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Abstract

The logical system MTL (for Monoidal t-norm Logic) is a formalism of the logic
of left-continuous t-norms, which are operations that arise in the study of fuzzy
sets and fuzzy logic. The objective is to investigate the important results on MTL
and collect them together in a coherent form. The main results considered will be
the completeness results for the logic with respect to MTL-algebras, MTL-chains
(linearly ordered MTL-algebras) and standard MTL-algebras (left-continuous t-norm
algebras). Completeness of MTL with respect to standard MTL-algebras means that
MTL is indeed the logic of left-continuous t-norms. The logical system BL (for Basic
Logic) is an axiomatic extension of MTL; we will consider the same completeness
results for BL; that is we will show that BL is complete with respect to BL-algebras,
BL-chains and standard Bl-algebras (continuous t-norm algebras). Completeness of
BL with respect to standard BL-algebras means that BL is the logic of continuous

t-norms.
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CHAPTER 1

Introduction

T-norms were introduced by Menger in [23]. The name t-norm originates from ‘tri-
angular norm’ which is a generalized type of metric. Since their introduction t-norms
have been applied in various other mathematical disciplines including game theory, the
theory of non-additive measures and integrals, the theory of measure-free condition-
ing, fuzzy set theory, preference modeling, decision analysis and artificial intelligence

[20]. More details on t-norms can be found in [21].

Recently t-norms have been widely used in the formal study of fuzzy logic. Whereas
in classical logic there are only two truth values {0, 1} in fuzzy logic the set of truth-
values is the whole unit interval [0, 1], which allows one to speak of degrees of truth. In
this context, a t-norm is a binary operation on [0, 1] representing a form of conjunction
which is different to the classical one and serves as a model of the ‘AND’ connective in
a typical fuzzy if-then rule. Typically t-norms are assumed to be continuous or, more
generally, left-continuous operations. A left-continuous t-norm o has an associated
operation —, called its residuum, which is a form of implication and models the

logical consequence of an if-then rule.



Monoidal t-norm Logic, or MTL for short, was introduced in [5] as a formalization of
the logic of left-continuous t-norms. This logic has as its class of algebraic semantics
the class of MTL-algebras. These algebras are bounded lattice-ordered algebras with
additional operations o and — which model the t-norm and its residuum, respectively.
Fuzzy logic and fuzzy sets have been used successfully as tools for mathematical
applications since their introduction in the 1960’s. Since then the connection between
fuzzy logic and formal mathematical logic has been explored. The connection with the
existing theory of many-valued logic was established as well as with certain classes of
ordered algebraic structures. The logic MTL extends this general area of study. While
the continuous t-norms on [0, 1] have been completely classified, the study of left-

continuous t-norms is relatively new and there is good scope for future investigations.

The objective is to gain a complete understanding of the methodology and tech-
niques used in the study of MTL as well as in the study of algebraic systems related
to this logic. This thesis intends to bring together in a single framework a coherent
collection of important results related to MTL and MTL-algebras. The main math-
ematical results that will be considered are the completeness of the logic MTL. The
Completeness Theorem states that a formula ¢ is provable in a logic £ if and only if
the identity ¢ = 1 holds in some class of algebraic models. The completeness results
that will be investigated are with respect to the classes of MTL-algebras, MTL-chains
and standard M'TL-algebras.

Basic Logic (BL for short) was introduced by Hdjek in [14] as a formalization of
the logic of continuous t-norms. Since BL is closely related to MTL, we are also
going to investigate the same completeness results for BL. Completeness is the key
requirement of any logic. The significance of completeness was first realized by Hilbert
and Ackermann, who posed it as an open question in their book [16]; the question
asks whether there are axioms of a formal system sufficient to derive every statement
that is true in all models of the system. An English translation of the second edition
of this book can be found in [17]. The first proof of a the Completeness Theorem
for classical first order logic was given by Godel in his doctoral thesis, and it was
published in [11]. An English translation of it can be found in [12].

The work in this thesis is organised as follows. Chapter 3 deals with t-norms. In this



chapter we give examples of left and right continuous t-norms and their properties.
We use these properties to prove a Decomposition Theorem of continuous t-norms,
which says any continuous t-norm is isomorphic to an ordinal sum of Lukasiewicz,
Product and Godel t-norms. Most of the material in this chapter comes from Hdajek’s
book [14].

Chapter 4 is about the logic MTL. We list some of the formulas provable in MTL
and give proofs for some formulas. Again we discuss the corresponding algebraic
structures, namely MTL-algebras. In particular, we prove some important properties
of MTL-algebras. We also prove that the class of all MTL-algebras forms a variety

of algebras. The material in this chapter is taken from the work done by Esteva and
Godo in [5].

In chapter 5, we prove completeness of MTL with respect to MTL-algebras and MTL-
chains (linearly ordered MTL-algebras), that is we prove that a formula ¢ is a theorem
of MTL if and only if the identity ¢ = 1 holds in all MTL-algebras. We show that
every MTL-algebra is a subdirect product of MTL-chains and use this result to show
that MTL is complete with respect to MTL-chains. The results in this chapter are
from the work of Esteva and Godo [5] and Hdjek [14].

In chapter 6, we present a proof of completenesss of MTL with respect to standard
MTL-algebras (left-continuous t-norm algebras), which shows that a formula ¢ is a
theorem of MTL if and only if the identity ¢» = 1 holds in all standard MTL-algebras.
To achieve this we use the completeness result from chapter 5 and prove that every
finitely generated MTL-chain can be embedded into a standard MTL-algebra. The

material in this chapter comes from the work of Jenei and Montagna [20].

Chapter 7 is devoted to a standard completeness proof of BL. We only prove stan-
dard completeness of BL with respect to standard BL-algebras since the proof of
completeness of BL. with respect to BL-algebras and BL-chains is similar to that of
MTL. The standard completeness of BL. was first proved by Gignoli, Esteva, Godo
and Torrens in [4]. Tt was later also proved by Angliano, Ferreirim and Montagna in
[1]. We prove this completeness using the approach in [1]. We also discuss Wajsberg
hoops and the characterization theorem of subdirectly irreducible BL-algebras which

play a significant role in proving the results leading to the completeness theorem. We



also give an example to show that the proof of completeness for MTL with respect to
standard MTL-algebras does not extend to BL. Lastly, we present our conclusions in

chapter 8.



CHAPTER 2

Preliminaries

We assume familiarity with basic concepts from mathematical analysis and universal
algebra. In this section we give the definitions of the main concepts we shall use. For

more background on universal algebra we refer the reader to [3].

We use N to denote the set of natural numbers, Q to denote the set of rational

numbers and R to denote the set of real numbers.

Definition 2.0.1. Let f : R — R be a function with domain D C R and a € D.
We say f is continuous at a if for every € > 0, there is a 6 > 0 such that

|f () — f(a)] < € whenever z € D and |z — a| < §.

f is said to be left-continuous at a if for every € > 0, there is a 6 > 0 such that
|f(x) — f(a)] < € whenever x € D and a — 0 < z < a.

We can also define continuity and left-continuity equivalently in terms of sequences

and it is this definition we are mainly going to use. The definition is as follows:

Definition 2.0.2. Let f : R — R be a function with domain D C R and a € D.



Then f is continuous at a iff whenever {x,} is a sequence in D which converges Rto
a, then the sequence {f (z,)} converges to f(a). f is left-continuous at a iff for all

increasing sequences {z,} converging to a, {f (z,)} converges to f (a).

Definition 2.0.3. For a non-empty set A and a non-negative integer n, we define

AY = (), and for n > 0, A" is the set of n-tuples of elements from A.
Definition 2.0.4. An n-ary operation is any function f from A™ to A.

Definition 2.0.5. A type (or language) of algebras is a set F of function symbols
such that a non-negative integer n is assigned to each member f of F. This integer
is called the arity of f.

Definition 2.0.6. An algebra A of type F is an ordered pair (A, F'), where A is a
non-empty set and F' is a family of operations on A indexed by the type F such that

corresponding to each function symbol f, of arity n, in F there is an n-ary operation
fA on A. The set A is called the universe of A.

Definition 2.0.7. An embedding of an algebra A into an algebra B (of the same
type) is a 1-1 map e : A — B that preserves all existing operations; i.e., for each

(k-ary) operation symbol f and by,...,b, € A we have that e(f4(by,...,b)) =
fB(e(bl)a R €<bk))

Definition 2.0.8. Let K be a class of algebras of the same type. Then

I (K) is the class of all algebras which are isomorphic to some member of K.
H (K) is the class of homomorphic images of algebras in K.

S (K) is the class of subalgebras of algebras in K.

P (K) is the class of direct products of non-empty families of algebras in K.

The class K is said to be closed under a class operator O if O (K) is contained in K.

Definition 2.0.9. A non-empty class K of algebras of the same type is called a

variety if it is closed under subalgebras, homomorphic images and direct products.

Definition 2.0.10. For a class K of algebras of the same type, let V (K) denote the
smallest variety containing . We say that V (K) is the variety generated by K. A
variety V' is finitely generated if V =V (K) for some finite set K of finite algebras.



Theorem 2.0.1 (Tarski). For any class K of algebras of the same type, V(K) =
HSP(K).

Definition 2.0.11. An algebra A is a subdirect product of algebras B;, i € I, if A
is embeddable into a direct product of B;’s in such a way that the projection of the

image of B to each factor algebra A; is onto.

Definition 2.0.12. Let A be an algebra of type F, p, ¢ terms of type F with variables
x1, %2, ...,T, and p =~ ¢ an identity of type F. Then A satisfies p ~ q, if for all
ai, g, ..., an € A7

A (ay, ag, ..., a,) = ¢™ (a1, as, ..., a,)
where p (a1, as, ..., a,) is the evaluation of the term p in A under the assignment

x; — a;. Let IC be a class of algebras of type F. Then K satisfies p =~ q, if for all
A € K, A satisfies p =~ q.

Definition 2.0.13. Let X be a set of identities of type F and define M (X) to be the
class of all algebras of type F that satisfy every identity in X. A class I of algebras
is an equational class if there is a set of identities X such that I = M (X). In this

case we say K is axiomatized by X.

Theorem 2.0.2 (Birkoff). Let K be a class of algebras of the same type. Then K is

an equational class iff K is a variety.

Definition 2.0.14. A binary relation ~ on a set A is said to be an equivalence

relation if for all a, b, c € A:

(1) a~a (reflexivity)
(2) ifa~0bthen b~ a (symmetry)
(3) if a ~band b~ c then a ~ c. (transitivity)

The equivalence class of a under ~, denoted [a]_ or a/ ~, is defined as a/ ~=
{b€ A:a~b}. Theset {a/~:a € A} is denoted by A/ ~.



Definition 2.0.15. If A is an algebra and ~ is a binary relation on A, then ~ is a
congruence if it is an equivalence relation and is compatible with the operations of
A in the sense that: if f# is an n-ary operation of A and a; ~ by, as ~ by, ..., a, ~
bn, then f2 (ay,aq,...,a,) ~ fA (b1, bo,...,b,). The sets A x A and {(a,a) : a € A}
are congruences on A; {(a,a):a € A} is called the trivial congruence. A proper

congruence is one not equal to A x A.

Definition 2.0.16. Let ~ be a congruence on an algebra A. Then the quotient al-
gebra of A by ~, denoted by A/~ is the algebra whose universe is A/~ and whose

fundamental operations are defined by:

FA )~ az) oy anf ~) = f2 (a1, s, a0) [~

where ay,as, ...,a, € A and f is an n-ary function symbol. Note that the quotient

algebras of A are of the same type as A.

Definition 2.0.17. An algebra A is said to be simple if it has no proper non-trivial

congruemnces.

Definition 2.0.18. A monoid is an algebra (A, %, e), where * is a binary operation
and e is a constant such that % is associative and e is an identity element for .

(A, *,e) is called a commutative monoid if, in addition, * is commutative.

Definition 2.0.19. Given a set X, an ultrafilter on X is a set U consisting of subsets
of X such that

i) 0 ¢ U.

(i) f A BC X,AC Band A€ U, then B e U.
(iii) If A,Be U, then ANBeU.

(iv) If AC X, then either Ac Uor X\ AeU.

Definition 2.0.20. Let {A;c;} be a family of algebras of the given type and let U

be an ultrafilter on I. Define 6; on Hi6 1 A; as follows:
(a,b)EHUiff {zelazzbl}EU

8



Then an ultraproduct denoted by [],.; A;/U is defined to be [],.; 4:i/0u.
We denote by P, (K) the class of ultraproducts of non-empty families of algebras in K.

Theorem 2.0.3. Any algebra L is a subalgebra of an ultraproduct of finitely generated
subalgebras of L.

Definition 2.0.21. A quasivariety is a class of algebras closed under I, S, P and

P, and contains a trivial algebra (one-clement algebra).

Definition 2.0.22. A partially ordered set (or poset) is a set S together with a binary

relation < on S called a partial order such that the following axioms are satisfied:

(1) <z (reflexivity)
(2) x <y and y < x implies z =y (antisymmetry)
(3) z 2y and y = z implies = < 2. (transitivity)

In a poset we use the expression x < y to mean x < y but x # y.

Definition 2.0.23. If < is a partial order on a set S such that + <y or y < = for
all z,y € S, then (S, =X) is a totally ordered set or a linearly odered set or simply a

chain.

Definition 2.0.24. A linearly ordered set (S, <) is densely ordered if for all x,y € S
for which z < y, there is a z in S such that x < z < y.

Definition 2.0.25. Let (S, <) be a poset and A C S. An element u in S is said to
be an upper bound for A if x < u for each x € A. The element u is the least upper
bound (l.u.b) for A or supremum for A if it is an upper bound for A and u < v for
each upper bound v for A. An element u in S is said to be a lower bound for A if
u = z for each x € A. The element u is the greatest lower bound (g.l.b) for A or

infimum for A if it is a lower bound for A and v < u for each lower bound v for A.

We can define a lattice in two different ways. Lattices can be characterized as algebras
and also as partially ordered sets.

Lattices as partially ordered sets:




Definition 2.0.26. A lattice is a poset in which each pair of elements has a least
upper bound and a greatest lower bound. The L.u.b of elements a and b in a lattice
will be denoted by a V b. The g.l.b of elements a and b will be denoted by a A b. The
operations V and A are called join and meet respectively. Note that every chain is a

lattice.

Lattices as algebras:

Definition 2.0.27. An algebra (L, V, A) with binary operations V and A (read join

and meet respectively) is called a lattice if it satisfies the following identities:
Ll: () zVy=yVx
(b)zANy=yAzx (commutative laws)

L2: (a)xV(yVz)=(zVy) Vz
(b)zA(yAz)=(xAy)Vz (associative laws)

L3: (a)z Vo ==z
T

(b)z ANz =ux (idempotent laws)
L4: (a) z =2V (
(b) z =a A (xVy) (absorption laws)

Connection between the two definitions:

If (L,V,N) is a lattice as an algebra, we can define < on L by a <biffa=aAbor
a Xbiff b =a Vb First we show that the conditions a Vb =0b and a A b = a are
equivalent.

Assume a Vb =0b. Then

aANb =aA(aVDb) (sinceaVb=0»)

=a (by an absorption law)

The proof of the other implication is similar.
We now show that (L, <) is a poset.
=< is reflexive:

Let a € L. Then a A a = a by an idempotent law. Thus a < a.

10



= is antisymmetric:

Suppose a < band b < a. Thena = aVband b= bVa. Hence a = b by a commutative
law.
< is transitive:

Suppose a = band b <c. Then a Ab=a and b A c=b. Hence

aNc =(aNb)Ac (since a ANb=a)
=aA(bAc) (by an associative law)
=aAb (sincebAc=0b)

= a.

Lastly we show that for each pair of elements {a, b}, the L.u.b is a V b and the g.Lb.
is a A\ b.

a = aVbsince a A (aVb) =a. Similarly, b < a Vb. Hence a V b is an upper bound
of a and b.

Now assume that ¢« < v and b < u. Then aVu =u and bV v = u. Thus

(aVb)Vu =aV (bVu) (by associative law )
=aVu (sincebVu=u)

= U.

Thus a Vb < u. Hence aV b is the Lu.b of {a,b}. Similarly, a Ab is the g.1.b of {a, b}.

If (L,=) is a lattice as a poset, then it can be easily verified that the operations
V and A satisfy L1 to L4.

11



CHAPTER 3

T-norms and their residua

In this chapter we introduce the notion of a t-norm which is the fundamental object
of study in this thesis. We also define the subclasses of t-norms that we shall mainly
be concerned with, namely, left-continuous and continuous t-norms. We give some
examples of such t-norms and derive a number of basic properties. The main result
of this chapter is the Decomposition Theorem of continuous t-norms, which shows
that every continuous t-norm can be decomposed as an ordinal sum of the three basic

t-norms: Lukasiewicz, Product and Godel. Most of the material in this chapter comes
from Hajek’s book [14].

3.1 Left-continuous t-norms

Definition 3.1.1. A ¢-norm is a binary operation o on the unit interval [0, 1] satis-

fying the following conditions.

12



(1) o is commutative and associative.

(2) o is order preserving in both arguments (i.e., x < y implies x 0 z < y o z and

zox < zoy).
(3) loa=aand 0oa =0, for all a € [0, 1].

Definition 3.1.2. A t-norm is left-continuous if it is left-continuous as a function
from [0,1] to [0,1]. Equivalently, for each a € [0,1], the function f,(z) := a o x is

left-continuous on [0, 1], i.e., for every increasing sequence {y;} in [0, 1],
aosup{y; : 1 € N} =sup{aoy; :iec N}.

(Recall that the limit of an increasing sequence in [0, 1] is its supremum.)
It follows that o is left-continuous if, for every set Y C [0,1] and a € [0, 1],

aosupY =sup{aoy:yeY}.

Example 1. A nilpotent minimum is a standard example of a t-norm which is left-
continuous but not continuuous. It was introduced by Fodor in [9], where it is claimed
as the first example of a left-continuous t-norm which is not continuous. It is defined
as:

min{z,y} if z+y>1

Toy= .

0 otherwise.
Every t-norm o has a corresponding binary operation — on [0, 1] called its residuum,
defined as follows:

r—y=sup{z:zoz<y}.

The residuum of a nilpotent minimum is:

. max {1l —x,y} if 2>y
€T =
Y 1 otherwise.

Definition 3.1.3. The residuation property for a t-norm o is as follows: For all
x,y,z € [0,1],
zoy<ziffx <y — 2.

13



Lemma 3.1.1. A t-norm o is left-continuous if and only if the residuation property

holds.

Proof. Let x,y,z € [0,1]. Assume o is left-continuous. This means that for every set
Y C[0,1],
zosupY =sup{zrot:teY}.

