
A P P E N D I X  F .  A R T I C L E  4 - 3  A N A L Y S I S  O F  S P H E R I C A L  S H E L L S .

ARTICLE  4-3 
A N A L Y S IS  OF SPH ER ICAL  S H E LLS

4- J00 >( OPE
(a) In this article formulas are gucn for stresses 

and deformations in spherical shells subjected 
to internal or external pressure.

(b) F ormi'las are also gi\ en for bending analysis 
of partial spherical shells under the action of 
■■iformly distributed edge forces and moments.

4-310 NOMENCLATURE \ND Mf.N 
CONN ENTION

The symbols and sign convention adopted in 
this article are defined as follows:

= Lniform pressure, internal or ex­
ternal, psi

(2) M * Meridional bending moment per unit
length of circumference, inch-pounds 
per inch

(3) H = Force per unit length of circumfer­
ence, perpendicular to center line 
of sphere, pounds per inch

(4) ,V * Membrane force, pounds per inch
(5) Q = Radial shearing force pe unit of

circumference, pounds per inch
(6) S « Stress intensity, psi
(7) R^ = Radius of mid-surface of spherical

shell, inches
(8) R = Inside radius, inches
(9) t ■ Thickness of spherical shell, inches

(10) E  = Modulus of elasticity, psi
(11) u * Po isson's ratio
(12) D «= E »*/12(l - ►*), flexural rigidity,

inch-pounds

(13) P  « [3(1 - 1 'in
(14) 4> ■* Meridional <*ngle measured from cen

ter line of •’■there, degrees
(15) 4>0 * Meridional angl*- f reference edge

where loading is applied, degrees

(16) $L

(17) a

(18) *

(19) A 
ffO) Y

f»\) Z

(22) I

(23) u>

(24) 5

(25) 6 
(20 o

(27 , I

(28) t

(29' K, 

(30) Kt

< il) *,

(32) k,

(33) A

= Me-idional angle of second edge, 
degrees

* Meridional angle measured from the 
reference edge, radians

* Length of arc fur angle a, measured 
from reference edge of hemisphere, 
nR a 180, inchesm *

.  3 Rm
= Ratio of oitside radius to inside 

radius f
- Ra’ io of outside radius to an inter­

mediate radius
« Ratio of inside radius to au inter­

mediate radius
= Radial displacement of mid-surface, 

inches
= Lateral displacement lid-surface, 

perpendicular to center line of spher­
ical shell, inches

» Rotation of mid-surface, radians
* As a subscript used to denote a 

quantity at reference edge of sphere
> As ■ subscript used to denote me­

ridional direction .
* As a subscript used to denote cir­

cumferential direction

1 - 1 - 2v 
2a

cot (if) - o)

1 -  ̂ cot (tf> •• a)
2A

1 _ 1 ~ 2*r cot 4>„
2A

1 - 1 ♦ 2v cot <t>„
2A

V T T v

(34) B(a) - [(1 ♦ *’) (A', ♦ K,) - 2A,1

=

-
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, * I ■*«> <f>(35) C(«) = W----- S.
"  sin (<6 -
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in (<t> - a)
T O

(3(' F(a) * »̂\n{<f>g) a\n (0fc-a ) 

(37) n.
(38) a

r

(39) o(

(40) cf

• tan"1 (*fc,)

* Radial stress component, psi

« Tangential (circumferential) strtss 
component, psi

■ Longitudinal (meridional) stress 
component, psi

The sign convention is listed below and ‘shown 
on Fig. 4-310.1 bv the positive directions of the 
pertinent quantities.

^r) Pressure, Positive radially outward
(8) Lateral Displacement. Perpendicular to 

L of sphere, positive outward
(6) Rotatijn, Positive when accompanied 

by an increase in the radius or curva­
ture, as caused by a positive moment

(if), (AM Moment, Positive when causing ten­
sion on the inside surface

(H),{Hg) Force perpendicular to t ,  positive 
outward

W,)t (A>g) Membrane Force, Positive when caus­
ing tension

4-320 FRINC IP \L STRESSES. WO STRE''** 
INTENSITIES Rl m I HNGI ROM INTERNAL OR 

EXTERNAL PRE>M RF

In this paragraph formulas are given for prin­
cipal stresses and stress intensities resulting 
from uniformly distributed internal or external 
pressure in complete or partial spherical shells, 
jfhe effects of discontinuities in geometry and 
fad ing  are not included and should be evaluated 
independently. The stresses resulting from all 
elfects must be combined by superposition.

