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ABSTRACT

An investigation and analysis of a collection dffefient techniques, for estimating the states of
nonlinear systems, was undertaken. It was fountntiuest of the existing literature on the topic
could be organized into several groups of nonlirdzserver design techniques, of which each

group follows a specific concept and slight vadas thereof.

From out of this investigation it was discoveredtta variation of the adaptive observer could be
successfully applied to numerous nonlinear systgmen only limited output information. This
particular technique formed the foundation on wlaakesign procedure was developed in order to
asymptotically estimate the states of nonlineatesys of a certain form, using only partial state
information available. Lyapunov stability theory smased to prove the validity of this technique,
given that certain conditions and assumptions atesfeed. A heuristic procedure was then
developed to get a linearized model of the errangient behaviour that could form the upper

bounds of the transient times of the observer.

The technique above, characterized by a designitigg was then applied to three well-known
nonlinear systems; namely the Lorenz attractor, Ridssler attractor, and the Van Der Pol
oscillator. The results, illustrated through nuroakisimulation, clearly indicate that the technique

developed is successful, provided all assumptiadscanditions are satisfied.
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GLOSSARY

Observability - a given system is said to be observable if tireent states can be determined

using only knowledge of the system outputs andrttegnal system parameters [1].

Detectability - a linear system is said to be detectable ifr@lmodes that are unobservable, are

stable. An implication of this is that an obseneasystem, will also be detectable [2].

Hurwitz - a matrix is defined as Hurwitz (or Hurwitz stapif it is square and all of its poles

have negative real parts [3].

Diffeomorphism (diffeomorphic transformation) — a diffeomorphissrsignified by an invertible
(vector) function, that maps a continuous diffei@e manifold to another under a change of
coordinates such that the function (or matrix efdiions) as well as its inverse are both

continuous (smooth) [4].

Manifold — a manifold is signified by a topological struetthat resembles a Euclidean space of
the same dimension in a small neighborhood aroant point situated on the manifold. A
differentiable manifold comprises of charts thataineighborhood around a point on the chatrt,
allows the rules of calculus to be applied (i.eifferentiable) [5], [6]. For more on topology

refer to [7].
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1. INTRODUCTION

State observation, also known as state estimasan,concept from control theory which entails
estimating certain states of a system, given a enadltical model and certain output information
of that system. This concept can be extremely lisgdfuticularly in engineering industries since,
given an arbitrary plant, there will always be agrtstate information that is either desired or
needed, but cannot be measured due to certaingalambnstraints, such as inaccessibility of the
sensor location, the cost of instrumentation, @& tuthe abstract nature of the state quantityeto b
measured. Linear observer theory (for determinigjcand stochastic [1], [9] systems) started
coming into fruition around the 1960’s and hasaatied much research ever since. Consequently,
the linear state observer is now well understoadl flzas been successfully applied in numerous
practical scenarios. It is however well known, thatty few real systems are linear by nature, and
a linear observer is usually inadequate when agppdieectly to the system. An approach to
overcome this shortfall of the linear observetpiinearize the system around its operating points
and then only apply the linear observer to estirttatestates at those points. The effectiveness of
this approach is however limited, depending comallg on the degree and nature of the
nonlinearity of the system, and hence it is desgr& change the approach such that an observer
can be constructed for a class of observable, mealisystems, the objective of which is to be a
successful estimator across numerous engineeripigcajons. It is because of this requirement
and the diverse nature of nonlinear systems tlgtéisearch has been undertaken, and has led to

the research question discussed in this dissartatio

Research Question

Assuming an arbitrary nonlinear system of diffel@rgquations of the form



x=g(x)+ Bu

y = h(x).

which nonlinear observer design techniques areogpiate in order to successfully estimate the
states of a given system, assuming that the syistetyservable and that only partial state

information is available?

This dissertation attempts to answer the researektipn, and is organized as follows:

Chapter 2: Literature Survey

Chapter 2 summarizes all the literature that has beviewed and analyzed, in order to gain an
understanding on what has been researched reganéingpic of both general linear and nonlinear
estimation theory. The chapter starts off by byieBvising linear state estimation techniques
developed by the well-known authors Luenberger[[&)] and Kalman [1], [9]. A more extensive
section then follows where literature on nonlingtate estimation is reviewed and analyzed. In this
section, the reader discovers that there are infamerous techniques of estimating the state
information of nonlinear systems, and is exposedht most common and popular of these
methods. It is also highlighted that the theory imadeed been developed over a few decades and
even been applied in some practical applicatiorschvthen leads the reader to the section that
follows. Here, a common application of nonlinedimeation theory is discussed; synchronization
and secure communication. The literature in thigige illustrates how numerous authors have
applied or developed a diverse set of nonlineamasibn techniques in order to provide secure

communication channels, usually masked using atchamaster system.



Chapter 3: Methodology

In Chapter 3, an estimation technique is develdpeatl is based on existing adaptive observer
techniques reviewed in the literature survey, amdenspecifically, based on theory of [11] that
shows the design of an adaptive controller to aghhaotic synchronization. The proof makes
use of Lyapunov stability theory and shows that ¢iner between the state and observer is
asymptotically stable. The application of this t@ige to any nonlinear system (assuming certain
conditions are met) is made simple by a designraikgo that can be followed step by step in order
to construct the observer. The chapter is thenladed by showing how an approximation of the
error transient time can be made through certairdrizations’ in order to achieve a stable linear
error system. Since this theory provides approxonatonly, the resulting linear error transients

can be seen as upper bounds of the actual nonkneartransients.

Chapter 4: Application

The design methodology discussed in Chapter 3as #Hpplied to some nonlinear systems in
Chapter 4 using numerical simulations. The systeorssidered are the Lorenz attractor, the
Rossler attractor, and a 2-dimensional limit cy€lee numerical simulations show that by applying
the technique of Chapter 3, an observer can bdrcated with estimated states that asymptotically
converge to the actual states. This section alswsiow the approximated error transient times

compare to the actual transient times.

Chapter 5: Conclusion

The dissertation is then concluded in Chapter Srevkige findings are summarized, the research

guestion is reconsidered, and a decision is magleeconing whether the research question has been



answered or not. Implications of the findings avasidered and recommended extended research

ideas around the topic are then stated.



2. LITERATURE SURVEY

In order to gain a complete understanding of tipect@nd consequently be in a position to address
the research question, a survey of relevant lileeatvas done. The survey covered literature
published on linear state observation theory ingly 1960'’s, through to current day observer

theory for nonlinear systems.

2.1. State Observation for Linear Systems
Luenberger Observer
The pioneering work in state observation was dgneugnberger [10], [8] in the early 1960’s and
1970’s. He developed the method to design a listzde observer in a deterministic setting. Also
known as the Luenberger observer, it is designedystems of the form
X = Ax + Bu (2.1)
y=Cx (2.2)
wherex € R" is the state vector, € R™ is the input vector, ang € RP is the output vector, and
A€ RV B e R™Y C e RV represents the system dynamics matrix, the in@itixnand the
output matrix respectively. The Luenberger obseagsumes the form
X =A%+ Bu+ L(y — C%) (2.3)
y=Cx (2.4)
The objective is that the observed or estimatadstaasymptotically tend toward the actual states
x. Before the observer can be designed, the systmwmeamust be shown to be completely
observable, and this is done by checking that Hsewability matrix
[C' A'C’' (A)%C' ... (A" 1]
has a rank oh, wheren is the dimension of the system. Once observalsitgstablished, it is

required to calculate the gain mattix such that the dynamics of the observer ensugdsthie
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estimated states converge to the actual staterdiog to Theorem 1 in [8], these dynamics are
determined by the matrd — LC) and the Lemma in [8] states that a matrban be appropriately
chosen such that the poles(df— LC) can be equal to those of a specified matrix. Hefurehe
observer, the poles are chosen to be negativeldstabus ensuring the observer dynamics
requirement, and must also be chosen such thdintieeconstants are smaller than those of the
plant. This will ensure that the observer convetgethe actual states faster than any change due
to the plant dynamics, ensuring accurate estimgatiNnmerous methods exist for calculating the
L matrix, based upon the concept of pole placen@me. of the most common of these methods is
known as the Bass-Gura formula [12]. Unlike therKah filter (which is still to be discussed), this
technique doesn’t require there to be any Gaugdigtribution models of the state and output,
which makes this method considerably simpler asd mmputationally intensive. However, the
drawback is that the model of the observer is mreguio have a high degree of accuracy, and any
system modelling errors or measurement noise wiinediately be reflected in the state

estimations.

Kalman Filter
Around the same time, R.E. Kalman was developingethod [9], [1] for linear state estimation in
a stochastic setting. This theory assumes that#te of a system at time=volves from a previous
state value at time— 1, according to the equations

Xe = AeXe—q + Beup + wy (2.5)

Zy = Cexe + v (2.6)

wherex, is the state vector with, being the state transition model, ands the output withC,
being the observation model,; represents the process noise vector for eachastdtes assumed

to be drawn from a zero mean normal distributiothwinown covarianc®; . v, represents the
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measurement noise for each measurement and isdynrero mean white Gaussian with known
covarianceR, . The estimates of the state vector are deternbygarobability density functions,
instead of absolute or discrete values, and henhce required to know their variances and
covariances. These values are stored in the stat®riance matri¥?, where the terms on the
diagonal are the variances corresponding to eath,sind the other terms are the covariances
between states. The Kalman filter algorithm is e-stage process made up of prediction steps and

update steps.

The prediction steps are
Xejp-1 = AeXp—q)t-1 + Bee (2.7)
Pyeo1 = AtPt—1|t—1Az: + 0Q; (2.8)
Here, a predicted value of the st&teat timet is determined using the state transition matrix at
and the previous state valuetat 1, added to the control input atP;, represents the predicted
state covariance matrix at tirhand evolves from the covariance matrix at1 and the transition

matrix att, added to the current process noise covariance at

The update steps are

K = Pt|t—1CtT(CtPt|t—1Cf + Rt)_l (2.9)
Xeje = Xeje-1 + Ke(ze — CeXyje-1) (2.10)
Pt|t = Pt|t—1 - KtCtPt|t—1 (2.11)

These equations illustrate how the state estiigteand the state covarian®g, are updated at
time t. This however can only be done once the Kalman Kgais computed (see references [9]
and [1] for the derivations d&f;). The above steps are recursive for each timeosteqpthe specified

time duration. The Kalman filter has successfulei applied in real-world applications such as



GPS navigation and tracking, and has been provée t@bust in noisy applications. However,
the requirements for the state and output covagigmde Gaussian makes this technique unusable
for nonlinear applications, since only a linear piag of a Gaussian distribution can produce a

Gaussian distribution.

The linear state observation theory mentioned aliagebeen well developed over the past 50
years and has been useful in numerous real woricappns, however, since most systems are
nonlinear in nature, this theory has its limitasoiherefore an investigation into nonlinear state

estimation techniques was undertaken.

2.2. State Observation for Nonlinear Systems
Extended Kalman Filter
The Extended Kalman Filter [13], [14] was desigf@dsystems of the form
Xe = f(Xeo1,Up) + Wy (2.12)

Zy = h(x;) + v, (2.13)
wheref (+) is the nonlinear state transition model &fte) is the observation model. Referring to
the Kalman filter in Section 2.1 it was highlightétht a Gaussian covariance model applied to a
nonlinear mapping will produce a distribution timat longer is Gaussian and hence the Kalman
filter cannot be used in the nonlinear case. Camnsatty the extended Kalman filter requires that
f () andh(:) be locally linearized around the operating poibys;omputing the Jacobian matrices.
The remainder of the procedure is the same as tiwthKalman filter and makes use of these
linearized matrices. The prediction steps are

Xeje-1 = fRXe-1je-1 Ue-1) (2.14)

Pye-1 = Fe1Peoqje—1Foq + Q¢ (2.15)



The update steps are

K = Pt|t—1HZ(HtPt|t—1HZ + Rt)_1 (2.16)
Xeje = Xgje-1 + Ke(2e — h(Xgye-1)) (2.17)
Pt|t = Pt|t—1 - KthPt|t—1 (2.18)
whereF;_, = Z—i andH; = g—:

Rroqjt—1the—1 Reje—1
The extended Kalman filter has proved to work raabty well in practical applications where
there are moderate nonlinearities, however, iresystthat are highly nonlinear, this method starts
to fail since it relies on local linearizations. @hsignificant nonlinearities are present, thealctu
systems and the linearized systems start deviddogmuch and estimation accuracy is lost.

Consequently, much research has been done to adtleeproblem of estimating the state across

all forms of nonlinear systems.

High Gain Observers

As the name suggests, the point behind high gaserehtion, is to design an observer that makes
use of an adequately strong observer gain thatetiannate’ the effects of the nonlinearity in the
error dynamics. Initially developed by Thau [15]stbon found numerous applications in the
nonlinear control field, [16], [17]. With referent¢e [18], and considering a system of dimension

2, the theory requires the form to be

5(1 = xZ (219)
X, = @(x,u) (2.20)
y = X1 (2.21)

The observer is designed as



X =%+ h(y— %) (2.22)
%= @o(Ru) + hy(y — %1) (2.23)
y=3x (2.24)
whereg, (%, 1) is simply the observer model of the nonlineargiyx, u). Then defining the error
of each state a& = x; — X; andX, = x, — X,, the error dynamics becomes
X = —hX + %, (2.25)

X, = —h,%; + 6(%,u) (2.26)
where 6(¥,u) = @(x,u) — @y(X,u). Here it is required to desidgh = [Zl] in such a way that
2

_hl

AO = —hz

(1)] is Hurwitz (stable). However, this won't be suiict since the effect of the

nonlinearity will still be significant. Considerirtgen the transfer function frod(%, u) to x,

1 1 ]

GO(S) - 52 +h15+h2 S+h1

(2.27)

the idea is to desighl such that sup_.llGo(jw)ll. is minimized, where in this cadell.,

represents thé,- norm [19]. This can be done by lettihg = % andh, = 2 where0 < ¢ « 1.

g2

The transfer function can then be written as

Gols) = (es)? + sga s+a [35 ‘|g‘ “1]
1 2 (2.28)
The observer poles (eigenvalues) willXa& andiz/e wherel; andi, are the chosen roots of the
characteristic polynomiak? + a;1 + a,. Consequently, the small magnitude sofvill cause
sup, »llGo(jw)ll = O(e), and will therefore no longer have a significaffee on the error
dynamics, resulting in an asymptotically stable esber. Due to the high gain, the main
disadvantage of this technique is a peaking phenomé.e. a large overshoot of the estimated

states in comparison to the actual states) duhagransient behaviour which can quickly cause
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any practical control effort to become saturateldis Thonlinear state estimation technique has,
however, been around for a number of years and masgarch has been put into attenuating the
peaking phenomena as well as other issues [20], [[22] inter alia. One other drawback of this
technique is the requirement for the system tadmestormable into the form (2.19) - (2.21), and
since not all systems can undergo this transfoonathis technique will not always be a viable
option. (The form (2.19) - (2.21) is known as tlmmimear observable canonical form and will be

discussed in more detail further on in this disgen).