Assume z < y — 2z, ie, x < sup{t:yot<z}. Then zoy = yoxr < yo
sup{t:yot <z} =sup{yot:yot <z} <z Conversely, suppose z oy < z. From
y—z=sup{t:yot<z}, wegetx <y— zsincex € {t:yot <z}

We now show that o is left-continuous whenever the residuation property is satisfied.
Let {y; :7 € N} be an increasing sequence in [0,1]. Also let S = {xoy,; :i € N}
and z € S. Then z = z oy for some k£ € N. But y, < sup{y; :i € N}, so
xoyr < xosup{y; :i € N}. Suppose there exists w such that z < w for every z € S.
Then z oy; < w for all ¢+ € N. Thus y; < © — w for all ¢ € N, by residuation.
Hence z — w is an upper bound of {y; : i € N}. Thus sup{y;: 7 € N} <z — w.
Hence x o sup{y; : i € N} < w, by residuation. Therefore x o sup{y; : i € N} =
sup{zroy; :i € N} O

Note the following: If o is left-continuous, then for z,y € [0, 1],
zo(r —wy)=xosup{z:xoz<y}=sup{roz:zoz<y}<uy.

Thus the supremum of {z:z02z <y}, ie., x — y, belongs to the set, so it is a

maximum. Hence r — y = max{z:z o0z < y}.
Lemma 3.1.2. The following hold for each left-continuous t-norm o and its residuum
—

(1) x <y if and only if v — y =1

(2) zo(x —y) <y

(3) xoy <y

14



(4) 1 - x=u=.

Proof.

r<y &lox<y
< 1 <z — y (by residuation)
Sl=z—=y.

(2) From z —» y < x — y we get x o (x — y) < y by residuation.
(3) From z <1 we get xoy < 1oy =y, since o is order preserving.

(4) From (2), if we let  be 1 and y be x, then 1o (1 — z) < z. Thus 1 — z < z.
Also 1ox < z. Hence x <1 — x by residuation. Therefore 1 — x = .

]

In the lemma that will follow, we shall consider a left-continuous t-norm algebra L =
([0,1],0,—,A,V,0,1), where o is a fixed left-continuous t-norm and — its residuum,
A and V denote min and max respectively, with respect to the standard ordering <
on [0, 1].

Lemma 3.1.3. The following are true in L = ([0,1],0,—,A,V,0,1):

(1) zo(r—y)<zAy

(2) xvy=(x—=y) =y Ay —z)—2)
Proof.

(1) By Lemma 3.1.2(2), zo (z — y) < y. Also zo(z — y) < z by Lemma 3.1.2(3),
hence xo(z —y) <z Ay.

15



(2) For any z,y € [0,1], either x <y or y < x. Suppose x < y. Then x — y = 1 by
Lemma 3.1.2(1). Hence (x —y) -y =1— y =y by Lemma 3.1.2(4). Also
yo(y— x) < x by Lemma 3.1.2(2). Thus y < (y — x) — x by residuation.
Therefore ((z = y) > y) A ((y = ) = z) = y = & Vy. The proof of the case

y < z is similar.

3.2 Continuous t-norms

Definition 3.2.1. A t-norm is continuous if it is continuous as a function on [0, 1],

Equivalently, for each a € [0, 1], the function f,(z) := a o x is continuous on [0, 1],

i.e., for every convergent sequence {y;} in [0, 1],

aolim{y;: 1€ N} =lim{aoy; :i € N}.

The definition of the residuum of a continuous t-norm is the same as that of a left-

continuous t-norm: x — y =sup{z:zoz <y} =max{z:z0z <y}
Example 2. The following are the main examples of continuous t-norms:

(1) Lukasiewicz t-norm: z oy y = max{0,z +y—1} =0V (x +y — 1)

(2) Godel t-norm: zogy = min{z,y} =z Ay

(3) Product t-norm: zogy =x - y.
They are the most prominent examples of continuous t-norms because it is possible to
describe all continuous t-norms in terms of these three by using the notion of ordinal
sum (see Theorem 3.3.1 where we prove the result). Their residua are, respectively,
the following: For x <y, v — y =1 and for z > y,

(1) z—=py=1—x+y

16



(2) z—=cy=y

(3) z —=ny=y/z.
All properties that are satisfied by left-continuous t-norms are also satisfied by con-
tinuous t-norms.
Definition 3.2.2. An element a of [0, 1] is an idempotent of a t-norm o if a o a = a.

Lemma 3.2.1. The following are properties of continuous t-norms:

(1) If x <y, then x =yo (y — x).

(2) If x <u <y andu is an idempotent, then x oy = z.
Proof.

(1) Let y € [0,1] and let f be the function on [0, 1] defined by: f(z) = z o w.
Then f is continuous on [0, 1]. Also f(0) = 0 and f(1) = y. Thus for some z
with 0 < z < 1, f(2) = z by the Intermediate Value Theorem. Hence for the
maximum z satisfying f(z) = z, i.e.,, zoy = z, we have z = y — x by the

definition of —.

(2) Assume z < u in [0,1] and u is an idempotent of o. Then x = uwo (u — z) by
(1). Thus xou =wuo(u—x)ou=uouo(u—z)=uo(u—x) =2z Let
u<yin[0,1]. Then xoy > zou =z and also z oy < x by Lemma 3.1.2(3).

Therefore x oy = x.

[]

Lemma 3.2.2. Let o be a continuous t-norm and L = ([0,1],0,—,A,V,0,1). Then
the following is true in L:

rAy=xo0(x—y).

Proof. For any z,y € [0,1], either x < yory <z Ifz <y, then z — y =1 by
Lemma 3.1.2(1). Hence zo(x — y) = x = xAy. lf x > y, thenzo(z — y) =y = xAy
by Lemma 3.2.1(1). |
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We can see from Lemma 3.2.2, that if o is continuous, then A is definable in terms of

o and — and this is not the case for left-continuous t-norms.

3.3 Decomposition of continuous t-norms in terms

of Product, Lukasiewicz and Godel t-norms

Definition 3.3.1.

(1) A t-norm is called Archimedean if it is continuous and has no idempotents

except 0 and 1. (Recall that a € [0, 1] is an idempotent of o if a0 a = a.)

(2) An element a € [0, 1] is called a nilpotent of a t-norm o if there is a natural
number n such that acao...oa (n times) = 0. We shall write a" for acao...oa

with n factors, and a° for 1.

(3) An Archimedean t-norm is called strict if it has no nilpotent elements except

0; otherwise it is called nilpotent.

Lemma 3.3.1. If o is an Archimedean t-norm, then for each x € [0,1):

(1) lim z" = 0.

n—o0

(2) If o is nilpotent, then x is nilpotent.

(3) If 0 <x <1,n<m and z" > 0,then ™ < z™.

Proof.

(1) The sequence {x™} is non-increasing and bounded by zero from below, so lim z"
n—oo

exists and we denote it by b. We note that:

bob = lim 2" o lim z"
n—o0o n—oo
= lim 2" oz™ ( by continuity of o)
n—oo
= lim z"
n—oo

=b.

+n
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Hence b is an idempotent. Thus we must have b = 0 since o is Archimedean.

(2) Suppose y > 0 is nilpotent and 0 < x < y. Then for some natural number n,
y" = 0. Hence 2™ < y” = 0. Thus 2" must equal zero. If 0 <y < x < 1
such that y is nilpotent, then for some m, ™ < y since lim z™ = 0. Thus

m—0oQ

(z™)" < y™ = 0. Hence (z™)" must equal zero. Therefore every = < 1 is

nilpotent.

(3) Suppose n < m and 2™ = ™. Then 2" = 2™ But then 2" = 2™ since
n<n+1<mandz™! <™ < " <" . Thus 2™ = 2™. Hence 2* = 2™

> i =0= w = iction.
for all k > m, so lim z¥ = 0 = 2™, whence 2™ = 2™, a contradiction
k—o00

O

Lemma 3.3.2. If o is an Archimedean t-norm, then for each x € (0,1] and each

n € N with n > 1, there is a unique y € [0, 1] such that y™ = x.

Proof. Let n € N such that n > 1. If x = 1 then we may take y = 1. If x < 1 then,
by the Intermediate Value Theorem, there exists y € [0, 1] such that y" = x since
f (y) = y™ is continuous and we also have that f (0) =0 and f (1) = 1. We now show
that y is unique.

Ify"=x,then 0 <z <y <1 Let x <2z <yand 2" =9y". Then z =y ot for some
t € (0,1) by Lemma 3.2.1(1). Hence 3" = 2" = y" o t" = y" o t**") for every k > 0.
But limy t*” = 0 by Lemma 3.3.1(1) and = y" = y" 0 0 = 0 by continuity and

hence we have a contradiction. O

Definition 3.3.2. For an Archimedean t-norm o, x € (0,1] and n € N with n > 1,

1 . : :

let x» den(;;ce the unique y € [0, 1] with y" = 2. For any rational number r = =, let
1

" = (x2> .

Lemma 3.3.3. Let o be an Archimedean t-norm.

(1) If ™% and ™. are positive rational numbers such that L= m

n’! n'’

then xn = xn .
(2) x"ox® = 2"t for all x € [0, 1] and positive rational numbers r and s.
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(8) If x > 0, then lim o = 1.

n—o0

Proof.

(1) Suppose ™ = %’ Then m’ = km,n' = kn for some k € N.
m’ 1\ km BLAN 1\™ m
Hence '+ = (:ER> = ((mlm> ) = (xﬁ) =Tn.

2) Let r =2, 5= 5 where m,n and k are positive integers. Then
n P g
m

ror = ()" o (s >:<xn)’"+k:xr+s.

(3) If x > 0, then the sequence {x%} is increasing and bounded from above by 1,

so its limit exists. Let the limit of this sequence be a. We have that:

) PR 1
aoa = lim z» o lim z»
n—oo 1 77/_1)00
= lim x» ox» ( by continuity of o)

T (by (2))

. . . 1 . . .
Thus a is an idempotent. Therefore lim x"z» = 1, since o is Archimedean.
n—oo

Lemma 3.3.4. Let o be an Archimedean t-norm.
(1) If o is strict, then ([0,1],0) is isomorphic to ([0,1],or),
where x oy y = x - y(product).
(2) If o is nilpotent, then ([0, 1], 0) is isomorphic to ([le 1} 7ocp), where x ocpy =
max{i, T - y}.

Proof.

(1) LetC:{cr——, TEQO<r<oo}andD {d —(—) :TEQ,0§r<oo},
where (1)" denotes 1ol 0---01 (r times) and define f : C' — D by f (¢,) = d,..

2 2
We take the following steps:
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(i) We show that C' and D are dense in [0, 1] and f is an isomorphism from
(C,on) to (D, o).

(ii) We show that there exists an isomorphism g : [0, 1] — [0, 1] defined by

g(x) = Vf(e) if z€0,1]\C

where x = \/ ¢; and {¢;} is an increasing sequence in C'.
i

We first prove (i). We start by showing that C' and D are dense subsets of [0, 1].

Density of C' in [0, 1]:

Let 2 € (0,1] and y =log,=. Then y € R and y > 0. By the density of Q in

R, there exists a sequence {¢,} in Q, g, > 0, such that lim ¢, = y. It follows
n—o0

that:

But 5 € C, so {5} is a sequence in C' converging to z € (0,1]. Also {5} is
a sequence in C' converging to 0. Therefore C'is dense in [0, 1].

Density of D in [0, 1]:

Let x € (0,1). We shall approximate = from above by the elements d, = (%)r,

where r has the form o If my > my, then T2 > 5 and

GF = (B7)" < (BOF) =) (by Lemma 33.1(3)).

&

Hence, for a fixed n, {(%)
0.

tm € N} is a decreasing sequence and its limit is

1\ 7 N
Since lim z" <§> = 1 by Lemma 3.3.3(3) there exists ng such that (%) 20>

n—oo

x. For m > ng, let m(n) be the largest m such that (%)2% > x. Since

1\ 27
lim z" <§> = 0 the largest such m exists. We have that

m—0o0

[N
3|
©]
—~
N[ =
~—
¥
el

(by Lemma 3.3.3(2)).
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Thus

m(n)+1 m(n) 1

i ()5 = ()% o ()7
= lim (3) o lim (%)%" (since o is continuous)
= lim (1) o1 (by Lemma 3.3.3(3))
L
= Jm (2)7

(52)

m(n) 1
We have that for any n > ny, (%)( ) > x, so lim 2" | = > .

n—o00 2

(m(n +1)

(MT)L“) ) on
Also for any n > ng, (%) 2 < z, so lim z" (—) < z. But
n—o0 2
1\ (P5) 1 ()

lim z" | = = lim 2" | = , therefore the limits of these two se-

quences must equal z. Thus, D is dense in [0,1]. Also, (3)° =1 € D and {(5)"}

converges to 0.

f is 1-1 and strict order-preserving:

Assume ¢, > ¢,. Then s < r. Let mq, mo,n be such that r = o and s = 72,
Since s < r this means that my < m;.

Now.d = (3 = (3) = (1) "= () = ()% = (1)
Letting (%)E =z, we have d, = 2™ and d;, = 2. But 0 <z < 1, my < my
3). It follows that f is strictly

N =

and ™ > 0, so 2™ < 2™ by Lemma 3.3.1(

order preserving.

f is onto:
Given d, € D, there exists ¢, € C such that f (¢,) = d, since both elements of
D and C depend on r, where 0 < r < o0.
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f is operation preserving:

Therefore f (¢ o cs) =  (¢,) o f (¢2).

We now prove (ii). We first show that g is well-defined; that is, we show that

if {¢;} and {d;} are increasing sequences in C' converging to x, then \/ f (¢;) =
V f(d)).
J

Suppose {¢;} and {d;} are increasing sequences converging to x. Then for any
¢; there exists d; such that ¢; < d;. Thus f(¢;) < f(d;). Similarly, for any
d; there exists ¢; such that d; < ¢;. Hence f(d;) < f(¢;). Thus {f (¢;)} and
{f (d;)} have the same upper bounds. Therefore \/ f(c) =V f(d,).

j

%

g is 1-1 and strict order preserving:

Assume z1, 29 € [0,1] such that 1 < 3. Then z; = \/ ¢; and x5 = \/ b, for
] J

increasing sequences {b;}, {¢;} in C. Thus there exists b; > z1. Hence b; > ¢;
for all 7. Thus:

f(bj) > f(c;) foralli (since f is strict order-preserving)
<

Vf(Cz) f(b5)
V f (Cz) f( ) f( ]+1) (SiHCG bj < bj+1, for bj+1 € C)
Vf(cz) V f (b))

9(371) < g(x2).

R A
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g is onto:

Let y € [0,1]. Since D is dense in [0,1] and f is onto, y = \/ f (¢;) for some
{¢;} in C. Therefore there exists a corresponding z € [0, 1] such that g (z) = v,

where x = \/ ¢;.
i

g is operation preserving:

Let z,y € [0,1]. Then z = \/¢; and y = \/ b; for increasing sequences {b;}, {¢;}
i J
in C. Thus
gxony) =g(r-y)

=9 \/Ci'\/bj)

=g | V(- bj)> (since - is continuous)
i,j

=V ety
= \; (f(ci)o f(b;)) (since f is operation preserving)
= Z\i;f (¢;) o\ f(b;j) (since o is continuous)

i i
=g(@)og(y).

Therefore g is an isomorphism, which completes the proof of (ii) and also (1).

Let d = max {z : z o z = 0}; the maximum exists since o is continuous. Let C' =
{crzz%:reQ,OﬁrﬁQ}andD:{dT:dr:TEQ,O§r§2,dr>O}. Also
define f : C'— D by f(c,) = d,.. We follow the same steps as in (1). The proof
of density of C' and D is similar to that of (1). Note that in this case C'is dense
in [1,1].

We want to show that f is an isomorphism from (C,ocp) to (D, o).

f is 1-1 and strict order-preserving;:

Assume ¢; > ¢, where 0 <]Jr;s < 2. Then s < r. Let my, mg,n be such

that r = ™ and s = ”2. Since s < r this means that my < m;. Now,
m mi m m2

d, = d" = d% = (d%) dy = df = 4 = (d%) . Letting d» = =z, we

have d, = 2™ and dy, = ™. But 0 < x < 1 and my < mq, so 2™ < z™2 by
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Lemma 3.3.1(3).

f is onto:
For any d, € D such that 0 < r < 2, there exists ¢, € C such that f(¢,) = d,.

f is operation preserving:

f (max{%,cr . cs})
f (max {3 5})
f

(max {3, 55 }) -

If r+ s <2, then f (¢, ocpcs) = # = d,.s. In this case,

f (Cr Ocp Cs) ==

]

f(CT) © f (Cr) = dr Ods
=d od*
— d(r—f—s)

= dr—i—s-

If r+s > 2, then f(c,ocpcs) = }L. In this case, d"*+) < &> = dod = 0.

Therefore f (¢, ocpcs) = f(c) o f(c).
The extension of f to an isomorphism g from ([%, 1], 0cp) to ([0,1],0) is as in (1). O
Lemma 3.3.5. ([i, 1} ,ocp), where x ocp y = maa:{i,x . y}, 1S 1somorphic to
([0,1],0r), where oy, is the Lukasiewicz t-norm defined by xopy = maz{0,x +y — 1}.
Proof. Let f :[0,1] — [1,1] be defined by f (z) = 2*==). We shall show that f is
an isomorphism from ([0, 1],07) to ([}17 1} ,ocp).

fis 1-1:
Suppose f (1) = f (x2). Then:

22(1171) — 22(:1:271)

= I = Ta.

Thus f is 1-1.
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f is onto:
Let y € [1,1] and z = Llog,y + 1. Then z € [0, 1] and

f (l‘) — 22(%10g2 y+171)

— 9logoy

Hence f is onto.

f is operation preserving:

fleory) = f(max{z+y—1,0})
— 22(max{m+y—1,0}—1)

(3.1)

fx)oop fly) =max{f f(2) f(y)}
= max {1,221 . 226-1)1 (3.2)

= max {%, 22(”1’*2)} .

If max{z +y — 1,0} = 0, then (3.1) becomes f (z oy y) =272 = 1 and (3.2) becomes
f(x)ocp f(y) =fsincer+y—2< —1. Ifmax{z +y—1,0} =z +y—1, then (3.1)
becomes f (zopy) = 22@+¥=2) and (3.2) becomes f (z) ocp f (y) = 22T¥=2) gince

x4y —2> —1. Therefore f (zory) = f(z)ocp f (y). O

Lemma 3.3.6. Let o be a continuous t-norm and let E = {a € [0,1] :ao0a = a}.
Then E is a closed subset of [0,1] (in the usual topology).

Proof. Let b be a limit point of E. Then there exists a sequence {a,} in £ such that

lim a,, = b. Hence,
n—o0

bob = lim a,o lim qa,

n—oo n—o0

= lim a,0a, (by continuity of o)
n—oo

= lim a, (since a, o a, = a,)
n—oo

=b.

Thus b € E, so E is closed. O
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Note that since E = {a € [0,1] : aoa = a} is a closed subset of the set of [0, 1], it

is a countable union of singletons and closed intervals. Thus its complement is a

countable union of non-overlapping open intervals. Also 1 and 0 are in E.

