PART 4
Earthquake recurrence parameters and
maximum possible earthquake magnitudes

Introduction

The parameter “recurrence time” (also called the “recurrence interval” or
“return time”) is widely used for hazard assessment in seismology. The
recurrence time of an earthquake is usually defined as the average
number of years between occurrences of an earthquake greater or equal
to a given magnitude or intensity in a particular area. Once a probabilistic
model for the distribution is chosen (usually a Poissonian model), the
probability of damaging earthquakes in a given time interval can be
derived (Saichev and Sornette, 2007).

The “maximum possible earthquake magnitude”, mmnax is another important
parameter with several definitions and references. For example, the
International Commission for Large Dams (ICOLD,1992) defines the
Maximum Credible Earthquake (MCE) as the largest reasonably
conceivable earthquake that could occur along a recognized fault or within
a geographically defined tectonic province. This value can be assessed
deterministically (where earthquake magnitude is associated with length of
the fault) or probabilistically (linked e.g. to a 50% probability of
exceedance in a infinite time interval). The US Nuclear Regulatory
Commission (USNRC) RG-1208 states that “...to completely characterize
the seismic potential for a source, it is also necessary to estimate the
largest earthquake magnitude that a seismic source is capable of
generating under the current tectonic regime”. This estimated magnitude
defines the upper bound of the earthquake recurrence relationship. The
International Atomic Energy Agency Safety Guide NS-G-3.3 (IAEA, 2002)
provides many references to mmax and detailed guidance on its

assessment.
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There have been several attempts to estimate earthquake recurrence
periods and mpmax for South Africa. Fernandez and Guzman (1978) used
the Gumbel type Ill distribution to determine earthquake recurrence
parameters in terms of Modified Mercalli intensity. Only recurrence
intervals for Cape Town were reported, indicating a 10% probability of
exceedance of intensity 7.2, 7.6, 8.1, 8.3, 8.4, 8.6 in 50, 100, 200, 300,
400 and 500 years respectively. Shapira et al. (1989) provided an in-depth
study of frequency-magnitude relationships for the whole of South Africa.
The region was arbitrarily subdivided into four large sub-regions.
Completeness of the earthquake catalogs was assessed using the method
of Stepp (1973). Frequency-magnitude relationships were analysed taking
into account incompleteness using the methodology developed by
Wiechert (1980). In summary, for the mining regions, the Gutenberg-
Richer b-value was found to be about 1.5, the level of completeness (M)
to be M. 3.4, and the maximum possible seismic event magnitude (Mmax)
to be 5.5. In other regions the b-value was found to be in the range of 1.0,
Mmin 4.3 and Mpax, 6.3-7.5.

Fernandez (1994) performed a probabilistic analysis of mine tremor
occurrence using both the Weibull (Hagiwara, 1974) and Poissonian
distributions and found good agreement for events of magnitude 3.4 and
above. He evaluated seismic safety for short and long time periods, which
showed that on a daily basis there is a 95% probability that no event
above magnitude 3.8 or above will occur (95% safety level). At a semi-
annual basis it was found that the Far West Rand region and Klerksdorp
districts have lowest safety levels (20%) for events of magnitude 3.8 and

above. This level is 50% for the Free State and Rand Districts.

Research funded by Hannover Re (Kijko and Retief, 2001) looked at the
potential risk faced by the insurance industry due to seismic activity.
Maximum possible earthquake magnitudes were determined for each
cresta zones (South Africa has been divided into 16 cresta zones based
on our postal code system. Zonation according to postal zones is
commonly used by the insurance industry when assessing risk. The
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allocation of postal codes to cresta zones can be found on
www.cresta.com) and this information was translated into a probabilistic
damage profile for each cresta zone. Zones that showed highest mpyax (ML
7.0-8.0) came from the Cape and KwaZulu Natal regions. Brandt et al
(2002) developed a methodology to determine earthquake recurrence and
Mmax from a combined catalogue of micro-seismic data, regional and
historical data and used earthquake data from the Cape region in a case
study.

In this work, we estimate the earthquake recurrence time using a
fundamentally different approach to earlier works as we begin with a
detailed delineation of seismotectonic units.

Methodology

The standard assumption adopted is that the distribution of
earthquakes, with respect to their size, obeys the classic Gutenberg-
Richter relation

logN(m): a—b-(m—mmm) (1)

where N(m) is the number of earthquakes of m>m_., occurring within

‘min ?

a specified period of time, and « and » are parameters.
By definition, the mean seismic activity rate A is calculated as the ratio

_ Number of earthquakes with m 2m_;,

A

Time span of observations

or equivalently as

_n(m=2m

in)
min 2
A Y (@)
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where n is the number of earthquakes of magnitude my,;, and greater that
occurred within a specified time interval At. Therefore the mean return

period for a given earthquake exceeding mp,, is defined as 1/A.

For the frequency-magnitude Gutenberg-Richter relation, the respective
cumulative distribution function (CDF) of magnitudes, Fu(m), which is
bounded from above by mnax, is (Page, 1968), where S is bin10:

0, form<m,, ,
1—exp[-B(m—m._.
FM (m) = exp[ ,B(m mmm )] i for mmin S m S mmax 4 (3)
1 - eXp [_ﬁ(mmax - mmin )]
1, form>m

max

The International Atomic Energy Agency (IAEA) Safety Guide NS-G-3.3

provides detailed conceptual guidance on how to assess mmax. Broadly
two approaches are possible:

1. Statistical analysis of the magnitude—frequency recurrence

relationships for earthquakes associated with a particular structure.

