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Abstract

Let S be an infinite discrete semigroup and 35 the Stone-Cech compact-
ification of S. The operation of S naturally extends to 55 and makes S
a compact right topological semigroup with S contained in the topolog-
ical center of 8S. The aim of this thesis is to present the following new
results.

1. If S embeddable in a group, then S contains 92! pairwise incom-
parable semiprincipal closed two-sided ideals.

2. Let S be an infinite cancellative semigroup of cardinality » and
U(S) the set of uniform ultrafilters on S. If k > w, then there is a
closed left ideal decomposition of U(S) such that the correspond-
ing quotient space is homeomorphic to U(k). If kK = w, then for
any connected compact metric space X, there is a closed left ideal

decomposition of U(S) with the quotient space homeomorphic to
X.



Introduction

The operation of a discrete semigroup S naturally extends to the Stone-
Cech compactification S of S making S a compact right topological
semigroup with S contained in its topological center. That is, for each
a € S, the left translation

BS > x> ar € pS
is continuous, and for each ¢ € 85, the right translation
BS >z xqge€ pBS

is continuous.

We take the points of 55 to be the ultrafilters on S, the principal ul-
trafilters being identified with the points of S. The topology of 5S is
generated by taking as a base the subsets

A={pepS: Acyp}

where A C S. For p,q € 5, the ultrafilter pg has a base consisting of
subsets of the form
U B,

TEA

where A € p and B, € q.

The fact that the operation of S can be extended to S5 was implicitly
established by M. Day [12] using multiplication of the second conjugate
of a Banach algebra, in this case £*(S), first introduced by R. Aren [24]
for arbitrary Banach algebras. P. Civin and B. Yood [23] explicitly stated
that if S is a group, then the above operation produced an operation on
pS, viewed as a subspace of that second dual. R. Ellis [26] carried out
the extension in S viewed as the space of ultrafilters, again assuming
that S is a group.



Algebraic properties of 55 have been a useful tool in Ramsey Theory.
The first example of such an application was provided by Hindman’s
Theorem, known also as the Finite Sum Theorem. It says that when-
ever N is finitely colored, there is a sequence (x,)2°; with monochrome
FS((x,)$2,). Here

FS((xy)2) == {Z x, : F is a finite nonempty subset of N}.

ner

The original proof of this theorem was one of enormous complexity [17].
In 1975, F. Galvin and S. Glazer came up with a very simple proof based
on the fact that SN has an idempotent (see [19], Section 4.2).

The semigroup S also has important applications to topological dynam-
ics and to topological groups (see books [19] and [37]).

As any compact Hausdorff right topological semigroup, 8S has idempo-
tents ([10] and [25]) and the smallest two-sided ideal K(5S) which is a
disjoint union of minimal right ideals and a disjoint union of minimal left
ideals. The intersection of a minimal right ideal and a minimal left ideal
is a group and all these groups are isomorphic. The precise description of
K(pBS) is given by the Rees-Suschkewitsch Theorem (see [19], Theorem
1.64 or [37], Theorem 6.23).

It has long been known that the semigroup AN has 22° minimal left ideals
(C. Chou [1] or [2]), 22" minimal right ideals (J. Baker and P. Miles [11]),
and the structure group of BN contains copies of the free group on 2%
generators (N. Hindman and J. Pym [18]). Later on these results have
been extended by showing that for every infinite cancellative semigroup
S, S has 22" minimal left ideals (N. Hindman and D. Strauss [19], The-
orem 6.42), and for every infinite Abelian group G, SG has 22! minimal
right ideals (Y. Zelenyuk [34]) and the structure group of K(SG) con-
tains copies of the free group on 92/¢! generators (S. Ferri, N. Hindman,
and D. Strauss [28]; Y. Zelenyuk and Yu. Zelenyuk [35]).

L. Protasov and O. Protasova [6] raised a problem of counting closed two-
sided ideals of 5 and showed that for every infinite Abelian group G,
BG contains 22! closed two-sided ideals. M. Filali, E. Lutsenko, and
I. Protasov [13] extended this result to an arbitrary countably infinite
group. However, the question whether this is true for all infinite groups
remained open.

The above-mentioned result about the number of minimal left ideals of
BS, where S is a cancellative semigroup, is a consequence of the following
stronger theorem: for every infinite cancellative semigroup S of cardinal-
ity k, the ideal U(S) consisting of all the uniform ultrafilters on S can
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be decomposed into 22" left ideals of 3S (E. van Douwen, published in
[3]). Relatively recently, this theorem has been strengthened by showing
that U(S) can be decomposed into 22" closed left ideals of 35. First this
was done in the case where « is a regular cardinal by I. Protasov [7] and
then for all x by M. Filali and P. Salmi [14]. The proof was complicated,
based on balleans and slowly oscillating functions. Another direct proof
was given by Y. Zelenyuk [39]. The fact that there exist decompositions
of U(S) into closed left ideals of 85 raised the question of what the quo-
tient spaces of U(S) corresponding to such decompositions are.

The aim of this thesis is to present two new results.

1. For every infinite semigroup S embeddable in a group, £S5 contains
921" pairwise incomparable semiprincipal closed two-sided ideals
[29]. In particular, for every infinite group G, G contains 92/
closed two-sided ideals. This extends significantly the results from
[6] and [13].

2. Let S be an infinite cancellative semigroup of cardinality x. If
Kk > w, then there is a closed left ideal decomposition of U(S) such
that the corresponding quotient space is homeomorphic to U(k).
If K = w, then for any connected compact metric space X, there is
a closed left ideal decomposition of U(S) with the quotient space
homeomorphic to X. This is an interesting complement to the
results from [7], [14], and [39].

The results (1) and (2) are published in [29] and [30], respectively.

This thesis is organized as follows.

Chapters 1 through 3 have a preliminary character containing the def-
initions and results that will be needed in chapters 4 and 5. There we
discuss compact right topological semigroups, ultrafilters, extending the
operation from S to 5, and other things. In Chapter 4 we present result
(1), and in Chapter 5 result (2).



Chapter 1

Background

1.1 Semigroups

We recall in this section the basic concepts of semigroups and ideals
that will be needed to introduce the algebraic structure of Stone-Cech
compactifications and their properties. The highlight of this section is the
so-called Structure Theorem or the Rees-Suschkewitsch Theorem. Most
of these concepts reviewed below are taken from [19].

Definition 1.1.1 Let S be a nonempty set. We say that there exists a
(closed) binary operation in S if there exists an application

x: S XS (x,y)—rxy €S

We have the following azioms.

1. The operation * is assoctative if all x,y,z € S satisfy the follow-
ing condition:

2. The operation x is commutative if all x,y € S satisfy the follow-
ing condition:
T kY =Yk

3. If S endowed with the operation * satisfies aziom (1), we say that
S is a semigroup. If S satisfies also aziom (2), the semigroup S
is said to be commutative (or Abelian).



4. A nonempty set T is a subsemigroup of the semigroup S if and
only if T C S and T is a semigroup under the restriction of the
operation x to T

We denote the set S endowed with the operation x by a pair (.5, *), or
simply by S, if there is no risk of confusion and we say (S,x*) forms
an algebraic structure. We will often denote z % y by the multiplicative
notation x -y, or simply xy. If the structure is commutative, we will use
the additive notation z + .

Definition 1.1.2 Let A be a nonempty set.

1. The free semigroup on the alphabet A is the set

S = {f : f is a function and range(f) C A and there is some
n € N such that domain(f) ={0,1,...,n —1}}.

2. Given f and g in S, the operation f ~ g is called concatenation
and is defined as follows. Assume

domain(f) ={0,1,...,n — 1} and domain(g) = {0,1,...,m — 1}.
Then
domain(f ~g)={0,1,...,m+n—1}
and given i € {0,1,...,m+n — 1},
_ [ @) ifi<n
/ g_{g(i—n) if i > n.

The free semigroup with identity on the alphabet A is S U
{@} where S is the free semigroup on the alphabet A. Given f €
SU{@} one defines f ~@ = ~ f=f.

3. The elements of a free semigroup are called words and written by
listing the values of the function in order. The length of a word is
n where the domain of the word is {0,1,...,n—1} (and the length
of @ is0).

Definition 1.1.3 Let (S, ) be a semigroup. Let e € S.

1. The element e is a left identity of S if for all x € S, we have
e*xT =1I.



2. The element e is a right identity of S if for all x € S, we have
rTxe=x .

3. The element e is a two-sided tdentity, or simply an identity, of
S if and only if it is both a left identity and a right identity of S.

A semigroup (S, *) containing an element e € S and satisfying condition
(3) is then called a monoid.

Notice that if (S,x*) is a semigroup, then there exists a monoid (M, ),
with e the identity, such that S = M \ {e} and for all z,y € M \ {e},
x-y=x*xy, r-e=u=x and e-x = x. So, there is a slight difference
between a semigroup and a monoid.

Definition 1.1.4 Let (S, %) be a semigroup.

1. If e is an identity of S and x € S, an element y of S s called a
left e-inverse of v if yxx =e.

2. If e is an identity of S and x € S, an element y of S is called a
right e-inverse of v if v xy = e.

3. If e is an identity of S and x € S, an element y of S s called a
e-inverse, or simply an inverse, of x if it is both a left e-inverse
and a right e-inverse of x in S.

The inverse of x will be denoted by x~' when using the multiplicative

notation, and by —x when using the additive notation.

Definition 1.1.5 Let (S, *) be a semigroup.

1. An element x € S is right cancelable if and only if, for all y,z €
S,

y*x = z*x impliesy = z.
2. An element x € S is left cancelable if and only if, for ally,z € S,

T xy=ox*xz implies y = z.

3. An element is cancelable if and only if it is both right cancelable
and left cancelable.



4. S 1s right cancellative if and only if every element of S is right
cancelable.

5. S is left cancellative if and only if every element of S is left
cancelable.

6. S is cancellative if and only if S is both left cancellative and right
cancellative.

A monoid M is not cancellative in general. Nevertheless, if an element «
has an inverse a~!, then «a is cancelable.

Definition 1.1.6 Let (S, %) be a semigroup.

1. The pair (S, *) is a group if it is a cancellative monoid.

2. (T,-) is called a subgroup of (S, *) if and only if T C S and (T,-)
s a group where - s the restriction of x to T.

In the following, a semigroup will be frequently denoted by S and a group
by G.

Definition 1.1.7 Let (S, %) be a semigroup.

1. An element e of S is called an tdempotent if e x e = e.
2. The set of all idempotents in S is denoted by F(S).

3. Let e € E(S). Then

H(e) = U{G . G is a subgroup of S and e € G}.
Lemma 1.1.1 Let G be a group with identity e. Then E(G) = {e}.

Proof. Let f € E(G). Then ff = f = fe. Thus, f = e by multiplying
on the left by the inverse of f. So, for any f € E(G), f = e. That is,
E(G) = {e}. O

Theorem 1.1.1 Let S be a semigroup and let e € E(S). Then H(e) is
the largest subgroup of S with e as identity.
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Proof. See Proof of Theorem 1.18 in [19]. O

Definition 1.1.8 Let S be a semigroup and let e € E(S). The group
H(e) is called a maximal group of S.

Definition 1.1.9 Let (S, *) be a semigroup. Let z € S.
1. The element z is called a left zero of S if for all x € S, we have

Z*x T = Z.

2. The element z 1s called a right zero of S if for all x € S, we have
TkzZ= 2.

3. The element z is called a zero of S if and only if it is both a left

zero and a right zero of S.

A semigroup (S, *) satisfying condition (1) (respectively, condition (2),
and condition (3)) is called left zero semigroup (respectively, right
zero semigroup, and zero semigroup).

Recall that a zero, if it exists, is unique since, if z; and z, are two zeros,
then 21 = 21 % 29 = 2.

There are many relationships between different semigroups’ structures.

Definition 1.1.10 Let (S, *) and (T,-) be two semigroups.

1. A homomorphism from S to T is a function ¢ : S — T such
that p(x xy) = o(x) - p(y) for all x,y € S.

2. An itsomorphism from S to T is a homomorphism from S to T
which is both one-to-one and onto T.

3. The semigroups (S,*) and (T,-) are said to be isomorphic and,
written S = T, if and only if there exists an isomorphism from S
toT.

Each monoid is also a semigroup. Given a monoid G, it has a semigroup
structure which is the underlying semigroup of G. Given two monoids
(M, ) with identity e and (M, -) with identity €/, a homomorphism from
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M to M’ is a homomorphism ¢ between the underlying semigroups such
that p(e) = ¢’. A homomorphism between a monoid and a group is a
homomorphism of monoids since a group is cancellative. So a homo-
morphism of groups is a homomorphism of underlying monoids, where

p(z7h) = o)~

Example 1.1.1 1. (N,+) is an Abelian semigroup and (N,-) is an
Abelian monoid with 1 as the identity, where N is the set {1,2,3,...}
of positive integers.

2. Let w be the set NU {0} = {0,1,2,...} of nonnegative integers.
(w,+) and (w,-) are Abelian monoids with the identities 0 and 1
respectively.

3. The set C,, defined as follows:
Cp,={e=a’a=d"d%...,a" '},

with the operation defined by

ai % aj _ ai+j (mod n)’
s a group called the cyclic group of n elements. The infinite cyclic
group is (Z,+).

4. Given a set X with |X| > 1. Then, (X*X,0) is a noncommutative
monoid, where X~ is the set of all functions from X to X and o
represents the natural composition of functions, with the identity
function as the identity element. The bijective functions in X~
form a group. An element g of XX is an idempotent if and only
if the set of fixed points of g equals the range of g. The identity
function of X and constant functions on X are typical examples of
idempotents in (X, o).

Definition 1.1.11 Let (G, x) be a group. Recall that a subset H C G
15 a subgroup of G if H, endowed with the restriction of * to H, is a
group. Equivalently, H is a subgroup of G if and only if H is nonempty
and hl*hgl € H for all hy,hy € H.

Let us recall that a binary relation R between two sets A and B is a
subset R of A x B and, for all a € A and b € B, we write aRb if
(a,b) € R.



Definition 1.1.12 An equivalence relation on a set X is a binary
relation R that satisfies the following conditions:

1. reflexivity: for all x € X, xRx;
2. symmetry: for all x,y € X, if xRy, then yRx;

3. transitivity: for all x,y,z € X, if xRy and yRz, then xRz.

The equivalence class of an element x € X is a subset of X denoted
by [x] and defined by

[z] = {y € X : yRz}.

The quotient set of X by the equivalence relation R, denoted by X/R,
15 the set of all the equivalence classes of X by R.

We recall the following properties, for all z,y € X, [z] = [y] if and only
if y € [z] and if [z] # [y], then [z] N [y] = 0.

Let G be a group and H C G a subgroup. One can define an equivalence
relation on G with [g] = gH with the following properties:

1. hH = H if and only if h € H;
2. If h1H 7£ h2H7 then th N th == @,

3. UgH:G.

gelG

Hence we obtain a quotient set of G, denoted by G/H, from the equiv-
alence relation with respect to H. This quotient will be a group (called
the quotient group) if the equivalence classes are all normal making the
canonical projection of G on G/H a typical example of a (surjective)
homomorphism. Recall that a subgroup H of GG is normal if for every
geG,gH =Hy.

Let (G, *) be a group and X a set. We say that G acts on X, if there
exists an application

GxX>(x,g9)—x-g€X,

such that

10



1. (g*h)-z=g-(h-x), forall x € X and g,h € G;

2. e-x=ux, forall z € X.

Obviously, any group acts on itself. The set O, = {g-x : g € G} is
called the orbit of the element x € X. The relation on the elements of
X defined by

x ~ y if and only if x € O,

is an equivalence relation on X. The quotient set denoted by X/G con-
sists of all the orbits of X.

Definition 1.1.13 1. Let I be an infinite set of indices and consider
an indexed family of semigroups (S;, *;) The direct product

i€l
of these semigroups is the semigroup S = ® Si, where
iel
®Sz = {(l’i)iej X € Si7 fOT’ all 1 € ]},
iel

endowed with the operation = defined by
(T *y)i = 25 % yi,
forall z,y € S.

2. The direct sum of a family of semigroups (S;,*;), where each S;
has a two-sided identity e;, is the subsemigroup of the direct product,
given by the following set

@Si = {(2;)icr € ®SZ~ c{iel : x; # e} is finite }.

el el

Let us recall that if G is a group and S a subset of GG, then the intersection
of all the subgroups of GG containing S is also a subsgroup of G. This
subgroup is the smallest subgroup of G' containing S. Tt is called the
subgroup generated by S and denoted by (S) or (z1,29,...,2,) if S =

{z1,29, ..., 25}

Definition 1.1.14 (See [19]) Let S be the free semigroup with identity
on the alphabet A and let

G = {g€8 : there do not exist t,t + 1 € domain(g),a € A and
i€ {1,—1} for which g(t) = a' and g(t +1) =a '}.

11



Given f,g € G\ {9} with
domain(f) ={0,1,--- ,n — 1} and domain(g) = {0,1,--- ,m — 1},

define
fr9=Ff~g
unless there exist a € A and i € {1,—1} with

f(n—1)=a" and g(0) = a".

In the latter case, pick the largest k € N such that for allt € {1,2,--- |k},
there exist b € A and j € {1, -1} such that

fin—t) =¥ and g(t —1) = b7,
If k =m =n, then f-g=&. Otherwise,
domain(f - g) ={0,1,--- ,n+m — 2k — 1}

and fort € {0,1,--- ,n+m — 2k — 1},

f(t) ift<n—k
(f-g)(t):{ g(t+2k—n) ift>n—*.

Then (G,-) is the free group generated by A.

The following universal property characterizes the free groups up to iso-
morphism and is sometimes used as an alternative definition of a free

group.

Lemma 1.1.2 Let A be a set, let G be the free group generated by A,
let H be an arbitrary group, and let ¢ : A — H be any mapping. There
is a unique homomorphism ¢ : G — H for which ¢(g) = ¢(g) for every

g€ A
G ~
TN
¢
A—H
Proof. We may think of the mapping ¢ as sending each symbol of A to
a word in (G consisting of that symbol. Notice that ¢ sends the empty

word @ to the identity of H and ¢(g) = ¢(g) for every g € A.

12



For more than one symbol, take a word of length n, f = af)oa’f . .a;"_‘f,

where a, € A and i, € {—1,+1}. We construct é(f) by induction on n
and then ¢ extends to any word of G.

o(f) = dlapai ... a7
= olagay ... a,73) - dla,0y),
is an element of H since ¢(aial ...a"2) € H, by the induction hypoth-

esis, d(at!)) = p(an_1) € H, and by taking ¢(a, ') as the inverse of
¢(ay_1) in H. O

One can show that, for any set A, the free group generated by A always
exists and is unique.

Theorem 1.1.2 Let A be a set, let G be the free group generated by A,
and let g € G\{@}. There ezists a finite group F' and a homomorphism
¢ : G — F such that ¢(g) is not the identity of F.

Proof. See Proof of Theorem 1.23 in [19]. O

The cyclic group of n elements C), is a group generated by an element g:

Cn={g:9"=1}.

Each infinite cyclic group is isomorphic to (Cw, -) = (Z,+). Each finite
cyclic group of order n is isomorphic to (Cy,-) = (Zn,+). Hence, two
cyclic groups of the same order are isomorphic and all the cyclic groups
are Abelian groups.

Definition 1.1.15 Let S be a semigroup.

1. A nonempty subset L of S is called a left ideal of S if SL C L.
2. A nonempty subset R of S is called a right ideal of S if RS C R.

3. A two-sided ideal, or simply an tdeal, is a subset which is both
a left and right ideal of S.

All the ideals of Z are of the form nZ for n € Z.

13



Proposition 1.1.1 Let h: S — T be a homomorphism of semigroups S
and T. Then

1. if J is a left ideal (resp. right ideal, resp. subsemigroup) of T, then
R (J)={s €S : h(s) € T} is a left ideal (resp. right ideal, resp.
subsemigroup) of S;

2. if h is surjective, and I is a left ideal (resp. right ideal) of S,
then h(I) = {h(z) : x € I} is a left ideal (resp. right ideal, resp.
subsemigroup) of T

Proof. For (1), we first show that if .J is a left ideal of T, then h™1(.J)
is a left ideal of S. We must show that Sh™'(J) C h~'(J). To this
end, let s € S and x € h™(J). Then h(s),h(z) € J and since h is a
homomorphism, h(s)h(z) = h(sz) so that sz € h=1(J). Thus Sh=*(J) C
h~'(J) showing that h~ ! is a left ideal of S. If .J is a right ideal of T' then
by a similar argument above we may show that h=!(.J) is a right ideal of S.
As a consequence, we may then show that A='(J)h=(J) C h~'(J) which
shows that h~!(.J) is a subsemigroup of S whenever J is a subsemigroup
of T

For (2), let h be surjective. We show that if I is a left ideal of S then h(I)
is a left ideal of T'. The proofs of the remaining then follows as in (1) with
appropriate modifications. Let ¢ € T and h(x) € h(I). Since h: S — T
is surjective there is r € S such that h(r) = ¢. Since [ is a left ideal of T,
ro € I. Since h is a homomorphism, th(x) = h(r)h(z) = h(rz) so that
th(xz) € h(I). Thus Th(I) C h(I) showing that h(I) is a left ideal of T
U

Definition 1.1.16 Let S be a semigroup.

1. L is a minimal left ideal of S if and only if L is a left ideal of
S and whenever J is a left ideal of S and J C L one has J = L.

2. R is a minimal right ideal of S if and only if R is a right ideal of
S and whenever J is a right ideal of S and J C R one has J = R.

3. S is left stmple if and only if S is a minimal left ideal of S.
4. S is right simple if and only if S is a minimal right ideal of S.

5. S is simple if and only if the only ideal of S is S.

14



Lemma 1.1.3 Let S be a semigroup.

1. Let Ly and Lo be left ideals of S. Then Ly N Ly 1s a left ideal of S
if and only if Ly N Ly # ().

2. Let L be a left ideal of S and let R be a right ideal of S. Then
LNR#0.

Proof. To prove (1),

(=) It follows by Definition 1.1.15(1).

(<) Pickzx € LyNLy and let s € S. Then « € Ly and x € Ly. Since Ly
and Lo are left ideals of S, xs € L1 and xs € Ly. So, xs € L1 N Lo.
Thus, Ly N Ly is a left ideal of S.

To prove (2), let x € L and y € R. Then yx € L since L is left ideal
of S and yxr € R since R is a right ideal of S. So, yxr € L N R. Thus,
LNR#0. O

Lemma 1.1.4 Let S be a semigroup and let x € S.

1. Then Sx is a left ideal, xS is a right ideal and SxS is a two-sided
ideal of S.

2. Let e € E(S). Then e is a left identity of €S, a right identity of
Se, and an identity of eSe.

Proof. The proof of (1) is immediate, S(Sz) = (SS)x C Sz, (25)S =
z(SS) C xS, and S(SzS)S = (S9)x(SS) C SzS.

To prove (2), let e € E(S), that is ee = e. Let x € €S, we can find t € S
such that z = et. Then ex = eet = et = x to conclude e is a left identity
of eS. The same goes for the rest of the proof. O

Theorem 1.1.3 Let S be a semigroup.

1. If S is left simple and e € E(S), then e is a right identity for S.

2. If L s a left ideal of S and s € L, then Ss C L.

3. Let ) # L C S. Then L is a minimal left ideal of S if and only if
for each s e L, Ss =L
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Proof.

1. By Lemma 1.1.4(1), Se is a left ideal of S. Since S is simple,
Se = S. Thus, by Lemma 1.1.4(2), e is a right identity for S.

2. Ss CSL C L. Thus, Ss C L.

3. (=) By Lemma 1.1.4(1), Ss is a left ideal and by (2), Ss C L. So,
Ss = L since L is minimal.
(«<) Since L = Ss for some s € L, L is a left ideal. Let J be a left
ideal of S with J C L and pick s € J. Then by (2), Ss C J. So,
JCL=5sC.. Hence, L = J. Thus, L is a minimal left ideal of
S.

Definition 1.1.17 Let S be a semigroup.

1. The smallest two-sided ideal of S which contains a given element
x € S is called the principal two-sided ideal generated by x.

2. The smallest left ideal of S which contains a given element x € S
15 called the principal left ideal generated by .

3. The smallest right ideal of S which contains a given element x € S
is called the principal right ideal generated by x.

Theorem 1.1.4 Let S be a semigroup and let x € S.

1. The principal two-sided ideal generated by x is StSUxSUSzU{x}.
2. If S has an identity, then the principal ideal generated by x is SxS.

3. The principal left ideal generated by x is SxU{x} and the principal
right ideal generated by x is xS U {x}.

Proof. For (1), SxSUxzSUSxU{x} is certainly a two-sided ideal con-
taining x. Now suppose that [ is any two-sided ideal containing . We
show that SzSUxSUSzU{xz} C I. We need only to show that SzS C I.
Let syxse € SxS. Since [ is a left ideal SI C I so that syx € I. Since
I is a right ideal IS C I so that (s;z)sy € I. Thus syzsy € I, whence
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SxS C I. Thus SeSUzSU Sz U{z} C I.

For (2), if S has identity, then SzS U xS U Sz U {z} = S5 which is a
two-sided ideal (Lemma 1.1.4(1)) and the result follows as in (1).

For (3), S(SzxU{z}) C SzU{z}. Let s € Sandt e SzU{z}. If t € S,
then since Sz is a left ideal st € S(Sz) C Sz so that st € Sz U {z}.
Otherwise t = x and thus st = sx € Sz U {z}. Thus Sz U {z} is indeed
a left ideal containing x. If I is any left ideal containing x. Then ST C I
so that SzU{z} C I. Hence SxU{x} is the principal left ideal generated
by x. The proof that S U {z} is the principal right ideal containing x
follows by a similar argument. O

Definition 1.1.18 Let S be a semigroup and let v € S.

1. The ideal SxS of S is called the semiprincipal two-sided ideal
generated by x.

2. The ideal Sx of S is called the semiprincipal left ideal gener-
ated by x.

3. The ideal xS of S is called the semiprincipal right ideal gen-
erated by x.

Note that the semiprincipal two-sided (respectively, left and right) ideal
generated by z is equal to the principal two- sided (respectively, left and
right) ideal of S generated by z if and only if z € SxS (respectively,
z € Sx and x € x5).

Definition 1.1.19 Let S be a semigroup. Let < be a relation in F(S)
defined by e < f if and only if e = ef, for all e,f € E(S). Then a
minimal element in E(S) with respect to the order < is called a minimal
idempotent.

Theorem 1.1.5 Let S be a semigroup. The following statements are
equivalent.

1. S is cancellative and simple and E(S) # 0.

2. S s both left simple and right simple.
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3. Foralla and b in S, the equations ax = b and ya = b have solutions
x,y i S.

4. S is a group.
Proof. See Proof of Theorem 1.39 in [19]. O

Theorem 1.1.6 Let S be a semigroup and e be a left identity for S such
that for each x € S there is some y € S with vy = e. Let Y = E(S5)
and let G = Se. Then'Y 1is a right zero semigroup and G is a group and
S=GY ~GxY.

Proof. Let x € YV and y € S. Pick z € S such that xz = e. Then
re = xxz = xz = e. Therefore zy = x(ey) = ey = y. Then it follows
that for all z,y € Y, zy = y, and Y # () because e € Y. Y is also closed,
since zy =y € Y for all x,y € Y. Hence Y is a right zero semigroup.
By assumption, G = Se. By Lemma 1.1.4(2), e is a right identity for G.
By assumption, every element of S has a right e-inverse in S. So every
element of G has a right e-inverse in S. One needs only to show that
every element of G has a right e-inverse in GG. In fact, let x € G and pick
y € S such that zy = e. Then ye € Se = GG and xye = ee = e. So, ye is
a right e-inverse of x in G. Also, GG = SeSe C SSSe C Se =(. So, G
is closed. Thus, G is a group.

Define ¢ : G xY — S by ¢(g9,y) = gy. To prove that ¢ is a ho-
momorphism, let (g1,y1), (g2, y2) € G x Y. Then, one may show that
@91, y1)9(92,y2) = @(9192,y1y2) using the fact that Y is a right zero
semigroup (see above).

To show that ¢ is surjective, let s € S. Then se € Se = G which is a
group, and so there exists © € Se such that z(se) = (se)z = e. Also,
xsrs = xsexs = wes = xs since x € G, ex = r and ze = x. Thus,
zs € Y = E(S). Hence, (se,zs) € G xY and ¢(se, xs) = sexs = es = s.
Since ¢ is onto S, S = GY.

To show that ¢ is one-to-one, let (g,y) € G xY and let s = p(g,y). One
may show that ¢ = se and y = xs where z is the (unique) inverse of se
in Se using the fact that Y = F(S) is a right zero semigroup. O

Theorem 1.1.7 Let S be a semigroup and assume that there is a mini-
mal left ideal L of S which has an idempotent e. Then L = XG ~ X x(
where X is the (left zero) semigroup of idempotents of L, and G = el =
eSe is a group. All mazximal groups in L are isomorphic to G.
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Proof. Given x € L, Lz is a left ideal of S and Lz C L. So Lz = L
and hence there is some y € L such that yxr = e. By Lemma 1.1.4(2), e
is a right identity for Le = L. Therefore, Theorem 1.1.4 applies with the
right-left switch and replacing S by L. One may show that the maximal
groups of X x G are sets of the form {z} x G. O

Theorem 1.1.8 Let S be a semigroup, let L be a left ideal of S, and let
T be a left ideal of L. The following statements hold.

1. Forallt €T, Lt is a left ideal of S and Lt CT.

2. If L is a minimal left ideal of S, then T = L. (Meaning that
minimal left ideals are also left simple.)

3. If T is a munimal left ideal of L, then T is a left ideal of S.

Proof. Assume that L is a left ideal of S and T a left ideal of L.

1. Let t € T. Since L is a left ideal of S, S(Lt) = (SL)t C Lt. And,
since 1" is a left ideal of L, Lt C LT CT.

2. Lett € T. By (1), Lt is aleft ideal of S and Lt C T C L. Assuming
that L is a minimal left ideal of S, so Lt = L. So T = L.

3. Let t € T. By (1), Lt is a left ideal of S, so Lt is a left ideal of L.
Since Lt C T and T is a minimal left ideal of L, Lt = T'. Therefore,
ST = S(Lt) = (SL)t C Lt = T with the fact that L is a left ideal
of S.

O

The statements above imply that if we let L be a left ideal of S and T
a left ideal of L and either L is minimal in S or 7T is minimal in L, then
T is a left ideal of S. The same holds for the switch to the right. That
is, if R be a right ideal of S and T be a right ideal of L and either L is
minimal in S or 7" is minimal in L, then 7" is a right ideal of .S.

Example 1.1.2 Let X be an arbitrary set.

1. The collection of all constant maps from X to X is a (minimal)
left ideal as well as a right ideal of XX. If Y ; X s a nonempty
closed set, then {g: X — X : g is constant on Y} is a left ideal of
XX but not a right ideal, and {g: X — X : g[X] C Y} is a right
ideal but not a left ideal.
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In XX, the collection of all constant maps from X to X is a min-
imal left ideal.

In particular, the minimal idempotents in X~ are precisely the con-
stant maps.

Lemma 1.1.5 Let S be a semigroup, let I be an ideal of S and let L be
a minimal left ideal of S. Then L C 1.

Proof. Forany x € I, xL C LN I. So L NI, being nonempty, is a left
ideal contained in L. It follows that LN 1 = L. 0

Theorem 1.1.9 Let S be a semigroup, let L be a minimal left ideal of
S, andletT CS. Then T is a minimal left ideal of S if and only if there
is some a € S such that T = La

Proof. Let S be a semigroup, let L be a minimal left ideal of S, and let
T CS.

