of line segment then my Tn = 201 so | jast calculate n. Routines: solve equation

Mediator: symbol, number

91 R How would you really do that? Show meap&e

92 L23 | Solving a formula above for n; so 5n = 201 after substitution. ThereforeRoutines: counting, solve
5n =201 — 1 and n = 40, the position with 40 du$iouses containing 210 equation
line segments. Mediator: symbol, number

93 R Will this always work?

94 L23 Yes Narrative: needs clarity

hence rejected

9%5 R Explain to me more as to how will thisrkaut ...

96 L23 | did check some few more examples bymseof substitution methods in the Trarratives: endorsed
expression above.

97 R How many examples are enough for chedkithg rule is correct?

98 L23 I think, [....] two or three are enough? Narrative: reject

99 R Explain what you are going to do in oredetermine position for 21 houses.

100 L23 Similarly, 21 =5 x n + 1. And then 5 tisneis 20. Therefore position n = 4. ....... , by Routines: solve equation

solving an equation in the form of Tn expression.

Narratives: endorsed
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EPISODE 8 FOR L 23

Episode 8,3: Learner 23 response to questions on tiles patterfQuestion 2)

Properties of mathematical
discourse with respect to routines,

Speaker What was said mediators and narratives

35R Explain how you did this question.

36 L23 In the question, they have given us the fitledifferent groups or positions Mediators: diagrams, verbal
and want us to find number of tiles in certain greuwhich are no explanation
represented in the diagrams here....

37R How then did you do that?

38 L23 In fig 1 there are 5 tiles; fig 2 has 8;3ig 11 and fig 4 = 14...., {he Mediators: diagrams, numbers
redraws the tiles and count aloud}..., so | see #iteem as: 5; 8; 11; 14; | Routines: structural analysis,
............... counting.

39R What does this mean to you?

40 L23 It's a pattern with the common difference8dfetween any two terms or | Routine: counting, difference
numbers. method.

41 R Can this pattern carry on?

42 1.23 Yes it will and its probably a direct propion Narrative: rejected

43 R How many tiles were in group 5?

44123 | said T=3xn+2 and since its starting at 5 tiles and aedéffice of 3 then Narratives: formula endorsed
got this formula. Mediator: symbols, numbers

Routine: structural analysis

45 R What the Tn expression for?

46 L23 It is a formula that generates the patte®; 31; 14 ; ........ So in group 5, | Narratives: formula endorsed
there are 17 tiles. Mediator: numbers

47 R In which group can you find 29 tiles?

48 L23 | would use the formula or carry on extedine pattern until | reach 29 | Routines: counting, extending.
tiles. Mediator: verbal explanation,

and numbers

49 R Explain more on this.....

50 L23 Otherwise | would work out using reversédackward like | did with Routines: reversibility,
question 1. Only that this time am using a différegquation T= 3xn+2. So solve equation
Tn = 29 tiles meaning that 29 = 3xn + 2, working fou n gives n=9 Narratives: endorsed

Mediators: symbols
51R What does 9 mean or stand for?

52 L23 Tile group number or position for 29 tiles. Narrative: endorsed
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EPISODE 9 FORL 23
Episode 9,3 Learner 23 response to questions on numerical parn (Question 4)

Properties of mathematical discourse
with respect to routines, mediators

Speaker What was said and narratives

91R How did you do question 4?

92 L23 In 4a, | found there is 7 as a common difiee between any two terms and chpsRoutines: counting, difference
to continue this pattern using repetitive additadrv. The next three terms were: method
26; 33 and 40. For part 4b) | realized that thegein the sequence are decreasjnbyffediator: verbal explanation &
by 5 hence the difference became minus 5. Hencedkethree terms were 20); numbers
15 10. Narrative: endorsed

93 R Did you solve these problems differently?

94 L23 Yes | also used the formula to check if mlpgons are valid. Narratives: endorse use of

formula
Routine: Solve to justify

95 R What formulae are these and how are you géngithem?

96 L23 Like in questions 1 and 2 or generatingrthes using Tn = a+(n-1)d expression| Narratives: formula endorsed
where “a” is first term, “n” is position and “d” the difference value between Routines: explicit methods
terms in the pattern. For part a) Tn = 7xn -2 and)iTn = -5xn + 40 Mediator: symbols

97R How do you know that these are correct foam@l

98 L23 Again these are like generalized expressiomsles, which mean they work in | Narratives: endorse generalized
most cases. Mediator: verbal explanation

99 R What are the terms on™and 58 positions?

100 L23 Substituting n=10 or 50 in the above formaul got 68 and 348 for question 4a | Narratives: endorsed
whereas for n= 10 or 50 gives — 10 and — 210 destjon 4b respectively. Routines: solve equation

Mediator: symbols, numbers

101 R Does this approach always work?

102 L23 Yes, it does work mostly.

103 R What terms did you get for the nth positionthese two patterns?

104 L.23 The nth term is given in each case bgxXpression always and this means in 44, Narratives: endorse the n rule
T,=7xn-2 and in 4b, F -5xn+40 respectively. Mediator: Symbols

Routines: recursive and explicit
105R What position would you get — 500 in 4b)?

106 L23 That will be 2500 + ..., [....], If | substitufl, = -500 into the expression or rule| Routines: solve equation
will be ,..... -5(-500) +40. Mediator: numbers and symbol

Narrative: endorsed formulae

107 R Will that give you position?

108 L23 No! No! No! that will be like am solvingifthe term. | think we have to work Routines: solving equation
backwards since we know the term this time andosition. Mediator: verbal explanation

109 R So what will that position will that be?

110 L23 Since F -5xn +40 then — 500 = - 5xn +40 which is -500=405n and this gives| Narratives: endorsed
—540/- 5 = 108. Therefore the position is 108. Mediator: symbols,

and numbers
Routines: solve equation
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5.2.4.3 (i) LEARNER L23: RESEARCHER’'S COMMENTS

Learner L23 used different types of visual medstwhen communicating his thinking while
generalizing from the numeric and geometric pattesk. The mediators which L23 used
include numbers, picture/diagrams, algebraic symboland verbal explanations (for
example; episode 8, lines 92, 96, 100 and episplired 38, 44, 50). Learner L23 employed
all three categories of generalization routines wigeneralizing from the number pattern
task. At any stage the learner was able switch fr@cursive to explicit methods or
proportion and relational approach. The recursing axplicit approaches within numeric
generalization dominated in both his algebraic esentations and verbal explanations (See
episode 7 lines 10 & 90, episode 8 lines 38, 40&4@2). Learner L23's description of
guestion 1 (Episode 7, Line 10) indicates that rdeo to get the next number of line
segments, a number is added to the previous sEisition of cluster houses. In the next step
(Episode 7 Line 12) he justifies the need to comlMime relationship between the position
number and difference in line segments betweentippshouses. Eventually, Learner L23
manages to generate the rules for finding largendeand, in particular, nth terms (episode 7,
line 1; episode 8, line 44, and episode 9, line 86 worth noting that the learner further
indicates that these rules can also be derived thengeneral expression ¥a+ (n-1)din

the case of linear numeric or geometric patterpséele 9, line 96).

In moving from picture or diagram representatiom® inumeric pattern representations for
example in questions 1 to 3 (Episode 7, Line 12 epdéode 8, line 36), a figural
generalization routine was used. And it is the oS¢he two main routines, numeric and
figural, that counts as pragmatic. Learner L23'® w§ mediators and routines led to
mathematically valid endorsed narratives which lkedun correct generalization.

Reflecting on the analyses of L23’s interview resges from the three extracts above, | infer
that L23 has demonstrated the following:

« L23 has a strong foundation of mathematical knoggeduch as basic skills,
algorithms, conceptual knowledge.

» L23 can abstract mathematical ideas and repregarmgator example, he was able to
demonstrate abstract reasoning and used variablesctly to represent different
mathematical terms.

* L23is able to reason inductively by recognizingteading and generalizing patterns.
He is able to conjecture and justify his explarmaiolnductive reasoning is when a

sequence of individual information is generalizetbia conclusion that is related to
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those pieces of information. Thus by recognizirgtiend one should have the ability
to draw conclusion about the next term in a segelenc
 L23 communicated mathematical ideas in a logicahmea He could use the

mathematical notations in multiple ways.

EPISODE 10 FOR L 28

Episode 10.s: Learner 28 response to question cluster housegattern (Question 1)

Properties of mathematical discourse
with respect to routines, mediators

Speaker What was said and narratives

11R Why are you working with house-positions and the number of line segments?

12128 First | changed the diagrams given into numbers. So these are now terms each on | Mediators: diagram, graph,
its specific position for example, when n=1T,= 6; n=2, T,=11 and n=3, T,=16 tables, numbers and symbols
......... And working as we do with linear graph or equation n=x and Tn=y. | found Routines: counting, chunking & explicit.
that gradient = 5 and substituting this into y = mx+c when n=1 (x), Tn =6 (y) then Narratives: endorse formulae
c=1.

13R Explain more on how you used the values from these calculations.

14128 In this situation, it means y = mx + c is the same as Tn =5n + 1. Narratives: endorsed

Mediator: symbols

15R Are the two expressions equal?

16 L28 | would not say it in that way. | think the “same” here means the give the same Mediator: verbal explanation
line graph on the Cartesian plane.

17R So can you please explain how you used your general rule
Tn =5n+1?

18128 | counted the line segments at position n =say, 1, 2, 3, 4, lines in a rectangle and Mediator: diagram, numbers.

5, 6 extra two lines that are making the roof of the house. This help to make sure | Routines: structural analysis
if my formula is correct (justification). | did the same for position n=2. Narrative: endorse justification

19R Okay, how many lines are at position 2?

2028 Three verticals and four horizontal lines plus another four as the roofs making Mediators: diagrams
eleven line segments by addition. Routine:  structural analysis

21R Is 11 the number of line segments for two houses?

22128 Yes, | checked this by substituting into the formula as well. Routines: solve by substitution

23R Did you follow this procedure for 50 houses or had used a different one?

24128 No, 50 is a big number. | just used my formula without checking it because this Narratives: reject
worked for n=1 & 2. A formula is very good for working with large numbers since Routines: solve by substitution
you cannot draw 50 pictures of houses in order to count the number of line Mediators: symbol and number
segments in them.

25R If you consider the numeric pattern of n and Tn above, why is the number of line
segments going up by 5?

26128 Every time the position number increases by one, you are actually adding a Routines: structural analysis
house by five lines more than the previous. For example if | add a house on n=3, Mediators: diagrams, symbol
this last line (pointing to the picture) will be shared with the extra house so | just numbers and verbal
need 5 lines to complete the diagram or picture. explanation.
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EPISODE 11 FOR L 28

Episode 11,5: Learner 28 response to questions on tiles patterfQuestion 2)

Properties of mathematical
discourse with respect to routines,

Speaker What was said mediators and narratives

55R Explain you method how did you get 17 tiles?

56 L28 This is what | did. You see, ... every time you put 1 tile on the base, | Routines: structural analysis
you also put two tiles one on side or ends of the group, yeah! Mediator: diagrams and

verbal explanation.
57R Do you mean a tile on each end of the base tiles?

58 128 No! you put here.... on[ ]I mean the columns.e fr this tile Mediators: verbal
on the base you need to add one more on each siddso.one explanation
here and one here. diagrams

Routines: structural analysis

59 R How many tile are there in group 6?

60 L28 Sir, | came up with a formula to work out this afamm counting | Narratives: use of formula
the tiles one by one. endorsed.

Routines: diagram and
structural analysis
61R What formula is it?

62 L28 Its Tn=3xn+2 Narratives: endorse formula

Mediator: symbols

63 R How did you formulate this 3xn + 2 expressions?

64 128 The difference between the tiles from one grougnother is 3, and Routines: structural analysis
then you always add 2 on the columns that is wigvie plus two | Mediator: verbal explanation
in the formula.

65 R Do you always have to add two?

66 L28 In this question yes. You Add One tile here,,] ind one tile here | Mediators: diagram, number
also,..[ ]. Soits always two tiles more. Tisisike 3x1+2; 3x2+2;| Routines: structural analysis,
3x3+2; 3x4+2; e.t.c. which gives 5; 8; 11; 14 gmttern anyway. counting and explicit

67 R Can this approach work when finding number of titethe 7"
group and any other group?

68 L28 Yes because the formula generalizes the numbéinssitiles Narratives: endorsed
pattern

81R How would work out the 50group of tiles?

82128 | will draw extending the given pattern as from finst four Mediators: diagram,
pictures. But sir, | think it's a waste of time.dgine the position of humbers
the group is 5000 eeeeish! Routines: counting, struct. A

83R Explain more why you say it's a waste of time?

84128 Because there are lots of tiles to draw. It isdyeti use a formula | Narratives: endorse formula

Tn = 5000 = 3xn + 2 and solve the equation backsvéodn.

Routines: solving equation
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EPISODE 12 FOR L28

Episode 12.5: Learner 28 response to questions on numeric patte (Question 4)

Properties of mathematical
discourse with respect to routines,

Speaker What was said mediators and narratives

155 R Do you really understand the rules you have generated:

156 L28 Yes | do understand this work and all the formulas. Narrative: understanding

157 R Explain in detail to me especially the letters you are using.

158 L28 Ok. In question 1, the formula | found ig ¥ 5n + 1 from the general Narratives: endorse formulae
linear expression y = mx + c or alternatively ¥ a+(n-)*d which || Routine: pragmatic generally
learnt from maths clinicT, is a symbol representing a “term” prVediator: verbal explanation,
“number” andn is the position of any number in a sequence aitt (d and symbols
the common difference between terms in the pattern.

159 R Do these meanings also apply in your general expression?

160 L28 Yes, and &’ represents the first term or number in the patteéhereas| Narrative: formula interpretation
“d" is the difference between any two consecutive lneirs. Mediator: symbols

161 R Do these letters have specific names in mathematiakyebra?

162 L28 I think, | would calla andd unknowns because the represent fixedediator: verbal explanation
numbers in a sequence whilg dndn are variables because they are and symbols
dependent and independent variables respectively.

163 R So you are saying an unknown is specific and fixed,

164 L28 Yes, but variables change every time.

165 R Explain more about this change.

166 L28 For example, in question 4a, ¥ 7n — 2. So when position= 2, T, = | Narratives: endorsed formulae
12 while if n changes to 10 thengy= 68, [...... ], this is how I did Routines: explicit methods
work out 18" term of the number pattern. Mediators: symbol and numbers

167 R How did determine the 80term in 4b?

168 L28 | used the same method of solving But....., this time my formula i$ Routines: solve equation
T, =- 5xn+40 so this gave, [.....] the answer ¢f ¥ - 210. Narratives: endorse

Mediator: symbol and number

169 R What position would you find -1200 as a term irsthattern?

170 L28 Eeeeh! That's too far. But | think, [.....] using tlsame idea of Routines: solve equation

working out an equation for position n in Tn exgies helps. So my
Tn = -1200 which means -1200 = - 5xn + 40 andithi&n= -1200-40,
so -1240/-5 will give n=248. It will be a problefroine does not know
how to generate a formula in pattern problems.

Narratives: endorsed
Mediator: verbal explanation,
numbers and symbols.
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5.2.4.3 (i) LEARNER L28: RESEARCHER’'S COMMENTS

Learner L28 used different types of visual medmtwhen communicating her thinking while
generalizing from the numeric and geometric pattesk. The mediators which L28 used
include numbers, picture/diagrams, tables, algels@mnbolism and verbal explanations (for
example, episodelO, linesl12, 14, 18, 24, episodénkk 56, 62, 66, 84 and episode 12, lines
158, 162, 172).

Learner L28 approached the task on number patteansimilar way to L23 except that her
recursive and explicit methods focused on theiaiahip between the term and its position
in the pattern. In doing this, the formula Tn = &+1)d is expressed in terms of the equation
y = mx + c (Episodel0O , line 12). This approach fell irttee category of numeric

generalization routine. The move from picture oagdam representations into numeric
pattern representations, for example, in questions 3, (episode 10, lines 12, 18 and 20)
indicated a figural generalization routine. Andkithe use of the two main routines, numeric

and figural, that counts as pragmatic.

Having established the numeric pattern recursieelgxplicitly, L28 derived or generated
her generalization expression in terms of the gdriermula related to a linear equation, i.e.
y = mx + ¢ (episode 10, line 12). From the use of a gdregjuation y = m+ c, alternatively,
Th=a+ (n-1)*d, L28 managed to derive the corremtagalization expressions in the pattern
task (see episode 10, line 14, episode 11, linenglepisode 12, lines 166 & 168). Similar to
Learner L23, Learner L28's use of the visual mexdgi@and routines led to mathematically

valid endorsed narratives that resulted in corgecieralizations.

Reflecting on the analyses of L28'’s interview resges from the three extracts above, | infer

that L28 has demonstrated the following:

« L28 has a strong foundation of mathematical knoggeduch as basic skills,
algorithms, conceptual knowledge.

e L28 can abstract mathematical ideas and repregsrmgafor example, she was able
to demonstrate abstract reasoning and used vesiableectly to represent different
mathematical terms.

» L28is able to reason inductively by recognizingteading and generalizing patterns.
She is able to conjecture and justify her explamasti
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» L28 is also able to reason deductively as she iiigthtnecessary conditions for any
generalized rule to hold (i.e. domains of applitghi Deductive reasoning is used
when a generalization relating to pieces of infdrarais known and a conclusion
about a specific piece of information is desired¢am be drawn.

* L28 communicated mathematical ideas in a logicahmea She could comfortably

use the mathematical notations in multiple ways.

5.2.5 DISCUSSION OF THE SIX LEARNERS INTERVIEWED

The learners L23, L28 were classified as high gbitiased on their responses to every
guestion of the written task. The two learners aharacterized by their abilities in
identifying, applying and verifying generalizatiooutines correctly in any problem context
in order to generate the correct rules. The vetion process involves justifying the entire
approach and solution with respect to the problemntext.

The ability to make proper choice of generalizatrontines for each question in the task
showed that these learners can model most algepraiclems at GET phase. Having
demonstrated three generalization routine categ@siee table 5 in chapter 4) in their written
and oral responses, the two learners’ ability te owultiple routines provided them with
various options to best responses to particulaamtes. L23 and L28'’s ability to describe the
various facets of the rules for th8 term indicates their strong thinking and underditag of
the generality of rules. For example, they wereedd interpret the symbols and their
operational signs in the rule or general formulehsas T, = a + (n-1)*d.

The two learners seem to understand that the mitekel the pattern context on the basis of
which quantity changes and which quantity stays same (i.e. in/dependent variables).
Hence they were able to deduce how the patternmu@ms. For example, L23 understood that
the rule T, = 5n+1 is derived visually and directly from thattern context. He saw that each
additional cluster-house added to each consecuyibsition of the cluster-houses require
adding 5 line segments and this was representdtkinule by multiples of 5. The plus 1 in
the rule was verified by conjecturing a number dol ar subtract to the multiples of 5 that
would result in the pattern 6, 11, 16, 21, ..... Y e

The learners L15 and L17 belonged to the mediuntitlgroup. Their analyses were
characterized by their flexibility in understangiand use of recursive approaches such as
counting or chunking coupled with the explicit udfethe ideas learnt previously (i.e. use of

the formulaey = mx+c or T, = a+(n-1)*d). The learners’ responses throughout the task used
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numeric generalization routines. It is interestinoghote that besides mostly deriving correct
rules to generalize the pattern problems, the &arstill grappled with linking their rules to
the context setting. Such instances provoke a dilaras to why their derivation procedures
continued providing rules that worked with differemput or output values for each number
range forx = 20,4 fory =103 (episode 13 lines 32, 34). The learner L15iexh out the
manipulation procedures correctly but with lessarsthnding as demonstrated by how she

worked backwards.

The learners L5 and L9 were drawn from the lowigbdroup. These learners were mainly
characterized by their inability to provide a coetpl generalization using at least two forms
of representations (multiple representations gboases). The learners seemed to have a fair
understanding of the numeric generalization routpaticularly recursive methods, as their
written and oral responses employed no explicisoaang. Both learners struggled to
generate or establish any form of the correct alijelyeneralization in terms of th& term

as they seem to perceive that the rules should feonBarticular cases and not in general (see
episode 1 line 10 and episode 5 line 36). It i® aferesting to note that L5 managed to
provide a correct verbal generalization in episdi@e 66 but later grappled with the correct

algebraic representation as observed in lines 89/arof episode 2.