A review of recent literature covering high gairsebvers will show that the theory is quite well
developed and most of the research covers thecapiph thereof [23], [24], [25]. Since the

estimation method of high gain observers has bemmneemmon, the theory has found application
in certain industries, of which some have startetliqg it into practice, as is discussed in [26],

[27].

Nonlinear Observers through Output Injection
Krener and Isidori proposed in [28], that if it veareeded to observe the state of a nonlinear system

of the form
E=1(© (2.29)

y = h(&) (2.30)

then it is conceivable that there could be someddransformation that could yield a system of

the form

x=Ax+ o) (2.32)

y=Cx (2.32)

11



where the change of coordinates is done by a wamstion x = ®(§). Assuming this
transformation is possible then designing an oleseor this system would simply be designing a
Luenberger observer for a similar linear system.observer for the transformed system would
then be
x=A%+ o) + L(y — C%) (2.33)
with the error dynamics simply being
é=(A—-LC)e (2.34)
where
e=x—2X
The literature then proceeds to show and proventeéhod by which the transformation is
constructed [28]. Notably, a limitation in this eass that the transformation and its inverse must
exist and not be singular, and must hence be aatiforphism. As can be seen, the transformed
state is a function of the original state and outpu
x= ¢(&) = [h() Leh(§) ... LF R(E)]"
where Lsh(§) is the Lie derivative ofi(§) along the trajectories of (). The observability
assumption is that all terms of the transformaticare linearly independent,
i.e.L’}(dh)(é), k =0,..,n—1 are linearly independent. This method of transttiom described
above has formed the foundation of much researth nonlinear observer theory since then,
resulting in the term ‘nonlinear observable canahiorm’ which refers to the form of the system
in the transformed coordinates. The reason fordisg, after the original system has successfully
been transformed, the resulting system will alwagge a structure wherg Cis observable. The
fact that the resulting transformed system (assgmairsuccessful transformation is possible) is

guaranteed to be in an observable form, makesnkttod very powerful, and hence it can be

12



noted that the term ‘nonlinear observable canoriarah’ is ubiquitous in the realms of nonlinear
state estimation. Further literature concerning thansformation and observers of this form can

be seen in [29], and [30].

Sliding Mode Observers

Although sliding mode estimation was developed adoine 1990’s by Drakunov [31], the notion
of sliding modes had already been around for ayears [32] and had found application as a
control method for nonlinear systems. The idearmkiiding mode control is to force the state
trajectories onto a sliding surface (also refeteeds a hypersurface) through a designed control
input. This sliding surface is a stable manifoldhef system and so all trajectories on this maahifol
will reach an equilibrium point. Once this manifafdreached, the controller continuously works
to keep the trajectory on this manifold, and isalisucharacterized by high frequency switching.
There are usually two parts to designing this adrécheme: selection of the sliding surface or
manifold, and designing the feedback in order beetthe trajectory onto this manifold. The sliding
mode observer uses this concept, and it is desigrecth a way that the error trajectories between
the actual and estimated states are also forcedeosliding surface via an equivalent control, and

in turn reach a stable equilibrium point= 0. The observer is designed for systems of the form

x=f(x) (2.35)
y=h(x) € R™ (2.36)
where the observer takes the form
o (OHENTT .
- ( ax ) M(x)sgr(V(t) - H(x)) (2_37)
HereH (x) = col{h,(x), ..., h,,(x)} where
hi(x) = h(x) (2.38)
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hi(x) = L 'h(x), i=1,..,n (2.39)
andh;(x) is the 1" Lie derivative ofh(x) along the trajectories ¢f(x).
V(t) = col{v,(t), ..., v, (t)} where
v1(t) = y(t) (2.40)
Vi1 (0) = (my(R)sgn(w; (¢) — hi(f(t)))eq (2.41)
andM is an(n x n) diagonal matrix, all entrie@n;) being positive. Following the procedure in
[31], the error can be written as= H(x) — H(X) which produces the error dynamics

_ dH()
T — M@)sgr(v (©) — H(%(0)) (2.42)

and so

l[hl (x) — mysgn(vy () — by (2()))

|
5 | ) - mzsgn(vz(t)—hz(x(t)))i
én [hn(x)_mnsgn(;n(t) ha(2(0))] (2.43)
[ ha () = mysgn(v (8) — by (2(0))) }
:| hg(x)—mzsgn(lfz(t) ha(2(1))) |
| 2h) - mnsgn'(vn(t) hn(20)))] (2.44)

Considering the first line of the error equationtenthatv, (t) = y(t) = hy(x). This causes the
termv, (t) — hy(2(t)) = e, and so the first equation becondgs= h,(x) — m;sgr(e;). As long
asmy = |hy(x(¢))|, this will ensure that the first row of the erdymamics will enter the, = 0
sliding mode. Considering the second equation efetilnor dynamics, on thg = 0 surface, the
v,(t) = {mysgn(e;)}., equivalent control term will be equal ta,(x) and therefore

v,(t) — hy(X) = hy(x) — h,(X) = e, , and so similarly, as with the first equation,lasg as
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m, > |hs(x(¢))]|, the second equation of the error dynamics wiktethe sliding mode manifold
for e, = 0. Once all error trajectories have entered ontcsthble manifold, they will go to zero,
and hence the observed states will converge ta¢hel states. For nonlinear systems where the
operating points (or the state values) coincidéwhe equilibrium points, this method proves to
be sufficient. However, further evaluation of timethod will clearly highlight, that when it is
required to observe the state of a system aroumgbarating point that does not necessarily lie on

a stable manifold, then this method will fail tamgduce accurate estimates of the states.

Nonlinear State Observer by Output Vector
In more recent years, much of the development aselarch into estimation theory has been done
on a technique that uses an output vector. Messa@aunzouri and Ksouri [33] consider nonlinear
systems of the form
x=f(x)+Bu+Ed (2.45)
y=Cx (2.46)
wheref (x), Bu, y andEd represent the system dynamics, the known inpatpteasured output
and the unknown inputs respectivey.E, C and the structure gf(x) are known. It is supposed
that f (x) is continuously differentiable. The objective bdkttechnique discussed in [33] is to
design an observer that can asymptotically estithatstates of the nonlinear system (2.45) - (2.46)
without any information on the inpdt The observer takes the form
X=z+Hy (2.47)
wherex is the state estimate amds the output vector is determined by
z = Fpz+ Ky + Tu — P(fz — Dy (fp)X) (2.48)
andF;, K;,T,and H are
Fe = —PD(fz) — K2 C (2.49)
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Kf = Kl)? + FQH (2.50)

PE=0 (2.51)
T = —PB (2.52)
H=({+P)C* (2.53)

Here,P andK, ; are to be chosen by the designérsjs the pseudoinverse 6f(refer to [19]), and
D, (fz) represents the Jacobian of the nonlinedrityith respect tot. The following necessary
conditions are to be satisfied:

1. rank(CE) =rank(E) = p

2. PD,(fz) + Kyz C is a positive definite matrix
wherep is the dimension of the unknown input disturbaribee proof is based on Lyapunov

stability theory and can be seen in more detdB8j.

Similar to the technique described above, ZhaonSHa and Gu have developed an output vector
state observer in [34] for nonlinear Lipschitz unam systems. The systems are of the form

x =Ax+ Bu+ ¢(x,u,t) + Ed (2.54)

y=Cx (2.55)
wherex, u, ¢(x,u,t), y andd represent the state, the known input, the systemlinearity, the
measured output and the unknown ingytB, CandE are all known matrices. For the technique
to successfully construct an observer, three assong are needed. Firstly,
rank(CE) = rank(E) = q (whereq is the dimension of the unknown inpd}. Secondly, the
nonlinearityp (x, u, t) must be Lipschitz continuous, i.e.
loC,u,t) — o uw Ol < yllx—2

where y is the Lipschitz constant and|-|| represents theL,-norm of the vector

@(x,u,t) — @(x,u,t). Thirdly, the unknown input must be bounded, i.e.
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Ja—df <o
wheres is positive and rea(Throughout the rest of the dissertatidinl] will always represent the
L,- norm[19] unless stated otherwis@)he authors make use of Lyapunov stability theasywell

as a lemma (refer icemma 2.}1to prove the observer converges (or, equivalettit the error is

stable).

Lemma 2.1
Consider systems that have been transformed ietfotim (2.54) - (2.55).
If there exist two matrices K, G and a positive syatric matrix P € R™*™ such that
P(A-LC)+(A—-LC)TP <0 (2.56)
ETP =GC (2.57)
then an asymptotic state observer can be consttuptevided certain conditions on the unknown

input are met (for the proof of Lemma 2.1 see [35])

The observer, which asymptotically converges tosthge, can be designed of the form
X=z—Fy (2.58)
wherex is the state estimate ands the output vectoe is determined by
2 = Nz+Ly+Du+ Mp(%,u,t) + Rd (2.59)

N, L, D, M, RandF are all matrices that need to be determined andare so accordingly

Y =pP71Y (2.60)
K=PK (2.61)
U =—E(CE)* (2.62)
V =1I,—- (CE)(CE)* (2.63)
F=U+YV (2.64)
M = (I, + FC) (2.65)
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R = (I, +FOC) (2.66)

D =MB (2.67)
L =K(I, + CF) — MAF (2.68)
N = MA—-KC (2.69)

(CE)* is known as the left inverse 6€E) and reference can be made to [19] for its calmnat

In order to obtairP, Y andK, it is required to find feasible solutions to a e&linear matrix
inequalities (LMI) that have to be satisfied in erdo guarantee error stability. This can be done
numerically using an LMI computation toolbox, whichakes use of convex optimization

techniques (see [36], [37] for more informationsaiving LMI'S).

A brief evaluation of the technique developed i8][&ill make it clear to the reader that it is not
constructive i.e. the matricsandK; ; have to be chosen by the designers in order éoliserver

to work and cannot be constructed or calculateoh fgiven information. Methods such as these
can prove to be frustrating to the estimator desigmce they are not very reliable and the designe
can spend considerable effort in attempting toinkaebitrary matrices that work. The technique
described in [34] however is different and it da@ noted that all the required matrices are
attainable through calculation, and finding plalssisolutions forP, Y andK can be achieved
through solving a set of LMI's. The drawback ofstbeing that the designer must become familiar
with the theory behind solving LMI's and the copeanding tools needed. Further literature

concerning these methods, and the applicationsdhean be seen in [38] and [39].

It can be noted, after extensively reviewing gelhaoaerver literature, that the processing of Linea
Matrix Inequalities has become ubiquitous in tleddfiof estimation theory. This primarily stems

from the use of Lyapunov theory, where it is regdito prove stability of the error dynamics by
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proving that the derivative of the candidate fumetis negative definite. These LMI’s are becoming
more prominent in the literature, and much recesg¢arch in the field of nonlinear observers makes

use of their solutions, see [40], [41], [42] an@][4

State-Dependent Riccati Equation (SDRE) Observer
SDRE methods for estimation started appearingamrégearch community around the mid 1990’s
[44], [45], and has been studied ever since [3@] [ The research published by Mracek, Cloutier
and D’Souza [44] shows that the design of the SEiRE (as it was referred to) reveals a similar
structure to that of the Kalman and extended Kalfiltars, however the main difference being
that where the extended Kalman filter requiresdhierbe a linearization, the SDRE filter makes
use of a state-dependent coefficient (SDC) matra¢ parameterizes the system into a linear
structure. Systems of the general form
x = f(x) (2.70)
y = h(x) (2.71)
are assumed to be representable in the lineatsteuas
x =A(x)x (2.72)
y=C(x)x (2.73)
where A(x) € R™™ andC(x) € R™™ are the state-dependent coefficient matrices.SIDRE
filter is then designed as
x=AR)Z+ K@) (y — C(X)X) (2.74)
with K (t) as the gain matrix, determined by
K@) =P®)CT)W™? (2.75)
Here,P(t) is the solution to the state-dependent Riccatatgn.

ARP@) + PAT(R) — POCTERWIR)CERIPH) +V(R) =0 (2.76)
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where W (x) € R™™ and V(x) € R™"™ are seen as tuning parameters and must satisfy the
conditionsV(x) =0, W(x) >0, Vx € R". It is clear that the solution to the SDRE abave i
found using the SDC matrices, instead of the usystem and output matrices, (©) with constant
parameters. Consequently, the solution will cordusly be changing due to the continuous
changing of the parameters i.e. the observed Sthte.implies that the calculation of the solution

to the SDRE can clearly become quite computatignatensive, since it must be determined at

each time step of the estimation process, an wifaté drawback of this technique.

Finite-time Observers
The discussion to this point has covered mainlyoles that converge to the state asymptotically
i.e. the error tends toward zero as time tendsfinity. However, certain applications require the
estimate to become acceptably accurate withintaiogperiod of time, and hence the finite-time
observer has been developed [47], [48], [49], [BMJre recent literature uses existing finite-time
observer theory but investigates semi-global fiiitee observers on systems of a certain class
[51], as well as those designed for more generstesys, with less restrictions [52]. The design
procedure in [49] considers systems that can bresepted by the nonlinear observable canonical
form

x=Ax+ f(y) (2.77)

y=Cx (2.78)

whereC = [1 0 0], and an observer for the system is designed as

it I P
ai_|a

laz, |
[E (2.79)

+ )+ Py —%1)

where
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kylx; — %1%
- ky[x; — %1797
Oy -2y = | Rl A
knlx, — %m0 (D (2.80)
and[x; — %] = |x; — %1]|%sgn(x; — X;). The error dynamics will consequently become

e = e; —ky[e]*
é; = e3 — kyleg]**7!

én—l =én— kn—l I’el'l(n—l)a—(n—z)

én = —knle "D (2.81)
The observer design follows Theorem 2.1 that prolwasthe error dynamics tend to the origin in
finite time.

