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Abstract

This research report explored the strategies which gratadfers employ to solve
geometric problems. The purpose of this research wasrn@gainderstanding of
how grade 12 learners begin to solve geometric problemsvingadyclic

guadrilateral and tangent theorems. A case study meth®dsea as the main
research method. The study employed the van Hielédenfeyeometric thought as a
method for categorising learners levels of understandiata Bbout the strategies
which learners recruit to solve geometric problems gatbered using learner-based

tasks, semi-structured interviews and document analysis.

From the data gathered, the following patterns emergeatelsaincorrect use of
theorems to solve geometrical problems; learners basedbponses on the visual
appearance of the diagram; learners “force “ a solwtio@n one is not available;

learners’ views of proof. Each of these aspects is discus

The report concludes that learners strategies to solvimyefeic problems are based
largely on the manner in which educators approach the sa¥mgpgometrical

problems.
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Chapter 1: Introduction

1.1 General Introduction

This study is an investigation into grade 12 learners’ undetstg of Euclidean
Geometry at one school in Gauteng, South Africa. Is thiapter, | will discuss the
problem to be investigated, the purpose of the study, tkeameh questions
investigated, and the site of the study. An outline ofrdsearch methods and data

analysis is also included.

This study investigated an understanding of Euclidean Gepmeth specific
reference to cyclic quadrilaterals and tangent theorefna group of grade 12
learners’ at an independent school. The order of s®udgsions outlined is to provide
a logical argument on the relevance and importancénisfstudy for mathematics
teachers teaching Euclidean geometry at grades 10 — 12 levels.

1.2 The problem to be investigated

When compared with other school mathematics conteatsathe topics covered in
Euclidean Geometry have remained constant. An anabfsithe Interim Core
Syllabus (Department of Education (DoE), 2003) is testimtmythis. Learners’
especially, grade 12’'s, performance in school geometryalsasbeen reported to be
inadequate. Examiners Reports (House of Delegates (HoDje@aDepartment of
Education (GDE) 1995, 2001, 2002, 2003) as well as the Mathematiesc& and
Technology (MST) Report (2003), all comment on learnersr gmaosformance in
Euclidean Geometry, indicating the following as soméhefaspects that are typical
of the way that learners respond to exam questionacidean Geometry:

When proving theorems, learners omit necessary constigdiiom their diagrams
and statements are not written in a logical sequebearners often base their
responses to a question on the visual appearance of a djagnam, resulting in
learners making assumptions not directly related taithen diagram. When asked to
calculate the magnitude (size) of angles, learnershadissign specific values to the
measures of angles. The concepts of similarity andjroemcy are often confused
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with one another. Learners have difficulty in ideyitif the exterior angles of
triangles or cyclic quadrilaterals, when they do appeadiagrams. A common
problem is the identification of the angle betweentdngent and chord and the angle

in the alternate segment. The figure below illustrétestypical problem.

In the example, on the right, KT is a
tangent to the circle at T.The chord
NM is produced to meet the tangent
KT at K.Y is a point on the chord NM
The proof below highlights a learner’

response:

0 0 0
N=T1+T:2
0 0

T. = Yl

0 0
Ta=Y2

(Transvaal Education Department
(TED), 1994:7)

Figure 1: Typical geometry problem involving tangent-chbebtem and a learner’s response to such
a problem.

O
In the above proof, the learner incorrectly identiffes as the angle in the alternate

0
segment in relation b: .

Learners’ poor performance in Geometry is not only gohito South Africa. The
scope of most writings on Euclidean Geometry focusethe twin aspects of learners
“poor performance of students and an outdated curriculumsklins 1987: 17). In an
attempt to provide an explanation for learner’s poorgearnce in geometry, Usiskin
(1987), cites Allendoefer (1969) who writes:

“The mathematical curriculum in our elementary armbadary school faces a

serious dilemma when it comes to gegmétis easy to find fault with the

traditional course in geometry, but sound adwichow to remedy these

difficulties are hard to come by ....... Curraculeform groups at home and

abroad have tackled the problem, but vimipudar lack of success or agreement

We are, therefore under pressufddasomething” about geometry; but

what shall we doftJsiskin; 1987 : 17).

To echo Allendoefer (1969), the question to ask“What shall we do” to

improve learners’ performance in Euclidean Geometry?

-11 -



Why have | decided to focus on Geometry? Some of my mease cited below:

* Through school visits as a Subject Advisor for Mathematic$wo different
areas of Gauteng province, | have observed that both priamal secondary
school educators tend to delay the teaching of Geomeay late as possible
in the school year.

“Teaching geometry is very often lefthe last term of the year where a few lessons are

taught because this is what is being assessBeéhlington, 2004 : 192

* The poor performance of grade 12 learners’ in geometrgmpared to other

aspects (sections) of mathematics.

* The present Interim Core Syllabus (GDE, 1995), whialsed in grades 10 —
12, does little to advance the improved teaching of GegmEettucators are
provided with a syllabus, which is prescriptive in naturéjctv enumerates
the theorems and their converses that need to be dowveaeparticular grade.
The document lacks instructional (pedagogical) methododddite teaching
of the required concepts. Often learners are instructéeaapers to memorise
proof of theorems or properties of geometric figureqré-service education
student at Wits University, succinctly captures this scenahien he writes in

his journal:
“(At school) we were given properties to learn by headt never knew
for sure how true is (it) that, for examplaé)texterior angle of the
triangle is equal to opposite interior angles’ufifara, 2004 : 208).

Current textbooks do little in developing ldener’s ability to “develop
insight into spatial relationships and measents” (DOE, 1995). They
proceed directly to the formal proof of thedrem, without first allowing the
learners to get a “feel” of what the tleoiis all about.

* The current specific outcomes for Mathematical Litgrdtathematics and
Mathematical Sciences (MLMMS) as stated in the potlogument for the
Intermediate and Senior Phase (DOE, 1997) do not provet, ducid,
transparent instructions as to what specific content néedse covered.
Specific Outcome 7, dealing with Geometry (space, shagajsr: “ Describe
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and represent experiences with shape, space, time atdnmaosing all
available senses.” (DOE, 1997). In the primary gradesdrades 4-9), the
emphasis in Geometry is the development of spatisese which is important
for later studies in Geometry. Van Niekerk (1998) conteéhdsfor learners to
develop their spatial senses, educators should stariesithers ordering and
structuring their spatial experiences, which they can w@rteo in their
everyday experiences — which are primarily a three-dirnaakiexperience.
This has implications for instructional resources — papecipecissors, pritt
(glue), compasses, etc, which would be required to wakkerthe activities
such as the construction of models. The discrepameiessourcing of our
schools mean that if learners do not have accesese ttools” they may not
develop the required skills adequately. Once this b&dlqaf visualization)
has been adequately developed, it would then be approjprigid learners to
the more structured and formal geometry encountered éegdD — 12 level.
“National as well as international research has showat the majority of
learners in schools tend to have a backlog in timintive understanding of
space in comparison with their intuitive number know&d@/an Niekerk,
1998: 70).

The Revised National Curriculum Statement (RNCS) ({B2), emphasise
a hands — on, practical approach to geometry in the gRedand. “The
study of geometry requires thinking and doing” (Penlington, 2004: T92).
learner moves from low level (according to Van Helmodel) of recognition
and description skills to higher order skills of clasatfion and discrimination
of two-dimensional objects. In skills such as constounctf models, different
views of objects are used to be developed in the learnemgdinigrphase (in
grades 4 - 9).

In the National Curriculum Statement (NCS), ( DoE, 20f@3)school for
grades 10 -12, learning outcome 3 deals specifically with sghegpe and
measurement. Learners’ are exposed to an enquiring, Daest,
developmental approach to Geometry. Learners’ are eagedirto investigate,
conjecture and discover through guided learning experienceg Th
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relationships between, for example, angles and the sigposite then in any
triangle. They are encouraged to test the validittheir conjectures using an
array of resources, including computer software like GeensieSketchpad

and Cabiri, for example.

From the preceeding discussion one can trace changes iapfproach to how
Geometry is to be taught at school level, as welhasskills, knowledge that learners
are expected to gain access to. However, the currede grd — 12 learners in the
system will be assessed using a method that is to bentimeced in 2008. So
educators are caught in a “Catch 22” situation: whilst i@y be allowed (even
encouraged) to use the new methods related to investigasiodsliscovery, which
requires time, and places other demands on both educatdeaandrs, learners are
expected to be assessed using methods which do not reflegp#hisf learning. The
positive aspect of this approach, however, is thataameér’'s understanding will be

enriched if the method is appropriately applied.

The purpose of this study is to gain insights into grade YBdesi understanding of
Euclidean Geometry. | have specifically selected graddedéthers because they

would have received at least (8) eight years exposuradiidean Geometry.

Whilst other researchers such as, De Villiers, Lubigl &udaly, (South African
Math educationists), have explored and written extensivelthe nature and purpose
of Euclidean Geometry, none of these have succinctlploeed learners’
understanding Euclidean Geometry. Furthermore, the Vale ftvels of Geometric
thinking which is used as a lens through which | undertooksthdy is restricted to
rectilinear shapes like squares and rectangles. It hade®t used to investigate
learners’ understanding of Geometry which involvesicygpladrilaterals and tangent
theorems. The van Hiele model was selected as it dtaseen designed specifically
for Euclidean Geometry only, “but also identifies a waywhich the level of
geometry argumentation or thinking can be measured” qearsandt & Nieuwoudt,
2004:251).

In the South African context, the study undertaken bynkiy Nel, De Villiers,
Dreyer and Wessels (De Villiers, 1997), which undertook tbinie the manner in
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which Euclidean Geometry was taught in South African Skshadilst important did
not seem to take flight, what | mean is that, with @xception of the participating
schools, their findings regarding the manner in which the gagrought to be taught

at secondary school level was certified ‘dead on alfriv

In the Human et al (1977) study, (De Villiers, 1997) cited @gsbd others the
following change to the way in which geometry is taughhe South African context

is explained:

* Informal geometry as it has been presented in Southahfrgchools till the
end of grade 9 (std 7).

* Proof restricted to propositions, which really requmstification and / or
explanation, and assuming without proofs all propositideaiawhich pupils

have no doubt.

» Construction of formal, economical definitions for théferent types of
guadrilaterals, and logically deducing the other propert@s the definitions

as a first exercise in local axiomatizing

* Local axiomatizing regarding other groups of related proposit for
example, their related to intersecting and parallekline

* Global axiomatizing ( not included in the experimental ceqrs
(De Villiers, 1997: 37)

Almost thirty years later, and as a result of changpaiitical leadership in South
Africa, one does notice a minute, though significant chatgethe geometry

curriculum to be offered in South African schools.
The thrust of this study, affords one a snap view ofnlera’ understanding of

Euclidean Geometry. This understanding is framed toge lextent in the manner it is

taught to learners, i.e. as a set of theorems, whietl tte be memorized for the final
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grade 12 exams. This study, though limited in its scope, @mmsake a meaningful
contribution to the pedagogical knowledge of practicinghesaiatics educators for
improving learners’ understanding of Euclidean Geometry.

1.3 Focus of the study

The discipline of mathematics, and Euclidean Geometrpairticular, offers to the
researcher an almost seamless avenue of researchgbsosfimvever, time and space
limit the focus and scope of this study. The focus of ghudy was on the learners.
However, teacher practice is also considered, butveryalimited way. The research
conducted in this study documented learners understanfliBgatidean Geometry

with specific reference to cyclic quadrilaterals and tatglord theorems.

Whilst learners in secondary schools, i.e. from gradel2 are exposed to formal
geometry this study focuses on grade 12 in particular.sfimy is further delimited

in that it involved only one school from Tshwane Sdbistrict.

My familiarity with schools and maths educators was §igamt, as the participating
school was selected on the basis of their excefjeade 12 results over the past five
years. The selection of grade 12 learners was signifiaant is the culminating point
of 12 years of formal schooling as well as at leaste&ry exposure to formal
geometry. This research would benefit mathematiché&zadn the lower grades (i.e.
grade 8 — 11) as well as curriculum planners.

The intention of this study is not to generalize findirms,to ensure that the findings
are relatable to other grade 12 learners and educators wakithis level of the

school curriculum.

1.4 Research Questions

An exploratory study of one grade 12 educator and, her griogiade 12 learners in
the Tshwane South District in Gauteng, attempted to andwefollowing research

guestions:
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1. How do grade 12 learners begin to solve a geometric problem?

2. What knowledge and skills do learners employ in order to prove

geometric problems?

The above questions were the focus of this study: tdoex@nd understand how
grade 12 learners understand Euclidean Geometry. The aitneo$tudy was to
enquire, explore, interpret, understand and report on gradiearners understanding
of Euclidean Geometry, with specific reference to cygluadrilateral and tangent-
chord theorems.

1. 5 Research Methods

The research method adopted for this study was an exgiprstiudy in grade 12
learners’ understanding of Euclidean Geometry with specédference to cyclic
quadrilaterals and tangent chord theorems. Aspects telatinesearch method, i.e.
the research design, suitability to a qualitative fraor&, development and reliability
of data collection tools are set out in detail in chaptd~or brevity | used three data
collection tools:

1. Interviews.
2. Lesson observation (video recording).
3. Learner -based tasks.

The reliability of the instruments and the triangwatof data emerging from them
are key themes that feature in subsequent chaptersniéneiews and learner tasks

were piloted in order to improve and determine:

Their user friendliness to participants;
Understanding of key terms;
Ensuring relevant generation of data;

Analysis and interpretation of data gathered;

a s e

Researchers’ skills in conducting interviews;
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6. Validity of instruments and
7. Reliability of findings.

1.6 Analysis of Data

1.6.1 Video Recording of Lesson

The Educator’s lesson was recorded to establish herothethteaching geometry.
Very often learners mimic the way they are taughtciicae when working on their
own or in groups on an item relevant to the topic. Amtigeto the qualitative research
paradigm, an open coding system was employed. Fraemkkl\allen (1993)

maintain that open coding takes place when data collestedamined for patterns
and / or categories, which are then later further naadosown.

1.6.2 Interviews

Interview schedules were used to conduct interviews wighléarners from the grade
12 class. The interviews generated data on :
» Learners’ understanding of the task posed
* The strategies learners’ employ when solving geometribl@nts
(tasks).

Furthermore, audiotapes of the learners interviews wemployed to prepare the
interview transcripts. The questions posed to the leaimméhg interview were open —
ended in order to obtain a rich, thick description of lees’nunderstanding of
Euclidean Geometry and the tools they employ to soleengéric problems. Like the
video recording of the teacher’s lesson, the interviearsstripts were also analysed

using an open coding system.
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1.6.3 Learner- Based Tasks

The learners were each asked to complete the attaels&don their own (see
Appendix 2). The tasks involved geometry problems involvinggeah — chord
theorem and cyclic quadrilateral theorem. The tasks weurced from Daly (1995).
An open coding system was utilised to develop the catgoif learner responses.
According to Fraenkel and Wallen (1993), a major beneffarding the usage of
content or document analysis is that its an unobteusool, through which the
researcher can peep without being present and that vehamalysed is not affected
(adversely or otherwise) by the researcher’s presence.

1.7 Limitations of the Study

When research is conducted in the classroom such cassanherently constrained.
Such limitation is often beyond the control of thee&cher. The limitations of this
study include the following:
* The problem under investigation focuses on the learnenaindn the
teacher;
* A single grade 12 class was selected at a particular sahdbe
district.
Such a small sample could begin to question the exteahidity of the findings.

This study was conducted within the paradigm of qualitatgearch. Marshall and
Rossman (1989), argue that there is a weakness in qualitatisearch in

transferability of results as each qualitative redeagproach has its own unique
features. Although much of the data analysed was basdw sasearcher’s subjective
interpretation, it should be noted that this could raaditas of findings. Fraenkel and
Wallen (1993), argue that no matter how impartial an eesattempts to be, there is

always some element of biasness present.

An audiotape was used to record the interviews with dmadgs. The presence of the

audiotape did at times affect the sincerity of learnesponses. However, as the
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interviews progressed, learners’ became more accustantbee presence of the audio
tape recorder.

In qualitative research the quality of the data collectgeidgs largely on the skills of
the researcher. In qualitative research the sodimaté is always changing and the
researcher is not always able to account for changindittmns in the phenomenon
being studied. In this study most of the research wasriak@a in the third school

term.

In a qualitative research paradigm, it is not alwagsy to overcome the above
limitations. It is, however, important to acknowledgehstimitations and attempt to

minimize their influence on the research process.

1.8 Organisation of the Report

Whilst this chapter has outlined key reasons for the relsedurther reasons are
advanced and clarified in later chapters. The reportitates the following parts:

Chapter 1: Introduction and purpose of study.
Chapter 2: The literature review which supports this study as wethasheoretical

framework which forms the basis of the analysis amgiments put forward in this
report.

Chapter 3: A detailed report of the research method, developmenaterials and
processes undertaken to improve on the reliabilithefésults. This chapter includes
an in depth discussion of the different data collectamls used.

Chapter 4: Analysis of the research data and key insights thatflagged for
discussion. Issues emanating from the pilot study andskags from the main study.

Chapter 5: Discussion platform for key aspects of the reseavdhich are also
criticised.
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Chapter 6: Summary of results, recommendations and conclusions baste one
cohort of grade 12 learners’ understanding of Euclidean &ggm
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Chapter 2:
Theoretical Framework and Literature Review

2.1 Theoretical Framework
2.1.1. Theoretical Framework: Introduction

Traditional Euclidean geometry teaching focused on the fonmed up of proofs to
given geometric riders. Whilst most learners perfornedatively well in other
branches of Mathematics (like Algebra and Trigonometgy performed dismally
when it came to Euclidean Geometry. Comments such as:
- “Had to prove theorems all year long;”
- “Didn’'t understand what it was all about;”
“| passed geometry by memorizing proofs;”
are indicative of learners’ dissatisfaction for Edein Geometry. In a study
undertaken by Pournara (2004), a group of prospective teathkeslniversity of
the Witwatersrand were asked, “Why do we study geomesgtatol?” Some of their
responses included:
0 To prove theorems;
o0 Perhaps to bring marks down a bjemphasis added)
o | don't know but our teacher used to say that we wiichthe skills we
learn in geometry to apply it in our everyday lives
o | don't know why we study geometry at high school becauseast
majority of it cannot be applied to everyday life, noed it have
meaning or relevance to the learners’ lives
o0 Geometry is about using theorems to attain res(dtsphasis added)
The comments above reflect a myopic view of geometlg by prospective teachers
who are expected to teach the subject in the not tandifiture. The above comments
demonstrate that learners at school cannot see titerian value of geometry outside
of the school environment.
In recent times there have been suggestions that Eaiclideometry should be
scrapped from the South African School Curriculum tetdf the July (1996) edition
of the Mathematical Digest, one author wrote, “ SoufticA is the habitat of an

-22.-



endangered species, for Euclidean Geometry has disapfearetthe syllabus of
most other countries” (p. 26). Despite such pronouncengntsrtain sceptics,
“Geometry is alive and well” (de Villiers, 1996: 37), angberencing a revival
(renaissance) in many countries throughout the worldreTiseno doubt about the
importance of geometry not only to develop logical thinkimg, also as a support to
developing insights into other branches of Mathematosell as in fields of study
such as engineering, architecture, physics and astronomy.

What we need is a change of strategy to make geometeyeasily understood and
readily appreciated. To this end, then, we need to alevhe linguistic register
(vocabulary), concepts, etc, in order to create thessery insight and understanding
of the deductive system, and in this way recapture tloen&tson of geometry without
having to memorise proofs. The question to be answeld®W DO WE DO THIS?

There is a model called the van Hiele model of geom#tinking, which can be used

as a teaching tool as well as an assessment tool.