(=)

Let T be a minimal left ideal of S and let « € T. Then SLa C La,
since L is a left ideal of S, and La C ST C T, since ¢ € T and T
is a left ideal of S. So La is a left ideal of S contained in 7T'. Thus
La =T, since T is assumed minimal in S.

Assume that T = La for some a € S. Since L is a left ideal of S,
ST =S(La) = (SL)aC La=T

shows that T is a left ideal of S. Now suppose that B is a left ideal
of Swith BCT. Let A={se€ L :saeB}. Ifbe BCT = La,
there is s € L such that b = sa. Thus A # 0. Now let t € S
and s € A. Since L is a left ideal we have that ts € SL C L.
Furthermore, sa € B and B is a left ideal so that tsa € SB C B.
Thus tsa € B so that ts € A. Hence SA C A showing that A C L
is a left ideal in S. Since L is minimal we have that A = L so that
T = La C B. Consequently, B =T and thus T is minimal.

O

Corollary 1.1.1 Let S be a semigroup. If S has a minimal left ideal,
then every left ideal of S contains a minimal left ideal.
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Proof. Let L be a minimal left ideal of S and let J be a left ideal of S.
Pick a € J, since J # (0. Then by Theorem 1.1.5, La is a minimal left
ideal which is contained in .J. |

Definition 1.1.20 Let S be a semigroup. The minimal two-sided ideal
of S is denoted by K(S) and is called the smallest ideal of S.

Theorem 1.1.10 Let S be a semigroup. If S has a minimal left ideal,
then K(S) exists and K(S) =J{L : L is a minimal left ideal of S }.

Proof. Let L = |J{L : L is a minimal left ideal of S’ }. By Lemma
1.1.5, if J is any ideal of S, then I C J. So, it suffices to show that [ is
an ideal of S. By the definition of I, I # (). So, let z € I and s € S.
Pick a minimal left ideal L of S such that x € L. Then zs € L C I.
Thus, xs € I. Also, by Theorem 1.1.6, Ls is a minimal left ideal of 5.
So, Ls C I while zs € Ls. O

Lemma 1.1.6 Let S be a semigroup.

1. Let L be a left ideal of S. Then L is minimal if and only if Lv = L
for every x € L.

2. Let I be an ideal of S. Then I is the smallest ideal if and only if
IxI =1 for every x € 1.

Proof.

1. Let L be a minimal left ideal of S and x € L. Then Lz is a left
ideal of S and Lz C L. Since L is considered minimal, Lz = L.
Now assume that L is a left ideal of S such that Lz = L for every
x € L. Let J be a left ideal of S with J C L. Pick x € J. Then
L=LxCLJCJCL. So.J = L. Meaning that L is minimal.

2. Let I be the smallest ideal of S and let x € I. Then IxI is a
two-sided ideal of S and Izl C I. But [ is the smallest ideal of
S. So Izl = 1. Now assume that [ is a two-sided ideal of S such
that I = Iz for every z € I. Let J be a two-sided ideal of S with
JCI. Pickxeld Then I =IzI CIJI=(IJ)ICJICJCI.
Thus, J = I. that is, I is the smallest ideal of S.
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Theorem 1.1.11 Let S be a semigroup. If L is a minimal left ideal of
S and R is a minimal right ideal of S, then K(S) = LR.

Proof. ) # LR C SS C S and SLRS = (SL)(RS) C LR since L and R
are respectively left and right ideals of S. Thus, LR is a two-sided ideal
of S. Let x € LR. Then LRzL is a left ideal of S which is contained
in L. So, LRxL = L and hence LRxLR = LR. By Lemma 1.1.6(2),
K(S)=LR. OJ

Theorem 1.1.12 Let S be a semigroup and assume that there is a min-
imal left ideal of S which has an idempotent, and let e € E(S). Then the
following statements are equivalent:

1. Se is a minimal left ideal.
eSe is a group.

eSe = H(e).

eS is a minimal right ideal.
e is a minimal idempotent.
e € K(9).

K(S) = SeS.

NS s e e

Proof. Let S be a semigroup with a minimal left ideal of S which has
an idempotent, and let e € E(.5).

(1) = (2): (eSe)(eSe) = eS(ee)Se = eSeSe C eSe. Hence, eSe is
closed. From Lemma 1.1.4(2), e is an identity of eSe. Let 2 € eSe.
Pick s € S such that x+ = ese. One has x € Se. So, Sx is a left
ideal of Se and consequently, Sz = Se, since Se is a minimal left
ideal of S. Thus, e € Sz. So, pick y € S such that e = yx. Then
eye € eSe and, since e is an identity of eSe, eyexr = eyx = ee = e.
So, x has a left e-inverse in eSe. Hence, eSe is a group.

(2) = (3): By assumption eSe is a group and e € eSe. Then,
eSe C H(e). On the other hand, by Theorem 1.1.1, e is an identity
of H(e). Let x € H(e). So, v = exe € eSe. Hence, H(e) C eSe.
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(3) = (1): Let L be aleft ideal of S with L C Se. Pick ¢ € L. Then,
t € Se implies that et € eSe. Pick x € eSe such that z(et) =
Then, xt = (ze)t = z(et) = e. So, e € L. Thus, Se C SL C L.

(1) = (5): Let f € E(S) with f < e. Then, by Definition 1.1.16,
f = fe. Clearly, f € Se. By the assumptions, Se = Sf. So,
e € Sf. By Lemma 1.1.4(2), e = ef. Thus, e = ef = f. Hence, e
is a minimal idempotent.

(5) = (1): Let L be a left ideal with L C Se. Pick an idempotent

t € L, and let f = et. Then, f € L. Since t € Se, t = te. Thus,
f = et = ete. Therefore, ff = etet = (ete)t = ett = et = f. So,
f € E(S). Also, ef = ecte = ete = f and fe = etee = ete = f.
So, f <e. So, f =e and hence e € L. Thus, Se C L.

(1) = (6): Let Se be a minimal idempotent. By Theorem 1.1.6,
e € K(S5).

(6) = (1): Since e € K(S), by Theorem 1.1.6, pick a minimal left
ideal L of S with e € L. By Lemma 1.4.1(1), Se is a left ideal of S.
From Definition 1.1.15(1), Se C L. Then Se = L, since L is taken
minimal.

(6) = (7): Since SeS is an ideal, K(S) C SeS. Since e € K(S5),
SeS C K(95).

(7) = (6): e = eee € SeS = K(S).

By left-right duality and the fact that (2) and (3) are two-sided state-
ments, (4) = (2) = (3) = (4) follows. O

Theorem 1.1.13 Let S be a semigroup and assume that there is a min-
imal left ideal of S which has an idempotent. Then

1. Every minimal left ideal of S has an idempotent.

2. There is a minimal right ideal of S which has an idempotent.

Proof. To prove (1), let L be a minimal left ideal with an idempotent
e and let J be a minimal left ideal. By Theorem 1.1.6, there is some
z € S such that J = Lz. By Theorem 1.1.12(2), eL = eSe is a group.
So let y = eye be the inverse of exe in this group. Then yx € Lz = J
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and yryx = (ye)x(ey)r = ylere)yr = eyr = yx. Hence, J has an
idempotent.

To prove (2), pick a minimal left ideal L of S and an idempotent e € L.
Then, L = Se. Thus, by Theorem 1.1.7(4), S is a minimal right ideal
of S and e is an idempotent in eS. U

Theorem 1.1.14 Let S be a semigroup and assume that there is a min-
imal left ideal of S which has an idempotent. Given any minimal left
ideal L of S and any minimal right ideal R of S, there is an idempotent
e € RN L such that RN L = RL = eSe and eSe is a group.

Proof. Let R and L be given. Pick an idempotent f € K(S) such that
L = Sgf. By Theorem 1.1.7(2), fSf is a group. Pick ¢ € R and let
x be an inverse of faf in fSf. Then x € Sf = L soaxr € RN L. By
Theorem 1.1.6, ax € K(S). Also, one can show that axaxr = ax. Let
e = ax. Then eSe C Sx C L and eSe C aS C R. So, eSe C RN L.
To see that RN L C eSe, let b € RN L. By Lemma 1.1.4, L. = Se and
R =e¢S and b = eb = be. Thus, b = eb = ebe € eSe.

Now, RL = eSSe C eSe C RL. So, RL = eSe which is a group by
Theorem 1.1.7(2) with e € K(5). O

Theorem 1.1.15 Let X be a left zero semigroup, let Y be a right zero
semigroup, and let G be a group. Let e be the identity of G, fixu € X and
veY andlet[,]:Y x X — G be a function such that [y,u] = [v,z] = e
forallyeY and allz € X. Let S = X x G XY and define an operation
~on S by (z,9,y)-(2',9,y) = (z,9[y, 2|d',y'"). Then S is a simple group
(so that K(S) =S = X x G xY) and each of the following statements
holds.

1. For every (z,y) € X x Y, (z,[y,z] ', y) is an idempotent (where
the inverse is taken in G) and all idempotents are of this form. In
particular, the idempotents in X x G x {v} are of the form (x,e,v)
and the idempotents in {u} x G XY are of the form (u,e,y).

2. For everyy € Y, X x G x {y} are minimal left ideals of S and all
manimal left ideals of S are of this form.

3. For every x € X, {x} x G XY are minimal right ideals of S and
all minimal right ideals of S are of this form.
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4. For every (x,y) € X xY, {z} x G x {y} are mazimal groups in S
and all mazimal groups in S are of this form.

5. The minimal left ideal of X x G x {v} is the direct product of X,
G, and {v} and the minimal right ideal of {u} x G XY is the direct
product of {v}, G, and Y.

6. All mazimal groups in S are isomorphic to G.

7. All minimal left ideals of S are isomorphic to X xG and all minimal
right ideals of S are isomorphic to G X Y.

Proof. See Proof of Theorem 1.63 in [19]. O

The following theorem, called the Structure Theorem due to A. Suschke-
witsch in 1928 and D. Rees in 1940, gives the precise description of a
completely simple semigroup.

Theorem 1.1.16 Let S be a semigroup and assume that there is a min-
imal left ideal of S which has an idempotent. Let R be a minimal right
ideal of S, let L be a minimal left ideal of S, let X = E(L), let Y =
E(R), and let G = RL. Define an operation - on X x G xY by
(z,9,y) - (', ¢",y") = (x,gyx'g",y'). Then X x G XY satisfies the con-
clusions of Theorem 1.1.15 (where [y, z] = yx) and K(S) =~ X x G x Y.
In particular:

1. The minimal right ideals of S partition K(S) and the minimal left
ideals of S partition K(S5).

2. The mazimal groups in K(S) partition K(S).

3. All minimal right ideals of S are isomorphic and all minimal left
ideals of S are isomorphic,

4. All mazimal groups in K(S) are isomorphic.

Proof. By Theorem 1.1.13, there exists a minimal right ideal R of S
which has an idempotent. By Theorem 1.1.14, RL is a group and, by
Theorem 1.1.7, X is a left zero semigroup and Y is a right zero semigroup.
Let e be the identity of RL = RN L and let u =v =e. Given y € Y one
has, since Y is zero right semigroup, that [y, u] = yu = u = e. Similarly,
given x € X, [v,z] = e. Thus, the hypotheses of Theorem 1.1.15 are
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satisfied.
Define ¢ : X x G xY — S by ¢(x,¢9,y) = xgy. We now prove that ¢ is
an isomorphism onto K(S). For every (z,g,y), (', ¢,y') € X x G x Y,

o((z,9.9) - (&', 9 9) = oz, gya'g,yf)

= x(gyz'g )y

= (zgy)(«'g"y)

= ¢(z,9,9)e', g, y).
So, ¢ is a homomorphism. By Theorem 1.1.7, L = XG and R = GY.
By Theorem 1.1.14, K(S) = LR = XGGY = XGY = ¢[X x G x Y].
thus it suffices to produce the inverse of ¢.
For each ¢ € K(S5), let v(t) be the inverse of ete in eSe = G. Then
ty(t) = ty(t)e € Se = L and

ty )ty (1) = ty(t)etey(t)
= tey(t)
= ty(t),
so ty(t) € X. Similarly, y(¢)t € Y.
Define 7 : K(S) — X xG xY by 7(t) = (ty(t), ete,v(t)t). We now prove
that 7 = ¢ 1. Solet (z,9,y) € X x G x Y. Then

zgyy(rgy) = rrgyy(xgy), since r = rx
= zexgyey(xgy), since x = ze and y(zgy) = ey(zgy)
= ze, since y(xgy) is the inverse of exgye in G
= 7.
Similarly, v(zgy)zrgy = y. Also, since X is a left zero semigroup and Y

is a right zero semigroup, exgye = ege = g. Hence, for every (z,g,y) €
X xGxY,

T(¢(, 9,y)) = T(z9Y)
= (zgyy(z9y), exgye, v(xgy)rgy)
= (,9,9)-
That is, 7 = =% 0O

Theorem 1.1.17 Let S be a semigroup and assume that there is a min-
imal left ideal of S which has an idempotent. Let T be a subsemigroup of
S and assume also that T has a minimal left ideal with an idempotent.
IfFK(S)NT #0, then K(T) =K(S)NT.
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Proof. Theorem 1.1.10 guarantees the existence of K(7'). Since K(S)N
T is an ideal of T', K(T) C K(S) NT. For the reverse inclusion, let
x € K(S)NT be given. Then Tz is a left ideal of T. So, by Corollary
1.1.1 and Theorem 1.1.13(1), Tz contains a minimal left ideal Te of T
for some idempotent e € T. Now x € K(S). So by Theorem 1.1.10, pick
a minimal left ideal L of S with z € L. Then L = Sz and e € Tz C Sxz.
So, L = Se. So, x € Se. So, by Lemma 1.1.4, x = xze € Te C K(T).
Hence K(S)NT C K(T). O

Theorem 1.1.18 Let S be a semigroup and assume that there is a min-
imal left ideal of S which has an idempotent. Let e, f € E(K(S)). If g
is the inverse of efe in eSe, then the function ¢ : eSe — fSf defined by
o(x) = fxgf is an isomorphism.

Proof. To prove that ¢ is a homomorphism, let x,y € eSe. Then
o(@)ely) = fzgffygf

= fxgfygf  (f is an idempotent)

= fagefeygf (ge=g.ey=1y)

= fzeygf (g is the inverse of efe)
= faygf (ey =)

= ¢(zy).

To prove that ¢ is one-to-one, let = be in the kernel of ¢. Then ¢(x) = f
implies

fregf = f
efrgfe = efe (fisan idempotent)
efexgefe = efe (ex =z, ge=g)
efexe = efe (g is the inverse of efe)
efex = efe (re=ux)
efex = efee (eis an idempotent)
r = e ( left cancellation in eSe).

To prove that ¢ is onto fSf, let y € fSf and let h and k be the inverses
of fgf and fef respectively in fSf. Then ekyhe € eSe and

plekyhe) = fekyhegf

= fefkyhgf (fk=k,eg=g)
= fyhgf (fefk=f)

= fyhfgf  (h=nhf)

= fyf (hfgf =f)
=y (y € [S]).
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Theorem 1.1.19 Let S be a semigroup and assume that there is a min-
imal left ideal of S which has an idempotent. Let s € S. The following
statements are equivalent.

1. s € K(5).

2. Forallt € S, s € Sts.

3. Forallte S, s e stS.

4. Forallt € S, s € stSN Sts.

Proof.

(1) = (4): Pick, by Theorem 1.1.10 and Lemma 1.1.13(2), a mini-
mal left ideal L of S and a minimal right ideal R of S with s € LNR.
Let t € .S. Then ts € L. So, Sts is a left ideal contained in L. So,
Sts = L. Similarly, stS = R.

Clearly, (4) = (3) and (4) = (2).

(2) = (1): Let t € K(S). Then s € Sts C StS C K(S). That is,
s € K(S).

Similarly, (3) = (1).
UJ

Lemma 1.1.7 Let S and T be semigroups and let h S — T be a
surjective homomorphism . If S has a smallest ideal, then T also has a

smallest ideal and K(T') = h[K(5)].

Proof. See Exercise 1.7.3 in [19]. O

The following Lemma and its proof are taken from [35].

Lemma 1.1.8 Let S and T be semigroups and let h S — T be a
surjective homomorphism. Suppose that K(S) exists and is a completely
simple semigroup. Then for every minimal right ideal R of S, h[R] is a
manimal right ideal of T', and for every minimal right ideal R' of T, there
is a minimal right ideal R of S with h[R] = R'. The same holds also for
minimal left ideals and for maximal subgroups from the smallest ideals.
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Proof. By Lemma 1.1.7, h[K(5)] is a two-sided ideal of 7. If K’ is any
ideal of T, then h~'[K'] is an ideal of S, so contains K (S) by minimality.
Thus h[K(S)] C K’, whence h[K(S9)] is the smallest ideal of T Similarly,
each right ideal R’ of T' contains a right ideal of the form A[R] with R
a right ideal of S, so the minimal right ideals of T" are of the form h[R].
The same holds for the left ideals. Finally, for any minimal right ideal R
and minimal left ideal L, RL is the structural group of K(S), and then
h[RL] = h[R]h[L] is the structural group of h[K(S)]. O

1.2 Fundamentals on topology

We recall some fundamental notions of topology such as neighborhoods,
denseness, connectedness, separation properties, and compactness which
are important for the understanding of the topological structure of Stone-
Cech compactifications and their points, the ultrafilters. The main ref-
erence of this section is [16].

Definition 1.2.1 A topology 7 on a set X is a collection of subsets of
X satisfying:

1. ), X er.

2. if Ay e, foreachi=1,...,n, then (o, A; € T.

8. if A; € T, for each i € N, then | J2| A; € 7.
Definition 1.2.2 A nonempty set X equipped with a topology T is called
a topological space, and is denoted (X, T), (or simply X when there
is no confusion). A member of T is called an open set in X. The

complement of an open set is called a closed set. A set that is both
closed and open is called a clopen set.

One can prove, by using the two definitions above, that if X is a topo-
logical space, then

1.  and X are closed sets,
2. the intersection of any number of closed sets is a closed set and

3. the union of any finite number of closed sets is a closed set.
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Let X be a topological space. A subset A of X is called an F,-set if it is
the union of a countable number of closed sets. A subset B of X is called
a Gy-set if it is the intersection of a countable number of open sets. Tt
follows that F,-sets and Gs-sets are complement of one another.

Definition 1.2.3 Let X, Y be two topological spaces. A mapping f :
X — Y is said to be open (resp. closed) if the image under f of each
open (resp. closed) set of X is open (resp. closed) in'Y .

Definition 1.2.4 A subfamily B of a topology 7 is called a basts for T
if every U € T 1is a union of members of B.

Equivalently, B is a basis for 7 if for every element x of X and every open
set U containing z, there is an open set V' € B satisfying x € V C U.
Conversely, if B is a family of sets that is closed under finite intersection
and U B = X, then the family 7 of all unions of members of B is

BeB
a topology for which B is a basis. This is important, since instead of

trying to describe all of the open sets, one can define topologies by simply
writing down a basis.

Definition 1.2.5 A subfamily o of a topology T s called a subbasis for
7 if the collection of all finite intersections of members of o is a basis for
T.

Definition 1.2.6 A topology is said to be zero-dimensional if it has
a basis of clopen sets.

Definition 1.2.7 Let X be a nonempty set.

1. The family of all subsets of a set is a topology called the discrete
topology. In a discrete space, every subset is both open and closed
(that is, clopen).

2. If Y is a subset of a topological space (X,T), then the collection
v ={VNY : V €71} of subsets of Y is a topology on'Y called the
topology induced by 7 on'Y. Then'Y, equipped with the induced
topology, is called a (topological) subspace of X.
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In a discrete space (X, 7), the collection B = {{z} : = € X} forms a
basis for the topology 7. For any topological space (X, 7), B := 7 is a
basis for the topology 7. For example, the set of all subsets of X is a
basis for the discrete topology on X.

It is also important to remember that there can be many bases for the
same topology.

Definition 1.2.8 Let (X;,7;), i € I, be topological spaces and m; : X —
X; continuous canonical projections. The product topology T on the
product set X = [],c; Xi is the topology having the family of ;' (Vi) with
Vi € V; for each i € I, as a subbasis. The pair (X, T) is then called the
product of spaces (X;,7;), with i € I.

Definition 1.2.9 Let (X, 1) be a topological space, and let A be any
subset of X.

1. The largest (wzth respect to inclusion) open set included in A, de-
noted int(A) or A, is called the interior of A. It is the union of all
open subsets of A. The interior of a nonempty set may be empty.

2. The smallest closed set that includes A, denoted A or clx(A) (or
simply cl(A) if there is no confusion), is called the closure of A
into X. It is the intersection of all closed sets that include A. If B
is closed set such that A C B, then A C B.

One can conclude that A C B implies AcC Band A C B. Also a set A
is open if and only if A = A and a set B closed if and only if B = B.

Definition 1.2.10 The elements of the set X will be referred to as points.
Any set V' that contains a point x in its interior is called a neighbor-
hood of x. In this case the point x is said to be to be an interior point

of V.

Equivalently, a neighborhood of a point x € X is a subset of X contain-
ing an open set containing z. Also, a neighborhood of a subset A of a
topological space X is a subset of X containing an open set containing
A. But a point x can be identified with the singleton set {x}, meaning
a neighborhood of x is also a neighborhood of {z}. Thus, the concept of
neighborhood of a point in a set can be used to give an axiomatic defi-
nition of topological spaces. Let x € X. We have the following axioms
to characterize the topological space X:
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1. Every neighborhood of x contains z.

2. Any finite intersection of neighborhoods of z is a neighborhood of
x.

3. If a subset A of X contains a neighborhood of z, then A is a neigh-
borhood of z.

4. If V' is a neighborhood of x, there exists a neighborhood W of x
such that V is a neighborhood of each point of W.

Following this definition, a subset U of X is open if and only if it is a
neighborhood of each of its points.

Definition 1.2.11 A neighborhoods system of a point x of X is any
family N, of neighborhoods of x such that any neighborhood of x contains
a neighborhood from N.

A neighborhoods system can also be referred to as a neighborhoods base.

Definition 1.2.12 Let A be a nonempty subset of a topological space.

1. A point x is called a limit point (or an accumulation point or
a cluster point) of A if for each open neighborhood V' of x, we
have (V \ {z}) N A # 0.

2. A point x € A is called an tsolated point of A if there is an open
neighborhood V' of x with (V \ {z}) N A = (.

Let X be a discrete space and A a subset of X. Then A has no limit
points, since for each x € X, the singleton set {z} is open but contains
no point of A different from z. Thus, all the points of a subset of a
discrete space are isolated points.

The notion of limit point may lead to a better understanding of the
notion of closed set. One can prove that that a set is closed if and only
if it contains all its limit points. This provides a useful way to prove if a
set is closed or not.

Let A be a subset of a topological space X. If A" denotes the set of all
limit points of A, then AU A’ is a closed set. Hence, AU A’ = A.

Definition 1.2.13 A subset D of a topological space X is said to be
dense in X if D = X.
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In other words, a set D is dense if and only if every nonempty open
subset of X contains a point in D. In particular, if D is dense in X and
x belongs to X, then every neighborhood of x contains a point in D.
This means that any point in X can be approximated arbitrarily well by
points in D.

In a discrete space X, the only dense subset is X itself, since each other
subset of X is its own closure. One classical example, QQ is dense in R.
Let S and T be nonempty subsets of a topological space X with S C T.
Then, we have the following:

1. A limit point of S is also a limit point of 7.

2. If S is dense in X, then T is also dense in X, since S C 7.

From (2), it is possible to deduce that the real line R has an uncountable
number of distinct uncountable dense subsets.

Definition 1.2.14 A subset A of a topological space X 1is said to be
nowhere dense in X if there is no neighborhood in X on which A is
dense.

In other words, a nowhere dense set has the interior of its closure empty.
Definition 1.2.15 Let X be a topological space.

1. X is said to be connected if it is not the union of two disjoint
non-empty closed sets.

2. X s said to be locally connected if every point has a base of open
connected neighborhoods.

3. X 1is said to be totally disconnected if the only connected subsets
are the singleton sets.

4. X is said to be extremally disconnected if the closure of every
open subspace is open.

Equivalently, we can also say that X is connected if the only clopen sub-
sets are X and (). One such example is the usual topological space R.
It follows from this definition that a topological space X is disconnected
if and only if we can find two nonempty open sets A and B such that
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ANB = and AUB = X. One can show that any infinite discrete space
is disconnected since each singleton set is a clopen set.

We have also the property that the product [],.; X; is connected if and
only if, for each ¢ € I, the space X; is connected.

Definition 1.2.16 Suppose that X and Y are topological spaces, that
ACX and that f: A—=Y. Let a € clx(A) andy € Y. We define

lim f(z) =y

if and only if, for every neighborhood V' of y, there is a neighborhood U
of a such that fJANU] C V.

Definition 1.2.17 A function f : X — Y between two topological spaces
is said to be continuous if f~'(U) is open in X for each open set U in
Y. We say that f is continuous at the point v of Y if f1(V) is a
neighborhood of x whenever V' is an open neighborhood of f(x) inY .

We can show that any continuous image of a connected set is connected.

Theorem 1.2.1 Let f : X — Y be a function between two topological
spaces.

1. f s continuous if and only if f is continuous at every point of X.

2. f is continuous at a point a of A C X if and only if lim f(z) =
T—a
f(a).

Proof. The proof can be found in any book of general topology. O

Definition 1.2.18 Two topological spaces X andY are said to be home-
omorphic if there is a one-to-one continuous function f from X ontoY
such that f=' is continuous too. The function f is then called a homeo-
morphism.

Any two nonempty open intervals of R are homeomorphic. Also, R is
homeomorphic to the open interval (—1,1) with the usual topology by
defining a homeomorphism f : (=1,1) — R by f(z) = - 1t follows
that any open interval (a,b), with a < b, is homeomorphic to R.

We have that any topological space homeomorphic to a connected space

is connected.
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Definition 1.2.19 A mapping f : X — Y between two topological spaces
is called an inclusion map or embedding if f : X — f[X] is a home-
omorphism. It is sometimes denoted by 1.

That is, X, as a topological subspace of Y, can be identified with its
direct image f[X].

We may also add the following definition. Let X and Y be topological
spaces. A map f: X — Y is called a local homeomorphism if each point
xr € X has an open neighborhood U such that f|, is a homeomorphism
onto an open subspace of Y. We say that X is locally homeomorphic to
Y.

Definition 1.2.20 Let X be a topological space. A subset A of X is said
to be C*-embedded in X if each map f: A — [0,1] can be extended to
amap f: X —[0,1].

In the following, we recall some separation properties. The separation
properties are preserved by homeomorphisms.

Definition 1.2.21 A topological space is said to be separable if it in-
cludes a countable dense subset.

For example, every countable topological space is separable. In particu-
lar, R is separable since Q is dense in R.

Definition 1.2.22 A topology on X is called Hausdorff (or sepa-
rated) if any two distinct points can be separated by disjoint neighbor-
hoods of the points. Hausdorff spaces are also known as T,-spaces.

That is, for each pair z,y € X with # # y there exist U € N, and
V € N, such that U NV = (). For example, discrete spaces and metric
spaces are Hausdorff.

Definition 1.2.23 A topological space X is said to be a T)-space if
every singleton set {x} is closed in X.

For example, a discrete space is a 1-space.

Definition 1.2.24 A topological space X is said to be a Ty-space if
for each pair of distinct points a,b in X, either there exists an open set
containing a and not b, or there exists an open set containing b and not
a.
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One can see that every T-space is a Ty-space, but the converse is not
true.

Definition 1.2.25 A topological space X is said to be regular if it is
Hausdorff and for any closed subset F of X and any point © ¢ F there
15 a neighborhood of x and a neighborhood subset of F which do not
intersect. A reqular T7-space is called a Ts-space.

Obviously, a Ts-space is a Ts-space. The converse is false.
Theorem 1.2.2 FEvery subspace of a reqular space is reqular.

Proof. See the proof on page 80 of [16]. O

Definition 1.2.26 Two subsets A and B of a space X are said to be
completely separated in X if there exists a real-valued continuous
mapping f on X such that f(a) = 0 for all a in A and f(b) = 1 for
all b in B.

Definition 1.2.27 A space X is said to be completely regular if every
closed subspace F' of X is completely separated from one point x not in
F and if each point is closed. If X is also Hausdorff, then X 1is called a
Tychonoff space or a T3%-space.

Every metric space is a Tychonoff space. In particular, the closed interval
[0,1] is a Tychonoff space. For any set X, the cube [0,1]* is a Tychonoff
space.

Theorem 1.2.3 (Tychonoff’s theorem) The completely reqular spaces
are precisely those spaces which can be embedded in a product of copies
of the closed unit interval 1.

One can deduce that any Tychonoff space is homeomorphic to a subspace
of a cube. Thus, a topological space can be embedded in a cube if and
only if it is a Tychonoff space.

Theorem 1.2.4 For any topological space X, there exists a completely

reqular space pX which is a continuous image of X such that any real-
valued mapping from X factors through pX.
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Definition 1.2.28 A topological space X is said to be a normal space
if for each pair of disjoint closed sets A and B, there exist a pair of
disjoint open sets U and V' such that A C U and B C V. If the normal
space X s also Hausdorff, then X 1is called a Ty-space.

Theorem 1.2.5 (Urysohn’s Lemma) Let X be a topological space.
Then X s normal if and only if for each pair of disjoint closed sets A
and B in X there exists a continuous function f : X — [0,1] such that
fla) =0 for alla € A, and f(b) =1 for all b € B.

It follows that every normal Hausdorff space is a Tychonoff space; that is,
every Ty-space is a T3%—Space. As a consequence, every normal Hausdorff
space is homeomorphic to a subspace of a cube.

Definition 1.2.29 A subset D of a topological space X is said to be
strongly discrete if and only if there is a family (U,),.p of pairwise
disjoint open subsets of X such that a € U, for every a € D.

Notice that if D is countable and X is regular, then D is strongly discrete
if and only if it is discrete.

Definition 1.2.30 A subset K of a topological space is compact if every
family of open sets Vi, i € I, satisfying K C |J,.; Vi there exists a finite
subfamily Vi, , ..., V;, such that K C U?Zl Vi;- The family of Vi, 1 € I, 15
called an open cover of K and the finite subfamily V; ..., V; s called
a finite subcover of K.

One can prove that every compact Hausdorff space is normal. Conse-
quently, every compact Hausdorff space can be embedded in a cube. We
need to note that only finite sets are compact in a discrete topology. The
notion of compactness can be viewed as a topological generalization of
finiteness.

We have the following properties of compactness:

1. A continuous image of a compact space is compact.
2. Every closed subset of a compact space is compact.
3. A compact subset of a Hausdorff topological space is closed.

4. If K Y C X, then K is a compact subset of X if and only if K
is a compact subset of Y (in the induced topology).
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5. Every continuous function between topological spaces carries com-
pact sets to compact sets.

6. Finite unions of compact sets are compact.

The well-known Heine Borel Theorem states that any subset of R” is
compact if and only if it is closed and bounded. But this not true in
more general topological spaces. For instance, consider infinite sets with
the discrete topology. But in general, a compact subset of a metric space
is closed and bounded.

Definition 1.2.31 A topological space X is said to be locally compact
if each point in X has at least one neighborhood which is compact.

As an example, every discrete space is locally compact. It can be proved
that every compact space is locally compact.

Definition 1.2.32 A family of sets has the finite intersection prop-
erty if every finite subfamily has a nonempty intersection.

Compactness can also be characterized in terms of the finite intersection
property as follows. A topological space is compact if and only if every
family of its closed subsets with the finite intersection property has a
nonempty intersection.

In brief, we have the following hierarchy of separation properties:

Compact Hausdorftf = T, = Tgé =Ty = T, =T, = T.