In this study, several procedures defined in Kijko (2004) will be

used to assess mmax. In general they are represented by the

addition of an extra term to the maximum observed magnitude

obs .
max *

m

My =ml+ [[Fym)]"dm, (4)

nml

Descriptions of these procedures are included in the Appendix. They are
listed below:

i. Tate-Pisarenko Procedure [TP]

ii. Kijko-Sellevoll Procedure (Cramer's Approximation)

[KSA]

iii. Kijko-Sellevoll Procedure (Exact Solution) [KSE]

iv. Tate-Pisarenko-Bayes Procedure [TPB]

v. Kijko-Sellevoll-Bayes Procedure [KSB]

vi. Robson-Whitlock Procedure [RW]

vii. Robson-Whitlock-Cooke Procedure [RWC]
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viii. Non-Parametric with Gaussian Kernel Procedure
[NPG]
iX. Non-Parametric Procedure based on Order statistics
[OS]
X. Procedure based on a few Largest Earthquakes [5LM]

2. Direct empirical relationships can be used when sufficient
information about the seismological and geological history of the
movement of a fault or structure (such as segmentation, average
stress drop and fault width) is available to allow estimates to be
made of the maximum rupture dimensions and/or displacements of
future earthquakes. In the absence of suitably detailed data, the
potential maximum magnitude of a seismogenic structure can be
estimated from its total dimensions. However, to use this approach,
the fraction of the total length of the structure that can move in a
single earthquake must be stipulated. The fraction to be used will
depend on the characteristics of the fault, in particular on its
segmentation. This kind of information is not known to this detail in
South Africa and this kind of approach will not be used in this study.

To assess the Gutenberg-Richter parameters, several methods are used:
1. CLASSICAL MAXIMUM LIKELIHOOD ESTIMATE METHOD

If complete magnitude data my, mo,..., m,, for earthquakes with threshold
magnitude mmi, are available, the b-value is typically calculated from the

classical maximum likelihood estimation (Aki, 1965)

b= log,, e

m — mmin
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where m is the sample mean magnitude Zmi /n, log,,e=0.4343, Mmi is
i=1

the threshold magnitude above which the data is complete and n is
number of earthquakes with magnitudes equal to or larger than mmin.

2. THE L1-NORM REGRESSION ANALYSIS

Kijko (1994) provides a method to determine the earthquake parameters
using the Ls-norm method. Given the sample of main earthquake
magnitudes m, i = 1,...,n. All magnitudes are greater than or equal to Mmin,
where the value of the magnitude mnin is known as the threshold of
completeness. We assume further that the magnitudes m;, are
independent, identically distributed, random values whose CDF has a
known functional form Fy(m). In addition, we assume that magnitudes are
arranged in increasing order, that is my < m» <...< my1 < my. Let vector
¢ denote the unknown parameters of the Fy(m), where one of the
parameters is unknown maximum regional magnitude mma. [f, for
example, the CDF of the classical frequency-magnitude of Gutenberg-

Richter (eq. 3) is used, vector 6 =(f,m_, ). Our aim is to find the solution

max

vector @, denoted as @, that minimizes the misfit function

c1>(9)=i|FM(m,.)—ﬁM(m,.)|, (6)

i=1

where |1 denotes the absolute value and F, (m,) is the empirical
distribution function equal to i/(n+1). The misfit criterion (6) is less
sensitive to outliers than the classical least-squares procedure and tends
to ignore the effect of large differences between the theoretical, F,,(m,),
and the empirical, F, (m,) distribution functions. The minimization of the

misfit function (6) is accomplished by a direct, (derivative free) Nelder-

Mead simplex-based minimization procedure (Press et al., 1994).
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THE [,-NORM REGRESSION ANALYSIS

Conceptually, the procedure is the same as the L1 Norm regression except
that the absolute values of CDF residuals, (6), are replaced by respective
residuals taken to the power 2. Therefore, the respective misfit function is
of the form

®0) =3 [F, (m)— F, (), (7)

i=1

which is equivalent to the classical least-squares procedure. One has to
be aware of the limitation of the above choice. The use of the least-
squares technique is equivalent to the assumption that the distribution of
the CDF residuals is of Gaussian nature.

Results and Discussions

Data

The starting point for the evaluation of recurrence time and mp.y is the
creation of seismotectonic units. A multidisciplinary geoscientific database
was compiled for use in the creation of a seismotectonic model for South
Africa (see Part 3 of this thesis). It was found that although many research
milestones have been reached in each earth-science discipline, the
science community still needs to fine-tune its work in order to build a
seismotectonic model that is entirely data-driven. In spite of the inherent
problems with the data (which is common in most regions of the world), an
attempt was made to build a regional seismotectonic model with the
available information. These seismotectonic units will be used as a basis

for this study.
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Maximum observed earthquake magnitude m’”

max

obs
max

The maximum observed earthquake magnitude m’” is a very important

parameter for determining mpm,ac according to the techniques that have
been adopted in this study (refer to equation 4). The maximum observed
earthquake magnitude observed in each unit (zone) is plotted in Figure 1.
Overall the largest observed magnitude comes from the background zone
(Zone 20). A magnitude 7.2 earthquake occurred in the Manica province in
Mozambique on 22 February 2006. Since this work is limited only to the
regions of South Africa, this earthquake will not be considered in any
further detail. Other significant zones where large earthquakes have
occurred are Zones 1, 2 and 5 which include the M, 6.3 earthquakes of 4
December 1809, 29 September 1969 and 31 October 1919, respectively.
The Koffiefontein seismotectonic unit (Zone 8) contains another significant
earthquake (M_ 6.2) that occurred on 20 February 1912. In all other zones,
the largest earthquake is less than M. 6.0. In the mining regions the
largest observed event was a M| 5.3 earthquake that occurred in Zone 11
on the 9" March 2005 in Stilfontein.