Theorem 3.3.1 (Decomposition). Let o be a continuous t-norm and E its set of

idempotents, E = {a € [0,1] : aoa = a}, and denote the set of open intervals in its
complement by Lopen (E). Also let [a,b] € Z(E) iff (a,b) € Lopen (E). For a closed
interval I = [a,b] C [0,1], let (o|I) be the restriction of o to [a,b]>. Then:

(1) For each I € Z(FE), (I,(o|l)) is isomorphic either to ([0,1],0r) (Product t-

norm) or ([0,1],0r) (Lukasiewicz t-norm).

(2) If I = a,b] is a closed interval in E with a < b, then (I, (o|I)) is isomorphic to

([0,1],06) (Godel t-norm).

(3) If x,y € [0, 1] are such that there isno I € T (E) withx,y € I, then xoy = xAy.

Proof.

(1)

Let [ = [a,b] € Z (F). There are no idempotents in I except a,b. If z,y € [a, b],
thena <z <banda <y <b,soaoca < xoy <bob. Thusa < zoy < b. Hence
z(o|l)y =x oy € [a,b]. Again, for a < x < b, we have aoxr =a and box ==z
by Lemma 3.2.1(2). Thus a is a zero element on [a,b] and b is an identity on
[a,b]. Let f : [a,b] — [0,1] be defined by f(r) = 7=2. Define an operation
x on [0,1] by zxy = f(f ' (x) (o) f~*(y)). Since f is an order-preserving
isomorphism, it follows that * is a continuous t-norm on [0, 1] whose only idem-
potents are 0 and 1. Therefore (7, (o|l)) is isomorphic to an Archimedean
t-norm. An Archimedian t-norm is either nilpotent or strict, so since we have
shown in Lemma 3.3.4 and Lemma 3.3.5 that each strict Archimedean t-norm
is isomorphic to the product t-norm and each nilpotent Archimedean t-norm is

isomorphic to the Lukasiewicz t-norm, the result follows.

Let I = [a,b] be a closed interval in the set E. Hence I is a closed interval of
idempotents. If z,y € I, then x oy = x Ay by Lemma 3.2.1(2). Thus (7, (I|0))

is isomorphic to the Gédel t-norm on [0, 1].
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(3) Suppose x,y € [0, 1] such that = and y are not from the same interval I € Z (E).
If z < y, then there exists an idempotent e such that x < e < y. Thus
roy=x=uax Ay by Lemma 3.2.1(2).

]

Definition 3.3.3. Let {[a;, b;] : i € I} be a countable family of closed subintervals of
[0, 1] such that their interiors are pairwise disjoint and their union is [0, 1]. For every
i € 1, let o; be a t-norm defined on [a;, bi]2. Then the ordinal sum of this family of

t-norms is defined as:

rToy=

zopy if Ik € I such that z,y € [ay, byl
x Ay otherwise.

Starting with a continuous t-norm o on [0, 1], we have shown that its set of idem-
potents E' = {a € [0,1] : aoa = a} is a closed subset of [0, 1] and hence is a disjoint
union of singletons and closed intervals. Therefore its complement is a countable
union of non-overlapping open intervals. We decomposed the interval [0, 1] into closed
intervals [a, b] containing no idempotents other than a,b and the closed intervals con-
sisting entirely of idempotents. In the first case, we have seen that the restriction
of o to [a,b]” is isomorphic to an Archimedean t-norm. An Archimedean t-norm is
either nilpotent or strict and we have shown that each strict Archimedean t-norm is
isomorphic to the product t-norm and each nilpotent Archimedean t-norm is isomor-
phic to the Lukasiewicz t-norm. Hence any interval [a, b] containing no idempotents
except a, b together with (o|I) is isomorphic to either the product or the Lukasiewicz
t-norm. We have further shown that any interval of idempotents together with (o|I)
is isomorphic to the Gdédel t-norm and that if z,y are not from the same interval,
then z oy = o Ay. It follows from the definition of an ordinal sum that we can
equivalently state the Decomposition Theorem as follows: Any continuous t-norm is

isomorphic to an ordinal sum of Lukasiewicz, Product and Godel t-norms.
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CHAPTER 4

The logic MTL and MTL-algebras

In this chapter we define, in section 4.1, the logic MTL by stating its language,
derivation rule and axioms. We list some of the formulas provable in MTL and give
proofs for some of the listed formulas. In section 4.2, we give the definition of an
MTL-algebra. We prove some properties of MTL-algebras. We also prove that the
class of all MTL-algebras forms a variety of algebras. The results in this chapter will
play a significant role in some chapters that will follow. The material in this chapter

is taken from work done by Esteva and Godo in [5].

4.1 The logic MTL

Monoidal t-norm based logic or MTL for short is the logic of left-continuous t-norms.
A left-continuous t-norm is used to represent a conjunction in MTL and its residuum

operation represents an implication.
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A Hilbert-style deductive system for MTL has been introduced in [5]. The language
of the propositional calculus is defined from a countable set of propositional variables
P1, P2, D3, - - ., three binary connectives o, —, A and the truth constant 0. Formulas
are defined inductively as follows: all propositional variables and the truth constant
0 are formulas; if ¢ and 1 are formulas, then so are ¢ o, ¢ — 1 and ¢ A 1. Other

connectives are defined in terms of the primitive connectives as follows:

(1) mp:=p—0

(2) pVYi=((p =) = V) A (Y = ») = »)

The Hilbert-style derivation rule for MTL is modus ponens: ¢, ¢ — ¥ F 1.

The following are the axioms of MTL:
Al) (¢ = 1) = ((w%x)%(w—w))

)
A2) (potp) —
A3) (potp) — (ww)
Ad) (p ANY) =

) (b AY) = (W Ay)
A6) (po(p =) = (pAY)

(
(
(
(
(A5
(
(A7a) (¢ — (¥ = x)) = ((po¥) = x)
(
(
(

ATb) ((poth) = x) = (¢ = (¥ — X))
A8) ((so—mb) —=x) = (v = ¢) = x) = x)
A9) 0 —

Definition 4.1.1. A proof of ¢, in MTL is a sequence @1, s, ..., p, such that
for each ¢ (1 <1i < n) either ¢; is an axiom of MTL or ¢; follows from two previous
members of the sequence, say ¢; and ¢y (j < i,k < i) as a direct consequence of using
the rule of modus ponens. In this situation, we say that ¢, is a theorem of MTL, or
that ¢, is provable in MTL, and denote this by Frp ¢. More generally, if T" is a set

of formulas in MTL and a proof sequence ¢, s, ..., @, as above exists but with the
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additional option for each ¢ that ¢; € I', then we say that ¢, is provable from I' in
MTL, denoted by r l_MTL On -

In the following lemma we give proofs of a number of theorems of MTL that will be

used later in the study as well as some that we feel are of special interest.

Lemma 4.1.1. The following formulas are provable in MTL:

(1) ¢ = (¥ =)

(2) (p—= (W —=x) = @ = (p—=x)

(3) =

(4) (po(p =) =¥

(5) o = (¥ = (po1))

(6) (¢ =) = ((pox) = (Yox))

(7) (b1 = 1) o (w2 = ¥2)) = ({01 0 p2) = (b1 012))

(8) ((pov)ox) = (po(Yox)),(po(dox)) = ((poy)ox)
(9) (pot)) = (pAY)

(10) (o = ) = (¢ = (¢ A ))

(11) (¢ = (¢ AX)) = (W = @) A (¥ = X)) = (¥ = (9 A X))
(12) ((p > V) A (e = X)) = (¢ = (¥ A X))

(13) ¢ = (¢ N o)

(14) ¢ = (e V), = (V) (e Vi) = (Vo)

(15) (p =) = (¢ V) = ¢)

(16) (¢ = V)V (¥ = @)

(17) (¢ = ¥) = (x = ) = (x = ¥))
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(18) ((p V) =) = (¢ = X) A (¥ = X)) = (¢ V) = X))
(19) (e = X) A (¥ = X)) = (¢ VY) = X)

(20) (b V@) = ¢

(21) (¢ = ¥)o (v = X)) = (¢ = (¥ A X))

(22) (¢ = x) o (v = x)) = ((p VYY) = x)

(23) ¢ = (e = ¥) o = =, (p 0 ) = 0

(24) (¢ = (Vo)) = —p

(25) (o = ¥) = (¢ = ~p)

(26) (¢ = —) = (¢ = —p)

(27) 1

(28) ¢ = (Lo )

(29) 1= ¢) = ¢

(30) (e AW AX)) = (e AY)AX) (P AP)AX) = (e A (¥ AX))
(31) (e V(¥ VX)) = ((pVE)VX), (e V) VX) = (9 V (¥ VX))
(32) ¢ = (A (V) (P V(pAY)) = ¢

(33) o @, (0= ¢) = (W e 9), ((p e d)olp e x) = (¥ & X)
(34) (p ) = (o =), (e ¥) = (¥ = @)

(35) (g < ¥) = ((pox) < (vox))

(36) (¢ <) = (¢ = x) < (¥ = X))

(37) (o =) = (x = ») & (X = )

(38) (g = ¥) = (¢ = ) A (= ¢))

(39) (po (¥ VX)) < ((porp) V(pox)), (o AX)) < ((poih) Alpox))

32



(40) (b AWV X)) < (pAL)VI(eAX)), @V (AX) < (VYA (P VX))
(41) (e V) o(pVah)) = ((pow)V(bor)), (g A)o(pAth)) = ((pow)A(oy))

(42) (o = V)"V (Y = )", for each n € N where (¢ — ¥)" means
(p—=YP)o(p—1)o...o(p— 1) (n times)

(43) (mo A=) & = (o V1)
(44) (meV =) & = (o A1)

Proof. We shall prove the formulas we are going to use:

(1) Farr o = (¥ = @):

(a) Furr (o) = ¢ by (A2)
(b) Furr ((poy) = @) = (¢ = (¥ = ¢)) by (ATD)
(¢) Fyrr ¢ — (¥ — @) by (a),(b) and modus ponens

(2) Furr (o = (¥ = X)) = (¥ = (¢ = X))

(a) Farre (9 = (@ = X)) = ((pov) = x) by (ATa)
(b) Fyrr oy — ot by (A3)

)
)
(¢) Fure (Wow) = (o)) = (((vo) = x) = (o) = X)) by (Al)
(d) Fyrr ((pot) = x) — (P oyw) — x) by (b),(c) and modus ponens
(€) Farrr (Y ow) = x) = (= (p—=x)) by (AT)
(£) Fyure ((pod)) = x) = (¥ = (¢ = X)) by (d),(e) and (A1)
(&) Fare (0 = (¥ = X)) = ((po9h) = X)) =
(((pot) =x) = W= (p—=x) = (= W —=x) = W= (p—= X))
by (A1)

(h) Fare (o d) = x) = @ = (¢ = X)) = ((p = (¥ = X)) = (& = (¢ = X))
by (a),(g) and modus ponens

(i) Fyurr (= (W = x)) = (¥ = (¢ — x))) by (f),(h) and modus ponens
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(3) Farr p =

(4) Farr (po (¢ = 1)) = o

(
(

a) Farr (0 =) = (¢ =) 3)

) by (
b) Furr (0 = ¢) = (p = 9) = (¢ = ((p = ¥) = ¢)) by (2)
(¢) Fyrr o — ((¢ = ) = ¢) by (a),(b) and modus ponens
(d) Furr (9 = (0 = ) = 9)) = ((po (v =) =) by (ATD)

(e) Furr ((po(p =) =) by (c),(d) and modus ponens
(5) Fure ¢ = (b = (pod)):

(a) Fyre (pod)) = (poy) by (3)
(b) Fure ((pod) = (pod)) = (v = (¥ = (poy))) by (ATH)
(¢) Fyrr o — (¥ — (o)) by (a),(b) and modus ponens

(6) Furr (p = 9) = ((pox) = (Yox)):

(a) Fare (o (v =) =4 by (4)
(b) Furr v — (x = (Yox)) by (5)
)
)

(¢) Farr (po (o =) = (x = (¥ox)) by (a),(b) and (Al)

(d) Fare ((po (=) = (x = (Pox)) = (¢ = ((p = ¥) = (x = (¥ox))))
by (ATb)

(e) Fare v = ((p = ¥) = (x = (¥ox))) by (c),(d) and modus ponens
(f) Fure ((p = ¥) = (x = (o X)) = (x = ((p = ¥) = (Yox))) by (2)
(&) Furr ¢ = (x = ((p = ) = (vox))) by (e),(f) and (Al)
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(h) Farr (0 = (x = (g = ¥) = (W oX)))) = ((wox) = ((p = ¥) = (Yox)))
by (A7a)

(i) Furr (pox) = ((p =) = (Yox)) by (g),(h) and modus ponens

(3) Faurr ((wox) = ((0 =) = (P ox))) = ((¢ =) = ((pox) = (Yox)))
by (2)

(k) Furr (0 =) = ((pox) = (ox)) by (i),(j) and modus ponens

(8) Farr (i) (po(Pox)) = ((poyp)ox), (i) ((potp)ox) = (po(Pox)):

(a) Fure (((povp)ox) = 6) = ((poy)) = (x = d)) by (ATb)
(b) Furr ((poyp) = (x = 6)) = (¢ = (¥ = (x = 9))) by (ATb)
¢) Faurr (o) ox) —0) = (¢ — (¥ — (x = d))) by (a),(b) and (A1)

) (
) (
(c) (
(d) Fare (0 = (0 = (x = 0))) = (¢ = (Yo x) —0)) by (ATa)
() Furr ((pod)ox) = d) = (¢ = (Wox) —6)) by (c),(d) and (Al)
(£) Furr (0 = ((box) = 8)) = ((po (Yox) —4)) by (ATa)

(8) Furr (((podp)ox) = 6) = ((po(Pox)—0)) by (e),(f) and (Al)
(h) Furr (po(@ox)) = ((pov)ox) (if weset § =(po)ox)

€

Similarly, Farr ((po9) o x) = (wo (Yox))
(9) Furr (poy)) = (p AY):

(a) Farrr ¥ = (¢ = ¢) by (1)
(b) Faurr (¥ = (o =) = ((potp) = (po(p —))) by (6)
(¢) Fare (pod)) = (po (e —4)) by (a),(b) and modus ponens
(d) Farr (po(p =) = (9 AY) by (A6)
(e) Fure (o) = (A1) by (c),(d) and (A1)

(10) Farr (@ = ¥) = (0 = (@ AY)):
(a) Farrr (0 = ¥) o) = (po(p = 1)) by (A3)
(b) Farrr (po(p =) = (9 AY) by (A6)
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(©) Furr ((p = ¥)op) = (pAY) by (Al)
(d) Farrr (0 = ¥) 0 0) = (9 AY)) = ((p = ) = (¢ = (9 A1) by (ATD)
(d) Farr (p =) = (0 = (0 AY)) by (c),(d) and modus ponens

(11) Fyrr (o= (0 AX) = (W= @) AW = X)) = (¥ = (9 AX))):

(a) Furr (@ = ) A (e = X)) = (¥ = ¢) by (Ad)
©) =

(b) Farr (¥ — (o= (eAX) = (W= (pAx))) by (Al)

(¢) Farr (e = V) A (e = X)) = (= (e AX)) = (¥ = (pAXx))) by (a),(b)
and (A1)

(d) Faure (e =) A (e = x) = (= (P AX) = (¥ = (9 A X)) =

(o= (eAX) = (g =V)A (0= X)) = @ = (pAX))) by (2
(e) Faurr (¢ = (@ AX) = (e =) A (e = X)) = (¥ = (pAx))) by (c),(d)
and modus ponens

(12) Farn ((p = ) Al = X)) = (0 = (P AX)):

(a) Fyure (0 —x) = (¥ = (¥ AXx)) by (10)
(b) Fyure (0 = (W AX) = (g =)AW@ = 9) = (¢ — (P AX))) by (11)
(¢) Fure (W —=x) = (g = V)A(p—=x) = (= (W AX)) by (a),(b)
and (Al);
Similarly
(d) Faure (X =) = (g = V) A (e = X)) = (¢ = (P AX)))
(e) Furr ((p =) A(p = X)) = (¢ = (¥ A X)) by (c),(d) and (AS)

(13) Furr @ = (0 A p):

(&) Fure ¢ = ¢ by (3)
(b) Fyre (0 = ¢) = (¢ = (9 Ap)) by (10)
(¢) Furr ¢ — (@ Aw) by (a),(b) and modus ponens
(14) Fare () o = (e V), (i) ¥ = (V) (ii) (Vi) = @V e):

(i) :
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(a) Fure (po(p =) = ¢ by (4)
(b) Furr ((po(p =) = ¥) = (¢ = (¢ = ¥) = ¢)) by (ATb)
)

%
(¢) Furr o = (9 =) —

( ) by (a),(b) and modus ponens
(d) Fure o = (= @) = @) by (1)
(€) Furr ¢ = (0 = ¥) = ) A (Y = ¢) = ¢)) by (c),(d) and (12)
(f) Fyurr ¢ = (V) by (e) and the definition of Vv
(i) -

Furn (V) = (Y V@) by the definition of V and (A5)

(iii) :

(a) Fyrr v — (¥ V) by (i)

(b) Furr (¥ V) = (9 V) by (i)

(¢) Faurr i — (9 V) by (a),(b) and (Al)

(15) Fayrr (9 = ) = (¢ V) = 9):

(a) Fyrr (V) = (((p = ) = ) A (v — ) — ¢)) by the definition of
V

(b) Furr (0 =) = V)A (Y = 0) = 9) = (¢ = ¥) =) by (Ad)

(¢) Fure (V) = ((p = ¥) = 9¥) by (a),(b) and (A1)

(d) Farr (e V) = ((p = ¥) =) = (¢ —=¢) = ((p V) =) by
(2)

(e) Fyrr (o — 1Y) — ((¢ Vo) = ) by (¢),(d) and modus ponens

(16) Furr (o = ¥) V(¥ = ¢):
(@) Fure (o =) = ((p = ¥) V(¥ = ¢)) by (14)
(b) Farr (¥ = 0) = ((p = ) V(¥ — ) by (14)
(¢) Farr (9 = ¥) vV (1 — @) by (a),(b) and (A8)

(17) Faurr (o =) = (X = ¢) = (X = ¥)):

(a) Fure (X = ) = ((0 = ¥) = (x = ¥)) by (Al)
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(b) Farr (X = @) = (e = ¥) = (x =) = (e = ¥) = ((x = ) = (x = ¢)))
by (2)

(¢) Fyrr (p =) = ((x = ¢) = (x = v¥)) by (a),(b) and modus ponens.
(18) Furr (e V) =) = (0 = X) A (¥ = X)) = (P V) = X)):

(a) Farrr (0 = X)A (0 = X)) = (¥ = x) by (Ad)

(b) Farr (¥ = x) = (0 V) = ¥) = ((p V) = X)) by (17)

(©) Furr ((p = x) A (¥ = X)) = (V) = ¥) = ((p V) = X)) by (a),(b)
and (A1)

