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ABSTRACT

In this work we develop a generalised methodology for the solutidimedaime
dependentsecond order parabolic differential equatioh potential flow in
heterogeneous media using tBeeenelement method. Parabolic differential
equations are onelass of differential equations, the others being elliptic partial
differential equations and hyperbolic differential equations. Since elliptic
differential equations generally arise from a diffusion process that has reached
equilibrium, they can also beolved using the methodology developed, and

represent a simplification because of the steady state situation.

Potential flow problems are of great interestniany engineeringapplications
such adlow in aquifers, heatransfer processes, electragnéic field problems,
etc. Traditionally, thefinite difference method and tHenite element method
have proved to be powerful technigai® solve such potential flow problepisut
each has limitations andhallengeswhich hae led to continued research in
numerical methods The finite difference method more applicable talomairs
with regular boundary, and the finite element methbdugh extremely versatile,
exhibits umcceptable inaccuracies with cea meshes, thus requiring fine meshes

with the assciated high computation costs.

In view of some of the limitations with these earlraethods, several numerical
schemes are noweing developed as viable alternatives to these conventional
methods Among such methods are the boundary element methodinttee
volume method, and the analytic element method. The boundary element method
has been particularly promising becawdats domainreduction feature and the
second order accuradhat can generally be achievedrhe domairreduction
feature of the bundary element method, though achieved for restricted class of
problems, lends it to efficient grid generation algorithm, while its seooter

accuracy ensures reliability and consistency of the numerical solutions.
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The boundary element method in itsgaral formulation is unable to deal with
heterogeneities in the domain. For physical problems, especially in groundwater
flow, heterogeneitiesnd anisotropyare a naturaind frequent occurrence, and
this has fuelled research into boundary elenteohnques that are capable of

accommodating these features

The Greenelement method is one technique which is based on the boundary
element theory and which has been proven to be very effective in handling
heterogeneities and anisotropy in 1D and 2D domatwmwvever, development of
techniques to implement tlig&reenelement method in 3D domains has remained

largely unexplored. This work represents an effothis direction

We have investigated the adoption of the general tetrahedral and hexahedra
elementdor use with theGreenelement method, and found thlaé large number

of degrees of freedom generated precludes retention of the internal normal
direction as in 1D and 2D formulations. Furthermore, some of the complicated
surface and domain integrationgth these elements can only be addressed with
guadrature methodsThe compatibility issues that arise between element,faces
which present considerable challengags multi-domain boundary element
techniques,are innovatively addressed in the computerecddat has been

developed in this work

The Green element methods implementedfor steady and timeependent
problems using regular hexahedra elements, and the results show that the
performance is slightly better than the results obtained using FEMWATER
FEMWATER is an establishedinite element method software. No attempt
made tocompae the computation efficienes of the 3D GEM code and

FEMWATER becausthe twocodeswere not developed on a common platform.
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1. INTRODUCTION

In this chapter an introduction to the problem of the solution of potential flow

problemsis given. The discussion starts with a brief background to the problem
which necessitated the study of partial differential equations before defining the
problem that is the subject of the current study. Finally, the objectives of study
and a brief disassion on the format of the report are given.

1.1 Background

The study of partial differential equations began in tHe @éntury with the work

of pioneers like Laplace, d€Alembert, Euler and Lagrange as a ptitodpin the

study of mechanics of contineamd physical sciences. During thé"1®entury

the subject was picked up by mathematis particularly with the work of
Riemann as reported by Brezis and Browd&898) Partial differerial equations
generallyinvolve two or more independent variables, which in practice are often
space and time variablea number of dependent variables that describe the
physical phenomenand parameters that reflect the constitutive relationships
Due b the fact that more than one independent variable is present, the
«derivatives, that occur are partial derivatives. Such equations are widespread in
scienceand engineering, andhey model physical phenomena. They also arise
frequently in the form of syems of equationsvhose coupling reflect the

interdependence among the dependent variables

Seemingly distinct physical phenomena may have identical mathematical
formulations, and thus be governed by the same underlying principle. This fact
was first staed in the late 18 century(Poincaré, 1890) Poincaréemphasized

that a wide variety of physically significant problems arising in very different
areas (such as electricity, hydrodynamics, heahsfer magretism, optics,
elasticity, etc) have a family resemblanitat lends to treatment byommon

methods.




The most satisfactory solution of a field problem is an exact mathematical one.
The appropriate method of solution has to be determined for each particula
problem. For example, for steagyptentialflow in two dimensions, the most
powerfulanalyticalmethod appears to be the method of complex variables, which
involves such concepts as the velocity hodograph and conformal mdpBgiag

and Verrijt, 1988) A hodograph is a diagram that givesvectorial visual
representation of the movement of a body or a fluid. It idates of one end of a
variable vector, with the other end fixednd has found some uses in the
analytical solution of partial differential equations. An example of its cgipins

can be found inthe work of McCarthy(1994) A powerful method to deal with
nonsteady problems is the Laplace transform technigdewever, in many
practical cases an analytic@lution cannot be obtained due to the complexity of
the loading and/or the physical geometry, and we must resort to numerical
approximate solutionsTo use analytical methods, the geometry must be regular,
e.g. circulay rectangular or infinitely extensre. The properties of themmedium

must be homogeneous, or at least homogeneous -regidns. Knochenmusand
Robinson(1996) have pointed outhat because of the idealisationgcessary in
order to use analytical methqdhkirries of developments aiumerical methods
now abound in the literature primarily because of their ability to produce solutions
to more realistic and practical problem#nalytical solutions ardowever gt

useful incheckingsolutions obtained from numerical methods.

Traditionally, the finite difference methd@&DM) and the finite element method
(FEM) have proved to be powerfulumericaltechniquesfor solving potential

flow problems The two methodsadbasically the same thing, i.e. approximate
the set of partial differential equations to be solved by a set of algebraic equations.
The FDM has had and continues to have strong appeal in numerical circles
because of its ease of understanding, relying abmssical calculus in
approximating differential operationsvhich are approximated by difference
formulae constructed from values of the dependent variable at a number of
predefined points. Ais makes it most appropriate to domains that are regular.
The FEM, on the other handpproaches the solution in a more indirect way.
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Firstly, it is not the differential operator that is approximabsd difference
formulae constructed from values of the dependent variable at a number of
predefined pointsbut the wariation of the independent variabl@se. the given
function is approximated locally over each element by continuous functions which
are uniquely defined in terms of the values of the function and possibly its
derivatives at the nodes on each elemeBgcondly, the algebraic equations are
formed as the result of either the local minimisation of some appropriate energy
function natural to the physical system or the piecewise application of a weighted

residual method to the differential equations.

The FDM and the FEM each has limitations and challenges which have led to
continued research in numerical methods view of ths, several numerical
schemes are notbeing developed to circumvent the limitations and challenges of
the FDM and the FEM Among suchmethods are the boundary element method,
the finite volume method, and the analytic element meth&though these new
methods do address the problems of the FDM and the FEM, each does come with
its set of limitations and challengesThe boundary elemérmethod has been
particularly promising because second order accuracy is maintained in its

formulation which ensures reliability and consistency of the numerical solutions.

The boundary element method (BEM) in its original formulation is unable to dea
with heterogeneities in the domainOnyejekwe (2006) has summarizedthe
various efforts that have been made to adapt the method to physical problems. He
notes that the paucity diterature on BEM application to transport problems
involving media heterogeneity underscores the fact that a lot of work still needs to
be done in this area. For physical problems, especially in groundwater flow,
heterogeneities and anisotropy are airstand frequent occurrence, and this has
been a motivation for a lot of research into techniques to adapt the boundary

element method to deal with these situations.

To utilise the second order accuracy of the boundary element method for non
linear heter@eneoussystems, Taigbenu proposed tBeeen element method
(GEM) in 1990 (Taigbenu, 1990Wwhich he defined as an element by element
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implementation of the boundary element theory over the meshes omitee fi
element method. Taigbenu(1995) presented a theoretical discussionGoken
element methodand demonstratedhat GEM required 15% to 45% less
computational time than the standard hadary element methodsince then, some
authors have picked upn the methodas a limiting case of the mutfiomain
technique in boundary element analysis in which the size of the domains is taken
to the limiting case of the elements used in finite elenmeethods(Gao and
Davies, 2000; Ramfak and ,kerget, 2007; Ramfak and ,kerget,.2009)

Numerical formulatios thatare based orthe Green element methd@GEM) have
been used tsolve various problems of practical engineering concand there
are several papers which have been published which highlight the applications in
the various fields.Some examplesf the publications in these various fielai®

as follows.
0- Heat transfe

Simulation of coupled nehnear electromagnetic heating with tl&reen
element methodTaigbenu, 2006)in this paper, the author demonstrated how
the flux-based Greerelement formulation is used to soltBe nonlinear
coupled differential equations that govern the probdéineat transfer in food
materials that are electrically heated. Thia moblem of major interest to the
food and related industries interested in the heating of food substances by

electrical currents
0- Streamunconfined aquifer flows

A time-dependentGreen€s function based model for stresronfined
aquifer flows (Taigbenu, 2003) In this paper the autharsedthe Green
element methodto solve the nonlinear streamunconfined aquifer flow
problem, which demonstrates the computational flexibility that is achieved

with a Green element sense of implementingothndary integral theory.




0- Petroleum Engineering

Dual reciprocity boundary eleme method and thé&reen element method
were used by Archer et al1999) to solve somepetroleum reservoir
engineeringproblems Petroleum reservoir engineering requires solutions to
the transientiffusion and convecticdiffusion equations. Traditionally these
calculations are carried out using finite difference methods. In this paper the
authors applied the Dual Reciprocity Boundalgment methodnd theGreen
element methodo flow in hetergeneous media and to the convection
diffusion equation. Numerical experiments showed3heen element method

to be more accurate and more stable than the Dual Reciprocity Boundary
element methodat high Peclet number. Both methods allow reservoir
hetergeneity to be treated more efficiently than with the perturbdtased

methods
d- ChemicalEngineering

Application of the Green Element Method to Chemical Engineering Problems
(Abashar, 2004) In this work the Green element method (GEM) is
implemented on chemical engineering problems. dimbor reports that the
method overcomes some of the limitations of classical boundary element
approach and uses the finite element methodology to achieve optimum inte
nodal connectivity. The global coefficient matrix is banded and numerical
difficulties from a densely populated matrix are eliminated. Two numerical
examples are used to demonstrate the capabilities of the method. The results
are compared with orthogonebllocation method, finite element method and
experimental data. Itvas shown that the Green element method is very

reliable and efficient.

The problem at hand is that there is need to exten@itbenelementformulation
to three dimensiongndto provide a tool for solving three dimsional potential

flow problems. An understanding of differential equations is crucial to




implementing such a tool, and a brief discussion on differential equations is

therefore herie provided.

1.2 Problem Definition and Impor tance of Study

The Green Element thod(GEM) is a new, powerful, and promising technique
for solving boundary value probleniBecher et al., 2001)it is derived from the
Boundary Element Method (BEM) and appliedover the meshes of thEnite
ElementMethod (FEM), the Greerelement method combines the second order
accuracy of the BEM with the efficiency and versatility of the FEM. Solutions of
1-D and2D potential flow problems using ti@éreen element methdthve ben
successfully implemented, and the results show that the limitations of the BEM
method in solving notinear potential flow problems that exhibit medium
heterogeneities are overcome with the GEM, and that significant computational
gainscan be achievedybusing GEM instead of the standa®EM (Taigbenu,
1995) The current research project is aimed at implementing the GEM numerical
solution strategy for timdependenthreedimensional potential flow pldems

and investigating if the observed powerful advantages of the GEM do extend to 3

Dimensional domains.

1.3 Objectives of Study

The objective of the current research project is to develop a numerical formulation
based on th&reen element methddr time-dependentpotential flow problems

that extends the work done to date for the ame twospatialdimensiors.

We have maintained the nam&reen element methpdor the technique of
applying the boundary element method at the scale of the elements dfitihe fi
element method. This is in accordance with the name originally given to the
method when it was first present@cigbenu, 1995)
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Ramsak and Skerget have adopted the name emultidomain BEM, for the sa
method as th&reenelement methoRamfak and ,kerget, 20Q9)hey expose

the paucity of research papers on the subject when theyl skete there are
various 2D BEM applications using the multidomain methmat that only one

3D application is found in open literature. They refer to the work of Gao and
Davies(2000)who usednore than two suldomains in 3D for the first time. Gao
and Davis actuaflused four sitlomains, and in their later wofao, 2004the
multidomain approach was abandond¢ray and Kaplan, 2001glso make the
same observation aboubet paucity of research work in 3D applicatiook
singular integration whethey state that while the analysis of tdonensional
singular integrals is relatively easy, the three dimensional integrals are less
straight forward, and that this explains treadh in sources for sug¢bchniques.
Furthermore, the intezlement connectivity relations in 3D are of a much higher
order of complexity than in 2[QPeratta and Popov, 2006; Ramfak and ,kerget,
2009)

The hypothesis is raised th#t is possible to develop a thre@nensional
formulation for theGreen element methodn the event that the three dimensional
formulation is developed, it is also the objective of the current project to thet if
computational gains that have been reported for thedmnensional and two
dimensional cases do extend to three dimensidirtknown to theauthorof this

thess, some work was actually being conducted on the same subject, albeit under
the heading emaltidomain BEM, instead of &reenelement method, by Ramsak

and Skerget who published a paper on the subject in @&9fak and ,kerget,
2009) In their work they have usddrty-eight Gauss integration points @ach
integration directior(i.e. X, y, and z directions) In the course of the research for

this thesis over a period of four years from 2006 to 2009, we have investigated
both Gauss quadrature integration points and have also investigated the use of
anaytic integration usintATHEMATICA software.




1.4 Format of the Report

Chapter 2 of this report presents the literature reviewed both prior to the
commencement of the development of thenerical formulation based on the
Green element method for tirdependentpotential flow problems in -3
dimensionsand during the development stagebhe following areas of concern

were reviewed:
0- Ordinary and partial differential equations in general
d0- Technigues available for the solution of partial differential equations

0- A morefocussed review of the boundary element method and the formulations
for the 3dimensional Laplace equation, together with the techniques for
handling domain integrals arising when inhomogeneity is introduced to the

equation.

In Chapter 3 we delve into tligreen element solution of the 3D Laplace equation.
The solution developedn that chapter served athe basis dr further
enhancementsf the Green element formulation whiacorporats the forcing
term (Poisson equationand the temporal derivative ter(diffusion or heat
conduction equation) These numerical enhancements of incorporatimg

forcing term and the temporal derivative teare presenteish Chapter 4

Chapter 5 presents numerical examples with which the performance of the
developed Greerlement method is compared against analytical solutions and
those of a finite element commercial package, FEMWATER. The main findings

from the research are discussed in Chapter 6.

The computer code that has bebveloped to implement tigD GEM for the
time-dependenpotential problem is writtem Visual Basic for Applicationand
runs under Microsoft Excel. T&MS Excelplatform enhancedisualization of

the output at every stage of the development of tioe




In addition to the main programmirgeing carried ouin Visual Basic,various
utilities were developed to aid with the analysihe discretizingelementswvere

built with the GID software. A needasefor a script to output the grid built with

GID into the main Visual Basic codeOutput fom GID is accomplished by
creating a set of customization text files called a *Problem Type,. Appendix B is
the script listing of the main text file of this Problem Typad it has the sp#ic
purpose ofoutputting information from GID by generating alef that can be
processed into a form suitable for the developed Green element code. The
processing into a form suitable for the Green element code is done by the

FORTRAN script listed in Appendix C.




2. LITERATURE REVIEW

In view of the factthat the studyof partial differential equations has been on
going since the 8 Century, a large collection of information on the subject of
the solution of such equations is availablehaliterature. The literature search
reveals that wéreas analytical solutionsare well developed for idealised
geometries and boundary conditions which can only be applicable to few practical
problems numerical schemes are more suited to solving partial differential
equations that govern practically based probleAsdiscussion o the available
numerical schensen literature isprovided and special attention accorded to the
Boundary element method since this is the basis on whiclGteen element

method (thenumerical scheme for the research Waskbased.

2.1 Introduction to Ord inary and Partial Differential
Equations

2.1.1 Classification of Differential Equations

d- Ordinary and Partial Differential Equations

Differential equations can be ordinary or partial. Ardinary differential
equation (ODE) contains differentials with respecbtdy one variable while a
partial differential equation (PDE) contarifferentials with respect to several
independent variables.In mathematical terms, a partial differential equation
(PDE) is any equation involving a function of more than one indkpernvariable

and at least one partial derivative of that function. The order of a PDE is the order
of the highest derivative that appears in the PDE. The principal part of a PDE is
the collection of terms in the PDE containing derivatives of order equtilet
order of the PDEHemker, 2004)
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Ordinarydifferential equationghat have time as thedependenvariable are also
called initial value problemsfecause the information about thehaviourof the
system is known at the initial timgdnd it is required to find the solution at times
subsequent topt For a partial differentialequation in more than one spatial
dimension, the problem is to solve for the dependvariable given some
boundary condions. The problem is therefore laoundary value problem€A
boundary value problem may also be tidependentand to solve such@oblem

we need the initial conditienspecified over the entire spatial domain in addition
to the boundarygonditions. This problem is concerned with a solution technique
to partial differential equationsf the latter type,boundary valugroblems that

incorporate time as an independent variable€.

0- Linear and nonlinear Differential Equations

A PDE in adependentvariade u is classified as linear if all of the terms
involving u and any of its derivatives can be expressed as a linear combiofation

u in which the coefficients of thei-terms are independent of i.e. the unknown
function and its derivatives appear to the poweérunity (products are not
allowed) In a linear PDE, the coefficients can depend at most on the independent
variables. If the terms involing the dependent variables (u or any of its
derivatives) involve products of the variables then the differential equation-is non

linear.

0- Classes of Differential Equations

In addition to the distinction between linear and nonlinear PDEs, it is important
for the computational scientist to know that there are different classes of PDEs.
Just as different solution techniques are called for in the linear versus the
nonlinear case, different numerical methods are required for the different classes
of PDEs, whetar the PDE is linear or nonlinear. The need for this specialization
in numerical approach is rooted in the physics from which the different classes of
PDEs arise. By analogy with the conic sectiaiBpse, parabolaandhyperbolg

partial differential egations have been classified as elliptic, parabolic and
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hyperbolic. Just as an ellipse is a smooth, rounded object, solutions to elliptic
equations tend to be quite smooth. Elliptic equations generally arise from a
physical problem that involves a diffusigmocess that has reached equilibrium,
for examplea steady statheat transfer over a solid objedthe hyperbola is the
disconnected conic section. By analogy, hyperbolic equations are able to support
solutions with discontinuities, for example a shocave/problem Hyperbolic
PDEs usually arise in connection with mechanical oscillators, such as a vibrating
string, or in convection driven transport problems. Mathematically, parabolic
PDEs serve as a transition from the hyperbolic PDEs to the elliptic .PDEs
Physically, parabolic PDEs tend to arise in time dependent diffusion problems,
such as the transiemtansportof heat in accordance with Fourier's law of heat

conduction

2.1.2 Partial Differential Equation for the Research Problem

It is intended in this resech to extend the use of tBeeen element methdd the
time-dependentsecond order parabolic differential equation hamogeneous
media. The differentiagquationthat describegpotential flow problems in three
dimensional domainkas thanathematicalorm given by equatiof2.1) below.

KaRu 6-—8%:11 84 (x,y,zt) in W (2.2)

Where Bﬁbigéﬂgékg, S@ is the temporal derivative termand

of "of of off
f(xy,z1t) is the forcing term.dWs the domairin which the equation applies
and is bounded byG The boundarydGmay be divided into several section
surface, for examplédGandog SeeFigure2.1.