The analyses of the interviews indicate that onettbf the participants (L23 & L28) are able
to employ the three generalization routines colyeathen generalizing from the number
patterns. These routines include numeric, figurad @ragmatic routines (see table 5 in
chapter 4) with further subcategories, for exampdeursive, explicit, proportioning,
relational andguessing, chunking, countingtructural analysis, work backwards methods
respectively. These learners seemed to have a gstumderstanding of multiple
representations of generality rules within or asrosntexts in task.

5.3 SUMMARY OF THE ANALYSES AND FINDINGS

In this chapter, | discussed the results and aealg$ written and interview responses. The
theoretical and analytic framework provided me witiols for analyzing the written and

interview responses. Through the analysis of thestjonnaire task-based interviews a further
refinement of the analytic framework emerged witloeus on LR (see table 5). Three of the
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four properties of a mathematical discourse iiaitines mediators and narrativesvere

explored in the learners’ responses to the quesdion based task.

A further examination of the three properties & thathematical discourse provided insight
into learners’ abilities to communicate their raaag when generalizing from number

patterns. The analyses also show that the learmasipulations within and across different
representations was the main challenge. The ledrnse of routines and mediators to
produce correct mathematical narratives when génieia in number patterns depends on
their ability to reason mathematically. The absenteany of the distinct features of a

mathematical discourse makes it difficult for pagants of a discourse to communicate their
thinking.

The overall results show that the participants ussdlirsive methods (i.e. counting and
chunking), a type of numeric generalization routiteerepresent and express their algebraic
reasoning more than they employed the other metfrodsines) combined. In particular the
high and medium ability target participants (L15& 7, L23 & L28) demonstrated that they
can use the recursive and explicit routines int@ngieably in a problem context. In contrast
the explicit routines were almost non-existenthe tower ability participants. In the next
chapter, | provided further discussion of the rssahd findings of this study.
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CHAPTER 6 DISCUSSION OF RESULTS ANDFINDINGS:

INTRODUCTION

This study set out to explore grade 9 learnerstlaigic reasoning as they generalize from
numeric- geometric number patterns. It focused tpaom the routines that the grade 9
learners employ, and how they represent their resg® when communicating ideas and
thinking (i.e. mediators and narratives) when gelimng from number patterns. In this

report, I have organized and discussed the paatitg) responses according to a
commognitive perspective. In the analyses, | exathithe participants’ routines, mediators
and narratives as the main features of a discais®g the analytic tools developed for the

study (see chapter 4).
6.1 PARTICIPNTS’ COMMON ROUTINES

Many of the learners’ routines identified in theegent study have been found in previous
research studies on number patterns. The gendiafizautines that | have categorized as
numeric (i.e. recursive and explicit methods) cgpmnds to what Stacey's (1989) and Orton
and Orton's (1994) categorize as counting, diffeeerwhole object, and linear methods.
What | have categorized as figural and pragmatitegdizations corresponds to recursive
and functional strategies as identified by Swaffandl Langrall (2000). The findings of the

study show that the participants’ routines do rahe into their minds in a straightforward

manner regardless of the clues embedded in the eupditern context they engage in. For
example, participants who are able to predict grtihumbers in the pattern tend to express
their manipulations algebraically, to recognize ieglent expressions, and to use algebraic

rules in solving problems associated with the nunplagterns.

The routines that the participants of the study legga mostly fell into the category of
numeric generalization which includegecursive and explicit routines. The learner was
considered to approach the task recursively whbea demonstrates counting, guess and
check or chunking methods. Most learners were ébleletermine the next few terms
recursively but not the rule for thé"rterm. As most learners used recursive-counting
methods at some stage, it is important to take raddge of the learners’ abilities to employ

recursive thinking to communicate ideas and worlexpand this into algebraic reasoning.
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Current studies show that learners’ strategiestifres) can provide useful information for
classroom pedagogy. For example, learners usedlitfeoutines when they generalize linear
situations (Healey & Hoyles, 1999, Stacey, 1989affwd & Langrall, 2000 and Lannin
2001). It is not surprising thaecursiveapproaches dominated other routines when learners
generalize from number patterns. The findings aédate to other studies’ (e.g. Macgregor
and Stacey, 1993; Hershkowitz et.al 2002) whicteaéVearners’ tendencies to generalize
recursively rather than to use explicit approaches.interesting observation is that most
learners who relied on recursive methods did nnait to determine a B0term or they
gave incorrect responses. There were also a fetanioss in which recursive and explicit
methods were employed simultaneously at some levbls often resulted in correct
responses (see interview analyses). The succes®mé learners (e.g. L23 & L28) in
generalizing number patterns can be partly attedbtid the nature of the questions in the task.
All the questions in section A were linear-geoneepratterns of the forng = mx + ¢ while
section B of the questionnaire task (not part @ 8tudy) consisted of non-linear pattern
guestions. Concerning linear patterns, Stacey (L8&Qinguishes between what she calls
“near generalization” tasks in which finding thexnpattern or elements can be achieved by
counting, drawing or tabulating and “far generdima’ tasks, in which finding a pattern

requires an understanding of the general rule.

However, it is difficult to predict from these réisuif the learners would show the same or
similar generalization routines when they are presk with non consecutive figural or
pictorial terms in a pattern instead of the thremsecutive terms as in the study’s
guestionnaire-based task. Although this scenariooisthe focus of this study it might be
interesting to explore or learn from other studogs issues associated with instructional
design. What is not clear also is how these gematain routines affect the development of

algebraic reasoning (see algebraic thinking inise@.2.3).

6.2 PARTICIPANTS’ COMMONLY USED MEDIATORS

Representations the display of the mathematical relationshigsg pictures, graphs and
symbols. The symbolic representation for example take one of the following forms:

tables, algebraic expressions, formulae, numbevedral (written or spoken words). Use of
different mathematical representation includesftilewing aspects: i) interpretation of the
mathematical relationships presented in any ofdhas cited above; ii) linking or matching
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of different representations of the same mathemlatétationship. For example matching the
pictorial, tabular, graphical, verbal explanatiorda rule such as, E 5*n+1 in question 1 of
the task; iii) the creation of multiple represemas of the same relationships and iv)
recognizing how a change in one representatiorctafibe other with the same relationship.
An understanding of multiple representations ofhreatatical concepts is one of the skills of
algebraic reasoning. Drawing on the theoreticam&aork of mathematical discourse, the
word “mediators is used in the study to meaapresentationsThe participants of this study
made use of different forms of mediators to comroate their thinking when generalizing

from number patterns (see table 9).

The participants from the high ability group desed how they made sense of pictorial
representations translated into numeric representatbefore attempting to generalize
symbolically. The learners acknowledged that numegpresentation of patterns is useful
and assists their understanding. In their respottsgsiestions 1, 2 and 4, learners’ routines
interact with endorsed narratives when generaliziigo, the high ability learners attempted

to find the relationship between the terms and thesition in terms of and T,.

The analyses of the medium and low ability parioig reveal important aspects. Their
verbal algebraic reasoning was characterized byindgraction between routines and
mediators which produced narratives that | eithedoesed or rejected. On the other hand,
inadequate algebraic reasoning demonstrated byotheability learners was consistently

linked to inappropriate knowledge transfer betwessresentations when generalizing.

According to Sfard (2007:571) “visual mediators ameans [with] which participants of a
discourse use to identify the object of their tatid co-ordinate their communication”. For
Sfard, all forms of communication are visually nadd regardless of whether the mediators
are obviously present or not; in a discourse theyadways used by participants to create
narratives. The use of mediators such as verbdheapon, numbers, diagrams or graphs
(examples of iconic mediators), tables, algebraaressions and formulae were observed in
the participants’ responses. These mediators fonpaetdof the multiple representations the
learners used to communicate with in the discoarsslgebraic generalizatiofrom number
patterns. Theaumberswere the most common form of mediators (24) usecommunicate
their thinking, followed by verbal explanation (1Diagrams, graphs, tables and algebraic

representations were used the least (see tables@dion 5.1.3). The numeric (number)
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mediation comes as no surprise because most phttieipants’ mathematical manipulations
were classified under numeric routines of genea#ibn. This may be an indication that the
verbal skills develop along with numeric and synbokasoning. This result has huge
implications for the teaching strategies for algelr schools. The learners’ use of informal
methods such as verbal explanations for findingtgmis during problem solving creates an

in-depth understanding of the mathematical concepts

On the other hand the participants of the studydoextending patterns numerically easier
than making symbolic representations of the sannebeu sequences. For example, an extract
represented in episode 17, reveals an interestisgreation: L17 initially derived his rules
for patterns from a general rule of the formm=Ta + (n-1)*d for any linear number pattern.
When asked to argue for (justify) the formulg=T3n+2 in question 2, another reasoning skill
was realised (Episode 17, lines 34 & 36). SpedliffcL17’s visual mediation of the tile
pattern helped him to access the recursive andcéxpbutines. This shows a functional
relationship in terms of in/dependent variables.the context of the tile problem, the
independent variable is the tile group or positimmber (n) while the dependent variable is
the number of tiles per group or position,)(TThe participant failed to see the functional
relation when he identified the pattern 3x1+2; 3&28x3+2; .... ; ..... to mean the same
pattern as 5; 8; 11; ..... D een) eeee His visoeediation and routine processes engaged in the
tile problem could not translate into the matheoatnarrative J= 3xn + 2 and yet this is

equivalent to the numeric representation shown @bov

Many learners grappled with generating rules usirgsymbols where some had difficulty
with which letters or symbols to use and their niptetation. The purpose of using algebraic
representation was perceived by many participahteeostudy as a means to perform some
manipulations to get an answer. Such perceptiotiesthat the use of algebra as a means of
expressing generality was non-existent in theirtin@s. The analysis of the participants’
forms of representations has taught me that the afsalifferent representations in
mathematics is not as important as linking andsleding the representations within and
across contexts correctly. Making connections betwedifferent mathematical
representations is an issue of conceptual undelisgrand was not fully explored in this
study. For example, in episode 11, line 66, L2&fjes how she generated ¥ 3n + 2, a rule

of generality for the tiles problem in the task.rdigh the use of recursive and explicit

routines mediated by numeric and algebraic reptatens, L28 was able to produce the
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correct narratives. She also demonstrates heiaeddffunctional reasoning by recognizing
in/dependent variables in play when carrying outnimalations. She reckons that the
representations,= 3n+ 2, 3x1 + 2; 3x2 + 2; 3x3 + 2; ....... and 5; &; 1.... are equivalent

expressions as they mean the same number pattern.

The results on the use of mediators are in lindn Wannin’s (2005) findings that suggest
many learners’ inability to work simultaneously itnultiple representations. The study by
Gagatsis and Elia (2004) found that pupils tendexperience difficulties in transferring
information across contexts rather than within eatg. For example, the numeric pattern in
guestion 4 was found to be tackled with greatecsss by some learners compared to the
corresponding patterns in questions 1, 2 and 3inDuhe analysis of the learners’ data, in
many instances the transition from arithmetic tpehta was observed to be either too abrupt
or nonexistent probably due to the fact that theadicipants were more familiar with
manipulating numeric representations from schodheraatics textbooks than other forms of
representation. The mathematics curricular andteits from early grades arguably need to
take a symbiotic approach to arithmetic and algeSeparating the algebra and arithmetic
makes it more difficult for the learners to leatgedra especially in later grades. A broader
conception of algebra emphasises the developmeaigebraic reasoning and not just being
skilled in algebraic procedures. Development okhigic reasoning is generally reflected in
the students’ ability to generate, represent, amgiify generalizations about fundamental

properties of arithmetic (Carpenter et al., 2003).
6.3 LEARNERS’ ALGEBRAIC REASONING

In a mathematical Discourse, algebra continuessta manipulable language for expressing
generalities concerning relationships. What is &bgut this language is that it does capture
and expresses the idea of structure itself. So edegnparticipants in a discourse express a
generality about numbers they are actually deswyiland capturing some structure. For
example, the structure of all odd numbers can hmessed asri21l for any integem

(Radford, 2000). In expressing the generality, ipgdnts of a mathematical discourse turn
their attention to properties which characterizenhars, such as properties of 0 and 1,
distributive, associative, commutative laws andphesence or absence of both additive and
multiplicative inverses. On the other hand, thentmg of objects, pictures, diagrams making
up structured arrays representing numbers thensekseal generalizations expressed in

algebraic language. It is therefore no coincidetizg the participants of this study were
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engaged in communicating through this language xpliatly generate correct rules

(generalizations).

Expressing generality is an example rehsoning aspect¢see section 2.2.3) required in
algebra and is characterized by one’s ability terafe on, and with, unknowns or variables
(Carpenter, Franke & Levi, 2003; Kaput, 2000; NCTRQO0O). There are two types of
reasoning the participants in the study demonstrateductive reasoning and deductive
reasoning. The overall analyses show that mostndesr reasoned inductively when
generalizing in number patterns. The fact that rpasticipants of this study continued using
familiar ways of operating based on numbers israfication of their inability to make a
transition from arithmetic to algebraic thinkingn algebra, variables are used in several

ways. They may represent:

« A specific unknown number(s) such as im3#55 = 50,n* + 5n + 6 = 0 or a varying
guantity that relates to another eyg= 5x + 5 orx —» &- 5.

* A generalization that can take on values of a faumbers as in x + (-x) = 0 and/or

3n - 7 and an object or equivalence, for example~Xx cm orx F=1Y i.e.xfeet = 1

yard.
This finding is consistent with literature reviewelor example, Stacey and Macgregor
(2000) found that many students solve problems digutating with known numbers and
working towards the answer, instead of construcéing using equations (i.e. generalities) as
statements of equivalence relating known and unkiso{&tacey & Macgregor, 2000). The
introduction of a well designed mathematics cuitou that aims at strengthening the
learners’ arithmetic problem solving skills whileogiding opportunities for the growth of
algebraic thinking may be a way forward to narrdve talgebra — arithmetic gap (see
symbiotic approach in section 2.2.3.3). Also, givihe learners plenty of opportunities to
work with visual symbols that are not letter synsbakhn help smooth the transition to
algebraic reasoning. For example, using pictoryahl®ls to represent quantities first then

moving on to the use of letter symbols as unknoarngriables.

Consistent with prior research the overall findirage similar to the studies conducted on
both students and elementary school pre-servicehéesl understanding of algebraic
generalizations. The studies reveal that althougktrparticipants, who were able to solve

specific cases numerically by extending the pastehad considerable difficulty when it
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comes to determining an algebraic rule (MacGreg&@t&cey, 1997; Zazkis & Liljedal, 2002;
Hallagan, Rule and Carlson 2009:201-206). Such odsttimit learners from accessing the

general structure of all elements in the pattemted.

As outlined in the theoretical framework (sectiaf.3), a “narrative” is any text, spoken or
written that is framed as a description of objent®f relations between objects or activities
with or by objects and is subject to endorsememejaction i.e. objects or activities that can
be labelled as true or false (Sfard, 2007:572).desetl narratives which are also known as
“factual statements” refer to the narratives laxtlhs true and acceptable by the members of
the mathematical community. Being able to genegdiiam number patterns depends on the
correct use of routines and narratives that lead ttesired conclusion. The mathematical
definitions, rules (axioms), theorems or proposti@nd formulae are examples of narratives.
The results of this study indicate that most cdrrexratives (endorsed) were demonstrated
and used by the high ability participants and pabstl the medium ability participants (L23,
L28, L15 & L17) in support of each step of generaiion (see episode 14, lines 36, 42 & 48;
episode 9, lines 96, 104 & 110). On the other hiwedlower ability participants grappled
with using correct narratives in their responses.dxample, it was observed that L9 claimed
to derive the general rule for th& term from the formulae n*5 and, E a-(+1)d or af-1)d
respectively (episode 4, line 10). But none ofsthalgebraic expressions could lead to a
correct generality to the patterns in the taskckdrrejected them. Inadequate understanding
of how to use mediators and routines when genanglizom number patterns appeared to be
the cause of the learners’ production of incorreathematical narratives  (Episode 2, lines
69, 74 & 153; episode 4, line 10).

6.4 OVERVIEW OF LEARNERS’ DIFFICULTIES IN RELATION TO THE TASK

Throughout the study, learners found it difficutt €xpress generalities in appropriate
language (endorsed narratives) using appropriatmsijc words and symbols (visual
mediators). This is because most learners in tidysinly learn to use appropriate symbolic
notations in contexts which have meaning for thévtagon, Burton & Stacey, 1982).
Mathematical symbols carry abstract meanings (Pi88) and sometimes involve unknown
numbers. These symbols are often ambiguous to dearand yet have to be precisely
connected to the language of representation basétegroblem context.
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Therefore, regardless of the abstract nature obsysnin mathematics the learners still need
to translate the mathematics into correct langudgepresentations (see algebraic language
in section 6.3). Being able to continue any givettgyrn can be taken as an understanding of
the repeating patterns. On the other hand, beitegtaldescribe the “general” aspect of the
pattern can be seen as a means to the solutioheopattern. From the cohort of the
interviewed learners only three (i.e. L23, L28 arid) used the correct general expressions

that could satisfy the"hterm and position n for any term in the patterns.

Some sequences in the questionnaire based taskimterpreted as repetition or growing
patterns in both visual and numerical contexts. fiinee most frequent cases happened to be
question 1, 2 and 3 with visual-pictorial terms threir sequences and question 4 with
consecutive numeric terms in the sequences. Leaneéied on recursive methods without
paying attention to the independent variable (pmsithumber) in these sequences. The
majority of these learners achieved better resaiisés (TLA see QRASS Appendices) on
guestions involving numerical sequences than osethavolving visual sequences. They
presented very low scores in completing the mosiégjuence whose nature was purely visual

and partly tabulated.

The first two questions may have caused some diffes possibly due to the pentagonal
shape of the cluster house design in 1 and theltsineous variation of the width and height
of the tile-group. Question 3 of the questionnéagk was the most difficult for most learners
to solve. Learners identified only the dots irretpe of the number of lines in motifs at any
given position. The presence of the table of valay possibly have influenced them to pay

less attention to detail and they hence used, nogpjately, a direct proportion method.

Drawing on episodes 1 and 2, learner L5 was abt®mbdinue with the patterns in the context
(form) given and the later into numeric form. By ans of counting, L5 determined a

pictorial representation of the cluster houses &yegating a numeric pattern 6; 11; 17; ....
e e (see line 4 of episode 1). The participunther claimed that with this approach,

he could calculate the number of line segmentaifigrset of houses. It does indicate that for
L5, a search for an easier solution at first wasimdnis approach. But later he realized that
there should be some sort of “formula” that coudtbrsolve the problem quickly (Episode 2,

line 66). After persisting, the learner noticedttbach tile — figure starts with 2 plus (figure

position number) multiples of 3 (Episode 2, lin@&74).
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Learner L5 experienced difficulties in finding stiduns to question 4 a), b). | wondered what
made this learner fail to comprehend the numerimfof a pattern and to deduce some
general expression as was done in questions 1 aHe 2lid eventually manage to see the
repeating pattern in 4a) and 4b) as increasing bffine 139) and decreasing by 5
respectively. There are two things | noticed in toaversation with L5. The solutions to a
tile problem could be found from the generality igggle 2, line 66) made by attending to the
first element in each unit of repeat. In this agglg L5 introduced algebraic symbolism
which was absent in his solution in question 1. Wikanoticed here is a common tendency
among the participants to look for an exact sofutto a general solution. The search for a
solution implies looking for a single formula thégtermines the location or position for any
given number. As such, the participants’ failuregenerate such general expressions or
formula (i.e. generalization) left them feeling deguate. A common opinion among peers
and students is that mathematics consists of iddaliwork devoted to solving tasks with
only one correct answer (Schoenfeld, 1992). Emibgasuch opinion will imply that
mathematical understanding equals skills to useriéiigns and getting the right answer in

problem solving.

Some of the learners’ difficulties that resonatexht their engaging with the task on number

patterns are summarised in the following five psint

® Students have difficulty with Algebra for one okthame reasons they have difficulty
with arithmetic — an inability to translate patterontexts into solvable mathematical
symbols (generality rules). An inability to intetggaarithmetic and algebraic
knowledge in the number pattern context is due paréial understanding of either of

the two (arithmetic — algebra gap).