2.1.2 The Van Hiele Model Of The Development Of Geo metric
Thinking

The van Hiele model of geometric thinking came out asaltr of the doctoral
dissertation of the van Hiele couple, Pierre vanddagid his wife Dina van Hiele —
Geldof, at the Dutch University of Utrecht in 1957. It vgasl that Dina died shortly
after completing her dissertation and it was her husiBaerre who advanced the

theory further.

Pierre’s dissertation focused primarily on problems agpeed by learners in
geometry education, while Dina’s focused on “teaching expetingde Villiers,
1997: 40) i.e. on the sequencing of geometric content andrigaaaiivities for
learners. The former Soviet Union in the1960’s was amdhgdirst countries in the
world to realign her geometry curriculum so that itexel to the van Hiele model.
Since then, however, the model has gained prominenoeshcountries.
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Its distinct levels of understanding characterize thdehd he five levels of
understanding are labelled from the most basic task tmois¢é cognitively
demanding as:

- Level O: Visualisation

- Level 1: Analysis

- Level 2: Informal Deduction

- Level 3: Formal Deduction

- Level 4: Rigour

The model contends that through appropriate instructionh(teg) learners’ progress
from the basic level of visualization, where learranly observe shapes on their
physical properties, through to the highest level, whidomcerned with “formal
abstract aspects of deduction.” (Crowley 1987:1).

2.1.3 THE MODEL EXPLAINED

Level O: Visualisation

At this basic level of the model the learner is balicaware of the space around him
/ her. Geometric objects are considered in their tgtediher than in terms of their
properties or constituent parts. A learner at this lbaslthe ability to identify

specific shapes, reproduce them and learn the appropriatetgeorocabulary
(Crowley, 1987). For example, a learner at this level beagble to identify that
figure 1(below left) contains squares and figure 2 (belottyigontains rectangles.
However, a learner would not be able to state thabpipesite sides of a square are
parallel or the angles at the vertices arg 90

Furthermore, given dotty or square paper the learners wouwaltdleédo reproduce the
given sketches to some degree of accuracy.

<

Figure 2: Squares of different sizes. Figure 3:Rectangles of different sizes.
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Level 1: Analysis

At the level of analysis properties of geometric shapesdeing understood by
learners’ through experimentation and observation. & hes properties are used to
conceptualise classes of shapes. For instance a leagide to recognize that a
square is a rhombus, since a square has all the propdrtieombus. While learners
at this level are able to master the relevant techkiealledge to describe figures
(shapes), they still lack the capacity to “interrefedares or properties of figures” (de
Villiers, 1997:41), and make sense of definitions.

Level 2: Informal Deduction

At this level of understanding, learners are able tdéskethe interrelationships that
exist between and among figures. For instance learreabée to state that in a
guadrilateral, if the opposite sides are parallel, theropposite angles are equal, as
well as that a square is a rectangle as it haseaptbperties of a rectangle.

At this level then, learners are able to deduce propeartiadigure and also recognize
classes of figures. Learners are able to understandit@ission. Definitions begin to
make sense for learners and are understood by them. Howttlas level, learners
are not able to “comprehend the significance of deducti@wvésole or the role of
axioms” (Crowley, 1987:3). Some Mathematics educationistbsame textbook
authors regard axioms as self-evident truths — they do gatd@xioms as the initial
building blocks of a mathematical system (de Villidr897). As a result of their

misrepresentation, learners are also informed inctlyrec

Level 3: Formal Deduction

At this level learners are able to understand “the sigmitie of deduction, the role of
axioms, theorems and proof” (de Villiers, 1997: 41). At teigel the learners have
the ability to construct proofs based on their own undedgtg. They do not need to
memorize readymade proofs and produce them on demance:iaamor test. The

learner is able to develop a proof in more than one ayhermore, “the interaction
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of necessary and sufficient conditions is understoaindtions between a statement
and its converse can be made” (Crowley, 1987: 3). Howegey,few learners reach

this stage of “advanced” reasoning.

Level 4: Rigour

The learner at this level does not function at theiéemn deductive axiomatic
system only. The learner has the potential to study nohdleaa systems such as
spherical geometry. By being exposed to other axiomatiemsgstthe learner is able
to compare similarities and differences that exist betwthe systems. Geometry can

be studied / seen in an abstract form.

Of the five levels of the model this last level is bast developed originally. As most
high school geometry is taught at level 3 it should easlrprising then that most of
the research done focuses on the lower levels ahduel.

The key features of the model can be summarized asvioih Table 1.
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Table 1:A summary of van Hiele’'s model of geometric reasoning.

LEVELS | What is studied How are they studied Examples

0 Individual objects e.g.: squares or Visually recognized on | Rectangles of all sizes

rectangles only. the basis of physical having same orientatior
appearance. grouped together on the

basis of their

orientation or

appearance.

1 A class of shapes, e.g. a square is a | Figures having commor) A square has all
rhombus since a square has all the | characteristics are adjacent sides equal.
properties of rhombuses. grouped together, e.g. | Diagonals bisect each

squares are a subclass|obther at right angles.
rhombuses. Opposite sides are
parallel.
Opposite angles are
equal, etc.

2 Learner begins to define figures/ Observing and noticing | Through measurement
shapes belonging to same grouping | relationships between | of diagonals of squares
(family). properties studied. This| learners will conclude

is done largely on an that they intersect at
informal basis. right angles and that
they are equal.

3 More formal proofs are studied Using axiomatic egst| Prove formally that a
prove relationships. A | square isindeed a
more formal approach i$ rhombus.
adopted.

4 Geometry is studied on an abstract | As an interrelationship | Circle in 2-dimension is
level. There is a move between of different systems. extended to include a
systems (e.g. using algebraic system|to sphere in three-
solve geometry rider) dimensional space.

2.1.4 How does the model work

The different levels of the model do not function indegently of each other. The
different levels are closely linked to a “network aat®ns” (van Hiele, 1973 cited in
Human et al, 1979:20). Human et al (1979) quote van Hiele (1973}edwibes this
network of relations between the different levels“bBsa network of relations the

words ‘rhombus’, ‘side’, ‘square’, etc, have uniqgue meaninigs avdistinct

collection of properties. Each level is associateth witlifferent network of relations”

(Human et al, 1979:20).

It is important for educators to be aware of how the M&ele model works, since

knowledge thereof would impact on the instructional styiateto be used. Below is a

brief sketch, according to Crowley (1987), as to how tlmeHiale model works.

- 27 -



Sequential: For a learner to function adequately (or competentligvel 1 for
instance, the learner should have grasped the basios pfavious level adequately.
This type of pre-requisite building blocks is akin to thagetian concepts of
“assimilation and accommodation” (Helms and Turner, 1981H1)s like the van
Hiele model which emphasizes an orderly growth patlye®mtheory also premises
all “intellectual behaviour has its beginnings in earlyandy, and mature reasoning
skills emerge through subsequent phases of conceptual deesitHelms and
Turner, 1981:51).

Advancement: The learner’s progression from one level to the eriore
dependent on the instruction received than the biologie&lirity of the learner. It
should be noted that no method of instruction allows &arto skip levels, i.e. a
learner cannot move from level O to level 2, withoudtfexperiencing level 1.
However, methods of instruction (teaching) can “enhancgress, whereas others

retard or even prevent movement between levels” (€xgw987:4).

Intrinsic and extrinsic: Initially learners are able to recognize figures and shapes
the basis of their physical appearance. This phasecosifg on some part of the
figure/shape is similar to Piaget’s concept of centettitgris and Turner, 1981). The
concept of centering is when a learner develops anegde “concentrate on a single
outstanding characteristic of an object while exclgdis other features” (Helms &
Turner, 1981:41). For instance a grade 4 learner is shown shfegzpsares and told
that those are squares. It is not until later in ¢laerier’s life that “the figure is
analysed and its components and properties are disco€exiley, 1987:4).

Linguistics: Each level of the model has its own set of termigglavhich is
appropriate for the learner at that particular stagewiery (1987) cites van Hiele
(1984), in which the latter asserts, “Each level hasvits linguistic symbols and its
own system of relations connecting them” (van Hi@&@84, cited in Crowley,
1987:4). For instance learners in lower grades, when taudtiplation are often
told that when multiplying two numbers the answer isaglsvmore or equal to the
two numbers, e.g.: 3 X4 =12, 1X 2 = 2, etc. However, aetlgarners progress in
their schooling careers and are exposed to rational msrtiiEn that particular rule is
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no longer valid, since 2 X %2 = 1, which is less tham@ more than %z. In a like
manner in geometry then, “a figure may have more thamame (class inclusion) - a
square is also a rectangle (and a parallelogram)” (@sQWP87:4). But for a learner
at the van Hiele level 1, this does not make senses ‘fWhe of notion and its
accompanying language, however, are fundamental at ley€r@ivley, 1987:4).

Mismatch: De Villiers (1997) captures the high failure rate in Ededin Geometry
aptly when he states, “the curriculum was presentachagher level than those of the
pupils; in other words they could not understand the sgawbr could the teacher
understand why they could not understand” (p.41). If the edutatarher), teaching
materials, subject matter, language, etc. do not cohidrehe learners level of
development, then the end result will be a learrekirg the ability to “follow the
thought processes being used” (Crowley, 1987:4).

2.1.5 Learning Phases

As has been alluded to above, movement through the lefvtle van Hiele model is
dependent more on the type of instruction received thahebage level or maturation
of the learners. “Thus the method and organization afucisbn, as well as the
content and materials used, are important areas of pedagogmcern” (Crowley,
1987:5). To address the issues around content and instrlittiolsato be used the
van Hiele s had identified five areas (phases) of learhiaiwill assist the educator.
The five areas are “inquiry, directed orientation, eogilon, free orientation, and
integration” (Crowley, 1987:5). According to the van Hielés, topic or section of
geometry is taught according to the above sequence, leanik be able to gain
mastery of a particular level. The above phasesarhing/ teaching are present at
each level of the van Hiele model.

Each of the five phases of learning is explained below.

Phase 1: Inquiry / information:
At this primary stage learners and educators are engagedvarsation with each

other about the topic at hand. Learners make obsengatidated to the task, ask

clarity seeking questions and the educator should introduabdutary pertinent to
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the specific level at which the task is dealt with. iastance, the educator may ask
learners to distinguish between a cyclic quadrilaterdleary convex quadrilaterds
a parallelogram a cyclic quadrilateral? Is a rectangle a cyclic quadrilateMWhen
will a parallelogram be a cyclic quadrilateral? Why do you say that?
Why should a teacher be engaged in such activities? Treaoked to engage in such
an activity as it serves a dual purpose, viz:
0] “The teacher learns what prior knowledge the students about a topic;
and
(i) The students learn what direction further study wiketa(Crowley,
1987:5).

Phase 2: Directed orientation

At this phase, the learners’ begin to explore a topmgusaterial that has been
carefully sequenced by the educator. The activities slieu&hl to the learners the
features peculiar to that particular level “Thus, matthe material will be short

tasks designed to elicit specific responses” (Crowley, 1987:5)

Phase 3: Explication

Building on their previous experiences learners begexpwess and share their views
about the observations made regarding a concept. Duringtalgie the educator plays
a minimal role. The educator’s role is restricted tastisg learners acquiring and
using “accurate and appropriate language” (Crowley, 1987:5)dliring this phase
that particular levels of systemic relations begilbhécome apparent.

Phase 4: Free orientation

During this period of learning, learners are exposed to agaged in open —ended
tasks that can be completed in a variety of ways.tasles are non-routine, multi-

stepped, complex tasks. Consider the following exanpléte given diagram, below
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left, BD is a diameter of the circle. ABCD is a cydiadrilateral. BC =5 cm, AC =
6 cm and BD = 8 cm. Calculate the length of AB.

Begin by calculating the length of DCABDC using
the Theorem of Pythagoras, iC =+/39.

Next, calculate the size & DC using the

c trigonometric ratio of tan, i.e. tap DC =——

V39

BDC =387 =B A C (angles in same segment))

Using the above results, we proceed to calculate AB
B using the cosine rule.

In AABC: (BC)2= (AB)%+(AC)>—2(AB)(AC)COSB A C
Through substitution and simplification we arrive at the
following values for AB:AB = 8,0 or AB=1,4

Figure 4: An example of how learners’ knowledge from damgisection of the Mathematics can be
recruited to solve a given problem.

Phase 5: Integration
At this stage of learning, learners need to bring togétyaithesize), what they have

learnt, with the aim of forming an overview of theweelationships of objects and
relations. The educator can assist by “furnishing globakssivan Hiele, cited in

Crowley, 1987:6). At this stage rules may be formulated asonized for use later.

By the end of phase five (integration), learners haanaitl a new level of thinking.
This new level of thinking replaces the previous level afkimg and learners are
once again ready to repeat the five phases of learhihg aext level of the van Hiele
model of thinking.
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Table 2: The van Hiele model of thinking together wlita phases of learning
Van Hiele Level Phases of learning

Level 4 (Rigour) Integration
Free orientation
Explication

Directed orientation

Level 3 (Deduction) Integration
Free orientation
Explication

Directed orientation

Level 2 (Informal deduction) Integration
Free orientation
Explication

Directed orientation

Level 1 (Analysis) Integration
Free orientation
Explication

Directed orientation

Level O (Visual) Integration
Free orientation

Explication

—_— —— —— —— —

Directed orientation

2.1.6 The role of language

“Effective learning occurs as students actively expeeehe objects of study in
appropriate contexts of geometric thinking and as theygenmediscussion and
reflection using the language of the period” (Teppo, 1991:218pguage is a key
component of learning. According to the Department of EdutéDoE), one of the
aims of mathematics is for learners to “develop thgtyto understand, interpret,
read, speak and write mathematical language” (1995). Thefr@aguage in
geometry cannot be understated. Language or language apjgrtptiae learner’s
level of thinking, as well as the identification of alote material, are pivotal aspects
in the development of the learners’ geometric thinking.

According to van Hiele, the primary reason for thiufa of the traditional geometry
curriculum can be attributed to the communication gapsd®st teacher and learner.
De Villiers (1997) captures it aptly when he writesgeftitould not understand the
teacher nor could the teacher understand why they coulethdetstand!” (p.41). In
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order to enhance conceptual understanding it is importafgemers to communicate
(articulate) their “linguistic associations for wordslasymbols and that they use that
vocabulary” (Crowley, 1987:13). Verbalizations call foe tearners’ to make a
conscious effort to express what may be considered \@gliexcoherent ideas.
Verbalisation can also serve as a tool to exposedeafimmature and misconceived
ideas” (Crowley, 1987:14). At first learners should be eraged to express their
geometric thinking in their own words, e.g.: “Z-angles” &ternate angles; a
rectangle that has been kicked” for a parallelogram, As learners advance in their
geometry studies at school they should be exposed &pfrepriate terminology and
encouraged to use it correctly.

A learner’s usage of a word (or term), in mathematmss not imply that the teacher
and the listener (the learner) share the same meahihg word used. For instance
when a teacher uses the word parm (short for paraltogs the listener thinking of
a parallelogram or the palm of his / her hand? As anettemple, if a learner is

given a square in standard position,[i.¢, the learner is able to identify the figure as
a square, but if its rotated Ytke <> , then it’'s no longer a square. In tharegle

the learners’ focused on the orientation of the figgréha determining fact of the
“squarness” of the figure. By engaging learners’ in disousand conversation,
educators can expose learners’ misconceptions and inetenig¢as as well as build
on correct perceptions.

For the learner to acquire and correctly utilize the apptgplanguage, the role of the
educator becomes paramount. For example, if the lsaiare working at level 1 of
the van Hiele model, then the educator should be seenusifig terms such as “ all,
some, always, never, sometimes” (Crowley, 1987 : 14)hAdearner progress along
the van Hiele continuum, appropriate terms need to be Tiseths or phrases, which

are typical for some of the levels, are:

Table 3: Terms used at levels 2 and 3 of the van Hietiemo

Level | Terms / Phrases

2 If [condition] then [results] it follows that

3 | Axioms, postulate,anverse, necessary and sufficient; theorem
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The type of questions posed by educators’ is the key iotoigelearners’ thinking.
Questions that require regurgitation of information suppliethbyeducator will not
foster critical thinking, which is needed for geometryailrers’ need to be able to
explain and justify their explanation in a criticahmmer, “Mathematics is based on
observing patterns; with rigorous logical thinking, this lead#eories of abstract
relations” (DoE, 2003:9). Learners’ should be challenged ptagx“why” as well as

to think about alternative approaches to their initial @xation, by posing appropriate
guestions, allowing sufficient waiting time and engagiragrers’ in discussion of
their answers and methods which consider learners’ tgvainking.

For growth in the learners thinking to happen, the let/gistruction of the teacher
needs to correspond with the learners’ level of dewvedop. Thus the educator must
be able to ascertain the learner’s level of geomt#taaght, for each of the levels in
the van Hiele model are characterized by their own unigaabulary which is used
to identify the concepts, structures and networks at plhyimea specific level of
geometric thinking. “Language is useful, because by the areatia word parts of a
structure can be called up” (van Hiele 1986, cited in Teppo, 1291):.

2.1.7 Conclusion

Van Hiele’s model of geometric thought, as well asrthbases of learning is a
constructive attempt to assist in identifying a learngidge of geometric thought as
well as the means to progress through the levels. €&sign through the levels is
dependent more on the type of instruction received thaheolearners’ physical or
biological maturation level. The model has been usedsxy in different research
studies (e.qg. : Burger 1985 ; Burger & Shaunghnessy, 1986) to kssesss’
understanding of geometry. The model if applied approprighedyughout the
schooling phase [i.e. grade 1 -12], will result in gesmmehinking becoming
accessible to all.
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2.2. Literature Review

2.2.1 Introduction

A snap survey of the writings on school geometry teéagmint to two main
problems. Firstly, poor learner performance in the subgegt the De Villiers and
Njisane’s 1987 study of grade 12 learners in KwaZulu Natabe/lp@rformance they
note that “ 45% of black pupils in grade 12 (Std. 10) in Kwahald only mastered
level 2 or lower, whereas the examination assumedenag of level 3 and beyond”
(De Villiers , 1997 : 42). The poor performance of secondahpol learners’ in
Geometry has also been corroborated by other studisas Malan (1986); Smith &
De Villiers(1990) and Govender(1995).

A second contributing factor to a learner’s poor perforrman&uclidean geometry is
the nature of the curriculum currently in use. | havaedat earlier in the discussion
that “South Africa is the habitat of an endangered spefoe Euclidean geometry has
disappeared from the syllabus of most other countriesti{®&taatical Digest, July
1996, as citied in De Villiers , 1997 : 37 ). While South Afrioay be the last
surviving bastion of a “not so popular’ branch of Mathaosait is worthy to note
that in recent times geometry at all levels has ugaes a rebirth or revival in most
countries (De Villiers, 1997). It should be noted thatdiwecern about an archaic
curriculum is nothing new — as early as 1969, Allendoeferrnented on the

American curriculum as follows:

“The mathematical curriculum in our elementary andséany school faces a serious dilemma when it
comes to geometry. It is easy to find fault with tfelitional course in geometry, but sound advice on
how to remedy the difficulties is hard to comme.....Curricular reform groups at home and abroad

have tackled the problem, but with singular lack of sucoesgreement...... We are therefore, under

pressure to “ do something” about geometry ; but whakweado ?(Usiskin, 1987: 17)

Each of the problems identified in the preceeding paragraitihsow be explored in
some detalil.
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2.2.2 The problem about Curriculum

The current grade 10-12 Higher Grade and Standard Grade sybabogthematics

strives to foster amongst others the following learningtaadhing aims:

2.2.2. critical and reflective reasoning ability;

2.2.4. fluency in communicative and linguistic skdlg. reading, writing,
listening and speaking;

2.2.8. to contextualise the teaching and learningnam@ner which fits the

experience of the pupils” (DoE, 1995)

In addition to the above learning and teaching aims, tine sgllabus documents list
the following aims peculiar to mathematics, which neebetéostered and developed
in learners.