Equation (2.1) is a linear partial differential equation the main domain
parameter& and S arenot functiors of u, and he interpretation of the quantities

K and S will depend on thengineering application to whicthe equation is
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applied. There are several areas of study in which the equation is applicable, for

example:
8- Flow through porous media
8- Heat conduction
8- ldeal fluid flow
8- Diffusion
8- Circulation of fluid flow
8- Electrostatidield
8- Shaft Torsion
8- Pressurized membranes

In flow through porous media (likgroundwater floy, for example, K is the
hydraulic comuctivity in the X, y, and z directionsl is the hydraulic head, and S
is thestorativity for cofined aquifers and specific yield for unconfined aquifers
(Bear, 1972) For heat conduction problems, Ktieermal conductivityu is the
temperature, and S is the heat capd@tgbushchak, 2009; Tsilingiris, 2006)

-13-



Normal to the surface, n

Boundary

Boundary
;urtfacf IiSGa B surfacé&
otentialu o Flux q 09

Domaind\WWbounded two
surfaced3-060G

The dashes on u or g indicate that those values are known

Figure 2.1. Three dimensional ®main under consideration for basic definitions.

2.1.3 Boundary Conditions

Differential equations usually apply to a region or domain which is either finite or
infinite, but the computational domain will have some boundaries (points, lines, or
surfaces). At these boundaries, some conditions must be imposee prmary
variable and/or the flux Without these boundary conditions, there are infinitely
many distributions of the primary variable that can satisfy the differential
equation. The boundary conditions are, in general of three types, and it is
important to appreciate their physical implications. A discussion on the three

types follows:

d0- Boundary condition of the first kinde distribution of primary variable at

boundary isknown.

Mathematically, tfs isformulated as
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u o®,(X,Y,zt) ondf (2.2)

Where d( is part of the boundary of the computational domain.

Such conditions are callddirichlet, or essential conditionsand the physical
interpretation is that at such boundariesré is an absorbing screen such that
as t 0®0oy the value of the variabl@ within the domain (and due to such
conditions alone) will tend toward the value at the bounflaityet al., 2002)

d0- Boundary condition of thesecondkind ¢ distribution of flux at boundary is

known.
Mathematically, tfs is formulated as

3-KAN 612_ o (x, Y, z,t) on 8G (23)

Whereg is the outward pointing normal vector on the surface of the boundary

o¢. Such conditions are callddeumannor flux conditions They specify the

distribution of thenormalflux on a part of the boundary

0- Boundary condition of thethird kind ¢ linear combination of primary

variable andflux at aboundaryis known.

Mathematically, tfs is are formulated as

Q{u(x, Yy, z,t) 6-bKAN 6{;%—1/(& Yy, zt) (2.4)

Here a and b are known coefficientsand v(x,y,z,t)is a known value of the
linear combination of the primary variable and the flut a=0 we get the

Neumann conditions, while if b=0 we get the Dirichlet conditions.
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2.2 Solution Techniques for Partial Differential Equations

If a solution can be developed far partial differentialgoverning equation
preference is to developn analytical solution.But unfortunately, for many
problems, it is extremeldifficult, if not impossible to get an analytic solution.
Reasons for the limitation of analytic solutioechniques range from irregular
geometry, through heterogeneity of the domain to the nonlinearity of the
differential equation. Sometimes, the analytic solution may be tmonplicated

and one would prefer to use an approximatidaomerical methodg¢methodsin
which approximate solutions are derivattd coded oomputery have proved to

be extremely usefulin overcoming the Ilimitations of analytical solution
techniques and in addressiptactically realistic problemsthat are on irregular

geometries, hetegeneous, and nonlinear.

In solving partial differential equationssing numerical techniques, the primary
challenge is to create et of relationshipsvhich approximates the equatioh
interestso that the solution is consistently reliable with respethe element size
andis numerically stableimplying that errors in the input data and intermediate
calculations do not accumulate and cause the resulting output to be meaningless.
There are many ways of doing this, all with advantages and disadvantages.
Kraemer(2003) has made a classification by numerical method of groundwater
flow publications to give an indication of the scale of adoption of the various
methods m groundwagr flow modelling The distribution has been presented in
form of a pie chart, with the following percentages: finite elements (55%), finite
differences (37%), boundary elements (5%), and analytic elements (3%). This
information was obtained from citatioinformation obtained from SCI Journal
Citation Reports and the Web of Scientific Information (ISI) for the period 1980
to 2003. This indicates that the finite element method enjoys the largest share of
application in groundwater flow modeling. Whilasls the case&knowledgeand
innovation are enhanced by continued research and development of new

computational technigues.
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The thrust of this research project isetdend the work that has been doman
existingnumerical solution technique, t@eenelement methoGEM), to the 3
dimensional caseln view of the fact thathe Green element methad based on
thefinite element methodFEM) and the Boundarglement metho@BEM), brief
discussions on the FEM, BEM, and the GEM are given in the seti@os. To
complete the introduction on the various numerical techniques, brief discussions
on the finite difference method, the finite volume method, and the analytic

element method are alpoesented

2.2.1 The Finite Difference Method

Finite difference mditods approximate the solutions to differential equations by
replacing derivative expressions with approximate equivalent difference quotients.
They represent the oldest numericalusoh techniques that elicit classical
interpretation of the derivativeni calculus. Because of their ease of
understanding, finite difference schemes continue to enjoy wide acceptance and
use in many engineering application8s reported by Kraem&R003) the 37%

of all publications on groundwater flow modeling in the period 1980 to 2003 were

with the finite difference method.

Various commercial softwarbave been developedsing thefinite difference
method. One of the most popular ones in growater applications is
MODFLOW which does modeling in 3DAbdelFattahet al(2007) with the aid

of MODFLOW, utilized particle tracking techniques to evaluate transport of river
water through an alluvial aquifer in a bank infiltration testing site in El Paso,
Texas, USAwhile Sun and Zhen(l999)have used MODLOW based dynamic
optimization tool to develop policies to aefe various groundwater management
objectives. MODFLOW is undergoing continuous development. For example,
the ecent advances in graphical user interfaces and geographic information
systems have resulted in increasingly compM®©DFLOW files. Complex

souce/sink data, including transient stages and pumping rates can result in a
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single MODFLOW simulation taking as much as one gigabyte of space on disk
using the standamllODFLOW text file format.Jones et a2005) havepresentd

a new binary format foMODFLOW arrays andVIODFLOW stress packages.
The format is based on the HDF5 library developed by the National Center for
Supercomputing Applications at the University of Illinois at Urb&mampaign.
MODFLOW data can be savethdretrieved from this format using an API built

on top of the HDF5 object code. This results in a sélODFLOW input files
where the bulkier parts of the files are stored in a compressed, platform
independent binary formatlODFLOW files written in this format can be read in

a few seconds and the resulting file sizes are typically less #28a @f the
original text file format Wang et al(2008) have usedMODFLOW on a
geographic information system platform for groundwater evaluation in North
China Plain, China. The simulation included water budgeting to ascertain

groundwater availability for industrial, agricultural, and domestic usage.

2.2.2 The Finite Element Method

Finite elements were first used in the 1950s in aircraft desigiudy stresses in
the complex airframe structur@éduebner et al., 2001; Livesley, 198Bjowever,

in recent years the approach has increasibhgignused in other branches of
engineering. This widening of the area of application has revealed tHatitde
element methods a general procedure for obtaining approximate solutions to

partial differentialequations.

The finite element methods one in which the subdivision of the region into
subdomainsfinite elementsor cells is an essential part of the procedure, with
some functional representation of the solution being adopted over the elsment
tha the parameters of the representation become the unknowns of proftem.
Finite element methods not based directly on the partialfdrential equation, but
rather on awveak (orvariational) formulation of the problem. The weakness is

achieved by anpcess of integration by parts that reduces (or ...weakens€) the order
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of the continuity required for the dependent variglideebbia and Dominguez,
1992)

For potential flow problems, it is possible to solve for theedeent variable
using the finiteelement methgdwhile the flux must beomputed by numerically
differentiating the primaryariable(Taigbenu and Onyejekwe, 19957 his was

the original formulation of théinite element method, and thiseaknessvas one

of the motivations for the development of Beundaryelement methad

It must also be pointed out thathaanced finite element techniques, collected
under the name mixed finite element methods, Haa@enormous impact in
computational mechanicshe term mixed method wédisst used in the 1960's to
describefinite element methods in which both stress and displacefiedud are
approximated asprimary variable (Bergamaschi et al.,, 1994) Numerous
applications are now available of the mixed finite element methods. See for
example(Arnold, 1990; Bergamaschi et al., 1994; Maryska et al., 1995; Park,
2005; Van Criekingen and Beauwens, 2007)

2.2.3 The Boundary Element Method

Since the publication of the first book on Boundary Elemé¢Btebbia, 1978)
many such works have appeared in the literature, some dealing with potential
flow, others with elastostatics, amgany other areas of application. Boundary
elements are a powerful alternative to finite edats, particularly in cases where
higheraccuracy is required. The most important feature of boundary elements is
that theyonly require discretization of the surface rather than the volume. Hence
boundary element codes are easier to use with existinigmsodellers and mesh
generators. This advantage is particularly important for dgsigposesas the
process usually involves a series of modificati@r®bbia and Dominguez, 1992;
Hsieh et al., 1992; Maduramuthu and Fenner, 200Mlpreover, as has been
demonstrated by some authors, the conventional BEM can be enhanced to the

general BEM in which iteration is not necessary for nonlinear prob{eras,
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1998; Zhao and Liao, 20Q3)This verifies the validity and great potential of the
general boundary element method for highly 4inear problems, which may
greatly enlarge application regions of the bounadeynent method in science and

engineering

Green€s Functions: Basic concepts

Green€s functions play an important role in the solution of partial differential
equations, and are a key component in the development of boundary integral

equations. Considerlinear differential equation written in the general form

L (x)w) =% (2.5)

Where/ K )is a linear, selfdjoint differential operator andy )is a known non

homogeneous ternf{A selfadjoint operators one that is its owadjoint If one
thinks of operators on a Hilbert space as "generalized complex numbers", then the
adjoint of an operator plays the eobf the complex conjugateof a complex

numbe). Operationally we can write the solution to the above equation as

ux)=! -1¢) &) (2.6)

where/ -4s the inverse of the differential operatbr. Since/ is a differential

operator, it is reasonable to expect its inverse to be an integral operator. We

expect the usual propass of inverses to hold,

/-y =/ (2.7)
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where /is the identity operator. More specifically, we define the inverse operator

as

! -1 Fog¥gyx.s) f(s)ds (2.8)

where the kernel G(9) is the Green€s function associated with the differential

operator/ . G(x,9 is a twoepoint function which depends on x asd To
complete the idea of the inverse operator, we introduce the Dirac delta function

o0k 8-s) as the identity operatof

The solution tdEquation(2.5) can then be written directly in terms of the Green€s

function as

u(x) 5%& ) f (s)ds (2.9)

08¥

It is to be noted as of great significance that by making use of the Green€s

function for the differential operatdr, an expression for theependent variable

has been obtained without solving the differential equat@®). This fact is
utilised in the development of the Boundatgment methodnd is the basis of all
work on Green element method that has been conducted featimeasional and

two-dimensional domains.

2.2.4 The Finite Volume Method

The finite volume method is a method for representing and evaluating partial
differential equations in the form of algebraic equatioBsnilar to the finite
difference method, values are calculated at discpetgtions on a meshed
geometry. "Finite volume" refers to the small volume surrounding each node point

on a mesh. In the finite volume method, volume integrals in a partial diti@re
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equation that contain a divergence term are converted to surface integrals, using
the divergence theorem. These terms are then evaluated as fluxes at the surfaces
of each finite volume. Because the flux entering a given volume is identical to that
leaving the adjacent volume, these methods are conservative. Another advantage
of the finite volume method is that it is easily formulated to allow for unstructured

meshes. The method is used in many computational fluid dynamics packages.

The finite volume rethod has been used to solve some problems of a practical
nature(Onate et al., 1994; Rihaak et al., 2008; Xia et al., 200hese authors
point out that finite volume methodeay be considered as a particular case of
finite element methods with nd@alerkin weighting. Unlike the finite element
approach, in which the relevant conservation principle and/or equilibrium
equation of forces are only satisfied in a global sensdirtite volume procedure

is conservative from the whetdomain scale down to the cell or control volume

level.

2.2.5 The Analytic Element Method

The analytic element method (AEM) is a numerical method used for the solution
of partial differential equationand was initially developed by O.D.L. Strack at

the University of MinnesotéStrack, 1989) It is similar in nature to thBoundary
Element Method BEM), as it does not rely upon discretization alumes or
areas in the modeled system; only internal and external boundaries are discretized
(internally, boundaries exist at the interaction surfaces of various z@mes)of

the primary distinctions between AEM and BEMSs is that the boundary integrals
are calculated analyticallyThe analytic element method is most often applied to
problems of groundwater flow governed by the Poisson equation, though it is
applicable to a variety of linear partial differential equations, including the
Helmholtz, andiharmonicequations.

The basic premise of the analytic element method is that, for linear differential

equations, elementary solutions may be superimposed to obtaé complex
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solutions. A suite of 2D and 3D analytic solutions ("elements") are available for
different governing equations. These elements typically correspond to a
discontinuity in the dependent variable or its gradient along a geometric boundary
(e.q., pant, line, ellipse, circle, sphere, etc.). This discontinuity has a specific
functional form (usually a polynomial in 2D) and may be manipulated to satisfy
Dirichlet, Neumann, or Robin (mixed) boundary conditions. Eal@dmentary
analytic solution isof infinite extentin space and/or time. In addition, each
analytic solution contains degrees of freedom (coefficients) that may be calculated
to meet pescribed boundary conditions along the element's border. To obtain a
global solution (i.e., the correct elent coefficients), a system of equations is
solved such that the boundary conditions are satisfied along all of the elements
(using collocation, leastquares minimization, or a similar approach). Notably,
the global solution provides a spatially continsialescription of the dependent
variable everywhere in the infinite domain, and the governing equation is satisfied
everywhere exactly except along the border of the element, where the governing

eqguation is not strictly applicable due to the discontinuity.

Though powerful and easy to use, applications of the analytic element method are
not as widespread as finitiéfference or finiteelement models due in part its
relative youth. Although reviews that focus primarily on the mathematical
development of thenethod have appeared in the literature, a systematic review of
applications of the method is not availal¥feint (2006) has given a overview of

the general types of applications efadytic elements in groundwaterodelling.

While not fully encompassing, the applications described cover areas where the
method has been historically applied (regional, -timoensional steadstate
models, analyses of ground wdturface water interactn, quick analyses and
screening models, wehead protection studiegCsoma, 2005; Fredrick et al.,
2004; Matott et al., 2006; Wuolo et al., 1928)well as more recent applications
(grid sensitivity analysesestimating effective conductivity and dispersion in
highly heterogeneous systenfdankovic et al., 2003; Luther and Haitjema, 1998)
The review of applications also illustrates areas where more method development

is needed (thredimensional and transient simulations).
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2.2.6 Hybrid Methods

Hybridization refers to the use of more than one numeric technique in the solution
of potential flow problems. Mixed formulations are also widely us€de term
mixed method wafrst used in the 1960's to descrifiite element methods in
which both stress and displaceméelds are approximated g&imary variables.
Park(2005)applied the mixedinite element method for generalized Forchehimer
Flow in Porous Media. Other examples of the utilization of mixed formulations
are found in the following reference@rnold, 1990; Bergamaschi et al., 1994;
Ganis et al., 2008; Park, 2005)

Mixed-hybrid methods combinattractive features of both mixed and hybrid
methods, namely the simultaneous approximation of the fluxpatehtia] and
the use of Lagrangian multipliers to enforce regularity constréfesyska et al.,
1995; Van Criekingen and Beauwens, 2007)

In the Green element methpbybridisation is effected between theite element
methodand theboundaryelement methad While the boundary element method

is a powerful alternative to the finite elent method, it has become apparent that
to apply the theory to more robust, practicdipsed, and nonlinear problems, it is
necessary to break faith with the boundanyy feature of the boundary element
method. This is what has been done by adoptingteen element methodlrhe
Green element methdd based on the boundary element theory, and as such the
secondorder accuracy commonly associated with the boundary element method is
retained. HoweveiGreen element methathplements the theory in an glent
by-element manneflocal support)so that, in contrast to the implementation
procedure of BEM in which solution information is coupled for all nodes in the
computational domairfglobal support) GEM couples information of nodes that
share common elemts (Taigbenu, 1999) In this way domain integrations are
more easily carried out, medium variations can be readily accommpdated
nortlinear potential flow problemare easier to handldt is pertinet to comment

that within recent years concerted efforts are now being made to adapt the

boundary element technique to the solution of nonlinear proklf€aigbenu and
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Onyejekwe, 1999) Taigbenu(1999) states that the difficulty in extending the
theory of the boundary element method to nonlinear problems stemmed from the
fact that the boundary element method was implemented to have eglobal support,,
whereasmethodslike FDM and FEMwhich proceed in an elemehy-element
fashion or have elocal support,are better able to handle the nonlinearity and

variation of medium parameters across elements

The Green element implementation procedure follows th#éteofinite element
method Thus the integral representations that result after applying the standard
weighting procedure to the original differential equation in each element are

assembled into a summation of the representations for all the elements.

The method briefly described above was given the na@reen element methpd

by Prof. Jim Liggett of Cornell University in 198 aigbenu, 1999) Green
element method computations may be conducted in eitleeCartesian or the

polar coordinate systemOnyejekwe(2006)points out that there are applications
where the use of polar coordinates ensures better accuracy. The use of polar

coordinates is not investigated in this work.

2.3 Boundary Element Formulation for 3D Laplace
Equation

2.3.1 Basic Integral Equation

The development of th8D Green element methddrmulation to the research
problem is a process that hadtgin with thedevelopnentof the solution for the

3D Laplaceequation which is the steady state case of the research problem with
no forcing term The following is standarboundary elementheory for the
solution of the3D Laplaceequation. GEM is predicated on this theory.

Reference is made tbigure2.1 on pagel4. Consider that we are seeking to find

the solution othe Laplace equation in 3D domain.
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ORu 69 (2.10)

with the following conditions on th&(boundary:

0] Essential conditions of the typed® on o(
N " of .
(i) Natural conditions of the typg é-a—m o4 on oL

Where n is the normal to the boundad®a@-8Cand the dashes indicate that
those values are known. More complex boundary conditions such as a
combination of the above(i.e. dad-dgd¥ where deand Ji are known

parametersand V represents a known valueould be included but will not be

considered for the sake of simplicity.

The error introduced in the above equation if the exact but unknown values of u
and g are replaced by an approximate solution can bamimeed by

orthogonalising them with respect to a weighted function u*, withmal
derivativeq’ 6=61.
off

If R are the residuals, then in general

R 8dRu 80
R 0% 640 80
R, 378 50 (2.1

A standard wighting procedure can then be carried out and the following
expression is obtaine(Brebbia and Walker, 1980; Brebbia and Dominguez,
1992)

FoRu)u" dBVB=@3-a)u’ 3@ pydu)q’ ddc (212)
W ble] oG
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Or, after passing the derivatives on u to the weighting function u* by the process

of carrying out integration by parts twioee get

FORU" )uddVBB 5y d3@-gy dO@ gy dG-E3Ry ddc (213
W bJe] 3G s/} o€

Our aim is nowto render equatiof2.13) into a boundary integral equation, and

this is done by using a special type of function u* called the fundamental solution

which reduces the integrﬁ@%*)udé\/to values of won the boundary.

ow

2.3.2 Fundamental Solution

The fundamental solution u* satisfies Laplace€s equation and represents the
solution generatedn an infinite spacéy a concentratednit forcing function

acting ata point x, commonly referred t@s the source pointStating this in

mathematical terms, the fundamental solution is obtained from

8Ru* 38D39, or dRU* 5B8F (2.14)

Where 6D6‘66(6-xia is the unit forcing function or Dirac daltfunction which

compriseswo arguments, namely the spatial field x and the source poititig a
particularly interesting function that takes a value of zero everywhere except at
the source point where it is infinite, yet its integral over the dpdtimain is
unity. That is

Gipoved (2.15)
oW

Further, integrating the product of the Dirac delta function and any other function

results in the value of the latter at pointhence:
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SpRur) doVB=5gpap dovady, (216
oW

ow

Equation(2.13) can now be written as:

u, S dOB-IRy dOB=CYRY dOG-E§Ry do¢ (217
86 G oG oG

The 1D, 2D, an@D fundamental solutions for isotropic media are as gnehe
equationdelow (Brebbia and Walker, 1980; Taigbenu, 1999) these equations

X; is the source node and r is thetdnhce from the source node to the field node.