(d) Fure (0 =) A (W = X)) = (e V) = ¢) = (¢ V) = X)) =
(((pVe) =) = (((p=2)A ([ = X)) = ((pVY) = X)) by (2)

() Furr (V) = ¢) = (g = X) A (Y = x) = (V) = X)) by (c),(d)

and modus ponens

(19) Fayrr (b = X) A (W = x) = (9 VYY) = x):

(a) Farr (0 =) = ((pVp) =) by (15)
(b) Furr (V) =) = (¢ = X)) A (¥ = x) = (¢ V) = X)) by (18)

(¢) Faurr (o =) = (= x)A (W = X)) = (¢ VY) = X)) by (a),(b)
and (A1); Similarly

(d) Fure (0 — ) = (0 = X)AW@ = X)) = (¢ V) = X))
(e) Furr ((p = X)A (¥ = X)) = ((p V) = x) by (c),(d) and (A8)

(20) Fyrr (9 V@) = @

(a) Farr @ — ¢ by (3)

(b) Farr (9 = 9) = (9 V@) = ¢) by (15)

(¢) Fayrr (V) — ¢ by (a),(b) and modus ponens
(21) Furr ((p = ¥) o (p = X)) = (¢ = (Y A X)):

(a) Furr ((p = ¥) o (e — X)) = (¢ = ¥) A(p = x)) by (9)
(b) Furr (0= ) A (e = x)) = (¢ = (¥ Ax)) by (12)
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(¢) Farr ((p =)o (p = x)) = (¢ = (¥ A X)) by (a),(b) and (A1)
(22) Farr ((p = x) o (¥ = x)) = (¢ V) = x):
(a) Furr ((p = ¥) o (e — X)) = (¢ = ¥) A(p = x)) by (9)

(b) Farr (0= X) A (W = X)) = ((p VYY) = x) by (19)

(¢) Fure ((p = x) o (¥ = x)) = ((pVY) = x) by (a),(b) and modus po-

(27) l_MTL i:

(a) Furr 0—=0 by (3)
(b) Farr 1 by (a) and the definition of 1

(28) l_MTL © — (i o go)i

(a) Furr (Tow) = (Tow) by (3)
(b) Furr (Tog) = (Tog)) = (I = (p— (1ogp))) by (ATb)

(¢) Farr @ — (Lop) by (a),(b) and modus ponens

_>
_>

(30) (A (W AX)) = ((eAV)AX), ((eAD)AX) = (@AW AX)):

(a) Fare (P A (¥ A X)) — 0 for 0 being o, P Ax, ¥, x, p A, ((p Ap) Ax) by
(A4),(A1) and (21); Similarly

Fyvrn (P AY) Ax) = (@A (A X))
(31) Faurr (pV (VX)) = (e V) V), ((pVY)VX) = (pV (¥ VX)):

(a) Farrr 6 = (9 V (¥ V X)) for § being ¢, ¥ VX, 1, x, oV, ((p V) VX) by
(14),(A1) and (22); Similarly

Fure (0 VYY)V X) = (0V (P VX))
(32) Farrr () ¢ = (@A (e V), (i) (pV(pAD)) =
(i) :
(a) Furr o — (V) by (14)
(b) Farr o — ¢ by (3)
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(¢) Fure (= @) = (e = (V) = ((p = p)o(p = (¢ VY)))) by (5)

(d) Fare (9 = (V) = ((p = @) o (¢ = (¢ V))) by (b),(c) and modus
ponens

)

Fyrr (o — @) o (e — (V1)) by (a),(d) and modus ponens

Furr (0= @) o (e = (e VY))) = (= (e AleVY))) by (21)
Furr o — (@A (e V) by (e),(f) and modus ponens

f

—_—

g

~ ~—~
e
—

5
~— N~ Y S ~—  ~— ~—

Fyrn @ — ¢ by (3)
Furr (9 Ap) — @ by (Ad)
Furr (0= 0) = (e AY) = 0) = ((p = ) o (0 AY) = ) by (5)

Faurn (@A) = @) = (o — @) o (9 A1) — ) by (a),(c) and modus
ponens

— N
o

C

—~
(oW

(e) Furr (0 = @) o ((¢ AY) = ¢) by (b),(d) and modus ponens
() Faure (0= @) o ((pAY) = @) = (9 V(0 AY)) =) Dby (22)

(g) Furr (e V(e AY)) — ¢ by (e),(f) and modus ponens.

4.2 MTL-algebras

Definition 4.2.1. A residuated lattice is an algebra (L, o, —, A, V, 0, 1) satisfying the

following conditions.

(1) (L,A,V,0,1) is a lattice with largest element 1 and least element 0

(w.r.t. the lattice ordering <).

(2) (L,0,1) is a commutative monoid with identity element 1.

(3) — is the residuum of o, that is, the residuation property holds: for all z,y, z € L,

roz<yiff z <z —y.
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Definition 4.2.2. An MTL-algebra is a residuated lattice (L,o,—, A, V,0,1) such
that the following prelinearity property holds for all z,y € L:

(x—=y)V(y—uz)=1

Observe that any algebra of the form ([0,1],0,—,A,V,0,1) in which o is a left-
continuous t-norm, — its residuum and A and V are min and max, respectively, is an
MTL-algebra. The prelinearity property is easy to see in this case since the order is

linear: either x < y and then + — y =1, or y < x and then y — z = 1.

Lemma 4.2.1. In each residuated lattice, the following hold:

(1) 2oz —y)<yandz <y— (xoy)
(2) x <y impliesztoz<yoz z—mw<z—yandy—z<z—2
(3) x<yiff vt »y=1

(4) (wVy)oz=(xr02)V(yoz)

(5) zoy <y

(6) (x—=y)<(z=2) = (z=y) and (z —y) < (y = 2) = (z = 2)
(7) (x = y) < (x0z) = (yo2)

(8) roy<zAy

(9) = (@@Ay)=z—>y

(10) (z = y)o(zV2) <yV 2z

(11) (xA2)o(x—y) <yAz

(12) 2 = 1=1

(13) 1o =2

(14) = (y = z) = (voy) — =z
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(15) = (y = 2) =y — (x — 2)

(16) v < (z —y) =y

(17) <y —=x

(18) (x — y)" < 2™ = y", for allm € N

Proof.

(1)

(2)

()
(6)

(7)

(8)

The proof of the firt part is similar to that of Lemma 3.1.2(2). For the second
part, we have that (x oy) < (roy). Thus z <y — (x oy) by residuation.

Suppose x < y. Then by (1), y < (z = (yoz2)). Thusz < (2 — (y o z)). Hence
xoz < yoz by residuation. Again, letting x < y, we have zo(z — z) < x <y by
(1). Hence (z — z) < (¢ — y) by residuation. Also zo(y — 2) <yo(y — 2) <
z. Therefore (y — 2) < (x — z).

The proof is similar to that of Lemma 3.1.2(1).

Since z < xVy,xoz < (xVy)ozby (2). Similarly, y o z < (x Vy) o z. Thus
(roz2)V(yoz) < (xVy)oz Alsoroz < (roz)V (yoz). Hence z < z —
((xoz)V (yoz)) by residuation. Similarly, y < z — ((zoz2)V (yoz)). Thus
(xVy)<z—((xoz)V(yoz)). Therefore (xVy)oz< ((xoz)V(yoz)).

The proof is similar to that of Lemma 3.1.2(3).

zo(z—x) <x Hence zo(z = z)o(x —y) <zo(xr—y)<yby (2). Thus
(z = x)o(x—y) < (2 —y) by residuation. Therefore (x — y) < (z = z) —
(z = y) by residuation.

The proof of the second part is similar.

By (1) and (2), x o (z —-y)oz < yoz Thus (r - y)o(roz) < yoz by
commutativity and associativity of o. Therefore (xr — y) < (xoz) — (yo z) by

residuation.

By (5) and commutativity, z oy <y and z oy < z. Therefore roy < z Ay.
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(9) By (2), z — (zAy) < (zr —y). Again we have that z o (z — y) < y and
zo(r—y) < x by (1) and (5). Hence z o (x —y) < (zAy). Therefore
(x = y) < (z — (z Ay)) by residuation.

(10) (x> y)o(xVz) = (zo (e —y) V(& —>y)oz) <yVez by (4),(1) and (5).

(11) Since c Az < zand x Az < z, (tAz)o(x —y) < (zo(r—y)) <y and
(xANz)o(z—=y) < (zo(x—1y)) <zby(2), (1) and (5). Therefore (z A z2) o
(z—=y) <yAz

(12) By (3), x = 1 =1 since z < 1, for all z.

(13) The proof is similar to that of Lemma 3.1.2(4).

(14)
rzo(x—(y—2)<(y—=2)
& yoxo(x— (y—2)) <z (byresiduation) (4.1)
& (x—=>(y—2)<((roy)—z) (by residuation).
Also,

(roy)o((woy) »2) <z
& zo((xoy) —2)<y—z (byresiduation) (4.2)
& ((zoy) = 2z)<(x— (y—2)) (by residuation).

Therefore, x — (y — z) = (roy) — 2z by (4.1) and (4.2).

(15)
r— (y—z2) =(xoy)—z (by (14))
=(yox)—z
=y—(r—2).

(16) By (1), x o (z — y) < y. Therefore z < (z — y) — y by residuation.
(17) By (5), x oy < z. Therefore x < y — x by residuation.

18) By associativity and commutativity of o, 2" o (z — y)" = (z o (z — y))" < y".
Y Y Y
Therefore (z — y)" < 2™ — y™ by residuation.
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Lemma 4.2.2. In each MTL-algebra, the following hold:

(1) xVy=((xr—=y) —y) ANy = z) =)

(2) (x —y)"V(y—2z)"=1, foralln € N.

Proof.
1) ((z =) =y A (ly = 2) =)
=[xz =y) =2y ANy = 2) 2 ) o((z=y)V(y =)
since (x — y)V (y — ) = 1)
=([((z =y) =y ANy = 2) = 2)] o (2 = y))
V(I[((z—=y) 2y ANy —=>x) =) o(y—x)) (by Lemma 4.2.1(4)).
<(rom) =y o =)V (y— o) > 2)0 (y > 1))
(since a A b < a and by Lemma 4.2.1(2))

<yVax=zVy (by Lemma 4.2.1(1)).
Also (z = y)o(z Vy) = (zo(x—y))V(yo(zr = y)) < yVy =y by Lemma 4.2.1(4),(1)
and (5). Hence x Vy < (x — y) — y by residuation. Similarly, z V y <
(y — ) = x. Therefore ztVy = ((z = y) = y) A ((y — =) — z).

(2) For n = 1, the identity (z — y) V (y — x) = 1 holds, by the definition of an
MTL-algebra. Assume, inductively, that MTL-algebras satisfy the identity

(x—=y)"V(y—a)" =1 (4.3)
We need to prove that (z — 3)™"" Vv (y — )™ = 1. We first show that
aF oy TR < gty gyt for 0 <k <m+ 1. (4.4)

We know that a% o y™+1=k o (ymH1=h — gmtl=k) < gk o gmHl=k — gm+1 4nq

l‘k o ym+1fk o (IL’k - yk) S yk o merlfk _ merl. Hence

xk o ym+1fk o ((merlfk N q:erlfk) vV (SCk — yk)) S xm+1 Vi merl.
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For (4.4) to hold, we must have

(y™ ks am k) v (2F o gh) = 1. (4.5)

TR (2 = )" = 1 and then use

To prove (4.5), we prove that (y — z)
Lemma 4.2.1(18).

Now, for any k such that 1 < k < m,

(y = )"V (@ =)
(y—=2)"V(r—y)" (since k <mand m+1—k<m)
= 1 by (4.3).

Thus (y™ =% — 2™ ™17k) v (zF — y*¥) = 1 by Lemma 4.2.1(18). Thus

l’k o ym—l-l—k — iEk o ym—l-l—k o ((ym—‘rl—k N :L.m—i-l—k:) v (.Tk N yk))

S ZL‘erl V, ym+1‘ (46)

Now,
(:U V. y)m+1 _ \/Tkn:bl 2k o ym+1—k
— l‘erl V, ym+1 V; \/lel l’k o merlfk.
By (4.6), for 1 < k < m, each of z* o y™™17¥ is less or equal to 2™+ v ym+L,
Hence the identity (z V y)™™! = 2™+ v y™ ! holds, so
(37 N y)m-‘rl Vi (y N ZE)erl

= (@=y) V)™
1m+1

= 1
Therefore MTL-algebras satisfy (x — y)" V (y — x)" = 1, for all n € N.

]

Theorem 4.2.1. The class of all residuated lattices is a variety, hence the class of

all MTL-algebras is a variety.

Proof. The class of all lattices forms a variety from the definition of a lattice in
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the preliminary section. The conditions on 0 and 1 can be expressed by identities
rV1=1 A0 =0. Also commutativity and associativity of o, 1 ox = x and
(r = y) V(y —x) = 1 are identities. We verify that the residuation property is

expressed by the following identities:

(1) (x = y)ox)Vy=y,
(2) v— (zVvy) =1,

B)x—=(y—=2)=(roy) — 2.

We first show that the above identities hold in each residuated lattice. By Lemma 4.2.1(1),
(r—=>yox <y, and (x »y)ox < yiff (r > y)ox)Vy =y, so (1) holds. By
Lemma 4.2.1(3), z — (z Vy) = 1, so (2) holds. By Lemma 4.2.1(14), (3) holds. We
now prove that the residuation property can be derived from (1), (2), (3) and the
other identities of MTL-algebras. We first prove the following property:

r<y iff x -y=1

If x <y, thenxVy=y. Thusz —y=1by (2). If z >y =1, then

(x> y)ox)Vy=xVy=yby (1). Hence z < y.

We now prove the residuation property (roy < ziff z <y — z).
Suppose x oy < z. Then (zoy) - 2z=1. But (roy) - z=2— (y — 2) by (3), so
x— (y—z2)=1 Thusz <y — z. Conversely, ifx <y — 2, thenz — (y — z) = 1.
Thus (x oy) — z = 1. Therefore zoy < z. O

In this chapter, we started by proving some of the formulas provable in MTL with
an intension of making use of them. We have proved some of the properties of MTL-
algebras which we will use in the subsequent chapters. Most importantly, we have
shown that a class of MTL-algebras forms a variety of algebras. We will use this
result in proving Lemma 5.1.2, which in turn will be used in proving completeness of
MTL with respect to MTL-algebras and MTL-chains.
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CHAPTER b

Completeness of MTL with respect to MTL-algebras and
MTL-chains

In this chapter we clarify the connection between the logic MTL, MTL-algebras and
MTL-chains. As we shall show, MTL is complete with respect to the variety of
MTL-algebras, in the sense that a formula ¢ is a theorem of MTL if and only if the
identity ¢ = 1 holds in all MTL-algebras. In addition we show that every MTL-
algebra is a subdirect product of MTL-chains, that is linearly ordered MTL-algebras.
Consequently, the variety of MTL-algebras is generated by the class of MTL-chains,
and hence MTL is also complete with respect to the class of MTL-chains. The material
in this chapter is taken from the work done by Esteva and Godo [5] and Hdjek [14].
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5.1 MTL completeness with respect to MTL-algebras
and MTL-chains

Definition 5.1.1. Let F'm be the set of all MTL formulas and let ~ be a relation
on F'm defined by ¢ ~ ¢ iff Fyrp @ <> . Then ~ is an equivalence relation by
Lemma 4.1.1(33). Let F'm/~ be the set of equivalence classes [¢]  of ~. We define

on F'm/~ the following operations:

B3) lel Al =lp Ayl
4) [Pl = Wl =lp—= ol
(5) [l o[l =[poy].
6) el VIl =lpVvi]..

These operations are well-defined by Lemma 4.1.1(35-37).

Lemma 5.1.1. With the above definitions Fm/~ = (Fm/~,0,— A, V,0,1) is an
MTL-algebra.

Proof.
(Fm/~, A, V) is a lattice:

(1) el Al =l Aol =1l [Pl Vipl. =l Vel.=[pl. byLemmad.1.1(13),(A4),
Lemma 4.1.1(14) and (20).

@) lo Al =lend]l, =Ael =R Apl, [PV, =leVy] =
WVl =[]_ Ve, by (A5) and Lemma 4.1.1(14).

3) el AWl AKX =A@ A =10Ae) AX]L= ([ A el o) Al
el V(WL VIXIL) = eV @ VX)) =0 Vo)Vl = ([W]. Vel VX,
by (A5) Lemma 4.1.1(30),(31).
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(4) [el Ael VI =leAleV)l.=lel., el Vel . AR =1p V(e AY)],

[©]. by (Ab) Lemma 4.1.1(32),(A4) and Lemma 4.1.1(14).

(Fm/~,o0,1) is a commutative monoid:

(1) [eloo(Wlolxl) =lpo(@ox)].=[Wop)ox]. = ([¥]l.olp].)ox]. by
Lemma 4.1.1(8).

[olo AL = [l

[o AL =[]

Furr (P AY) < @

Furr (P AY) = ) o (o = (P AY))

Farn (9 = (@A) (by (A4))

Furr ¢ — ¢ (by (A4),(Al), and Lemma 4.1.1(10)).

(5.1)

(R R

We now prove the residuation property.

Furn x = (=) (by (5.1))
Furn (xo @) = ¢ (by (ATa))
[xowl. <[], (by (5.1))

Xl o lel. < [¢]..

(I

The prelinearity condition follows from Lemma 4.1.1(16).
Therefore Fm/~ is an MTL-algebra. O

Throughout the remainder of this section, let L = (L,0,—,A,V,0,1) be an MTL-
algebra.
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Definition 5.1.2. A filter F' of L is a non-empty subset of L satisfying, for all
a,be L,

(1) a€ Fand be Fimpliesaob € F,

(2) a € F and a < b implies b € F.

A filter F' of L is called a prime filter iff for all a,b € L,a —b&€ Forb— a € F.

Lemma 5.1.2. Let F be a filter of L and define a binary relation ~g on L by:
r~py iff t >ye Fand y— x € F.

Then

(1) ~p is a congruence of L and the quotient algebra L/~ is an MTL-algebra.

(2) L/~ is linearly ordered iff F' is a prime filter.

Proof. We first prove (1).

Reflexivity:

We have 1 € F' since F'is nonempty. But + — x =1sox — x € F. Hence ~p is
reflexive.

Symmetry:

Suppose © ~p y. Then v+ — y € Fand y — x € F. Hence y — x € F and
xr—ye€F, ie., y~px, hence ~p is symmetric.

Transitivity:

Assume ¢ ~p yand y ~p z. Thenaz -y € F,y -z € F,y — z € F and
z -y € F. By Lemma 4.2.1(6) and residuation, (r — y) o (y = 2) < z — z and
(z—=y)o(y—x) <z — x Since F is a filter and z — y, y — =, y — 2z and
z — y are elements of F', (t = y)o(y — z) € F and (z > y) o (y — x) € F. Hence
r—z€ Fand z— x € F. Thus ¢ ~p 2z, hence ~ is transitive.