2.3.1. to enable pupils to gain mathematical kexbye and proficiency ;

2.3.3. to develop insight into spatial relatioms and measurements ;

2.3.4 to enable pupils to discover mathematical conceptgatberns by

experimentation, discovery aadjecture ;
2.3.6. to develop the ability to reason logically, to generalsoialise,

organize, draw analogies and prove;” ( DoE , 1995)

Both sets of aims in the syllabus documents are designeduceethat learners are
actively engaged in the “construction” of knowledge. Tbetent should correlate
with the learner’s experiencésee 2.2.8 aboyand offer learners appropriate
opportunities to develop the “geometric eye” (see 2.30¥a@khrough a process of
discovery, experimentation, hypothesizing and so fordwéver, when one peruses
through a grade 12 textbook, one observes that texthdb&ra have failed learners
by not providing them with sufficient experiences to éldhe path of the van Hiele
model. Often, textbook authors provide learners wifihiashed product of the proof

of a theorem only.
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e.g. 1: “Theorem 1:
A line parallel to one side of a trianglescilite other two sides, or these sidgs
produced, proportionally.”

(Bopape, Hlomuka, Magadla, Shongwe, Taylor, ighve, 1994:186)

Given:
RTP:

Construction:  Draw XC and YB. Draw altitudes XKJ AC (or AC produced) and YH AB (or
AB produced)

Proof: 1
Area A AXY = EAX.YH
1
Area A BXY = EBX.YH
areaA AXY _ AX
area ABXY XB
Similarly areaA AXY _ AY
area ACXY YC
But AreaA BXY = AreaA CXY (same base, same height)
o AX _AY
XB YC

Figure 5: A typical proof which grade 12 learners are erpeitt reproduce under test / examination
conditions.

-37-



e.g. 2: “Theorem 5(a) :

The opposite angles of a cyclic quadrilateral are supamny (Opp. <’s of cyclic
quad.)” (Laridon, Brink, Fynn, Jawurek, Kito, Myburg, Rikdhodes- Houghton,
Van Rooyen, 1987:319)

e

C
Given: Circle O containing cyclic quad. ABC
Required to prove: o 0
A +C =18¢

[} [}
and B +D=18C¢
Proof: Draw BO and DO

O O
O: = 2A (< at centre = 2 X < at circle)

O O
0. = 2C (< at centre = 2 X < at circle)

m] m]

O O
U O01+02, =2A +C

O O

But O1 + O, = 360
O O

U A+ C =180

O O
Similarly, by joining AO and CO, we could proBe + D = 180°.

Figure 6: A typical proof which is presented to Gradeehtrlers’ as a finished product.
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Both examples, sourced from different textbooks dematestrow learners are given
the theorems as a finished product. When | speak of a pronduetthematics, it is
meant here “the end-result of some mathematicaligctvhich preceded it” (De
Villiers, 1997: 45).In the examples cited above the leanwwers not (if teachers
follow textbooks slavishly) afforded the opportunities toedep the skills articulated
under 2.3.4 above. The mathematical processes are not@ftovibe developed fully
within learners - although official policy documents,tsas the syllabus encourages
such processes to be nurtured and developed within leafiherprocess vs. product
dichotomy is not new to our schools.

As early as 1978, the predecessor to Association of Muttes Education of South
Africa (AMESA), the Mathematical Association of Shufrica (MASA) noted
regarding changes to the math’s syllabus in Soutlcéthat :
“The intrinsic value of mathematics is not only @ned in the PRODUCTS of
mathematical activity (i.e. polished concegédinitions, structures, and axiomatic
systems), but also, and espgcia the PROCESSES OF MATHEMATICAL
ACTIVITY leading to such products, e.g. generalizatienpgnition of pattern,
defining, axiomatising. The draft ahil are intended to reflect and increase emphasis
on genuine mathematical activity as oppaséet mere assimilation of the finished

products of such activity. Taemephasis is particularly reflected in the various
sections on geomet(MASA, 1978, cited in De Villiers, 1997: 45).

The good intentions cited above as well as those citgekin995 syllabus seem to
have fallen on deaf ears. Teachers and many textboosrawitntinue providing
learners with ready made content, especially in geymehich learners had to then
“assimilate and regurgitate in tests and exams” (DigeX&| 1997 : 45) thereby

confirming the assertion that geometry is useless outsaeldassroom.

By perpetuating the current product-driven approach to geonitetvijf only increase
learners’ negative attitude to the discipline. Sentimsuté as the following

“but | don’t see how geometry will Heaoy value to me ......... We have to get all the
statements in just the right oethe left side of the page and always write some@neas
for the statement on the righehsaide of the page. We memorize definition after

definition for things we already knb@oubert, 1988: 7),
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does little to light up the discipline of geometry. Oaguhatic approach to two-
column proofs and learners’ aimless memorization adhdeins of objects they
already know add salt to the learners’ wounds when deaithggeometry. De
Villiers (1998) argues from a theoretical vantage point itteiead of teaching
learners definitions of geometric concepts such as quiadals, we should rather
strive to develop students’ ability to define.

Mathematicians such as (Blandford, 1908 and Freudenthal, 19Bea in De
Villiers, 1998) are strong proponents allowing learnersigactively engaged in
coming up with definitions for geometric concepts. Blandf1908), in De Villiers
(1998) regards the method of giving learners’ ready made d&fisias a “radically
vicious method” (in De Villiers, 1997: 46), and by so doing sn®bbing the
learners’ of the most intellectually enriching actistiéThe evolving of the workable
definition by the child’s own activity stimulated by appnape questions is both
interesting and highly educational.” (De Villiers, 1997: 46).

Researchers like Ohtani (1996, in De Villiers, 1998) have arthatdhe traditional
method of providing learners with ready-made definitionshbytéacher is an attempt
by the teacher to exercise his control over learnemsyadid any dissension, and not
having to deal with students’ ideas as well as to stear of any “hazardous”
interaction with learners. The student’s ability tguegitate a definition of a cyclic
guadrilateral does not imply that the learner understdradsdncept (Vinner, 1991, in
De Villiers, 1998). For example, a learner may be abletite the standard definition
of a cyclic quadrilateral as “A cyclic quadrilateral ig@adrilateral of which the
vertices lie on a circle” (Laridon, et al, 1995: 277), lngt earner may not consider
that if a quadrilateral with exterior angle equal toittterior opposite angle as being
cyclic, since the learners’ concept map of cyclic quaidnals does not include cases
where points are not on a circle. “I would appeal thatrder to increase students’
understanding of geometric definitions, and of the condeptsich they relate, it is
essential to engage them at some stage in the proa#sinig geometric concepts”
(De Villiers, 1998 : 2).
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2.2.3 Learners’ views of proof for a geometrical p  roblem

There has been a growing interest in mathematics adngatecent times regarding
the teaching and learning of proof (e.g. Hanna, 2000; Dreyfuss, D89dilliers,
1997; 1990). Whilst there has been this resurgence in prookanaitkematics fields
at school and tertiary level, there has also beagladf interest in the mathematical
reasoning which learners’ engage in when solving geometideaisr

Traditionally proof has been seen primarily as a meansrify the accuracy
(correctness) of mathematical statements (De \Alli#990). However, this
stereotypical, constrained view of proof has been @#itin recent times by,
amongst others, De Villiers (1990), Hanna (2000), and Dre\fL&99). De Villiers
(1990), for instance argues that proof in mathematics e than just for verification
purposes. He maintains that the view held by most peoptathematics education
that verification is the cornerstone of proof is awag “the real nature of proof”
(Bell, 1976, in De Villiers, 1990:18), as verification in imatatics can be obtained
using “quite other means than that of following a logmalof” (De Villiers,
1990:18).

For De Villiers (1990), and others (like Hanna, 2000), proafasle up of the
following processes:
» Verification (concerned with thieuth of a statement);
* Explanation (providing insight intahy it is true);
e Systematization (therganization of various results into a deductive system
of axioms, major concepts and theorems);
» Discovery (the discovery or invention iwéw results) ;
* Communication (théransmission of mathematical knowledge) (De Villiers,
1990:18).

Whilst the above five aspects will not be dealt withng detail here, it is sufficient
to state that proof is akin to van Hiele’s level 3 stafyjeeasoning. In the van Hiele
model of geometric reasoning, level epitomizes the legrability to understand “the

interrelationship and role of undefined terms, axioms, pdstyldefinitions,
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theorems, and proof is seen” (Crowley, 1987:3). Anotheracheristic of the learner
at this level of geometric thinking is the learner’s iptb “construct, not just
memorize proofs” (Crowley, 1987:3).

The tasks given to the learners in this study weregydedinot to test their ability to
regurgitate theorems, but to check their understanding ohéogems, which they
had encountered at school level. Unlike other branchsshaiol mathematics, which
are largely algorithmic in nature, geometry is differdiite solution to a geometrical
rider is in essence a learner’s explanation, using ¢éinegraxioms and properties of
the figures involved. The thrust of this research prognbt on proof per se, but the
manner in which learners’ present their solutions, wisghdicative of the learners’

understanding of the nature and purpose of proof.

Like their fellow high school colleagues in other coi@st these students’ concept of
proof corresponds with their international counterpédnsist high school and college
students don’t know what a proof is or what it is suppésethieve” (Dreyfuss,
1999:94). At high school level, the distinction betweenamfran explanation, and an
argument is not always clear. Whilst this is not tieus of this study, I'd like to end
with Hanna’s (1995) observation that “while in matheméapecactice the main
function of proof is justification and verificationsitnain function in mathematics

education is surely that of explanation” (p. 47).

2.2.4 The Performance problem

When compared to other branches of mathematics (afgulGs, Trigonometry, etc),
learners’ performance in Euclidean Geometry is dis@aimments such as

* “This [Euclidean Geometry] is probably still the leaglmdone of all
sections” (GDE, 2003 : 145),

* “This [Euclidean Geometry] of the work... is still noelvdone on the whole.
Many candidates write down geometric information bofteén does not make
sense nor is it relevant to a particular questiony™ua't appear to
understand the words they are using.” (GDE, 2002 : 102),

are indicative of learners’ poor performance in Euclid@aometry.
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The following tables, which have been extracted fronfah@er House of Delegates
examiners’ report, shed clearer light on learnerdoperance on both HG and SG,
grade 12 paper 2 sections. Both HG and SG learners at gré&el&re tested on the
following aspects: Trigonometry, Analytic Geometry anctlitlean Geometry.

Table 4 below shows the Higher Grade learners’ perfocean the different sections
of the syllabus relevant to paper 2, written in 1991.

Table 4: Performance of Higher Grade grade 12 learnétaper 2 (ex HOD, 1993: 1)
Performance of Candidates

TOTAL | 50% - | 40% - | 0% - | AV %
MARKS | 100% | 49% | 39% | of PASS

Trigonometry 80 60% | 22% | 18% | 82%
Synthetic Geometry 70 22% | 10% | 68% | 32%
Analytic Geometry 50 36% | 26% | 38% | 62%

From the above table one can infer that the bulkefdarners’ (68%) scripts
sampled in 1991, scored between 0% - 39% in Euclidean Ggoraetthermore, on
average, learners’ scored 32% for Euclidean Geometryhvtaoslates to a raw
mark of 22, 4 out of 70. When compared to Trigonometry, lesraeored on
average 65.6/80 (82%) and in Analytic geometry learners soorasglerage 31/50

(62%) — then the 22, 4/70 is indeed poor — especially for lesaomethe higher grade.

Table 5, below is an indication of how Standard Gradsejeyd 2 learners performed
in the 1991 examinations.

Table 5: Standard Grade learners average percentagéeiemifsections of Paper 2 (ex HOD, 1993: 1)
SECTION TRIGONOMETRY | SYNTHETIC | ANALYTIC

GEOMETRY | GEOMETRY
AVERAGE % 59 32 26,5

NOTE:

1. The data in both Tables 4 and 5 above is based on a 10%e s#mp

learners’ who wrote the 1991 grade 12 exams.

! Euclidean Geometry is also at times referred to agh®tic Geometry
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2. Prior to 1996, the South African education spectrum wadet into
almost 20 different entities. Each entity cateredHergpecific
grouping of the population.

3. The data in Tables 4 and 5 is based on the former HolReledates
report, which catered for the Indian population of thetS@drican
community. | have used these results because | hadsaimcthem
since my first year of teaching in 1992.

From the data in Tables 4 and 5 above we notice thatgshtindian” learners
sitting for the grade 12 exams, Euclidean Geometry wasaimponent in the second
paper where both higher grade and standard grade learnedsgdaaorly.

More recently, the Mathematics, Science and Techyqli$T) project team in
Gauteng was commissioned by the Gauteng Department of iEdu@@DE) to
provide an analysis of learners’ performance in MathiesyaScience and Biology at
grade 12 level. The MST team used a sample of 2002 Gautengl@rkdeners for
analysis purposes. The team “perused through 30 standard gda8# higher grade
scripts to get a superficial sense of how the candidetes through the questions”
(MST Report, 2003: 3).

Table 6 provides us with an indication of standard gradedea performance in

some of the questions in the second paper.

Table 6: Standard Grade learners performance in somgomsesf the question paper (Maths Standard
Grade Paper 2) (MST, 2003:6)

NO LEARNERS WHO SCORED
BETWEEN
QUESTION | MARKS | No. of learners not attemptingd 0-39% | 40-59% | 60 —100% | TOTAL
question
1 18 4 6 3 17 30
3 20 5 4 5 16 30
4 12 6 8 8 8 30
6 13 13 8 5 4 30
8 18 8 12 1 9 30
9 19 14 2 7 30
TOTAL 100

Questions 8 and 9, in the above table, are questions inviduvciglean Geometry.

We note that question 8 involved a rider dealing with thgeat-chord theorem and
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cyclic quadrilaterals. From the cohort of 30 learnersf2be 30 or 67% of the
candidates are unable to deal with riders involving cyclic dlaéeirals and tangent-
chord theorems. Question 9 dealt with similar triangles in this question 70%
[21/30] learners are unable to either begin to solve thegmobt have attained
between 0 and 7 out of a possible 19 marks.

Table 7 below provides us with a snapshot of 31 higher-gradeisaperformance
in a sample of questions in the 2002 exams. Whilst othetignesire reflected as

well, our focus is on Euclidean Geometry.

Table 7: HG learners’ performance in Mathematics 20021&t2 question paper.

NO LEARNERS WHO SCORED BETWEEN
Question| Marks | Not attempted by learner] 0 —39% 40 — 59% 60 —100% | TOTAL
1 23 10 10 7 10 31
2 25 7 7 1 16 31
4 22 5 10 6 10 31
5 19 4 11 6 10 31
6 24 7 13 2 9 31
7 19 13 13 1 4 31
8 25 10 14 2 5 31
9 12 21 0 4 6 31
TOTAL 169

In the above table (Table 7) we note that 26 / 31 higher-deadeers’ are unable to
handle geometric riders involving cyclic quadrilaterals (@aas8). Questions 9 and
10 dealt with similar triangles, which are also a cafsmncern — but it is not the
focus of this study.

We notice that whilst table 4 and 5 may refer to “Intli@arners in the main, Tables
6 and 7 are “race blind” in that the samples of scrigesss] would include
candidates from across the racial divide. Thus onehasag been tempted to regard
Euclidean Geometry as problematic only amongst Indexmdgs, but Tables 6 and 7
suggests that in South Africa, Euclidean Geometry i®hl@m endemic to all
schools and communities within South Africa.
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Learners’ poor performance in Geometry, especially véatard to proofs of
theorems, can be attributed to learners’ memorizatigmoofs of theorems. A typical
comment by examiners is tHaPupils are swotting off Theorems and are thus unable
to provide dogical proof of what is provided” (GDE, 2000: 3 terms of the van
Hiele model of thinking the ability to construct and undersgaroofs is located
within level 3. However, because learners have not damastery at the lower levels
of the model (i.e. Level 2, 1, 0); they resort to reshing of the proofs of theorems.
Furthermore when learners are asked to prove that a @exkilis cyclic and no
circle is present learners experience difficulty inaaplishing such tasks (GDE,
2000).

Although, I have been alluding to learners’ poor performaatgsade 12 levels in
Euclidean Geometry, for improvement and a change td@dtitowards secondary
school geometry, the primary school geometry curricubgeds to be redesigned to
be aligned with the levels of geometric thought accortirthe van Hiele model.
“The future of secondary school geometry thus autombtidapends on primary

school geometry!”(De Villiers, 1997: 43).

A learner’s ability to provide meaningful proofs for gedrieetheorems and riders
epitomizes the learner’s development in geometrygraiag to the van Hiele model
of thinking. However, in reality this is not the caBgaminers’ reports (GDE, 2001,
2002, MST, 2003, TED, 1994, HOD, 1993) all lament learners’ pooomeaice
when asked to prove theorems or solve riders. Learabilgy or in-ability to provide
successful proofs is best explained in terms of Piagle¢ory and van Hiele’s model
of geometric understanding. Both van Hiele’s model angd?mtheory suggest that
learners must progress through the lower levels of gemnieinking before they can
gain mastery at higher levels such as the writing and stagheling formal proofs.
The route travelled from the lower levels to the higaeels of thinking takes a
considerable amount of time. “The van Hiele theory suggeat instruction should
help students gradually progress through lower levels of gecrtiught before
they begin a proof — orientated study of geometry” (Battand Clements, 1995: 50)

Very often, educators bypass the different levels of/tmeHiele model and hope that
learners will understand what the teacher has taugh.tyfje of naive, premature,
dealing of formal proof results in learners resortinghemorization and “confusion
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about the purpose of proof’ (Battista & Clements, 1995: 58)iseBoth the van

Hiele model and Piaget’s theories suggest that learc@nsinderstand and work with
an axiomatic deductive system only once they have gainetmyas the highest
levels of both theories. “Thus, the explicit study xibanatic systems is unlikely to be
productive for the vast majority of students in high stiggometry” (Battista &
Clements, 1995:50).

The studies undertaken by other researchers, usingrihdieke model of geometric
thought restricted their investigations to linear figureh@gsquares and rectangles.
However, not much research has been undertaken thatesvile use of the van
Hiele model to ascertain learners’ reasoning ability IWiag shapes other than
rectangles and squares and at a level such as grade 1&tublyi€ontributes to the
existing knowledge base of the Van Hiele levels of undeding.The study deals
with the followingresearch questions:

1. How do grade 12 learners begin to solve a geometric pn@ble

2. What knowledge and skills do learners recruit in ordgréve geometric

problems?

3. How do learners justify that a proof to a geometric probheoomplete?
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Chapter 3: Research design and methodology

3.1. The Research Design

There exist three common research designs, which dontimaszlucational
landscape. Reeves and Hedburg (2001) have identified thin@a g@santitative,
gualitative and the eclectic-mixed mode pragmatic reseaodel. Researchers
showing preference to work in the quantitative paradigmepitebeir results
primarily in the language of numbers. In a quantitativagigm, the purpose is “not
to report data verbally, but to represent those datanmmercial values” (Leedy
1993: 243). One just needs to caution the reader here anthatatedoes not mean
that the other paradigms do not use calculations when doadgsis of data.
However, calculations are “not the major form in e¥hthe data exist” (Leedy, 1993:
243). Data collected in a quantitative paradigm is usaalblysed using inferential
and descriptive statistical techniques.

This study aims to be exploratory and interpretativeature, thus data collection and
analysis thereof will be primarily determined in redatio the contextual setting and
perspectives of the learners. Researchers working vatgueantitative paradigm are
keen on giving a “more holistic picture of what goes oa particular situation or
setting” (Fraenkel & Wallen, 1993: 10)e. they (quantitative researchers) are more
interested in gaining a richer understanding of the sphehomena at play than the
guantitative data only.