3.
2
u* 6=i In } (2D) (2.19
20p r
U 3=L (3D) (2.20)
49p

In the case of anisotropic problenas,if the governing equation has nonconstant
coefficients or nonlinear termsych astraightforwvardundamental solution is ho
available Shiah et al.(2008) point out that he main impediment to the
development of efficient algorithms for the stress analysis of 3D anisotropic
elastic solids using the BEM over theaye is the complexity of the fundamental
solutions and the computational burden to evaluate thero. illustrate the
complexity which the fundamental solution takes for anisotropic media, reference
is made to the work of Wang and Schweizerft®95) who have presented
fundamental solutions for laminated anisotropic shallow shells. Some authors
have presented approximations whereby fundamental solutions for isotropic

media can be used for aotropic mediagNarayanan et al., 1992; Schclar and
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Partridge, 1993) Schclar and Partridgproceeded to express the anisotropic
constants as a sum of average isotropic values and residualpetintiing the

use of an isotropic fundamental solution to solve 3D anisotropic elasticity
problems with the dual reciprocity boundary element method. In this work,

anisotropy is not considered.

2.3.3 Boundary Integral Equation

Equation(2.17) is valid for any point x; in the 3D domain€. In boundary
element theory, it is preferable to apply the equation on the boundary, and hence
we need to investigate what happens wReis on the boundary. A way to
achieve thiss to placex; on the boundarg, and then to assume that the point

is at the centre of a sphere of radtuas presented iRigure2.2. Ase tends to

zero, the resulting equation becatiee speciataseof (2.17) on the boundary.

Treatment of corner poinistackled at a later stage.

Figure 2.2. Boundary points for the three dimensional case, augmented by a

small hemisphere.
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Two types ofboundaryintegrals can be identified iBquation (2.17). They
include the primary variable u and the normal flux g which can be considered not

to have been applied on any part of the bouyndae:

u, By dOBgxy do (2.22)
oG oG

The ntegral of the type shown on the righft Equation(2.21) tends to zero a2

tends to zero, as shown by the following derivation:

;

lim gﬁ@ déé@#l 6% 55

&

54im 2&%

(2.22)

#o o 4

The left hand side behaves in a different manner whdands to zero, as

demonstrated below:

lim 66@* daé@#lm % 6%9

93D é#@ 98 éT éb (2_23)

Thus thetype of integral on the left hand side of equa{id21) producs a free
term. For ts reason, we can write the following expression as thendary

integral equation for three dimensional problems:

(2.24)

Ly sy do@=y do
2 oG oG




In general, the singular integral equation for a source point for the Laplace

equation is:
ku, B4y do@=¢3y’ do¢ (2.25)
4G G

Notice that the coefficier®.5 on y has been replaced by a general coefficient k
becaused.5 only applies for the case whehne included angle is 180 degrees

Liggett and Liu(1983)have shown that the general case when the included angle

is not 180 degrees i 611%6&/%(? where A is the surface area of the portion

of a sphere of radiusgRhat lies inside the domm under consideration. For a
domain discretised in the manner of the finite element method, each of the

elements represents a domain in its own right.

For completeness, we present the form of equéf@d) for a 1D spatial donain
x81d], LC and for a 2D spatialanaindWith boundandG They are:

w ol 8 o8l

for 1D (where k=1 when xis within the domain, and 0.5 when it is at the end

pointg and
ku 34¢3¢y do@=gyy doc (2.27)
oG oG

for 2D wherek=1 when the source point is within the domain, 0.5 on a smooth

boundary, an%al at a corner point with nodal ande
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2.3.4 Dual Reciprocity Boundary Element Formula  tion

The boundaryeement formulation is based on singular integralsd these are
intimately connected with the study of partial differential equatioBsoadly
speaking a singular integral is an integral operasar already given in Equation

(2.9), and repeated below for ease of reference,

(2.9)

u(x) 6%& s)f (s)ds

08¥

whose kernel functiorts is singular along the diagonal = s. Calderon and
Zygmund (1952) noted that while solutions for functions of one variable were
readily available, the corresponding problems for functions of several variables
had little been investigated, and proceeded to praserk on functions in two

variables.

Between 1952 to date, problems of two variables have been reasonably resolved
and the solutions have been applied with adequate success to the solutions of
potential flow problems in 2D domains. Solutions to probl&@m3D using the

singular integral theory have remained largely unresolved.

One of the disadvantages of employing the BEM is that the fundamental solution
of the given differential operator is required. This, in principle, means that only
homogeneous linealifferential equations can be solved by the BEM. There are
various ways to extend the applicability of the BEM to other types of partial
differential equations. Where the differential equatltas a forcing term on the
right hand side of equatiq®.10) (Poisson equation) and/or a temporal derivative
term (diffusion equation), the relevant boundary integration requires evaluation of
a domain integraland BEM looses most of its attractiveness due to thethact

domain discrezation and integratiaare requiredChen et al., 2003)

Techniques for handling this problem of Aeomogeneous terms include

methods for transferring the domain integral to the boundary, and singularity
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progranming. Among various methods for converting domain integrals into
boundary integrals in the BEM for inhomogeneous PDEs, the most successful one
is the secalled dual reciprocity boundary element method (DRBEM), which was
first proposedBrebbia and Nardin{1983) While many variations, such as the
Laplace transform dual reciprocity method, the separation of variables dual
reciprocity method, and the perturbation dual reciprocity method baen
proposed since its birth, the DRBEM is still evolving and many researches are

currently actively involved in this area of reseaficiun and Zhu, 2002)

The main idea of the DRBEM is to divide the smntinto two parts: a known
particular solution of the inhomogeneous PDE plus a complementary solution of
its homogeneous counterpgiPortapila and Power, 2007) Since particular
solutions to complex problemseawery difficult or sometimes impossible to
obtain, the inhomogeneity is approximated by a series of simpler radial basis
n
functions of the formaf@@fj(x) in which f;(x) are interpolation functions and
jox
daare the coefficients to be determined. The particular solutions for the basis

functions can easily be determined.

There are many ways of choosing the basistionsf, (x), but it has been shown

that while the interpolation functions work MWéor 2D problems, they become
nondifferentiable in 3D. In the series of radial basi‘smctionséné’quj(x),

jox
noN 6+ and consists of the N boundary collocation and L internal nodes. To
ensure the accuracy of the DRBEM solatisome internal nodes normally have
to be included. A new technique without any internal collocation points, called
the Multiple Reciprocity boundary element method has been proposed by Nowak
and Brebbig1992) The MRBEM can be thought of as an extension of the idea
of DRBEM. However, instead of approximating the source term by the set of
RBFs, a sequence of functions related to the fundamental solution is introduced.
These functions conslite a set of higher order fundamental solutions which

permit the second Green€s identity to be applied to each term of the sequence. As
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a result, the MRBEM leads, in the limit, to the exact boundary only formulation of
the domain integrals and therefone internal collocation points are needed.
Numerous applicationsf the DRBEMare now availablé¢Natalini and Popov,
2007; Niku and Adey, 1996)

Singularity programming applies to the case whereritftg hand side is from a
singular forcing function, for example borehole operation, and decomposes the
solution into singular and nesingular componentgArcher and Horne, 2000;
Archer and Horne, 2002) The boundary element solution scheme is used to
solve for the nonsingular solution, while the singular solution is kn(ake,

1978)

The keen interest in the boundary element method has lead somehesety

pursue developments for meshless integrations. Some such methods require the
mesh only for background evaluation of the integrals appearing in their weak
form, while others completely eliminate the use of a mesh by approximating the
domain integal by a summation of products of weights and the values of the
integrand at a set of nodes. The weight at each node represents the fraction of the
total area associated with that nd@&i et al., 2004; Dolbow and Belytschko,
1999; Hu et al., 2007; Khosravifard and Hematiyan, 2009; Rosca and Leitao,
2008) Such methods are applicable to domains of homogeneous structure and
can not be adqued for the solutions of potential flows in field aquifers where

inhomogeneity is common.




3. SOLUTION OF THE 3D LAPLACE EQUATION

The objective of the current research project is to develop a numerical formulation
based on the Green element method for -leygendenpotential flow problems

that extends the work done to date for the one dimensional and two dimensional
cases. First the hypothesis was raised that it is possible to develop -a three
dimensional formulation for the Green element method. Assurhaighe three
dimensional formulation could be developed, it was also the objective of the
current project to test if the computational gains that have been reported for the

one dimensional and tadimensional cases do extend to three dimensions.

To accompsh the goal of developing a solution to the 3D Laplace equation, a

number of objectives were undertaken. These objedciedisted below:

development of the Green element formulation for the 3D Laplace equation
- the selection and generation of dis@ation elements

- development of a naming convention for potentials and fluxes to ensure ease

in the handling of these variables during computations

- integrations for the solutions of the partial differential equations within the

elements

matrix manipulations

The result of the work in these objectives is outlined in the sections below.

3.1 Green Element Formulation for 3D Laplace Equation

The essence of Green element method is an element by element implementation
of theboundaryelement theory. All the above thgofor BEM is still applicable.

The relevant integral equation expressed globally for the entire dofsedn
Section2.3.3 as




ku, 34330y dOBLRY’ do¢ (2.25)
oG oG

is equally applicable to any isolatedtpaf the domain, which in our case is a 3D

element denoted a®/v with boundary(, that is:

KU, 330y dO@=gy dox (31
op op

This equation can be referred to as tl@ment or discretised integral equation.
However, it is of interest to obtain the global solution that comprises the solutions
at prescribed positions of all elements used to discretize the entire dénain
That solution is obtaineldy aggregating the contributions of equat{8ri) for all

the elements in such a way that the continuity of the potential u and the
compatibility of the flux are maintained across ird@ment boundaries. This is a
huge challage which is not as easy to implement as stated. It has been addressed
in section3.4 with the help of a carefully devised flux and potential labelling

convention.

3.2 Selection of Discretization Elements

The choice of an elemedepends on the type of problem, the number of elements
desired, the accuracy required, and the availabmputingresources In 3D
analysis, an element can refer either to the surfaces enclosing the dasmain
opposed to curvilinear elements f@D problans, or the solids created by
discretizing the domains. The surface elements are usually of two types:
quadrilateral and triangular, and both can be either flat or curved. In this research,
guadrilateral and triangular flat surface elements have beeteddopn element

can also refer to the solids. eMeed to use solid polyhedrons. A polyhedron is
any 3D body made up entirely of plane surfacéspolyhedron is named after its

number of faces. Thus a tetrahedron is composed ofrfangularfaces, liree of
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which meet at eachiertex and a hexahedron has six plane facBgsms are a

subset of polyhedrons, and they are defined as solid figures whose bases or ends
have the same size and shape and are parallel to one another, and each of whose
sides isa parallelogram. A prism is hamed according to the name of its base (i.e.

shape of its crossection).

Tetrahedron Hexahedrons

. . Rectangular prism
Triangular prism

Figure 3.1. Examples of polyhedra shapes

For our purposes, we have istigated the usage o¢trahedral andhexahedra
elements. For hexahedra elementspecial kind ofthe elements, in which the

plane faces arguadrilateral four-sided, are used.

Tetrahedral elements are the most adaptable type of elements to usg for a
domain shape, and would be preferable over hexahedra elements. For this reason,
the investigation started with the adoption of tetrahedral elements, and thereafter

the hexahedral elements were investigated.
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The study ottriangular andquadrilateral elments calls for a technique by which

we can pass from the x, y, and z global coordinate system (coordinate system 1) to
an elementocalised systendh ok ok wheredl, ob are coordinates in a plane
parallel to the plane of the surface alis the normhato the plane (se€igure

3.2). Thedkh ok ohsystem has beeamferred to as coordinate system 2. In the
process of deriving standardized integration procedures with the aid of Jacobians,
it became necessary o a further paséetweencoordinate system and a
standardized system witkither an isometric triangle of lengths 1x1x1 ar
guadrilateral element of size 2x2 with a local origin at (0,0) and corner points at
(1-1), (1,1), €1,1), and {1,-1). Hencewe definedx dx dxcoordinate system as
Coordinate System 3 which relates to the standardized first order elements as

shown inTable3.1.

N\ oD

Llemen™
(XP’YP,ZP) Surfoce of <€

Wy

Figure 3.2. Triangular surface elements for3D problems.

A choice oftriangular andjuadrilateral elements has been made for this research,
since these are adequate for the type of problem being addressed. A further
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advantage of the choice of these elements is that a grid generation program, GID,

can beutilised for the chore of grid generation.

Table 3.1 shows some of theiangularand quadrilateral surface elements which

can be used, together with their interpolation polynomials. The choice of first
order suraces elements has been made. The signs within the parenthesis of each
of the equations fad/are easily remembered because they correspond to the signs
of dxanddxfor the quadrant in which the node is located. It must be noted that

the elements ifable3.1 are standardized unit elements.

Table 3.1. Triangular and quadrilateral surface elements for 3D problems.

Type Triangular Quadrilateral

Zero Order ofok of54

Constant

Elements

First Order 3fdDx Jf 8= (L5-0)(189Y)
Of 3y Jf 83 (166)(16-9Y)

Bilinear 9f 5 0-O0x0-Ox I 5= (L5-9)(158y)

Elements Jf 62 (10-03(166Y

3.3 Generation of Discretization Elements

Developmentand generatiomf discretization elementsave been thesubject of
considerable studies and in this research it sufficed to proaureleanent
generation algorithm. Various grid generation algoritlaveilable on the market

were studiechnd the results are providedAppendixA.




From the investigations, GIDgrid generation program developed by the
International Centre for Numerical Methods in EngineeringdCIMNE ) was
selected. CIMNE is an autonomous research and developem@ntdedicated to
promoting and fostering advances in the development and appiicafio
numerical methods and computational techniques for the solution of engineering

problems in an international context.

3.4 Potential and Flux Labelling Conventio ns

The labelling convention for the flux is straightforward. At any node x in the

discretisedlomain the potential is denoted by u

(Lorinczi et al., 2009)kdopted the following labellingchemefor fluxes in 2D
domans. The x components of the flux at an internal node are denotgd by
and g.° for the lefttop and the left bottom components @fin the positive x
direction, and byg"" and g~®for the righttop and the righbottom components
of g, in the negative x direction, respectivelgimilarly, for the y components of

the flux, the lefibottom and the righbottom components of the o in the
positive y direction are denoted loy°® and q;°, and the leftop and the rightop

components ofq,in the negative y direction by q," and g respectively.

Needless to say, such a labelling system cannot be ado@&ddamains where
the concept of left, right, top, and bottom becomes confusing. We have developed

a flux labelling system as explained below.

The first step in our flwabelling system is to identify the unique surfaces in the
discretised domain, and tabel them sequentially. Two elements in contact with
each other do so across one unique surface, not across two surfaces as would
result if we allowed a surface from each of the elements. Our grid generation
program, GID, generates 3D elements defingthkir surfaces, and this generates

duplicate surfaces even though the surface numbers do not repeat. We have
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created a script iIFORTRANto identify and remove the duplicate surfaces, and

to label them appropriatelyThis script is provided in provided Appendix C.

The next step is to associate each surface with a reference element. This is
important because in the computations, the positive direction for flux is assumed
to be in the direction normal to the surface and out of the volume. Hengs if it
established in the computations that shefaceis not referenced to the element

the sense of the flux will be reversed.

The final step in the flux labelling scheme is to note the node at which the flux is
positioned. Thusn Figure3.3 g. is referenced to element 1 areders to the
flux that is normal to surfac2 and located at nodg The variable is stored with

information about the element to which it is referenced.

E[QMth 3

/ 7

3
S =
T— <=
S

3
1
E[@m@ht 1 a

2
Etem@ht

2

Figure 3.3. Flux labelling convention
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3.5 Element Integrations for Tetrahedra Elementsin 3D
Domains

Figure 3.4. Example of tetrahedral volume elements generated by GID

software.

For the tetrahedral volumeeshents selected, the plane surfaces are triangles. To
ease the computations, a local coordinate system is defined for each surface over
which the integral is being carried out. The local coordinate is defined in such a
way that the origin is at the codlation point, thedh anddb coordinates are in a
plane parallel to the surface over which the integration is being carried out but
passing through the collocation point, and &e coordinate is perpendicular to

the surfaceKigure3.2). By choosing the local coordinate system in this manner,
the derivativedf/ off in threedimensional space reduces to a derivative in two
dimensional space over the surface, becausentmmal distance from the
collocation point tohie surface is a constanthe derivation of the derivative for

the fundamental solution g* follows from the expression of the fundamental

solution as follows:
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The fundamental solution for the Laplace equation, as has already been observed

in Section2.3.2 is given by:

u 6=1— (2.20)

4dp

The derivative of the fundamental solution over the surface is given by:

o

< of P | 32)
ofh

o aa ow

q o

In Equation(3.2) r is the distance from the collocation point to the surface. With
the local coordinate system defined, we note that over the surface r is given by:

r 8=/04 887 56K (33)
So that

of "2 51 (3.4)
s o4 oo oo 0)° o

Because of the choice of coordinate Systerdkgyver the surface is a constant,

denoted by c. Therefore, from Equat{@®) and Equatiorf3.4), it follows that

_Bdl* ~ 1 off 1 A /2
o 6%6@4@}@{ sef o017 0) "

(35)
53—

4%/2




This is the same as for hexahedra elements

For a discretised integrah domain, Equatio(2.25) can be written as:

N Qae 0 N Qe 3.6
ku &) *d6§§% *déé (39

jox g jox

The solutions for u and g are unknown, but can be written in terms of the nodal
values using interpalimg functions as given ifable3.1. Our goal is then to
solve for these unknown nodal values. The solution will be a mixed solution,

because the nodal values of both the potential u and the flux q will beeabtai

From Equation(3.6), and ing the interpolation functiondf, &, and of for the

elements, we obtain the following result for the teB@* doc
oG

oy, 8

56 ol or o] dofh,3
3G 3G g%g (3.7)

If the product of the interpolation functiodfand g* is denoted bly, then we can

write:

ou, 01
53 0@l h. n.8pal,3
3G 3G g%g

(38)

Where i= source node
j= Surface on which integration is being done

1, 2, 3= Boundaries of surface j




Similarly, for the term¢§gy ddwe have
oG

on. 8.
6:@* d6®>&ﬂjl g“ 2 g” 3é|}3%1l]2 61
5G oG gﬁa g (3.9)

To perform the integrations, it is necessary to obtain the equation of the surface on
which the integrationsre being done, the coordinates of tbellocation point,

and the coordinates on which the normal line from the collocation point intersects
the surface, all in the global coordinate system (Coordinate System 1) initially,
and then using this information to define the local Coordinate Systevith2

origin at the collocation point. All integrations are done in the Coordinate system
3 in a standard fashion. After the integrations are done there is need to scale the
result to the Coordinate system 2. Therefore, the Jacobian of System 2 with

regect to Coordinate System 3 is evaluated.
The equation of a plane in the global coordinate System 1 is given by

AxoByod€zob 69 (3.10

Where A, B, C, and D are constants and can be computed bsinigrée corner
coordinates of the surface. In Equati®10) A, B, and C represent the

components of the vector normal to the plane. Because of this,

(XP3-XI) 8eA/\ A2 382 3€°
(YPBYI) 3TB/ A’ 582 3€°
(ZP3ZI) 8<C/+ A2 3-B° 5€2

(3.11)

Where (XP, YP,ZP) denots the intersection point on the plane, (XI, Yl, ZI)
denots the collocation point, and ¢ denotes the distance from the collocation

point to the intersection point on the plgeeeFigure3.2).