Theorem 2.1

Consider the matri¥, that should be made stable by specifying the cabsfains|ky, ..., k,|

accordingly.
—k;, 1 0 0 0
-k, 0 1 0 0
Ay = P
-k, 0 0 0 1
—k, 0 00O (2.82)

Then there exists € [1 - ﬁ ,1) so that for alla € (1 — ¢,1), the error system (2.81)

becomes globally stable in finite time (see [49]tfee proof of Theorem 2.1).

In summary Theorem 2.1 above implies that with appate choices at and(k;)<;<n, the error

can converge to zero in finite time. As mentionadier, this method of estimating the state to zero
error within a finite amount of time certainly hias advantages. For example, the designer will
easily be able to tell if an estimate is accurataai by simply looking at the time passed after a

disturbance or change in the state value. This odetfdiscussed in [49]) is however not
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constructive, and so a feasible solution dependsraanual iterative process to arrive at a working

set of parameters.

It is recommended that the reader refer to [534] f®r more recent literature on finite-time
observers. It can be noted that the theory remsimdar as discussed above, but is applied to

specific types or classes of systems.

Adaptive Observer Design

The concept of an adaptive observer is to estimatéain states of a system as well as to
simultaneously estimate any unknown parametersabfdame system. Estimation techniques that
make use of an adaptation law started with lingatesns theory with Luders and Narendra [55],
and Kreisselmeier [56]. The observer designed @) y#as seen as an equivalent observer to the
Luenberger observer, but just with a different cmee (which was called a parameterized
observer), where it continuously updated the oleseparameters through various adaptation
schemes. The property of this observer to updasnpeters was clearly seen as useful since it was
realized that the quality or accuracy of any desibabserver for a given system could only be as
good as the model of the system itself. Since,eal world applications, it is challenging to
perfectly model a given system, observers that otherwise successfully estimate the required
states, were failing due to mismatched model patensieResearch into adaptive observers has
then been a popular research topic in estimatiearth Early research on this topic for nonlinear
systems includes that of Bastin and Gevers [57fa/itieey propose a transformation of the system

z= f(z,u,p) (2.83)

Yy =2z (2.84)
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wherez is the state vectou is the known inputy is the measurable output, apds a vector of

unknown, possibly time-varying parameters. The iooious, smooth transformation

[g] = T(z,p,cy, -, Cp) (2.85)

is to change the original system into what is ref@to as theanonical adaptive observer form

% =Rx+ Q(w(®))0(t) + g(t) (2.86)
0 k

k= [0 Ao] (2.87)

Y =X (2.88)

Here,x € R", 6(t) € R™ is a vector of unknown time-varying parametél@p(t)) isann X m
matrix with entries ofx; j(w(t)) wherea;; is a known constanty(t) € R™ is a vector of known
functions of the inputs and outputs, ap@) is a vector of known functions ¢fR is ann x n
matrix of constants wherek is known andk = [kq,...,k,] and Ay(cy, ...,c,) is an

(n — 1) x (n — 1) matrix of arbitrary design constants that ared¢ahosen in such a way that

is stable. The form of the system after transforomagppears strange and designing the actual
transformationT (z,p, c) can be quite difficult, however, it does have adages. Bastin and
Gevers [57] point out that firstly, the apparenehr structure of the transformed system makes it
easier to design an adaptive observer for it, @edredly, there are numerous time-varying linear,
time-invariant bilinear, and nonlinear physicalteyss that can be transformed into this form. The
adaptive observer is then designed as

1y

t=Ri+ 0(0®)00 + 90 + [ @59

y=%, J=y-J (2.90)
wherec; is an arbitrary constant, aiid,, ..., ¢,,) are arbitrarily chosen such th&f is stable. The

parameter adaptation law is given by
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6 =To()y (2.91)
wherel' = diag(y,, ..., Ym), Y; > 0is chosen as a positive definite matri¥(t) ande(t) are found
by the solution of an auxiliary filter

V=FV+ Q(w(®)), V(0O)=0 (2.92)

o) =VTk+ ol (w(®)) (2.93)
where(); and( are the first rows and remaining rowsﬁ(fw(t)) respectively. The literature in
[57] then continues to highlight sufficient conditis of the error system stability as well as useful
reachability conditions for a successful transfdioma Continued research into this topic has
‘streamlined’ and simplified the design processisadlustrated in [58], for example. In this

literature, the system again undergoes a transtoymito the form

x=Ax+ f(y)+glu+ P(t)o (2.94)
y = (Cox (2.95)
0O 1 - 0
A=y o il G=mo. 0]
00 - 0 (2.96)

wheref (-) andg(-) are two nonlinear functions in triangular form

f1(x1)

flx) = fz(xyxz)

! fn(x1,x2., ) (2.97)
g1(x1)

g(x) = gz(x}'xz)

In (X1, X2, wev, X) (2.98)

and Y (t) € R™™ is a known matrix and € R™ is a vector of unknown parameters. The
conditions of the transformation are the same@sgimentioned earlier for the Nonlinear Observer

through Output Injection. The adaptive observeéhén designed as
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R=A+ fR) + g@u+ Y®)I@®) + pA K (y — Co%) (2.99)

9= —2EG(Cyk —y) (2.100)
where
1 0 0
o L 0
(:) 6 p‘(’.l‘l) (2.101)

andp is any positive real numbéf.is given by

K= %S_lcOT (2.102)

whereSis a positive definite matrix and is the soluttorthe equation

ATS +SA,+S = ClC, (2.103)
In this instance, assumptions on the system art fita and g(-) are globally Lipschitz
nonlinearities anap(t) is bounded, and thatandd are also bounded. Other than the constraints
onf(-) andg(-), and in certain circumstances the limitationsaifdedness omandé, adaptive
observers have proved to be very useful acrossla variety of systems. The simple concept of
the unknown parameter vector of the model settbridpe actual parameter value of the system as
the error approaches zero, has allowed for grestitmator accuracy given mismatched model
parameters. This concept of adaptation has alsegdrm be quite versatile in certain applications

and it is this versatility that has provided thetivettion for further investigation into this pantier

technique, which will be discussed in greater diétigiher on in this dissertation.

Research in this particular area of adaptive nealiobservers continues and entails extensions of
the theory and the application of the existing tigdo different types of systems. The reader can
refer to [59], [60], [61], [62], [63], [64], [65]66], [67], [68] for more information and most rete

advances on this topic.

25



2.3. A Common Application using Observer-based Meth  ods

The theory researched and discussed in Sectionha®,not only provided control systems
engineers with useful tools to estimate the stafgsrocess variables in the absence of certain
measured data, but has also provided a foundatiote€hniques in synchronization. Observer-
based methods have proven useful in synchronizsigwe system with a given dynamical master
system, by driving it with a scalar signal, or sigfrom only a single channel. An application of
this being secure and encrypted communication, eviaechaotic system is used to mask the
message, and the slave system or receiver is @éestgnrecover it. Early work in this area was
done by Pecora and Carrol [69], Nijmeier and Mar¢29] as well as Cuomo, Oppenhiem and
Strogatz [70]. The summaries that follow, indichtev the techniques in Section 2.2 have been
successfully applied to this application. It alsonsnaries some novel techniques, not mentioned
in Section 2.2, that have been developed to addihesproblem of chaotic synchronization, but

that are also based on general observer concepts.

Chaotic Synchronization using Output Injection andHigh Gain Observer Methods
The literature in [29] explains how the synchrotia problem is addressed for linear systems,
followed by systems with linearizable error dynasniand finally for nonlinear systems. It is then
illustrated how existing observer theory can beliadpn certain conditions that will guarantee
synchronization. For example, in the case for systevith linearizable error dynamics and with
well-defined solutions, a coordinate transformatioom systems of the form (2.29) — (2.30) to
those of the form (2.31) — (2.32) is applied, asnghin the section of nonlinear observers through
output injection. A simple high-gain observer isritdesigned as the slave system

=A%+ 0(9) +Ke(P—y) OR %=F(®) + Ko — ) (2.104)

y=x (2.105)
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where
Kg = —S,cT (2.106)
andsS, is a positive definite matrix and the solutiortlie algebraic Riccati equation
0= 6Sg+ATSy + SgA—CTC (2.107)

The error is then proven to exponentially apprassto fort — co.

If interested in the proofs, the reader is encoedatg analyze the literature in more detail. Itl wil
be noticed that most of the proofs in the abovarieies as well as the literature to follow, rely
on Lyapunov stability theory to prove that the ergnamics are stable. Also take note that a
restriction on the nonlinearity to be Lipschitz tanous, will appear frequently in the literature
for nonlinear observers and synchronization, siniseusually a vital assumption that is used when

proving the error stability with Lyapunov theory.

Chaotic Synchronization using Finite-time Observatbn Methods after a Coordinate
Transformation

The method of transformation, as described ab®valso found to be ubiquitous amongst the
theory developed for synchronization, as is denratesd by Perruquetti, Floquet and Moulay in
[49], where the slave system is synchronized ramstormed master system, through design of a
finite-time observer. The synchronization technigizereduced observers explained by Zheng and
Boutat in [71] also requires the master systenetmla type of nonlinear observer canonical form
that is specifically conducive for the type of oh&es that is designed thereafter. This ‘reduced-
order canonical form’ is slightly different to tHerm mentioned above, however the concept
remains the same, and the procedure followed dsaséhe necessary and sufficient conditions to

be satisfied for its existence is also similar.
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A Novel Synchronization Technique Using an Injecte®calar Function
As useful and popular as it is, the method of firahsformation and then synchronization, is not
all that has been researched on this topic. IndZ8thnique is shown that synchronizes one chaotic
system to another. The synchronization problerastated as a nonlinear observer design problem
and requires the construction of a nonlinear fumchuilt into the slave system in order to achieve
the synchronization. The two chaotic systems arergas
x = f(x), x ER" (2.108)
y=f@), yEeER" (2.109)
Synchronization is said to have been achieved when
e(t) = (y(®) —x(t)) > 0 as t - oo (2.110)
The observer is then designed as
y=f)+g(z—s®) (2.111)
where the output from the first system is represg@isz = s(x) € R™ andg(-) is any suitably
chosen nonlinear function that ensures stabilittheferror dynamics. With application to secure
communication, it is required tha{x) be a scalar output i.e.= s(x) € R. Then in order to
design an appropriate nonlinear functig@) it is first assumed that the master system can be
written as
x=Ax +bf(x)+c (2.112)
where A € RV™, b € R, ¢ e R™! andf : R"® —» R. The scalar output signal can be
specified as
s(x) = f(x) + kx (2.113)

with k = (k4, ..., k,) and let

g(s(x) —s@)) = b(s(x) —s()) (2.114)

28



Substituting in these two functions results inlthear error dynamics

é = Ae — bke (2.115)
where the term-ke plays the role of a control feedback law. The ealafk = [k, ..., k,] must
then be chosen in such a way that the error dyreahage stable poles. Examples are shown in
[72] using well-known chaotic systems that illugtréhe effectiveness of the method. However,
the rather significant limitation of the dimensioh the nonlinearityf(-) (as is quoted in the

assumption of the form), makes this method impecatfor many nonlinear systems.

Chaotic Synchronization Based on the Luenberger Olesver Form and the Solution to the
Riccati Inequality
Another technigue that also doesn’t require angstfi@mations is designed in [73]. Here, the
authors consider systems that can be representid form
x=Ax+ f(x,y) + B(®(x,y)0 + d) (2.116)
y=Cx (2.117)
wherex e R",y e R™, 0 e R1,d e RP and f : R" - R™. Assuming that the paiA( O is

detectable, an observer can be designed as

£=A%+ f(&,y) + B(®®,v)0 +d) + L(y — CR) (2.118)

y=CX (2.119)
whereL is the gain matrix that is to be determined tauemsynchronization. For the technique to
work, two assumptions are made. Firstly, bftlt, y) and ®(%,y) must satisfy the Lipschitz
continuity condition

If e, y) = fFEWN < kpllx — |

[P, y) = PE W < kollx — X
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Secondly, the gain matrixmust exist, as well as a symmetric, positive defimatrixP such that
the Riccati inequality is satisfied
(A—LO)TP+PA—-LC) + (ks + k¢||9||||B||)2PP +1<0 (2.120)

Feasible solutions to this inequality can be fowsthg LMI numerical computation tools. To
illustrate how a given system can be written inftren (2.118) an example using the Chua circuit
is considered. With reference to [74], the Chudesygs usually written as

xp = plxg —x — f(xy)]

Xy = X1 — X3+ X3

X3 = —0X; + X3

wheref (x;) = bx; +3(a —b)(|x; + 1] — x; — 1))

with a, b,p, o being constants with values of -1.28, -0.68, B53 respectively. Re-writing it in

the form (2.118)

~10 10 0 Fx)] [0
x=|1 —1  1|lx+| o [+ |0o](=1.25x%)
0 —1428 0 0 1

y=Cx= [001]x
where®(%,y) = x,,B=[0 0 1]7,0 = —1.25 andd = 0. A synchronized slave system can
then successfully be constructed according toiteeature in [73] since both the assumptions are

satisfied i.ef (%, y) and®(x, y) are Lipschitz continuous and,(C) are detectable (observable).

Chaotic Synchronization Based on the Luenberger Olesver

In [75] the authors also use observer-based mettodgnchronize a slave system to a chaotic
master system, with exponential convergence. I A& form of the slave system resembles the
form of the linear Luenberger observer, except wmtire conditions that are to be satisfied before

the construction of the gain mattibxcan take place. The gain matrix also contains arpeter that
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can be viewed as a tuning parameter that has teet @f changing the transient behavior of the
observer. The systems considered are similar &ettiat are linear and are of the form
z2=Az+ Bg(z) (2.121)
y=CTz (2.122)
where A € R™", andB € R™. Once again the Lipschitz continuity restrictianpglaced on the
nonlinearityg(z). As long asA, C) is detectable, the observer can be designed as
z=A%+ Bg(®)+ Ly —79) (2.123)
where the gain matrik must be determined to ensure tfat- LC) is Hurwitz stable. The authors

then continue to state a further proposition saivag the gain matrik can be designed as

L(®) = 071L,(8) (2.124)
where 0= (¢T ¢cT4 - CcTaA V)T is the observability matrix, and
L,8) = (¢;0 ay0% - a,0™7T. The constant parameters i = 1,2,...,n are chosen such

that the characteristic polynomial, given by(s) =s™ + a;s™ !+ -+ «a,, is stable. The
parametef can be appropriately chosen and changed by thgndesand as long a&,,;,, > 1, it

is proved that the erroe — 0 exponentially. The proof involves a coordinaterdethrough a
transformation that is done by the invertible olsability matrix 0, i.e.x = 0z, 4, = 0A071,

B, = 0B, and ¢I' = cT01. The convergence rate is shown to be directlyelihko the pair
(A, O since when this pair is observable, the convargeate can be changed by changing the
value of the parametdt, however, when the pair is only detectable (ie@k©) < n) then the

convergence rate is limited to that of the slowastle or pole.