Estimation of m,.

Mmax Was estimated where possible using several statistical procedures
(refer to results in Table 1 and Table 2). These results are plotted in Figure
1 for each zone. Note that no solutions were possible for zones 3, 4, 6, 9,
14 and 19 due to insufficient data points. Within each zone, estimates of
Mmax Produced by the different techniques are generally similar. Between

zones, Mmax varies significantly. As can be expected, the patterns

observed for the m,,.x estimations largely follow that obtained for the m?*

Zone 20 contains the largest mp,,, estimates, followed by Zones 1, 2 and
5. Zones 7 and 8 also contain larger mmax estimates. For the mining
regions (Zones 10-12), mpyax estimates are just less than M. 6.0.
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Interpretation of the b-value

The cumulative number of earthquakes as a function of magnitude is
plotted in Figure 2. The curve fitted to the data give an indication of the
relative levels of seismic activity (looking mainly at height of the curve wrt
the x-axis) and the relative rate of occurrence of large and small
earthquakes (the gradient or b-value) within each zone. The zones that
delineate mining regions (Zones 10, 11 and 12) have the highest levels of
seismicity for magnitudes below 4.8. The next highest level of seismicity is
found in Zone 2 (Ceres region), a zone containing tectonic seismicity,

followed by Zone 5 (east coast region), Zone 8 and Zone 15.

Mean recurrence time

Using equation 2 and the maximum likelihood estimation for the b-value
one can obtain the mean recurrence time for each zone. This is shown in
Figure 3. The zones located in the mining regions (Zones 10, 11 and 12)
show much steeper gradients when compared to zones located in regions
with earthquakes that are tectonically related. Earthquakes of magnitude
M. 3.0-4.4 have recurrence intervals less than 1 year for the mining
regions. Not much can be stated about earthquakes larger than magnitude

5.6 because they have simply not been observed in these regions.

The zones located in the regions with earthquakes that are tectonically
related, are classified in terms of two features: levels of seismicity and
gradient of the recurrence time graph. Two groups are distinct, one with b-
values of 0.56-0.66 and another with b-values in the range of 0.7 to 1.08.
The hierarchy observed in terms of seismicity levels for the first group is as
follows: Zone 20, 2, 8, 1, 15 and 16. For the second group this is Zone 5,
7,13, 18 and 17. The second group corresponds to those regions that
have high levels of seismic activity but lack adequate station coverage
(see Part 1, Figure 1 for distribution of monitoring stations). This could be
the reason for the difference in b-value where there is a relatively higher
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number of large magnitude earthquakes compared to a smaller number of
low magnitude earthquakes.

In an additional step, equations (6) and (7) above were used to assess
Gutenberg-Richter parameters for each zone. This is an independent
check for the maximum likelihood estimation and for obtaining additional
estimates of parameters for statistical purposes. Note that assessment of
these parameters is an essential initial step in the seismic hazard
assessment for any given site and proper evaluation can be very

beneficial in obtaining a stable result.

Figure 4 shows, where possible, the goodness of fit to the cumulative
frequency—magnitude plots using three methods: maximum likelihood
estimation (MLE), L1 Norm estimation (L1N) and Least squares estimation
(LSQ). In a few instances no solution was obtained. It is difficult, from the
results alone, to determine the best method to be used because the
goodness of fit depends on quality of the data, which varies from zone to
zone. For example, very good fits are obtained with agreement between
methods for Zones 2, 8, 11, 12, 15 and 16. However there is some
disagreement at larger magnitudes. The MLE method works well for Zone
7 and both the MLE and L1N method work well for Zone 16. Furthermore,
both the L1N and the LSQ method could not be used in some cases
because the mp,,, estimations were undefined (L1N — Zones 1, 7, 10, 13,
17 and 18, LSQ — Zones 1, 13 and 17).

In some cases mMma Was estimated at some value below the m?” (L1N-

Zone 11 and 12, LSQ-Zones 10, 11, 12 and 16, MLE — Zone 17 and 18).
This phenomenon occurs primarily in those zones containing earthquake
data that deviate largely from the Gutenberg-Richter distribution. Zones
10, 11 and 12 are characterized by mining activity and the occurrence of
earthquakes in this region does not follow a pure Gutenberg-Richter
distribution. Some bimodal distribution needs to be considered here. The

data recorded in zones 1, 7, 13, 17 and 18 are incomplete and hence
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deviate largely from the Gutenberg-Richter distribution. Results using all
three methods are listed in Table 2.

Comparison of methods to model the frequency-magnitude statistics

The findings from this work were compared with results from previous
studies: The work of Fernandez and Guzman (1978) cannot be compared
directly because their results were expressed in the form of MMI

Intensities and here we are only looking at earthquake magnitudes.