Therefore ~p is an equivalence relation.

~p 1S operation preserving:

Assume © ~p y. Then z -y € F and y — = € F. By Lemma 4.2.1(7), x — y <
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(xoz)— (yo z)andy —» 2 < (yoz) = (xo z). Thisimplies (x0z) — (yo z) € F
and (yoz) — (ro z) € Fsincex -y € Fandy —x € F.
Thus

TOZ~pYoZ. (5.2)

As for (5.2), if z ~p w, then z oy ~r w o y. Hence by commutativity of o we have
Yoz ~pyouw. (5.3)

By (5.2) and (5.3) and transitivity of ~p we have that

TOZr~pyouw.

Therefore ~p preserves o.

We now show that ~p preserves —.

Suppose  ~g y. Then z — y € F and y — = € F. By Lemma 4.2.1(6), z — y <
(z—=2)=>(z—=yandy —>2<(z—>y)— (2> x), hence (z > ) > (z > y) € F
and (z = y) — (2 = x) € F. Thus

2= xR 2 Y. (5.4)

Suppose w ~p z. Then w — z € F and z — w € F. By Lemma 4.2.1(6),
w—=z<(z—=2)—> (w—2z)and z > w < (w = z) = (2 = ). Hence (z —» z) —
(w—2x) € Fand (w—x) — (2 > x) € F. Thus, by (5.4), symmetry and transitiv-

ity of ~p, we get

W— T ~p 2 — Y.

Therefore ~p preserves —.
We show that ~p preserves V.
Assume  ~p y. Then 2 — y € Fand y — = € F. By Lemma 4.2.1(10) and
residuation, t -y < (zVz) = (yVz)and y —» = < (y V z) — (x V 2). This implies
(xVz)—=(yvz)e Fand (yVz) = (xVz)€ Fsincex -y € Fandy —z € F.
Thus

xVz~pyV oz (5.5)
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Assume z ~p w. As above, zVy ~p w Vy. Thus, by commutativity of V, we have
yVzr~pyVuw. (5.6)
By (5.5) and (5.6) and transitivity of ~p we have
TV z~pyVuw.

Therefore ~p preserves V.
Lastly, we show that ~p preserves A.
Assume  ~p y. Then z — y € Fand y — = € F. By Lemma 4.2.1(11) and
residuation, r —» y < (x A z2) = (yAz) and y - x < (y A z) = (x A z). This implies
(xANz) > (yANz)e Fand (yAz) » (xANz) € Fsincex -y € Fandy — x € F.
Thus

TNz~ Y2 (5.7)

Assume z ~p w. As above, 2 Ay ~r w Ay, hence by commutativity of A, we get
YNz ~pyAw. (5.8)
By (5.7) and (5.8) and transitivity of ~r we have
TNz~ Yy ANw.

Hence ~f is a congruence of L. Also MTL-algebras form a variety of algebras by
Theorem 4.2.1. Therefore L/~ is an MTL-algebra.

We now prove (2).

Assume F' is a prime filter and x,y € L. Then x — y € Fory — x € F. If
x —y € F, then x — (x Ay) € F, by Lemma 4.2.1(9). Thus x — (z Ay) € F and
(x ANy) = x € F since z Ay <z, hence x Ay ~p x. Thus,

= [zl A, =[],
=
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Similarly, if y — z € F, then [y] < [z]__. Hence L/~p is linearly ordered.
Conversely, let F' be a filter such that L/ ~p is linearly ordered. Then [z] < [y].,
or [yl <[z]_,. In the first case,

[z Ayl =2l

TANY ~f T

r—=(xAy) € Fand (xNy) >z €F
xr —y € F by Lemma 4.2.1(9) .

R

Similarly if [y] < [z]_,, then y — x € F. Therefore F' is a prime filter. O

~F

Lemma 5.1.3. If 0 is a congruence of L, then [1], is a filter.

Proof. Since 0 is reflexive, 1 € [1],. Let a,b € [1],, ie., afl and bf1. Hence
(@aob)f(lol). Thus (aob)fl. Hence aob € [1],.

Let a € [1], and @ < b. Then afl. Thus (a Ab)# (1 AD). This implies afb. By
symmetry and transitivity of 6, we get b@1. Hence b € [1],. O

Lemma 5.1.4.

(1) For any congruence 8, ~j,= 0.

(2) For any filter F', [1] = F.
Proof.

(1) Suppose a ~j, b. Then a — b,b — a € [1],. Since 6 is a congruence, the factor
algebra L /6 is an MTL-algebra by Lemma 5.1.2(1) and in this algebra [a], and
[b], are two elements such that [a], — [b], = [a — b], = [1],. Thus [a], < [b], in
L/6. Similarly, [b], < [a],. Thus [a], = [b],. Hence afb.
Conversely, assume afb. Then [a], = [b],. Thus [1], = [a], — [b], = [a — b],.
Hence a — b € [1],. Similarly, b — a € [1],. Therefore a ~y, b.

2) 1., ={reF:z—wleFandl—-zelF} Butz -1=1¢€ Fand1l—
r=x€Fforallze F,so[l]  ={r:r€F}=F.
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]

Lemma 5.1.5. The congruence lattice of L is isomorphic to the filter lattice of L.

Proof. It follows from Lemma 5.1.4 that the map 6 — [1], is an isomorphism between
the congruence lattice of L and the filter lattice of L. O]

Lemma 5.1.6. Let {F; :i € I} be a collection of filters of L. Then (| F; is a filter
iel
of L.

Proof. For every i € I, 1 € F; hence 1 € ﬂ F;. Let a,b € ﬂ F;. Then a,b € F; for

every i € I. Hence a ob € F; for every ¢ 616} Thus aob Ezﬁ F;. Alsolet a € ﬂ E;

and a < b. Then a € F; for every i € I. Hence b € F; for evelreyli €1. Thusb € ﬁIFZ

Therefore ﬂIE is a filter. “ O
ic

Definition 5.1.3. Let X C L. Then (X) = ({F : F is a filter of L and X C F'} is

the filter generated by X. That is, (X) is the smallest filter of L containing X.

Lemma 5.1.7. (X) ={a € L: (3In € N)(3by,by,....,0, € X)bjobyo...0b, <a}.

Proof. Supposea € {a € L: (3In € N) (3by,by,....,b, € X)byobyo...0ob, <a}. Then
for some by,bs,...,b, € X, byobyo..0b, < a. Since X C (X) and (X) is a filter,
biobyo..ob, € (X),soae€ (X).

Thus {a € L : (3n € N) (3by, ba, ... by € X) b1 0byo...0b, < a} C (X).

Next we show that (X) C {a € L: (In € N) (Iby,bs,....,0, € X)bjobyo...0b, < a}.
Let a € X. Then a € {a€ L:(Ine€ N)(Iby,by,....0, € X)bjobyo..0b, <a}.
Hence X C {a € L: (3n € N) (3by,ba, ... b, € X) by obyo...0b, < al.

Suppose a,c € {a € L:(In € N) (Iby,bs,....,0, € X)byjobyo...0b, <a}. Then for
some by, by, ....,b, € X, byobyo..ob, < a and for some dy,ds,...,d,, € X, dy o
dyo..ody, < c Thus (byobyo..ob,)o(dyodyo..ody,) <aoc Thusaoc €
{a€L:(3neN)(3by, by, by € X)biobyo...0b, < a}.

Assume a € {a € L:(In € N)(Iby,bs,....,0, € X)bjobyo..0b, <a} and a < c.
Then for some by,bs,....,b, € X, byjobyo...0ob, < a. By transitivity of <, by o by o
.ob, <c¢ s0c€e€{a€cL:(IneN)(Iby,bs,....0, € X)byobyo..ob, <a}. Thus,
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{a € L:(3n e N)(3by,bs,....0, € X)byobyo..0b, < a}isafilter containing X and
hence (X) C {a € L : (3n € N) (3b1, by, .., bn € X) by 0byo...0 by, < a}.
Therefore (X) ={a € L: (In € N) (Iby,by,....,0, € X)byobyo...0b, < a}. O

Lemma 5.1.8. Let a € L and a # 1. Then there is a prime filter F of L, not

containing a.

Proof. Note that {1} is a filter of L not containing a. Assume (F;);c; is a chain of
filters not containing a. Then J F; does not contain a since each of the F;s does not
contain a. We want to show that | J F; is a filter.

IfbeJF, and b < ¢, then ¢ € |JF; since for some F;, b € F; and b < ¢ implies
c € F,. Let b,c € UF;. Then b € F}, and ¢ € F; for some k and j. We have that
either F, C Fj or F; C Fj. If Fj, C Fj, then b € F;. Hence boc € Fj since Fj is
a filter. Thus boc € |JF;. Similarly, if F; C F, we have that bo ¢ € Fj. Hence
boc € |JF;. Therefore |JF; is a filter not containing a.

We have shown that whenever (F;);c; is a chain of filters not containing a, then |J F;
is also a filter not containing a. Hence by Zorn’s lemma, there exists a maximal filter
not containing a, say F'. Suppose F' is not prime. Then there exist z,y € L such that
r—ygFandy—x¢F. Let F; and F}, be filters generated by F'U {y — z} and
F U {zx — y} respectively. By Lemma 5.1.7,

(FU{z —»y})=Fj={ueL:(veF)(GneN)vo(zx—y)" <u}and
(FU{ly—z2})=F,={uelL:(veF)(IneN)vo(y —x)" <u}.

Now F' C Fj, so a € Fj. Similarly a € F,. This means that (v, € F) (3ny € N) such
that vy o (z = y)" < a and (vy € F) (Ing € N) such that v 0 (y — )™ < a.

Let v = v1 o vy. Then v € F since vy, vy € F. Also let n = max {ny,ny}.
Then vo (z = y)" <wvio(x = y)" <aandvo(y — )" <wvyo(y = x)" < a. This
implies that (vo (x = y)") V (vo (y — x)") < a. It follows that

vo((x = 4)"V(y—2)") <a Thusvol <a by Lemma 4.2.2(2). But v € F hence

a € F, a contradiction. Therefore F is prime. n

Let U be the set of all prime filters of L and let f : L — [[n., Lr be defined by
f(x)= {[:p]NF : F € U}. Then f is a homomorphism. For F' € U, L/~ is an MTL-
algebra. Also L/~ is linearly ordered since F' is prime. For F € U, let L = L/ ~p
and L* =[]z, Lp. Then L* is an MTL-algebra since each Ly is an MTL-algebra.
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Theorem 5.1.1. Fach MTL-algebra is a subdirect product of linearly ordered MTL-

algebras.

Proof. Following the above discussion, we need only show that L is isomorphic to a
subalgebra of L*. In particular, we want to show that f is 1 — 1, which is equivalent
to showing that (YU = {1}. If a € U and a # 1, then by Lemma 5.1.8, there is a
prime filter F' € U such that a ¢ F', hence a ¢ (U. Thus, (U = {1} and so f is an
embedding of L into L*. O

Definition 5.1.4. Let L be an MTL-algebra. An L-evaluation of propositional vari-
ables is any mapping e assigning to each propositional variable p an element e (p) of

L. An evaluation e extends to arbitrary formulas of MTL as follows:

(1) e(eAY) =e(p) Ne (V)
(2) elp =) =e(p) = e(V)
(3) e(pov)) =e(p)oe(V)
(4) e(0) = 0.

Definition 5.1.5. Let L be an MTL-algebra. An (MTL) formula ¢ is an L-tautology
if e (p) = 1 for each L-evaluation e. That is, ¢ is an L-tautology iff L satisfies the
identity ¢ = 1.

Theorem 5.1.2 (Completeness). MTL is complete with respect to MTL-algebras and

MTL-chains, that is, for each formula ¢ the following are equivalent.

(1) ¢ is provable in MTL.
(2) For each linearly ordered MTL-algebra L, ¢ is an L-tautology.

(8) For each MTL-algebra L, ¢ is an L-tautology.

Proof.
(1)=(2):
Suppose that ¢ is provable in MTL. We use induction on the number of steps in the
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proof of ¢. For the base step, assume that the proof of ¢ has only one step in it.
Then ¢ must be an axiom of MTL. We have to prove that all axioms of MTL are
L-tautologies. (Al) (¢ = ¥) = (¥ = x) = (¢ = X)) :

It suffices to show that: 1 < (z = y) = ((y = 2) = (x — 2)).

Using the residuation three times on the above, we get
(x = y)o(y—>2)ox <z
This is true in L since x o (z — y) < y and similarly y o (y — 2) < z.
(42) (poy) = ¢
Since xoy <z, (roy) —» x = 1.
(A3) (pov) = (Yoy):
Since roy=youx, (xoy) — (yox)=1.
The proof of (A4) is similar to that of (A2).
The proof of (A5) is similar to that of (A3).
(A6) (po(p =) = (¢ AY):
We have zo (x — y) <yandzxo(x —y)<zx,s0zo(x—y) <zAy.
(AT7a) and (AT7b):
The proof follows from Lemma 4.2.1(14).
(A8) ((p =) = x) = (L= ¥) = X) = X) :
(z=y)=2)o(ly = 2) = 2)
=[((z=y) = 2)o((y = 2) = 2)]o((z=y)V(y—2)
(since (z = y)V(y = x)=1)
= ([((z = y) = 2)o((y = 2) = 2)] o (z = y))
V([((x—=y)—=2)o((y—=>x)—2)]o(y—x)) (by Lemma 4.2.1(4))
<(((z—=y)—=2)ox—y)V(((y—=>2z)—2)o(y—=x)) (by Lemma 4.2.1(5))
<zVz=2z (by Lemma 4.2.1(1)).
(A9)0 — ¢ :
This follows from 0 < z.

Now suppose that the proof of ¢ contains n steps, where n > 1 and suppose as

induction hypothesis that all theorems of MTL which have proofs less than n steps
are L-tautologies. Either ¢ is an axiom of MTL in which case ¢ is an L-tautology,
or ¢ follows from previous formulas by modus ponens. These formulas must have
the forms ¢ and ¢ — ¢. But ¢ and ¥ — ¢ are theorems of L with proof sequences
containing less than n steps. Hence e (¢¥)) =1 and e (v — ¢) =€ (¢) — e(¢) =1, so
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e (p) = 1. Therefore, by the Principle of Mathematical induction, every theorem of
MTL is an L-tautology.

(2)=(3):

By Theorem 5.1.1, every MTL-algebra L is isomorphic to a subdirect product of
linearly ordered MTL-algebras. If ¢ = 1 holds in every linearly ordered MTL-algebra,
then it also holds in L.

(3)=(1):

Suppose that for every MTL-algebra L, ¢ = 1 holds. Consider the MTL-algebra

Fm/~ in Definition 5.1.1. In this MTL-algebra we have that [¢] = [1], hence

Furrn @ < 1

Farrn (p— 1) o (1= o)
Furn (1= )

Furr .

R

]

We have established the connection between the logic MTL and the variety of MTL-
algebras: that MTL is complete with respect to the variety of MTL-algebras. In
addition, we have shown that MTL is complete with respect to the class of MTL-
chains. In particular, we have that the variety of MTL-algebras is generated by the
class of MTL-chains. The fact that MTL is complete with respect to MTL-chains
will contribute towards proving completeness of MTL with respect to standard MTL-

algebras.
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CHAPTER 6

Compeleteness of MTL with respect to standard MTL-algebras

We present in this chapter a proof of completeness of MTL with respect to ‘standard
MTL-algebras’, where a standard MTL-algebra is a left-continuous t-norm algebra.
The proof of the Completeness Theorem of MTL with respect to standard MTL-
algebras shows that a formula ¢ is a theorem of MTL if and only if the identity ¢ = 1
holds in all standard MTL-algebras. To prove this Completeness Theorem we use the
fact that MTL is complete with respect to linearly ordered MTL-algebras and show
that every finitely generated linearly ordered MTL-algebra can be embedded into a
standard MTL-algebra. It will be enough to use finitely generated MTL-algebras since
any algebra is a subalgebra of an ultraproduct of its finitely generated subalgebras,
by [3, Theorem 2.14]. The results discussed in this chapter come from the work of
Jenei and Montagna [20].

29



6.1 Standard completeness of MTL

Theorem 6.1.1. If L = (L,op,—,Ar,V,0p,11) is a countable linearly ordered
MTL-algebra, then there exists a countable densely linearly ordered MTL-algebra
X = (X, %, =, Ax, Vx,0x, 1x) and an embedding ¢ from L into X.

Proof.

We first construct X = (X, *, —., Ax, Vyx,0x,ly) that is a densely and linearly or-
dered MTL-algebra.

Let X ={(s,q):s€ L,s#0,,q€ QN (0,1]}U{(0z,1)}. Then X is countable since
L and Q are. For (s,q), (t,7) € X, we define:

(s,q) = (t,r) iff either s <y t, or s =t and ¢ < r.

(Note that this is a lexicographical ordering.)

=< is a partial order:

Suppose (s,q) € X. Then (s,q) = (s,q) since s = s and ¢ = ¢ so that ¢ < q.

Hence < is reflexive.

Suppose (s,q) < (t,r) and (t,7) < (s,¢). Then we have the following cases.

case (i): s <y tand t <y s. This case is impossible.

case (ii): s <y tand (s =t and r <¢q). The case is impossible.

case (iii): (s=tand ¢ <r)andt <, s. The case is impossible.

case (iv): (s=tand g <r)and (s =t and r < ¢). Then s =t and ¢ = r since < is
antisymmetric. Hence (s,q) = (¢,7). Thus < is antisymmetric.

Suppose (s,q) = (t,7) and (t,7) =< (u,p). Then we have the following cases.

case (i): s <y t and t <, u. Then s < u since <y, is transitive. Hence (s,q) <
(u, p).

case (ii): s <y tand (t =wu and r < p). Then s <y u. Hence (s, q) < (u,p).

case (iii): (s=tand ¢ <r)and ¢t <, u. Then s <, u. Hence (s,q) < (u,p).

case (iv): (s=tand ¢ <r) and (t =wand r <p). Then s = u and g < p since =
and < are transitive. Hence (s,q) = (u,p). Therefore < is transitive.

< is a linear order:

This follows from the fact that L and Q are linearly ordered.

(X, =) is densely ordered:

Assume (s,q) < (t,r). Then either s <; t or s =t and ¢ < r. If s < t, then
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(s,q) = (t,3) < (t,r). If s=t and ¢ <r, then (s,q) < (s, Z") < (¢,7).

(1L,1) is the maximum of (X, <):

Let (s,q) € X. Then s < 1p, since 17 is the maximum of L. If s <; 1., then
(s,q) = (1,1). If s =1p, then (s,q) < (11,1) as ¢ < 1.

(0g,1) is the minimum of (X, <X):

Let (s,q) € X. Then 0p < s, since 0y, is the minimum of L. If 0, < s, then
(0r,1) < (s,q). If 0 = s, the only element in X with 07, as the first co-ordinate is

(0z,1), 80 (01,1) 2 (s,q).