Silverman (2000) cites Hammersly (1992) in which the lattentified five

preferences of quantitative researchers. The five gnedes are listed in the Table 8,
below.

- 48 -



Table 8: The preferences of qualitative researchdse(Ban, 2000:8)

1 | A preference for qualitative data understood simply aarthé/sis of words and

images rather than numbers.

2 | A preference for naturally occurring data- observatagher than experiment,

unstructured rather than structured interviews.

3 | A preference for meanings rather than behaviour- attegnfitrdocument the
world from the point of view of the people studied” (Haamsly, 1992).

4 | Arejection of natural science as a model.

5 | A preference for inductive, hypothesis-generating reseatbhr than hypothesi

[72)

testing (cf. Glasser and Strauss, 1967)

From Table 8, above one should not conclude that practioeh as hypothesis testing
do not feature as part of the qualitative paradigm. McKli#iad Schumacher (2001)
argue that in qualitative paradigm researchers’ useegteat which are flexible,
“using various combinations of techniques to obtain valid d@&96). This
flexibility of utilization of approaches is encapsulatedhe eclectic-mixed mode of
research, which characterizes cooperation between the&atua and quantitative
paradigms when collecting data related to educationalgmrsh(Reeves and
Hedburg, 2001). As alluded to earlier, this study is inquirgetdaand interpretive,
leaning more towards a qualitative research paradigmittdaes with the other
paradigms. This does not imply that the study was condteusively without due
regard to the quantitative and or eclectic-mixed methotgtdight points of interest
that arose in the study, which could be explored in regtensive and further

research analysis.

The overarching research approach for this study wassstiady design.

“Qualitative research uses a case study design meanintpehdata analysis focuses
on one phenomenon, which the researcher selects tostanttkin depth regardless of
the number of sites or participants for the study” (Mé&hiand Schumacher,
2001:398). The interpretive nature of case studies allowesaarcher to “study and
give insight into specific situations or events” (Stak@95). In this study the
phenomenon explored is grade 12 learners’ understandibgctilean Geometry. In
case studies, generalizations of findings within a wid@ufadion or community are
not of paramount importance. Fraenkel and Wallen (1993)tamaithat a great deal
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can be “learned from studying just one individual, onesctasm, or one school
district” (p.392). Elsewhere, Silverman (2000) argues thqualitative research, the
focus should not be on generalizations. Silverman (2008¥ Aiasuutari (1995),

who notes that

“Generalization is... [a] word. that stibbk reserved for surveys only. What can be analysed
instead is how the researcher demoestthat the analysis relates to things beyond the

material at hand...extrapolation better captures the typroakdure in qualitative

researh(Alasuutari, 1995, in Silverman, 2000:111).

A single case study design was an appropriate researadh toa study as it afforded
the researcher the opportunity to explore strategiesdest used in solving geometric
riders, discover important questions to ask relative tméga’ reasoning strategies
employed when solving geometric problems. According to @8B7), the great
advantage of the case study lies in the fact thatllaws the researcher to concentrate
on a specific instance or situation and to identify,ttemapt to identify, the various
interactive processes at work” (p.6), which may no¢dey to identify in a large-scale

survey study.

The above discussions on case study design indicataifedulness as an appropriate
and useful method for investigating processes in educatidnyare thus employed

for this study.

3.2 Access to participants

The principal participants in this study were one educatdra cohort of her grade 12
learners from a co-educational school in the Tshvameh District, in Gauteng.
Anecdotal evidence, such as discussions with educatarschgeometry always end

or begin with My learners hate geometry. | have tried everything but nothing seems
to help.l will just teach the way | have been doing —theorerexample— past

guestion papers and that's f®mphasis added). Despondency, as manifested above,
comes from an educator who has been voted as Gaulerarber (Mathematics /
Science) of the year in 2004 and 2003. However, what sheotislicceed to do was

to improve her learners’ performance in Geometry. Hemnkers scored well in other
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sections of maths but performed poorly in Geometryrasalt their final marks were
being affected.

The selection of the teacher was based on the ati@na | had with her during grade
12 marking sessions, workshops and on-site school \N&itseacher is an island and
schools displaying positive leadership structures and alloheadteachers to make
effective and innovative use of resources were alssidered. Furthermore

feasibility [distance and transport costs, etc] ferdiration of the study was also a
factor to be considered. In conclusion and perhaps mestriemtly, the willingness
and cooperation of the educator, the learners and tbelstianagement team for the
duration of the study (six months) was necessary @cé#se study to be of significant

value.

My first interaction with the educator occurred in Jag004, via telephone to set
up an informal meeting with the educator and principal. Thetimgwas scheduled
for early February 2004, and took place at the schookoifigntified educator. At
this meeting the educator and principal were briefed abeyturpose of the study,
the reason(s) for considering the teacher to be amppate participant in the study,
the data collection tools to be used, the duration ostilndy and the commitment and
willingness of the educator to ensure that the study &imgful. At this preliminary
meeting, the educator (who will henceforth be referoeast Teacher) agreed to
participate in the study and was eager to share with memation regarding her
learners’ performance in Euclidean Geometry. The Texaghsed no objection to the
data collection methods to be used, provided prior approsabveanted by the school
management team to record part or some of the lesledimered and consent was
obtained from the learners’ to be interviewed.

Subsequent to our initial meeting, a formal letter (sepefdix 1) was submitted to
the Principal, in which permission was sought to condsetareh at the school with
the identified learners. The letter also explainedntteire and expected duration of
the study and how at the end, the learners and teadheetleematics could benefit.
Permission from the Gauteng Department of Education (GI2s also sought to
conduct research by informing the relevant units (e.gcyahd Planning Unit) about
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the nature and duration of the study. Data collectios teatatively planned to be
conducted during August and September 2004.

3.2.1 Data collection instruments

The triangulation of data is used in qualitative reseasch means to seek patterns in
the data collected (McMillan & Schumacher, 2001). AccaydomMcMillan &
Schumacher (2001), the triangulation of data in its brstagense is not restricted to
data only. It can include “use of multiple researchexdtiple theories, or
perspectives to interpret the data; multiple data sotiocesrroborate data and
multiple disciplines to broaden one’s understandindgh@fmethod and phenomenon
of interest” (McMillan & Schumacher, 2001:408-9). Through pnocess of
triangulation, the researcher is able to find reguarin the data and in so doing
improve the reliability of the findings. During the datdlection process, an
important consideration for me was that the inforaratiollected should be
triangulated across the three intended methods to beusedhterviews, lesson

observation and learner written responses to the gasks.t

Lesson observations

Learner responsesto Interviews with learners
written tasks

Figure 7: Graphic representation of triangulation process.

The learners’ written responses to the tasks wergared to their responses in the
interview as well as the alignment to the manner in ivthe Teacher taught the
lesson, and interviews held with learners. The intervasna data collection tool,

corroborated the results obtained by learners througlysis of learners’ responses
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to the task and observations of how the teacher tatigatnature of developing an
appropriate interview schedule and fears of researchasresulted in more time
and effort than the other two data collection tools.

The three sources of data are closely intertwinedddiney are informed by the same
research questions] and all three informed emerging pattesuwdts and conclusions.
The triangulation of the three sources is explainetkepth in the next chapter. | will
now proceed to discuss how each data collection tootlerasloped, the intended
data to be gathered and the reliability of the instrurased.

3.2.2 Interviews

Structure and flexibility
In order to understand how grade 12 learners reason whamgsgeometric riders, it

was necessary for me to gather in-depth informatiom ftwose learners. The learners
were expected to complete the given tasks (see AppendixtBgm own. The
purposes for the learners to complete the tasks arotavd=irstly, the strategies,
which learners employ to solve geometric problems, casbertained. Secondly,
using the learner’s responses to the task | would theblbaaidentify the learners to
be interviewed. Thus the research instrument to be use h&dstructured yet
flexible. Structure would assist in the gathering of infation on pre-determined
topics that the researcher regards as valuable to the Bladipility on the other

hand, would aid in capturing the experiences of learneen\wblving geometric

riders by allowing the researcher to explore and probe oi@Eaied responses.

Cohen and Manion (1991) are of the opinion that an unstruakcinterview allows the
interviewer greater flexibility and freedom than a stoetl interview. They go on to
argue that although the research purpose shapes the qaskeaoln their content,
order and phrasing is left to the researcher’s diserelipa like manner, in semi-
structured interviews and the interview guided approach (Mei& Schumacher,
2001) topics are pre-selected in advance, but flexibiligfferded to the researcher in
that the researcher “decides the sequence and wordihg qtiestions during the
interview” (McMillan & Schumacher, 2001: 444).

-53-



The use of an unstructured interview to collect data, itnémels of a skilled
researcher may “produce a wealth of valuable data” (Bedl/: 72), but would be
difficult for a novice researcher to implement. Huoption of a semi-structured
intensive interview guide approach thus seemed feasiblgtaoaualitative data
from the five (5) grade 12 learners’ from a class of agprately 24 learners
involved in the study, to explore and interpret their urtdading of Euclidean
Geometry. The next aspect of selecting the reseasttument was its suitability to
generate appropriate data within a qualitative framework.

Interviews as a suitable collection tool in a qualitative framewark

The intention of the case study was to provide a quaktamnalysis of the manner in
which grade 12 learners’ reason when solving geometric prebléactors such as
how geometry was taught, learners’ perception about gepraet the milieu of the
school are all subtle yet important considerations lave an impact on learners
understanding of Euclidean Geometry. The choice ofiiges was based on how
best information about these issues could be generated witjualitative
framework. Concepts about interviews are wide and varedever, | have
identified the following aspects as appropriate for theofisgterviews in a

gualitative environment.

The interview is a data-collection tool, which is widaked, in qualitative research.
The interview is often described as a goal — directed csatten (Macmillan &
Schumacher, 2001; Bell, 1987; Marshall and Rossman, 1994).imeaview the
researcher’s primary goal is to elicit “certain infotioa from the respondent” (Bell,
1987:70); which the researcher regards as important togbaroh study undertaken.
Qualitative researchers pride themselves in discovandgportraying the multi-tired
views of the case studied and that the interview isrtéi artery to multitiered

views.

As the research concerns eliciting the “multipleteyeés” learners’ employed when

solving geometric problems, in an in-depth manner, the apprepess of interviews
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to a qualitative framework was not difficult to establiBlsewhere in this chapter,
some advantages of interviews over questionnaires tgé tis demonstrate its

usefulness as a qualitative research tool.

Limitations of the use of interviews as a research tool

Interviews as a data collection tool have certaintéititlns and weaknesses. It is
difficult to generalize research findings to a wider papah as the sample sizes are
normally small and this adversely impacts on the rebeestvalidity. In general the
interviewing procedure is not standard and the manner in wjuiestions are based
would differ from interviewer to interviewer. The lacksibndardization during the
data collection process, makes interviewing difficultéplicate successfully. Intense
interviewing is prone to interviewer bias (Bell, 1987). Tleibility of the researcher
in formulating questions and probing issues is a potentiatsairbias. The quality
of the data collected relies heavily on the skillshefinterviewer. The lack of
standard processes in the analysis of data can leaddsiognterpretations from a

single body of data gathered.

In qualitative research it is often difficult to oeeme the above listed limitations of
interviews. It is significant to acknowledge and at besimize their influence on the
research process. Regarding bias Bell (1987), notes thafit$o “acknowledge the
fact that bias can creep in than to eliminate it tagétfpage 73). The limitations
listed above need to be viewed in the content of thegsexd, general research design.
It should be noted that the limitations above are haipplicable to the case study-
design or to the study undertaken in this report. Gematan of results is not the
focus of case studies in which sample sizes are slelderately. The purpose of this
study is not to replicate the research design, sincecaeaehstudy is unique, but to
extend the results and findings to learners in singifatironments. Bell (1987) cites
Bassy (1981), in which the latter maintains that in caseies,’ The relatability of a

case study is more important than its generalization”.

Cohen and Manion (1991), maintain that validity and researbias in interviews are
closely related. They (Cohen and Manion, 1991), go on to sutgeshe most
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practical manner to enhance the researcher’s valglity minimize the amount of
bias as far as possible. They argue that the sourcessodta the characteristics of the
interviewer, the respondents and the substantive caoitéme questions. Cohen and
Manion (1991) suggest that one of the ways to reduce resebrakés to have
multiple (different) interviewers but this would be tlgsgnd time-consuming.
McMillan and Schumacher (2001), provides us with another toelmit researcher
bias, i.e. that if the interview is done correctly,does not matter who the interviewer
is; any number of different interviewers would obtdia same results” (p. 268).
Furthermore, in case studies, researcher bias isdststied by obtaining actual
guotations as well as accurate records from the partisip@atfurther limit potential
sources of biases, participants should be afforded thetoppgrto check records

before the researcher begins to analyse the datagmthe

Bell (1987) states that interviewing in the hands of a cap&skearcher has potential
to generate “a wealth of valuable data, but such interviegqusire a great deal of

expertise to control and a great deal of time to ana(ps&2).

An unfortunate reality of using interviews is that itilme consuming to prepare,
conduct and analyse and the researcher needs to takeasumgnof this before it is
selected as a research tool. The final consideratleats®) interviews as a research
tool was its advantages over other data collection td@gjliestionnaires.

In a qualitative study like this one, the researcheften interested in aspects, which
are deeply buried in the minds of participants. Thusrderto reach beyond the
physical reach of the participants, researchers noymsd either questionnaires or

interviews.

In this study personal interviews were selected as #fenped mode of collecting
data. Personal interviews are superior to questionnaicasibe they afford the
following benefits to the researcher: it affords tesearcher the opportunity to ask
structured and open ended questions; responses obtainedprabdxkif there is a
need for such clarification; interactions by participdatsclarity and establishing a
personal rapport with the participants involved.
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3.2.3 Summary of advice about designing and usingi  nterviews

Interviews are frequently used in qualitative researclgdess an instrument to
collect data. However, it is also one of the “fredqlyemisunderstood” (Leedy,
1993:192), research tool. The following advice is a summabg &hared between
researchers if researchers would like to conduct ssitdesterviews with the aim of
collecting relevant data. The suggestions are clustereddueg to the following
categories:

* The initial planning phase;

* The formulation of questions;

* The pilot study;

» The conducting of the interviews; and

* The analyses of data.

In theinitial planning phaseit is important for the researcher to do the folloyv
demarcate the area to be explored during the interviewsethis as a guide when
formulating the questions; decide what you need to know and/adnyeed to know
it (Bell, 1987).

Whenformulating questiongt is suggested that the researcher focuses on the
sequence of the order in which the questions are to be @dkdtlllan and
Schumacher, 2001); devise probing questions; pose the same g &stall
participants to ensure comparability of results (Fraeakd|\Wallen, 1993); questions
should be worded clearly and unambiguously (Leedy, 1993; B3&b);a mix of
open-ended and direct questions should be used to allow &degrespondent
participation (Thompson, 1978).

In the piloting phaseof the study, the researcher should conduct preliminary
interviews with a select few participants who dispdayilar characteristics as the
participants in the main study of the research. By sagdanajor shortcomings with
the interview protocol can be identified early on in shedy and rectified (Bell,
1987).
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When conductinghe actual interviewthe researcher should state the focus and
purpose of the study upfront (McMillan and Schumacher, 2@@&hyonstrate
flexibility by shifting quickly between ideas (Posner andt@®y, 1982); enhance the
participants self-esteem by making positive remarkshdo tesponses (Bell, 1987;
Osborne and Gilbert, 1980); encourage participants to askydagking questions
during the interview process. The researcher should moindte the interview
sessions by talking excessively unnecessarily- instea@sbkancher should afford the
participants ample time to air their views without any hamde (Bell, 1987; Posner
and Gertzog, 1982).

Whenanalysing the datéhe researcher should strive to analyse and intefpet t
collected data in terms of the objectives of the resestudy (Cohen and Manion,
1991); respect the anonymity of the participants as infoomgiathered should be
treated in a highly confidential manner (Bell, 1989); lithéir own biases and
personal prejudices towards the study (Bell, 1989; CoheMangbn, 1991); classify
open-ended questions into sub-categories and these sub-aseged to be verified
by knowledgeable experts (Cohen and Manion, 1991). The raseatwuld guard
against accepting responses at face value, but shoulddnsikdate responses by the
processes of triangulation (Cohen and Manion, 1991; Scthenaad McMillan,
2001).

According to McMillan and Schumacher (2001), the procéssfective interviewing
“depends on efficient probing and sequencing of questions” (p. #d8alise the
goal of effective interviewing, McMillan and Schumach20@1), have offered the
following guidelines:
* Interview probes should be used to elicit detailed infoilonafurther
explanations and classification of responses;
» The researcher needs to articulate the purpose angl ddtis/her research
from the outset;
* There should be a semi-structured ordering of questionsvthadl allow for
flexibility to obtain adequate data;
» Demographic questions should either be dealt with througheunterview

session or in the concluding section of the interviess®n;
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* Questions of a complex, controversial or difficultura should be catered for

during the middle or tail-end of the interview session.

Figure 8 below, indicates the steps to follow when desigmmplementing and

analysing an interview research instrument in a quattatudy.
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Figure 8: Flowchart for interviews as a research ingntm(Chetty, 2003:41)

As stated earlier, elsewhere, the purpose of this ssudygather information through
an in-depth qualitative study about learners’ reasoningyaihen solving geometric
riders. Information gathered will be based on learneasoning abilities to solve

geometric riders involving cyclic quadrilaterals and tangestiidéms. The

- 60 -



information so gathered, is intended to benefit edusatien teaching Euclidean

Geometry to high (secondary) school learners’.

Another aim of the study is to translate broad retegoals into more detailed and
specific research objectives. Hence, the need to prépameterview schedules.
According to Cohen and Manion (1991), this means that i@seéjectives are to be
translated into questions that would form the core ofrttegview. Cohen and Manion
(1991), and McMillan and Schumacher (2001), suggest that hbmectual
guestions are prepared, a thought needs to be spared fomtla¢ &b the questions as
well as the possible responses to the questions. inttheiew the researcher used
both open-ended questions as well as choice selectiotiaqseshere more direct
answers were required. This is in keeping with the balahstucture and flexibility

alluded to earlier.

According to Frankel and Wallen (1993); open- ended questidngeimviews have a
number of advantages. These advantages include the fodiowi

* they are flexible;

» they allow the interviewer to probe respondents for ndetail;

» they assist in clearing any misunderstandings; and

* they encourage cooperation and help establish rapport retieeeesearcher

and the respondents.

In the interview protocol presented several open-ended qasstie included to
establish how learners’ reason when solving geometricstid®me choice related
guestions were included to maintain focus of the interveethat respondents do not

talk aimlessly and non-stop.

Cohen and Manion (1991) argues that the type of infoormabught will frame the
response mode as well as the way in which the datatzalevill be analysed. In the
interview protocol the response modes are a mixturgadlabased activity to be
completed by learners (see end of this Chapter for taBke)data generated was of a
nominal type. The advantage of generating nominal typlataf is that it minimises
the bias effect while increasing the flexibility (Cohewl &tanion, 1991). However, a
disadvantage of this type of data is that it becoma® whidficult to code.
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Following the preparation of the interview schedule wass#tting up and conducting
of the interviews. Permission, and on site selectfgradicipants was obtained prior
to conducting the interviews. Bell (1987), suggests that besidense of “common
sense and good manners” (p.75), the following courtesiestodedalso adhered to
by the researcher:
* Introduce yourself as well as the purpose of your study;
* Respondents should be made to feel at ease,;
* The manner in which responses are to be recorded neeceiplained to the
participants;
» Ifrecording devices (tape recorder, video recorder, etctpdre used, get
participants consent before you actually conduct tlesvigw;
* The interviewer needs to abide by the interview schedwegthnot

religiously- there should be room for flexibility.