4-321 #fincipal Stresses Resulting from In­
ternal Pressure

The principal stresses at any point in the wall
of a spherical shell are given by the following 
formulas:

<*. -if -p(Z* ♦ 2)/2(y’ - 1) (1)

cr, - a, * p(Z’ ♦ 2) 2(Y' - 1) (2)

°% m o, m p(l - Z%)f(Y* - 1) (3)

SPM FB IC A L  SEG M EN T , * O P  V A LU ES  o r  to

“O
<6K»I3PhE«^ FOR * • *0*

b

t

FRUSTUM  , FOR VALUES OF »0

*0< and U 0-#L| < -122.

FIGURE 4-310.1

4-322 Stress Intensities Resulting from Internal 
Pressure

(a) The average primary stress intensity ir. a 
spherical shell re-ulting from internal pressure 
is given by the formula:

S. • ..5 p(t* ♦ D A K 1 - 1)OV( 1
I The maximum value of thr stress intensity 

in a spherical she.l resulting !rom internal pres­
sure occurs at the inside surface and :s given 
by the formula

s„ 0, - l . s p i m r  - 1)
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APPINDIX 4

1-321 Principal 'stro-M— Resulting from I \- 
lernal I ’re^sur"

I he principal stresses at an\ point in the 
wall of a spherical shell resulting fr.*m external 
pressure are given bv the following formulas:

a, -ot --pYHU** 2)/2(K*- 1) (1)

«i * <*, * -pY'iU* ♦ 2)/2(Y* - I) (2)

0 , . < » , . p W - l ) ,( l 'l - l )  (3)

4- J J 1 Sir«’>~ Intensities Kcvulling from 1 \t«'r:ial
Vrrssur?

(al The average primary stress intensity in a 
spherical shell resulting from external pressure 
is given by the formula- %

s„, - .75 p(K* ♦ l)/(r - 1)

(b) Ihe ma\ir um value of the stress intensitx 
in a spherical shell resulting from external pres­
sure occurs at the inside surface and is given 
by the formu'a-

S 1.5 p (P ' (Y ' - 1)

N O T E : Th.- formula-. m P a r* . 4-U3 and 4-3?4 
m iy be used oolv if th* applied e«teroal pressure is 
less  than *the c r it ic a l pressure w h irh  would cause 
in s tab ility  ol the spherical sh e ll The va lue of the 
c r it ic a l pressure must be eva luated  10 accordance 
w ith  the rules g iven in A rtic le  D-l.

U K )  BtMMNG \ N \ L M ' FOR I Ml ORMl > 
LJ! **TRI HI T t l l  EIM.E LO\D>

(a) The formula* in this paragiaph describe the 
behavior of partial spherical shells of the types 
shown in F ;g. 4-310.1, #fcen subjected *.o the 
•ttion of meridional bending momen’.s, (inch
Dounis per inrh . f ;t^>imference), a.id forces, 
4  ̂ (pounds per inch of circumference), uniformly 
distribute d at the refetince edge and acting at the 
Oiean radio* of the shell. The effects of all other 
loading must be evaluated independently and 
combined by superposition.

(b) The formulas listed in this paragraph become 
less accurate and should be used with caution 
when Rm t̂ is less than 10 and/or the opening
angle limitations shown in Fig 4-310 I are 
exceeded,

4-3J1 Displacement, Rotation. Moment and 
Membrane Force in Terms of Loading Conditions 
al Reference Edge

The displacement, <5), the rotation, (tf), the 
bending moments, ll/j', tl/,)k and the membrane 
forces, (.Nf ), at any location of sphere are
tfiven in terms of the lo,<Js, " u tnd //,„ bv
the following formulas'

4-323-4 331

" . j f i r  F(a)e A'7 Jcos(Ao) - K,sin(Ao)jf

(Rn\ r
* Ho K  «in^0 F (a ) '* °  IcosfAa * y

' ■* '■ K. sin(Xo ♦ y• 'rt (1)