All the topological spaces mentioned in the rest of this work
are presumed Hausdorff.

1.3 Compact right topological semigroups
and ideals

Since the Stone-Cech compactification of a discrete semigroup is a com-
pact Hausdorff right topological semigroup, we review in this section the
general notions of compact Hausdorff right topological semigroups. For
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instance, every compact Hausdorff right topological semigroup has an
idempotent. Consequently, every compact Hausdorff right topological
semigroup has a smallest two-sided ideal which is a completely simple
semigroup given by the Rees-Suschkewitsch Theorem. The main refer-
ences are [20] and [37].

Definition 1.3.1 1. A right topological semigroup is a triple (S, -, T)
where (S, ) is a semigroup, (S,T) is a topological space, and for all
x €S8, ps: S — S, defined by p.(y) =y - x, is conlinuous. The
map pg s called right translation.

2. A left topological semigroup is a triple (S,-,7) where (S,-) is
a semigroup, (S,7) is a topological space, and for all x € S, A\, :
S — S, defined by M\ (y) = x -y, is continuous. The map N, is
called left translation.

3. A semitopological semigroup is a right topological semigroup
which s also a left topological semigroup.

4. A topological semigroup is a triple (S, -, 7) where (S, -) is a semi-
group, (S,T) is a topological space, and - : S xS — S is continuous.

5. A topological group is a triple (S,-,7) where (S,-) is a group,
(S,7) is a topological space, - : S x S — S is continuous, and
In:S — S is continuous (where In(x) is the inverse of x in S ).

Example 1.3.1 Let X be a compact Hausdorff topological space.

1. XX s the space of all maps (continuous or not) from X to X.
We can write X~ as X~ = [Lcx Xa, where X, = X for every
x € X. That is, a map g : X — X 1is identified with the element
(9(2))eex € Iliex Xo- Then, X* with the product topology is
compact by Tychonoff’s Theorem.

2. The topology on XX is the topology of pointwise convergence. This
means the following: ‘g, — g in X~ if and only if, for each v € X,
gn(z) = g(x) in X"

3. Let T be the product topology on XX. The composition of functions
is an associative binary operation on X~ and the identity map of
X belongs to XX making X~ nonempty. Thus, (X*,0,7) is a
compact right topological semigroup.
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Definition 1.3.2 Let S be a right topological semigroup. The set
A(S)={z €S : A\, is continuous}

is called the topological center of S.

The following theorem shows that every compact right topological semi-
group has an idempotent.

Theorem 1.3.1 Let S be a compact right topological semigroup. Then
E(S) # 0.

Proof. Let
A={TC S : T #0,T is compact, and T -T C T}.

That is, A is the set of compact subsemigroups of S. We show that A has
a minimal member using Zorn’s Lemma. Since S € A, we have A # ().
Let C be a chain in A. Then C is a collection of closed subsets of the
compact space S with the finite intersection property, so (1€ # 0 and
(C is trivially compact and a semigroup. Thus (|C € C, so we may pick
a minimal member A of A.

Pick © € A. We shall show that xx = z. We start by showing that
Axr = A. Let B = Az. Since A # (), we have B # () as well. Since
B = p,[A], B is the continuous direct image of a compact space, hence
B is compact. Also BB = AxAx C AAAx C AAx C Ax = B. Thus
B e A. Since B= Ax C AA C A and A is minimal, we have B = A.
Let C ={y € A : yv = x}. Since x € A = Ax, we have C # (). Also
C = Anp,{z}]. So, C is closed and hence compact. Given y,z € C,
one has yz € AA C A and yzx = yr = x. Soyz € C. Thus C € A.
Since C' C A and A is minimal, we have C' = A. So x € C and thus
rx = x as required. O

Definition 1.3.3 Let S be a semigroup which is also a topological space.
A semigroup compactification of S is a pair (p,T) where T is a
compact right topological semigroup, ¢ : S — T is a continuous homo-
morphism, ¢[S] C A(T), and ¢S] is dense in T.

Corollary 1.3.1 Let S be a compact right topological semigroup. Then
every left ideal of S contains a minimal left ideal. Minimal left ideals of

S are closed, and each minimal left ideal has an idempotent.
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Proof. Let L be an ideal of S and # € L. Then Sz = p,[S5] is a
continuous image of a compact space, hence compact. Also Sz is a left
ideal of S and Sz C L. Consequently any minimal left ideal is closed.
By Theorem 1.3.1, any minimal left ideal contains an idempotent. Thus

one need only to show that any left ideal of S contains a minimal left
ideal. So let L be a left ideal of S and let

A={T : T is a closed left ideal of S and T' C L}.

Applying Zorn’s Lemma to A, one gets a left ideal M minimal among
all closed left ideals contained in L. But since every left ideal contains a
closed left ideal, M is a minimal left ideal. O

Theorem 1.3.2 Let S be a compact right topological semigroup.

1. Every right ideal of S contains a minimal right ideal which has an
tdempotent.

2. Let T CS. Then T is a minimal left ideal of S if and only if there
is some e € E(K(S)) such that T = Se

3. Let T' C S. Then T 1s a minimal right ideal of S if and only if
there is some e € E(K(S)) such that T = eS

4. Gwen any minimal left ideal L of S and any minimal right ideal R
of S, there is an idempotent e € RN L such that RN L = eSe and
eSe is a group.

Proof.

1. From Corollary 1.3.1, every minimal left ideal of S has an idempo-
tent. Then, by Theorem 1.1.13(2), there is a minimal right ideal of
S which has an idempotent. Considering a right version of Corol-
lary 1.1.1, every right ideal of S contains a minimal right ideal. So
by the right version of Theorem 1.1.13(1), every minimal right ideal
has an idempotent.

2. Corollary 1.3.1 guarantees the existence of a minimal left ideal of

S which has an idempotent. Then one may use the equivalence (1)
and (6) of Theorem 1.1.12.

3. Same as above using the equivalence (4) and (6) of Theorem 1.1.12.
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4. Corollary 1.3.1 guarantees the existence of a minimal left ideal of
S which has an idempotent. Then use Theorem 1.1.14.

O

Theorem 1.3.3 Let S be a compact right topological semigroup.

1. Then S has the smallest two-sided ideal K(S) which is the union of
all minimal left ideals of S and also the union of all minimal right
ideals of S.

2. Each of {Se : e € E(K(S))}, {eS : e € E(K(S))}, and {eSe :
e € E(K(S))} are partitions of K(S).

Proof. By Theorem 1.3.2, all the minimal left ideals of S are of the form
Se, all the minimal right ideals of S are of the form eS, and eSe = H (e)
are maximal groups of S with e € E(K(S)).

1. By Theorem 1.1.10, K(S) exists and is the union of all minimal left
ideals of S. By taking the right version of Theorem 1.1.10, K(S)
is also the union of all minimal right ideals of S.

2. The partitions of K (S) are obtained using Theorem 1.1.16(1),(2).

O

Theorem 1.3.4 Let S be a compact right topological semigroup.

1. All mazimal subgroups of K(S) are (algebraically) isomorphic.

2. Mazimal subgroups of K(S) which lie in the same minimal right
ideal are topologically and algebraically isomorphic.

3. All minimal left ideals of S are homeomorphic. In fact, if L and L'
are minimal left ideals of S and z € L', then p,1, is a homeomor-
phism from L onto L'.

Proof.

1. Corollary 1.3.1 guarantees the existence of a minimal left ideal of
S which has an idempotent. Using Theorem 1.1.18 and the last
part of Theorem 1.3.3(2), one obtains isomorphisms between all
the maximal subgroups of K(.5).
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2. Let R be a minimal right ideal of S and e, f € E(R) guaranteed
by Corollary 1.3.1 and Theorem 1.1.13(2). Then eS and fS are
right ideals of S contained in R. Then by Lemma 1.1.4(2), ef = f
and fe = e by taking respectively e a left identity of eS and f a
left identity of fS. Let g be the inverse of efe in the group eSe
and define a map ¢ : eSe — fSf by ¢(x) = fxgf as in Theorem
1.1.18. Then ¢ is an isomorphism from eSe onto fSf. Now we
show that ¢ is continuous. Let x € eSe. Then

p(z) = frgf
= fexgf, since x = ex
=exgf, since fe =e¢
=zxgf, since ex = x
= ps(2).
S0 ¢ is the restriction of p,s to eSe and thus continuous. To show

that ¢~! is continuous, consider h and k to be the inverses in fSf
of fgf and fef respectively. Let y € fSf. Then

¢! (x) = ekyhe see the last part of the proof of Theorem 1.1.18
= fefkyhe, since fk =k and fe=e
= fyhe, since fefk = f
= yhe, since fy =y
= Phe(y)-
So ¢! is the restriction of pj. to fSf and hence is continuous.

Thus eSe and fSf are topologically and algebraically homeomor-
phic.

3. Let L and L' be minimal left ideals of S and let z € L. By
Theorem 1.3.2(2), pick e € E(K(S)) such that L = Se. Then p,;,
is a continuous function from Se to Sz = L' and p,[Se] = L' since
Sez is a left ideal of S which is contained in L'. To see that p, is
one-to-one on Se, let g be the inverse of eze in eSe. For x € Se,

pg(p=(2)) = py(z2)
=1x2q
= rezeg, since x = re and g = eg
= ze

=X.
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Since p,|;, is one-to-one and continuous and L is compact (by the
fact that L is closed as a minimal left ideal of S and S is compact),
pz|1, is a homeomorphism.

O

Theorem 1.3.5 Let S be a compact right topological semigroup and let
R be a right ideal of S. Then c¢l(R) is a right ideal of S.

Proof. Let z € S. (cl(R))x = py[cl(R)] C cl(p[R]) = cl(Rzx) C cl(R),
since R is a right ideal of S. U

Theorem 1.3.6 Let S be a compact right topological semigroup, and let
T be a subset of the topological center of S. Then cl(T) is a semigroup
if T is a semigroup.

Proof. One can see that ¢/(T) # () since ) # T C ¢l(T). Now let
z,y € cl(T), we need to show that zy € c¢f(T). For this, consider an
open neighborhood U of zy. Take a neighborhood V of x such that
Vy = py[V] C U (since ¢/(T) C S and p, is continuous). Pick a €
VNT CVNA(S). Then ay = A\ (y) € U (since A, is continuous for
any a € A(S)) so pick a neighborhood W of y such that W C U. Pick
beWnNT. Then ab € aW NT CUNT (since aW C U and T is a
semigroup). Thus zy € ¢/(T). O

Consider a right topological semigroup S and a right ideal R of S. We
have that cf(R) is also a right ideal of S, but this is not always true in
the case of a left ideal of S [19]. One needs an additional hypothesis.

Theorem 1.3.7 Let S be a compact right topological semigroup and as-
sume that A(S) is dense in S. Let L be a left ideal of S. Then cl(L) is
a left ideal of S.

Proof. Let z € ¢/(L) and let y € S. To see that yz € c/(L), let U
be an open neighborhood of yx. Pick a neighborhood V' of y such that
Vo = p,[V] C U and pick z € A(S) (since A(S) is dense in S). Then
zx = A (z) € U so pick a neighborhood W of = such that zWW C U.
Pick w € W N L (since x € ¢l(L)). Then, since L is a left ideal of S,
2w € 2WNLCUNLsozweUNL. Indeed yz € cl(L). O
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Theorem 1.3.8 Let S be a compact right topological semigroup with
dense center. We have the following statements:

1. If R is a right ideal of S, then cl(R) is a two-sided ideal of S.
2. If e € E(K(S)), then cl(eSe) = Se.

Proof. Let A be the center of S.

1. By Theorem 1.3.5, ¢c/(R) is a right ideal of S. Now we prove that
cl(R) is also a left ideal of S. Let y € ¢f/(R). For any = € A one
has p,(z) = vy = yz € (cl(R))xr C c¢f(R) (since A is the center of
S and cl(R) is a right ideal of S). Thus p,[A] C cl(R). Since A
is dense in S, so p,[S] = pylcl(A)] C cl(py[A]) C c¢l(R). That is
Sy C ¢l(R). Hence S - (cf(R)) C c¢l(R).

2. Since Se = p,[S] is closed (a continuous image of a compact space)
and is a (minimal) left ideal of S, one has c¢f(eSe) C Se. On the
other hand, since p, is continuous and A a dense center of S, Se =
(cl(A))e = pelcl(A)] C cl(pe[A]) = cl(Ae) = cl(eAe) C cl(eSe)
(Ae = eA implies eAde = eeA = eA since e is an idempotent).
Hence cl(eSe) C Se and Se C c¢l(eSe) implies cl(eSe) = Se.

O

Let S be a semitopological semigroup and let 7" be a subsemigroup of
S. Then ¢/(T) is a subsemigroup of S. But this is not true for right
topological semigroups in general. For instance, assuming X = NU {oco}
and

T ={f€X* : fisoneto-one }

then ¢/(T') is not a semigroup (see [19], Theorem 2.28). However, if each
f in T is continuous, then ¢f(7T) is a semigroup.

Theorem 1.3.9 Let S be a compact right topological semigroup with
dense center. Assume that S has some minimal right ideal R which
is closed. Then R = K(S) and all mazimal subgroups of S are closed
and pairwise algebraically and topologically isomorphic.

Proof. By Theorem 1.3.8(1), ¢/(R) is an ideal of S so K(S) C ¢/(R) =
R C K(S) (since R is closed and minimal). Thus R = K(S). Let e €
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E(K(S)). By Theorem 1.1.12(3) and Theorem 1.3.2(4), H(e) = eSe =
RN Seso H(e) is closed (being the intersection of two closed sets R, by
assumption, and Se, see Corollary 1.3.1(2)). Any two maximal subgroups
of K(S) lie in the same minimal right ideal and so are algebraically and
topologically isomorphic by Theorem 1.3.4(2). O

Theorem 1.3.10 Let S be a compact right topological semigroup with
dense topological center. The following statements are equivalent:

1. K(S) is a minimal right ideal of S.
2. All mazimal subgroups of K(S) are closed.

3. Some mazimal subgroups of K(S) are closed.

Proof.

(1) = (2). Let e € E(K(S)). Then by Theorem 1.1.12(1),(4) Se is
a minimal left ideal and eS is a minimal right ideal so by Theorem
1.3.2(4), eSe = eS N Se. Since K(S) is a minimal right ideal,
eS = K(S). Since Se C K(S), eSe =eSNSe=K(S)NSe = Se,
and Se is closed by Corollary 1.3.1(2). Thus K(.5) is closed.

It is trivial that (2) = (3).

(3) = (1). Pick e € E(K(S)) such that eSe is closed. Let R = eS.
By Theorem 1.3.8(2), Se = c¢l(eSe) = eSe = eS N Se C eS = R.
Now any other minimal right ideal of S would be disjoint from R
so would miss Se, contradicting Lemma 1.1.3(2). Thus R is the
only minimal right ideal of K (S), which is the union of all minimal
right ideals by Theorem 1.1.10, so K(S) = R.

O

Theorem 1.3.11 Let A be a set and let G be the free group generated
by A. Then G can be embedded in a compact topological semigroup. This
means that there is a compact group H and a one-to-one homomorphism

p:G— H.
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Proof. Let G' = G \ {0}, where () is the identity of G. For each
g € G', using Theorem 1.1.2, pick a finite group Fj and a homomorphism
¢g : G — F such that ¢,(g) is not the identity of F,. Let each F}, have the
discrete topology. Then H = ) e F, is a compact topological group.
Define a homomorphism ¢ : G — H by stating that ¢(h), = ¢,(h).
Then, if ¢ € G', we know that ¢(g), is not the identity of F,. So the
kernel of ¢ is ) and hence ¢ is one-to-one as required. O
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Chapter 2

Ultrafilters and Stone-Céch
compactifications

In this chapter, we define the notion of an ultrafilter on a set. The notion
of an ultrafilter was first introduced by F. Riesz in 1909 to capture the
sense of largeness. We introduce the notion of filters since these are use-
ful in their own right, for instance in the characterization of Stone-Céch
compactifications. We outline some properties and some examples of ul-
trafilters. We also give some insights of the Stone-Céch compactifications
of N and R. The main references of the notions reviewed in this section
are [19], [37], [16], [27], [9], and [31].

2.1 Ultrafilters

Definition 2.1.1 Let X be any nonempty set. A filter on X is a family
F of subsets of X satisfying the following properties:

1.0 ¢ F and X € F;
2. If A,Be€ F, then ANB € F; and
3. IfAe Fand ACBC X, then Be F.

In brief, we would say that a filter on X is a nonempty family of nonempty
subsets of X closed under finite intersections and supersets.

Let us recall that every filter has the finite intersection property.
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Example 2.1.1 Here are some examples of filters.

1. The collection N, of all neighborhoods of a point x in a topological
space X is a classic example of a filter called the neighborhood
filter of x.

2. Let X be an arbitrary set, and let S be a nonempty subset of X.
Then the collection of sets

F(S)={ACX :SCA}
is a filter on X.

3. Let X be an infinite set and consider the collection F of cofinite
sets. That is,

F={ACX : X\ A is a finite set}.

Then F 1s a filter on X.

Definition 2.1.2 Let X be a nonempty set. A nonempty family B C
P(X) is called o filter base if it satisfies the following properties:

1. 0 ¢ B, and
2. for every A, B € B there is C' € B such that C' C AN B.

Similarly, a nonempty family B C P(X) is a filter base if the set
Fs={AC X : AD B for some B € B}

is a filter, and in this case B is called a base for Fg. We also have that
if Fg is a filter, then B C Fp s a base for Fg if and only if for each
A € Fg there is B € B such that B C A. Then the filter Fg s called the
filter generated by B.

Notice that each filter is a filter base. The open neighborhoods of a point
x of a topological space form a filter base B satisfying Fz = N,.

Definition 2.1.3 Let X be a nonempty set.

1. The filters F and G on X are said to be tncompatible if there are
A€ F and B € G such that AN B = 0.
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2. A filter F on X is said to be open if F has a base of open sets of
the topology of X.

Definition 2.1.4 An wultrafilter is a filter which is not properly con-
tained in any other filter.

That is, an ultrafilter is simply a maximal filter or, I/ is an ultrafilter if
U C G for a filter G implies Y = G.

Definition 2.1.5 A principal ultrafilter corresponding to x on a set
X is an ultrafilter of the form

U, ={ACX : ze€ A}

for a fired x € X. Ultrafilters which are not principal are called non-
principal ultrafilters.

For example, the collection N, all of neighborhoods of a point z in a
topological space is a principal ultrafilter corresponding to x.

Theorem 2.1.1 Let X be a set and let U and V be ultrafilters on X.

1. If B is such that AN B # () for all A € U then B € U.

2. If A and B are such that AU B € U then at least one of A or B
belongs to U.

3. IfU £V then there are AcU, BeY with AN B = 0.

Proof.

To prove (1), notice that the family A = {ANB : A € U} is
nonempty and has the finite intersection property, thus it extends
to an ultrafilter 7. We have B € F since B € A. Let A € U. We
have ANB € A, so ANB € F. Since ANB C A and F is an
ultrafilter, A € F. Thus Y C F and so U = F and indeed B € U.

To prove (2), suppose both A, B ¢ U. Then by (1), pick C, D € U
such that ANC =@ and BND =0,s0 (AUB)N(CND)=10.
Since CND €U, we have AUB € U.
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To prove (3), pick B € V such that B ¢ U. By (1), there exist
some A € U such that AN B = (.

O

Corollary 2.1.1 If U is an ultrafilter and |J._, A; € U, where the A;
are disjoint, then A; € U for exactly one i.

Proof. It follows from the general case of Theorem 2.1.1(2) by induction:
if (Ji_, A; € U then A; € U for some i. If the A; are disjoint, then A; € U
for exactly one 1. O

We give in the following some characterizations of ultrafilters.

Theorem 2.1.2 Let X be a nonempty set and let U C P(X). Then the
following statements are equivalent:

1. U s an ultrafilter on X,
2. U is a maximal family with the finite intersection property, and

3. U is a filter on X and for every A C X, either A€ U or X\ A € U.

Proof.

(1) = (3): If U is an ultrafilter on X then it is a filter on X and
so satisfies the first part of (3). The second part is a special case
of the previous corollary.

(3) = (2): Let AC X and A ¢ U. Then X \ A € U. Since
AN(X\A) =0, 4 U{A} has no finite intersection property.

(2) = (1): Since U has the finite intersection property, the family
A={ACX : Agﬂ}"forsomeﬁnite}"g)(}

is a filter on X and has the finite intersection property as well.
Since U is maximal, A = . Then U is a filter, and consequently,
an ultrafilter.
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O

It follows that a filter F on X is an ultrafilter if and only if exactly one
of Aor X\ A belongs to F for all subsets A of X. This characterization
captures the notion of an ultrafilter as the set of ”large” subsets of a set.
Meaning that one can bring in the notion of a finitely additive measure
on X.

Definition 2.1.6 A {0,1}-valued finite additive measure on X is
a function p: P(X) — {0,1} such that

1. p(X) =1

2. If Ay, ..., A, are pairwise disjoint subsets of X, then

Y (U Az‘) = ZM(Ai)-

Lemma 2.1.1 Let F be an ultrafilter on X. The function pur on P(X)
defined by
|1 WfAeF
nr(d) = { 0 ifA¢F
determines a {0, 1}-valued finite additive measure on P(X). Conversely,
any such measure determines an ultrafilter.

Proof. First, we show that pur is a finite additive measure. In fact, for
the first condition, pr(X) = 1 since X € F. The second one follows
by induction if we prove pr(A U B) = pur(A) + pr(B) for two disjoint
subsets of X. If A € F but B ¢ F, or vice versa, then pr(A) =1 and
pr(B) = 0. Thus,

pr(A) + pr(B) =1 = pr(AUB),

since AU B € F (the superset property of F). We cannot have both
A,B € F since A and B are disjoint. Now consider the case A, B ¢ F.
Thus pr(A) = pr(B) =0and AUB ¢ F since (AUB)' = A'NB € F.
So,

pr(AUB) = 0= pr(A) + pr(B).

To see the converse, define

F={ACX : u(4) =1},
where 1 is a {0, 1}-valued finite additive measure on P(X). The set F,
as defined is indeed an ultrafilter on X. O
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Lemma 2.1.2 Let X be a nonempty set and let U be an ultrafilter on
X. Then the following statements are equivalent:

1. U is a nonprincipal ultrafilter on X,
2 NU=0,
3. for every A€ U, |A| > w’,

Proof.

(1) = (2): Suppose U # 0. Pick x € U, so
UC{ACX : xe A},

and thus i = {A C X : z € A} since U is a maximal filter. Hence
U
is a principal ultrafilter on X.

(2) = (3): Suppose that some A € U is finite. Then, by Theorem
2.1.2, pick x € A such that {x} € U. Tt follows that Y = {A C X :
r € A}

(3) = (1): See the proof of (1) = (2) above.

O

One concludes from the previous statements that for a nonprincipal filter
F on aset X, we have pz(A) = 0 for any finite set A.

The following theorem for the existence of nonprincipal ultrafilters is
called the ultrafilter theorem and it involves the Zorn’s Lemma. We
hereby recall the lemma: if every chain in a partially ordered set X has
an upper bound, then X has a maximal element.

Theorem 2.1.3 FEwvery filter on X can be extended to an ultrafilter on
X.

Proof. Let F be a filter on a set X, and let C be the nonempty collection
of all subfilters of F. That is,

C={G : Gis afilter and F C G}.
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The collection C is partially ordered by inclusion. Given a chain B in
C, the family {A : A € G for some G € B} is a filter that is an upper
bound for B in C. Thus the hypotheses of Zorn’s Lemma are satisfied, so
C has a maximal element. Note that every maximal element of C is an
ultrafilter including F. U

Definition 2.1.7 Let X be a set and let U be an ultrafilter on X. The
norm on U is defined as follows

lU|| = min{|A| : AeU}.

Note that from the fact above, if I/ is an ultrafilter, then ||{/|| is either 1
or infinite.

Definition 2.1.8 Let X be a set and let k be an infinite cardinal.

1. A k-uniform ultrafilter on X is an ultrafilter U on X such that
U] > k.

2. Uy X):={U : U is a k-uniform ultrafilter on X }.

3. A uniform ultrafilter on X is a k-uniform ultrafilter on X,
where k = | X|.

Equivalently, an ultrafilter ¢ is uniform if for every A € U, we have
|A| = | X| and the set of uniform ultrafilters on X will simply be denoted
by U(X) (without the script ), whenever there is no risk of confusion.

Corollary 2.1.2 There are uniform ultrafilters on any infinite set. Let
X be any set and let A be a family of subsets of X. We have the following
statements:

1. If the intersection of every finite subfamily of A is infinite, then
A is contained in an ultrafilter on X all of whose members are
infinite.

2. More generally, if k is an infinite cardinal and if the intersection
of every finite subfamily of A has cardinality at least k, then A is
contained in a k-uniform ultrafilter on X.
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Proof. See Proof of Corollary 3.14 in [19]. O

Recall that if the intersection of every finite subfamily of A is infinite, A
is said to have the infinite finite intersection property. Thus, the
above result suggests that if A has the infinite finite intersection prop-
erty, then there is a nonprincipal ultrafilter &4 on X with A C U.

But most of the time we will use the following simplified version from
[37] if there is no confusion at all.

Definition 2.1.9 An ultrafilter U on X is said to be uniform if for
every A € U, |A| =|X]|.

Corollary 2.1.3 There are uniform ultrafilters on any infinite set.

Proof. Let X be any infinite set and let
F={ACX : |X\A <|X]|}

By Theorem 2.1.2, there is an ultrafilter &4 on X containing . Suppose
|A| < |X]| for A C X, then X\ A€ F CU,s0A¢U. Hence we take
|A| = | X|, then A € Y. That is, U is uniform. O

Lemma 2.1.3 Let F be a filter on X. Let T C X such that TN A #£ ()
for each A € F.

1. Then the set Fi, ={T'NA: Ae F} isa filter onT.

2. If F is an ultrafilter, F, is also an ultrafilter.

Proof.

Let prove (1). Clearly, () ¢ F|,. since TN A # () for each A € F.
And indeed, with the assumptions on 7', T' =T N X € F,.. Let
A, B € F,. Then we can find Ay, By € F such that A =T N A,
and B=TNB;. ANB=(IT'NA)NTNB) =TN(AINB)) € F,
since Ay N By € F. Let AC B and A € F|,. Pick A; € F such
that A =T N A;. Since A C B and B C T, there is B; C T such
that B =T N By (otherwise B =0 or B =T). Obviously 4; C By
since A C B, so B, € F. Hence B € F,.
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The proof of (2) follows using Theorem 2.1.2.

O

Definition 2.1.10 Let F be a filter on X and T C X. The filter F|, is
called the trace of F on T.

Lemma 2.1.4 Let F be a filter on X and let a function f: X — Y.

1. Then the set f(F) ={f(A) : A€ F} is a filter base on Y.
2. If [ is surjective, then f(F) is a filter.

Proof.

To prove (1), let’s check the conditions of Definition 2.1.3. Since
0 ¢ F, 0 ¢ f(F). Let A,B € f(F). Pick A;,B, € F such
that A = f(A4,) and B = f(B;). Since F is a filter base on X,
pick C; € F such that C; € A; N By. So f(Cy) € f(F) and
f(C1) € AN B.

To prove (2), let A € f(F) and A C B. Pick A; € F such that
A = f(Ay). Since f is surjective and f(A;) € B, we can find
B, € F with f(B;) = B. Thus, B € f(F).

O

Definition 2.1.11 Let F be a filter on X and let a function f : X — Y.
The filter base on Y 1is called the tmage of F with respect to f.

Lemma 2.1.5 If F is an ultrafilter, then f(F) is an ultrafilter base.

Proof. Let B C Y and let A = f~!(B). Since F is an ultrafilter, by
Theorem 2.1.2, either A € F or X \ A € F. Then either B D f(A) €
F(F)or Y\ B2 f(X\ A) € f(F). B

Definition 2.1.12 A filter base B on a space X converges to a point
x € X if every neighborhood U of x, there is A € B such that A C U.
In another words, A filter base B on a space X converges to a point
x € X if the filter generated by B converges to x.
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Notice that if B is a filter, then B converges to x if and only if B includes
the neighborhood filter of z, that is, N, C B. Also, N, converges to x
for each x € X.

Theorem 2.1.4 Let f : X — Y be a function between two topological
spaces and let x € X. The following statements are equivalent:

1. The function [ is continuous at x.

2. If a filter F on X converges to x, then f(F) converges to f(zx) in
Y.

Proof.

(1) = (2). Let F be a filter on X convergent to z € X. That
is, N, C F. Since f is continuous at z, f~'(V) € N, for each
V € Njy. Hence f1(V) € F for each V € Ny). But then
from f(f~'(V)) C V, we have that Ny, is included in the filter
generated by f(F). Thus f(F) converges to f(z).

(2) = (1). Assume (2) and on the contrary that f is not continuous
at x. Then there is an open neighborhood V' of f(z) such that
f7H(V) is not a neighborhood of xz. That is, z ¢ nt(f~1(V))
which implies z € cl([f~1(V)]") = cl([f*(V")]). So we can find a
sequence {z,} in f~1(V') that converges to z. If we define F,, =
{zg : B > a}, then B = {F, : a € N} converges to z, so by
hypothesis, f(B) converges to f(z). Since f(F,) C V', we can find
ap > « such that f(za,) € V'. But since V' is closed, f(x) € V'
which is a contradiction.

O

Theorem 2.1.5 Let X be a topological space. The following statements
are equivalent:

1. X s compact.

2. Every family of closed subsets of X with the finite intersection prop-
erty has a nonempty intersection.

3. Fvery ultrafilter on X s convergent.
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Proof.

(1) & (2). Suppose X compact, and let £ be the family of closed
subsets of X. If Nz £ = 0, then X = |Jpe E' (with E' =
X\E). Therefore the family C = {E’ : E € £} forms an open cover
of X. Since X is compact, we can extract Ei,..., E! from C with
Ei,....E, € Esuch that X =J_, E!. Thisimplies (,_, £; =0,
so £ does not have the finite intersection property. Thus, if &
possesses the finite intersection property, then (.o E # 0.
Conversely, suppose (2) is true and that V is an open cover of X.
Then Nyey V' = 0, so the finite intersection property must be
violated. That is, there exist Vi,...,V, € V satisfying (\}_, V.
Thus, X = Jj_, V; proving that X is compact.

(1) & (3). Let X be a compact space and let U be an ultrafilter
on X. Assume on the contrary that for every point z € X, there is
a neighborhood U, of x such that U, ¢ U. One can take U, open.
Then, since U is an ultrafilter on X, X \ U, € U by Theorem 2.1.2.
The open sets U,, where x € X, cover X. Since X is compact,
there is a finite subcover {U,, : i <n} of {U, : x € X}. But then
0 =c, (X\Uyg) €U, a contradiction since U is an ultrafilter.
Thus, if X is compact then every neighborhood U, of z € X belongs
to U. That is, U converges.

Conversely, suppose that every ultrafilter on X is convergent and
let £ be a family of closed subsets of X with the finite intersection
property. Assume on the contrary that (€& = (). By Theorem
2.1.3, there is an ultrafilter ¢ such that £ C Y. We claim that U is
not convergent. Indeed, let z € X. Since (€ = 0, there is E, € £
such that x ¢ E,. Then U, = X \ E, is a neighborhood of = and
U, ¢ U. Hence U is not convergent, which is a contradiction.

2.2 The space X

Definition 2.2.1 Let X be a nonempty set and let fX denote the set of
all ultrafilters on X. Given A C X, we define A C X by

A={pepX : Acp}
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So, for every A C X and p € BX, p € A if and only if A € p.

Lemma 2.2.1 Let X be a set and let A,B C X.