In addition to the above, if the researcher makescanymitments (promises, etc) to
the participants, then such promises need to be fulfiRedearchers’ should take
Bell's (1987) words to heart and remember them “take car®r@bmise too much”

(p.76).

The final stage in the interview process, once the limddeen collected, involves
coding and scoringCohen and Manion (1991), regard the process of coding as the
translation of question responses into specific categdor data analysis. In this
study, summaries were made after the interviews or thraudio recording of
participants’ responses, which were then catalogued aogapre-determined
categories. In the interview protocol listed, responga® post-coded and matched to
the pre-determined classes in the content analysisnéesaresponses were then
rank-scored to ascertain the frequency of particulgroreses occurring. Finally, the
data was analysed and interpreted according to the objeofitles research study
(Cohen and Manion, 1991).

It should be remembered that these stages and processamoivtd be adhered to

religiously- they are flexible and subject to changeukhthe need arise. The

gualitative researcher, by continuously checking and tefteon what he/she
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planned provides valuable insights for his/her research qosstias however,
important for a researcher to plan effectively edep sf the interview that he/she
will follow in eliciting information from the reseah question(s). Similar
developmental strategies were applied to the instrunfentse document analysis
and the lesson observation.

3.2.4 Document analysis

Document analysis as its name suggests can be appetypused to analyse past as
well as present records of the participants involvetienstudy. Fraenkel and Wallen
(1993), believe that a “person’s or group’s conscious andngo@us beliefs,
attitudes, values, and ideas are often revealed in thevamts they produce” (p.389).
As stated earlier, information collected from lessbsesvation session and the
interviews was triangulated with information obtainezhirlearners’ responses to the
task-based activities. Personal documents, such agsisaenercise (work) books;
educator’s lesson plans, etc are a rich source of valugbrmation that the
researcher can have access if needed.

3.2.5 Participant observation of lessons

Participant observation is commonly used in case stadi@sallow the researcher to
“actually participate in the situation or setting theg abserving” (Fraenkel and
Wallen, 1993:390). According to Fraenkel and Wallen (1993), dsaw@®org and

Gall (1983), the researcher can assume one of twowties participating in lesson
observations. Firstly, the researcher can be fullyémsed in the situation in which
case his true identity is shielded from the rest of tbegrand secondly, the
researcher’s participation is partial, meaning thatéisearcher acts as an observer
but is also allowed to participate fully with the group $tablish rapport and develop
a better understanding of the group’s dynamics (i.e.thevgroup functions, etc.) and
relationships. In this study the researcher assumddttberole.
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Since the aim of this case study was not an intelu@nbut exploratory and
interpretative of conditions as they unfolded, thers lite need for me to become
fully immersed in the group’s functioning. To ascertain heavners reasoned when
solving geometric riders, it was necessary to obsearades in practice during the
study. An agreed upon time schedule for classroom obsersatimhfeedback was
established with the educator.

Two modes of recording data were employed for the classabservation, viz. field
notes and video recordings. Field notes were descriptivenfordhal in nature and
selectively used in accordance with the broad categoelated to learners’ reasoning
strategies employed when solving geometric riders. Videordings were not used in

any significant manner.

3.2.6 Learner-based tasks used
The questions selected for the task were typical exaimmgipe questions, which the

learners may have encountered previously. The questions wtreuted for both
higher and standard grade learners doing mathematicsdat tgdevels.

Whilst learners are not usually asked multiple choiceteuressin an examination,
these questions have been designed to gain a peep ifgearners thought processes
when solving geometric problems. The use of multiple eéhquestions instead of
routine examination type questions was motivated by théHadn multiple choice
guestions the answer “lies in front of the pupil” (Ddl995). To each of the questions
four alternatives are provided, of which only one is &va&sponse to the question.
The challenge for the learner is that the additionaktlalternatives also appear to be
valid responses to the given question.

The questions posed were set or compiled by “experiereeti¢rs who, over the
past number of years, have been members of teamstefsytrained to design
multiple-choice questions” (Daly, 1995).

Accompanying each question, below is a brief descriptiavhat the question entails

as well as possible routes learners could embark upamive at a valid response to
each question.

3.2.7 The task and the administration thereof

The tasks (see below) that were administered were lmaseyclic quadrilaterals and
tangent theorems. The tasks consisted of eight (8)ptaufjuiestions (Section A) and
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one open ended type of question (Section B). In the stady learners were asked
not to answer task 8 in Section A because of lintited. The tasks were first piloted
with a different group of grade 12 learners at the sameotcMcMillan and
Schumacher (2001) argues that conducting a pilot study atfeedgsearcher the
opportunity to “Check for clarity, ambiguity in sentend@se for completion,
directions, and any problems that may have been expedgp.185), before the

instruments could be used in the main study.

Participants for the main study were selected omd#ses of the school's grade 12
results in Mathematics. It is common knowledge teatriers’ performance in
mathematics in comparison to other subjects is belowSuénools whose average was
within a 5% range of the District's (Tshwane South) 2088 age were identified as
potential sites of implementation of the researctrumsent. Consideration of
distance, travelling time, and accessibility to learnedsicators and school were all
factors to be considered before the final selectionmeaxde. The latter constraints

resulted in a school in close proximity of the reskears home to be selected.

It was important for the researcher to pilot the nekta collection instrument, before
actual implementation in the main study. However, dussuitable time frames and
the reluctance of the School Management at onelpessie, the pilot and main

study were conducted at the same site, but with diffepentps of grade 12 learners’.

Table 9: Comparison between the pilot and main study.

Characteristic Pilot Study Main Study

Gender composition of learners

Heterogeneous

Heterogeneous

Ability group

Mainly standard grade learners

Both higher and standadz gr

learners

Learner performance

Poor to average

Average to good

Learning environment

Enhances learning

Enhances learning

Educator involved

Same educator

Same educator

The above table (Table 9) illustrates the similaritied differences that prevailed

between learners in the pilot study and the main sflidg.same educator taught both

groups of learners. The learners’ in the pilot studyewsainly standard grade

learners’, whilst the learners’ in the main studyevieom both higher grade and

standard grade. Both groups were well represented in témender- both groups
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had boy-learners and girl-learners in them. As altre$the similarities prevalent in
Table 10, as well as the teachers’ understanding ofetbe to improve learners
understanding of Euclidean Geometry, it was possible ¢b thi€ main research tool

and expect to obtain data which is reliable and meaningthkt main study.

The pilot study of the learner task was used to checkefollowing:

» User friendliness to the learners;

» Appropriate language used,

» Layout of diagrams and its aesthetic appeal,

» Ease of marking (scoring) of tasks and the analysigotfieand

» Searching for and identifying patterns to the learner’s resgson
The pilot study assisted in the refining of diagrams usedetisaas the terminology
used.

A key aspect of the pilot study was the kind of data géeeéithrough the use of the
data collection instruments. Meaningful data in this exintelated to how learners
responded to the given tasks and the geometric reasorts tvicadvanced in
support of their responses. The data collected indichtg¢ddme alternatives had to
be refined and in some cases diagrams as well asvitie igformation had to be
refined to address the research questions adequately. €haewt schedule was
expanded to include the following items from the initiaéthitems:

1) Learners’ background, attitude to Euclidean Geometry (@ipi

2) Learners’ perception about Geometry (original);

3) Learners’ understanding of pro@idded)

4) Learners’ “tools” used to solve geometric rideadded) and

5) Learners’ understanding of theorems (original).
These five items corresponded with the emerging pattdrserved through learner’s

responses to the tasks, interviews and classroom ohearvat
As data from the pilot study was analysed it became tideihe researcher that the

manner in which learners responded to the tasks given cewldtalogued under
these emerging patterns (numbered 1-5 above). These pattautd be a reliable
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source of information as they provided rich data about asders to the following
overarching research questions for the study viz:
1) How do learners (grade 12 learners’) begin to solve or writa proof to a
given rider?
2) What knowledge and skills do grade 12 learners’ employ in orddo solve

geometric riders?

In this study, these emerging patterns of the pilot sewwed into key aspects
against which data in the main study was analysed andricegds identified.

3.3 The main study

3.3.1 Historical data about the educator and learn  ers’ concerned.

The educator has a three year Senior Primary Teadbipitsma after grade 12
(M+3). The educator has taught in a secondary school fqrat$te20 years. The
educator has taught all grades in a secondary schogjaaes 8-12. Despite the
teacher’s qualifications, the teacher has consistanttjeved a 100% pass rate at
grade 12 level since teaching grade 12’s in 1998. The teacherdrasniee
nominated for the Gauteng Mathematics, Science and Tlegynbeacher of the year
award for consistently producing excellent results atigrl2 levels.

The learners who patrticipated in the main study wera@well’ in mathematics
according to the teacher. Out of the class group of 2iidesirtwo learners achieved
an E symbol as a year mark and two achieved an F sysl@lear mark. The
remaining learners in the class obtained symbols A-®yssar mark (see Table 12).
Furthermore 16 of the learners entered to write theiroéigrade 12-year exams on
the higher grade and the remaining 11 entered as standard gndd#ates. The class
had 18 female learners and 9 male learners. Of the 2iefeaonly 24 learners

completed the tasks- the other three were absent aathihe tasks were given.
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MALEEMALICS TASK « 204

NAME OF STUDENT:

INSTRUCTIONS:

1.

2.

Thank you for agreeing to be part of my research project.
This isNOT a test.
The task is divided into two (2) sections.

» SECTION A: Multiple choice items.

 SECTION B: Open ended question.

AnswerALL the questions from botBECTION A and
SECTION B.

Show all working details, where necessary, on the blagk pa
opposite each question.
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SECTION A:

Each of the questions has four (4) alternatives to them.
Circle the letter which you think is the most appropriasponse
to the question.

Provide a motivation for your choice to each questiothe blank
page opposite each question

. In the given diagram, A, B and C are points on the cifetence

of the circle. E is the centre of the circle. ADaisangent to the
circle at A. AC and AB are equal chords of the

U U
circle.BAD = 30°. The size of CEB = ......

EA*
B
D
A) 30
B) 120 In order for the learner to be able to solve this rid
is anticipated that the learner will :

C 900 » Identify the angle between the tangent and

) the chord (i.e. angle BAD = 30Qas been

equal to angle BCD;

D) 600 * Next use the fact that AC = AB to deduce the

size of angle BAC =129

» Construct an angle on the major arc of CB
which will be equal 69

» Use this fact then to calculate the angle CEB
, using the angle at centre theorem ,i.e . angle
CEB =126
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2. Points A B,D, E and F lie on the circumferencaafrcle.

U U U
EBC =80 andAEB =35°. The magnitude oEDB is

A)
B)
C)

D)

125
100
135
45°

In order for the learner to be able to solve this rid
is anticipated that the learner will:

Identify two unique cyclic quadrilaterals, viZ.
EABD and FABE;

Next use the fact that angle BEA = angle
BFA = 35 (angles subtended by chord AB)
Next they should deduce that angle EBA =
AFE = 80 (exterior angle of cyclic quad.
Equal to interior opposite angle);

By performing some basic arithmetic i.e.
angle AFE — angle AFG = 2&nd hence
angle EDB = 180- 45 = 13% (opp.angles
of a cyclic quad are supplementary)
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3. In the given figure QUTS is a cyclic quadrilateral. Pi@R tangent

U
to the circle at Q. TS =TU ; SU = SQ and [fBBQ. IfSQR = x
, which angle ishot equal tox .

In order for the learner to be able to solve this rid
is anticipated that the learner will:
. * ldentify the angle between the tangent and
U the chord, i.e. angle SQRxand then the
A) P1 angle in the alternate segment, i.e. angle
U SuQ;
B) Ql * Next, using the fact that SU = SQ ,learners
. can deduce that angle SUQ = angle SQU=
U x(angles opposite equal sides
C) U «  Next using the fact that TSQ ,learners can
U U identify corresponding angles, viz. angle
D) S+ & TPQ and angle SQR;
» Based on the above reasoning then the
correct option to choose would be option C
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4. PQR is a tangent to the circle at Q. QU is paral®ST. UQ = US
[}
and UT =TS. IIRQS=x, then the value ofis ..............

A) 45
B) 36°
C) Cannot be determined

D) 72°.
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This rider may appear to look like the previous —
but it differs in that the learner is asked to determin
the numerical vale of the variabteln order for the
learner to be able to solve this rider it is antitgpa
that the learner will:

11°

Identify the angle between the tangent and
the chord, i.e. angle RQSx=and then the
angle in the alternate segment, i.e. angle
SUQ;

Next, using the fact that SU = UQ ,learnersg
can deduce that angle SUQ = angle SQU=
x(angles opposite equal sides

Next using the fact that TI8JQ ,learners can
identify a pair of alternate angles, viz. angle
QUS and angle UST;

Learners can then express angle UTS as
188 — 2 (remaining angle iAUTS);
Deduce that angle UQS x 2opp.angles of g
cyclic quad. are supplementary);

By working with the sum of interior angles
of AUQS, learners can then deduce that x 1
36°, which is option B.




5. KLMO is a cyclic quadrilateral of a circle withradee P.

[} [}
NMO =120° andLPM =80°. Which one of the following
statements iEALSE?

A) OM =ML

a a
B) MKL and KML are complementary angles.

This rider is different from the previous one in that the
O O Iearknehrs are asked tlo identify the FlALSE statdermmhis
—_ task the term “complementary angles” is used. It is not
C) MPL =OKM included to “derail” learners but rather to assess whethe
they are familiar with terms such as “complementary
angles” , which mean that angles add up tb ®Oorder for
. o the learners to be able to solve this rider it iscipated that
D) 4 O MK =PKL the learner will:
¢ Identify the exterior angle of the cyclic
quadrilateral angle NMO = angle OPL (exterior
angle of cyclic quad. = interior opp. angle);
¢ Next, using the fact that P is the centre of the
circle then PM = PL = KP = PL (radii);
¢ Using the above fact, learners can then deduce
that angle PLM = angle PML = BSimilarly it
can be shown that angle PKL = angle PLK £ 40
¢ Base don the above reasoning learners can the
deduce that option A is definitely FALSE.
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6. XYZ is a common tangent to the two circles. With respecthe
given diagram which of the given statemenfSRUE?

A) ABYC /il ADYE

B) B_C:ﬂ
DE BE
C) ED || Xz
D) ﬂ:c_Y
EY YD

Z

will:

This rider is different from the previous one in tte
learners are asked to identify the TRUE statement.
Whilst all four alternatives look TRUE at first glance
this may be misleading.. In order for the learnersto
able to solve this rider it is anticipated that therlear

b

Identify the angle between the tangent and
the chord relative to the larger circle ,i.e.
angle XYB equal to angle YCB (angle in
alternate segment),and to angle EDY in thd
smaller circle. Similarly in relation to the
smaller circle the angle between the tangent
and chord angle ZYD is equal to angle YED
in the smaller circle and to angle YBC in thg
larger circle;
Based on the above learners will deduce BC
/I ED because the re appears to be a pair gf
corresponding angles equal, which would
then make option D the correct one.
Options A, B and C are incorrect because:
Option the order of the triangles are not
written properly; option B is not valid
deduction and option C looks like somethinjg
they have dealt with previously.
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7. AE is a tangent to the circle at A. CDE is a straigi€.|
a a a
DAE =30° andAPD =120. The size of ADPis

A) 600 * This diagram was deliberately distorted by
the researcher. The learners were not awafe
of the fact that the diagram was distorted.
B) 900 The reason for the distortion was to ascertain
whether learners could visualise that the
measures for the given angles are not
C) Cannot be determined. applicable to the given diagram. It is
anticipated that learners would go for optio
C because of the nature of the diagram and
D) 300 the values given. This rider wants to explor,
the “myth” that learners at school believe
that there should be a solution to every givén
rider, especially when numeric values are
given.

—

[
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8. WPQ is a tangent to the circle at P, which meets SR pealdindQ.
TR||PQ. If ST = 4,5 and SQ = 18 then the lengtiSBf
5

S
R
T
W P Q
A) 2
B) 22’ 5 LEARNERS WERE ASKED NOT TO
ANSWER THIS RIDER BECAUSE OF TIME
CONSTRAINTS.
C) /(4,57 +18
D) 9
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SECTION B

Show all working details on the blank page opposite thisne.

a
1.In the given diagram O is the centre of the cirsl@X = 70. Points
U, V and X lie on the circle. Calculate the sizeshef following:

[} [}
1.1) U 1.2), 1.3XWV

For 1.1. learners had to apply the angle at centrg
O

theorem to caIcuIateU ;
Using the above result learners could calculate
O

V 2 using the fact the angle, ¥ angle %
(angles opp. equal sides) . thus angle-\65’;
Considering the limited information given, its not
possible to calculate the size of angle XWV.
However learners were able to come up with a
variety of “solutions” to this question.

THE
THANK YOU
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Chapter 4: Data Analysis and findings

4.1 Analysis of learners responses

Coding process

To safeguard the identity of the participants (learnerdeancher) involved, codes
were used when referring to either party. The teacheret@sed to a3eacher
whilst the learners’ responses were codéd-L24. The“L” refers to learner and the
numbersl-24is the order in which the researcher collected theorese sheets from
the learners. The responses of the 24 learners wereakegorised and analysed

according to the following broad categories.

Table 10: Categories of learner’s responses.

>

S 5 Category

o Q

o E

S 2

C1 Correct response witkalid reasonsand working shown.

C2 Correct response widome validreasons and working shown.
C3 Correct response witlo valid reasons and working shown
C4 Incorrect response witlalid reasonsand working shown.

C5 Incorrect response widome validreasons and working shown
C6 Incorrect response witto valid reasons and working shown
C7 No response bsbme attemptmade to solve question

C8 No response, witho attemptto solve question.

Table 11 (below), shows each learner’s response tavbe task. Table 11 also

provides some historical information regarding each leamhe completed the task.

The above categories were formulated prior to the lesunesponding to the tasks.
Based on my experience as a maker at grade 12 levelllesswny classroom
teaching experience, the above categorise were develdfied.learners would
provide a correct response for instance without showiggnerking or reasoning as
to how he/she arrived at a solution.
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Table 11: Learners responses according to categori@seduin Table 10

SECTION A SECTION B
o _ E
e |18 |35 |:
] < > ]
3 & 3 > 1 2 3 4 5 6 7 8 11 | 12 | 13
L1 F H C c2| c1 C1 C5 C1 C5 c1 C1 cl CB
L2 F S A c4| c1 C5 C5 C1 C1 c1 [e% cl Cl
L3 M S A c6 | C6 C6 C5 C1 C5 C6 cq C1 C2
L4 M H C ci1| c1 Cc1 C5 C1 C1 C5 cq C1 C5
L5 F H B ci1| c1 C2 C1 C5 C1 c1 [eX| C] Ch
L6 F H F cz2| c5 C5 C5 C5 C3 CH§ C1 cl cy
L7 F H A c1| c2 c2 C5 C1 C1 C1 cq C1 C4
L8 F S E c7| ce6 C5 C5 C6 C5 C7 cl CB ch
L9 F H C ci1| c7 C5 C5 C6 C6 C7 C1 Cé CB
L10 F H D ce6| cs C1 C5 C1 C6 [e31 C1 cl ch
L11 F H C c2| cs3 C5 C5 c2 C5 cq Ci Cl cB
L12 F S B ce6| c6 C5 C5 C5 C5 CH § cl Cl CB
L13 M H C ci1| c1 C1 C1 Cc1 C5 c1 ﬁ [eX| C] Ch
L14 M S F C3| C5 C6 C1 c2 C3 c2 Q ci Cl cp
L15 M H B c2| c1 C1 C1 C1 C5 [¢7) cq [o C6
L16 M S D c2| c2 C3 C5 C2 c2 CH§ C1 cl CB
L17 M S E cz2| c2 [e7) C5 C5 c2 c2 Ci Cl ch
L18 M S B c2| c1 C5 C6 C6 C6 c3 C1 cl CB
L19 F H D cs5| c2 C6 C6 C5 C6 CHq C1 cl CB
L20 F S A ci1| c1 C5 C6 C1 C1 Cl ci Cl cp
L21 F H B ci1| c1 C5 C6 C1 C1 [e31 C1 cl Cb
L22 F H B ci1| c7 C1 C6 C6 C1 [e31 C1 cl CB
L23 F H C ci1| c1 C6 C6 c2 C1 C6q Ci Cl CB
L24 F S D cz2| c7 C5 C6 C6 C5 [ Cs8 Cs8 cs

“Codes used in above table (See footnote)

The next stage in the classification process wasagsif{ how the learners responded
to each of the questions in Section A of the activigble 12, below reflects how the
learners responded to each of the questions in Section A.