4A ‘

R E lk ."I 4

i 2a ’

C U V * *  cos(Ao>j

{ -- — A sin <?> C(a)e‘‘ cos(Aa ♦ y  )\ E lk t • 'o

« Ife j-p C(a) e’* °  ^,cos(A<i' * sin(Aa)jj

(2)

R
—  A sin6 C(o)e 

°/2A A, 0 °
***[*,cos (Ac

♦ y ) * sin (Aa + y )i (3)

C(Q) 
2 t  * ,

e £s(a)co»(Aa) * 2ta sin(A/*)J j

+ ! --- -—  A  sin<^ C ( a V * *  | 8 ( a ) c o s (A a° {  4tAA, °  °  L

+ >• ) • 2v' sinUa + ,)’1? (4)

C(a)e'*a sin(Atf) cot(0o -a) j

-*°{k 4„ cot -a) Cia) t ^sintAa'♦Vo’} (5)

\  .  W
2A* 

R A,m 1
.A «r

- .in<A«i]j ♦ H0 j- i  Ao sin^ C ( a ) ^

J c o s (A o  * vo)-  sin(A« F y a ) J  j (6)
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4-312 Displacement end Roiution of Reference 
Edge in Terms of Loading Conditions a ! Refer­
ence Edge

(a) At the reference edge a * 0, and $ m <t> •
The formulas for the displacement and rota­
tion (Par. 4-331) simplify to those given below:

2A,sin<£ R Asin1̂  »
5 = V -----—  * H — ---- - ( 1  4 k,)
°  °  E tk, °  E t  kt * (1)

modified form. The formulas listed in this para­
graph describe the behavior of a hemispherical 
shell as approximated by a cylindrical shell of 
the same radius and thickness when subjected 
to the action of uniformly distributed edge loads, 
Mg and Hq, at a « 0, x «- 0, and <£>o * 90°.

4-111 ()ispla< mcnl Rotation, Moment and 
Shear Forces in Terms of Loading Conditions 
at Edge

4A'
j .—*\ a m y

e - w — - —  ♦ h -  
0 °  R E t k t °  E t k ,

(2)

(b) In the case where the shell under consider­
ation is a full hemisphere the formulas given 
in (1) and (2) above reduce to those given below:

2A ' ^5 - Vf —  ♦ H — —
“ 0 Et  °  E t

V - ± L . H  2*1 
0 R E t  °  E i

<1)

(2)

4-M) Principal Stresses in Spherical Shells 
fiesulting from Edge l.oad<>

The principal stresses at the inside and out­
side surfaces of a spherical shell at anv loca­
tion. resulting from edge loads, V0 and Hu , are 
given by the following formulas:

Nt ft \l(
O . * O p \ a )  * —  t  —  

t «a 

N» 6y, a, « a (o) = —  i ---

« aia) * 0

(1)

(2)

13)

In these f omul as where terms are preceded 
bjr • double sigti, t ,  the upper sign refers to the 
inside surface of the shell and the lower sig.i 
refers to the outside surface.

4̂ 340 Alternate Bending Analysis of « Hemi­
spherical Shell Subjected to Uniformly Distributed 
Edge Loads

If a less exacting but more expedient analysis 
of hemispherical shells is requir'd, formulas 
derived for cylindrical shells may be used in a

0, - Ho/2p-U ♦ W 2(j‘U 

e - H / W D + M f f i D

Six)
H sina0o ^
2/3 ’D

Wosin0

20’D
f,W*)

H sin^ W
6ix)------ M 3,) 4 . 1  f  (0X)

2/3 ’D frD

H sino
w u  ) . - — - f . ( f l x) + .Vofl </3x)

P

(1)

(2)

(3)

(4)

(5)

(6 )Q{x)~ Ho sin *  f, {px) - 2/3 W f, i/3x) 

fthere
ft’ ft f* are defined in Article 4-2, 

\nalvsis of Cylindrical Shells, and
nR.

aR. — (90° - cS) 
180°

4-U2 Principal Stresses in a Hemispherical 
Shell Due to r.dge load-,

The principal stresses in a hemispherical shell 
due to edgf loads. ( If ,1 and (//0 ), at the inside and 
outside surfaces of a hemispherical shell at any 
meridional location, are given bv the formulas:

o, * 0p(x) * t 6iV(*)/j* 0 )

a, - «(*) .  E  5u)/rt i  w6WU)/<* (2) 
t

a, « o =0 (3)* r

In thes? formulas where terms are preceeded 
by a double sign, i ,  th' upper sign refers tc the 
inside surface of the hemisphere and the lower 
sign refers to the outside surface.
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A P P E N D I X  C .  FLOW D IA G R A M S  OF  T H E  C O M P U T E R  M O D E L S .