When compared to the work of Shapira et al (1989); the mp.x and b-values
for the mining regions were estimated at 5.8 (this study) and 5.5 (Shapira
et al., 1989), 1 (this study) and 1.5 (Shapira et al., 1989), respectively. For
the tectonic regions mmnax and b values were estimated at 6.3-7.8 (this
study) and 6.3-7.5 (Shapira et al., 1989), 0.6-1 (this study) and 1 (Shapira
et al., 1989), respectively. These differences are largely due to differences
in the zonation method and the level of completeness of the catalogue,
which has improved significantly since the Shapira et al. (1989) study.

The mpax results are comparable with the results from the Kijko and Retief
(2001) study owing to the fact that the methodologies for estimation are

similar.

Conclusions

From the analysis, the following broad conclusions were obtained:

e The mining regions have higher levels of seismicity, but relatively
fewer large earthquakes.

e With regard to tectonic zones, Ceres region, KZN zone and
Koffiefontein (in that order) have the highest levels of seismicity

¢ The earthquake database is highly incomplete and variable for each
zone. Consequently no one method is suitable to assess
parameters related to the earthquake distribution. Each zone needs
to be considered on a case-by-case basis.
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e Typically mmax is 5.8 for the mining zones and 7.3 for tectonic zones

Future improvements to this study that are recommended include:
¢ Refinement of the zonation once improvement in the earth science
database is made
¢ Redo the analysis using methods that take the incompleteness and
uncertainty of the earthquake catalogs into account
e Perform a seismic hazard assessment for key cities in South Africa
e Map population risk and vulnerability zones in order to prioritize

high risk areas
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Appendix: Procedures Considered For
Determination Of Maximum Regional Earthquake
Magnitude, m,.

This work was first published in Kijko (2004). This work is included here for

ease of reference.

Suppose that in the area of concern, within a specified time interval T, all n
of the main earthquakes that occurred with a magnitude greater than or
equal to mmi, are recorded. Let us assume that the value of the magnitude
Mmin is known and is denoted as the threshold of completeness. We
assume further that the magnitudes are independent, identically
distributed, random values with probability density function (PDF), fu(m),
and the cumulative distribution function (CDF), Fm(m). The unknown
parameter mmax is the upper limit of the range of magnitudes and is thus

termed the maximum regional magnitude, and is to be estimated.
1. Tate-Pisarenko Procedure

We observe, that after the transformation y = Fy(m), the CDF of the largest
among (Y, ... Yy), that is Yy, is equal to y", and its expected value E(Y;) =

n/(n+1). One of the possibilities for obtaining the estimator of m_ is to

introduce the condition E(Y,) = y», from where we obtain the equation

By =" :
i) = (1

Thus, the estimator of myax becomes a function of the known observations

m?” and n, and is obtained as a root of equation (1). The above result is

valid for any CDF of earthquake magnitude Fu(m), describing the
complete as well as largest events, and does not require the fulfiiment of
the truncation condition. From (1), it is easy to derive an alternative
equation, which is approximate, but shows the required value of mmax in a
more “explicit” way
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m._ =m’ +—1 (2)

max max obs "

nfM (mmax)

It should be noted that in equation (2), the desired mnax appears on both
sides. However, from this equation an estimated value of mmnax (denoted as

m_ ) can be obtained only by iteration.

Equation (2) is, by its nature, very general and has several interesting
properties. For example, it is valid for each PDF, fy(m), and does not
require the fulfilment of any additional conditions. It may also be used
when the exact number of earthquakes, n, is not known. In this case, the
number of earthquakes can be replaced by AT. Such a replacement is
equivalent to the assumption that the number of earthquakes occurring in
unit time conforms to a Poisson distribution with parameter A, with T the

span of the seismic catalogue. It is also important to note that, since the

obs
max

value of the correction term A:[nfM (m )r IS never negative, equation

(2) provides a value of m which is never less than the largest

max

magnitude already observed.

The end-point estimator (2) was probably first derived by Tate (1959). If
applied to the Gutenberg-Richter magnitude distribution with PDF (Page,
1968),

0, form<m
ﬁexp[_ﬁ(m —Myin )]

1 - exp[_ﬁ(mmax - mmin )]

1, form>m

min °

, form . <m<m

fM (m) = max ? (3)

min

max >

it takes the simple form

_ = obs
= mets LTS Wy =) (4),
n- exp[_ﬂ(mmax —Myin )]
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where B =»bIn(10), and b is the parameter of the frequency-magnitude

Gutenberg-Richter distribution. Equation (4), with small modifications was
first used first by Pisarenko et al. (1996). The solution of equation (4)

provides the estimated value of mmax (denoted as m__ ) and is called the

max )

Tate-Pisarenko estimator of mmax

The approximate variance of the T-P estimator of mnax for the frequency-
magnitude Gutenberg-Richter distribution is of the form (Kijko and
Graham, 1998)

obs 2
AR ~ — 2 I’l+1 1_exp[_ﬁ(mmax _mmin)] ,
AR = Ot Bexpl s, ) ©

where o, denotes the standard error in the determination of the largest

observed magnitude m’”

max "

2. Kijko-Sellevoll Procedure (Cramer's Approximation)

We observe that m,, which is the largest observed magnitude (denoted

also as m”" ), has a CDF

max

0, form<m,,,
F, (m)=1[F,m)]", form,, <m<m,,, (6)
1, form>m_, .