2 Codes used in Table 11: Level refers to the gradehichviearners have entered for the end of year
exam (i.e. either higher or standard grade), F = feteatmaer , M = male learner; H = higher grade ; S
= Standard grade
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Table 12: Learner’s response to tasks in Section A

Number of learners who selected... as a response
Question No. A B C D No Response Total
1 3 16 0 3 2 24
(12, 5%) (66, 67%) (0%) (12, 5%) (8, 33%) (100%)
2 0 2 14 3 5 24
(0%) (8, 33%) (58, 33%) (12, 5%) (20, 83%) (100%)
3 3 0 11 10 0 24
(12, 5%) (0%) (45, 83%) (41, 67%) (0%) (100%)
4 6 4 14 0 0 24
(25%) (16, 67%) (58, 33%) (0%) (0%) (100%)
5 14 6 1 3 0 24
(58, 33%) (25%) (4, 17%) (12, 5%) (0%) (100%)
6 9 0 3 12 0 24
(37, 5%) (0%) (12, 5%) (50%) (0%) (100%)
7 0 2 12 7 3 24
(0%) (8, 33%) (50%) (29, 17%) (12, 5%) (100%)
8 NO RESPONSE BY ALL LEARNERS 24

3Cells shaded

The above table (Table 12) indicates at a glance the nushkesarners who selected
each of the given responses (A-D) as their choicgedishose who have not provided
any response to the given task. Whilst the tables 11-I&hrquantitatively, they
need to be unpacked further so that it can become inbddlitp the general
readership.

Question by question analysis of learners’ response S

What follows is a selection of some learner’s resgsrto the questions in both
Section A and Section B of the task. The sample regsoare from learners who
have provided both correct and incorrect responses.afio@ale was to provide a
spectrum of responses as well as learners’ reasoninty adien solving the tasks.

3 Shaded in cells in Table 12 refer to the correct swis) for a particular question in Section A. For 3
both options C and D are valid options- hence bothleades! .
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Question 1 (Section A)

1. Inthe given diagram (on the right), A, B and C are points o
the circumference of the circle. E is the centre ottrde.
AD is a tangent to the circle at A. AC and AB are eghakds

0
of the circle. B A D =3¢. The size of

] B
CEBis................
A) 30
B) 120 c A
C) o(®

Table 13: A summary of learners’ responses to Question 1

Number of learners who selected... as a response
A B C D NO Total
Response
No. of 3 16 0 3 2 24
learners
% of 12,5% 66,67% 0 12,5% 8,3% 100%
learners

The above table is a summary of how learners respondéd given question.

One of the learners, L24 supplied the following ptdofthe given task.
Table 14: L24’s response to Question 1

Line Statement Reason
= .
1 E = 180 -30° Opp angles of cyclic quad
2 =150
0 - .
3 F = 300 (angle at centre = 2 X angle at circle)
4 0
360 — 300 = 0
0
> | E=30

* The learner (and others) has not supplied their priodabular form. The researcher has done so
because of convenience only.
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When viewing L24’s response closer the following aspeetsvarth noting:
O O
The learner has indicaté€A B, insteadBA D as 36;

O
a) The learner proceeds to calcul&eusing that fact that ECAB is acyclic
guadrilatera(according to the learney)

0
b) The learner concluddsee calculations abovéat E = 30, but circles
option B(the correct optionps a response to task 1.

The learner’s initial respongsee line 2 abovedf 150 is closer to the 12@han the
other options supplied. Furthermore, both*1@@d 156 are three digit numbers and
12@ is 30 less than 150 hence the choice of 12@lespite the working reflecting
something else.

Furthermore, L24 has erroneously identified ECAB asciccguadrilateral, because
three (C, A and B) of the four vertices lie on thelei. This is a distortion of the
definition of a cyclic quadrilateral which states thétyclic quadrilateral is a
qguadrilateral of which the vertices lie on a circle”(idan et al, 1995: 277). What
needs to be emphasized in this definition is Aldt four vertices must lie on a
circle. L24’s misrepresentation of the definition ofyal quadrilateral can be
explained in terms of Movshovitz-Hadar, Inbar and Zaskiggld.986) notion of
“distortions of the consequent” (p.34), in which the ioidd condition is maintained or
the original condition is slightly modified to fit ivith the learners’ view at the time.
Below is L24’s diagram used to solve the given task.
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SECTION A:

* Each of the questions have four (4) alternatives to them.

e Circle the letter which you think is the most appropriate response to
the question .

® Provide a motivation for your choice to each question on the blank
page opposite each question

1. In the given diagram, A,B and C are points on the circumference of
the circle. E is the centre of the circle. AD is a tangent to the circle at

A
A. AC and AB are equal chords of the circle. BA D =30". The size

C

A) 30°
‘B)) 120°
c) 90°

D) 60°

B

Figure 9: Learner 24’s diagram used. Note markings on #geain which informed her choice of
answer.

Another learner, L2 (see Figure 10 below) interpretgihen information correctly,
i.e. identifies the angle between the tangent andhibed equal to the angle in the

alternate segment, radii (CE =EB) as well as angg®site the equal sides, viz

0 O 0
ECB = EBC. Once the learner calculated (determined) the sigeAd® as 120 the
learner erroneously identified ECAB as a cyclic quadnitand hence deduced that

O
CEB = 60. In this case the learner used (applied) the theoreadifadrilateral is
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SECTION A:

e Each of the questions have four (4) alternatives to them.

e Circle the letter which you think is the most appropriate response to
the question .

¢ Provide a motivation for your choice to each question on the blank
page opposite each question

1. In the given diagram, A,B and C are points on the circumference of

the circle. E is the centre of the circle. AD is a tangent to the circle at
A
A. AC and AB are equal chords of the circle. B A D =30°. The size
N
of CEB =......
B
D
e o
A) 30° M ar kg Quwew
I~ nf . 4 [
B) 120° f =
) 90° = i
A =)
v y . ~
D) 60° PR 27 D,

Figure 10: The diagram used by L2 to answer Question &.tNetmarkings used on the diagram.

O
Another learner, L3, proceeded to determine the sizeEoB @sing the tangent-chord

O
theorem. However, EB is not the angle in the alternate segment, althdRjis a
chord of the given circle. Once again Movshovitz-Hastaal's (1986) notion of
“distortions of the consequent” (p.34) is applicablénie learner’s thinking.
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Question 2 (Section A)

Points A, B, D, E and F lie on the circumference of

o u
circle. E B C =8¢ andA E B =35. The magnitude

A) 128
B) 108
C) 138
D) 40

Table 15: A summary of learners’ response to Question 2

Number of learners who selected...... as a response
A B C D NO Total
Response
No. 0 2 14 3 5 24
learners
% of 0% 8,33% 58,33% 12,5% 20,83% 100%
learners

In this question the learner’s understanding of cyclic glaadral theorems was
assessed. From the above table we can see that 5813834) (of the learners were
able to provide the correct response to the question pekédd,41, 67% (10/24) of
the learners were unable to do so.

Learners who selected option D as a response argueglsafoitar lines to L8 whose
proof is given below.
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Table 16: L 8's response to Question 2 of Section A

Line Statement Reason
no.
1 O O Ext angle of cyclic
Fi+F.,=8C g y

guadrilateral

0
F.= 45

0
The proof, which L8 provided above, assisted L8 to determingizeeofED B .

However, L8 then applied properties of other quadrilegdiled squares or rhombus

O
in which the opposite angles are equal to determinezbeofit D B . The learner
failed to realize that the properties of squares omihes would not as a rule of thumb

apply to all quadrilaterals.

L10, whilst attempting to come up with a solution, failedltoso. Judging from Table
11, L10 is an “average” Mathematics higher-grade student, wéxpexcted to cope
with the type of riders provided in the task. However, Lsk@sponsel ‘don’t know
how 2 do it!!! Sorry- | gave up!{emphasis added) seems to suggest that he lacks
confidence and the necessary skills and know-how tbealtaesk. The learner is able
to identify and apply theorems relating to cyclic quatkals (for example angles in
the same segment), but lacks the geometric eye tretlitiate between an interior

and exterior angle of a cyclic quadrilateral.

In this question, learners were given five points, whighdn the circle. These five
points are then joinegée given sketch abgwend three cyclic quadrilaterals are
formed. Learners’ were expected to indicate the gimarmation on the sketch,
which would have enhanced their ability to solve the givaar isuccessfully. By
successfully indicating the given information the leais1“geometric eye” (Godfrey
as cited in Fujita and Jones, 2002:384) would have come myoThe learner’s
ability to “see” a solution is enhanced when the gedmetre is well developed, i.e.
when learners are able to visualize how “geometricggnes detach themselves
from a figure” (Godfrey in Fujita and Jones, 2002: 385).
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Question 3 (Section A)

In the given figure QUTS is a cyclic
quadrilateral. PQR is a tangent to the circle fat
Q. TS=TU; SU=SQand TPSQ. If

O
SQR =x, which angle isiot equal tax .
0
A P
O
B) Q1
O
c U

0 0
D)S: + S2

Table 17: Summary of learners’ responses to Question 3

Number of learners who selected...... as a response
A B C D NO Total
Response
No. 3 0 11 10 0 24
learners
% of 12,5% 0% 45,83% 41,67% 0% 100%
learners

In this question both optior® andD were regarded, as correct responses to the given

task.

In this question learners had to apply their knowledge of @uely acquired
geometric concepts to identify angle(s) not equal to ancavegle. Whilst the task
may have been straightforward, learners’ incorreca ri8U = UQ instead of

SU = SQ as was given. L6 for instance committed tipis of error. As a result of
this incorrect labelling the learner arrives at a cardecluction response to the given

guestion.
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3. In the given figure QUTS is a cyclic quadrilateral. PQR is a tangent to

A
the circle at Q. TS = TU ; SU = SQ and TP ” SQ.IfSQR = x ,
which angle is not equal to x .

ay P,
B) QI
o U
D) §|+é: A [ A%

Figure 11: The diagram L 6's used to solve Question 8 Me markings on the diagram made by the
learner.

Question 4 (Section A)

PQR is a tangent to the circle at Q. QU i
parallel to RST. UQ =US and UT=TS.

If R (5 S = x , thenthe value of is
A) 45 o S

B) 36
C) Cannot be determined

D) 72
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Table 18: Summary of learners’ response to Question 4

Number of learners who selected...as a response
A B C D No Total
Response
No. 6 4 14 0 0 24
learners
% of 25% 16,67% | 58,33% 0% 0% 100%
learners

In this question the learners knowledge on tangents atid qyadrilaterals was
integrated with basic geometric facts established in puevjrades. In this question
learners’ were expected to determine the numeric valtleeofariablex. From the
above table we can see that 25% (6/24) of learners aptegtion A and 58, 3%
(14/24) opted for option C as their respective respaase® question.

Learners were expected to formulate a linear equatititediype p = 10 and hence
solve forp. However the learners may be familiar in doing thaémworking with
algebraic equations but they are not always expected ltkesidse when solving
geometric problems. A typical response to the given questihich demonstrates the

learner’s lack of ability to formulate an equationsugplied below.
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Table 19: The proof provided by L12 to Question 4

o

Line Statement Reason
no.
1 (D? _
2 x=U Tan-chord theorem
3 But: U=S=x Angles opp equal sides
4 U=S=x Alt. angles QU // RST
5 T=x Ext angle = int.opp angle
6 Q =180 - 2x Opp angles of cyclic qual
supp
7 180 = 2x
8 2x =180
x =90 +2
10 =48

The above proof is an attempt by L12 to answer the givestiqueln line 5, L12 has

O
incorrectly identified R) S as an exterior angle of a cyclic quadrilateral QURS.

terms of the van Hiele model of thinking, L12 is functranat an inappropriate level

for the current grade. Learners at senior secondarl/(iexeat grade 10-12 level) are

expected to be functioning at least at level 3 (i.e. m&rdeduction). However, L12

seems to be functioning at level 1, since he has not yetageed the competency to

make sense of the relationships between propertiesjraedélationships between

figures are still not seen, and definitions are nouyelerstood” (Crowley, 1987:2).

Besides L 12’s inability to make sense of theorems, L1hptseto solve the problem

using his algebraic knowledge of equations to solve the giden L12 recalls

solving equations of the typg@5- 10 = 0 and tries to use that knowledge to solve the

O
given task. L12 knows that line ®(= 180 — ) needs to be rearranged to look like

5p—10 = 0. Line 7 resembles this type of mental activieylefarner is engaged in.

The mathematical rules used in lines 8 -9 are true,dtindine 7 is mathematically

flawed. The learner’s response in line 9, whilst cornaatiergoes a further “division”
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process because the learner’s response®a§ 3@t on the list of answers provided.
Hence, the further division by 2 to match the respong&’ofvhich is option A.

Another learner, L10 concluded that the valuexafannot be determined because
“NO values are given”, hence he selected option C.

For this learner in order to determine the valug séme other definite value(s) had
to be provided. This would have facilitated the determiningp@ftlue of the

variablex. Another learner, L2, who also selected option C, pravitie following

response.
Table 20: A response to Question 4 by L2
Line Statement Reason
No.
1 180 - (180 — 2x + X +X)
=180
3 =0

This response by one of the better achieving learnehg iolass (See Table 11)
indicates that learners’ only possess procedural knowledgewo solve geometric
riders. They lack the ability to apply knowledge gained tw@ suations in order to

arrive at a valid and plausible solution.

Both L2's and L12’s responses can be explained in termBsmistein’s (1996)
recognition and realization rules. Cooper and Dunne (200piexBernstein’s twin
concepts of recognition and realization as follows:cétmition rules, ‘at the level of
the acquirer’ are the means by ‘which individuals are &dbrecognize the specialty
of the context that they are in’. Realization ruddlew the production of ‘legitimate
text” (Bernstein, 1996 in Cooper & Dunne, 2000:48). Whilst bedrners were able
to recognize the given information relating to tangerd, @mlic quadrilaterals, etc.,
they failed to produce the “legitimate text” (Cooper & Dun2@00:48), i.e.
appropriate response.
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Question 5 (Section A)

KLMO is a cyclic quadrilateral of a circle with
centre P.\| I\/II:I O =120 ° and N
L FEI M =80 °.Which one of the following
statements iFALSE?
A) OM = ML
: ] o 9 M
B)JM KL and KM L are
complementary angles. P
] ]
COMPL =OKM K
] ]
DDOM K =PKL
L
Table 21: Summary of learners’ responses to Question 5
Number of learners who selected...... as a response
A B C D No Total
Response
No. 14 6 1 3 0 24
learners
% of 58,33% 25% 4,2% 12,5% 0% 100%
learners

In this question learners had to identify using the giveninédion, the statement that
is FALSE. From the above table, we can deduce that thane50% (14/24) of the
learners were able to select the correct alternateepption A (OM = ML).

Learners’ could have “guessed” the response to be Achwivould have been an
educated “guess”. Learners’ could have measured OM and Mioand that they
are not equal and deduce accordingly that that statemieat_SE.

Those learners’ who had selected option B, could hane do after supplying a
proof similar to the one supplied by L8 below:
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Table 22: A response to Question 5 by L8

11%

Line Statement Reason
no.
- .
1 LPM =80 Given
O =
2 K =40 Angle at centre = 2X angl
at circle
- . .
3 LPM = 100 Angles on a straight line
O =
4 LM P =56 Angle at centre = 2X angl
at circle

11%

Learners’ such as L8, who have opted for option Be ot mastered the linguistic

demands associated with Euclidean Geometry yet. Theeponf complementary

angles though not frequently encountered refers to angiesessum adds up to©0

It is a concept they have encountered during their studlyigbnometry mainly.

Question 6 (Section A)

XYZ is a common tangent to the
two circles. With respect to the
given diagram which of the given
statements iITRUE?

A) ABYC /Il ADYE

C) ED|xz

D) BY

CYy

EY YD

Table 23: Summary of learners’ responses to Question 6
Number of learners who selected

T/

(@]

...... as aresponse

A B C D No Total
Response
No. learners 9 0 3 12 0 24
% of 37,5% 0% 12,5% 50% 0% 100%
learners
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In this question learners had to apply their knowledge gietatrtheorems to similar
triangles. Although 50% (12/24) of the learners were abdelexrt the correct
response, an equal number of learners also selectedtieect response. Whilst
learners in both groups were able to identify the anglegisveen the tangent and
chord and the angle in the alternate segment- mameof made the wrong

conclusions.

Learners who selected option A failed to adhere td#sé principle when dealing
with similar triangles. The order in which the veeBoof the triangles are written is of
paramount importance. Textbook authors such as Gonii{E19) stress this point.
When naming similar triangles, “the letters indicgtaorresponding angles should be
written in the same order for all trianglgp.358) (emphasis added). Learners failure
to realize that although DYE andA EYD refer to the same figure, the order in which
the vertices appear do not correspond to the correspondingesenA BYC. Thus

the correct order should BeBYC /// A EYD and from this the ratio statement

% = % follows. Attention to order in naming triangles is imjamt, something

which a large number of learners have not yet mastered.

Question 7(Section A)

AE is a tangent to the circle at A. CDE is a
]
straightline.D A E = 30° and

A Fl’j D =120°. The size of A DEI P is

A 60°

B) 9¢

C) Cannot be determined.

D) 3¢
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Table 24: Summary of learners’ responses to Question 7

Number of learners who selected...... as a response
A B C D No Total
Response
No. 0 2 12 7 3 24
learners
% of 0% 8,33% 50% 29.2% 12,5% 100%
learners

The diagram to this question was deliberately distortegio an insight into
learners’ spatial understanding. The above table tefthat while 50% of learners
were able to visualize that the given information dagswmatch the diagram and
hence a solution is not possible, an equal number afdegrbecause of previous

experiences, are determined to find a solution at all .costs

Learners’ lack of spatial sense more often tharhmaters their ability to visualize
forms given to them and because of a poor spatial sernseintrrect judgments.
Fujita and Jones (2002) cite Atiyah (2000), who writes that:
“spatial intuition or spatial perception is anremausly powerful tool and that is why
geometry is actually such a powerful part of mathersatiot only for things that re
obviously geometrical, but even for thirtgg &are not. We try to put them into geometrical

form because that enables us to use outigmtuOur intuition is our most powerful tool..”
(p-386).
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SECTION B

The tasks in Section B were open ended in that nop@sslues for:
O

1.1)U ;
O

1.2)V. and

O
1.3) XWV is provided.

In the given diagram O is the centre of the circle.