6. A= B if and only if A = B.
Proof. See pages 24-25 in [16]. O

Theorem 2.2.1 Let X be a nonempty set. Then the family
{A: ACX}

forms a base for the topology on 5X.

Proof. Let A,B C X. ANB =ANB. Since AN B C X, the family
{A : A C X} is closed under finite intersections. Hence it forms a base
for a topology on SX. O

For every pair of distinct ultrafilters p,¢ € X, there exist A € p and
B € ¢ such that AN B =0, and so ) = AN B = AN B making the
above-mentioned topology Hausdorff.

Definition 2.2.2 Let X be a set and let x € X. Then we define the
following:

1. e(z) ={AC X : z € A}
2. A* = A\ e[A].

For each z € X, we note that e(z) is the principal ultrafilter on X
corresponding to .

Theorem 2.2.2 Let X be any nonemply set.
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1. BX is a compact Hausdorff space.
The sets of the form A are the clopen subsets of BX.

For every A C X, ¢lgx(A) = clsx(e[4]).

For any A C X and any p € X, p € clgx(e[A]) if and only if
Aenp.

5. The mapping e is injective and e[X] is a dense subset of X whose
points are precisely the isolated points of 5X.

6. If U is an open subset of BX, clgx(U) is also open.

Proof.

1. Consider two distinct elements of SX. If A € p\ ¢, then X\ A € q.

So A and X \ A are disjoint open subsets of X containing p and
q respectively. Thus SX is Hausdorff (see also the comment after
Theorem 2.2.1).
The sets of the form A are also a base for the closed sets, since
BX \ A= X\ A. Thus, to show that 3X is compact, consider a
family A of sets of the form A with the finite intersection property
and we show that A has nonempty intersection. Let B = {A C X :
A€ A}, If F is a finite nonempty subset of B, then there is some
p € Nucr A and so (N F € p and thus (| F # 0. That is, B has
the finite intersection property, so by Theorem 2.1.2 pick ¢ € X
with B C ¢. Hence ¢ € [ A.

2. In the proof of (1) each set A was taken closed as well as open. Let
C be a clopen subset of X andlet A= {4 : AC X and A C C}.
Since C' is open, A is an open cover of C'. Since C is closed, it is
compact by (1) so pick a finite subfamily F of P(X) such that
C =Uer A. Then by Lemma 2.2.1(2), C = |J F.

3. For each a € A, one clearly has e(a) € A. Therefore clgx (e[A]) C
A. To prove the reverse inclusion, let p € A. If B denotes a basic
neighborhood of p, then A € p and B € p and so AN B # (.
Choose any a € AN B. Since e(a) € e[A] N B, then e[A]N B # ()
and thus p € clgx (e[A]).
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4. By (3) and the definition of A,

p € clpx elAl

S

& pe
& Ac
5. If a,b € X are distinct, X \ {a} € e(b) \ e(a) and so e(a) # e(b).
If A is a nonempty basic open subset of 5X, then A # () by Lemma
2.2.1(4). Any a € A satisfies e(a) € e[X] N A and so e[X]N A # (.
Thus e[X] is dense in SX.
For any a € X, e(a) is isolated in X because {a} is an open subset

of BX whose only member is e(a). Conversely if p is an isolated
point of SX, then {p} Ne[X] # 0 and so p € e[X].

6. If U = (), the conclusion is trivial and so let us assume that U # (0.
Put A = e '[U]. Solet p € U and let B be a basic neighborhood of
p. Then UN B is a nonempty open set and so by (5), UNBNe[X] #
0. So pick b € B with e(b) € U. Then e(b) € BN e[A] and so
Bne[A] #0. Thus U C clsx(e[A]).
Also e[A] C U and hence U C clgx(e[A]) C elgx(U). Thus

clax(U) = clgx(e[A]) = A
by the condition (3) above, and so ¢lsx U is open in SX.

O

Note that X is an extremally disconnected space, but X* is not. See
[19].

Definition 2.2.3 Let X be a nonempty set and let F be a family of
subsets of X. We define F C BX by

F= 4

AcF
Theorem 2.2.3 Let X be a nonempty set.

1. For every filter F on X, F is a nonemply closed subset of BX
consisting of all p € X such that F C p.

2. Conversely, for every nonempty subset U C SX, the intersection
of all ultrafilters from U s a filter F on X such that F =U.
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Proof.

To prove (1), let F be a filter on X. Pick p € F. Then, for all
A € F we have p € A. That is, A € p. Hence F C p.

To prove (2), take F as the intersection of all ultrafilters from U
which is a filter on X. Now let p € F. Assume on the contrary
that p ¢ U. Then there is A € p such that ANU = (). It follows
that for each ¢ € U, X \ A € ¢. Hence X \ A € F. Using (1),
F C p. Hence D\ A € p, which is a contradiction. Thus, each
p € F implies p € U. That is, F C U. Finally, F C U.

O

Definition 2.2.4 Let X be a nonempty set and let A C X. Then A* =
A\ A and clgx(A) = A.

Consequently, the principal ultrafilters will be identified with the ele-
ments of X. And, X* = X \ X is the set of nonprincipal ultrafilters on
X.

Theorem 2.2.4 Let X be a nonempty set, let p € X and let U be a
subset of fX. If U is a neighborhood of p in BX, then e 1[U] € p.

Proof. Suppose U is a neighborhood of p. Then there is a basic open
subset A of BX for which p € A C U with A C X. This implies that
A € p. Since A C e7'[U] and p is an ultrafilter on X, we have e™'[U] € p
as well. O

Definition 2.2.5 Let X be a topological space. A compactification of
X is a pair (p, K) such that K is a compact space, ¢ is an embedding of
X into K, and ¢[X] is dense in K.

Theorem 2.2.5 FEvery completely reqular space X has a Hausdorff com-
pactification SX in which it is C*-embedded.

Proof. See Proof of Theorem 1.9 in [31]. O

Corollary 2.2.1 If X is a compact space, 5X is homeomorphic to X.
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Proof. See Proof of Corollary 1.10 in [31]. O

Theorem 2.2.6 FEvery completely reqular space X has a compactifica-
tion BX such that any mapping from X to a compact space K extends
uniquely to fX.

Proof. See Proof of Theorem 1.11 in [31]. O

Corollary 2.2.2 Any compactification of X is a continuous image of
BX under a mapping which leaves points of X fized.

Proof. This is a special case of the theorem above. 0]

Corollary 2.2.3 Any compactification of X to which every mapping of
X to a compact space has an extension, is homeomorphic to BX under
a homeomorphism which leaves points of X fixed.

Proof. See the proof of Corollary 1.13 in [31]. O

Theorem 2.2.7 (Céch Theorem). X is that compactification of a
space X in which completely separated subsets of X have disjoint closures.

Proof. For the proof, please refer to the proof of Theorem 1.14 in [31].
[

Corollary 2.2.4 When X s a normal space, BX 1is that compactifica-
tion of X in which disjoint closed subsets of X have disjoint closures.

Proof. Recall that in a normal space, two disjoint closed sets are com-
pletely separated. The proof is obtained by applying the theorem above.
O

Definition 2.2.6 Let X be a completely reqular topological space. A
Stone-Cech compactification of X is pair (¢, Z) such that

1. Z s a compact space,

2. v is an embedding of X into Z,
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3. @[ X] is dense in Z, and

4. gwen any compact space Y and any continuous function f : X =Y
there exits a unique continuous function g : Z — Y such that

gop=f.

If f is continuous mapping from a completely regular space X into a
compact space Y, we use f to denote the continuous mapping from SX
to Y which extends f.

The following theorem summarize the characteristic properties of the
Stone-Cech compactification of a completely regular space.

Theorem 2.2.8 FEvery completely regular space X has a unique com-
pactification 8X which has the following equivalent properties:

1. X is C*-embedded in SX.

2. Every mapping of X into a compact space extends uniquely to SX.
3. Every point of 8X is the limit of an ultrafilter on X.
4

. Af Zy and Zy are zero-sets in X, then

Cf/gx(Zl) N CgﬂX(ZQ) = Cﬁﬂx(zl N ZQ)

5. Disjoint zero-sets in X have disjoint closures in SX.
6. Completely separated sets in X have disjoint closures in SX.
7. BX is a mazimal in the partially ordered set of compactifications

of X.

Proof. The proof follows the proof of Theorem 1.46 in [31]. O

Notice that if 7" C X, then p € ¢lgx (1) (which is an ultrafilter on X)
shall be identified with the ultrafilter {ANT : A € p} (which is an
ultrafilter on T').

Theorem 2.2.9 Let T be a subspace of X. Then T is C*-embedded in
X if and only if BT = clsx(T).
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Proof. See the proof of Proposition 1.48 in [31]. O

Theorem 2.2.10 If T is a subspace of SX containing X, then BT is
pX.

Proof. See the proof of Proposition 1.49 in [31]. O

Any Boolean algebra B is associated with a totally disconnected compact
Hausdorff space, called its Stone space, whose points could be described
as the ultrafilters on B. All totally disconnected compact Hausdorff
spaces arise in this way, as any such space can be identified with the
Stone space associated with the Boolean algebra formed by its clopen sub-
sets. This theory displays the category of totally disconnected compact
Hausdorff spaces as being the dual of the category of Boolean algebras.
The extremally disconnected compact spaces are those corresponding to
complete Boolean algebras. If D is a discrete space, 5D could be de-
scribed as the Stone space of the Boolean algebra P(D), while D* could
be described as the Stone space of the quotient of P(D) by the ideal of
finite subsets of D. See [19]. We mention this construction because it
is relevant to the Stone-Cech compactification as used in [6], [7], and [13].

Before giving the definition of a Boolean algebra, let us recall the notion
of partially ordered set.

Definition 2.2.7 Let X be a nonempty set.

1. The set X together with a binary relation < defined on X 1s called
a partially ordered set if it satisfies the following conditions for
arbitrary elements x, y, and z of X :

(a) < is reflexive: v < x for all x.
(b) < is transitive: © <y and y < z implies that x < z.
(c) < is antisymmetric: © <y and y < x implies that x = y.

2. An upper bound for a subset A of X is an element x such that a <
x for all a in A, and a supremum for the set A is an upper bound

x such that for any other upper bound y, x < y. The supremum of
a family {xo} is written \/  xq.
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3. A lower bound for a subset A of X is an element z such that z < a
for all a in A, and an infimum for the set A is an upper bound z
such that for any other lower bound w, w < z. The infimum of a
family {xo} is written N\, z,.

We recall in the following the definition of a Boolean algebra.

Definition 2.2.8 1. A lattice is a partially ordered set in which ev-
ery pair of elements has a supremum and an infimum.

2. A lattice is said to be complete if every set has a supremum and
an mfimum.

3. A lattice is said to be distributive if the operations supremum and
infimum satisfy the two identities:

zA(yVz)=(xAy)V(zAz)

and
xV(yAz)=(zVy AV z).

4. A lattice is said to be complemented if it contains two elements
0 and 1 such that 0 < x <1 for all elements x and to each element
element x is assigned an element x' such that tvVx' =1 and x Az’ =

0.
5. A Boolean algebra is a complemented distributive lattice.

6. A Boolean algebra is said to be complete if it is complete as a
lattice.

We list a couple of examples of Boolean algebras.

Example 2.2.1 1. The family of all subsets of a set and the family of
clopen subsets of a space are Boolean algebras with the operations
of set-theoretic complementation, union, and intersection.

2. The family of all regular closed subsets of a topological space X is
a complete Boolean algebra with the following operations:

(a) A< B ifand only if A C B.
(b) V., Ao = cl(Uyint(A,)).
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(¢) NoAa = cl(Naint(Aa)).
(d) A" = cl(int(X \ A)).

Definition 2.2.9 A subset F' of a space X is called a regular closed
set if F'= cl(int(F)). Similarly, a subset G of a space X is said to be a
regular open set if G = int(cl(G)).

We define the notion of set-theoretical (Boolean algebra) ideal and filter
on a set X as follows:

Definition 2.2.10 Let X be a set. An tdeal T on X is a nonempty set
of subsets of X such that

1. X ¢7T,
2. If A€eZ and BC A then B €T, and

3. If A,B €1 then AUB € T.

Notice that the relationship between ideals and filters in a Boolean al-
gebra is apparent by comparing their definitions and observing that a
Boolean algebra satisfies the de Morgan Laws:

AUB=(ANB) and AnB=(AUB').

Thus, the complements of members of an ideal form a filter and con-
versely. So 7 is an ideal on X if and only if the set {X \ A : A€ T} is
a filter on X. For this reason, an ideal in a Boolean algebra is the dual
of a filter.

Definition 2.2.11 A field of sets is a family of subsets of a set X
which s closed under finite unions, finite intersections, and complemen-
tation.

An example of a field of sets is the family of clopen subsets of any topo-
logical space. It is clear that any field is a Boolean algebra. The converse
of this statement is known as the Stone Representation Theorem which
states that every Boolean algebra can be represented as the field of clopen
subsets of some totally disconneted compact space.
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Definition 2.2.12 (See [31]) Let L be a Boolean algebra, S(L) the set
of mazimal filters of L, and & the Boolean algebra of clopen subsets of
S(L). The set S(L) with the topology generated by & is called the Stone
space of the Boolean algebra L.

Theorem 2.2.11 Let D be a discrete space and let e be the embedding
of D into BD. Then (e, BD) is the Stone-Cech compactification of D.

Proof. Let us prove the conditions of Definition 2.2.6. For any set D,
pD is a compact space by Theorem 2.2.2(1) so the condition (1) holds.
By Theorem 2.2.2(5), e is an embedding and e[D)] is dense in 5D so the
conditions (2) and (3) hold. Now to prove the condition (4), let Y be a
compact space and let f : D — Y be a continuous function. For each
p € LD, let

A, = (el (fI4) : A€ p}.

To show that A, has the finite intersection property, let G € P;(A,) such
that (G # 0. Define

F={Acp: cly(f[A]) € G).

Then F is a finite nonempty subset of p. Since p € D, (F # 0 by
Theorem 2.1.2. Pick A € F such that ¢ty (f[A]) € G. Let consider some
€ (gercly (flA]) sor € (NG. Thus (G # 0. Hence, for each p € D,
A, has the finite intersection property. Since Y is compact, by Theorem
2.1.5, A, has a nonempty intersection. Choose g(p) € [).A,. We prove
that g oe = f and that ¢ is continuous.

For the first assertion, let x € D. Since e(zx) is the principal ultrafilter
generated by z, then {z} € e(z). So

gle(@)) € cby (f{x}]) = cby({f(2)}) = {f(x)},

by the fact that g(p) € (A, with p = e(z), A = {z} and f is continuous.
Thus g(e(z)) = f(x) for any # € D. That is go e = f as required.

To see that g is continuous, let p € D and let U be a neighborhood
of g(p) in Y. Since Y is regular, pick a neighborhood V' of ¢g(p) with
cly(V) C U and let A € f~'[V]. To prove that A € p, consider the
contrary. Suppose instead that D\ A € p. Then g(p) € cly(f[D \ A])
and V is a neighborhood of g(p) so V N f[D\ A] # 0, contradicting the
fact that A = f1[V]. Thus A is a neighborhood of p. To prove that
g[A] C U, consider the contrary. So pick ¢ € A such that g(q) ¢ U.
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Then Y \ ¢fy (V) is a neighborhood of g(p) and g(p) € cly(f[A]). S
(Y'\ ety (V) N f[A] # 0, again contradicting the fact that A = f~1[V].
U

Theorem 2.2.12 Let D be an infinite discrete space. We have the fol-
lowing statements:

1. The points of D are identified with the principal ultrafilters in BD
generated by those points.

2. D CBD.
3. D 1is dense in D, and

4. given any compact space K and any function [ : D — K there
exists a continuous function f: 8D — K such that fip = f.

Proof. The proof uses Definition 2.2.6 and Theorem 2.2.11 above. [

Definition 2.2.13 Let X be a topological space. A subset Z of X is
called a zero-set if Z = f~1[{0}] for some continuous function f: X —
[0,1]. The complement of a zero-set is called a cozero-set.

Note that if D is an infinite discrete space, the clopen sets and the zero-
sets of D coincide and the Stone space of the algebra of clopen sets of D
is BD.

Recall that a Fj,-set, also known as o-compact space, is one which
is the union of countably many compact subspaces and a Gs-set is one
which is the intersection of countably many open sets.

Theorem 2.2.13 If D is any infinite set, every non-empty Gs-subset of
D* has a non-emply interior in D*.

Proof. See Proof of Theorem 3.36 in [19]. O

Corollary 2.2.5 Let D be any set. Any countable union of nowhere
dense subsets of D* is again nowhere dense in D*.

Proof. See Proof of Corollary 3.37 in [19]. O
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Definition 2.2.14 A space X is called an F-space if each cozero-set in
X is C*-embedded in X.

Extremally disconnected spaces are examples of F-spaces and also, one
can prove that if X is locally compact and o-compact, then X* is an
F-space.

The Stone-Cech compactification of the discrete space N of natural num-
bers is an object of interest because of its complex properties but still
useful. N* = SN\ N contains exactly ¢ pairwise disjoint clopen sub-
spaces. It should be noted that every nonempty clopen subset of N* is
homeomorphic to N* and N* contains 2¢ disjoint copies of itself.

Theorem 2.2.14 Fvery infinite compact F-space contains a copy of SN.
Proof. See the proof of Proposition 1.64 in [31]. O

Definition 2.2.15 A point in a topological space is called a P-point if
every Gy containing the point is a neighborhood of the point.

Recall that every zero-set is a (&5 since it can be written as an intersection
of countably many open sets.

Theorem 2.2.15 The continuum Hypothesis implies that P-points exist
in N*.

Proof. See the proof of Theorem 3.38 in [19]. O

Theorem 2.2.16 Let D be a discrete space and let A and B be o-
compact subsets of BD. If ANcl(B) = cl(A)NB = 0, then ct(A)Ncl(B) =
0.

Proof. For the proof, see the proof of Theorem 3.40 in [19] or the proof
of Theorem 2.22 in [34].

Write A = |, A, and B = |J,_, B, where A, and B, are compact
for each n. Since D is a compact (Hausdorff) space, it is normal. For
each n € N, A, and ¢/(B) are disjoint closed sets and c¢f(A4) and B,
are disjoint closed sets. So pick open sets T),, U,, V,, and W,, such that
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T.NU, =V,NW,, =0, A, CT,, cl(B) CU,, ct(A) CV, and B, C W,,.
For each n € N, let G,, = T,,N(,_, Vi and let H, = W,,N,_, Us. Then
for each n, one has A, C GG, and B, C H,,. Let n,m € N. If m > n,
then

GuNHy CT,N (U €T, N T, = 0.

k=1
Or if m <n, then

G N Hyy C (Vi N Wi SV N W, =0

k=1

Thus, for any n,m € N, G, N H,, = 0.

Let C = U, G, and let D = (2| H,. Then C and D are disjoint
open sets. So DNcl(C) =0, A C C, and B C D. Since ¢/(C) is
open by Theorem 2.2.2(6), ¢/(B) N c¢/(C) = 0. Since c¢f(A) C cf(C),
cl(A) N el(B) = () as required. O

Corollary 2.2.6 Let D be a discrete space.

1. Let A and B be o-compact subsets of D*. If ANcl(B) = cl(A)NB =
0, then cl(A) Nel(B) = 0.

2. Let A and B be countable subsets of D. If ANcl(B) = c{(A)NB =
0, then cl(A) N cl(B) = 0.

3. Let A and B be countable subsets of D*. If ANcl(B) = cl(A)NB =
0, then cl(A) Nel(B) = 0.

Proof. See the proof of Corollary 3.42 in [19] or the proof of Corollary
2.23 in [34]. 0

As a consequence of this theorem, if D is a discrete space then every
compact subset of 3D is an F-space. Thus D* is an F-space, although it
need not to be extremally disconnected unlike 5D (see Theorem 2.2.2(6)).
It should be noted that every closed subspace of a compact F-space is an
F-space.

Theorem 2.2.17 Let f : D — E be a mapping of discrete spaces and

let f: 8D — BE. Then [ is injective if [ is injective, surjective if [ is
surjective and a homeomorphism if f is bijective.
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Proof. Exercise 3.4.1 in [19]. O

Theorem 2.2.18 Let D be any discrete space. Then every separable
subspace of BD s extremally disconnected.

Proof. Exercise 3.4.7 in [19]. O

Definition 2.2.16 Let D be a discrete space, let p € 8D, let (z4)sep be
an indezed family in a topological space X, and let y € X. Then

— 1 .=
plime =y

if and only if for every neighborhood U of v,

{s€D:z,€U}ep.

Definition 2.2.17 Suppose that X and Y are topological spaces, that
AC X and that f: A =Y. Let a € clx(A) andy € Y. We write

lim f(z) =y

x—a

if and only if, for every neighborhood V' of y, there is a neighborhood U
of a such that fJANU] C V.

Theorem 2.2.19 Let D be a discrete space, let Y be a topological space,
andletp e D andy €Y. IfA€pand f: A=Y, then

p—lim f(z) =y if and only if lim f(x) =y.
T€A TP

Proof. Consider p — ling f(z) = y and V' a neighborhood of y. Then,
fas]

f7YV] € p. Let B = f~![V]. By Theorem 2.2.2, B is a neighborhood
of p. Let U = B. Since B = f~'[V] C A, then f[ANU] = f[B] C V.
Thus, lim f(x) = y.

T—p
Conversely, consider that }jllg f(z) = y and V' a neighborhood of y. Then,
there is a neighborhood U of p such that f[ANU] C V. Now UNA€p

and so, since UN A C f~[V], it follows that f~![V] € p (the fact that p
is an ultrafilter on D). Thus, p — ling f(z) =v. O
ze
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Let us note that lim f(z), if it exists, is unique. The concepts of p-limits
r—a

and limits coincide for functions defined on 5D, we use them interchange-
ably.

The cardinality of the set of natural numbers N is the first infinite car-
dinal and is denoted by w. The cardinality of the set of real numbers R
is called the cardinality of continuum and is denoted by c¢. Therefore,
¢ =2 = [R] = [P(N)].

Theorem 2.2.20 Let D be a countably infinite set. There is a ¢ X ¢
matrix <<A of subsets of D satisfying the following two state-
ments.

Uz5>a<c>5<c

1. Given 0,0, 7 < c with § # 7, |Ass N As+| < w
2. Given any F' € Py(c) and any g: F — ¢, | Nger Asgo)| = w

Proof. See the proof of Theorem 3.56 in [19]
UJ

Corollary 2.2.7 Let D be a countably infinite discrete space. Then
|BD| = 2.

Proof. Since 5D C P(P(D)), one has that
BD| < [P(P(D))] = 2" = 2>,

That is, |8D| < 2%°. Let <<Ag75>a<c>6<c
c= 2% Foreach f:c— {0,1}, let

be as in Theorem 2.2.20, with

.Af = {Amf(g) o< C}.

Then by Theorem 2.2.20(2), for each f, A; has the property that all
finite intersections are infinite, so pick by Corollary 2.1.2(1) a nonprin-
cipal ultrafilter p; on D such that A; C ps. If f and ¢ are distinct
functions from ¢ to {0, 1}, then since p; and p, are nonprincipal, one has
by Theorem 2.2.21(1) that p; # p,. Since there are 2%° such functions,
BD > 2%°. O

Corollary 2.2.8 The cardinality of AN is 22° = 2°.
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Proof. One needs to take D = N in Corollary 2.2.7 above. U

Theorem 2.2.21 The cardinality of each infinite closed subset of SN is
2¢,

Proof. See the proof of Theorem 3.3 in [31], by considering the fact that
every infinite closed subspace of SN contains a copy of SN and therefore
has cardinality 2°¢. O

Corollary 2.2.9 FEvery uncountable open subset of SN has cardinality
2¢,

Proof. Since every uncountable open subset of SN must contain an
infinite closed subset, by Theorem 2.2.21 above, it has also cardinality
2¢. O

Corollary 2.2.10 Every countable subspace of SN is C*-embedded.

Proof. The proof is contained in the proof of Theorem 3.3 in [31]. O

This is an interesting and important property of SN that implies that
the closure in SN of any discrete, countably infinite subspace of SN is
homeomorphic with SN.

Theorem 2.2.22 If D is an infinite discrete space of cardinality k, then
Ux(D)| = |8D| = 2*".

Proof. See the proof of Theorem 3.58 in [19] and also the proof of
Theorem 2.26 in [34].

O

Theorem 2.2.23 Let D be an infinite discrete space and let A be an
infinite closed subset of BD. Then A contains a topological copy of SN.
In particular |A| > 22°,

Proof. See the proof of Theorem 3.59 in [19].
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We list in the following some properties that characterize the space N* in
the presence of the Continuum Hypothesis. The Continuum Hypothesis
helps to index the ¢ clopen sets of N* by the countable ordinals. In the
absence of using the Continuum Hypothesis, N* maps continuously onto
every compact space having weight at most ¢. See [9] and [31] for more
details.

Theorem 2.2.24 FEvery zero-set in 58X which misses X contains a copy
of N* and therefore its cardinality is at least 2°.

Proof. See the proof of Theorem 3.6 in [31]. O

Lemma 2.2.2 A compact space is zero-dimensional if and only if it is
totally disconnected.

Proof. See the proof of Proposition 2.4 in [31]. O

Theorem 2.2.25 BN is totally disconnected and therefore is also zero-
dimensional.

Proof. Let p and ¢ be distinct points of SN and choose A C N such that
Ac€pbut A¢q Then A is a clopen neighborhood of p which misses q.
BN is therefore totally disconnected since the only connected subspaces
of BN are the singletons and is zero-dimensional by Lemma 2.2.2. See
the proof of Proposition 3.9 in [31] for more details. O

Theorem 2.2.26 Every clopen subspace of BN is of the form clgy(A)
for some subset A of N.

Proof. Let U be a clopen subset of SN. Then U is compact (as a closed
subset of a compact space). Hence if U is contained in N, then U is finite
and U = ¢lgn(U). If U meets N*, then U NN # ) since N is dense in SN.
So ¢lan(U NN) C U since U is closed. Since U is open, U \ ¢/zn(U NN)
is open in SN and misses N. Since N is dense in SN, this difference must
be empty. Thus, U = ¢lsn(U NN). See [31] for the details about this
proof. O

By Theorem 2.2.9, if A is an infinite subset of N, then ¢fsn(A) is home-
omorphic to SN and A* is homeomorphic to N*. Further, by Theorem
2.2.27 above, clgy A is an infinite clopen subspace of SN and hence is a

copy of of SN.
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Corollary 2.2.11 Every open set of SN which meets N* has cardinality
2¢.

Proof. See [31]. Since SN has a base of clopen subsets, the proof is an
improvement of Corollary 2.2.9. U

Definition 2.2.18 A point in a topological space is called a k-point if
it 1s the limit of a sequence of distinct points of the space.

Theorem 2.2.27 N* is a compact Hausdorff space containing no iso-
lated points and no k-points.

Proof. See the proof of Proposition 3.12 in [31]. N* is clearly a compact
Hausdorff space since it is a closed subspace of SN. N* cannot contain
an isolated point since, by Corollary 2.2.11, an open subset of SN which
meets N* contains 2¢ points. If a point p of N* is a limit of the sequence
{2}, then {z,,} U{p} is a countably infinite closed subspace of SN which
is impossible by Theorem 2.2.21. 0

Theorem 2.2.28 Fvery clopen subset of N* is of the form A* for some
infinite subset A of N. The sets A* form a base for both the open and the
closed sets of N*.

Proof. See the proof of Proposition 3.16 in [31]. O

Definition 2.2.19 The weight of a space is the least cardinal number
of a base for the space.

Corollary 2.2.12 SN and N* each have a base consisting of ¢ clopen
sets. BN and N* have weight c.

Proof. Since N has c infinite subsets and only ¢ subsets in all, the above
results establish the cardinalities of bases for both SN. See [31]. O

Theorem 2.2.29 If A* and B* are proper clopen subspaces of N*, there
exists an automorphism of BN and hence of N* carrying A* onto B*.

Proof. See the proof of Proposition 3.19 in [31]. O

Let S be a semigroup and w € S*. We recall that the set O(w) := {sw :
s € S} is called the orbit of w.
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Corollary 2.2.13 The orbit of any point of N* is a dense subspace of
N*.

Proof. The proof is immediate since the sets A* form a base for the
open sets of N* if A be an infinite subset of N [31]. O

Definition 2.2.20 A family of sets is said to be almost disjoint if the
intersection of any two of the sets is finite.

Lemma 2.2.3 N admits a family of ¢ almost disjoint infinite subsets.
Proof. See the proof of Proposition 3.21 in [31]. O

Definition 2.2.21 The cellularity of a topological space Y is the smallest
cardinal number X for which each pairwise disjoint family of open sets of
Y has X or fewer members.

Theorem 2.2.30 The cellularity of N* is c.

Proof. See the proof of Theorem 3.22 in [31]. Lemma 2.2.3 guarantees
the existence of the family £ of ¢ almost disjoint infinite subsets of N. For
distinct members E and F of &, c¢lan(E)Nclgn(F)NN* = @ since any point
in this intersection would belong to clan(E) N elpn(F) = clpn(ENF) =
ENF since ENF is finite. Thus, {E* : E € £} is a family of ¢ pairwise
disjoint open sets of N*. On the other hand, there can be no such family
of larger cardinality since the power set of N has cardinality c. U

Corollary 2.2.14 Any dense subset of N* must contain at least ¢ points.
Proof. It follows from Theorem 2.2.30 above. 0
Corollary 2.2.15 N* contains a copy of SN.

Proof. By Theorem 2.2.30 above, N* contains a pairwise disjoint family
of ¢ clopen subsets. Thus, a copy of N may be obtained in N* by choosing
a point from each of countably many members of such a family of clopen
sets. By Corollary 2.2.10, the copy of N just obtained is C*-embedded
in N* and its closure is homeomorphic to SN. Thus, N* contains a copy
of pN. O

Note that every infinite closed subset of SN contains a copy of SN. In
fact, one can show that every infinite closed subset of an F-space contains

a copy SN.
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Theorem 2.2.31 Two disjoint cozero sets of N* are separated by a par-
tition and hence N* is an F-space.

Proof. See the proof of Proposition 3.24 in [31] for the details. Since
N is both o-compact and locally compact, its growth N* is an F-space.
However, N* actually satisfies a stronger condition in that disjoint cozero
sets are separated by a partition of N*, i.e. they are contained in disjoint
clopen sets whose union is all of N*,

Since sets which are separated by a partition are completely separated,
disjoint cozero sets of N* are completely separated and N* is therefore an
F-space. [

The following theorem can also be deduced from Theorem 2.2.13.

Theorem 2.2.32 If a sequence of clopen subsets of N* has the finite in-
tersection property, then the intersection of the sequence of sets contains
a nonempty clopen set.

Proof. See the proof of Theorem 3.26 in [31]. Let {A%} be a sequence
of clopen subsets of N* having the finite intersection property. Then

assuming that
AT:)A;D"'AZD"',

we have that |4,.41 \ 4,| < w for all n. Pick a sequence of distinct points
A = {z,,} such that z,, belongs to (] {4; : i <n}. Then |4\ A4,| <n-1
for each n so that A* C A} and therefore A* C [ A}. O

Corollary 2.2.16 Every nonempty Gy in N* has nonempty interior.

Proof. Recall that G5 is an intersection of countably open sets. Since an
open set is also clopen and assuming that G is nonempty, the preceding
result applies to Gj. ([l

Corollary 2.2.17 The zero-sets of N* are reqular closed sets.