Expressing Equation(8.10) and(3.11) in matrix notation we have

% B C 0 &Koy o8DO
6 0 0 32— .PQ}SQ.XIQ
X 10t ?Pau 5! 5
® 0 1 oo 8 8 8 o1

Thus XP,YP, ZP and c can be evaluated in one sweep using matrix algebra. With
XP, YP, and ZP evaluated we proceed to calcudtedf, dhand o4, dh, dbas
coordinates of corner nodes 1, 2, and 3 of the surface element in the coordinate
System 2. The superscripts represent the nodes, while the subscripts represent the

axes.

Finally, isoparametrianapping is done. The transformation is achieved by the

following relationships:

aéhd aé#ho (313
ansdlf of a;@@gandapazéff of a{%g
383 83




Coordinate
System 3

Coordinate
System 2

Figure 3.5. Transformation from Coordinate System 3 to System 2.

Since 8h, 8p, dh and db, 8h, Jh are constants for any surface eletnehe
above equations yield relationships betwé@anddx dxand betwee@fand oy

0x This relationship arises because the interpolating functgnd/, and of are

functions of dxanddéx

Hence the Jacobian J dfidb system (System 2) with respect to the standardised
0x dx(System 3) can bevaluated.

The transformation is given by the equations
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3w, i )0)
dp 8w, afx 5x0)

Where
W, 6-A0 0ALIXOA2d)
w, 6-B0 8-B1ox0-B2dx (3.19

AOQ, Al, A2 and BO, B1, B2 are constants given by

A0 63
ALdBhddh
A2 53h d9h
B0 895
B189hddh

B2 59 39h (319

The required Jacobian J is defined as

g@ @gg

_988x of

S omsg 610
868x OB

This has been evaluated as

J 3AL* B28-A2* BL 317

The above considerations lead to the following expressions for the integrals




h! 6=¢58, docand g! d=¢¥g, dog. (318)
56 3¢

To achieve transformation from Coordinate syst8nover the standdised
surface dY to Coordinate Syster@ over the surfaced(, we use the following

relationship.

S d&eprd)aron 5= HIHx axv, iy o I * daxday (3.19)

Where 9089 0fxd)0fnd op 5w, 08a)C 4o gien by (3.14) above. The

integrals are listed ifable3.2.

Table 3.2. Representations for surface integralshE and gE .

Item | Coordinate | Coordinate Exact Representation
System 2 System 3
ij * 11 11
h | OB 9 | s daday | 2S+ 3+ x _doxa
56 50 160D 5o, 3,06k, Oxk,Ax K, 0k k.%0)
| OB | gy g | 200+ g % ada;
3 o0 16dp m o R, &, axd-k, Oy 3k, G0 5k, O 5,05 0)°
ii * 11 11
5 oo 1600~ 5o tR, 5k, 0xSk,Ox Sk, 0055k, 0% 54,050
i * 11 11
O | OB B | s idadar | L r 3 g x zd0da:
8 5o 1600~ o, 3k,ax5K,Ox K, 00x 5,0k k.%0)
i * 11 11
9 | OB B | i idadar | 3% e % _dao:
3 5o 1600~ 5o O, 3, Ak, Ox S, 00k, 0 5k, %0)
03 | OB B | goeisdadax | - x 3 e 46.:6.4) dea.
8 50 1690~ 5otk 64Dk, 0xd-k,00x3k, 0 3k, 50)

Becausedfiand dpare given by3.14) above,k,, k;, k,, k;, k,, and k; in Table
3.2 abovehave the following expressions




k, 82 34A0° 3-80

k, 52000* A15-B0* B10)

k, 32* 0A0* A25-80* B2C

k, 52 31> A25-81* B20)

k, 8-A1" 881

k, 8-A2° 8-82° (3.20)

The &cobian (J) is used to make tkealing from coordinate systen3 to
coordinate systen2. The exact representations of the integrals are given in
column 4 of the table.The integrations were done wiMathematicasuite of
numerical analysisOne of themportant features dflathematicais that it can do
symbolicas well asiumericalcalculationgWolfram Research, 2010 Symbolic
computation or algebraic computation relates to the usmawhines such as
computers to manipulatemathematicalequationsand expressions isymbolic
form, as opposed to manipulating the approximations of specific numerical
guantities repesented by those symbd@Watt, 2006) Such a systeris usefulfor
symbolic integration or differentiation substitution of one expression into
another, simplification of an expression, etdathematica camandle algebraic

formulas as well as numbers.

When an attempt was maderexoncile the degrees of freedom with the number

of generated equations at an internal node, it was found that there are four (4)
discreteequationsand sixteen (16) degrees of freedom (12 for the fluxes, and 4
for the potentials)in any mesh, rules existat relate the number of internal and
external sides, vertices, etc. and the total number of elements. These have been
given explicitly for plane meshes of triangles and quadrilaterals, and for solid
meshes of tetrahedral and cuboidal elem@itgng et al., 1970) Thus, for solid
meshes of T elements havinglioundary andfnternal facesy, internal nodes,

E internal and E boundary edges, and H through holes and h cavities, the
following relationships relate the number of elements to the number of faces, the

number of internal nodes, and the number of boundary edgiedes that go
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through a domain (H) and cavities that are internal (h) are frequent stress

concentrators that reqei careful analysis. The relationships are

T a%a(b 5BF, 6)5% E, 6% &, oV, H 6-hs4d (321)

for cuboidal elements, and

T a:jiafb ORF 6%% E, 8€ 8V, 8H 8hod (322

for tetrahedral elaents

The number of nodes represents the numbéntefral equationsthat allow for

nodal solution computationgvhile the number of internal faces is directly related

to the number of unknown fluxes by a factor of three for tetrahedral elements four
for cuboidal elementsTherefore, when an attempt is made to calculate all normal
fluxes, a closure problem is encountered as there are too few integral equations

than unknowns.

This problem of too many degrees of freedom is one that was recognised in 1D
and 2D formulations of theGreen element method. The resolution for 2D
formulations is presented in Taigbhe(®008) In his work, Taigbenu preseut
what he termed the flugorrect Green element formulation for linear and
nonlinear heat transport in heterogeneous méaoiggether witha methodology to
resolve the closure problemHe goes further to explain that in the past this
closure problem was one among other reasons why it was unegttactarry out
direct calculations of the normal derivatives of the primary variable within
internal boundaries in singular boundary integral formulations. The altertative
retaining the internal fluxes is approximating them by a finite differenceessgd

in terms of the nodal potentials as presented in Taig#d8b) Although this is

a viable approach for the 3D tetrahedral elements, it is only explored in this work
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for the simpler cuboidal elements This approach for the cuboidal elements is

presented in a subsequent section.

3.6 Element | ntegrations for Hexahedra Elementsin 3D
Domains

Figure 3.6. Example of hexahedral volume elentgs generated by GID software.

As earlier done for tetrahedral elements, the Green element calculations for
hexahedra elements involves surface integrations, but this time over quadrilateral
surfaces as opposed to triangular surfac&s. ease the computans, a local

coordinate system is defined for each surface over which the integral is being

carried out(Figure3.7).
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Figure 3.7. Quadrilateral surface elements foBD problems.

The local coordinate is defined in such a way that the oisgat the collocation
point, thedfiand df1coordinates are in a plane parallel to the surface over which
the integration is being carried out but passing through the collocation point, and

thedb coordinate is perpendicular to the surfasewvas done in Secti@b above.

This is illustrated by equatiorf8.2) to (3.5) in that section

From Equatia (3.6), and using the interpolation functiod¥ % d% and df for

the elements, we obtain the following result for the t@@*dac
oG




ou, o

I
Oy oY of o e déé{i (329

868

The nodal values of the potential have been taken out of the integral operator
because theglo not depend on the spatial variables.

If the product of the interpolation functiodfand g* is denoted by h, then we can
write:

6u16w

S5O doGgy: h'. his b él]ﬁéyz (3:24)
oG oG

ot &

é¢‘4é\

Where i=source node

j= Surface on which integration is being done

1, 2, 3, 4= Boundaries of surface |

Similarly, for the terma:(‘g* ddwe have
oG

o, 6\

3t oeF: o o' 9”4@b§b (329
3G oG ofl 35

§¢I4 é\

To perform the integrationsgy procedure similar to what was followed in the
previous section is followed. Use is madetlbé JacobianJ) of coordinate
System?2 with respect toSystem3.




The equation of a plane in the global coordinate Systemalka®btained in the
same fashion as was done in secBdmfor tetrahedraklements. Thus XP, YP,
ZP and c can be evaluated in one sweep usingxnagiebra, and with XP, YP,
and ZP evaluated we proceed to calculdtedp, o, dpand b, db, b, dhas
coordinates of corner nodes 1, 2ari®l 4of the surface element in the coordinate

System 2. The superscripts represent the nedelg the subscripts represent the
axes.

The interpolation functions given ihable 3.1 for bilinear elements are used to
achieve isoparametric mapping between Coordistetem 2and Coordinate

System 3 Isopararetric mapping is achieved by the following relationships:

aépa gé/g gl
l
onsRlf of of aﬁg andd 6= ot o 0 /gal (3.26)

14

Since o, 8h, 8p, dhand db, 8h, 5h, b are constants for any surfadereent, the

above equations vyield relationships betwé@anddx dxand betwee@fand oy
dxas has been explained befdrence the Jacobian J dhddfsystem $ystem 2
with respect to the standardiséxldx(System 3 can be evaluated.

The transfamation is given by the equations

S 3w, 8 5x0)
S 6w, i x0)
(3.27)
where
w, 8-B00-B1ax0-B2dx5-B33)Fx
w, 0-B0 d-B1Ix0-B29x0-B39,0x

A0, Al, A2, A3 andB0,B1, B2, B3 are constants given by
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A0 3:fpo-op dopaep0

AL38{ahsop sopsapi

A2 58 ah3op sopsapil

A3 3fhsop sepaapd

B0 34{h50h 5ohsaH0M

B138{oh58h 5oh5a0)

B2 5&{obd ok dehdehIM (329
B3 38fhaoh 58 3ap0M

The required Jacobian Jakeadydefinedby Equation(3.16)

g_éﬂ? fﬂgg

_98ax o8,

S omg @316
8688x o8

This has been evaluated as

J 0+006+10x0+235) (3.29

where 10, L1, and 2 are constants evaluated as

L0 8-AL* B25-A2* Bl
L13-B1* (ALS-A3)
L2 5-A3* B23-A2* B3 (3.30)

Note the simplicity of the Jacobian for tlw®ordinatetransformationfor the
tetrahedral elements with triangulsurfacesn Equation(3.17) compared to that

for thehexahedral elements witfuadrilaterakurfacesn Equation(3.29).

The above considerations lead to the following expressions for the integrals




h! 6=¢58, docand g! d=¢¥g, dog. (331)
56 3¢

To achieve transformation from Coordinate sys&ta Coordinate Syster® we

use the following relationship.

S ddeedan 53 HHHx axdw, Mx @] 3 * doxsy (332

Where dpdw, M axdland d4 8w, ifxxd areas given by Equatio(8.27) above
dY and o( represent the standardised surfaceGoordinate system 3and the
integration surfacén Coordinate System 2 respectivelf¥he integrals are listed
in Table3.3.
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Table 3.3. Representations for surface integralshE and gE :

Item | Coordinate | Coordinate Exact Representation

System 2 System 3

| a% @ gﬁm@ % é 8(6-@(6-52‘(6-@53@(0 8+19x6+. 24,
5 166/9 i sopsop0)°

0161

Jﬁfda

ééa(aﬁg(aa x3-0,0xD(0 5+ 19x6+ 29,0 J i

)| 8 A | e o
66 oo i sonop0)

5181 165,0

i 2@ = %&wd@d % é éa(éﬁg(éﬁ 55{5@(06-&.15{(6{25563 -

b 166/7 i sep5em0)
h | &8 | moc g ok 1 A(6-0x0-8x8-0)0x@)(0 3+ 1%+ 290 J i
= e 166/7 5 000 @ s9p 5050)° a
9} | & ¢ | rma 143da A(6-9x0-0x560x@)(0 5-+19x3+ 29)0 3 Ao
% ooy e 166/9 a0 @ s9p 500 “

gl | BB | s sas " a(aagaagaaﬁ@(oatwf(atza@g Ao
= o 165/9 ;480 o 56p 3020) fd

6161

i SO | - QA(6-9x3-8x58)8xA)(0 3+ 15xd+ 290
s g@ SO Idaxa 166,0 ééu C}éfda

o i sop s ep0)f
T R " 1 1 A(6-0x00x3-00x@)(0 3+ 156+ 29)0 J i
= o 16dp ;8a0 a2 30p 5650 fd

Similar to the previous sectiome Jacobian (J) is used to make the transformation
from coordinate systeito coordinate systed The exact representatioosthe
integrals are given in column 4 of the table. A transformation of the denominator
of the integrand into Coordinate system 3 rendered the integrand highly
complicated to handle, even with the use of MATHEMATICA integration
routines. However, whetihe generalised hexahedral elements were restricted to

cuboids, the symmetry of the elements enabled replacement of those integrals
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which had complex (imaginary) results with the simpler versions, simply by

consideration of symmetry.

When an attempt was @ to reconcile the degrees of freedom with the number
of generated equations at an internal node, it was found that thesex 46
discreteequationsandthirty (30) degrees of freedom (24 for the fluxes, &fdr

the potentials). Approximating théukes by a differencing operation along the
lines of (Taigbenu, 1995js straightforwardin this case, provided that cuboid
elements are used. This provides the motivation for the adoption of cuboid
hexdederalelements. As was noted ir8.5 meshrules exist that relate the
number of internal and external sides, vertices, etc. and the total number of
elements. These have been given explicitly for plane meshes of triandles an
quadrilaterals, and for solid meshes of tetrahedral and culmetabntg Ewing

et al., 1970)




4. POISSON AND THE TIME-DEPENDENT POTENTIAL
FLOW EQUATIONS

To date most applications of GEM are in 1D and 2D dosw&n which time
dependentand nonlinear problems in heterogeneous domains have been
addressed. This chapter describes the 3D GEM formulation fétdisson and

time dependenpotential problem

4.1 General Considerations

Up to Chapte3, aformulation ofthe Green element methddr the ®lution of
the Laplace equation has been presentéddtempts toincorporatethe more
general tetrahedradr hexahedral elementato the formulation meets with the
challenges of expressing the internal fluxes in termghef nodal potentials.

However, this is easier addressed when cuboid hexahedral elements are used.

Extension of the developed methodology to Basson equation (with a forcing
term) and timedependentsecond order parabolic differential equation follows
naturally, and is of more practicapplicationsince a lot of problems in real life
involve externallyinduceddynamic forces that alter equilibrium states from time

to time (Azoury, 1992; Incropera et al., 2006frorthis reason, the extension was
carried out to solve the equation as first introduced in Section 3.1.2, but repeated
below for ease of reference.

KaRu 6:3%:11 8 (x,y,zt) in W (23)

Where 6%#3‘”641' Eﬂc’ﬁ-kgﬂ, S% is the temporal derivative terr

of "oy of of

and f (x,y,zt) is the forcing term.
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We note that the left hand sideEdquation(2.1) has been the subject of the work
carried out in Chapte8, and that it now remains to evaluate the terms on the right.

Three approaches can in general be followed. The first involves eliminating the
temporal derivative by taking the Laplace transfornthef governing equation so

that it becomes an elliptic one. In that case a Poisson equation is solved. Many
authors have followed this approach in Boundary element circles for 2D problems
(Davies and Honnor, 2002; Davies and Crann, 2004; Moridis, 1992; Pozrikidis,
2006; Tanaka et al., 1991) The additional challenge of this approach is

recovering the realodution from the Laplace transformed space.

The second approach involves treating the right hand side of Eqatipras a
forcing term so that it requires solving the Poisson equation. In that case the
Green€s function for tHeaplacian operator is used to construct integrations. The
latter is particularly numerically unattractive in boundary element circles, hence
the use of dual reciprocity principles to transform the domain integrals to
boundary ones (see Secti@8.4. In Green element circles where the source
node always lies in the element over which integration is done, the domain
integration is straight forwardly carried qétrcher, 2005; Taigbenu, 1990)hat

does not preclude the use of dual reciprocity principles as has been carried out by
Popov and PowefPopov and Power, 1996; Popov and Power, 1998; Popov and
Power, 1999)

The third approach involves using the thhependent fundamental solution to

construct the integral equations. That fundamental solution is given as

xR &4)° %9 (4.2)
"§§K(t 59f

u(r,t;r,, 0y 8= f?ll(t [o%%))
St 50y0F

in which r; 8€x,y,) is the source node; 8%x,y)is the field nodem is the
spatial dimension number, anH(t)is the Heavisidefunction (Carslaw and

Jaeger, 1959) The approachis more complicated than that of the Laplace
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operator and presents greater challenges in evaluating the intedtatill
requires evaluating domaimtegrals of the distribution of the potential at the
initial time, and the forcingerm. In 2D, this approach has been pursued by
(Bozkaya and TezeBezgin, 2008; Carrer and Mansur, 2002; Gatmiri and Van
Nguyen, 2005; Taigbenu, 2001; Taigbenu, 2004; Young et al., 2004)

The second approach is followed in this workilhe Green€s function of the
Laplacian operator has been used, implying that the boundary integrations from

the previous chapter remain applicable.

On applying thdundamental solution to Equati¢®.1) andapplying the standard
weighting procedure in the same fashion as was done in Equatikf), the

following equation is the result.

Jefu 6-8@ d-f(x,y, z,H)]u ddv
ow off

3=§@30)u’ dd@YdU)q doG (4.2)
06 3G

It is noted that what remains to be evaluated ar8Ehéomain integrals as given

below.

I, 390FOBH U dxdydz

B 6%@§§%‘§§dxdydz

(4.3)

I, accounts fothe forcing term whileylfor the temporal derivative term.
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4.2 The Forcing Term

The forcing term could either arise from source/sink as in the case of operating
wells or from a distributed input as in the case of recharge from precipitation into
an aquifer. In the first case, the forcing term can be represented by making use of
the Dirac delta function discussed earlier. In that:case

F 3D 8,80 5+,)

(4.4)
whereand F, is the strength of the sourk® source/sink at, 89X, ,Y,,z,)
|, OFPD 8+, )u ddVBE, u,, (4.5)
ow
whereu, 6;
40fr, o4,)

For the second case, tf@cing term in the domain is expressed in terms of the
nodal values of the function usir8D interpolation functions. Using the3D
interpolation functionsd, of &%, of &, df Jf, and df for the hexahedra elemen

(Figure 4.1), we obtain the following result for the term

I, 3P OFOHHL U dxdyd:z:

6F o)

6':26
6F 6

|, 58EOFOH I o o oF ) dxdydgl: a
6|: o)
6| o)

F.5
QFQ

(4.6)
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Where Frepresergthe nodal values of the forcing termdamave beetaken out

of the integral operator because tligynot depend on the spatial variables

The interpolation functiondy, d/3,8 & &, o, Jf, anddffor a linear hexahedra

element with nodes labelled as giverFigure4.1 andlisted inTable4.1.