A Novel Synchronization Technique Based on the Sydgter Equation
The technique described in [46] proposes an obsbaged on the solution to the state-dependent

Sylvester equation. The technique is also viewed a®nlinear extension of the Luenberger
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observer and also highlights the advantages of/acally determining the solution of the state-
dependent Sylvester equation as opposed to colystdgtermining the solution to the state-
dependent Riccati equation online. Systems of o f(2.70) - (2.71) are expressed in a state-
dependent linear representation as
x=F(x)x (2.125)
y = H(x)x (2.126)

whereF (x) € R™™" H(x) € R™ ™. The observer-based synchronized system can Is¢érgoted
as

£=F@®R)2+ X 1®)B®R)(y — H®)R) (2.127)
whereX(x), B(x) are parameters of the Sylvester equation

X(x)F(x) = A(x)X(x) + B(x)H(x) (2.128)
In the Sylvester equatiafi(x) € R™™ andB(x) € R™™ are free parameter matrices that are
selected by the designer, addx) is the calculated solution. The observer is prot@de
asymptotically stable under three assumptionsottggn of the system given by (2.70) - (2.71) is
Lyapunov stable, and for akt € Q the pair(F(x),H(x)) is observable foH (x) € R*™, and for
all x € Q, F(X) andH(x) are locally Lipschitz continuous. From the prabfs shown that the
parameters ofi(x) must be chosen to make it a stable matrix in orolenakeA(0) a constant
stable matrix, which in turn guarantees asympttbility. The authors illustrate the method by
applying it to the chaotic Lorenz system, anduseful to show this example for clarity on setting
up the Sylvester equation. It is shown that theupeter matrices of the Sylvester equatidfx,)

andB(x), are chosen as

-2 0 0
Alx) = [ 0 -3 0 ]
0 0 —4



andB(x) =[1 1 1]7, and note thati(x) is chosen as stable. The Sylvester equation is the
solved forX (x) (refer to Appendix A for details of the solutiamthe Sylvester equation) and the
solution is then used to calculate the gain maifix) = X 1(x)B(x). Here one is exposed to
another technique that successfully estimatest#ttessof the system. Although it has been shown
to be an improvement of the method of observatpthk state-dependent Riccati equation, it is
still important to highlight the issues of this h@tque that could possibly be stumbling blocks in
the design process. The first of these issues asfdélct that the state-dependent matrices
(F(x),H(x)) have to contain only the states that will be aldé in the output, for use in the
observer. Secondly, we once again encounter thatgih of having to arbitrarily choose matrices
A(x) andB(x) such that a valid solution to the Sylvester equmtan be found, i.e. there is no
constructive method highlighted in [46] that canuised to obtain these matrices deterministically.
To add to these, there are also further assumptiaatshave to be considered to guarantee the
validity of this method, such as the requirementtfie equilibrium point to be stable, as well as
the Lipschitz continuity and observability assuraps. All these requirements that have to be
satisfied to enable the technique to work, unfaataly also mean that the technique is less vegsatil

and will not be successful for a wide variety opkgations.

Chaotic Synchronization Based on Adaptive Observeaviethods
The adaptive observer design method has been texpeehtly in the field of synchronization as is
illustrated in [11]. The method is based on theating) of an adaptive parameter, as described in
Section 2.2, which is used as a changing gainshdgpendent on the magnitude of the error term.
The technique in [11] addresses nonlinear systhatsate in the common form
x =Ax + Bf(x) (2.129)
y=Cx (2.130)
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This observer-based method then makes use of tla¢ carrecting term as well as a control term

to build the synchronizing slave system

. 1. «
X =A%+ Bf(®) +Bu+-0B(y — (%) (2.131)

whereu is the control term anz%@B(y — (%) is the corrector term. The adaptive parametevisng
by 8 and is updated according to the ODE

8 =1y — Cz|? (2.132)
The technique then states that it is not necedsarthe nonlinear ternf(x) to be Lipschitz
continuous as long as the control tarms chosen as

u=fx)-f& (2.133)
This is shown in the proof in [11] where it canri#ed that the nonlinearities cancel out when the
error term is determined a&s= x — X. This places less restriction on the nature ofrtiaster
system nonlinearity, but in turn places a largstrietion by the amount of state information that
must be supplied by the master system output. ample, if the nonlinearity contains terms with
all state information in it, then the control tewmof the slave system must contain all that
information, which results i€ having to be a full matrix. This method is, howev@mple in its
design and is shown to provide fundamental condeptextended techniques that prove to have

diverse application in recent research into obseheory.

After much analysis and application of the obseraed synchronization methods discussed
throughout Chapter 2, it was found that the thetisgussed in [11] seemed to be the most general
and could be successfully applied to a varietyngfieeering systems. This generality proved to be
the foundation on which a design methodology wasld@ed, and the approach taken was based

on the underlying concepts of adaptive observedstiaa theory analyzed in [11]. The objective,
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was to develop a method of state estimation, goréy partial state information in the output, and
to incorporate an adaptive law in the observerlamio that found in [11]. The details of this

method will be discussed in Chapter 3 and the egptins thereof in Chapter 4.
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3. METHODOLOGY

The survey of literature in Chapter 2 has madkdradhat design methods for nonlinear observers
have been around for several decades. It has ayhdighted the fact that the theory of the
technigues themselves are diverse and can be dppli@ wide variety of situations where it is
needed to observe the states of a nonlinear sysiéis.variety of techniques is due to the nature
of nonlinear systems as well as the nature of maatngineering systems. Since there can be a
diverse range of systems, as well as a diverseerahgcenarios in which an observer is needed to
estimate state information, each technique has deeeloped due to the inherent constraints on
specific systems and/or scenarios. Hence, as leasdscussed, each technique works in certain
cases, but not in others. It is obvious to stad it only will it be ideal, but also practicallave

a single technique available that can be applieddiverse set of systems, instead of being forced
to change the observer method depending on whdiffierent conditions are met. Consequently,
the methods in the literature were analyzed, ardebhniques applied to a variety of nonlinear

systems in order to gauge the degree of genegratigngst them.

It was found that the most general theory of thdisd literature was the adaptive observer theory,
more specifically the theory from [11]. Referring the literature of [11] we recall that the
technique describes a way to construct a slavemsystat synchronizes to a master system by
making use of the adaptive parameter as well asntrat term. This control term is defined as
u = f(x) — f(X), which implies that the entire nonlinearity of timaster system must be present
in the slave system. If the nonlinearity contagrers in which all state information is presentnthe
in order to construct the slave system, all statermation must be available. This requirement

clearly defeats the purpose of constructing an reksdn the first place, since the nature of
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estimation theory is to construct all state infotiorafrom only partial state measurements. Hence,
a design methodology was developed and provectlimainates the need for this control term and

yet still manages to successfully estimate all wwkm states.

3.1. Design of a Nonlinear Observer
Consider nonlinear systems

x=g(x)+ Bu (3.1)
y = h(x) (3.2)
that can either be re-written in the form
x=Ax+ f(x) + Bu (3.3)
y =Cx (3.4)

or that can undergo a coordinate change via aaifeephic transformation into the form

z=Az+ ¢(y) + B,u (3.5)
y=C(Cz (3.6)
where the nonlinearity is given bf(x) = [fi(x) - fa(x)]Tore(y), andx,z € R",

A € R™" B,B, € R™™ andC € RP*™. The following theorem can be stated

Theorem 3.1
Given then that the system is in the form (3.3)4)(the observer for this system can be designed
as
=42+ f(R) + §§D(y — C%) + Bu 3.7)
where the matrix D is to be determined to ensua¢ tiie error
e=x—X -0ast— o (3.8)

and where the adaptive parameteis updated according to
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0 =llly — C%|I2 (3.9)
Proof

In order for the error to be proved to be stabis required to highlight some assumptions and

conditions first (refer to [35]).

Assumption 1:

rank(CD) = rank(D)

Assumption 2:
A—A D] _
rank[ c 0l = n + rank(D)
Condition 1:

Again referring to [35], the following condition cdoe stated in light dhssumptions &nd2
above. There exists anx p matrix L, and am X n, symmetric, positive definite matriR such
that
PA-LCO)+(A—-LC)TP = —Q (3.10)
DTP = C (3.12)
Condition 1holds, if and only iAssumptions & 2 hold.
Assumption 3:
The nonlinearity is Lipschitz continuous with Lipsiz constany
IfG) =@ <vyllx -2l (3.12)
where||:|| represents thg,- norm. Then let the error be given by
e=x—X (3.13)
and hence the error dynamics will be

e=x%— X (3.14)

é=(Ax+ f(x)+Bu)— <A£+f(9?) +%9D()’— Cx) +Bu) (3.15)
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é=Ae+ (f(x)—f®) —%éDCe
Then, re-writing (3.16) we get
é=[A-L0e+LCe+ (f(x)—f(R))— %éDCe
Consider the Lyapunov candidate function
V =eTPe+ 31—152

where

™
Il
SS
I
SS

Then, differentiating
V= 6"Pe+ eTPé+ 17198

Then, substituting (3.17) into (3.20)

V= (eT(A —LOT +eT(LO)T - %éeT(DC)T + fT(x) — fT(a?)> Pe
+eT"P((A—LC)e + LCe — %éDCe

+f(x) = f(R) + 17188

= eT"((A-LO)TP+P(A—LC))e+ eT((LC)TP + PLC)e
- (% 0eT((DC)'P + PDCYe ) + (f7(x) = f7(®))Pe

+eP(f(x) — f(R)) + 17166
Then, considering the term’ ((LC)TP + PLC)e
eT((LC)TP + PLC)e = eT(LC)TPe + eTPLCe
However,eT(LC)TPe € R**1 i.e. scalar, therefore

(eT(LC)TPe)T =eT(LC)TPe
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eTPTLCe = eT(LC)TPe (3.25)
And sinceP = PT from Condition 1

eTPLCe = eT(LC)TPe (3.26)

Therefore
PLC = (LC)TP (3.27)
Then, also considering the teeh((DC)TP + PDC)e, and applying the same procedure (with
reference to (3.23) to (3.27)), a similar resubligained
(DC)TP = PTDC = PDC
Using this result, as well as equation (3.10) fi©@andition 1 (3.22) then becomes
V=—eTQe+ 2e"PLCe — Be"PDCe + 1160
+(fT(x) — fT®)Pe + eTP(f(x) — f(®)) (3.28)

The, for simplification, let

(FT(x) — fT®))Pe + e™P(f(x) — f(®)) = a(x,%) (3.29)

Then, substituting in both (3.11) fro@ondition 1and (3.29) into (3.28) we get
V =—eTQe+ 2e"PLD"Pe — 8eTPDDTPe + 17188 + a(x, ) (3.30)
< —eTQe + 2||DTPe||||lLT Pe|| — B|IDT Pe|l? + 1188 + a(x,%) (3.31)

Applying the following result to the ter@i| DT Pe||||LT Pe]| in (3.31)

if (a—b)2=0
ther 2ab < a? + b? (3.32)
we get
2|IDT Pe||||LT Pe|| < ||DT Pel|? + ||LT Pe]|? (3.33)
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Also considering the following result from [19] aagdplying that to the terfhL” Pe||? in (3.33)

XN = VAmax (XTX)
where A, (XTX) is the maximum eigenvalue X7 X
we get
IL"Pell? = Amax(PLLTP). |le]|?
Substituting (3.33) and (3.35) into (3.31), we tigen
V <—eTQe+ |IDTPe||? + Amax(PLLTP). |le]|?
—0|IDTPel|? + 1766 + a(x,®)
< eT(—=Q + Apax(PLLTP)De + ||DTPel|?(1 — )
+17190 + a(x, %)
Considering the adaptive parameter equation (3altf) then differentiating, we get
b=6-6
taking note that
6 = constant
therefored = 0

Considering the term out of equation (3.37), arfabstuting (3.38) into it

-196 = 1710 — 8)(6 — 0)

Consequently, (3.37) becomes
V< eT(—=Q + Apox(PLLTP)De + ||DTPe||?>(1 — 6)
+1719(=0 + 0) + a(x, %)

Substituting in for the adaptive parameter (3.9)
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V< eT(—=Q + Ayox(PLLTP)De + ||DTPe||>(1 — 6)
+ 7|y — CR|I?(—6 + 0) + a(x,%)
where

Uy — CzlI? = UIC(x = DII* = UID"Pell?

This leads to

V< eT(—Q + Apax(PLLTP)De + ||DTPe||?(1 — 6)

+ 171 |IDT Pe||?(—6 + 0) + a(x, %)
V< e"(—=Q + Amax(PLLTP)D)e
+|IDTPe|l2(1 —6) + a(x,%)

Then, re-looking at the nonlinear terms (3.29)

a(x,®) = (fT(x) = fT(®)Pe + e"P(f(x) - f(2))

= 2¢"P(f(x) - f(@))

sincea(x, X) is a scalar.

We also know that
2e"P(f(x) — f(®) < 2[|e"P(f(x) - fF(D) ||
< 2|IPell[|(f (@) = F@®) |
and since we are also under the assumptiorfibatis Lipschitz continuous
211Pelll|(f () = F®) || < 2vlIPellllx — 21
< 2y||Pellllel
< 2yPeTe

Then substituting this into (3.44) we get
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V< eT(—=Q + Ayax(PLLTP)e + ||IDTPe||?(1 — 6) + 2yPeTe (3.49)
< eT(=Q + Ayax(PLLTP))e + (1 — 0)||DTP||?eTe + 2yPeTe
< e"(—Q + Amax(PLLTP)I + ((1 — 0)IIDTP|I?)I + 2yP)e (3.50)
Q and#@ are to be chosen such that the following ineguaisatisfied
(—Q + Amax(PLLTP)I + ((1 — O)IIDTP||?)I + 2yP) < 0 (3.51)
Then it is proven that
V<0 (3.52)

This concludes the proof.

Remark It can be noted that the above proof is very corsime, and that asymptotic error
stability can be obtained without such strict ctiods onQ and 6. Therefore the method above

can be seen as sufficient for error stability bottmecessary.