® Students with low performance abilities grapplalistinguish between relevant and
irrelevant information; they have difficulty with uttiple translation and

representation problem situations.

® Algebraic translation and representation involvessigning variables, noting
constants, representing relationships among vasadhd assigning numerical values

to variables.

109



® Abstraction — the use of symbols to represent nusnbad other values is seen a
difficult process. For example, learners struggliéhwnanipulations (numeric) to
solve linear equations or functional relations.

® The assumptions that many learners are familidn faésic mathematical vocabulary
and operations are not in line with the reality. nyldearners are not fluent with
numbers. For example, learners view the + andanaweration as opposed to a sign,

® Also, previously learned mathematical conceptdrappropriately applied to the task
at hand. For example, proportion and substitutierewinappropriately applied in

calculating the position of a any given term (edisd, line 6; episode 2, line 74).

Misconceptions are flawed beliefs which studentisl.hiisconceptions in mathematics are
conceptual structures in the learner's mind whicakensense to the learner but are not
consistent with the socially sanctioned body of eatatical knowledge; they are incorrect
features (narratives) of student knowledge thatrepeatable and explicit. A major cause of
misconceptions is the lack of understanding of maidtical concepts. Such
misunderstanding may then lead to the formatiomigtonceptions and false generalizations,
which in turn hinder the learning of mathematicsthkey are not properly dealt with.
Misconceptions denote a line of thinking which aad from deeper levels of errors (Nesher,
1987). Resnick (1984) also argues that the mo@ptete the students' knowledge base, the
greater the likelihood that the students will gaternncorrect mathematical inferences and
narratives. Many misconceptions are deep rootedlistoand resistant to change. , Osei
(1998) described his students’ misconceptions asy“\strongly held” and “not easily
changed by classroom instruction. This was evidesasman et al (1998)’s research results
on functions; they found that after all the actestthey gave, a multiplication misconception

was persistent and remained obstinate.

In my study, there were som@sconceptionfrom L15 and L17 which presumably emanated
from learners’ previous experiences with linearagopns. | see from their discourse that they
always solved equations from left to right and meviee-versa. Although the two learners
recognized that their approach relates to thatobfirsy for the unknown in the general
expression, they continued to disregard the invepsgations when finding the position n of
a given term in sequence or pattern (thus, theydcoat work in reverse with the general
expression). This reversibility method of finding@ution for the unknowns works relatively

well for any question about the position of a tersing the expression or rule for tH& term.
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For L15, it is interesting to note that the appfoa€ working out T, as unknown was not
much of an issue but rather if given the valuehefterm say 500, the learner grappled to find
the value oin (i.e. position of the term 500). For example, dregwon episode 13, line 26,
L15 seems to think that a variable and an unknowanmthe same thing as they are merely
symbols or letters that represent any number. ik épisode, the learner does not make a
correct mathematical distinction between the twd #ns such misconceptions that lead to
unendorsed mathematical narratives. What is womkting here is that most of the
participants’ generalization routines were inadéglya interacting with the narratives

necessary for communicating in mathematical disssur

6.5 LEARNERS’ MATHEMATICAL COMMUNICATION

The study draws on a commognitive perspective whitbws communication (an
interpersonal activity) and thinking (an intraperabactivity) as different forms of the same
phenomenon (Sfard, 2008). Communication has bedweyathroughout this study. The
participants were tasked to communicate their ideasin writing and then orally through
interviews with the researcher to explain their meatatical thought processes behind each
pattern question. The aim was to foster studerge’ @f mathematical language by having
them define number patterns in terms of some o#lahips while using different forms of

representations.

The notion oflanguage fluencyeither for ordinary communication or communicationa
discourse emerges from the analyses made in ch&pt€his study is situated within a
mathematics discourse and is guided by the thedrycammognition. The learners
participating in the study use English language dommunicating and learning in the
classroom whereas on the other hand mathematiasd&scourse has its own mathematical
language (register). This scenario resulted inym@arners being placed between a rock and
a hard place as English language is not the fasiguage of most participants. A
mathematical register develops when language id tseexpress mathematical ideas and
meanings (Pimm, 1991). This implies that partictpasf a mathematical discourse create and
use correct narratives to communicate their idemsthinking. Mathematics register is the
way in which mathematical ideas and concepts havxtcommunicated. The language used
in the mathematics register serves different puep@s opposed to the ordinary language for

example, mathematicalordsandinstructionsin both verbal and symbolic representation are
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mathematics specified and often unfamiliar to meatners for example, words like volume
other than “capacity”, function meaning an equatitimer than a “party” and symbols like —

i.e. a subtraction sign other than a dash.

Boulet (2007) suggests that language plays an itapbrole in the mathematics classroom.
He further argues that fluency in a language opgmghe whole world to mathematics
learners since they need mathematical languagelatiifycand justify their ideas and
procedures. In addition to being responsible faating the opportunities for learners to
engage in discussions, exploring, negotiating, ahdring knowledge (Manouchehri &
Enderson, 1999) teacher’s own use of languageamththematics classroom serves as an
important example of effective communication. Macioehri and Enderson (1999) further
claim that spoken language is in large part resptagor problems in the teaching and
learning of mathematics holds in the sense thatt mbsur learners are second language
learners so if language of communication in classest clear and understood then problems
in the subject arise. Teacher’'s knowledge in théheraatical discourse is very important. It
helps them identify language problems in theirdees and settle the difficulties. Boulet
(2007) again argues that learners must be drivenviays of developing a mathematical
language so that they can be able to read, integmé describe mathematical notations
themselves and also define and understand matteainggirms. From the findings of this
study, | concur with Boulet that the learners neéedmaster the language aspects of a
discourse. Since the study set out to explore é&arralgebraic reasoning when generalizing
number patterns, it was necessary that the paahtsppossess a knowledge base or language

aspects of numbers, patterns and generalizatiensggions 2.2.1and 2.2.2).

One strategy that can be used to initiate and ra@ivearners into communicating
mathematically is by encouraging them to write dowheir talk or thoughts about
mathematics and thereafter work on the informahtike it formal. A second way could be
taking the informal spoken language, formalisend ghen put it in writing as formal written
language. In this case learners rehearse more f@poken language skills through play.
Jaworski (1995) suggests that, where the focus imathematical language, learners may be
asked to say what they have seen, maybe on a opteture or a diagram, to the rest of the
class, under the constraints of no pointing orawhing. Similar approach was adopted in
this study during the interview sessions with taeipipants except that the participants were

responding to the researcher’s questions. Thisshelfocus the challenge on to the language
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being used to retell the story of the picture, eost diagram. A third way could be through
investigations where learners are to report badhr thndings to the class using formal
language; this may help learners to become moradbin the use of language in public and

their work may also become more structured.

In this study, the participants’ mathematical comroation resonates with the theoretical
framework of commognition. Sfard (2008) combine@ tlwo terms communication and
cognition into “commognition” meaning that thinking communication and learning
mathematics is to modify and extend one’s discouts@ssroom mathematics discourse is a
tool which helps learners to understand mathematmacepts through communication and
effective engagement in mathematical activitiese Tommunication for instance could be
through written work or classroom interactions. Mahatics discourse is important for
professional growth and helps the participants ewample, teachers and learners to take
charge of their own mathematical learning. A disseumakes thinking public and creates
opportunities for learners to engage in argumemggjotiate meaning and agreements. By

expressing their ideas learners clarify their owdarstanding.

6.6 COMPARISON OF INTERVIEWED STUDENTS

Almost 60% of the participants (entire sample — l88rners) were able to apply their
conceptual understanding of implicit numeric ruiegpredict the next terms’ positions in the
pattern, without necessarily being able to artiuthe general rule (generalization). A few
learners (5) included a constant at first as thegctly worked from the general expression T
=a + (n-1) d when formulating their own rules. Later these &hers experienced difficulty
when the numbers they were working with increasétky resorted to doubling methods
(say, 10" term is two times B term) i.e. they inappropriately assumed direcppraonality
between terms (Orton & Orton, 1998). The two |leesme the low ability target group did not
recognize that a constant need to be included eawmetheir numeric explicit rules.
Surprisingly, they were able to apply their incoetplrules correctly to most of the next few
terms of the patterns in the questionnaire basgd Ehe target learners from both medium
and high ability groups chose expressions basedpamating with unknown terms when
generalizing from number patterns and also adajbteid own syntax in the form of symbolic
language to communicate their generalizations. g Hfieslings resonate with the notion that

learners bring numerous resources to mathemattoatisns and the approaches they choose
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to apply to any given problem are influenced byaaiety of factors for example, prior
knowledge, social context, problem context and meatr quality of instructional design
(Carraher 2007:5).

It is also striking to note how comparable the tgritand oral/verbal generalizations of the
interviewed participants were. Analysis show thedrhers found it easier to informally
verbalise the generalization rather than to pro@adermal written response. For example, in
guestion 2, some orally gave descriptions sucHtiles increasing by 2 every time”,
“number changes at the bottom and the stairs” §iges- columns), “the change is group
times 2 and plus 2 tiles”. Such a range of orspomses demonstrated that learners were able
to verbalise their generalization. However, mangpgted in expressing their thoughts in
written form.

Reversibility reasoning was another challenge that target learners faced during the
interview. Each learner was presented with the rarmobline segments or tiles and asked to
determine what position these represented. Suclstique tested their ability to work
backward (reversibility) where one needs to eqtlagecorrect rule of generality or formula
with a given number (see episode 2 line 74) and Hudve the equation in terms of position.
Unfortunately the majority found this very difficuperhaps this was because they could not
link their generalizations to properties of equasicand also some learners seem to have
limited understanding of number patterns. For eXdam® started investigating the pattern
(episode 4, lines 2 & 4) and then later decidedety on her prior knowledge of using a
formula

Tn = a-(+1)*d learnt (Episode 4, line 10) in grade 8 thevious year. Reflecting on the
formula above, the learner experienced difficultyassigning the + or — operational signs
among the symbols a, n, and d. As a result theoagprto generalize the solution or check
which formulae would be applicable came to a deadl &imilarly, learner L5 eventually
abandoned her formula building routine and optedotatinue attending to counting patterns
such as addition of 5 (Episode 1, line 4) and a&mldibf 7 (Episode 3, line 153. Manson
argues that students rush into building equatiomslving unknowns with little knowledge
about how these unknowns are linked to the pateoblem or context (Mason 1996:75).
Questions on patterns seek algorithms that leagket®ralization and not a mere algebraic
manipulation. | make a similar observation. Leald@s symbols in the formula learnt in her

previous grade were not helpful as the task cansispattern seeking questions and not just
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algebraic expressions. The lettexsn and d are used as symbols. Generally, the initial
observations in the learners’ verbal responseswrigen and spoken), show that the constant
difference between numbers or terms in a patteme \wealized with little problem (visually
mediated). Thus similar to L9, most learners look&zhg the visual pattern and linked the
terms in the pattern with their positions. Ironigamany participants were led to give partial
solutions to questions without being thoughtful ratiltiplicative or additive operations

necessary to establish or generate correct gerstiah rules.

Having examinedhigh ability learners’ (L23 & L28) work both from the writteask and the
interview sessions, it is clear that they haverngréoundation of mathematical knowledge
which includes basic skills and algorithms. The tlearners demonstrated that they can
appropriately apply such diverse skills to variogegresentations of number patterns. L23 and
L28 consistently used variables and symbols inrtheirk and in so doing reasoned both
deductively and inductively by recognizing, extergland generalizing the patterns. During
the interview, L23 identified the necessary comwditunder which the variables or symbols
make sense. For example, he reasoned deductialyotith the positions and terms in the
sequences must be whole numbers. The learnerssigribup further demonstrated multiple
approaches to problem solving in number pattern$ @sed their results to verify the
solutions. The learners L23 and L28 in fact showedpotential to reason in several modes
such as inductive, deductive, proportioning andngetoic visualization “see researcher
comments” in sections 5.2.4.3 i and ii) respectivéind also, L23 and L28 were able to

effectively communicate their mathematical ideagmwhbolving mathematical problems.

On the other hand, the analyses ofriiedium abilitytarget group show some understanding
of basic mathematical computational skills, idead aoncepts based on problem context.
The learners L15, L17 have a facility for numericgresentations and demonstrated this in a
variety of pattern representations. They reasomehllictively in their mathematical solutions
and used specific examples to justify their thougiticesses. They were able to recognize
and extend patterns, partly reasoned proportionaltd communicated mathematically
though with less detail than the high ability group

The analyses of théow ability group (L5 & L9) show that the learners grappledhwi
understanding the problem context, and with compatitig their responses orally and in

written form. Most of their responses to parts bk tfour questions in the study’'s
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guestionnaire task were found by using countinghsee approaches. The learners in this
group experienced difficulty in using notationssymbolism; hence they could not establish

general rules for theé'nterms.

During the analysis of the target group learnezsponses, it became clear that some learners
generally understood what they were doing andgbate aspects of mathematical reasoning
were used in support of their thinking. Howeveraagader of their responses (both written
& interview), | was mandated to make subtle infeemacross the three groups while making
links to the overall nature of responses of thepaficipants. The trend that emerged from
the data therefore suggests that there is an urgsad in our classroom practices to guide
learners of all abilities to communicate their neatiatical processes through identifying,
recognizing, conjecturing and justifying generdiiaas from the number patterns. This trend

confirms the Commognitive perspective’s rightfuhge in this study.

6.7 SUMMARY & CONCLUSION

In this chapter, | discussed the results and aeslyd the study’s written and interview
responses. The results show that learners disphegeaus forms of representations such as
numbers, pictures, diagrams, graphs, tables, verkallanations and algebraic symbolism

while using different routines to generalize numpaiterns.

The results also show that most learners are utatapply generalization routines correctly
as they constantly grapple to link and translatieidint mathematical representations within
a pattern-problem context. This trend was more gest in the learners’ written work and
was evidenced by some of the difficulties in theeimiews especially when the participants

were asked to justify their responses.

Overall, many participants’ use obutinesand mediatorson the number pattern task were
paired inadequately hence producing incorrect times The notions of routines and visual
mediators are intertwined and this could be probl&nfor the participants of this study.
Since this is not the focus of my study, this aspeald be explored through further [future]
research studies. The next chapter details thelwsion, limitations, implications or

recommendations of this investigation on the gr@dearners’ algebraic reasoning when

generalizing from number patterns.
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CHAPTER 7 CONCLUSIONS, REFLECTIONS AND LIMITA TATIONS
7.1 INTRODUCTION

In this chapter, | present my reflections on tharerstudy. | discuss lessons learnt from the
data collection process and conclusions drawn fiteenfindings of the study. Algebra is the
area of mathematics within which the study was cectetl with a particular focus on the
topic “number patterns”. | was interested in thpitobecause having taught the GET and
FET mathematics, | am aware that most high scheavhkrs grapple with the section. And |
thought by studying the section one would be ableidentify learners’ strengths and
weaknesses when introduced to algebra through nupddterns. Algebra as a branch of
mathematics functions as a language for all othemdhes of mathematics. This study set out
to investigate the GET learners’ mathematical (adge) reasoning - routines when
generalizing from number patterns. It focussed fgaim the i) learners’ communication
when explaining their thinking, ii) mathematicalpresentations the learners use when
generalizing and iii) generalization routines tlearhers use when engaged in a task on

number patterns.

In mathematics education, debates and researclhgarerally informed by theories of
learning. This study was no exception. | adoptedemretical framework of Commognition
by Sfard (2008) to investigate the learners’ reagprhrough generalization of patterns.
According to Commognitive perspective, thinking #& special activity or form of
communication (see chapter 2). While using the mhdodrew on “mathematics as a
discourse” one of the four commognitive tenets ipla@n the grade 9 learners’
communication and thinking when they engaged irumlver pattern task. There are four
properties that a mathematical discourse can beifigel with: i) vocabulary or word use, ii)
routines, iii) mediator, iv) narratives (Ben-Yehuad al., 2005; Sfard, 2008). | focussed on

study.

This is a case study which employed a task-basétemwrand interview questionnaire as a
means of collecting data. | examined and analyhedcollected data in order to answer the
two critical questions below. The analytical franmekvconceptualised in chapter 4 provided
necessary tools to analyse the participants’ resgoiidata). During the analysis, the main
focus was on the participants’ use of routines anediating tools in the form of
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representations that were used to create narrattvesommunicate their mathematical
(algebraic) reasoning.

The two questions that guided the research stuglgsfollows:

3. What routineqstrategie$ and_visual mediatordo grade 9 learners use when engaging
in a task on number patterns?

4. How do these grade 9 learners explain orally thiecught processes in problem
solving involving number patterns?

7.2 DETAILED FINDINGS

Mathematics is a useful subject as it helps in m@gkiredictions, and number patterns are all
about prediction. Working with number patterns kddectly to the concept of functions in
mathematics i.e. a formal description of the relship among different quantities.
Recognizing patterns is an important problem-sg\skill used to generalize what one sees
into a broader solution. | provide the responsethéotwo critical research questions for the

study in the following section.

1. What routines (strategie$ and visual mediatorsdo grade 9 learners use when

engaging in a task on number patterns?
The results and findings of the study revealed re¢ferms of generalization routines and
visual mediators that the participants of the studgd when engaged in a task on number
patterns. From a Commognitive perspective, the maleay, routines and mediators are the
properties of any mathematical discourse that aaynker needs to acquire and internalize if
s/he is to be a participant in a mathematical dissm The results show that many
participants implemented routines and mediators ilee largely unrelated and inadequate
to create endorsed narratives. The two framewms&e Chapters 2 & 4) provided me with
lenses to identify the learners’ sources of diffiguas observed during the analyses of both

written and oral data (see analysis and discusHiogsults sections).

The learners demonstrated high ability levels irkimg verbal and numeric representations
(50%) when engaged in problem solving involving tempatterns. The participants of the
study largely found it easier to informally verlsalitheir generalization than providing a
formal proof or written response. The other fornisnmediators were found to be in the
following proportions; 30% (symbolic), 18% (tabl&sgraphs) and 2% pictorial (table 10).
The verbal mediators consisted of written wordskep words and algebraic symbolism.
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The use of tables, graphs, pictures and diagranme wederred to as iconic (mediators)
representations (see table 14) and featured tise iledhe learners’ forms of mediation. The
analyses of the data also reveal that learners dgéztent routines when engaging in
generalization from number patterns. The partidpaof the study used numeric
generalization routines the most than figural, pratic or the two combined. The numeric

generalization routines were classified into remerand explicit routines.

The high ability learners used both recursive argli@t generalization routines in and
across the questionnaire-based task items andefystbvided correct rules, and offered valid
contextual justification. And also the medium dbillearners used mainly recursive and
partially explicit routines in which they providedrrect rules derived from,F a + (-1) d,
and offered empirical justifications. On the otlemnd the low ability learners grappled to
analyse whether the recursive or explicit routio@sld be used hence were unable to provide
or derive correct rules and justification. The gatieation routines that were classified in
this study are categorised and presented in thenfiolg table 15:

TABLE 15: LEARNERS’ GENERALIZATIONROUTINES

Numeric routines Figural routines Pragmatic routines

Counting Structure analysis Relational
Skip counting Proportioning
chunking Counting: Add and

difference methods
(see counting in table
14)

Add strategy
Linear or explicit
Recursive
explicit

multiply

solve

TABLE 16: CHOICE OF GENERALIZATION ROUTIN BY LEARNER ABILITY

These These

Low Ability Learners:
used only numeric routines (L5
and L9)

Medium Ability Learners: These

mostly used numeric routines

(L15 and L17)

High Ability Learners:
used all the
routines (L23 and L28)

three classified

Recursive rule, counting

skip counting, guessing withexplicit,

no checking

),Recursive rule,
solve

guess and check.

chunking, Relational

equations

approach plu

,Numeric and Figural routines
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Most participants (29) of the study continued usfamiliar ways of operating based on
numerical manipulations when generalizing in numbpatterns, an indication of their
inability to make transition from arithmetic to elgraic reasoning. This is consistent (see
section 6.3) with Stacey et, al. (2000) who argulkdt many students tend to solve
mathematical problems by calculating with known bens first and then work towards the
answer instead of constructing and use equatiorstadsments of equivalence relating to
known and unknown quantities. This scenario cartdreected in order to narrow the gap
(see section 2.2.3.3) once teachers and learngis tzeemploy the symbiotic approach in
the classroom pedagogies. Although most particgpaniccessfully solved specific cases
numerically by extending the patterns, still thegdhconsiderable difficulty in generating

rules that translate into correct generalizati@mgl¢rsed narratives).