(]
VO X =70. pPoints U,

v

V and X lie on the circle. Calculate the sizes of
the following:

o a]
1.1 U 12

o
13 xw v W
X
Y

The responses to the task 1.3 in Section B, can bgarated into the following:

) A remark “impossible to find out” (response by L2); “cannotf

(response by L23);

i) No response or attempt to solve the task; and

i) Some attempt made by the learners to solve the giskn ta
For tasks 1.1 and 1.2 all learners’ were able to providarnege responses to the
given tasks. However for task 1.3 some interestingoreses were provided. Below is
an example of one such “unusual’ solution.

L3 provided the following response to task 1.3.

-96 -



Table 25: L 3's response to 1.3 of Section B

Line | Statement Reason

1 )D(4 _ CD)1 +\32 Ext angle of triangle
2 X o= 700 +58

3 X, =128

4 \31 _ CD)1 N )D(3 Ext angle of triangle
5 =70+ 55

° v.=12%

O O
W is impossible to calculate since the sunYefand X 4is
greater than 180and the angles of a triangle add up t0°180

In the above proof, L3 regardD$4 and\? 1 as exterior angles of triangle OXV. One
can see that L3 does not have an understanding of theptasf an exterior angle of
a triangle. L3 may not have developed the “schema” (Chinmgj998:202) of
triangles adequately. Chinnappan (1998), defines the concepthaa” as “a
cluster of knowledge that contains information about coreepts, the relations
between these concepts and knowledge about how and whse these concepts”
(p-202). Considering Chinnappan’s notion of “schema”, L3 lag&ig/ht on how and

when to use the knowledge on exterior angles of a faaktpwever, despite L3’s
O
error in Lines 1 and 4 above, he arrives at a valid asian, viz. “the sum oV, +

O O
X4 is greater than 180henceW cannot be determined”, demonstrates that L3's
schema on the sum of angles of a triangle is battenored than the schema on

exterior angles of a triangle.

In the given task (1.3), neither XO nor OV is produaed/arrant the learner’s
justification for the use of the exterior angle dfiangle theorem. Although the

learners’ reasoning is flawed, the learner is ablerteeaat a valid conclusion, viz.

O
that it is impossible to calculateé.
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Another learner, L10 provided the following solution to task

Table 26: L10’s response to 1.3 of Section B
Line Statement Reason

1

0 . .
XWV = 18 - 70° Properties of a kite

This is a clear assumption!

2 O
XWYV =110

| have noidea how 2 do it. |

just don't see a solution!!!

(Learners remark to statement in line2) ———— |

Considering the appearance of the figure OXWV, L10 asstima¢she figure is a

representation of a kite. The learner then proceedsdahe properties of a kite to

calculate the size of\)?/v. In this case, L10 draws on the schema of kiteslte@ so
the given problem. However, not enough information has segplied for the
learner to conclude positively that OXWYV is a kiteke 10 mentions, an
assumption was made to enable him/her to arrive atticsel because this is what

school geometry is all about- there has to be a soltti every rider.

L11, in an attempt to solve the task (1.3), provided atisol based on the appearance
of the figure. L11’s response was “Look impossible, tlaeeno cyclic quadrilateral
and neither a tangent”. Furthermore, the learner (L1dg@&s%, because of previous
encounters with similar riders, to be provided with dicyguadrilateral and/ or a

tangent in order to arrive at a solution to the task.

Learners such as L4, L5 and L3 who attempted to solve skeliased their responses
on the theorems which they have studied thus far. LA &ntbr instance based their

O
solution on the angle at centre theorem to determmsitie o¥V. The point O is
given as the centre of the circle passing through thepbi, X and V- but the learner
expands the circle to include the point W as well. Basethis type of flawed

reasoning, L4 provides the following proof.
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Table 27: L4’s response to 1.3 of Section B
LI
0, =360 - 70 (angles around a point)
=290

O
WKV = 145,

From the preceding discussions, it has become appaatie¢dnners employ different
strategies in order to solve a given geometric problem.stitategies employed by the
learners’ are often based on amongst others previousiecs with similar

problems, the visual appearance of a given figure, and ¢cber@tt application of (a)

theorem(s).

From the responses arriving at a solution ,valid or otlserwieant to the learner that
he/she had provided a proof to the given rider. For thadea proof meant writing a
statement with a reason alongside it. A proof had tm laetwo column table format
for the learner with a reason attached alongside gabtbment. The learners never

considered the mathematical value of their proof to angiiger.

Whilst | had intended to employ the interview method data collection tool, | had
to disregard that strategy, as the data derived fronedestise was not adding value
to my study. The responses to the task, | believe aldesto provide me with a much

richer source of data then the interviews did.

The learners’ strategies to solve a given problem easiustered according to the
following categories:

* Incorrect use of theorems to solve a given problem;

* Responses to a problem are based on the visual appeafanfigure;

* Learners’ responses to a problem is based on their preaxpasience with a

similar problem; and

» Learners’ view of proof to a given problem.

Each of the above categories will be explored in sdetail in the next chapter.
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Chapter 5: Discussion of findings

From the preceding analysis of learners’ responstgettask in both Sections A and
B, the following observations are made regarding learnesponses to the given
task:
* Incorrect use of theorems to solve a given task (rider
* Responses to tasks are based on the visual appearanfiguré;
* Learners “force” a solution to a given task (riderfh@igh no solution is
possible at times; and

* Learners demonstrated different views of proof.

5.1 How learners use theorems to solve a given pilem.

The tasks given to the learners are typical ridehsgiwthey have encountered during
their study of Euclidean Geometry. The theorems or tedigh learners could draw
on, were based on tangents and cyclic quadrilateralsetimsdantegrated with
theorems based on triangles, as well as circle gegitintorems such as angle at the

centre of a circle.

The geometric riders consisted of four common geometncepts regularly
encountered by learners: circle; tangent, triangle andrdgizral. The riders were
developed by having these concepts “integrated in a matmen demanded that
the solver to recognize a component as serving moresti@function” (Chinnappan,
1998:205). For instance, in Question 4 (see Appendix 2), th&8ldeeeds to be
identified as (i) a straight line, (ii) a tangent to trele at Q; and (iii)) a side of the
quadrilateral RQUS. This recognition of one part of the &guaying multiple roles
constitutes an important part in the modelling processréestudents are able to
recruit appropriate theorems in order to generate neaxnnation. For instance the

O 0
recognition of QR as a tangent could aid learners to th&rRQS = QU S =x

(tangent-chord theorem). Furthermore, the identificatib@U// RST could result in

O O
learners using alternate angles, i.&l = UST and the added fact that UT =TS
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could result in learners inferring thaﬁsr = T%U =X (base angles of an isosceles
triangle) in triangle UTS. Having identified the angéegial tox and trying to express
the unknown angles in termsxyflearners’ could have calculated the numerical value
of x. However, 80% (20/24) learners’ provided option C (i.e. cahaatetermined)

as a response. This high “negative response” immedia¢ely the question WHY?

In a research study undertaken in Israel by Movshovitz-Héuzar and Zaslavsky
(1986), about learner’s responses to exam type questiopsyéhe astonished at the
number of student-invented variations of theorems. Aiplessontributing factor that
hampers learners’ in providing an accurate mathematioaf pnay be learner’s lack
of understanding of a theorem and then misapplying it. klmwitz-Hadar et al

(1986) refer to this as “distortion of theorems” (p.26).e&xample of the phenomenon

of distortion of theorems is illustrated in the émling example.

Table 28: A learner’s response to illustrate the phemn of “distortion of
theorems”
' )

X, = 51 + \72 (ext < of triangle)

O
X, =70 + 58

O

X, =128

O O O
V, = O1 + X3 (ext<ofa triangle)

=70 + 5%

O

vV, =128

m] m] m]
O W is impossible to calculate since the sunVpf+ X, is greater than 18Gnd the

angles of a triangle add up to £80

\. J/

] O
In the above example, L3 identifieXi, andV, as exterior angles of triangle OXV.

O O
What is true is the fact tha¢, and V, are outside (exterior) angles of triangle OXV.

However, the theorem related to the exterior anfjetdangle cannot be applied to
the given rider in this case. The learner, L3, arrives\alid conclusion based on

incorrect or flawed reasoning. The above example demoestrditat Weber (2002)
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has identified as a student’s “lack of understanding béarem or a concept and
systematically misapply it” (p. 102). Furthermore, thevabexample demonstrates
this particular learner’s lack of appropriate mentaksaés that would assist the

learner to recruit the appropriate theorems that wousldltren a valid solution.

Whilst this study is limited in its number of participarite tasks used were able to
demonstrate that some learners were just not able te tkaw starting blocks. For
instance in:

* Question 1: 8,33% (2/24) learners did not attempt the task;

* Question 2 : 20,83% (5/24) learners did not attempt the task;

* Question 7: 12, 5% (3/24) learners did not attempt the task.

Learners’ lack of attempting the tasks cited above waidggesst that the learners’
inability to provide an attempted solution is as a resluthey reach an impasse
where they simply do not know what to do” (Weber, 2002:102).

5.2 Learners responses are based on the visual appence
of a given figure

According to Monaghan (2000),

“The conceptual distance that students must cover to fnavethe stage of
recognizing such gross visual features of shapegraightness or length to more
abstract concepts such as parallel ness orricpéarity is far greater than the
mere difference in vocabulary might suggest. Stsdemy early on are able to
recognize and distinguish shapes. What is leasisléhe basis on which they

make such distinctions” (p.184).

From research undertaken by Monaghan (2000), in which segosatarol learners
had to differentiate between different quadrilateralsiierged from the study that
the learners used properties of one kind of rectanglelifoectangles. Monaghan
(2000) refers to Hasegawa (1997) who provides the following caomimehis regard:

“The prototype is a result of our visual-perceplingitations which affect the
identification ability of individuals, and imitluals use the protypical example as a
model in their judgments of other instances” f@dasva, 1997 in Monaghan, 2000:187).
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The above view of Hasegawa (1997) is well illustrated imthaner in which
learners responded to the tasks given. To demonstratesbrsi@s, learners
responses to some of the tasks will be dealt with below.

In task 1 of Section A (see Appendix 2), learner’s kndgseon:

1. tangent-chord theorem;

2. angle at centre theorem;

3. equal chord properties; and

4. properties of isosceles triangles,
is being probed. The diagram, though, is not a typical pqaeatyagram found in
your textbook, in terms of the above knowledge foctehms of the van Hiele model
of geometric reasoning, secondary school learners shau&lsurpassed the visual
stage (level 0) of the model. The Revised National Quitrma Statements (Grades R-
9) (DoE,2002), in their assessment standards for geomegjgest that learners
exiting the senior phase(i.e. the end of grade 9) of setgpahould be operating at
least at level 2 of the van Hiele model of reasonirgarhers at the senior phase
should be able to “describe and represent the chasditeiand relationships between
2-D shapes and 3-D obijects in a variety of orientati¢ps). Thus, one would expect
that a grade 12 learner would be in a position to idetti# key constituent parts of
the given diagram and then recruit the necessary thedresuccessfully solve the
given rider. However, whilst not a generalisationyieas’ employed cyclic
guadrilateral theorems (e.g.: opposite angles of accgakdrilateral are

O O
supplementary, i.e. 8D + CE B = 180) to solve the given task- despite there being

no cyclic quadrilateral present in the diagram.

Another example where learners made incorrect judggrEsed on the given
diagram is evident in task 6 of Section A (see Appendix 2).

In this task, based on previous encounters with simiameles, 37,5% (9/24) of the
learners’ deduced that triangle BYC /// triangle DYH arfurther 12,5% (3/24)
learners’ deduced that ED//XZ. Both these responseg@ioakquestions which
learners are expected to answer (see Appendix 3).

- 103 -



Jones (undated), maintains that learners’ “previous experemd the visual image”
of a figure shapes the manner in which a learner wolle sw attempt to solve a
geometrical rider. Jones, cites Fischbein(1987) in whiclatber asserts that
“Experience is a fundamental factor in shaping intogigp.82); and visualization is
the primary factor “contributing to the production of #féect of immediacy”(p.82).
The mental modalities, which learners’ recruit insétiempt to solve geometrical
riders is thus shaped by the following two assumptions:

1. the visual appearance of the figure; and

2. learners previous engagement (experiences); with sitygarof

problems.

Thus, the learners intuitive reasoning plays a signifipart when formulating a

formal argument to a given geometrical rider.

5.3 Learners “force” a solution to a given task alhough no

solution is possible at times

The classroom tasks given to learners are traditypdaigned by text book authors
to yield a solution. However, some of the tasks ireittévity sheet, were designed
with the aim of not yielding a solution. Task 7 in Sect®and task 1.3 in Section B
are two such examples. For task 7, 37, 5% (9/24) of thedesaopted for options B
(90) and D (30), whilst 12, 5% (3/24) did not provide a solutimhtae remaining
50% (12/24) selected option C- the correct solution.thus note- worthy to explore
how the 37, 5% (9/24) learners arrived at option B om Brder to get insights into

their reasoning.

The following learners L3, L6; L4 and L23 opted for optidii3¢°) — using different
theorems related to cyclic quadrilaterals and tangentéhgs and generic properties
of quadrilaterals. L3 and L23 (see Appendix 3), first usedathehord theorem

0 0
to show that AD = ABBD = 3@ and thereafter a potpourri of angles in the same

0
segment and assuming that P is the centre of the tircleduce that B P = 30.
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L 4 (see Appendix)3 after proving that /é D = 3@, indicated that triangle ABP

is an equilateral triangle (check markings on sRettut indicates different
measures for the interior angles of triangle ABPsTd@monstrates to me that the
learner has not yet fully grasped the properties ofjailateral triangle. A similar

discrepancy prevails in triangle PCD of the same figure

Both sets of solutions cited above are indicative ofdamers’ yearning to provide a
numeric solution to a given geometric problem when numailizes are given for
angle sizes. This “forced” type of solution indicatesttthe type of problems learners

have been exposed to always resulted in a definite @oluti

Similarly in 1.3 of Section B (see Appendix 2), leasneere asked to calculate the

O
value of XW V. Once again, based on the visual appearance of the gagmamh and
the learners previous engagements with similar problemsgelesa(e.g. L4 ; L5)
assumed that O is the centre of the circle passingghrddXWV. Based on this

O
assumption, learners proceeded to calculate the sk&/of using cyclic
guadrilateral and angle at centre theorems. Other lsaswech as L10, L 18 and L 21
assumed that XW is a tangent to the circle at X andepiaex to use the tangent-

0
chord theorem or tangent perpendicular to the radius tongdaeiethe size of XVV.

Both sets of responses cited above, as a result gfsihel appearance of the
diagrams and their intuition, learners recruited inappate theorems to assist them
to solve the given riders. Furthermore, both setssgialeses highlighted above
suggest that learners (regardless of their ability leheale not yet grasped the
theorems they are working with sufficiently. Faulssamptions made on the basis of
the visual appearance of a given diagram suggest that ledaner not as yet
developed the “geometrical eye” (Godfrey, 1910, cited in&amd Jones, 2002:385)
for detail. The geometrical eye, as defined by Godfrey (19&Rkes to the learners’
ability to see “geometrical properties detach themsdtaas a figure” (Godfrey, as
cited in Fujita and Jones, 2002:385).
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In addition to developing and nurturing the geometrica) Eg@ners need to develop
and nurture an additional skill to be able to solve masteal problems in general
and geometrical problems in particular, i.e. “‘geometpocaver” (Godfrey, 1910 in
Fujita and Jones, 2002:388). The concept of geometrical pelates to the learners
“power of seeing geometrical properties detach themsé@lvesa figure” (Godfrey,

in Fujita and Jones, 2002:388). As an example of Godfrefiemof the
“geometrical eye” consider task 6 of Section A (see Adped).

To be able to identify the correct statement, learhadsto see (visualize) that
triangles BYC and EYDr(ote the order of the trianglesye likely to be similar.
Learners were able to deduce that triangle BYC ///gi@BYE (option A), but failed
to take note of the order of the second triangle- thosredting option A. Similarly,
learners failed to see that ED is not parallel to X&,ED is parallel to BC. Fujitsa
and Jones (2002) cite a study undertaken by Nakashini (1987), widp8iese
learners aged between 14-15 years in which they had to piweBY if triangle
XYZ is an isosceles triangle. Although 75% (65/87) ofldaners’ were able to
provide a correct response to the problem, there weeesoP®% (22/87), who were
unable to “see” the solution.

To be able to successfully solve geometrical riders sboeld also have developed a
well-trained “geometrical eye” which will assist in &g at a valid solution. A
geometrical eye will not just develop overnight — it's agass which requires the
intervention and support of all educators teaching geomietnyt the foundation
phase educator right through to the educator who teachgradat 12 level and
beyond.

“There must be a good foundation of practicakwand recourse to practical and
experimental illustration wherever this can lteauced naturally into the later
theoretical course. Only in this way canakierage boysic] develop what | will
call the ‘geometrical eye™ (Godfrey, 1910 in Fegitand Jones, 2002:388).
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Chapter 6: Summary, recommendations and
conclusion

6.1 Summary and findings

6.1.1 Overview

The aim of this study was to explore, grade 12 learnedgnstanding of Euclidean
Geometry with special reference to cyclic quadrilataral tangent theorems. The
primary focus of this study was to investigate what cogmitdols learners recruit in

order to solve geometrical riders.

In Chapter two, the van Hiele model of geometric thought was discussed a
provided the theoretical framework for collecting, analgziinterpreting and

reporting grade 12 learners’ understanding of cyclic quadriletachtangent
theorems. The findings by examiners of grade 12 exams hasntbe MST (2003)
Report provided justification for this study. Grade 12 lea’'rsvor performance in
exams in geometrical riders involving cyclic quadrilateral eangent theorems meant
that it was important for this study to analyze thisugrof grade 12 learners’
understanding of the mentioned theorems.

In Chapter three, the choice of a case study as an appropriate réseaiovas
explained. Using a case study allowed the researcheploresstrategies of how
learners’ reason, discover important questions to askgith@interview and try to
understand learners’ thinking processes. The choiceeariiatvs and tasks in the

case study design allowed for a rich description and sisady data.

In Chapter four, learners’ responses were analyzed, coded and caeshass
described in Section 4 .1 ( Table 10), see page 77.
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Based on the above, the following key aspects were f@ehin an attempt to

understand learners’ reasoning skills, namely:

Aspect

Aspect
No.

Inappropriate use of theorems to solve a given rider

Visual appearance of figure plays a role in solving rider

Learners “force” a solution to a rider, even whenisnmet possible

Learners view of proof to a rider

Table 29: Key aspects according to which learner’s riagakills were categorised.

These four aspects facilitated a detailed analysis ofdesreasoning ability. In
Chapter five, each of the four key aspects identified in Chapter farewliscussed

in more generic terms.

6.1.2 Primary research questions and sub-questions

The primary research questions in this study are:
1. How do grade 12 learners begin to solve a geometric pn@ble
2. What knowledge and skills do learners recruit in ordeotee geometric

problems?

The primary questions were further broken down into tHeviahg sub-questions:

1.1 Why did you (the learner) follow a certain route (plaumen solving a given
geometrical problem?

1.2 What type of information was provided either directly orifaplication in the
given tasks?

1.3 How do you (the learner) view proofs?

Why did learners follow a certain route (plan) when solvinga given geometrical
problem?

In this study learners’ engagement with similar typigroblems and the visual
appearance of the given diagram(s) framed the manndriamJearners approached a
given problem. The tools (theorems, definitions, axiornts),avhich learners used,
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were primarily based on the visual appearance of the figuhndst learners were able
to identify the theorems to be used, they often came tmptieir own contrived

version of a particular theorem such that it corredpdrwith the given task.

Learners vision of geometric concepts appears to be dlattgmes. Whilst some
aspects are obvious from the given information, at dtivexs what learners may see
(or read) from the given information may be “blatamtipng things” (Dreyfuss,
1999:105). However, we need to guard against learners wholar® arrive at
correct conclusions using visual reasoning as “correctrighe answer is not the

issue, certainly not the main issue” (Dreyfuss, 1999:105).