For (s,q),(t,r) € X, we define  as follows:

(s,q) Nx (t,r) if sopt=sApt

(sort,1) otherwise

(SaQ) * (tﬂ") = {

where (s,q) Ax (t,7) is the minimum of (s, ¢) and (¢, ) with respect to < and s ALt
is the minimum of s and ¢ with respect to <p.

* 1s commutative:

(s,q) Nx (t,r) if sopt=sApt

(s,q) * (t,7) :{

(sorpt, 1) otherwise

) ) Ax(s,q) if tops=tALs
(tor s, 1) otherwise

= (t,r) *(s,q)
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* 18 associative:

(s,q) * ((t,7) * (u,p)) =

(s,q) * ((t,r) Ax (u,p)) if topu=tALu
(s,q) * (topu,l) otherwise

[ ( (s.q) Ax ((t,7) Ax (u,p)) if sop (topu)=sAL (togu)
and topu=tApu
[ (sop (topu),1) otherwise

[ (5,q) Ax (topu,1) if sop (topu)=sAg (togu)

and toru <tApu

L | (sop(topu),1) otherwise

([ (s,q) Ax ((t,7) Ax (u,p)) if soy (foru)=sApL (toru)
and topu=tApu

(sor (topu),1) if sop (topu)<psAp(topu)
and topu=tApu

(s,q) Nx (topu,1) if sop (topu)=sAyL (toru)
and top u <p t Apu

(sop (topu),1) if sop (topu)<gsAgL(toru)

and top u <p t Apu
(6.1)
Note that (¢,7) Ax (u,p) is either (¢,7) or (u,p) and the first co-ordinate is ¢t Ap, u =

\

tOL u.
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We also have that:

(sopt,1)* (u,p) otherwise

((s,q) * (t,7)) * (u,p) :{ ((s,q) Ax (t, 7)) * (u,p) if sopt=sApt

(

((s,9) Ax (7)) Ax (u,p) if (sopt)opu=(sort) ALu
and sopt =sApt
[ ((sopt)opu,l) otherwise
( (sopt,1) Ax (u,p) if (sopt)opu=(soLt)ALu
and sop t < sApt

L | ((sopt)opu,1) otherwise

p

((s,q) Ax (t,7)) Ax (u,p) if (sopt)opu=(sort)ALu
and sopt =sApt

((sopt)oru,l) if (sopt)opu<yp(sopt)ALu
B and sopt =sApt
(sopt,1) Ax (u,p) if (sopt)opu= (sopt)ApLu

and sop t <, sALt

((sorpt)oru,l) if (sopt)oru<y (sopLt)ALu

\ and sopt <p sApt

(6.2)
We are now comparing (6.1) and (6.2):
Case (i): If sop(t op u) = sAp(t op u) and topu = tApu, then sop (t op u) = SALEALU.
Thus

(s,q) % ((,7) * (u,p)) = (s,9) Ax (t,7) Ax (u, p)
((s,q) * (£, 7)) * (u, p) = (5,9) Ax (t,7) Ax (u, p).

Therefore (s, ) * ((t,7) * (u,p)) = ((s,¢) * (,7)) * (u, p).

Case (ii): If soy, (top u) <p s A (toru) and t op u =t Ay u, then we have:
(s,q) = ((t,r) = (u,p)) = (sop (toru),1)
((s,q) * (t,7)) * (u,p) = ((sop t) o u, 1)
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But (sop (topu),1) = ((sort)or u,1) since oy, is associative.
Therefore (s,q) % ((t,7) * (u,p)) = ((s,q) * (t,7)) * (u,p) .

Case (iii): sop (topu) =sAg (topu) and top u <p t AL u.

If (topu) <y s, then sop (topu)="toru.

Thus

(s,q) * ((t,7) * (u,p)) = (Lopu,1).

If (sopt) <p u, then (sopt)opu=sort.

Hence

((57Q) * (t,?”)) * (u,p) = (S or, t, 1)
= (topu,1) since soy (topu) =toy,u=soyt.

If s <y topu, then s Ay (topu) =s. Thus sop (topu) =s. But sop (topu) <pt
and soy, (topu) <pwu,sos=sAptALu Hence sop (topu)=sALtALuand we
fall into case (i).

Therefore (s,q) * ((¢t,7r) * (u,p)) = ((s,q) * (t,7)) * (u,p) .

Case (iv): sop (topu) =s A (topu), topu<ptApuand sopt <p u. The proof of
this case is similar to that of case (iii).

Case (v): If sop, (topu) <p sAp(topu)and topu <y tApu, then:
(s,q) * ((t,7) * (u,p)) = (sor (topu),1)

((s,9) % (t,7)) * (u,p) = ((sort) op u, 1).

But (sop (topu),1) = ((sopt)oru,l) since oy, is associative.

Therefore (s, ) * ((t,7) * (1, p)) = ((5,q) * (t,7)) * (u,p).
* i order-preserving:

Since * is commutative, it is enough to show that if (s,q) =< (¢,7), then for all
(u,p) € X, (u,p) * (s,q) = (u,p) * (t,7).

(1, p) * (5,q) = (u,p) Ax (s,q) if wuops=uAps (6.3)
’ 7 (uop s,1) if uorps<tArs .
u,p) Ax (t,r) if vort=uAnpt
(up) s (t,r) = 4 (oP) A () T wort =iy (6.4)
(worpt,1) if wopt<uAxs.
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We compare (6.3) and (6.4):

Ifuor,s=wuArsandwort=uApt, then
(U,p) * (87Q) = (U,p) /\X (87(])

(u,p) * (tv T) = (U,p) Nx (tv T) .

Therefore (u,p) * (s,q) = (u,p) * (t,7) since (s,q) = (t,r). If wop s =u AL s and
uort <puANgt, then

(U,p) * (87Q) = (U,p) Nx (S,Q)
(u,p) = (t,r) = (uort,1).

But woy s <p woyt and the first component of (u,p) Ax (s,q) is w oy s, so

(u, p) * (s5,q) =< (u,p) * (t,7).
Ifuops<puApsanduopt <y uApt, then

(u,p) * (s,q) = (uops,1)

(U,p) * (t,?”) = (u °r t)l) :
But uop s <puopt,so (u,p)*(s,q) =2 (u,p) * (t,7).
Ifuors<puApsanduwuort=uApt, then

(u,p) * (SaQ) = (U oL S, 1)

(u,p) * (t,r) = (u,p) Ax (t,r).

But woy s <p uopt=wuAgt and the first component of (u,p) Ax (t,r) is uort, so

(u,p) * (s,q) = (u,p) * (t,7).
% 1s left-continuous:

% is order-preserving and commutative so it will be enough to show that if {(s;,¢;) : i € N}
is any increasing sequence of elements of X such that sup{(s;,¢) :i € N} = (s,q),
then for all (t,7) € X, sup{(s;,q) * (t,r) : i € N} = (s,q)*(t,7). We note that for al-
most every i we must have s; = s since if s; < s for every i then (s;, ¢;) < (s,%) < (s, ¢)
for every i. This contradicts the fact that (s,q) is the supremum of the sequence.

After deleting a finite number of elements of the sequence, we can suppose, without
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loss of generality that for every i, s; = s and sup{¢; : i € N} = ¢. Thus we must show
that sup{(s,q) * (t,r) :i € N} = (s,q) = (¢,r).

(s,q>*(t,r>:{ ) (b)) et = e Rt

(sopt,1) if sopt<ysApt.

If so,t=sApt, then
(s,q) * (t,7) = (s,9) Ax (£,7)
and
(s,q:) * (t,r) = (s,q) Nx (t, 7).

We now show that sup{(s,q) Ax (t,7) :i € N} = (s,q) Ax (¢, 7).
If (5,0) < (t,1), then

sup {(s,q;) Ax (t,7) : 1 € N} =sup{(s,q):1 € N} = (s,9) = (s,q9) Ax (t,7).
If (t,7) < (s,q), then there exists j such that (¢,7) < (s, ¢;), so
sup {(s,¢:) Ax (t,r) i € N} = (t,r) = (s5,q) Ax (t,r)  (Vi=j).

IfSOLt <r s N\ t, then

(Sa(J) * (t,T) = (S oL ta 1)
and

(S7Qi) * (t,T‘) = (S oL ta ]') :

Therefore sup{(s,q;) Ax (t,7) :i € I} = (s,q) * (t, 7).

¢ is an embedding of the structure (L,op, A, Vy,0p, 1) into (X, *, Ax, Vx,0x, 1x):
Define, for every s € S, ¢ (s) = (s,1). Hence if s <, ¢, then (s,1) < (¢,1). Thus ¢ is
increasing and therefore one-to-one. Also ¢ (1) = (1,,1) is the greatest element of
(X, =) and the neutral element with respect to . Again ¢ (0;) = (0, 1) is the least
element of (X, <).

We now show that ¢ (s) x ¢ (t) = (s,1) % (t,1) = (sop t,1) = ¢ (sopt).

If sopt=sApt, then (s,1)* (t,1) = (s,1) Ax (t,1). If s <y t, then so,t = s and
(s,1) Ax (t,1) = (s,1). But (s,1) = (sopt,1), 80 (s,1) % (¢t,1) = (s,1) = (sop t,1).
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If t <; s the proof is similar. If soy, ¢ <, s Apt, then (s,1) % (¢,1) = (sop ¢, 1).
Therefore ¢ (s) x ¢ (t) = ¢ (s o t).

For all s,t € L, the residuum ¢ (s) —. ¢ (t) of ¢ (s) and ¢ (t) exists in X, and
d(s—=pt)=0(s) =« (), where

6(s) = 6 (t) = max{(u,p): 6 (s)* (u,p) < 6 (D)}
— max{(u,p) : (s,1) % (u,p) < (1, 1)}

We first show that ¢ (s = t) = (s = t,1) € {(u,p) : (s,1) * (u,p) 2 (¢,1)}.

(s,1) % (s =pt,1)=(sop (s = t),1) 2 (t,1)since sop, (s = t) <p L.

Thus (s =1 t, 1) € {(u,p) : (s,1) * (u,p) < (¢, 1)}

Lastly we show that (s — t,1) is the maximum element of the set

{(u,p) : (s,1) % (u,p) = (¢,1)}. Suppose (s — t,1) is not the maximum element of
the set {(u,p) : (s,1) % (u,p) = (¢,1)}. This means there exists (u,p) > (s — t,1)
such that (s,1) % (u,p) < (t,1). But p <p 1, so we must have s — t <; u. This
implies s o, u £, t. Hence t < sop u. Thus (¢,1) < (s,1) * (u, p), since the first
component of (s,1) % (u,p) is s o u in each case. This contradicts the fact that
(s,1) * (u,p) = (t,1). O

Theorem 6.1.2. Fvery countable linearly ordered MTL-algebra can be embedded into
a standard MTL-algebra.

Proof. Let L and X be as in Theorem 6.1.1. Then (X, <) is a countable, dense,
linearly-ordered set with maximum and minimum elements, hence it is order isomor-
phic to (Q N [0,1], <). Let ¢ be an isomorphism from (X, <) to (Q N[0, 1], <). Also

let o, B € QNI[0, 1] and define a*'3 = ¢ (¢! (a) ¥ =1 (B)). Then (Q N[0,1],%",A,V,0,1)
is isomorphic to X by . Also define, for all s € L, ¢' (s) = ¢ (¢ (s)). Thus L is em-
beddable into (QN[0,1],%',A,V,0,1) by ¢ and ¢' (s =, t) = ¢ (s) =« ¢ () for all
s,t € X, where —, is the residuum in (Q N[0, 1], ", A, V,0,1).

Now define for a, 8 € [0, 1],

axff =sup{z 'y 2,y € QNI0,1],2 <o,y < B}.

We need to show that ([0,1],%, =3z, A, V,0,1) is an MTL-algebra, where —; is the
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residuum of % in [0, 1].

*

% is a t-norm:

is commutative since it is defined in terms of %’ which is commutative. Also % is

*>

associative from associativity of *’. The fact that % is order preserving and has 1 as
a neutral element is also a consequence of the definition.

% is left continuous:

Let {a, : n € N} and {53, : n € N} be increasing sequences of reals in [0, 1] such that
sup{ay, : m € N} = o and sup{p, : n € N} = 8. Now a,, < a and ,, < 3 for every
n, so a,*f, < axf. Hence sup{a, %3, : n € N} < a*f.

Since the restriction of % to Q N[0, 1] is left continuous, we have:

arf =sup{z+y:z,ye QN0 1],z <a,y <p}
=sup{z*y:x,y e QN0,1],z < o,y < f}.

We have that for every ¢ < a and for every r < 3 there is n such that ¢ < «,, and
r < 0B,

Therefore axf = sup{x " y: z,y € QN[0,1],2 < a,y < f} < sup{a,*5, : n € N}.
The prelinearity property is satisfied since ([0, 1], <) is linearly ordered.

Hence ([0, 1], %, =+, A, V,0,1) is an MTL-algebra.

% is an extension of ' to [0, 1]:

For z,y € QN [0, 1], we have

zxy =sup{p*'q:p,qge Q,p <z q<uy}.
Sincex <zandy <y, z+¥yc{p¥q:pqeQp<rqy}
If p<zand g <ythenp+ qg<zxxy.

Thus zky =sup{p*' ¢:p,¢ € Qp <z, g<yl=a+y.
¢ defined by ¢ () = x is an embedding of (Q N[0, 1],*, A, V,0,1) into ([0, 1], %, A, V,0,1):

@ is clearly 1-1. Also ¢ is operation preserving since % is an extension of %'.
We also show that if s —. ¢ exists in QN [0, 1], then ¢ (s = t) = ¢ (s) —; ¢ (¢) for
s,t € QN [0, 1]. This is equivalent to showing that

s —>wt=s—zt=max{r€[0,1]:ris <t}.
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Suppose there exists © € R such that uxs < t and u > s —, t. Then there ex-

ists ¢ € Q such that s —. t < g < u, since Q N [0,1] is dense in [0,1]. Thus,

gks = g« s £ t. Hence ¢ *' s > t. Hence uks > gks > ¢. This contradicts the fact

that uxs <'t.

Let p: L — [0, 1] be the composition of the maps ¢ and ¢'. Since each of the maps is

an embedding, p is an embedding from (L, o, =, AL, Vr,0r, 11) to ([0, 1], %, —5, A, V, 0, 1).
O

Theorem 6.1.3. The variety of all MTL-algebras is generated by the class of all
standard MTL-algebras.

Proof. We know the following:

(1) The class of all MTL-algebras forms a variety by Theorem 4.2.1.

(2) Any MTL-algebra is a subdirect product of linearly ordered MTL-algebras by
Theorem 5.1.1.

(3) Any algebra L is a subalgebra of an ultraproduct of finitely generated subalge-
bras of L by Theorem 2.0.3.

Combining (1) and (2) we have that the variety of MTL-algebras is the variety gen-
erated by a class of linearly ordered MTL-algebras. It follows from (3) that the
variety of MTL-algebras is generated by a class of finitely generated subalgebras of
linearly ordered MTL-algebras. Since a finitely generated subalgebra of linearly or-
dered MTL-algebra is countable and linearly ordered, we have that the variety of
MTL-algebras is generated by a class of countable, linearly ordered M'TL-algebras.
From Theorem 6.1.2, we get that the variety of all MTL-algebras is generated by the
class of all standard MTL-algebras.

]

Theorem 6.1.4 (completeness). MTL is complete with respect to the class of all
standard MTL-algebras.

Proof. The result follows immediately from Theorem 6.1.3. m
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In this chapter, we showed that MTL is complete with respect to the class of all
standard MTL-algebras. This establishes one of the main goals of this study which
was to investigate the connection between MTL and left-continuous t-norms. Similar
completeness results will be investigated for BL. and continuous t-norms; these will
be carried out in the next chapter. This chapter marks the end of discussions of

completeness results pertaining to MTL.
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CHAPTER [/

The logic BL and its compeleteness

Basic logic or BL for short has been introduced by Hdjek in [14] as a formaliza-
tion of the logic of continuous t-norms. BL is MTL with axiom (A6) replaced by
(po(p—1)) < (@A) (see page 30). Therefore BL is an axiomatic extension of
MTL. In this chapter we give a proof of completeness of BL with respect to BL-
algebras, BL-chains (linearly ordered BL-algebras) and standard BL-algebras (con-
tinuous t-norm algebras), that is we show that a formula ¢ is a theorem of BL if and
only if ¢ = 1 holds in any of these classes of BlL-algebras. In section 7.1 we define
BL-algebras as a subclass of MTL-algebras. We further prove some extra identities
that hold in BL-algebras. In section 7.2 we prove a Characterization Theorem of
subdirectly irreducible BL-algebras. This Characterization Theorem plays a major
role in proving the results leading to the Completeness Theorem of BL with respect
to standard BL-algebras. In section 7.3 we prove completeness of BLL with respect to
BL-algebras and BL-chains. To prove standard completeness of BL we first show that
each finite subdirectly irreducible BL-algebra is isomorphic to an ordinal sum of finite

Wajsberg algebras. Next we show that the class of linearly ordered BL-algebras has
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the finite embeddability property. Combining these facts and [8, Theorem 4], we get
that the variety of BL-algebras is generated as a quasivariety by its finite members.
Since each finite BL-algebra is a subdirect product of subdirectly irreducible finite
BL-algebras that are homomorphic images of itself by [3, Theorem 8.6] and each sub-
directly irreducible finite BL-algebra is an ordinal sum of Wajsberg algebras, to get
the completeness result it will be enough to show that an ordinal sum of finite Wa-
jsberg algebras is isomorphic to a subalgebra of a standard BL-algebra. The results

we present in this chapter come from the journal papers [2] and [1].

7.1 Basic logic(BL), BL-algebras and Hoops

Definition 7.1.1. Basic Logic, or BL for short, is the axiomatic extension of MTL
obtained by adding the axiom: (¢ A 1Y) — (¢ o (¢ — )).

Equivalently, BL is obtained by replacing axiom (A6): (po (¢ — ¥)) = (p A®) in
the definition of MTL by (¢ o (¢ — 1)) <> (¢ A ).

All formulas provable in MTL are also provable in BL.. Hence BL proves all formulas

listed in Lemma 4.1.1.

Definition 7.1.2. A BL-algebra is an MTL-algebra satisfying the identity:

rAy=xzo0(x—y).

Since BL-algebras are an axiomatic extension of MTL-algebras, and the class of MTL-

algebras is a variety, the class of BL-algebras is also a variety.

Recall that any algebra L = ([0, 1],0,—,A,V,0,1), in which o is a left-continuous
t-norm and — its residuum, is an MTL-algebra. Any such algebra in which o is
a continuous t-norm is a BL-algebra, by Lemma 3.2.2. In particular, if o is the

Lukasiewicz, Product or Godel t-norm, then L is a BL-algebra.