Also, based on the descriptive findings from thadgr 9 learners’ written responses, many
used various forms of visual mediators (forms gfresentation). These are verbal, tables,
graphical, pictorial and numbers and symbolic (atge) representations (see table 10).
Drawing from the theoretical framework of commognmit the learners’ representations were
referred to as ‘mediating tools’ for communicatimga mathematics discourse. In many
instances the high ability learners used routines \asual mediators that produced correct
mathematical narratives. And the medium abilityrieas partly linked their numeric
generalization routines and mediators to producorsed narratives (see episode 14, lines
36, 42 and 48; episode 9, lines 96, 104 and 110)otBer hand the low ability learners had
difficulty to link their recursive generalizationutines with visual mediators hence | rejected
most of their narratives (see episode 2, lines7d@9and 153; episode 4, lines 10). The high
and medium ability participants mostly chose to kvaith expressions by operating on the
unknowns in order to derive general rules. Theamkrs (H & M) were able to articulate and
use their own syntax in the form of symbolic langido communicate their reasoning when
generalizing in number patterns. The reversibilggisoning (work backwards) is seen to be
quite a challenge for most of the six participantsrviewed (for example L5, L9, L15 and
L17).

Teachers can support the development of symboksartkeir learners by being aware of the
obstacles the learners face as they work with sygribdhe mathematics classrooms. The use
of visual mediators (see table 14) can help to d¢hsetransition to using letter symbols.
Driscoll (1999:122) argues that “it is more natumlepresent a quantity with a picture rather
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than a letter symbol”. For example, when compagpriges of a cap and an umbrella, it may
make more sense to represent the price of the dhpawpicture of a cap and the price of an
umbrella with a picture of an umbrella rather thiaa prices of these quantities with letter
symbols. The learners can indeed make a smootkitianto symbolism if they are first

introduced to the use of pictorial symbols to repré quantities before moving to the use of
letter symbols (i.e. unknowns and variables). Thsults of the study show that most
participants preferred the use of nhumbers as nwdiatVhile it is important to be cautious

about rushing learners into using symbolic repregem, it is equally necessary to look for
opportunities that guide learners towards usinglsyio expression when their work shows
signs of readiness. For example, most participantshe study generated a handful of
numerical examples that seem to reveal a consistetérlying process (see section 6.2),

which in turn, lends itself to a smooth transittorsymbolic (algebraic) representation.

2. How do these grade 9 learners explain orally theithought processes in problem

solving involving number patterns?

From the gualitative analyses of the six partictpanterviewed, the main focus was on how
they articulatevhen justifying both their written and spoken @sges hence the results show
that;
* Most learners’ use and interpretation of the medsato communicate their
reasoning about the task is inadequate. The nofiomthematical language and
Language of Learning and Teaching (LOLT) emergesa gsotential area of

enquiry.

 Some learners indicated that they are solving #Hsk tproblems using the
mathematical knowledge from previous year's worlasiearnt at extra tuition

sessions, for example use of formyka mx + c.

« Learners indicated that they are just using thesrof solving equations.

* Some learners focus on output and input relatignghvariables, however, they

grappled a lot to apply such functional relatiopsto questions that require

121



reversibility as a form of reasoning (work backward find aposition )

instead of derm (T))) in a given number pattern.

Most of the interviewed (L5, L9, L15 and L1&) paipants’ oral [spoken] explanations were

inadequate to support the kind of the mathematiaalatives they produced hence | did not

endorse such narratives. And also the participart&ulation of the reversibility reasoning

seemed to be problematic.

7.3 REFLECTIONS ON THE STUDY

| have learnt a lot in conducting this research.d&s@mple,

Research can be a guiding tool on classroom pegagodeaching and learning.

There are lessons that can be drawn from the fysdisuch as nature of the
instruments and the level of complexity of the iteffguestions) in terms of the

cognitive demands.

Establishing a good rapport with the participastielpful in encouraging learners to

express their thinking when probed with questiooulthe study.

Piloting the instrument helped to get the refinagesiionnaire-based task for the
study.

Conducting the interviews was not an easy tasknRtol have learnt that eye contact
is very importance when interviewing people and icgmup with right probing

guestions that can elicit rich data from the resjgm is a must have skill.
As an experienced educator and a practising réseanec mathematics education, |

found it challenging during the period of the intigation to carry out the roles of the

researcher on the very learners | teach and visave
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The list above shows key areas that | can drawotesssrom about conducting a research
study in the broad field of mathematics educatibime last point is very important to me
because it highlights critical moments of two piaes which | need to improve on in my

future research endeavours.

| found it interesting to note that some of thetipgrants’ written responses and comments
made during the study showed that they found thek wioallenging, while on the other hand,
in a personal communication with some participaniside the research they reckon to have
enjoyed the work because the questionnaire-bas&ddated some exploratory skills such as
identifying, recognizing and conjecturing contex@sich learners’ personal opinion shared in
our ordinary conversation made me wonder as to whett means first, in the study and

secondly in education studies.

7.4 LIMITATIONS OF THE STUDY

The findings and results are limited to the 29 ipgnénts of one grade 9 class from a
particular former model C school and as such cabeogeneralized. Thus, although any
general trends or patterns observed in the codr@sostudy are only relevant to the group
of 29 research participants who took part in thedgt such “generalisations” could be
broadened or increasingly refined by future redeanwolving further samples from the
larger population.

Obviously the use of a particular topic in this edsaumber patterns” to elicit learners’
reasoning when generalizing impacted the routinastatives and forms of mediators the

participants of the study used to communicate tidess and thinking.

In the context of the South African schooling systéhe mathematics curriculum is designed
using English language, mathematics school texkdaoe written and published in English,
English is the LoLT in mathematics and other leagnareas too. And yet many of our
learners use/see English as second, third or eVéanguage for communication. It is at this
notion that | argue that use of the theoreticahfgavork of commognition is limited as a tool

for understanding how learners think.
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7.5 IMPLICATIONS OF THE STUDY

The results of this study provide a guide for btté curriculum and classroom instruction
design on the use of number patterns for introdueigebra in the junior high school grades
(GET and FET). The emphasis of the RNCS and C20@0D5estigation as a pedagogical
approach to number pattern generalization, as aglts requirement that learners explore
number patterns and hence “make conjectures andraeations” as well as “provide
explanations, justifications and attempt to prowejectures” (DoE, 2003b:18), has important
pedagogical implications for classroom practitiandtris within this pedagogical context that
this study finds practical significance. The result the present study give strong support to
the notion of students’ generalization from numpaitterns by investigating the routines and
forms of representations they adopt when solvintepa generalisation tasks both pictorial

and numeric in nature.

Also | argue in support of previous studies on galiwation as a means of introducing
algebraic thinking through patterns, that it is any easy approach to follow as most learners
grapple to make connections between the pattern agdbra. Zazkis and Liljedahl
(2002:382) explain that “students do not generadlye a problem with seeing the pattern but
in perceiving an algebraically useful pattern”. §imeans that when the participants of the
study see a pattern in a certain way, it becomiggwdi for them to depart or move away
from their initial perception hence they cannot ngmate algebraic symbolism from the
pattern itself.

From a commognitive perspective, what is centrahm study is the participants’ ability to
use the four properties of a mathematical discowisen generalizing from patterns. The
students’ generalization in the context of thisdgtuis seen as communication of
mathematical understanding, and the analytic pessessed proved to be highly successful

in providing a window of understanding into eaclpips rules of generality.

On the other hand, the design and use of instmaititasks that promote learners’ use of
multiple generalization routines and mediators dmmunicate their mathematical thinking

should be considered by mathematics teachers.céhibe done for example; when teachers
let their students discover patterns on their owd ask guiding questions that move them

from specific to general. The processes by whicldestts discover the general rules for
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numeric-geometric patterns provide opportunitiestfe@m to expand their reasoning skills

and access basic conceptual knowledge of functions.

7.6 RECOMMENDATIONS

The present study focused on a mixed ability grougrade 9 learners from a former model
C school. It would be interesting to repeat thiglgtwith either a high or low ability group of
participants under similar research protocols, thise using a task that include patterns
leading to quadratic and exponential functions. Ewesv, drawing on the findings of a pilot
study, the lower ability students would probablyagple with articulating a written
explanation of their reasoning. It would be equatiteresting to repeat the present study
with only a high ability groups of learners but kvet mixed selection of pattern questions in
the task. This would probably further highlight thend on how participants make use of the
features or properties of a mathematical discousecommunicate thinking through
generalizations as identified in this study. Initidd, this would add further insight into the
complex interplay between learners’ use of routiaed mediators to create narratives that

are acceptable in a mathematical discourse.

Research studies in future need to further invatiglearners’ ability to reason
mathematically by integrating algebra with othertmeanatical content areas (topics).
Alternatively, as the routines and mediators ingaséd in this study seem to be intertwined
further research studies that can explore whichegdization routines and mediators

successfully lead students to developing genegabahic ways of thinking are needed.

7.7 CONCLUSIONS

According to Driscoll (1999), students learn to gelize patterns at an early age, from
elementary shapes to number patterns later on.grRetng patterns is very important to
algebraic reasoning since the main role of pattéoosses on helping students recognize
commonalities, constructing rules of generalitypresenting these rules using correct
symbols, moving from recursive reasoning to explieasoning and providing justifications
on the generalizations. Early practice of thes#isskiay provide access to routines that will

help students in upper grades of schooling witlelaigic reasoning.
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The study of pattern has become an integral comypauoss all grades of the South African
school Mathematics curriculum (DoE, 2002, 2003bije Tresults of this study strongly
support the notion that question design can pletigal role in influencing pupils’ choice of
strategy and level of attainment when solving pattgeneralisation tasks. Furthermore, this
study identified several generalization stratedresitines) and representations the learners
used to demonstrate their reasoning when workingaosk on number patterns. The
teacher’s understanding of the learners’ abilitgeneralize from various contexts of number
patterns, using different mathematical skills (representations, generalization routines) has

the potential to impact positively on the classrquedagogies.
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APPENDICES:

APPENDIX A1l: QUESTIONNAIRE BASED TASK ON NUMBER PATTERNS

NAME  ........... (L1; L2 etc) AGE ... GENDER ...........

AIM OF THE STUDY:

Research in Education has shown that some learners have difficulties in carrying out
problem solving in mathematics questions. We want to find out how you solve problems
and what mathematical reasoning you are engaging in. This will help to understand some of
your difficulties so that we are able to find ways of helping you and other learners.

WHAT YOU NEED TO DO

1. Write your name as L1 or L3 for Learner number 1 or 3, etc.
The paper consists of ...... pages and ...... questions each with sub-questions

3. Attempt all the questions in the questionnaire task. Show all the necessary working
and reasoning in the spaces provided or on rough paper provided. Make sure your
name is on each script used e.g. L4.

Thank you for participating in this activity & research

SECTION A
QUESTION 1

A contractor is asked to build a new set of townhouses in attached clusters of different sizes. He
created a plan for one, two and three house clusters as shown below. The builder used computer
software to draw and generate line segments used to represent the houses.

1 house 2 houses 3 houses

3. How many line segments are needed to draw or create a plan for:

iv) 4 houses
V) 10 houses
vi) 50 houses

4. Generate a formula or rule for the above pattern (i.e. n'" term)
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QUESTION 2
The figures below show three groups of tiles:

Group 1 Group 2 Group 3

4. Draw tile-group number 5. Explain in words what group number 5 would look like and how

many tiles are in the group?
5. How many tiles are in each of the following group number:

i) Groupb6
j)  Group7
k) Group 10
1) Group 50

6. How many tiles are in the n™ group of tiles?

In Question 3, numeric patterns were presentedih pictorial and tabular forms.

QUESTION 3

The United Artists Studio makes geometric decorative borders or motifs for picture frames. One
motif is made from a pattern consisting of 4 dots and five lines joining these dots as shown

diagrammatically and in table form below.

Number of motif (m) 1 2 3 4 20 30 63 m
Number of dots @) 4
Number of lines () 5

5. Extend and draw the next two motif’s designs.
6. Copy and complete the above table for the rest of the motifs’ designs or pattern.
7. What is the mathematical relationship between:
iii) m and d. ii) mandl
8. Will the points representing each of the relationships in i) and ii) lie on a straight line when

plotted on the graph?
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In Question 4, numeric patterns were presentedsas@e sequence of numbers in the
guestion 4 below:

QUESTION 4
Study the number patterns and answer the questions that follow:
a) 5, 12; 19; ; ; T
b) 35; 30; 25; ; ; .
3. Determine in each case;
iv) the next three terms in the pattern.
V) the 10" term.
vi) the 50" term.

4. Generate a formula or rule for the n™ term

SECTION B

Q 1. Bacteria in a test-tube doubles in every hour. If initially there are 2 bacteria in

the test-tube, how many bacteria will there be after:
i) 3 hours ii) 5 hours iii) 10 hours iv) n hours.

Q2. Margaret uses small square blocks to build pictures that form a pattern. The table
below shows the number of the blocks she needs to build a particular picture.

Picture number Number of square blocks
1 1
3 9
4 16
5 25
6 36

a)Determine the number of blocks that will be used in:
i) 11" picture i) 25" Picture iii) 60" picture iv) n™ picture

Q 3. State whether the given statement below is Always True, Sometimes True or Never True,
for x > 0. Give reason(s) for your answer:

As x increases, l@ncreases.
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Q 4. Choose the correct answer in each case; Always True, Sometimes True or
Never True, for x > 0. Give reason(s) why you say so.

1) (1/n) decreases as x increases ifn> 1

2) (1/nY decreases as x increases if0 <n<1

Q 5. Determine the solution to each of the followiagplain your reasoning:

1) For which value(s) of x will’4 = &'

2) For which value(s) of x will 8= ¢

Sources: Number pattern questions Adapted from GET- Learning Outcomes (DoE, 2006. pp. 30 —31)
and from MALATI (2007). Exponents’ Questions Adapted from Laridon et al. (2006)
Classroom Mathematics Grade 9.
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APPENDIX A2: (i)

INFORMATION LETTER TO LEARNERS

UNIVERSITY OF THE WITWATERSRAND

MATHEMATICS RESEARCH PROJECT

19" June 2009
Dear Learner,

My name is Williams Ndlovu. | am currently doing my MSc degree in Mathematics
Education. As part of my degree | am doing a study investigating learners’ mathematical
reasoning when generalizing in problem solving involving number patterns.

Your school principal has given me permission to send you this letter of invitation to
participate in this research study on mathematical reasoning.

Learners who agree to participate in the study will answer a (written) task questionnaire and
will be tape recorded in one hour session three times in the month of July/August 2009.
These recorded interview sessions will take place after school. The focus in these tape
recordings and the task questionnaire will be on the mathematical reasoning when
generalizing in number patterns.

| intend to protect your anonymity and confidentiality. Your name(s) will not be used in the
final report of this research study. | will remove any reference to personal information that
might allow someone to guess your identity.

Remember that you are not obliged to participate. Should you require any further information
do not hesitate to contact me on my telephone number as below.

Yours faithfully,

Williams Ndlovu
Cell: 082 758 7491

email: wndlovu2005@yahoo.com
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APPENDIX AZ2: (ii)

CONSENT FORM FOR LEARNERS

UNIVERSITY OF THE WITWATERSRAND, JOHANNESBURG
MATHEMATICS REASONING RESEARCH
Researchers Details: Mr W Ndlovu

Email: wndlovu2005@yahoo.com
Cell : 082 758 7491

Supervisor Details: Professor M. Berger
Email : margot.berger@wits.ac.za
Tel(w): 011- 717 3411
Fax : 0865535614
Cell: 082 3444994

Consent form for learners participating in the study.

[y e agree to participate in the research study named
above, particulars of which (i.e. problem solving task and interviews) have been explained to
me. A written information letter has been given to me to keep.

I, therefore, give consent to the following:

* Tape Recording of the interview in which my voice will be part of the tape recorded
text.

Yes O No O

* The possible future use of tape-recorded text for teaching purposes.

Yes [l No [
Signature of participant Date
Signature of witness Date
Signature of teacher/researcher Date
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APPENDIX A2: (iii)

INFORMATION LETTER TO PARENTS

UNIVERSITY OF THE WITWATERSRAND
MATHEMATICS RESEARCH PROJECT

19™ June 2009
Dear PARENT(S),

My name is Williams Ndlovu. | am currently doing my MSc degree in Mathematics
Education. As part of my studies | am doing a study investigating learners’ mathematical
reasoning when generalizing in problem solving involving number patterns.

Your child’s school principal has given me permission to send you this letter of invitation to
participate in this research study on mathematical reasoning.

Learners whose parents agree that they participate in the study will answer a (written) task
guestionnaire and will be tape recorded in one hour session three times in the month of
July/August 2009. These recorded interview sessions will take place after school. The focus
in these tape recordings and problem solving written responses will be how is the
mathematical reasoning when generalizing in number patterns is promoted to facilitate
learning.

| intend to protect the learners’ anonymity and confidentiality. Their name(s) will not be used
in the final report of this research study. | will remove any reference to personal information
that might allow someone to guess the learners identity.

Be informed that your child is not obliged to participate (i.e. participation is voluntary). Should
you require any further information do not hesitate to contact me on my telephone number
as below.

If you agree that your child be part of this research study, please complete the consent form
attached by signing on the spaces provided and return it to me.

Yours faithfully,

Williams Ndlovu
Cell: 082 758 7491

email: wndlovu2005@yahoo.com
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APPENDIX A2: (iv)

CONSENT FORM FOR THE PARENTS

UNIVERSITY OF THE WITWATERSRAN, JOHANNESBURG
MATHEMATICS REASONING RESEARCH
Researchers Details: Mr W Ndlovu

Email : wndlovu2005@yahoo.com
Cell :082 758 7491

Supervisor Details: Professor M. Berger
Email : margotberger@wits.ac.za
Tel(w): 011 - 7173411
Fax : 0865535614
Cell: 082 3444994

Consent form for the parents.

PP agree that my child participate in the research study
named above, particulars of which (i.e. details of problem solving task and interviews) have
been explained to me. A written information letter has been given to me to keep.

I, therefore, give consent to the following:

» Tape Recording of the interview in which the voice of my child will be part of the tape
recorded text.

Yes O No O

* The possible future use of tape-recorded text for teaching purposes.

Yes [l No [
Signature of the Parent(s) Date
Signature of witness Date
Signature of teacher/researcher Date
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APPENDIX A2: (v)

LETTER TO THE SCHOOL PRINCIPAL

UNIVERSITY OF THE WITWATERSRAND
MATHEMATICS RESEARCH PROJECT
8" June 2009

Dear Madam.

My name is Williams Ndlovu. | am currently doing my MSc degree in Mathematics
Education. As part my studies | am doing a study investigating learners’ mathematical
reasoning when generalizing in problem solving involving number patterns.

I am requesting you as the Principal of the school to give me permission to work with
learners from one grade 9 class in your school in this research. Should you allow them to
participate, they would be asked to contribute in two ways. First, allow them to participate in
an open task on problem solving from number patterns and then 6 learners will be selected
according to their abilities from the total grade 9 sample to further participate in semi-
structured interview which will focus on their written responses to the problem solving task.
With your permission the interviews will be tape recorded to ensure that | can make accurate
record of what these participants say and do. Once the tape is transcribed, the 6 participants
will each be provided with a copy of the transcript to verify that the information they provided
is accurate.

| intend to protect their anonymity and the confidentiality of their responses as far as

possible. Their names and contact details will be kept in a separate file from any data that
they may supply. This will enable linking of data by name. The participants will only be
referred by pseudonyms should any publication emerge from this research study. | will do
my best to remove any references to personal information that might lead to identification of
any participant. However, it should be noted that the study involves a small sample of the
participants; it is possible though that someone may still be able to identify some
participants. If, however, for some reason they would like their names to be used in
publications, the participants will need to make written request to me. Once the research is
completed, a brief summary of the findings will be available to school and participants. It is
also possible that findings will be presented at academic conferences and hopefully
published in national and international academic journals.

Please be advised that the participation of your school in this research study is voluntary.
Should you wish to withdraw at any stage, or withdraw any unprocessed data you have
supplied, you are free to do so without prejudice. Your decision to participate or not, or to

withdraw, will be completely independent of your dealings with the University of the
Witwatersrand.