3.2. Local Nonlinear Observability

Before the above observer can be designed, or tiey observer for that matter, the system first

has to be observable. In other words, given thermal dynamics of the system, there must be
sufficient information supplied by the output ohttsystem, in order to successfully reconstruct all

states. It has already been highlighted in theditee survey, the observability conditions for a

given linear system for the construction of a Luengler observer. In this section, the conditions

for nonlinear observability will be illustrated byheorem 3.2, and it can be noted that linear

observability is merely a special case with resp@t¢hese conditions. Reference can be made to
[76] where systems of the general form below aresicered

x=gx) (3.53)

y = h(x) (3.54)
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with x € R"and y € RP. The observability mapping or observation spdgéc) for an

autonomous system can be given by

y T LOR(x) ]
Y Lgh(x)
' = 2 [=eM)
Lye-o] Ly~ h(x)] (3.55)

Q(x) is a set of nonlinear equations that illustrates to determine the state&rom (y,y',y", ...).

It can be noted that for a given nonlinear systigy®,number of time derivatives are not fixed. In
the case of linear systems, the observability mé&ican be determined similarly @(x), however

it is obvious to realize that the matrix entried afl be constants as they are all first derivasivof

linear equations.

Theorem 3.2

With reference t¢76], the definition of the observability rank conditithen states that given the

system (3.53) - (3.54) and the observation spaé&s)3if % contains n linearly independent
X0

row vectors, then the system is observable at tiet p,. Obviously ifdQ /0x remains linearly
independent for all x, then the system is obseevabits entire domain. Again, refer [f66] for the

proof of this theorem.

3.3. Design Algorithm

In this section, the observer design process ferattaptive observer discussed in Section 3.1 is
summarized in a step-by-step algorithm. Take noé the form of the system should either be

written in a linearity-nonlinearity form, or it shlol be transformed into the nonlinear observable
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canonical form. Most of the steps were done by Ktan software, however the calculation of

the Jacobian was done by hand, and hardcodedhatsoftware.

Algorithm 3.3

Step 1

Referring to Section 3,2heck that the system is observable. If it is oleae proceed t&tep 2

but if not, then the observer cannot be construatiag the existing structures g€x) andh(x).

In the unobservable case, if possible, change tiuetsre of h(x) in an attempt to achieve
observability (i.e. utilize a different state fbetmeasured output or add more states to the negasur

output).

Step 2

Perform a check to determine whether the nonlibegfix) is Lipschitz continuous. If it is found
that the nonlinearity is indeed Lipschitz contingpthen asymptotic convergence of the observer
can be guaranteed. If it is found that the nonlitggé NOT Lipschitz continuous, it might still be
possible to construct a successful observer, hawewervergence of the observer cannot be
guaranteed. (Refer to Appendix B for more detail&ipschitz continuity and Lipschitz constants).
Step 3

Using matrice#\ andC, determine ah matrix using linear pole placement methods andrarby
chosen stable poles f@A — LC). Take note that the choice of poles will have arafbn the

transient behaviour of the observer.

If it is found that matriced andC are structured in such a way that malricannot be determined

as specified irstep 3then proceed t8tep 3(a)Otherwise, proceed Btep 4
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Step 3(a)

Find the equilibrium points of the systeim= Ax + f(x) by settingt = 0

Step 3(b)
Perform a linearization ofi(x) by determining its Jacobidi(x) at the system equilibrium

points:

af1/ax1 af1/axn
F(x) = :

5fn/ax1 afn/axn

Step 3(c)

Determine anZ matrix using linear pole placement methods byguﬁim+ F(x)) at an
arbitrary equilibrium point, the output matri, and arbitrarily chosen poles for

((A + F(x)) — LC) that are stable. Once again take note that thieeld poles will have

an effect on the transient behaviour of the observe

If the L matrix cannot be determined, re-attempt by changthe poles of
((A + F(x)) — LC) and/or choosing a different equilibrium point, aegeatStep 3(c)

Once the. matrix has been determined, procee8tep 4

Using theZ matrix that has been determined, calculate ther'ematrix as

A, = A—LC (3.56)

Choose a matrix such that it is symmetric and positive definite.
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Step 6
Solve the Lyapunov equation to determine a symmegdasitive definite matrix?, usingA, and @

AP +PAT+Q =0 (3.57)
Step 7
Using matrices? and(, and equation (3.11), determine matfhbas

D= (P HT (3.58)

Step 8
Referring to Section 3.1, and using the Lipschitastantl,,,,, obtained irStep 2 ensure that a
value for@ can be chosen as to satisfy equation (3.51), whitlguarantee asymptotic

convergence of the observer.

This concludes the algorithm.

3.3.1 lllustrative Example 1

Consider the system

561 = x2 + x2x12 }
5(2 = —X1— x;’ g(x)
y=x } h(x)

which can also be written in the form
x=Ax+ f(x) + Bu

y=Cx
as

=10 a0+ =]

y=1[1 o0]x
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Step 1
Determine observability (referring to Section 3.2).

[ LYh(x) ]
LLh(x)
Q(x) =| LZh(x)

_Lg‘lzh(x)_
Lyh(x) = h(x) = x4

| [xz + x,x%

oh
Lyh(x) = 329 = [1 3] = Xy + XpX7

—x, — X}
1
QM) = [xz + xzxf]
aQ 1 0

ax  [2xx, 1+x2
Noting thatn = 2, and sinc%% contains 2 linear independent row vectors, thidesy is
observable.
Step 2
Check Lipschitz continuity (referring to Appendix B
Consider the nonlinearitf(x), of g(x)

=[]

1

where—1.5<x; <15and-1.5<x, <15

0f1

axl = |2x1x2| = 4'5 = Yflxl
dfi

Fr |xf| = 2.25 = 5,4,
g

Ee |=-3xf| = 6.75 = ¥y,
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0f

dx,

=[0[=0= Yfx,
We can already conclude that the nonlinegfity) is Lipschitz continuous since all the

derivatives exist. Then, singg ., > vy, andyy,,, > vf,x,, We can determine the Lipschitz

constant as

2 2
Yy = \/(yfl) + ()" = V(452 +(6.75)2 = 8.1
Step 3
Determine the. matrix.

0 1

Consider matricesl = [_1 0],C =[1 0] and the arbitrarily chosen polesdf LT C of

[-4 —1]. These poles are chosen to achieve certain dasaresient behaviour of the error
term. AnL matrix can then be determined through pole plac¢as. = [5 3].

Step 4

Calculate the ‘error’ matrix.

Using theZ matrix that has been determined, the ‘error’ magidetermined as

A, = A-1LTC
ae =[5 o) -Bln =[5 ]

Step 5
Choose a matrix such that it is symmetric and positive definite.
o=[; ;
Step 6
Solve the Lyapunov equation to determine a symmgiasitive definite matrixf.
AP +PAT+Q =0
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P=los as
Noting that
p=PT
P>0
Step 7

Determine matrixD using equation (3.11).

D= (CP YT

05 0.5 ‘1>T_ 2.25]

b =([1 0llgs 45 ~l-0.25

Step 8
Ensure that a value férexists as to satisfy the inequality

(—Q + Amax(PLLTP)I+ ((1 = O)|IDTP|I?)I + 2yP) <0
Choosingd = 350 will result in

729 8.1 ]

(Q + Amax(PLLTPYL + (A= O)IDTPIR) + 2vP) = |07 5

Note that this resulting matrix is symmetric (dao€Xbeing symmetric) and hence negative

eigenvalues of this matrix will mean that is it@edl negative definite. The eigenvalues of

—-729 8.1

81  —g 1] are[-73.8 —7.1] < 0, clearly showing that the inequality is satisfadl that

observer convergence can be guaranteed.

50



3.3.2 lllustrative Example 2

With reference to [77], consider the Lorenz system

X1 = —0X1 +0xy
Xy = PXq — Xy — X1X3 gx)
5(3 = _IBxg + X1X2

y=x1 } h(x)

Note that for this example the constant parameters chosen as = 10,p = 28,8 = g.

Step 1

Determine observability (referring to Section 3.2).

[ LR(x)
LLh(x)
Q(x) =| L2h(x)

|17 1h(x).

Lyh(x) = h(x) = x;

I a1
Lyh(x) = 5 9= [1 0 O0]|px1—X2—X1X3| = —0x; + 0%,
x —Bx3 + x1x;
Lih(x) = ag g=I[-0 o 0]|px1—x; —Xx1X3
x —Bx3 + x1x;
= —0f1(x) + afy(x)
X1
Q(x) = [ —O'x1 + O-xz ]
—0(—ox; + 0x3) + 0(px; — X3 — X1X3)
20 ~ 1 0 0 ]
G —0 o 0
Ox o(lc+p—x3) o(—o—1) —ox4q
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Noting thatn = 3, and sinc%% contains 3 linear independent row vectors, thidesy is
observable.

Step 2

Check Lipschitz continuity (referring to Appendix B

Consider the nonlinearitf(x), of g(x)

0
flx) = [—x1x3]

XX

—17 < x; < 20

—23 < x, < 24

6 <x3<45

Z—fl| =101 = 0=z,
2—£| =101 = 0 =y,
|g—i = 101 =0 =y,
Z—£| = |=x3| =45 =yp,x,
§—Z| =101 = 0 = ypu,
L] ol = 20 =y,
2_9]?; = |x,| =24 = Vsxy
g_f; = |x;| =20 = Yfix,
2] = o1 =0 =y
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We can already conclude that the nonlinegfity) is Lipschitz continuous since all the
derivatives exist. Then, taking m@y, ), max(y, ), max(yz, ), we can determine the Lipschitz

constant as

y=J0m) + () + ()’ = VO + G727 = 51
Step 3

Determine thé. matrix.

-0 O 0
Considering the structure of the matricés= [ p -1 0 ]and C=[1 0 0], wecan
0 0 -p

conclude that ah matrix cannot be determined through pole placerattitis point.
Consequently, proceed &iep 3(a).
Step 3(a)
Find the equilibrium points of the system.
Setx =0
0=—0ox; +o0x,
0=px; —x; — x1X3

0 = _ﬂX3 + xlxz

Then solving forxy, x,,x; we get equilibrium points 00, 0,0), (v72,vV72,27) and

(—V72,—72,27).

Step 3(b)
Perform a linearization on the nonlinearjtfx).
af af; af;
[ Y/ dx, Y dx, Y/ dxg}
_|or of. of
F(x) = | Z/dx1 2/dxz Z/d.X3I

afs/dx1 af3/dx2 af3/dx3
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0 0 0
F(x) = [—x3 0 _xll
x, x; 0
Step 3(c)
Determine ary. matrix through pole placement by using the maé(m + F(x)) — LC)

and arbitrary poles that are stable.

Since the equilibrium poin0, 0, 0) will result in a matrix structure c(fA + F(x)) where
an L matrix cannot be determined through pole placemér equilibrium point
(—V72,—/72,27) is chosen. The poles are then chosen(a40,—10,-8), and
consequently

L=1[443 536 -351]T

is determined.
Step 4
Calculate the ‘error’ matrix.

Using theZ matrix that has been determined, the ‘error’ magidetermined as

A, = A-LC
-0 0o 0 443 T
Aez[p -1 0 —[53.6 [1 0 0]
0 0 -p8 —35.1.

256 -1 0
351 0 —8/3]

[—54.3 10 0

Step 5

Choose a matrix such that it is symmetric and positive definite.

a=1[3 3
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Step 6
Solve the Lyapunov equation to determine a symmgiasitive definite matrix?.

AP +PAT+Q =0

0.048 0.060 0.059
P ={0.060 0.456 0.167
0.059 0.167 1.524

Noting that
p=PT
P>0
Step 7
Determine matrixD using equation (3.11).
D = (cP~YHT

D=|[1 0 0]]0.060 0.456 0.167 —3.15
0.059 0.167 1.524 —0.64

T
0.048 0.060 0.059]'1 [25.63]
Step 8
Ensure that a value férexists as to satisfy the inequality
(—Q + Amax(PLLTP)I + ((1 — ©)|IDTP||?)I + 2yP) < 0
Choosinggd = 2450 will result in

(—Q + Amax(PLLTP)I + ((1 — O)IIDTP|I?)I + 2yP)
[—223 6 6

6 -181 17
6 17 =72

where the eigenvalues afe223 —-183 -69] <0, clearly showing that the inequality is
satisfied and that observer convergence can beugieed. Note that the valuethas to be quite

large in order t@uaranteestability in this case, however smaller values lsamused where it will
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be noticed that the observer still converges. Th®sult can be expected since conservative
measures have been used throughout the proof @n trghrove stability of the error terms.

Note that the simulation results for this particldaample can be seen in Chapter 4.

3.4. Approximation of Transient Behaviour

An Introduction to the Error Transient Behaviour

In many practical instances, transient behavioarhave a significant effect on how the system as

a whole performs. For example, if the transientlvabur of a reconstructed state has an amplitude
too large, then this could cause controllers thatusing these values, to become saturated too
quickly and cause undesired control actions. Ailsdiigh speed control systems, if the observer

error does not reach zero fast enough and thelat&das are constantly changing, then it becomes
meaningless to estimate such states. Consequeeatisansient behaviour of the above method was
analyzed and a simple process proposed in ordguge an approximation of the upper bound (or

largest value in seconds) of the transient time.

An Introduction to the Error Transient Approximatio n Algorithm

The idea behind Algorithm 3.4 below, was to finkihear ‘version’ of the error equation such
that the poles of this new linearized system wquitt/ide the designer with an indication of the
transient time of the observédrmust be emphasized that this Algorithm is punelyristic, and
no mathematical basis has been formulated to snbata the steps of the algorithitbis to be
applied to gain a rough idea of a possible “woestec for the transient time, however, it is not
definitive, and there is no guarantee that this€@dore will indeed provide the worst possible

case (as is demonstrated further on).
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If, after working through the algorithm, it is fodinhat the transient time is unacceptably large for
this error approximation, one can repeat steptBetiesign algorithm (Algorithm 3.3), and by
choosing faster poles, the result will be a newrxd, directly influencing the transient

behaviour.

Algorithm 3.4
Consider the error dynamics of the adaptive obseajwven by equation (3.16)
e =Ae+ (f(x) —f()?)) —%9DCe

noting that this equation is nonlinear.
Step 1
Replace the matrix entries ffx) with terms that include only the estimated statgs.., X,
and the error termsy, ..., e,,, by substituting in the equations

X1 =% +e

Xn, = J?:n + e,
thus resulting in

(fO) = f@®) = (f(z,) (3.59)

Step 2

Proceed to construct a new matfigg, e) € R™ " such that

(f.0) @~ (Fze) 360
wheree = [e1  *  ep]T. Assume that any error terms of order 2 and highere, e,, e3 etc.)
are close to zero and can be ignored.