!. Basic Truncated Hemisphere ( first principles )

2. Basic FEM Hemisphere Model.
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G.l BASIC ISOTROPIC MODEL

Figure 11 depicts the flow diagram of the first principles 
computer program. The method of operation of thf. program is as 
follows :

All dimensions are in llimeters, 
Newtons/millimeterA2 and angles in degrees, 
edge moment would be in Newton»millimsters.

pressures i n  
A value for the

1) DATA INPUT :

Enter in - Pipe cut-out diameter, hemisphere diameter and t h e  
average wall thickness

- Internal pressure, Modulus of Elasticity and 
Poissons ratio of the material of construction of 
the hemisphere

- The increment angle w h ic h  i s  the angle at w h ic h  
each section of the element is to be analysed for 
stress decav

FIRST PRICIFLES COMPUTER MODEL

;data i k w t i  j
! PIPf CITOUT DIAMETER - B Cm)
; HBilbP'CRE DIAMETER - D Cm)
! INTERNAL PRESSURE - P (ban)
| AVERAGE WALL THICKNESS Cm)
I INCREMENT ANGLE (ok ) (degrees)'
I MODULUS OF ELASTICITY (N/m'2) | 
| POISSONS RATIO

................ ♦
.'CALCULATION 0/ 

-*»THE EDGE MOMENT 
! Mo - pi**e
+ -. . . . . . . ____....

STARTING PHI VALUE TRUNC/"ED ELEMENT CALC.,'
7 i ! SCREEN OUTPUT

♦.......................♦.............♦
| DATA INPUT OF THE ELEMENT |
|THICKNESSES AND THE 
!INCLUDED ANGLES j
♦.................... .................♦

'If

♦-------------- -
| STORE / RETRIEV®. | 

>• DATA 
♦................ .

«>P0R 1 - 1 TO .VUMBER OF ELEMENTS
; *............................. .
: !ANALYSIS OF ELEMENT J
! ♦........... -♦...............+
i +............ i ................— ♦
J ; PRE CALCULATIONS OF THE j 
! | ELEMENT VARIABLE VALUES j
■ *.............................♦

rrn  j  - 1 to  included angle/increment angle

! CALcir vriON o» 7:2 CALCUUTION OF STRESS DUE[
iiEND. V,  MOMENTS AND +•*► TO INTERNAL PRSbSURE AND

| TifE MEMBRANE FORCES.
*..... .........+--------♦ +•
•f...................................
i SUM PRESSURE AND EDGE 
| MOMENT STRESSES

EDGE MOMENTS STRE ’S
... ...
♦................. *.................... .

¥  PRINT STRESS VALUES FOUND 
! AT INCREMENT ANGLE o 
♦.................. .....................

NEXT INCREMENT ANGLE ON THE ELENENT i

Mo • MERIDIONAL MOMENT VALUE ON ELEMF.NT iI
NEXT ELEMENT 1 

..................................+

.......... END PROGRAM------

Figure 11. Flow chart of the first principles computer model
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2) SCREEN display will ensue requesting an edge moment, Mo, 
value. This value may be calculated using the pipe-cut 
diameter and the internal pressure value in which case the 
ENTER key should be depressed.

3) REQUEST for a staiting Phi value. This angle is measured 
from the hemisphere base flange to the function of the
nozzle and its compensation overlay.

4) SCREEN OUTPUT is provided of the truncated elemert limits 
for the initial phi value data value.
At this stage the program determines the initial values 
required tor the stress calculation equations.

5) INPUT - Data of thf element thicknesses and the included 
angle of each element.