Please indicate that you have read and understood this information by signing the
accompanying consent form and return it to me as soon as possible. Should you require any
further information do not hesitate to contact me — my telephone numbers are below.

Yours faithfully,

Williams Ndlovu - Cell: 082 758 7491
Email: wndlovu2005@yahoo.com

141



APPENDIX A2: (vi)

CONSENT FORM FOR THE PRINCIPAL

UNIVERSITY OF THE WITWATERSRAND, JOHANNESBURG

MATHEMATICS REASONING RESEARCH

Researchers Details: Mr W Ndlovu

Email : wndlovu2005@yahoo.com
Cell :082 758 7491

Supervisor Detail : Professor M. Berger

Email : margot.berger@wits.ac.za
Tel(w): 011- 7173411

Fax: 0865535614

Cell: 0823444994

Consent form for the principal.

.................................................... agree that the school can participate in the research

study named above, particulars of which (i.e. details of problem solving task and interviews)
have been explained to me. A written information letter has been given to me to keep.

I, therefore, give consent to the following:

Tape Recording of the interview in which the voice of the participating learners will be
part of the tape recorded text.

Yes O No [

The possible future use of tape-recorded text for teaching purposes.

Yes O No O

The participants being interviewed at some point during the research.

Yes O No O

Tape recording of the participants’ interview sessions with the researcher.

Yes [ No [
Signature of the Principal Date
Signature of witness Date
Signature of teacher/researcher Date

APPENDIX A2: (vii)
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University of the Witwatersrand
Private Bag 3
P.0. Box Wits, 2050

Johannesburg
9th June, 2009.

ATT: Ebrahim Farista
Gauteng Department of Education, Room 911
111 Commissioner Street,

Johannesburg
Cc: Nomvula Ubisi: Room 910

Dear Sir/Madam:;

RE: Application for conducting a research study at Greenside High School

| am currently a Master of Science student regestewith the University of the
Witwatersrand in the school of Education in Johabney. In partial fulfilment of the

requirements for the degree of Master of Scienae) required to submit a research report.

To this effect, | apply for permission to undertakeesearch study at Greenside High School
in your district. The purpose of the study isitwestigate Grade 9 learners’ mathematical

reasoning when generalizing in problem solving irlvimg number patterns

The significance of the study is that it will inforcurriculum planning for teacher education;
inform better ways to support teachers’ effectivassroom practices when introducing
algebra and also benefit the on-going debates thenaatics education research community.
About 30 students (14 - 16 years) are requiredattigippate in the study by engaging with a
problem solving task on number patterns. This Wwél followed by answering interview

guestions.
Thank you for your anticipated cooperation in tieégard.
Yours Faithfully,

Williams C. Ndlovu
Student Number: 0616576G
Cell: 0827587491; email: wndlovu2005@yahoo.com

APPENDIX B: ANALYSIS OF QUESTION 1: (QRASS)

143



Category

Routine
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L17 v A v 4 6 Re Ex/Se th =1+5n

L18 v ~ X X 1% 1% G - 5n-1

L19 v v Vv Vv 3 6 Co Cu th=6+(x—1)x5
L20 v NGA v 3 6 Co Ex/Se Th=5n+1

L21 \' X X X 1 1 Co - 2n

122 v VX X 2% 5 G G 6n—(n—1)

L23 v NN Vv 3 6 Ex/Co/R Ex/SA/Se Tn=5xn+1

124 v NN X 2% 5% |G G -

L25 v NN v 3 6 Re/Co Ex/P (5xn)+1

L26 v ~ X X 1% 2 Re - -

127 v v ox v 2% 5% | Ex/R Ex Sx(n—1)+6=tn
L28 v v Vv Vv 4 6 Ex/SA/R Ex/SA/R Tn =6+ (5n — 1x5)
L29 v Vv X X 1% 2 Co - 5n

%~ 100 83 48 56

% X 0 17 45 44

% * 0 0 7 0

NOTE: EX: Explicit

SA: Structural analysis

CO: Counting

RE : Recursive

G : Guess

APPENDIX C:

ANALYSIS OF QUESTION 2: (QRASS)

Categor Levels Category Routine Category

(TLA)

-GUJ < (] € E gJ.O “ - ﬁO « £

S g s € |8 e B g | |22 e - L 5

@ za S8 s o o = £l .gg e , | E3<
52 |5 |8 £ 3 sl < | 5™ g |[BNE|2EQ
g i & &S | S & S8|lE | 8%hzE |[2% 28| 88S

L1 vV v \ X X 2 3 Re G 2n+3

L2 vV X \ X X 1% 2% | Co Co -

L3 vV X \ \ \ 3% 9% | Ex/R Ex 3n+2

L4 v v \ v \ 4 10 | Re/Co Ex/SA (2n+2)+n

L5 v ox \ X X 1% 2% | Co Co Tn =3 tiles + 2
L6 v v v v X 3 5% | Co G 3n

L7 Vv X v v X 3 5% | Co Co 2n +(2)

L8 v v v v ' 4 10 | EX/R Ex/SA Nx3+2

L9 N X v * X 1% 2% | Re/Co G -

L10 vV v \ \ X 3 5% | Re/Cu Re/Co 3n+t=Tn
L11 Vv X v * v 2% 6% | Re Ex 4x—(x—-2)=y
L12 vV v \ \ \ 4 10 | Re Ex N(2)+2

L13 vV v \ * \ 3 5% | Co Cu -

L14 v v \ v \ 4 10 | Co/Ex Ex 5+3(t-1)

L15 N X v X v 2% 6% | Co Ex/P Tn=2n+(n+2)
L16 vV X \ \ \ 3% 9% | Re Re 2(N+1)=T
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L17 N X v \' v 3% 9% | Re Ex 5t—-2-2(t-2)
L18 v v v \' v 4 10 | Ex Ex/Co 5+(t-1)x3
L19 v v v X X 2 3 Co Cu -
L20 v v v X X 4 10 | Co Ex Nx4-(N-2)
L21 v v v X X 2 3 Co G -
L22 v v v * * 2 3 G G -
L23 N v i v 4 10 | Ex/Co/Se | Ex/SA/w | Tn=nx3+2
L24 VX v * * 2 3 G G -
L25 v v v ' v 4 10 | Re/Co Ex th=(n+1)x2+n
L26 vV X v v v 31/2 | 9% | Ex Ex/P 5+(n-1)x3
L27 NA v Vv v 4 10 | Ex/P Ex 3(t—-1)+5
L28 NOA v v v 4 10 | Ex/SA Ex/SA/R Tn=3xn+2
L29 v ox v X X 1% 2% | Co G -
100 59 100 65 56
% X 0 41 0 21 37
% * 0 O 0 14 7
NOTE: EX: Explicit
SA: Structural analysis
CO: Counting
RE : Recursive
G : Guess
APPENDIX D: ANALYSIS OF QUESTION 3: (QRASS)
Categorie | Level Category Routine Categor Samples of n™ term
S
(TLA)
o 2 |, . 15 2 |, - L ZE
§ g2l 8 | 825 55-% |[85] . |22 |2, 8528
5 32| Me | 25255/ S5, =89 |€7 | €5 225|Fo
£ c < | S EX| | cE2EE| -5 | T L= e85 | BB 25
© x| Yz <o c|lx | Fa2ag| 9ol < > » Sm | 3 c ©| & ¢
kK i 2| 5@ 6 92|l s ¢l w8e|l 3|2 |88 |82 |22 88
L1 \' \' X |V \' Vv 5 15 RE EX ES 2n+2; 1+4n
L2 \' \' * |V X Vv 4 11 (0] RE EX T=2n+2; 4n+1
L3 \' \' * Vv \' Vv 5 15 RE EX EX/SA D=2n+2; L=4n+1
L4 \' \' X |V \' Vv 5 15 CuU RE EX Tn=2n+2; Tn=4n+1
L5 X * X |V * * 1 3 CcO G - -
L6 V' V' v | X X V' 3 8 RE/E SA EX (n-1)2+4; 4xn+1
L7 V' V' * X X V' 3 8 CO RE EX M(2) +2 & 4M+1
L8 v v Vv X X v 3 8 RE G G 4+(n-1)2;5+(n-1)4
L9 X * X |V * * 1 3 RE - G -
L10 V' ' * * * v 3 8 Co/Cu RE EX D 2(n+1); L=4n+1
L11 V' X X | X * * 1 1 CO G - -
L12 V' X X | X * * 1 1 CcO G - -
L13 V' X X | X * * 1 1 CO G G -
L14 \' X * X * * 1 1 CuU - G -
L15 ~ v v | X X v 3 8 co EX/w | EX/cu tn=2n+2; 4n+1
L16 \' X X * * * 1 1 - - -
L17 \' ' v |V X Vv 3 11 RE/CO EX REEX 2d+2 & 4L +1
L18 \' X x |V X * 2 4 CcO - - -
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L19 v v * v * v 4 11 EX RE EX Th=2xn+2; 4xn+1
L20 v v X |V * v 4 11 Cco EX/P EX/RE Nx4 + 1; 2(N+1)
L21 v v X | X v V 4 12 EX SA EX 4(x) +1; 2*x + 2
L22 X X * | X X X 0 0 - - - -
L23 v v v v X V 3 11 SA EX/P EX/SA d=2n+2; L=4n+1
L24 v X X * * * 1 1 EX SA CO/EX -
L25 v v X v v V 5 15 EX EX EX 2xn+2;4xn + 1
L26 v X * X X X 1 1 - - - d =2n; lines =4n
L27 ' * X * * * 1 1 - - - R
L28 ' v Vv Vv X Vv 3 11 EX EX/SA | EX/RE 2n+2 & 4n+1
L29 ' X X * * X 1 1 (6(0) - - 2n +3; 5+4n
% 90 55 45 17 |55
% X 10 34 38 38 10
% * 0 11 17 45 35
NOTE: EX: Explicit
SA: Structural analysis
CO: Counting
RE : Recursive
G : Guess
APPENDIX E: ANALYSIS OF QUESTION 4a: (QRASS)
Categories Levels Category Routine Category
(%]
- B g 6 s 6 g
. & g {5‘: -8 . - o - ‘o _ y“ E
o 2 Pagy = 2| | 25 g CSe
€ o s g |~ 2 S a5 F= = g 2%
5o g E | Ss = E s w3l < | 5% 55 E| cE g
<8 48 | &S & 2 S5 | &2 228 | 88 <
L1 v \NoA X 2% 3 Co Ex 7n-2
L2 \' v X v 2% 5 Co Co/Ex (nx7)-2
L3 v v ox ' 2% 5 G Cu N(7) -2
L4 v N X 2% 3 Co G -
L5 v \ X X 1% 2 Co G -
L6 v v v v 4 6 Re/Co Ex 7n-2 =tn
L7 v v ox |V 2% 5 |Co Cu n"x7-2
L8 v \ X X 1% 2 Co G N+ 2
L9 v N x X 1% 2 Co G -
L10 v NN X 2% 3 Co Co/G 7n
L11 v v Vv X 4 6 Re Ex/Re (Nx7)+2
L12 v v Vv \ 4 6 Re/Co Ex/Re (7n)-2
L13 v X X X 1 1 Co Co (7n) +5
L14 v X X X 1 1 Co Co N+7
L15 v NoA \ 4 6 Re/Co Ex/P t=5+(n—-1)*7
L16 v X X X 1 1 Co G/Cu 7xn x2
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L17 v NoA v 4 6 Co Cu/R 4(n-1) + 3n +2
L18 \ v X v 2% 5 Re Ex 5n+(2n-2)
L19 v v Vv X 2% 3 Co/Cu Ex N(7) -2
L20 Vv X X |X 1 1 |6 G (nx5) =2
L21 v \ X X 1% 2 Co G -
L22 v v Vv \ 4 6 Re/Co Ex Tn=7n-2
L23 ) oA v 4 6 Cu/Co/Sa | Ex/SA 5+(n—-1)x7
L24 v NA v 4 6 RE EX 7(n-1)+5
L25 v \ X v 2% 5 Co Co/EX 3(3n-2)-2(n-2)
L26 v v v v 4 6 Cu/Re Co (n-1)x7 +5
L27 v NA v 4 6 Re Ex Nx7-2
L28 v NA v 4 6 Cu/P R/EX/SA | Tn=7n-2
L29 v v ox X 1% 2 Co G -
% 100 86 51 52
% X 0 14 49 48
% * 0 0O O 0
NOTE: EX: Explicit SA: Structural analysis
CO: Counting RE : Recursive
G : Guess R : Relational approach
APPENDIX E: ANALYSIS OF QUESTION 4b: (QRASS)
Categories Levels Category Routine  Category
= 2 . 5 55 5 £
mE |wE |5 g 2o 2% | _<5
o 2= E | 8 6 E|l= 2T 23,129 © 3
E ()] [3) c (] ) £ £ ] o — b - = C £ ) o3 = (] = c
©c O c £ b — 5 [ = L 9 q < 3 o = 35 - St o
38 G888 |a8 |w88|388|2 |88 298 |8S8S
L1 v v X |V 2% 4% EX EX 5(-n) +40 =tn
L2 v v X |V 2% 4% RE/CU EX Tn=-5n+40
L3 v v X | X 1% 2 co G Tn = position term =5
L4 v v X | X 1% 2 RE co -5xnx35=tn
L5 v N X | X 1% 2 co G Tn =-5n
L6 \' v X \' 2% 4% Cco EX 35+(n-1)x(-5) =n" term
L7 v v X ' 2% 4% EX/CO EX/CU 35-5x(n-1) =Tn
L8 v v X ' 2% 4% RE EX 5(8-n)
L9 v X X X 1 1 co G t=-5+40
L10 v v * 1% 2 co G -
L11 v v * 1% 2 G G -
L12 v v oV X 2 3 co CU/EX 35+ N(-5)
L13 v vooox * 1% 2 co G -
L14 v vooox * 1% 2 co RE/G -
L15 v \ X v 2% 4% RE/CO RE/CO 5x(8-n)= n"term
L16 v NoA v 4 6 RE/CO EX/SA
L17 v NoA X 2 3 co EX N x(-5) + 35
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L18 v N 1% 2 co co -

L19 v N 1% 2 RE - -

L20 v N * 1% 2 co - -

L21 v N 1% 2 co - -

22 v NEE 2 3 EX RE/EX Tn=n(-5)+35
L23 v NERRR 3 6 EX/R EX/SA/Se | T=(-5)xn +40
L24 v N * 1% 2 co - -

L25 v N 1% 2 G G -

L26 v N * 1% 2 co - -

L27 v NEEE, 2 3 co RE/G Nth term = -5n — (+ 40)
L28 v NEERR 3 6 EX/R EX/SA/Se | Tn=40-5n
L29 v N 1% 2 RE - -

9% 100 97 24 |31

% X 0 3 42 |28

% * 0 0 34 |41

NOTE: EX: Explicit, SA: Structural analysis, CO: Counting, RE : Recursive, G : Guess, R : Relational

APPENDIX F: INTERVIEW TRANSCRIPTIONS FROM THE SIX PARTICIPANTS

Interpretations in the Transcriptions and Episodes:

R represents the researcher; L5 represents learner coded as number 5;

[ ]:Pause;{ }:Learner counts orreads loud;......... : Pattern continues.

TRANSCRIPT 1:

L5:
: Take me through your written responses, how did you start with the cluster house —

L5:

(Learner 5: L5)

Welcome to this follow-up interview on the research questionnaire you responded to

recently.
Thank you Sir.

problem?

| figured the number of line segments on a given set of cluster houses by counting say at
position one, two and so on. And then | realized that the pictures gave a similar number

, by removing one line segment on one house to get
to the next and then added five more line segments that’s how many more lines | would
need any way in the next position. So | did the same thing for all the questions that

representation to; 6, 11,17,

followed in order to get number of line segments.
: Show me how you determine the number of line segments for 10 or 20 houses?
LS:

You mean like 2, 3, 4 .... until ten and twenty? Ok, | think | figured out 51 lines in 10
Houses and then use this to find the line segments now in 50 houses. So multiplying 51

by 2 gives 102 line segments for 20 cluster houses.
: Would you use a different approach for 50 houses?
L5:

Yes, but | think needs more time to find another method. So eeeish!,.... You just do the
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11 R:

12 L5:

13 R:

14 L5:

15 R:
16 L5:

17 R:

18 L5:

19 R:

20 L5:

21 R:
22 L5:
23 R:
24 L5:

25 R:

26 L5:

27 R:
28 L5:

29 R:

30 L5:

31R:
32 L5:

33R:

34 L5:

35R:

36 L5:

37 R:

Same method as for 10 or 20 houses above.

: Say more about that....
10 L5:

I mean if 10 houses = 51 lines, 20 houses = 102 line segments, then 40 houses will give
102 multiply by 2 = 204 lines. So 50 houses will be (10 + 40) houses = (51 + 204) line
segments.

First, | would like if you can take me through your solutions to questions 1 -4 starting with
question 1.
At first | looked at Q1 with cluster houses in three different positions. And saw that in the
first position, there is one house made of 6 line segments followed by 2 houses with 11
lines and three houses having 16 lines. This gave me number pattern: 6; 11; 16; ........
What does this pattern mean to you?

It gave me a kind of an idea to think of working out a formula to represent this pattern.
And Yes! to help calculating lines for next set of cluster houses.

Explain more on what you did.
| tried first to work with a formula Tn = n x 6 — 1. Aaah! But when I tried it to find number
of line segments in first house when n = 1. It didn’t work out.

Did you stop or carried on?

No! I went to second figure and made n = 2 in the same formula and it worked well. But
then | had to try n = 3 and it did not work this time and found that | actually had to
subtract twice than the first time.

What did that tell you.

Something is wrong with my formula or substitution.

Why did this approach not work?

That is why | had to carry on investigating more especially about the formula | am using.
Did further investigation help you.

Yes, this formula Tn = n x 6 — 1 So | did it in a different way now | remember.

Take me through your different way.

| figured the number of line segments on a given set of cluster houses by counting say at
position one, two and so on. And then | realized that the pictures gave a similar number
representationto; 6, 11,17, .......... , by removing one line segment on one house to get
to the next and then added five more line segments that’s how many more lines | would
need any way in the next position. So | did the same thing for all the questions that
followed in order to get number of line segments.

Show me how you determine the number of line segments for 10 or 20 houses?

You mean like 2, 3, 4 .... until ten and twenty? Ok, | think | figured out 51 lines in 10
Houses and then use this to find the line segments now in 50 houses. So multiplying 51 by
2 gives 102 line segments for 20 cluster houses.
Would you use a different approach for 50 houses?

Yes, but | think needs more time to find another method. So eeeish!,.... You just do the
same method as for 10 or 20 houses above.

Say more about that....

I mean if 10 houses = 51 lines, 20 houses = 102 line segments, then 40 houses will give 102
multiply by 2 = 204 lines. So 50 houses will be (10 + 40) houses = (51 + 204) line segments.
Did this new formula work?

When | checked the formula | tried it out on the first house and it worked. Then on the
second house, it also worked. | did the same with the third house. In each diagram of the
houses, the formula worked.

What conclusion do you make/draw from this.

| concluded that in order to find the number of line segments one had to use
Tn=5xn+1andyaaah! That's it.

How did you do the 4™ house(s)?
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38 L5: Ok. Isaid n which is 4 and substituted for an amount Tn and got 20 + 1= 21.
39 R: How do you write that?
40 L5: ItsTn=5xn+1="5x4 +1 =21 lines.
41 R: What do the symbols in your/this formula represent?
42 L5: Sir, Tnis term or number and n is its position.
43 R: What did you do on the question about 50 houses?
44 L5: Also like n=4 but this time n=50. This gives Tn = 5xn +1 = 5x50+1= 251.
45 R: What is this 251 for?
46 L5: Number of line segments in 50 houses.
47 R: If you have number of line segments, would be able to position of the cluster houses?
48 L5: Position! Yes Sir.
49 R: How would you do that?
50 L5: Suppose my lines are 251, in order to get position —n... of the houses | think one need to
work like going back.
51 R: Explain more...
52 L5: | will make 251 =n x5 + 1 and solve for n instead of finding Tn.
53 R: What answer can you get in this case.
54 L5: Thisis what can be done:
.......... her working went like;....
Th=nx5+1
251=nx5+1
251-1=nx5
250/5 =(nx5)/5
250/5=n
50=ni.e. 50" position gives 251 line segments.
55R:  What have you learnt from doing this  ?
56 L5: Ooooh! | see it’s the same question in the questionnaire only to work backwards. So you can
get answers quickly to these questions if one uses a formula method.
57 R:  What if you difficulties in finding a formula, how would you do these questions?
58 L5: By counting line segments and number of houses every time
59 R: How different is that really say if 500 houses?
60 L5: No! 500! That’s a huge number. | need just to use the formula than drawing pictures of
houses up to 50. This will take half a day and will need more pages.