Proof. See the proof of Corollary 3.28 in [31]. Using the preceding
corollary, a nonempty zero-set of N* has non-empty interior since a zero-
set is a G5. Now assume the contrary that there is a zero-set Z; of N*
that is not regular closed. That is, there is p € Z; \ ¢/n-(int(Z;)). So
there exists a zero-set neighborhood Z5 of p such that Z; misses int(Z,).
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Thus, Z; N Z5 is a nonempty zero-set of N* which is contained in the
boundary of Z; and hence has empty interior. But this contradicts the
fact that a non-empty zero-set of N* has non-empty interior. 0

According to Corollary 2.2.10, each countable subspace of N* is C*-
embedded in N*. Further, N* contains many copies of N* and SN, each
of which is C*-embedded. However, in the following theorem, no dense
subspace of N* is C*-embedded and therefore, N* is not the Stone-Cech
compactification of any of its dense subspaces. The following results use
the Continuum Hypothesis, see [31] and [9].

Theorem 2.2.33 Dense subsets of N* are not C*-embedded.

Proof. By Theorem 2.2.10, it is sufficient to prove that N*\ {p} is not
C*-embedded in N* for any p € SN. If N*\ {p} is the union of disjoint
open sets A and B containing each p in its closure, then there exists a
two-valued mapping on N*\ {p} which does not extend continuously to
N*.

Assuming the Continuum Hypothesis, the base of ¢ zero-set neighbor-
hoods of p can be indexed by x and written {Z,, : o < k}. By transfinite
induction, assume for a given o < k that cozero sets A, and B, have
been defined for all ¢ < « such that

p¢ A ,UB,and A, N B, =1

for all 7,7 < . Since a countable union of cozero sets is a cozero set,
then by Theorem 2.2.31 there exists complementary clopen sets Al and
B! such that

UAUCA;and UB(,CB;.

o<a o<la

The set Z, N (({N*\ (4, U B,) : 0 < «}) contains p and thus is a
non-void zero-set of N* and has a non-void interior by Corollary 2.2.17.
Since N* contains no isolated points, the set

Za N ((UN\ (4, U By) = 0 < a}) \ {p}
contains disjoint non-void cozero-sets A2 and B!. Now define
Ay =(AL\ Z,) U AL and B, = (B, \ Z,) U BJ.

Then A, and B, are disjoint cozero sets both of which fail to contain p
and the induction hypothesis is satisfied for all 0,7 < a. Now define

A= UAaandB: UBa.

a<w] a<wi]
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A and B are disjoint open sets, and neither contains p. If ¢ € N* \ {p},
then there is a neighborhood Z,, of p that misses ¢ such that ¢ € A,U B,
by construction. Hence, AUB = N*\ {p}. Since each basic neighborhood
Zq of p contains A” U B every neighborhood of p meets both A and B
so that p € ¢fn-(A) N cly+(B). Thus, A and B are disjoint open sets of
N* which are not separated by a partition and have disjoint closures. [J

Theorem 2.2.34 A totally disconnected compact F-space without iso-
lated points and having weight ¢ and such that every zero-set is a regqular
closed set is homeomorphic with N*.

Proof. See the proof of Theorem 3.31 in [31]. O

Another particular interesting example is SR that we briefly present be-
low. See [31] for more details about SR.

Theorem 2.2.35 An infinite compact F-space contains at least 2° non-
P-points.

Proof. By Theorem 2.2.14, every infinite compact F-space contains a
copy of N*. It was shown in Proposition 4.31 of [31] that N* contains 2¢
non-P-points. The result follows since the non-P-points of the embedded
copy of N* must also be non-P-points of the compact F-space. O

Corollary 2.2.18 R* has 2° non-P-points.

Proof. Since R is both locally compact and o-compact, R* is an F-space.
So the proof uses the result of Theorem 2.2.35. O

Definition 2.2.22 A remote point of 85X is a point which does not
belong to the closure of any discrete subspace of X. Thus, any remote
point must lie in X* .

Let R and P denote the sets of remote points of SR and of P-points of
R*, respectively. Then R’ and P’ will denote the non-remote points and
the non-P-points.

Theorem 2.2.36 The sets PN R, PNR, PNR and PN R’ are each
dense subsets of R* and each has cardinal 2¢.
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Proof. See the proof of Theorem 4.46 in [31]. O

Definition 2.2.23 Let A be a set of sets and let k be an infinite cardinal.
Then A has the k-uniform finite intersection property if and only
if whenever F € Pr(A), one has | F| > k.

Lemma 2.2.4 Let D be an infinite set with cardinality v and let A be
a set of at most k subsets of D with the k-uniform finite intersection
property. There is a set B of k pairwise disjoint subsets of D such that
for each B € B, AU {B} has the k-uniform finite intersection property.

Proof. See the proof of Corollary 3.61 in [19]. O

Theorem 2.2.37 Let D be an infinite set with cardinality k and let A
be a set of at most k subsets of D with the rk-uniform finite intersection

property. Then A
{p € Us(D) : ACp}|=2",

Proof. See the proof of Theorem 3.62 in [19]. O

Because of the correspondence between ultrafilters and measures, we may
view an element of an ultrafilter on a set X as a ”large” subset of X. This
leads to another connection with the infinite version of Ramsey Theory
using ultrafilters for the proof of Ramsey’s Theorem. We recall first the
classical form of Ramsey’s Theorem without proof (the classical proof
does not use the notion of ultrafilter).

Theorem 2.2.38 Whenever the edges of an infinite complete graph are
colored with finitely many colors, there is an infinite complete monochro-
matic subgraph.

One particular case of Ramsey’s Theorem is the pigeon hole principle:
”whenever N is partitioned into finitely many classes, one of those classes
is infinite”.
Definition 2.2.24 Let X be a set and let k be a cardinal number.

1. [X]F={AC X : |A| =k}

2. [X]<"={AC X : |A|l <k}
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Lemma 2.2.5 Let X be a set, let p € X*, let k,r € N, and let [X]* =
Ui_, Ai. For each i € {1,---,r}, each t € {1,---,k}, and each E €
[ X1, define By(E,1) by downward induction on t:

1. For each E € [X]*!, By(E,i) ={ye X\ E : EU{y} € A;}.
2. Forte{1,2,--- ,k—1} and F € [X]"7",

Bi(E,i)={y € X\ E : B.1(EU{y},i) € p}.

Then for eacht € {1,2,...,k} and each E € [X]*7!, X\E = UBt(E,i).

=1

Proof. See the proof of Lemma 18.1 in [19].

The proof proceeds by downward induction on ¢. If £ = k, then for each
y € X\ E. Since E € [X]*!, one has EU {y} € [X]F = U;_, A So
EU{y} € A, for some i. Thus y € Bi(FE, i) for some i.

Solett € {1,2,...,k—1} and let E € [X]|*"!. Then given y € X \ E, one
has by the induction hypothesis that X\(EU{y}) = J._, Bey1(EU{y}, 7).
Pick ¢ such that B, (E U {y},7) € p since E U {y} € [X]*. That is
y € By(E,i) for i. O

Ramsey’s Theorem can also be reformulated following [19] with the proof
using the notion of nonprincipal ultrafilter.

Theorem 2.2.39 Let X be an infinite set and let k,r € N. If [X]* =
Ui, Ai, then there exist i € {1,--- ,r} and an infinite subset B of X
with [B]F C A,

Proof. See the proof of Theorem 18.2 in [19]. The case k = 1 is the
pigeon hole principle, so assume that £ > 2.

Let p be any nonprincipal ultrafilter on X. Define B,(FE,i) as in the
statement of Lemma 2.2.5. Then X = |J._, Bi(0,4). So there is some
i € {1,2,...,7} such that By((,7) € p, that is, B;(0,4) is not empty.
Pick z; € By(0,4) so that By({z1},1) € p.

Inductively, let n € N and choose (x,,)" _, such that if t € {1,2,...,k—1}
and mq; < my < --- < my <n, one has

Bt+1({$m17xm27 e ,l‘mt},i) € b.

Set
B = Bl(m,l) \ {1'1,1'2, ce ,,I'n}
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and

C = (UBi1({@mys Tmyy ooy Ty }57) =t € {1,2,...,k — 1} and my <
me < --- < my <nj.

Choose z,,11 € BNC. To see that Byo1({Tmy, Timgs -+ Tm, }, 1) € p when-
ever t € {1,2,...,k — 1} and m; < my < --- < n+ 1, assume that
such t and mq,ms,...,m; are indeed given. If m; < n, then the in-
duction hypothesis applies, so let m; = n + 1. If t = 1, the conclu-
sion holds since x,; € By(0,4). If ¢ > 1, the conclusion holds since

Tp+1 € Bt({xm17 wmm s 7ajmt—1}7 Z)

The sequence ()., having been chosen, let m; < my < --+ < my,.
Then =, € Be({ZTmy, Timos -« s Tmp_y 1+1). S0 {Zmys Tmgs -+ Ty b € A
U

More about generalizations of Ramsey’s Theorem can be found in [19],
Section 18.1. The following theorem draws a rather strong connection be-
tween Ramsey Theory and ultrafilters. Using Ramsey Theory language,
the statement (1) can be also read as follow: ”"whenever X is finitely
coloured, there is a part of X which is monochrome”.

Theorem 2.2.40 Let X be a set and let G C P(X)\{0}. The following
statements are equivalent.

1. Wheneverr € N and X = J._, A;, there exist i € {1,2,...,1} and
G € G such that G C A;.

2. There is an ultrafilter p on X with the property that for each A € p,
there exists G € G with G C A.

Proof. See also the proof of Theorem 5.7 in [19].

(1) implies (2). Let A={B C X : forevery G € G,BNG # (}.
Then A has the finite intersection property. In fact, suppose the
contrary, {Bi,Bs,...,B,} € A with (_, B, = 0. Then X =
Ui—, (X \ B;). So there exist some ¢ € {1,2,...,r} and some G € G
with G N B; = (), which is a contradiction. Pick some ultrafilter p
on X with A C p. Then given any A € p, X \ A ¢ A. So there is
some G € G with GN (X \ 4) = 0.

(2) implies (1). For some i € {1,2,...,7}, A; € p.
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The following theorem is called Schur’s Theorem which can be considered
as a consequence of Ramsey’s Theorem even though it was first proved
before Ramsey’s Theorem [19].

Theorem 2.2.41 Let r € N and let N = |J._, A;. There there exist
ie{l,---,r} and x and y in N with {z,y,x +y} C A,.

Proof. See the comment in the proof of Theorem 5.3 in [19]. O

Definition 2.2.25 Given a set X. P(X) denotes the set of finite nonempty
subsets of X.

Definition 2.2.26 Let S be an additive semigroup. Given an infinite
sequence (z,).—, in S, the set defined by

FS((@a),) = {an . Fe Pf<N>}

nelr

is the set of finite sums of the sequence. In the same way, if S is a
multiplicative semigroup then the set of finite products is defined by

FP((z,),) = {H 2, F € Pf(N)} .

ner

The following result called Hindman’s Theorem or Finite Sums Theorem
is the generalization of the Schur’s Theorem [19].

Theorem 2.2.42 Let r € N and let N = |J._, A;. There there exist
i€ {l,---,r} and a sequence (), in N such that F'S((x,),—,) C A;.

A simple proof of this theorem using ultrafilters was given by Glazer
and Galvin as a consequence of the fact that SN has an idempotent
element. It was the first application of the algebraic structure of SN to
Ramsey Theory. Later, a second simpler proof with fewer lines also using
the algebraic structure of SN was given by Hindman. See [19] for more
details.

A relatively easy consequence is obtained by substituting FS by FP in
the previous theorem by defining a homomorphism ¢ : (N, +) — (N, -)
defined by ¢(n) = 2™
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Theorem 2.2.43 Let r € N and let N = |J._, A;. There there exist
i€ {l,---,r} and a sequence (x,).., i N such that FP((z,)," ) C A,.

These two results raised a natural question as formulated in the following
theorem.

Theorem 2.2.44 Let r € N and let N = |J._, A;. There there exist
i€ {1l,---,r} and sequences (x,),—, and (yn),—, in N with

FS(2n)nzy) U FP((Yn)pzy) C Ais

The proof of this theorem uses again the algebraic structure of SN by the
fact that the closure of the set of idempotents in (SN, +) is a left ideal
of (BN, -). Since then many questions arise from the algebraic structures
of AN which most are notoriously very difficult due to the complex and
strange behaviour of SN. One may consider among others the research
papers on the algebraic structure of SN in [4].

More of the algebraic properties of SN extend to S, where S is any infi-
nite discrete semigroup. We study in more details the algebraic structure
of 55 in the next chapters.
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Chapter 3

The semigroup (S5 and its
ideals

3.1 Algebraic structure on g5

Here the semigroup (S, -) is endowed with the discrete topology and S is
embedded in £S. In the following results, the operation of S is extended
to S. We repeat the results from [19] with their proof, slightly modified
for the sake of our work. See also [37].

Theorem 3.1.1 Let S be a discrete space and let - be a binary operation
defined on S. There is a unique binary operation x : BS x S — S
satisfying the following three conditions:

1. For every s,t € S, sxt=s-t.

2. For each q € BS, the function p, : fS — BS defined by p,(p) = p*q
1S CONtINUOUS.

3. For each s € S, the function X\ : 5S — S defined by A\s(q) = s*q

1S continuous.

Proof. Given s € §, define ¢, : S — S C S by ¢4(t) = s-t. Then
by Theorem 2.2.12(4), there is a continuous function A : 4S — S such
that A;g = £;. Then define * on S x S by s % ¢ = A\(q) for s € S and
g € B8S. Then (3) holds and so does (1), since Ay extends ¢5. Furthermore,
the extension ), is unique since continuous functions agreeing on a dense

86



subspace are equal. So this is the only possible definition of * satistying
(1) and (3).

To extend * to the rest of 55 x 85, given ¢ € 85, define r, : S — 8S by
rq(s) = s*¢q. Then by Theorem 2.2.12(4), there is a continuous function
pq : BS — BS such that pys = ry. Forp € S\ S, define pxq = p,(p) and
note that if s € S, py(s) =r,(s) = sxq. So for all p € S, p,(p) =p*q.
Thus (2) holds. Again, by the uniqueness of continuous extensions, this
is the only possible definition which satisfies the required conditions. [

We denote the operation on S by the same symbol used for the operation
on S. The operation on S can be extended to S using the following
characterization.

Definition 3.1.1 Let - be a binary operation on a discrete space S.
1. Ifs€ S and q € S, thens-qzlltims-t.
—q

2. If p,q € BS, then p-q =lim(lims - ¢), or
s—=p t—q
3. Let p,qg € pS, let P € p and Q € q. Thenp-q=p — limgep(q —
limyeg s - ).

The proof of the following theorem is made longer with more details on
purpose of using all the necessary properties of 5S. However, the shorter
version of this proof can be found in [19] and [37].

Theorem 3.1.2 Let (S,-) be a semigroup. The extended operation of S
to BS is associative.

Proof. Let p,q,r € 8S. Consider lim lim lim(z -y) - 2z, where z,y,2z € S.

l‘—)p y—)q zZ—Tr
One has

lim(z-y) -2 = lim A, (2)

)\I.y(li_>m7" z) (since A, is continuous)

)‘%y(r)
= (z-y)r,
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lim(z-y)-r = lmQAu(y)) - r
= llm(prO/\ )(y)

= (pr o A\;)(limy) (since p, o A, is continuous)
y—q

= (proX)(q)
= pr(Aa(q))
= pr(JC q)
= (zq)r,

and

lim(z-q)-r = lim p,(py(x))
= Tn(p, 0 py) ()
= (pr o pq)(hm x) (since p, o p, is continuous)

= (propg)(p)
= r(pg(p )))

= p(p-q
= (p q) -7
So,
lim lim lim(z - y) -z = limlim(z-y)-r
T=pY—qz—r TP yY—q
= lim(z-q)-r
T—p
= (prg)r
Also
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lim-(y-2) = lma- (4(2)
= lim A((2)

hm(/\ o Ay)(2)

(/\ oA\ )(i;mr z) (since A\, o A, is continuous)

= (A o Ay)(r)
= Aa(Ay(r)
= Au(y-7)

= 7 (y-

);

limz-(y-r) = limz-(p,(y))

y—q y—q

= Tim A (pr(y)
)

= hm(A o pr)(y)
= (/\ o p.)(limy) (since A\, o p, is continuous)
y—q
= (Azop)(q)
= alpr(9))
= Afq-7)
= T- (q . 7')7
and
limz-(g-r) = lim py, ()
T—p T—p
= pgr(limz) (since p,., is continuous)
T—p
= Pgr(p)
= p-(g-7)
So,
limlimlimz - (y-2) = limlimz-(y-7)
TP Y—qz—r T—p yY—q
= limz-(q-r)
T—p
= p-(g-7)

Furthermore, since the operation - is associative on S,

(p-q)-r=1limlimlim(z-y)-z=1limlimlimz- (y-2z)=p- (¢ 7).

TP Y—q 2T TP Y—q z—T
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Hence, the extended operation is associative on 5. 0

As a consequence of the two theorems above, we conclude that (55, -)
is a compact right topological semigroup making then all the previous
results in Section 1.2 apply here.

Lemma 3.1.1 Let K and T be compact right topological semigroups, let
S be a dense subsemigroup of K such that S C A(K), and let o : K — T
be a continuous mapping such that

1. p[S] C A(T) and

2. @5 15 a homomorphism.

Then ¢ is a homomorphism.

Proof. See the proof of Lemma 6.3 in [37].

First let x € S and ¢ € K. Then

olzq) = ©(A:(q)) by definition of A,
= p(M(limy)) wherey e S
y—q
= (lim M\,(y)) because ), is continuous
y—q
= p(limzy) by definition of A,
y—q
= lim ¢(xy) because ¢ is continuous
q
= ll}lg{l} o(z)p(y) because p|g is a homomorphism
= lim Ayg)e(y) by definition of Ay
y—q

= ¢(x) ZIJILI(II @(y) because Ay is continuous

= o(x)e(q) because ¢ is continuous.
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Now let p,q € K. Then

v(pa) = ¢(pq(p)) by definition of p,
= ¢(p,(lim z)) where x € S
TP
= ¢(lim p,(z)) because p, is continuous
T—p
= o(lim zq) by definition of p,
T—p
= lim ¢(zq) because ¢ is continuous
T—p

— };lgf}) o(x)e(q) because ¢(zq) = p(x)¢(q)

= lim pyq)(¢(z)) by definition of pyq

= a;):(z;) (glﬁlilll) @(x)) because py(q is continuous
= (ilirzl) ¢(x))e(q) by definition of pyg)

= 90(31}3}7 x)p(q) because ¢ is continuous

= op)ela).

O

Theorem 3.1.3 Let S be a discrete semigroup, and let 1 : S — BS be
the inclusion map.

1. (v, BS) is a semigroup compactification of S.

2. If T is a compact right topological semigroup and @ : S — T 1is
a continuous homomorphism with ¢[S] C A(T), then there is a
continuous homomorphism ¢ : S — T such that ¢|s = @ making
the following diagram commutative.

pS
I
S—-5T
Proof.
1. According to Theorem 2.2.11, (¢, 8S) is a compactification of S.

From Theorem 3.1.1 and Theorem 3.1.2, 55 is a semigroup, since
S is a semigroup.
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2. Since T is a compact right topological semigroup and ¢ a contin-
uous function then, by Theorem 2.2.12(4), pick ¢ : S — T a
continuous function such that @ = ¢. By Theorem 2.2.12(3), S'is
a dense subsemigroup of 45 and, by Theorem 3.1.1(3), S C A(5S).
Furthermore, since ¢s = ¢ is a homomorphism and clearly ¢[S] =
¢[S] € A(T) so , by Lemma 3.1.1, ¢ is a homomorphism.

O

Definition 3.1.2 Let S be a multiplicative semigroup, let A C S , and
let s € S.

1. s'A={te S : ste A}
2. Ast={te S :tse A}

Note that s7'A is simply an alternative notation for Ag'[A].

Definition 3.1.3 Let S be a semigroup. For every A, B C S,

A7IB = U 7 'B and AB7! = U Azt

TEA zEB

Definition 3.1.4 Let S be an additive semigroup, let A C S, and let
s€S.

1. —s+A={teS:s+te A}

2. A—s={teS :t+se A}

Theorem 3.1.4 Let S be a semigroup and let A C S.

1. For anys € S and g € S, A € sq if and only if sT'A € ¢

2. For any p,q € BS, A€ pq if and only if {s€ S : s tA € q} € p.

Proof. See the proof of Theorem 4.12 in [19] and the proof of Lemma
6.6 in [37].
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1. Necessity. Let A € sq. Then A is a neighborhood of sq¢ = ,(q).
So, since ), is continuous, pick @ € ¢ such that \,[Q] C A. Since
QCstAand Q € q, then s71A € q.

Sufficiency. Assume s™'A € ¢ and suppose on the contrary that
A ¢ sq. Consequently S\ A € sq. Then, from the necessity above,
s 1(S\ A) € q. Then,

D=s"ANs(S\ A) eq,

that is, ) € ¢. This is a contradiction since ¢ is an ultrafilter on S.
Thus, we have indeed A € sq.

2. Necessity. Let A € pg. Then A is a neighborhood of pg = p,(p).

Since p, is continuous, there is P € p such that p,[P] C A. Then
for every s € P, A € sq and so by (1), s 1A € q. Hence, {s € S :
sT'Aeq} ep.
Sufficiency. Let {s € S : s7'A € ¢} € p. Suppose on the contrary
that A ¢ pg. Consequently, S\ A € pg. Then, from the necessity
above, {s € S : s 1(S\A) € q} € p. But (s *A)N(s 1(S\A)) =0
for each s € S. Then

{seS:s'Aeqgin{seS: s (S\A)eq}=0.

That is, ) € p which is a contradiction since ¢ is an ultrafilter on
S. Thus, we have indeed A € pq.

Corollary 3.1.1 Let S be a semigroup, s € S and p,q € 5S. Then

1. the wultrafilter sq has a base consisting of subsets of the form s@)
where Q) € q, and

2. the ultrafilter pq has a base consisting of subsets of the form | J,cp sQs
where P € p and Q; € q.

Theorem 3.1.5 Let S be a semigroup, let s € S, let ¢ € BS, and let
ACS.

1. If A € q, then sA € sq.

2. If S is left cancellative and sA € sq then A € q.

93



Proof. See the proof of Lemma 4.16 in [19].

1. Let AC Sand s € S. One has A C s7!(sA). Since A € ¢, one has
s71(sA) € q. Using Theorem 3.1.4(1), sA € sq.

2. Let S be left cancellative. Then s !(sA) = A and the condition
(1) above implies A € q.
U

Theorem 3.1.6 Let S be a discrete semigroup, let (¢, T) be a semi-
group compactification of S, and let A C B C S. Suppose that B is a
subsemigroup of S.

1. cl(p|B]) is a subsemigroup of T.
2. If A is a left ideal of B, then cl(p[A]) is a left ideal of cl(p|B]).
3. If A is a right ideal of B, then cl(p[A]) is a right ideal of cf(p[B]).

Proof. See the proof of Theorem 4.17 in [19].

1. Since ¢ is an inclusion map and 7' is a compact semigroup, one
needs to use Exercise 2.3.2 in [19].

2. Suppose that A is an ideal of B. Let z € cl(¢[B]) and y € cl(p[A]).
Then

xy= lim lim @(s)e(t),
p(s)—z o(t)—y

where s € B and t € A. Since s € B and t € A, then st € A.

Thus ¢(s)p(t) = @(st) € ¢[A] (¢ is a homomorphism) and so
y € cl(p[A]).

3. The proof of (3) is similar to (2).

O

Corollary 3.1.2 Let S be a subsemigroup of the discrete semigroup T'.
Then cl(S) is a subsemigroup of BT. If S is a right or left ideal of T,
then cl(S) is respectively a right or left ideal of 5T.
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Proof. See the proof of Corollary 4.18 in [19]. The proof follows from
Theorem 3.1.6 since, by Theorem 3.1.3, (¢, 57 is a semigroup compact-
ification. O

Remark 3.1.1 If S is a subsemigroup of a discrete semigroup T, then
BS is also a subsemigroup of BT. For example, BN is a subsemigroup of

BZ.

Theorem 3.1.7 Let S be a semigroup and A C P(S) have the finite
intersection property. If for each A € A and each © € A, there exists
B € A such that 1B C A, then (4.4 clss(A) is a subsemigroup of 3S.

Proof. See the proof of Theorem 4.20 in [19].

Let T = (yea¢lps(A). Since A has the finite intersection property,
T #0. Let pg € T and let A € A. Given z € A, there is some B € A
such that B € A and hence z7'A € ¢q. Thus AC {z €S : 2714 € ¢}
so{r €S :a'A€q}ep By Theorem 3.1.5(2), A€ p-q. O

Theorem 3.1.8 Let (S,-) be a semigroup and let A C P(S) have the
finite intersection property. Let (T,-) be a compact right topological
semigroup and let ¢ S — T satisfy ¢[S] C A(T). Assume there
is some A € A such that for each x € A, there is B € A for which

o(x-y) = p(x)-@(y) for everyy € B. Then for all p,q € ()44 clss(A),
¢p-q) = ¢(p) - 4a).

Proof. Let p,q € (o4 ¢lps(A). For each x € A, one has

Pa-q) = Plr-lmy)
= hm gp( ) because ¢ o A, is continuous

= hm o(x) - ¢(y) because p(z - y) = ¢(x) - p(y) on a member of ¢

= () -lim(y) becanse p(x) € A(T)

= o(z) - P(g).

Since A € p one then has
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op-q) = ¢((limx)-q)

T—p
= lim@(z - q) because ¢ o p, is continuous
T—p

= lim(p(x) - 9(q))

T—p

= (ylﬁl_r}}lg @(x)) - ¢(q) by continuity of pg(g)

= &(p) - (q).
O

Corollary 3.1.3 Let S be a semigroup and let ¢ : S — T be a homomor-
phism to a compact right topological semigroup T such that p[S] C A(T).
Then ¢ is a homomorphism from 85 to T.

Proof. See Proof of Theorem 3.1.8 by taking A = {S}. O

Theorem 3.1.9 Let S be a semigroup. Then S* is a subsemigroup of
BS if and only if for any A € Pr(S) and for any infinite subset B of S
there exists F' € Pp(B) such that (\,cpa™'A is finite.

Proof. See the proof of Theorem 4.28 in [19].

Necessity. Let A € P;(S) and B an infinite subset of S. Suppose that
for each F' € Py(B), N,er ¢ 'A is infinite. Then {z7'A : z € B} has
the property that all its finite intersections are infinite. So, by Corollary
1.4.1(1), we may pick p € S* such that {z7'4 : = € B} C p. Pick
g € S* such that B € ¢q. Then A € ¢p and A is finite so by Theorem
1.4.3, gp € S. That is gp ¢ S*, a contradiction (since S* is assumed a
subsemigroup of 35).

Sufficiency. Let p,q € S* be given and suppose that ¢p ¢ S*. That
is gp € S. Let y € S such that ¢gp = y (¢p is the principal ultrafilter
generated by y). Take A = {y} and B={z € S : 27'4 € p}. Then
B € ¢ while for each F' € Py(B), one has (|,.p2 'A € p so that
N,er* ' A is infinite, a contradiction (since A was taken finite). O

Corollary 3.1.4 Let S be a semigroup. If S is either right or left can-
cellative then S* is a subsemigroup of BS.

Proof. It is obvious that () # S* is a subset of 3S. Let p,q € S*.
To see that pg € S*, let A € pq. By Theorem 3.1.4 and that S is left
cancellative, one has that A is infinite. O
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Definition 3.1.5 Let S be a semigroup.

1. S is said to be weakly left cancellative if and only if for all
u,v €S, {xr €S : ur=v} is finite.

2. Similarly, S is said to be weakly right cancellative if and only
if for allu,v € S, {x €S : zu=wv} is finite.

Theorem 3.1.10 Let S be an infinite semigroup. Then S* is a left ideal
of BS if and only if S is weakly left cancellative.

Proof. See the proof of Theorem 4.31 in [19].

Necessity. Let z,y € S be given, let A = y~ 'z and suppose that A is
infinite. Pick p € S*Ncl(A). Then y-p =2z € S, a contradiction.
Sufficiency. Since S is infinite, S* # (). Let p € S*, let ¢ € S and
suppose that ¢-p ¢ S*. Thatis ¢-p € S. Pick € S such that ¢-p = x.
Then {z} € ¢-pso{y € S : y~{x} € p} € ¢ and is hence nonempty.
So pick y € S such that y~'{z} € p. But y~{z} = A\, [{z}] so A\, [{z}]
is infinite, a contradiction. O

1

Lemma 3.1.2 Let (S,-) be a semigroup, let (z,),-, and (Yn)re, be se-
quences in S, and let p,q € pS. If {{x, : n >k} : k € N} C q and
{yr : Kk €N} €p, then {yr -z, : k,ne€Nand k <n} €p-q.

Proof. It is a consequence of Corollary 3.1.1(2). O

Theorem 3.1.11 Let S be an infinite semigroup. The following state-
ments are equivalent.

1. S* is a right ideal of 5S.

2. Given any finite subset A of S, any sequence (z,).-, in S, and any

one-to-one sequence (x,).-, in S, there exist n < m in N such that
Tp - 2m & A.

3. Given any a € S, any sequence (z,),—, in S, and any one-to-one
sequence (xn)zozl in S, there exist n < m in N such that x, - 2, # a.

Proof. See the proof of Corollary 4.32 in [19].
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(1) implies (2). Suppose {z, -z, : n,m € Nand n < m} C A.
Pick p € S such that {{z, : m > n} : n € N} C p and pick
g € S* such that {z,, : n € N} € ¢ since {z,, : n € N} is infinite.
Then by Lemma 3.1.2, A € ¢ - p so by Theorem 1.4.3, ¢-p € S.
That is ¢ - p ¢ S*, a contradiction.

(2) implies (3). Take A = {a} and use (2).

(3) implies (1). Since S is infinite, S* # 0. Let p € 35, let ¢ € S*,
and suppose that g-p=a € S. Then {s € S : s7{a} € p} € ¢s0
choose a one-to-one sequence (z,) -, such that

{r, :neN}C{seS:sa}ep}
Inductively choose a sequence (z,) -, in S such that for each m €
N, 2y € (o, z, {a} since (", z,,'{a} € p. Then for each n < m
in N, z,, - 2,, = a, a contradiction.

Corollary 3.1.5 Let S be an infinite semigroup.

1. If S is left cancellative, then S* is a left ideal of BS.

2. If S is right cancellative, then S* is a right ideal of 3S.

Proof. See the proof of Lemma 6.8 in [37].

To prove (1), suppose that S is left cancellative. Let p € S and
g € S*. To see that pg € 5%, let A € pg. Then there exist x € S
and B € ¢ such that xtB C A. Since S is cancellative and B is
infinite, it follows that A is infinite. So pgq is not principal.

To prove (2), suppose that S is right cancellative. Let p € S* and
g € BS. Assume on the contrary that pg = a € S. Then there exist
A € p and, for each, x € A, B, € ¢ such that 2B, = {a}. Pick
distinct z,y € A and any z € B, N B,,. Then vz = a = yz. Since S
is right cancellative, x = y which is a contradiction. So pg ¢ S for
any p € S* and ¢ € $S. Hence indeed pg € (58S \ S) = S*.
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Corollary 3.1.6 Let S be an infinite semigroup. If S* is a right ideal
of BS, then S is weakly right cancellative.

Proof. See also the proof of Corollary 4.34 in [19].

Let a,y € S and suppose that p,'[{a}] is infinite. Choose a one-to-one
sequence (z,),~, in p,'[{a}] and for each m € N let 2, = y. Then
(2n)oe | is a sequence in S such that z, - 2, = a for all n < m in N, a
contradiction. O

Corollary 3.1.7 Let S be an infinite semigroup. If S is weakly right
cancellative and for all but finitely many y € S, A, is finite-to-one, then
S* is a right ideal of 5S.