What type of information was provided either directly or by implication in the
given diagram(s) and/ or text?

The given diagrams were preceded by a textual descriptitve task. Using the
description provided, learners were expected to transfejitha information (data)
onto the diagram. By so doing learners would then begiadruit (identify) the
appropriate theorems, definitions, etc. that would ifatd the successful solution to
the given task. However, this intention was not alwagdized.

Often learners were not able to “see” the solutiomm¢oproblem, although the given
information was indicated on the diagram(s). As a teduthis impediment, learners
recruited inappropriate theorems, definitions, etc. hod arrived at non-valid
conclusions. At times the solutions provided were highad with the learner’s
markings on the diagrams.

Based on their previous engagements with similar typeodiiggms, learners made
assumptions; such as XVW is a tangent (see task lctb8d), although this was
not given directly or indirectly to the learners. &sesult of this faulty assumption
learners used inappropriate theorems, definitions, etdve gt given task(s).
Similar assumptions were made regarding task 7 of SectitmtAat figure(task 7 of

Section A), learners assumed that P is the centiteedfircle- because it looked like
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the centre of the circle, and thus used theorems sushgées at the centre of the circle
to solve the given task.

Thus learners failed to read the question carefullyrbedeciding on a route to the
solution. Often learners relied on their “gut-feeling’sed on the appearance of the
figure and their previous encounter with similar problerhemvsolving a given task.
No consideration was given to the facts given —wheméra embarked en-route to
solving a task.

Learners view of proof

In this study, for learners, to prove something meawihgea neat two-column table-
like proof with reasons alongside each statement. @d@érs were exposed in the
main to a deductive axiomatic system of proof. Many leamere afraid to venture
out of this protected environment,

it is often assumed that students believe that validfpmay only be constructed by using a
chain of deductive reasoning to connect axioms, itiefis, and already established theorems
within a particular axiomatic syst&tMartin, McCrone, Bower and Dindyal, 2005:121),

in this case the deductive —axiomatic system.

Research conducted into mathematical proof concludes thege body of learners’
lack understanding of the nature of proof (see for exaraek, 1985), and often
they (learners’) don’t reason in a logical, coheraanner. A study conducted by
Senk (1985) in the United States of America, for instaomeg¢ludes that as much as
70% of high (secondary) school learners do not understarmttofs they study.
Learners’ often confuse a worked example of a georaétrder with a proof. The
learners’ often focused on the appearance of a proofo@wonn proof), than on the

logical, coherent flow of mathematical ideas (cotjten

Weber (2001), in his research with university students,deagified two generic
characteristics of learners’ difficulties with prodhe first one has already been
alluded to, viz. learners’ lack of a clear idea of whatstibutes a proof. The second
and more relevant and pertinent difficulty which his aesle has uncovered is the
students’ lack of “understanding of a theorem or a coreegisystematically
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misapply it” (Weber, 2001:102). Whilst learners were ablel¢ntify the theorem to
be used, they often distorted it or misapplied it. Mdterothan not learners’
despondency leads them to throw their arms up in tHeeeauséstudents often fail
to construct a proof because they reach an impasse where they simplykdowot
what to do” (Webber, 2001:102). (emphasis added)

6.2 Implications and recommendations for classroom
practice

It has been argued in this research that Euclidean Geopates several challenges
to grade 12 learners’ reasoning ability. Adopting an alter@aéaching strategy for
Euclidean Geometry will imply that many educators wo@ddmoved from their
present comfort zone of presenting geometric theorsrasfiaished product. In the
context of this study, the following recommendations lbaput forward as a means

to enhance learners reasoning ability in terms of EucliGesmetry.

How to teach Geometry

To begin with, we need to re-look at the manner in whieheach definitions of
geometric concepts to learners. The direct teachiggaietric definitions has come
under the spotlight by mathematicians and mathematics edsicalike (De Villiers,
1997). De Villiers (1998), for instance quotes Human (1978), in wthighatter calls
for a “reconstructive” approach instead of the more reglitact axiomatic-deductive
approach to teaching of definitions. Human (1978), as citée iwilliers (1998),
differentiates between the two approaches in thevialig manner:

“With this term (reconstructive), we want to indicdtattcontent is

not directly introduced to pupils (as finishedducts of mathematical activity), but that the
content is newly reconstructed during teachrggtypical mathematical manner by the teacher

and/or pupils” (p.1).

The pedagogical advantages of employing a reconstructive appaca
* Its implementation accentuates the meaning of the ngnte
» It allows the learners to become actively engagetan t

construction of the content.
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Thus employing a reconstructive approach is thereforactaaized by not
“presenting content as a finished (pre fabricated) prédDet Villiers, 1998:1), but
instead to focus on the real mathematical activitiesuigin which the content is to be

developed.

Researchers, such as Ohtani (1996) (in De Villiers, 1998nd$tance have argued
that the provision of definitions by educators is to enthaethere is, amongst others
a uniformity of the definition as understood by all thedsints; the educator exerts
some kind of control over the learners; and ther® i®ng drawn out debates and
discussions concerning learners definitions. These Ei@natonstructive” and out of
sync with the current curriculum reform practices whackourages learners to
* “communicate appropriately by using descriptions in words,
graphs, symbols, tables and diagrams;
» Use mathematical process skills to identify, pose ahes
problems creatively and critically” (DoE, 2003:9).
Thus to enhance learners understanding of geometriataeaTs) it is necessary to
encourage learners’ to engage in activities that widlrdfthem the opportunities to
develop the requisite skills which the curriculum intetal develop within the

learners.

It is an accepted fact that all learners are nothersame cognitive level in terms of
understanding, ability level, etc. Therefore it is advisdbit learners to provide
definitions of concepts, which align with their cognitlegel. From our discussion of
the van Hiele levels of understanding, it was notatl ldarners develop a clear
understanding of definitions from level 3 only. It would thedflitile to attempt to
provide learners with formal definitions of concepts whiey are not yet cognitively
receptive to such demands. At grade 8 level for instdemaers are still at van
Hiele levels 1 or 2.1t would thus be futile to expect leasr@athis stage to provide a
formal definition for, say a rectangle. At this stdggrners would focus on the visual
aspect of the figure and provide a definition that correspaittishe visual
representation of the figure. A rectangle could be defiméelrms of the length of its
sides, and a typical definition could be: “A rectangis hll angles $0and two long
and two short sides” (De Villiers, 1997:46). Whilst learn¢rtha stage of level 2 of
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the van Hiele model of understanding, may provide a lomgibersome definition of
a rectangle, it should be noted that such a defimitiould be in accordance to the
learners level of maturity and development. A typdinition at level 2 could be:

“ A rectangle is a quadrilateral with opposite sides ferahd equal, all angles 40
equal diagonals, half turn symmetry, two axes of symnbtough opposite sides,
two long and two short sides, etc” (De Villiers, 1997:46).

The process of constructing definitions in mathematicaild not be seen as a less
important activity than the process of factorizatimn,instance. To increase learners’
understanding of geometric definitions then, it becomesmbent on every educator
to engage learners “in the process of defining geometric ptaid®e Villiers,

1998). Learners should not be provided with ready madeitit&fis of concepts such
as cyclic quadrilaterals, tangents, rectangles, etpr®yiding learners with such
ready-made definitions, a misconception is createdeinetfrners that there exists
“only one correct definition for each concept” (DelMils, 1995). Learners are thus
denied the opportunity to search for alternative defingiomcases where definitions

are presented as items cast in stone.

“Defining concepts accurately in mathematics isaiely not an easy task, and is only developed after
lots of experience and practice. However, the educatexperience is worth the trouble, and | would

like to encourage our authors and teachers out thereidasg rethink their treatment of geometry
definitions” (De Villiers, 1995).

It is an established and universally valid fact, that le&'mpoor performance in
Geometry can be attributed to, amongst other factorpdtiagogical (teaching)
strategy of the educator, an outdated curriculum and t®k authors who
perpetuated the cycle of presenting ready-to use, nealtpgad content (theorems,
definitions, axioms , etc) , which learners are expettedemorize and accept
without question. Martin et al (2005), argues that if leexperformance in Geometry
is to improve, then the educator needs to be the catatyshange in this process. To
this end, Martin et al (2005), assert that

“We conclude that pedagogical choices made by the teasheraaifested in the teacher’s actions, are
key to the type of classroom environment that is @steddl and, hence, to students’ opportunities

to hone their proof and reasoning skil(§:95).
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Whilst most traditional geometry courses were produckdriguch an approach does
not cohere with the current constructivist approaclkaching and learning, which
advocates that:
1. “knowledge is not passively received but actively bupitby
cognizing subject;
2. the function of cognition is adaptive and serves therozgton of
the experiential world, not the discovery of ontoladjieality”
(Jaworski, 1996:16).
Thus to achieve this goal, we need to encourage learneesdme actively engaged
in the construction of knowledge- especially Euclideanr@soy knowledge.

Teach to prove or teach for proof?

The standard or traditional view of proof in Euclidearm@etry has always been one
of verification of the correctness of mathemat&tatements. However, this limited,
naive view has come in for strong criticism. De Vili€L990), for instance argues
that verification should be seen as one part ofitleetiered purpose of proof, which
includes:
1. Verification (concerned with the truth of a statetjen
Explanation (providing insight into why it is true);
3. Systematization (the organization of various resatis a
deductive system of axioms, major concepts and theorems);
4. Discovery (the discovery or invention of new results
5. Communication (the transmission of mathematical
knowledge) (De Villiers, 1990:18).

Traditionally, learners are given predetermined stat&srerprove. As a result
learners assume then that the statement must bd-trukearners to appreciate the
value of proof writing and to engage as mathematicianthdg,need to know how
mathematicians use proof. Learners need to be awangrtwdtis only one aspect in
the process of learning and discovering new mathemstathematicians first make
conjectures, which are based on observations, or hufche's gut-feeling). The

mathematician then tests these observations or hubelf@® embarking on a formal
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proof for his conjecture. Before a mathematician camédlly publish his/her
findings, he/she allows their conjectures to be critiquetellow mathematicians
before their conjecture is accepted as true. Mathematibe National Curriculum
Statement (NCS) for Further Education and Training (FEffiyes to develop in
learners the ability to
» “work collaboratively in teams and groups to enhancéheraatical
understanding;
» collect, analyze and organize quantitative data to evadunteritique
conclusions” (DoE, 2003:10),
this coheres with the tasks and responsibilities odthematician. As educators, we
need to afford learners the opportunities to evaluatehthking processes of their
colleagues and their own.

Using De Villiers (1990), view of proof educators and textbaothors should then
design activities (tasks) that would encourage learneagage in the above
strategies.

Both Piaget and van Hiele have outlined strategies thaldvemable learners to prove
ideas formally. For Piaget, learners thinking in generaji@sses from a stage of
“non-reflective and unsystematic, to empirical and finllgical-deductive” (Battista
and Clements, 1995:50). In a similar manner, van Hiele athaetearners geometric
thinking processes, progresses from stages of lower levels

(visual- descriptive) of thinking to more complex stages (descaptivabstract>
formal— deduction— rigour), a process which is labour intensive and time
consuming. The van Hiele model of thinking suggests tleatetficher’s instruction
(pedagogy)should aid learners to gradually progress fromrer levels of thinking
before engaging them (learners) in the rigors of “poy@ented study of
geometry”(Battista and Clements,1995:50). The premature dedliognal proof

will not aid learners’ understanding of proof; instead suclapproach will result in
“students only to attempts at memorization and to confusiimut the purpose of
proof” (Battista and Clements, 1995:50).
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Gole (2003) argues that textbooks in the USA present satuttogeometric riders in
a linear manner implying that learners would be able tkersanse of such a solution.
That may be a valid approach to simple riders, but sn@pproach may be less
effective when dealing with more complex problems. Aeralitive approach would
be “Sherlock Holmes’s backward reasoning” (Gole, 2003:544)ayp@proach. This
process of backward reasoning allows the learner to starpbssible solutions to a
given rider, using the given information and making vaidfdrences (deductions)
from such information. Consider the following example reirethis process of

backward reasoning is used to solve a given rider.
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Given: Circle O with POS a diameter and ST a tangent.
Prove: WV /I ST (Source: Laridon et al, 1988:33¢

Figurel2: A typical geometric rider which grade 12 learrgrsuld be able to solve.

In order to prove WV// ST one would have to either prove:
» a pair of alternate angles equal ;or
» a pair of corresponding angles equal; or

» a pair of co-interior angles supplementary.

A quick glance at the above diagram shows tﬁ!atand 51 are angles in alternate
positions of the straight lines WV and ST. Thus if thexsgles can be proved to be
equal to each other, then the task would be solved. Butlhes/one prove something
like this by using the information given? The following flovegram (see next page)
represents a possible path to solving the task.
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Figure 13: A schematic representation demonstrating étleath of “backward reasoning”.

The above figure is intended to demonstrate the thoughtgsaevolved in using the
strategy of backward reasoning. One begins at one’s destirpoint and retraces

one’s footsteps to one’s current location before onebegin with the write up of the

solution of a give

n problem.
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Often one would hear learners’ comment that if only theew where to start with a
given rider then they would not feel frustrated and dedent. A good starting point
is to start with what you need to prove and then workwards. By so doing one
limits the element of luck when arriving at a suitabte bf argument. This skill of
backward reasoning is neither natural nor commonly use@thematics today. The
educator’s help may be an essential ingredient in demgl@gnd nurturing the skill of
backward reasoning by providing learners’ with sufficientdgdiexamples over an
extended period of time thereby “geometry proofs provide giegblcontrolled
problem-solving contexts and help cultivate through rapetthe mental search
habit” (Gole, 2003:545).

Learning such skills (backward reasoning), can resulbih general and practical
rewards for the learner. An important positive spiniothe development of such
skills is that learners levels of confidence “in skarg for solutions to unfamiliar and
possibly over whelming problems by learning how to limit apio(Gole, 2003:545),
increases. If one had to view the skill of backwardaeeg as an investment over a
period of time, then one can conclude that the returrsioh an investment would be
far greater than the risks attached to it, since anearner has mastered the skill, it is
highly unlikely for the learner to forget the skill. Fugtmore, mastery of such
thinking skills in geometry can also develop in learnengortant hands-on skills to

manage their everyday lives.

Use of interactive technology

In line with seeking workable alternatives to the rigid enadic approaches to
Euclidean Geometry, the focus on computer programs suk@weters’ Sketchpad
is to facilitate and enhance learners’ ability to makingtasting of conjectures.
Researchers such as De Villiers have argued stromddgywour of dynamic software
programs such as Geometers’ Sketchpad that would be akheotationize

Geometry at all levels. De Villiers, as cited in YashMji and Wessels (2005),
defends his claim for interactive software as folldthe main advantage of computer
exploration of topics...is that it provides powerful visimages and intuitions that
can contribute to a person’s growing mathematical unaehstg’ (p.17). By
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visualizing a problem, learners are able to have a gfobialre of the problem to be
solved.

It is well known that the more senses we use in@aching and learning episodes,
the more we understand and retain knowledge. By using étitexaoftware such as
Geometers’ Sketchpad, educational technology appeals seoses of sight, sound
and touch. From a constructivist point of view, thendees become “more active
agents in managing and ensuring the success of their educatiariably sustaining
their attention and commitment to mathematics” (Yusled al, 2005:18).

Using Sketchpad diagrams for exploration does not onlgweage learners to make
conjectures, but can also develop “insight for constrggimoof’ (Battista and
Clements, 1995:52). For example, in Sketchpad a learneocasiruct a circle, locate
four points at random on the circle and consider the datztal so formed. If the
size (measures) of the angles is measured, the posuimaslifferent positions on the
circle, and the learners would observe that the dutmecopposite angles of such a
quadrilateral approaches £80

The Sketchpad demonstration is convincing, since the stre aifrcle can be
changed and the vertices moved easily. But will our cbmje holdaf so why? If

not, why not?

6.3 Conclusion

It was the intention of this study to make a meaningdukribution to the body of
knowledge related to learners’ understanding of Euclideam@tey. Educators have
often lamented learner’s poor performance in Geoméayners having difficulty in
“seeing” a solution or a path to a possible solutionearrers are unable to make
sense of the theorem(s) to be studied. As a resuttelesabecome frustrated, de-
motivated and indifferent towards the subject (Geomebsgause they felt
incompetent in dealing with it.

Researchers like De Villiers (1997) have argued stronglygeometry is alive and

well. In fact it is experiencing a renaissance in noasintries, including South Africa,
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at all levels of education. Recent curriculum chang&outh Africa, for instance
demonstrate a marked shift from the traditional approagedmetry. The study of
geometry at grades 10-12 level, for instance, engenders tlopl@évehe learners the
ability to:
» “explore relationships, make and test conjectures....;
* investigate geometric properties ....in order to establistifyjud prove
conjectures;
* use construction and measurement or dynamic softwarextoration and
conjecture” (DoE, 2003:14).

Current curriculum reform initiatives are thus in kegpivith changes in the approach

to the teaching of geometry in other parts of the world.

For the curriculum reform initiatives to be of anyrsigcance, there need to be a
radical re-look at the teacher education programmbsthtpre-service and in-service
level. Most high school educators know a little morengetoy than the learners they
are expected to teach- through no fault of theirs. uigtits of higher learning
offering teacher education programmes need to have coonpuglsurses in Euclidean
and non-Euclidean geometry for both primary and secorathrgators if any

meaningful change in learner-performance is to be regdte

Whilst this study focused primarily on learners’ reasonihgmsolving geometric
problems, | believe that an investigation into:
* how teachers reason when solving geometric problems agwl t&hching
geometry;
» the relevance of the language used by educators and itsilgyita the
learners’ conceptual understanding in geometry;
in terms of the van Hiele model offers one an opporguhén to broaden and deepen
one’s understanding of the model. | believe that swsth@dy would be able to inform
effective teaching of Euclidean Geometry. What | medhasthere is a need to
understand geometry teaching practice at the chalk favetdachers teach
geometry, how they use language the language of geomadro anvestigate the

extent to which their use of the language of geometry takesccount learners’
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level of development in terms of the van Hiele moué. need to explore further to
the extent to which providing practicing and pre-service edusatith opportunities
to engage in activities that “require classifying answergdoyHiele levels” (Feza
and Webb, 2005:45) might contribute to effective practice amggry.

Reflections on my research journey

After two years of hard work, | have finally reached goal | set myself two years
earlier. The road to reach this destination was nedyd smooth. | had to contend
with challenges at home, at work, unfavourable deadimpesed by lecturers,
employers and family. Each constituency demandeddieiron time. Despite these
unfriendly, at times hostile conditions, | was abledme out on the other end
academically enriched and fulfilled. The goal of my stu@g not only to be able to
write the letters M.Sc behind my name — there was degrgaal. That greater goal
was to assist my colleagues who experience diffieulign teaching Euclidean
Geometry, to teach it in a manner which allows for ggnelgarner participation in the
discipline. Furthermore, the dilemmas we experiencerdegpEuclidean Geometry
is not restricted to our shores only - it is a univerbain@menon experienced at
varying levels by different countries around the world.

To conclude, | would like to impart some advice to the noresearcheifirstly,

make sure that if you are married, your spouse has goehig/her consent and
support to continue with your studies. Failing which, cancal yegistration
immediately.Secondly make sure that you have sufficient time assignegidar
studies. Trying to fit your studies into your schedule datswork — instead let all
activities revolve around your studid@hirdly , select an area or topic, which you
would like to explore which your supervisor also shows a kaenest in.
Alternatively, try to adjust your topic/area of reséandich fits into your
supervisor’s field of interest. Finally, do not try to do taach — set yourself realistic
and achievable goal®O NOT TRY TO BE OVER AMBITIOUS , especially if

you are a novice researcher.
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