QUESTION 2
61 R: How did you do this question?
62 L5: Ilooked atfig 1 and counted the blocks or tiles. Then | went to fig 2 and did the same

until figures 3 and 4.
63 R:  Whydid you have to do that?
64 L5: To see if thereis a pattern that | can work out a formula.
65 R: Did counting tiles per group helped find a formula?
66 L5: Yes, myformulais 3 x 1 gives 2 and this becomes n x 3 + 2 to get the amount of blocks in

a group.

67 R: Is what you are saying shown in your solutions?

68 L5: No.lonly wrote answers and not showing the formula Tn=n x 3 +2.

69 R: In this formula you have n x 3 but in the previous one you had n x 5, Why these are
different?

70 L5: Yeah! When | looked at fig 1 =5, blocks, fig 2 =8 but 5 + 3 = 8. Then decided to keep
adding 3 to get the next term or number.
71 R: Will this work for figures 1 — 47
72 L5: Yesit does work.
151



73 R Where does the coefficient 3 of n in the formula come from?

74 L5: Infact it comes from the difference in blocks between any two positions.

75 R: Is the number in the first formula Tn = 5n + 1 the difference?

76 L5: Ooooh! Am not sure about that.

77 R: Would you go back to find out or verify?

78 L5: Ok.Infigl=6;fig2=11andfig3=16;........ Eeeeyah! 5 is the difference. So 3 and 5
are kind of numbers related to the difference in the patterns.

79 R: Did you learn something having answered this questionnaire?

80 L5: Yes.

81 R: Tell me more....

82 L5: Inorderto getaterm or a number, | would have to multiply n by the difference between
the figures or tiles from each figure and think about other number to + or — afterwards.

83 R: How many tiles are in group 10?

84 L5 32

85 R: Howdidyou find 32 tiles?

86 L5: Idrew more pictures and counted the tiles in my drawings.

(I'said, Tn=3n+2and maken=10toget3x10+2=30+2 = 32)

87 R: Can this pattern carry on?

88 L5: Yesitcan.

89 R: Explain more....

90 L5: Because the number of groups increase and also number of tiles is increasing.

91 R: What would you do if you have 602 tiles?

92 L5: Sincenx3+2=602then3n=602-2=600.Therefore n=600/3 =200

93 R: Explain what this 200 is for?

94 L5: Yaaaah!lsee, 200 is actually the group number.

95 R: What other lesson have learnt from this exercise?

96 L5: |Ithink whatis coming out clearly is.... if you have...[ ] ... a specific pattern and so there
will be a specific difference which you can use to make a formula.

97 R:  Whatelse (method) could you have done to answer this question?

98 L5: Countingthe blocks or tiles and using the formula. Yes, drawing more pictures. But a
formula is the best and easy because counting or drawing would take more time.

QUESTION 3

83 R: Take me through this question.

84 L5: Thanks. They asked us to work out the number of dots and lines used to make a motif. So
| first looked at the difference of the dots and fig 1 had 4; fig 2 = 6 and | immediately saw
the formula coming.

85 R:  What formula was this?

86 L5: ItsTh=nx2+2

87 R: Explainthe 2’s in this formula.

88  L5: The 2 multiplying n is the difference and the other 2 | decided to add on to get the next
term as the numbers are increasing. | should have subtracted if decreasing *******x*

89 R: Didyou use this formula to complete the table of values?

90 L5: Yes, to get the number of dots and a different formula to get the number of lines.

91 R:  Explain how you got the formula for the number of lines.

92  L5: First mytwo formulasare Tn=2n+2and Tn=4n+ 1; Ok in fig 1 =5 lines; fig 2 = 8 lines
then yaah! Sorry fig 2 had 9 and not 8. Then | said n which is the position multiply by 4
add1gotTn=nx4+1.

93 R: How did you use these formulas in completing the table?

94  L5: Yousee in this table, they gave us the number of motifs’ e.g. motif 1 | said its 1 x 2 + 2

gives dots and 1 x 4 + 1 = 5 gives lines. So this will look like this:
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DOTS: 1x2+2; 2x2+2; 3x2+2; 4x2+2; 5x2+2; 6X2 +2; 7x2+2; ..........
LINES: 1x4+1;2x4+1; 3x4+1; 4x4+1; 5x4+1 ; 6x4+1 ; 7x4+1; .........

95 R: Did you find it easier completing the table?

96  L5: At firstit was not difficult and did not require the use of formula but as the position of
motifs’ grew bigger or increases needed to use a formula.

97 R: Wouldyou still complete the table without a formula?

98 L5: Yes.

100 R: Explain how...

101 L5: Iwould count until | get to that number of motifs’ but takes quite some time than using a
formula.

102 R: What would be the motif position if you had 100 dots?

103 L5: Isn’t this same thing of working backwards?

104 R: You decide about the method?

105 L5: OK.Youwouldsaynx2+2= 100

nx2 = 100-2
(hx2)/2=98/2
n = 49" position

106 R: Suppose you have 801 line. What position motifs’ could this be?

107 L5: | will use a similar approach to the above. ....... She works out using 801 =4xn+1 and
found ..., n=200

108 R: How easy do you find this method?

109 L5: Its easy when you practice or understand. But | think am using how to use operations like
in equations.

110 R: How did you know the use of operations with equations?

111 L5: Welearntin class and these are mathematical rules.

112 R: Do you know the rules very well?

113 L5: Yes. | know them BUT | don’t know how to explain to somebody but | can use them
correctly.

114 R: What kind of graph would you get if these values are plotted on the x-y axes?

115 L5: Astraight line, because they are both increasing.

116 R: Did you get a straight line graph?

117 L5: No

118 R: Why are they not straight lines?

119 L5: It's hard, | really don’t know.

120 R: What mathematical relationship is shown or represented in your graphs?

121 L5: Isaid they are both increasing, therefore DIRECTLY proportional.

122 R: Explain more...

123 L5: Like for example, if the lines were increasing but dots decreased then this would be
INVERSE proportion.

QUESTION 4

124 R: How did you answer this question?

125 L5: We are now given numbers and not pattern through pictures as in questions 1- 3.

126 R: Inwhat way did that help you?

127 L5: Isaw immediately the difference between any two terms is the same.

128 R: What were your next three terms?

129 L5: Iworked the difference in the numbers first and then use it to find other numbers.

130 R: How did you do that?

131 L5: You have to use a formula or if not then you have to count the numbers.

132 R: Explain more....

133 L5: Yeah! By counting you just say it starts off with 5 so 5+7 = 12; 12+7=19; 19+7=96 . No!
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No! No! its actually 26.
How did you get 96?
No Sir, It was just a mistake.
Let’s go back how you do the counting method.

Yes, you carry on and on adding 7 to get the next numbers but a formula would be easier.
Can you take me through your response first. And then tell me what you would do if there
were 50 numbers and want to find the 50" term or number.

With 50 terms given as in part iii), | would probably....... | mean what | could have done is,
..., just look at 5 as for first number and then adding seven to second gives 12 at position
2, 1 will keep on doing this until | have the 50" term.
Why adding seven?

| can see that the numbers in the pattern are changing by seven in 4aand 5in 4b
Okay, are you talking about 4b as well?

Yeah. All these are similar sequences because they use numerical terms and | have to
always start from the first number and see how to get the second or third, ..... etc.

Will you keep adding the five until 50" term in 4b?

Not really. But on the first question 50" term ves. | will add five but the pattern is
decreasing, and its confusing.

Explain more about this adding of five

| mean 50" house = 50 + (-5) =55 +5=55
Why do you have minus five added to 507
50 is the position of my lager value and minus 5 is what | will add ever time since the
pattern is a decreasing one. So in 4a, the 50" term is 50 + (7)=57
Does this method always work for large values?

| think so. It should work as well for larger position numbers.
What will be the nth term in 4a and 4b?
In4da,itsn+(7)=5+7andin4blfoundittoben+(-5)=n+5o0rn->=5.

Is (n +5) the same as (n—5)?

Yes, n stands for position of the term am looking for and 5 or minus 5 is just what | need
to keep adding in order to get the next terms.

Did you really use a formula here?

Yes | did. My formula was Tn =7 x n — 2 and | checked when | got the answers to the
questions.

Can you show how you checked.

I did this; T1 =7x(1)-2=5; T2 = 7x(2)-2 = 12; T3 = 7x3(3)= 19 So my next three terms
were: T4 = 7x(4)=26; T5=7x(5)=33 and T6=7x(6) = 40

What would you do or say when the number do not correspond to those in a pattern as
you do the checking?

Then either my substitution is wrong or formula.

What is the term on nth position?

Is the same formula Tn =7n - 2.

What position could you get for the term 208?

This would be 7xn — 2 = 208. Therefore, 7n = 210 and n=30

Are sure with your calculation for n=30?

Very much so.

What can you if you got n =30,76?

Mistake in the calculation or position is not there. May be the pattern has changed.

Are saying it is possible to get the value of position n =30,76?

No am not saying that.

Explain more.....

Because, then there is just,..... [ ] | don’t know how to explain this mathematically.
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Ooooh! But now | think the position needs to be a whole number... and one cannot get
a position with a remainder.

How did you do the last part.

| found it difficult because the numbers are decreasing so | did not know what to do with
the difference of 5 between the numbers in this pattern.

Did you write down any answer?

| was thinking about the formulas to be n + 7and n—=5 or n+ 5.

Your General Comment about this work.

| think its much easier to work with a formula on number patterns than other methods.
The questions can be in different formats but if you know how to get a formula its like
you working in algebra now.

Why Algebra?

Because Algebra is helping us to calculate or find the nth term or position in a number
pattern. So the general formula is algebra. You see, Tn and n are unknowns.

Thank you very much for your time.

Thank you Sir.

TRANSCRIPT 3 (L28: DK)
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Welcome to the follow-up interview about the research questionnaire on number
patterns
Thank you.
Take me though your responses starting with question 1

In this question | noticed that every time when | added another house, it increases by 5
line segments.

What do you mean adding another house every time.

You know what sir, a house has [ ], | don’t understand the question you are asking sir.
What do you ...... Repeated the question.

Ok. In one house there 6 line segments and with two houses its 11 and three houses its
16 lines. As you see from that you gte 6; 11; 16; ...... as a pattern where 5 is an increase
every time.

What does this mean to you?

Its a number pattern which can be worked out using house positions and number of
line Segments, ........... .

Why are you working with house-positions and the number of line segments?

First | changed the diagrams given into numbers. So these are now terms each on its
Specific position foe example, when n=1 Tn= 6; n=2 Tn=11 and n=3 tn=16 ......... And

working as we do with linear graph or equation n=x and Tn=y. | found that An/ATn =5
and substituting this into y = mx+c when n=1 (x), Tn =6 (y) then c=1

Explain more on how you used the values from these calculations.

In this situation, it means y = mx + c is the same as Tn =5n + 1.

Are the two expressions equal?

| would not say it in that way. | think the “same” here means the give the same line
graph on the Cartesian plane.

So talk to me how you used your general rule Tn = 5n+17?

| counted the line segments at position n =say, 1, 2, 3, 4, lines in a rectangle and 5, 6
extra two lines that are making the roof of the house. This help to make sure if my
formula is correct (justification). | did the same for position n=2.

Okay, how many lines are at position 27?
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Three verticals and four horizontal lines plus another four as the roofs making eleven
line segments by addition.
Is 11 the number of line segments for two houses?
Yes, | checked this by the formula as well.
Did you follow this procedure for 50 houses?
No, 50 is a big number. | just used my formula without checking it because this worked
for n=1 & 2. A formula is very good for working with large numbers since you cannot
draw 50 pictures of houses in order to count the number of line segments in them.
If you consider the numeric pattern of n and Tn above, why is the number of line
segments going up by 5?
Every time the position number increases by one, you are actually adding a house by
five lines more than the previous. For example if | add a house on n=3, this last line
(pointing to the picture) will be shared with the extra house so | just need 5 lines to
complete the diagram or picture.
Explain about your solution from the first part of the question.
With 4 houses, its 21 lines.... for 10 houses its 51 lines and 50 houses will have 251 line
segments.
How do you get 21; 51; 251?
| used a general formula to do this.
How did generate this formula you are talking about?
No method really.... [ ]. | just came up with a formula anyway.
How did you decide that this is the formula | will use in this question?
Fine. Yaaaah! | looked at the line segments of these cluster houses and saw the
common difference is 5 and | then multiplied 5 by n, n being the number of house and
added 1,there was my formula.
Is that what you call a general formula?
Yes but it can be written clearly as 5n + 1
Is 5n+ 1 a general formula/
Yes, used to find how many line segments say are in 3 or 5 houses.
How did you use this formula?
Lets say there are 2 houses, then 2 x 5 + 1 because the number of houses is represented
by n and 5 is the difference then you add 1 line segment.
Where is the formula from your answer script?
Here it is, ... {She points where the formula was written}. It is 5n + 1.
You are saying 5n + 1 but | see Tn = 5n +1 on your page.......
Oh, yaah! This Tn just stand for term 4.
What do tou mean by term 4?
Yes, its just number of houses.
What is your real formula in this case?
I[tsTn=5n+1
Did you work with this formula in answering these questions?
Yes | did.
How did you use the formula again?
| use it to answer the following questions.
Please show how you found line segments for 50 houses.
I multiplied 50 by 5 and added 1 to get 251 lines
What do you call that method in maths?
Oh Yes Sir, Its substitution.
Will this pattern continue?
Yes it will until we have n number of houses.
How would work out the position if you are give 501 line segments?
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44 128: ....[ ]IlthinkIcan find the number of houses made up of these 501 lines.
45 R: How would you do that?
46 L28: Tn =501 and substituting this into the formula | can solve for n which is the position.
47 R: Explain more.....
48 L28: My formularemember was Tn=5n+1, so if n =501 then;
501= 5n+l1
501-1= 5n
500 = 5n
500/5 = 5n/5
100 =n
49 R: what have learnt from working on these questions?
50 L28: |Ithink, with number pattern problems you must always remember to look for the
common difference between any two numbers or terms before deciding on the formula.
QUESTION 2
52 L28: ....Shereadsthe whole question... 51 R: Take me through this question as well.
53 R: How did you find these answers to this question?
54 L28: Its17 tiles
55 R: Explain your method, how did you get 17 tiles?
56 L28: Thisis what | did. You see ... every 1 tile you put on the base, you also put 1 on each side
or end of the group ... [ ].
57 R: Doyoumean 1tile from each side of the base?
58 L28: No, you put here...[ ]| mean the columns. Like for this tile on the base you add 1 more
on each side ... also 1 here and 1 here.
59 R: How many tiles are there in group 6?
60 L28: Sirlcame up with a general formula to work out this apart from counting one by one.
61 R:  What was the formula?
62 L28: Th=3n+2
63 R: How did you formulate this 3 x n +2 expression?
64 L28: The common difference between the tiles from one group to another is 3 and then you
always add 2 tiles on the columns, that is why | have plus 2 in the formula.
65 R: Do you always have to add 2?
66 L28: In this question Yes. You add 1 tile here ...{ }and 1 tile here...{ }. So its always two tiles
more.
67 R: Can this approach work when finding tiles in the 7" group and any other group?
68 L28: Yes because the formula generalizes the numbers in this tile pattern.
69 R: What did you find for this?
70 L28: 23Tiles
71 R: Explain more ......
72 L28: You actually multiply 7 whichisnx 3 + 2.
73 R: How does that look like mathematically?
74 128: Ok.lts...Tn=3n+2,s0T;=3x7 +2=21+2 =23 tiles
75 R: What about the 10" group of tiles?
76 L28: |used the same formula and found 32.
77 R: Do you have other methods for working on number patterns’ questions?
78 L28: Yes
79 R: say more....
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80 L28: One can actually draw the tiles one group at a time until say any position.

81 R: How would do that for 50" group of tiles.

82 L28: 1 will draw extending the pattern given from the first four pictures. But sir, | think its a
waste of time. Imagine position or group is 5000, Eeeeeish!

83 R: Explain more why you say its a waste of time?

84 L28: Because there are lots of tiles to draw. Its better and easy to use a formula Tn = 5000 =
3xn + 2 and solves this equation backward for n.

85 R: What is your comment about the general formula in number patterns?

86 L28: Its easier to work with formulae because you just substitute to get what you are looking
for whereas drawing, takes up too much time. .... And also you can make a lot of
mistakes, if you miss out only 1 tile, then your entire drawing is wrong.

87 R: What is meant by finding tiles in the nth group?

88 L28: It means find the general formula or to find Tn.

89 R: It appears that you answered this last question before any of the first few questions.
Explain why did you do that?

90 L28: Ifind it easier to find formula first because if | had done up to 50 tiles only to find the
formula at the end is gonna take up time.

91 R: Your comment before we can move to the next question.

92 L28: VYes, finding a general formula first whenever there is a pattern is very important.

QUESTION 3

93 R: In your own words how did you understand this question?

94 L28: ...The learners read the entire question statement word by word.

95 R: What do you understand from that?

96 L28: Ithink this is about motifs; as drawn from which a table of values showing a motif
number or position versus the number of dots or lines making up the motif’s.

97 R: Take me through how you completed this table.

98 L28: First | looked at the Dots, you see when you add 1 motif, the number of Dots increases
by 2 but the lines increases by 4.

99 R: Isthatamethod you used to fill the table?

100 L28: Yes. But |l did put this information in a formula form first.

101 R:  What formula?

102 L28: For Dotsits 2n + 2 and for Linesits 4n + 1

103 R: Didyou use other methods beside these formulae?

104 L28: Yes

105 R: Explain more....

106 L28: I mean | used the formula in the last column for nth motifs’ position.

107 R:  What about the first gaps in the table?

108 L28: No | did the table as well but only few numbers | could just to get the pattern for my
general formula.

109 R: How helpful is that approach?

110 L28: Its good because | then used the formula for larger numbers e.g. 63 and 120.

111 R:  What is the mathematical relationship between motifs; position (n) and number of
dots(d)?

112 L28: These are DIRECTLY Proportional.

113 R:  Explain more.....

114 L28: This means both n and d variables increases.... you see when n goes up, d also increases.

115 R: What about nand | (lines) or lines vs dots?

116 L28: All are directly proportional to each other.

117 R: How do represent such mathematical relationships.

118 L28: You draw graphs.
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119 R:  Say more about graphs....

120 L28: Yes, aline graph is what you get. You see if a line is going from top right on the x-y axes
to bottom left its direct proportion. But if its coming from top left to bottom right then
its Inverse relationship.

121 R: What do you mean by inverse?

122 L28: The two quantities change differently lets say when one is increasing the other one
decreases.

123 R: Canyou give examples to this.

124 L28: Yes. See the sketch graphs below:

d / /

» » »
» >

d direct prop n direct prop n direct prop inverse prop

125 R:  What do you learn from such/these sketch graphs?

126 L28: |Ithinkthey are all linear graphs and therefore can generate linear equations.

127 R: Say more .......

128 L28: When we are doing statistics, we use line graphs and also on the Cartesian plane in
algebra to find the gradient of the line through given points.

129 R: How does this relate to the concept of gradient.

130 L28: YouseeTn=2n+ 2is a form of the linear equation like y mx + c. So if the line was
exponential then the formula would be different.

131 R: Could you have generated a formula from the graph if you did not have the table of
values or the motifs?

132 128: Yes

133 R: Explain more........

134 L28: vyou can find the gradient of the line by using any two points on this line say m = change
iny divide by change in x and substitute into y = mx + c:

135 R: How would you relate number of dots and lines or position motifs in terms of y = mx +
c?

136 L28: Siritssimple, youseey=mx+candTn=2n+2ortn=4n+1;Tn=yandc=2or1and
also m =2 or 4. These are all linear equations.

QUESTION 4

137 R: How did you find the next three terms in this question?

138 L28: Inoticed the common difference between any two terms in the pattern to be 7
139 R: what did that mean to you?

140 L28: The pattern was increasing every time by 7. So the next three terms are: 26; 33; 40

141 R: Take me through the second pattern as well.
142 128: Ok.The common difference was -5 i.e. minus 5.
143 R: Why the difference is negative this time?