Proof. This is the proof from Corollary 4.35 in [19].

Suppose S* is not a right ideal of S and pick by Theorem 3.1.11(3) some
a € S, a one-to-one sequence ()., in S, and a sequence (z,) -, in S
such that x,, -z, = a for all n < m in N. Now if {z,, : m € N} is infinite,
then for all n € N, A _1[{a}] is infinite, a contradiction. Thus {z, : m €
N} is finite so we may pick b such that {m € N : z, = b} is infinite.
Then given n € N one may pick m > n such that z,, = b and conclude
that x,, - b = a. Consequently, p, '[{a}] is infinite, a contradiction. O

Theorem 3.1.12 Let S be an infinite semigroup. Then S* is an ideal
of BS if and only if S s both weakly left cancellative and weakly right
cancellative.

Proof. See the comments in the proof of Theorem 4.36 in [19]. O

It will be sometimes easier to work with S* instead of 55 because of the
following result.

Theorem 3.1.13 Let S be an infinite semigroup. If S* is an ideal of S,
then the minimal left ideals, the minimal right ideals, and the smallest
ideals of S* and S are the same.

Proof. This is the proof of Theorem 4.37 in [19].

First assume L is a minimal left ideal of 4S. Since S* is an ideal of 35,
then L C 5* and hence L is a left ideal of S*. To see that L is a minimal
left ideal of S*, let L' be a left ideal of S* with L' C L. Then by Lemma
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1.1.8(2), L' = L.

Now assume L is a minimal left ideal of S*. Then by Lemma 1.1.8(c), L
is a left ideal of 5S. If L' is a left ideal of 58S with L' C L, then L' is a
left ideal of S* and consequently L' = L.

The proof for minimal right ideals is established the same way. Since the
smallest ideal is the union of minimal left ideals (and of all minimal right
ideals), the proof is completed. O

Definition 3.1.6 Let S be a semigroup.

1. A set A C S 1is right syndetic if and only if there exists some
G € Ps(S) such that S = U tTT A,

teG

2. A set A C S is right piecewise syndetic if and only if there is
some G € Ps(S) such that S = {ail(U t7'A) : a € S} has a

teG
finite intersection property.

Theorem 3.1.14 Let S be a semigroup and let p € BS. The following
statements are equivalent.

1. pe K(BS).
2. Forall Aep, {zr €S : xtA € p} is right syndetic.

3. Forallqe BS, pe B8S-q-p.
Proof.

(1) implies (2). Let A€ pandlet B={z €S : 2z 'A€p} Let L
be the minimal left ideal of 55 for which p € L. For every q € L,
we have p € S - ¢ = clgs(S - q). Since A is a neighborhood of p in
BS, we have t-q € A for some t € S and so g € t—LA. Thus the sets
of the form =1 A cover the compact set L and hence L C UteGm
for some finite subset G of S.

To see that S C |, t7'B,let a € S. Then a-p € L so pick
t € G such that a-p € t—1A. Then t 'A € a - p so that (ta) 'A =
a 't 'A € pandsotac Bandthusact !B,
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(2) implies (3). Let ¢ € $S and suppose that p ¢ 3S - ¢ - p. Pick
A€ psuch that ANBS-q-p=0. Let B={x €S : x1A¢cp}
and pick G € Py(S) such that S = |J, ot 'B. Pick t € G such
that £'B € q. Then B € tq. that is, {xr € S : z7'A € p} € 1g so
A € tgp, a contradiction.

(3) implies (1). This is Theorem 1.1.19. In fact, let ¢ € K(35).
Then p € S -q-p C BS-q-BS C K(BS).

OJ

Theorem 3.1.15 Let S be a semigroup and let A C S. Then AN
K(BS) # 0 if and only if A is right piecewise syndetic.

Proof. Let pc ANK(BS) and let B={z c S : 27'A € p}. Then by
Theorem 3.1.14, B is syndetic and so S = |, t ' B for some G € P(95).
Foreacha € S,a € t 'Bforsomet € Gandsoa '(t 'A) = (ta) 'A € p.
It follows that a ™' (U, t " 4) € p and hence {a ' (U,ct 'A) : a € S}
has the finite intersection property.

Sufficiency. Assume that A is right piecewise syndetic and pick G €
Ps(S) such that {a "' (U,cqt™*A) : a € S} has the finite intersection
property. Pick ¢ € 35 such that {a '(U,.qt'4) : a € S} C ¢. That
is, Ut A €a-qC S-q. Then S-q C U,eqt™'A. This implies
that (8S) - ¢ C Ujeqt tA. We can choose y € K(8S) N (8S - q). Then
yct-lAforsometc Gandsot-yc AnK(BS). O

Corollary 3.1.8 Let S be a semigroup and let p € [5S. Then p €
cl(K(BS)) if and only if every A € p is right piecewise syndetic.

Proof. This is an immediate consequence of Theorem 3.1.15. 0

Definition 3.1.7 Let S be a semigroup and let A C S. Then A is
central in S if and only if there exists p € E(K(BS)) such that A € p.

Theorem 3.1.16 Let S be a semigroup and let A C S. The following
statements are equivalent:

1. A is right piecewise syndetic.

2. The set {x € S : w7 A is central} is right syndetic.
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3. There is some x € S such that xt—*A is central.

Proof. See the proof of Theorem 4.43 in [19].

(1) implies (2). By Theorem 3.1.15, pick some p € K(5S) with
A € p. Now K(BS) is the union of all minimal left ideals of .5,
by Theorem 1.3.3. So pick a minimal left ideal L of S with p € L
and pick an idempotent e € L. Then p=p-e and so A € p-e. By
Theorem 3.1.4(2), pick y € S such that y='A € e.

Now by Theorem 3.1.14, B = {z € S : z7!'(y~'A) € e} is right
syndetic, so pick finite G C S such that S = .ot 'B. Let
D={re€S: 2 'Aiscentral }. We claim that S = J,c,.ot 'D.
Indeed, let x € S be given and pick ¢t € G such that ¢t -2 € B.
Then (¢ - z)"'(y~'A) € e so, by Definition 3.1.7, (- z)"'(y~'A) is
central. But (t-2)"'(y7'A) = (y-t-2)"'A. Thusy-t-z € D so
z € (y-t)"'D as required.

(2) implies (3). Let B ={z € S : z7'A is central}. We can find
some t € G with GG a finite subset of S such that ¢ -z € B. Indeed
B+ 0.

(3) implies (1). Pick x € S such that z7'A is central and pick an
idempotent p € K(3S) such that z7'A € p. Then A € x - p and
z-p € K(BS) so, by Theorem 3.1.15, A is right piecewise syndetic.

O

Theorem 3.1.17 Let S be a discrete semigroup and let T' be a subsemi-
group of S. Then T is central if clgs(T) N K(5S) # 0.

Proof. See Exercise 4.4.8 in [19]. O

3.2 The semigroup SN and applications

We consider the particular case S = N. One can then see that the
additive operation on N can be extended to SN as follows. For all p, ¢ €

AN,
Aep+q<—{neN: -n+Acq}ep
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This operation is indeed closed and associative in SN. And for each p €
BN, the map given by ¢ — p+q from N to itself is continuous. The same
conclusions are true for the multiplicative operation. So (N, +) and
(BN, -) are then compact right topological semigroups. As a consequence
they admit idempotent elements. That is, there exist p € SN with p+p =
.

The algebraic structure of SN is complicated and many applications rely
in the understanding of SN. It was showed in [4] that if the map ¢ :
SN — N* is a continuous homomorphism, then the direct image ¢[SN] is
finite. As a consequence, N* does not contain an algebraic copy of SN.
Nonetheless, the algebraic structure of SN is very rich as we will see it
with the following applications.

3.2.1 Hindman’s Theorem

We now review the proof of Hindman’s Theorem using the algebraic
structure of SN.

The following lemma is an exercise in [19], see Exercise 4.1.4, where a
caution is given that even though very easy, the reason of the result is
not because of s71~! = (ts5)7".

Lemma 3.2.1 Let S be a semigroup, let s,t € S, and let A C S. Then
sTHtTTA) = (ts) 1AL

Proof. Let x € s !(¢t7'A). By Definition 3.1.2, sz € ¢ 'A and also
(ts)x = t(sz) € A. That is z € (¢ts) 'A. The implication is sufficient. [J]

Definition 3.2.1 Let A C N and let p € SN. Then

A*(p)={neA: —n+Acp}

By Theorem 3.1.4(2), we have that p is an idempotent in AN if and only
if for every A € p, A*(p) € p. And, if A € p and n € A*(p), then
—n+ A € p. As a consequence we have the following lemma from [19].

Lemma 3.2.2 Let p be an idempotent in SN and let A C N. For each
n € A*(p), —n+ A*(p) € p.
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Proof. See the proof of Lemma 4.14 in [19].

Let n € A*(p), and let B = —n + A. Then, by Definition, B € p,
and, since p is an idempotent, B*(p) € p. We only need to show that
B*(p) € —n + A*(p). So let m € B*(p). Then m € B son+m € A.
We have also —m + B € p. That is, by Lemma 3.2.1, —(n + m) € p.
Since n+m € A and —(n 4+ m) € p, then n+m € A*(p). That is,
m € —n + A*(p). So, we have shown that indeed B*(p) C —n + A*(p).
By supersets closedness of p, —n + A*(p) € p. O

Theorem 3.2.1 Let r € N and let N = |J;_; A;. There there exist
i€ {l,....r} and a sequence (), in N such that FS((z,),. ) C A,.
Proof. Let p be an idempotent in SN. Pick A = A; € p. Choose
any z; € A*(p). Assume that z1,2,...,2, have been chosen so that
FS(xy,...,z,) C A*(p). We can choose z,1 € A*(p) such that x,,1 €
—y+ A*(p) for every y € FS(z1,...,2,). By Lemma 3.2.2, —y+ A*(p) €
p. Then y + 2,11 € A*(p). This implies F\S(xq,...,2n, Tny1) S A*(p).
U

3.2.2 The duals of Banach algebras

The Stone-Céch compactification SN can be used to characterize the
Banach space of all bounded sequences in the scalar field R or C, with
its supremum norm, and its dual space.

Recall that, for 1 < p < oo, the set of all sequences x = (x,) -, for
which 7% |z, [P < oo is denoted by ¢?(N) (or simply by 7, or again by
¢,). The norm of the sequence z is the number

o\
]l = (Z !wn!”) :
n=1

Now ¢°°(N) is the set of all sequences x = (z,,),_ , satisfying sup {|z,|} <
oo with the norm
[ 2]l = sup {|zal},
and indeed, ||z|| = lm |[|z||,.
P—00

Let a be a sequence in £*°(N), there exists a closed subset £ of the scalar
field that contains the image of @ then making it a function from N to E.
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The function a is continuous since N is discrete and F is compact Haus-
dorff. Following the universal property, there exists a unique extension
Ba : BN — E. This extension does not depend on the set E taken above.

Let C'(SN) denote the space of continuous functions on SN. Then we have
defined an extension map from ¢*°(N) to C(SN). This map is bijective
since every function in C(SN) must be bounded and can be restricted
to a bounded scalar sequence. If we consider the sup norm defined on
both spaces, then the extension map is an isometry. Thus, £*°(N) can be
identified with C'(pN).

It follows that the dual of /'(N) is C(SN) and the dual of C'(8N) is the
space M (SN) of complex-valued regular Borel measures on SN. That is,
the bi-dual of £!(N) can be identified with M (SN).

Let us recall that given a Banach algebra A and its bi-dual A” where
A C A", there is a natural product on A” (called the Arens product)
defined, for all M, N € A", by

MON = lim lign aqbg

whenever (a,) and (bg) are nets in A with lim, a, = M and limg bg = N.

Consider the Banach algebra (¢'(N), ). For every p,v € SN, d,,0, €
M (BN), we define

(S@D(Sw = hCIVIl hén (Ssa *6t5 = llgl llén 5Sat5 = 6@31!),

where s, and tg are nets in N with lim, s, = ¢ and limg g = 1.

Hence, the compact right topological semigroup (SN, O) is a subsemi-
group of (M (PN), 0). The properties of (M (SN), O) are related to those
of (AN, 0). More details can be found in [5].

3.2.3 Topological Dynamics

Let (X, f) be a dynamical system and let E(X, f) be its enveloping
semigroup. Then, there is a natural surjective morphism from SN onto
E(X, f), defined by p — fP, where f? can be described as follows: fix x €
X, the map defined from the discrete space N to the compact Hausdorff
space X, by n — f"(x), is continuous and has a unique extension as a
map from SN to X, and fP(x) is nothing but the image of p € SN under
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this extended continuous map. Equivalently, for p € SN and x € X, the
collection

{f"(z) :ne A} : Acp}
forms an ultrafilter base on X, and the corresponding ultrafilter converges
to a unique point in the compact Hausdorff space X. This unique limit
is fP(x).
In brief, it can be proved that the map defined from AN to E(X, f)
by p — f? is surjective, continuous and is a group homomorphism (see

Theorem 19.11 in [19]), and fP(z) = p — lim,ey f™(x) (see Remark 19.13
in [19]).

In this setting, we have the following results from topological dynamics:

e Let x € X. Then a point y is in the closure of the orbit of x if and
only if there is p € AN such that fP(z) = y.

e Let x,y € X. Then z and y are proximal if and only if there is
p € BN such that fP(x) = fP(y).

e The minimal points in (X, f) are given by the set

{f?(z) : v € X and p is a minimal idempotent in SN}.

e Let x € X. Then the limit points of the orbit of z are fP(z) for
p € BN\ N.

e Let x,y € X. Then x and y are asymptotic if and only if f?(z) =
f?(y) for every p € SN\ N.

The "bigness” of the enveloping semigroup E(X, f) is a measure of the
complexity of the dynamical system (X, f). For a simple dynamical sys-
tem, the corresponding enveloping semigroup can be computed, hence
”small”. But the maximum complexity of (X, f) is limited by the mor-
phism from N to F(X, f). Thatis, E(X, f) cannot be more complicated
that SN. If the morphism p — f? is injective, then F (X, f) is isomorphic
to SN. This is the case when X is the circle group T as the quotient space
R/Z under addition. The action ¢ : N — T is defined by ¢(n) = fm,
where f"(Z + z) = Z + a"x for each n € N and a € {2,3,4,...}. Then
PN is the enveloping semigroup of the dynamical system (T, (f")nen)-
See [19] for more details.
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3.3 Ultrafilter semigroups

Definition 3.3.1 Let G be an arbitrary infinite group. A topology T on
G s said to be left invariant if for every U € 7 and a € G, then
alU € T.

Equivalently, 7 is a left invariant topology if for every a € G, the left
translation A\, : G — G, x — ax, is continuous in 7. Thus, left invariant
topologies on GG are those that make G a left topological group.

Definition 3.3.2 Let 7 be a left invariant topology on G. The subset of
BG defined by

Ult(t) = {p € G* : p converges to the identity e € G in T}

15 called the ultrafilter semigroup of 7.

Equivalently,

Ult(r) = () V\ {e},

VeFr

where F denotes the neighborhood filter of the identity e. One can prove
that the ultrafilter semigroup Ult(7) is a closed subsemigroup of G*, see
(33].

Example 3.3.1 In the following are some examples of ultrafilter semi-

groups taken from [19], [32], [33], and [36]:
1. The subsemigroup H of SN defined by

H:ﬂﬁ.

2. For every infinite cardinal k, the subsemigroup H, of B(ED, Z»)
defined by

Hn: m Va\{O},

a<k

where V, = {x € @, Zy : z(y) =0 for all v < a}. Note that if we
take k = w, H,, s topologically and algebraically 1somorphic to H.
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3. The subsemigroup 07 of fRy (where Ry is the additive group of real
numbers reendowed with the discrete topology) defined by

0t = ﬂfn,

neN

where I, denotes the interval (0, L).

A natural way of producing homomorphisms of ultrafilter groups is via
local homomorphisms.

Definition 3.3.3 Let G be an arbitrary infinite group, let 7 be a left
invariant topology on G, let e be the identity of G, and let T be a semi-
group. A mapping f : (G,7) — T is a local homomorphism if
for every x € G\ {e}, there is a neighborhood U, of e in T such that

flay) = f(x)f(y) for all y € U, \ {e}.

Lemma 3.3.1 See [35]. Let f : (G,7) — T be a local homomorphism
into a compact right topological semigroup T such that f[G] C A(T), let

J 1 BG — T be the continuous extension of f, and let f* = fluuy. Then
[ Ult(r) — T is a continuous homomorphism.

Theorem 3.3.1 See [35]. Let G be an infinite group with cardinality
embeddable into a sum of countable groups and let p be an idempotent in
G*. Then there is a zero-dimensional left invariant topology T on G and
a discrete subset D of (G, 1) such that

1. p e Ult(r)
2. |D| = k and D* C Ult(r)

3. every mapping from D into a commutative semigroup T can be
extended to a local homomorphism f : (G,7) = T.

Recall that if S is a compact right topological semigroup then, the set of
idempotents in S, F(S) # (.

Corollary 3.3.1 Let G be an infinite group and let T be a left invariant
topology on G. Then
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1. Ult(r) contains all the idempotents of G* and, in particular, the
idempotents of K(BG);

2. K(UIt(r)) = K(BG) N Ult(r).

Proof. For (1), see the proof of Lemma 3 in [32] and also Theorem
3.3.1. Since G* is an ideal of SG, we have that K(SG) C G*. That
is, Ult(r) N K(BG) # (). Then the proof of (2) is obtained by Theorem
1.1.17. U

Theorem 3.3.2 Let G be an infinite group and let T be a left invariant
topology on G. Let S = Ult(t) and U a nonempty open subset in (G, 1),
we have that U N S is a right ideal of S.

Proof. See Lemma 2.5 and the proof of Lemma 2.4 in [33]. O

Corollary 3.3.2 Let G be an infinite group, let T be a left invariant
topology on G, and let S = Ult(t). If U and V' are disjoint open subsets
of S, then UNS and VNS are two disjoint right ideals of S.

Proof. The proof follows from Theorem 3.3.1. See also Lemma 7.1 in
[37]. O

3.4 Number of ideals in 55

It was established in [1] and [11] that AN contains 22° minimal left ideals
and 22° minimal right ideals, respectively. It was showed in [19] that
for every infinite cancellative semigroup S, 5.5 contains 22" minimal left
ideals and at least 22° minimal right ideals. And this last result on the
number of minimal right ideals was extended in [34] to any abelian group.
In the following, we review these results in detail.

We recall that L
H=()2N
neN
and that for every n € N, we can find F' € Pf(w) such that n = Z 2°,
i€F
Fixing n € N, we denote F' by supp(n). [19]
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Lemma 3.4.1 Let (T,-) be a compact right topological semigroup and
let ¢ : N — T with ¢[N] C A(T'). Assume that there is some k € w
such that whenever x,y € N and max supp(x) +k < minsupp(y) one has

o(x +y) = o(x) - p(y). Then for each p,q € H, (p +q) = d(p) - (q).

Proof. See comments in Proof of Lemma 6.3 in [19]. O

The following theorem, Theorem 6.7 in [19], shows how to obtain homo-
morphisms on H which extended to SN might not be homomorphisms.

Theorem 3.4.1 Let T be a compact right topological semigroup with a
countable dense topological center. Then T s the image of H under a
continuous homomorphism.

Proof. See the proof of Theorem 6.4 in [19].

Enumerate A(T") as {t; : ¢ € I} since it is countable, where [ is either
wor {0,1,2,... k} for some k € w. Then choose a disjoint partition
{A; 1€} of {2" : n € w}, with each being infinite.

Define a mapping 7 : N — T by first stating that 7(2") = ¢; if 2" € A;.
Then extend 7 to N by putting

i€supp(n)

with the terms in this product occuring in the order of increasing .

It follows from Lemma 3.4.1, that 7 : N — T is a homomorphism on
H. To show that 7[H] = T, let ¢ € I and let x € Af. Then z € H and
7(z) = t;. I t; € A(T), then ¢; = 7(2°) with 2° € A;. Tt implies ¢; = 7(x),
for x € A} (A; € z). Thus, t; € 7[H]. So A(T") C 7[H] and hence, since
I'(T) is dense in T', we have 7" = A(T) C 7[H]. Obviously, by definition

of 7, we have finally 7[H| C A(T) =T. O

Corollary 3.4.1 Every finite (discrete) semigroup is the image of H un-
der a continuous homomorphism.

Proof. See comments in Proof of Corollary 6.5 in [19]. O

Lemma 3.4.2 Let p be an idempotent in (SN, +). Then for everyn € N,
nN € p.
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Proof. See the proof of Lemma 6.6 in [19]. Let n € Nand v: N — Z,
denote the canonical homomorphism. Then 5 : SN — Z, is also a
homomorphism, by Corollary 3.1.3. Thus 5(p) = ¥(p + p) = Y(p) + F(p)
(p is an idempotent in (SN, +)) and, since Z, is cancellative, (p) = 0.
It follows that 5~ ![{0}] is a neighborhood of p, and hence that 3~ 1[{0}]N
N=nN € p. O

Definition 3.4.1 We define ¢ : N — w and 0 : N — w by stating that
#(n) = max(supp(n)) and 0(n) = min(supp(n))

Lemma 3.4.3 The set H is a compact subsemigroup of (6N, +) which
contains all the idempotents of (BN, +). Furthermore, for any p € SN

and any g € H, ¢(p+ q) = ¢(q) and é(p +q) = 0(p)

Proof. See the proof of Lemma 6.8 in [19]. H is compact since it is
closed in AN. Now, if n € 28N and if r > ¢(n),

n+2"N C 2N + 2'N C 2FN

since k = min(supp(n)) < max(supp(n)) < r. It follows from Example
3.3.1(1) and Theorem 3.1.7 that H is a subsemigroup of SN.

By the Lemma 3.2.2, H contains all the idempotents of (SN, +).

Now take p € N and ¢ € H. Given any m € N, choose r satisfying
r > ¢(m). Then, if n € 2'N, ¢(m + n) = ¢(n) and 8(m + n) = 0(n).
Hence since 2"N € ¢,

¢p(m+q) = g¢— lim ¢(m+n)

ne2™N
B
= 9(q).

It follows that

o(p+q) = gliglp@g(m +q) = é(q).

Similarly, 6(p + q) = 6(p). O

The reason we keep repeating the properties of SN is because it makes
it something of a prototype. The properties are first examined and the
problems solved in this simple case of SN, and the arguments are adjusted
and extended to achieve more general solutions in the case of 55 where
S is any infinite discrete semigroup.
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Theorem 3.4.2 (4N, +) contains 2° minimal left ideals and 2° minimal
right ideals. Each of these contains 2° idempotents.

Proof. See the proof of Theorem 6.9 in [19].
Let A = {2" : n € N}. We have by Definition 3.4.3, ¢(2") = 6(2") =n
for any n € N. Thus, ¢, = 6, : A — N is bijective. So by Theorem
2.2.17, QNS‘A = §|A : A — BN is bijective as well. Assuming that for any
q,q2 € A%,

(AN+q1) N (BN + o) # 0.

We can find r, s € SN such that r + ¢; = s + ¢2. By Lemma 3.4.3, then

o(q1) = o(r + q1) = ¢(s + q2) = 9(q2).

Since qgm is bijective, it implies that ¢; = ¢». Thus, by contraposition, if
g1 # go in A* then

(ANH4q1) N (BN + o) = 0.

By Corollary 2.2.9, |A*| = 2°. Which implies that N has 2° pairwise
disjoint left ideals and, by Corollary 1.3.1, each contains a minimal left
ideal.

Let ¢ € A*. By Theorem 1.3.2(1) and Theorem 1.1.12(5), ¢ + H contains
an idempotent e(¢) which is minimal in H. Since H meets K (ON), e(q)
is also minimal in SN. Otherwise, there is an idempotent f of SN with
f < e(q). But H contains all the idempotents of SN according to Lemma
3.4.3 and so it contains also f. This contradicts the minimality of e(q)
in H. Thus by Theorem 1.1.12(4), e(q) + AN is a minimal right ideal of
BN. We claim that if ¢; # ¢o in A*, then

e(q1) + BN # e(q2) + pN.

For otherwise, e(q2) € e(q1) + SN and so e(q2) = e(g1) + e(g2) by Lemma
1.1.4(2). However, by Lemma 3.4.3,

0(e(g2)) € Olaz + H] = 0[{a2}] = {a}

implies 8(e(gs)) = go. In fact,
~ . R . Rt By Rt .
0(q2) = q2 }Llerr}‘ O(n) = qo Eé% 6(2%) = ¢ klg\ljk = (.

We have also

B(e(g2)) = b(e(qr) +e(g2)) = b(e(ar)) =
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hence yielding a contradiction.

If L is any minimal left ideal and R is any minimal right ideal of (SN, +)
then, by Lemma 1.1.14, L. N R contains an idempotent. It follows that L
and R both contain 2¢ idempotents. 0]

Lemma 3.4.4 Let S be a discrete group and let s be a cancelable element
of S. For everyt € S and p € BS

1. if S is right cancellative and sp = tp, then s =t, and

2. if S is left cancellative and ps = pt, then s =t.
Proof. See the proof of Lemma 6.28 in [19]. O

Lemma 3.4.5 Let S be an infinite weakly left cancellative semigroup and
let T be the set of right identities of S. Let k be an infinite cardinal with
k < [S], and let (sx),, be a one-to-one k-sequence in S. If T is a subset
of S with cardinality k, then there exists a one-to-one k-sequence (ty)
in T such that

A<k
1. for every p < K, t, ¢ FP(@A)KM):

2. for every A < p <k and everyu,v € IU{s, : ¢ < pfUFP({tr)y,),
u # vt, and uty # vt,, and

3. INFP((ta).,) = 0.
Proof. See the proof of Lemma 6.29 in [19]. O

Theorem 3.4.3 Let S be an infinite discrete semigroup which is weakly
left cancellative. Let k be an infinite cardinal with k£ < |S| and let R
and T be subsets of S of cardinality k. Then there is a subset V of T
with cardinality k such that the set P of uniform ultrafilters on V' has the
following properties:

1. |P| = 2%,

2. for each pair of distinct elements p,q € P, clgs(Rp) and clgs(Rq)
are disjoint, and
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3. if S is also right cancellative, then for eachp € P, ap # bp whenever
a # b in R and Rp is strongly discrete in BS.

Proof. The proof uses Lemma 3.4.5 and Theorem 2.2.23. The details
can be found in [19], the proof of Theorem 6.30. O

Theorem 3.4.4 There is a subset L of N* such that |L| = 2¢ and for all
p#qin L and oll f : N =N, f(p) #q.

Proof. See the comments in the proof of Theorem 6.36 in [19]. O

Lemma 3.4.6 Let p,q € N*. If there is a one-to-one function f: N —
BN such that f[N] is discrete and f(p) = q, then there is a function
g : N — N such that §(q) = p.

Proof. See the proof of Lemma 6.37 in [19]. O

Definition 3.4.2 Two points x and y in a topological space X are said
to have the same homeomorphism type if and only if there is a home-
omorphism f from X onto X such that f(x) =vy.

Theorem 3.4.5 Let D be a discrete space and let X be an infinite com-
pact subset of BD. Then X has at least 2° distinct homeomorphism types.

Proof. See the proof of Theorem 6.38 in [19]. It uses Corollary 2.2.5,
Theorem 2.2.13, Theorem 2.2.24, Theorem 3.4.4, and Lemma 3.4.6 in
[19]. O

Theorem 3.4.6 Let S be a discrete semigroup. If the minimal left ideals
of BS are infinite, BS contains at least 2¢ minimal right ideals.

Proof. See the proof of Theorem 6.39 in [19] which uses Theorem 1.1.14,
Theorem 1.3.4(3) and Theorem 3.4.5 in [19]. O

Theorem 3.4.7 Let S be an infinite discrete semigroup which is weakly
left cancellative. If |S| = k, then there are 22" pairwise disjoint left ideals

of BS.
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Proof. The proof is an immediate consequence of Theorem 3.4.3, with
R=2S. O

Theorem 3.4.8 Let S be an infinite cancellative discrete semigroup.
Then BS contains at least 2° minimal left ideals and at least 2¢ mini-
mal right ideals. Fach minimal left ideal and each minimal right ideal
contains at least 2¢ idempotents.

Proof. The proof uses Theorem 3.4.7 and Theorem 3.4.6 in [19]. O

As we presented above, the problem of counting the minimal right ideals
of 55 turned out to be more challenging than counting the minimal left
ideals of 3S. We saw that 3S contains at least 22° minimal right ideals
for any infinite discrete cancellative semigroup S. We recall that the
proof uses the fact that every minimal left ideal L of S is infinite and
the points of I belong to at least 22° different homeomorphism classes.
Two points of L which belong to R belong to the same homeomorphism
class in L. In [34], this result is extended to any infinite Abelian group G
using a different approach which we describe in the following lines. More
details can also be found in [37], from page 136.

Definition 3.4.3 Let G be a topological group. The Bohr compacti-
fication of G is a compact topological group, denoted bG, together with
a continuous homomorphism e : G — bGG satisfying the following proper-
ties:

1. e[G] is dense in bG, and

2. the unwersal property: For every continuous homomorphism h :
G — K from G to a compact topological group K there is a con-
tinuous homomorphism h® : bG — K such that h = h? o e.

Note that if G is the dual group of an Abelian group G and Gy is the
group G reendowed with the discrete topology, then bG is the dual of Gy
The mapping e : G — bG is then given by e(z)(x) = x(z), where z € G
and x € G4. This mapping is injective, please refer to [34].

The complete version of the following lemma can be found in [34] or in
[37].
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Lemma 3.4.7 Let G be an infinite Abelian group of cardinality k. Then
G admits a homomorphism onto @, Z,, where p is a prime number and
Z, 1s the cyclic group of order p.

Proof. See the proof of Lemma 1(2) in [34] or the proof of Lemma
9.22 in [37]. The proof generalizes a well known fact on infinite Abelian
groups. UJ

Lemma 3.4.8 For every infinite discrete Abelian group G of cardinality
K, bG admits a continuous homomorphism onto [[,. Z,, where [[,. Z, is
endowed with the product topology.

Proof. The proof is similar to the proof of Lemma 2 in [34] or to the
proof of Lemma 9.23. The proof uses Lemma 3.4.7 and the Pontrjagin
duality. That is, using both cases kK = w and x > w, if ¢ admits a
homomorphism onto €, Z,, then the extension is a continuous homo-
morphism from the Bohr compactification bG onto the Pontrjagin dual

[Io Zp of D, Zy. O

Lemma 3.4.9 Let k be an infinite cardinal. For each a < k, let X,
be a space having at least two disjoint nonempty open sets, and let X =
[Io<r Xa- Then there are at least 2 many pairwise incompatible open
filters on X converging to the same point.

Proof. See the proof of Lemma 3 in [34] or the proof of Lemma 9.24 in
[37] including the comments before these proofs. One needs to define a
filter on X considering the fact that X is not extremally disconnected.
Then the filters hereby obtained are open and pairwise incompatible
converging to an element of X. O

Theorem 3.4.9 For every infinite discrete Abelian group G of cardi-
nality K, there are 2°° many pairwise incompatible open filters on bG
converging to zero.

Proof. Let f : G — &,.Z, be the homomorphism guaranteed by
Lemma 3.2.1. Then, by Lemma 3.2.2, there is a continuous surjective
homomorphism f : bG — [[ox Zp. By Lemma 3.2.3, there are pairwise
incompatible open filters F,, (o < 2%") on [[,. Z, converging to zero. For
each (a < 227), let H,, be the filter on bG with a base consisting of subsets
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of the form f~'(A) N U, where A € F, and U runs over neighborhoods
of zero. Then H, (a < 2%") are pairwise incompatible open filters on bG
converging to zero. 0

The following theorem is the main result found in [34].