Step 3

Re-write (3.16) using (%, e)
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6= (A + f(%,e) —%9DC) (e) (3.61)

Step 4

With the continued objective of ensuring tﬁat+ f(x,e) — %éDC) Is a stable matrix, an iterative
process should be taken for the unknown variabiaswill guarantee stability and produce upper
and lower bounds of the transient times(A)f+ f(a?, e) — %HADC). This iterative process is started

in Step 4and continues throudgBtep 5

The process is started by first substituting thigainconditions oft andé into (3.61), since these
values are knowm priori, however leaving the known (measured) componentg afs a free
variable (i.e. ifx; is part of the measured set of states, then dab'titute the initial condition for
X1). Then estimates far can be substituted (also using the initial conditralues).

Step 5

Then, considering the bounded domain of the frembke, substitute the lower bound value into
the matrix(A +f(®,e) — %éDC), noting whether the resulting matrix is stablaot. Increment

the value of the free variable and again substititethe matrix, noting again whether it is stable
or not. Proceed until the upper bound of the fragable is reached. The designer can expect
numerous feasible values for the free variableswhlalead to a stable matrix, or none at all that
result in a stable matrix (it must be stressedhéoreader that this is a heuristic approach ane the
is no mathematical proof or guarantee that suchtaxwill exist, and hence that an approximation

using these steps will be possible).
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Step 6

It is assumed th&tep 5has resulted in numerous viable values of thevegmble for which the

matrix (A + f(®,e) — %éDC) is stable. Use those values of the variable thatspond to the

largest transient times (upper bound) which withpde an approximation of the “worst-case” for

the error transient response.

This concludes the algorithm.

3.4.1 lllustrative Example 1

Consider the system

5(1 = xZ + xzx%
5(2 = _xl - xf

y=x1

Designing an observer of the form (3.7), the r@sglérror system is

e =Ae+ (f(x) —f()?)) —%9DCe

e=[) ofer —x3] -2} ~0.25

[xlez] _[m%]] “0s0] 225y

Step 1

Replace the matrix entries ffx) with terms
X1 =% +e
Xp = J?:n +e,

which results in

X > 2
(f)—f®) =(fx,e) = [(xz +e,) (X, +eq1) ] B [

—(%1 +e1)?
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Step 2
Simplify (f()?, e)) and proceed to construct a new mafig, e) € R™" such that

(F@e) e = (F&e)

=/ A _ 22122 + 9?281 + 2.&‘\132 212] el
(f@o) @ = [ —3%2 — 3%,e, 0 e,

Step 3
Re-write the error dynamics equation usfi(@, e).
_ 1.
e = (A + f(%,e) —§9DC)e

. 0 1 22122 + 5&231 + 22162 ff _ ~T 2.25
€= [[—1 o +[ —32% - 3%e, 0] =050 osll alfe

Step 4

Substitute the initial conditions @fandé, and estimates far.
“ -1 21 A
xO = [_1],60 = [2], 90 = 0

and since the outpyt = x;, replacex; with the free variabl&;. The error dynamics then

becomes
c_ro 1y, [28C-D+ (DR +2x5,(2) #
€= [[—1 0] * [ —35%% — 3%,(2) 0]
—0.5(0) _2(')?255 [1 o]le
Step 5

Substitute values fat; and iterate across the entire rang&,0Note and extract all values ®f
that produce a stable linear system. In this daseange ok, is
-15<% <15

and the values foe; and corresponding stable eigenvalues
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X1 | Re(44) | Re(4;)
0.1 -0.9 -0.9
0.2 -0.8 -0.8
0.3 -0.7 -0.7
0.4 -0.6 -0.6
0.5 -0.5 -0.5
0.6 -0.4 -0.4
0.7 -0.3 -0.3
0.8 -0.2 -0.2
0.9 -0.1 -0.1

Table 3. 1: Stable Modes of the Approximate Error rnamics

Notethat in this case the increment between iterati®@sl. This value is chosen at the discretion
of the designer.

Step 6

The values of; that will provide the upper and lower bounds @& #pproximated error transient
times are chosen as = 0.1 andx; = 0.9. The approximated error dynamics systems (upper an

lower bounds) then respectively become

5= [ 2m9x 1) + (=1)(2) + 2(0.9)(2) (0.9)2
—3(09)2-3(09)(2) 0
[—02 181

and

~3(0.1)% — 3(0.1)(2) 0
[—18 107,
e =

é=[[0 ) foneD: Co@ 2000 @ ”
-1 0

with eigenvalues given in 3. 1, corresponding tsthvalues at; = 0.1 andx; = 0.9.
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METHODOLOGY CONCLUDED
This chapter has revealed and proved that, basedarorexisting technique for chaotic
synchronization, a method can be formulated thatessfully constructs a nonlinear observer,
given that the system can be written in the for8)(3(3.4).
Although Chapter 2 has clearly revealed that treee many applicable techniques that can
successfully estimate the unknown states of a neatisystem, the technique developed in Chapter
3 was considered to be most appropriate in nonlisgstems applications. As previously stated,
the technique was developed based on the existiagtic synchronization work of [11], which
proved to be applicable to numerous and differemiinear (chaotic) systems. This method was
then further developed in Chapter 3 in order toigtesn observer where onfyartial state
information is available. It was also then shownattdress estimation problems of nonlinear
systems that can be written in the general for®) (3(3.4), which covers a large class of nonlinear
systems that can be separated into their respduieea and nonlinear parts. These aspects make
this observer technique highly applicable to a wiege of nonlinear systems, provided that the
conditions and assumptions, as listed in SectitneBe considered.
A heuristic algorithm was then developed that apipnates the transient times of the error
response, based on a linearization of the erroamhyes, which can then give the designer an idea

upfront of how quickly the observer can potentiaégpond.
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4. APPLICATION

The method discussed in Chapter 3 was successiytliyed to numerous nonlinear systems, and
the results of these numerical simulations arerglvelow. The simulations were executed using

MATLAB/Simulink software and the code can be viewedppendix C.

4.1. Lorenz Attractor

A state observer, as described in Chapter 3, wsigrked to estimate the unknown states of the
Lorenz attractor, with limited state informatiorvgn in the output. The system dynamics of the

Lorenz attractor (with reference to [77]) are gi\®n

X, = —0Xx1 + 0Xxy 4.1)
Xy = PXp = Xz — X1X3 (4.2)
X3 = —fx3 + x1x, (4.3)
Yy = X1 (4.4)

where the system behaves chaotically for parameataes ofc = 10, p = 28, andf = g.

Designing the Observer

The observer for the Lorenz system was designear@diog to the algorithm discussed in Section
3.3, and the numerical simulation results aretithted and discussed below. For the step-by-step
details of this particular application, the readaeferred to lllustrative Example 2 (Section 3)3.

By applying the design algorithm of Chapter 3, skete observer was designed as

% =A%+ f() +50D(y - C2)

where
10 10 O
A=28 1 0l f@)=[0 —%% 2%]".cC=[1 0 0
0o 0 —
3
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and recall that the gain matiixwas determined a3 = [25.63 —3.15 —0.64]7 , with the

adaptive parametér given by equation (3.9).

Results

These particular simulations were done with init@inditions of x,=[1 1 1]7 and

%o =[5 5 5]7. The figures below clearly confirm the expectettome. After certain transient
behaviour, the estimated states converge to thelastiate values and the error becomes stable (or
tends to zero). In this case stability is reachedrd the 2 second mark for both estimated states.
It can also be noted that for this example thereisioticeable, radical transient behaviour before

convergence occurs

ol
ECREFEEERE S o =

‘| x2vsxhatz =

Figure 4.1: Estimated statek, vs actual state x
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Figure 4.2: Estimated stateks vs actual state x

Quantifying the Error
In order to gain a more detailed understanding®f Accurate the estimations were, it was required

to do more than just inspect the error responseihs As a result the mean squared error (MSE)

was determined as per

1 A~ \2
MSE,, = - XL (01, — #1,)
Quantifying the Error with Varying Disturbance
Table 4. 1 below shows how the MSE for each sthtnges when the initial conditions (or

magnitude of perturbations) change. The adaptive Iglrom the equatiort? =l|ly — CZ||* was

kept constant with a value of 1 for all the simidas below.

e, = (X1 —%) | MSE,, €= (x2—%) | MSE,, es,= (x5~ %5) | MSE,,

-4 =(1-5) 0.07 -4 =(1-5) 1.02 4=(1-5 162
-14 = (1 - 15) 0.12 -14=(1-15 1.79 14=(15) | 3.81
-49 = (1 - 50) 0.27 -49 = (1 - 50 7.78 49 =@0) | 22.3

Table 4. 1: Mean Squared Error with Varying Initial Conditions (Lorenz)
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Quantifying the Error with Varying Adaptive Gain

Table 4. 2 below shows how the MSE for each stadéeges when the parameter of the adaptive

equation changes i.e. the adaptive daim the equatioré = l|ly — C%||%. All other parameters

remained constant, and the same initial conditoihng, = (x, — %,) = [-4 -4 —4]7 were used

throughout.
l MSE,, | MSE,, | MSE,,
5 0.02 0.58 0.76
10 0.01 0.43 0.54
30 0.006 0.28 0.33

Table 4. 2: Mean Squared Error with Varying Adaptive Gain (Lorenz)

Quantifying the Error with Varying Q Matrices

Table 4. 3 below shows how the MSE for each staéeges when the constant parameters of the
Q matrix are changed. Recall from the design proethat this parameter must be freely chosen
by the designer for a stability guarantee, howether choice of this matrix indeed has an effect on

the performance of the observer.

Q MSE,, | MSE,, | MSE,,
0.11 0.0047 0.2488 0.3002

1 0.0253 0.6336 0.8462
21 0.0422 0.8225 1.188
41 0.069 1.0256 1.6271

Table 4. 3: Mean Squared Error with Varying Q matrix (Lorenz)
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Calculating the MSE has provided interesting rascdincerning the performance of the designed
observer and some important conclusions can bdidjingéd:

» The overall error does not remain the same irrésgeof the magnitude of the initial
conditions or perturbations, and hence the ovpmafiormance of the observer will depend
on initial estimates of the unknown states

» The adaptive parameter gaihas a significant effect on the overall error, andsequently
provides the designer with a useful parameterdhatbe tweaked in order to optimize the
observer performance

* From the data it is clear that the choice of Q matot only determines whether stability
can be guaranteed, but also influences the perfazenaf the observer, however its effect
is not as significant as the other parametershildase, the performance decreases as the
parameters in the Q matrix are increased in mag@itrhis will be something that the
designer must consider when constructing this eesewith the goal of keeping the Q

matrix as small as is possible.

Approximating the Error Transients
In order to model the transient behaviour of therer linear approximation was done based upon
the algorithm described in Section 3.4. The det@iilsach step have been omitted in this case,

however, the final dynamical equation of the linepproximation was determined as

é = (A + f(®,e) —%9DC>3

2% 8] 0 0 o ]
6= g+ 0 x —50]-31 [1 0 Olfe
[ 0 0 ? 5C\2 X1 0 —0.6 J
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where the initial condition values f@ andx; were used (recalling th&, =[5 5 5]7), the
adaptive parameter was chosed as 0, and the value for, was iterated across its range in order
to get the upper and lower bounds of the errorsteants. Figure 4.3 and Figure 4.4, respectively

show the responses of the approximated and actoalsignals for the estimated statésandx;.

) e2 vse_est 2

Bollawi O%h 0as

ez
e2_upper
e2_upper

Figure 4.3: Actual and approximated error, e

) e3vse est3

S@la<w i 0% Ea R

=51 I
e3_upper |
el_upper |:

Figure 4.4: Actual and approximated error, g
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With reference to Figure 4.3, the error boundsfupper represent thapproximated “worst
case”transient response of the error fgr Similarly with reference to Figure 4.4, the erbounds

of e3_upper represent tapproximated “worst case” transient responses of the errorfgr

The settling transient time of the error approxioatvas then compared to the settling transient
time of the actual error in order to determine degree of accuracy of the approximation. This
was done by determining the time taken for theremons to reacke of the peak error, where
e1=0.367. These results can be seen in Table #edernthe actual error decay and the approximate
error decay have been compared. The time duratas measured, in seconds, from the peak

amplitude of the disturbance up to the point whiedecays to below 36.7% of the peak value.

The results in Table 4. 4 indicate that the erpgpraximation, in this particular case, was indeed
an upper bound of the actual error for both estehatates, since the settling time is longer fer th

approximation.

Time Taken to reache of the Peak Error
Error Approximation for e, 0.62 Actual Error e, (sec) 0.45
(sec) (0.96-0.34) (0.79-0.34)
Error Approximation for e3 0.65 Actual Error ez (sec) 0.08
(sec) (0.8-0.15) (0.33-0.25)

Table 4. 4: Time to achieve e-1 of Actual Error andrror Approximation, e ; and &
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4.2. Rossler Attractor

A state observer was also designed to estimatartkeown states of the Rdssler attractor, once
again with limited state information provided iretbutput. The system dynamics of the Réssler

attractor (with reference to [78]) are given by

X1 = —Xy — X3 (4.5)
X, = x1 +ax, (4.6)
X3 =b+ x3(x1 — ) @4.7)
Yy =Xy (4.8)

where the system behaves chaotically for parameataes ofa = 0.2, b = 0.2, andc = 5.

Designing the Observer

The observer for the Rossler system was desigreatding to the algorithm discussed in
Section 3.3, and the numerical simulation resukglhustrated and discussed below.
Following Step 1 of the algorithm, the observapitf the system was first checked

[ LOR(X) ]
LY h(x)
Q(x¥) =| LZh(x)

| Ly~ h(x).

Lyh(x) = h(x) = x,

o(L%h
Lyh(x) = (ai )g =[0 1 0llg]l =x +ax,
5 B a(Lbh) B o
Lgh(x) = " ox g=1[1 a 0]g=_(—x;—x3)+alx; + ax,)
X2
Q(x) = X1+ ax,

(—x; —x3) + alx; + axy)
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P

g0 [0 1 0
Q—[l a 0
a —-1+a*> -1

Noting thatn = 3, and sinc%% contains 3 linear independent row vectors, thidesy is

observable.