After integrating by parts, the expected value of M,, E(M,), is

EM,)= deFM" (m)=m,, — J.FM" (m)dm. (7)

m mil m,

min

Hence
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m, . =EM,)+ m[FM (m)]"dm . (8)

my,

This expression, after replacement of the expected value of the largest

observed magnitude, E(M,), by the largest magnitude already observed,

m? | provides the equation

m_ = m[”n’;; + ﬁFM (m)]"dm , 9)

max

My

in which the desired mmax appears on both sides. However, from this

equation an estimated value of m m can be obtained only by

max ? max

iteration.

Cooke (1979) was probably the first to obtain this estimator (9) of the
upper bound of a random variable'. If applied to the assessment of the
maximum regional magnitude, equation (9) states that the maximum

regional magnitude mnax is equal to the largest magnitude already

n

observed, m®” , increased by an amount A= I[FM (m)]"dm. Similar to (2),

max ?

equation (9) is, by its nature, very general and is valid for each CDF,
Fu(m). Of course, the drawback of the formula is that it requires
integration. For some of the magnitude distribution functions the analytical
expression for the integral does not exist or, if it does, it requires awkward
calculations. This is, however, not a real hindrance, since numerical
integration with today’s high-speed computer platforms is both very fast

and accurate.

! It should be noted that in his original paper, Cooke (1979) gave an equation in
which the upper limit of integration is m?”* rather than m__ . Clearly, for large n,

max
obs
max

when the value of m, and m_, are close to each other, the two solutions are

virtually equivalent.
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For the frequency-magnitude Gutenberg-Richter relation, the respective
CDF of magnitudes, which are bounded from above by mmna, is (Page,
1968):

0, form<m,,,,

FM (m) _ 1- eXP[_,B(m —m_ )] i for m. <m< m. . (1 O)
1 - exp[_ﬂ(mmax - mmin )]
1, form >m

max >

Following equation (9), the estimator of mmax requires the calculation of the
integral

Mipax

= l‘eXp[‘ﬁ(mﬂll—mm)ﬂndm 11
’ J L—expl—ﬁ(mm-mmn ’ (11)

n‘lmm

This integral (11) does not have a simple evaluation. It can be shown that
an approximate, straightforward estimator of mna, can be obtained

through the application of Cramér’s approximation. According to Cramér
(1961), for large n, the value of [F,(m)]" is approximately equal to
exp{—-n[l—-F,,(m)]}. Simple calculations show that after replacement of

[F,, (m)]" by its Cramér approximate value, integral (11) takes the form

A= E (n,)—E (n)) N

exp(- 12
Bexpin,) exp(-n), (12)

where n, =n/{l-exp[-p(m,, —m,)}, n,=nexpl-p(m, —m, ), and

m’ denotes an exponential integral function. The function E, () is defined
as El(z):rexp(—g“)/g“dg“, and can be conveniently approximated as

+az+a,
2(2> +bz+b,)

3.330657, and b, = 1.681534 (Abramowitz and Stegun, 1970). Hence,

E (z)= exp(—z), Where a; = 2.334733, a, = 0.250621, by =
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following equation (9), for the Gutenberg-Richter frequency-magnitude

distribution, the estimator of mnax is obtained as a solution of the equation

m,, =m’ LBln) ~ B, () +m,;, exp(—n). (13)

max max ﬁ exp(_nz )

It must be noted that in its current form, equation (13) does not constitute
an estimator for mmax, since expressions ny and np, which appear on the
right hand side of the equation, also contain mmax. In the general case, the
assessment of mmax is obtained by the iterative solution of equation (13).
However, numerical tests based on simulated data show that when mpax -

Mmin < 2, and n > 100, the parameter mmax in Ny and n» can be replaced

obs
max ?

by m” , thus providing an mmax estimator which can be obtained without

iterations.

The approximate variance of the K-S estimator of mmax for the frequency-
magnitude Gutenberg-Richter distribution is of the form

El(nz)—El(n1)+

VAR(m,, )= 0O}, {
IB exp(—n,)

2
mg., exp(—n)} R

(14)

where o, denotes standard error in the determination of the largest

obs
max "

observed magnitude m
A significant shortcoming of the K-S equation for mmax estimation comes
from the implicit assumptions that (i) seismic activity remains constant in
time, (ii) the selected functional form of magnitude distribution properly
describes the observations, and (iii) the parameters of the assumed

distribution functions are known without error.
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3. Kijko-Sellevoll Procedure (Exact Solution)

Following the generic equation (9), the estimator of mmax requires the
calculation of integral (11), an integral that does not have a simple
solution. It can be shown (Dwight, 1961), under the condition that n is a
positive integer, that integral (11) can be expressed as

my—my + L3V m[l —exp(—ifm,, —my)]
BT i l

ll - exp(_ﬁ( mmax - mmin )J"

A= (15)

It follows therefore from (9) and (15), that the estimator of mnax is obtained

as a solution of the equation

mmax - mmin + ;Zn: (_.l)l (n] [l - exp(_iﬂ(mmax - mmin )]
= 1 l

Il —exp(~B(m,y — )"

(16)

Thus, solution of equation (16) describes the exact estimator of Mmmay,
when the magnitudes are distributed according to the Gutenberg-Richter

relation.