Theorem 3.4.10 For every infinite discrete Abelian group G of cardi-
nality k, fG contains 22" many minimal right ideals.

Proof. See the proof of Theorem 9.20 in [37] or the proof of Theorem 1
in [34].

Let 7 denote the Bohr compactification on the infinite discrete Abelian
group G, that is, the one induced by the mapping e : G — bG. By
Theorem 3.4.9, there are 22 pairwise incompatible open filters on bG
converging to zero. Restricting these filters to e((), there are « pairwise
incompatible open filters F, on (G, 7) converging to zero with a < 22".
Let S = Ult(r) and, for each o < 22" let J, = ﬂ U\ {0}. Then,

UcFa
by Theorem 3.3.1, each J, is a closed right ideal of S, and since the

filters F, are pairwise incompatible, the ideals .J, are pairwise disjoint
(see Theorem 3.3.2). Furthermore, by Corollary 3.3.1(1), S contains all
the idempotents of G* since (G, 7) is a subgroup of a compact group.
In particular, S contains all the idempotents of K(SG). It follows that
SN K(BG) # 0. But then, by Corollary 3.3.1(2), K(S) = SN K(5G).
Thus, every minimal right ideal R of S is contained in a minimal right
ideal R’ of SG, and the correspondence R +— R’ obtained is injective.
Consequently, the number of minimal right ideals of SG is greater than
or equal to 227, the number of minimal right ideals of S. Hence, the
number of minimal right ideals of 3G is 2%". 0]
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Chapter 4

Closed two-sided ideals in 35

In this chapter, we study the closure of two-sided ideals and compute
the number of two-sided ideals of 55. In the first section, we present the
results from [38], [36] and [35] about the closure of the smallest ideal of
$S. In the second section, we review in detail the approach used in [6]
and [13] to compute the number of closed two-sided ideals of SG, where
G is any countably infinite group. In the third section, we present an
alternative approach to obtain a similar result to the previous one. We
show that S contains 92!*! pairwise incomparable semiprincipal closed
two-sided ideals, where S is any infinite discrete semigroup. The result
was published in [29].

4.1 Closure of the smallest ideals

We recall that for any compact Hausdorff right topological semigroup .5,
$S has the smallest two-sided ideal K(8S). K(BS) is a disjoint union
of minimal right ideals and a disjoint union of minimal left ideals. The
ultrafilters from K (£S) and ¢/(K(3S)) have nice combinatorial charac-
terizations, see [19]. From Theorem 3.1.14, p € K(S5) if and only if, for
all Aep, {r el : A€ p}issyndetic if and only if, for all ¢ € 35,
p € BS - q-p. Also, from Corollary 3.1.8, AN K(BS) # 0 if and only if
A is piecewise syndetic for any A C S.

We remind the reader that for every compact Hausdorff right topological
semigroup T, ¢l(K(T)) is a right ideal, but not always a left ideal, see
Example 2.16 in [19]. But we have the following result from [19], Theorem
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4.44.

Theorem 4.1.1 For any semigroup S, cl(K(5S)) is a two-sided ideal
of BS.

Proof. Recall that the set A(8S) = {p € S : A, is continuous } is the
topological center of 5S. By Theorem 3.1.1(3), S C A(8S). Since S is

dense in 45 and, obviously, £S5 is compact, we have that A(5S) is dense
in 4S. Using Theorem 1.3.8(1), c/(K(5S)) is an ideal of 3S. O

The above combinatorial characterizations were extended in [21], [22],
and [36] to an arbitrary closed subsemigroup 7" of 35, with S an arbitrary
discrete semigroup. There it was showed that, for a large class of closed
subsemigroups T of S, ¢l(K(T)) is not a left ideal of T.

We recall (see Lemma 6.28 in [19]) that if an element s is cancelable in
the semigroup S, for every t € S and p € 89, it follows that

1. if S is right cancellative and sp = tp, then s = ¢, and

2. if S is left cancellative and ps = pt, then s = ¢.

Then one has the following results from [19].

Lemma 4.1.1 Let S be a discrete cancellative semigroup. If s1,s0 € S
with s1 # s9, then, for every p € S, s1p # sop and ps; # pss.

Proof. See the proof of Lemma 6.28 in [19]. O

Theorem 4.1.2 Let S be an infinite semigroup, let p € BS, and let
T C S with |[T| = w. Then, for every ri,ro € cl(T) and r1 # 71,
rip # 1rop if and only if for every A C T there is some B C .S such that

A={seT: s 'Bep}.

In particular, p is right cancelable in 8S if and only if for every A C S
there is some B C S such that A={s€ S : s 'Bep}.

Proof. See the proof of Theorem 8.7 in [19]. O
Corollary 4.1.1 Let S be an infinite semigroup and let p € S*. Then
p 18 right cancelable in S* if and only if for every A C S there is some

B C S such that |AA{s € S : s7'B € p}| < w.
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Proof. The proof follows as a modification of the proof of the previous
theorem. See Exercise 8.2.1 in [19]. O

Lemma 4.1.2 Let S be a discrete semigroup, let T C S with |T| = |S],
and let p € 5S such that for every si1,50 € T and s1 # So, S1p F Sop.

1. If, for every ri,ro € cl(T) and r1 # 1o, T1p # rop, then Tp is
discrete in BS.

2. If T'p is strongly discrete in BS, then rip # rop whenever i,y €
cl(T) and 1 # 7.

Proof. The proof uses Theorem 4.1.2 to conclude (2), while (1) is proved
by negation. For more details, see the proof of Lemma 8.9 in [19]. O

Theorem 4.1.3 Let S be an infinite discrete right cancellative and weakly
left cancellative semigroup with cardinality k. Then the set of right cance-

lable elements of BS contains dense open subsets of U.(S). In particular,

S* contains 2%° elements which are right cancelable in 3S.

Proof. The proof uses Theorem 3.4.3 with R = S and Lemma 4.1.2
to show that there are right cancelable uniform ultrafilters in S with
a dense open subset. The cardinality of these uniform ultrafilters is ob-
tained using Theorem 2.2.32. For more details, see the proof of Theorem

8.10 in [19]. 0
The following results from [19] give more properties of right cancelability

in 4S when S is a countably infinite semigroup.

Theorem 4.1.4 Let S be a semigroup, let p € BS, and let T C S with
|T| = w. The following statements are equivalent.

1. For every s1,s9 € T and s1 # s9, $1p # Sop and T'p s strongly
discrete.

2. There is a function f : S — S such that for every q € cl(T),

f(q-p) = q, where f is the extension of f to 5S.
3. Whenever ry and ry € cl(T) and 11 # 1o, then r1p # rop.

4. For every A C T there exists B C S such that A = {s € T :
s™'B € p}.
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For every A,BC T and AN B =10, cl(Ap) N cl(Bp) = 0.
The left translation py).,.., = (1) — (cl(T))p is a homeomorphism.
The left translation py, : T — T'p is a homeomorphism.

For every s1,s9 € T and s # s9, s1p # s9p and T'p is discrete.

L > NS @

For every s € T and every r € cl(T) \ {s}, sp # rp.

Proof. See the proof of Theorem 8.11 in [19]. O

Lemma 4.1.3 Let S be a weakly left cancellative semigroup and let p €
BS. If p is right cancelable in BS, then p ¢ S*p.

Proof. See the proof of Lemma 8.15 in [19]. O

The following theorems complete Theorem 4.1.4 when S is taken as a
countable group.

Theorem 4.1.5 Let S be either (N, +) or a countable group. For every
p € S* the following statements are equivalent.

1. p s right cancelable in 5S.
2. p¢ S*p.

Proof. See the proof of the first two conditions of Theorem 8.18 in [19].
It uses Lemma 4.1.3 and Corollary 3.1.5 because a group is a cancellative
monoid. ([

Theorem 4.1.6 Let S be either (N, +) or a countable group. An element
p € BS is right cancelable in 5S if and only if there exists B € p such
that, for every s € S distinct from the identity, s 1B ¢ p.

Proof. See the proof of Theorem 8.19 in [19]. It uses Theorem 4.1.2 to
guarantee the existence of B and also uses Theorem 4.1.5 for the sufficient
condition. OJ

Theorem 4.1.7 Let S be a discrete countably infinite cancellative semi-

group and let T be an infinite subsemigroup of S. Then there exists
p € cl(E(K(BT))) such that Sp N S*S* = ().
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Proof. See the proof of Theorem 8.22 in [19]. O

Corollary 4.1.2 Let S be a discrete countably infinite cancellative semi-
group and let T' be an infinite subsemigroup of S. There exist p €
cl(E(K(BT))) such that p ¢ S*S*.

Proof. See the proof of Corollary 8.23 in [19]. The proof follows from
Theorem 4.1.7. O

Corollary 4.1.3 Let S be a discrete countably infinite cancellative semi-
group. Then K(BS) is not closed in BS.

Proof. It is a consequence of Theorem 4.1.7 by taking S = 7" and the
fact that, by Theorem 3.1.12, K(3S) C S*S* since S*S* is a two-sided
ideal of 8S. See the proof of Corollary 8.25 in [19]. O

The following result, see Corollary 8.26 in [19], shows that right cance-
lability occurs in the smallest two-sided ideal of 35S.

Corollary 4.1.4 Let S be a discrete countably infinite cancellative semi-
group and let T' be an infinite subsemigroup of S. There are right cance-

lable elements of 5S in ct(E(K(BT))).

Proof. The proof follows from Theorem 4.1.7, Lemma 4.1.1 and Theo-
rem 4.1.4(9). O

Theorem 4.1.8 c¢/(K(H)) is not a left ideal of H.
Proof. See the proof of Theorem 8.30 in [19]. O
Corollary 4.1.5 ¢/(K(H)) C HnN c¢/(K(HN)).

Proof. The proof is obtained from the fact that H N ¢/(K(HN)) is
an ideal of H, since ¢/(K(SN)) is a two-sided ideal of SN and H is a
closed subsemigroup of SN (see Theorem 1.3.5 and Theorem 1.3.7). Thus,
K(H) c Hn el K(HN). But by Theorem 4.1.8, this inclusion is strict,
that is ¢/(K(H)) € HnN /(K (5N)). O

These results are true for a large class of closed subsemigroups of 3.5,
namely 07 and H,, respectively closed subsemigroups of SR, and 5(€D,. Z)
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as defined in Example 3.3.1.

Recall that if (S, 7) is a left topological semigroup with identity 1 and 7
is T, then the ultrafilter semigroup Ult(7) is the set of all ultrafilters on
S* converging to 1 in 7. Now let T = Ult(7). We have that T is a closed
subsemigroup of S and that it contains all the idempotents of S* if (S, 7)
is topologically and algebraically embeddable into a compact group. In
particular, 7" contains all the idempotents of K(3S) (see Lemma 1 and
Lemma 2 in [38]). Hence, following Theorem 1.1.17, the idempotents
of K(T) are the same as those of K(5). Then, we have the following
results from [36], [37] and [38] to strengthen the results above.

Theorem 4.1.9 Let T be as defined above. There exists p € cl(E(K(T)))
but p & (cl(K(T)))T.

Proof. See the proof of Theorem 4 in [38] or the proof of Theorem 9.33
in [37). 0

Theorem 4.1.10 Let S be an infinite discrete semigroup algebraically
embeddable into a compact group. Then both K(BS) and E(cl(K(BS)))

are not closed.

Proof. The proof of this result was the object of the paper [38] using
Theorem 4.1.9 above. One may consult the proof of the similar result in
[37] on page 145. O

Lemma 4.1.4 Let T be an invariant topology on an infinite group G with
the tdentity 1 and let A denote the character of 7. Then the following
conditions are equivalent.

1. There is a neighborhood base {W, : a < A} at 1 such that for
T <a <\ W, CW, and W, = ﬂ W, whenever o is a limit

<o
ordinal.

2. There is a neighborhood base {W, : « < A} at 1 such that for
v<a< A W, CW,.

3. If A is a subfamily of T with |A| < A, then (A € T.
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If 7 satisfies the conditions (1), (2), and (3) above, then X is regular.
Proof. See the proof of Lemma 3.1 in [36]. O

Theorem 4.1.11 Suppose that T satisfies the conditions of Lemma 4.1.4
and let T = Ult(r). Then cl(K(T)) is not a left ideal of T.

Proof. See the proof in [36], Theorem 3.2. O

Corollary 4.1.6 ¢/(K(0")) and cl(K(H,)) are not (respectively) left
ideals of 0% and H,.

Proof. This is an immediate consequence of Theorem 4.1.11. O

4.2 Boolean algebras and closed ideals of

BG

In this section, we review how to obtain a closed two-sided ideal of the
Stone-Cech compactification SG of an infinite group G from a Boolean
group ideal on . Recall from Section 2.2 that, if D is a discrete space,
then the Stone-Cech compactification 8D is alternatively defined from
the Stone space of a Boolean algebra P(D). Using this approach, it
was shown in [6] that, if G is Abelian, then G contains 22! distinct
closed two-sided ideals. In [13], this result was extended to any countably
infinite group G.

Definition 4.2.1 A Boolean group ideal is an ideal T on a group G
such that

1. finite subsets of G are members of L;
2. if ACT, then A~' € I; and
3. if A,B €T, then AB € T.

We recall that, given a filter F on a set X, the closure of F is defined by
F={pepX : FCp}

The following theorem establishes a relationship between a filter and a
Boolean group ideal.
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Theorem 4.2.1 Let G be an infinite group, let T be a Boolean group
ideal on G, and let F = {G\ A : A€ TI}. Then F is a closed two-sided
ideal of the semigroup BG.

Proof. The proof can be found in [7]. O

By computing the number of Boolean group ideals, one can deduce the
number of the corresponding closed two-sided ideals.

Corollary 4.2.1 Let G be an infinite Abelian group with |G| = k. There
are 2" distinct closed two-sided ideals in BG.

Proof. The proof was the object of [6] using mainly Theorem 4.2.1
above. O

The following theorem is the countable case of Corollary 4.2.1 dropping
the commutativity from the hypothesis.

Theorem 4.2.2 Let G be a countably infinite group. There are 22° dis-
tinct Boolean group ideals on G. Consequently, there are 22° distinct

closed two-sided ideals of BG.

Proof. It uses the fact that if 7 and G are two distinct filters on G with
respect to Boolean group ideals on G, then F * G. Also the fact that
G contains 22! distinct Boolean group ideals. Then SG contains 92/
distinct closed two-sided ideals of SG. The detailed proof can be found
in [13] and also in [20]. O

4.3 Semiprincipal closed two-sided ideals

of 5S

Our result published in [29] extended the result in Theorem 4.2.2 above
to any infinite semigroup S embeddable into a group by using a different
approach, relatively simple and short. The approach was inspired from
[1] and [19]. We first need to introduce the concept of thin subsets of a

group.

Definition 4.3.1 Let G be a group. A subset A of G with the identity e
15 said to be
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1. left thin if gAN A is finite for every g in G \ {e}.
2. right thin if AgN A is finite for every g in G \ {e}.

3. thin if g1 AN g A is finite for each pair of distinct elements g1, go
in G.

Example 4.3.1 The examples are from [15].

1. The sets {n! : n € N} and {2" : n € N} are infinite thin subsets
of 7.

2. Consider the infinite set Abelian periodic group G = @Zg. Let

A be an infinite subset of G such that for each n, thewset of all
z = (x) € A with xx # 0 for some k < n is finite. Now for each
pair of distinct elements g1, 92 € G, [(g1 + A) N (g2 + A)| needs to
be calculated.

But g1 # g2 if and only if g = g1 — g2 # 04, so it is enough to cal-
culate |AN (g4 A)| if g # 0x. For any g = (x1, 72,23, .. ., Tk,-..)
where the first nonzero component appears in the k-th position, de-
note by Ay the set of all x = (xy) € A with xy, # 0. By assumption,
Ay is a finite subset of A. Put A= A, U As, a disjoint union.

AN(g+A) = (AAUud)n(g+A)

(AiN(g+A)U (A0 (g+ A)

= EAl N(g+ A;; U(A2N (g + (41U A)))
U

AiNn(g+A (AsN(g+ A1) U (AN (g + Ag)).

On the right hand side, the cardinalities of the first and the second
term are finite and the last term is empty. Then |AN (g + A)| is
finite, which tmplies A is a thin subset of GG.

Definition 4.3.2 Let G be a group. A subset A of G with the identity e
15 said to be

1. left k-thin for k € N, if |[gAN A| <k for every g in G\ {e}.
2. right k-thin for k € N, if [AgN A| <k for every g in G\ {e}.

3. k-thin for k € N, if |;1A N g A| < k for each pair of distinct
elements g1, go in G.
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Recall that w-thin sets were used in [1] to prove that every infinite left
amenable group G admits 92! distinct left invariant Banach measures.
Chou in [1] used the following two results that were reformulated in [8].

Lemma 4.3.1 Let G be an infinite group and let A be an w-thin subset of
G such that |A| = |G|. Then p,q € A*, p # q implies (BG)pN(BG)q = 0.

Proof. Let |A] = k, where & is regular, and let |G| = & such that
lgA N Al < w for g # e (e the identity of G). Take x € G. We can
find A, C A such that |A\ A;| < w. We construct G = {ga : a < k}.
For every o < &k, there exist A, C A such that |A\ A,| < x and
{gaAa : a < K} are pairwise disjoint. Let p,q € U(A), A, = P, U Q.,
where P, € p and Q. € q. Since PNQ =0, for P € p and Q € ¢, and if
we take P, = PN A, and Q, = @ N A,, then

(Uee)nfyse)-

a<kK a<kK

And, we have

U 9oPa 2 8Gp and | 9uQa 2 8Gq.

a<kK a<lK
Thus, fGp and SGq are disjoint. O

The following theorem is from [8].

Theorem 4.3.1 Let G be an infinite group. Then the semigroup BG has
221! pairwise disjoint closed left ideals.

Proof. The proof is an immediate consequence of Lemma 4.3.1 above.
!

The following lemma without condition (2) is a well known fact from [1].

Lemma 4.3.2 Let G be a group, B C G, and let |G| = |B| = k > w.
Then there is A C B with |A| = k such that

(1) A is a left 3-thin subset of G
(2) for every g,h € G, {a € A : a# gah € A}| <k
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Proof. Enumerate G as {g, : o < k}. Construct recursively a k-
sequence (aq)a<x in B such that

Ao € B \ (AaszlAa U CaAaCa)7

where

A, ={as : 6<oz}and0oé:{g§El D < al.
The set A = {a, : @ < K} is as required and |A| = k.

To prove (1), assume instead that one has g € G\ {1} and distinct
@, (3, and vy such that {a.,as,a,} C gA. Pick distinct J, p, and v
such that a, = gas, ag = ga,, and a, = ga,. Consider two cases:

(a) max{c, 3,7,0, u, v} € {a, ,7}. Then without lost of gener-
ality, this maximum is «. Also o > §. Since p # v, without
lost of generality we have o > i so that a, = gas = aﬂaljla(g €
ALATYA,, a contradiction.

(b) max{«, 5,7v,6, u, v} ¢ {«, B,7}. Then without lost of gener-
ality that maximum is § and ona has that 6 > «, § > 3, and
§ > p. Thus a5 = ¢ ta, = auaglaa € A(sAglAg, a contradic-
tion.

To prove (2), assume instead that we have some 5 and ¢ such that
H{a € A : a# gsags € A}| = k.

Pick @ > max{f,d} such that a, # gsa.gs € A and pick § such
that ggangs = ay. If v > «, then a, € C,A,C,). If v < «, then
o = gﬂ’la7951 c C,A,C,. In either case we have a contradiction.

O

We list in the following some results from [19] that inspire the approach
of some of our results and their proofs.

Theorem 4.3.2 Let S be a countably infinite discrete semigroup embed-
ded in a countable discrete group G. Let ¢ € K(5S) and let B € q. Let
n € N and let p1,pa,...,pn € S*\ K(BS). Then there exists A C B
with |A| = w such that, for every r € A* and every i,j € {1,2,...,n},
pi & (BG)rp;.

Proof. See the proof of Theorem 6.55 in [19]. O
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Theorem 4.3.3 Let S be a countably infinite discrete semigroup embed-
ded in a countable discrete group G. Let p € S*\ K(5S), let ¢ € K(BS)
and let B € q. Let n € N. There exists A C B with |A| = w such that
whenever ri,ry € A* and r1 # re, one has (BG)rip N (BG)rap = 0.

Proof. See the proof of Theorem 6.56 in [19]. O

Theorem 4.3.4 Let S be a countable discrete semigroup embedded in
a countable discrete group G. Let n € N and let p1,pa,...,pn € S*\
K(BS). Suppose that, in addition, for every distinct i,5 € {1,2,...,n}
pi ¢ Gp;. Let A C S with |A| = w such that, for every r € A* and
i,j € {1,2,...,n}, pi ¢ (BG)rp;. Then, for every r € A* and every
distinet 1,7 € {1,2,...,n}, one has (BG)rp; N (BG)rp; = 0.

Proof. See the proof of Theorem 6.57 in [19]. O

Theorem 4.3.5 Let p € N*\ K(ON). Let A C N with |A| = w such
that, for every r € A*, p & BZ + r + p, and for every ri,ro € A* and
ry # re, (BZ+r1+p)N(BZ +ry+p) = 0. Then, for every r € A*,
N4+7r+pC N +p.

Proof. See the proof of Theorem 6.59 in [19]. O

Corollary 4.3.1 Let p € N*\ K(BN). Then N*+p contains 2*° disjoint
semaprincipal left ideals.

Proof. The proof follows from Theorem 4.3.5 with A C N and |A*| = 2%”
(see Theorem 2.2.21). O

Corollary 4.3.2 Let p € N*\ K(pN). Then N*+p belongs to a decreas-
ing sequence of semiprincipal left ideals of N*, each mazimal subject to
being strictly contained in its predecessor.

Proof. The proof uses Theorem 4.3.3 and Theorem 4.3.5. See the proof
of Corollary 6.61 in [19] for more details. O

Recall that, from Definition 1.1.17 and Theorem 1.1.4(3), the principal
right ideal of a semigroup S generated by x € S is xS U {z}. Then,
by Theorem 1.3.8(1), c¢f(xS) is a two-sided ideal of S. By Definition
1.1.17, if ¢f(xS) contains x, then it is called the principal two-sided ideal
generated by z.
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Definition 4.3.3 Let G be a commutative group and let p € BG. Then
cl(p+ Q) is the principal closed two-sided ideal generated by p.

Theorem 4.3.6 There is a sequence (p,),-, in N* such that (p, + fZ),-,
is a strictly increasing chain of principal right ideals of fZ and (cl(p, + BZ)),,
s a strictly increasing chain of principal closed two-sided ideals of fZ.

Proof. See the proof of Theorem 6.74 in [19]. O

Similarly, we define the notion of a semiprincipal closed two-sided ideal
as the closure of a two-sided ideal of 8S.

Definition 4.3.4 Given a semigroup S and p € 35, let

I(S,p) = cl((BS)p(BS)).

We call I(S,p) the semiprincipal closed two-sided ideal generated
by p.

Theorem 4.3.7 Let S be an infinite discrete semigroup and let p € BS.
Then I(S,p) is a closed two-sided ideal of BS.

Proof. Let S be an infinite discrete semigroup. The extended operation
makes S a compact right topological semigroup with S C A(5S). The
closure inclusion property implies then ¢f(S) C ¢/(A(SS)). We have also
that ¢lzs(S) = BS. Since S is compact, A(SS) C SS implies that
cl(A(BS)) C BS. Thus, cf(A(BS)) = BS. That is, A(3S) is dense in
pS. Let p € 5S. By Lemma 1.1.4, (8S)p(BS) is a two-sided ideal of
$S. Hence, (8S)p(5S) is a right ideal of 3S. Using Theorem 1.3.8, the
closure I(S,p) = cl((BS)p(5S)) is a two-sided ideal of 5S. I(S,p) is
closed as a closure in 85. Il

Note that I(S,p) U {p} is the smallest closed two-sided ideal of S con-
taining p. But the two-sided ideal I(S,p) is not a principal one since it
need not contain p. If it does, then it is the smallest closed two-sided
ideal of S containing p (see Definition 1.1.14 and Theorem 1.1.4).

Theorem 4.3.8 Let G be a group, let B C G, and let |B| = |G| =k >
w. Then there is A C B with |A| = k such that for every p € U(A), one
has 1(G,p) N A = {p}.
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Proof. Let A be a subset of B guaranteed by Lemma 4.3.2. We
claim that for every p € U(A), one has I(G,p) N A = {p}. Since
I(G,p) = cl(Gp(BG)), it suffices to prove that (Gp(SG)) N A = {p}.

We first show that (G*G*) N A = (.

Assume the contrary that gr € A for some ¢,r € G*. Let
Q={recG: ztAecr}.

Then Q € g and @@ 2 x — R, € r such that R, C A. Pick any distinct
zand y in @ and les R = R, N R,. Then R C (z7'A) N (y~"'A). Since
R € r, it follows that (z7*A)N(y~'A) € r. That is infinite, since r € G*.
Consequently, by the fact that G is a group, we also have (zy1A4)N A
is infinite. But this contradicts condition (1) of Lemma 4.3.2.

From (G*G*) N A = () and the fact that G* is a left ideal of G (see
Corollary 3.1.5), we obtain that (Gp(3G)) N A = (GpG) ﬂ_Z. Hence, in
order to finish the proof, it remains to show that (GpG) N A = {p}.

Assume on the contrary that gph = ¢ for some g,h € G and ¢ € A\ {p}.
Then there is P € p such that P C A,gPh C A and P N (gPh) = 0.
It follows that {a € A : a # gah € A} € p. Since p € U(A), this
contradicts condition (2) of Lemma 4.3.2. O

Theorem 4.3.9 Let S be a semigroup embeddable into a group, let B C
S, and let |B| = |S| = & > w. There is A C B with |A| = k such
that whenever p,q € U(A) and p # q, one has I(S,p) \ I(S,q) # 0 and
I(S,q) \ 1(S,p) # 0.

Proof. Let G be a group containing S and let |G| = k. By Theorem
4.3.8, there is A C B with |A| = & such that for every p € U(A), one
has I(G,p) N A = {p}. Now let p,q € U(A) and p # ¢q. We have also
I(G,q) "' A ={q}. Then

I{(G,p) N (GqG) =0 and I(G,q) N (GpG) = 0.

Indeed, if g, h € G and ggh € I(G,p), then q € ¢ ' I(G,p)h! C I(G,p)
. It follows that,

I(S,p) N (SqS) =0 and I(S,q) N (SpS) =0,
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and so
I(S;p)\ 1(S,q) # 0 and I(S,q) \ I(S,p) # 0,
since I(S,p) and I(S, ¢) are nonempty as ideals of 5S. O

Corollary 4.3.3 For every infinite discrete semigroup S embeddable into
a group, BS contains 92/ pairwise incomparable semiprincipal closed ide-
als.

Proof. Since |U(A)| = 22" and for any two distinct elements p and ¢ in
U(A) implies two distinct ideals I(S,p) and I(S, q), then we obtain from

Theorem 4.3.9 that .S contains 22! pairwise incomparable semiprincipal
closed ideals. O
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Chapter 5

Decomposition of U(S) into
closed left ideals of 55

Recall that, given an infinite cancellative discrete semigroup S, U(S) the
set of all uniform ultrafilters is a closed two-sided ideal of £S. In this
chapter, we present the results about the decomposition of U(S) into
closed left ideals of 35S.

In the first section, we review with details two main results of the de-
composition theorems. The first result is from [3] and [19] which shows
that, for every infinite cancellative discrete semigroup S of cardinality &,
U(S) can be decomposed into 22" left ideals of 3S. And the second one
is from [14] and it is a stronger version of the previous one. It shows that
U(S) can be decomposed into 22" closed left ideals of 3S when S is an
infinite weakly cancellative discrete semigroup of cardinality .

In the remaining part of the chapter, we present our result from [30]
about the study of the quotient spaces of U(S) corresponding to the
decompositions into closed left ideals of 55.

5.1 Decomposition Theorems

Definition 5.1.1 (See [19]) Let S be a discrete semigroup with cardi-
nality k. Define a binary relation R on Ug(S) by stating that

pRq if (cl(Sp) U cl(pS)) N (cl(Sq) U cl(gS)) # 0.
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The relation R can be extended to an equivalence relation ~ on U.(S) as
follows: for every p,q € Ug(S),

p ~ q if and only if there exists some n € N with pR"q.

The notation R™ means the composition of R with itself n times. Thus,
given p, q € U,(S), p ~ ¢ if and only if there exist elements x¢, x1, Z, ..., T, €
U, (S) such that p = xg, ¢ = x,, and z;Rx;,; for every i € {0,1,2,... ,n—

1}.

Recall that the equivalence class of an element p € U,(S) is denoted by

[p].

Lemma 5.1.1 Let S be an infinite cancellative discrete semigroup of
cardinality k and let E be a subset of S of cardinality k. Then there exist
an enumeration (a,),_,. of S, an increasing sequence (m(0)),., i K and
a nondecreasing function f : Kk — Kk such that,

1. if 0 is a limit, then m(o) = sups., m(d),
if 0 < w, then Im(o)| < w,
if w <o <k, then [m(o)| = |o|,

for all o < k, m(f(0)) <o <m(f(o)+1), and

Jor all o < K, o) € E.

Further, if T = {(ay,a;) : there exist v < f(7),p < f(v), and z €
S with (i) z = aray or z = aya, and (i) 2 = a,a, or z = aua,}
define B,(y) = {y} and B,(y) = {x € S : 2Ty} for n > 0, then

6. if o < kK, T < m(o),n <w, v <k, and a, € By(a,), then
v < m(o+n).

Proof. See the proof of Lemma 3.1 in [3]. O

Lemma 5.1.2 Let S be an infinite cancellative discrete semigroup of
cardinality k and let E be a subset of S of cardinality x. Let (as),.,,
(m(0))pep, [ 6 — K, T and B,(y) be as in Lemma 5.1.1. Let p,q €

Uk(S) such that p ~ q. Then for each A € g, U B,(z) € p.

TEA
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Proof. See the proof of Lemma 3.2 in [3]. O

Lemma 5.1.3 Let S be an infinite cancellative discrete semigroup of
cardinality k and let E be a subset of S of cardinality . Let (a,)
(m(0)) e [ 16—k, T and B,(y) be as in Lemma 5.1.1.

o<K’

1. Assume k = w and for each n < w, let y, = App24ony. Ift <n <m

then
2n

(a) if a; € U Bi(yr), then I < m(n®+ 2n) and
k=0

n t
(b) (I Be(wa) N (L Be(w) = 0.
k=0 k=0
2. Assume k > w and for each 0 < Kk let Yo = mw.0)- Then for

o<v<K,
(U Buwe)) 0 (U Buln)) = 0.

n<w n<w

Proof. See the proofs of Lemma 3.4 and Lemma 3.3 in [3] respectively.
O

The following theorem is also called The Van Douwen’s Right Ideal The-
orem (see [3]) as a tribute to its author. Unfortunately, he passed away
without providing the proof. The proof was provided by Davenport and
Hindman that we repeat because of its importance to the approaches
used in this chapter.

Theorem 5.1.1 If S s an infinite cancellative discrete semigroup of
cardinality k, then there exists a decomposition T of U.(S) into pairwise
disjoint subsets such that

1. 7] =27,
2. for each I € T, I is nowhere dense in Ug(S).

3. for each I € T, I is a right ideal of S, and
4. for all T €T and allp € 1, cl(Sp) C 1.

Proof.
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To prove (1), choose (a,),.,. , (Mm(0)), ., and (y,),,. all as defined
in Lemma 5.1.1. Suppose x > w and for each o < k, let y, =
Um(w-o)- Consider Z = {[p] : p € U,(S)}. From Theorem 2.2.23,
we have |U,(S)] = 22". Now let Y = {y, : 0 < x}. For any two
distinct elements p and ¢ of Y N U (S), show that [p] # [¢]. Then
using Lemma 5.1.3 to the cases Kk = w and kK > w, Lemma 5.1.2
yields a contradiction.