Coordinates
Nodel 0,0,0)
Node2 6,0,0)
Node3 ,b,0)
Node4Q,b,0)
Node5 0,0,c)
Node6 ,0,c)
Node7 b,c)

Node8(0,b,c)

Figure 4.1.Interpolation functions for a hexahedral element.

Table 4.1. Interpolation Fun ctions

PRRCEEIEED PRI
of GW o 6@%
a;a@% oA

of X222 o a@%
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Since the fundamental solution is given lh)*yc’ij%d a generic expression for the

term 6(‘3@5@@@2 can be obtained by using the term

. Ot 3-ad) 5bd}5<0
" 8
. 0 542 5¢20)

assume a value of zero depending on the expression @¥ the given inTable

and allowing either a, b, or ¢ in the numerator to

4.1 above. This results in the generic expression §QAwH( " dxdydz as

givenby Equation(4.7)

SBORH I C;%gié)éyébxzéayz6-bcx6acy6ab26abc dxdyd: @7

0 542 5¢20)

Mathematica wathenusedto evaluate the integratioms each of the eight terms

represented in Equatida.7).

4.3 The Temporal Derivative Term

The temporal derivative can be &wted in a manner similar to that for the
distributed forcing term. Usintpe 3D interpolation function®, 7, of, of &, &,

of, and df for the linear hexahedra element, pegrform the following analysis to

derive an expression of therm |, 6%@%&@& in Equation(4.3):

We have

u 89f(x,y,2)u; (t) (4.8)

or
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ggé
s
585
udklf oF of of o o of 5{63?2
RG]

d&o
g§ o]
g9
8&d
Therefore:

A sdlr or af of o o of agag'fg
o 62@%6

duj
6>5f¥

(4.9

(4.10)
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I, Brac‘gg’% dxdydz

du.
55— 3BOBEY:

(4.12)

The distribution of u throughout the medi at initial time f is known and our

aim is to start with this known distribution and match forward to determine the
distribution of u athie next time step. Once the distribution of u at this time step

is known we can match forward to the next time step. In general, given the
distribution of u at a previous time step t, our aim is to match forward to the

current time steft+1).

. dy, o - du; U o,
Representig Y by a finite difference expression, J%t— 6T’ we have

RESI TR e

4.12)

Incorporating the forcing term and the temporal derivative term into Equatio
(3.6) results in:

N 0 3 t
ku 666 2 i*daég—ac‘)fa@gét)ui*dxdydﬁ—saéﬁﬁ@@yd%g%g (4.13)
moE a9
6% & *daég
mdE ﬂ

To simplify the expression, we adopt the following abbreviations for matrices in

Equation(4.13) above.
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NQe o, Q (4.14)
H, 60 ; d(’i%_
{

With these simplifications Equatidqd.13) becomes

* du Q0
ku, &+, u, BV, F, 3SW ég%ggeu a, (4.15)
(%]

We utilize an implicitgeneralized timalifferencingscheme to solve the equation.
Explicit methods calculate the state of a systetheturrentime fromits stateat
the previoustime, while an implicit method fils it by solving an equation

involving both theprevious andcturrent state of the system Mathematically, if
u'is theprevioussystem state and™ is thecurrentstate(” t is a small time

step), then, for an explicit method

u* aFu' (4.16)

while for an implicit method one solves an equatbthe form

G(i(t ,u‘a*ﬁaii) (4.17)

: : . . . t+1 :
and requires matrix manipulations in order to evalldté (Burden and Faires,

2001)

It is clear that implicit methods require extra computajanaking them much
harder to implementlmplicit methods are used because many problems arising in

real life arestiff, for which the use of an explicit method requires impractically

-68-



small time steps t to keep the error in the result boundeghieve numerical

stability). For such problems, to achieagjivenlevel of accuracy, it takes much

less computational time to use an implicit method with larger time ddeppite

the additional computationaffort from solving a matribequation of the form
(4.17) at each time step. This is the reason why an implicit scheme is used in this

work.

If the interval between the current time sigpl) and the previousrtie step t is

denoted byoL, equation4.15) can be written at any point within the time interval

for an implicit scheme.lf u'™, g'*represent the statef the potential and flux at

anode at the current time (t+1), anfl, g’ represent the state at the previous time

t, and dds the time weighting factaepresenng the fraction ofd€ between t and
t+1 where the equation is writteimear interpolation between (t+1) and t dictates

thatEquation(4.15) may be rewritten asEquation(4.18) below.

ki 38(3-0d) B+, Ha'* 5(0a) G- (419)

B 58508} Gow g‘g%gﬁﬂ,J (g sa.od) ¢

After gathering all the unknowns to theft and all the knowns to thaght,
equation(4.18) can be rewritten as Equatiof4.19) below.

a%aaﬂ . 5,13% ?.6* 8G, dg'™ 6= (4.19
] 6D .J ij j

G, pod) 6-5@3(66@344 ,j a(aaéaFw 5w, U 3838y ¢

O¢ takes a value between 0 anddad9 results in the explicit scheme.

Equation(4.19) represent8D Greenelement formulatiorfor potential flow which

takes into accourtheforcing term and theemporal derivative term
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4.4 Implementation of the Time -Dependent Green Element
Formulation

Figure 4.2 below demonstrates hothe left hand and the right hand sdef
Equation (4.19) were incorporatedinto the matrices for the solution of the
potentials at each time steplhe algorithm begins with the original H and G
matrices that were developed for the steady state situations. This applies to both
the left handand right handgides of the equation.

In incorporating the time factor into the Green elemwseathod calculaons, we
assume a quasteady state model for performing dynamic simulations. A guasi
steady state model is defined as a sequence of ss&tdyprofilefWalsum and
Groenendijk, 2008) In our case this imj@s that we assume that at each time step
the potentials and the fluxes throughout the domain satisfy the governing partial
differential equation in such a way that instantaneous potential and flux values
would represent the steadtate values if the prailing boundary conditions at
that instance were to be held constant.

In this work we have assumed that the conditions of stetady at each time step

are applicable. This assumption has come into question in recen{Seiert et

al., 2003) In his work,Seibert tested this assumption with an analysis of detailed
groundwater level data along two opposing hillslopes along a stream reach in a
Swedish till catchment at Svartberget. Groundwater levels in aless t© the
stream followed the dynamics of the runoff. The correlation between groundwater
level and runoff decreased markedly for wells further than approximately 40 m
from the stream. The levels were often independent of streamflow: Upslope area
groundwvater could be rising when riparian groundwater and runoff were falling,
and vice versa. There was a high degree of correlation between groundwater
levels at similar distances from the stream. Despite the widespread acceptance of
the steady state assumptigmeviously in this and other study catchments,

Seibert€s study shows that it is not valid for the investigated hillslope site.
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4.5 Matrix Manipulations

In this work, matrices have been used for the storagieeahformation required
for theanalyses. Dataush as the element typemde listsglement connectivity,
element surfacegndpotential and flux variable listand values are all stored in

matrices.

A feature of numerical computation based on discretization elements is the
generation of a large mber of simultaneous equations, and masokers are
required to solve for the unknownn this work, he need to solve simultaneous

equations arisa@s two instances. These instances are:

- the determination of the collocation point and the plane oithwburface

integration is being done,

- the calculation of the potentials and the fluxes using the potential and flux

coefficient matricesvithin steady and transient simulation situations.

These applications of matrix algebra are straightforward and haem b
implemented with matrix manipulations usiagimple matrix solving routine that
utilises the Gauss elimination method and provides for interchanging rowsawhen
zero diagonal coefficient is encountered. The routine is called several tithes as

needarises to solve a particular set of linear equations.

A matrix solver that solves a system of linear equations in the mématdras

been implemented in this work is called a direct solv&topting a commercial

direct solver for our work would yieldome benefit, because such solvers
normally employ a sparse matrix storage technology. Since the potential and flux
coefficient matrices that are generated by our GEM routines are very sparse, the
data access efficiency would increase significantly. Cormmiadedirect solvers

also come with significant implementation specialties aimed at taking advantage

of the structure of the matrices and of the computer architecture.
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Iterative solvers use a different approach to solving large systems of linear
equations. They start with an initial guess which may be a zero vector and go
through an iterative process to update the solution vector using the system matrix
and a preconditioner matrix toachieve solutionconverge. A convergence
criterion is used to determinghethera solution has been reached. If a-pre
determined maximum number of iterations is reached without obtaining the
desired accuracy, the solver exits. For a discussion on the preconditioned
conjugate method see Golub anan Leon(1989)

The decision of whether to use a direct or an iterative solver in a given situation is
not an easy one. The decision depends heavily on the analysis type and model
characteristics. Ketkg1993) has shown that in thermal analysis work, for stiff
thermal problems the direct solution technique converges much faster than the
iterative one and for problems with severe nonlinesriand/or large number of

nodes the iterative approach is more efficient.
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Left Hand Side

Right Hand Side

Start with the original H matrix
created for the steady state
situation

Start with the original G matrix
created for the steady state
situation

Start with the original H matrix
created for the steady state
situation

Start with theoriginal G matrix
created for the steady state
situation

v

2

v

v

Apply the left hand side faate
as dictated by Equatiq@.19)

Apply the left hand side factors
as dictated by Equatiq@d.19)

4

4

Apply the right hand side factors as
dictated by Equatio(¥.19)

Apply the right hand side factors ag
dictated by Equatio(4.19)

v

4

Incorporate the W matrix

A\ 4

Reduce the matrix to remain with aj
many equations as the number of
nodes in the problem.

v

nodes in the problem.

Reduce the matrix to remain with a
many equations as the number of

Modify the resulting matrix to
represent the fluxes by the nod|
potential values.

_J

Add the matrices to create the
multiplier matrix for the unknown
potentials at the current time step (t+1]
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v

Incorporate the W matrix

A 4

Reduce the matrix to remain with a
many equations as the number of
nodes in the problem.

v

Reduce the matrix to remain with a
many equations as the number of
nodes in the problem.

Modify the resulting matrix to
represent the fluxes by the nod
potential values.

-
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v

_
4'| Store the transient Potentials

Multiply the combined matrix with the potentials from the
previous time step (t), andcorporate the forcing term values
from the previous time step (t) and at the current time step. (t+]

g

time step (t+1)

Solve for the potentials at the current

A 4

Figure 4.2. Implementation of Equation (4.19)
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5. RESULTS AND DISCUSSION

Numerical examples serve to demonstrate the computational robustness of the 3D
GEM that has been formulated in the previous chapters. As a start, the examples
have been constructed so they have analytical spotutwith which accuracy
comparison can be made. These examples are in domains that have regular
geometries.  Additional benchmarking is made against FEMWATER finite
element package on the basis of solution accuracy, but no attempt is made to
compare the agoputational efficiencieesf FEMWATER and our GEM because of

their different coding platforms.

5.1 Steady-State Examples

5.1.1 Example 1 € 1D steady flow with potential drop

To test the3D GEM model hereimeveloped, a three dimensional 8ifimx5m
cuboid figure Figure5.1) is used angbotentials are applied on the opposite ends
of the 10m lengthwhile all the other boundaries are specified as zero flux
boundaries. This example is one in which 1D steady flow over a 10madcs
occurs because of a potential drop from 8m at one end to 4m at the other. It is
assumedhe hydraulic conductivity is unity for simplicigndthe exact solution is

a linear distribution of potentialith uniform velocity of 0.4 m/s in the direction
of the potential drop.The domain is discretised withaarse mesh of twelve
elementseachof size 2.5m by 5m by 1.67m. It was observed that the Green
element method replicated the expected result almost exactyie whe
commercialfinite element package, FEMWATER, produced resulith relative
error ranging fron0.09% to 1.84% This illustrates th&igh accuracy that can be

expectedf the Greerelement method.
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Figure 5.1 Computational domain of 1D steady problem

Table 5.1. Comparison of the solutionsof Example 1 by FEMWATER and

GEM.

Node Velocity, Velocity, Error, Velocity,

ID X YA EXACT FEMWATER | FEMWATER | GEM Error, GEM
1 2 5 0.400000000 | 0.399637000 0.09% | 0.400000180 | 0.000045%
8 7 5 0.400000000 | 0.399632000 0.09% | 0.400000006 | 0.000001%
32 7 |13 |5 | 0.400000000 | 0.400369000 0.09% | 0.400000006 | 0.000001%
25 2 |13 |5 [ 0.400000000 | 0.400364000 0.09% | 0.400000006 | 0.000001%
20 7 |3 | 10| 0.400000000 | 0.399250000 0.19% | 0.400000006 | 0.000001%
36 7 | 13 [ 10 | 0.400000000 | 0.392658000 1.84% | 0.400000006 | 0.000001%
31 2 ] 13 ] 10 | 0.400000000 | 0.396478000 0.88% | 0.400000006 | 0.000001%
9 213 10 | 0.400000000 | 0.399521000 0.12% | 0.399999917 | 0.000021%

5.1.2 Example 2 € 2D steady heat conduction

Next we considered the problem of determining the ststatg heat distribution
in a thin square metal plate with dimensions &8rBm (Burden and Faires,
2001) Two adjacent handaries(left and bottom)are held at @, and the
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temperaturen the othetwo boundaiesincreasesinearly from (°C at one corner
to 100C at the top right cornewhere the sides meetlt is assumed that the
thermal diffusivity K for the medium hasumit value. If we place the sides with
zero boundary conditions along theand y axes, the problem is expressed as

ofu 5@ 59 (5.1)
o of

with the boundary conditiong0, y) 89, u(x,0) 86, u(x,0.5) 3200x,u(0.5, y) 3200y
The analytical solution to the above problem is known, and é&400xy .

Since the GEM method that was developed is3@mproblems, it was necessary

to gecify a dimension in the-direction (Figure5.2). A dimensim of 0.5m was
specified in the zirection, while prescribed boundary conditions were adopted
on the x=0, y=0, x=0.5 and y=0.5 planes. The z=0 and z=0.5 planes were kept as
no-flux boundaries.A grid with 4x4x4 cells in the X, y, and z direction was then

created 64 elements)

Figure 5.2 Discretisation of a 0.5mx0.5mx0.5m metallic cube
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The heat fluxes in thex and ydirections are obtained by differentiating the exact

solution.

8 5400y

oA
% 5400x
off

(5.2)
% 59

ofl

Table 5.2. Exact solution toExample 2.

Node | x y z u du/dx | du/dy | du/dz | Magnitude

7 0.125 | 0.375 0 | 18.8 [ 150 [ 50 0 158.1139
14 0.250 [ 0.375 0 |375[150 (100 | O 180.2776
33 0.375 | 0.375 0 1563|150 (150 | O 212.132

16 0.125 ] 0.250 0 | 125 100 |50 0 111.8034
22 0.250 | 0.250 0|25 100 | 100 | O 141.4214
45 0.375 | 0.250 0 |375[100 (150 | O 180.2776
32 0.125 ] 0.125 0 | 6.25 | 50 50 0 70.71068
40 0.250 | 0.125 0 |125 |50 100 | O 111.8034
64 0.375 | 0.125 0 |18.8 |50 150 | 0 158.1139

The performance of the GEM method is givenTiable 5.3 below for all the
internal nodes on the z=0 pland.is evident that the GEM reproduces the exact
solution. The vdues for potentials and fluxes are dimensionless, in line with the

governing equation which is dimensionless.

Table 5.3. Performance of the GEMon Example 2.

Node | x y z u du/dx | du/dy | du/dz Magnitude

7 0.125 ] 0.375 0 | 18.8 [ 150 [ 50 0 158.1139
14 0.250 | 0.375 0 | 375|150 [100 |O 180.2776
33 0.375 | 0.375 0 | 563|150 [150 (O 212.132

16 0.125 | 0.250 0 | 12.5 | 100 [ 50 0 111.8034
22 0.250 | 0.250 0|25 100 [ 100 | O 141.4214
45 0.375 ] 0.250 0 | 375|100 [150 |O 180.2776
32 0.125 ] 0.125 0 | 6.25 | 50 50 0 70.71068
40 0.250 | 0.125 0 | 12.5 | 50 100 | O 111.8034
64 0.375 | 0.125 0 |18.8 |50 150 | O 158.1139
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5.1.3 Example 3 € 3D potential flow example

In this third example, a known analytic solution for the potential of the Laplace
equation is used to generate theundary conditions for the numerical model
which then calculates theotential andvelocity at some specified grid points.
Although this example is better analysed in spherical coordinates)iaonetheless
simulated in Cartesian coordinates with GEM &EMWATER.

Given a scalar field, the Laplace equation in Cartesian coordinates is

O 5 St 580 g 3
of ofy of

The known analytic solution {Kreysig, 1988)

u 3= 3K 54
r

where ¢ and k are constants and</x* 8° 8¢° .

Thefluxes in thex, y, and zdirectionsare easily derived and given Bguation
(5.5).

of 5= X
o O 542 5¢20)
of 5= ocy
off O 52 5¢20)
of 5= o<z
of  Of 52 5¢20)

(5.5)

To avoid the singularity presesat by the analytical solution when any of the
nodes is at the origin in the Cartesian coordinate system, the element was
displacel by 2m inthe xdirection, 3m in the y and 5m in thedrection. The
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domain is discretised uniformly into 16 elements (element size 2.5mx2.5mx2.5m)
in both GEM and FEMWATERKjgure5.3).

Figure 5.3 Domain discretization for Example 3 (3D potential flow problem).

Taking values of ¢ anl to be558.1 and24 2 respectivelythe complete solution

is tabulated imMable5.4 below.

Table 5.4 Exact solution ofExample 3

noses | x |y |2 |« . Of/ON | O/OF | W/ | wagnine
36 2 5 | 6.16441 114.7323 | -4.7649 -7.1474 -11.9123 | 14.6864
42 713 5 ]9.11043 | 85.4568 | -5.1663 -2.2141 -3.6902 6.7239
10 7113 |5 15.58846 | 60.0002 | -1.0313 -1.9153 -0.7366 2.2966
1 2 113|5 14.07125 | 63.8604 [ -0.4006 -2.6040 -1.0015 2.8186
45 713 10 | 12.56981 | 68.5979 | -1.9670 -0.8430 -2.8101 3.5322
22 7 | 13 | 10 | 17.83255 | 55.4949 | -0.6889 -1.2794 -0.9841 1.7550
11 2 | 13 | 10 | 16.52271 | 57.9758 | -0.2474 -1.6084 -1.2372 2.0443
41 213 10 | 10.63015 | 76.6992 [ -0.9292 -1.3938 -4.6460 4.9388
Internal

Nodes X y z r u

8 4.5110.5 | 7.5 ] 13.66565 | 65.0375

19 4518 7.5 11.85327 | 71.2818

30 45155 | 7.5 ] 10.33199 | 78.2143
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The Green element method and FEMWATER were usesimalate the flow
velocities and internal nodal potentials iBra X 10m X 5m cuboid similar to that

of Figure5.3. TheDirichlet conditions derived from the analytical solutimere
specified atthe boundarynodesof the finite Element mesh, and the GEM and
FEMWATER solutions for the velocitat the external nodes and internal node
potentialswere examined. The resulise presenteth Table5.5. It is observed

that for the same discretization of mesh sizes of 2256mx2.5m (16 elements)

the Green element method produced an average error of 10.5% while
FEMWATER producd an average error of 13.9%. To find out how fine the
FEMWATER grids would need tbe to replicate the results of the Green element
method, we performed two more runs with FEMWATER, the second with mesh
sizes of 2.5m2mx2.5m (20 elements) and the third with 2X&mx1.7m (30
elements). At thirty elements the results of the finite elemethod matched
those of the Green element method at 16 elemehisis in this case the Green
element method was able to replicate the finite element method with only 47% of
the discretization.

Table 5.5. GEM and FEMWATER solutions for velocity at external nodesof
Example 3.