The approximate variance of the exact K-S estimator of mma for the

frequency-magnitude Gutenberg-Richter distribution is of the form

. 2
mmax _mmin +;Z (_1) (n] [l_exp(_iﬁ(mmax _mmin)]
=11 l

ll - exp(_ﬁ(mmax - mmin )J”

=0, +

VAR

max ) ’

(14)

where o, denotes standard error in the determination of the largest

obs
max "

observed magnitude m
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4. Tate-Pisarenko-Bayes Procedure

Many studies of seismic activity suggest that the seismic process can be
composed of temporal trends, cycles, short-term oscillations and pure
random fluctuations. A list of some well-documented cases of temporal
variation of seismic activity from all over the world is given in Kijko and
Graham (1998). When the variation of seismic activity is a random
process, the Bayesian formalism, in which the model parameters are
treated as random variables, provides the most efficient tool in accounting
for the uncertainties considered above. In this section, a Bayesian-based
Tate-Pisarenko equation for the assessment of the maximum regional
magnitude will be presented in which the uncertainty of the Gutenberg-
Richter parameter b is taken into account.

Following the assumption that the variation of the b-value in the frequency-
magnitude Gutenberg-Richter distribution may be represented by a
Gamma distribution with parameters p and g, the Bayesian (also known as
compound or mixed) PDF and CDF of earthquake magnitude takes the
form (Campbell, 1982):

0, form<m,_, ,
g+l
fM(m): ﬁcﬁ( p J ? formmin—m—mmax’ (15)
ptm—m,,
1, form>m,_,_,
and
0, form<m,,,
q
FM (m) = C,B 1_ {LJ > for mmin S m S mmax’ (1 6)
p+tm-—m_,

1, form > m

max °

where Cyis a normalizing coefficient. It is not difficult to show that p and q

can be expressed in terms of the mean and variance of the f-value, where
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p=pB1Ic,)’ and g=(B/c,)’. The symbol B denotes the known, mean
value of the parameter 5, o, is the known standard deviation of g

describing its uncertainty, and Cgis equal to {l-[p/(p+m,, —m, )1’} ".

Knowledge of the Bayesian, Gutenberg-Richter PDF of earthquake
magnitude (15), makes it possible to construct the Bayesian version of the
T-P estimator of mmax. Following the Tate equation (2), the Bayesian
version of the T-P equation becomes

1 ~(g+1)

obs )4

mmax = mmax + y . 1 7
nﬂCﬁ(p+m"m —mmmJ (7)

max

The value of mma obtained from the solution of equation (17) will be

termed the Tate-Pisarenko-Bayes estimator of mmax, or, in short, T-P-B.

The approximate variance of the T-P-B estimator of my. for the

frequency-magnitude Gutenberg-Richter distribution is of the form

n+l] 1 s
VARG, ) =07, { : } . P :
n (nﬁc[)’) p+m0 ; _mmin

max

(18)

where o, denotes the standard error in the determination of the largest

obs
max "

observed magnitude m

5. Kijko-Sellevoll-Bayes Procedure

Knowledge of the Bayesian, Gutenberg-Richter PDF of earthquake
magnitude (16), makes it possible to construct the Bayesian version of the
K-S estimator of mmax. Following the generic equation (9), the estimation of

Mmax requires calculation of the integral
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m max

n

A=(Cy)’ J [1—(Lj } dm, (19)
p+m—mmm

mmm
which, after application of Cramér’s approximation, can be expressed as

_ 8" explnr? /(1

ﬂ rq)[F(_l/q’é‘rq)_F(_l/qvé‘)]’ (20)

A

where r=p/(p+m,, —m ¢, =exp[-n(1-Cy)], 6=nC,;, and I'(,) is

min) ’
the Incomplete Gamma Function. Following the generic equation (9), the
Bayesian version of the K-S equation determining mmax takes the form

1/g+2 q -
i = ORI [ e 50y - P17 0,6)

max max ﬁ

(21)

Again, as in all previous cases (equation 4, 13 and 16), equation (21) does
not provide an estimator for mmax, Since some terms on the right hand side
also contain mmax. Thus, the estimator of mmax, when the uncertainty of the
Gutenberg-Richter parameter b is taken into account, can be calculated
only by iteration. So the evaluated value of mmax Will be denoted as the
Kijko-Sellevoll-Bayes estimator of mmax, or, in short, K-S-B. An extensive
comparison of performances of K-S and K-S-B estimators is given in Kijko
and Graham (1998).

The approximate variance of the K-S-B estimator of mmax for the
frequency-magnitude Gutenberg-Richter distribution is of the form

N "% explnr? I(1-

B

2
VAR(it,,,) = o7, P r1/g,8r)-(-1/4,6)
(22)
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where o, denotes standard error in the determination of the largest

obs
max "

observed magnitude m

6. Robson-Whitlock Procedure

Let us assume that the analytical form of the magnitude distribution Fu(m)
is not known and we want to estimate the right end point of the magnitude,
viz. the maximum earthquake magnitude mmax. This can be achieved in
several ways. One of them is to apply the classical, (Quenouille, 1956)
technique of successive bias reduction, modified to fit the factorial series
rather than the power series in 1/n. Robson and Whitlock (1964) showed

that, under very general conditions, and when the data are arranged in

ascending order of magnitude, viz. m, <m, <...<m_, <m?” , Quenouille’s

max ?

approach leads to the following rule in estimation of m,

obs

max _mn—l) . (23)

obs
max

m,. =mo> +(m

Equation (23) was probably first derived by Robson and Whitlock (1964),
and so it is often called the Robson and Whitlock (R-W) estimator. It can
be shown that the above estimator is mean-unbiased to order n® and
asymptotically median-unbiased.