6) The streaj values are determined for eac'.i element at the 
particular increment angles. Tnis loop is completed until the 
stress distribution within the element is completed. The next 
element is then considered in a similar way.

7) A printout ensues of the stresses found at each increment 
level of all the elements.

8) ABOUT THE PRINTOUT

The symbols used in the printout ha, :owing meaning:

x,t - Hoop direction
y,l - Meridional direction
in.ot - inside and outside respectively
11 - Unit bending moment

N - Unit force

S - Stress d^.e to pressure
SM - Stress due to the edge moment

All stress values consider either the outside wall sur/ace or 
the inside wall surface.

The totals provide the values of the sum of the bending and 
the plane stress values. It must be noted that the HI value is 
zero for each new element considered for alpha equal to zero.

Appendix C. Flow Diagran c the Computer Models
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G.2 BASIC FEM HEMISPHERE MODEL

Figure 12 depicts ths flow diagram for the Basic program of 
the FEM program. Its operation is as follows.

All d im e n s io n s  a r e  i n  m i l l i m e t e r s  a n d  t h e  pressures an d  
s t r e s s e s  in Newtons/mi 11 i m e t e r A 2 .

1) DATA INPUT

Enter in
- Number of elements and suppressed displacements.
- Strength properties of the material of construction of 

the hemisphere , the Modulus of Elasticity and the 
Poissons Ratio.

- Axial Pressure value ( zero for this case )
- Lateral pressure value ( Internal pressure value )

BASIC ISOTROPIC FINITE ELEMENT METHOD

+-- ----------- -------------
INPUT DATA 
NO. Or ELEMENTS
MO. v f  SUPPRESSED DISPLACEMENTS j 
EL'ST IC  W rL U S  (N/«m'2)
POISSOKS RATIO |
UTEfjU. PRESSURE (N/sw‘2) !

♦......... ...............♦.......................♦........................ t ...................................... +............... +
;POSITIONS OP THE SUPPRESSED DISPLACEMENTS ♦-•♦PRINTOUT OF I 
'.ELEMENT NODE DATA (X .K .T .P R I) - < .H/tn 2) I INPUT DATA J ............................................ ....................♦ +---------+

LOOP FOR EACH KUS4ENT
... .......................... ............

1C0MPITATI0N )
| COORDINATE PARAMETERS 
i H AND D MATRICES 
PRESSURE EFFECTS ON THE LOAD VECTOR 

j ELEMENTAL LOAT AND STIFFNESS MATRIX 
; THANSFlRMATIW OF THE K AND 0 MATRIX INTO G!/>RAL AXES
! n a  stifpness m a trix system
; SET UP THE SIMULTANEOUS BQUAnONS

SOLVING THE SIMULTANEOUS EQUATIONS

.............. *
|DATA OUTPUT : I
[ U H 0 DISPLACKMK . j  FOR EACH IIODE |
| STRESSES FOR SACK ELEMENT !
+...............  ....................................

.......... END OF PROCRAM.........

Figure 12. Flow chart ot the FEM computer aodel.
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2) The positions of the suppressed displacements :

- These values are calculated so -
For each node there are three possible directions in' " C O
which it may be suppressed. These being the and 0;
directions. For a node i, to be suppressed in a 
particulax direction the respective suppressed 
displacement value may be calulated as follows.

U.* : 3 * i - 2 
W? s 3 * i - 1 
0< : 3 * i

3) DATA INPUT of the position of each node with respect to a 
particular reference axis anii the thickness and applied 
pressure on each element

The meridional radius of curvature for each element is also 
entered.

4) PRINTOUT of the input data ensues.

At this stage the program develops the set of simultaneous 
equations for determining the stresses at each node site.

5) ABOUT THE PRINTOUT

The symbols used have the following meaning.
1 - Node number
X,R - Reference axes coordinates of the node.
T - Element thickness 
PR - Internal pressure value 
E NO - Element Number
POS - Position on the element +1 and -1 
MERIDIN, MER1DEX - Meridional stresses 
internally and externally respectively.
HOOPIN, HOOPEX - Hoop stresses internally and 
externally respectively.

The printout of the stresses occurs once the simultaneous 
equations are solved.

Appendix G. Flow Diagrams of the Computer Models i5g
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