EXACT GEM FEM, Mesh 1 FEM, Mesh 2 FEM, Mesh 3

Node
ID Velocity | Velocity | Error | Velocity | Error | Velocity | Error Velocity | Error

36 | 14.6864 | 13.2293 | 9.9% | 10.7951 | 26.5% [ 9.9066 | 32.55% | 10.4997 | 28.5%

42 [ 6.7239 [7.3320 [ 9.0% [6.7942 | 1.0% [6.6305 | 1.39% | 6.8716 | 2.2%

10 [2.2966 | 2.4678 | 7.5% |2.3875 | 4.0% | 2.3468 [ 2.18% [ 2.3775 | 3.5%

1 2.8186 | 3.3095 | 17.4% | 3.1438 | 11.5% [ 3.0499 | 8.21% | 3.1051 | 10.2%

45 35322 |3.8035 | 7.7% |[4.2570 [ 20.5% | 4.2317 | 19.80% | 4.0132 | 13.6%

22 1.7550 |[1.7622 | 0.4% | 19517 | 11.2% [ 1.9271 | 9.81% | 1.8943 | 7.9%

11 [ 2.0443 [2.1673 | 6.0% | 2.4090 | 17.8% | 2.3597 | 15.43% | 2.3036 | 12.7%

41 | 4.9388 [ 6.2293 | 26.1% | 5.8595 | 18.6% [ 5.6402 | 14.20% | 5.2299 | 5.9%

Average Error 10.5% 13.9% 12.95% 10.6%




Table 5.6. GEM and FEMWATER solutions for potential at someinternal

nodesof Example 3.

EXACT GEM FEM, Mesh 1

Internal
Nodes Potential | Potential Error Potential Error

8 65.0375 | 65.25383 | 0.33% [ 60.59915 | 6.82%

19 71.2818 | 71.71393 | 0.61% | 67.79269 | 4.89%

30 78.2143 | 78.66682 | 0.58% [ 75.9464 | 2.90%

Comparison of the GEM and FEMWATER solutions for potentials at internal
nodes is done only with the -B6ement discretization; these internal nodes did not
correspond to grid points in the -2ement and 3@lement discretizations. The
calculated potentials at the internal nodes by GEM and FEMWATER are
presented iTable5.6. GEM shows higher accuracy than FEMWATER.

Graphical representation of the solutidos the flux and potentiaby the three
methods is not easy to achieve in this case because the coordinate systeims take
the three dimensions and the computed potential or flux becomes an item in the
fourth dimension. However, to get a feel of sudution, grahical representations

of the solutions at the-axis elevation of 5.0nere made and the resufty the

potentialare shown irFigure5.4.

Figure 5.4. Plot of potentials at the edvation of z 35.0 for Example 3.
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In Figure5.4 it is observed that the results generated by the three methods, namely
the exact solution, the GEM solution, and the FEMWATER solutions are
indistinguishable from e other for the potentials computed plot was also
made of the fluxes computed by the three metlaodspresentenh Figure5.5.

Bottom layer=Exact, Middle layer=GEM, Top layer=FEMWATER.

Figure 5.5. Plot of fluxes at elevation ofz 856.0 for Example 3.

It is observed that the GEM produces results that are similar to those generated by
FEMWATER, although the GEM does perform slightly better.

5.1.4 Example 4 € 2D Poisson equation example

A 2D potentialflow problem that is governed by the Poisson equation is used to

validate the 3D GEM model. The flow differential equation is

ofu 5@ 54 (5.6)
ofF o
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in the danain 0 0« 84, 00<y d<X. The boundary conditions are:

u(x,0) 87 ,u(x,2) 8%x32)%, 0 & 84 5.7)
u(0,y) 8y*, u(l y) 8%y 84)°, 0 68/ 622

For this differential equation, the exact solution is known and is equal to
u(x,y,z) 8¥x8-y)*> (Burden and Faires, 2001) The example is numerically

solved in 3D by specifying adimension of unit length. The z=0 and z=1 planes
have zero flux prescribed on them, while the specified boundary conditions are

appropriately spefted onother external planes.

The domain wasuniformly discretised into 64 elementgach of size

0.25x0.50x0.2%s shown irFigure5.6 below.

Figure 5.6. Domain discretization for Example 4 (2D Poisson equation).

The following were the comparisons between the computations from the three

methods for the potential at some selected internal nodes.
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Table 5.7. Comparisons between the comgations of the potential from exact solution,
GEM, and FEMWATER at some selectednternal nodes.

FEMWATER GEM

Node

ID X Y Z Exact Value Error | Value Error
12 0.25 | 1.50 | 0.25 1.5625 1.843985 | 18% | 1.744653 | 12%
16 0.50 | 1.50 | 0.25 1 1.369952 | 37% | 1.239443 | 24%
17 0.25 | 1.50 | 0.50 1.5625 1.84465 18% 1.744676 | 12%
22 0.50 | 1.50 | 0.50 1 1.371357 | 37% | 1.239496 | 24%
27 0.75| 1.50 | 0.25 0.5625 | 0.844555 | 50% | 0.692075 | 23%
28 0.25 | 1.50 | 0.75 1.5625 1.84547 | 18% | 1.744669 | 12%
34 0.50 | 1.50 | 0.75 1 1.373688 | 37% | 1.239491 | 24%
37 0.75 | 1.50 | 0.50 0.5625 | 0.847233 | 51% | 0.692075 | 23%
38 0.25 | 1.00 | 0.25 0.5625 | 0.895536 | 59% | 0.777557 | 38%
48 0.25 | 1.00 | 0.50 0.5625 | 0.896619 | 59% | 0.777546 | 38%
49 0.50 | 1.00 | 0.25 0.25 0.691167 | 176% | 0.512837 | 105%
50 0.75 | 1.50 | 0.75 0.5625 | 0.851287 | 51% | 0.692087 | 23%
51 0.50 | 1.00 | 0.50 0.25 0.693214 | 177% | 0.512809 | 105%

It is observed that at allodes the Green element methmetformedbetter than

the finite element method.

Listedin Table5.8 beloware he compasons between the computations from the
three methods for the flux #&te sameinternalnodes as imMable 5.7 above and

listed in Table 5.9 are the comparisons between computations at sexternal

nodes A graphical representation is given below to illustrate the results of the
computations.As already pointed out, graphical representation of the solutions by
the three methods is not easy to achieve for three dimensional analysi®likeaus
coordinate systems take up the three dimensions and the computed potential or
flux becomes an item in the fourth dimension. To develop a feel of the
computation results, graphical representations are made at one elevation, in this

case ar=0.25




Bottom layer=Exact, Middle layer=GEM, Top layer=FEMWATER.

Figure 5.7. Plot of potentials at the elevation o£=0.25for Example 4.




Table 5.8 Comparisons betwea the flux computations from the three methods athe same internalnodes as irrable 5.7

Node

12
16

22
27
28
34
37
38
48
49
50
51

Exact

vy
25

25

15
25

15

15

15

15

<
N

O O O O O O O O O o o o o

Mag
3.535534
2.828427
3.535534
2.828427

2.12132
3.535534
2.828427

2.12132

2.12132

2.12132
1.414214

2.12132
1.414214

FEMWATER

VX
1.93437
2.070375
1.931897
2.067264
2.21534
1.928443
2.062267
2.21433
0.665098
0.662094
0.998358
2.205499
0.995108

vy
-2.25413
-1.59461
-2.25318
-1.59299
-1.15354
-2.25172
-1.59026
-1.14974
-1.52379

-1.5233

-1.0006
-1.14232
-1.00088

\'74
-0.00191
-0.00375
-0.00351
-0.00697
-0.00439
-0.00334
-0.00699
-0.00833
-0.00254
-0.00497
-0.00444
-0.00814
-0.00815

Mag
2.970336
2.613283
2.968006
2.609836

2.49768
2.964649
2.604212
2.495041
1.662618
1.660974
1.413485
2.483785
1.411406

GEM

VX
2.02139
2.02084

2.0213
2.02072
2.18947
2.02132
2.02071
2.18968
0.88977
0.88982
1.05888
2.18962
1.05895

vy
-1.93419
-1.45321
-1.93426
-1.45337
-0.76868
-1.93423
-1.45337
-0.76873
-1.13047
-1.13046
-0.61806
-0.76879
-0.61799

vz
-0.00009
-0.00021
0.00003
0.00002
0
0.00012
0.00003
-0.00005
0.00004
-0.00003
0.00011
-0.00021
0

Mag
2.7977
2.4891
2.7977
2.4891
2.3205
2.7977
2.4891
2.3207
1.4386
1.4387
1.2261
2.3207
1.2261




Table 5.9 Comparisons between thdlux computations from the three methods asome external nodse

Exact FEMWATER GEM
Node
ID VX vy vz Mag VX vy vz Mag VX vy vz Mag
11 -2.5 25 0 3.535534 1.935228 -2.25442 0 2971114 2.2006 -2.00603 0 2977721
13 -2 2 0 2.828427 2.071382 -1.59519 0 2.614432 2.17708 -1.53536 0 2.664024
36 -1.5 1.5 0 2.12132 0.666071 -1.52383 0 1.663042 1.21267 -1.11086 0 1.644557
42 -1 1 0 1.414214 0.999354 -1.0003 0 1.413969 1.23574 -0.56881 0 1.360366
46 -2.5 25 0 3.535534 1.92646 -2.25082 0 2.962674 0.22844 -2.16983 0 2.181824
52 -2 2 0 2.828427 2.058092 -1.58793 0 2.599474 1.68192 -1.962 0 2.584238
57 -0.5 0.5 0 0.707107 1.3338  -0.476497 0 1.416359 0.8128 -0.13446 0 0.823847
61 -1.5 1.5 0 2.12132 2.192552 -1.13506 0 2.468936 -0.85635 -2.60431 0 2.741488
68 -1.5 15 0 2.12132 0.652808 -1.51474 0 1.649423 -0.4319 -1.75669 0 1.809006
71 -1 1 0 1.414214 0.97915  -0.992006 0 1.393847 1.26625 -1.05741 0 1.649695
75 -0.5 0.5 0 0.707107 -0.21432  -0.844958 0 0.871715 0.43438 -0.15781 0 0.462158
78 0 0 0 0 -0.07199  -0.404772 0 0.411124 0.15164 0.29301 0 0.329925
82 -0.5 0.5 0 0.707107 1.287295  -0.469022 0 1.370077 0.42827 -1.6284 0 1.683776
84 0.5 -0.5 0 0.707107 0.064188  0.254087 0 0.262069 -0.05589 0.89007 0 0.891819
94 -0.5 0.5 0 0.707107 -0.20528  -0.810477 0 0.836069 0.08149 -0.33426 0 0.344046
96 0 0 0 0 -0.06525 -0.39325 0 0.398626 -0.13232 -0.02542 0 0.13474
99 0.5 -0.5 0 0.707107 0.059989  0.237861 0 0.245309 1.57025 1.38471 0 2.093589
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Black=Exact, Grey=GEM, Hatched=FEMWATER

Figure 5.8. Plot of fluxes at elevation ofz .25

5.2 Time-Dependent Examples

The performance of the Green element maslelssessed for transient potential
flow examples The first example, for which no exact numerical solution is
available,is the transient simulation of the problem earlier solie@dhe steady
state in Sectio®.1.4 and the last two numerical examples, for which analytical
soluions are availables providedby Carslaw and Jaegé€t959) address the

problem of transient linear diffusion in a bar of unit length.




5.2.1 Example 1 - Transient decay to Poisson equation

Our first example addresses the problem that was solvethéosteady state
situation in Sectiod.1.4 The problem was set at an initial potential of 1.5 for all
the internal nodes, while the boundary conditions were maintained as in Section
5.14. Inthis case the analytical solutidor the transient variation of the nodal
unknownsis not availableso it is assessed whethtre transient solutions from
GEM andFEMWATER converged to their steady state resulifie moded were

run with a time weightig factor of6&0.5 and a time step @®-0.25, and the

results were as tabulatedTiable5.10.

As is expected, the solution does converge to the steady state values of the nodal
potentials. The model was also run with FEMWATER as a claakihe results

are listed in the same table.

Table 5.10. Comparisons between transient potentials fluxes &lode 17 and
Node28as computed by GEMand FEMWATER .

Node 17
Potential Flux

Step No. | Time GEM FEMWATER | GEM FEMWATER
0 0 1.5 1.5 2.166191 2.298097
1 0.25 | 1.745856 1.845869 | 2.786336 2.956004
2 0.5 | 1.744749 1.844698 | 2.797471 2.967817
3 0.75 | 1.74471 1.844657 | 2.797612 2.967967
4 1 1.74469 1.844636 | 2.797667 2.968025
5 1.25 | 1.744682 1.844627 | 2.797688 2.968047
6 15| 1.744678 1.844623 | 2.797696 2.968056
7 1.75 | 1.744677 1.844622 | 2.797699 2.968059
8 2| 1.744676 1.844621 2.7977 2.96806
9 2.25 | 1.744676 1.844621 2.7977 2.96806




Node 28

Potential Flux
Step No. | Time GEM FEMWATER | GEM FEMWATER
0 15 1.5 2.168639 2.298097

0.25 | 1.745816 1.846651 | 2.786366 2.952699
0.5 | 1.744738 1.845511 | 2.797476 2.964473
0.75 | 1.744702 1.845473 | 2.797611 2.964616
1| 1.744682 1.845452 | 2.797666 2.964674
1.25 | 1.744675 1.845444 | 2.797687 2.964696
15| 1.744671 1.84544 | 2.797695 2.964705
1.75 | 1.74467 1.845439 | 2.797698 2.964708
2 | 1.744669 1.845438 | 2.797699 2.964709
2.25 | 1.744669 1.845438 2.7977 2.96471

© 00 N|jo |o|d |Jw N |- O

An attempt was made to model the effect of varying the time weighting @ator

and he time step sizéDon the convergence characteristics of the GEMere

was nonoticeablechange in the manner in which the numerical results converged

to their steady state values. This example does not demonstrate the accuracy of
transient solutionsf the GEM; it only serves to show that the transient simulation

does replicate the solutions at steady state.

5.2.2 Example 2 - Transient diffusion with Dirichlet conditions

Our secondrransientexample is one of heat conduction in a bar of unit length in
which temperatures at both ends are maintained at certain values (steady Dirichlet

boundary conditions) The problem is described by

ofu 6_6&1 (5.8)
"=
of- o

The boundary conditions are(0,t) 04, u(Lt) 69, t d®and the condition at
t 00 is u(x,0) 69.

The exact solution is derived by method of Laplace transform, and is given by




u(x,t) 040 a%é%@ ex;ﬁ(.nzalbt @inaaﬁ(a.x& (5.9)

Our Green element@thod has been formulated to solve problenglimomains,

but the problem with the known solution as outlined above is in one dimension.
To use our model to simulate the edimensional flow, two opposite faces of the
domain(shaded faces ifigure 5.9) have prescribegotentials, while the other

four faces are described as z#itx boundaies.

/

Faces x=0 and x=1 have prescribed fluxes. All other faces arflwer:
faces

Figure 5.9 Boundary value description to simulate onedimensional flow, and
domain discretization.

Domain discretization was done with GID software, and the node labisliasy
shown inFigure5.9. The exact, GEM, and FEMWATER soluticios the

potential (heatareas listedTable5.11 and as shown iRigure5.10 andFigure

5.11. At t=0 the potentia{temperaturevill be zero everywhere in the damn

except ak=0 whereu=1 as specified by the boundary cdiuis, and will begin

to rise steadily with timeFigure5.10 shows that GEM reflects this transient heat
conduction better than FEM. The final state will be that the temperature will vary

linearly fromu=1 atx=0 tou=0 atx=1.
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Table 5.11 Computed potentials at selected time valuesDirichlet conditions.

Exact GEM FEM

Time X u u ERROR u ERROR
t=0.1 0 1 1 0.0% 1 0.0%
0.1 0.82304 0.85627 4.0% 0.889972 8.1%
0.2 0.65466 0.71787 9.7% 0.783263 19.6%
0.3 0.50219 0.59037 17.6% 0.679169 35.2%
0.4 0.37075 0.4737 27.8% 0.577714 55.8%
0.5 0.26276 0.37025 40.9% 0.478593 82.1%
0.6 0.17797 0.27949 57.0% 0.381243 114.2%
0.7 0.11387 0.19945 75.2% 0.285144 150.4%
0.8 0.06635 0.12826 93.3% 0.190183 186.6%
0.9 0.03027 0.06273 107.2% 0.095248 214.7%
1 0 0 0.0% 0 0.0%
t=0.2 0 1 1 0.0% 1 0.0%
0.1 0.8726 0.88582 1.5% 0.89985 3.1%
0.2 0.74791 0.77376 3.5% 0.79963 6.9%
0.3 0.62834 0.66373 5.6% 0.69952 11.3%
0.4 0.51583 0.55711 8.0% 0.59954 16.2%
0.5 0.41157 0.45546 10.7% 0.49975 21.4%
0.6 0.31596 0.35766 13.2% 0.40014 26.6%
0.7 0.22857 0.26424 15.6% 0.30054 31.5%
0.8 0.14813 0.17455 17.8% 0.20105 35.7%
0.9 0.07274 0.08668 19.2% 0.10091 38.7%
1 0 0 0.0% 0 0.0%
t=0.4 0 1 1 0.0% 1 0.0%
0.1 0.8962 0.89683 0.1% 0.90018 0.4%
0.2 0.79278 0.79574 0.4% 0.80024 0.9%
0.3 0.69006 0.69407 0.6% 0.70033 1.5%
0.4 0.58832 0.59431 1.0% 0.60048 2.1%
0.5 0.48772 0.49324 1.1% 0.50071 2.7%
0.6 0.38832 0.39463 1.6% 0.40102 3.3%
0.7 0.29006 0.29565 1.9% 0.30127 3.9%
0.8 0.19278 0.19704 2.2% 0.20155 4.5%
0.9 0.0962 0.09866 2.6% 0.10118 5.2%
1 0 0 0.0% 0 0.0%

The average of the error from GEM and FEM wetleutated at each time step,
and these averages were plotted against figeie5.10, Plot D). The results
show that the errors diminisisyanptotically to zero with time because the values
are tending to the steady state cowdiiti
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Figure 5.10 Computed potentials & selected time valuest 6.1 and t 8.2, Dirichlet conditions.




Plot C:t=0.4 Plot D: Absolute error vs time
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The exact, GEM, and FEMWATER solutions for the heat flux were as listed in
Table5.12 and as shown iRigure5.12 andFigure5.13.

Table 5.12 Computed heat fluxes at selected time valueBirichlet conditions.