To prove (2), take any p € U,(S) and show that [p] is nowhere
dense in U(S). Consider the contrary, that is, the closure of [p]
has nonempty interior in Ug(S), and taking E a subset of S of
cardinality x with £ N U,(S) a subset of the closure of [p]. Choose
(a46)yers (M(0)), s f o6 — K, T and By,(y) as in Lemma 5.1.1.
Then using Lemma 5.1.3 to the cases K = w and Kk > w, Lemma
5.1.2 yields a contradiction.

To prove (3) , take p € U,(S) and show that [p] is a right ideal of
pS. That is, let ¢ € [p| and r € BS and show that ¢r € [p]. But
first, one needs to make sure that ¢r is a uniform ultrafilter on .5,
that is, ¢r € U,(S). In fact, let A € ¢r. It implies, by definition,
{r €S : Az7' € q} € r. Choose z € S with Az=! € ¢. Thus,
|Az~!| = k, since ¢ is a uniform ultrafilter on S. Then, since S is
right cancellative, p, takes Ax~! one-to-one into A. That is, |A| =
k. So, we have indeed gr € Uc(S). Now ¢ € [p] and r € 58S imply
gr € ¢fS and (qr)r € (gr)BS. We have then grr € ¢85S N (qr)psS.
Thus, ¢85S N (qr)3S # 0. So, (gr)Rgq. That is, ¢r ~ ¢q. Hence,
qr € [p].

To prove (4), let p € U,(S). For each ¢ € [p], let r € ¢{(Sq). Then
let v € c¢f(Sr) and let A € v. Take x € S such that ar € A.
Since )\, is continuous, there exist B € r such that 2B C A. Since
r € c(Sq), we can find y € S such that yg € B. So xyq € A.
Since x, y are taken in S, we have A NS¢ # (. This implies
cl(St)Nel(Sq) # 0. Thus, r ~ q. Hence r ~ p since ¢ € [p]. This
concludes that indeed r € [p].

OJ

Lemma 5.1.4 Let S be a discrete infinite weakly left cancellative semi-
group with cardinality k and let T be a subset of S of cardinality k. Then
there exists a function f : S — k such that
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1.

fIT] =k,

2. for every A < k, fY[\] is finite if X is finite and |f ]| < [N if

A s infinite, and

3. for every s,s" € S, if f(s)+1< f(s'), then

f(ss) e {f(s") =1, f(s), f(s) +1}

if f(s') is not a limit ordinal then

f(ss') € {f(), f(s') + 1}

otherwise.

Proof. See the proof of Lemma 6.47 in [19] for more details. Rearrange

S as a k-sequence (Sq)

< Then construct an increasing k-sequence

(Ea) <y of subsets of S that satisfies the following conditions for v < &:

1.

2.

d.
6.

sy € Iy

Tn|JE. CTNE,;

a<y

. if @ <7, then E,E, C E.;

ify=a+1,s€ E,, and ss' € E,, then s’ € E.;

if v < w, then |E,| < w; and

if ¥ > w, then |E,| < 7.

Choose any t € T and put Ey = {s¢,t}. Then assume that 0 < v < &
and that F, has been defined for every a < 7.

Let U = U, Ea and notice that |U| < w if v <w and that [U]| < || if
v > w. If v is a limit ordinal, let V =0. If v = a + 1, let

V=EE,U{t€S : E;tNE,#0}

and note that, since S is weakly left cancellative, |V| < w if v < w and
V| <|vy|if vy >w. Pickt €e T\U and let E, = UUV U{s,,t}. One can
verify that the induction hypotheses are satisfied.
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Now define f : S — &k by putting f(s) = min{a < k : s € E,}.

For every 8 < r there exists t € T'N Ep \ U5 Fa. Since f(t) = B, it
follows that f[T] = k. For every A < , f7}A] € E\. So f7'[}] is finite
if A is finite and |f~'[A]] < |A| if A is infinite.

Finally, suppose that f(s) = a, f(s') = fand a+1 < . Let v = f(s5).
Then ss' € Esiq, since s,5" € Eg, and so v < §+ 1. We show that
741 > . Suppose instead that v+ 1 < § and let g = max{«,vy}. Then
s,ss' € B, and so s’ € E,4;. Thus f < p+1 < f3, a contradiction. [

Lemma 5.1.5 Let S be a discrete infinite weakly left cancellative semi-
group with cardinality k and let T' be a given subset of S with cardinal-
ity k. Let f be the function guaranteed by Lemma 5.1.4 above and let
f:BS = Bk be its extension.

1. If Kk = w, we put A={2™ : m € N}.

2. If k > w, we put A equal to the set of limit ordinals in k.

If B and C are disjoint subsets of A with cardinality x and if B € f(»)
and C' € f(q) for some p,q € Uy (S), then p » q.

Proof. See the proof of Lemma 6.49 in [19] for more details.

1. Suppose first that £ = w and that A = {2™ : m € N}. We show by
induction that, for every n € N, every z,y € S* and every X C N,
if X € f(x) and zR"y, then | J7* ., (i+ X) € f(y).

i=—2n

Suppose first that n = 1. If 2Ry then ux = vy for some u,v € 5S.
Let

U={ss :s,seS f(s)+1<f(s), and f(s') € X}.

Then U € ux, by Corollary 3.4.1, and f[U] C (X —1)UXU(X +1)
by Lemma 5.1.4(3). So (X —1)UX U (X +1) € f(uzx). Sim-
ilarly, if Y € f(y), then (Y — 1) UY U (Y +1) € f(vy). So
YNUL LG+ X) #0. Thus U2 (i + X) € f(y).

Now assume that the claim holds for n € N and we verify for n+1.
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Suppose that zR"*'y. Then zR"z and zRy for some z € S*. Let
Z =J" , (i+ X). By the inductive assumption, Z € f(z). By

1=—2n
the step n = 1, U__,(i + Z) = U250 1) (i + X) € F(y). So the
proof by induction is completed.

Now observe that, for every n € N, BN ((J"_,, (i + C)) is finite

i=—2n

and so | J7" . (i+ C) ¢ f(p). Thus one cannot have pR"q.

i=—2n

2. Now suppose that x > w and that A is the set of limit ordinals
in k. Let B ={A+n : A€ Bandn € w}. We show that, if
z,y € Ug(S), B' € f(z), and xR"y, then B' € f(y).

Suppose first that xRy. Then ux = vy for some u,v € 5S. Now, if
U={ss' :s55s€eS f(s)+1< f(s), and f(s') € B'},

then U € ux (see Corollary 3.4.1). By Lemma 5.1.4(3), f[U] C B'.
So B' € f(uzx). Similarly, if k \ B" € f(y), then x \ B’ € f(vy).

This contradicts the assumption that ux = vy and B’ € f(y).

It follows immediately, by induction, that xR"y implies that B’ €
f).

Since B' € f(p) and B' ¢ f(q), it follows that p ~ g.

OJ

Except for its weaker hypotheses as reformulated in [19], the following
theorem is a special case of Van Douwen’s Right Ideal Theorem.

Theorem 5.1.2 Let S be a discrete infinite weakly left cancellative semi-
group with cardinality k. Then there exits a decomposition T of U(S)
with the following properties:

1. FEach I € T is a left ideal of 5S.
2. Each I € T is nowhere dense in U, (S).

3. 7| = 22"
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Proof. The detail of the proof can be found in the proof of Theorem
6.53, [19]. Let Z = {[p] : p € U.(5)}.

To prove (1), take p € U,(S) and r € 5S. We have pRrp, by the
fact that U,(S) is a left ideal of 8S. That is rp € [p]. Thus [p] is a
left ideal of 5.

To prove (2), suppose the contrary. That is there is some subset T
of S of the same cardinality x such that U, (T) C cl({q € Ux(5) :
g ~ p}). Take f as guaranteed by Lemma 5.1.4. If K = w, put A =
{2™ : m € N}. If kK > w, put A equal to the set of limit ordinals
in k. Let B and C' be two disjoint subsets of A of cardinality
for both cases. Using Lemma 5.1.5, cl({q € U.(S) : ¢ ~ p}) is
disjoint from cf(f~'[B]) N U,(S) or from cf(f~'[C]) N U.(S). So
either cl(f Y B))NU.(T) or cf(f![B])NU,(T) is a nonempty subset
of U, (T) disjoint from {q € S* : g ~ p}. Thus a contradiction.

To prove (3), take f as in Lemma 5.1.4, with T = S, and its
continuous extension f : 8S — k. Since f is surjective, f is also
surjective. Furthermore, f'[U.(k)] C Ux(S). If k = w, put A =
{2™ : m € N}. If k > w, put A equal to the set of limit ordinals in
k. For each u € U,(A), since [ is also surjective, choose p, € U (S)
such that f(p,) = u. Ifu and v are distinct elements of U, (A), there
is then two disjoint subsets B and C' of A such that B € u and
C € v. Thus B € f(p,) and C € f(p,). It follows from Lemma
5.1.5 that [p,) # [p,]. Now |A| = k implies |U(4)] = 22", by
Theorem 2.2.23. Thus |Z| = 2*".

O

The decomposition theorem above has been strengthened in [14] using
slowly oscillating functions.

Definition 5.1.2 Let S be an infinite cancellative discrete semigroup of
cardinality k. Let f be a bounded left uniformly continuous real-valued
function on S. The function [ is said slowly oscillating if, for every
€ > 0 and for every compact set F' in S, there exists a subset A of S with
|A| < K such that

|f(st) — f(t)] <€ and |f(ts) — f(t)| < € whenever s € F and t € S\ A.
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We repeat hereafter (without any change) the main lemma and its proof
from [14] for the sake of comparison between the approaches used in this
chapter.

Lemma 5.1.6 Suppose that S is a discrete weakly cancellative semigroup
of cardinality k and let X be a subset of S of cardinality k. There exists a
subset T of X of cardinality k such that the points in T can be separated
by slowly oscillating functions.

Proof. The details of the proof can be found in [14]. Suppose first that
k = w. Since S is weakly cancellative, there is a cover (K,) >, of S
consisting of finite sets satisfying

K,UK:UK,'K,UK,K,' C K,
for every positive integer n. It follows that, for example,
K o € 5y g Koty € oo
For convenience, put K, = () for very n = 0, —1, —2, ... and notice that
KoKy C Ky, K"Ky € Ky, and K, K, ' C Ky

for every integers n and m. There exits a subset T' = (,,)>~ | of X such
that
K,t, K, N K,t,K,, =0 whenever n # m.

Indeed, suppose that we have chosen the points t1,%s,...,%,-1. Then

Ut K Kot Ko K, is finite because S is weakly cancelative, so we

can pick ¢, from X \ (", K, 'Kt KK ). For every n > 2, define

m=1
( 1 on KltnKb
1-— ﬁ on (KQtan) \ (KltnKl),
f B 1— % on (than) \ (than),
% on (anltnanl) \ (Kn72tnKn72)7
0 off Kn—ltnKn—L

Let f = >_,c; fn, where I is any subset of {2,3,...}. The function f is
bounded, so it has a continuous extension to 85. The function of the
same form as f separate points in T because

1 ifnel,

f@J:{o itngl
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for every n > 2.

To complete the countable case, it remains to show that f is slowly
oscillating. Let 0 < ¢ < 1 and let F' be a finite subset of S. Then
F C K, for some m. Choose a positive integer | such that m/l < € and

put
!

U KUK KG) U (Kt KG) U (Kt KK L.

Then A is ﬁnlte. Fix sin ' C K,, and ¢t in S\ A.

If f(st) # 0, then st € K,_1t,K,_; for some n. Thereforet € K 'K, 1t,K,_,
and the choice of A implies that n > [ > m. Therefore K 'K, ; C K,

and t € Kpt,K,. If f(t) # 0, then ¢t and st are in K,t,K, for some

n > [. The remaining case is trivial so we can assume that both ¢ and st

are in K,t, K, for some n > [.

There is a unique & in {0,1,...,n — 1} such that ¢ € Ky 1t Kpi1 \
Kit,Ky. Then st € K ypi1tn Kii1 \ Kiomtn Kg, and so

m+k k—m
— < )y <1l— ——.
n—1 < flst) < n—1
Since f(t) =1—k/(n — 1), it follows that
m m

< flst) = f(t) <

n—17="

n—1

Thus |f(st) — f(t)] < m/l < e. The other requirement for slow oscilla-
tion is confirmed similarly.

Now suppose that £ > w. Construct a cover (Sq),., of S such that

52 C Sy, 8,18, C Say SaSyt C Sa,

|Sal < max {w, |o|} and | J S C S,
<o

for every o < k. Let (Sq),., be an enumeration of S. For each o < &,
define S, as follows. Put Y} = (55)5<a> and for every n = 1,2,... put

Yo=Y, UY2UY Y, uY,Y, '
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Finally, put S, = U22,Y,. The required properties of {S, }a<x are easily
confirmed. The application of transfinite induction gives a subset T =
{ta}a<r of X such that

SataSa N SstsSs = 0 whenever a # f.

For each o < k, let f, be the characteristic function of S,t,S,. It suffices
to show that for each subset I of x the function f = > ., fs is slowly
oscillating.

Let FF C S be finite, and let a < k be such that F* C S,. Put

A= J(8718,t,5,) U (Syty8,) U (S4t,5,551),

Y<K

and note that |A| < max{w,|a|} < k. Let s € Fandt € S\ A If
f(st) =1, then t € S 'SstsSs for some [ in I. By the choice of A, we
have § > «, and so t € SgtpSs. Therefore also f(t) = 1. On the other
hand, if f(¢) = 1, then f(st) = 1. A similar argument prove also the
second requirement for slow oscillation. 0

We recall from [16] the following definition.

Definition 5.1.3 An equivalence relation R on a topological space X is
said to be closed if the canonical mapping of X onto X/R is closed.

Then we give the following proposition taken from [16] without proof.

Theorem 5.1.3 Let X, Y two topological spaces, let f: X — Y be a
continuous mapping, let R be the equivalence relation f(x) = f(y) on X,

and let X % X/R A f(X) XY be the canonical decomposition of f.
Then the following three statements are equivalent:

1. f s a closed map.
2. The mappings p, h, © are closed.

3. The equivalence relation R is closed, h is a homeomorphism, and
f(X) is also a closed subset of Y.

Proof. See the proof in [16]. O
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Definition 5.1.4 A set A is said to be saturated with respect to R if
and only if it is the union of a set of equivalence classes with respect to R;

or equivalently, if for every x € A the equivalence class of x is contained
in A.

The closed subsets of X/R are thus the canonical images of the subsets
B of X which are saturated with respect to R.

The following theorem provides a stronger result with respect to Theorem
5.1.2. The proof uses Lemma 5.1.6 above and some techniques from
Functional Analysis. The rest of the proof proceeds as in the proof of
Theorem 5.1.2 by usind the partitions obtained from the slowly oscillating
functions on S.

Theorem 5.1.4 Let S be a discrete weakly cancellative semigroup of
cardinality k > w. There is a decomposition T of Ui(S) into a pairwise
disjoint sets such that:

1. each member of T is a closed left ideal in B.S,
if I € Z and x € I, then cf(zS) C I,

each member of T has an empty interior in U(S),

7] = 22",

Proof. The detail of the proof can be found in [14]. Let S be a discrete
weakly cancellative semigroup of cardinality x > w. Define an equiva-
lence relation on U, (S) such that the family 7 of the equivalence classes
satisfies the above properties.

For every z and y in U, (S5), define a binary relation

xz ~yif f(x) = f(y) for every slowly oscillating function f on S.

One can prove that ~ is a closed equivalence relation on U, (S), then each
equivalence class is closed. For every x € U(S), [z] is the equivelence
class containing z. If y € U (S5), then

f(sy) = f(y) and f(ys) = f(y)
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for every slowly oscillating function f and every s € S. Therefore
Sy C [z] and yS C [a]

whenver y € [z]. Since [z] is closed, so the property (2) is immediate.
Since the right traslation by y is continuous and [z] closed, (8S)y C [z].

It remains to show that there are exactly 22" equivalence classes. This
statement follows from Lemma 5.1.5 above. Applying this lemma, it
follows that distinct points in T N U.(S) are in a distinct equivalence
classes. The points in T N U,(S) correspond to uniform ultrafilters on
the set T', so there is at least 22" distinct equivalence classes (see Theorem
2.2.23). That 2%" is the exact number of the equivalence classes can be
seen by the following argument. O

Now, we introduce an alternative approach and equivalent to the previous
one using the following concept from [37].

Definition 5.1.5 A mapping f : T — X of a semigroup T into a set X
is a right zero homomorphism if f(pq) = f(q) for all p,q € T.

The following two lemmas provide a framework to study the quotient
spaces of U(S) obtained from the decompositions into closed left ideals

of BS.

Lemma 5.1.7 If S is a cancellative semigroup, X a compact Hausdorff
space, and 7 : U(S) — X a continuous surjective right zero homomor-
phism, then

1. {7 Yz) : = € X} is a decomposition of U(S) into closed left ideals
of BS, and

2. the corresponding quotient space of U(S) is canonically homeomor-
phic to X.

Proof. Let z € X, ¢ € 77 '(z) and y € 8S. Suppose the contrary that
yq ¢ 7 1(z). Then 7(yq) # z. Since 7 is a continuous surjective right
zero homomorphism, obtain 7(q) # x. This implies ¢ ¢ 7 1(¢), which is
a contradiction. Thus, each member of {7 '(z) : z € X} is a left ideal
of BS. O
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Lemma 5.1.8 Let S be a cancellative semigroup. If T is a decomposition
of U(S) into the left ideals of U(S), then every member of T is also a left
ideal of BS.

Proof. Assume the contrary. Then there are distinct I,J € Z, p € 1
and ¢ € S such that gp € J. From this we obtain that p(¢p) € J (since
J is a left ideal of U(S)) and (pg)p € I (since I is a left ideal of U(S)),
since pgp € U(S), a contradiction. O

5.2 Uncountable case and reduction to N*

Lemma 5.2.1 Let S be a cancellative semigroup and let A be an infinite
subset of S. Then there is a subsemigroup Q) of S such that A C (@,

QI =14, Q7'Q CQ, and QQ™' C Q.

Proof. Define inductively a sequence (A;)n<, of subsets of S with
Ag= A by
App1 = Ay UAZUATA, U AAT

Q=] 4.
n<w
Indeed, we have ) # @Q C S since ) # A = Ay C @ and each A, is a
subset of S. Thus @ C S as an arbitrary union of A,. The set @ is
closed under the product of S and the proof is completed by the way @)
is constructed above. 0

and let

Lemma 5.2.2 Let S be a cancellative semigroup of cardinality k > w.
Then there is a surjective function f : S — Kk such that

1. for every a < &, |f~H(a)| < K, and

2. whenever z,y € S and f(x) < f(y), one has f(zy) = f(yz) = f(y).

Proof. Using Lemma 5.2.1, construct inductively a x-sequence (Sq)a<x
of subsemigroups of S such that

1. for every a < k, |Ss| < K,
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2. for every o < k, S; 1S, C S, and 5,5, C S,
3. for every oo < K, Sy C Sat1,
4. for every limit ordinal a < k, So = s, s, and

5. Uyey Sa = S.

Note that S is a disjoint union of nonempty sets S, \ Sa, where o < &,
and Sy. Define f: S — k by

{a if x € Saq1\ Sa

Clearly, f is surjective since So11 \ So C Sat1, Say1 € S and Sy C 9,
and then satisfies (1) since f~!() C Say1 and |Syu1| < .

To check (2), let z,y € S and f(z) < f(y). Thenz € Sgandy € Sp1\Sa
for some f < a < k. It follows from (2), (3) and the fact each S,
is a semigroup that both zy and yx also belong to S,41 \ Sa. Hence,

f(zy) = f(yz) = f(y) by definition of f. O

Theorem 5.2.1 Let S be a cancellative semigroup of cardinality k > w.
Then there is a continuous surjective right zero homomorphism
Y U(S) = U(k) such that for every x € U(k),

1. I, :== ¢~ Y(x) is nowhere dense in U(S), and
2. 1,-S Cl,.

Proof. Let f: 5 — & be a function guaranteed by Lemma 5.2.2 and let
f +BS — Pr be the continuous extension of f. Then

L f(U(8)) = U(k) and f1(U(k)) = U(S),
2. f(gp) = f(p) for all p € U(S) and q € 35S,
3. f(pr) = f(p) for all p € U(S) and x € S, and

4. for every u € U(k), f~'(u) is nowhere dense in U(S).
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Indeed, (1) follows from surjectivity of f and condition (1) of Lemma
5.2.2.

To see (2), let A € p. For every x € S, let A, = A\{y € S :
fly) < f(xz)}. Then A, € p and by condition (2) of Lemma 5.2.2,
flzy) = f(y) € f(A) for all y € A,. Consequently, B = UxES TA; € qp

and f(B) C f(A). Hence, f(qp) = f(p). The check of (3) is similar.

Finally, to see (4), let A C S and suppose that U(A) N f~1(u) # 0.
Then £ = f(A) € u. Pick D C FE such that |D| = x and D ¢ u,
and let B = f"'NA. Then B C A, U(B) # 0, but f(B) ¢ u, and so
U(B)N fY(u) = 0. Hence, f*(u) is nowhere dense in U(S).

Now define ¢ : U(S) — U(k) by v = ﬁU(S). It then follows from the
conditions (1)-(4) above that ¢ is as required. O

Corollary 5.2.1 Let S be a cancellative semigroup. The decomposition
T of U(S) is such that, for every I € T,

1. I is nowhere dense in U(S), and
2.1-SC1I.

Proof. The proof uses Lemma 5.2.1 and Theorem 5.2.1. 0

Lemma 5.2.3 Let S be a countably infinite cancellative semigroup. Then
there is a surjective finite-to-one function f : S — N such that whenever
z,y €S and f(x)+ 1< f(y), one has

flxy), flyx) € {f(y) — 1, f(), fly) + 1}

Proof. Construct inductively a strictly increasing sequence (Ay)i<p<w
of finite subsets of S such that S = J,, ., An, and for every n € N,

1. A2 C A,41, and
9. A1A, C Apey and A, AL C Ay,
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Define f : S — N by

() = n+1 ifzed, 1\ A,
11 if x € A,

Clearly, f is surjective and finite-to-one. Let z,y € S and f(x)+1 < f(y).
Then f(z) < n and f(y) = n+ 2 for some n € N, so z € A, and
€ Apya\Apyr. But then by (1), zy, yx € A, 43, and by (2), 2y, yx ¢ A,.
Indeed, to see that xy ¢ A,, assume the contrary. Then

yex A, C A'A, C A, a contradiction. Hence,

flazy), flyz) e {n+1,n+2,n+3t ={f(y) — 1, f(y), fly) + 1}
O

Proposition 5.2.1 Let S be a countably infinite cancellative semigroup.
Then there is a continuous surjective mapping v : S* — N* such that
whenever m : N* — X is a continuous right zero homomorphism, so is
mo:S*— X. Furthermore, for every r € X,

1. if Jp := 7~ (x) is nowhere dense in N*, I, := ¢~ (J,) is nowhere
dense 1n S*, and

2. 1,-SCI,.

Proof. Let f: S5 — N be a function guaranteed by Lemma 5.2.3 and
let f: 58S — BN be the continuous extension of f. Then

1. f(S*) = N* and f~}(N*) = §*,

2. flgp) € {F(p) =1, F(p), F(p) + 1} for all p € S* and ¢ € S,

3. fpz) € {fp) — 1, f(p), f(p) + 1} for all p € S* and x € S, and
4.

for every nowhere dense Z C N*, f~1(Z) is nowhere dense in S*.

The check of the conditions (1)-(4) above is similar to that of Theorem
5.2.1.

Now define ¢ : S* — N* by ¢ = ﬁs* and let 7 : N* — X be a continuous
right zero homomorphism. Then every p,q € S*,
v(gp) € {¢¥(p) — 1,¥(p), ¥(p) + 1},

and consequently, 7(1)(gp)) = 7(¢(p)). Hence, m(¢(pz)) = 7(¥(p)) for
every p € S* and = € S, which shows the property (2). And the property

(1) follows from the condition (4) above. O
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5.3 Continuous right zero homomorphisms
of N~

Proposition 5.3.1 If 7 : N* — X s a continuous surjective right zero
homomorphism, then X s connected.

Proof. Assume on the contrary that X can be partitioned into two
nonempty clopen sets Uy and U;. Then {n~'(U;) : 7 < 2} is a partition
of N* into nonempty clopen sets. It follows that there is a partition
{A; : i < 2} of N such that A} = 7~ '(U;) for each i < 2. Since
both Aj and Aj are left ideals of SN, we obtain that for each i < 2
and every x € N, {y € A; : z +y ¢ A,;} is finite. In particular, the
set F'={y € Ay : 1+y ¢ Ay} is finite. Let n = min(A4 \ F).
Then n+1 € Ag, n+ 2 € Ay, and so on. Hence 4; C {1,2,...,n}, a
contradiction. OJ

In the following definition, we reformulate Definition 5.1.2.

Definition 5.3.1 Let X = (X, d) be a compact metric space. A function
f N —= X is slowly oscillating if for every u € N and for every e > 0,
|f(v+u)— f(v)] <e for all but finitely many v € N.

The following proposition establishes sort of relationship between the
slowly oscillating functions and the continuous right zero homomorphisms.

Proposition 5.3.2 Let X = (X, d) be a compact metric space. If f :
N — X s slowly oscillating function and f : PN — X the continuous

extension of f, then m = f .. + N* — X s a continuous right zero
homomorphism.
Proof. The proof uses Definition 5.1.5 and Definition 5.3.1. 0

Lemma 5.3.1 Let X = (X,d) be a compact metric space. Then X is
connected if and only if for every x,y € X and for every ¢ > 0, there
erist n € N and xo,x1,...,0, € X with xg = x and x, = y such that
d(z;, 241) < € for each i < n.

Proof. This is Exercise 6.1.D in [27]. O
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Lemma 5.3.2 Let (a,),., be an increasing sequence in N such that

lim (ap+1 — ap,) = 00
n—oo

and let A ={a, : n € N}. Let X be a connected compact metric space
and let xy,x1 be any distinct points of X. Then for any partition of A
into two subsets Ag, Ay, there is a slowly oscillating function f: N — X
such that

1. f(N) is dense in X and f~(x) is infinite for every x € f(N), and
2. f(A;) = {x;} for each i < 2.

Proof. Using Lemma 5.3.1, for every m € N, construct a finite sequence
Im

($m,j)j:o in X with z,,0 = xo and z,,;,, = x; satisfying the following
contitions:

L. d(zpmj, Tmjs1) < % for each j < I,

2. X ={zm; 1 j <lp}isan %—net in X, that is, for every z € X,
there is j < I, such that d(z,z,;) < +, and

3. X1 € X, (for m > 1).

Choose an increasing sequence (7,,),,.,, in N such that for every m < w
and for every i € [Ny, Nmi1), @i — a;1 > 2l,. For every such i, put
p(i) = m. Then the intervals [a; — l,z), a; + lus)], where ng < i < w, are
pairwise disjoint.

Now define f : N — X as follows. For every i« > ng such that a; € Ag
and for every j < l,q), put f(a; £j) = x,0),,. For every ¢ < ng such that
a; € Ao, put f(a;) = zo. For all others @ € N, put f(a) = ;.

Thus the function f : N — X so defined is as required. U

Theorem 5.3.1 Let (a,),-, be an increasing sequence in N such that
lim (ap1 — an) = 00
n—00

and let A ={a, : n € N}. Let X be a connected compact metric space
and let xy,x1 be any distinct points of X. Then for any partition of A
into two infinite subsets Ay, A1, there is a continuously surjective right
zero homomorphism 7 : N* — X such that w(Af) = {z;} for each i < 2.
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Proof. Let f : N — X be a slowly oscillating function guaranteed by
Lemma 5.3.2, let f : BN — X be the continuous extension of f, and let
T = ﬁN*. Then 7 : N* — X is a continuous right zero homomorphism,
7 is surjective by the property (1) of Lemma 5.3.2, and 7(A}) = {x;} by
the property (2) of Lemma 5.3.2. O

Corollary 5.3.1 Let S be a countably infinite cancellative semigroup.
Then there exist a connected compact Hausdorff space X of cardinality
22 and a continuous surjective right zero homomorphism ¢ : S* — X
such that for every x € X,

1. I, :== ¢ (z) is nowhere dense in S*, and

2. 1,-SCI,.

Proof. By Proposition 5.2.1, it suffices to show that there exist a con-
nected compact Hausdorff space X of cardinality 22 and a continuous
surjective right zero homomorphism 7 : N* — X such that for every
r € X, 7 !(z) is nowhere dense in N*.

Let {m, : a € A} be the family of all continuous surjective right zero
homomorphisms of N* onto the unit interval [0,1]. Define

m:N"— H[O, 1a
acA
by m(p) = (7a(p))aca and let X = 7(N*), so 7 : N* — X is a continu-
ous surjective right zero homomorphism. Clearly, X is compact, and by
Proposition 5.3.1, X is connected.

Now every infinite subset of N contains an infinite subset A = {a, :
n € N} such that lim (a,41 — a,) = oo, and by Theorem 5.3.1, for any
n—od
partition of A into two infinite subsets Ag, A;, there is a € A such that
To(AF) = {i} for each i = 0,1. It follows that 7 separates points of A*
and for every z € X, |7 1(z) N A*] < 1, so # !(x) is nowhere dense in
N*. O
To complete this section, we include the following recent results from [37]
and [39]. If G is an infinite discrete group, then for every p € U(G) the
set I, C SG defined by

L= () c(G(U(A)),

Ac€p
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where U(A) = {p € U(G) : A € p}, is a closed left ideal of SG contained
in U(G). Moreover, if |G| is a regular cardinal, then

IT:={I, :peU(G)}

is the finest decomposition of U(G) of SG such that the corresponding
quotient space of U(G) is Hausdorff. We have the following decomposi-
tion theorem.

Theorem 5.3.2 ([37]) If G is an infinite discrete group of cardinality
K > w, then there exists a decomposition T of U(G) into a closed left
ideals of BG satisfying the following properties:

1. the corresponding quotient space of U(G) is homeomorphic to U(k),
2. foreveryl € Z, 1G C 1, and
3. for every I € Z, I is nowhere dense in U(G).

Proof. See the proof of Theorem 9.16 in [37]. O

As a consequence, the cardinality of Z is 22" and A(BG) = G. See [37]
for more details.
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Conclusion

Given an infinite discrete semigroup S, the set 55 of ultrafilters on S is
the Stone-Cech compactification of S. The operation of S extended to
BS makes £S5 a compact right topological semigroup with S contained
in the topological center of §S. The set U(S) of uniform ultrafilters on

S is a two-sided ideal of 3S.
In this thesis, we showed the following main results:

1. If S is embeddable in a group, then S contains 22! pairwise in-
comparable closed two-sided ideals. In particular, for every infinite
group G, G contains 22 ¢losed two-sided ideals.

2. If S is an infinite cancellative semigroup of cardinality &, then

(a) If K > w, then there is a closed left ideal decomposition of U(.S)

such that the corresponding quotient space is homeomorphic
to U(k).

(b) If kK = w, then there is a closed left ideal decomposition of
U(S) with the quotient space homeomorphic to any connected
compact metric space.

The first result extends significantly the results from [6] and [13] and
the second result complements the well known results from [7], [14], and
[39]. These two results also add more to the knowledge of algebraic
properties of £S5 and, as a consequence, they might have implications for
the study of the asymptotic behavior of topological dynamics and other
applications.
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