Lemma 7.1.1. Allidentities of MTL-algebras also hold in BL-algebras. The following
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tdentity holds in BL-algebras:
(= y)loz=(y > z)oy.

Proof.
(x s y)ox=xANy=yAz=(y—>x)oy.
Il

Lemma 7.1.2. The following identity holds in BL-algebras and also in MTL-algebras.
(r—=y) = @y—z)=(H—2).
Proof. By Lemma 4.2.1(15),
(x—=y) = y—z)=y—(r—>y) —x). (7.1)
Letting (z — y) — o = z, (7.1) becomes
(x—=y) = (y—z)=y— 2 (7.2)

By Lemma 4.2.1(17), < z. This implies 2 - y < 2 — y by Lemma 4.2.1(2). Also
x — y < z — x by Lemma 4.2.1(16). Hence z — y < z — z by transitivity. Thus
(z—=y)oz<(z—z)oz <z ByLemma?T7.ll, (y >z2)oy=(2—y)oz <z
Hence

y—z2<y—umx (7.3)

Thus (z - y) = (y = z) <y — z by (7.2) and (7.3). Alsoy —» z < (z = y) —
(y — z) by Lemma 4.2.1(17). Therefore (x —y) —» (y > z) =y — x. u

Definition 7.1.3. A hoop is an algebra L = (L, o, —, 1) such that the following hold.

(1) (L,o0,1) is a commutative monoid.
(2) z—2x=1
B)z—(y—z2)=(xoy) — =z
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(4) zo(z—y)=yo(y— )
Definition 7.1.4. A bounded hoop is an algebra L = (L, 0, —, 0, 1) such that (L, o, —, 1)

is a hoop and L satisfies 0 — =z = 1.

Definition 7.1.5. A Wagsberg hoop is a hoop satisfying the following identity:
(x—>y)—y=({y—zx)— =

We shall refer to a bounded Wajsberg hoop as a Wajsberg algebra. This term is used
for a slightly different type of algebra in [10], however these algebras are termwise

equivalent to bounded Wajsberg hoops.
Note that every hoop is partially ordered by the relation:
r<y & r—y=1

Definition 7.1.6. For each n € N, let C,, = (C,,, 0,—, 1) denote the finite Wajsberg
2 ...,a"}, operations a* o a™ = g™k+mnt and
ab — am = g{m=k0} for 0 < k,m < n. Let Wa, denote the finite Wajsberg
algebra (C,,0,—,a", 1). Note that C,, and Wa,, are linearly ordered by the relation

r<ysx—y=1 Thus C, and Wa,, are lattice-ordered.

hoop with universe C,, = {1 =a° a,a

Lemma 7.1.3. Let L = ([0,1],01,—1,0,1), where oy, is the Lukasiewicz t-norm and

— 1, its residuum. Then:

(1) L is a Wagsberg algebra.

(2) If a,b € R and a < b, then we can define o and — on |a,b] in such a way that
([a,b],0,—,a,b) is isomorphic to L.

(3) Each Wa, can be embedded into L.
Proof.

(1) Since ([0,1], 05, =1, AL, VL,0,1) is a BL-algebra conditions (2)-(4) in the defi-
nition of a hoop are satisfied, by Lemma 4.2.1(3),(14) and Lemma 7.1.1. Hence
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([0,1],0p,—1,0,1) is a bounded hoop. We now show that ([0,1], 05, —1,0,1)
is a Wajsberg hoop. Let z,y € [0,1].
If x <y, then
(z—=ry) wry=1l—=ry=y
(y—=rzx)—mrpr=cx—c+y—1+1=uy.
If y < x, then
(r—=ry) 2ry=y-—yt+tr—-1l+l=x
(y—rpz)—>rpr=1—pz==x.

Thus (z =L y) =Ly = (y =L x) = x, so ([0,1],0r,—1,0,1) is a Wajsberg
algebra.

Define for all u, v € [a, b, uov = max{u+v —b,a},u — v =min {b — u + v, b}.
Also define the functions f and g by f(u) = a + (b—a)u for all u € [0,1],

g(u) = Z “ % orallu e la,b]. Clearly, f and g are order-preserving maps. We
—a
show that g and f are mutually inverse isomorphisms between [0, 1] and [a, b].

g(a):Z:Z:O,g(b):Z:Z:l,f(O):aandf(l):a+(b—a):b.

g is operation preserving:
Let u,v € [a,b]. Then

g(uowv) =gmax{u+v—a—>b})
~ max{u+v—ba}l—a (74)
B b—a ’
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u—a v—a

g(u)org(v) =4——or —
u—a v—a
—max{b_a—f—b_a—l,O}
(7.5)
:maX{u—l—v—Qa—(b—a)’O}
b—a

{u+v—a—b }
=max{ ——, 0.
b—a

Ifu+v—a—b<0,then u+v—0b < a. Hence max{u+v —a —b,a} = a. Thus
(7.4) becomes g (uov) = Z:Z =0 and (7.5) becomes g (u) oy, g (v) = 0.
Ifu+v—a—b>0,then u+v—b>a. Thus max{u+v—a—ba} =u+v—>o.
Hence (7.4) and (7.5) become, respectively:

ut+v—b—a ut+v—>b—a
gluov)=—————andg(u)org(v) = —F———
Therefore in both cases g (uov) =g (u) or g (v).
g(u—v) =g(min{b—u+v,b})
- min{b—u+wv,b} —a
B b—a
— i b—u+v—a b—a
B b—a 'b—a

) {b—u+v—a }
=min{ ———,1¢,
b—a
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u—a v—a

- b—a—>L b—a

v—a u-—a
= mi — 1,1
mm{b—a b—a }

,{v—u+b—a }
=min{ ———,15.
b—a

Therefore g (u — v) = g (u) =1 g (v).

g(u) =L g(v)

f is operation preserving;:
Let u,v € [0,1]. Then

f(uopv) = f(max{u+v—1,0})
=max{a+ (b—a)(u+v—1),a}
=max{a+bu+bv—b—au—av+a,a}
= max{2a + bu+bv —b—au — av,a},

fw)of(v) =(a+(—a)u)o(at(b—a)v)
=max{a+ (b—a)ut+a+ (b—a)v—>b,a}
=max{a+bu—au+a+bv—av—b,a}
= max{2a +bu+bv —b—au—av,a}.

Therefore f(uopv) = f(u)o f(v).

fu—=pv) =f(min{v—u+1,1})
=a+ (b—a)(min{v—u+1,1})
=min{a+ (b—a)(v—u+1),a+(b—a)}
=min{a+bv —bu+b— av + au — a, b}
= min {b + bv — bu — av + au, b},

fu)—fw) =a+b—-—a)u—a+(b—a)v
=min{b— (a+ (b—a)u)+a+ (b—a)v,b}
=min {b —a — bu + au + a+ bv — av, b}
= min {b+ bv — bu — av + au, b} .

Therefore f(u —p v) = f(u) = f(v).
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f is the inverse of g:

Also,
g(f(w) =gla+(b—a)u)

a+(b—a)u—a
b—a

a+(b—a)u—a
b—a

(b—a)u
 b—ua
= u.
Therefore f and g are inverses of each other.

f and g are 1-1 and onto:

Since f and g are inverses to each other, it follows that they are 1-1 and onto.

(3) Let f:C, — [0,1] be defined by f (ak) = n_—/~c7 for k < n.

n
We will show that f is an embedding of C,, into ([0,1],07,—1,0,1).

Jla) =" =0, f(a®) == =1.

s 1-1:

Let a*,a™ € C, such that f (a*) = f (a™). Then nok_n- " Thus k = m.
n n
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f is operation preserving:

f(a"oam) = f(aqmintktmn})

:m{w,o}

n

k-
:max{n m,()},
n

Therefore f (ak o am) =f (ak) or f(a™).

f (ak - am) — f (amax{mfk,O})

:mm{wJ}

Therefore f (a* — a™) = f (a*) =1 f(a™).
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7.2 Subdirectly irreducible BL-algebras

Definition 7.2.1. An algebra L is subdirectly irreducible if L has a non-trivial con-
gruence that is contained in every non-trivial congruence of L. If L is a BL-algebra
then, equivalently, L is subdirectly irreducible if it has a non-trivial filter that is

contained in every non-trivial filter of L by Lemma 5.1.5.

We are going to describe the structure of subdirectly irreducible BL-algebras.

Definition 7.2.2. An algebra A has the congruence extension property if for any
subalgebra B of A, and any congruence relation # on B, there exists a congruence
relation o on A such that c N (B x B) = 6.

Lemma 7.2.1. Every BL-algebra has the congruence extension property.

Proof. Let A be a BL-algebra and B a subalgebra of A . By Lemma 5.1.5 it is enough
to show that for every filter F' of B there exists a filter F’ of A such that F'NB = F.
Let F the filter of B and F”’ be a filter of A generated by F. Since F' is contained
in F/,) F C F'N B. To show that YN B C F, let a € F' N B. Then there exist
bi,bs,...,b, € F such that byobso...0b, < a. But a € B and F is a filter of B, Hence
biobyo...ob, € F and consequently a € F. O

Lemma 7.2.2. If L is a BL-algebra, define 2° = 1, x 2 y=y and x s y=x—
(x5 y) and 2" =2z 02" for alln € N. Thenx = y=a™ =y for alln € N.

Proof. Ifn:1,then:ci>y::c—>(:cgy):x—>y. Assumea:gy::ck%y.

Thenxkify:a:%(a:—k>y):x—>(xk%y):(xoxk)_)y:wrl%yby
Lemma 4.2.1(14). The result follows from Induction. O

Definition 7.2.3. An algebra is said to be simple if it has no proper non-trivial
congruences. Thus, a BL-algebra is simple if it has only two filters, the trivial filter

{1} and the universe of the algebra.

Lemma 7.2.3. Let L be a BL-algebra. Then

(1) L is simple iff for all a,b € L, a # 1, there evists n € N such that a = b = 1.
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(2) If L is simple and a,b € L, then b — a = a implies a =1 or b = 1.
Proof.

(1) =: Suppose L is simple and a € L such that a # 1. Then (a) = L, where
(a) is the filter generated by a (filters are covered in chapter 5). But (a) =
{be L:a" <, forsomenGN}:{bEL:CLi)bzl, forsomenEN}.
<: Suppose for all a,b € L, a # 1, there exists n € N such that a — b = 1.
This implies that b € (a) for all b € L. Thus L is simple.

(2) Suppose L is simple and a,b € L such that b — a = a. Then for all n € N,
b a=a By (1),if b # 1 then there exists m such that b ™ a = 1. Thus

a=1.

O

Lemma 7.2.4. Let L be a BL-algebra such that for all a,b € L, b — a = a implies

a=1o0rb=1. Then L s linearly ordered and satisfies
(x—=y)»y=(y—z)— (7.6)

Proof. We first show that L is linearly ordered. We have that (a — b) — (b — a) =
b — a for all a,b € L, by Lemma 7.1.2. Hencea - b=1o0orb—a=1. Thusa <b
or b <a.

We now prove (7.6).

Let a,b € L and assume a < b. Then (¢ — b) — b =1 — b = b. Hence it is enough
to show that b = (b — a) — a. Now,
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(b—=a)—a)—=b —=>0b—=>a) =(b—a)—a)—b —=(((b—>a)—a)—a)
(sinceb > a=((b—a) > a) > a
by Lemma 4.2.1(2) and (16))
((b—=a) = a) = b)o(((b—a) —a)) —a
by Lemma 4.2.1(14))

(
(

=((b—=((b—=a) > a))ob) =
(by Lemma 7.1.1)
=(b—

(b

(b—a)—a))— (b—a)
y Lemma 4.2.1(14))
(b — a) (by Lemma 4.2.1(16))

1—
=b—
Thus, (b +a) »a) > b=1orb—a=1 Butb— a# 1since a < b. Hence
we must have ((b —a) - a) — b = 1. It follows that (b —a) — a < b. Also,

b < (b—a) = a by Lemma 4.2.1(16), so (b - a) — a = b. If b < a the proof is

similar. If a = b the proof is immediate. O

Lemma 7.2.5. Fvery simple BL-algebra is linearly ordered and satisfies (7.6).

Proof. The result follows immediately from Lemmas 7.2.3(2) and 7.2.4. O

Definition 7.2.4. Let L be a subdirectly irreducible BL-algebra with least non-trivial
filter U. An element a € L is said to be fized if for all u € U, u — a = a. The set of
fixed elements of L is denoted by F. The set S = (L \ F) U {1} is called the support
of U.

Definition 7.2.5. A 0-free BL-algebra is any BL-algebra without 0 in its language.
Hence it does not satisfy the property 0 < z and consequently does not necessarily

have a smallest element.

Lemma 7.2.6. Let L be a subdirectly irreducible BL-algebra. Then the least non-
trivial filter U is a subuniverse of L on the language {o,—, A\, V, 1} and (U, o,—, A\, V, 1)
is a linearly ordered, 0-free BL-algebra satisfying (7.6).
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Proof. U is a subuniverse of L on the language {o,—, A, V, 1} since it is a filter
and every filter of L is closed under o, contains 1 and is also closed under — by
Lemma 4.2.1(17). Every filter is also closed under V and A since zoy <z Ay <
x Vy. U is generated as a filter by any a € U \ {1} since U is the least filter of
L different from {1}. Thus U = {b €L:ab=1 for somen € N}. Hence U is
simple by Lemma 7.2.3(1). Therefore U is linearly ordered and satisfies (7.6), by
Lemma 7.2.5. O

Lemma 7.2.7. Let L be a subdirectly irreducible BL-algebra with least non-trivial
filter U and set of fized elements F'. Then

(1) For alla € L, a # 1, there exists u € U, u# 1 such that a < u.
(2) UNF ={1}.

(8) An element a € L is fized if and only if for some b€ U\ {1}, b — a = a.
Proof.

(1) Let a € L, a # 1. Then (a) = {bEL:albzlforsomeneN} and (a) #
{1}, and U C (a) since U is contained in every non-trivial filter of L. Let
be U\{l}. Then a = b = 1 for some n € N. Let’s choose the smallest n
such that a 5 b=1. Letu =a "> b. Thenu # 1 and b < a™ ! — b = u
by Lemma 4.2.1(17). Thus u € U \ {1} since b € U and U is a filter. Also
a—u=a— (an5>16> =a - b= 1. Therefore a < u.

(2) Leta e UNF and u € U\ {1}. Then u — a = a, since a € F. By Lemma 7.2.6,
U is the universe of a simple O-free BL-algebra, so a = 1 by Lemma 7.2.3(2).

(3) The implication from left to right is clear since U # {1}. For the converse,
assume a # 1 and b — a = a for some b € U # {1}. To show that a is fixed we
have to verify that « — a = a for every u € U. We have that u < (u — a) — a,
by Lemma 4.2.1(16). Hence (v — a) — a € U since U is a filter. Since U is the
universe of a simple 0-free BL-algebra and b # 1, there exists m € N such that
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b % ((u—a) —a)=1. But

b2 ((u—a)—=a) =(u—=a)— (b3 a) (by Lemma 4.2.1(15))
= (u— a) — a (since b 5 a = a for every n € N).

Thus (v — a) — a = 1. This implies u — a < a. Also, a < u — a by
Lemma 4.2.1(17). Therefore u — a = a.

]

Lemma 7.2.8. Let L be a subdirectly irreducible BL-algebra with least non-trivial
filter U, F' its set of fized elements and S the support of U. Let a € F', a # 1. Then

(1) for allu e U, a < u,

(2) for allu e U, uoa=a,

(8) for allbe L, if b<a thenbe F,
(4) forallbe L, a—bb—a€F,

(5) forallbe S, a<b,b—a=aandaob=a.
Proof.

(1) U C (a) since a # 1 and U is the least filter different from {1}. Hence for every
u € U, there exists m € N such that ¢ — u = 1. We have that

a—u =(u—a)—(a—u) (by Lemma 7.1.2)
=a — (a — u) (since a is fixed)

2
=a — Uu.

By induction, one gets a — u = a — u, for every n € N. If n = m, then

1=a3 u=a— u. Hence a < u.

(2) Let w € U. Then uoa = uo(u — a) since a is fixed. But uo(u — a) = uha =a

by (1), so uoa = a.
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(3)

Let b € L such that b < a. Also let u € U. We want to show that v — b =b.

Now,

(u—b—b =1—(u—0>0) — b (by Lemma 4.2.1(13))
=((u—>b) »>a)— ((u—>>b) >0
(b < aimplies u — b < u — a =a) (by Lemma 4.2.1(2))
(((u—b) = a)o(u—b)) = b (by Lemma 4.2.1(14))
= ((a—= (u—0b))oa) = b (by Lemma 7.1.1)
((aou—b)oaou) —b (by (2) and Lemma 4.2.1(14))
1 (since (aou—b)oaou<b).

Thus v - b<b<wu—b. Hence u — b=1>0. Therefore b € F'.

Let be L and v € U. Then

u— (a—b) =wuoa—0b (by Lemma 4.2.1(14))
=a—b (by (2)),

Hence a — b e F.
We now show that b — a € F.

u— (b—a) =b— (u—a) (by Lemma 4.2.1(15))

=b— a (since a is fixed) .

Thus b —a € F.

We first show that a < b.

Let b € S. Then b € (L\ F)U{1}. If b = 1, then all statements are true. If
b#1,thena—be F by (4). But b <a— b (Lemma 4.2.1(17) and b ¢ F, so
a—b=1, by (3). Hence a <b.

We now show that b — a = a.

Let w € U, u # 1. Then

u— ((b—a)—a) =(b—a)— (u—a) (by Lemma 4.2.1(15))
= (b — a) — a (since a is fixed) .

Thus (b — a) — ais fixed. But b < (b — a) — a (Lemma 4.2.1(16)) and b ¢ F,
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so (b—a) —a=1,by (3). Hence b - a <a <b— a. Hence b — a = a.

Lastly we show that aob = a:

aob =(b—a)ob (since b — a=a)
=aAb

=a (since a < b).

]

Definition 7.2.6. Let L; = (L;, A;, V4,0, —4,0;,1;), @ = 1,2, be BL-algebras and
assume 17 = 09 and (L; \ {11})N(La \ {02}) = 0, for the sake of simplicity. The ordi-
nal sum Ly @ Ly = (L U Ly, A, V,0,—,01, 15) is a new BL-algebra whose operations
A, V, o coincide with those of L; when applied to pairs of elements from the same L;.
For x € Ly and y € Ls:

(1) zANy=yAx==zx

(2) zVy=yVa=y

(3) roy=yox=u.

— is defined by:

1o if x<vy
rT—=y=4 v—y if r>yandzx,yel;
Y if >yandxe Ly,ye L.

Note that every element of L, is below every element of L.

Theorem 7.2.1. Let L be a subdirectly irreducible BL-algebra, U its least non-trivial
filter, F' its set of fixed elements and S the support of U. Then

(1) F is a subuniverse of L and S is a subuniverse of L on the language (o, —, A, V, 1).
Also S is a filter of L.