The simplicity of the equation (23) makes it very attractive. It can be
applied in cases of limited and/or doubtful seismic data, when one wants
to get quick results without going into sophisticated analysis.
Unfortunately, it can be shown, that the bias reduction is achieved at the
expense of a high value of the mean squared error. In fact, Robson and
Whitlock (1964) derived a general formula for an estimator of truncation

point, with mean unbiased to any order n*
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e =3 1) (k, N ljm,,_j , (24)

where 0 < k < n. Unfortunately, this formula does not provide a guarantee

that i, >m?” , or that the estimated maximum magnitude ., is equal to

max

obs
max ?

or exceeds the maximum magnitude m_” , already observed.

The approximate variance of the R-W estimator of mmax for the frequency-
magnitude Gutenberg-Richter distribution is of the form

VAR(I’;’Z ) = 50—[%/[ + (mobs _m”_l)z , (25)

max max

where o, denotes standard error in the determination of the largest

observed magnitude m’”

max "

7. Robson-Whitlock-Cooke Procedure

Cooke (1979) showed that a significant reduction of the mean squared
error of the R-W estimator is possible when some information about the
shape of the upper tail of the probability distribution function f,, (m) is

known. Assuming that the observed magnitudes are sampled from
distribution, which is truncated (as is the double truncated Gutenberg-
Richter relation (3)), the improved version of the Robson-Whitlock
estimator (23) is

A~ obs obs
m ax = mmax +0'5(mmax _mn—l) (26)

m
and its variance

)=0.5 [362, +0.5(m™ —m,_)"1, (27)

max

VAR

max

8. Non-Parametric with Gaussian Kernel Procedure
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Most of the procedures presented in the previous sections are parametric
and are applicable when the empirical log-frequency-magnitude graph for
the seismic series exhibits apparent linearity, starting from a certain

m,,, value. However, many studies of seismicity show that, in some cases,

(i) the empirical distributions of earthquake magnitudes are of bi- or multi-
modal character, (ii) the log-frequency-magnitude relation has a strong
non-linear component or (iii) the presence of "characteristic" events

(Schwartz and Coppersmith, 1984) is evident.

In order to use the generic equation (9) in such cases, the analytical,
parametric models of the frequency-magnitude distributions should be
replaced by a non-parametric counterpart. It can be done in several ways.
In this report two different approaches are presented. In this section the
earthquake magnitude distribution is replaced by its approximation,
constructed as a sum of the kernel functions using sample data. In the
following section the magnitude distribution is replaced by it empirical
counterpart based on the formalism of the order statistics (David, 1981).

The non-parametric, kernel-based approximation of PDF is an approach
that deals with the direct summation of certain type of functions using

sample data. Given the sample data m;, i =1 ,..., n, and the kernel function

K{(e), the kernel estimator fM (m) of an actual, and unknown PDF fi,(m), is
~ 1 n _ )
fulm)=—>"K (—m m} (28)

where h is a positive smoothing factor (Parzen, 1962). The kernel function
K(e) is a PDF, symmetric about zero. The specific choice of it is not so
important for the performance of the method; many unimodal distribution
functions ensure similar efficiencies. In this work the Gaussian kernel

function,

k()= J;—ﬂexp(—fzu), (29)
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is used. However, the choice of the smoothing factor h is crucial because it
affects the trade-off between random and systematic errors. Several
procedures exist for the estimation of the value of this parameter, none of
them being distinctly better for all varieties of real data (Silverman, 1986).
For purposes of this report the least-squares cross-validation (Hall, 19883;
Stone, 1984) was used. The details of the procedure are given by Kijko et
al. (2001).

Following the functional form of a selected kernel (29) and the fact that the

m__|, the respective estimators of

min * max

data comes from a finite interval [m

PDF and CDF of seismic event magnitude are

0, for m<m,,,,
n _ 2
N leexp{— 0.5(’" h’"i j }
fM (m) = - , form,, <m<m__,
Z |:¢[ mmax - mi J _ ¢(mmin - mi j:|
pa h h
0, form>m__,
(30)
and
0, form<m,,,
o]
F =i = form . <m<m_,_,

w (m) = ”- )
|:¢[ mmax - mi j _ ¢( mmin - mi j:|
pan h h

1, form>m__ .

(31)

where &(&) denotes the standard Gaussian cumulative distribution

function.
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Despite its flexibility, a model-free technique such as the one above has
been used only occasionally in seismology. One of the first uses was in
the estimation of the conditional failure rates from successive recurrence
times of micro-earthquakes (Rice, 1975). The non-parametric CDF of
seismic event occurrence time was also employed by Sélnes et al. (1994).
Another application involved the estimation of spatial distribution of
seismic sources (Woo, 1996; Bommer et al., 1997; Jackson and Kagan,
1999, and the references therein) and the non-parametric estimation of
temporal variations of magnitude distributions in mines (Lasocki and
Weglarczyk, 1998).