The Lipschitz continuity was then checked as pep &t Considering the nonlinearity of the

Rossler attractof (x) = [0 0 0.2 + x;x3]7 and the domain of, the theory in Appendix B

0
flx) = 0
0.2 + x1x3
77 <x <98
92 <x,<67
0< X3 < 15.5
0fi
|6_x1 =[0] =0 =vyp,x,
0fi
9%, =[0] =0 =vpx,
0f1
|a_x3 = |0| = 0 = Yf1x3
21>
ol = [0] =0 =y,
0f>
|6_xz =[0] =0 =vp,y,
af>
9%, =10] =0 =1y,
0f3
9% = [x3] = 15.5 = ypy,
0f3
%, =10 =0 =vp,y,
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0x;

= lel = 9'8 = yf3X3
It can clearly be conclude that the nonlineafi€y) is Lipschitz continuous since all the

derivatives exist. Then, taking m@y, ), max(yy, ), max(yz, ), the Lipschitz constant is

determined as

2 2 2
y = \/(yfl) +(v,)" + (vs,)" = V(0)? + (15.5)2+(9.8)2 = 18.3
Although not shown in the dissertation, Steps 8 tf the algorithm were followed in the

sequence as discussed in Section 3.3, and thevebse&s consequently designed accordingly

%= A%+ f(£) +50D(y — C%)

0o -1 -1
whereA=|[1 02 0 ] f@=[0 0 02+x%]",c=[0 1 0], andD calculated as
0 0 =5

D =[-0.0002 0.008 —0.0003]" .The adaptive paramet@ris given by (3.9).

Results

This particular simulation was done using initiabnditions of x, =[1 1 1]7 and

%o =[5 5 5]7. The figures below show how the error becomedestaid the estimated states
converge to the actual state values, just as exgpeEtom inspection is can be noted that there also
is no erratic transient behaviour before stabiltyeached. The time taken until both estimated

states reach the actual state values is aboubBdgin both cases.
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) X1 vs xhatl —|o| x|
Soa<wi %Rk Bas =

Figure 4.5: Estimated statek; vs actual state x

) %3 vs xhat3

FRIEEREEEEE

Figure 4.6: Estimated stateks vs actual state x

Quantifying the Error
With the same objectives as stated in Sectionthelmean squared error (MSE) was determined

in order to gain a more detailed understandingosf hccurate the estimations were.
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Quantifying the Error with Varying Disturbance

Table 4. 5 below shows how the MSE for each sthnges when the initial conditions (or

magnitude of perturbations) change. The adaptive Iglsom the equatior@ =l|ly — CZ||* was

kept constant with a value of 1 for all the simidas below.

e, =(x1—%) | MSE,, ez, = (x,—%) | MSE,, es, = (x3—%3) | MSE,,
4=(1-5) 0.18 -4=(1-5) 0.14 -4=(1-5) 0.071
:9=(1-10) | 0.4909 -9=(1-10)|  0.296p 9=(0) | 0.4648

29=(1-30) | 2.4742 29=(1-30)  0.946 -20=30) | 8.4174

Table 4. 5: Mean Squared Error with Varying Initial Conditions (R&ssler)

Quantifying the Error with Varying Adaptive Gain

Table 4. 6 shows how the MSE for each state chanben the parameter of the adaptive equation

changes i.e. the adaptive g&im the equatior§ = l|ly — C&||%. All other parameters remained

constant, and the same initial conditiongof (x, — %,) = [-4 —4 —4]" were used throughout.

! MSE,, | MSE,, | MSE,,

5 0.0736 | 0.0591| 0.0432
10 0.0497 | 0.0411|  0.0332
30 0.0271 | 0.0236| 0.0211

Table 4. 6: Mean Squared Error with Varying Adaptive Gain (Rossler)
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Quantifying the Error by Varying the Q Matrix
Table 4. 7 below shows how the MSE for each staéeges when the constant parameters of the
Q matrix are changed. Note that the magnitude isfg@nerally bigger than that used in the Lorenz

simulations which was necessary to guarantee gyatiilthe observer.

Q MSE,, | MSE,, | MSE,,
1001 0.3093 0.429 0.1079
1251 0.4356 0.5616 0.1081
1501 0.5729 0.7023 0.109
1751 0.7191 0.8496 0.1116

Table 4. 7: Mean Squared Error with Varying Q matrix (Rossler)

As expected, calculating the MSE has again providadresting results concerning the
performance of the designed observer. The conclasivawn are similar to those discussed in

Section 4.1.

Approximating the Error Transients
As was done in Section 4.1, a linear approximatibtine error transient behaviour was modelled,
by applying the algorithm in Section 3.4. The dstaf each step have been omitted in this case,

however, the final dynamical equation of the linegproximation was determined as

é = (A + f(&,e) —%éDC)e

0 -1 -1 0 0 01 4 [-11
e=|(|1 02 0|+ 0 0 0 —59 25.8([0 1 0]]e
0 0 5 X;+e3 0 X —4.6

Note in this case that the measured variableccurs nowhere in the nonlinearity. This implies

that, according to the error approximation alganithere can be no step involving the iterations
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for the measured variable. Due to this finding, step was skipped and the resulting matrix was
analyzed after simply substituting in the initiadnclitions for X3, e; and X;. However, this
procedure led to an unstable mode. It was therddddo substitute only the initial condition for
%3, wherez, =[5 5 5]7, and iterate through the (expected) rang&,ofwhich resulted in
numerous stable matrices for certain values, oConsequently, approximations for the upper and
lower bounds could then be extracted. The valud fisghe adaptive parameter wés= 0. Figure

4.7 and Figure 4.8 below show the responses ddppeoximated and actual error signals for the

estimated states @f andx; respectively.

) el vsel_est

Bolaw s UmG|HaS

el
a1 _upper
el_upper

Figure 4.7: Actual and approximated error,

Sollawsi DNk 06w

a3
———-ed_upper
e3_upper

Figure 4.8: Actual and approximated error, g
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With reference to Figure 4.7, the error boundslofupper represent the slower transient response
of the error forx;. Similarly with reference to Figure 4.8, the erbmunds of e3_upper represent
the slower transient response of the erronfor

The settling time of the error approximation wasrtitompared to the settling time of the actual
error in order to determine the degree of accumityhe approximation. This was done by
determining the time taken for the error termseache™ of the initial error, where! = 0.367.
These results can be seen in Table 4. 8 wherecthalarror decay and the approximate error
decay have been compared. The time duration wasurezy in seconds, from the peak amplitude
of the disturbance up to the point where it dedayselow 36.7% of the peak value.

Although Table 4. 8 clearly shows that #é settling time for the error approximationafs not

an upper bound, by considering Figure 4.7 it candied that the approximation is indeed an upper
bound, since it eventually approaches zero afeeattiual error does. This indicates that the actual
error approaches zero at a steeper gradient ae# during the latter part of the transient time
period (between 1 and 3 seconds), as opposed @pgreximation, that approaches at a slower

rate during that same time period. The transiene tapproximation foe; is clearly an upper

bound.
Time Taken to reache of the Initial Error
Error Approximation for eq 1.24 Actual Error eq (sec) 1.58
(sec)
Error Approximation for ez 14.3 Actual Error ez (sec) 0.293
(sec)

Table 4. 8: Time to achieve e-1 of Actual Error andError Approximation, e 1 and &
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4.3. Van Der Pol Oscillator

This section shows the results of the design metifi@zhapter 3 being applied to the Van Der Pol
oscillator. An observer was once again designeaigusnly partial state information. The system

dynamics of this limit cycle (with reference to [yYfre given by

561 == xz (49)
Xy = pu(1 = xP)xy — (4.10)
Yy =X (4.11)

where the paramet@rhas been chosen as= 3 for this particular application.

Designing the Observer

The observer for the Van Der Pol oscillator wasragdasigned according to the algorithm
discussed in Section 3.3, and the numerical sinomaesults are illustrated and discussed below.
Following Step 1 of the algorithm, the observapitf the system was first checked

[ LYh(x) ]
LLh(x)
Q(x) =| L2h(x)

[ L5~ h(x).

Lyh(x) = h(x) = x;

oh X,
1 — _ —
Lgh(x) a axg =1 0] [M(l —x{)x; — x1] -

0t =]
=0 ]
d0x 0 1
Noting thatn = 2, and sinc%% contains 2 linear independent row vectors, thidesy is

observable.
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The Lipschitz continuity was then checked as pep &t Considering the nonlinearity of the Van

Der Pol oscillatorf (x) = [0 —ux?x,]T and the domain of, the theory in Appendix B

0

f&) = [—.lezxz]

—08<x <08
~1.55 < x, < 1.55

df1

ox, = 0] =0 =y,

0f1

ox, = [0] = 0 = yf,x,

afa

ol |=2pxz21| = 7.44 = yp,x,
af,

9%, |—uxf| = 1.92 = yp,,

It can clearly be conclude that the nonlineafiy) is Lipschitz continuous since all the

derivatives exist. Then, taking m@y, ), max(yy, ), the Lipschitz constant is determined as

Y= \/(Vfl)z + ()" = JT4DZ + (1.92)% = 7.68

Although not shown in the dissertation, Steps 8 tf the algorithm were followed in the

sequence as discussed in Section 3.3, and thevebse&s consequently designed accordingly
%= A%+ (%) +50D(y — C2)
whered = [_01 /ﬂ f(®)=[0 —ux2x,]",C =[1 0] and the gain matri® was calculated

tobe D = [2.46 —0.27]7 . The adaptive parametgris given by (3.9).

Results
The simulation was done for initial conditiong = [0.05 0.05]" and%, = [-1 —1]7. The

figure below shows how the error becomes stablefaméstimated state converges to the actual

79



state value, as was expected out of the resutteofi€sign algorithm methodology. Error stability
is achieved after about 5 seconds, and from ingpeittcan be noted that there is no erratic

transient dynamics after the disturbance occurafter the initial conditions offset).

) x2 vs xhat2

Joawsxhaz
aellaw i ORE|Da 8 3

Figure 4.9: Estimated statek, vs actual state x

Quantifying the Error
With the same objectives as stated in Sectionthelmean squared error (MSE) was determined

in order to gain a more detailed understandingosf hccurate the state estimations were.

Quantifying the Error by Varying Disturbance

Table 4. 9 below shows how the MSE for each stasnged when the initial conditions (or

magnitude of perturbations) changed. The adapteldrom the equatioﬁ = l|ly — C%||* was

kept constant with a value of 1 for all the simidas below.

e, = (X1 —%1) MSE,, €2, = (X2 — X3) MSE,,
1.05=(0.05 + 1) 0.023 1.05 = (0.05 + 1) 0.015
-4.95 = (0.05 - 5] 0.0985 -4.95 = (0.05 - §) 0.3300
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-9.95=(0.05-10) 0.1801 -9.95=(0.05-10) 0.0326

Table 4. 9: Mean Squared Error with Varying Initial Conditions (Van Der Pol)

Quantifying the Error by Varying Adaptive Gain
Table 4. 10 shows how the MSE for each state clthwhen the parameter of the adaptive equation

changed i.e. the adaptive gdim the equatiorﬁ = l|ly — C&||%. All other parameters remained

constant, and the same initial conditiongpf (x, — £,) = [1.05 1.05]7 were used throughout.

! MSE,, | MSE,,

5 0.0091 | 0.0010
10 0.0063 | 0.0006
15 0.0052 | 0.0013

Table 4. 10: Mean Squared Error with Varying Adaptive Gain (Van Der Pol)

Quantifying the Error by Varying the Q Matrix
Table 4. 11 below shows how the MSE for each sfaémges when the constant parameters of the

Q matrix are changed. All other parameter remagwetant.

Q MSE,, | MSE,,
4] 0.0057 0.0017
51 0.0063 0.0014
6] 0.0069 0.0013
71 0.0074 0.0013

Table 4. 11: Mean Squared Error with Varying Q matrix (Van Der Pol)
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As expected, calculating the MSE has again providadresting results concerning the
performance of the designed observer.

Considering Table 4. 9, an unexpected change imtgnitude ofMSE,,, occurred when the initial
conditions increased from a magnitude of 4.95 @ 9Unlike the other systems investigated, the
MSE did not increase with an increase in initiabebut unexpectedly decreased from 0.33 to 0.03,
by a rather significant factor of 10. It did howewecrease from the first initial condition of 1.05
to the second of 4.95. A similar occurrence toadcelwhen the adaptive parameter was varied
(refer to Table 4. 10). Once again it was the mtagei ofMSE,, that unexpectedly changed. In
this instance it increased from 0.0006 to 0.0018mwthe adaptive parameter was increased from
10 to 15, the opposite effect to what occurred wihernparameter was initially changed from 5 to
10. Additionally (with reference to Table 4. 11¢thISE seems to decrease for the estimated state,
as the magnitude of the Q matrix increases. Thaposite to what has been observed with the
Lorenz and Rd&ssler attractors. This questionabfavieur was not investigated and will not be
covered in this dissertation, however, this proside interesting point that can be addressed in

further research, especially with respect to thae Bar Pol oscillator.

Approximating the Error Transients
In order to get a linear approximation of the etransient behaviour, the algorithm in Section 3.4
was applied. Although the details of each step Heeen omitted, the final dynamical equation of

the linear approximation was determined as

é = (A + f(&,e) —%éDC)e

. {fo 1 0 0 1.1246
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where the initial condition value fdr, was used (recalling th&, = [-1 —1]7), the adaptive

parameter was chosen @s- 2, and the value far, was iterated across its range in order to get
the upper and lower bounds of the error transidftgire 4.10 below shows the response of the
approximated and actual error signals for the egBohstate,.

_lolx]
Bolawi UMM D QS -

e2

e2_upper

Figure 4.10: Actual and approximated error, @

With reference to Figure 4.10 above, the error dgunf e2_upper represent the slower transient
responses of the error foy.

The settling time of the error approximation wasnltompared to the settling time of the actual
error in order to determine the degree of accumicyhe approximation. This was done by
determining the time taken for the error termseaache™ of the initial error, where® = 0.367.
These results can be seen in Table 4. 12 wheractival error decay and the approximate error
decay have been compared. The time duration wasurezy in seconds, from the peak amplitude
of the disturbance up to the point where it dedayselow 36.7% of the peak value.