Exact GEM FEM

Time X o] q ERROR q ERROR
t=0.1 0 1.784286 1.4398736 19.3% 1.097148 38.5%
0.1 1.740318 1.4061601 19.2% 1.072786 38.4%
0.2 1.614894 1.330073 17.6% 1.04929 35.0%
0.3 1.425954 1.2237977 14.2% 1.02292 28.3%
0.4 1.1989 1.0952456 8.6% 0.994034 17.1%
0.5 0.9614077 0.9679867 0.7% 0.97681 1.6%
0.6 0.7386564 0.8494519 15.0% 0.960945 30.1%
0.7 0.5501937 0.7490586 36.1% 0.948331 72.4%
0.8 0.4089574 0.6741125 64.8% 0.939369 129.7%
0.9 0.3221266 0.6274037 94.8% 0.933145 189.7%
1 0.2928997 0.6094826 108.1% 0.928381 217.0%
t=0.2 0 1.278567 1.1343853 11.3% 0.994346 22.2%
0.1 1.264827 1.1291886 10.7% 0.994586 21.4%
0.2 1.224993 1.1097501 9.4% 0.994544 18.8%
0.3 1.16307 1.0779984 7.3% 0.993583 14.6%
0.4 1.085249 1.0376378 4.4% 0.992154 8.6%
0.5 0.9992553 0.9948146 0.4% 0.991228 0.8%
0.6 0.9135457 0.9509114 4.1% 0.990356 8.4%
0.7 0.8364701 0.9123683 9.1% 0.990442 18.4%
0.8 0.7754672 0.8827474 13.8% 0.990458 27.7%
0.9 0.7363778 0.8617718 17.0% 0.990011 34.4%
1 0.7229224 0.8546944 18.2% 0.986845 36.5%
t=0.4 0 1.038593 1.0140806 2.4% 0.991087 4.6%
0.1 1.036704 1.012638 2.3% 0.991647 4.3%
0.2 1.031222 1.0106372 2.0% 0.992012 3.8%
0.3 1.022684 1.0055702 1.7% 0.991718 3.0%
0.4 1.011926 1.0015112 1.0% 0.991411 2.0%
0.5 0.9999997 0.9937334 0.6% 0.991392 0.9%
0.6 0.988074 0.9896604 0.2% 0.991442 0.3%
0.7 0.9773158 0.9847891 0.8% 0.992339 1.5%
0.8 0.968778 0.9801909 1.2% 0.992903 2.5%
0.9 0.9632965 0.9777798 1.5% 0.992822 3.1%
1 0.9614077 0.9740249 1.3% 0.989721 2.9%

Note fromFigure 5.10 that the gradient of the u plots at small time values near

x=0 is much greater than at greater time values neat x=1. This manifests in the
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flux values being greater at x=0 than at x=1 as is evideRigare5.12. This
variation is captured much better by GEM than FEM. The flux tends to the value
of unit with time everywhere within the domain because of the constantiptsten
applied at the ends of the rod.

The averageof the absoluterrorsfor the flux values show a similar tretmthat

shown by the absolute errors of the potentials for the same reason sited there.
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Plot C: t=0.4 Plot D: Absolute error vs time
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Figure 5.13 Computed heat fluxes at selected time valued$.4 and absolute error vs. times, Dirichlet conditions.




5.2.3 Example 3 € Transient diffusion with Neumann

conditions

Our third example is similar to that of treecond except that unit magnitudd o
flux of heat is maintained at the ends of the bar (Neumann boundary conditions).
The problem is thus described by

ofu 6&1 (5.10)
o ém

. off of L o
The boundary conditions are= 091 and —  04. The initial condition is

o) K we)

u(x,0) 6.

The exact solution is derived by method of Laplace transform, and is given by

u(x,t) 0Bx 6# 6 C& 5 62)ex;i)i{ﬁ(n o) 162)6,6taioﬁn 0 163)05 (5.11)

The same discretizatiofor Example 2of tramsient diffusion with Dirichlet
conditions was usedin this example Kigure 5.9). The exact, GEM, and
FEMWATER solutions for the potential (heat) were as liste@iahle5.13 and as
shown inFigure5.14 andFigure5.15. It is apparent fronfigure5.14 that when
Neumann conditions are specified, the both GEM and FEM are able to calculate
potentialsbetter than when Drhlet comlitions are specified, as is evidenced by
the fact that the shapestbk curves by GEM and by FERpproximate the exact
solution well. As has been the case in all absolute error plots so far, the error from
GEM is less than the error from FEM.




Table 5.13 Computed potentials at selected time values, Neumann conditions.

Exact GEM FEM

Time X u u ERROR u ERROR
t=0.1 0 0.348941 0.413126 18.4% 0.477796 36.9%
0.1 0.256337 0.317784 24.0% 0.379409 48.0%
0.2 0.177798 0.229515 29.1% 0.281930 58.6%
0.3 0.111219 0.148043 33.1% 0.185021 66.4%
0.4 0.053327 0.070500 32.2% 0.087830 64.7%
0.5 0.000000 -0.005049 N/A -0.010109 N/A
0.6 -0.053327 -0.081118 52.1% -0.108976 104.4%
0.7 -0.111219 -0.160113 44.0% -0.209093 88.0%
0.8 -0.177798 -0.244153 37.3% -0.310545 74.7%
0.9 -0.256337 -0.334851 30.6% -0.413614 61.4%
1 -0.348941 -0.432728 24.0% -0.518159 48.5%
t=0.2 0 0.443701 0.466880 5.2% 0.491764 10.8%
0.1 0.346457 0.369298 6.6% 0.392478 13.3%
0.2 0.254454 0.273602 7.5% 0.292760 15.1%
0.3 0.166909 0.179784 7.7% 0.192768 15.5%
0.4 0.082603 0.087122 5.5% 0.091819 11.2%
0.5 0.000000 -0.005192 N/A -0.010388 N/A
0.6 -0.082603 -0.098020 18.7% -0.113651 37.6%
0.7 -0.166909 -0.192108 15.1% -0.217766 30.5%
0.8 -0.254454 -0.288496 13.4% -0.322680 26.8%
0.9 -0.346457 -0.386616 11.6% -0.428052 23.6%
1 -0.443701 -0.488584 10.1% -0.533684 20.3%
t=0.4 0 0.492180 0.492080 0.0% 0.492717 0.1%
0.1 0.392562 0.392381 0.0% 0.393391 0.2%
0.2 0.293673 0.293320 0.1% 0.293536 0.0%
0.3 0.195403 0.194060 0.7% 0.193346 1.1%
0.4 0.097583 0.094860 2.8% 0.092166 5.6%
0.5 0.000000 -0.005148 N/A -0.010317 N/A
0.6 -0.097583 -0.105717 8.3% -0.113872 16.7%
0.7 -0.195403 -0.206842 5.9% -0.218296 11.7%
0.8 -0.293673 -0.308367 5.0% -0.323469 10.1%
0.9 -0.392562 -0.410667 4.6% -0.429007 9.3%
1 -0.492180 -0.512607 4.2% -0.534654 8.6%
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Figure 5.14 Computed potentials at selected time values 69.1 and t 9.2, Neumann condition
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Plot C: t=0.4 Plot D: Absolute error vs time
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Figure 5.15 Computed potentials atselected time values 6.4and absolute error vs. time Neumann condition
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The exact, GEM, and FEMWATER solutions for the heat flux for this second

example were as listed Trable5.14 and as shown iRigure5.16 andFigure5.17.

Table 5.14 Computed heat fluxes at selected time values, Neumann
conditions.

Exact GEM FEM

Time X q q ERROR q ERROR
t=0.1 0 1.000000 1.000000 0.0% 1.000000 0.0%
0.1 0.853310 0.917726 7.5% 0.984659 15.4%
0.2 0.721013 0.847391 17.5% 0.976776 35.5%
0.3 0.616066 0.791330 28.4% 0.969494 57.4%
0.4 0.548714 0.755657 37.7% 0.962982 75.5%
0.5 0.525513 0.743157 41.4% 0.961595 83.0%
0.6 0.548714 0.754671 37.5% 0.962636 75.4%
0.7 0.616066 0.791211 28.4% 0.969162 57.3%
0.8 0.721013 0.847946 17.6% 0.975097 35.2%
0.9 0.853310 0.921111 7.9% 0.989371 15.9%
1 1.000000 1.000000 0.0% 1.000000 0.0%
t=0.2 0 1.000000 1.000000 0.0% 1.000000 0.0%
0.1 0.945345 0.972472 2.9% 1.001771 6.0%
0.2 0.896040 0.947738 5.8% 1.002976 11.9%
0.3 0.856912 0.929529 8.5% 1.004637 17.2%
0.4 0.831789 0.917837 10.3% 1.004617 20.8%
0.5 0.823133 0.913121 10.9% 1.004611 22.0%
0.6 0.831789 0.917878 10.3% 1.004470 20.8%
0.7 0.856912 0.929592 8.5% 1.005165 17.3%
0.8 0.896040 0.949799 6.0% 1.004356 12.1%
0.9 0.945345 0.973940 3.0% 1.004391 6.2%
1 1.000000 1.000000 0.0% 1.000000 0.0%
t=0.4 0 1.000000 1.000000 0.0% 1.000000 0.0%
0.1 0.992408 0.996765 0.4% 1.002775 1.0%
0.2 0.985559 0.993351 0.8% 1.004500 1.9%
0.3 0.980123 0.993069 1.3% 1.006746 2.7%
0.4 0.976634 0.991287 1.5% 1.007282 3.1%
0.5 0.975431 0.990303 1.5% 1.007470 3.3%
0.6 0.976634 0.991342 1.5% 1.007411 3.2%
0.7 0.980123 0.992524 1.3% 1.007880 2.8%
0.8 0.985559 0.995118 1.0% 1.006266 2.1%
0.9 0.992408 0.997914 0.6% 1.005329 1.3%
1 1.000000 1.000000 0.0% 1.000000 0.0%
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In Figure5.14 the V shapes of the flux plots are explained by the fact that the
values at the boundaries have been specified. The exact solution shows that GEM
is able to handle tresients better than FEM. This is evident because the flux plot
for GEM is closer to thexact solution that that of FEMI'he average absolute

errors for the fluxes at each time step is less than that in all the previous cases
This is becausef the specification of the Neumann boundary conditions.

That the average errors tends to zerb wime is because this problem is
essentially in 1D and the errors in the computations do not accumulate to
significant values as has been evident with other 3D simulations in this work.
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Figure 5.16 Computed heat fluxes at selected time value$ 6.1 and t 8.2, Neumann conditions.
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Plot C:t=0.4 Plot D: Absolute error vs time
1.200Q0 100.0GY
90.00
1.000 80.00ks
70.00
0.80046&
60.00C
J 0.6004% Erro 50.00
40.00 4
0.4 ot \
0o 30.00
20.00§ \
0.20046
10.00
0.000¢0 _ _ _ _ _ o.oo-m
0.0 0.2 0.4 0.6 0.8 1.0 1.2 —e— Exac 0 0.5 1 1.5 2 —8— GE
X —a— GEM time FEM
—a— FEM

Figure 5.17 Computed heat fluxesat selected time value$ 9.4 and absolute error vs. time Neumann conditions.
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6. CONCLUSION

Although the study of partial differential equations began in tAeQehtury, the
development of methods for their solution in practically bgsetlems continues

to be a subject of major interest in the research toddwo such partial
differential equatios are the Laplace equation and its variant the Poisson
equationand the timedependent diffusion equation. The fact that these equations
continue to arouse great interest today is understandable, considering the fact that
the equationslescribe phenomenia various branches dfie physical science and

engineering.

A number of techniques and methods, as reviewed in this project, are under
dewlopment for the solution of the differential equatios, and numerical
techniques have proven to be particularly helpful in producing solutions to
practically based potential flows governed by such equations One such technique
is the Green element methowhich is based on the theory of theumdary
element method but is implemented in an element by element method in the

fashion of the Finite element method.

The objective of the research project was to develop a numerical formulation
based on th&reen &ement methodor time-dependenpotential flow problems

that extends the work done to date for the one dimensional and two dimensional
cases to three dimensions. The hypothesis was raised that it is possible to develop
a threedimensional formulation fothe Green element methaahd in the event

that the three dimensional formulation is developed, it was also the objective of
the project to test if the computational gains that have been reported for the one
dimensional and twdimensional cases do extetodthree dimensions.

In this project, extension of th&reen element methotb threedimensional
domains has been accomplishe@he performance®f GEM and FEMWATER
were compared on a number of simple potential flow problems for which
analytical solutios are available. In all cases GEM performed better than

FEMWATER. It was observed that with similar discretization, the Green element
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method generally produces more accurate solutions than the Finite element
method Therefore, the computational gaimterms of accuracyhat ha been
reported for the one dimensional and the-timensional cases do indeed extend

to three dimensionsin real world potential flow problems where the solution is
often not known, the ability to generate an accurate solbggomes particutly
important. Given the second order accuracy afundary element theory that is
utilised by GEM, and the flexibility offered by the element by element
implementation of the theory in the manner of FEM, GEM is able to handle

heterogeneiés arising in real world groundwater aquster

It is also worth noting that theomputational gain observetmes at the expense

of a large flux coefficient matrix, which results due to the utilisatiomlbthe

fluxes normal to the computation planediué elements for all planes that meet at

an internal node.This leads to the closure problem whereby more unknowns are
generated than the available number of equations as elaborated in this report. For
1D and 2D GEM analysis, this closure problem hamnleffectively resolved by
previous researche(3aigbenu, 2008)but this is not the case with 3D analysis.
The closure problem has been circumvented in this project by adopting cuboidal
hexahedra elenmés and approximating the fluxes by their potential difference
expressions Another advantage of adopting cuboidal hexahedral elements is that
it becomes possible to avoid the integrals which generate results with imaginary
components simply by taking aaivtage of the symmetry of the elements. This
allows thereplacement of those integrals which have complex (imaginary) results
with the simpler versionsThere is thus need to resolve tlosure problem either
along the lines of what Taigbenu accomplaiier 2D cases, or along the linels
expressing the fluxes at each node only in terms of three flux variables namely q
gy, and g (Pecher et al., 2001and to implement better integration methods which
can handlehe imaginary componentsThus, we note that although the Green
element method is a very promising new method for the solution of potential flow
problems governed by the Laplace equation and its variants, two major challenges
still need to be resolved, mely the need to resolve the closure problem and the

domains integration which result in imaginaasgmponents. The resolution of
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these challenges will make it possible to utilise the more general tetrahedra and
hexahedra elements without the need to apprate the fluxes by their potential
difference expressions and without the need to rely on the symmetry of the
elements. These will be subject of future research to achieve a more robust 3D
GEM.

A novel system to implement surface compatibility issuasshieen developed and
implemented. This involves associating each surface with a unique surface
identity codethereby precluding duplication sturfaces. This means that where

two elements interact, they do so across one surface shared between the two
elements. With thisystem, it becomes possible teeidify the fluxes using the
surface to which they are perpendicular, and the node at which they are taken.
Ramsak and Skergé&009)have observed that the procedures for resolving these
compatibility issues have not hitherto been developed, and that this has been one
of the issues that has led to the non development of boundary element techniques
for multi-domain systems in 3D problem$his report represents the resolution of

this problem that has slowed down the development d&tkeenelement method

for 3D domains.
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Appendix A. Information on some grid generation softwee available on the market.

Software | Description | Author : Avalilability: Platforms
ADMesh Processes Anthony D. Martin Via http from Has been
triangulated solid| (amartin@engr.csuy http://www.varlog. | compiled on
meshes in STL | Ib.edu) com/products/adm¢ SunOS 4.1.3 and
file format sh/ IRIX 5.2 but
should compile
and run on any
Unix-like system,
and perhaps even
under DOS or
Windows.
AMR1D Adaptive Mesh Download from
Refinement for a http://sdcd.gsfc.nasa.gov/E
fluid element S/exchange/contrib/de
code. Solves the fainchtein/adaptive_mesh_
1D Euler efinement.html
equations on an
unstructured
grid. Primarily
intended as a
learning tool.
BAMG Two- Frederic Hecht The C++source may be
dimensional English downloaded from the
mesh generation| documentation is | BAMG website
and refinement. | available
Casca A 2D mesh Paul Wawrzynek | Binaries may be Include
generator and and Luiz Martha at| downloaded through the Windows95/NT
preprocessor for| Cornell. FRANC2DL homepageSee| PC's and Sun, HP,
FRANC2D (qv) also theCFG Web pageor | DEC Alpha, SGI
andFRANC2DL the Cornell ftp sitein the and IBM
(qv). Casca can appropriate directory (SUN| workstations.
be used as a HP, IBM etc).
mesh generator
for other FE
programs.
Source code may
be available on
request
Chalmesh | A3D Anders Petersoat | Source code compilation | See theChalmesh
overlappinggrid | the Chalmers requires thedDF library honepage
generator. University of andOpenGLor Mesa 3D

Technology.

Compiled versions for
Sun/Solaris and PC/Linux
as well as other platforms
(SGI, HP, DEC).
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Software

Description

Author :

Availability:

Platforms

COG COGeometry is g llja Schmelzer The package may be Souce code (C++)
2D/3D Delaunay downloaded via th€OG | available. Suitable for
grid generation Webpage Unix/Linux OS.
package
including local
mesh refinement
COG is intended
as an eventual
replacement for
IBG (qv).

CUBIT CUBIT is a mesh| Sandia National Linux, Solaris, HRPUX, While the software can
generating Laboratories IRIX, MicroSoft be used freely by
program for 2D Windows, MacOS X approved government
and 3D grids. and academic sites,
Both a graphical there is a $300.00
and command distribution fee, and a
line interface are license must be
available. Grids obtainel. See the
can be exported licensing pagdor more
to anumber of information.
finite element
packages,
including
SEACAS (qv)

ABAQUS (qv)
LS-DYNA (qv)
andPatran(qv).

EasyMesh | Delaunaybased | Bojan Niceno From the web site
mesh generator. http://www-

Unstructured dinma.univ.trieste.it/~nirft
high quality 2D c/research/easymesh/
mesh generation

in general

domains

Genie++ Genie++ Primary author Outside the U.S., only Silicon Graphics (SGI)
multiblock, 3D, | Bharat K. Soni executable are available.| workstations with GL,
structured grid | Others include Contact Dr. Soni for morg or Sun workstations
generation Nadesan information. with X11 (X-Genie++).
package. Narenthiran, Ming Genie2D for Windows
Genie2D is &@C | Hsin Shih, Hugh 3.0 or higher.

version for MS
Windows, which
will not generate

3D grids

Thornburg, and
TzuYiYu.
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Software | Description Author : Availability: Platforms

GEOMPAC | Widely used 2D triangular | Barry Joe See thhomepage | The older version

K / 3D tetrahedral finite (bjoe@allstream.n for the new ran under Unix.
element mesh generation | et) version The newer one run
programs. Postscript user' Geompack++ under Windows
guide and other (supersedes NT/95/98.
documentation available. Geompack90).
The newer version does n
include source and is
licensed as freeware

GiD GIiD is a pre/post International UNIX GIiD is a fully
processing environment | Centre for workstations featured but low
(including mesh Numerical (Silicon Graphics, | cost commercial
generation) which can be | Methods in DEC Alpha, Sun, | package. For
adapted to the requiremen Engineering HP, AIX) and details on pricing
of specific finite PC's running etc see th&iD
element/difference/volume Windows 95/NT | homepageA trial
point analysis programs. or Linux. of the professional
GiD can be configured by version of GiD is
the user to write data in an available for
format, hence it is download from this
compatible with all FE website A free
software provided the usel academic version
defines the connection by (limited number of
the means of a problem elements) may alsq
type. GiD generates all the be downloaded.
information (2D/3D
structured/unstructured
meshes, boundary and
loading conditions,
material types, result
visualisation etc) reqred
for the analysis of any
problem using numerical
methods.

GrAL - Grid | GrAL is a generic library | Guntram Berti Available via the

Algorithms | for grid data structures ang web at

Library algorithms operating on http://www.math.t

them. In this context,
"generic" means that
algorithms are dewpled
from grid data structures,
and can be used with any
grid data structure. GrAL
has been inspired by the
C++ STL.

u-
cottbus.de/~béirg
ral. This is
released under an
Open Source
license, and
includes C++
source code and
documentation.
The current
version is 2.
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Software | Description Author : Avalilability: Platforms
GRUMMP | Generation and Carl Ollivier- GRUMMP is By ftp from
Refinement of Goochat UBC distributed in source ftp://tetra.mech.ubg
Unstructured Mied (C/C++) form. It has .ca/pub/GRUMMP/
element Meshes in been successfully built| or via the
Parallel. GRUMMP on systems running GRUMMP
features simplicial mes| Linux 2.0.x, SunOS homepage
generation in 2D,3D; 4.1.4 and IRIX 6.2.
mesh quality
assessment; mesh
manipulation; mesh
improvement etc. A
User's Guide is
available
gmsh Gmsh is a 3D meshing| Christophe Several UNIX systems, Via the web page

program. Line, surface
and volume meshing
are available, using
lines, triangles and
tetrahedral. Requires
the OpenGL library.
Also does post
processing of scalar or
vector fields.