By applying the non-parametric, Gaussian-based assessment of the CDF

as given by equation (9), the approximate value of the integral for A is

2 | 1|

A= [[F, ()" dm= ol

Minin CI) mmax — mi _ CI)( mmin - mi )
i=1 h h

Therefore, the equation for my.x based on the non-parametric Gaussian

estimation of PDF takes the form

‘max

The value of mmax Obtained from equation (33) will be denoted as the non-
parametric, Gaussian-based estimator or, in short, N-P-G. Properties of
the above estimator are discussed in the following section, where an

alternative non-parametric estimator of mnax is presented.
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Simple computations show that the approximate variance of the N-P-G

estimator of maximum regional magnitude m__ (33) is given by

max

Var(m

=0, +A4°, (34)
where the correction factor 4 is described by equation (32), and the upper

limit of integration, m___, is replaced by its estimate, m,__, .

max

The drawback of formula (33) is that it requires numerical integration.
However, it need not be a real obstacle, since numerical integration with

today’s PC’s is both very fast and accurate.
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9. Non-Parametric Procedure based on Order statistics

When the analytical form of the magnitude distribution is not known, it can
be replaced by empirical distributions and the formalism of the order
statistics can be employed. For n earthquake magnitudes arranged in

increasing order, that is my < my <...< myhy1 < mn, any empirical

distribution function ﬁM (m) can be approximated as

0, form<m,,

ﬁM(m)— i, form, <m<m,, i=1..,n—1, (35)
n
1, form>m,.

The approximate value of integral A is then
m;’q’;"x . ) 1 ; n
a= [ ltlan=5(] tn,-m)
- (36)

n—1 -\ . 1 n
:mobs _ (l_ij _(l_iJ By
max ; n n n—i

Since for large n, the value of (1+1/n)" = e, after simple algebraic
n—1
rearrangements, the correction factor A=m?” —(1—€_l)z€_imn_l— , and the

max
i=0

order-statistics based estimator of mmay takes the form
n—1 )
Plona = My +(m§fii ~(=e™))em,, j (37)
i=0

The value of mnax obtained from equation (37) will be denoted as the non-
parametric, order statistics based estimator or, in short, N-P-OS.

Assuming that the standard error in determination of magnitude mjy...m,
is known and equal to o,,, for large n, the approximate variance of the

order statistics based estimator (37) is equal to

4-37



Var(m_. )=c,05 + 4, (38)

max

where ¢, =(1+e™" ) +e?(1—e ) /(1+e")=1.93.

Both nonparametric estimators, (eq. 33 and 37) are very useful. The great
attraction of the non-parametric approach is that it does not require
specification of functional form for the magnitude distribution Fu(m).
Therefore, by its nature, it is capable to deal with cases of empirical
distributions of any complexity, distributions which considerably violate the
log-linearity for e.g multimodal and/or when the "characteristic"
earthquakes are present. The drawback of the estimators is that, formally
they require knowledge of all events with magnitude above the specified
level of completeness mmin, though in practice, this can reduce to
knowledge of a few (say 5) of the largest events. Such a reduction is
possible because the contribution of weak events with increasing index i
decrease very rapidly. The procedure that provides the value of Mmax,

based on a few largest magnitudes, is discussed in the following section.

10. Procedure based on a few Largest Earthquakes

In this section a simple formula for estimation of the maximum regional
magnitude is given, which can be applied in the case when only several

largest earthquake magnitudes are available.

In language of mathematical statistics, the case when a known number of
observations is missing from either end of the distribution is known as
(single) data censoring (David, 1981). The problem of estimating the
bounds of random variables when the data is censored, so only the m
largest (or smallest) of the observations are available, has been discussed
by Cooke (1980). Theoretical results expressed in terms of problem of
the maximum regional earthquake magnitude determination, can be

summarised as follows.
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Suppose that in the area of concern within a specified time interval T, from
n occurred main seismic events with magnitudes m; > myi, (i = 1, ..., n),
only the np largest magnitudes are known. Following Gnedenko’s
condition (Gnedenko, 1943), which suggests that for very broad class of
cumulative distribution functions Fy(m), for m near to its upper endpoint,
Fu(m) is linear in m, one can assume that the estimator of mmax can be

expressed as linear functions of the order statistics

Ny

m :Za.m (39)

max i n—i+1?
i=1

where a; (i = 1,..., ny) are the coefficients to be determined. Let us
concentrate on the most important case from a practical point of view, viz.
when the distribution of earthquake magnitudes is truncated from the top.
Cooke (1980) has found that for truncated distributions, the minimization of
the mean squared error of estimator (39) can be obtained when

a, =1+1/n,, a,=..=a, =0, and a, =-1/n,, that is

ny—1

A= (m"b" —m, )/no , and
g =i+ =, ). (40)

Probably, the greatest attraction of estimator (40) relies on its simplicity
and that even for a small number of observations n, the estimator is
nearly optimal (in sense of its mean squared errors). It comes from the fact
that for large n, the largest few observations carry most of the information
about its endpoint. It is interesting to notice that the value of Mmnax
estimated according to formula (40) is based only on two observations: the

and the largest observed magnitude m?”

max *

no™ largest magnitude m

n-ny+17?
Clearly, the better estimator of mmax can be obtained by inclusion of the

remaining n, —2 largest observations. This can be done by application of

the Quenouille’s technique, originally developed for averaging of the bias
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of an estimator (Quenouille, 1956). Averaging correcting factor

A:(m”b“ -m,_,, )/no over the n, —1 possible choices of / produces

max

A=i[m;';;; : IZmJ (31)
i=2

Ny ny —

and the estimator of mmax equal to

7o
~ ___obs 1 obs 1
Mpax = Mipax +— Mpax — zmn—iﬂ . (32)
n() =2

ny,—17

Assuming that the standard errors in determination of the magnitudes

m, ., are the same and equal to o,,, the approximate variance of the
estimator (32) is

Var(m_, )=c,0; + 4, (33)

where ¢, = (nl +n, —1)/[n,(n, —1)].

The greatest attraction of estimator (32) relies on its simplicity and that it
requires knowledge of magnitudes of only a few of the largest events.
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