144 128: Because the numbers in the pattern are going down.
145 R: Say more......
146 L28: The terms are decreasing.

147 R: How did you work ut the 10" and 50" terms?
148 128: | made ageneral formula for each pattern. From first pattern its Tn = 7n — 2.
149 R: Explain why 7n this time and not 5n, 3n or 2n as in previous questions?

150 L28: 7 is common difference and Tn is the term while n is the position of the term.
159



151 R: Where does -2 in the formula come from?

152 128: Because when you multiply 7 by n the position number, there is 2 extra so | have to
subtract the expression by 2. The common difference is stil 7 and if you add 2 you get
which is 2 more than 7

153 R: What about the formula for the second sequence, What formula did you come up
with?

154 128: lused....[ ], thereis a formula they showed us to use in grade 8. Ok, | think its Tn = a
+ (n- 1)d where a if first term n-1 is common difference and Tn if the term.
manipulating this gives me a formula Tn =-5x n + 40 which is Tn =40 —5n

155 R: Do you really understand these formulae or rules you have generated?
156 L28: Yes|do understand this work.

157 R: Explain in detail to me especially the symbols you are using in your rules.
155 R: Did you use this formula when coming up with the nth terms?

156 L28: No

157 R: Explain more...
158 L28: Because | could not remember it very well.

159 R: If someone does not know how to generate these formulae, how could they do these
questions?

160 L28: Finding a common difference in the pattern is a good start.

161 R: Which other methods would you recommend?

162 L128: Coming up with a formula only.

163 R: Why?

164 L28: |ljustsee if there is a pattern in a given set of numbers or objects and if its addition or
subtraction... then take it from there.

165 R: Do you have any question?
166 L28: No, because | ask my questions in a maths lesson in class if | did not understand
something.

167 R: Thank you for attending this interview.
168 L28: Thankyou.

TRANSCRIPT 5 (L17: MM)

1 R: Welcome to this interview.
2 L17: Thank you Sir.

3 R: Take me through your responses in Q1

4 L17: Ok Sir. | looked at the paper and for the 1* house | counted with my fingers all the line
segments so | got 6; 11; 16; ........

5 R: What did you do next.

6 L17: I made up a formula when | saw there is a pattern for the number of line segments.

7 R: Explain more.....

8 L17: My formulaisT,=6+ (n-1)x5

9 R: What does Tn and n mean in your formula?

10 L17: Tnistheterm, 6is the first term in the pattern, n-1 is the position and 5 is the common
difference among the numbers in a pattern.
11 R: How many line segments for 4 houses?
12 L17: From my formula Tn =6+ (n-1)x5 will be T, = 6 + (4-1)x5 = 21
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13 R What about 10 houses?

14 L17: Using the same method and substitution | got 51

15 R: How would you determine the line segment for 11" position of houses?

16 L17: If 10 house | found 51 the 11 houses would be 51+5 =56

17 R Why adding 5?

18 L17: Itsthe same as doing substitution for n =11 into the formula. But because | knew line
segments for 10 houses so 11 needs just to add 5.

19 R: What did you find for 50 houses?

20 L17: Tn=6+(n-1)x5=6+(50-1)x5=251

21 R: Can you work out the same solution using a different method?
22 L17: Yes, but a formula is much easier by means of substitution.
23 R: What do you suggest if others experience difficulty in generating a formula?

24 L17: Youcan use you hands to count or like .... [ ] but the Tn formula works faster. But if
you don’t understand then its going to be very difficult for you to work on such

problems.

25 R Explain more...

26 L17: Imean, you will have to extend the pattern that long or else draw the pictures of the
cluster house further and this takes too much time.

27 R Is taking time a problem....?

28 L17: Yes.Youseefrom6;11; 16; 21; ..... carries on. And once you have a position number
251 then it means you write down all the numbers until the pattern reaches 151. Its
going to be very difficult ... but as long as you understand it in that way......

29 R: What about number of line segments in n houses?

30 L17: This question is asking the nth term, and my formula with n in it is the answer.

So Tn = 6 + (n-1)x5 represents line segments in n houses.

QUESTION 2

31 R Take me through your response to this question.

32 L17: Ok. fig1 has5 tiles; fig 2 has 8 tiles and fig 3 has 11 tiles | did the counting using my
fingers to see if there is a pattern such as this that every time | go to next figure the
common difference was 3.

33 R: How did this help you?

34 L17: YesSir, like in fig 5 | just used my fingers because adding 3 always say from fig 3 =11,
then | knew there will be 15 tiles.....[ ]. No! Its ........ { counts fingers 11, 12,13, 14}.
Yes its 14 sir. And then from there | just kept on adding 3 this time | had not yet written
down the formula.

35 R: Describe the pattern briefly.

36 L17: You see... the horizontal tiles at the bottom are 7... each time they increase 1 more tile
at the base and the columns each time also increase by 1 tile. So when the base is 7 the
top tiles are 5.

37 R: How many tiles did you find for 6™ and 7" groups?

38 L17: 20and 23 tiles.

39 R: Explain more...

40 L17: |fig5—17tiles, thenits 17 +3 and 20+3.

41 R: How would you find the group number if given the number of tiles in a group?
42 L17: Isthisfor Q2 or Q1°?
43 R: This question is about position and could be asked in any number pattern. Say in Q1
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you have 51 line segments. Would you be able to find the position of the houses?
44 L17: Yes.

45 R: Explain more....
46 L17: | Think | would be able with the formula as | know the first term so Tn = a + (n-1)d
47 R: Is this formula the same as Tn = 6 + 9n-1)x5

48 L17: Yes because Tn if the same term, a = 6 and n-1 is the position, d is the difference and n
number of term.

49 R: So, how do you work out 51 line segments?
50 L17: Inthis case my Tn =51 so | will do 51 = 6 + (n -1)x5 and solving for n the answer is
n=10

51 R: What is n = 10 standing for?

52 L17: Its the position of houses containing 51 line segments. Eeeeeish! You caught me by
surprise with this question yooh!.

53 R: What do you mean?

54 L17: Thisis working backwards and didn’t think | will be able to do it. And there was no such
guestion in the questionnaire you administered to us.

QUESTION 3

55 R: Take me through your solutions in this question.

56 L17: The first row was given to as number of motifs and then in 2" and 3" rows | realised
that...[ .

57 R: How did you determine the number of dots in the 2" row of the table?

58 L17: Ok. For n=1its 4 dots and n =2 its 6 dots. This is like adding 2 dots every time.
59 R: How did the pattern of Dots look like?

60 L17: Its4;6;8;10; 12; .............

61 R: What was the number of dots in the nth position of motifs?

62 L17: ItsTn=2+2n

63 R: How did you find the term 2n in your formula?

64 L17: Eeeeish!|cannot remember what | did Sir.

65 R: What about the number of lines in the third row?

66 L17: Forn=1there5lineand n=2had?9 lines, ....... [ ]

67 R: Do you notice anything from this?

68 L17: YesSir. Thenif n = 3 it will be 13 lines.

69 R: How do you get 13

70 L17: |saw the common difference between 5 and 9 was 4. By adding 4 to 9 gives the third

term.
71 R: How many lines would you get from 500" position?
72 L17: ItwillbeTn=1+4x500=2001
73 R: How different could you have approached this problem?

74 L17: 1 would carry on with the formula because drawing the motifs takes time. | cannot
afford to draw 500 motifs of boxes.

75 R: Why do you insist the use of formula?

76 L17: No matter how big the numbers in a pattern could be the formula simplifies working

with.
77 R: Which two formulae have you been using in this problem?
78 L17: Tn =2+ 2n forthe DOTS and Tn =1 +4n for the Lines
79 R: How different are the two formulae?

80 L17: The first represents a set of even numbers in the patter. And the second represents
the set of odd numbers in a pattern.

162



QUESTION 4
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R:
L17:

L17:

L17:

L17:

L17:

L17:

L17:

L17:

L17:

L17:

L17

L17:

&

L17:

R:

L17:

Take me through this question.

... She re-writes 5; 12; 19; ........ , Ok from 5to 12 and 12 to 19 there is a difference of 7
to get to the next number or term.

What are the next three term?

26; 33; 40

What about from the other pattern in part b)?

The difference in this number set is 5 and each time the numbers are subtracting 5

How did you determine the next three terms?

| used a formula.

Which formula is this.

Tn=a+ (n-1)xd; Tn = 35 + (n-1)x-5; this simplifies to Tn = 40 - 5n, ****#**
What was the formula for part a)

Must | write also?

Yes.

Ok. ltsTn =a + (n-1)xd where a=5and d =7 then Tn=7n =2

Would you generate the formulae without starting from Tn = a + (n-1)d?

This is a basic expression one needs to know otherwise you will have difficulties.

Where is this basic formula or expression coming from?
My mathematics teacher at grade 8 taught me.

What if you had forgotten?

| don’t think it would be easy to work out these numbers.

Do you have any comment having worked on these number pattern problems?
Eeeeyah! FromQll, ..... firstly when | looked at the houses | learnt how to notice a
pattern and then think about the formula. The rest of the questions worked well when
| used this approach.

What part/section of mathematics would you associate with these questions?
Algebra

Explain more....

The numbers in the pattern are being generalized into a formula. And we are also
substituting to find some unknowns.

Do you have anything to say in this interview.

Not really Sir. But | did enjoy working on these questions and even during this
interview. It was good that it was not for marks but just something to help you think.
If this task was a test | do not think | would have passed however, it was somehow
easier because we got more time to do it.
Thank you very much for your participation in this exercise.

It is a pleasure Sir.

TRANSCRIPT 6 (L15: NC)

WO R

R
L15
R
L15

Welcome to this afternoon interview, .......

Thank you Sir.

Would you please take me through your response to question 1

We are supposed to find number of line segments in the houses which are a design
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of the new set of town houses clustered at different positions.

5 R: What did you notice about these cluster houses?
6 L15: The 1* house has 6 lines , 2™ house has 11 lines and the 3™ house, 16 line segments.
This gives a number pattern of the form: 6; 11; 16; .........

7 R: Say more about the pattern.....

8 L15: The pattern has 5 as the common difference between any two terms.

9 R How does it help you knowing 5 as the difference?

10 L15: To answer questions about 4™ and 5™ houses.

11 R: What answers did you get?

12 L15: 21 and 26 respectively.

13 R: How did you get these numbers?

14 L15: This pattern results into Hn = 5xn + 1 as a mathematical general formula.

15 R: Why deciding on using the formula.

16 L15: Its easy to work on such problems and also there questions did not specify what

method to use.

17 R: How many line segments are there for 10 house?

18 L15: 51line segments are in these 10 cluster houses.

19 R: Explain more....

20 L15: 10x5+1=50+1=>51. Actually in my answer script | said hx = (1-x) + x * 6 because it

still make sense to me and results into the same answer anyway.

21 R: Can you give an example.

22 L15: The two formulae are: Hn=5n+1 and hx = (1-x) + x* 6 where x = n =position.

Hip=5x10+1 hx = (1-10) + 10*6
=50+1 =-9+60
=51 =5

23 R: What can you conclude from these examples?

24 115 Hn=5n+1andhx= (1-x0 + 6*x are both general formulae for the same pattern

expressed differently but can be used to answer the same questions.

25 R: What was the secret behind you approach to these questions?

26 L15: Observe the pattern, look for similarities or differences and the work with these

findings to generate a formula where possible.

27 R: Say more.....

28 L15: I mean some patterns may not fit into any formula while some does.

QUESTION 2

29 R: Explain your approach to this question.

30 L15: ...shereads the entire Q...

31 R: What do you notice?

32 L15: From figures 1-4, | see already a patternsuchas 4;6; 8 ; ..... for grey tiles and also
another for white tiles. You multiply the figure number by 2 in order to get grey tiles
and sometime use of a formula would be suitable in this case.

33 R How did you use such information.

34 L15: |came up with a formula representing this information.

35 R: What formulae did you generate?

36 L15: Gn=nx2:Greytiles and Gn=n+2:White tiles where Gn is number of tiles per
group and n is the group number or position.

37 R: How many tiles did you find in group 10?

38 L15: This is asking both (Grey and white Tiles) altogether.
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69 R:
70 L15:
71 R:
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73 R
74  L15:
75 R:
76 L15:

So what did you do?
| used each one of the two formulae and added the answers.
Explain more....

This is what | did:  Group 10 = Gn (w) + Gn (g)
=nx2 + n+2
=10x2 + 10+2=20 + 12=12
Is it possible to use one formula?
Yes it is possible.
How do you do that?
Combine the formulae above and simplify.
Say more......
If Gn = nx2 and Gn = n =2 then Giota = NX2 + N+2 =3n +2

Can this formula result into 32 tiles for 10" group?
Yes. 3x10+2=32

This is fantastic findings. Isn’t it?

Yes it is.

How did you work out this Q.
For the number of line you just had to,.....[ ]. You could first draw for and another
geometric motif say 2" and 3r and from there find the differences or similarities in the
pattern to help find a formula.
Describe the motifs as given in this question.
The 1 motif has 5 lines and 4 dots, 2" motif has 9 lines and 6 dots
With such information at hand, would you predict the number of lines and dots in 3™
and 4™ motifs’?
Yes
How could you do that?
Because from 1% and 2" motifs’ the number of dots differ by 2 then 2 will be part of your
formula. And then you need to try working with the numbers to find the constant
number.
Say more....
The constant number in this case is 2.
Why do you call 2 a constant?
Because there is a common difference of 2 between the dots in the motifs’.
What formula are talking about in this case?
2n+2
Is 2n + 2 you general formula?
No, the complete formula is Dn = 2n +2 where Dn = number of dots and n = is position.
What formula did you generate for the number of lines in motifs’?
Ln=4n+ 1 and 4 is common difference and 1 is constant ******
How many dots and lines are there in position 63.
Substituting into the formulae; for n = 63 then Dgz = 128 and Lg; = 253
How would you determine the motifs’ position if you know the number of dots or lines?
Suppose | have 60 dots, then | would find the position by solving Dn = 2n +2 for n as we
do when working with equations in algebra.
Explain more....
Let Dn = 60 therefore 60 = 2n+2, 2n = 60 — 2 giving n = 29
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L15:

How would you work when there are 201 line in the motifs’?
It’s the same method of working backwards but with the other formula this time.
Explain more.....
Assume Ln = 201 and solve by substitution now my formula will be 201 =4n+1i.e.n=50
Can you think of you own question either in terms of dots or lines and try to determine
the motifs’ position.
| would say: What position do we find the motifs’ with 48 lines.
Ok. How would solve that?
48=4n+1s04n=48—-1andn=47/4=11.75
What is this 11.75 for?
It is the position since we are solving for n
Are you satisfied with this answer?
No! No! No! It does not make sense in this context.
Why?
You see Sir, the position number cannot be say three and half or this 11.75 which is a
decimal fraction/number. It has to be a whole number in order to make sense.
So what do you learn from this question?
It is false...[ ] may be I did not think carefully when making up this question, ********
What do you mean the question is false.
It cannot be solved.... [ ]. Ooooh! You see 4n +1 in an odd number and not an even
number like 48.
Explain more.....
4n + 1 from the formula about lines in motifs’ is odd. So the number of lines should
always be odd then we can solve and find a good answer.
what is a good answer?
| mean the solution to a problem that make sense *#***#****x*** (sense making?)
What have learnt on the use of the general formula you generated?
I n the 1* formula the number of dots even in the table are even hence the formula must
be an even expression. While the 2" one should be odd.
How can you tell that the formula expression is an even or odd.
Even number means “being multiple of 2” and odd number has “1 or itself as multiples”
Carry on with the response about lessons learnt out of this activity.
Yaaah! One can use the formula to solve for position number of a term in a pattern, plot
graphs or even generate a pattern if you have the formula first.
What do you understand by the position of the motifs’?
In this context, the position number also represents the number of motifs’ in that
position. E.g. At position 1 you have 1 motif; position 2 you have 2 motifs’ and so on.....
so n stand for two quantities.
What kind of graph did you get for plotting value in row 2 against those in row lor row 3
versus row 1.
Straight lines
What mathematical relationship is there between these quantities?
They are all DIRECT Proportions.
Explain more.....
The quantities all increase and follow a linear pattern on the graph and are not
INVERSELY related.
What is INVERSE relationship?
When two quantities are compared in such a way that when one is increasing then the
other is at the same time decreasing.... that is inverse or indirect proportion.
Your comment about this question.
| think there are many things that we have learnt in mathematics and all link to number
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patterns. For example, geometric shapes, linear equations, linear graphs on x-y axes,
gradients, scatter plot and many more graphs in statistics etc..... [ ]

117 R: How does this work link to the concept of gradient?

118 L15: You see for example Ln =4n + 1 is of the form y mx +c wherey =Ln; m =4 and c = 1 that
is why Ln = 4n + 1 gives a straight line on the Cartesian plane *******

119 R: What about scatter plots in Statistics.

120  L15: Scatter plots come from two different quantities of data compared on x and y axes to
find the line of BEST FIT between the data. Its the same as comparing motif position and
number of lines in that motif. ******* And if you observe carefully, you start from

pictures, drawings, numbers and then all of sudden you are doing algebra working with
formulae.

QUESTION 4

121 R: Take me through how you did on this this Question

122 L15: Ok. Here its slightly different from the previous questions. This is straight forward
because we have numeric patterns in both a) and b).

123 R:  How did you find the next three terms?

124 L15: There is a common difference of 7 in part a) so its easy to see what formula is needed.
But also one can only continue the pattern by adding 7 every time to get the next
number.

125 R: say more....

126 L15: The numbers are

127 R:  Which method did you use.

128 L15: Both

129 R:  Why both?

130 L15: The formula to check the one of always adding 7 and vice versa.

131 R:  What were your 10" and 50th terms?

132 L15: | first had to find a formula or rule for each pattern.

133 R: How did you come up with a formula here?

134 L15: The common difference was 7, so | had to put 7 aside and then multiply the numbers
For the position of the number by 7 and had to either add or subtract a certain
number for you to get to the number you are looking for.

135 R: Did you opt for adding or subtracting a number?
136  L15: |subtracted.
137 R:  Why subtraction?

138 L15: Because when | multiplied position 1 by 7 = 7 and the only way | could get to 5 was by
subtracting.

139 R:  So what formula did you generate?
140 L15: Tn=7n-2; nis position of the number and Tn is actually the number on position n and
Tn =40 —5xn. | got these expressions using the technique above ***

141 R:  Take me through part b)

142 L15: ... The learner reads the pattern as: 35; 30; 25; 20; 15 and 10.

143 R:  How did you find the numbers after 25?

144 L15: The numbers form a pattern and were decreasing by 5 every time. So | kept on
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subtracting 5 from 25 to get the other numbers.

R:  What are you 10" and 50" terms?

L15: Ifound....[ ], the general formula first and it was -5n + 40.

R: How did you find this?

L15: Since the numbers are decreasing by 5, then the 5 is negative and then if you
multiply the 1* term where n = 1 by -5 obviously you get -5. So for you to get to the
number that is on position 1 you had to add 40 that gives 35. | also tried the other
numbers as a matter of checking the formula is right.

R:  Can one say these patterns in a) and b) carry on and on?

L15: Yes Sir even though for b) where it decreases by 5, as it goes further the numbers will
g0 negative.

R:  Your general views about the exercise on number patterns?

L15: Number patterns is just about knowing what you are doing enjoying it because you
need to be clever enough to find the difference or similarities and see how the
numbers follow each other. But if you don’t you cannot come up with the general
formula.

R:  Could you have found the solutions differently other than use of formula?

L15: Not really, it will result into the same thing even though steps will change.

R:  Would you have presented your methods and solution in a different manner?

L15: It depends on how the question is phrased and presented as well.

R:  Say more....

L15: You with numbers in a table, you can represent the numbers differently by a graph or
even draw diagram.

R:  Thank you for you participation in this interviews.

L15 You are welcome.

TRANSCRIPTION 7 (L23: FM)

A WN R

(S,

10

11

R

L23:

L23:

L23:

L23:

L23:

Welcome F to this follow-up interview.

Thank you.