36



(2) U C S and S = (S,0,—,A,V,1) is a subdirectly irreducible 0-free BL-algebra
satisfying (7.6) and it is linearly ordered. In particular, (S,o0,—,1) is a subdi-
rectly irreducible Wajsberg hoop.

(3) L=F&S.
Proof.

(1) We first show that F' is a subuniverse of L.
F'is closed under o:
1 € Fsinceu - 1 =1, for every u € U. Let a,b € F. If a = 1, then
aob=10b=0bb¢€ F. Ifa# 1, then aob < b. Hence aob € F, by
Lemma 7.2.8(3).
F'is closed under —:
Let a,b € F. Ifa=1,thena - b=1—=0b0=0¢€ F. If a # 1, then
a—b,b—a€ F, by Lemma 7.2.8(4).
0is in F"
Let a € Fya# 1. Then 0 < a. Thus 0 € F' by Lemma 7.2.8(3).

Hence F' is a subuniverse of L.

Next we show that S is a subuniverse of L on the language (o, —, A, V, 1).

S is closed under o:

Let a,b € S such that a,b # 1 and assume aob & S. Then aob# 1, a0b € F|
a¢ F and b ¢ F. By residuation, aob < a o b implies a < b — (aob). Hence
a<b— (aob)and a ¢ F implies b — (a0 b) = 1, by Lemma 7.2.8(3). Thus
b<aob<b Henceb=aob. Butaob € S since b € S, so this contradicts the
fact that aob ¢ S.

S is closed under —:

Let a,b € S such that a,b # 1. Since b < a — b (Lemma 4.2.1(17)) and b ¢ F,
a—b¢ F, by Lemma 7.2.8(3). Hence a -+ b€ S.

Since any filter is closed under A and V, S is closed under A and V.

lisin S:
1 € S from the definition of S.
Hence S is a subuniverse of L on the language (o, —, A, V, 1).
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(3)

S is a filter of L:

1 € S and we have already shown that S is closed under o. It remains for us to
show that S is upward closed. Let a € S such that a < b. Then a ¢ F. Hence
a¢ F and a <bimplies b ¢ F, by (3). Thus b € S.

S is subdirectly irreducible:

U C S, by Lemma 7.2.7(2) and the definition of S. Since U is the least filter
of L distinct from {1}, U is also the least filter of S distinct from {1}, by
the congruence extension property (Lemma 7.2.1). Therefore S is subdirectly
irreducible.

S is linearly ordered:

To prove that S is linearly ordered, it is enough to show that for all a,b € S,
b — a = aimpliesa =1 or b = 1, by Lemma 7.2.4. Let a,b € S such that
b# 1 and b — a = a. Then there exists u € U such that v # 1 and b < u, by
Lemma 7.2.7(1). Thusu — a < b — a = a, by Lemma 4.2.1(2). Alsoa <u — a
by Lemma 4.2.1(17), so u — a = a. Hence a € F by Lemma 7.2.7(3). Therefore
a € F'N S and it follows from Lemma 7.2.7(2) that a = 1.

The result follows immediately from (1) and Lemma 7.2.8(5).

7.3 Completeness Theorems for BL

Theorem 7.3.1. Every BL-algebra is a subdirect product of linearly ordered BL-

algebras.

Proof. Every BL-algebra L is an MTL-algebra and hence can be embedded into a

product of linearly ordered MTL-algebras of the form L/ ~p, where F' is a prime

filter of L by Theorem 5.1.1. But since ~r is a congruence and BL is a variety, each
L/~p is a BL-algebra. Thus the direct product of BL-algebras of the form L/ ~p is
a BL-algebra. Therefore every BL-algebra is a subdirect product of linearly ordered
BL-algebras. [
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Theorem 7.3.2 (completeness). BL is complete with respect to BL-algebras and BL-

chains, that is for each formula ¢ the following are equivalent:

(1) ¢ is provable in BL;
(2) for each linearly ordered BL-algebra L, ¢ is an L-tautology;

(3) for each BL-algebra L, ¢ is an L-tautology.

Proof. The proof of the completeness theorem of BL, with respect to BL-algebras and
BL-chains is entirely similar to that of MTL-algebras and MTL-chains (see Theo-
rem 5.1.2). O

Next we shall deal with completeness of BL with respect to standard BL-algebras.

Lemma 7.3.1. Let L be an MTL-algebra and a,b € L. Then {(aV b) = (a) N (b),
where (c) denotes the filter generated by c.

Proof. We first show that MTL-algebras satisfy: (z V y)” = 2™ V y". In a linearly
ordered MTL-algebra, either z < y or y < z. If x < y, then (z V y)" = y" and
" <y sox"Vyr=y" If y <z, the proof is similar. Since every MTL-algebra is
a subdirect product of linearly ordered MTL-algebras (Theorem 5.1.1), the identity
must hold in all MTL-algebras.

Recall that (a) = {c €L:a"c=1for somen € N}, so ¢ € (a) iff ™ < ¢ for some
n € N. Let ¢ € (aV b), so (aVb)" < cfor some n € N, hence a™ V" < c. Therefore
a" < cand b" < ¢, so c € {a)N(b). Also, if ¢ € (a) N (b), then a" < ¢ for some n € N
and b™ < ¢ for some m € N. Then (a Vv b)m®@{mm < ¢ soc€ (aVb). O

Lemma 7.3.2. A finite BL-algebra is subdirectly irreducible if and only if it is linearly

ordered.

Proof. Let L be a finite subdirectly irreducible BL-algebra.
=

Then (a — b) V (b — a) = 1. Now, (1) = {1}, but ((a = b) V (b = a)) = (a — b) N
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(b — a) by Lemma 7.3.1. Thus (a — b) = {1} or (b — a) = {1} since L is subdirectly
irreducible. Hence a — b =1 or b — a = 1. Therefore, a < bor b < a.
~=:

Since L is finite and linearly ordered the set {x € L} has a largest element, say b.
Thus (b) is the least nontrivial filter. O

Recall the algebras Wa,, from Definition 7.1.6.

Theorem 7.3.3. L is a finite subdirectly irreducible BL-algebra if and only if there

are k,nq,ng, ...,ni € N such that
L= Wa, © Wa,, ®---© Wa,,.

Proof. Suppose L is a finite subdirectly irreducible BL-algebra. The proof is by
induction on |L|, the cardinality of L. If |L| = 1, then we are done. Assume |L| =r
and that L' = Wa,,, ® Wa,, ® --- ® Wa,, , for some k,ni,na,...,ng_1 € N for all
L’ with |L'| < r. Then by Theorem 7.2.1(3), there is a BL-algebra F and a linearly
ordered Wajsberg hoop S such that L 2 F @ S and |S| > 1. Note that F is linearly
ordered since L is linearly ordered by Lemma 7.3.2. Hence by Lemma 7.3.2, F is finite
and subdirectly irreducible. We have that |F'| < r, so by the induction hypothesis
F = Wa,,  Wa,, ® --- & Wa,, , for some k,nj,ng,...,np_1 € N. Also S is a finite
linearly ordered Wajsberg hoop, so it is isomorphic to Wa,,, for some n; € N, by [22,
Theorem 3.13]. Therefore L = Wa,,, & Wa,, & --- ® Wa,,. For the converse, note
that Wa,,, @ Wa,,, ®--- ® Wa,, , is a finite and linearly ordered, hence subdirectly
irreducible, BL-algebra. O]

Definition 7.3.1. Given an algebra A (of any type) and any A" C A, the partial
subalgebra A’ of A is the partial algebra with universe A’ and for each operation f
of A (say k-ary) and by,...,b, € A’,

A ) by be) 0E A (D, b)) € A
FA by, b)) = o ,
undefined it f2(by, ... b)) & A

A class K of algebras has the finite embeddability property (FEP, for short) if every

finite partial subalgebra of any given member of K can be embedded into some finite
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member of K.

By [2] (and also [8]) if a variety K of algebras has the FEP, then it is generated as a

quasivariety by its finite members. That is,

K = 1SPP,({finite members in £}).

We use the following result from [2, Theorem 3.9] without proof:
Theorem 7.3.4. The class of subdirectly irreducible Wajsberg hoops has the FEP.

Theorem 7.3.5. The class of linearly ordered BL-algebras has the finite embeddability
property.

Proof. Let L be a linearly ordered BL-algebra and L’ a finite partial subalgebra of
L such that L' = {ly,ls,...,1,,}, where [y > Iy > ... > [,,. We prove the theorem
by induction on n, the cardinality of L. If n = 1, then L' embeds into the trivial
BL-algebra. If n > 1, then the set {l; = [; : 1 <i < j <n} has a largest element
say lp — l,,. We want to show that any maximal congruence 6 of L not containing
(Ig,ln) as an element cannot contain (;,1;) with i # j. Suppose on the contrary
that ({;,l;) € 8. Then (l; = 1;,l;, = 1;) € . Butl; - 1, =1, s0 (; = ;,1) € 0.
Since F' = 1/6 is a filter and l; — I; < lj, — l,,,, we have [, — [, € F. Also
lm =l =1€ F,so0 (ly,1,) €0, contradicting our assumption. Hence (l;,1;) ¢ 6 for
all 7 # j and so L' embeds into L/6 by the map I; — 1;/6.

Now, L/6 is a linearly ordered BL-algebra (since L is). Also, L/ is subdirectly
irreducible since the congruence generated by ([lx], , [lm],) is the least nontrivial con-
gruence: recall that € is the maximal congruence not containing (I, l,,) so any non-
trivial congruence of L/6 contains ([lg],, [lm]y) by the correspondence theorem (see
3, Theorem 6.20]). Thus, ([lx — l,],) is the least nontrivial filter of L/#. By The-
orem 7.2.1(3), L/0 = F @ S, where F is a linearly ordered subalgebra of L/ and S
a linearly ordered subalgebra of L/6 that is also a filter and hence [l — [,,,], € S.
Hence we cannot have both [li],, [lin], € F otherwise [l — l,,], € F. Thus (L'/0)NF

has fewer elements than L’. Hence by the induction hypothesis, there exists a finite
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linearly ordered BL-algebra F; such that the partial algebra L'/ N'F embeds into
F;. Also L'/6 NS is a partial subalgebra of a subdirectly irreducible Wajsberg hoop,
so it can be embedded into a finite subdirectly irreducible Wajsberg hoop S; by
Theorem 7.3.4. Consequently, L' /6 embeds into F; & S; which is a linearly ordered
BL-algebra. Thus, L’ embeds into a linearly ordered BL-algebra, hence the class of
linearly ordered BL-algebras has the FEP. ]

Theorem 7.3.6. The variety BL of BL-algebras is generated as a quasivariety by its

finite members. In fact
BL = SPP,(Wa,, & Wa,, ®---® Wa,, : k,n1,ns,...,n; € N)

Proof. By Theorem 7.3.1, every BL-algebra is a subdirect product of linearly ordered
BL-algebras. By the FEP for linearly ordered BL-algebras (Theorem 7.3.5), the class
of linearly ordered BL-algebras is generated as a quasivariety by the finite linearly
ordered BL-algebras. By Theorem 7.3.3, every finite linearly ordered BL-algebra is
of the form Wa,,, ® Wa,,, ® --- ® Wa,,, and so the result follows. O

Theorem 7.3.7. The variety of BL-algebras is generated as a quasivariety by all
standard BL-algebras, that is, by all algebras of the form ([0,1],0,—, A, V, 1), where

0 18 a continuous t-norm and — its residual.

Proof. By Theorem 7.3.6 it suffices to show that every algebra of type Wa,,, ®Wa,,, ®
-+ @® Wa,, for some k,nq,ng,...,n; € N can be embedded into a standard BL-
algebra. Each Wa,,, is embeddable in ([0,1],0, =1, AL, VL, 1), by Lemma 7.1.3(3).
Let B; be a copy of ([0,1],0r,—1, AL, V,1) in which Wa,,, is embedded. Then by
Lemma 7.1.3(1), B; is isomorphic to D; = ([a;, b;], i, —i, 1), where a; = %, b; = %
and the operations are defined accordingly. Thus Wa,,, & Wa,, ® --- & Wa,, can
be embedded into D = D; @ Dy @ -+ @ Dy and the universe of D is [0,1]. The
binary operation o defined on D is obviously a continuous t-norm. Thus the algebra
Wa,,, ® Wa,,, @ --- ®& Wa,, is isomorphic to a subalgebra of a standard BL-algebra,
so the class of all BL-algebras is generated by the standard BL-algebras. O

Theorem 7.3.8. BL is complete with respect to the class of standard BL-algebras.
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Proof. The result follows immediately from Theorem 7.3.7. O

Below is a justification of why the proof of standard completeness for MTL does not

work for BL and hence why a different proof for BL. was needed.

Consider the algebra L = (Q N [0,1],0,—,A,V,0,1), where o is the Lukasiewicz t-
norm: zoy = (x+y—1) V0, and its residuum: = — y = (1 —z+y) A 1. Note that L
is a subalgebra of ([0, 1],0,—, A, V,0, 1) which is a BL-algebra, so L is a BL-algebra.
Let X = (X, *, =4, A, V,0,1) be as in Theorem 6.1.1, so

X =A{(s,t):s€QnN[0,1],s #0,t € QN (0,1]} U{(0,1)}.

We show that there exist a,b € X such that a < b but b* (b —, a) < a. This implies
that the standard MTL-algebra constructed from X as in Chapter 6 cannot be a
BL-algebra as the identity x o (z — y) = x A y fails.

Let a = (%,ql) € X and b = (%,qg) € X such that ¢; < g2 < 1. Then a < 0.

We claim that:

{(s,t) :bx(s,t) =a, s, t €QN(0,1] or (s,t) =(0,1)}

= {(s,0): (L, 0) * (5,1) = (3,q1), 5,6 €QN(0,1] or (s,8) = (0,1)}
= {(s,t) : 5,6 € QN(0,1] and s < 1}.

To see the above, note that: If s =1 and ¢ € (0, 1], then
(3:02) = (Lt) = (5,2) £ (3.01) since g1 < ga.

If0<s<1andte(0,1], then

Therefore in this case, (3,¢2) * (s,t) = (sor 1,1) < (3,¢1). Thus the above claim
holds. The supremum of {(s,?) : s, € QN (0,1] and s < 1} does not exist in X since
the upper bounds of this set are {(1,t) : ¢t € (0, 1]} which has no infimum in X. In the
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completion of X, the set {(s,t) :s,t € QN (0,1] and s < 1} has a supremum, which
isb—, a.

bx(b—.a) =bxsup{(s,t):s,t€QnN(0,1] and s < 1}
=sup{bx(s,t): 5,6 € QN (0,1] and s < 1} (by left-continuity)
=sup{ (3, ) *(s,t) : 5,6 € QN (0,1] and s < 1}
:sup{(%oLs,l):s,tGQﬂ(O,l] ands<1}
< (3:@) =a

Our key objective of this chapter was to show that BL is complete with respect
to standard BL-algebras. The following lemmas contributed towards proving this
Completeness Theorem:

(1) Every BL-algebra is a subdirect product of linearly ordered BL-algebras.

(2) A finite BL-algebra is subdirectly irreducible if and only if it is linearly ordered.

(3) L is a finite subdirectly irreducible BL-algebra if and only if there are
k,ni,ns,...,n; € N such that

L=Wa,, ©Wa,, ®---® Wa,,.

(4) The class of linearly ordered BL-algebras has the finite embeddability property.
(5) BL = SPP, (Wa,, ® Wa,, ®---® Wa,, : k,ni,na,...,n; € N).

(6) The variety of BL-algebras is generated as a quasivariety by the class of standard
BL-algebras.

Below we explain how these lemmas were used to give the Completeness Theorem.

Lemmas (1) and (4) imply that the variety of BL-algebras is generated as a quasi-
variety by its finite linearly ordered members. From (2) each finite linearly ordered
BL-algebra is subdirectly irreducible, so it is an ordinal sum of W,-algebras, by (3).
To show that (6) holds, it was sufficient to show that each ordinal sum of W,-algebras
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can be embedded into a standard BL-algebra since by (5), the variety of BL-algebras
is generated as a quasivariety by the class of ordinal sums of W,-algebras. As a
consequence of (6) and the fact that BL is complete with respect to BL-algebras, BL
is complete with respect to standard BL-algebras. We have also provided an example
to show that the proof technique used to establish standard completeness of MTL
does not apply to BL.
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CHAPTER 8

Conclusion

We started by considering t-norms on the unit interval [0, 1], which are associative,
commutative, order-preserving binary operations with identity 1. In particular, we
considered t-norms that are continuous or left-continuous in the sense of classical
analysis. The left-continuity property means that there exists an associated binary
operation called the residuum of the t-norm and acts like an implication operation.
In addition, the meet and join operations on [0, 1] act like logical conjunction and
disjunction and 1, 0 as logical constants. Thus, the classes of continuous and left-
continuous t-norms have a natural connection with logic. What we did in this thesis
was to clarify this connection by collecting a number of related results together in
one place. The logic MTL was defined and shown to be the logic of left-continuous
t-norms. What this means is that MTL is complete with respect to left-continuous
t-norms. The way we showed this was by proving that MTL is complete with respect
to MTL-algebras and, in fact, with respect to linearly ordered MTL-algebras. Every
finitely generated linearly ordered MTL-algebra was shown to be embeddable into a

standard MTL-algebra, which is a left-continuous t-norm algebra. It was sufficient to
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use finitely generated algebras since any algebra is a subalgebra of an ultraproduct of
its finitely generated subalgebras. Another way of expressing this is to say that the
variety of MTL-algebras is generated by the standard MTL-algebras.

We also showed that the logic BL is the logic of continuous t-norms, that is, we showed
that BL is complete with respect to standard BL-algebras, which are continuous t-
norm algebras. To achieve this we first showed that, as for MTL-algebras, every
BL-algebra is a subdirect product of linearly ordered BL-algebras. Then we showed
that the class of linearly ordered BL-algebras has the finite embeddability property
and consequently the variety of BlL-algebras is generated as a quasivariety by its
finite linearly ordered members. Since each finite linearly ordered BL-algebra is a
subdirectly irreducible Wajsberg algebra, it is an ordinal sum of W,,-algebras, and
we showed that each such ordinal sum can be embedded into a standard BL-algebra.
Thus, the variety of BL-algebras is generated as a quasivariety by the standard BL-
algebras. Hence BL is complete with respect to the class of standard BL-algebras.

Since the variety of BL-algebras is a subvariety of the variety of MTL-algebras, it
may seem that the proof of completeness for MTL with respect to standard MTL-
algebras can be extended to a proof of completeness for BL. with respect to standard

BL-algebras. We gave an example which showed that this approach would not work.

We further proved the theorem that characterizes all continuous t-norms, namely
that each continuous t-norm can be decomposed as an ordinal sum of Lukasiewicz,
Product and Godel t-norms. Unlike the situation pertaining to continuous t-norms,
knowledge of left-continuous t-norms is limited, so there is no structural theorem that

would allow us to classify them in a similar way [6].
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