Considering Figure 4.10 and Table 4. 12, it isrctbat in this particular case, the approximated

transient time forms an upper bound of the acturak éransient time.
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Time Taken to reache1of the Initial Error

Error Approximation for e, (sec)

Actual Error e, (sec)

1.605

0.042

Table 4. 12: Time to achieve e-1 of Actual Error ad Error Approximation

APPLICATION CONCLUDED
This chapter has illustrated, through numericalutatiion, that an observer designed according to
the methodology in Chapter 3, can successfullyred@ the unknown states of the system, given
only partially measured state information. All 3®ms, namely the Lorenz attractor, the Rossler
attractor, and the Van Der Pol oscillator, displaghly nonlinear, and in some cases, chaotic
behaviour, and were selected in order to show fiaey of the technique. Further studies were

completed to analyze the accuracy of the estimstatés, for varying design parameters and

perturbations.
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5. CONCLUSION

An extensive investigation into the different teicfues of nonlinear state estimation has been
discussed in this dissertation. From the literaswevey we can conclude that many years of
research have been done and much effort aimedsignileg and developing techniques for
estimating the states of nonlinear systems. Eatheopapers mentioned in the literature review,
describes how an observer is successfully constluitr a given system, proving that there are
indeed numerous nonlinear estimation techniquesdmn since the theory has been researched for
the last 40 years or so, some of these technigass tbeen developed to such an extent that they
have found successful application in industry. Ftbhmliterature survey, we find that most of the
techniques can be classified into different typésianlinear observers, namely, the extended
Kalman filter, high gain observers, observers tgtowutput injection (or observers through
transformations into nonlinear observer canonigahg), sliding mode observers, observers using
an output vector, the state-dependent Riccati eguabserver, finite time observers, and adaptive

observers.

After analysis of many of the papers, numerousrtiegles were applied to a diverse set of systems,
and it was found that the adaptive observers peavid solid framework that seemed to be
applicable to most of these example systems. Anoagp was then taken, using the theory from
[11] as the foundation, to design a nonlinear oleelbased on adaptive observer techniques that
can be applied to systems that can be writtenaridhm

x=Ax+ f(x) + Bu

y=Cx
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or that can be applied to systems of the form
x=g(x)+ Bu
y = h(x)
assuming they can be transformed into the nonliabserver canonical form
z=Az+ ¢(y) + B,u
y=1C(z
The methodology considers the designed observer as
=A%+ fR)+ %éD(y — C®) + Bu
where the adaptive parameteis calculated by the equation
6 = llly - C|”
This observer was proved to estimate the statehefstystem with asymptotic convergence,

provided that certain assumptions on the masteesywere satisfied.

The degree of accuracy of the estimate was themrdeted by calculating the mean squared error
of the actual and estimated states. At first, thiéai conditions were varied (with all other
parameters constant), and expectedly the mean estjuzmror increased with an increased
magnitude of the difference in initial conditiofi$is result is axiomatic, since a larger pertudrati
will obviously produce a larger difference betwestimated and actual states during the transients.
Thereafter, while maintaining constant initial caimhs, the mean squared error was analyzed for
varying values of the adaptive parameter galbwas found, in most cases that the mean squared
error decreased with an increase in the gairhe Van Der Pol oscillator, however, proved to be
different and showed that the mean squared errtacinstarted to increase again after a certain
value ofl was exceeded. Consequently, the conclusions dfieoam these results are two-fold.
Firstly, the accuracy of the estimated states (dutihe transients) will decrease with an increase
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in magnitude of a perturbation. Secondly, it canlée@uced that the accuracy of the estimated states

will increase with a limited increase of the adeptparameter gaih

Finally, the error transients were analyzed. A dasocedure was developed with the objective of
finding an upper bound of the error transient tifmg,using a linear approximation of the error
dynamics. The results of this approximation procedguantified by the time taken to reach 36.7%
of the peak error), proved to be diverse acrosthitee different applications. When applied to the
Lorenz attractor, the transient time of the apprated error was not far from the transient time of
the actual error. When applied to the Rossler @tira and considering,, the upper bound
transient time was in fact less than the actuaktemt time. Then fog,, although the upper bound
transient time was greater than the actual trahtiee, it was very conservative. In the case ef th
Van Der Pol oscillator, it was also found that #pmproximated upper bound transient was very
conservative when compared to the actual transi€ake note again that the objective of
approximating these transient times was to simptgio a ‘worst case scenario’ for the actual error
transient time, such that this approximated infdromacan be made availakdepriori, giving the
designer a benchmark on what might be the worssigats that can be expected from designing

the observer.

Implications and Further Research

By analyzing the proof and the assumptions thatabe satisfied in order to guarantee asymptotic
stability of the error, it is clear that this tedure does have limitations. One important examgple i

that the nonlinearity of the master system hasetd.ipschitz continuous. This is an area where
further research can be directed in order to rentbise constraint on the master system, thus

making the application of this technique even ngeeeral.
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Another recommendation is borne out of the fact tha transient times of the error vector are
merely asymptotic. It would be practically desielfbr the designer to know upfront, with
certainty, that the transient time will always lkesd than a certain value. Hence, another
recommendation is to either extend the theory iapg@dr 3, such that convergence takes place in
finite time, or otherwise to apply finite time ewation theory to a similar variety of diverse

systems.

Further research can also be conducted in ordempwove the procedure for the linear
approximations of the error. The first objectiveulbbe to ensure that all upper bounds of the
transient times are indeed greater than the adtaakient times themselves. Secondly, less
conservative (‘tighter’) upper bounds on the apprated error transient times would ensure a
more accurate approximation, providing the desigmgh higher quality information on the

expected error transient behaviour.

A final recommendation addresses the proof of Givapt Much of the theory used in the proof
provides a very conservative means of showing timatderivative of the Lyapunov candidate
function is in fact negative definite. This impligmat there could be numerous systems containing
a given set of parameters for which an observerbeasuccessfully designed, but without any
guarantee of error stability using the theory i@ noof as it is in this dissertation. It is thenef
recommended that further analysis and developnfehegroof of the convergence be undertaken
in such a manner as to decrease the conservats/grersof, allowing the method to be applied to

a wider variety of systems, with the guarantedabifity.
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APPENDICES

Appendix A — Analytical Solution to the Sylvester E guation

With reference to [80] and appendix A in [46], 8@ution to the generalized Sylvester equation

EXF = AX + BH 6. 1)

is shown below, where in this case it is assubedl. For the matrixd € R™*"

det(sI —A) = q(s) = qps™ + -+ q15+ qo (6.2)
adj(sI —A) =R,_1s" 1+ -+ R;s+R, (6. 3)
where g;,i = 0,... ,n are scalar constant coefficients aRgi =0,.. ,n—1 are constant

coefficient matrices. According to the LeverrierdBaev algorithmR« andgk are determined as

R :{1 k=n-1
K= VARgsy + Quasl k=n—1,..,1,0 (6. 4)
1 k=n
W=1_Lpary k=n-1.10
k k y ey d, (65)

The theorem for the solution then states that wherR™ ", B € R™", andF € RP*P are given,

then the solution to the matrix Sylvester equafrl) is

n—-1
X = Z R BZF*
k=0 (6. 6)

n
H= qzF* = 2q(F)
k=0 (6.7)

where the matriZ is a free parameter matrix. H{4) Nn o(F) = @, theng*(F) exists. Whem is
given ando(4) Nno(F) = @, then Z is fixed asZ = Hq *(F) and consequentlX can be

calculated (as a unigue solution).
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Appendix B — Lipschitz Continuity and Lipschitz Con stants

With reference to [81] it is said thiis Lipschitz continuous if there is a constarguch that

If () = FR) I < vllx — 2l

where||-|| represents thé,- norm. To check if the functiohis Lipschitz continuous on a given
subsetD —» R", it suffices to check that all the component fiored f; € R are Lipschitz

continuous. This is the case since

1i() = i) Il <villx =%l fori=1,...,n

implies
1FGO = FOI? = Y 1) ~ i@ 12 < ) yPllx - 21
i=1 =1

which results in

1

I/ = @I <yllx—2lwithy = () y7)?

A useful theorem that is a sufficient condition Egpschitz continuity is also stated below.

Theorem B.1

Suppose thaf(x;, x,) is defined on a sé — R2. If a constany > 0 exists with

d
|—f (xq,x5)| <yforall (x;,x,)inD
d0xy

then fis Lipschitz continuous on D with respect;t@nd with a Lipschitz constant pf

95



Appendix C — Numerical Simulation Code

C.1. Lorenz Attractor

Gain Matrix Calculation

clear
clc

%% SYSTEM MATRICES

A=[-10.0000 10.0000 O0;
28.0000 -1.0000 O
0 0 -2.6667];

c=[100];

F2=[ 0 0 O
-27.0000 0 -8.4853;
8.4853 84853  Of;

F3=[ 0 0 O
-27.0000 0 8.4853;
-8.4853 -8.4853  O;

x0 =[1;1;1];
xhat0 = [5;5;5];
theta_hat=0 %7.1;

%%

gamma = 51,

poles =[-40 -10 -8] ;
Q = 4*eye(3);

%% GAIN MATRIX

A_lin=A+F3;

used on an observable system (A,C)

L = place(A_lin',C',poles);
Ae = A-L*C;

P =lyap(Ae,Q);
P_eig = eig(P)

D = (C*inv(P))"

% Lipschitz constant

% Linearized system matrix created so that ‘place’

% Error matrix ( A-LC)

% P matrix (solution to Lyapunov equation)
% Confirming that P is positive definite

% Observer Gain Matrix

can be
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Error Transient Approximation

%%

x3hat_sample = 16;
x2hat_sample = -7.7;

for i=1:20- (-15)

x1ltest = -15 +i-1;

A_error=(A+[0 0 O; -(x3hat_sample) O
0.5*theta_hat*D*C); % at t = about Os

eig_A_error = eig(A_error);
negativedefinite = all(eig(A_error) < 0);

if negativedefinite ==

all_eig(i,:) = [x1test eig_A_error];
neg_magnitude(i,:) = [x1ltest norm(eig_A_err

else
% do nothing
end
end

x1_samplel =11;
x1_sample2 = 19;

x1test_eigl_eig2_eig3 = real(all_eig)
neg_magnitude

-(x1test) ; (x2hat_sample) (x1ltest) 0] -

onJ;

Mean Squared Error Calculation

%% - MEAN SQUARED ERROR - Lorenz Attractor
Err_vec = lorenz_states - lorenz_est_states;
% - STATEL

Err_vecl = Err_vec(:,1);

Sum_Err_Sqrdl = 0;

MSE1 = mse(Err_vecl)

% - STATE2

Err_vec2 = Err_vec(;,2);

Sum_Err_Sqrd2 = 0;

MSE2 = mse(Err_vec2)

% - STATE3

Err_vec3 = Err_vec(:,3);

Sum_Err_Sqrd3 = 0;

MSE3 = mse(Err_vec3)
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C.2. Rossler Attractor

Gain Matrix Calculation

clear
clc

%% SYSTEM MATRICES

2
.2;

F3=[ 0 0 O
0 0 O
0.04 0 0.008];

x0 =[1;1;1];
xhat0 = [5;5;5];
theta_hat = 0;

%%

gamma = 18.3;

poles =[-0.1-0.2-0.4] ;
Q = 175*eye(3);

%% GAIN MATRIX
A_lin=A+F2;

L = place(A_lin',C',poles);
Ae = A_lin - L*C;

P = lyap(Ae,Q);
P_eig = eig(P)

D = (C*inv(P))}

% Lipschitz constant

% Linearized system matrix
% Gain matrix
% Error matrix ( A-LC)

% P matrix (solution to Lyapunov equation)

Error Transient Approximation

for i=1:10- (-10)
x1test = -10 +i-1;
A _error=(A+[000;000;50 xltest] -
eig_A_error = eig(A_error);
negativedefinite = all(eig(A_error) < 0);

if negativedefinite == 1

all_eig(i,:) = [x1test eig_A_error];

0.5*theta_hat*D*C); % att=0s
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neg_magnitude(i,:) = [x1ltest norm(eig_A_err on];
else

% do nothing
end

end

x1test_eigl_eig2_eig3 = real(all_eig)

neg_magnitude

Mean Squared Error Calculation

%% - MEAN SQUARED ERROR - Rossler Attractor
Err_vec = rossler_states - rossler_est_states;
% - STATE1

Err_vecl = Err_vec(;,1);

Sum_Err_Sqrdl = 0;

MSE1 = mse(Err_vecl)

% - STATE2

Err_vec2 = Err_vec(:,2);

Sum_Err_Sqrd2 = 0;

MSE2 = mse(Err_vec2)

% - STATE3

Err_vec3 = Err_vec(;,3);

Sum_Err_Sqrd3 = 0;

MSE3 = mse(Err_vec3)

Observer Model
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CX Xhat e Khat
E
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| E_fast
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E_fast
Emor Estimation

Figure C. 2. 1: Rossler Attractor Observer - Simuléion Overview
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C.3. Van Der Pol Oscillator

Gain Matrix Calculation

clear
clc

mu = 3;
A=[01;-1 mu];
C=[10];

x0 =[0.05;0.05];
xhat0 = [-1;-1];

QOO —-mmmmmmmmm s e

gamma = 7.68; % Lipschitz constant
poles=[-4-17;
Q = 4*eye(2)

%% GAIN MATRIX

A_lin=A+[00;00]; % Linearized system matrix

L = place(A_lin',C',poles); % Gain matrix

Ae =A-L"*C; % Error matrix ( A-LC)

P = lyap(Ae,Q); % P matrix (solution to Lyapunov equation)
P_eig = eig(P)

D = (C*inv(P))’
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Error Transient Approximation

theta_hat=2 ;

x1lmax = 0.8;
x1min = -0.8;

xhatl_sample = xhat0(1,1);
xhat2_sample = xhat0(2,1);
el_sample = x0(1,1) - xhatl_sample;
e2_sample = x0(2,1) - xhat2_sample;
Xx2_sample = 1;
res_fact = 0.01; % resolution factor
for i=1:(xImax-x1lmin)/res_fact+1
x1test = xImin + i*res_fact - res_fact;
A_error=(A+[0 0;-2*mu*xltest*xhat2_
eig_A_error = eig(A_error);
negativedefinite = all(eig(A_error) < 0);
if negativedefinite ==
all_eig(i,:) = [x1test eig_A_error];
neg_magnitude(i,:) = [x1test norm(eig_A_err
else
% do nothing

end

end

x1test_eigl_eig2_eig3 = real(all_eig)

neg_magnitude

sample -mu*xltest"2 ] - 0.5*heta_hat*D*C);

on)];

Mean Squared Error Calculation

%% - MEAN SQUARED ERROR - Van Der Pol Oscillator
Err_vec = VDP_states - VDP_est_states;

% - STATE1

Err_vecl = Err_vec(;,1);

Sum_Err_Sqrdl = 0;

MSE1 = mse(Err_vecl)

% - STATE2

Err_vec2 = Err_vec(:,2);

Sum_Err_Sqrd2 = 0;

MSE2 = mse(Err_vec2)
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