Would mind taking me through your response to Q1

Not at all Sir. | understand that you had make it in accordance to the visuals given. | see
three different sets of cluster houses made up of different amounts of line segments.
How different are the line segments in these houses?

In 1% house | see 6 lines; 2" house has 11 and 3™ house its 16 line. That is what | meant by
different.

Ok. Carry on.

And then | looked at the questions which require us finding the number of line segments in
4, 10 and 50 sets of houses from the initial pictures or generate a formula. Position house
number and the difference or increase of line segments between consecutive terms is
very important.

| see you read there three houses at position 3., can you explain why you are
multiplying by the number of houses or house position by 5?
If you look at the first house, the number of line segments can be expressed as 5 x 1 plus
Some number. Similarly, for two houses, its 5 x 2 plus the same number am adding in
the first picture. So the numeric pattern constructed from the pictorial representation 6;
11; 16; 21; ...... , can be expressed as 5x1 + (1); 5x2 + (1); 5x3 + (1); 5x4 + (1); ....., where
the number added each time is 1.
| would like to understand your method here. Why are you adding 1?
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12  L23: Because, in the first house there 1, 2, 3, 4, 5, and 6 (pointing at the picture) line
segments use. So | figured out that 5 x 1 house gives 5 lines but | have counted 6, this
means my answer is one line missing. By adding 1 to 5 makes it 6 line segments
altogether. So my expression looks like 5x1 + 1.

13 R: What is it that you actually did.

14 L23: The cluster houses give a pattern such as 6; 11; 16; ..... in terms of the line segments
they are talking about. And formulated a formula for this pattern using Tn = a + (n-1)d
where Tn = term; a = 1* term; n = position of term and d = difference between the
terms. So my Tn =6 + (n-1) x 5 which simplified to Tn = 5n +1 as my general formula.

15 R: What is the Tn=a + (n-1)d?

16 L23: Itisa basic formula that one can use to see if there is a linear relationship between
quantities in any given pattern or not and it always work if the pattern is indeed linear.

17 R: What if it does not work?

18 L23: It could mean an exponential or other mathematical relationship or none at all.

19 R: Is there another method of doing this?

20 L23: Yes using the table could do which will eventual lead you to a formula.
21 R: Which methods were you using in you response?

22 L23: The formula but | can try the table method as well.

23 R How will that look like?

24 L23: In could draw two rows in which one row is house position and the other number of
lines and even draw a graph from these values in the table.

25 R: How did the formula help you?

26 L23: |substituted n=4; 10; 50 into Tn =5n + 1 to get the number of line segments.

27 R: What did you get?

28 L23: 21;51and251

29 R: What about n houses?

30 L23: Itisthe same as the general formulaTn=5n+1

31 R: If you have say 501 line segments, what would be the position of the cluster houses?
32 L23: You could still use the formula but in a different manner like working backwards | think.
33 R: Explain more....

34 123: Ithinkyoucouldsay....[ ], Tn=501

35 R: Say more......

36 L23: Substituting Tn = 501 into the general formula to work out the position ni.e. 501 = 5n+1,
n =100

37 R: What is n =100 for?

38 L23: Itisfor both the position of the houses and the number of houses at that position.

89 R: From question 1, Can you tell me how you would determine the position number when
you are given 201 line segments?

90 L23: [ willfirst write down my formula Tn = 5n +1. And if 201 is given as number of line
segment then my Tn = 201 so | just can calculate n.

91 R: How would really do that? Show me please.

92 L23: Solving a formula above for n; so 5n + 1 = 201 after substitution. Therefore 5n =201 -1
And n =40, the position with 40 cluster houses containing 210 line segments.

93 R: Will this always work.

94 123: VYes.

95 R: Explain to me more as to how will this workout, .......

96 L23 |Idid check some few more examples by means of substitution methods.
97 R: How much is enough examples for checking?
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98 L23: Two or three are enough.

99 R: Explain, what are you going to do in order to determine position for 21 houses.

100 L23: Similarly, 21 =I5xn+ 1. And then 5 times n is 20. Therefore positionn=4. ....... ,

To — Cont.

QUESTION 2

35 R: Explain how you did this question/

36 L23: In this question they have given us the tiles in different groups or positions and want us to
find the number of tiles in certain groups which are not represented in diagrams here.

37 R: Howdidyou do that?

38 L23: Infig 1there are 5 tiles; fig 2 has 8; fig 3 = 11 and fig 4= 14 ... { he redraw the tiles and
count them aloud} ..., so | see the pattern 5; 8; 11; 14; ...........

39 R: What does this mean to you.

40 L23: Its a pattern with a common difference of 3 between any two numbers or terms.

41 R: Can this pattern carry on?

42 123: Yesit can and its probably a direct proportion.

43 R: How many tiles were in group 5?

44 123: |said Tn = 3n+2 and since its starting at 5 and the difference is 3 then got my formula.

45 R: Whatis Tn =3n+2 for?

46 L23: ltis a formula that generates the pattern 5; 8; 11; 14 ..... etc. So in group 5 there are 17
tiles.

47 R: Inwhat group could you find 29 tiles?

48 L123: | would use the formula or carry on extending the pattern until | reach 29 tiles.

49 R: Explain more on this.....

50 L23: Otherwise, | would work out in reverse way like | did with one question you asked in Q1
i.e.Tn =3n+2 the 29 =3n +2 hence n=9

51 R: What does 9 mean or stand for?

52 L23: Tile group number or position for 29 tiles.

53 R: Whatis the best approach to these questions?

54 L23: |think using a formula is much easier than carrying on with pictures or ... [ ]

55 R: Explain more....

56 L23: The meaning and purpose behind is the same, however other methods are time
consuming.

QUESTION 3

58 R: Take me through you response again here.

59 L23: They gave us motif’ and different motifs’ make up a pattern consisting of Dots and Lines.

So we had to find how many dots or lines in relationship to position or number of motifs’

60 R: Did you find it difficult completing the table?

61 L23: No, It was very easy.

62 R: How did you do it?

63 L23: |used both the table method and formula as the numbers got bigger and bigger.

64 R: Which method would you like to discuss first?

65 L23: |Ithink the table approach.

66 R: Say more.....

67 L23: ... thelearner redraw motifs’ and table of values as in the questionnaire *****

“ And therefore, needed us to complete the gaps for DOTS and LINES
68 R: Do those numbers follow a pattern?
69 L23: Yes. They go like this: DOTS: 4;6;8; ........

170



LINES: 5;9; 13; ......

70 R: How did this observation help you?

71 L23: It was easy for me to determine a few more numbers in these patterns.

72 R: Say more....

73 123: Ifound out that there will be 8 dots and 13 lines in 3™ position and | could make a
formula.

74 R: Tell me what formulae were you thinking about.

75 L23: Forthe dots: 2xn +2 and Lines: 4xn +1

76 R: How do you know that these formulae are true.

77 L23: | used substitution of the position numbers say n=1; 2; 3; 4; 5 etc into these formulas and
indeed | managed to get the numbers in the table.

78 R: Does this always work?

79 L23: Yes, because the formula | am developing becomes the generalisation in this context.

80 R: Did you solve this in a different way?

81 L23: |could use ratio and proportionality method and even by graph.

82 R: Is that all.

84 L123: Sometimes by guessing. But this is not reliable most of the time.

85 R: How do the motifs’ position, number of dots and lines compare or relate?

86 L23: They are directly proportional to each other. Each quantity increases.

87 R: How do you present such relationship?

88 L23: Sketching a graph on x-y axes will be ok.

35 R: Canyou tell me how you started question 3.

36  L23: Okay, you see questions 1, 2, 3 are pretty the same. Each starts with pictures except
guestion 3 which has also a table of values showing kind of these (pointing in column of
the table) three things.

37 R: What are these things?

38  L23:Icall these variables because these are actually the things that are changing in the
motifs pattern.

39 R: Yeah, but what are these things you call variables?

40 L23: Oh! You mean n, d and /; n is position of a motif, d is number of dots found in motifs’
corners, and | is the number of lines used in constructing the motifs. And you see, these
can change if | add or subtract motifs from any given picture. Sir, | can also represent
question 1 or 2 in tables.

41 R: How can that be?

42 L23: Okay, instead of three rows for n, d and /; | will have a table with two rows with n and
Tn (i.e. line segments) for question 1 and also n and Tn (for number of tiles).

43  R: So, how would you complete your cells (boxes) in the table?

44 L23: It's very easy once you have generated the formula, then you just carry out substitution
to find the value missing in each box of the table. Or simply by counting lines, tiles or
dots from picture sequences but it could be hard when you have many pictures.

QUESTION 4

89 R: Take me through your responses to this section and what were thinking.

90 L23: We are given a few numbers that seem to form a pattern and the question require us to

analyse further and come up with the next three terms in each case/part.

91 R: Howdidyoudopart4)?

92 L23: In4a, | found there is 7 as a common difference between any two terms and chose to

continue pattern using therepetitive addition of 7. The next three terms are 26; 33; 40.
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93
94
95
96

97
98
99
100

101
102
103
104
105
106
107
108

109
110

111
112

113
114
115
116

117
118

R:

L23:

L23:

L23:

L23:

L23:

L23:

L23:

L23:

L23:

L23:

L23:

L23:

R:
L23

And for part b) i realized that the terms in the sequence are decreasing by 5 hence the
difference became — 5. Using this -5 the next three terms were found to be 20; 15; 10.
Did you solve these problems differently?

Yes. | also used formulas to check if my solutions are valid.

What formulas are these and how are you generating them?

Like in questions 1 and 2 or generating from Tn — a + (n-1)d expression. For part a)
Tn=7n-2and part b) Tn=-5n +40

How do you know that these formulae are correct?

Again these are generalized expressions or rules, which means they work in most cases.
What are your terms in 10th and 50" positions:

Substituting n = 10 and n=50 in these formulas above, | got 68 and 348 for a) and also -10
and -210 for part b).

Does this approach always work?

Yes it does work mostly.

What term do you get at nth position for the two patterns?

The nth term is given by Tn always and in this case its Tn=7n—2 and Tn =-5n +40
What position would you get -500 in the second pattern?

That will be 2500 + ...... [ ]if I substitute -5(-500) + 40.

Will that give you position?

No! No! That will be like am solving for the term. | think we have to work backwards since
we know the number this time and not position.

So what position will that be?

Since Tn = -5n + 40 then -500 = -5n + 40 which is -500-40 = -5n, n=-540/-5 = 108.
Therefore the position is 108.

What have learnt in doing such questions?

One finds it easy if you work with a formula but you must be in apposition of learning the
basics of generating these formulas.

What part or section of maths would you associate the work on number patterns?
Algebra and mainly equations.

Why algebra?

Because we are starting with totally a different context of numbers only to represent
such information using a general formula. That is generalisation and of course algebra is
defined as generalised arithmetic so its algebra.

Thanking you for participating in this exercise.

. Thank you sir.

TRANSCRIPTION 8 (L9: DebK)

1 R:
2 L9
3 R:
4 19:
5 R:
6 L9
7 R:
8 L9:
9 R:

Tell me how you responded to this Question.

: When | read the question | found it is asking how many line segments are needed to

construct 4, 10, or 50 houses. | think | answered the questions after observing what was
going on with the given pictures of cluster houses.

What did you find or see?

| found ......... , but | think these were wrong am supposed to work out the

formula first.

Do you mean you had to use a different method?

. Yes

Explain the method please.
| just,...... | think counted the lines for 4 and 10 houses but | took a guess for 50 houses.
Can you think of any formula or rule to help do this?

172



10 L9: Ingrade 8 we learnt a formule Tn = a+(n-1)d in maths clinic but am not sure if the bracket
as—or +,.... may be its Tn = a-(n+1)d or a(n-1)d.

11 R: How did you know that you got to these expressions?

12 L9: Thisis a basic formula for finding equations for number patterns.

13 R: Explain more about your basic formula.

14 19: The symbols have meanings e.g. a = 1° term, d = common difference and n = position of a
term in a pattern. Knowing this expression helps in finding any pattern’s general rule.

15 R: What was your answer for 4 houses?

16 L9: 21lines.

17 R: Explain more.....

18 L9: Substituting x =4 in the formula 5x + 1. So 5*4 +1 = 21

19 R: What about 10 and 50 houses.

20 L9: Again by substitution 5*10 +1 = 51 and 5*50 +1 = 251 line segments.

21 R: How did you approach these questions?

22 L9: |looked at the number pattern for any similarities or differences in order to decide on what
my formula could be.

QUESTION 2

23 R: What was your approach to this Question.

24 L9: | noticed that every time you draw the tiles, the base tiles increase by a specific number as
well as the tiles by the sides-columns.

25 R: How many tiles is this pattern starting with?

26 L9: Ingroup 1, there are 5 tiles. Group 2 has 8 and also Group 3 has 11. This form the number
pattern5; 8; 11; ........

27 R: What would be you next three terms of this pattern?

28 L9: These are 17; 20; 23. It appears every time you add 3 to get the next term.

29 R: Didyou solve this in a different way?

30 L9: |usedaformula.

31 R: Canyou write an expression or formula for T,?

32 L9: Am not really sure what T, is.*

33 R: Itisaway to referto nth term or number of tiles in this tiles pattern problem. See, we
called our first number Ty, and T, the second number etc., so we can call the 50"
number Tso, and n can be any number.

34 L19: Oh!lsee, so the number will depend on the number.

35 R: What expression did you write for Tsg or T,,?

36 L9: Ifirst counted all the tiles in the groups as drawn in the question here. So got 5, 8, 11,
14, ...... , and it means Tsp= 5+8+11+14+17+ 20+ .... + until 50 times. **

37 R: Isthatfor Tso only?

38 L9: Yes, but for Tn I’'m not sure. Or do you mean n+5 times n+8 ? ***

39 R: How do you express your observation of the pattern in words?

40 L9: |see first 5 tiles in figure 1, 8 tiles in figure 2 and then 11 in figure 3 etc.

41 R: So what mathematical rule or formula can you come up with what you have said?

42 19: You mean aformula...... , | think its some number or numbers times 3 plus 2 or 3

plusing 2 every time. ****

31 R: What formula did you use?
32 19: Itis3n+1
33 R: How doyou know this is true?
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34 19: |check by substitution of n=1, 2, 3, etc to see if | can still get the terms | know from the
above Pattern.

35 R: Give an example how this could be done.

36 L9: The first termis n = 1. Therefore the formula becomes3x1+1=4

37 R: Isyouranswer correct?

38 L9: No. This is wrong answer. In group 1 the number of tiles is 5 and NOT 4 so the plus 1 in the
formula should be + 2. And the correct formula is now 3n +2.

39 R: Do you need to check again?

40 L9: Yesto make sure. For example; Ifn=1then3x1+2=5andn=3;then3x3+2=11

41 R: Does this always work?

42 19: Yes it is working in this context. May be one needs to check more numbers to be sure.

43 R: How many tiles did you get for the 10" and 50" groups?

44 19: 3x10+2=32and 3x50 + 2 =252 tiles

45 R: How would you find the group position for 5000 tiles?

46 L9: |would use my formula still because this is a big number and using a formula is a bit easy.

47 R: How would do that?

48 19: Its 3x500 + 2 = 1500+2 =1502.

49 R: Could solve this in a different way?

50 L9: Iwould not know how to. May be drawing the tiles would help somehow.

51 R: What have you learnt in doing this exercise?

52 19: |am using the general formula to find the numbers.

53 R: What section of maths could this work belong?

54 19: Arithmetic, geometry and its all about algebra.

55 R: What do you mean its all about algebra?

56 L9: Because in algebra the teachers always tell us to work and solve for x and other symbols
called unknowns.

57 R:  Your views or any comment about the interview and the work on number patterns.

58 L9: The work in mathematics is basically linked. %%k ¥k xiokx

59 R: Explain more.....

60 L9: Like mathsis linked to other things in real world and also here number patterns problems
are linked to algebra.

QUESTION 3

61 R: How did you find this compared to the other two.

62 L9: It was not easy and so | only completed the table of values

62 R: How did you work out your values for the dots and lines of motifs’?

64 L9: The dots increase by 2 every time you move position and the lines change by 4 at the
same time.

65 R: How do you know that information?

66 L9: Icounted the dots and lines in the motifs one by one.

67 R: Did you solve this in a different way?

68 L9: Not really, but may be putting the numbers in the last column as unknowns.

69 R: How would you know that doing that is correct?

70 L9: Because its the nth position of the motifs and n can be any number so we use letters for
that.

71 R: Why letters this time when all along you were calculating real numbers in your table?

72 L9: Imean for the position n it is too general and my expression mean that.

73 R: So, what numbers did you come up with?

74 19: Number of dots: 4; 6; 8; 10; 12; 14; 16,........

Number of lines: 5; 9; 13; 17; 21; ..............



75 R: How did you find these answers for positions 63 and 1207?

76 L9: For position 63, | extended each pattern by the difference numbers between the terms
and put the numbers in groups of 10 or 15 but for 120 position | just took a guess.******

77 R: How sure would you be with a guess?

78 L19: You never know, you could be right or wrong as its a matter of taking a chance.

79 R: What are your numbers in the last column?

80 L9: 2x+2forthedotsand4 x+ 1 forthe lines where my x represents n, the motifs’ position.

81 R: Does this always work for nth position.

82 19: Ithinkso.

83 R: Take me through the other questions.

84 L9: Ifound this confusing so | decided not to do until | take my time to think about. So |
moved on to question number 4.

QUESTION 4

85 R: What were you thinking about this question?

86 L9: Itlooked very straight forward at first but part b) | realized that its not easy.

87 R: Why did you that part b) is difficult?

88 L9: Yousee all other pattern problems in this questionnaire have increasing values and all of
sudden in this one the numbers are going down so | thought there is a mistake.

89 R: Did you solve it in a different way?

90 L9: | did not solve it especially coming up with the formula.

91 R: What were the next three terms in each case?

92 L9: Forthe 1" pattern | got 26; 33; 40 and the in the 2™ pattern: 20; 15; 10 but am not
sure.

93 R: Did you work out the 10", 50" and nth terms from these patterns.

94 R : How did you find the 10", 20" and 50" numbers in question 4?

95 L9 : Iextended the numbers in the pattern.

96 R : Ok.But how did you know that at position six the number is 40?

97 L9 : Yousee here ...., (pointing a pattern), from first number 5 to next 12 we add 7, and from
12 to 19 we do the same thing. So every time | add a seven gives me the next number.

98 R : Sohow did find 20" or 50" numbers?

99 L9 : I wrote down all the numbers until twenty and the same thing until | have fifty of them.
For example; it’s easy once you know what to add: 5, 12, 19, 26, 33, 40, 47, 54, 61, 68,
75, 82, 89, 96, 103, 110, 117, 124, 131, 138, 145, 152, .......... , etc.

100 R : How do explain in your own words the general rule for this pattern, | mean the nth term
expression?

101 L9: Ithinkitis; if you a number or term, every time you times it by 7 then you still need to
add or minus something else. So here,......, | need to minus 2.

102 R : Will that always work with patterns?

103 L9: Ithink so but I’'m not very sure.

104 R : What will be your formula for the n" term?

105 L9: This one is difficult for me because of n. But if | know the number represented by n, |
can try to think........ . q

94 L9: |Ifound aformula for the first pattern which is 7 x — 2 but | cannot explain properly the

method of getting it. And used it to find the answers to this question.
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95
96
97
98
99
100

101
102
103
104

105
106

107
108

109
110

L9:

L9:

L9:

L9:

L9:

L9:

L9:

L9:

What numbers did you find?

| substituted x =10 and x = 50 into 7 x — 2 and my answers are 68 and 348.

Can this always work?

| think so because we are using a formula.

What numbers did you find from the second pattern?

They were negatives so | thought it must wrong. Aren’t we working with positive
numbers in these patterns? So why the answer is now negative integer?

What do you think?

| left this part because its confusing.

What is confusing here?
The numbers are not in the same pattern as those in 4a) and you see, they are from
top..... its like a decreasing pattern which | have not done before. *******

So you cannot think of any method of doing this?
Sir, the difference is — 5 and not +5, so how can you have minus difference? Is minus sign
not mean the difference already....... , it does not make sense | think.

Do you have any comment about this work.
This work Sir, makes us think and not just calculate answers fast, fast. It is good exercise
to work on.
Thank you very much for your participation in this research.
Thank you too, Sir.

THE END
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