Released under the
GPL

Complete reference
manual is available
the code can be
compiled natively on
Mac OS X (in addition
to Windows and
UNIX/Linux)

Gmsh provides its own
scriptable CAD engine
and posfprocessor;
meshes can now also k
generated by extrusion
(i.e. generate
quadrilaterals,
hexahedra and prisms)
See als@etDP

GeuzaineandJean
Francois Remacle

including Linux,
Solaris, Tru64, AlX,
HPUX, Mac OS X and
IRIX. Also available on
Windows 95/98/NT.

at
http://www.geuz.or
g/gmsh/
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Appendix B. Script listing of the utility to output grid information from GID software for
further processing bya utility in FORTRAN.

Elements

Total: *nelem

ElemID Facel Face2 Face3 Face4 Face5 Face6
*set elems(all)

*loop elems

*Set var facel=((ElemsNum - 1)*6+1)

*Set var face2=((ElemsNum - 1)*6+2)

*Set var face3=((ElemsNum - 1)*6+3)

*Set var faced=((ElemsNum - 1)*6+4)

*Set var face5=((ElemsNum - 1)*6+5)

*Setvar  face6=((ElemsNum - 1)*6+6)

*format "%6i%8i%8i%8i%8i%8i%8i"

*ElemsNum *Facel *Face2 *Face3 *Face4 *Face5 *Face6
*end elems

Faces

Total: *Operation(6*nelem)

Face |Elem |Node Stat Value |Node Stat Value |[Node

Stat Value |[Node Stat Value |

*set elems(hexahedra)

*set var face=0

*set var Stat1=0

*set var Val1=0.0

*set Cond Flux

*loop elems

*set var face=face+1

*set var Nod1l=elemsconec(1)

*set var Nod2=elemsconec(4)

*set var Nod3=elemsconec(3)

*set var Nod4=elemsconec(2)

*forma t "%4i%5i%5i%4i%12.5e%4i%4i%12.5e%4i%4i%12.5e%4i%4i%12.5e"
*face *ElemsNum *Nod1 *Statl *vall *Nod2 *Statl *Vall *Nod3 *Statl
*Vall *Nod4 *Statl *Vall

*set var face=face+1

*set var Nod1l=elemsconec(1)

*set var Nod2=elemsconec(5)

*set var Nod3=elemsconec( 8)

*set var Nod4=elemsconec(4)

*format "%4i%5i%51%4i%12.5e%4i%4i%12.5e%4i%4i1%12.5e%4i%4i%12.5e"
*face *ElemsNum *Nod1 *Statl *vall *Nod2 *Statl *Vall *Nod3 *Statl
*Vall *Nod4 *Statl *Vall

*set var face=face+1

*set var Nod1=elemsconec(1)

*set var Nod2=e  lemsconec(2)

*set var Nod3=elemsconec(6)

*set var Nod4=elemsconec(5)

*format "%4i%5i%51%4i%12.5e%4i%4i%12.5e%4i%4i1%12.5e%4i%4i%12.5e"
*face *ElemsNum *Nod1 *Statl *vall *Nod2 *Statl *Vall *Nod3 *Statl
*Vall *Nod4 *Statl *Vall

*set var face=face+1
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*setv ar Nodl=elemsconec(2)

*set var Nod2=elemsconec(3)

*set var Nod3=elemsconec(7)

*set var Nod4=elemsconec(6)

*format "%4i%5i%5i%4i%12.5e%4i%4i%12.5e%4i%4i1%12.5e%4i%4i%12.5e"
*face *ElemsNum *Nod1 *Statl *vall *Nod2 *Statl *Vall *Nod3 *Statl

*Vall *Nod4 *St atl *vall

*set var face=face+1

*set var Nod1=elemsconec(3)

*set var Nod2=elemsconec(4)

*set var Nod3=elemsconec(8)

*set var Nod4=elemsconec(7)

*format "%4i%5i%51%4i%12.5e%4i%4i%12.5e%4i%4i1%12.5e%4i%4i%12.5e"
*face *ElemsNum *Nod1 *Statl *vall *Nod2 *S tatl *Vall *Nod3 *Statl
*Vall *Nod4 *Statl *Vall

*set var face=face+1

*set var Nod1l=elemsconec(5)

*set var Nod2=elemsconec(6)

*set var Nod3=elemsconec(7)

*set var Nod4=elemsconec(8)

*format "%4i%5i%51%4i%12.5e%41%4i%12.5e%4i%4i1%12.5e%4i%4i%12.5e"
*fac e *ElemsNum *Nod1 *Statl *vall *Nod2 *Statl *Vall *Nod3 *Statl
*Vall *Nod4 *Statl *Vall

*end elems

Nodes

Total: *npoin

NodelD X Y Z Stat
Potential

*Set Cond Potential

*loop nodes

*Set var Status=Cond(1,i nt)

*Set var Poten=Cond(2,real)

*format "%5i%14.5e%14.5e%14.5e%9i%14.5e"
*NodesNum *NodesCoord(1,real) *NodesCoord(2,real)
*NodesCoord(3,real) *Status *Poten

*end nodes

Known Boundary Fluxes

*Set Var Tot=0

*Set Cond Flux *elems

*loop elems *OnlyInCond

*Set Var Tot=Tot+1

*end elems

Total: *Tot

Count Nodel Node2 Node3 Flux
*loop elems *OnlyinCond

*format "%4i%7i%7i%7i%12.5e"
*elemsnum *globalnodes(1) *globalnodes(2) *globalnodes(3) *cond(2)
*end elems

Connectivities
Total: *nelem
ElemID N odel Node2 Node3 Node4 Node5 Node6
Node7 Node8
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*loop elems

*set var Nod1=elemsconec(1)

*set var Nod2=elemsconec(2)

*set var Nod3=elemsconec(3)

*set var Nod4=elemsconec(4)

*set var Nod5=elemsconec(5)

*set var Nod6=elemsconec(6)

*setv ar Nod7=elemsconec(7)

*set var Nod8=elemsconec(8)

*format "%6i%8i%8i%8i%8i%8i%8i%8i%8i"
*ElemsNum *Nod1 *Nod2 *Nod3 *Nod4 *Nod5 *Nod6 *Nod7 *Nod8
*end elems

Fluxes

Total: *Operation(4*face)

Count Face FromNode ToNode

*set var face=0

*loop elems

*set var face=face+1

*set var Froml=elemsconec(5)

*set var From2=elemsconec(8)

*set var From3=elemsconec(7)

*set var From4=elemsconec(6)

*set var Tol=elemsconec(1)

*set var To2=elemsconec(4)

*set var To3=elemsconec(3)

*set var To4d=elemsconec(2)

*format "%  5i%5i%10i%10i"
*QOperation(4*face - 3) *face *Froml *Tol
*format "%5i%5i%10i%10i"
*QOperation(4*face - 2) *face *From2 *To2
*format "%5i%5i%10i%10i"
*Operation(4*face - 1) *face *From3 *To3
*format "%5i%5i%210i%10i"
*QOperation(4*face) *face *From4 *To4
*setvar face=face+1

*set var Froml=elemsconec(7)

*set var From2=elemsconec(3)

*set var From3=elemsconec(2)

*set var From4=elemsconec(6)

*set var Tol=elemsconec(8)

*set var To2=elemsconec(4)

*set var To3=elemsconec(1)

*set var To4d=elemsconec(5)

*format "%5i%5i%10i %10i"
*QOperation(4*face - 3) *face *From1 *Tol
*format "%5i%5i%210i%10i"
*QOperation(4*face - 2) *face *From2 *To2
*format "%5i%5i%10i%10i"
*Operation(4*face - 1) *face *From3 *To3
*format "%5i%5i%210i%10i"
*Operation(4*face) *face *From4 *To4

*set var face=fac e+l

*set var Froml=elemsconec(8)

*set var From2=elemsconec(4)
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*set var From3=elemsconec(3)

*set var From4=elemsconec(7)

*set var Tol=elemsconec(5)

*set var To2=elemsconec(1)

*set var To3=elemsconec(2)

*set var To4=elemsconec(6)

*format "%5i%5i%10i%210i"
*Operation(4*face - 3) *face *From1 *Tol
*format "%5i%5i%10i%10i"
*Operation(4*face - 2) *face *From2 *To2
*format "%5i%5i%210i%10i"
*Operation(4*face - 1) *face *From3 *To3
*format "%5i%5i%10i%210i"
*QOperation(4*face) *face *From4 *To4

*set var face=face+1

*set var Froml=elemsconec(5)

*set var From2=elemsconec(1)

*set var From3=elemsconec(4)

*set var From4=elemsconec(8)

*set var Tol=elemsconec(6)

*set var To2=elemsconec(2)

*set var To3=elemsconec(3)

*set var To4=elemsconec(7)

*format "%5i%5i%10i%10i"

*Operation(4  *face - 3) *face *Froml *Tol
*format "%5i%5i%210i%10i"

*Operation(4*face - 2) *face *From2 *To2
*format "%5i%5i%10i%10i"
*QOperation(4*face - 1) *face *From3 *To3

*format "%5i%5i%10i%210i"
*Operation(4*face) *face *From4 *To4

*set var face=face+1

*set var From1 =elemsconec(6)

*set var From2=elemsconec(2)

*set var From3=elemsconec(1)

*set var From4=elemsconec(5)

*set var Tol=elemsconec(7)

*set var To2=elemsconec(3)

*set var To3=elemsconec(4)

*set var To4=elemsconec(8)

*format "%5i%5i%10i%10i"
*QOperation(4*face - 3) *face *Froml *Tol
*format "%5i%5i%210i%10i"
*Operation(4*face - 2) *face *From2 *To2
*format "%5i%5i%10i%10i"
*QOperation(4*face - 1) *face *From3 *To3
*format "%5i%5i%210i%10i"
*Operation(4*face) *face *From4 *To4

*set var face=face+1

*set var Froml=elemscon ec(1)

*set var From2=elemsconec(2)

*set var From3=elemsconec(3)

*set var From4=elemsconec(4)

*set var Tol=elemsconec(5)

*set var To2=elemsconec(6)
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*set var To3=elemsconec(7)

*set var To4=elemsconec(8)

*format "%5i%5i%10i%10i"
*Operation(4*face - 3) *face *Fr oml *Tol
*format "%5i%5i%10i%210i"
*QOperation(4*face - 2) *face *From2 *To2
*format "%5i%5i%10i%210i"
*Operation(4*face - 1) *face *From3 *To3
*format "%5i%5i%10i%10i"
*Operation(4*face) *face *From4 *To4

*end elems
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Appendix C. Script listing in FORTRAN of the utility to convert output from GID into a
form suitable for the developedGreen element methodsoftware

THIS PROGRAM RBWVRITES TETRAHEDRA OUPUT FROM GID
FOR USE IN POTENTIAL AND FLUX COMPUTATIONS.

40 Elements, 40*4=160 Faces, 40*4=160 nodes, 40*12=480 Fluxes
ALT = Alternative Face ldentities

O0O0O0000O0

PROGRAM ReWrite

USE MSFLIB
USE MSFNLS

C #r#xkrkrrkrkerersx DECLARATIONS

c *Element variables
INTEGER Elems(40), ElemFaces(40,4)
¢ **Face Variables
Character Sig*20(160)
INTEGER Faces2(160),RefElem2(160),FaceNodes2(160,3)
INTEGER Faces(160),RefElem(160),FaceNodes(160,3)
INTEGER Alt(160),Renum2(160),Renum(160)
Integer QStaus2(480)
Real DFI2(480)
Integer QStatus(480)
Real DFI(480)
¢ *Node Variables
INTEGER AlINodes(160),UStatus(480)
Real X(160),Y(160),Z(160),FI1(160)

CHARACTER

FILENAME*12 FILEIN*12,FILEOUT*12,FILEOUT2*12,TString*10
CHARACTER St1*5,St2*5,8*5
Integer Nd1, Nd2, Nd3, P1, P2, P3

Integer NElem

Logical Same
Integer NFaces2,NFaces,JJ

Integer NNodes
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C *kkkkkkkkkkkkkkkkk READ THE DATA
WRITE(*,100)
100 FORMAT(2X,'Enter Name of Output File from GID =>')/)
READ(*,*)FILENAME
FILEIN=Trim(FILENAME) // '.dat'
FILEOUT=Trim(FILENAME) // ".txt'
FILEOUT2=Trim(FILENAME) // ".res'

OPEN(5,FILE=FILEIN,STATUS='OLD)
COUNT=DELFILESQQ(FILEOUT)
COUNT=DELFILESQQ(FILEOUT?2)
OPEN(6,FILE=FILEOUT,STATUS='NEW')
OPEN(7,FILEEFILEOUT2,STATUS='NEW’)

READ(5,*)TString IRead 'Elements'
READ(5,150)TString,NElem!NElem
150 FORMAT(A6,16)
Write(*,*) TString,NElem
Read(5,160)TString 'Read Element labels
160 Format(A6)
Write(*,*) TString

DO 200 I=1,¥lem
Read(5,140) Elems(l)
1,ElemFaces(l, 1),ElemFaces(l, 2)
2,ElemFaces(l, 3),ElemFaces(l, 4)
140 Format(16,419)
Write(*,140) Elems(l)
1,ElemFaces(l, 1),ElemFaces(l, 2)
2,ElemFaces(l, 3),ElemFaces(l, 4)

200 Continue
Read(5,160)TString IA Blank line

READ(5,160)TString I "Faces"
READ(5,150)TString,NFaces2

Write(*,*) TString,NFaces2

Read(5,160)TString IRead Face Labels
Write(*,*) TString

DO 300 I=1,NFaces2
Read(5,310) Faces2(l),RefElem2(l)
1,Nd1,QStatus2(8I - 2),DFI2(3 * |- 2)
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2,Nd2,QStatus2(3 *-11),DFI2(3 * I- 1)
3,Nd3,QStatus2(3 * 1),DFI2(3 * 1)
FaceNodes2(l, 1) = Nd1
FaceNodes2(l, 2) = Nd2
FaceNodes2(l, 3) = Nd3

Write(*,310) Faces2(l),RefElem2(l)
1,Nd1,QStatus3(* | - 2),DFI2(3 * |- 2)
2,Nd2,QStatus2(3 *-11),DFI2(3 * I- 1)
3,Nd3,QStatus2(3 * I),DFI2(3 * I)

300 Continue
310 Format(l5,16,3(15,15,ES13.5))

Read(5,160)TString !'Should read blank
Read(5,160)TString
Write(*,*) TString

READ(5,150)TString,NNodes
Write(*,*) TString,NNodes

Read(5,160)TString
Write(*,*) TString

DO 350 I=1,NNodes
Read(5,360) AllNodes(l),X(1), Y(1),Z(l),UStatus(l),FI(l)
Write(*,360) AllNodes(1),X(1), Y(1),Z(1),UStatus(l),FI(l)

350 Coninue
360 Format(l5,3E16.5,18,E15.5)
c Pause
C rrxkkkkrekai  CREATE FACE SIGNATURES
DO 500 I=1,NFaces2
Nd1 = FaceNodes2(l,1)
Nd2 = FaceNodes2(l,2)
Nd3 = FaceNodes2(l,3)
P1=Nd1
C Find the smallest
If (P1>Nd2) P1=Nd2
If (P1>Nd3) P1=Nd3
C Swap
If (P1 .eq. Nd2) Nd2=Nd1
If (P1 .eq. Nd3) Nd3=Nd1
Nd1=P1
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P2 = Nd2
C Find the smallest
If (P2>Nd3) P2=Nd3
C Swap
If (P2 .eq. Nd3) Nd3=Nd2
Nd2=P2

P3=Nd3

write(St1, '(15))P1
write(St2, '(15)") P2
write(St3, '(15)") P3
Sig()=(Trim(St1)//Trim(St2)//Trim(St3))
C Pause
500 CONTINUE
C werkrkeeakEIND ALTERNATIVE NODE IDENTITIES
Alt(1) = Faces2(1)
Do 550 I=2,NFaces2
Do 530 K=1,(F 1)
Same = MBLE)(Sig(l),Sig(K))
If (.not. Same) goto 520
Alt(l) = Faces2(K) !if same
Exit
520 Alt(l)=Faces2(l)
530 Continue
550 Continue
C ***************R E N U M B E R
JJ=0
do 600 I=1,NFaces2
If (Alt(l) .ne. Faces2(l)) Goto 580
JJ=JJ+1
Rerum2(1)=J3J
goto 590
580 continue
do 585 K=1,1
if (Alt(l) .eq. Faces2(K)) Renum2(l)=Renum2(K)
585 Continue
590 Continue
600 continue

C wrxkkkkres EXTRACT UNIQUE FACES FROM FACES2 TO FACES
NFaces=0
DO 630 I=1,NFaces2
If (Faces2(l) .neAlt(l)) goto 620
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NFaces=NFaces+1
Faces(NFaces)=Renum2(l)
Renum(NFaces)=Renum2(l)

RefElem(NFaces) = RefElem2(l)

FaceNodes(NFaces,1) = FaceNodes2(l,1)
FaceNodes(NFaces,2) = FaceNodes2(1,2)
FaceNodes(NFaces,3) = FaceNode92(1,3

QStatus(3 * NFace?) = QStatus2(3 *1 2)
QStatus(3 * NFacesl) = QStatus2(3 *1 1)
QStatus(3 * NFaces) = QStatus2(3 * 1)

DFI(3 * NFaces 2) = DFI2(3 * I- 2)
DFI(3 * NFaces 1) = DFI2(3 * I- 1)
DFI(3 * NFaces) = DFI2(3 * I)

620 Continue
630 continue

C _~ _~ —~ i~~~ _~

do 640 I=1,NFaces
Write(7,*) I,Faces(l),Renum(l)
640 continue

C ~ ~ ~——— ~

C *kkkkkhkkkhkkkkkkkkkk DELETE EXTRA FACES
c ****0QOn the Elements

Do 700 I1=1,NElem

do 680J=1,4 !4 faces for a tetrahedron

do 650 K = 1,NFaces2

If (ElemFaces(l,J) .EQ. Faces2(K)) ElemFaces(l,J)=Renum2(K)
650 Continue
680 Continue
700 Continue

C *kkkkkkkkkkkkkk *k%k RE _WRITE THE DATA
Write(6,805) 'Elements’
805 Format(A8)
806 Format(A45)
Write(6,150) ‘Total:',NElem
Write(6,806) 'ElemID Facel Face2 Face3 Face4'
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Do 830 I=1,Nelem
Write(6,140) Elems(l)
1,ElemFaces(l, 1),ElemFaces(l, 2)
2,ElemFaces(l, 3),ElemFaces(l, 4)
830 Continue
Write(6,835) "
Write(6,835) 'Faces'
835 Format(A5)
Write(6,150) 'Total:',NFaces
Write(6,836) 'Face |Elem |[Node Stat Value |Node Stat
1Value |[Node Stat Value |'
836 Format(A82)
DO 910 I=1,NFaces
Write(6,310) Faces(l),RefElem(l)
1,FaceNodes(l,1),QStatus(3+2),DFI(3 * |- 2)
2,FaceNodes(l,2),QStatus(3+1),DFI(3 * - 1)
3,FaceNodes(l,3),QStatus(3 * I),DFI(3 * I)
910 Continue

Write(6,835) "
Write(6,835) 'Nodes'
Write(6,150) 'Total:',NNodes
Write(6,936) 'NodelD X Y Z
1Stat  Potential’
936 Format(A74)
DO 1010 I=1,NNodes
Write(6,360) AllNodes(1),X(1),Y(1),Z(1),UStatus(l),FI(l)
1010 Continue

PAUSE

END
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Appendix D. Integrations of the product of the interpolating functions and the fundamental
solutions for surface and volume integrals as performed by MATHEMATICA software.
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